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Abstract:

This dissertation explores the use of an optimization criterion based on the Anderson-Darling statistic
(AD), a goodness-of-fit measure, to estimate the mean response in a variety of regression settings. This
approach is best suited to the regression model where the distribution of the random component, and
the linkage between this component and the mean response are known. In this situation, the AD
model-fitting technique can outperform other techniques which do not use directly the available
information about the distribution and linkage. This work, Anderson-Darling Regression (ADR), is an
extension of Minimum Distance Estimation (MDE), pioneered by statisticians such as Parr (1981) and
Boos (1981).

A terse history of MDE is presented, with an emphasis on its potential role in parametric and
nonparametric regression. An ADR approach is described that accommodates many regression models:
parametric and nonparametric, normal and non-normal, linear and nonlinear, natural and transformed.
The ADR method can be applied easily to nonstandard regession models. ADR’s ease of
implementation is illustrated with two examples from biofilm engineering, and using conventional
statistical software.

The ADR method does have limitations. Specifically, it may be seriously handicapped when the model
is mis-identified, or when the estimator is biased. Therefore, a rigorous modeling approach is required
that stresses model validation and diagnostics. On the plus side, the well-fit ADR model has residuals
fitting the assumed random distribution — a definite benefit when assessing modeling assumptions,
estimating standard errors and performing hypothesis tests.
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ABSTRACT

This dissertation explores the use of an optimization criterion based on the
Anderson-Darling statistic (AD), a goodness-of-fit measure, to estimate the mean response in a
variety of regression settings. This approach is best suited to the regression model where the
distribution of the random component, and the linkage between this component end the mean
response are known. In this situation, the AD model-fitting technique can outperform othel;
techniques which do not use directly the available information about the distribution and linkage.
This work: Anderson-Darling Regression (ADR), is an extension of Minimum Distance Estimation

(MDE), pioneered by statisticians such as Parr (1981) and Boos (1981).

A terse history of MDE is presented, with an emphasis on its potential role in parametric
and nonparametric regression. An ADR approach is described that accommodates many regression
models: parametric and nonparametric, normal and non-normal, linear and nonlinear, natural and
transformed. The ADR method can be applied easily to nonstandard regession models. ADR’s
ease of implementation is illustrated with two examples from biofilm engineering, and using

conventional statistical software.

The ADR method does have limitations. Specifically, it may be seriously handicapped when
the model is mis-identified, or when the estimator is biased. Therefore, a rigorous modeling
approach is required that stresses model validation and diagnostics. On the plus side, the well-fit
ADR model has residuals fitting the assumed random distribution — a definite benefit vs}hen

assessing modeling assumptions, estimating standard errors and performing hypothesis tests.




CHAPTER 1

INTRODUCTION

it is often desirable to describe a qua,ntitat‘:ive response as a function of the available
structural or contextual information which shapes that response. This relationship between the
response variable, and the explanatory variables may be described nicely by a regression model: for
a given value of the explanatory variable X = (z1,...,%p), the observed response Y is modeled as
a deterministic function (systematic effect) of X perturbed by a random fluctuation. Knowledge of
the functional relationship between X and the expected value of Y is usually -of the greatest
interest. This research explores one method of learning more about this functional relationship |

under a diverse set of circumstances.

_ Three Regression Models

With n data points {(X;, ¥;)}%., the relationship between X and Y, the explanatory and
response variables, can often be modeled using regression. A regression model features three
elements:

o a systematlic effect: a mean response function m(X) = E[Y|X] defining the expected value of

the response Y in terms of X, the explanatory variable.

o a random effect: arandom perturbation or random error function ¢(X) to accommodate

stochastic behavior.

o a functional linkage that joins the mean response and the random perturbation into an

expression describing the observed random variable: ¥ =Y (m(X), e(X)).

The term “linkage” in this context should not be confused with term “link” as used in the

Géneralized Linear Models context (McCullagh and Nelder, 1989).
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A diverse set of models can be constructed by varying these three elements. Three
regression models (Table 1) featuring these elements will be important to this work. Each model is
associated with a certain regression met';hod and is named accordingly. Two of the three models,
LSR and NPR, represent ’ch0 ends of a spectrum of regression models. These models will be used
iri comparisons to the third model, ADR, which lies in between the LSR and NPR'With respect to L

the restrictiveness of the modeling assumptions.

All three models include a realized but unobserved contribution from the random element.
Common to these models is the concept of a natural residual, a function of the observed response
and the true (or estimated) response. Let r(X) denote this natural residuai and let us define ¢(X)
to be equivalent to r(X) when m(X) is known: ¢(X) =r(¥(X),m(X)). B Y =Y (m(X), X)),

then the natural residual is

r(X) = r(¥(X),7(X)
= r(¥(X),AX))

= €(X) when m(X) is known .
Table 1 lists the elements of these three regression models, ordered in terms of the ‘

assumptions underlying each method (top to bottom, from more to less restrictive).

‘ Table 1: Three Regression Models
Model m(X) e(X) Y

LSR m € R(X) e~ N(0,06%I) XB+e
X € R™*P
ADR  m(X) € Smooth €~ F.(u,0%)(X) m(X)oe
R™? C Smooth F, known "o €(x,+)
X eqr '

NPR m(X) € Smooth Ele8] <00 m(X)+e
XeRr F, unknewn .

The first model listed in Table 1 is the classic Least Squares Regression model (LSR), the

model most often adopted (Draper and Smith, 1981). The LSR mean response function X3 is an
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identified function, and linear in its unknown coefficients. The random component follows a
Normal distribution, a member of a location-scale family, as does the conditional distribution of ¥,
Fy|x (Lehmann, 1991). Though LSR may proceed without the Normality assumption, this
assumption simplifies making probabilistic inferences concerning model estimates, predictions and

hypothesis tests.

The Anderson-Darling Regression model (ADR) is more flexible than the LSR model. The
mean response can be linear as in the LSR model, completely identified but nonlinear, or simply a
smooth (p-differentiable) function. Other formulations of the mean response (and the linkage) are
also possible. The random term in the ADR model can follow one of a variety of distributions
upon which straightforward probabilistic inferences can be made concerning model estimates,
’pred.ictions and hypothesis tests. Nonetheless, the distribution of the ADR random term, and the

conditional distribution of Y, must belong to a known location, scale, or location-scale family.

T A diverse set of models can be constructed by varying these three elements. Three
regression models (Table 1) featuring these elements: will be important to this work. Two of the
three models, LSR and NPR, were chosen due to their wide applicationprobabilistic inferences can
be made concerning model estimates, predictions and hypothesis tests. Nonetheless, the
distribution of the ADR random term, and the conditional distribution of Y, must belong to a

known location, scale, or location-scale family.

