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Abstract:
Let (Y,V) be a uniform space, X be a topological space, and F:X → Y be a multi-function.

Chapter 1 introduces the concepts of F being quasi-continuous or uniformly continuous and examines
some relationships among continuous, quasi-continuous, and uniformly continuous multi-functions. A
typical result is that if F is compact-valued then F is quasi-continuous if and only if F is continuous.

Chapter 2 is concerned with uniform convergence. A typical result if that if {Fd | d ∈ D} is a net of
uniformly (quasi-) continuous multi-functions, which converges uniformly to F, then F is uniformly
(quasi-) continuous .

Chapter 3 is concerned with the structure of P(Y), the power set of Y, with the Hausdorff uniformity
and its induced topology. A one-one relationship is established between continuous single-valued
functions into P(Y) with this topology and quasi-continuous multi-functions into Y.

Chapter 4 is about the semi-group of quasi-continuous real valued multi-functions. A typical result is
that {x ∈ X | F(x) is unbounded) is open in X.

Chapter 5 is a listing of several properties of the set, CM(X,Y), of all continuous multi-functions from
X into Y, with various topologies. 
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ABSTRACT

Let (Y3V) be a uniform space, X be a topological 
space, and F:X Y be a multi-function.

Chapter I introduces the concepts of F being quasi- 
continuous or uniformly continuous and examines some rela­
tionships among continuous, quasi-continuous, and uniformly 
continuous multi-functions. A typical result is that if 
F is compact-valued then F is quasi-continuous if and 
only if F is continuous.

Chapter 2 is concerned with uniform convergence. A 
typical result if that if {F^ | d e D} is a net of uni­
formly (quasi-) continuous multi-functions, which con­
verges uniformly to F, then F is uniformly (quasi-) con­
tinuous .

Chapter 3 is concerned with the structure of P(Y), 
the power set of Y, with the Hausdorff uniformity and its 
induced topology. A one-one relationship is established 
between continuous single-valued functions into P(Y) 
with this topology and quasi-continuous multi-functions 
into Y.

Chapter 4 is about the semi-group of quasi-continuous 
real valued multi-functions. A typical result is that 
{x e X I F(x) is unbounded) is open in X.

Chapter 5 is a listing of several properties of the 
set, Cm (X,Y), of all continuous multi-functions from X
into Y , with various topologies.



INTRODUCTION

Several authors have investigated, properties of 

multi-functions satisfying various types of continuity.

Our purpose in this paper will he to define a concept of 

a uniformly continuous multi-function. Then we will 

establish several properties of the uniformly continuous 

multi-functions.

In this work we shall',assume that the definitions of 
the common topological terms are known. Among the symbols 

to be used are the following.

For a topological space X and a subset A (3 X 5 A is 

the closure of A 5 A° is the interior of A 5 3(A) is the

boundary of A 5 and X - A is the complement of A in X.

0 will denote the empty set. R will denote the real

numbers and if a5 b e R 5 a < b 5 then [a5b ] = (x | a < x <b) .

By a uniform space we mean a pair (X5U )5 where X is 

a topological space and U is a uniformity as defined in 

Kelley [9].

For a uniform space (X5U ) 5 for any x e X 5 A C  X 

and U e LI; U(x) = {y J (x5y) e U) ; and 

U[A] = U  (U(x) I x e A) .
Note A = n  { U[A] I U e Li) .

F is a multi-function from X into Y 5 F:X -> Y5 if 

for each x e X 5 F assigns a subset „F(x) Y. (Many' . ,
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authors require that for every x e X, F(x) ^ 0 and 

F(x) = F(x)). The closedness of F(x) is desireable if 

we are trying to establish separation properties, see 
Smithson [15].

For a multi-function F:X-> Y, X and Y topological 

spaces, we will say that F is compact-valued (closed­

valued, open-valued) if F(x) is compact (closed, open) 

for every x e X.

F is upper semi-continuous (use) at x € X if for 

every open set 0 in Y, if F(x) C  0, then there is a 

neighborhood N of x such that F(Xt) C  0 for every x ’ e N.

F is lower semi-continuous (JLsc) at x e X provided 

that for every open set 0 in Y, if F(x) O  0 ^ 0, there

is a neighborhood N of x such that F(x') Pl 0 0 0 for

every x 1 e N.

F is continuous at x e X, provided that F is both 

use and Isc at x. F is continuous (use, lsc) if for

every x e X, F is continuous (use, lsc) at x.

We shall need the following two theorems:

0.1 Theorem.

If I) (x, Li) is a uniform space,

ii) A is a compact subset of X,

iii) 0 is an open set in X, and
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iv) A C O 5

then there is a "V e U such that V[A] C  0.

Proof: Kelley [9] Theorem 33, Chapter 36.

0.2 Definition.

A uniform space (X,U) is a uniformly locally con­

nected space if for each U e d, there is a W e Cl such that 

¥ C  U and W(x) is connected for every x e X.

0.3 Theorem.

If i) (X5U ) is a uniformly locally connected space, 

ii) A C  X such that d (A) is compact, 

ill) ' 0 is an open set in X, and 

iv). A C  0,
then there is a U e U such that U[A] C  0.

Proof: By Theorem 0.1 since S(A) is compact, there is a

V e U  such that V[S(A)] C  0. There is a W e d 5 such that 

W is symmetric and W2 C V. Also there is a U e U such 

that U C  W and U(x) is connected for each x e X. Then 

U[A] C  0. For; let x e A. If x e d (A), U(x) C  V(x) C  0 •

If U(x) Cl d (A) ^ 0, there is a y e d (A) such that 

y e U(x) C  W(x). Since ¥ is symmetric, x e ¥(y). Thus

U(x)C W[W(y)] = ¥2(y)C V ( y ) C  0. ^
Suppose U(x) C  d (A) = 0. Let M1 = U(x) C  (X-A) and



4
M2 = U(x) D A  = U(x) Pi (A° U  3(A)) = 

(U(x))riA°)U(U(x)na(A)) =U(X)DA". , ..
But U(x) = .M1 U  M2 and x e M2 5 therefore, since U(x) 

is connected, M1 = 0. Thus U(x) = M2 (3 A (3 0.



CHAPTER I: QUASI-CONTINUOUS AND UNIFORMLY

CONTINUOUS MULTI-FUNCTIONS.

In studying continuous multi-functions into a uniform 

space it is apparent that a different definition of con­

tinuity would he useful since, e.g., the log function^. 

log: C-*- C, is not a continuous multi - function in the

usual sense. Ratner, in his dissertation, defined concepts 

which he called metrically continuous and uniformly con­

tinuous, which for metric spaces are the same as the con­

cepts of quasi-continuous and uniformly continuous.

1.1 Definition.

Let i) X he a topological space,

ii) (Y, I/) he a uniform space, and 

iii) F:X -*• Y be a multi-function, 

then F is quasi-continuous (q .c .) if both of the following 

are satisfied:

1) For each V e ^ ,  and each x e X, there is a neigh­

borhood N of x such that F(x')C V[F(x) ] for each x 1 e N.

2) For each V e ^  and each x e X, there is a neigh­

borhood N of x such that F(x') Pl V"(y) ^ 0 for each x 1 e N 

and each y 1 e F(x).

If a multi-function satisfies condition I, we will say 

that it is quasi-upper semi-continuous (qusc), if it
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satisfies 2_, we will say that it is quasi-lower semi - 

continuous (qlsc).

1.2 Lemma.

Let I) X he a topological space,

ii) (Y, I/) be a uniform space, and

iii) F:X -> Y be a multi-function.

Then the following are equivalent:

1) F is quasi-lower semi-continuous.

2) For each x e X and each V e I/, there is a neigh­

borhood N of x such that F(x) C  V[F(x1)] for each x' e N. 

Proof: Suppose that F is qlsc and that x e X and V e I/ 

are given. There is a W e V , such that W is symmetric 

and W C  V. Since F is qlsc there Is a neighborhood N of 

x such that for every x' e N, F(x') Pi W(y)  ̂0 for every 
y e F(x) . Since ¥ is symmetric, if x ' e N, for each

y e  F (x), y e  W[F(x')]C  V[F(x')] thus F(x) (3 VfF(Xt)].

Now suppose condition 2 holds. If x e X and Vet/, 

let Wet/ such that ¥ Is symmetric and ¥ C  V. There is a 

neighborhood N of x such that F(x) C WfF(Xt)] for each 
x' e N. So for any y e  F(x) and any x 1 e N, y e  WfF(Xt)] 

Since W  is symmetric there is a y' e F(Xr) such that 

y ' e W(y) . Thus 0 0 F(Xt) P  ¥(y) p F(x') P  V(y) .
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Since y was arbitrary, F is qlsc.

Theorem.

Let i) X be a topological space,

ii) (Y,V) be a uniform space, and

ill) F:X -> Y be a multi-•function.

then the following are equivalent:

1) F is quasi-continuous

2) For each V e V  and each x e X, there is a neigh­

borhood N of x such that for any x' e N, F(x') (% V[F(x)] 

and F(x) C  V[F(x1)].
3) For each V e V  and each x e X, there is a neigh-- 

borhood N of x such that for any two points X1 , X2 e N 5 

F(X1 ) C V[F(x2 ) ].
Proof: We will show that I implies 2, 2 implies 3 and

3 implies I.

