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Abstract:

We consider the problem of non-adiabatic passage of an oriented spin through an inhomogeneous
magnetic field. Differential equations for the spin state amplitudes for an arbitrary magnetic field are
derived for the two cases of spin 1/2 and spin 1. The field is shown to be completely characterized by a
single parameter called the adiabaticity parameter o The adiabaticity parameter is the ratio of the field
magnitude to the field rotation rate. By means of a pedagogical example, a criterion for defining
regions of adiabaticity (no spin flips) and non-adiabaticity (spin flips) is developed.

Using this criterion, we define transition lengths for regions where transitions occur.

We solve the amplitude equations for a simple type of magnetic field and calculate the spin flip
probability. The field is assumed constant everywhere except in a small region where the axial
component goes linearly through zero, reversing its direction. We constructed a magnetic field that
closely approximates the above field. By using the F = 1 hyperfine states in the 2S 1/2 level of atomic
hydrogen, we confirm the theory by comparison with experiment.

From the experimentally verified theory; we propose a novel method of producing a beam of
metastable (2S 1/2) atomic hydrogen polarized completely in the F = 1, mf = 0 hyperfine state.
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ABSTRACT

We consider the problem of non-adiabatic passage of an oriented .
spin through an inhomogeneous magnetic field. Differential equations
for the spin state amplitudes for an arbitrary magnetic field are
derived for the two cases of spin 3 and spin 1. The field is showh to
be completely characterized by a single parameter called the
adiabaticity parameter . The adiabaticity parameter is the ratio
of the field magnitude to the field rotation rate. By nmeans of a
pedagogical example, a criterion for defining regions of adiabaticity
(no spin flips) and non-adiabaticity (spin flips) is developed.-
Using this criterion, we define transition lengths for regions where
transitions occur.

We gsolwe the amplitude equations for a gimple type of magnetic
field and calculate the spin flip probability. The field is assumed
constant everywhere except in a small region where the axial component
goes linear}y through zero, reversing its direction. We constructed
a magnetic field that closely approximates the above field. By using
the F = 1 hyperfine states in the 23; level of atomic hydrogen, we
confirm the theory by comparison witB experiment.

From the experimentally verified theory; we propose a novel
method of producing a beam of metastable (25;) atomic hydrogen
polarized completely in the F = 1, my = 0 & hyperfine state.




CHAPIER I

INTRODUCTION

1.1 History and Interest
The problem of non-adiabatic passage of an oriented spin through

an inhomogeneous magngtic-field‘was étudied in the 3930's fpr its
potential importance in measurements of the magnitude and sign of
nuclear magnetic moments.(l’2’3) “Theories were developed by
Majorana(h) and Guttinger(5), ﬁith extensions by Rabi(6)5 and
Schwinger(7), and others(8). Experiments were. performed by Stern(g)

’
and Segre(lo).

Only the gross aspects of the theory were tractable due
to its complexity (no computers were availgble 10 solve the non-linear
equations). The existing technology severel} limited the experimental-
investigations.

The situation was soon remedied if not_clarifiéd by the raéid de-
velopment of molecular beam magnetic resonance methods. The theory of
these experiments was easier to handle and yielded far more information
than could be expected from non~adiabatic passage wbrk. Non~adiabatic
transitions , sqmetimes called "spin flips" or "Majordna flops," were
then relegated to the status of a simple warning to all atomic and
molecular physicists: namel&, avoid them, for‘they are not well under-

'stood, and they will at best depolarize a beam of oriented spins.(ll’le)

Very little work on Majorana flops was done until.recently. An
experiment<l3), which used Majorana flops to selectively populate: a

particular spin state, found unexplaingd_strucéure in thg production

curve for the spin state of .interest. Since the major aim of that
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experiment was not the study of Majorana flops per se, the phenomena
was merely noted and only a cursory treatment of the data was done.
'The problem of explaining this structure was left until 1970 when we
began the work pfesented here,

~ The non-adiabatic passage of a beam of oriented spins.through an
inhomogenequs magnetic field is, in itself, of iﬁﬁérest as an exercise
in.quantum.mechanics. However, the problem can'ﬁe related to the more
general pheflomena of scattering. TIn fact, the aa:@litude equations
fof charge exchanée scattering are identical in structure(lk’lS) to the
equations describing non-adiabatic passage. - In most scattering experi-
ments, any "structure'" in the amplitudes, which is predicted by various
approximate solﬁtions, tends to be wiped out by & necessary averaging
over the impact parameter and the velocity distribution of the beam.
Thﬁs,.the validity of different approximations cannot be fested as long
as the gross .aspects of the scattering theories are similar., This
suggests that a definitiye study of non—adiabéiic passage might provide
a, convenient and controllable analogue test for a variety of collision
problems. In fact, various approximate thgories developed for écatter-
ing problems can be checked in detail only if.the strength and. dura-
tion of the interaction can be controlled. This is possible, in
princible, for a non-adiasbatic passage experiment.

During the course of this study,.a possible new method for the

production of a completely polarized beam of neutral metastable




...3..
hydrogen was discovered. We propose a method using Majorana flops
directly, which is ironic in view of the usual warnings about the de-
polarizing properties of the Majorané flops.(ll’lg) Further work
.along this line is now being attempted, and results will be reported

elsewhere.

1.2 What is Non—adiabafic Spin ?assage?

An atom in a non-zero spin state, moving tﬁrough‘an inhomogeneous
magnetic fiéld, is acted on by a time-verying field in the atom's rest
fréme. If the field variation is sufficiently slow, the adisbstic,
theorem predicts that the spin will remain aligned with the field and
will not be "flipped" (i.e. will not make a transition to a different
spin state).. If, however, the field rotates at\a.rate on the order of
the spin Lermor frequency, then there are Fourier components of the
fiéld'near the gpin flip resonance ffequency. These Foufier components
may be large enough to "flip" the spin. If spin flips occuy, then the
motion of the spin in the field is a_"non—adiébatic passage."

An illustration of "spin-flips" may be given by considéring a
simple two-level prdbleﬁ.(16) The details of this two-level problem
will be given in Chapter II and we will only discuss the highlights
here. ' |

_Cohsider the entry of a polarized spin %-particle'at a velocity

'? into a magnetic field ﬁ which is a function of position as shown

in Figure 1. The spin interacts with the magnetic field through its
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6=
magnetic moment J,'where 3 = uBﬁ, & are the Pauli spin matrices
for a spin % particle,.and iy is the Bohr magneton. The spin
Hamiltonian is then simply- : . ﬁ and the spin wave function is
Wb) = &y (b)exp( 1oy t)ay + op(t)exp(~iugt)oy-

Here o4,z are the spin-up and spin-down bispinors, respecfively.
Time-dependent perturbation theory then.gives the equations of motion
for the amplitudes a152(t). Defining the magnetic field in spherical
polar coordinates and performing the unitary transformation
G(t) = 8(t) B(t), the equations of motion in matrix notation may be
separated into an eigen-value term and a coupling term, as - (1)

1 o. 0 -exp( -i¢)

® - as(t)/at/2 3.

dB/at = ~(iw (t)/2) exp(ig) 0

~The Iarmor frequency, w (t), is defined as w = (QQB/ﬁ)LKt) and
de/dt - is the magnetic field turﬁing rate. In general, Equation (1)
can nbt be solved explicitly. However, it is in' a convenient form to
discuss the asymptotic-behavior when either w or de/dt is much
larger than the other. When w >> de/dt, we have weak coupling and'
do not reaiiy expect any spins to be appreciably flipped. On the
other-hand, when d@/dt >> w, we expect a large number of spins @o‘
. be flipped. .

It will be convenient at this point to define the ratio of w
and de/dt'.as the "adiabaticity parameter": ot) = w/(d6/dt). When

o >> 1, the‘eigen—falue metrix dominates (w >> d6/dt). The approxi-
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-mate solutions for the a{t) amplitudes with the initial conditions
a,(0) = 1, agz(0) = 0, 4e/dt ~ 0, and € 6,)) =0 are simply:

lag ()% = 1, and |ay(t)|® = 0. This is known as adisbatic passage;
and in fact, g >> 1 is one.of the criteria uéed to design bending
magnets for Stern-Gerlach type experiments. When o << 1, the non-
diagonal matrix-dominates and for a,(0) = 1, ay(0) = 0, we have the
final state amplitudes " a,(t) = 1 and ag(t) = 0. However, now the
magnetic field has changed directions while the spin has not; hence,

there has beem a spin £lip. The spin did not fB8llow the magnetic

field rotatiom.