The final model corresponds to Nonparametric Regression (NPR), often considered an
exploratory data analysis technique, for which little is assumed about the mean response or the
distribution of the error. The mean response is assumed to be a smooth function, while the
random term is required to have finite first and second moments. An additive linkage between the
deterministic and random terms is also assumed (Hardle, 1990). NPR. also requires that F, be a

member of a location, scale or location-scale family.

The Modeling Process

Stochastic modeling is an iterative process. The modeler must learn enough about the

problem to specify appropriate a,ssumptibns and propose a reasonable model. The modeler must
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choose an estimator; calculate estimates; and evaluate the results using diagnostic tools. If
necessary, The modeler must make adjustments to the model or estimator, and recalculate until a
satisfactory solution is found (Chatterjee and Hadi, 1988). Finally, he must apply the model and

interpret the results in the context of the model’s strengths and weaknesses.

Anderson-Darling Regression (ADR), proposed herein, is an estimation method amenable to
this process as illustrated in Figure 1. This dissertation develops ADR, the ADR modeling process,

and illustrates the use of ADR with a variety of models.

Figure 1: The ADR Regression Procesé

FLOW TASKS
Formulate Research background
—  the Specify assumptions
Problem Define model Fy|x(Y’;6)
1 Select estimator 8
Fit ADR Select and apply numerical
Model algorithm to find
l 04(F, 5,Fo) = infgco 84(Frn.0, Fo)

faill «—— Evaluate Fit

Perform model diagnosis

¥
pass

y
Present Report the ADR model
Results . Summarize modeling process

Both the LSR. and NPR models have solution techniques that produce parameter estimates
without requiring knowledge of the distribution of Fe or, for that matter, of Fy |x. Distributional
concerns are usually handled “after the fact”, using regression diagnostics and goodness-of-fit
statistics. Fitting the assumed distribution is more of an issue in LSR, where calculating standard

errors and confidence intervals is of greater interest.

The ADR method, however, requires that the distribution of Fyx be faced head on.
Measuring how well the observed residuals fit Fyx is the heart of the ADR method. Parameter
estimates that produce the best AD goodness-of-fit are the ADR estimates. With ADR, there is no
avoiding the complete specification of the generator Fp of the location, scale or location-scale

family which includes the random component’s distribution as a member.
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In this dissertation, the LSR and NPR models, and estimators provide useful comparisons
to ADR. It is assumed that the reader is familiar with LSR and NPR. methods. Throughout the
remaining document, ‘LSR’, ‘NPR’ and ‘ADR’ will refer to either the model (Table 1) or the

related estimation procedure. The reference will be clear from the context.

The ADR method déécribed herein is but one chapter in an extensive literature about
Minimum Distance Estimation (MDE) For an introduction to MDE and the MDE literature, the

reader is referred to a bibliography by Parr (1981).

Goal and Objectives

The goal of this dissertation is to present an alternative régression technique that is useful
when extensive information is available about the distribution of the stochastic component and the
linkage. My first objective is to show that the ADR. estimation technique is a useful alternative to
least squares linear regression or nonparametric regression for an often-encountered set of
circumstances. My second ijective is to illustrate the use of ADR modeling in a variety of
regression settings. To that end, I derive some ADR. diagnostics, and show how these may be

applied.

A Motivating Example

A company wishes to evaluate the reliability of a';rehicle guidance system (Hahn and
Shapiro, 1967). Guidance system reliability is cha.racterized by a system’s expected time—to—failuré
and the variability in the time-to-failure from system to system. Characterization reduces to
estimating the expected time-to-failure, and the time-to-failure distribution. Posing this problem
in a regression setting (i.e., the mean response is constant) provides for an insightful introduction

to estimation based on AD goodness-of-fit and to the ADR model-fitting process.
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Problem Formulation.

Time-to-failure was observed for 20 guidance systems (Table 2). The sample distribution (Figure
2) suggests that time-to-failure has an asymmetric distribution. The symmetry of the sample
distribution improves with a natural log transformation, however. Experience suggests that
guidance system time-to-failure is a logNormal(,0?) random _variéble (Boos, 1982). Let m(z) = u,

€ ~ N(0,0?) and In(Y) = p + €. Either the LSR or ADR, model (Table 1) is appropriate for this

problem.
Table 2: Time-to-Failure (hours) of 20 Vehicle Guidance Systems.
1 4 5 6 15 20 40 40 60 93
‘95 106 1256 151 200 268 459 827 840 1089
o I T |
3
o f
— © g
o o :
2
[<9]
w § T /EET =
3 5
== ; . &
=) |
O - —
<t
N -]
o
sS4
1 P
(el '/ O L 1

Figure 2: Time-to-Failure Sample Distribution for 20 Vehicle Guidance Systems. Left panel
shows the boxplot of measured times-to-failure. The right panel shows the distribution of the
log-transformed times.

ADR Modeling.

Though a logNormal model has been adopted, there is some doubt that this distribution applies to
all observations. Therefore, the chosen estimator of (u,02) should be robust. Boos (1982)
demonstrates that Anderson-Darling Estimation (ADE), the simplest form of ADR, is a robust

estimation technique well suited to location-scale models such as this.
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Anderson-Darling estimation (ADE) is one member of the family of Minimum Distance
estimation (MDE) techniques. A minimum distance estimate (j,52) of (u,02) is the minimizer of

the distance dp;p between the empirical distribution F,, and the cumulative distribution Fj:
Smp (Frn, Fy) = Jof Oprp(Fr, Fp) -

The Anderson-Darling estimate (f,52) of (,02) is the minimizer of the Anderson-Darling statistic:

_ [T R -BP . \
wrr) = [ S Rme W

The AD statistic is the integral of the weighted and squared difference between the empirical and
assumed cumulative distribution functions. The weighting is a function of the cumulative
distribution function; the tails of this distribution resulting in significantly larger weights than its
center. The AD statistic (1) can be rewritten in a closed form that simplifies computations (see

Appendix A for my derivation):

n

2i—1
Sa(Fn, Fp) = —1-=> —— WlFp(yes)] +

=1

2(n—=i)+1
2

Infl — Fyp(z(y)] - (2)

This. closed form expression can be minimized using common optimizing routines. For examples in
this dissertation, minimization is accomplished using a variant of the Newton-Marquardt algorithm

found in S-PLUS © (StatSci Division, 1993).

The sample median and the interquartile range are reasonable candidates for initial
parameter estimates to seed this iterative algorithm. For the guidance system problem, these

initial estimates were (uo,02) = (4.54,3.29) (Table 3).

