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ABSTRACT

This paper develops a stress-strain equation for snow subjected to small strains and
strain-rates. The stress is split into pure shear and volumetric effects. Pure shear is défined
in terms of Newtonian fluid behavior.

Finite difference equations are developed to analyze the deformation of snow sub-
jected to flexible surface loading and are numerically solved. The results are compared with
the available experimental data. Effects of size, shape and density on the settlement of
snow are discussed. Stress distribution in the snow-mass is plotted. The settlement and
effect of load on settlement are found to agree with the experimental data. The stress dis-
tribution under the footing is similar to the stress distribution obtained by the Boussinesq
solution for a point load on a homogeneous and isotropic elastic half space. For a good
quantitative agreement between theory and experiment, the effects of equitemperature
metamorphism should be included in such solutions. ' '




INTRODUCTION

Understanding tile' behaviour ot: snow-mass subjected to load distribution is impor'-.
tant in the develobment of design criteria for foundations, snow roads and runways in the
polar areas. This interest has also been in part due to increased rec;eational use of alpine
areas and the increased construction of homes and roads in such areas. Any object placed
at or near the Surface of an ice cap moves downward with time as a combineéd result of
natural densification of the snow and the penetration of the object. The penetration of an
object is of primary interest to the design engineer since differential movements can
impose severe stresses in structural elements. |

Observations have shown that this penetration, or settlement, of footings into snow

depends upon: snow density, temperature, time, load intensity, footing size, rigidity and

shape (13). In particular the pfoperties of snow are closely related to density and tempera- -

ture. Cohesive snow subjected to non-destructive loading behaves as a viscoelastic material.
Upon application of a fixed load, there is an instantaneous and a recoverable elastic defor-
mation, followed by a decelerating,prirﬁary creep, which is partly recoverable by rglax-
" ation. The final stage is a steady secondary creep which is not recoverable.. |

Under a qdnstant load, gradual coﬂsolidation occurs which, depending on tempera-
ture and density, may lead to ultimaté collapse. If tﬁe loading is sufficiently low, compac-
_tion alone may not lead to complete failuré of the material, since moderate penetration
in snow is usually limited by increasing resistance as the' deforming snow compécts.

Snow is a granular or porous matetial comprising an ice-air mixture. Because of its

high porosity it is capable of undergoing large deformations that are largely irreversible. ’
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Specifically it is a nonlinear viscoelastic material exhibiting a high degree of compressibil-
ity. A considerable number of investigators have published papers on nonlinear constitutive
equations for viscoelastic materials and snow. A brief overview of these existing models is
presented here.

Kerr (6,7), treated the problem of foundations on snow by representing the snow
mass in the form of elastic and viscous elements. Kerr’s model is a viscoelastic modification
of Pasternak foundation model, with viscous shear elements to simulate the shear inter-
action between snow under the loaded area and snow adjacent to the loaded area. Figure 1

shows the foundation model.

SIMULATES mngm ELEMENTS

IMMEDIATE ELASTIC
INDEPENDENT SPRINGS

RESPONSE
BLOCKS SEPARATED BY VERTICAL

SHEAR INTERACTION
WITH ADJACENT SNOW PLANES OF VISCOUS SHEAR (VISCOSITY i)
VISCOUS DASHPOTS

COMPRESSIVE CREEP
(vISCOSITY 7))

RESISTANCE

Figure 1. The Kerr viscoelastic foundation model.
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The governing differential equation for vertical displacement of foundation is:

r(

2 Y by = 0 .
ax® ot oay® at’ "ot PHYEEL. (a.D

where u = shear viscosity constant
\ .

il

n = compressible viscosity constant

Kerr assumed that a foundation under constant load settles at a constant rat‘e. For
long duration this is not quite so; as the loaded snow densifies, its deformation resistance
increases. Theréfdre the vélidity of this model is restricted to small penetrations and low -
stresses.

Salm;s constitutive equation. (16) is similar to Hooke’s law. The stress components
Tij are given by the equation

whére V.. = rate of deformation

j

kronecker delta

Salm assumes the viscosity constants A and p to be functions of the basic invariants
of deformation rates. This equation does not take into account that the change in volume
is also partly dﬁe to the result of relative sliding between particles. This constitutive
equation can be used for low straiﬁ-rates.