For a more- specific example, consider the case of.a constant
magnitude magnetic field rotating uniformly from 6 =0 %to 8 = .
That is, o is a conétant and the amplitude equations may be solved
exactly. The spin f£lip probability froﬁ Chapter II is ‘

P(me) = sin?[ﬂ(l + az)%/EJ/(l + o?) . (2)
As shown in Figure 2, for « >> 1, the probabilify of a spin-flip
océurring is of order unity while for o >> i; P(m,a) 1s close to
zero. If a magneticAfield is to be designed where less than 1% of the
spins are flipped, a minimum value for  may be calculated by
B mya) << 0.0L C& > 10). For most laboratory magnetic fields the

parametric constant, o is not a "constant' but is a function of &
or 0. We cah however, estimate the approximate width of any non-

adiabatic région; The calculation of any spin flip prdbability may

be broken into regions of adiabatic paSéage, where the spin simply







Figure 2: Spin flip probability for a spin £ versus
adiabaticity parameter for a constant magnetic

field rotating uniformly through 180 degrees.

&




p(m(l):slnz['ff(l+G?)/2]/(l+0?)

O
®)
T
6

Spin Flip Probability P(ra)

Boisan s i,

e & AdIObGTIClTy Pncm e‘mr a)—o

WP I Ry T h o oa T oy




-10-
follows the field, and non-adiabatic regions, where the amplitude
equations have to be solved either approximately or numerically.
1.3 Overview of the Experiment
This thesis reports the results of a modified version of the
experiment briefly mentioned in Section 1.1. That experiment, by
Robiscoe et. al.,(lS) used a polarized beam of neutral metastable

(QSA) hydrogen atoms. Figure 3 shows the Zeeman diagram of the atomic
5 .

states used in this experiment. The fine structure states are labeled

using the nomenclature of W. E. Iamb(17>, as

o(B1: my =+5), B(28y: my = ~5), e(2Py: my = +E),
2 2 2
and f(2Py: my = ~-%). The hyperfine structure is included for reasons
2

that will become apparent later.

We generate a beam of pﬁre 25(a) - state atoms and then pass the

beam through a "flopper." The flopper used by Robiscoe was a solenoid

co~axial with the beam. The flopper is used to- "buck out" a residual

axial magnetic field generated downstream by a Helmholtz coil whose

purpose is described in Chapter ITII. As the current in the flopper is

increased, the axial magnetic field is driven through "zero" and re-

verses dired%ion. The metastable atom travels through the flopper’
experiencing an axial magnetic field that rapidly rotates by‘lBOO(TO
degrees. The o« stabte loses its axis of quantization as it passes
through this "zero field" region, and a redistribution of the population
of the J = g substates (mJ = + 2) occurs. At first glance, about

equal final state populations o's and B's' would be expected.
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‘Pigure 3: Zeeman diagram.of thé-fine structure and hyperfine

structure states in the 25, and 2P; levels of atomic,
Bl 2

hydrogen.
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Robiscoe, et. al.,‘measured the B state population relafive to
the total 23% state population as. a function of the current in the
flopper. It was expected that as the flopper current increased, the

B state population would saturate at a constant value. However, as

shown in Figure H, the B state population reached a maximum, and then
slowly decreased -- with a damped ;sciilatofy structure. Robiscoe
noted that no B states were populated until the field was driven
through zeré (reversed direction). |

This particular P state production curve (Figure l) includes
contributions from.béam.atoms at various velocitieés (the atomic beam -
is produced by effusion from .an oven and hence has a velocity distri-
bution). To avoid velocity averaging effects, a production curve for
a selectedigmall range pf velocities was measured by a time-of-flight .
" technique; results gimilar to those we measured with a flopper like
Robiscoe's is shown in Figure 5. The structure is now muéh more pro=
nounced. Robiscoe, et. al., also observed an oscillatory structure
in the velocity distribution of the B states.

If we ignére hyﬁerfine splitting, we may dnaiyze this problem'by.
" considering a two level ;pin % system; this is sufficient to deécribe
the hydrogen fine—structure, Support'for this approach is found in a
theoretical paper by J.‘Heinrichs.(ls) Hbinrichslcalculated the pro-.
bability for an eléctronic- transition in an atomic collisipn. The
tﬁeory Héimrichs used was an extension of the Landau-Zener theory.(?8’19)

Tandau-Zener theory considers the pseudo-crossing of two electronic
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Figure Y4: Non velocity selected flopper curve showing the
conversion percentage of BB'S as & function of

flopper current.
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Figure 5: Velocity selected flopper curve.
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energy levels and develéps'ampiitude equations identical to the two
level noﬁ—adiabatic passage amplitude equations derived in Chapter II.
Heinrichs' calculated probability for an electronic transition has
the same sfructural form as that found in the B state production
curvé. C ' |

Howgver, it is difficult to believe that the hyperfiﬁeAsplitting
in the ES%’ energy level is ignorable. The decoupling magnetic field
strength for the hyperfiné states is on the order of 50 gauss, much
larger than the fields in the flopper (which are rarely larger than
10 gauss). Hence, the theory of Majoranq flops should be applied to the
four hyperfine levels as ngl as the two fiﬁe‘structufe levels for
comparison. The four level theory will quickly reduce;to a three level,
S = 1, theory by noting that -the lowest hyperfine level, F = 0,
'mF = 0 (denoted gA) is sepapated.by 178 MHz from the three other
hyperfine states (F = 1) at zero magnetic field. This enefgy level
separation is sufficient to_isolate the BA from the o states so

the state is not generated by non~adiabatic passage of the «

QA
states.

We shall use the first few sections of Chapter IT to define and
develop more clearly the theory of non~adiabatic passage. This will
be accomplished by solving a two level system for a '"constant"
adiabaticity parameter «. We will show that the problem is com-

pletely'characterized by the single parameter . This pedagogical f
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example will be used ta define ﬁon-adiabatic regions.more precisely
than by the condition: o << 1. We néxt assume a simple magnetic field
whose axial component reverses direction linearly and then solve the
amplitude équations for the two level and three level cases respec-
tively. The chapte;“will end With-& discussion éf the effects of
- Impact parameter and velocity averaging.

In Chapter III, we will describe the experimental apparatus
necessary to perform the experiments. The experimental magnetic
field will be compared to the idealized field used in Chapter II
by comparing the assumed form of the adiabaticity parameter to the
experimentally measured a. The results of thé experiment will then

be given in the first few sections of Chapter IV with theoretical

fits. At the end of Chapter IV we will propose a method of producing -

" a polarized beam of metastable hydrogen atoms using Majorana

transitions.




CHAPTER IT -
THECRY
2.1 A Spin Flip Problem

The two level spin flip problem that we will consider in this
section is fashioned after a paper by R. T. Robiscoe.(16) We use his
formalism because we will extend it to a three level system.later. We
will spend some time discussing the édiabaticity parameter and uée it
to define non-adiabatic regions.

Consider a spin % particle moving with velocity 6? through an
inhomogeneous magnetic field H 'aé shown 1n Figgre 1. The spin gen~
erates a maénetic moment : = ngﬁ,:where g is the Lande g-~factor, -
bg is the Bohr magneton, and & aré‘the'Pauli spin matrices for
spin S = %. The %nteraction of the magnetic moment with the external
magnetic field is described by the Hamiltonian W= z . ﬁl The time

" evolution of the spih may be calculated from . time~dependent pertur-
bation theory for a given set of initial conditions. _Assuming'the
spin staﬁe vector is .

W) = a, (t)exp(~iB t/h)ay + ag(t)exp(-iEgt/h)ag
where o,z are. the spin-up and spin-down bispinbrs respectively,
Schrodinger's equatipn Vields the m@tyix equation

2, () . H, e - 2\ [ ay(b)
= -(1pE/‘h) 1 .

as(t) . \H, + iH&, -H, ag(t)/

[

dat .

With the magnetic field in spherical polar coordinates,
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ﬁit) = H(t)(sin 6 cos ¢, sin 6 sin ¢, cos 6), Equation (1) becomes

' cos 0 sin 0 exp(-ig)
dG/dt = -i(w(t)/2)H3, X = ‘ (2)
sin 6 exp(ig) ~cos ©

where «(t) dis the Larmor ffequencx Q(HB/ﬁ)H(t), and (I represeénts
the column vector in Equation (1).