Table 3 summarizes the initial, LSR and ADR fits of the guidance system time-to-failure
model. With regard to AD goodness-of-fit criterion, ADR. produced the best estimates, though
only slightly better than LSR. The ADR residuals are slightly more “logNormal like” than the LSR
residuals; and have a slightly better distributional fit. Both fits satisfy the normality assumption so

that inferences based on the fit of either method would be acceptable.

The empirical distribution functions for the three sets of estimators are shown against the

estimated cumulative distribution functions in Figure 3. Visually, the LSR and ADR empirical
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distribution functions (EDFs) appear to fit the hypothesized distribution equally well. Figure 4
provides a closer look at the residuals from each fit in terms of their contribution to the AD
statistic. The larger contributions are related to the larger residuals, which is consistent with the
definition of the AD statistic (observations in the distribution tails are weighted significantly

higher than observations in the center).

Table 3: Initial, LSR and ADR Parameter Estimates for Guidance System Time-to-Failure Model.

Estimator FEstimates AD Score AD GoF

Method FEstimator &2 p-value
Tnitial Bo 454 329  0.031 0.048
LSR g 415 375  0.013  0.606
ADR g 422 402 0012  0.686

Y Sample Quantiles

0.5

0

T2 ) 2
— Least Squares

0.5

0

JZ U Z
— Anderson-Darling

72 ) 0 ! 2

Figure 3: Empirical distributions of normalized residuals from Quantile (median and interquartile
range), Least Squares and Anderson-Darling fits of the Time-to-failure logNormal model. The N(0,1)
distribution function is marked by the smooth curve.
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Figure 4: Normalized residuals from the Quantile (median and interquartile range), Least Squares

and Anderson-Darling fits of the Time-to-Failure logNormal model plotted against the contributions
of the residuals to the AD statistic (i.e., (Fn, — ®)/(® - (1 — ®))).

ADR Fit Evaluation.

The Anderson-Darling statistic 4 (Fy, Fj) is a measure of the goodness-of-fit of the empirical
distribution F, to the hypothesized distribution Fj. The distribution of 16 4 (Fn, Fj) (see Figure 7,
Chapter 2) is approximately distribution-free; i.e., minimally influenced by the assumed
distribution of the random term (Boos, 1981). Boos conjectures that distribution of nd4(Fn, Fy) is
a weighted sum of squared standard normal random variables, adjusted for the number p of

estimated parameters:

nda(Fn, F3) = .
o izng_l i(i+1)

For the fitted ADR guidance system model, the approximate goodness-of-fit p-value,
P[oa(Fn, Fp) > 0a(Fn, Fg)], is 0.69. This value indicates there is no evidence to suggest that the

ADR-fitted LogNormal distribution Fj is not the source of the time-to-failure observations.

The robustness of the ADR method can be illustrated using repeated perturbations of one
observation in the time-to-failure s‘a,mple. Table 4 shows thé effect of a series of perturbations on
the ADR and LSR estimates. A smaller change is observed in the ADR parameter estimates
compared to the change in the LSR estimates when one observation in the example dataset is

perturbed.
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Table 4: Initial, LSR and ADR Estimates for Guidance System Perturbed Time-to-Failure Datasets.

. LSR ADR
Case 11th Observation [ 72 p &2
1 .00095 3.58 9.88 3.94 -6.57
2 .0095 3.69 760 395 6.09
3 .095 3.81 584 397 b5.66
4 95 415 3.75 422 4.02
5 9500 4.38 5.00 4.39 5.05
6 95000 450 6.42 440 5.49
7 950000 461 838 441 591

Though the ADR method is robust, the Anderson-Darling statistic is very sensitive to

outliers (Figure 5). With the approximate distribution of n§4(Fy, Fj) and the perturbed datasets,

we can evaluate this sensitivity in terms of change in p-value. When the scaled observation is far

from the center of the data, the AD distance increases, and the p-value decreases. The AD statistic

may be used as a measure of influence.

0.030

nd4(0)

0.010

)

0.8

)

p-val(nda(
0

2 0

0.0

2 0

2

4 6

p, the exponent in log;[(11th Observation)?]

Figure 5: Anderson-Darling Scores with P-values When One Observation is Perturbed

The sensitivity of the Anderson-Darling statistic to sample characteristics is better

understood using boxplots of the perturbed samples (Figure 6). Compare the changes in boxplots

with the changes in the Anderson-Darling statistic. The AD statistic appears to be sensitive both

to outliers and to lack of symmetry. The two boxplots on the left show the effects of both outliers

and asymmetry; the AD statistics increase and their p-values decrease. The third and fourth
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Non-parametric ADR (NADR) and Empirical Anderson-Darling Estimation (EADE), two
variants of ADR which may have the greatest potential as estimation methods, are illustrated
Chapter 3, Two Sensor Applications from Biofilm Engineering. The first example presents
the use of NADR to estimate a Direct Auger ‘spectrum whose features reflect the elementai
composition of an examined surface. The basis of this example is a first principles model that
describes an Aﬁger spectrum as an ordered set of rea.lizatioﬁs from an indexed family of Poisson

distributions.

The second example illustrates the use of EADE to estimate the mean difference between
electromagnetic measurements taken above cleaned and biofilm-covered surfaces. In this case, the
physical properties of the sensor, a vibrating micro-probe, are ndt well defined, so do not suggest a
distribution to describe the measurements. Nonetheless, it is possible to sample extensively with
the micro-probe so that the cumulative distribution functions of electromagnetic strength
measurements above both surfaces can be characterized sufficiently by their respective empirical
distributions. The mean difference between these two empirical distributions is estimated using

EADE.

A more detailed examination of Nonparametric, ADR is presented in Chapter 4. The
chapter begins with an introduction to nonparametric régression (NPR). Then NADR is presented
as a variant of NPR. which is useful when the random component of the NPR model is
well-defined, but the mean response is not. In NADR, as presented here, the mean response is
estimated using a kernel smoother; the optimal NPR smoothing parameter is chosen by minimizing

the Anderson-Darling goodness-of-fit statistic.

ADR diagnostics are explored in Chapter 6. To start the chapter, classical regression
diagnostics are reviewed. The adoption or adaption of these diagnostics for ADR is then discussed.

The chapter closes with an illustration of the methods and a comparison to LSR. diagnostics.

