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ABSTRACT

Many aquatic animals and 
ying insects rely on 
exible bodies and appendages for
e�cient locomotion. The 
exibility inherent in these organisms has been linked to increased
thrust and e�ciency across diverse operating conditions. In this work, two bio-inspired
propulsion mechanisms are examined: the �rst investigates pulses of 
uid ejected through
nozzles of varying 
exibility, and the second explores a tapered 
exible foil subjected to
varied heaving amplitudes.

Jelly�sh, squid, and siphonophores move by periodically contracting and expanding
their bodies to expel and re�ll 
uid from a 
exible ori�ce, producing a series of vortex
rings and stopping vortices. In this study, di�erent volumes of 
uid are ejected into a
quiescent water tank through nozzles of varied sti�ness to create vortex rings. Particle
Image Velocimetry (PIV) is used to quantify thrust, and Finite-time Lyapunov Exponent
(FTLE) �elds are calculated to determine vortex ring pinch-o�. It is found that the 
exible
nozzle stores and imparts elastic energy to the 
uid, increasing the impulse of the ejected
vortex ring. Impulse per unit volume is maximized at an optimal nozzle sti�ness, wherein the
damped natural frequency of the nozzle matches the 
uid acceleration time. When the 
uid
decelerates, the more compliant nozzles collapse, suppressing unfavorable negative pressure
regions from forming and instead eject additional 
uid. Upon reopening, bene�cial stopping
vortices form within the nozzle, with circulation increasing with nozzle sti�ness, indicating
a second optimal sti�ness criterion for a full expulsion-re�ll cycle analysis of this propulsion
mechanism.

The 
exural rigidity observed in insect wings and �sh �ns is commonly nonuniform
and typically decreases from leading to trailing edge. This variation in sti�ness encourages
the propagation of traveling waves along the structure, increasing propulsive performance
over a wider frequency range. In this study, rectangular foils undergo a sinusoidal heaving
motion with varied amplitude and frequency. 2D mode shapes and resonant frequencies are
measured using a scanning laser vibrometer. PIV is used to quantify the thrust from the
wake of the foil. The traveling wave behavior is quanti�ed and correlated with the thrust
measured in the foil wake.
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INTRODUCTION

Motivation

Fluid-structure interactions (FSI) play a crucial role in natural and engineered systems

where a 
uid interacts with a 
exible structure to produce various e�ects including enhanced

propulsive forces and higher energy e�ciency. With advances in material science, engineering

structures with 
exible materials has gained interest with more durable and readily available


exible materials. Many researchers have used a \bio-inspired" engineering approach by

examining natural systems, such as aquatic animals and insects, to gain insights into

potential mechanisms to improve engineered systems for locomotion. Two discrete types

of bio-inspired propulsion mechanisms are studied in this thesis work. First, a study of

single pulses of 
uid from varied sti�ness nozzles based on a pulsed jet locomotor is examined.

Second, a heaving foil with tapered sti�ness is studied and the strength of the wake generated

near and beyond resonance is quanti�ed.

PulsedJet Propulsion Mechanisms:

Vortex rings are ubiquitous across many scales, playing key roles in systems such as

starting jets for propulsion [47], aquatic locomotion in organisms such as �sh [1], squid

[2, 6, 33], salps [54], and jelly�sh [14, 16, 31, 39]. They are also seen in respiratory 
ows such

as coughing [76], and cardiac 
ows in the left ventricle within the heart [70]. A distinguishing

feature of many of these systems is that 
uid is pushed out of a 
exible structure which is

linked to high e�ciency due to the interaction of the 
exible structure with the surrounding


uid [83]. Dabiri [16] proposed that 
exible living structures, such as those found in marine

animals and the heart, operate under optimal conditions in terms of vortex formation, making
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them highly e�cient. Therefore, understanding the dynamics and formation of isolated

vortex rings generated from 
exible structures could provide further insight into engineering

higher e�ciency systems that leverage this phenomenon.

The vortex ring formation process is a well studied �eld of research as vortex ring 
ows

are among the most e�cient propulsion and mass transport mechanisms due to large amounts

of 
uid entrainment related to forming a coherent vortex structure [7, 8, 16, 48, 62, 63, 75].

Typically, hydrodynamic impulse is used to quantify the force generated by a vortex ring,

which is the summation of 
uid impulse from the change in 
uid inertia and 
uid pressure

[73]. The total thrust generated by a starting jet is primarily governed by momentum


ux, with pressure changes at the nozzle exit playing a secondary role. The momentum


ux is directly in
uenced by the vortex generator, calculated as the time integration of

� f U2
e , where Ue is the 
uid velocity distributed across the nozzle exit being produced by

the pump or propeller, and � f is the 
uid density. For a rigid nozzle, the momentum


ux cannot be easily altered without changing the input to the system from the vortex

generator. However, for a 
exible nozzle, it has been shown that the momentum 
ux can

be altered for the acceleration phase of a starting jet due to the 
uid-structure interaction

with the passively 
exible nozzle [10]. Prior to uncovering the bene�ts of implementing a


exible nozzle, researchers were focused on maximizing the impulse generated from rigid

nozzles, which led to studies examining ways to maximize the pressure impulse contribution

to hydrodynamic impulse. The pressure impulse contribution,p � p1 , where p1 is the

ambient 
uid pressure and p is the near pressure �eld, is in
uenced by various factors,

including 
uid acceleration, nozzle design, and the duration of the expelled 
ow [28, 45,

47]. It has been shown that these factors, which are directly related to the vortex ring

formation process, can maximize the thrust per unit volume, normalized by momentum 
ux,

by increasing the pressure impulse [47]. The vortex ring formation process is characterized

by a non-dimensional 
uid slug length, or formation number, ofLD � 4, whereL is the 
uid
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slug length andD is the nozzle exit, below which only a single vortex ring will form [32].

This has been identi�ed as an operating limit for ejected volume, beyond which the e�ciency

of the propulsion mechanism would be expected to decrease. Thus, �nding ways to increase

the strength of a single vortex ring for propulsion has gained interest.

In the context of aquatic vehicles, pulsed jet propulsion has been shown to achieve

signi�cantly higher e�ciency compared to steady-state jets of the same volume. This

increased e�ciency arises from the added mass and entrainment e�ects associated with the

formation of multiple vortex rings, which are in
uenced by factors such as formation number,


uid acceleration, and Reynolds number [7, 8, 16, 48, 62, 63, 75]. The enhanced e�ciency

linked to the generation of vortex ring sequences results from both an increase in pressure

impulse per pulse and the complex interactions among the pulses themselves [48].

Research by Ninh et al. [64] revealed that the interactions between vortices in a

pulsed jet can lead to circulation changes ranging from a 10% increase to a 20% decrease,

depending on the spacing of the vortex rings. For example, Xu and Dabiri [87] demonstrated

that jelly�sh could triple their swimming speed by using micro-controllers to regulate

contraction frequencies, resulting in only a twofold increase in cost of transport|likely due

to advantageous vortex interactions. Overall, jet-powered aquatic robots have signi�cant

potential because the impulsive nature of a starting jet can provide almost instantaneous

thrust, unlike traditional propellers, which can take several seconds to reach full thrust [45].

This propulsion method allows for low-speed maneuvers, such as sideways movement and

zero-radius turns, since it relies on internal jetting without external 
uid manipulation [45].

Despite advancements in jet-propelled robotics, research on the use of 
exible structures to

enhance e�ciency and maximize thrust per pulse remains limited. With this in mind, the

formation process of single vortex rings generated with a 
exible nozzle is studied in Chapter

4, to optimize the hydrodynamic impulse generated by a single pulse of 
uid.



4

Oscillating Foil Propulsion Mechanisms:

Many aquatic animals and 
ying insects utilize 
apping appendages for locomotion

[23, 56, 79]. The 
exibility found in both �sh �ns [49] and insect wings [12] has inspired

a range of studies that have shown that a speci�c amount of 
exibility enhances thrust

generation or e�ciency in a 
apping wing or �n model [21, 24, 43, 51, 52, 58, 59, 67].

The inherent ability to deform under 
uid loading generally enhances the performance of


exible foils through alignment of shed vortices and speci�c surface bending deformations.

It has been suggested that resonant behavior resulting from the interaction of the 
uid and

structure (FSI) is a key factor behind the performance bene�ts [4].

Previous research has predominately focused on propulsors with uniform bending

sti�ness. However, many biological structures, such as �ns or wings, exhibit varying

mechanical properties along their chord length which can introduce traveling wave behavior

and acoustic black hole e�ects to prevent the re
ection of waves [13, 22]. This aspect of

research has recently gained attention, despite its long known relevance to biological systems.

Traveling wave behavior is indicative of the kinematics that certain types of species of �sh

(anguilliform i.e. eels) primarily use for transport, while the majority of �sh utilize some

varied amount of standing and traveling wave kinematics for locomotion [34]. Cui et al. [15]

found that in living �sh standing-wave based propulsion can generate substantial thrust,

whereas traveling wave style propulsion is generally more e�cient across a wider range of

frequencies. In a lab setting, studies have indicated that structures with a sti�er leading

edge can outperform those with uniform bending sti�ness in terms of both thrust and

e�ciency [42, 88]. As previously noted, a nonuniform distribution of sti�ness can introduce

traveling wave behavior which is bene�cial for the propulsive performance of a heaving foil

relative to an equally sti� foil with uniform sti�ness, primarily through increasing e�ciency

[22, 51, 77]. The use of a tapered foil generally creates a wider range of high e�ciency

heaving frequencies, especially post resonance where traveling wave behavior is likely to occur
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[51, 88]. Traveling waves can alternatively be produced through high heaving amplitudes

on a submerged uniform sti�ness beam where nonlinear 
uid damping begins to a�ect the

kinematics of the beam [77, 78]. In these cases, a propulsive bene�t of higher output velocity

was found when traveling waves were produced along the uniform structure, and the mean


uid velocity became independent of tip velocity and became dependent on traveling waves

for higher frequency modes.

Despite many advantages in the study of 
exible foils and sti�ness tapering, the e�ect

of heaving amplitude on the structural dynamics of a tapered 
exible foil has not been

experimentally studied up to this point to the best of the author's knowledge. For larger

heaving amplitudes, the damping force on the foil becomes larger and likely will generate

more nonlinear e�ects which could encourage traveling wave behavior as seen in uniform

thickness beams and foils [77]. Based on this, there is still a need for a deeper understanding

of how heaving amplitude a�ects traveling wave behavior and thrust generated by a heaving

tapered 
exible hydrofoil.

Objectives

Two projects were completed and are included in this Masters Thesis. The �rst

project, Formation of Multiple Vortex Rings from Passively Flexible Nozzles, studied the

e�ect of nozzle 
exibility on hydrodynamic impulse generation for single pulses of 
uid into

a quiescent tank. The primary objectives of this project were to (1) provide background

on the ideal 
uid structure interaction for optimizing nozzle expulsion, (2) characterize the


ow �eld generated and nozzle deformation, (3) relate these aspects to one another, and

lastly (4) examine ideal structural characteristics for nozzle re�lling, which is a largely

understudied, yet important, aspect in generating thrust from a pulsed jet bioinspired

propulsion mechanism.

The second project,Modal Dynamics of Plunging Tapered Hydrofoils, studied the e�ect
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of foil heaving amplitude and frequency on the structural dynamics of the foil and related the

structural dynamics to the wake produced. The primary objectives of this project were to (1)

quantify the resonant frequencies and mode shapes of a tapered hydrofoil heaving at di�erent

amplitudes (varied damping), (2) examine how the structural dynamics, and traveling

wave behavior, was introduced or altered at di�erent heaving amplitudes, (3) quantify

the momentum 
ux coe�cient of the wake to estimate a propulsion force generated for

each combination of heaving amplitude and frequency, and �nally (4) relate the momentum

produced by the wake to the measured modal dynamics and how the foil deformation may

be altering the wake bene�cially or negatively.