To study the cases of weak (adiabatic) and strong (mnon-adiabatic)
coupling, Eéuation (2) is diagonalized at each instaﬁt of time by a
change in the basis vector. The representation is changed from G

to B via the unitary transformations 8§: G =8 B. The B equations

are
' [1 o 10 ~exp( ~ig)
aR/dt = -(iw/2) \ ) B -[(ae/at)/2] 8 (3)
oA exp(i¢) 0
- where )
. : c 8/2 " -8in (0/2) ex -
g - ( . cos (8/2) | sin (6/2) exp(-ig) )
sin (6/2)exp(ig) cos (6/2)

The amplitude equation is now divided into an eigenvélue matrix (first
term on the right in Equation 3), and a coupling matrix.(second term
on the right side of Equation 3). The cases of weak and strong coupling
may then bé discussed by comparing the relative sizes of the coeffi-
cients ofvthe matrices, namély w(t) and de/dt.

Tt is conVenien£ at this pdint to define the ratio of w(t) and

ae(t)/dt as the "adiabaticity parameter! o
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o() = ot)/(a8(t)/az) . (5)
If o »> 1, the eigenvalues matrix dominates, and when o << 1, the
coupling matrix is éominanf. For these two limiting cases, the ampli~
tudes will now be derived and the solutions discussed.

I. o >> 1, Adiabatic Case

When o >>'l, the ® amplitude equation is approximately

: 1 0
ag/dt = -(iw/2) B . , . (6)
0 -1 ’
The solutions are found straightforwardly to be
by ,a() = by,(t,) explF in()/2] (7)
Where At) is the integrated Larmor frequency, defined as
. . |
NE) = [ ofm)ar . (8)
2

Transforming back to the G representation by (0 & 8§ 3, and assuming

the initial conditions a;(t) = 1 and -ag(t)) = O, the extreme

adiabatic case (6 =0, & = 6,) yields

a, (t) = cos(hkt)/Q) - i cos GO sin(x(t)/g) s
ag(t) = -1 sin o_ sin(A(t)/2) . (9)

If -eo is arbitrarily set to zero, thils rather complidated solution

reduces to
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8y (%) = e@[—(i/Q)KI:E w Tyar] = ‘a'l(t)lz =1 ,

(10)
ag(t) =0

This shows that for a magnetic field with constant direction (or "re-

sonably" constant),:there are no "spin flips," no matter how drastically

the magnitude of the field may change.

II. o << 1, Non-adiabatic Case
For o << 1, the coupling matrix in Equation (3) dominates. The 8

amplitude equation becomes

~exp(-ig)|
: 03

aB/at = fas/at)/2] | ° (11)

exp(ig) o
It is found that by changing the independent variable t to 6, the

'coupled equations beéome

db, /A8 = exp(-ig) bgy/f2
(12)
db,/d® = -exp(ig) by /2.
The solutions are
b, (8) = cos (8/2), .
' - (13)
Do(8) = ~exp(ig) sin (9/2)

Transforming back to the Iai’a amplitudes, and using the same initial

conditions on al,g(to) as before, the results are

ar(t) =1 5 ag(t) =0 . SN

1
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This result shows that the spin remains aligned with the initial mag-
netic field regardless of how the field rotates. TFor instance, if the
magnetic fieid rotates by JBOO(TO,-then the initial spin-up state be-~
comes the final spin-down state and a complete "spin f£lip" has occurred.

To summarize, if the.adiabaticity parameter « is greater than
one, then the .spin ﬁill remain aligned with the magnetic fileld and no
spin flips occur; if o <« 1, some spins will 5e flipped. The demar-
.cation line between the adisbatic and non-adiabatic cases is fairly
ambiguous. However, a quantitative indication of how the spin flip
probability varies with the adiabaticity parametér o« over its entire
range may be gained by solviﬁg Equation (3) exactly; this is possible
for the cage of o = constant.

The choice of « = parametric constant (independent of 6) cor-
responds to a constant magnitude magnetic field rotating uniformly
through a given angle. 1In practice, this may be accomplished by.sendm
ing a beam of polarigzed spiné through a field rotator.(go) The mag-
netic field will be chosen to rotate from 6 =0 to © =1 at times.

t =0 (entry) and t =+ o (exit) respectively. The initial con-
ditions will be a.(t = 0) = 1 and ay(t = 0) = O.

The solution is begun by transforming away the diagonal matrix in
Equation (3) by another change in representation, namely, changing 8
to C by the unitary transformation J: C=38. The C amplitude

equation is




3 (%) B expli(A(t) - ¢) ]\ [er (%)

< =1 de (15)
W heg(t)] 2 | —expl-i(A(t) = ¢)] 0 ca(t)
where
exp(~iN(t)/2) 0
d = ‘ (16)
0 exp(iN(t)/2) | . :

Tf the magnetic field gradient is weak enough so as not to affect the
particle trajectory, .the aéimuthal angle ¢ Decomes an unimportant’
constant phase that will arbitrarily be set to zero. By changing the
independent variable from t to 0, it is found that the set of

coupled differential equations for the C amplitudes become

‘exp(ik(e)/Q) ca/2,

de, /a6
(17)

dcp/d0 = -exp(-iN(©)/2) c /2 .

A(t) may be written as a function of 0, as

b 0 , R -
At) = jt o )dT = Ie [o 8)/(d6/dt)]dae = je o 9)ds = N 0). (18)
O .

o o
The c - equations may be decoupled, yielding

0,

a%c, /ag® - io(0) de;/de - o/

(19)
0.

dPc,/d6? + i0(8) dey/dd + cp/l

The solutions may be found by straightforward means, recalling that by
choice « is a constant. After applying the boundary conditions,

the solutidns are
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exp(ia®/2) [cos(k0/2) - i(w/k) sin(ke/2)]

- (1/k) exp(-ixe/2) sin (k0/2),

il

c; ()

(20
ca(6) :

1 .
where k = (1 + o®)®. The (G amplitudes are found by applying the
transformations 8§ ard 3 to the C solutions, that is, G = SSTC.
Setting © = 17m to find the final state amplitudes after complete

Ppassage through the magnetic field, it is found that the amplitudes are
Jag (m) |

‘az(”)lz

(1/k)? sin®(kn/2) = P(m,q),

(21)

cos®(km/2) + (o/k)? sin®(km/2) .

The éxpression for lai(TO]z represents the probability that the spin
ends up anti-parallel with respect to the final field. Hence, it is
the spin flip prébability, P(m,0) , graphed, in Figure 2.

The probability that a spin is flipped is, as expected, of order
unity when o << 1 and zérq when o >> 1. The interesting-featqfe of
P(m,) ds its-oscillatory structure, which is similar to a two slit
Fraunhofer diffraction intensity pattern. fhis is due to the rather
sharp boundary conditions. By sharp, we mean setting a, = 1, and
ap = 0 at precisely t = 0. Experimentally, the initial conditions
are not that sharp and presumably the oscillations in P(1m,). would

be damped.(el)

Tt is also interesting that where the oscillations
peak, the spin flip probability is significantly greater than zero.
Hence, a stronger criterion that o << 1 or o >> 1 can be developed

to distinguish non-adiabatlc and adiabatic situations. Assuming that

we wish to define non-adiabatic regions as regions where the spin flip
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Pprobability is.greater than 0.01, then the vaiue for o, where E{ﬂ,a)
is always less than 0.01 for increasing «, is about. 10. The maximm
of each oscillation occurs at 1/(1 + o), so for 1/(1+ &) = 0.01,
we have o < 10. Bvery magnetic field region where o < 10 1is capable
of inducing a spin flip at a level of 1% or more. This ciiterion
allows any magnetic field to be divided into adiabatic and non-adiabatic
regions by defining a "transition length" determined by - « < 10.

There are two other cases, other than & = parametric constant
independent of ©, that liave been solved exactlyu<18’21) The case of
o «<B is the well known Iéndau—Zener pseudo level-crossing approximation
for charge exchange processes.(lg) The solution for o « 6 is the
function called the Landau-Zener envelope (I-Z envelope). The envelope
rises from zero to a maximum and then decreases to zero with increasing
®. There is no ogcillatory structﬁre'af all. As shown by J. Heinrich(15)
oscillations occur on this envelope if the tremsition region is
assumed to be finite; Tandau and Zener assumed the interaction extended
from t = - o to t =+ o, The I-Z envelope remains the ésymptotic
- form for the pseudo level-crossiné problem even with a finite transi-
tion reéion. This is important since Wé will refer to all such
agsymptotic forms as L-Z envelopes. The solution for o « 6 will be
derived.in Section 2.3 from the two level non—adiabatic.point of viéw.

The second cage that has been solved exactly is

o '« cosh(constant X t) ., h (22)
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This case ig of Iittle interest to us since the construction of a
magnetic.field with this behavior would be extremely difficult, if at
all possible. Tt is cleariy easier to construct a "simple'" magnetic
field region and then solve the amplitude equations. It is fortunate
that the "simple" magnetic field we used in this experiment is similar

to the perturbation used by Landau and Zener.