The final chapter presents a summary of my findings. Also, future work is discussed briefly.
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CHAPTER 2

ANDERSON-DARLING REGRESSION

Anderson-Darling Regression (ADR), a procedure that ’ca,pita,lizes upon the specific
information assumed about the distribution of the random component and the linkage in the ADR,
model (Table 1), is developed in this chapter. Anderson-Darling regression is one of many
estimation methods available in the Minimum Distance Estimation (MDE).family. The chapter
begins with an overview of MDE, then flows to the specifics of ADR, and explains why ADR is
often a good choice when fitting the ADR model. | ‘

Minimum Distance Estimation

Minimum Distance Estimation is not one parameter estimation method but a collection of
estimation methods. Many methods in the MDE collectién can be applied eésily to estimate
consistently unknown parameters. Minimum distance estimation is designed to.reﬂect the scientific
modeler’s desire to construct a model reproducing the probablistic structure of the real-world
phenomenon under study (Kotz and Johnson, 1958). The theoretical foundation of MDE was
presented by Wolfowitz (1957) in a series of papers. Wolfowitz desired to provide consistent

parameter estimates in cases where other methods were not successful.

Minimum distance estimation is best explained by considering one of the simplest cases. Let
vy = {y:}7=, be a simple random sample ffom the distribution Fy, a member of a parameterized
family of probability distributions, 7 = {Fy : 6 = (61,...,0%),0 € ©}. Let {y(;}7=; be the ordered
realizations where y(1) and y() are the minimum and maximum, respectively. Let F, be the

empirical distribution function from the sample y: .

1"
Fn(y) = 'ﬁ Z I[y(i)roo) (y) -
=1
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Suppose § is a measure of the distance between the empirical distribution function F, and the
functions Fy € 7. The minimum distance estimate of § will be any value § € © such that & is a

minimizer of the distance between F}, and Fy:

5(Fn,F§) = 012% 5(Fn,F9) .

One must choose from many distance measures and techniques when estimating 6 using
MDE. MDE methods have been based on the distance between empirical and theoretical
cumulative distribution functions, characteristic functions, density functions, and quantile
functions, among others. MDE produces estimates by minimizing the difference between empirical
and theoretical probabilistic structures; not the difference between observed and predicted values,

as in least squares estimation.

Parr (1981) has published an extensive bibliography covering MDE research performed prior
to 1980. In his bibliography, references are classified by subject matter including distance measure,
MDE philosophy, regression applications, categorical or count data applications, and large sample
theory. This literature, and the literature that has followed, has focused upon the theoretical
aspects of MDE. The application of MDE, however, has received little attention. Interest in MDE
waned in the mid ’80’s as witnessed by the decline in publications. Excluding a few papers such as
Boik (1996), a literature search uncovered no significant articles concerning EDF-based MDE after
1986. The study of probability density functions and Hellinger distance in MDE has flourished,
however. These studies are closely related to the study of estimating functions in Generalized

Linear Models (McCullagh and Nelder, 1989).

In the classical MDE literature concerned with cumulative distribution functions, the
distance measures most thoroughly studied belong to one of two families: Kolmogorov-Smirnov
(supremum) and Crarher-Von Mises (quadratic). Anderson-Darling regression is based on the

Anderson-Darling statistic and is a member of the Crarher-Von Mises family.

The Kolmogorov-Smirnov Family. Measures in this family are functions of the

maximum difference between two distribution functions. Most supremum measures §xg(Fy, Fy)
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are defined in terms of the following. Let

Dt = sup |[F (y) Fy(y)]
—oo<Ly<co

and

D™ = SUp_ [Fo(y) — Fuly)] -

—oo< <o

The Kolmogorov-Smirnov distance is the maximum absolute distance between the

theoretical and empirical cumulative distributions:

Sk (Fp, Fp) = max(D*, D7) .

The Kuiper distance is the sum of the magnitudes of the largest positive and negative differences

between the two cumulative distributions:

5Ku(Fn;F9) =Dt +D~.

. Crarfier-Von Mises (CVM) Family. Distance measures in the Crarher-Von Mises

family are the integrated, weighted-and-squared difference of two distribution functions. Members

of this family have the following form:

(o]

SoviulFaB0) = [ 1Fs) - RWIPYRER)

-0

The Cramer-Von Mises distance features a uniform weight: ¢ (y) = 1. This distance

measure reduces to a sum over the sample Y (D’Agostino and Stephens, 1986):

SolFu ) = [ (Faly) - RWIAR)

v —00

; 2[2" - Bylyy)P

12n

With the latter expression, estimating parameters is straightforward using a nonlinear least squares

routine. Here, the CDF Fy(-) is the nonlinear component of the function d¢(F,, Fy) being fit.
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If P, is the proportion of observations whose value is less than or equal to y, then nPy is a
binomial random variable with true proportion Fy(y); i.e., n.P, ~ Bi(n, Fy(y)). The variance of P,
is Fp (y)[l — Fp(y)]. The Anderson-Darling distance uses this variance in the weight t(y), thus

increasing the influence of extreme observations:

_ [ Bl - R)P
wEF) = [ R R

We can rewrite 04 as a sum over the sample Y (see my derivation in Appendix A). Let

By = Fg(y(i)), then

n

0a(Fn,Bp) = —-1- Z (i;z-—ll[ln(Fa.i) +In(1l = Fpny1_ 3)]
_ n 12— 2(n —iy+1
= —-1- ; [ = ln(Fg i)+ n_ln(l —Fp ) . (3)

As with all CVM estimators, the necessary computations to evaluate the measure 64, and to

determine the estimate ¢ can be accomplished using common numerical optimization routines.

. The advantage of using one CVM distance measure over another, or over a
Kolmogorov-Smirnov-type distance measure, is not clear. The literature provides little guidance in
this area although Boos (1981) suggests that MDE using the Anderson-Darling distance strikes a

nice balance between robustness and efficiency.

Anderson-Darling Regression

Suppose that Y = {(X;,Y;)}; is a random sample from a process under study, wherein Y;
is the ith response and X; is a vector of values of the mdependent variables. Suppose that

preliminary research indicates that the ADR model (Table 1) is appropnate because

o the systematic effect is a smooth function m(X)
o the error distribution F, is a member of a location-scale family with specified generator Fy

o m(X) and F, are linked via an additive or multiplicative model: ¥; = m(X;) o ;.
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- Let 7i(-) be an estimate of the systematic component. Then, a residual, denoted r;, which is
an estimate of the unobserved realization of the random error ¢;, can be calculated for each

observation. For instance, if the linkage is additive,

T =Y; — ﬁ’L(XZ)
and if the linkage is multiplicative, then
Ty = Yi
CTm(Xy)

The set of residuals r = {r;}7, is an estimator of {€;}?_;, the unobserved sample of size n from
the random error distribution F,. Without loss of generality, let us assume that r is an estimator
of the unobserved sample from the random error distribution Fp, the generator of the

location-scale family to which F, belongs.