Behaviour of snow-mass under natural loading can be computed by the finite-ele- -
ment method§ if‘ stress-sfraiﬁ'felationships for snow is available. Desrues et al. (4) have
developgd an increménfgl formulation of constitutive equation, which is particularly well

| suited for the finite element method. According to Desrues, the history of the stresses has

an important influence on creep of snow. Therefore the Boltzman’s superposition principle
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is used in developing the equation, which for uniaxial creep under constant stress is

B

E is the longitudinal strain, a superposed dot implies time differentiation.
The first term on the right hand side represents the short term, i.e., elastic-plastic
part of the deformation. A and B are functions of principal stress. C is the long-term

element of the creep rate. The incremental formulation is

E® = 3 By (Bogory, 0 | (1.4

Where Aoy is the stress increment, 7 Kk s the loading time of the stress inqrement and
[ry —7g-1] is the time increment. |

The model gives“gooc'i results for‘ strains up to 10% and short term loading, but has -
not yet been extended to solve the long-term creeb problem. .

_The constitutjve equations discussed by Brown et al. (3) are

(a) Finite linear viscoelastic theory .

(b) Second order finite viscoelastic theory'

(c)‘ The multiple integra} representation

All the three equations represent nonlinear viscoelastic materials. In their general
form these equations are too cbmplicated to work wifh. The finite linear theorslz and
second order theory appear to be representative eqﬁations to use when small and inter-
mediate strain rates are involved. The multiple integral representation gives the best overall
reéults when the full range of deformation rates are considered. A thermodynamic formu-

lation developed by Brown (2) ‘for.nonlinear compressible viscoelastic materials, also givés
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very good results over a broad range of strain-fafes, but this model is too complicated to = -
use for practical purposes.

The results discussed by Bro.wn et ai (3) shows that snow is an extremely nonlinear
‘material, thg: stress respoﬁse varying approximately with the cube of strain-rate. Adciii:ion—
ally the resulfs also indicate high-degree of compressibility of snow over the entire strain-
rate range considered. This behaviour is too complicated to be représented by a simple
constitutive equation. I-n this paper only small strain-rates are conéideréd. The primary
inent is to develop a constitutive equation for a snow-mass subjected to long-term loading,
which cah,be used in developing.desigﬁ criteria for foundations on snow.

In developing the constitutive law, elastic strain and transient creep effects are not
conéidered, since interest centers on the problems of long-duration loading. ’I“he stress
tensor is separated' into deviatoric and volunietric parts. The deviatoric stress is expresseql-
in terms of strain-rates, and ;che volumetric stress or hydrostatic pressure is expressed bya
constitutive equation. This constitutive equation is modified version of the originali law
. developed by Brown (1). Finite diffefence numerical technique is us_ed to solve the equi-
~ librium equation-for deformation rates. A flexible surface loading problem is solved. The
discussion includes effect of load intensity on deformation, stress-distribution inside

the snow-mass and comparison with the experimental data.




KINEMATICS AND FIELD EQUATIONS

This section covers a brief discussion of kingmgticsl and field equations. Oniy the ‘_
topics which are required for the developmentvof constitutive equatipn are covered. A
deta‘iled discussion on th'is éubject can bé found in any staﬁdard texfbook on continuum
mechanics (5,9,10). | '

H When a continuum is in motion, tensor quantitie§ that are associated with specific
particles change with tim_e. Following two types of description of these changes are in
common use: ) |

(1) Referrential description, whose independent variables are the position X of the
particle in an arbitraw chosen ;eference configuration, and the time t. When the reference
configuration is chosen to be the actﬁal initial configuration at time t = Q, the description
is called the Lagrangian description.

) Spaﬁal description, whose independent variables are the present position x
occupied by the pélrticle at the present time t. This description is often called the Eulerian
desc'ﬁption.