2,2 -Adiabaticity Parameter
The adiabaticity paraméter defined in Equation (5), may be re-
written to refiect the velocity dependence. If the particle velocity
is v = dz/dt, then o becomes .
o = EQMBH/ﬁ(de/dZ)]/V ° (23)

\

The adiabaticit& parameter is much less at high velocities than at low
velocities. This should be obvious from an intuitive standpoint. The
slower the paxrticle travels, the more time it has to follow the field
rotation. In any experiment where the particle beam contains spins |
with some aisﬁribution of velocities, it is thus necessary to average
the spin flip probability over the beam velocity distribution, because
o depenas upen the particle velocity. With this definition for o,
a new function appears, némely de/dz. This is Just the spatial ro-
tation.rate of the magnetic field instead of the temporailrdtation
rate. If is c%viously easier to measure de/dz than de/dt.

The "simple" magnetic field we chose to uée in this experiment was

-5
based in part on the form for H(t) for the case of « = parametric
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constant. In that case, the magnitude of the magnetic field was a
constant while it rotated its direction by 180 degrees. As we
mentioned eaflier, thié is iather.difficult to accomplish experimentaily.
waefer, we can Visualize a field cylindrically symmetric about the
particle beam. Assuming the spin trajectory is a straight line de-
fining an axié, we can construct a magnetic field initially aimed along
the axial direction essentially constant in magnitude, for instance-a
solenoid. Another solenoid with a field orienteq opposite to the first
solenoid then generates a magnetic field opposite in direction and the
axial field will then have rotated by 180 degrees as the particle
travels through the first solenoid into the second one. The problem
now is the question of just'how the axial field reverses its direction.
One approximation would be for the axial field to be essenﬁially con-~
stant up %ofa point where it begins to decrease in magnitude linearly
to zero. The axial field could then increase in magnitude linearly
but in the opposite direction until it reached a point where it
becomes a constant again only oppositely oriented 46 the initial
field. This fype of field ig shown‘ih Figure 6. Assuming cyliﬁdrical
symmetry, Wé may then calculate the radial component of the magnetic
field from the differential form of Biét and Savart's law,

%;- E?=‘O. The radial field is aléo plotted in Figure 6. It
should be noted that "real" magnetic fields are smoothly varying with

continuous derivatives. While we can come close to this type of
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Figure 6: A simple model for a”ﬁagnetic Tield rotating by

180 degrees.
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magnetic field in the laboratory, thé final justification for assuming
this form is in comparing o« for the real field to the theoretical «
we will derive. This is done in Chapter: IIT and it will be seen then
that the comparison is much better than might be expected at this point.

From Figure 6, we see that for |z| = z., the field is purely
axial and non-rotating. This is the adiabatic regilon where the spin
simply remaing aligned or anti-aligned with the field.  Hence, o
is dnfinite because de/dt is zero. Now at ~Zys as the particle
travels from left to right, the magnetic field bégins to change rapidly.
That is, H, = Hﬁoz/zO and H, = - Hﬁr/on where r dis the radial
distance off the 2z axis. By defining =z = vt and using Figure 1,

we have for the Iarmor frequency and field rotation rate

o(t) = g(pgH /7) p/sin 8(%),

‘ (24)
de/dp = (v/ez,) sin® o(t) ,
where p = r/EZO. The adiabaticity parameter is
o(t) = ap?/ sin® (%), (5)
where o = g(MBHb/h)zO/v and B(t) is m at t = -« and zero at

t = + . The field rotates by 180° or m radiens.
Before continuing, it.would be best to clarify an important
change that will have to be made. We have assumed so far that the Zy

defining the non-adiabatic region also determines the axial field.

_gradient. For "real" magnetic fields, this is simply not true. There~
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fore, where ever Z is used in defining the field gradient, we shall
use R and retain z, as defining the transition lgngthﬁ We now
have o = g(ugh /mR/v, and z < |z_| defining the non-adiabatic
region.
Since ¢« dis symmetric about 6 = ﬂ/2 it makes no difference if

we choose the initial starting angle as T or 0 at t = - . We will

define O(t = ~®) = 0 and 8t =+ ») =m

In the following derivations and discussions, the dependence of «
on t, 2z, and 6 will be freely interchanged. We will find it
easier to plot « as a function of Q'and derive éolutions for the
gpin flip probability in tefms of either- t or 6. In displaying «

1 P
as a function of 2z

graphically we will find it easier to plot o
rather than o as shown in Figure 7.' Since all adiabatic regions
have o« infinite, it will be éasier to portray afl, which is zero
everywhere except in the non-adiabatic region Wheré transitions or
spin flips occur.

Before we cpntinue fo the derivation of the spin flip.proﬁability
for the cases of spin 1 and %,'we must carefully corsider the initiél
conditions imposedlupon us. by the experimental equipment. It was
originally thought that we could simply produce a beam of
B(ws m
magnetic field and determine how many 23(«) states became

= + 1) atomic hydrogen abtoms and pass them through the. above

23(B; m.J = - %9 gtates. The probability for measuring the presence of
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Figure 7: The inverse adiabaticity parameter versus distance for

the magnetic field in Figure 6.
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28( B) states would be the spin-up, 2S(c«), state amplitude squared
evaluated at z, t =+ @ or © = 1. The initial conditions would
simply be all spins aligned with the initial magnetic field;
|28(e) |® = 1, |28(B)|® = 0. However, the experimental equipﬁent
would not allow this initial condition because of our method for de-
termining the -final state probabilities. The process we use is des-
cribed in detail in Chapter III. Essentially, the method uses a
large Helmholtz magnetic field, which wﬁen aligned with the transition
field (flopper.field) at the exit end of the flopper to eliminéte a
possible second non-adiabatic point, generates‘a ﬁon—a@iabati; field
reversal at the entrance to'the flopper field. Therefore, the spin
states which enter the flopper f£ield have already passed through & non-
adisbatic region. This changes the initial conditions to having all
spins antialigned with the initial flopper field. That is, we have a

beam with only 28(B; my = - %) states entering our non-adiabatic

0, |=s(@)|® = 1.

The final state that is measured i1sg the state that is anfialigned

region or flopper; ‘28(@)\2'

with the final field orientation. This is all described in detail in
Chapter TIIT. waever, if the initial states argtalsﬁ antialigged thgn'
the final state measurement gives the 'non spin flip" proﬁability
rather than the spin £lip probability,éince for a spin‘flip to occur
“the final state would be aligned with the field. Hence, we need to

calculate the non spin flip probablility which is the amplitude of the

Ll
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initially unpopulated state, 23(u; = +%§, squared evaluated at

iy
9 = 1 This non spin flip probability is then compared to the data
which measures the 25(B; m. = ~% ‘state population.

Since we have already mentioned in Chapter I that the ﬁhree level
theory‘(hyperfine states in hydrogen) is the theory which fits the
data, we shall present the two level problem with the same initial

conditions as used by Heinrichs. This yields a result very close to

the flopper curve shown in Figure 5.

2.3 Two Ievel Passége

Rather than using the formalism developed in Section 2.1, which we
will use later for the three level problem, the two level problem willk
be solved in the classical fashion of Zener(lu),and Je HEinrichs.(15)
This will be of help in comparing their results for pseudo level-
crossing charge exchange process with our two level non-adiatabic
paésage problem.

Consgider the passage of a spin %- particle, namély a hydrogen

atom in the 28; level, through the inhomogeneous‘magnetic field
2

shown in Figure 6. The amplitude equation for the spin-up [a,(t)]

and spin-down [ag(t)] states (J = 3, m. = ;%9 are
~ (t) vt r/2] e (%) -
ind/dt . = (wh/R) : - (26)
oy ) R R 3 B EWES)

where = wsﬁo/h. Decoupling Equation (26) and parameterizing the

variables, we have the following differential equations
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a%a, /AT + (-i0 + &+ /W), = 0,

(27)
dzaz/dnz + (io + % - ﬂz/u)az =0,

. L
with 17 = Bt exp(-in/hk), B = (2w/R)®, and o = wr®/8vR. Equations (27)

are the well known Weber equations whose solutions are the paraboiic
cylinder functions(eg)_ D_iG(—iﬂ)° The parabolic cylinder functions
are not given in closed analytic form but are tabulated.as asymptotic

series for various ranges of 1 and o¢. The solutions with correct

asymptotic behavior are

o1 (1) = A(0) % expl-dm/4] D_, (-i7),
22(1) = & Dy (-31),

(28)

where A is to be determined by careful applicatioﬁ of the boundary
conditions. The'pregise boundary conditions are

ay(t = -t = —zo/vj = 1.and a(t = ~t_) = 0, with =z ‘the tran-
sition length defined earlier. If |ﬂ‘ >> 1, then the asymptotic iimit
for a, as to -~ is |a|?® = (Ag/o)exp(~3ﬂv/2) ‘to order L1/1F.