ThesisOutline

The rest of this thesis is organized as follows. First, we review current literature

relevant to 
exible structure design and optimizing thrust from di�erent types of propulsors in

Chapter 2. Speci�cally, discussion of studies of starting jets through nozzles and ori�ces, and

heaving 
exible foil dynamics with varied 
exibility and their applications. Then in Chapter

3, the methods used for two separate projects that are both relevant to 
uid structure

interaction in maximizing propulsion will be outlined, the �rst being focused on vortex rings

formed from 
exible nozzles, and the second characterizing the modal dynamics and wake

characteristics from a heaving tapered 
exible foil. A short theory section will be contained

in the literature review chapter for the vortex ring project, explaining how quantities such

as vorticity, circulation, and impulse are derived. Next, a manuscript recently submitted

to Journal of Fluid Mechanics, titled Formation of Multiple Vortex Rings from Passively

Flexible Nozzles, will be included in Chapter 4. Lastly, the structural dynamics and wake

characteristics from the secondary 
apping foil project will be provided and examined in

Chapter 5. Lastly, a conclusion and recommendations for future work are commented on in

Chapter 6.
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LITERATURE REVIEW

Vorticity, Circulation, and Hydrodynamic Impulse:

To understand the dynamics of rotational 
uid movements, like vortex rings or vortices

from a heaving foil, vorticity and circulation need to be de�ned. Vorticity and circulation

are commonly used quantities to describe 
uid rotation. Vorticity,! (1/sec), is the curl of a

vector �eld, ! = r � v , and can be thought of as the pseudo-vector measure of the spinning

motion of a vector �eld. If we expand the cross product in cartesian coordinates we get:

! = r � v =
�

@vz
@y

�
@vy
@z

;
@vx
@z

�
@vz
@x

;
@vy
@x

�
@vx
@y

�
(2.1)

Next, if we are calculating! in a 2D 
ow where the velocity is independent of thez

direction, or vz = 0, ! can be simpli�ed to:

! = r � v =
�

@vy
@x

�
@vx
@y

�
ẑ (2.2)

We are only left with the ẑ component of vorticity, or a scalar �eld of vorticity values

multiplied by the ẑ direction. This is the calculation used for our Particle Image Velocimetry

datasets, where we have taken a 2D cross-section of a 3D 
ow upon an axis of symmetry

where there is no out-of-plane motion orvz = 0. Positive and negative vorticity then indicate

the direction of rotation, where a counter-clockwise rotation is positive by the right-hand

rule. In general, vorticity is the microscopic measure of 
uid rotation, as it is a vector �eld

which can provide a measure of rotation at any singular point in the 
uid. Circulation, �, is

the macroscopic scalar measure of 
uid rotation and can be represented as the line integral

of the velocity on a closed curveC [73]:
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� =
I

C
~u � d~̀ (2.3)

If we say that the curve C is reducible and can be continuously shrunk to a point

without going outside the 
uid, we can use Stokes Theorem, which shows that circulation

around a reducible curve is equal to the 
ux of vorticity through an open surfaceA bounded

by curve C. In layman's terms, if we take the line integral of the velocity �eld aroundC we

will get the same result as the area integral of vorticity withinA, as the integration elements,

or point values of vorticity, within the bounding area will essentially cancel to only leave the

exterior velocities. From stokes theorem [73]:

Z

C

~F � d~r =
ZZ

A
(r � ~F ) � d~A (2.4)

Next, drawing the direct parallel to calculation circulation and using! , we arrive at:

� =
I

~u � d~̀=
ZZ

A
~! � n̂ dA (2.5)

Although � can be de�ned as the line integral of velocity around a surface, conceptually,

it is easier to understand the relationship between circulation and vorticity to think of

circulation as the area integral of vorticity. For a vortex ring, circulation is often used to

de�ne vortex strength, or the amount of vorticity contained, across a 2D cut through the

center plane of the vortex.

The derivation of hydrodynamic impulse is signi�cantly more involved and is not shown

here, but is provided from Sa�man [73]:

I h =
1
2

� f

Z

C
x � ! dV (2.6)
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Vortex Ring Literature Review:

The following literature review for Formation of Multiple Vortex Rings from Passively

Flexible Nozzlesis found below; this is also available in Section 1 of the submitted paper to

Journal of Fluid Mechanics.

Vortex rings are ubiquitous across many scales, playing key roles in systems such as

starting jets for propulsion [47], aquatic locomotion in organisms such as �sh [1], squid

[2, 6, 33], salps [54], and jelly�sh [14, 16, 31, 39]. They are also seen in respiratory 
ows

such as coughing [76], and cardiac 
ows in the left ventricle [70]. A distinguishing feature

of many of these systems is that 
uid is pushed out of a 
exible structure which is linked

to high e�ciency due to the interaction of the 
exible structure with the surrounding 
uid

[83]. Dabiri [16] proposed that 
exible living structures, such as those found in marine

animals and the heart, operate under optimal conditions of vortex formation, making them

highly e�cient. Therefore, understanding the dynamics and formation of isolated vortex

rings generated from 
exible structures could provide further insight into engineering higher

e�ciency systems that leverage this phenomenon.

Vortex rings are typically generated in experiments by expelling 
uid through a sharp-

edged nozzle or ori�ce into another larger body of 
uid using a piston. The formation process

of vortex rings from rigid nozzles has been well studied. Didden [25] identi�ed several key

parameters governing vortex ring formation, including the nozzle diameter (D), the piston

stroke length (L), and the velocity history of the piston motionUp(t). For short piston stroke

to diameter ratios L
D = Up (t )t

D , a single vortex ring forms, entraining all the expelled 
uid given

an impulsive piston motion. [32] identi�ed a limiting stroke ratio (L
D ) ranging from 3.6 to

4.5 at which a single vortex ring is formed, and any larger stroke ratio results in additional

expelled 
uid forming a trailing jet behind the vortex ring, making it a limited process.

Further studies have shown that di�erent nozzle geometries and velocity 
ow pro�les can
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alter the critical L
D value at which a vortex ring will pinch-o� and no longer gain circulation

[18, 32, 46], Dabiri and Gharib [18] demonstrated that by forcing a circular nozzle exit to

reduce in area as 
uid was being expelled, vortex ring pinch-o� could be delayed untilL
D � 8,

due to changes in the output velocity and shear layer development. Krieg and Mohseni [46]

found that pinch-o� is determined by the characteristic velocity of the vortex ring relative to

the feeding velocity of the liquid. Similar to Dabiri and Gharib [18], Krieg and Mohseni [46],

showed that vortex ring pinch-o� could be delayed up to a value oft � � 8 for a continually

accelerating feeding velocity so that the vortex ring could not outpace the feeding source.

Their work provided valuable insights into predicting pinch-o� timing under time-varying

output velocity programs.

Hydrodynamic impulse can be used to quantify the 
uid thrust generated by a vortex

ring, which is the summation of 
uid impulse from the change in 
uid inertia and 
uid

pressure [73]. The total thrust supplied by a starting jet is primarily controlled by the

momentum 
ux, and secondarily by the pressure change at the nozzle exit. The change in

momentum 
ux is directly a�ected by the vortex generator as it is the integration of� f U2
e ,

whereUe is the 
uid velocity distributed across the nozzle exit being produced by the pump

or propeller. For a rigid nozzle, this cannot be easily altered without changing the input

to the system from the vortex generator. However, the pressure change,p � p1 , wherep1

is the ambient 
uid pressure, is a�ected by several factors including the 
uid acceleration,

nozzle geometry, and duration of the velocity being expelled [28, 45, 47]. These factors are all

closely related to the vortex ring formation process and help describe the increase in impulse

by forming a single vortex ring. It was determined that the maximum thrust normalized

by momentum 
ux could be achieved att � � 4, for an impulsively started piston, due to

the increase in pressure rise at the nozzle exit when a vortex ring pinches o� [47]. Notably,

thrust could be increased with a faster 
uid acceleration for the samet � value, as would be

expected based on the increased 
uid momentum [47]. Gao et al. [28] stated that the total
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impulse depends on the 
uid deceleration as well, which can create a stopping vortex near

the nozzle exit which favorably contributes to the pressure impulse. Additionally, Yin and

el Hak [89] demonstrated that for a pumping jet-style propeller, re�lling the body creates

positive momentum and a stopping vortex within the body cavity.

When applied to aquatic vehicles, it has been demonstrated that pulsed jet propulsion

can achieve a much higher e�ciency compared to steady-state jets of equivalent volume.

The bene�ts stem from the added mass and entrainment e�ects from forming a series of

vortex rings, which depends on formation number, 
uid acceleration, and Reynolds number

[7, 8, 16, 48, 62, 63, 75]. The increase in e�ciency associated with creating sequences of

vortex rings is due to a combination of increased pressure impulse per pulse as well as the

interactions of each pulse with one another [48]. However, Ninh et al. [64] showed the vortex-

vortex interactions of a pulsed jet could either increase circulation by as much as 10% or

reduce it by 20% depending on the spacing of each vortex ring with one another. For instance,

Xu and Dabiri [87] showed that controlling contraction frequencies in jelly�sh with micro-

controllers could triple their swimming speed, while only creating a twofold increase in the

cost of transport, likely due to bene�cial vortex interactions. In general, jet-powered aquatic

robotics show promise in that the impulsive motion of a starting jet can provide thrust almost

instantaneously compared to several seconds for a traditional propeller to reach the desired

thrust [45]. This type of propulsion can enable low-speed maneuvering such as sideways

translation, and zero radius turns (yaw), all because there is no external 
uid manipulator

simply an internal jetting cavity ([45]). Although there are many achievements in terms of

jet-propelled robotics, there is limited research into the e�ect of utilizing 
exible structures

to increase e�ciency and maximize thrust per pulse from these types of aquatic vehicles.

Jelly�sh and squid have been shown to be among the most e�cient swimmers, attributed

to their 
exible, deformable bodies creating desirable movement kinematics [14]. Jelly�sh

locomotion encompasses three parts: suction thrust during contraction, passive energy
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recapture during relaxation, and a wall e�ect created by the interaction with counter-rotating

vortices left in their wake [31]. Squid exhibit similar swimming kinematics as well. [3] showed

that squid utilize two distinct modes of locomotion, alternating between small bursts of 
uid

that create individual vortex rings, and larger jets that generate multiple vortex structures at

the expense of e�ciency for additional force. Xiaobo et al. [86] numerically demonstrated that

in the case of a soft bodied jet propulsor, with geometry similar to a squid, sucking liquid into

the body has the same e�ect as pushing water out by increasing positive momentum within

the body, which is likely related to a squid's swimming e�ciency. Numerical simulations

of jelly�sh revealed that synchronizing contractions with the natural wave speed of the bell

margin results in a maximum thrust e�ciency, related to the resonant frequency of varied

sti�ness bodies [38].

The impact of employing 
exible 
aps and hinges to manipulate the 
ow produced

by starting jets has been studied as well. Many nature-inspired researchers have shown

that a speci�c amount of 
exibility enhances thrust generation or e�ciency in terms of a


apping wing or �n model [21, 24, 43, 51, 52, 58, 59, 67]. All of these studies indicate

that a speci�c level of 
exibility increases thrust production or power e�ciency in 
apping

wing or �n models, attributed to the alignment of shed vortices and surface deformations.

However, the number of studies relating 
exibility to thrust generation from a starting jet

is still somewhat lacking, with most �ndings showing that inde�nitely decreasing sti�ness

increases thrust e�ciency. Das et al. [20] showed that 
exible 
aps installed at the outlet of

a rectangular channel could amplify 
uid impulse by a factor of two while utilizing the same

energy input, due to rearrangement of vorticity of the jet. Jung et al. [41] demonstrated

that by using everting 
exible elastic sheets at a nozzle exit, the 
uid impulse of a jet could

be enhanced by as much as 14 times, with increased bending rigidity of the sheets.

Studies of 
ow within a 
exible tube have been investigated but with limited application

to jet or vortex 
ows. Many studies focus on 
exible tubes with rigid circular supports at
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either end [44, 53, 68]. Through the use of shell theory coupled with hydrodynamic equations,

the natural frequency and vibration mode of a submerged cylindrical shell can be predicted

[44]. The hydrodynamics and inertial e�ects within the thin shell signi�cantly alter the

frequency and mode shapes resulting from the thin shell, but this can be accounted for using

a mass and speed ratio relation of the shell and the 
uid [68]. Additionally, the length

to radius ratio (L=R) and wall thickness to radius ratio (h=R) have a large impact on the

stability of the resulting deformations relative to the velocity of the 
uid being expelled [65].