Figure 2 showé the displacément of a particle from its initial position X tb_the
Icurrent configuration' X, defined by the equations: -

x = X +ULH
“or
X = x(X,t) 2.1)
The deformation gradient referred to the undefoﬁned configuration.is denoted by E

The deformation gradient is defined as the tensor, whose rectangular cartesian components
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=

Figure 2. Displacement, stretch and rotation of a differential material vector dX to a new
vector dx. 8

are the partial derivatives 9x) [aX..- It operates on a vector dX at X to associate with the
m b

vector dx at x. The vector dx is defined by the equation

dx = F X
or
OXp
dxj = X dX, (2.2)

m
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In terms of displacements F , therefore has the the compbnents

(1 + aU,, aU, aU, |
X,/ 8X, 3X,
aUz 3U2 aUg
Fi1= + - .
I aX, (1‘ 'ax,) X, (2.3)
aUs AU, (1 . aUa)
aXl ’ BX, ’ 8X3

Rate of deformation tensor and spin tensor are important kinematic tensors. These
are defined in terms of the velocity vector v = v (x,t) expressed in terms of the spatial co-
ordinates and the time. The rate of change of length and direcfion of the material element

dx is given as

i—t(qp = vk - VD e
or
dv = L dx @)
where ' -
vy _
Ly = o 26)

_is the spatial gradient of the velocity. L may be expressed as the sum of a symmetric tensor
D called the rate of deformation tensor and a skew-symmetric tensor- W called the spin

tensor as follows. Let

)

1 T'
—(L+L
S @L+Lh
and

1 ' . -
;& e

=
I
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"~ A superposed T implies the transpose of a tensor. Then

L=D+W (2.8)
with rectangular cartesian co'mporients
| oy ay, |
Djj=§(5;(}+3;i) ‘ (2.9)
g v vy _ '
Wij =5(5_;j_ 5;i) | (2.10)

The geometrical in-terpretation of tensor D may. be seen as follows. Let dx be a_

material vector, then

dx + dx = (ds) @l
hence ' |
4 @ =2dx - L @w o 2.12)
dt =t =
But |
4 @ = Ldx 2.13)
a o~ A=
~ Therefore
d
5 (ds? = 2dxLax S (2.14)

]

But as W is skew-symmetric, the last term vanishes. Hence
d;iz—ZdDd' =2dxDd | (2.15
dt( §)? = X; 1] Xj X X .15)

In other words, D gives the rate of change of squared length (ds)? of the material

vector dx at P. This is why it is called the rate of deformation tensor.
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The strain tensors are defined so that they give change in squared length of the

material vector d§ as follows. The Lagrangian formulation is
dsy? - (dS)* = 2dXEdX

@s) - (dS)* = 2dX; By dX; - - (2.16)

while the Eulerian formulation is
(ds)* - (dS)?

2dx e dx ,

]

(ds)*- - (dS)*
The deformation tensor C is closely related to the strain tensor. The Green defor-

mation tensor C, referred to the undeformed configuration, gives the new squared length

(ds)? .
(ds)? = dX C dX = dX;j Cyy dXy (2.18)
Comparmg equatlons (2.16) and (2.18), the following relatlonshlp can be deduced
2E c-1
or | :
- 2Epp =Gy - 8y ‘ ‘ - (2.19)

1 is the identity tensor, with componetits equal to the kronecker delta, 8yj. ‘
'Expreésions for the strain and Green deformation tensors in terms of the defor-

mation gradlent are obtained as follows

(ds)* = ,d_)g dx (dX FT) (F dX) = dX (FTF) dX .(2.20) '
Hence _ |
C = FIF
or
. ax oX ' )
k 7k . o
CI S . C2.2D

X 0%
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An expression for the strain tensor can be obtained from equations.(2.19) and

(2.21).
1
E=_[FIF-1
or
| axk axk .
EIJ = 2 [E an - 5IJ] . (2.22)

From the above equations it follows that strain and Green defonﬂation tensors are

symmetric. The Green deformation tensor reduces to unit tensor ! , when there is no strain,

while the strain tensor reduces to zero. Using the relation X= X+ p_(X,'t), the strain tensor -

can be expressed in terms of displacements

1 aUI BUJ aUk aUk

20Xy axl axl axJ
~  For small strain the higher order term is neglected.
The strain rate and rate of deformation tensors are related as follows. Material

derivative of equaﬁon (2.16) gives )
dE

d .
-&;(ds)z = 2dX =dX - (2.24)

—dt

Since (ds) and dx are constants. But the equation (2.15) shows thét
-—d d )‘2 2d D d
s = X X
dt —~ =

hence

. o
5 (@ = 2(@XEHDEdX)

Comparing this with equation (2.24), for any arbitrary dX

2aX (FT D F) dx | @25)
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E
d~ _ pT
-~ = FIpF

or

dEpy

= = D 2.2
i F ( ‘6)

ml “mn FnJ
The equation of conservation of mass or the continuity equation in .sp.at,ial coprdi-
* nates is given by the equation

d | .
d—:’+pdiv1=0' | e

where p is the density and v is the velocity expressed in terms.of the spatial coordinates.‘
This comipletes the kinematical descr_iption of the motion of a continuum.