A -is then simply (c)% exp(3mo/l). The requirement |7| >> 1 es-
tablishes a. lower Llimit oﬁ the applied magnetié field Hb below which
the solutions are invalid. This lower limit is H_ = 0.06 gauss for
z, = lem, r = 0.1l cmand v = 1 X 10° cm/sec. The magnetic fields
used in this experiment are easily greater than 0.06 gamss and in fact
are not measured to better than 0.05 gauss.

The spin flip amplitude is found by evaluating a, at
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to = + zo/v. Once again, because there is no analytic form for

D_ic(—iﬂ), we must use an asymptotic expansion. We choose the expan-
sion for |M] >> |o|. This inequality merely restricts the magnetic
field to be less than 10° gauss. Since the experimental field used

is less than 50 gauss, the restriction is easily met. The amplitude is,
to order 1/
% . -io'—l % . - \ - iO'
8a(ty) = (0)Rexp(3mo/h) [(+41,) By - [(2n)/T(1+i0) J(-21,) "B,1 4 (29)
where | T = Bt exp(-im/l), B = exp(—ithoz/lL)P and.
_ . . . e nR2a- =2

Ey = exp [im(1 + io) + iB & /4]

The case Landau and Zener<lh) considered consisted of letting
lzo\ go to infinity. In that case, the solution can be found exactly
and. are

lag() |? = [1 -:exp(-2ro) | exp(-2mo). (30)

What we have done is to consider a finite interaction region, that is
lzol finite. Defining the Iandau—Zener solution as IZ, the spin
flip amplitude from Equation (29) becomes

laa(t,) |? = 12 - TKBoY¥/pt N12)% sin (1), (31)

where f = (Bﬁo)z/e + 20 1n (Bt_) + m/4 - Im[In I(io)]. The second
term on the right hand side of Equation.(zg) is similar o the correc-
tion term J. Heinrichs(15) found for charge exchange processes. We
say similar because Heinrichs used a different expansion for the para-

boliec cylinder functions(because he had a different range of 17 and o




to consider),

Even though the adiabatic;ty parameter was not explicitly used,
the non-spin flip probability of Equation (31) may be rewritten in
terms of o, z ~and p, where p = r/2R and ay = g(uBHb/h)R/vi
The gpin flip probability is® i

lag|? = 12 - (1//2)(pR/2,)(12) sin (T), (32)
with IZ = (1 - exp(-mpPe)) exp(-mp®e ) and:
f = aOzO/R + [aopzln(an)]/e + /b - Im ln(iaopg/E). The function
Im In( iao'pz/e) may be expanded for a/opz <1l to yield -0.577 - w/2. ._
This restriction, abpz/E <1, reduces to H < 64 gauss; again this
is not too restrictive. Theé argument of the sine function (f) then
reduces to f = qsz/R»+ m/k, since o >> [a p® In(2o )1/2.

The spin flip probability, Equation (32), is shown in Figure 8
as a function 6f Hb with the preceding‘apprdximations. The grapﬁ
is very similar to the "flopper curve" shown in Figure 5 and similar
to fhe o = constant two level case given in Figure 2. That is, the
probablility -has a maxi@hm.with dampéd oscillations superimposed. on it..
One rather odd feature of Figure 8 is the negative probability. One
must remember that Equation (32) is a first order approximation and is,
likely to exhibit some oddity; in this case, the probability dips below
zero for the paraméters chosen. We note that the Heinrichs' approxi-
ma,t'ion(l3 does the same thing: the brobability'goes negéiive due to

the first order approximation made. However, even ignoring the
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Figure 8: Two level spin flip probability for the adisbaticity
parameter shown in Figure 7 as a function of magnetie

field.
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problem with the negative probability, we were unable to fit the
flopper curve (Figure 5) with Equation (32) using reasonable values
for Zys R, p and Hb. Thérefore,'we proceeded to do the three level

calculation.

2.4 Three Ievel Non-adiabatic Passage

Referring'té Figure 3, we see that there are. four hyperfine sub~
levels in the 'ES% state of atomic hydrpgen. The lowest state,
BA(F = 0, My = 0), is Separafed from the three upper levels (F = 1) by
178 MHz at zeré magnetic field. This separation is sufficient to

isolate the state from the « states so the BA state is not

By
regenerated bu non-adiabatic passage of the « states. Therefore, the
four level problem reduces to a three level calculation by the exclu-

sion of the state.

Py
If the applied magnetic field is smaller than the decoupling field

for the hyperfine states (~ 63 gauss), then the Briet-Rabi formula-for

the hyperfine energy leveltsplitting can be.linearized.to simplify

the interaction Hamiltonian. Once again, the Hamiltonian is simply

Hl=ng§ . ﬁ,‘where ii is the applied magnetic field and & are the

Pauli spin matrices for spin l.(23) The Iande g-factor is unity so

that the amplitude equation becomes dﬁ/df = -1wKZ. (- represents

the column matrix

g (F = 1, = +1; a]
G = |ag(F=1,m = 05af}| (33)
ag(F = 1, my = -15 B

and.




=Ly

cos 8(t) | ~sin 8(t)/V 2 0
¥ =|sin o(t)//2 0 sin o(t)/J 2 (3k4)
0 sin 8(t)/J/ 2 -cos &(t)

where the azimuthal angle ¢ has been.set to zero. After the fashion
of Section 2.1, the two unitéry transformations, & and J are
carried out. That is, G =8 B and-then C =3 8. The C amplitude

equaﬁion.is then dC/at = [(de/at)/,/ 2 1 3C where

| 0 exp(1XN(t)) 0.
3 = |-exp(-iN(t)) 0 exp(1X(t)) ] (35)
0 ~exp( -iA( 1)) 0 s

recalling that MNt) = f w( v)dr. The unitary transformations §
o+

v

4 o
and J are
cos®( 6/2) -sin 6/,/ 2 ~éin ?(9/2)
8§ =|sineg//2 -  cos © -sin 8/, 2 (36)
sin?(e/2) sin 8/ 2 cos®(9/2) '
and
"‘exp[—ik(t)]" 0 0
3. = .0 1 0 o (37)
' 0 0 exp[iNt)] '

The independent variable +t 1s changed to 8 to éimplify the C

amplitude equation to

O+

ac/ae = 22 3 C , - : (38)
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_ 6 ,
where A(t) = Ie @ (8')de", and of9) = o p?/sin® 6.
(o]

Digressing for a moment, the aim of this calculation is
the set of (G amplitudes evaluated at 0 = m (t = + w),:given the
initial amplitudes .at 0 = O(t = - «). There are two approaches to
finding G(m). The first method is dirvect integration of the c
amplitude equations for a set of inifial conditions, setting © =1, a
and transforming back to the: G amplitude. The second approach is
S-matrix theory, soﬁetimes called the evolution matrix or propagator
theory, which directly gives CXTO from C(0). FEach of these methods
will be discussed, beginning with the first method.

From Equation (38), the coupled equations are
expliN8)] cp/W/ 2
{exp[i)\(e)]-c8 - expl-iX 0) ] c13/v75"' ’ (39)

deg/de - - exp[-iN0)] g/ 2

These may bé decoupled, with the result

d%c, /ae® - 31a(e) d®c, fd0® + [1 - 20°(6) - idof ) /de] dcl/de -
~ic( 0) ¢y = 0,

'~ de, /ae

i

deg/de

cp/d0® - [dlno(6)/d6ld®c,/d”0 + [1 + o?(6)ldc,/de -
~[dlna ( ) /dele, = 0, (L40)

dcy/d6® + 3io(0)dPcy/d6® + [1 - 20°(0) + idef 8)/d6] deg/de +
+ i 0)cg = O
The only case where Equations (40) have -been solved analytically is

for o = constant. The solutions for o = constant for various initial
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conditions are given in Appendix I for comparison with the two level

3 9, the Equations (40) cannot be solved

case. For o6) o« sin”
analytically. The equations can be numerically integrated, given
initial conditions, for each value of o This has been done; how-
éver, due.to the extremely slow convergence of the computer solution,
this approach was ab?ndoned. The reéson for the slow convergence of
the computer solution is the presence of the term exp[iM(0)]. For
close to zero, the starting point of the numerical integration, N(9)
is approximately o(0) A8. of0) is extremely large at this point
and the term exp [iA(6)] oscillates very rapidly. Therefore, very .
small increments A8 ~are needed for the numerical integration at the
start (and also at the conclusion, because N(mT) is also infinite).
This leaves the S-matrix approach to solving the amplitude

-equations. Since thé equations cannot be solved analytically, it is
doubtful that S-matrix theory will lead to analybic solutions. How-
ever past uses of this method have led to more tractable computer
solutions than the straightforward numerical integration of the dif-
ferential equations. Due to the variety of methods developed using
the evolution mabrix, help from an established theorist in this field
was solicited. W.R. Thorson at the University of Alberta'graciously
consented to apply his computer methods(gh’QS) to solving this three
leyel problem. - The general approach of S-matrix theory is given in

most quantum mechanics textbooks,(26) hence the theory and the pro-
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perties of the evolution matrix will be quoted without proof.