Suppose I holds and that x e X and V e V  are given. 

Since F is qusc there is a neighborhood Ni of x such that 

F(x') C V[F(x)] for each x' e N. Since F is qlsc and by 

lemma 1.2 there is a neightborhood N2 of x such that 

F(x) C  V[F(x') ] for each x' e N2 . Let N = N1 Pl N2 .

Suppose 2 holds, and that x e X and V e y  are given. 

There is a W e V , such that W is symmetric and W2 (3 V.
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There is a neighborhood N of x such that for any x' e N, 

F(x')C WfF(X)] and F(x) C  W[F(x’) ] let X1  ̂ X2 e N. 
Then F(X1 ) C  W[F(x)] and F(x) C  W[F(x2 )] so 

F(X1 ) c  W[F(x) ] c  W°W[F(x2 ) ] = W2 [F(x2 )] C  V[F(x2 ) ].

Suppose 3 holds and that x e X and YeM  are given. 

There is a neighborhood N of x such that for any pair 

xl5 X2 e N 5 F(X1 ) C  V"[F(x2 ) ]. So for any x' e N 5 

F(x')C V[F(x)]. Thus F is qusc. Also F(x)C  V[F(x’)] 

for each x 1 e N5 so by lemma 1.3 F is qlsc.

1.4 Definition.

Let i) (X5U)5 (Y5(Z) be uniform spaces, and

ii) F:X -> Y be a multi-function.

Then F is uniformly continuous (uc) if F satisfies either 

of the following conditions:

1) For every V e U 5 there is a U e U such that for 

each pair (x5x 1) e U 5 F(x') C  V[F(x)].

2) For every Y e M s there is a U e LI such that for 

any pair (X5X t) e U 5 F(x')Pl V(y) ^ 0 for every y e F(x).

1 .5 Lemma.

If i) (X5U ) and (Y5(Z) are uniform spaces, and 

ii) F:X Y is a multi-function, 

then conditions I and 2 of definition 1.4 are equivalent.



Proof: Suppose that F satisfies condition I. Let V e t /

he given. There is a W e I/ such that W is symmetric and 

W C  V". There is a U e U such that for any pair (x,x1) e U 5 

F(x') C W[F(x)]. Without loss of generality we may suppose 

that U is symmetric. Then (x,x') e U implies that 

F(x) C W[F(x')]. For any y e F ( x ) , y e  W[F(x')] so there 

is a y' e F(x') such that (y,y') e W. But then 

F(x') n  W(y) ^ 0. So F satisfies condition 2.

Suppose F satisfies condition 2. Let Vet/. There 

is a U e U such that for any pair (x,x') e U j 

F(x') Pl V(y) 0 0 for each y e F(x). Then for each y e F(x) 

there is a y' e F(x') such that (y,y1) e V. Without loss 

of generality we may assume that V and U are symmetric.

Then for (XjX 1) e U and for each y e F(x) there is a 

y* e F(x') such that (yJy l) e V. Then also (y'Jy) e V 

so y e V(y1) C  V[F(x')]. Thus F(x) C  V[F(x')]. Since 

U was symmetric we also have (X1jX) e U so F(x') C  V[F(x)].

Using our definition of continuity, if F:Y -> X and 

G:Z -> Y are continuous multi-functions then FoG:Z -> X is 

a continuous multi-function. However the composition of 

two closed valued continuous multi-functions need not be

9

closed valued.



1.6 Example.

Let X = Z =  [0,1], Y = [1,°°) .

Define G:Z -» Y by G(z) = [1,^]j z e (0,1],

G(O) = [I,=);
F=Y -  X by F(y) = [|,1]5

then FoQ(O) = (0,1] is not closed.

However the following- is true.

1.7 Theorem.

Let i) Z and Y are topological spaces, 

ii) X is a regular space,

, iii) G:Z-» Y is a comp act-valued continuous 

multi-function, and

iv) F:Y-> X is a continuous closed-valued 

multi-function,

then F°G is a closed valued function.

Proof: Let z e Z,'we will shown that if x ^ F°G(z)

then x 4 F°G(z). Suppose x e F(y). Since Z is regular, 

there exists open sets O1 , O2 in X such that F(y) Q. Oi,

x G O2 and O1 Pl O2 = 0. Since F is continuous, there 

exists a neighborhood N of y, such that if y 1 e N, then

F(y')C O1.  ̂ -

10
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Suppose x i F°G(z) = F[G(z)].„ Since G(z) is compact, 

there exists finite sets (N1, N25 . . ., Nr) of open sets

in Y and (G11, O12,- . « -, Oln}'and (O215 O22, . . . 5 O2 )̂

of open sets in X such that

i) ■ G(z) C  U  N 5 
i=l

ii) F[N.]C O115 i=l5. 2, . . ., n,

iii) x G O21, 1=1, 2, . . ., n; and

iv) O11 P  O21 = 0, i=l. 2, . . ., n.

Then

F°G(z) = ;F[G(z)]C F[ U  N ] C  
i=l 1

n n .
U  F(N1 ) C  U  O11 
i=l i=l

n n nx .e H  0o.} and ( U  O1.) Pl ( Pi 0 P.) = 0.
i=l 1 ' i=l 11 i=l ^

So x 0 F°G(z).

The above shows that if F is a closed-valued con­

tinuous multi-function into "a regular space and 'K is a 

compact subset of the domain of F then F[K] is closed.

I .8 Lemma.

If i) Z, Y are topological spaces.



ii) (X5Li) is a uniform space,

iii) G:Z Y is continuous compact-valued multi­

function, and

iv) F:Y X is quasi-continuous, 

then F 0G is quasi-continuous

Proof: Let ¥ e U , z e Z . For each y e  G(z) there is, by 

Theorem 1.3, an open neighborhood M of y such that if 

y 1, y" e M, then F(y') Q  W[F(y")]. Since G(z) is compact 

there is a finite set of open sets { Mn) and a

set of points {y^, y2, . . ., y ) such that

I) Y1 e M1 O  G(z), i=l, 2, . . ., n,

n
ii) G(z)Q  U  M ., and 

1=1

iii) if y 1, y" e M1, F(y')C W[F(y")] for
I—- I ,  2, . o a , n a

There is a neighborhood-N of z such that if z 1 e N then

G(z')C U  M. and G (z 1) Pi M; ^ 0 1=1, . . ., n . Let i=l 1 1
n n

z' e Then F°G(z') = F[G(z')]([ F [ U  M .] C  U  F[M.]
i=l 1 1=1 1

C u  W[F(y )] C W[F = G(Z)] i=l 1
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For each i=l3 ...5 n 5 there is a point y 1̂  e G(z1) Pl M..

n n
Then F°G(z) C  U  M . ] C  U  W[F(y',)] C  W[F°G(z'') ].

i=l i=l ZL

Thus F°G is quasi-continuous hy Theorem 1.3. ■

To show that the requirement of G(z) being compact 

for each z e Z is essential consider the following:

1.9 Example

Let' X = Y - Z =  [O.?00) •
Define G: Z -> Y by G(z) = [O5-̂-] z e (0,oo )5

= [Oj00) Z = O j

F: Y -  X by F(y) = {y)

Then G is continuous and F is quasi-continuousj but F^G 

is not quasi-continuous.

1.10 Example.

Let X = Y = Z =  [Oj00) .

Define G:Z-» Y by G(z) = { z. + h | k = Os I5 2, 35 . . .} 

F: Y -*• X by F(y) = {y2}
Then G and F are both quasi-continuous but F oG is not 

quasi-continuous.

For uniformly continuous multi-functions we achieve
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a better result.

1.11 Theorem.

If I) (X5U)5 (Y5I/ ) and (Z5W) are uniform spaces, 

and ii) F:Y -> X and G:Z -» Y are uniformly continuous, 

then F°G: Z X. is uniformly continuous.

Proof: Let U e U . Then there is a symmetric Vet/ such

that for any pair (y,y') e V 5 F(y') C  U[^(y)]5 and W e W  

such that if (z,z') e W 5 G(z') C  V[G(z)]. Let (z,z1) e W 

and x 1 e F°G(z1). There is a y 1 e G(z') such that 

X 1 e F(y'). Since G(z') (2 V[G(z) ] and V is symmetric 

there is a y e G(z) such that (y,y') e V. Then 

x' e F(y1) C  V[F(y)]. Therefore 

F=G(Zt) C  V[F°G(z)].

The next few theorems will establish some relationships 

among continuous, quasi-continuous, and uniformly continu­

ous multi-functions.

In Ratner's dissertation [13] he established theorems 

of the following sort to establish the connection between 

the definitions of upper semi-continuity and lower semi- 

continuity for multi-functions and the traditional def­

initions for single valued functions.

"if F:X -> R is a lower semi-continuous multi­
function, such that for every x e X 5 F(x) is
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bounded, above, and f:X -* R is defined by 
f(x) = Iub {F(x)j then f is a lower semi- 

continuous single-valued function."

The following theorem achieves a similar result for

uniformly continuous multi-functions.