The e)'(temal. forces acting on a body are classified in continuum mechanics in two
kinds: body forces and surface forces. Body fbrces are 'uéually reckoned per unit mass. Sur-
face forces act on a surface and are reckoned per unit area of the surface across which they
act.

The surface ;crac_tion at a point of a surface is defined through the definition of a
stress vector. Figure 3 shows the surface S, which has a unit normal vector n. The stress
vector t,, is definéci as the limit of the ratio Af/AS as AS;-> 0. That is

| o , L
= ALSlinO = s : (2.28)
The subs.cript n is used here, since the stress vector acting across a gurface at a material
poinf depends on the orientation of the surface, which is given by the unit normal vector n.

Let ¢ be a transformation such that if n is a unit normal vector to a surface, then the

stress vector on the surface is given by
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Figure 3. Surface traction A_t: on area AS.

t, =nog =oln (2.29)

o is called the stress tensor or the Cauchy stress tensor. In component form the relation is

tni = 0]1 nj (2.30)

It can be shown that the Cauchy stress tensor is a second order symmetric tensor.

The momentum principle for a continuum states that the time rate of change of the
total momentum equals the vector sum of all the external forces acting on the continuum,
provided Newton’s third law of action and reaction governs the internal forces. The

equations in spatial coordinates are

M. I 2.31)
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In the special case of static equilibrium of the medium; important in solid mechanics,
the acceleration is zero and the equations of motioné reduce to thé pa.rtia.l'di,fferential
equatiohs of eqﬁilibrium. |

‘ 30y - - ' .
P + pbi =0 o 2.32)

J

where p is the density and b is the body force.. These equations do not contain any kinq—
matic variables. But they are not in general sufficient to determine the stress distribution,
sinée there are only three first order partial différentjal equations for six independent stress -
components. Additional equations must be found, and these in ge;,neral include the constit-
utive equations defining the nature of the particular material under consideration.

Cauchy stress tensor considers a continuum in a strained state or it is defined in
Eulerian formulation. A stress tensor referred to the strained state is a natural physical
concept. waever, in developme'nt ‘of constitutive laws stresseé- are related to strains.
_Hénce, if strains were referred fo the initiai configuration, it would be convenient to define
-stresses similarly with respect to the initial configuration. The two Piola-Kirchoff stress
. tensors discussed below are two alternative definitions of stresses in the reference state.

As shown in Figure 4, the vector dP denotes the forcé acting on a surface 'element ds
with a unit normal n. dP,, denotes the correspondi.ng' force assigned to'the corresponding

‘original area dS with a unit normal n,. If 03 is the stress tensor rgferred to the deformed

-configuration, then Cauchy’s relation is

Now the first Piola-Kirchoff stress tensor 1‘° gives the actual force dP, but it is reckoned

per unit area of the undeformed dS,. Thus the force is expressed as
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=

&

Figure 4. The corresponding force vectors in the original and deformed state of a body.

(T®;ingy) dS, = dP; = (oy;n;) dS (2.34)

jivoj jimj

The second Piola-Kirchoff stress tensor T is defined as

@B, = (no DS, = F dP
or
9

dPy; = (Tjing;)dS, = ™ dP; (2.35)

