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Abstract:

A transformation, first presented by Bennett in 1952, leading to equiripple lowpass magnitude squared
functions is re-examined. It is cast in the form of a complex rotating unit vector. Bandpass and
high-pass generating functions leading to magnitude squared functions follow immediately when
considered as rotating vectors. Pole locations are arbitrary. Modifications provide general equiripple
rational, function with and without symmetry about the origin. The method is shown to be well adapted
to formation of equiripple passband and, stopband functions by iterative procedures. Any lengths of
passband and stopband can be accomodated. Limitations of the method are pointed out. : Numerous
examples are included, both single band functions with arbitrary poles and equiripple passband and
stopband functions. The method is recommended to students,and practicing engineers as either, a
complement to or substitute for the elliptic function approach.
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ABSTRACT :-

A transformatlon first presented by Bennett -in- 1952,‘lead1ng,to
equlrlpple lowpass magnitude. squared functlons \is re—examlned - It is-
cast 'in the form of a complex rotatlng un1t vectoru‘ Bandpass . and- hlgh—z
pass generatlng functions leadlng to magnltude squared functlons
follew 1mmed1ately*when consgidered as rotatlng vectorso Pole lecatioens -
are arbitrary. Modlflcatlons provide general - equlrlpple ratlonal
functions with and,without symmétry. about . the origin. The method is:
showmn teo be well adapted te, formation of equlrlpple passband and
stopband functlons by iterative procedures Any - lengths of- passband
and - stopband can be accomedated. leltatlons of the method are..

pointed out:

Numerous examples are.included, both single band functlons with o
arbitrary poles and equiripple passband and stopband funct;ons.* The
method is recommendedto students.and practlclng englneers ags either,
a complement to or sybstitute for the elllptlc functlon approach
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1.1 A DISQQSSI®N-QF%F;LTER'FUNCTIQNS

W%?n.spgakipg-of_tﬁé@sfer'fungtiqp approximatien és.appl;ed:to
lumped, lipqar'agd'fin;te!néﬁwqusi one.implies that the appreximan§
under'considgratien;fulfillﬁ two-r§qui;ements:_(l) It describes .
pr@peftiesqof}a physically, realizable network and (Z)Qit satisfies
‘certain error griteqia.w~Thé agpro§imaqts to be discussed in this.
.presenyatientare.thosg de§cribing;amplitudg—frequegcy relatignsm

Physical realizébility-reguirgg~thgtzthe,ratio of . the Laplace
transform of a“response'eréputputcvariableato'the Laplace transform
of an excitation er input variable be-a ratienal fupnctien.. This,
ratiogal{function.must.haveﬂ;eal{coefficients}(Itslpoles and  zeros
appear in conjugate-pairs), it must have n@‘rightfhalf'@léne;yalesp
and any j axis peles must be. simple. |

Let the ratienal functien (transfer. function) se, defined be called

T{p). - The magnitude squared of T(p) for real frequency, i.e. p = jw,.is.

|P(5w)|? = i—,r—i'z'H—('—) | | | (1.1)

H(jw) is called a filter function-and € is the ripple.factor. Usually:
0. H(ju) < 1 in the passband so that, 37 <, |T(ju)|2 & 1 in that,
intervals -Given'a ripple specificatien, onglcag easiiy determingfed
The desired .transfer functien, T(p)?-igifound.by-substiput;pg fp%%;h@“‘
into- |T(Ju)|? and factoring -|T(jw) |5 _ o inte left half plane’and

right-half plane peles, using the j-axis as.a serting beundary. Left

half plane poles are-retained-aleng with half of these'on the J-axis:,
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Any zere configuration cam be chesen such that the.numerator of T(p)
has -real coeffieients. A discussien .of the effects of various zero
choices i1s.an extensi&e subject in its own right and will not be
treated. We will be cencerned with the fofmation,ef H(jw) enly.

Ideally, H(Jw) =0 in the passband.and is infinifely large -outside
the pé,ssband° A respoense of this nature is unrealizable (5) ang g
ratienal 'functioen aﬁpreximatien must be made. There are numerous-
criteria as .to goedness of fit for the ratienal functiem. A few
criteria are:

1. Maximgl;flatnessf. At a prescribed peint ‘in:the passband,

the mgximum - pessible number.ef successive derivatives of
the approximant are-equated te the correspending deriva-
tives of the ideal functien.

2, Bounding the maximum error, A very simple criterien but

sometimes all that 1s required.

3. Minimization of average error.. This can be misleading in

near zero average errer does not necessarily invelve a

small maximum error.

L, Minimization_gf root—mean-square error. Effeet'ef -randem
errers.is minimized. It can invelve great cemputatienagl-
laber fer high degree functiens. Resulting 1T (Jw)|?
resemble Chebyshev appreximation when € = 1.