2.5 Evolution Matrix
The final state amplitudes’ C(m) can be related to the initial

conditions C(0) by the evolution matrix €&(m,0). The relationship is

om) = &m) (0)- (41)
(26)

Some of the well known properties of the S-matrix € are

1. 8(6,90), obeys, column by column, the same
differential equation as the C amplitudes do;

2. €8 ,8) = £(8,0)
3. 6(6,8)) = &(0;8) & $,6,)
h. ele-ecel -1,

5. det |g(9,8.)] = +1
6. €6,,0) =1
fpr all 9 and: eo' Another property of € is that it may be repre-
-sented by a uﬁitary ;Ghree dimensional rotation grou;p< 27) beéause the
evolution matrix just performs a rotation within the basis set.. Hence,
the form using Euler angles («,B,Y) may be used to represent thé
propagator, as . .
'(l + cos @) exp [-i(o + y]/é
¢(colum 1) = sin B exp (-iv)/J/ 2 o (L42)

(1 - cos B) exp [i(a ~ v]/2 s
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-sin B exp(-iy)/y 2

g colum 2) - = cos B
sin p exp(i0)// 2 |
| (42)
(L - cos B) expl-i(a ~ Y)J/E\
g colum 3) = -sin B exp [iy]/ﬁ

(1 + cos ) exp [i(a + B)]/2
'.'If, from property 1, tile differential equationé for the.Euler angles |
are found, the same problem arises with the numerical integration of
-these eéuations aé arose with Equations (LO). However, half the pro-~
blem, the end of the integration as © - m, may be eliminated by ex-
ploiting the symmetry of o 8), namely: o(6) = ofm - ).

_ Equation (41) may be written as

(m = &w,m/2) & m/2,0) C(0). . (43}
' The elements of &(m/2,0) may be-related to the elements of &(m,1/2)
by looking at the symmetry in the amplitude eq_uationsl. Bach column of

& 9, 90)~ must obey the same equations as C; ‘therefore

By 5(9,6,) o  expliN6)]
a | B .(8,8) 1 = (2—%) ~exp[-iA( 0) ] 0 exp[iN(0)] | X
e J o .
\EBJ.( 8, eo.) _ 0 -—exp[-iN 8) ]
| )
Ela( 9760)

X Ezj(e,eo)
Esj( e’ eo) 2




L T YO N .. {

-h9 -
. .th . . . .
Here Eij is the 17 entry from the top in €& column j). Setting

6 = -0, the integrated Iarmor frequency becomes

/ -6 /
) = - [ 0. a(—‘e)de’= -je o 8)ae = -N(0)

o

and the sign reversed equations are

By 5( =858 )} 0 —exp[-in0)] - 0
a EBJ( -9,é0) = 2—% e@[i)\( 9)] 0] —exp[—i)\( 9)] X
ae S :
Esj(—e,eo) - o exp[iN ©) ] 0
(45)
| Elj(‘e:eo)
X Eaj(fé;eo)

EB'J( - 9, eo)i

By inspection, the following correspondence may be made,

: (h6)
Eqp(-0,0,) Eya(-0,8) Els(‘efeoy\ Eaa(8,0,) Esp(9,8) Bay(6,0,)
Eay(~8,8,) Eap(-9,8)) Bas(-8,8)) | =1 Epal9,0,) Eaa( 858,) Ba1(0,6,)
Boy(-8,8)) Ban(~8,0) Faa(=0,8)/ \Fia(0,8)) Eyo(8,8)) Eqy(0,0))

This relationship allows the evaluation of &(m,0). Since

& e, -9) = ET(—B,GO), & m,m/2) may be found in terms of the elements
of & m/2,0) and vice versa. Upon Writing out &(m,0) in terms of
the elements of & m/2,0), the evolution matrix is found to have the
following symmetries,

Eq 4 (1;0) Eaa(“:0>»=E13§“:O)
g m,0) = Epy (1,0) Ega(m,0) Eyg (T,0)}. (W7)
. .X_ * .
Egq (,0) Bgy (m0) Byy (m,0) .
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From the symmetries ::Ln the three dimensional rotation group and
Equation (42), Egy(m,0) = By, (m,0) and E 4(m,0) = ~Eg,(m,0). The
final symme-tric forrﬁ for E(w,0) 1is then given as

Ey4(,0) Ey o(m0) By a(1m,0)
- M
& m,0) = -E, p(1,0) Eyq(m0)  Epp (m,0) (L48)
% M
\ B15 (m,0) -Ey 5 (7,0) Ell*(ﬂ:o)

Now, only E,.(m,0), Ego(m0), E;(m0) and E 4(m0) need to be
calculated to completely determine & m,0). Defining the terms of
& m/2,0) as E.., the required elements of & m,0) are

iJ

: % % %
- By3(m,0) = By3Egg + EpyEpg + EgyFyg

¥

Eq o(m,0) = By elas  + Eaplips + Egplys
* " * ,
E 3(m0) = B aBag + Fgafga + EgpBEys (49)

Eap(m0) = EjpEgp + BggBpy + EgpByy o

'The problem now is to determine the elements Gij‘( m/2,0). Since
6(11/ 2,0) must also obey.the amplitude equations, the numerical inte-
grations will end at © = m/2. For @ = n/2 from zeroy of 6) becoﬁes
smaller and the oséillations in the term exp[iM 8)] have smaller.
frequencies which allows rapid convergence of the numerical integration.
There is still the problem of initiating the integration at 6 = 0,
but Thorson has developed a technigue to circumvent this half of the
probiem.

& m/2,0). may be represented by the rotation matrix given by .

Equation (42). Using Property 1 for the evolution matrix, the
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differential equations for the Euler angles aré(27)

do/d6 = sin[o + N 8)] cos B/sin B ,
ap/dae = - coslo + N 0)] | (50)
dy/de = - sinfa + A(6)]/sin B

The initial copditions are: at 0 =0, Eij(0,0) 6ij’ with do/de
and dvy/de finite at 8 = 0. The results'are B =0, o =mw -N#8), -
and y= AM0) -~ m at 8 = 0. Delos and Thorson<2h) have devéloped a
%echnique o' generate a set of initial conditions at B = 9 >0
from the original initial conditions at © = 0. Starting with initial:
conditions at eo > 0, the Equations (50) may éasily be numerically
integrated, provided eo is sufficiently.greater than zero for
expliN8)] *to be "slowly osciliating.”‘ |

Essentially, the method of Delos and Thorson is to assume fhat
each solution (each column vector in &) is as&mptotically dominated
by one large and "slowly" varying coefficient while the others are
"driven" by this coefficient and are small. This assumption has been
investigated in a'paper by Delos and Thorson(gu)'and has been shown to
yield correct results. Each column vectbr has a differenf solution
depending upon whether its.initial condition has the top, middlg, or-.
bpttom entry non—iero at =0 (Eij(0,0).= éij). |

As an example, the iteration equations for'the.column Ejl" will
be derived. - Denoting the éo;umn by ey, eg, and egy, the initial

conditions are €,(0) = 1, e,(0) = e5(0) = 0. Thorson writes
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eé = oy €, expl-id (t)], and ey = ¢32eaexp[-ix(t)]7 for the "small"
driven terms. By using Equation (38), de,/dt = Q exp[iA(t)]e,

where Q =Qae/dt)/vf§" and. e, becomes
o %
e (t) = ey exp [ I_m Bey QdTl . (51)

Similar manipulations for e, and ez yield the following iteration

equations for ¢,y and ¢gp

bor = QO[T+ @By - oy dug] - (1/0)agy /at,

. (52)
-1+ ¢y @ag) - dosp/at]/[-21iw + (d¢91/dt>/¢gi]?

1l

Pz
where ® = ILarmor frequency. The idea is now to solve these equations
iteratively; that is
[-i(dQ/at) /o + iQ(dw/at) /w?] ,

[-idq/at) /2w42i Q(dw/dt)/uw?] ,

¢§1 ~ -iQ/w = d¢gl/dt

(53)
Gag ~ -iQ/w = dgg,/dt

and then to substﬁtute the derivatives, etc, into the right hapd-side
of Equations (51) and (525 and reﬁeat. For ¢/w sufficiently small
(6 small) the itgration‘will generate an adequate set of starting
values for the Equation (50). The next higher iﬁeratioﬁ may be used
to check thg precision of the starting values at the eo chosen.