Speci�cally, Paak et al. [65] showed that for clamped-free boundary conditions, the output

velocity can excite periodic, multi-mode, or chaotic vibration depending on the velocity

ratio U = ub=cs whereub is the bulk 
uid velocity and cs is the wave speed on the cylinder

surface. Choi and Park [10] found that there is an optimal sti�ness for a circular nozzle

to maximize thrust for jet 
ows, rather than inde�nitely increased thrust for a decreased

sti�ness. Their work derived an optimal 
exibility condition, relating the sti�ness of the

nozzle to the acceleration of the 
uid being expelled. In a subsequent study, their work

showed that these concepts could be applied with single pulsed jet 
ows [11]. However, these

concepts have yet to be analyzed with respect to the wake formation of single vortex rings

to maximize pressure impulse and thus ejected volume. Additionally, the e�ect of stopping

vortices has not yet been accounted for in these models in terms of �nding an optimal sti�ness

relative to the 
uid generation apparatus.

Plunging TaperedHydrofoil Literature Review:

Many aquatic animals and 
ying insects use 
apping appendages for movement [23,

56, 79]. Research on the 
exibility of �sh �ns [49] and insect wings [12] has highlighted

how this 
exibility can improve the performance of thrust-generating structures, speci�cally

enhancing e�ciency and total thrust production. The ability of 
exible foils to deform

under 
uid forces typically leads to performance gains by facilitating the alignment of shed
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vortices and promoting speci�c bending patterns on the surface of the foil or �n. Studies

have demonstrated that a certain degree of 
exibility can enhance the e�ciency of 
apping

wing and �n models beyond which the e�ciency of the system decreases [21, 24, 43, 51,

52, 58, 59, 67]. The advantage of a 
exible propulsor depends on many factors including

the kinematics of the motion, the plan-form shape, and structure sti�ness [19, 43]. More

recently, the study of tapered foils has begun to gain interest provided that the mechanical

properties (sti�ness) of both �sh �ns and insect wings are typically varied along the chord or

span [13]. Computational and experimental studies both indicate that the use of a structure

with a sti�er leading edge and more 
exible trailing edge is more e�cient and can produce

more thrust than those with a constant bending sti�ness [22, 36, 42, 51, 77, 88]. These

tapered structures also have the signi�cant bene�t of having a high e�ciency and propulsive

regime over a much wider band of frequencies, especially above resonance, compared to a

constant bending sti�ness counterpart which typically only see a peak in performance close

to resonance [51, 88]. Regardless of taper, it has been proposed that resonant interactions

between the 
uid and the structure, known as 
uid-structure interaction (FSI), play a critical

role in these performance improvements for both tapered and nontapered 
exible foil, but

traveling wave behavior can play an equivalently large role when nonlinear e�ects dominate

the FSI [4, 22, 77, 78].

Several active and passive mechanisms exist for generating traveling waves on a �nite

length structure. Typically, if a wave starts to form on a plate-like structure it will travel

to the end of the plate and get re
ected creating a backward wave. When the forward

and backward waves interact with one another, it creates a standing wave [22]. Due to

the boundary conditions provided to beam-like structures, such as a wing or foil, they do

not inherently produce traveling waves, and adjustments in boundary conditions need to be

made to suppress standing wave generation [78]. Loh and Ro [55] actively introduced pure

traveling waves to a uniform beam in air by using a two-mode excitation method with two
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forces positions symmetrically along the beam length, with identical forcing amplitude but

with a 90� phase di�erence. They were able to control the direction of the traveling wave by

modulating the phase di�erence between� 90� and found that the traveling wave behavior

was maximized when the beam was operated between two resonant frequencies, particularly

in the higher modes. In a passive approach, dissipation can dampen the propagation of

an incident traveling wave which suppresses wave re
ection and encourages traveling wave

formation [72]. In this case, dissipation is related to the nonlinear transverse drag force

inherently imposed on a submerged foil heaving in water. Consequently, this allows for

the production of traveling waves by imparting a single excitation to a structure such as a

cantilever beam subjected to base motion at large enough amplitude where dissipation forces

take e�ect [72].

Another passive mechanism to creating traveling waves in a �nite length structure is

through the use of a structure with gradually decreased thickness, such as a tapered beam

[60]. As the beam thickness reduces along the length and approaches zero, the wave speed

of the structure goes to zero as well. This results in a region where waves are trapped and is

known as an acoustic black hole [22, 60]. The acoustic black hole e�ect is used in vibration

absorption applications [27], but can also be used to generate traveling waves on a 
exible

hydrofoil to promote high-e�ciency kinematics.

Several recent studies have focused on heaving and pitching foils with a stepwise

reduction in sti�ness along the chord to encourage traveling wave behavior. This style

foil is selected over a fully tapered foil due to the ability to actively modulate the amount of


exibility in the foil by implementing an adjustable length rigid leading edge with a highly


exible trailing edge [36]. Lucas et al. [57] showed that having a stepwise decrease in material

sti�ness at 2=3 of the length along the chord of a �n from leading edge to trailing edge could

result in higher thrust coe�cients and lower cost of transport. Interestingly, it was shown

that through the use of this stepwise change in sti�ness and a 0� angle of attack pitching
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program, they could achieve foil kinematics very similar to freely swimming �sh which was

related to their thrust performance. However, traveling wave behavior was not quanti�ed in

this study. A similar style foil installed on a bio-inspired �sh robot with a stepwise change

in sti�ness was found to produce the largest thrust when the sti�ness of the �n scaled with

the heaving and pitching frequency, implying resonance [90]. Han et al. [36] used a similar

style foil, which showed that nonuniform 
exible foils outperform their rigid and uniformly


exible counterparts.

In terms of optimal conditions for sti�ness, a variety of options have been proposed

related to both pitching and heaving foils. Moored et al. [61] proposed that in a free

stream the optimal thrust conditions occur when the driving frequency of a 
exible 
apping

(pitching and heaving) �n matches the resonant frequency of the wake, or the vortex shedding

frequency. It was then shown that a 
exible 
apping foil was capable of suppressing

asymmetric vortex shedding through compliant deformation, thus inhibiting de
ection of

the propulsive jet in unfavorable directions [91]. Dewey et al. [24] demonstrated that thrust

e�ciency and force generation of a 
exible pitching panel in a free stream are maximized

when two conditions are met. First, the Strouhal number (St = f p A p

u1
), is in the range of

0:25 < St < 0:35, wheref p is pitching frequency,Ap is pitching amplitude, andu1 is the free

stream velocity, which also happens to include theSt range �sh tend to swim at [57]. Second,

the panel needs to be pitched at the structure's natural frequency, which could achieve

� 100% increase in thrust production and e�ciency compared to a rigid panel. Park et al.

[67] described the optimal 
exibility for thrust generation in terms of the phase lag (=�= 2)

between the pitching angle of the foil, and the rotation of the trailing edge due to 
exibility. Li

et al. [52] additionally showed that 
ow-induced oscillations of a 
exible membrane enhances

lift generation by extending the leading edge vortices and a transition of vibrational modes

related to the frequency lock-in between the natural structural frequency of the membrane

and the vortex-shedding frequency. Han et al. [36] proposed that to maximize thrust from a



17

pitching stepwise 
exible hydrofoil, it should (1) oscillate above the �rst natural frequency

(2) have a 
exion ratio 0:4 < � < 0:7 where � = cr
c , where cr is the rigid section chord

length and c is the 
exible section chord length (3) have a low non-dimensional structural

rigidity. Although (2) and (3) do not apply to a truly tapered foil with a consistent change in

thickness, and thus sti�ness and rigidity, (1) becomes interesting as this transition between

the �rst and second bending modes of a beam is advantageous for thrust, and this transition

regime is associated with traveling wave behavior [78].

Leroy-Calatayud et al. [51] showed that the traveling wave index (I T W ), or ratio of real

to complex modes from a complex orthogonal decomposition of foil displacement, could be

used to help describe the optimal e�ciency of heaving tapered foils peaking at a frequency

slightly beyond the �rst natural frequency of the 
exible foils. However, these foils were

driven at a quite large heaving amplitude (0:1A = 9:5mm) where nonlinear behavior is much

more likely to take e�ect and is discussed in the subsequent paragraph. It was noted that

maximal thrust occurred at resonance for both a tapered and uniform foil, but the e�ciency

of a tapered foil was greater for a much larger spectrum relative to a uniform thickness foil

and began to have a second peak in e�ciency beyond the �rst resonance. Interestingly,

Leroy-Calatayud et al. [50] provided the relationship betweenI T W and e�ciency directly as

the frequency was increased, which demonstrated that the traveling wave index created a

'zig-zag' pattern decreasing for a short period in relation to e�ciency, and then increasing

again as the input frequency continued to increase. It was noted that the second bending

mode was beyond the capabilities of their experimental setup and that the relationship in

the e�ciency vs. traveling wave index could be insightful when approaching the second

bending mode. In a recent 3D computational study, Demirer et al. [22] described traveling

wave behavior in a tapered 
exible foil as an acoustic black hole, where at the trailing

edge the propulsor slows down and attenuates 
exural waves, reducing wave re
ection and

thus enhancing traveling wave propulsion. Similar to previous work, it was shown that
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tapered propulsors outperform uniform ones, especially for post-resonance frequencies, and

is directly linked to the ability of the tapered propulsor to generate traveling waves with

a large amplitude trailing edge displacement. Skriptyan et al. [77] showed that the �rst

mode shape in a cantilever beam submerged in water induced more 
uid velocity than the

second mode shape, however they also described traveling waves creating e�cient locomotion

indicated by higher normalized (
uid-to-beam tip) velocities regardless of bending mode. As

discussed in Skriptyan et al. [78], clear traveling wave phenomena were observed approaching

the second resonant frequency of a 2D beam, but with a node indicative of the second bending

mode of a beam which would reduce 
uid entrainment.

Foil heaving amplitude has also been investigated for 
exible but constant chord-wise

mechanical property wings wherein nonlinearity begins to arise at larger heaving amplitudes.

Quinn et al. [71] showed that the time averaged net force generated by a 
exible heaving

panel increased with heaving frequency, but with local maximums near resonant frequencies

of the 
exible panels where the trailing edge amplitude was increased. It was later shown

that changing the heaving amplitude adds a signi�cant nonlinearity to the forces acting upon

the foil, accounted for in model predictions through the application of a quadratic damping

term from the transverse drag force on the heaving wing [66]. Paraz et al. [66] noted that the

nonlinear transverse drag force acting upon the foil was crucial in model predictions, even

for "small" de
ections ( A = 4mm). Note that "small" is in quotations here as what de�nes

a "small" heaving amplitude is widely varied between studies. Andres Goza and Rowley

[4] noted that similar to a simple spring-mass damper system, increasing heaving amplitude

created wider, less poignant peaks in the frequency response function for a 
exible foil. It

was proposed that in small heaving amplitude regimes (A
C = 0:001) resonance dominates

the propulsive e�ciency and thrust, while at larger heaving amplitudes (AC = 0:1) nonlinear

damping creates a larger e�ect, where resonant and non-resonant mechanisms play a role

[4]. Unfortunately, no physical distances were described in this study, where nondimensional
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numbers such as the heaving ratio divided by chord length were provided.

Several methods exist for quantifying the amount of traveling wave behavior present on

a structure. The �rst proposed method is the Complex Orthogonal Decomposition (COD)

[26]. This method is identical to a Proper Orthogonal Decomposition (POD) where an input

signal, displacement, or velocity, matrix is decomposed into 3 sub-matrices comprised of a

mode matrix, an energy matrix representing the strength of each mode, and a transposed

vector matrix, but with complex modes included in the analysis. In POD, no imaginary

numbers are included and as a result, cannot decompose temporal modes. Alternatively in

COD, both the real and imaginary parts of the data are included in the algorithm. The

real part for example being the centerline foil displacement over time, and the imaginary

part being the Hilbert transform of the real signal. To then distinguish between standing

or traveling wave dominated behavior in a complex mode from the COD, one can use the

traveling index (I T W ) which is de�ned by the inverse of the condition number of the matrix

whose two columns are the real and imaginary parts of the entire mode. A pure traveling

wave will yield I T W = 1, as the real and imaginary parts are orthogonal and of the same

magnitude. Alternatively, for a standing waveI T W = 0, will be comprised of a mode with

its two components parallel or of di�ering magnitudes [26].