1.12 Theorem.

If i) (X,U) is a uniform space,

ii) f, g:X R are functions such that 

f(x) < g(x), for every x e X, and 

ill) F:X -* R is a multi-function such that for 

every x e X 3 F(x) = [f(x)3 g(x)]3 

then F is uniformly continuous iff f and g are uniformly 

continuous.

Proof: Suppose f and g are both uniformly continuous.

Let r > 0 be given. Let

Vp = { (rl3r2 ) e R x R | | T1 - r2 | < r } . Then there 

exists U e U, such that if (xl3x2 ) e U then 

I(X2 ) e Vr (f(x1 )) and g(x2 ) e Vr (g(x1 )).

Then F(X2) = [T(X2)3 g(x2)]
C (f(xi) - r3 g(x1) + r)
= Vr LF(X1 )].

Suppose F is a uniformly continuous multi-function.



Let r > O be given= There exists a symmetric U e Uj such

that if (XljX2 ) e U 3 then F(x2 ) C  Vr [F(x1 )]. Then

[f(x2 ), g(x2 ) ] C  Vp CF(X1 ) ] = (T(X1 ) - r, S(X1 ) + r),
so f (x2 ) > T(X1 ) - r. But (X2 jX1 ) £ U if (XljX2 ) e U

so that F(X1 )C] Vr [F(x2 )]= Thus .T(X1 ) > T(X2) - r,

then T(X1 ) - r < f(x2 ) < T(X1 ) + r. So

f(x2 ) e Vr (T(X1 ))0 Similarly g(x2 ) e Vr(g(x1 ))..

Lemma.

If I) X is a topological space.

ii) (Y3V) is a uniform space.

iii) x e X, and

iv) F:X Y is a multi-function

such that F(x) is compact; -

the the following are equivalent:

1) F is lower semi-continuous at x.

2) F is .quasi-lower semi-continuous at x.

Proof: Obviously 2 implies I. For the .converse suppose

I is true, so that given any 0 open in Y such that 

F(x) D  0 ^ 0J there is a neighborhood N1 of x such that 

F(x') Pl 0 7̂  0 for every x 1 e N1 . Let V e I/ be given. 
Then there is a ¥- e V3 such that W is symmetric and 

TaZ2 e V= Since F(x) is compact, there is a finite set
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n{y-I 5 yp5 • • • 5 yn} S (-̂O Cl CJ w(y. ) . Sinee F is Isc 

. 11 i=i ^

at x there is a neighborhood of x such that

F(Xr) PlW(Yi ) / 0 for every i=l, . . ̂ n and for every
n

X 1 G N. Now if y G F(x) and x ' e P  N. there
' i=l 1

is a Yi such that y g W(Yi)5 and then -

0 ^ F(x') P  W(Yi) Q  F(x') P  W2 (y) ([ F(x') P  V(y). So

F is qlsc.

1.14- Lemma.

i) X is a topological space,

ii) (Y, U) is uniform space,

iii) x e X, and

iv) F:X -> Y is a multi-function such that F(x) 

is compact,

then the following are equivalent:

1) F is upper semi-continuous at x.
2) F is quasi upper semi-continuous at x. '

Proof: I obviously implies 2. For the converse use

Theorem 0.1.

1.15 Theorem

If i) X is a topological space.
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il) (Y,ti) Is a uniform space,

111) x e X, and

■ iv) F:X -» Y is a multi-function such that F(x) 

is compact;

then the following are equivalent;

1) F is continuous at x.

2) F is quasi-continuous at x.

Proof: Lemmas 1.13 and 1.14.

1.16 Corollary.

If i) X is a topological space,

ii) (Y, u) is a uniform space, and 

ill) F:X -> Y is a compact-valued multi-function 

then the following are equivalent:

1) F is continuous.

2) F is quasi-continuouso

For a finite set S let #S denote the number of ele­

ments in 8.

1.17 Theorem.

If i) X is a topological space,

ii) (Y, U) is a T 2 uniform space, and 

ill) F:X-> Y is a multi-function such that
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#F(x1) = n for all x 1 In some neighborhood 

of Xj

then the following are equivalent:

1) F is continuous at x.

2) F is lower semi-continuous at x.

3) F is quasi-lower semi-continuous at x.

4) F is quasi-continuous at x.

Proof: By. previous work we need only show that 2 implies

I or that F is use at x. Let {y^, ŷ ., . . ., yn} = F(x).

Let 0 be an open set in Y such that F(x) (% 0. Let

(U15 Ug5 . . .5 Un) be a collection of open set in Y such -

that

i) Y1 e U.5 I=I5 25 . „ n5

ii)'- U1 f) Uj. = 0 5 i ^ j, and 

n
iii) U  U. C  0. 

i=l 1
Since F is Isc at x there is a neighborhood N of x such 

that if x ' e N 5 F(x’) H  U± ^ 05 i = I5 25 . . .5 n. If

x 1 e N 5 for each I 5 there is a Z1 e F(x1) Pl U1 . Then

n
F(x') = (z15 Zg5 . . •, zn) C  U  U± C  -0.

i=l
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Note: A similar theorem was proved hy Smithson [15]

Lemma I5 page 449.

1.18 Theorem.

If . i) X 5 Y are topological Spaces5
ii) x e X 5 and

iii) F:X-> Y is a multi-function such that 

#F(x) = I5

then the following are equivalent:

1) F is continuous at x.

2) F is upper semi-continuous at x and there is a 

neighborhood N of x such that if x 1 e N then

F(x') ^ 0.
Proof: Suppose 0 is an open set in Y and F(x) Pl O ^ 0.

Then F(x) P  0 so there is a neighborhood N1 of X such 

that F(x') p  0 for each x' e N1 . Let N 1 = N1 PlN.-

1.19 Theorem.

If i) X 5Y are topological Spaces5 
ii) x e X 5 and

iii) F:X -> Y is multi-function such that 

F(x)■= Y 5

then the following are equivalent:-. s. .
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1) F Is continuous at x.

2) F is lower semi-continuous at x.

1.20 Theorem.

If i) X is a topological space, 

ii) (Y3U ) a uniform space,

iii) x e  X, and

iv) F:X -> Y. is a multi-function such that

F(x) = Y,
then the following are equivalent:

1) F is quasi-continuous at x.

2) F is quasi-lower semi-continuous at x.

1.21 Theorem.

If I) (X,U) and (Y,(/) are uniform spaces, 

ii) F:X-> Y is quasi-continuous, and

iii) X is compact, 

then F is uniformly continuous.

Proof: Similar to the proof for single-valued functions

1.22 Corollary.

If i) (X3U)s (Y3V) are uniform spaces, 

ii) X is compact, and 

iii) F:,X Y is compact valued.
/
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then the following are equivalent:

1) F is continuous.

2) F is uniformly continuous.

1.23 Definition.

Let i) X j Y be topological spaces, and 

ii) F:X -VY be a multi-function, 

then F will denote the multi-function from X into Y defined

by F(x) = F(x) and G(F) = ( (x,y) | y e F(x)).

Franklin [7] characterized regular spaces by the 

fact that G(F) = G(F) (as a subset of X x  Y) for any use 

function into a regular space and normal spaces by the 

fact that F is use for any use F into a normal space.

Sec. 2 p . 16-20.

1.24 Theorem.

If i) X is a topological space, 

ii) (Y, (/) is a uniform space, 

ill) F:X -> Y is a multi-function, and

iv) F:X Y is defined as in 1.203. 
then the following are equivalent:

1) F is quasi-continuous.

2) F is quasi-continuous.
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Proof: Suppose F is quasi-continuous and x e X and V e (/

are given. There is a ¥  e I/ such that W2 (3 V. Then 

there is a neighborhood N of x such that for any pair 

Xi5 x2 e N 5 F(Xi)'C W[F(x2 )]. Then F(X1 ) C  W[F(x2 )] 

since F(Xi) =Pl (U[F(xi)] | U e I/). Thus if X1 5 X2 e N 5

F(X1 ) C  WCF(X1 )] C  W2 CF(X2 )] C  W2 CF(X2 )] C  V[F(x2)].
So F is quasi-continuous.

Suppose F is qc and x e X and Vet/ are given. Then 

there is a ¥ e (/ such that N2 (3 V. There is a neighbor­

hood N of x such that; if X15 X2 e N 5 F(X1) (3 ¥[F(x2 )]. 
Thus if X15 x2 e N 5 -

F(X1) C  F(X1) C  WCF(X2 )] C  W2 CF(X2 ) ] C  V[F(x2)].

1.25 Theorem.

If i) (X5U)5 (Y5I/) are uniform Spaces5 and 
ii) F:X -> Y is a multi-function; 

then the following- are equivalent:
1) F is uniformly continuous.

2) F is uniformly continuous.

Proof: Suppose F is uc and V e I/ is given. There is a 

¥ e I/ such that N2 (3 V and there is a U e U such that 

for any pair (x5x') e U 5 F(x')(3 ¥[F(x)']. If 

(xl5x2 ) e U 5 then



P(X2 ) C WCF(X2 )] C W=CF(X1 )] C W=CF(X1 )] C VCF(X1 )].
If F is uc and Vet/, there is a ¥ e I/ such that 

¥= C  Vo Then there is a U e U such that for each pair 

(xlax2 ) e U a F(X2 ) C. w CF(X1 )]. If (X1 a X2) e U a then 
F(X2 ) C  F(X2 ) C  WCF(X1 )] C  VCF(X1)].