Let Fi, ¢ be the empirical distribution of the residuals r. The subscript 7.6 emphasizes the
dependence, in this case, of the empirical distribution upon both the sample size and the
parameters (through the residuals). Suppose that the estimate § is the minimizer of the
Anderson-Darling distance between the empirical and hypothesized distribution functions:

Sa(F

n

5 Fo) = [nf 6a(Frn.o, Fo)

Let us call § “the Anderson-Darling estimator of §”, and this estimation procedure

“Anderson-Darling Regression (ADR)”.

A Point of Emphasis. By definition, an empirical distribution is the function of

independent and identically distributed random variables. The residuals {r; = r(y;,m(X;)} are the
iid random variables in the regression setting, not the response variables. {y;} whose distributions
depend upon m(X), and therefore, are not identically distributed. ADR must be defined in terms

of these residuals. This is possible if F, and Fy|x belong to a location/scale family.

Careful reading reveals that the definition of ADR provided here is not identical to the

MDE definition provided above. In the earlier description, the empirical distribution F;, remained
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fixed, while the parameters of the cumulative distribution Fy varied as we searched O for a 4 to
minimize d4. In the ADR method just outlined, the cumulative distribution Fg, the generator of
the specified location-scale family, is held constant. The empirical distribution Fy, ¢, and the
featured values of Fy vary, however, because the residuals, being functions of 8, vary as © is

searched for a @ to minimize §4.

Desirable Features of MDE and ADR Estimators

Crarher Von Mises estimators and AD estimators, in particular, are often consistent,
asymptotically normal, and robust or efficient for a wide variety of distributions. Table 5 lists
these and other desirable features common to many MDE estimators including ADR. Almost all of

these will be discussed, in order of their appearance in this table.

Table 5: Desirable Features of MDE and ADR. Estimators.

Existence

Strong consistency

Fisher consistency

Asymptotic normality

Asymptotic full efficiency
- Robustness

MLE-like invariance: §(8) = g(6)

Goodness-of-fit measure

Concrete interpretation

Fase of application

Simplicity of computation

Existence of §. If © is compact and Fy is continuous in 8, then §4(9) will also be
continuous in 6. It follows that at least one minimizing value ] éxists, because a continuous

function on a compact set attains its minimum {Royden, 1988).

Consistency. Under nominal regularity conditions, MDE estimators -are strongly
consistent (Parr, 1981; Parr and Schucany, 1980; Boos, 1981, 1982). Boos (1982) also identifies

conditions which ensure that all CVM 8, converge, with probability one, to the true parameter.
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Consider the following assumptions. Suppose that

Al: Y ={Y;}, is a set of independent, identically-distributed random variables with
distribution F(y) = Fy,(y) where g € ©,0 C R* '

A2: wy(y) is a nonnegative weight function which is positive on at least part of the support of F

A3: § is a Cramer-Von Mises type distance measure:

or,0) = [ " (Fa(y) - Fo()Pwody

-0

A4: 8, when it exists, is the minimizer of 6 (6), so that
8p, (8n) = inf 8g .
6F, (6) Jat dF, )
A5: There are constants C; and Cs such that

s [ R0 - PPy < 00
PEOJ—00

s [ FG@ - FOIPIFG) - ) o)y < C
e J—c0

for some € € (0, 1).

Theorem (Boos). Under assumptions A1-A5, if © is compact, §z(6) is continuous in 6, and 8,

. = 1
exists, then 4, P36 as n—o .

Boos’ Theorem can be restated to apply directly to Anderson-Darling Regression. First,

with regard to assumptions A1-A4:
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Al: r=r(ylfo); and r = {r;}7, is a set of independent, identically-distributed random variables
with distribution Fo(r) = Fo(rg,), where Fy is the generator of a location-scale family which

includes Fjy, as a member, where 8 € ©,0 C R*

A2: wo(r) = [Fo(r)(1 — Fo(r))]™! is a nonnegative weight function which is positive on at least

part of the support of Fy

A3: 64 is a Crarher-Von Mises type distance measure:

O

54(61Fpg) = / (B () — Fo(r)ProdBo(r)

—C0

A4: §,, when it exists, is the minimizer of d4(8|F,.9) so that
64(0alF,z,) = it Sa(61Fno)
When posed for ADR, Assumption A5 becomes

AB5: There are constants C; and Cs such that

sup /00 [Fo(re) (1 — Fo (7)) P*~Iwo(r)dFo (r) < Ca
e J-x

sup [ (Bo(ra) (1 = Folra) P Io(r) — Roro)uwo(ro)dFo(r) < G
€0 J—c0

for some € € (0,1).

If these assumptions are met, then @, woy 6o as n — co. Checking these assumptions may be a
challenge. Boos (1981) pro;/ides an example based on the extreme-value, location-scale

distribution, where he checks these assumptions, and invokes the theorem. Neither work presented
here, nor Boos’ work has shown that Assumption A5 is met by a general class of distributions such
as the exponential family. Nonethéless, for many lopation—sea,le families, Boos conjectures that the

ADR estimators are strongly consistent.
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Fisher Consistency. Recall that § € © is the Andersoﬁ—Da,rling estimator of 4 if § is the

minimizer of the Anderson-Darling distance:

< (B, — Fp)?

Sa(Fy, F :/ Yn = 56)_ ip,
B = ) R Ey

Suppose that © C R!. Then §(-) can be expressed as a statistical functional; 6(-) maps a

distribution Fy, (or Fy,) to an element § in the parameter space ©:
6=0(F,).

The estimator § is Fisher consistent if 0(Fp,) = 0y (Cox and Hinkley, 1974). The

Anderson-Darling estimator 4(-) is Fisher consistent because §(Fp,) =6, :

* (B, — Fy,)?
Sa(Foos Fo) = / %j—fj)dFao
—00 0 0

= 0
. © (Fyy — Fy)?
= f 2 dF
9129/_00 F(I=Fp) °
6a(Fy5, Fy,) .

Asymptotic Normality. The §¢ estimator for the location parameter u will be

asymptotically normal if Fy has a uniformly continuous density. Boos (198i), Parr and DeWet
(1981), and others, give less stringent conditions for asymptotic normality of other estimators from
the Cramer-Von Mises family. Anderson-Darling estimators are usually asymptotically normal.

The diverse family of MDE estimators, however, includes many which are not asymptotically

normal. For instance, sup-norm estimators are often not asymptotically normal (Rao et al., 1975).

Further work ‘by Boos (1982) outlines conditions for which Anderson-Darling estimators are
asymptotically normal. He also determines the form of these asymptotic distributions. To report

this result, let us first simplify notation.
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Define

50(0) = 6p,(6)

and

56 = (a%fsn<a>,---,a—§;5n<e)>1” .