Previous work has examined how to quantify thrust from a heaving, or 
apping, foil

by measuring wake parameters with PIV. This is an area of interest as some applications,

especially studies of living animals, cannot easily implement a load cell for force measurement,

while a wake survey method can be much easier to implement to estimate lift, drag, and

thrust. One commonly used model to estimate lift (L from a wing wake is the Kutta-

Joukowski (KJ) theorem,L v(t) = �Ub�( t), which commonly underpredicts the lift amplitude

[35]. Here,U is the free-stream velocity,b is the wing span, and �(t) is the circulation

measured at the Tre�tz plane or center of the span. Wang et al. [84] later showed that the

KJ theorem only recovers the lift generated by vortex structures, but neglects the added
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mass e�ect from a de
ected wake. It was shown that through adding the vortex liftL v to

Lacc = � �k �
R

Vf

@u
@tdV � �k �

R
@Bu � u

2 n dS, an accurate estimate for the lift generation could

be estimated. However, these applications primarily apply to lift generation from a tilted foil

in a cross 
ow, which does not have direct application to a heaving foil in quiescent water.

Alternatively, for a heaving foil with zero free-stream velocity Heathcote et al. [37]

proposed that the thrust force could be estimated through estimation of the time averaged

x-momentum M x = � f
R �U2dy, where �U is the time average X-direction velocity. More

recently, Park et al. [67] veri�ed that this calculation for M x showed a clear linear relationship

with the thrust force measured from a force sensor for a pitching panel in quiescent 
uid.

They also proposed that the ratio ofM x
M y

, whereM y is calculated analogously toM x in the

transverse direction, was useful in quantifying the amount of the wake directed in the positive

thrust direction. In contrast, they noted that the strength (�) of the trailing edge vortices

was not directly related to the thrust produced by di�erent 
exibility foils, but rather a

representation of the total amount of displaced 
uid without any sign to the direction the


uid was pushed.

Despite all of the great achievements in regard to quantifying and studying uniform

and nonuniform 
exible foils, there is still a need for an experimental investigation into the

relationship between heaving amplitude and traveling wave behavior. Although, there have

been computational studies into relating the e�ect of heaving amplitude on a uniform sti�ness


exible beam and output 
uid thrust [4], e�ects of pure structural dynamics on heaving

amplitude for a submerged beam [77], the e�ect of the heaving amplitude and traveling

wave dynamics have still not been experimentally related to one another. Therefore, in 5

we discuss the results from such a study where the heaving amplitude of a 
exible foil is

varied, related to the amount of traveling wave behavior, and the e�ect on output thrust is

quanti�ed.



21

METHODS

Methods: Vortex Ring

The following description of experimental methods forFormation of Multiple Vortex

Rings from Passively Flexible Nozzlesis found below; this is also available in Section 2 of

the submitted paper toJournal of Fluid Mechanics.

Experimental Setup

Experiments were conducted in a 46 cm� 46 cm� 46 cm free-surface water tank �lled

with water to a height of 41 cm. An Aladdin NE-1000 syringe pump was used to generate

the vortex 
ows. A 140 mL Monoject syringe was connected to a 1" SCH40 PVC pipe (Inner

Diameter = 2.66 cm) with 
exible tubing. Nozzles with diameter (D = 2.55 cm) and length

(Lnozzle = 11:5 cm) were installed at the end of the pipe to eject 
uid downward in the center

of the tank, 14 cm below the water surface. Further description of the nozzle adapters will

be discussed in Section 3. A schematic of the experimental setup is shown in �gure 3.1.

The origin of the coordinate system used for calculations and de�ning coordinate directions

is de�ned by the center of the nozzle exit with the positiveY direction oriented vertically

downward in the 
ow direction, as shown in �gure 3.1 nozzle detail.

The syringe pump velocity pro�les were de�ned using the Windows Command Prompt

Program, in combination with an Excel spreadsheet to format the input data, to control

the velocity (Upiston ) and duration (tcycle) of the syringe piston motion. Three syringe piston

velocity programs were selected corresponding to formation lengths,L
D =

Rtcycle

0
Upiston (t )

D dt =

1; 2; 4, ensuring the rigid nozzle would produce a single vortex ring with negligible trailing

wake at the maximal ejected volume [32]. Each pro�le had an impulsively started piston

motion measured at the syringe pump. The input diameter-based Reynolds Number (ReD =

Upiston D piston

� ), where� is the dynamic viscosity of room temperature water, was held constant
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Figure 3.1: Schematic of the experimental setup used for generating the vortex 
ows with
NE-1000 Aladdin pump. A 1mm thick laser sheet is used to illuminate a 2D plane of the
tank. Interchangeable nozzle detail is also shown for mounting the rigid and 
exible nozzles.

Figure 3.2: Measured syringe pump piston velocity by syringe motion normalized by the
programmed maximum velocity for the pump (Umax ).

at 1000. The programmed piston velocity pro�les were veri�ed by imaging the rear edge of

the piston and tracking the displacement over time using an in-house MATLAB script. In

brief, the tracking was accomplished by converting the videos to images, reducing each image

to the area of interest, passing a Canny Edge detection �lter over the images, and binarizing

the images using a threshold value [9]. Each piston velocity pro�le was imaged 5 times to

ensure repeatability and was averaged over these trials and is plotted in �gure 3.2. The mean

steady state piston velocity data for eachL
D is 1.68 cm/sec with a 95% con�dence interval

of � 0:01 cm/sec from a one-sample t-test.
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NozzleConstruction and Characterization

A rigid nozzle was 3D printed out of PLA plastic with a layer height of .03mm. The rigid

nozzle was manufactured to be the same length (Lnozzle = 11:5 cm) as the 
exible nozzles,

with the only di�erence being a beveled edge of 25 degrees at the exit. This nozzle design

was selected to be consistent with previous studies in vortex ring literature [18, 32, 47].

The 
exible nozzles were molded from SmoothOn SortaClear 40A two-part liquid

silicone. The selected nozzle construction method was adopted from Choi and Park [10],

using a pour mold method over a 2.55 cm diameter (D) aluminum rod press �t into a 3D

printed base to create the mounting surface for the 
exible nozzles. Figure 3.1 shows a

complete 
exible nozzle with the integrated mounting surface, and �gure 3.3(a) shows an

isometric view of the 
exible nozzle geometry. After curing, the nozzles were cut to a length

(Lnozzle) of 11.5 cm measured from the top of the nozzle base to the edge of the nozzle exit,

resulting in an aspect ratio (L nozzle
D ) of 4.55. This aspect ratio was chosen to ensure all of the


uid ejected was initially contained within the nozzle. This is in contrast to Choi and Park

[10, 11], where an aspect ratio of 2 was used (ejected 
uid slug not initially fully contained

within 
exible nozzle). The sti�ness of the 
exible nozzles was controlled by adding di�erent

mass percentages (%ma = 15% � 50%) of SmoothOn Silicone Thinner relative to the base

liquid silicone mixture.

The 
exible nozzles were mounted to the experimental setup using a 3D printed part

that clamped onto the base of the nozzle using bolts, shown in �gure 3.1. This setup

was used to reduce stress concentrations from forming at the edges of the nozzle which

could potentially a�ect the nozzle deformation behavior. Additionally, the mount created a

consistent rigid boundary condition between the di�erent nozzles to ensure the repeatability

of the experiment. After a nozzle was clamped onto the mount, it was installed onto the outlet

pipe using an interference �t. The rigid nozzle was similarly installed with an interference

�t on the outlet pipe.
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Figure 3.3: Nozzle wall thickness measurement schematic and variation in wall thickness.
(a) Schematic indicating the cut sections used for measuring nozzle wall thickness. The
nozzles were cut along their streamwise direction to create 4 strips that were measured at 4
streamwise locations along the nozzle's length. (b) Distribution of measured nozzle thickness
along the length (L) of the nozzles. The labeled % values in the legend correspond to the
%ma of silicone thinner added to the mixture to mold each nozzle.

For each nozzle, a representative nozzle was made to be sliced into strips to measure

the mean nozzle wall thickness (h) using an Olympus BX60 microscope with a 10� power

lens. The wall thickness was measured at a total of 16 locations for each nozzle, at 4 stream-

wise locations 2.5 cm apart and 4 equally spaced azimuthal locations around the nozzle

circumference at each stream-wise height as shown in �gure 3.3(a). The wall thickness

variation was negligible with a maximum azimuthal variation of 4.1% for the manufactured

nozzles. The wall thickness varied approximately linearly along each nozzle's length due to

the pour molding manufacturing method. The spatial distribution of the wall thickness along

the nozzle length (L) is plotted in �gure 3.3(b). The thickness decreased at an average rate

of 17.7µm/ D along the streamwise direction of the nozzle. The total change in thickness

was approximately constant between the di�erent nozzles, thus the thickness was averaged

over the measured locations for each nozzle. Mean wall thickness (h) varied from 188.4µm

to 96.8µm across the di�erent nozzles.

Young's Modulus was calculated by completing tensile tests on 5mm thick dog bone

samples prepared with cross sectional geometry as described in ASTM D412-16 Standard
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Figure 3.4: Material properties measured with varied %ma thinner (a) Young's Modulus (E)
averaged over 8 samples from each %ma of silicone thinner added to the nozzle mixtures.
(b) E multiplied by the mean wall thickness (h), de�ning the characteristic sti�ness of the
varied %ma thinner nozzles.

Test Methods for Vulcanized Rubber and Thermoplastic Elastomers|Tension [5]. The tests

were completed on an Instron 312 Series Frame with a 25 kN load cell. For each nozzle,

8 tensile tests were completed from two di�erent batches of silicone, one batch from the

silicone used for the experimental nozzle, and the second batch from the silicone used for

the representative nozzle. The maximum variation inE between the two sets was negligible,

with the maximum being 4.2%. Young's Modulus (E) varied from 404 kPa to 193 kPa as

shown in �gure 3.4(a).

The representative characteristic sti�ness parameter was chosen to be Young's Modulus

(E) multiplied by the mean wall thickness (h), which is plotted in �gure 3.4(b). Overall, a

set of 5 nozzles were tested with characteristic sti�ness parameterEh = 19 N/m, 29 N/m,

54 N/m, 78 N/m, and Eh = 1 N/m (rigid). Table 3.1 summarizes the parameters studied

in this experiment.

Velocity Field Measurements

Particle Image Velocimetry (PIV) was conducted to quantify the velocity �elds beneath

the nozzles. Images were sampled at 60 Hz with a resolution of 1080� 1920 pixels. The
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Parameter Value

Nozzle Diameter (D) (mm) 25.5

Nozzle Length (Lnozzle) (mm) 115.0

Characteristic Sti�ness (Eh) (N/m) 19, 29, 54, 76,1 (rigid)

Formation Length (t � = L
D ) 1, 2, 4

ReD 1000

Table 3.1: Vortex Ring Experimental Parameters

camera was triggered to start �lming simultaneously with the initiation of the pump using

an in-house LabVIEW program via a MyDAQ (National Instruments). Hollow glass sphere

particles with mean diameter of 10µm, and average density of 1.10 g/mL were used to seed

the tank (Potters' Industries Sphericel, 110P8). A 532nm continuous wavelength laser and

a convex cylindrical lens were mounted underneath the tank to illuminate a 1 mm vertical

sheet passing through the center cross-section of the nozzle in either the XY or XZ plane

as de�ned in �gure 3.1, with the Z direction being out of the page. Cross-correlation of

the image pairs was completed using a multiple pass interrogation method with successive

reductions in window sizes using the open-source software PIVlab [81, 82]. For a �eld of view

of 5.5D � 3D, a �nal interrogation window size of 64� 64 pixels with 50% overlap was chosen.

This resulted in a vector space of 59� 32 vectors with a vector spacing of .098D. The time

interval between image pairs, �t, was .0167 seconds and the particle motion between image

pairs was limited to approximately 1/4 of the window size to ensure the accuracy of the cross

correlation [85]. As the 
exible nozzles were found to deform about a preferential axis, PIV

was performed both perpendicular (XY plane), and parallel (XZ plane), to this preferential

axis to ensure axisymmetry in our results. For each nozzle, 10 trials were completed, with 5

trials from each plane. In subsequent plots, the average of these 10 trials is plotted unless
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otherwise noted. The mean maximum spatially averaged velocity measured 0:019D below

the rigid nozzle outlet was calculated to be 3.97 cm/sec across all ejected volumes, with a 95%

con�dence interval of � 0.1 cm/sec based on a one-sample t-test. All reported con�dence

intervals hereon represent the 95% con�dence interval based on a one-sample t-test. The


exible nozzles altered the measured exit velocity, which is discussed in the results, where

the Eh = 29 N/m nozzle had the largest variation, with a mean maximum spatial averaged

velocity of 6.40 cm/sec and con�dence interval� 0.3 cm/sec.