1.26 Theorem.

If i) (XaU) is a uniform space,

ii) (Y,(/) is a uniformly locally connected space

iii) F:X Y is uniformly continuous, and

iv) for each x e X,^(F(x)) is compact, 

then F is continuous.

Proof:. Let O he .open in Y and x e X such that F(x) Q  0.

Since S(F(x)) is compact there is a V e I/ such that

V[F(x)] Q  0. By Theorem 1.25 there is a U e U such that

for each pair (xla X2 ) e U, F(x2 ) Q  VCF(X1 )]. Let

N = U(x). If X 1 e N, then (x, x 1) e U. Thus

F(x') (5 V[F(x) ] (5 0. Thus F is use. Since F is obviously

lsc, F is continuous.

1.27 Theorem.

.If i) X is a topological space, -

ii) (Y,I/) is a uniformly locally connected space
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ill) F:X -> Y is quasi-continuousand.

iv) for each x e X 5 d(F(x)) is compact, 

then F is continuous.

The next three theorems will, establish some facts 

about the behavior of multi-functions into product spaces. 

In the following three theorems let 

i) X be a topological space, 

ii) for every a e A, (Y , I/ ) be a uniform space,

iii) (Y,y) be the uniform space where Y = H Y  and V
aeA a

is the product uniformity,' ;

iv) for every a e A ,  F^:X ->• Y^ be a multi-function,

v) F:X-» Y be the multi-function defined for every

x e X by F(x) = n F (x), and
. aeA

vi) for every a e A ,  pr^:Y -> Y^ is the projection

map.

Then the following is a familiar theorem for single­

valued functions.

"if X is a topological space then f :X -» Y is 
continuous iff for every a e A ,  f = p r ° f : X - > Y  
is continuous." a a

The same theorem is not true for continuous multi-

functions. The following example is from Strother [17].
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1 .28 Example.

Let X = Y1 = Y2 = [-1,1], Y = Y1 X Y2 . Define F:X -> Y 

by F(x) = ((-1,1), (1,-1)} if x is rationalj and 

{(-1,-1), (1,1)} if x is irrational.

Pr10 F{x) = {-1,1} = pr2 0 F(x) for all x, so Pr1 0 F 

and pr2 ° F are continuous but F is not continuous.

1.29 Theorem.

F is quasi-continuous iff for every a e A, F& is 

quas!-continuous.

Proof: Suppose F is qc, let a e A, Y e (A and x e X9# Of
A

be given. Let V = (pr ~ x pr ~ )[Yq ]. There is a 

neighborhood N of x such that if X1 , X2 e N then 

F(X1 ) C  V J F ( X 2 )]. Then

Fa(X1) = Pra(F(X1))C pra[Va[F(x)]]C va[Fa(x2)].

Suppose that for each a e A, F is qc. ' Let Y e (/ 

and ic e X be given. Then there is a finite subset J-C-A 

and {Yb e %b | b e J} such that. V = H  (Vfc | b 6 J} C  V.

Since for each b e  J, Fb is qc and J is finite there

exists a neighborhood N of x such that if X1 , x2 e N and
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b € J then F^(Xi)C V^^txa)].
Then if X1  ̂ X2 e N 5

F(X1) = II F(X1) C V C E  F (X2)] C V[ E F(X2)] = 
aeA a aeA a aeA a

V[F(x2 )].

1=30 Corollary.

If for every a e A 5F is compact-valued, F is contin-

ous iff for every a e A 5 F& is continuous.

Proof: For every x e X 5 F(x) is compact so by theorem

I .15 F is continuous iff F is qc iff for every a e A 5 F

is qc iff for every a e A 5 Fa is continuous.

1.31 Theorem.

If (X5 Cl) is a uniform space then the following are 

equivalent:

1) F is uniformly continuous.

2) For every a e A 5 Fa is uniformly continuous.

Proof: Suppose F is uc. Let a e A  and V e I/ be given.8, 3,

There is a U e U such that if (xl5 X2 ) e U then 

F(X2 ) C  Va CF(X1 )]. Then if (X15 x2 ).e U 5 7
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Fa (X2 ) = pra [F(x2 ) C Pra CVa CF(X1 )]] = Va CpraF(X1 )]
= Va CFa (Xi )]. Thus Fa is uc.

Suppose for every a e A, F is uc. Let V e (/ be

given. As in Theorem 1.19 there exists a finite subset 

J C ^  and C V^ e Ul3 | b e J) such that V== P l  V^ C  V".

Since J is finite there is a U e U such that for every 

b 6 Ji if (X1 , x2 ) e U 5 then Fb (X2 ) C  Vb C^b (X2 )]. if

(X15 x2 ) e U then
F(X2)= E F (X1) C  VC n F (X2)] C  VfF(X2)]. Thus 

aeA a aeA a .

F is uc.



CHAPTER 2: UNIFORM CONVERGENCE OF

MULTI-FUNCTIONS

For two topological spaces X a Y let Fjyr(XjY) denote 

the set of all multi-functions from X into Y.

2.1 Definition.

Let i) X he a topological Spacej
ii) (YjIZ) be a uniform Spacej

iii) (Fd | d e D) be a net in Fjyj(XjY) and

iv) p s Fm (X,Y) .

The family {F^:d e D) converges uniformly to F j 

written F^ -> for every V g IZj there is a d0 e D

such that for every d S0 5 if x e Xj F^(x) Q  V[F(x) ] and 

F(x) C  V[Fd(x)].

2.2 Definition.

Let i) X be a topological space.

ii) (YjU) be a uniform space, and

iii) O7 be a filter in Fjyj(XjY)

a) The filter Sr converges uniformly to a multi-

function F:X -> Y j written S- F ^ ^ ,  if for every V e (/,

there is a B e Sr such that for every X e  X j if H e B j
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H(x) C  V[F(x) ] and F(x') C. V[H(x)].

b) IF will denote the filter generated by the col­

lection of the sets of the form H = { F : X - > Y | F e  H} 9 
H e IF.

NOTE. Throughout the remainder of this chapter we will 

assume that X is a topological space and ( Y , is a uniform 
space.

2.3 Theorem.

If i) (Fd I d e d} is a net in Fm (X5Y) 5 and

xi) F e Fm (X3Y)

then the following are equivalent:

I) Fd.~ F (un)
■ 2) fd - F(un)
3) Fd ' P (un)
4) F(un)

Proof: Suppose Fd -> P(un) and V 6 V - There is a W e ̂
such that N2 (3 V and dQ e D such that if d >_ d0 and x e X
then Fd(x) C  W[F(x) ] and F (x) C  W[Fd()c)]. Then

FdM  C W p a(X)] C  WsP(X)] c  VfF(X)] and

F(X) C  W[F(x) ] C  Wa [Fd(x) ] C  VfFd(X) ].



Suppose Pd -> F^un  ̂ and V e V. There is a W G .t/ 

such that W2 C  V and dQ e D such that if d ^  d0 and x e X 

then Fd(x) C  W[F(x)] and F(x) C  W[Fd(x)]. Then

Sd(X) C  Pd(x) C  W[P(x)] c  W2CP(X)] C  T[P(x)L and

F(x) C  P(x) C  WCPd(X) ] C  W2CPd(X)IC VtPd(X)].
Thus I and 2 are equivalent.■ That 3 and 4 are also 

equivalent follows from the fact Fd = Fd and F = F .

The following theorem is equivalent to the one above 

only it is stated in terms.of filters. •

2.4 Theorem.

If i) JF is . a filter in Fm (X5Y), and

ii)_ P 6 F14(X5Y)
the following are equivalent:
I) JF-v P (un)
2) JF -> P(un)
3) -> F(un)
4) Or- P(un)

F^un  ̂ and V e (/.I There is a W e i/5Proof: Suppose Sr
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such that 1W2 C  V and H e Or such that if G e H, then 

G(x) C  W[F(x)] and F(x) C  W[G(x)] for every x e X. Then 

if G 1 e H e Sr5 there is a G e H- such that G = G'. Thus 

if x e X 5 G' (x) = G(x) C  W[G(x) ] C  W2 [F(x) ] C  V[F(x) ] and 

F(x) C  W[F(x) ] C  W2 [G(x) ] C  V[G(x) ].

Thus ? . F(un) .

Suppose & F(un)5 and V e I/. There is a W e IZ9

such that H2 C  V" and H 1 e Or such that if G 1 e H 15 and 
x e X then G 1(x) C W[F(x)] and F(x) W[G'(x)]. There is 
a H e EF such that H (% H ' . If G e H and x e X then G e H  

so G(x) C  G(x) C  W[F(x)] C  W2[F(x)] C V[F(x)] and 
F(x) C  F(x) C  W[G(x) ] C  W2 [G(x) ] C  V[G(x) ]. Thus
S'-*P (un)-..

The equivalence of 3 and 4 to the others is again 

proved by observing that EF = EF.