5. Equal maxima and minima of error (equiripple error). This

is alse called appreximation in the Chebyshev sense. H(Jjw)

exhibits maxima of unity and minima of zere - in.the passband.
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In what follows, exclusively equiripple“HCjw).Will be dealt -with.
They .will be written as H(p) where.p = ¢ + jo is,a general;complg#
variable. In‘sqmé‘instanqes the filter functien may appear as*R%fx)
where x -is -a real variable, .Exgmples-aré,th@:Cheby@hev,rational fuﬁq—-
tiens of‘Séction,HQH and the gengral“equiﬁipplecpassband'and_stopbagd-

functiens' ef .Section 4.5.. Then

lT(x)Jz =,i—;f%2§ﬁfzy" : _ (1.2)

i
v

-would be the correspending magnitude sqﬁg;eq,transfer;function; Sub-

stitutionnof-wst XZ.Will give the-usual lT(ijIQau

1.2 A'ﬁRIEF«BEYIEﬂ QF PRO?RESS

It _appears to the auphoq_thatrsem§wheq¢‘ar9undhthe year 1960, .a
partitiqn‘betweeq'philosophie§.Qf appreach t@-equiyipple_functions.cqn
be made. Prioer te that‘timq,'wgrk*centered-abqut geperatien,eﬁ';
fugctions in a non-iterative fashioen. Clesed form trigonometric“
functions, elliptic ,expressions and-series iexpansiens'were popular, -
This -was necessary because, of the great numbeﬁ of-cemputatiqgs:inyelved.
in iterative processes, coupled with the lack'of;compiete,computer
facilities -and pregramming‘langques?\

The-finﬁt equiripple{functiens encountered by most-engineers
were aQQ\are‘theiclassica% Chebyshgv-polynamials. They -are defipedI
and their properties invegtigated.in étapdard'texps on, netyork..

synthgsis;(6,§,;9;21)? They -are generated:incg clesed form
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trigenemetric fashion. Darlington (T) intreduced a procedure using
a ,Chebyshev polynomial series to obtain near equiripple character: of.
ratienal ‘functiens., At about the same‘time Bennett published -his
Ph,Do-diqsertatiop»(Q}‘and“éubsegueqtlyupreduced,an article (3) based
on that thesis., The pertinent concepts-are a set of transformations:
providing fgnctiensrof an equiripple .nature over.a prescribed lewband -
interv@_lo Sharpe (15) alse proposed an equiripple generating .
functioen. Ib was net general.in-that:peles were restricted té regl
and - imaginary axes only. He;man"(ll) described a procedure operating .
in much.the same manner as that of Benqgttq, Hisrm@thgdlinvplves a
rotating radius vector in the preof of ‘eqpiripplq:prepertiese .Only;
angle infermatien was used since,the radius vector fellowed & general
elliptical path, In contrast),. the author's;work will use a.strictly.
circular path.fer a,radius vecter. Both angle-and magnitude are
utilized. - Filters having equiripple .approximation of zere in lewband.
and equiripple approximatien of:infinity in.highband were generated
by, elliptic, functions (1, 5) in a nen-iterative fashien. Bennett - (4)
proposed an iterative precess for .elliptic -functien filters, giving an
exa‘dmple° Aphexpellent review of, the.state of the approximatien
preblem-in;late”19541was given.by-Winkler (20). With the exception -
of :Bennett's Werg (h)5 all, of-the above'procedures:had the feature
of being expressed in nen-iterative ;terms, usqally‘invqlving elliptic -
er‘trigonemetriq.fgnctionSa

Abeu£.196®:Widespregﬁ use.ofwdigital‘computers and -development

of easily understood pregramming languages, . e.g-, Fortran, breught,
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about ‘renewed in£erest-in implement@ﬁi@n of iterative precedures.
Engineers -began to take di%ferent;apprqacheg\tbithe éqpiripplq problem.
.One.of 'the new approaches was that of McGee.(13), based upen -
equalizatién~of;extrema in an itgratgﬁezfaéhienu,.General equiripple
éassbanq andJstoﬁQand‘fu?qtiGns were solved by extending the procedure.
Temes- (17) and ﬁmithi(l6) empleyed much. the’ same method in generating
filters to fit'arbitrgry specifications as to passhand and.stepband
shape. Watanabe (18) achieved equirigple,behaviér,in‘onq or two -
passbands but net in the sfopbaqu simultagegusly, A \very interesting
attack was made by Humphereys (12) in which peints of maxima and
minima in. the péssband are’ chesen.explicitly. A,presentation and

reviey of both the elliptic -functien approeach and computer usage was

given by ,Calahan (5). An extensive biblography: was .alse included..

1:3 ?URPGSES5OF%THELEHE§IS.

Thetthesis-has_fhreefmain‘purposes: (l)‘Te,cast.the'original
transformation of Bennett (3) in a different light, providing .a
pragmatic aanaccuraté principle ‘for equiripple approximatien;

QE);te present easily used closed f@r@ lewpass,\highpass andmban@passw
generating ‘functiens and.(3) te indicate procedures based-@nusuchu.
functiens that lead to mofé gomple§ filters., ©Some' of .the preocedures
employ the clesed.form functiens in an iteq@tive fashion; otqgrscare
strictly clesed form. It-is pointeq‘outxﬁhatﬁthere éxist-limitatians
ef theaprinciplé with regard te'formatiqnzof,funcpions with preassigned.

.zeros outside the passbang, herein called -extrapassband zerogs




CHAPTER 2-

THE COMPLEX VEG,TOR-‘PRINQiPLE




2,1 INTRODUCTION..

in thi§;chapter a.method - is-presented te generate,.in .a é}osgd
form, ratienal functiens of the complex varigble p = ¢ + jw.. They,
haye the. fellowing properties:; (l)'They;are magnitude.squared functioens.,
for p.F;j@,_(g) they exhibit maxima of +1 and minima ;of zere in.the
interval of interest, being equal te +1 at the interval boundaries,

(3) ‘peles lie in quadrantal:symmetry outside the interval and are.
arbitrary and;(%) gllzeres of thefunctiens lie in.the interval and,
cannot -be.preselected, being located essentially by the ,poles. As a
result,_functions generated Dby this:methed haye; in the interval.ef .
.intgregt, the maximum number of~maxiﬁa and -minima pessible.for a given
degree. Denominater degree will never exceed numerator degree unless
the;ihtervalkof iﬁterest.exﬁendg te infinity, .in which case a. zerpe or:
pgir'@fqzeros may-appear at,infinity.