NozzleDeformation Measurements

To track the side deformation of the 
exible nozzles, the particles were removed from the

tank, and the laser sheet was used to illuminate the longitudinal center cross section of the

nozzle in the XY and XZ planes. The camera imaged the center plane deformations, which

were used to track the nozzle deformation using an in-house MATLAB edge detection code.

The same image processing steps used to determine the syringe pump velocity pro�les were

applied to these images for nozzle tracking. Two time sets were considered, forced vibration

when the pump was active, and free vibration when the pump had stopped moving and the

nozzle was freely oscillating. The bottom millimeter of the nozzle was used as a representative

point to track the position over time. Fast Fourier Transforms (FFTs) were completed in

MATLAB to �nd the repeated oscillation frequencies from the free vibration positional

datasets. The single-side amplitude spectrum of the position data, or the occurrence of each

frequency in the positive domain, was calculated using a sampling period of .0167 sec and a

sample length of 600 samples (10 seconds). The single sided amplitude spectrum was plotted

to �nd a peak in frequency occurrences to estimate the damped natural frequency of (! d) of

the nozzles. The deformation viewed from beneath the nozzle (YZ plane) was also imaged.
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FTLE Fields and Ridges

The predicted material boundaries of the generated vortex rings were identi�ed by

detecting ridges within the Finite-Time Lyapunov Exponent (FTLE) �eld using the LCS

Matlab Kit V2 by the Biological Propulsion Laboratory at the California Institute of

Technology [17, 69, 74]. The FTLE �elds are directly derived from the velocity �elds

generated from PIV by either initiating 
uid particle tracking forward or backward in time.

This process yields both positive (forward) pFTLE and negative (backward) nFTLE �elds.

The FTLE �eld is computed by:

� t
T (x) =

1
jTj

ln

�
�
�
�
d� t+ T

t (x)
dx

�
�
�
� (3.1)

where � t
T (x) signi�es the 
ow map of particles from their location at x at time t to

t + T. jTj represents the integration time used to track the particle motion, withT < 0,

indicating backward time, andT > 0, corresponding to forward time. After obtaining the

FTLE �elds, regions of local maxima, or ridges, were identi�ed to pinpoint regions where


uid transport is restricted or intensi�ed. These ridges are known as Lagrangian Coherent

Structures (LCS), which are valuable for analyzing vortex ring pinch-o�. Negative LCS

(nLCS), found from the ridges within a nFTLE �eld, indicate attractive material lines in

the 
ow �eld, while positive LCS (pLCS), found from ridges within a pFTLE �eld, indicate

repelling material lines. When a nLCS and pLCS combine to form a closed loop, it signi�es

the formation of a pinched-o� vortex ring [74]. The presence of a pLCS on a vortex ring's

rear edge suggests that further 
uid entry into the enclosed structure of the vortex ring from

the vortex generator is unlikely, and the vortex ring will not gain additional vorticity. The

integration length jTj chosen for the data analyzed within this paper corresponds to 1 second

or 60 image frames. A step size of 1 and a time step of 0.0167 seconds per frame were used.
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Methods: Plunging Foil

Experimental Setup

Experiments were conducted in a 43cm� 45cm � 90cm tank �lled to a height of

36cm with water. An extruded aluminum superstructure was constructed around the tank

and used as a mounting platform to mount the foil-driving assembly shown in 3.5. The

assembly was mounted to put the foil in the center of the tank width, located 60cm from

the tank end, or 2/3 of the length distance. This was done to prevent wall e�ects from

taking place when the foil began to produce a net positive thrust and high velocity vectors

in the downstream direction. A 7lb shaker with a built-in ampli�er was used to oscillate a


exible foil in a linear heaving motion (The Modal Shop, K2007E01). The shaker armature

was threaded to a machined aluminum interface part with threaded inserts on both sides.

On the opposing side of the interface part, a 1/4" rod was installed which was supported

in a block of high-density polyethylene through a 1/4" hole, as shown in detail in 3.6(a)

and (b). The supporting block was implemented to prevent excessive bending on the shaker

by supporting the vertical load from the foil assembly. To prevent rotation of the foil and

mounting rod, two pieces of laser cut acrylic were mounted beneath the shaker to create a

guide slot for the mounting rod. The interface part was bolted onto a 3D printed part where

a mounting rod could be installed with a set screw. The 
exible foil was installed on the

mounting rod, such that the motion of the shaker would translate the foil linearly back and

forth, with the foil perpendicular to the heaving motion. A 35A73 Modal Shop accelerometer

was stuck onto a 
at surface on a 3D printed part with wax, which was installed on the top

of the interference part to measure the input acceleration provided to the 
exible foils. Two

532nm lasers were installed on the sides of the tank to illuminate a 2D horizontal plane

located in the center of the span of the foils. A Chronos CR21-HD high speed camera was

mounted underneath the tank to image the wake dynamics and vorticity generated by the



30

Figure 3.5: Experimental Setup used to drive the wing in the tank. Here the wing is shown
as yellow for image clarity.

di�erent heaving dynamics imposed on the 
exible foils. A Polytec PSV-400 Scanning Laser

Head was used to measure the output response (velocity) of the 
exible foils as they were

driven in varied heaving motions.

The mounting rod was made out of a 36cm long 1.27cm (1/2 in) thick hollow aluminum

rod with a wall thickness of 0.158cm (1/16 in). This shaft was selected to have a high

sti�ness relative to that of the wing so that the shaft did not compound the measured

vibrational e�ects of the wing at higher frequencies. Approximating the mounting rod as a

cantilever beam, the �rst bending mode of the shaft in air was expected to be at! 1 = 88:7Hz

using the solution to free vibration of a continuous cantilever beam,! n1 = (1 :875)2
q

EI
mL 4 .

Given that the mounting rod was submerged in water this solution would not be exactly

correct, yet it provided a design guide for having enough structural rigidity to prevent any
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Figure 3.6: Shaker assembly with components labeled. (a) View angle 1 (b) View angle 2

compounding e�ects. From the experiments described below, the �rst resonant frequency of

the rod partially submerged in water was! n1 = 69Hz. With the added drag damping on

the rod, a downward shift in the prediction for ! n1 was expected. The rod and foil were

additionally scanned in air and! n1 was measured to be 72Hz with the added mass of the foil

in air and lack of 
uid damping. This rod was selected to have the �rst natural frequency

approximately an order of magnitude greater than the frequencies studied for the heaving

wing.

Foil Designand Construction

The 
exible foils were printed out of TPE-SEBS 1300 95A 
exible �lament with reported

E = 93 MPa [40]. The foils were printed such that the vertical step layers were along the

chord of the wing to ensure as consistent span wise material properties as possible. 3 shells,

or exterior solid �ll lines, were used in the printing process, such that the front and back
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of the wing would have constant bending sti�ness. The in�ll pattern used was MakerBot

Linear, which created a pattern of cross-hatched 'X' patterns within the wing itself. The

geometry of the wing was designed to have a tapered thickness from the leading edge thickness

tLE = 4:5 mm to a trailing edge thickness oftT E = 0:6 mm, or a taper ratio � = 1 � tLE
tT E

of 0.87. The wing chord length (C) was 0.137m, with a span (S) of 0.0381m. The trailing

edge thickness was selected based on 3D printing limitations while getting as close to a truly

tapered geometry as possible to promote traveling wave dynamics [60]. Thinner trailing edge

thicknesses would result in nonuniform layer deposition and a large inward step at the tip

of the wing, whereas the 0.6mm thick trailing edge resulted in a 3-layer wide tip, to prevent

this undesirable step-decrease in thickness. The foils were epoxied into a 3D printed PLA

part with a female connection to connect the foils to the mounting rod with two set screws,

a schematic of the wing setup is shown in 3.7. For testing, the wings were mounted 10cm

from the end of the mounting rod measured from the base of the span.

Dynamic Vibration Analysis

The frequency response function (FRF) was found for the 
exible foil at a variety of

heaving amplitudes, and thus varied damping. The FRF is the ratio between input (shaker

acceleration) and output (measured foil velocity) in the frequency domain. Peaks in the

FRF typically represent a given structure's resonant frequencies, or the frequencies at which

the output response is magni�ed relative to the input force. The input force (acceleration)

was measured using the aforementioned accelerometer, and the output response (velocity)

was measured using a PSV 400 Scanning Laser Head, both of which are discussed below.

A dynamic signal analyzer (DSA) was used to generate signals to power the shaker and

accelerometer. The DSA also was used to simultaneously record the acceleration data from

the accelerometer, and the output velocity data from the scanning head when performing

an experiment. The DSA used the PSV acquisition software to convert the time domain
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Figure 3.7: 3D printed TPE Foil geometry and setup with 3D printed PLA shaft connection
part

data to the frequency domain with Fast Fourier Transforms (FFTs) and calculated the FRF

by dividing the frequency domain velocity response by the frequency domain acceleration

input. A summary of this process is shown in 3.8(a) and (b). For scans used to determine

FRFs, the DSA provided the shaker with a "periodic chirp" sinusoidal voltage signal that

linearly increased in oscillation frequency from 1 to 20Hz over 16 seconds. 800 FFT lines

were used resulting in a frequency domain resolution of 0.125 Hz. The resonant frequencies

were identi�ed within the FRF by importing the data into MATLAB and applying a peak-

picking peak method to �nd local maxima in the FRF. A 10-point smooth was applied to

the data to increase the accuracy of the peak-picking algorithm. The damping ratios and Q

criterion were directly measured from the DSA, which used a modal curve �tting toolbox.

The PSV 400 scanning laser head vibrometer directly measured the velocity of the wing

at 9 point locations. The points were de�ned by an evenly spaced 3� 3 grid distributed across
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Figure 3.8: Methods used to get FRF curves for eachA (a) Simpli�ed schematic of the
experimental setup used to measure the FRF or ratio ofoutput

input across a band of frequencies.
(b) Example FRF for A = 0.02V

the wing. For each scan location, the frequency spectrum was found by complex averaging

of 5 sweeps of a given signal range. The laser head was mounted on a tripod so that it

could be maneuvered to be perpendicular to the wing with� 61cm of horizontal separation.

The laser was individually focused on each scan location prior to recording any data. After

scanning all of the points, the average velocity data gathered across the entire grid was used

to �nd the FRF for the foil at the driving amplitude with the above described method with

the DSA. Single point data was also examined to ensure an accurate representation of the

resonant frequencies at the foil tip as the scan location had an e�ect on measured resonant

peak locations. The scanning head was also used to �nd the FRF for the mounting rod

alone, where the frequency range was increased to range from 20-100Hz. In this case, 7 scan

locations were equally spaced along across the shaft's 36cm length, and the same procedure

was applied in measuring the output velocity and normalizing by input acceleration. This

was done to ensure the partially submerged shaft did not have any resonant peaks within the

range studied for the wing. The hollow rod was found to have a �rst resonant peak at 69Hz,
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or approximately one order of magnitude greater than the �rst resonant frequency measured

for the wing, which would have a negligible e�ect on the wing's motion at the lower driving

frequencies.

The DSA PSV Presentation software was used to visualize 3D and 2D mode shapes

of the foil from the 9 scanned data points distributed across the foil. The presentation

software has a built in function to illustrate the velocity and acceleration data with a colorplot

animation which was used to illustrate the �rst and second bending modes of the foil, as well

as bending shapes between the �rst and second natural frequency where varied amounts of

combined bending modes were visualized.

Due to having an open loop system where only an input voltage is provided to the

shaker, the heaving amplitude of the shaker varied with frequency. An example curve of

physical distance traveled for a constant voltage is shown to show the variation in amplitude

due to changes in frequency from the shaker in �gure 3.9(a) with the solid horizontal

black lines representing the desired heaving amplitude. This was inevitable for the current

con�guration as forces generated by the foil would alter the �nal displacement of the shaker.