2.5 Theorem.
If i) {F^ I d e D is a net in Fm (X5Y)5 

ii) F, Q 6 Fm (X̂ Y) ,

- ill) F d -  F (™)>

iv) Fd - G(un)

and



then F = G .

Proof: Let x £ X 5 and V e (/. There is a W e I/ such that 

"W2 C  V and d0 e D such that if d > dG5 F^(x) Q  W[G(x) ] and 

F(x) C  W[Fd (x) ]. Thus F(x) C  W[Fd (x) C  W2 [F(x) ] C  V[G(x) ].

Then F(x) C  H  (V[G(x) ] | -V e I/) = G(x) . Similarly 

G(x) C  F(x)5 so F(x) = G(x).

2.6 Theorem.

If i) Sr is a filter in Fm (X5Y)5

ii) .F5 G e FM (X5Y)5

iii) L u n ) ’ ^
iv) 5 *  =(Un)

then F = G .

The next few theorems establish that uniform con­

vergence preserves quasi-continuity and uniform continuity

Let i) [ F , I d e D] be a net in F1-(XjY)j and

ii) F 6 Fm (XjY).

2.7 Lemma.

If i) for every d £ D5 Fd is quasi-upper semi-
> . . ■continuous 5 and ■
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11J Fd "* P (un) >

then F is quasi-upper semi-continuous.

Proof: Let V e I/ he given. There is a W e V such that 

W3 C V and a d0 e D such that if d d0 and x e X 5 then 
Fd (x) C W[F(x)] and F(x) C W[Fd(x)}. Since F ^  is qusc5

there is a neighborhood N of x such that if x' e N then 

F^(Xr) C  W(FdJx)]. Let-X 1 e. N5 then

F(x') C WtFdo (x')j C  M2 [Fdo(x)] C W3LF(X)] C V[F(x)]. Thus 

F is qusc at x. Since x was arbitrary in X5 F is qusc.

2 .8 Lemma.

If i) for every d e D5 Fd is quasi-lower semi- 
continuous 5 and

ljL  Fd -  V n )  •

Then F is quasi-lower semi-continuous.

Proof: Similar to the'proof above using Lemma 1.2 to

characterize qlsc.

2.9 Corollary.

If i) for every d e D5 Fd is quasi-continuous5 and

11J F (un);

then F is quasi-continuous.



2.10 Theorem.

If I) (Y5U) is a complete space 5
ii) for every d £ D5 is continuous and com­

pact Valued5 and

Fd » F (un);
then F is continuous.

Proof: From 2.g5 F is qc so we need only show that F is
compact valued. Let x e X. If V e Vs there is a W e I/

.

such that W4 C  V" and dQ e D such that if d' > d0 5 
Fd,(x) C  W[F(x)J and F(x) C  W[Fd ,(x)]. Then F . (x) is
compact so there is a finite subset

nCy11J Y 12 • • - J y'n3 of Fdo (x) such Fdo (x) C  U  W(y1) . 

For each i = I5 ...5 n5 F . (x) Q  W[F(x)] so there is a
a O

yd e F(x) such that y 'd e ¥(y^). Now

F(x) C  W[F (x) ] C  W[ U'¥(y' ) ] = U ¥ 2 (y' ) C  U  H3 (y,) .
a° i=l 1 i=l 1 i=l 1

_  n n
Thus F(x) C  ¥[F(x) ] C  U ¥ 4 (y. ) C  U  V(y.) .

i=l 1 i=l 1
Since F(x) is a complete totally bounded subset of 

a complete Space5 F(x) is compact.

A theorem similar to the above was proved by



r \ II.

36

Smithson'[16].

Let i) EF be a filter in Fm (XjY) , and

ii) F s FM (X,Y).

Then the following are a restatement of the previous theo­

rems in terms of filters rather than nets..

2.11 Lemma.

If i) there is an H e £F such that for every G e H j 

G is quasi-upper semi-continuousand

iiJ L u n V

then F is quasi-upper semi-continuous.

2.12 Lemma.

If i) there is an H e EF such that for every G e H j 

■ G is quasi-lower semi-continuous, and

ii) - L m O 5

then F is quasi-lower semi-continuous.

2.13. Corollary.
If i) there is an H e EF such that for every G e H j 

G is quasi-continuous, and

ii) * - L m O 5
then F is quasi-continuous.
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2.14 Theorem.

If I) there is an H e Sr such that for every G e H ,

G is continuous and compact valued, and

11) p Cunr
then F is continuous.

The next theorems establish similar facts for uniform 

continuity.

2.15 Theorem.

If i) (X, U) is a uniform space,

ii) (F^ I d e D} is a net of uniformly continuous 

multi-functions, and

111I pS - 1W
then F is uniformly continuous.

Proof: If V e V, there is a F  e (/ such that F3 e V and
do € D such that if x e X and d > d0 then F^(x) F[F(x) ]

and F(x) C  W,[Fd (x) ]. Since F^ is uc, there is a U e U

such that if (X1, x2) e U then F. (x2) C  W[F. (X1)]. ThenQo ao
if (X1 , x2) e U, F(X2) C W p d (X2)] c W2 P d (X1)]

u O u O
C  "W3 Cf (x I ) I C  VfF(X1 )]. Thus F is uc.

2.16 Theorem.

If i) (X,U) is a uniform space.
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■ii) JF is a filter in F (X,Y),

iii) there is an H e JF such that every G e H is 

uniformly continuous  ̂ and. 

iv) ST.. F (un)

then F is uniformly continuous.



CHAPTER 3: THE HYPERSPACE OF A

UNIFORM SPACE

Let (Y5 I/) be a uniform Space5P(Y) = {A | A (3 Y] j and
Zx

V shall be the uniformity induced on P(Y) by the collect­
ion of all of the sets of the form5
V = ( (A5B) 6 P(Y) x P(Y) I A C  V[B] and B (] V[A]} .for. V e I/. 
\J is the Hausdorff uniformity. The following definitions 

are motivated by convergence in P(Y) with respect to 

either the topology induced by the Hausdorff uniformity 

or the finite topology; see Michaels [12].

3.1 Definition.
If i) {Bd I d e D) is a net in P(Y)5 and

ii) A e P(Y);

then B^ converges to A with respect to the finite topology

^ ^5 if for any open set O in Yon P(Y)5 written B .
L(f‘

i) if A C  there is a d0e D such that if d]> d05 Q  0; 
and ii) if A Pl O ^ 0 5 there is a dQ e D such that if 
d d0 5 B^ P  0 ^ 0 .

3.2 Definition.

If i) {B^ I d e D] is a net in P(Y)5 and 
ii) A e P(Y);

then B^ converges to A with respect to the topology induced



4o

by the Hausdorff uniformity on P(Y)^ written -> A^u

if for every V e V5 there is a d0 e D such that if d ̂  dQ 5
BaC-V[A] and A C  V ^ ] .

For filters we have:

3-3 Definition.

If i) SF is a filter in P(Y)5 and 

ii) A C  P(Y);
then SF converges to A with respect to the finite topology 

on P(Y)5 written SF A ^  ^ ^5 if for any O open in Y i) if 

A C  O j there is an H e SF such that if B e H 5 B C  O5 and 
ii) if A Pl 0 ^ 05 there is an H e SF such that if B e H 5
B P O  0 0.

3.4' Definition.

If i) SF is a filter in P(Y)5 and 
ii) A e  P(Y)j

then SF converges to A with respect to the topology induced 

by the Hausdorff unif ormity on P(Y)5 written SF -> A^u ^ ^

if for every V e y; there is an H e SF such that if B e H 5 
B C  V[A] and A C  V[B].

The two concepts of convergence are distinct but they 

do coincide on the set of compact ■ subsets5 see Michaels
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[12].

3.5 Example.

Let D = (I, 2, 3, 4, . . Y = [O5O0) 9 

A = (O5 I5 25 3j • « .}j and. =' [^5 I + -̂ 5 2 +

for each d e D. Then _» A ^ ^ . )  84-/» A ^ ^ . )

3 .6 Example.

Let D = (I5 2 5 3 5 4 5 . . .} 5 Y = A =  [05co)

= [05d ]5 for every d g D.

Then Bd - A  A ^ ^ . )  but Bd A (f.t.) *

3.7 Theorem.

If I') - (Bd I d e D} Is a net In P(Y)5 and 

11.) A e P(Y);

then the following are equivalent:

■ 1) Bd ^ A (u.t.)

2) Bd "" A (u.t.)

3) . Bd A(u.t.)

4) Bd - A(u.t.)
Proof: Similar to the proof of 2.3«

p-
Ih



3 - 8 Definition.

Let Sr be a filter on P(Y). For H e Sr let 

H = {B I B € H) . Then £F will denote the filter generated by 

the set (H I H e EF} •

3.9 Theorem.

If .i) Or is a filter on P(Y)5 and 
ii) A e P(Y)3

then the following are equivalent:

n  A (u .t.)

2) $ - 5 (u.t.)

3) A (u..t.)

■ 37 "* A (u.t.)
Proof: First we prove that: if Or is a filter on'P(Y)5 
EF is a filter on P(Y) . Let H 115 H 12 e EF then there are
Hi5 H2 e EF such that H1 Q  H 11 and H2 (3 H 12 . There is a

B e P(Y) such that B e H1 D  H2 so B e H1 H  H2 Q  H 11 O  H f2 .