In yhat f@llow$; the term "passband" will be used in place of the-
phraser”intérval of interest". It is less cumberseme and alse implies
a passband in,theielectric;fiitgr sense,'whigh is the pfi@aryzapplicawp
tiOnJarea,of‘sugh-functions in electrical engineering.

The equiripple generative procedure employed #y Bennett .in hig
thesis (2) and articles (3,4) is that of a funetion in an auxiliary.
z~plane beiné:conformallyrmappe@ onto the.p,—planéq The.entire real -
frequengy’gxis (jm~axi$) of \such.a z—plane,is-mapped\onto‘a dgsi$ed:
passband on the p-pland real fregueney-axls. Pole lecatioens.in the z- .
plane,(préppsitiened*byJan.initial maﬁping,from\the plplang te the 2z-

plane) are -brought, back to the p~plane in the same mapping.- This isq,
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the same view taken by Helman (11). and: Humbhereys (12) in their-assessment,
of the general utility of the functions. .

Con£inued treatment of such functions as transformations has tended
to obscure their full elegance énd simplicity. The beginning of a new
view appears in the proof of equiripple properties by Bennett (3) when
he speaks of the z-plane function as sj¢, i.e., a complex vector. An
initial exposufe to the functions in a moédern network synthesis course
presented by Dr. Bennett coupled with continued discussions afterward
have led to a comp;ete.adoption of’ the complex vector principle.
Transformations have been éliminéted entirely. All operatiohs from
construction of the cqﬁplex vector function to the final rational funec-'-
tion wi;l be carried ogf in %he cémplpx'p—éléne. Prqofé and examples

in the exposition of this Chapter will be for the lowpass case.

Modifications for highpass and bandpass cases encountered in Chapter 3

will be made as necessary.

2.2 PRESENTATION OF THE METHOD IN WORDS AND EQUATIONS

A stepwise outline of the method follows:

l. A mixed rational and irrational functioﬁ of p is con- -
structed. It is called F(p) and has the fpliowing prop-
erties:,

A. It acts as a rotating vector of unit magnitude in the
passband.
B. It aiways has a value of +1 or -1 at band edgg.

C. It has singularities at certain eventual pole locations.
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Specifically, it has singularities at all eventual pole
locations that are in the left half plane or the positive
real frequency axis (the Jw axis). Poles located in .the
right half plane and on thé negative real frequency
-axis are not manifested in F(p) as singularities.
Figure 2-1 indicates the region for which poles are
placed in F(p). Thq omitted poles are the negatives of
those included. They will be caused to appear in the
final rational function as.a result of a later step. It.
is assumed that all pole locations are exélusive 6f the
passband.
Unity is added to or subtracted from F(p), addition or sub-
traction being dependent on the value of E(p) at band edge.

For F(p)| = 1, addition .is .indicated; for

Band Edge

F(p)|Band Fdge = -1, subtraction is indicated. This sum or

difference is divided by 2. The resulting function, called

G(R)a has the following properties:

A, 'Its‘magnitudg oscillates between O and 1 in the passband.

B. Iﬁ always has unity magnitude at band edge.

C., Its numerator is rational.

D. Its denominator is that of F(p). The remarks made about
singularities in F(p) hold for G(p).

E. It is nonzero at the pole locatiens not manifested as

singularities, i.e., at those poeints in the right half

plane and on the negative real frequency axis at which




Half of Infinite Frequency Poles
Included

> This axis included.

!
|

This axis excluded.

T ! ‘ it e sauared -‘»vv*vwli 2} ¢ I‘n"‘ r
the magnlitude squared iuncLioil aillllg

™ e i b b Gt e y T bt o2 B (TR, oy (8
reglion appear as slngularitlies 1n A(ta}.
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poles’ are Qesired.

3. A function called "G(p) conjugate" and denoted by G(p)

| is constructed. G(p) has the following properﬁies:

A. It is the conjugate ofyG(p) for p in’the passband.

B. It has a rational numerator that is either the same as
that of G(p) or is its negative.

C. It has sinéularities at those pole locations that were -
not singularities of G(p), i.e., its singularities
occur at pb;e locations.in the nonshadeé region of-
Figure 2;1; including the negative j-axis.

D. It is nonzero at the singularities of G(p).

L. The product G{p) G{p) is formed and called H(p). H(p)
has thg following properties:
A, It"is a ragional function.
B. It containélall the -desired pole locations in both
. left half ﬁlane, right half plane and thé Jw-axis.
The locations are,inAquadranta; symmetry.
C.. It,oscillafés between O and 1 in the passband;
D. It is equal to 1 at band edges. |
To illustrate in a few. equations how this would work, assuﬁe that
the mixed rational-and irrational fuﬁction for F(p) has been found.
Tts properties are expressed in equafions.

P(p)] . = eI . | | (2a)

DPFJw
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F = =
(p)lp=Band Edge 1

for prescribed P in the left half plane or the positive Jw-axis.

.Now add or subtract unity and divide by 2 to form G(p).

Jo(w)

G =—'——‘e"i.l
(p)|p=jw. 5

and

0 < |a(sw)| <1

in the passband.

|G(P)lp=Band Edge =1

The numerator of G(p) is rational.