The other two cases are: e;(0) = e5(0) = 0, e5(0) = 1, and:
e, (0) = eyz(0) = 0, ez(0) = 1. Procedures identical to the above.are
used to generate starting values at eo. From here, the s§lutions'for

&(r/2,0) are generated by numerical integrdtion‘from 8, to m/2, and
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the elements of & m,0) are calculated from Equation (L9) (see
Appendix II for computer program). Computer graphs of the elements of

e(n,o), Figure 9, suggest analytic functions. Thorson found(to six

significant figures) that: E,a(m,0) = exp(—nubpz/h), and E;z 1s real.

The other elements were found to be related to similar functions. In

terms of E,;(m,0) the other elements, again to six figures, are

|By2(m0) | = 1 - Bya(m0)
B, (m,0) | = {28 5(m0)(1 - Byo(m0) F (54)

Ege(ﬂ:o)' = [1 -~ ang,S(ﬂJO)]'

Eo(m0) is real, whilé the arguments of E;,(m,0) and E, 5( 11,0)
are related by Arg[E,,(m,0)] = 2 X Arg[E,,(m,0)]. The argument of
Eii(ﬂ,O) was fognd to be smoothly varying from —ﬂ/2 at o = 0 to
.0 8t o - ©, as shown in Figure 10. Unfortunately, Arg[E,,(m,0)]

is not an easily recognizable function but can be appréximated by

- (aopg + 1.2)_3/2 to within one percent. The fact that the elements

of &(t,0) can be fitted so closely by simple analytic functions was
quite surprising and suggests that there may exist analytbic solutions
for the original amplitude eéuations (Equation ho).

The evolution matrix for the C amplitudes is now given by

: (59)
. . _]___ _;l:'_.
(1-E, gy ? [2E, 5(1-E, 5) 1%%0 B,
11 1 ) 1 _1s
& m,0)= |-[ 25, (1-E, 00125 [1-282,]7 [F, 5(1-T, 5) 15 F0

1 1. .
. R 1 i
Eya ~[2F) 5(1~Ey ) [7e =19 (1-Eyq)e ¢
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Figure 9: Computer generated solutions (points) for the

magnitude of the elements of & m,0) with their

curve fitted analytic functions (solid lines).
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Figure 10: Comiauter geherated phase: Arg[E, g(m,0) 1.
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where ¢ = Arg[E,,(m,0)]. To obtain the G(w) amplitudes, the &
and J transformations are applied. Recalling that G(t)= S(t)ET(t)C(t)

and () = & m,m/2) & m/2,0) ¢(0), G(w) becomes
(56)

a(m) = () F(m,m/2) e(7,1/2) &(/2,0) 5 (7/2,0)8'(0)a(0) = ’(m0)a(0).

From Equation (36), 8(m) and ST( 0) are

0 o 1 1 0 -0

8( ) _ o -1 o P Sf(o) =0 1 0 )
1 0 0 | o 0 -1
From Equation (37) and N 0) = J‘eo cz(él)de', the .3 matrices are
exp( -1l ) 0 0
3‘ETT,T1‘/Q) = 0 1 0 s
0 0 exp(id)
exp(i)\o) 0 0
3 (m/2,0) =| o0 1 0
0 0 exp(-i?xo) ,
4 ) | ° " . . .
where )\ = Iﬁ/e of61)de’ and A = LT/Q o 9')de’. Using the

evolution matrix in the form of Equation (48), we find the propagator

®(1m,0) to be ‘ :
1 ( At * 1 % A Mg

5 0MH0) g, 1) g o)

¥ -
1 _ E1 2 “Eyp © :_LXO (57)
Ell e-l( -I\'n-—.)\o) El 3 e—l)\‘ﬂ . El 3 e-jj(- )\WF)\O)

=
»
o
}_‘..
&

K:("”JO) =




...59...
The sum and difference of )\n and KO greatly reduce if o 0) is
symmetric about @ = 7/2 [ 6) = ofm,-0)]. A, becomes -X  and
()\ﬂ + )\O)= O while (}\TT - )\o)= 2N, The final state amplitudes are

then related to the initial state amplitudes by

ay (m\ - E s ~By z*en'ﬂ Ell*egl)\ﬂ a,(0)
ag(m) } ={ B Be-i)\ﬁ -Eap ~Eq _z-x-ei%ﬂ -a5(0) (58)
ag(m/ ‘\El 1‘3—217\_.“. Ey 16“1?\1T © Eys ag(0)/ >

where A_ = Iﬂ of 6)de’ = J'TT/E of e’)de"’ Keep in mind however
T dmfe o ’ ’
that if o 0) is not perfectly symmetric sbout 6 = m/2 then
(A, + A,) is mo longer zero amd (A_ - \,) is not exactly 2\ .
As a check on our evolution matrix, we expect the final state
amplitudes to be identical to the initial state amplitudes 1f the
magnetic field becomes extremely adiabatic. This may be accomplished

by letting o = «. When o ==, E, 5(m,0) - 0 and from Equation (5L4)

we find

a, (M 0 0 expli( 2) ~9) N fa.(0)

(™) }= 0 | -1 0 25(0) (582)
\ ag(m). \¥P{ﬁi(23ﬂ‘¢)1 0 0 | a5(0)

Thet is, [ey(m)[? = |2a(0) |75 lag(m|® = |ag(0)|® end
las(m |® = |a;(0) |2 Recall that ay(m) is aligned with the final
field and hence corresponds to the amplitude antialigned with the.

initial field {i.e. ag(0)] if there is adiabatic passage. The same
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applies for the ag(m) amplitude. This can be very confusing so we

will try to elucidate the idea a little more. If a spin aligned with

the initial field follows the field rotation, then it will become anti.-

aligned with the initial field and hence : {a,(0)|® = |ag(m)|? y if the
field is adiabatic; At the other extreme, if the magnetic field is
non-adiabatic Then a complete interchange of spin-up and spih—down
should occur. This may be accomplished by letting. @ approach zerog

If o =0, then Eyq(m0) -1 and we have

ay (17) 1 o 0 | a, (0)
(] = fo -1 ofx |ay0)  (58D)
lee(mf o o 1f a0 -

Using arguments similar to above, we see that in fact that the spins
remain aligned with the initial field and.hence are flipped because
fhe final field direction is opposite to the initial field. The
implications of thié froperty will be ﬁade'clearer in the lasgt chapler
wherg we discuss how we might produce a pure polarizeé beam of meta-
stable atomic hydrogen.

Recalling the discussion on initial conditions before section
three of this chapter, we determined that the probability amp;itude of
interest is the 2S(w; my, = +1)  amplitude. TFrom Equations (54) ‘and

(58) we find

a () = Eyg0,(0) - Byg exp(ik)ag(0) + By, exp(2i) )aa(0).  (59)
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If only one state is initially non-zero, then, since the elements
Eij are smoothly varying non—oscillétory functions, we can not have
any oscillatory structure in Ial(n)lz. -Therefore, at least two
states are initially non-zero to form an interference term between
the complex exponentials. Tt is alsc apparent that if fhe inifial
stéteg are pyepared incoherently, the necessary ﬁhase averaging will
eliminate the interference term and hence no oscillation in |
lal(ﬂ)lz. We‘therefore assume that the initial states are prepared
coherently and from earlier remarks assume al(O) = (0 and
aZ(O) = a3(0) = 1//2. 1In Appendix III, we will give the results
for the more general case of all three initial states populated.

The spin flip probability, using Equation (54) and the. initial

conditions al(O) = 0 and a2(0) = a3(0) = 1/V/2 , is

2 2 2 5
lay (0 [2 = [1-T™%P 1/2- 2 &0 /41-eT"00P 213 21005 (3 4201, (60)

2 /2

. -3 2
with ¢ = Arg[Ell(ﬁ,O)] = —(aop + 1.2) , and Aﬂ = fg/ a(e)ds.