Using the law of conservation of mass it can be shown that (10) the deformed and the

undeformed areas are related by

Po
ndS = — noF'l dSo (2.36)
p -\
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_ Substltutmg the above relation in the rlght hand side of equatlon (2 34) and d1v1d1ng by

dS,, the followmg relatlon is obtamed

@3,

. Po .
0 [T°- — F1 o] 20 |
— ~ p '\-I ~ . . :
‘Hence for any arbitrary unit vector ri,,
o= L Eig :
~ p ~ ~
or
po. 80Xy N
97 = — — 2.38
U= 57 5% Omi (2.38)
Equation (2.35) gives |
(n,T)dS, = F' dP = F' (no)dS .  (239)
Therefore “
o Po : :
(T dS, = F (= g @S Fe) 239
Py . T T
=2 n,dS,F o] (F1) - (2:40)
p O~ ~T N - o
Hence for any arbitrary unit vector n,,
P B
,T=—=F'gF™")T
~ p .~ N‘ ~
p, 0X; oX. - | B - ;
Ty & — —% 0 f — - . © 4y
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The relation between two Piola-Kirc;hoff tensors is given by the equation

T =T F")"

or
oXy . .-
Ty = Tik ox T (242)

The equations of motion in the reference state, in terms of Piola-Kirchoff stress

tensors are (10):

d . . d? Xi ]
ax; (T3P T PoPoi = g~ (243)
and _
2 d* x;

gX-J(TJI Fp + Pobc_ﬁ f'—dt? : (244)




CONSTITUTIVE LAW

Snow is a highly rate sensitive material, and usually for any problem some range of
strain-rates cé__n be designated. The low strain rates are defined to be less than 107 S to
10°s S" , and ﬂjgh strain-rates are those which exceed 10~ §! (15). In this work only
low strain-rates will be considered. ‘ | o

The material behavipr is assumgd to be a linear viscb—elasﬁc material as long as the
stress state is below some critic;al level. Once this critical state is reached the material

" behavior becomes non-inear. R |

The problem to be discussed later in more detail is one which can involve finite-
strain and large deformation. Lagrangian formulation is adapted to define the strains. As
discussed earlier, the stresses shoulq also be referred with respect to the referénce configu-
ration. Therefore one of the Piola-Kirchoff stress tensors will be used. The first Piola‘- :
Kirchoff stress tensor is unsymmetric and it will be inconvenient to use in a. stress-strain
law in which the strain tensor is symmetric. The second Piola-Kirchoff strjéss tensc;r is
symmetric and so it is more suitable for this pﬁrpose. This stress tensor will be denoted. by
T with compbnents TIJ I =1,2,3,7 =1,2,3). It relates with the Cauchy stress tensor by _

the relation
F g BT @3.1)

where p, is the initial density

is the instantaneous density

v

is the deformation gradient tensor

1]

is the Cauchy stress tensor
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A superscript T implies the transpose of the tensor.
Mechanical behaviour is facilitated by s;epa'rating volumetric effects from pure shear, .
or deviatoric effecfs. The Cauchy stress tensor can be split into deviatoric components S,
" which tend to change the shape of an element without change of volume, and hydrostétic_:‘
pressure which only brings change in specific volume
| g=s-el G2

The hydrostatic pressure p is defined in terms of density ratio, a, '

o= — S (3.3)

Where p,,, and p are respectively mass densities of ice and snow. Brown (1) has
developed a volumetric constitutive law for snow subjected to large strain-rates. The
material is treated as a suspension of air voids in a matrix material of polycrystalline ice,

and then a pore collapse model is considered.

p 3 eldafay) 4 _ CaAy
p(t) = 3a In (a_——l) 2(S45-0) + C%n [W] 34)

J,C, ¢ and A 'are‘all material constants. & is the rate of change 6f «. The above
equation describes behaviour of snow for deformations which are preddminantly volu-
metric. Snow, when su‘Bjected to shearing stresses distorts. This distortion is associated '
with slipping between thg grains and a rearrangement of the particles into a denser packing;
consequently the volume decreases. The-overall strain of a snow mass will be the result of -
deformation of indiﬁdual particles and. partly the result of relative sliding between parti-

cles. The above equation does not tgke into account the deviatoric deformations, and it
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wouid ho't be expected to repl_'eseﬁt volumetric behavioﬁr when significant shgar ‘stresses
are involved. | A
Equation t3.4) is valid for strain-rates greater than 10~ S™'. The problem to be
considered in .this study falls in the category of low strain-rétes (<107% S7'). The above
equationl can be‘ reduced to the following simplified .form .
p(t) = ka o | @S
o Coafay) I
k= 3 Cngln (a—_T)' | 3.6)
where J, C, ¢' ére properties of ice and ¢ o is the initial shear viscosity. Eqﬁation,s (3.5)-
(3.6) can be used fo calculate ﬁydrostatic pressure for small strain-rates.
For low strain-rates deformation takes place by a slow flow of the snow structuré.
At the stresses that produce strain-rates in this range little rearrangemex;t of the ice grains

takes place. The behaviour can be represented as a fluid. Cauchy deviatc;ric stréss Sis -

represented as Newtonian fluid behavior. -
§=2u(D- 3 @I - 3.7)

where tr(D) is the trace of D, equal to the first invariant of D. u is the density dependent