In addition, let §}!(f) be the k x & matrix of second partial derivatives:

34(6) = [ 35790)

Define C' to be the covariance matrix of A - ICy,(Y) with ¥ ~ Fp, and where ICj, (c) is the

influence curve of 4,

1Ga(0) = -7 [ e <9) — Fro@)-FL @), —FE )] sy (4)dy
with
Fi(y) = a—é;;Fe

and A is the k¥ x k& matrix of probability limits of second derivatives,

%5;;(9”) BA.

Theorem (Boos). With the previous assumptions, if §,, exists and

G, 2 6 where 6 € ©° (the interior of ©) and
(2) all derivatives 8% (9),84(9),4,5 = 1,---,k exist
in some open neighborhood of fy;
(b) n%[168,(60)] % multivariate normal MV N(0,C) ;

(c) 267(6*) B A, where (6* — 89)T(6* — 6o) < (n. — 00)T (6 — 60)
and A has rank k ;
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then

1 ~1
On—0p = EZIC%(I/Z')_'_OZD(n ;)

=1 :

and

ni(l, —6) S MVN(Q,ACA™Y).

Again, these results will apply directly to the ADR, estimators defined previously.

Efficiency. Boos (1982) has also shown that AD estimators are asymptotically fully
efficient estimators for location, scale and location-scale models. Others have demonstrated the
efficiency of CVM estimators with properly chosen weights 1(8) (Parr and DeWet, 1981; Parr and
Schucany, 1980). The choice of CVM weight usually involves a trade-off between efficiency and

robustness.

Robustness. Millar (1981) has shown CVM estimators are very robust against local
deviations from the model. The influence curve of a CVM estimator is bounded and continuous if

the model is correct, and if

0 wy(y)dFy(y) < oo.

/°° }8Fg(y)

—C0

For a location model, Kotz and Johnson (1958) show that the influence curve is

oo lFa(y) — I(c < y)]we () f3(y)dy
[ we() £ (y)dy

ICE,(cy =

The CVM estimator of the location parameter of a normal distribution has an asymptotic variance
of 1.095¢2. A small 9.5% price must be paid to gain a high degree of robustness. Boos (1981)
states that Anderson-Darling distance “provides a nice balance between robustness and efficiency
in a variety of models because of its weight function [Fy(1 — Fy)]~*”. He then provides several

examples with particular emphasis on location-scale families.
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MLE-Like Invariance. MDE estimators possess a dertain MLE-like invariance. Namely,

7(0) = v(6)

The proof of MLE-like invariance of ADR estimators follows directly from a similar invariance

proof for Maximum Likelithood Estimators (Mood et ;31., 1974).

Theorem (Daly): Let § = (fy,...,0;) be the ADR, estimator of 6 = (6y,...,60;) in Fp.

Let v(8) = (1.(8),...,1(8)) for'l < p < k be a transformation on the parameter space ©. If I" is
the range of v(-), then
v:0 e

and the ADR, estimator of 4(6), 5(6), is v(6).

Proof. Note that the mapping «(-) partitions ©. If v € T and
0, = {0 : v(f) = v} then

0,N0, = 0 for v#A

and

Let us define ‘
A,Y(Fn,Fg) = 0»151151 5(Fn,Fg) .

We can view A, as the distance induced by (). To find the ADR estimator 7(6), let us minimize
the distance induced by (-). Hence, the ADR estimate of «y is any value 4 such that
A5(Fp, Fp) < Ay(Fy, Fy) for all v € T
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We see that A,/(,;) < A, for any v € T because

o€ ©
>
= olélg J(Fn,Fg)

A(Fo,Fy) = inf 8(F, Fp)
i

= (Fy, Fp)

= inf - (5(Fn, Fg)
o€ {0:v(0)=7(6)}

= A(F,,F).
Hence,
’}}élfI‘Afy(Fn,Fg) > A(F, Fp)
and

70 = 0.

Goodness-of-Fit. Minimum distance estimation provides not only a method of

estimating parameters but also a natural statistic for judging model validity. The minimum
Anderson-Darling distance d4(F,, Fp) has been .studied for testing goodness-of-fit in the composite
null case (Boos, 1981). Boos found distribution-free approximations to the asymptotic null
distribution of nd4, even though the distributions of these statistics depend upon the family F
and, possibly, upon the specific point § in the parameter space ©. Figure 7 shows the distribution
of néa(Fy, F;) when two parameters are estimated. The approximate distribution of né, is a
weighted sum of squared standard normal random variables, adjusted for the number p of

estimated parameters:

oo Z2
nda(Fp, F5) ~ ——
( 0) i;]. 7,(’& 4+ 1)

An MDE estimate is the result of an effort to minimize directly the lack of fit of the model

to the data. An MDE estimate makes the EDF of the residuals as much like the assumed:
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The concrete interpretat-ion of an ADR estimator as the identifier of a distribution Fjj in F
that most closely approximates the true parent distribution, given the data and measure of
distance, follows direc.:tly from ADR being an MDE technique. With the ADR weight
Y = [Fy(1 — Ep)]~", Fj can be thought of as a weighted L? projection of F, into . The ADR.
estimator 4 is a point in © giving the best possible approximation Fj to F in a probablistic and

weighted L? sense.

Ease of Application. MDE is easy to apply. Given a set of data, the modeler must

' select an appropriate parametric model, cumulative distribution function and goodness-of-fit
measure. Usually, transformations are not required to apply MDE, as is often the case when
applying the LSR model and Normal theory. The diversity of the available goodness-of-fit
measures allows for flexibility. The ease of application and simplicity of computation are apparent

when the closed form of the Anderson-Darling distance is examined:

= [2i—1 2(n—i)+11n(1_Fi)

Sa(Fn, Bp) = —1-3 ——In(F) + ——

i=1

Simplicity of Computation. Fina,liy, computation is genera.liy simple. All that is

required is an all-encompassing optimization routine to compute the estimate. These routines are
readily available in most analysis software such as SPLUSE), and M AT LAB®©. The distribution
functions and goodness-of-fit measures, particularly for CVM-type estimators, require modest

effort to encode.
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CHAPTER. 3
TWO APPLICATIONS FROM BIOFILM ENGINEERING

In this chapter, Anderson Darling regression is illustrated using two examples. Both
examples were small parts of solutions to biofilm engineering problems. In the first example, ADR
is used to estimate the direct Auger specfrum; i.e., the expected energy inteunsity or electron
frequency as function of electron velocity. The frequency at any given velocity and, hence, the
spectrum depend upon the elemental composition of the examined surface. The relevant particle
physics and the electron monitoring system are well-understood. The distribution underlying the
intensity measurements is known with a fair degree of certainty so that an ADR model (Table 1)

provides a fair description.