The rest of the properties of a filter follow from 

the definition of EF. The remainder of the proof is 

continued■ as in 2.-4. '



3•10 Theorem

If I) CBd I d e Dj'is a net in P(Y)5

ii) A, A ' e P(Y)5
1 ill) B<i- ^(u.t.)'

iv) Bd - A (u . t .)

then A = A ' .

Proof: See the proof of Theorem 2.5.

3 . H Theorem. 

If i)

ii)
111)
iv)

Sr Is a filter In P(Y) 

A 5 A' e P(Y)

^  A(u.t.)': sad

then A. = .A' .

Proof: See the proof of Theorem 2.6.

3.12 Definition.

Let I) (Y5 I/) be a uniform Space5 and 
11) ( I d e D} be a net in P(Y).

{ I d e D) is a Cauchy net of subsets of Y if for each

V  s IZ5 there is a d0 e D 5 such that if..d15 d2 > d0 then



Notice that if -» A^u t  ̂ then | d e D} is a 

Cauchy net.

The following notation and definitions are adopted 

from Kuratowski [11], Chapter 11, Sec. 29, Page 335-337.

3.13 Definition.

Let i) X be a topological space, and 

ii) (Bd I d e D) be a net in P(Y) .

Ls Dd = (x e X I for every O open in X and d0 e D, if x e 0,

there is a d >_ d0 such that Bd O  O ^ 0} . Ls Bd = (x e X |

for every O open in X, if x e O there is a d0 e D such that
if a. ̂  dg, Bd n  0 0 0).

Then if Li Bd = Ls Bd we say that Lim Bd exists and ,

Lim B = Li B . = Ls B.. d d d

This definition is the one usually used in defining 

convergence of sets.

3.14 Theorem.

If i) (Y, U) is a uniform space, and

ii) (Bd I d e D} is a Cauchy net of subsets of Y 3

then Li Bd = Ls Bd. '7



Proof: It Is known that Li C  Ls 'so it suffices to

show that Ls B^ Q  Li B^. If Ls B^ = 09 there is nothing to 

show. If x e Ls B^5 let 0 be open, x e 0. There is a 

W e I/, such that W is symmetric and W2 (x) Q  0 and dQ e D, 

such that if d^, dg > d0then Bdl C  "^[Bd2I- Let d >_ d0 , 

there is a d' >_ d0 such that B ^ 1 Pi ¥(x) ^ 0. Thus there is 

an x ' e B ^ , P  W(x). Since B^1 C  M[B^] and ¥ is symmetric 

there exists X0.e ¥(x') P  B^. Then

X0 e ¥(xl ) P  B^ C  ^  (x ) P  B^ p  O P  B^, hence x e Li B^.

' 3.15 Theorem.

If ■ i) (Y, I/) is a uniform space,

I!) {B^ I d e D} is a Cauchy net of subsets in Y,

and

ill) Bd ̂  B (u.t.)3 B e P(Y) I

then i) Lim B^ = B and

ii) B = 0 iff there is a d0 e D such that if d^_'d0 .
Ea = 0. ,

Proof: Suppose B 0 0, there is a y e B.: Then if

V  = Y x Y e  I/, there is a Cl0 e D such that if d >_ d0 ,
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y e B C  V[Bd ]. Thus ^ 0 for d >  d0 . If B = 0, there

is a do e D such that if d >_ dD , B^ (3 V[B] = 0.

If y e B5 and 0 is any open set in Y such that y e  O5 

there is a symmetric V e V  such that V(y) Q  O 5. and d0 e D 

such that if d >_ (S05 then B (% V[Bd ] and B^ Q  V[B]., Then

there is a y' e B^ such that y 1 e V(y). Thus
y' e V(y) H  Bd C  B^ H  0 0 0. Hence y e Li Bd = Lim Bfl5

so B C  Lim Bd .

If y e Lim Bd5 we will show that Bd -> B U  {y) ^

so that y e  B U  {y} C  B. Let V e V 3 there is a symmetric 

W e l/5 such that W  (2 IU and d̂  e D such that if d >_ dj. 5 

Bd Pl W(y) 0 0 5 so y e ¥[Bd ]. There is a d2 e D such that

if d > d25' BdC W[B] and B C  W[Bd]. Let d' = d̂  V d2.
If d > d' then Bd C  ¥[B] C  W[B U { y} ] and B U  { y} C  W[Bd ].

Therefore Lim Bd = B.

NOTE: The above does not say that if {Bd | d e D} is a 

Cauchy net that Lim Bd 0 0 or that if B = Lim Bd that 

Bd B^un^. However Kuratowski [11] shows that if 

{Bd I d e D} is a cauchy net of subsets of a compact metric
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space then -» Lim Bd ûn  ̂5 Vol. I5 Chapter III5 Par. 335

P. 40?.

The next few theorems will serve to characterize 

Continuous5 quasi-continuous and uniformly continuous 
multi-functions in terms of nets/ similar results are also 

obtainable in terms of filters.

3.16 Theorem.

If i) X5 Y are topological spaces, and 

ii) F:X -> Y is a multi-function; 

then the following are equivalent:

1) F is continuous

2) For every net {x^ | d e D} in X if x^ -» x then 

F(Xd) ^  F(X)ffiti).

Proof: Let F be continuous; x^ -> x in X; and O be open in

Y. If F(x) C  O there exists a neighborhood N of x such

that F(x') (3 O if x f e N. There exists d0 e D such that 
if d >_ do 5 x^ e N. Therefore if d >_ d0 5 F(x^) (3 0. If

F(xd) Pl O ^ 0 there exists a neighborhood N of X such that 

if X 1 e N then F(x') P O  0 0. There exists a dQ e D such

that if d >_ do then x^ e N. Therefore if d >_ d0 5

F(Xd) P O  0 0. Thus F(Xfl) f Cx ) (f ,t.) ''



Suppose F is not continuous. Then there exists an 

x e X and ah open set 0 (2 Y such that either I) F(x) 0 

but there exists a net {x^ | d e D} such that F(x^) (2 0 and •

x^ -> x or ii) F(x) A  0 2 0 but there exists a net

{ x̂ . I d G D} such that F(x^) A  0 = 0 and x^ x. (Use

the family of neighborhoods of x as an indexing set„)

3-15 Theorem.

If i) X is a topological space,

ii) (Y, I/) is a uniform space, and

iii) F:X-» Y is a multi-function; 

then the following are equivalent;

1) F is quasi-continuous.

2) If (x^ I d € D} is a net in X and x^ -> x, then

F (xd) F (x ) (u . t .)

Proof; Suppose F is qc, and x^-» x in X. Let V e I/ be

given. There exists a neighborhood N of x such that if 

X1 e N then F(X1 ) C  V[F(x) ] and F(x) C  VfF(X1 )], and do e D 

such that if d1 < d then x^ e N. If d>_ U1, F(x^) C  V[F(x) ]

and F(x) C  V[F(xd)], thus F(x^) -  ?(%)(%.%.)*

If F is not qc there is an x e X and a V e I/' , such that
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either, i) there exists a net {xd | d e D} such that for 

every d e D5 F(xd) Q_ V[F(x) ] but x, xj or ii) there 

exists a net {x^ | d e D} such that for every d e D,

F(x) (% V[F(xd) ] but x^ -> X j (Use the neighborhood system 

of x for D.).

3.18 Lemma.

If i) (X5 LI) and (Y5 I/) are uniform spaces, 

ii) F:X Y is uniformly continuous, and 

ill) (xd I d e D)- is a Cauchy net in Xj

then {F(xd) I d e D ]  is a Cauchy net of subsets in Y.

Proof: Given V e V  there exists U e U  such that if

(X1 , x2 ) e U5 then F(X2 ) C  VfF(X1 )]. Then there exists

do e D such that if d]_, d2 >_ do then (xd , xd ) e U. Then

if dl5' d2 > do, F(Xd2) C  V[F(xdi) ].

3.19 Theorem.

If i) (X, U) and (Y, I/) are uniform spaces, 

ii) X is totally bounded, and 

iii) F:X -> Y is a multi-function; 

then the following are equivalent:
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1) F is uniformly continuous

2) If { I d G D} is a Cauchy net in X 5 then

{F(xd) I d G D) is a Cauchy net of subset of Y.

Proof: Suppose F is not uc5 then there. is a V e I/ such

that for every U e t i  there is a pair (x5 y) e U such that

F(y) (2 V[F(x) ] „ Let { Ua | a g A} be a basis of Li consisting

of symmetric members of U3 such that a > a' iff U r* U , .

There exist { (x , y&) | a e A} a net of pairs in X x X

such that (x 5 y ) e U and F(y )(2 V[F(x )]. X is totallyGo cL cL Co co

bounded so there exists a cofihal subset A ! of A such that 

( (xa5 ya) I a G A'} is Cauchy in the product uniformity.