' viscosity term. If X'= v.e: is the velocity vector, then the rate of deformation tensor D is

l_ .
defined as
1 aVi an )
Dy = —=(— + — ) 3.8
Y 2(axj axi) . (3-8) .

'The above equation is in Eulerian coordinates x;. To express D in -terms of Lagrangian

coordinates. X, equation (2.26) is used.
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dE
dt ~ ~~
where, E = 1/2 (FTF - 1) is the Lagrangian strain tensor. Then D is given by the eciuation
D= EDEET 69
Note that, since x = § + H,' Fiy = 813 +-aUI/aXJ, where U is the displacement vector."

Hence for small strain, wwen displacement gradient combdnér_lt's are small compared to

unity the equation (3.8) reduces to

Q.

E ‘ .
&~ 1D1=D O @3.10)
[ 1 . 1 .

Under high stresses displacement gradient components aré‘ significant and ‘introduce _

non-linearities. Using equation (3.9) S in terms of strain-rate is given as
T g —1- Lot B -
8 = 2uEHTEE? - Str(C' B 1] S GaD

where, Green deformation tensor C is defined as C = F T.F. The above equétion, can be
expressed in the followiné form:
< -1\T : 2 -1 7 -1 :
s = @M [2pE - ZutrC* HCET (3.12)
Using equations (3.1), (3.2) and (3.12), second Piola-Kirchoff stress tensor T is

expressed in terms of Lagrangian strain-rate tensor and hydrostatic pressure; to complete

" the constitutive equation. This is done as follows:

Po

T=-=—p1tsFENH - 2 Fr1p1E"H , (3.13)
T s - —EF'pl&

Tl ®
ls

p . 2 A : P
T=2F @O 2eB- JuC HCE @O - = pF? @ )T
~ p ~ ~ ~ ~ ~ l\‘l « P~ ~ p . ~ ~

(3.14) ‘
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e 2 Po .. Po |
T=2u—)C'EC? - —(u—)C? tr(C*'E) - — pC™ (3.15)
The viscosity term u is.a function of density,

o

o _ . .
nEpo= = (p,py) (3.16)
Then the constitutive law is
. . . 2 ' . . po
T=24C*EC?!? - 3 72C? tr(C'E) - — pC!
Tyr = 29 C™? E,y C —-2-nCI“ (C]’(1 E )-f-(zpC‘l .(317),

For most quasistat.ic problems in snonechanics gravity body forcés are signiﬁcant,
and they should be incorporated into the equilibrium equations. These equgtions fo; negii-- '
gible acceleration and in Lagrangian description are

) ' d* x;

ax; T FiD ¥ eoboi = e

' (3.18)

The equation of conservation of mass or continuity equation in Eulerian description
has been stated in the previous section. Material form of continuity equation accounts for
change in density and volume. In material coordinates this equation can be put in the form

(10)

o

= 13| | (3.19) .

e

0
whére [J} is the absolute value of Jacobian determinant J.

T=detIFl . ©(320)
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For a given problem, 'e”quations (3.17-3.20) can be solved numerically, when appro-
.priate boundary and initial conditions are sp'eciﬁed'. A detailed discussion is presented in

the next seption.