The second example illustrates the use of ADR. to estimate the diﬁerence between two
electromagnetic field strength distributions; one measured above a biofilm-covered surface, and the
other measured above a cleaned surface. The distribution characterizing the uncertainties in
electromagnetic strength measurements is not known in this case. First principles provide little
guidance. Nonetheless, it is possible to sample the two distributions extensively using automated
techniques. The cumulative distribution functions of the electromagnetic strength measurements
for both surfaces can be well-characterized by empirical distributions. Differences in field strength

above the two surfaces then can be assessed by comparing the two empirical distributions.

Auger Spectroscopy and Relative Elemental Abundance

The relative elemental compositions of microbially colonized surfaces are of great interest to
biofilm researchers. Micro-scale relative elemental composition can be evaluated using Auger

spectroscopy (pronounced O-zhay). A"i;gér spectroscopy is a particle-beam micro-analytic
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techniqie used to identify chemical elements on a surface and to estimate the relative abundances
of those elements (Fuché et al., 1990) . At Montana State University, the surface under inspection
by Auger spectroscopy is probed with a 3000eV electron beam. In response to the electron
bombardment, element-specific Auger electrons are emitted by atoms on or just beneath the
inspected surface. Numerous background electrons are generated by other means, such as
scattering, across a range of kinetic energies up to 3000eV. The resulting electron shower is

filtered; and electrons in a specified energy band are passed to a detector.

‘The detected electrons are counted and the count is sometimes recorded. More often,
though, the electron intensity, a function of the electron count, is recorded. Electron intensity is
defined as

€- R(e) - N(e)
I(¢) = —————= 4
(6 =25 @
- where € is the signature kinetic energy of the monitored energy band, R(e) is the resolving power

of the Auger system (i.e., the detector bandwidth at energy €), N(e) is the count of passed

electrons detected in the bé.nd, and At is the length of the probing period.

A common approach in Auger analysis is to successively sample the same location for

several short periods. In this case, the average electron intensity
1 7
I == L)
i=1

is reported.

The set of electron counts indexed by signature kinetic energy, , N(¢), is known as the
electron distribution (Figure 8). The electron intensity I(e) or average electron intensity I(€)

across signature kinetic energies is called the direct Auger spectrum (Figufe 9).

A graph of the estimated electron distribution from an Auger scan of a 304 stainless steel
sample displays characteristics common to all Auger electron distributions (Figure 8). Electrons
with low kinetic energies, say less than 50eV, are abundant. The number of electrons counted
quickly drops for k‘inetyic energies between 50eV and 100eV. The electron distribution varies

smoothly and, for the most part, is locally constant for kinetic energies between 100eV and
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(Figure 13). This value resulted in residuals with fhe lowest AD score with a more homogeneous
appearanceover the kinetic energy domain. Hetérogéniety was not entirely cured with this model
refinement, however, which produced a spread of residuals similar to the original model (Figure
12). This result suggests that a more careful investigation of the physics of Auger electron

production and detection is warranted.

Relative Abundance Estimates. As shown in appendix B, the stochastic model of the

Auger spectrum coupled with the standard estimation method leads to an alternative estimator of

peak-to-peak distance:

- R~ ~
D(ea)-= 255 Xs(ea — K)

where the Auger derivative estimate /):14 is determined from the direct Auger estimate X by
numerical differentiation and €4 — K , the location of the maximum peak preceding ¢4, is

determined by inspection of the Derivative spectrum (Figure 14).

The standard error of this estimator is easily derived because the numerical derivative of the

direct Auger spectrum in this application is a linear. combination of independent Auger Intensities:

- T dl,
Var[D(ea)] = Var[deA} +Var[d€A}
where
Va dL) Ly [L;—3] + 36 Var[I, 441Vax[I
"G T ETe | s arfli-a] + 441Var{l;-1] +
441Var(I;y1] + 36Var[L;40] + Var[Ii+3]J ‘
and 1

Varll] = Var[%i\;fi(@}

2 P2

_ nf( Ali)z a(e) + A (e)] .
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An estimate of the relative abundance of an element is found by combining these NADR-based

peak-to-peak estimates using the standard ratio formula.

Table 6 presents approximate 95% tonfidence intervals derived from NADR estimates of
peak-to-peak distances for a set of elements suspected to be residing on the surface of the example
304 steel specimen. The set includes elements commonly found in stainless steel and elements
common to the earth’s atmosphere. The confidence intervals of nitrogen and nickel include 0.
Based on a back-of-the-envelope hypothesis test, there is no strong evidence to support that 3

nitrogen and nickel reside on the surface (There is the question of power, however).

Table 6: NADR, point estimates and 95% confidence intervals for peak-to-peak distances of elements
expected on the surface of the example 304 steel specimen.

Element 95% Lower Bound Point  95% Upper Bound

Si 7.42 12.75 18.08
S 9.44 18.72 27.99
Ar 4.54 18.91 33.27
C - 129.30 147.90 166.60
N -2.90 26.42 85.74
0] 42.03 87.00 131.90
Cr 11.22 58.12 105.00
Fe 112.69 184.70 256.60

Ni -43.50 54.53 152.50

Table 7 contains relative abundance estimates obtained by the standard Auger method and
by NADR. Under NADR, two sets.are listed: one set with nitrogen and nickel included, and one
without. The standard set, and the NADR. set with with nitrogen and nickel included are in close

agreement.

Table 7: Relative elemental abundance estimates of elements expected on the surface of the example
304 steel specimen.

Relative Elemental Abundance (%)
Std. Method NADR Method

Element All  No N nor Ni
C 34.6 32.3 36.7
N 2.8 3.6 NA
0 7.3 74 8.5
Cr 7.5 7.9 ¢ 9.0
Fe 38.9 40.3 45.8

Ni 6.9 8.5 NA
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A Vibrating Microprobe and MicroBially—Inﬂuenced Corrosion.

To evaluate microbially-influenced corrosion, scientists and engineers from MSU’s Center for
‘Biofilm Engineering have developed miniature probes to monitor sur'face chemistry at the micron
‘scale. One such device is the vibrating microprobe. This miniature probe measures

electromagnetic field strength, and the flow of électron currents at the micron scale. The recorded
response, however, is often a filtered, and coarsely digitized translation of the field strength sensed
at the probe tip. Because the response undergoes many unknown transformations before it is
recorded, and is often poorly resolved due to digitization, characterizing the probe’s uncertainty by
extensive sampling under controlled conditions may be more reasonable than attempting an

involved derivation of its measurement error distribution.

To illustrate this empirical approach, a uniformly thick biofilm was grown on a polished
steel coupon. The biofilm was then removed from one area of the coupon. The electromagnetic
fields above the 300—micron—by—3Q0—micron cleaned area and above an adjacent
300—micron—by—300—microﬁ cbvered area were then sampled repeatedly using a vibrating

micro-probe. A total of 400 measurements were collected above each area (Figure 15).