(2.2)

(2.3)

(2.k4)

(2.5)

(2.6)

(2.7)

for prescribed 1 in the left half plane or on the positive jw-axis.

Finally

(2.8)




1k

G(p), the conjugate of G(p) has these properties:

_ ~3¢(w) |
&p)| gy = T ‘ (2.9)
[Numerator G(p)] = #[Numerator G(p)] (2.10)
G(p) > (2.11)
]P_*'-Pi
Bp) |y # O | | (2.12)
i

Multiply G(p) by G(p) to form H(p). H(p) is a purely rational

function with the following properties:
H(p) | > (2.13)

for all p; in F(p). In the passband, H(p) is expressed as

Jolw) 42

2

jmn)
3
1l

cosp(w) *1 + j sind(w) 2
2

_ c052¢(w) + 1 % 2cosdplw) + sin2¢(w)
- N

1 % coso{w)
e (2.14)
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so that 0 < H(Jjw) < 1 in the passband. Also

H(p)lE=Banq mige = 1 (2.15)

It is assumed that the desired poles of H(p) are in quadrantal
symmetry so that H(P)lp=jw is a real function. For H(p) fo be a
magnitude squared functién it is necessary.that it satisfy one more
requirement:. All j—axis critical frequencies must be of even multié
plicity. The zeros of H(p) will be so because it is positive on both
sides of the zeros. Poles of H(p) on %he j-axis must be chosen of
even multiplicity.

The foregoing remarks do not specify precise function forms and
manipulations. They do ﬁake evident that an approach using the concept
of a rotating vector provides a new insight into equiripple functions.
Rather than a result of transformations eor of maxima and minima
choices in the passband, they are immediate and lucid. The particular
form to be presented initially produces an approximation to 1/2 with a
ripple value of 1/2. Later modifications will allew approximatiens to

other functions.

2,3 THE LOWPASS FUNCTIONS

2,3.1 Lowpass F(p)

The initial F(p) for the lowpass case is defined as’

1
The F(p) functidns for lowpass, highpass and bandpass cases were
introduced to the author in private communication with Dr. B. J. Bennett.
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= i=1 -, Y- (2.16).
Where‘wH is the upper band edge frequency. For simplicity, Wy will
be normalizéd to unity in all subsequent expressions. Presence in
F(p) of the parameters m, and the index n indicate that F(p) might
properly be written as F(p, m; , n) at an added expense of notational
complexity. The expense will not be borne. It will be understood
in the following that F(p) implicitly involves the parameters m, and
index n.  Parameters m, are used to fix the singularities .of F(p).
Index n refers to the number of zeros in the passband (frbm ~Wy to

Wy in lowpass).

Let us look at an F(p) with a single factor in order to ascertain

its properties. We have

mip + Vp2,+ 1 .
F(p) =. ' (2.17)
-m.p + Vp2 #+ 1
Assume for the moment that my is real and positive. For p = jw
jmew + /1 - w2
Flp)| _., = . (2.18)
P=J —jmiw + /1 - o7
Two regions must be considered: (1) w in the passband, i.e., 1w[ <1

and (2) w outside the passband, i.e., |w| > 1. ,

In the range |w| < 1, F(p) has the property that its numerator. is
composed of;an.imaginéry.pgrtr(jgiw)_and 4.real part, (Y1 —-Ww?), while,
the denominator consists of'$hejn¢ggt;ve imaginary:part and the same:

real part. One might write this.as -
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_ dB(w) + a(w)

P gy = 580wy a(w) e lol <2
= oJo(w) (2.19)
where
-1 m.w
¢(w) = 2tan ————t—o (2.20)
vVl - w

As w increases from O to 1, ¢ increases continuously from O to T,
passing through /2. F(p) is indeed a rotating unit vector in this
region, rotation being counter—clockwise. Figure 2-2 depicts F(p)
in the passband..

ln_the range |w| > 1, the numerator of F(p) becomes purely
imaginary as does the denominator, making the overall F(p) strictly
real. However, the numerator is the sum of two terms and the denomi~
nator is the difference of two terms.

nw + BT

Flp)| _, = 1< | (2.21)
p=Jo —miw + Ve - l’

The possibility of.the denominator becoming zero and therefore prod-
ucing an infinite value of F(p) presents itself. This would occur

whenever

m.w = Jul ~ 1 - - (2.22)




Figure 2-2. Action of F(p)

"Jl

U+ jV for p in the

jon
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or
o= 1 (2.23) ,
Y1 - m?

which can be satisfied for a particular value of w >‘l if 0 < mi-< 1.
The fact that no negative value of w will satisfy the equation-is-
consistent with the remark that F(p) has its singularities only in the
left half plané and on the pesitive j-axis. Singularities on the nega-
tive j-axis will be produced by @(p): F(jw) for w outside the passband
is shown in Figure 2~3. In actual use m. would be determined from
the desired pole location, Py = j‘wi9 by

/o2 + 1

m, = ———— (2.24)
i P s .
p=Eju,

which will yield a wvalue of my lying in the interval (0,1) for wy > 1.

If an infinite frequency singularity is desired, it can be achieved

by setting

= l_iml R_"I'_l_.
1 D> ie

B
|

=1, _ ' (2.25)

So it is clear ‘that the single factor F(p) does those things required
of it.

Extension of these concepts to a multiple factor F(p) is straight-




F(jw)

i |

_Asymptote = -mi+l/mj+l \\\\k\ |
S o R e P s T PR e l 0

F(-jL)=0 s \\ S ' I

\ k\\\ |

= |

|

|

|

|

|

|

|

Figure 2-3. F(jw) outside the passband. Singularity at w = L.