As shown, only a 0.5Hz change in frequency results in a change in heaving amplitude from

� 1:5cm to � 1:75cm To combat this issue a constant heaving amplitude was con�rmed

through image tracking with the PIV image sets using an in-house MATLAB edge detection

script to ensure constant displacement as the frequency was varied. A point within 2.0 cm of

the LE of the foil was used for tracking as no signi�cant amount of bending was occurring at

this chord wise location and would be representative of the motion imposed on the foil. For

this analysis, constant sine signals were provided to the shaker with a single input voltage

and frequency. At each driving frequency, a range of input voltages were provided to the

shaker to iteratively reach a constant shaker displacement based on image tracking as shown

in 3.9(b). Note only 3 frequencies at one heaving amplitude are shown for clarity, but this

process was completed for the entire parameter space. The variation in voltage used to
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achieve constant heaving amplitude ranged from� 7:5mV for A = 0:5mm, up to � 12:0mV

for the A = 1:5 and 3mm for the range of frequencies from 1.5-6Hz. Across all trials, the

1Hz voltage needed to be substantially increased (� 30� 50mV) to achieve constant heaving

amplitude. This may have been due to either the shaker primarily being designed to operate

at higher frequencies with low mass loading, or having to overcome static friction within the

support block and acrylic guide plates at the low frequency.

Velocity was found for each run by numerically di�erentiating the positional data using

a �rst-order �nite di�erence scheme to ensure equal positive and negative velocity peaks.

An example position and velocity dataset forA = 3mm at f = 4 Hz is shown in �gure 3.10.

Note that given the �nite di�erence scheme is sensitive to slight variations in position, this

velocity data was only used as a gut check to con�rm equal positive and negative velocities

where the scanning laser vibrometer was used to measure the output velocity otherwise.

This was only of concern for the constant driving frequencies provided to the foils for the


uid dynamics analysis as the FRFs were normalized by the input acceleration data.

Heaving Foil Particle ImageVelocimetry

PIV was performed on the oscillating foils using the shaker setup as described in section

3. A Chronos 21-HD camera was mounted underneath the tank on extruded aluminum rails

and recorded images at 250Hz with a resolution of 1080� 1920 pixels. The DSA was used

to drive the shaker for PIV at di�erent input sine wave voltages with a single frequency

for each run. The DSA function generator was used instead of a traditional independent

function generator to eliminate any sources of error in input voltages, and thus physical

distances, when correlating the mode shapes and resonant frequencies measured with the

scanning laser relative to the 
uid wake structures measured in PIV. Hollow glass sphere

particles with mean diameter of 10µm, and average density of 1.10 g/mL were used to

seed the tank (Potters' Industries Sphericel, 110P8). Two 532nm continuous wavelength
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Figure 3.9: Shaker displacement tracking at the foil leading edge. Solid black lines represent
the desired heaving amplitude. (a) Constant voltage provided to the shaker (b) Voltage
varied systematically to get constant heaving amplitude at the foil leading edge.

Figure 3.10: Shaker displacement tracking at the foil leading edge. (a) Positional data. (b)
Velocity data from the �rst-order �nite di�erence of position.
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lasers were mounted on the sides of the tank to illuminate a 1.5 mm horizontal sheet passing

through the center of the foil's span. Two lasers were used to provide additional light to the

high-speed camera which had a short exposure time and to illuminate both sides of the foil

to prevent any dark regions where particles would not be illuminated on one side of the foil,

which would be problematic with a one-sided light source. Cross-correlation of the image

pairs was completed using a multiple pass interrogation method with successive reductions

in window sizes using the open-source software PIVlab [81, 82]. A region of interest of

1300� 1080 pixels was used to narrow the �eld of view to the wake of the foil and eliminate

regions without 
uid velocity to reduce computation time. For a total physical �eld of view

of 10.1cm� 8.42cm, a �nal interrogation window size of 32� 32 pixels with 50% overlap was

chosen. This resulted in vector spacing of 1.25mm or 0:032S. The time interval between

image pairs, � t, was 0.004 seconds and the particle motion between image pairs was limited

to approximately 1/4 of the window size to ensure the accuracy of the cross correlation [85].

The frame rate and window size were selected based on the particle motion of the highest

velocity trials, i.e. higher frequency and amplitude, to ensure all of the 
uid motion would

be accurately captured with the current PIV settings.

The foils were oscillated for 10 seconds before recording image sets to allow for the

wake to reach quazi-steady state dynamics. For each combination of heaving amplitude and

frequency, one trial of 20 seconds was completed. The time average mean wake dynamics

were found by averaging 4 cycles of motion based on the driving frequency (f ).

The input frequencies (f ) were varied from 1-6Hz in 0.5Hz increments, and the heaving

amplitudes were 0.5, 1.5, and 3mm. Reynolds Number was calculated usingRe = � f (2�fA )C
�

and ranged from 411-14810 across the parameter space. Provided that the foil motion was

occurring within the quiescent tank with no cross 
ow the characteristic velocity chosen was

(2�fA ). A summary of the parameter space for this study is shown in 3.2, as well as relevant

length scales used for the wing design.
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Parameter Value

Heaving Amplitude (A) (mm) 0.5, 1.5, 3

Input Frequency (f ) (Hz) 1-6 by 0.5 increments

Chord Length (C) (m) 0.138

Span Length (S) (m) 0.038

Taper Ratio (� ) (m) 0.83

Re = � f (2�fA )C
� 411-14810

Table 3.2: Plunging Foil Experimental Parameters

Traveling Wave Quanti�cation:

The traveling wave index (I ) was calculated for the varied heaving amplitudes to

quantify the deformation as either standing (I = 0) or traveling ( I = 1) waves. The traveling

wave index was calculated using complex orthogonal decomposition (COD) as outlined in

[26]. In short, we transform positional and time data into the complex domain with a Fast

Fourier Transform (FFT), transpose the complex signal, and �nd the correlation matrixR.

To complete the COD we take the eigenvectors and eigenvalues from the correlation matrix to

gain insight into the complex modes present on the structure, where the eigenvalues represent

the prevalence of the corresponding eigenvectors. Then we �nd the real and imaginary parts

of the �rst column of eigenvectors, assuming that only the �rst mode is prevalent in the

foil behavior. Lastly, we take the inverse of the condition number of the real and imaginary

parts of the �rst mode to get the traveling wave index (I ) [26].

In order to �nd I , several distinct positions on the wing needed to be tracked in time.

Adapting the code used to verify the shaker movements, a small window is additionally

looped over to track small portions of the wing chord. After tracking one complete oscillation

cycle, the window was moved down the wing chord, and the time series data was looped over
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until the entire chord was tracked. Initially, 26 evenly spaced points were tracked, and there

was a 0.01 change in calculatedI in reducing the measurement count to 13 points. As such,

for subsequent trials, 13 points were tracked along the wing chord to reduce computational

time. Additionally, it was found that there was a negligible di�erence (� 0:04) in I when

running just over one complete oscillation compared to multiple periods of oscillation through

the code. As such,I was quanti�ed with displacement data from just over one complete

oscillation period to reduce the computation time, particularly in the image tracking step.
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Abstract

This study examines the e�ect of nozzle 
exibility on vortex ring formation at Re =

1000. The 
exible nozzles impart elastic energy to the 
ow, increasing the hydrodynamic

impulse of the vortex ring dependent on the input 
uid acceleration and the initial nozzle

tip de
ection (predicted by the measured nozzle damped natural frequency). When these

timescales are synchronized, the output velocity and hydrodynamic impulse of the vortex

ring are maximized. Vortex ring pinch-o� is predicted using the output velocity for each

nozzle and is con�rmed with closed FTLE contours. The lowest tested input formation

number, L=D = 1, generates a greater increase in impulse thanL=D = 2 and L=D = 4, due

to a higher relative increase in total ejected volume and by remaining in the single vortex

formation regime. At L=D = 2 and L=D = 4, multiple vortex structures are observed due

to the interplay of the counter-
ow generated by the nozzles re-expanding and the steady

input 
ow. At the end of the pumping cycle, during 
uid deceleration, the 
exible nozzles

collapse. This helps in suppressing unfavorable negative pressure regions from forming within

the nozzle, instead expelling additional 
uid from the nozzle. Upon reopening, bene�cial

stopping vortices form within the nozzles, with circulation correlated to nozzle sti�ness.

This highlights a secondary optimal sti�ness criterion that must be considered in a full-cycle

analysis: the nozzle must be compliant enough to collapse during deceleration, yet remain

as sti� as possible to reopen quickly to maximize e�ciency in re�lling.

Introduction

Vortex rings are ubiquitous across many scales, playing key roles in systems such as

starting jets for propulsion [47], aquatic locomotion in organisms such as �sh [1], squid

[2, 6, 33], salps [54], and jelly�sh [14, 16, 31, 39]. They are also seen in respiratory 
ows

such as coughing [76], and cardiac 
ows in the left ventricle [70]. A distinguishing feature
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of many of these systems is that 
uid is pushed out of a 
exible structure which is linked

to high e�ciency due to the interaction of the 
exible structure with the surrounding 
uid

[83]. Dabiri [16] proposed that 
exible living structures, such as those found in marine

animals and the heart, operate under optimal conditions of vortex formation, making them

highly e�cient. Therefore, understanding the dynamics and formation of isolated vortex

rings generated from 
exible structures could provide further insight into engineering higher

e�ciency systems that leverage this phenomenon.

Vortex rings are typically generated in experiments by expelling 
uid through a sharp-

edged nozzle or ori�ce into another larger body of 
uid using a piston. The formation process

of vortex rings from rigid nozzles has been well studied. Didden [25] identi�ed several key

parameters governing vortex ring formation, including the nozzle diameter (D), the piston

stroke length (L), and the velocity history of the piston motionUp(t). For short piston stroke

to diameter ratios L
D = Up (t )t

D , a single vortex ring forms, entraining all the expelled 
uid given

an impulsive piston motion. [32] identi�ed a limiting stroke ratio (L
D ) ranging from 3.6 to

4.5 at which a single vortex ring is formed, and any larger stroke ratio results in additional

expelled 
uid forming a trailing jet behind the vortex ring, making it a limited process.

Further studies have shown that di�erent nozzle geometries and velocity 
ow pro�les can

alter the critical L
D value at which a vortex ring will pinch-o� and no longer gain circulation

[18, 32, 46], Dabiri and Gharib [18] demonstrated that by forcing a circular nozzle exit to

reduce in area as 
uid was being expelled, vortex ring pinch-o� could be delayed untilL
D � 8,

due to changes in the output velocity and shear layer development. Krieg and Mohseni [46]

found that pinch-o� is determined by the characteristic velocity of the vortex ring relative to

the feeding velocity of the liquid. Similar to Dabiri and Gharib [18], Krieg and Mohseni [46]

showed that vortex ring pinch-o� could be delayed up to a value oft � � 8 for a continually

accelerating feeding velocity so that the vortex ring could not outpace the feeding source.

Their work provided valuable insights into predicting pinch-o� timing under time varying
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output velocity programs.

Hydrodynamic impulse can be used to quantify the 
uid thrust generated by a vortex

ring, which is the summation of 
uid impulse from the change in 
uid inertia and 
uid

pressure [73]. The total thrust supplied by a starting jet is primarily controlled by the

momentum 
ux, and secondarily by the pressure change at the nozzle exit. The change in

momentum 
ux is directly a�ected by the vortex generator as it is the integration of� f U2
e ,

whereUe is the 
uid velocity distributed across the nozzle exit being produced by the pump

or propeller. For a rigid nozzle, this cannot be easily altered without changing the input

to the system from the vortex generator. However, the pressure change,p � p1 , wherep1

is the ambient 
uid pressure, is a�ected by several factors including the 
uid acceleration,

nozzle geometry, and duration of the velocity being expelled [28, 45, 47]. These factors are all

closely related to the vortex ring formation process and help describe the increase in impulse

by forming a single vortex ring. It was determined that the maximum thrust normalized

by momentum 
ux could be achieved att � � 4, for an impulsively started piston, due to

the increase in pressure rise at the nozzle exit when a vortex ring pinches o� [47]. Notably,

thrust could be increased with a faster 
uid acceleration for the samet � value, as would be

expected based on the increased 
uid momentum [47]. Gao et al. [28] stated that the total

impulse depends on the 
uid deceleration as well, which can create a stopping vortex near

the nozzle exit which favorably contributes to the pressure impulse. Additionally, Yin and

el Hak [89] demonstrated that for a pumping jet style propeller, re�lling the body creates

positive momentum and a stopping vortex within the body cavity.