Define V = A 1 x{05l} with lexicographic order. Define

S = Cs(a,ij I (^1) 6 7I where s(a,0) = xa’ s(a,l) = V
S is a Cauchy net. If U e U 5 there is a W e U such that 

Tfl2 C  U- Since { (xa5 y&) |'a e A 1} is Cauchy there exist

U0 G A' such that U C  U and if U1 5 S2 >_ B0 5 thenaO
((Xai 5 yai)5 (Xag5 y^)) G ¥ x Now if (a15 i)5

(Q25 i) > (B05 0) then (s,^^ ^ 5 

(xS1 ’ x^ ) e 1fC  U and (y% s  y% )

B(%. I)1 6 U ’
G ¥(2 U. Thus5



 ̂ ^  ̂  ^  ̂  ^  ^  \  symmetric. 80
(xfl 5 ya ) e W o U C  W ° W = W2 C- u- But

{F(S(a ^ I (a,i) e Vj is not a Cauchy net of subsets of Y3 ■ 

Since for every a e A3

F <s(a,l)> = F(ya) (Z V[F(xa) ] = V[P(S(aj0))].

It is known that if F:X -*■ Y is a multifunction and 

f:X-^ P(Y) is the function defined by f(x) = F(x), then F is 

continuous multi-function iff f is continuous when P(Y) has 

the finite topology. The previous theorem show that F:X -> Y 

is a quasi-continuous iff f :X -*■ P(Y) is continuous when P(Y) 

has the topology induced by the Hausdorff uniformity, and 

that F is uniformly continuous iff f is uniformly continuous 

when P(Y) has the Hausdorff uniformity.

3.20 Definition.

If (Y,U) is a uniform space, then Y is a uniformly 

locally compact space if for each Y e U 3 there is a W such 

that W (3 V and W(y) is compact for every y e  Y.

3.21 Lemma.

Let i) ( Y 3 V )  be a uniformly locally compact space.



ii) {B I d e D} be a Cauchy net of non-empty-

subsets of Yj 
then him ^ 0.

Proof: By the previous lemma> we need only show that

Ls 7̂ 0. If W e U is given, such that W(y) is compact

for all y e  Y, we may assume W is symmetric (the closed 

symmetric members of f/ form a basis of the uniformity). 

.There is a do e D such that if d' >_ do then B ^  C  W[B^, ]

and B^1 Q  w C5do]* Let y0 e Bd , then for each d' e D,

d' >_ do 5 there is a yd , e Bfll such that yd , e W(y0 ) . So -

{Yd , I d' >_ do) is a net in W(y0 ). ¥(y0 ) is compact, so

there exists y e W(y0 ) and a subnet (yd„ | d" >_ do.] such

that ydri' -> y. Then y e  Ls Bd *

3-22 Lemma.

Let i) (Y, I/) be a uniformly locally compact space, 

ii) {Bd I d e D) a Cauchy net of subsets of Y.

ill) A = Lim Bd, and

iv) V e t/j

then there exists a d0 e D such that if d >_ do then
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Bd C  V[A].

Proof: Suppose not, then there exists V e  I/, such that

for all d e D, there exists d' >_ d with C  V[A]. Let

¥ € I/ such that W is symmetric, ¥2 V, and ¥(x) is compact

for every x e X= There exists do e D such that if

di, d2 >_ d0 then Bd C  W[B^ ]. But there exists d' >_ d0

such that B^1 C  W2 [A]. So there exists yd , e Bd , such

that y^, / W2 [A]. Thus ¥(yd ,) Cl ¥[A] = 0. But as above,

there exists yj e ¥(y^,) such that yj e Ls B^. So

Yd , e ¥(yQ ,) C  W[Ls B^] = ¥[A]C  V[A] (contradiction).

3.23 Lemma.

If i) (Y,U) is a uniform space,

ii) {B^ I d e D) is a Cauchy net of subsets of Y,

ill) A = Lim B^, and

iv) V e I/;

then there exists d0 e D, such that if d >_ d0 , then 

A C  V[Bd]'.

Proof: Let ¥  e I/, such that ¥  is symmetric, ¥2 (3 V and
do e D such that if di, d2 > d0 , then B= C  W[B = ]= If—  Un Clp
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y e A, there exists d' >_ d05 such that Pi W(y) ^ 0.

Since W is symmetric y e W[B^, ]. If d >_ do then

y e W[B^,]C  ^2 CBd ] C  VCB^]. Since d is independent of the 

choice of y5 A Q  v CBd Jj for all d >_ d0 .

3•24 Definition.

If (Y5 u) is a uniform Space5 Y is hypercomplete if for 
every Cauchy net of subsets of Y 5 (Bd | d e D} there exists

A (3 Y such that B.d ->■ A^u ^  ̂.

NOTE: By Theorem 3-7 we could assume that A is closed.

3.25 Theorem. -

If (Y5 I/) Is a uniformly locally compact space then Y 

is hypercomplete0

Proof: Let (Bd | d e D) be a Cauchy net of subsets of Y.

If Bd = 0 for all d e D5 then Bd -> * If Bd 0 0 for

every d e D5 then let A = Lim Bd . Let V e  l/5 by 3.18

there exists I1 e D5 such that if d >_ then Bd (% VfAJ5

By 3.19 there exists d2 e D such that if d >_ d2 then 

A C  VfBd J. Let d0. = V d2 .
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NOTE: We also have that if B, -> B/ , \ then B = Litn B,.CL  ̂"U. e v • j Cl

The following theorems will characterize hypercomplete 
uniform spaces in terms of multi-functions.

3-. 26 Lemma.

If I) Y is a hypercomplete space, and

ii) {B^ I d e D} is a Cauchy net of subset of Y;

then Ba -  Lim Ba (u_ti).

Proof: By 3•13 Lim B^ exists. Since Y is hypercomplete,

there exists an A e Y such that B^ A^u ^ ^. Then by

3.14 Lim Bd = A. Thus .Bd -> A = Lim B ^  ^  ̂ by 3.7.

3.27 Theorem.

If .(Ŷ V) is a uniform space then the following are

equivalent:

I) Y is hypercomplete.

2) 2^ = {A(Z Y I A / 0 and A = A )  is complete with'
respect to the Hausdorff uniformity.

3) If i) (X,U)■is a uniform space.

ii) X 1 is a dense subset of X

iii) F:X' Y is a uniformly continuous

multi-function such that for every
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x' € X' J  F(Xf) ^ 0; 
then there exists G:X -> Y such that

i) G is uniformly continuous 

ii) for every x ' e X', G(x') = F(X1)j and 

iii) G is unique.

Proof: That I was equivalent to 2 was shown in theorems

3-7 and 3.8. Then we need only show that I implies 3 and 

3 implies I.

Suppose I is true, and that (Xj U)j X 1 and F:X' -> Y 

are as in 3* We define G:X-> Y as follows. If x e X j let 

{xd I d e D] he a net in X' such that xd -> x. Define

G(x) = Lim F(xd).

1) F(xd) -> G(x),^ ^ \ by Lemma 3-25.

2) G(x) is independent of the choice of the net. 

Suppose (xd I d e D] and {xc | c e C] are nets in X 1 such

that x . x and x -> x. Then we must show d c

Lim F(xd) = Lim F(x ) . Let Vet/, there exists a ¥ e I/, 

such that VIs (3 V and U e U  such that if (X1 , X2 ) e u and

Xi5 x2 

F(Xa) .
e X 1 then F(x2 ) Cl ¥[F(x1 )]. Since 

Llm F(Xg) (u.t.) “ I F(Xc) -  Llm F(Xc)tuitij

there exist dQ e D and c0 e C such that if d 1 >_ do and
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c ' > c0 then i) F(xd ,) (3 W[Lim F(xd)]5 and 

ii) Lim F(xc) C  ¥[F(x c ,)].

Since x^ -> x and x -> x, there exists d^ e D and 

C1 e C5 dx >_ d0 5 C1 >_ c0 such that if d' di and c 1 C1

then (xd ,5 xc ,) e U 5 so F(Xq1) C  W[F(xd ,)]. Thus 

Lim F(xc) C  W[F(xc )]([ W2[F(xdJ ] C  ^ [ L i m  F(xd)] 

C V [ L i m F ( x d)].

Then Lim F(x q) C  Lim F(xd) = Lim F(xd). Similarly 

Lim F(xd) C  Lim F(Xq)5 s o that Lim F(xd) = Lim F(x ).

3) G i s  uniformly continuous.

Let V € V5 there is a W  e V 5 such that #  C  V. Then 

there exists a U e U such that if x'l5 x'2 e X 1 and

(Xr1 5 X 12 ) e U 5 F(X12 ) e WCF(X11 )]. There exists a U0 e u

such that U03 C  U. Let X1 5 x2 e X such that (X1 5 X2.) e U0 .

Choose nets {xd | d e D) and {x ] c € C} in X 1 such that

xd x^ and x q x^. Then. there exist c0 e C and d0 e D

such that if c ' C0 and d' d0 then G(x2) Q  W[F(x ,) ]

and F(xd ,) C  W[G(xd) ]. Choose c 1 ■>_ C0 5 d' >_ d0 so that

(xd , 5 X1) e U0 and (Xg5 x q ,) e U0 . ■ Then (x qI5 Xfll) e U03 .
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So G(X2) C  W[F(xc ,)] C  W2 P ( X dl)] C  W3 EO(X1): C  VEG(X1)].
Therefore G is uc.