Before any comparisons can be made, Aﬂ must be evaluated., Unfortunate-

ly, a(8) = aopz/sinBG leads to an indeterminante form for‘Aﬁ. That is

A cos 9 1+cosH
A= aop? fg/Z sin—36de = —%-pz Lim [ 5 ° +1p —=2 ] = o,
i 60+0 . sin eo sin 60

We may rewrite_}\1T in terms of the spatial variable z
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A= =
T v

ffm w(z)dz = (uB/Vh) ISWIH(z)ldz, - (61)
This will also be indeterminant because of the lower limit -». How-

ever, the non—-adiabatic region does not physically extend to infinity,

and by using the criterion developed in Section 2.1 for defining the

transition region, the lower limif is replaced by ~Z _Aﬂ now
becomés
. = ) 0 = 2 1 N
Aﬂ (uB/vﬁ) f_zo ,H(z)ldz (uB/vﬁ) foo lH(z)[dz. (62)

The magnitude of the total magnetic field is lH(z)[ and is defined
in Section 2.1 as

H(=2)| = (82 + 8217, | (63)

with HZ-= Hoz/R and H = —Hop (p = r/2R). 'The integration may now

be performed, with the result .

. }\’I\' = aog(zoaR_:p>s ‘ (64)

with

E(zg,R00) = 2, (sl RD) 4 (0B “1al [+ (240 RD) 71 /oR1 1/ 287, (65)

The final three-level spin flip probability, Ial(n)l2 of Equation
(60) is graphed in Figure 11 for the s&me set of 2,105 R velses B8 the
two-level probability given in Figure 8. The prominent difference

between the two~level and three-level approximations is the asymptotic
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Figure 11:

Three level spin flip probability versus magnetic field.
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limit as Ho(and hence d& increases. Thg three~level spin flip
probability saturates at 50% population as Ho increases while the
two—-level probability decreases to zero. They both have similar
damped oscillatory structures, superimposed on the asymptotic
envelopes. These asymptotic envelopes are the first terms on the
right hand side of Equations'(Bl) and (60). For Landau and Zener,
the envelopes are referred to as L-Z envelopes. It is curious that
for the three-level case, the L~Z envelope and the damping envelope
in the oscillatory term are dependent only on thefmagnitude of o
and not on the explicit form for a(6). Only the oscillatory term
contains information about the functional dependence of m(@) on g (or
on z, or t) through A“ = fglz a(8)do. Digressiné for a moment, we
recall that noﬁ—adiabatic passage is analogous to charge exchange.
For this type of scattering, the Landau-Zener theory fits a surpri;ing
number of'cross sections. We suspect that the reason for such success
is that théfqum of fh;_intéféctioﬁ givés rise only to very small
oscillatory sfructures whilé tﬁe gross features of the cross sections
are simplylproportional to.tﬁe strength of the in;eractiop.

Comparing the original data, Figure 5, with the two theories,.
.We might suspect that the two~level tﬂéofy would fit fairly well. 1In
view of the hyperfine structure, this is quite surprising. It was not
until we. found that there were two coupled non-adiasbatic regions in

the original flopper that we understand what was happening. The
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two coupled transition regions were very similar in shape and magnitude.
Hence; as the current in the flopper was increased, a beating effect
was generated that had a very short period oscillation superimposed
upon & long period oscillation. The magnetic field and hence o, was
never run much higher than enough to complete half a cycle of the
larger oscillation. Therefore, the two level theory would not fit‘
the data no matter what parameters we used. We were not able to
completely eliminate one of the crossing'points. waever; we were

able to make one of them remain pure non-adiabatic regardless of what

. the second region did. With new boundary conditions imposed by the

first non-adiabatic region,‘we were able to obtain data that was
reasonably fitted by the three-level theory. The {lopper magnetic
fields are giﬁen and discussed in Chapter IIT. 'The corresponding
spin flip curves, with theoretical curve fits are given and discussed
in Chapter IV.

For reasons given in Chapter IIT we were not able to select a
small enough velgcity range for the particle beam to eliminate a
velocity.average. Also, because of the finite beam size we found we
had to average the theory over thé beam cross section. Therefore,
before concluding this chapter, we will do the averaging.over the
velocity distribufion and the beam size. Since we already know that

the three-level theory fits the data, we will consider only the
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three-level spin flip probability.

2.6 Veloc?ty and Beam;Size Avéraging

The three-level BB state probability, Equation (60), naturally
divides itself into two parts, the L~Z envelope (first term) and the
damped oscillatory term (second tefm). Since the terms are additive,
each ﬁay be independently averaged. The averaged L-Z envelope may
be used to curve fit the data and the oscillatioqs removed: Then,
using the parameters from the averaged L-Z envelope, the oscillations
can be separately fitted since the oscillations alone are a function
of the shape of the adiabaticity parameter and are the oﬁly terms
containing the transition width z . Therefore, each term will be
done separately.

The beam -averaging requires the assumption of uniform density
across the beam cross—seétion. At present, we have no way of actually
measuring the density within the cross—sectional area. However, how
well the averaged L~Z envelope fits the data is an indication as to
_ the validity of this assumption. The avefaging is simply the
integration over the L—Z envelope times the beam density from o = 0

top =p, = rmax/ZR, thus

20 Bl - exp(-mogp?) 1260d0/o D). C (86
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This integral can be done and simply gives
[1-[1 - exp(-mo pz)}/m 021 (67)
0 00"

The velocity averaging requires a detailed knowledge of the
actual velocity distribution of the particle beam. We have shown

that the beam velocity distribution N(v) can be approximated by(BS)

N(v) = No(v/a)n'-exp(—vz/az)° , ' (68)

Here, o = (ZkT/m)%, the mean thermal velocity of the beam and n is

a variable exponent usually around 5.5(35). This.appréximation to
the measured velocity distribution is rather poor and tﬁe integration
of Equation (67) over the distribution given By Equation (68) cannot
’ be done analytically. Since -experimentally we measure the time of
flight distribution and then calculated the velocity distribution,

we tried curve fitting the time of flight data in the hope of finding
an integrable distribution. Surprisingly, tﬁg time of flightvis
fairly well curve fitted by the Gaussian form

T(t) = Toekp[—(T-To)z/Arz)], where t_ is the peak time of flight and

At is related to the full width at the half maximum points. Figure
30 in Chapter IV shows a typical time of flight spectrum with such a
Gaussdan fit. The integration of Equation (67) (with a, © 1/v

and v = ¢/7, where & 1s the length the particle travels in time T)
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over the Gaussian distribution also can not be done analytically.

. However, since the Gaussian form is symmetric about Ty the peak in
the time of flight spectrum, we thougﬂt the integration would lead to
simply replacing v 'in a; by Z/TO. Computer integration of Equation
(67) over the Gaussian distribution showed very little deviation from
simply setting v = Z/TO in Equation (67) (see Appendix IV). We

therefore have for the beam and velOcity'averaged L-Z énvelope
[1~ (1 - exp(-na_(r )p2)/ma_(t )a?] (69)
o To’P o To’f e

The adiabaticity parameter aO(TO) is now
ao(To) = uBHOR To/Zh . . (70)

The damped oscillatory térm in the [al(ﬂ)l2 ﬁrobability is much

. more difficult to average. To find an expression which would represent
(to better than one percent) thé averaged damped oscillatory tefm, we
used intuition and then actually did the beam aqd velocity averaging

on a computer and compared our "derived" expression Qith the ”actﬁal”
computer averaged term. Oﬁr intuition took the féllowing course.

.The damped oscillatory term contains a simple.evelope times an
oscillatory term. fhe envelope is a function similar to the L-Z
envelope and hence was velocity averaged as we did for the L-Z envelope.,

The cosine term was then analytically averaged, ignoring the time
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dependence of the phase, using the Gaussian distribution. The re-

sults were then multiplied together to yield

X

2 exp(-ma (z )o2/M)[1 ~ exp(-ma(x_)o2/2)]13/2

x ' exp [-1(A (t=41))/2)%]x cos (A (1) - ¢/2). . (T1)

Again, Appendix IV shows the computer integrations compared to
Equation (71);~ Unfortunately, we could not find a function to approxi-
mate the beam averaging of Equation (71). Therefore, Equation (71)

was integrated by computer over the beam cross-section to give
theoretical curves to compare to the oscillations removed Ffrom the

data after fitting the averaged L-Z envelope to the data. Again, as

a test of our final damped oscillatory term, we compare in Appendix

IV the complete beam and velocity averaged term done by computer to our
" approximated damped oscillatory term. To within about one percent,

the two compare very favorébly and the resulting savings in computer
money was of thé.érder of a factor qf 10.

Eigure 12 shows the velocity and beam averaged three-level spin
flip_prqbability for the same parameters used in Figure & and 11 where
the two-level and three-level unaveraged probabilities are given
respectively. .There is a pronounced damping of the osciliations and
a decrease in the period of the oscillations due to the averaging

over the beam and velocity distribﬁtions;
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Figure 12: Velocity and beam averaged three level spin flip

probabillity versus magnetic field.




















































































































































































































































































































































































































































































































