When applied to aquatic vehicles, it has been demonstrated that pulsed jet propulsion

can achieve a much higher e�ciency compared to steady-state jets of equivalent volume.

The bene�ts stem from the added mass and entrainment e�ects from forming a series of

vortex rings, which depends on formation number, 
uid acceleration, and Reynolds number

[7, 8, 16, 48, 62, 63, 75]. The increase in e�ciency associated with creating sequences of
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vortex rings is due to a combination of increased pressure impulse per pulse as well as the

interactions of each pulse with one another [48]. However, Ninh et al. [64] showed the vortex-

vortex interactions of a pulsed jet could either increase circulation by as much as 10% or

reduce it by 20% depending on the spacing of each vortex ring with one another. For instance,

Xu and Dabiri [87] showed that controlling contraction frequencies in jelly�sh with micro-

controllers could triple their swimming speed, while only creating a twofold increase in the

cost of transport, likely due to bene�cial vortex interactions. In general, jet-powered aquatic

robotics show promise in that the impulsive motion of a starting jet can provide thrust almost

instantaneously compared to several seconds for a traditional propeller to reach the desired

thrust [45]. This type of propulsion can enable low-speed maneuvering such as sideways

translation, and zero radius turns (yaw), all because there is no external 
uid manipulator

simply an internal jetting cavity ([45]). Although there are many achievements in terms of

jet propelled robotics, there is limited research into the e�ect of utilizing 
exible structures

to increase e�ciency and maximize thrust per pulse from these types of aquatic vehicles.

Jelly�sh and squid have been shown to be among the most e�cient swimmers, attributed

to their 
exible, deformable bodies creating desirable movement kinematics [14]. Jelly�sh

locomotion encompasses three parts: suction thrust during contraction, passive energy

recapture during relaxation, and a wall e�ect created by the interaction with counter-rotating

vortices left in their wake [31]. Squid exhibit similar swimming kinematics as well. [3] showed

that squid utilize two distinct modes of locomotion, alternating between small bursts of 
uid

that create individual vortex rings, and larger jets that generate multiple vortex structures at

the expense of e�ciency for additional force. Xiaobo et al. [86] numerically demonstrated that

in the case of a soft bodied jet propulsor, with geometry similar to a squid, sucking liquid into

the body has the same e�ect as pushing water out by increasing positive momentum within

the body, which is likely related to a squid's swimming e�ciency. Numerical simulations

of jelly�sh revealed that synchronizing contractions with the natural wave speed of the bell
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margin results in a maximum thrust e�ciency, related to the resonant frequency of varied

sti�ness bodies [38].

The impact of employing 
exible 
aps and hinges to manipulate the 
ow produced

by starting jets has been studied as well. Many nature-inspired researchers have shown

that a speci�c amount of 
exibility enhances thrust generation or e�ciency in terms of a


apping wing or �n model [21, 24, 43, 51, 52, 58, 59, 67]. All of these studies indicate

that a speci�c level of 
exibility increases thrust production or power e�ciency in 
apping

wing or �n models, attributed to the alignment of shed vortices and surface deformations.

However, the number of studies relating 
exibility to thrust generation from a starting jet

is still somewhat lacking, with most �ndings showing that inde�nitely decreasing sti�ness

increases thrust e�ciency. Das et al. [20] showed that 
exible 
aps installed at the outlet of

a rectangular channel could amplify 
uid impulse by a factor of two while utilizing the same

energy input, due to rearrangement of vorticity of the jet. Jung et al. [41] demonstrated

that by using everting 
exible elastic sheets at a nozzle exit, the 
uid impulse of a jet could

be enhanced by as much as 14 times, with increased bending rigidity of the sheets.

Studies of 
ow within a 
exible tube have been investigated but with very limited

application to jet or vortex 
ows. The majority of studies focus on 
exible tubes with

rigid circular supports at either end [44, 53, 68]. Through the use of shell theory coupled

with hydrodynamic equations, the natural frequency and vibration mode of a submerged

cylindrical shell can be predicted [44]. The hydrodynamics and inertial e�ects within the

thin shell signi�cantly alter the frequency and mode shapes resulting from the thin shell,

but this can be accounted for using a mass and speed ratio relation of the shell and the 
uid

[68]. Additionally, the length to radius ratio (L=R) and wall thickness to radius ratio (h=R)

have a large impact on the stability of the resulting deformations relative to the velocity

of the 
uid being expelled [65]. Speci�cally, Paak et al. [65] showed that for clamped-

free boundary conditions, the output velocity can excite periodic, multi-mode, or chaotic
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vibration depending on the velocity ratio U = ub=cs where ub is the bulk 
uid velocity

and cs is the wave speed on the cylinder surface. Choi and Park [10] found that there is an

optimal sti�ness for a circular nozzle to maximize thrust for jet 
ows, rather than inde�nitely

increased thrust for a decreased sti�ness. Their work derived an optimal 
exibility condition,

relating the sti�ness of the nozzle to the acceleration of the 
uid being expelled. In a

subsequent study, their work showed that these concepts could be applied with single pulsed

jet 
ows [11]. However, these concepts have yet to be analyzed with respect to the wake

formation of single vortex rings to maximize pressure impulse and thus ejected volume.

Additionally, the e�ect of stopping vortices has not yet been accounted for in these models

in terms of �nding an optimal sti�ness relative to the 
uid generation apparatus.

In this study, we experimentally investigate vortex ring formation through ori�ces of

varied 
exibility, aiming to maximize thrust (circulation and impulse) with a �xed kinematic

input to the nozzle. An alternative optimal 
exibility condition is proposed based on

measured material properties for the 
exible nozzles and their corresponding damped natural

frequencies relative to the 
uid acceleration in Sections 4 and 4. The measured circulation is

related to the e�ective formation length (L
D ef f

) from the di�erent nozzles of varied sti�ness

and compared with �ndings of previous literature in Section 4. In Section 4, the vortices

generated by the di�erent 
exible nozzles are studied using Finite Time Lyapunov Exponent

Fields (FTLEs) to experimentally determine primary vortex ring pinch-o� and veri�ed by the

predicted pinch-o� time from the work of Krieg and Mohseni [46]. The vorticity distribution

between the primary vortex ring is delineated from the rest of the 
ow and used to further

understand the optimal conditions for the current 
ow characteristics. Lastly in Section 4,

particle image velocimetry is performed within the 
exible nozzles to quantify the stopping

vortex formed at the end of the nozzle deformations, which provides a fuller picture of the

performance of these nozzles in a pulsed jet framework.



49

Figure 4.1: Schematic of the experimental setup used for generating the vortex 
ows with
NE-1000 Aladdin pump. A 1mm thick laser sheet is used to illuminate a 2D plane of the
tank. Interchangeable nozzle detail is also shown for mounting the rigid and 
exible nozzles.

Methods

Experimental Setup

Experiments were conducted in a 46 cm� 46 cm� 46 cm free-surface water tank �lled

with water to a height of 41 cm. An Aladdin NE-1000 syringe pump was used to generate

the vortex 
ows. A 140 mL Monoject syringe was connected to a 1" SCH40 PVC pipe with

inner diameter of 2.66 cm with 
exible tubing. Nozzles with diameter (D = 2.55 cm) and

length (Lnozzle = 11:5 cm) were installed at the end of the pipe to eject 
uid downward in

the center of the tank, 14 cm below the water surface. Further description of the nozzle

adapters will be discussed in Section 4. A schematic of the experimental setup is shown in

�gure 4.1. The origin of the coordinate system used for calculations and de�ning coordinate

directions is de�ned by the center of the nozzle exit with the positiveY direction oriented

vertically downward in the 
ow direction, as shown in �gure 4.1 nozzle detail.

The syringe pump velocity pro�les were de�ned using the Windows Command Prompt

Program, in combination with an Excel spreadsheet to format the input data, to control

the velocity (Upiston ) and duration (tcycle) of the syringe piston motion. Three syringe piston
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Figure 4.2: Measured syringe pump piston velocity by syringe motion normalized by the
programmed maximum velocity for the pump (Umax ).

velocity programs were selected corresponding to formation lengths,L
D =

Rtcycle

0
Upiston (t )

D dt =

1; 2; 4, ensuring the rigid nozzle would produce a single vortex ring with negligible trailing

wake at the maximal ejected volume [32]. Each pro�le had an impulsively started piston

motion measured at the syringe pump. The input diameter-based Reynolds Number (ReD =

Upiston D piston

� ), where� is the kinematic viscosity of room temperature water, was held constant

at 1000. The programmed piston velocity pro�les were veri�ed by imaging the rear edge of

the piston and tracking the displacement over time using an in-house MATLAB script. In

brief, the tracking was accomplished by converting the videos to images, reducing each image

to the area of interest, passing a Canny Edge detection �lter over the images, and binarizing

the images using a threshold value [9]. Each piston velocity pro�le was imaged 5 times to

ensure repeatability and was averaged over these trials and is plotted in �gure 4.2. The mean

steady state piston velocity data for eachL
D is 1.68 cm/sec with a 95% con�dence interval

of � 0:01 cm/sec from a one-sample t-test.

NozzleConstruction and Characterization

A rigid nozzle was 3D printed out of PLA plastic with a layer height of .03mm. The rigid

nozzle was manufactured to be the same length (Lnozzle = 11:5 cm) as the 
exible nozzles,

with the only di�erence being a beveled edge of 25 degrees at the exit. This nozzle design
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was selected to be consistent with previous studies in vortex ring literature [18, 32, 47].

The 
exible nozzles were molded from SmoothOn SortaClear 40A two-part liquid

silicone. The selected nozzle construction method was adopted from Choi and Park [10],

using a pour mold method over a 2.55 cm diameter (D) aluminum rod press �t into a 3D

printed base to create the mounting surface for the 
exible nozzles. Figure 4.1 shows a

complete 
exible nozzle with the integrated mounting surface, and �gure 4.3(a) shows an

isometric view of the 
exible nozzle geometry. After curing, the nozzles were cut to a length

(Lnozzle) of 11.5 cm measured from the top of the nozzle base to the edge of the nozzle exit,

resulting in an aspect ratio (L nozzle
D ) of 4.55. This aspect ratio was chosen to ensure all of the


uid ejected was initially contained within the nozzle. This is in contrast to Choi and Park

[10, 11], where an aspect ratio of 2 was used (ejected 
uid slug not initially fully contained

within 
exible nozzle). The sti�ness of the 
exible nozzles was controlled by adding di�erent

mass percentages (%ma = 15% � 50%) of SmoothOn Silicone Thinner relative to the base

liquid silicone mixture.

The 
exible nozzles were mounted to the experimental setup using a 3D printed part

that clamped onto the base of the nozzle using bolts, shown in �gure 4.1. This setup

was used to reduce stress concentrations from forming at the edges of the nozzle which

could potentially a�ect the nozzle deformation behavior. Additionally, the mount created a

consistent rigid boundary condition between the di�erent nozzles to ensure the repeatability

of the experiment. After a nozzle was clamped onto the mount, it was installed onto the outlet

pipe using an interference �t. The rigid nozzle was similarly installed with an interference

�t on the outlet pipe.

For each nozzle, a representative nozzle was made to be sliced into strips to measure

the mean nozzle wall thickness (h) using an Olympus BX60 microscope with a 10� power

lens. The wall thickness was measured at a total of 16 locations for each nozzle, at 4 stream-

wise locations 2.5 cm apart and 4 equally spaced azimuthal locations around the nozzle
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Figure 4.3: Nozzle wall thickness measurement schematic and variation in wall thickness.
(a) Schematic indicating the cut sections used for measuring nozzle wall thickness. The
nozzles were cut along their streamwise direction to create 4 strips that were measured at 4
streamwise locations along the nozzle's length. (b) Distribution of measured nozzle thickness
along the length (L) of the nozzles. The labeled % values in the legend correspond to the
%ma of silicone thinner added to the mixture to mold each nozzle.

circumference at each stream-wise height as shown in �gure 4.3(a). The wall thickness

variation was negligible with a maximum azimuthal variation of 4.1% for the manufactured

nozzles. The wall thickness varied approximately linearly along each nozzle's length due

to the pour molding manufacturing method. The spatial distribution of the wall thickness

along the nozzle length (Lnozzle) is plotted in �gure 4.3(b). The thickness decreased at an

average rate of 17.7µm/ D along the streamwise direction of the nozzle. The total change in

thickness was approximately constant between the di�erent nozzles, thus the thickness was

averaged over the measured locations for each nozzle. Mean wall thickness (h) varied from

188.4µm to 96.8µm across the di�erent nozzles.