The difference in electromagnetic field strength distributions between the two areas was
expected to be a shift in the mean alone. The shapes of the distributions were expected to be the
same. Therefore, if Y, represents a measurement from above the cleaned surface, and ¥; a

measurement from above the biofilm-covered surface, then

Yo ~ F

Yo ~ pt+Y

where F; is the random distribution for measurements above the cleaned surface and p represents

the difference in means between the two distributions.
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CHAPTER 4

NONPARAMETRIC REGRESSION METHODS

Often, too little is known to postulate the Least Squares Regression model (Table 1). For
instance, minimal information may be available about the functional form of the mean response.
The random component may not be Normally distributed; the linkage may be non-additive. Often,

classical regression is toe inflexible.

Knowledge of the model may be limited to assumptions about the degree of smoothness of
the mean response, to bounds on the first and second moments of the distribution of the random
effect, and to the form of the linkage connecting the two. If the linkage between the mean response
and the random effect is additive, a nonparametric regression model (Table 1) can be formulated.

Nonparametric regression (NPR) techniques to estimate the mean response function of this model

are available (Hardle, 1990).

Suppose that the distribution of the random effect is known, as is the structure linking the
random effect-to an unidentified mean response. Often, this is the case whén sampling with

routinely-used sensors; the sensing mechanism is described very well by widely accepted physical

laws, so the distribution of the random component and the linkage are well understood. The mean -

response function remains unidentified, however, because an accurate description of the sensed
phenomenon in terms of physical laws is not available. Classical regression c;'mnot be applied
directly here, and may not be appropriate. NPR is a viable option if the linkage is additive. NPR,

however, cannot use directly the available distributional information.

I propose a variation of standard NPR that uses the identified distribution of the random
effect directly in the estimation of the mean response. This variation also allows for a non-additive
linkage between an unidentified mean response and the random effect. I call this variation

“Nonparametric Anderson-Darling Regression (NADR)”.
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NADR is one method in a family of nonparametric minimum-distance regression methods
(NMDR). NMDR uses a minimum distance measure to select an appropriate value for an NPR,
smoothing parameter. The purpose of this chapter is to illustrate the use of one minimum distance
measure, the Anderson-Darling distance measure, to select this value. My intent is to illuminate

the potential of NMDR through NADR examples.

To this end, NADR will be compared to and contrasted with three NPR, techniques:
cross-validated NPR (CV), an adaptive NPR, smoothing procedure (ANPR), and a hybrid
combination of CV and NADR denoted by CVAD. The comparisons and contrasts will be based on
the performance of these methods on several models featuring a variety of known mean response
functions, random distributions, and linkaées. The models have been chosen o explore the breadth

of applicability of NADR.

Pexrformance will be evaluated using four measures: average squared error (ASE), maximum
deviation (SUP), Anderson—Darliné error (ADE), and mean squared error (MSE). The first two
measure the deviation of the estimated mean from the true mean response. The third measures the
deviation of the residuals from the true distribution. The fourth is a classical measure of regression
performance and is included here for completeness. Discussions of performance will focus on the
sampling distributions of these performance measures generated from 1000 simulations of each

model.

The chapter begins with a brief introduction to NPR, and the use of cross-validation to
select a nonparametric smoothing parameter. Next, the ADR, method is adapted for use in a
nonparametric setting. The body of the chapter follows this discussion, and is devoted to

comparison of the nenparametric methods.

3

Nonparametric Regression

Standard nonparametric regréssion is a method of estimating an unidentified mean response
function for an additive model whose random error distribution has bounded first and second
moments. The name notwithstanding, nonparametric regression estimators do have parameters.
The term “nonparametric” refers to the lack of a prespecified functional form for the mean

response. A more flexible, parameterized approximation of the unidentified function is used
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instead. In NPR parlance, the approximating function is called a “smooth”, and the NPR |

algorithm a “smoother”.

Hardle (1990) provides a nice introduction to nonparametric regression. He notes that

smoothing can often be thought of as a local averaging proceduré. If

Y; = m(a:z) + €;

EleZ] < o0

and m(-) is a smooth function, then
ilz) = 3wy (@)Y
i=1

with the set of weights {w;(z)}}, being a function of the chosen smoothing method. Further, if
the weights {w;(x)}}_; are positive and sum to 1, then Mi(z) is a least squares estimate at the

point . That is, mi(z) is a solution to the minimization problem

min > w;(2)(% —0)* =3 w;(@) (¥ ~ fa))? -

Common NPR. smoothers are the ‘kernél’, ‘spline’ and ‘orthogonal series’. Each features one
or more parameters that affect the resulting smooth. One parameter affecting a kernel smooth is
the ‘bandwidth’. An important parameter in spline smoothing is the ‘span’. Parameters of an
orthogonal series smoother include the number and identity of the orthogonal terms. Even after an
NPR technique is chosen, the choice of values for the smoothing parameters may still greatly
influence the estimate of the mean response. Hardle (1990) describes methods for selecting the

best values for these parameters.

This discussion will focus upon kernel smoothing, wherein the sequence of weights
{w;(z)}}~, are determined by a scalable, density-like function. This function, commonly referred

to as the kernel K, is a continuous, bounded, and symmmetric real function. A Gaussian kernel
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will be used for examples in this chapter. If

1 0 _ 2
then
f(a;J > iE)

wile) = S )

It follows that

and

En:wj(a:) = 1.

Kernel smoothers have a simple structure. Indeed, Hardle (1990) notes that kernel
smoothers are local polynomial fits . Hardle (1990) also notes that most k-nearest neighbor
smoothers, spline smoothers and orthogonal-series smoothers are asymptotically equivalent to
kernel smoothers. Focusing on the kernel smoother, therefore, does not seriously slight the others.
Furthermore, kernel smoothers are readily available tools in statistical software such as SPLUS

(StatSci Division, 1993), or are easy to implement.

The accuracy of a kernel-smoothed estimate of the mean response m(-) is a function of the
choice of the kernel and the bandwidth. Hérdle argues that this accuracy depends mainly on the
choice of the value of the smoothing parameter. He notes that the basic idea behind smoothing
parameter selection techniques such as cross-validation, generalized cross-validation, and the
plug-in method is to estimate the average squared error, or an equivalent measure. The hope is
that the smoothing parameter value minimizing this measure results in an optimal approximation
to the unknown mean response function. I will concentrate on selecting the optimal bandwidth of
a Gaussian kernel smoother using cross-validation. This approach is intuitive, easy to implement,

and should give results similar to the other two methods (generalized cross-validation and plug-in).




































































































































































































































































