(0]
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forward. Writing
n mp + sz + 1 n

Flp) = 1 = I Fi(p) (2.26)
i=1 -m,p + Vp2 + 1 i=1

and again assuming all m to be real and positive, we see that since
each individual factor, Fi(p),vis of exactly the nature described aboﬁe;

the overall F(p) has like properties.

Fi(P)|p=jw = otalw) > el 1 - (2.27)
where
Ly W
¢i(w) = 2tan = ————— (2.28)
Y1 - we -

so that 0 € ¢.(w) < mas 0 ¢ w £ 1, rotation being in a counter-

clockwise direction. Then -

n
F , = I F( .
(p)|p=Jw j=1 T P)Ip=Jw

- ﬁ‘ i (w)

i=

_ ITe1(w)

jolw) (2.29)

= e
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where
n . .
o(w) = ) ¢.(w) (2.30)
i=1
so that 0 < o{w) < nm as 0 s'w <1, rotatioﬁ being in g counter-
clockwise direction. Again, in the region 1 < w, each Fi(p) can have

a singularity at some W, manifested in the equation by choosing

+
m, = 22X L1 | (2.31)
1 P PRI :
and if a singularity at infinity is desired.
m., = lim'LB_;tQL_
I p® b
= 1. (2.32)

Each Fi(p) will produce, a preselected singularity so that the overall
F(p) will have singularities at W, s i=1, 2, °°;"n?, It 'is seen from.
the above that each Fi(p) will be zero at -w; and F(p) will be zero

at w =~w;, i-~ 1, 2, -+, n, as shown in.Figure o=k,

2.3.2 F(p) For Complex Polgs,

|
The assumption that m, is real restricts pessible singularities to

the real and imaginary axes only,; leaving out petential lecatiscns in
the complex plane. This restrictien will new be removed.

Let ué assume that.a fourth degree equiripple.lowpass'function
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with a pole configuration shown in.Figure 2-5 is desired, viz., poles

at p = #o. ijwi; For such a function n = 2 and

- mp + Vp2 ¥ 1 me_f) + V/p2 + 1
-—mlp + Vpé + l —m2p + sz + 1

)pvp2 +i1

(mom, + 1)p2 + 1 + (m, +m
- 12 1 2 . (2933)

(mm, + 1)p2 + 1 = (m) + m,)pyp? + 1

The pole set to be considered in formation of . F(p) is the left half
" plane sef, ho) ;~_Oiijwi° Graphical representations of wvarious calcuia—
tions involved are shown in Figures 2-6 and 2-7. Let the desired pole
location be p; = riejei, where r, is the radius vector to p; and ei is
the angle measured counter-clockwise from the positive real axis.
Express m as

rgejgei,+ 1

m, = e )  (2.34)
* rieJel

The term inside the radical is rewritten as
1269201 4 3 - p2eI20 | (2.35)

Since /2 < Gi < m, then 7 > wi > ei and wi has the same sign as’eig

The expression for me becomes

"R2ed%V1
1

R T
r.eJel
Ji :
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Jjw

Figure 2-5.

|
|
I
I
| —Juy
|
|
I
X

P-plane plot of the lowpass hth degree function with poles
at p = ioiijwi. Passband shown as double lined axis.
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J(¥3 - 61) : ' (2.36)

Jis

=

vhich~is a vector in the first quadrant as in Figure 2-T(b).
Since ms is always analytic at P; and real for p real, Schwarz's
Reflection Principle holds, showing that tle m associated with 5;

ism,. Letm, = a, + jB. so that
i i i i

— 2 P .

mymy =0y * By SR ' (2.37)

and

m, +m = 20a,. (2.38) "
i ie i '

Both expressions are strictly real and their substitution inte F(p)

Yields ' -
2 2 . \.2 -
(al + BT +1)p” +.1 + 2&ip/p2'+ il

F(p) = —2——a——— , (2.39)
(u + B+ )p + 1'—.20Lipv/p2 + 1

-so that the.rotating vector concept again hélds Vhen conjugate poles
ar‘le,éonsidered° |

It is seen that 81ngular1t1es exist in F(p) only at p; and Eéo
'81ngular1t1es w1ll be produced in the rlght half plane, i.e., at —p

and —p through multiplying the denomlnator by [(ui + Bi + l)p2 + 1+
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2uip/52—;rf]'which is. [Denominator F(-p)]. Reasons for choosing such
an expression will be givep in the section concerning formation of _T£31
Figuré 278 shows the ggneral nature of m, for 12 in various regions.

2.3.3 Lowpass G(p)

G(p) is formed from F(p)‘by the expression

a(p) = F—(E-)-——l L (2.%0)

In the passband

]

3¢ (w) .
o) _., =S5t 3 o]

4

1 (2.41)

which is a rotating &ector of one-half unit length, centered at
(#%, 0). A representation is shown in Figure 2-9, (a) and (b). Its
magnitude véries between limits of O and 1. Choice of. addition or
subtraction of 1 to F(p) is governed by requirements gt band edge.
Eor the usual case, an equiripple functien is required to have a

normalized magnitude of unity at band edges. Reference to equations

(2.29) and (2.30) shows that

I

n even

= (2.42)
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Increasing m

l ; 1/‘ VAR m. < l
ml COmpJ ex !
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H
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i H

Figure 2-8. Value ranges for m, as a function of P, -
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(a) Even number of ripples (b) 0dd number of ripples

Figure 2-9. Action of G(p) = U + jV for p in the passband.
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Figure 2-10. G(jw) outside the passband. Singularity at w = L.
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at band edge. Clearly we -need the positive sign for n even and the

negative sign for n odd. Concisely,

alp) =. ;Z : (2.43)

G(p) has the same denominator as does F(p), giving it the same
singularities. Since.|F(jw)| # 1 for lwl > 1, there will be no zeros
of G(p),outside the passband and exactly n zeros in the passband.