Young's Modulus (E) was calculated by completing tensile tests on 5mm thick dog bone

samples prepared with cross sectional geometry as described in ASTM D412-16 Standard

Test Methods for Vulcanized Rubber and Thermoplastic Elastomers|Tension [5]. The tests

were completed on an Instron 312 Series Frame with a 25 kN load cell. For each nozzle,

8 tensile tests were completed from two di�erent batches of silicone, one batch from the

silicone used for the experimental nozzle, and a second batch from the silicone used for the
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Figure 4.4: Material properties measured with varied %ma thinner (a) Young's Modulus (E)
averaged over 8 samples from each %ma of silicone thinner added to the nozzle mixtures.
(b) E multiplied by the mean wall thickness (h), de�ning the characteristic sti�ness of the
varied %ma thinner nozzles.

representative nozzle. The maximum variation inE between the two sets was negligible,

with the maximum being 4.2%. Young's Modulus (E) varied from 404 kPa to 193 kPa as

shown in �gure 4.4(a).

The representative characteristic sti�ness parameter was chosen to be Young's Modulus

(E) multiplied by the mean wall thickness (h), which is plotted in �gure 4.4(b). Overall, a

set of 5 nozzles were tested with characteristic sti�ness parameterEh = 19 N/m, 29 N/m,

54 N/m, 78 N/m, and Eh = 1 N/m (rigid). Table 4.1 summarizes the parameters studied

in this experiment.

Velocity Field Measurements

Particle Image Velocimetry (PIV) was conducted to quantify the velocity vector �elds

beneath the nozzles. Images were sampled at 60 Hz with a resolution of 1080� 1920 pixels.

The camera was triggered to start simultaneously with the initiation of the pump using an

in-house LabVIEW program via a MyDAQ (National Instruments). Hollow glass sphere

particles with mean diameter of 10µm, and average density of 1.10 g/mL were used to seed

the tank (Potters' Industries Sphericel, 110P8). A 532nm continuous wavelength laser and
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Parameter Value

Nozzle Diameter (D) (mm) 25.5

Nozzle Length (Lnozzle) (mm) 115.0

Characteristic Sti�ness (Eh) (N/m) 19, 29, 54, 76,1 (rigid)

Formation Length (t � = L
D ) 1, 2, 4

ReD 1000

Table 4.1: Experimental Parameters

a convex cylindrical lens were mounted underneath the tank to illuminate a 1 mm vertical

sheet passing through the center cross-section of the nozzle in either the XY or XZ plane

as de�ned in �gure 4.1, with the Z direction being out of the page. Cross-correlation of

the image pairs was completed using a multiple pass interrogation method with successive

reductions in window sizes using the open-source software PIVlab [81, 82]. For a �eld of

view of 5.5D � 3D, a �nal interrogation window size of 64� 64 pixels with 50% overlap was

chosen. This resulted in a vector space of 59� 32 vectors with a vector spacing of .098D. The

time interval between image pairs, �t, was .0167 seconds and the particle motion between

image pairs was limited to approximately 1/4 of the window size to ensure the accuracy of

the cross correlation [85]. As the 
exible nozzles were found to deform about a preferential

axis, PIV was performed both perpendicular (XY plane), and parallel (XZ plane), to this

preferential axis to ensure axisymmetry in our results (see Appendix 4 for further details).

For each nozzle, 10 trials were completed, with 5 trials from each plane. In subsequent plots,

the average of these 10 trials is plotted unless otherwise noted. The mean maximum spatially

averaged velocity measured 0:019D below the rigid nozzle outlet was calculated to be 3.97

cm/sec across all ejected volumes, with a 95% con�dence interval of� 0.1 cm/sec based on

a one-sample t-test. All reported con�dence intervals hereon represent the 95% con�dence
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interval based on a one-sample t-test. The 
exible nozzles altered the measured exit velocity,

which is discussed in Section 4, where theEh = 29 N/m nozzle had the largest variation,

with a mean maximum spatial averaged velocity of 6.40 cm/sec and con�dence interval�

0.3 cm/sec.

NozzleDeformation Measurements

To track the side deformation of the 
exible nozzles, the particles were removed from

the tank, and the laser sheet was used to illuminate the longitudinal center cross section of

the nozzle in the XY and XZ planes. The camera imaged the center plane deformations,

which were used for nozzle tracking with an in-house MATLAB edge detection code. The

same image processing steps were applied to these images as was used to determine the

syringe pump velocity pro�les. Two time sets were considered, forced vibration when the

pump was active, and free vibration when the pump had stopped moving and the nozzle was

freely oscillating. The bottom millimeter of the nozzle was used as a representative point to

track the position over time. Fast Fourier Transforms (FFTs) were completed in MATLAB

to �nd the repeated oscillation frequencies from the free vibration positional datasets. The

single-side amplitude spectrum of the position data, or the occurrence of each frequency in

the positive domain, was calculated using a sampling period of .0167 sec and sample length

of 600 samples (10 seconds). The single sided amplitude spectrum was plotted to �nd a peak

in frequency occurrences to estimate the damped natural frequency of (! d) of the nozzles.

The deformation viewed from beneath the nozzle (YZ plane) was also imaged.

FTLE Fields and Ridges

The predicted material boundaries of the generated vortex rings were identi�ed by

detecting ridges within the Finite-Time Lyapunov Exponent (FTLE) �eld using the LCS

Matlab Kit V2 by the Biological Propulsion Laboratory at the California Institute of

Technology [17, 69, 74]. The FTLE �elds are directly derived from the velocity �elds
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generated from PIV by either initiating 
uid particle tracking forward or backward in time.

This process yields both positive (forward) pFTLE and negative (backward) nFTLE �elds.

The FTLE �eld is computed by:

� t
T (x) =

1
jTj

ln

�
�
�
�
d� t+ T

t (x)
dx

�
�
�
� (4.1)

where � t
T (x) signi�es the 
ow map of particles from their location at x at time t to

t + T. jTj represents the integration time used to track the particle motion, withT < 0,

indicating backward time, andT > 0, corresponding to forward time. After obtaining the

FTLE �elds, regions of local maxima, or ridges, were identi�ed to pinpoint regions where


uid transport is restricted or intensi�ed. These ridges are known as Lagrangian Coherent

Structures (LCS), which are valuable for analyzing vortex ring pinch-o�. Negative LCS

(nLCS), found from the ridges within a nFTLE �eld, indicate attractive material lines in

the 
ow �eld, while positive LCS (pLCS), found from ridges within a pFTLE �eld, indicate

repelling material lines. When a nLCS and pLCS combine to form a closed loop, it signi�es

the formation of a pinched-o� vortex ring [74]. The presence of a pLCS on a vortex ring's

rear edge suggests that further 
uid entry into the enclosed structure of the vortex ring from

the vortex generator is unlikely, and the vortex ring will not gain additional vorticity. The

integration length jTj chosen for the data analyzed within this paper corresponds to 1 second

or 60 image frames. A step size of 1 and a time step of 0.0167 seconds per frame were used.

Resultsand Discussion

Changesin Flow CharacteristicsDue to NozzleFlexibility

First, we examine how the development of the vortical structures in the 
ow �elds is

in
uenced by the 
uid-structure interaction as the characteristic sti�ness parameter (Eh) is

varied to investigate whether an optimal 
exibility condition exists for our given input 
ow
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parameters. Figure 4.5(a) illustrates the 
ow development from theEh = 1 N/m (rigid)

nozzle for L
D = 2 from (i) t=tcycle = 0:41 to (iv) t=tcycle = 3, where tcycle is the time when the

pump stops for eachL
D . The nozzle position relative to the 
ow �eld is shown as the black

trapezoid at the top of each frame. As the 
uid is expelled from the nozzle, the shear layer

rolls up, forming a single primary vortex ring (PV) as it enters the quiescent tank. The

plots show a cross section cut across the middle of the ring, which is displayed as a single

counter-rotating vortex pair of opposite sign vorticity. This is consistent with Gharib et al.

[32], wherein the ejected 
uid from impulsive piston motion will form a single vortex ring for

L
D < 4. However, this behavior changes whenEh is su�ciently low enough (
exible enough)

to perturb the input 
ow conditions.

Figure 4.5(b-e;i - iv ) shows the 
exible nozzle (Eh = 76, 54, 29, 19 N/m) 
ow �elds,

under the same input kinematic 
ow conditions from the pump (LD < 2). As Eh decreases

(becomes more 
exible) the 
ow structures begin to deviate from the rigid case. ForEh =

76 N/m the vortex cores are slightly elongated, but become approximately circular after

t=tcycle = 1:5. It is understood that the alteration is due to small scale oscillations (� 0:02D)

of the 
exible nozzle. AsEh is lowered further, the deformation of the nozzles becomes an

order of magnitude more pronounced (up to� 0:19D), multiple distinct vortex structures

form, and the PV begins to signi�cantly di�er from the rigid case. For Eh = 54 N/m in

�gure 4.5(c), two cores form, where the secondary vorticity eventually leapfrogs through

the PV core, but the two cores do not separate from one another. The formation of this

second core of vorticity corresponds to the nozzle oscillations and rapid collapse att = tcycle,

which is examined further below. ForEh = 29 N/m in �gure 4.5(d), the PV separates

from the nozzle prior to t=tcycle = 1. A weak secondary vortex structure (SV) forms, and

separates from the nozzle att=tcycle = 1:5. Notably the PV travels signi�cantly further than

the rigid case reaching 3:4D compared to 2:2D at t=tcycle = 2:5, de�ned by the averaged

location of peak vorticity between the positive and negative cores. For the most 
exible
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nozzle,Eh = 19 N/m, two separate vortex structures also form, but the SV is slightly larger

than that produced by the Eh = 29 N/m nozzle. Interestingly, in this case, the PV travels

a shorter distance of 3:1D below the nozzle att=tcycle = 2:5, compared to the slightly sti�er

Eh = 29 N/m nozzle, implying an optimal sti�ness condition greater than Eh = 19 N/m.

This will be discussed further in Section 4. Similar trends are observed at the other ejected

volumes (LD = 1; 4), see Supplementary Material 1.

To compare the vortex rings produced by the di�erent nozzles, we analyze cross-

sectional cuts of the vortex rings generated by theEh = 1 N/m (rigid) nozzle and the

Eh = 29 N/m nozzle, at t=tcycle = 2 for L
D = 1. This simpli�es the comparison by focusing

on single PV structures as shown in the vorticity plots in �gures 4.6(a) and (b). Figures

4.6(c) and (d) display the spatial distribution of vorticity and velocity components measured

along the cut lines. These cut lines are de�ned by the vertical (Y) location of peak vorticity

for each trial. As inferred by the distance traveled by the PV produced from theEh = 29

N/m nozzle, the peak velocity is 2.5 times higher, and the peak vorticity is 2.8 times higher

than the rigid nozzle case. Additionally, the wider spatial distribution velocity and vorticity

suggest that theEh = 29 N/m nozzle not only produces a stronger PV, but a larger PV

compared to the rigid nozzle.

Next, we analyze the temporal variation of vortex spacing (b) and core diameter (a) for

each nozzle, as plotted in �gure 4.7(a) and (b) forLD = 2. The primary vortex ring is tracked

for this analysis, with b de�ned as the distance between the peak vorticity values of each

core, anda is de�ned by the distance between the two points bounding 10% of the maximum

vorticity, averaged between the positive and negative cores. As shown in �gure 4.7(a), the


exible nozzles generate vortex rings with wider spacing, with each ring converging to an

approximately constant spacing of 1:41� 0:15 b
D , compared to 1:19� 0:13 b

D for the Eh = 1

N/m (rigid) nozzle at t = 3tcycle. The vortex ring core diameter (a) varies slightly with Eh,

with the 
exible nozzles all creating larger cores, as shown in �gure 4.7(b). TheEh = 54,
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