SNOW MASS SUBJECTED TO UNIFORMLY 'DISTRIBUTED
FLEXIBLE SURFACE LOADING

The settlement of fqundations, platforxhs; or stationary tracked vehicles into snow

can be accurately predicted under exceptional conditions; because of thé co.mplei(ity of
mechanical propertles of snow and disturbing influences of temperature. Nevertheless a

theoretlcal analys1s of settlement phenomena is 1mportant because the results at least
permit the engineer to recognize the factor that determines the magmtu;ie and the distri-
bution of the settlement. | |

The problem of flexible surface loading is similar to the problem bf foundations oﬁ
snow. The only experimental data available is frorﬁ Camp Century, Greenland, where a
. series of nine spreaci test footings were installed on undisturbed sndv? (13). The_se tests
were conti'nuously observed for a period of two years. The influence of footing load, size
and shape on settlement were investigated. The effects of unc'ontrolled parameters such as
temperature and density were recorded. The results from these experiments are corﬁpared
to the theoretical resulfs obfained in this paper.. .

Figure 5 shows the experimentally observed deformation zone or the pressure bt_;lb
(13). If the loading is symmetrical, then the pressure bulb can be assumed symmetrical
about the center of the fooﬁng. The width of the deformation zone is approxhnatéiy
between 1% and 2 times the footing width. The vertical extent of deformation would be
between | and 1% timeé the footing width. For simplicity, consider a rec;cangular atea
underneath the footing as shown in Figure 6. The dimensions of .this récfa'ngle are larger A
than the observed size of the pressure" bulb. The average temperature'is assumed' coné_i;ant.'

The constitutivé equation (3.17) in component form can be written as
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(a) Snow deformation beneath 18 X 18 in footing, 1000 psf. (13)

SNOW SURFACE ¢
IENRRE, Ll G
R s SR DR
i \//\ / 4
/ \
- w”‘n OF osromulon———f"‘\
i | /
v /
2} \\ 750:; anns7 //
_N— L4
\ /
- \ ! /
\ Z
3= \\ /
N //
l A l A l A l A l A J A 1
3 2 I 0 | 2

HORIZONTAL DISTANCE, ft

(b) Snow deformation beneath 36 X 36 in footing, 2000 psf. (13)

Figure 5. Experimentally observed influence zone.
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Figure 6. Standard problem.
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. po
Ty ™ ARuRCie o Rl (4.1)
where
B =Gl Gt - Lact co (4.2)
IJKL 1 g 6 S i § R :

The repeated index denotes the summation. Using the above expression for T, the equi-

librium equations (3.18) take form

9E
3 LK Po ap

2 F:1 B E + 2F.«+B il - RS T et Y

ax i kL) Erk il BUKL 3%, (P iy 2, (4.3)

9 Po -1 -

For a plane-strain condition (x5 = X;), the above equations i = 1,2) can be solved
for strain-rates. For the three unknowns E,, § E,, = fi,l and fin, one more equation is
needed. The third equation can be obtained by using the compatibility equation. To avoid
computational difficulty, equilibrium equations are first developed in terms of x1 The

Lagrangian strain-rate tensor E is given by the expression
. Yty .
Eyy = 5 g1 Fxy * Fxa Fgp) i

Using the above expression and equation (4.3), the equilibrium equations are expressed in
terms X;.
%X %X X 9%
L axax. T AilIK sxaxs T Vil 3x. T %K Bx.
WL aXeX, R a XXk BLraXe o B ok

+ogy P poboi =0 4.5)
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where

=]

3 y i e RS
BykL = 7 Cik €1 - 3% ki
e = Fiy Bpke Fik
Bark = Fir BukL FiL (4.6)

0
1) a_)Z;(FiJ BykL Fix)

9
K T 5%, (Fiy Byykr Fin)

The above second order partial differential equations are linear in ’.‘i' Note that the
coefficients are functions of current deformations, and not the functions of the rate of
change of deformations ’.‘i' These two differential equations (i = 1,2) yield a system of

simultaneous linear equations in ’.‘i' If tk is the current time, then
K+l = ¢k 4 Ay 4.7)
LRI S RN (4.8)
To solve the differential equations (4.5), a central difference scheme is adapted. The

expanded form of the equilibrium equation fori =1 is:
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( +8 )az’." + ( + +B1112 +8 )az’.“
[ — o a _—
1111 1111 X3 1112 1121 1112 1121 2X, 90X,
8%% 3%,
+ (ay122 tB1122) _3X§ it (alzll+ﬁl2ll)——axi + (@212 Y@y +
a%x, P x, 3X,
+ ——+ (a + e 4 +6 —
Bi212 31221) ax,ax, (@222 51222) axg (Y111 111) BX,

aX,

+ ( #8i52) + ( +5 )a;(’+( +5 )ai,+ =0
7112 112 2X T4 121 3X 132 122 aX €,

2 1 2
4.9)
For i = 2 the equation has the body force term (p og) in it, where g is the gravitational
acceleration.
Figure 7 shows a typical finite difference mesh. The dotted lines denote fictitious
mesh points to be used in the calculations for the mesh. Central differencing with respect
to X, and X, gives the following types of terms.