A more compact expression for G(p) can be formed directly from

F(p) by writing

_ Rational Part of F(p) Numerator .
G(p) = F(p) Denominator (2.h4k4)

Validity of this remark is shown by a consideration of the form of.

F(p). For pairs of cenjugate poles, there are in F(p) factors of the.

form

—_— 2 —_—
(1 + mimi)p + 1+ (mi + mi)p

(2.45)

(1 + moﬁt)p? +1 - (m, +m, )p/p= + 1
ii i i’s
For single poles on.the real'akis or at infinity, there are in F(p)

factors of the feorm

mp+ BPFL O (2.46)
—mip.+ Vp? + 1

In both numerator and denominator of the conjugate pole F(p), the
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factors’ are made up of two types of terms: an even term that is
rational and an-odd term that ié irrational; and for the single real
pole function, the factors are made up of an odd term that is rational
and an even term that is irrational. Expansion of.the'products of
such F(p) shows an important feature: For n even, the even terms are
all rational and the odd terms are all irrational and for n odd, the
odd #erms are all rational and the éven terms are all irrational. In
fact the even and odd terms of both numerator and denominator are
identical in form, differing only_in sign. In the numerator are all

positive terms while in the denominator the even terms are all posi-

M+ N

tive and the odd terms are all negative. The form of F(p) is N X

where M and N are the even and odd parts reépectively of the numerator

and denominator. From this

G(p) = 5

M+ (-D)"M+w - (-1)™w . : : ' (2.47)

M. (2.48)

For n odd, N is the rational part of the numerator of F(p) and
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M+ (=1)M + N =(=1)N
2(M - N)

G(p) =

—_ N ¢

_M_ N (2.11'9)
So the move from F(p) to G(p) is immediate and uncomplicated. G(p)
always has a rational numerator, all of whose zeros are in the passband,

and has the mixed rational and irrational denominator of F(p).

- 2.3.h4 Lowpass G(p)

A In accord with the outlined procedure, a function is sought with
the property that it is the conjugate of G(p) in the passband.
Although it is not.strictly the conjugate of G(f) for all p, nomen- |
clature will be corrupted and such a function will be called ”G(b)

conjugate" and denoted by G(p). G(p) has the single necessary and

sufficient propérty that

G(p) = [ej¢(w) + (—l)n}

5 = 5 (2.50)
G(p) itself can be written as
y— T D even |
G(p) = ¥ - ' (2.51)
n odd
M- ;

Take first the case for n even and |w| £ 1. M is an even polynomial

such that it is real for p = Jjw so it is its own conjugate. M - N is

M
M+ N.

a mixed function whose conjugate is M + N. The desired G(p) is
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For n'edd, N is an odd- pelynomial :for p.= jw such that -N is its con-

Jjugate. M:~ N.is-again a mixed functien with M + N .as its cenjugate. ;
=N

So -G(p) =3y Generally,
M
T+ . B even,
- Glp) =. . (2.52)
_N.\ ‘
M+ n °odd

For.the lowpass case, M + N'is:zero_at'point$;negative-of:thosq_for“
which M - N.is.zero., So‘for,G(p){wibh;singularities_at~pi,.(i~=xl,

2, +++,n) G(p) has.singularities at =By » (1 =\l?;2?--~q,-n). Cemparéa
Figures 2-10 and-2-12; .also Figures ‘2-9 and.2-11.

2.3.5 "Formation of H(P)-

H(p), the final rational function,is ;

H(p) = &(p)B(p) =4 7 (2.53)
- ad-
M?._”Ng n o

- H(p) is guaranteed rational because M is a .polynomial -and N-isa
pelynomial multiplying the radical sz +:1.¢ Hence their.squares are-

rational:
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Figure 2-12. G(jw) outside the passband. Singularity at w = -4,




CHAPTER 3

THREE :FUNDAMENTAL, FUNCTIONS
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3.1 INTRODUCTION

In this chapter three fundamental types of equiripple functions
are presented. They are: (1) Lowpass, (2) highpass -and (3) bandpass.
Modificatiens of the lowpass case presentation of Chapter 2 pertinent
to highpass and bandpass cases are made as required. Such changesvére.
concerned with the manner in.which singularities appear in F(p), G(p)
and G(p), in additien to necessary band edge changes. The fundamental
rotating vector principle remains invariant. It-is shown in examples
that noet all . steps of #he method as presented in Chapter 2 must be
inclﬁdéd to arrive at nﬁmerical éoefficient values. It is also shoewn
that lowpass functiens can be considered.as a subclass of bandpass
functions feor computational purpoéeso

3.2 LOWPASS FUNCTIONS

Mest widely %nown ameng equiripple lowpass functions are. the
ciassical'ChgbyShqv polynemials. They appreximate zero with ripple
maxima of +1 and minima of -1 and have all poles at iﬁfinity° The
procedﬁre preSented thus far yields lowpass magnitude sqﬁéredtfunctions

only so it is expected that generation of edﬁiripple functions with

poles ét infinity and passband from zero to qﬁé will jiéld the

Chebyshev pelynemials squared. This it indedd does.
For such functiems with all poles at infinity,'dll m are unity.

For Ci, the nth Chebyshev polynomial ‘squared, F(p) becomes

n
w(p) = [REIREE L |
-P -!-/:Eﬁ—]j ’
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If ene were teo reduire, for example, the secend Chebyshev .pelynemial
. . | o .
squared,; Figure 3;1;fthé'fell@ﬁihg:sﬁeps;@rgvidéaiti?:

2p + 1 + 2pr2 + l

1. Set up F(p) = (3.2)
o 2p2 + 1 - 2pVp i
' : 2p° + 1 .
2. Form G(p) = 5 - (3.3)
2p + 1 - 2pr2 + l
3. .Form, the conjﬁgatg pf«G(p)'efer the ﬁésébgnd.
2 ' .
G(p) = ——2 L . (3.4)
2p + 1+ prE +. 1
b, Multiply G(p) by G(p) to_form ﬁ(p);
H(p) = 6(p) &(p)
- hph + hp + 1
ip' + bp® ¢ 1o (hp 4 4p

which for p = jw is the second Chebysﬂev polyneﬁlal squared As
pointed out in Chapter 2 H(p) is a ratlonal functlon with deuble erder
Zeres.in the passband. It has poles at those locétlons 1nserted Ain .
F(p) plus the negative of those.locations;'.In,thié casg.there_weré
two locatiens at infiniﬁy:iﬁ,F(p).- Thése two_pqiés plus tﬁolmore'ai

minus infinity appear ih H(p). With rational funptipns,_iﬁfinity’




H( jw)

Figure 3-1.

Second Chebyshev polynomial squared.
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appreached from-gny directioﬁ-can be considered as g point (21.) " and.
we say H(p) has four poeles at infinityav As.anether éxampie; consider
the requirement of 'an H(p) functien with a double erder zero in-the
passband. (05w £ 1) and finite ﬁoles at p = ij;jgm Furtﬁer assume
that H(p) is to be a magnitude squared functien,sz.that £he poles must
be double. Figure 3-2 depicts the functien.. The result is that
2 m.p + /Ez—gjf

F(p) = 1 == — (3.6)
i=1 -m;p + ¥p2 + L '

where
o= = ’ : (3.7)

The usuval steps.follow:

(mlm2 + l)p2 + 1 + (m_ + m )prz + 1
1 F(p) = <
(mlm2+l)p~2+l—(ml+m):9 /P2 *
2p° + 1+ pF AL g 5.8)
= 3.8
Fo 1o AL
‘ip2+l :
2. G(p)=5 5 . (3.9)
I +1-p/5f+—i f
) %p + 1 ) i
in +l+p1/r_)_2——+_l—
5 2
B +de e
he Hp) =z 5 3 2

16 P +5 P +1'-p.-p




H(jw)

Figure 3-2.
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p2 +.1

p2+l

p -+

4
n (3.11)

N g L\
oo [N
IS [USIINTING]

p o+

As expected, the deﬁeminater factoers into~(%-p2 + 1)2 which exhibits
the desired péle lecatioens.

The foregoing examples have a ceommen- redundancy: They actually
include computation of the deneminator pelynemial.. Since the peles are
specified ab ipitie, this pelynomial is already knewn to:ﬁithin a con-
stént-multipliére The first example 1s te have peles at‘infinity and
its‘deneminatqr myst be enly.a censtant.  The second example requires
poeles at.p = ij-;% and must be (p + %02 times a cohstant multiplier.
Both-denominater53were carried in the examples eniy to\shéw that the

method indeed preduces the preper denominator. A new-computational‘

recipe that emits such redundancy is-

: n
1. Compute {Ratienal part I (mip /52 + 13}ey
: \ , i=1 '

.2; Multiply this by itg cenjugate over the passband.

N

Form:K I . (p + pi),as,the deneminater ef H(p) where K is
i=1 : ' . )

the constant multiplier to’be.cemppted below, and P is

‘one. of the tetal number, 1, of finite pole locatiens.

Infinite freqﬁency'poles de net e#pligitl&iappaar, being

preduced by numerator degree -exceedihg denéminatqr degree.
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L. Knewing the desired ripple .value and the value of the
numerater function at.band edge, cempute

K = (Numerator| )/(Ripple value). (3.12)

Band Edge

3.3 HIQH‘EASS‘FQNCTI@ﬁS .

High ﬁass:functiéns'are generable by performing a.transfermation
of .variable, p = %%, en the lowpass F(p) to give a highpass’function
in the:variable:p*; or by a dirett formation of a highpgss F(p) based
on the rotating vector-principié° We will adept the 1a£ter view
‘because of its.greater geﬁerality,and potentiél for providing insight,

The band will extend ever the interval [w., ®). Considering the form

LS
of the lewpass F(p), .seme expression invelving a radical that undergoes

a change frem real value to imaginary value at the critical peint

I, would seem reagonable as a start, F(p) sheuld haye thg'ferm

A
e
B
ole
1+
B =

RIIE - - C (3.13)

for -|w| w; and. be strictly real for juw| < wp . Seme suggestions are:

. n.mp + /=(g2 + w2)
1. Flp) = 1 —S——
i=1 -mip;+'v-(pz ¥xg§}

(3.14)
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n om/p ¥ Vw%/p2'+'l
2. Flp) = I — — (3.15)
isl -m/p + VwZ/p? + T°
n mi_¥ Vo2 + w%