X

- (Xj j+1 - Xj,j- 1)/28X, (4.10)
1
¥t ; ’ -
3 (Xj j+1 - 2X1,j + X j- P/AX] 4.11)
1
a2 x e : y ‘
m— (xi+1,j+1 i xi+],j+1 5 Xi_ l,j+] - xi+1,j' 1)/4AX,AX2 (412)

Substitution of the above relations in the equilibrium equations (4.9), yields the fol-
lowing simultaneous linear equations at an interior node I,J

(Letx=x,,y=X;, X=X, and Y =X,)

| (220 B0 B |
Z O (ARt Al = - e (4.13)
i=l-1j=J-1
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Figure 7. Finite difference grid.
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I+1 J+1
z Z (AypiiXi ¥ Aqgniy: ) = - €5 - p.g (4.14)
ol 1 -} 21ij *i,j 22ij 71i,j 2 0

where
Ajj11 = (o512 *aj501 85512 +Bjjp1)/40XAY
Ajj12 = (@51 ¥ 851 /XY - (ry5p +8551)/28X
Ajj21 = (o2 *Bj§22)/AY? - (vj50 *8552)/28Y
Ajj2a = - 2[(aj11 * 8551 1)/BXE + (ay595 + Bjjp0)/AY? ] 4.15)
Aij23 = (aij22+ﬁij22)/AY2 + (7ij2 +5ij2)/2AY
Ajja3 = (jjo2 +Bjj22)/BY? + (vjp +8550)/28Y
‘ Ajjz2 = (ajjpp + 851 IBXT + (v +8551)/28X

‘ Aij33 = “Ay31 T “Ah13 T A

Boundary Conditions

To solve equations (4.13) and (4.14) the following boundary conditions are assumed.
The size of the pressure bulb is chosen larger than the size of the pressure bulb observed
experimentally by Reed (13); therefore the vertical wall and the bottom of the bulb can be
assumed fixed. Due to symmetry it follows that the lateral displacement along the center
line is zero. The boundary conditions assumed are

(1) Fixed boundary

x=Xand y=Y (4.16)
(2) Reflected boundary

x=0:x=X
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6 _dy _
dX dX

“4.17)
To derive the boundary conditions for the upper surface, completely vertical surface
loading is assumed. Q is the pressure measured per unit undeformed surface.

The force dP on the deformed area as shown in Figure 8 is

dP = -QdS, e (4.18)

where dA is the undeformed area, and e, is the unit vector in Y direction. The first Piola-
Kirchoff stress tensor T°, and the Cauchy stress tensor o are related to the dg by the

equation (2.34)

dP = - QdS,e; = (no)ds = (n, T°)dS, (4.19)
where ny = - €, is unit normal to the undeformed surface. Equation (2.42) shows that
T = T° (F*)T (4.20)
nO
dS0
X=X, e / Undeformed Surface
—

ili: o dsoiz

ds
/ Deformed Surface

Figure 8. The normal stress vector on the deformed surface.

ds
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or

Hence
Qes = - & (TFD) 4.21)

The rectangular cartesian components of this relation are

0x
and
oX
Tyj a_x; = -Q (4.23)

Using the constitutive equation (4.1), (4.4) and the above equations the following
two differential equations for the upper surface are obtained
X Ies - P
BoykLF 15FmK) X, BoykLF 15FmL) e g g Tyieeen

X ot |5 P&
Bk 2 m) g% * GakLFafml) 55 = ;- PGy Fu - Q1425
Central differencing these equations, a relation between fictitious grid points outside
the upper surface and grid points inside the domain is obtained. This relation is substituted
back into equations (4.13) and (4.14). Let (0,j), (1,j) and (2,j) denote mesh points on a

layer outside the surface, on the surface and a layer below the surface respectively. Then

the final expressions are





















































