I
Ci=l -, + 1/}_3)2 + w’LQ

(3.16)

A1l of these are suitable since they have a commen feature of being (l)
real outside the passband and (2) a retating vectoer in the passband.
The final cheice is entirely left to the user. We will adept : (3.16)
because of its sim._blicity°

Properties of this F(p) will be investigated, TFor @ =-1, p = ju

and my regl and pesitive.

m) + Vd%'; )2
F(p)| o ., =" — 1. (3.17)
Py e B

In the passband, lwl z wp

m. + ijz - w2
1 L
p=J Tml + jvwz .—_LUL2

F(p)

= ej¢(®) . (3.18)
where
2w
¢ = -7 + 2‘tan-'-‘.l —-_m—& ‘ (3.19)
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and as w, £ W < ®, -1 £ ¢ < 0; rotatien being in a counter-clockwise

L
directien. Outside the passband, i.e., for lwl < Wy
m, + Vw% = w?l )
Flp)| o sy = h . (3.20)
p J —ml + Vw% - w2

The funetien is real and has singularities at beth Py and ~Py>» Qeter_
mined. by ‘setting my =-/EET:—£§} See Figure 3-3. fhis is different
from.the lowpass case, which exhibited a singularity-at p,,

but.a zere value at ~Py- One can see from Figure 3-3 that at no peint
outside the passband will F(p) be less than unity in magnitude, insuring
that G(p) will -have no zeres outside the passband.. The same sort of
even functioen behaVior will be exhibited by baﬁdpass funétiens,.
Anothe? difference is in Glp). When G(p) was férmed in lewpass
functiengé iﬁuceﬁ@ained sinéularities_gt Py if G(p) centained them
at-pl. In hiéhpgss,‘a(p) contgiﬁs ne éingularities Whgtsoever, all
desired pole locatiens of H(p) having appeared-in G(p). When H(p) =.
G(p) é?ﬁylis formed, the singularities then beleng te a magnitude
séuéred:fUhction‘éﬁd,may pfoperly be ,called peles. They will aute-
vmatibally-aﬁpegr at p; and -p;. For g'generai highpass function,

i om, + BEEGE

F(§)-=‘ I = ..~-uL ) . (3.21)
' i=1‘-mi +‘%§2TE7%§

where n is one half the desired.degree of H(p). For p = ju and all

mi_real and pesitive
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Figure 3-3.

Highpass F(p) outside the passband.

Poles at p = *j.2.
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n m + Y02 - w2
F(p)| _ = 0 —— L (3.22)
PE i=1 -m, + Vw% — w2
In the passband, |w| = w
n m, + jYw? = w2 '
. 1 - L
F(P)l - 'jw |=( H N '
p a i=1 —mT_+,ij2“é w%
s &)
= ) | (3.23)
Wheie
‘ n 1 Vw2 - w%
(1),: -nmT + 2 z.tan T ———— (392)4‘)
‘ ) m,
i=1 1.

L <

direction. - Again, the functien is real for w outside the passband

and as w. € w < @, -n7T g ¢ < 0; rotatien being in a counter-cleckwise

. n m, + szif’&z
1o L
F(p)|_ _ ., = L. —
p=d i=1 fmi‘+ Vw%'+ w2
1 T .

(3.25)

and has.singulér%ties.at p = P; and p = =P > determined.by setting
PR S ! . :

oy =P * wLip_é pi; i=1, é,,3, +22, 'n, Conjugate. singularities
are hapdled in a similar manner as in lewpass., -Inveking the Schwarz

reflectien principle agaih’wil; shew, that, fer p =Py leading te.mi,

P =\£;Dwill lead te a;. The twoe terﬁ product in F(p) is.
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p2 +. (w2 +m,m,) + (m + ET)Vp2.+ w2
F(p) = 5 ii i ; - L
p- o+ (w2 + m, ml) - (mi +_E;)sz'+ wE‘

(3.26)
i
in which all ceefficients are real. It . is-alse desired that the vecter
rotate-in.a céunter1clockwisé direction in the.pagssband, requiring in.
additien that.all numeratoer ceefficients be pesitive. Coﬁnter—
cleckwise rotation is-necessary since.all vectors formed frem.real axis
and imggiqary axis poles fetate counter-clockwise. Multiplicatien by
a vecter‘rotating'cleckwise will cause effective cancellatien of
retatien; scattering zeres of G(p), and censequently H(p)? throughout
the ceﬁplex piane. As a result, a general ruleihas been established:
All<mi‘will Be—chesen.such~that they have positive real parts. An.
instance.of application of this rule appears in the example of this
sectien.: It‘might Bé.ﬁéted that -cheice of all m. Wi@h negative real
part Would de just as.well. Vectors. would rotate éléckwise.in=such
a cirCumstaneé. Consistency of cheice is. all that is required.

With the stated rule gpplied, the highpass vecte# ret@peé,from
-2m to O\iﬁ.a ceunfer—clockwise.directienfas w goes ffem dL to infinityf
It hag s1ngular1t1es at P = Pys P and alse at p = pl9 —pl, i.e.,
for the .ehtire quadruplet of pole leocatiens, Upen multlpllcatlon Ty .
its conJugate denemlna%er the entlre guadruplet will. appear as poles
of a mggnltude”sqqared funct;pn.

'

Formétion of G(p) follows the usual rules. Since F(p)|p - jor -

(-7, G(E)



















































































































































































































































































