K) Define H:X Y by

I) if X 1 e X 15 H(x') = F(x') and 

ii) if x e X - X ' ,  H(x) = G(x).
Then H(x) = G(x) for all x e X. Thus H is uc since 

H is uc.

5) H is unique.

Suppose H1 :X Y is a uc multi-function ,and for every 
X 1 e X 5 H^(Xr) = F(xr). Then let x e X and {x^ | d e D ) 

be a net in X 1 such that x^-» x.

H(Xd) = H1(Xd) . H1(X)cuiti). Thus H(Xd) » H1(X)fuiti).
But then Hj(x) = H(x) so Hj = H = G.

NOTE: The technique of the above proof is essentially the

same as that used by Ratner [13] in proving Theorem 485

P. 40.

We must now show that 3 implies 'I. Let [ | d e D)

be a. Cauchy net of subsets of Y.

(D5< ) is a directed set. Let C = D U  {°°} . Extend
( ; 'the order < to C b y 5 if d s D 5 then d < oo. For each V  e l/5
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there exists a dQ e D such that if dj_ 5 d2 >_ d,

B, (3 V[B, ]. Define a uniformity for C as follows:U-i U2

For each Y e V 9 choose d(V) as above. Let

\ =  ( K 5 d2 ) G D x D I Bdi C  VCB^ ] and B ^  C  V[B ]) 5 and

V0 = { (di, oo) or (co, di) | di ;> d(V)} . Let V = V0U

{V I V G I/) forms a subbase for a uniformity V on C and D is 
dense in C . Define F:D-» Y by F(d) = Bd . F is uc since

if (dl5 d2 ) G (D x D) Pl V then F(d2 ) C  V[F(d1 ) ]. Then F

can be extended to a uc function G:C Y. Let A = G(co) . 

Then ( d e D} is a net in C and d -> «» so F(d) A^u

Theorem 3.16. Thus Y is hypercomplete.



■CHAPTER 4: THE SEMI-GROUP OF QUASI - CONTINUOUS

REAL-VALUED MULTI-FUNCTIONS.

Let X be a topological space. Then.we shall use the 

following notations:

Qm (X) = {F € Fm (XjR) I F is quasi-continuous

and for every x e X j F(x) ^ 0} ;

Cm (X) = {F e Fm (XjR) | F is continuous and for

every x e X j F(x) ^ 0} j ,

Km (X) = {F e Cm (X) | F is comp act-valued) ;

C(X) = ( f :X R I f is a continuous function) .

For convenience in notation we let for r > Oj 

Vr = ( (T1 j r2) 6 R X  R I I T1 - r2 I < r) .
A familiar theorem is that (C(X)j +)J where 

(f + G) (x) = f(x) + g(x)J is a topological group. Day in 

[5] showed that the set (Km (X)j +) is a topological semi­

algebra. For quasi-continuous multi-functions we achieve 

a less restrictive result on Qm (X).

4.1 Definition.

If F1 and F2 e Qm (X)

+ E, is defined by

(F1 + F2 ) (x) = Cy1 + y2 I V1 e i=l, 2) .
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4.2 Theorem.

If F1 , F2 e Qm (X) then F1 + F2 e Qm (X) .

Proof: Define V: X -> X x X by V (x) = ' (x,x). Then 

F1 X F2 : X X X -> R X R is qc by theorem 1.29 and 

+ : R x  R R is uc.

Thus F1 + F2 = +  0(F1 X F2 0 V) is qc by theorems 1.8 

and 1.10

4.3 Theorem. ■

If i) (X, U) is a uniform space, and 

ii) F1 , F2 are uniformly continuous;

then F1 + F2 is uniformly continuous.

Proof: Similar to the above.

4.4 Definition.

For K compact in X and r > 0, let 

W(K, r) = { (F, G) e Qm (X) X Qm (X) | for every x e X,
F(x) C  Vr [G(x)], and G(x) C  Vr CF(X)] .

A

Let U be the uniformity induced on Qm (X) by 

{W(K, r), K compact in X, r > 0) .
A

Let T (H) be the topology induced on Qm (X) by (j •



4.5 Theorem.
(Qm (X)5 +5 T (H)) is'a topological semi-group.

Proof: We shall show that + is uniformly continuous with
A

respect to U . Let F15 G15 K1 and r be given. Let r0 = r/2 

If (F15 F2 ) e W(K5 r0 ) and (G15 G2 j e W(K5 . r0 ) 5 and 

x e K 5 (F1 + G1 ) (x) = F1 (X) + G1 (X)

C  V [Fs(X)] + V [Gs(X)]rO iO
C  V2 [F2 (X) + G2 (X)]
C Vr [(F2 + G2 )(x )].

Similarly (F2 + G2 ) (x) C  [(F1 + G1 ) (x) ]. Thus

(F1 + G15 F2 + G2 ) € W(K5r).

One notes that similar results cannot be obtained for 

Qm (X) and a multiplication defined in a pointwise manner,

since the space would not be closed under this operation.

4.6 Example. •
Let X = [051] define F:X -> B by 

F(x) = (x + k I k; = O 5 I5 2 5 3 5 . . .) . Then

F2 (X) =(yx y2 I Yi3 y2 e F(x) is not qc.

To examine some of the properties of .(Qm (X)5 t (H)) we



will use the following notation. For x0 e X and.

Fo e Q^(X) let:
1) Bx = {F e Qm (X) I F(x0 ) is bounded below).

2) B3̂ =  {F € Qm (X) I F(x0 ) is bounded above) . ■

3) = { x e X IFo(x) is bounded below) .

4) bf° = { x e X IFo(x) is bounded above) .

5) 0X0 = iSm (X) " 5X0

6) CxO = Sm (X) . - Bx°

7) 0Po ^ x - b Fo

8) cF° Il X I . %

4.7 Lemma.
For every x e X, Bx , BX} Cx , and are open in

(Qw(X), T(H)).

Proof: Let xD e X and F e B .  Suppose (F,G) e ¥{x0) , I)Xq
Since F e B  , there exists M e R  such that F (^)Q  [M,oo). x0 .

Then G(x0 ) C  V1 [F(x0 ) ] Q) [M-l,oo) „ Thus G e B .  Sincexo
{ G I (F,G) e W({ x0), I)) is a neighborhood of F, B is



open. In a similar fashion Bx° is also open.

Let x0 s X. and F e . Suppose (F5G) - e ¥(( x0) 3 I).

For M e R5 there exists rQ e F(x0 ) such that rQ < M-I.

Since F(X0 ) C  V1 [G(x0 )] there exists r' e G(x0 ) such that 
I rQ - r 1 I < I. Then r' < M. Thus G is not hounded below. 

Therefore Cv is open. Similarly Cx° is open.X 0

4.8 Corollary.

If X ^ 0 3 then Qm (X) is not connected.

Proof: Let X0 e X. Define F1 :X R by F1 (x) = R for every
x e X 5 and F2 :X R by F2 (x) = {0} for every x e X. Then 

F2 e Bx° and F1 e Cx° .

4.9 Theorem.

If F e ..Qm (X)5 then B^5 B^5 C 1̂ and CF are open in X.

Proof: If x e B^5 there exists M e R  such that

F(x) C  [M5Oo). Then there is a neighborhood N of x such 

that F[N] C  [ M - 1 5o o). Thus K C  B51. Therefore B^ is open.

FSimilarly B is open.

If x e Cp5 there exists a neighborhood N of x such

that if x' e N then F(x) C  V1 [F(x')■].., Let x 1 e N. If

M. e R5 there exists r e F(x) such that r <'M-l. Then there
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exists r' e F(x') such that | r = r' | < I so r' < M.

Thus N C  Cf o

4.10 Corollary.

If i) X is connected,, and

ii) for some x e X, F(x) is bounded below (above), 

then for every .x e X,. F(x) is bounded below 

(above).

4.11 Corollary.

If i) X is connected, and

ii) for some x e X, F(x) is compact5 
then F is compact valued.

4.12 Corollary:

If i) X is connected, and

ii) for some x e X, f (x) = Iub {F(x)} < + ooj 

then f :X R is defined for every x e X, and is continuous.

4.13 Corollary.

If i) X is connected, and

ii) for some x e X g(x) = gib (F(x)} > 

then g:X R is defined for every x e X and is continuous.

If we only assume that F e  C^(x) then Bf and are
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Popen but C and C^1 need not be. See example I.

An interesting fact about Q^(X) is the following.

4.14 Theorem.

If i) X is connected, and 

ii) X 5 y e X; 

then Bx = B and Bx = B^,

Proof: If X is connected and F e Q (X) then either X = C^1 

or X = Bp. Then F e B^ iff x e B^ iff B^ = X iff y e B^ 

iff F e By . Similarly Bx = By .

4.15 Corollary.

If i) A is a component of X 5 and

ii) X5 y e Aj
then B = B and Bx = By . x y

4.16 Definition.

A space X is pseudo-compact if for every f e C(X)5 

f[X] is bounded.

4.1? Theorem.

The following are equivalent;

I) X is pseudo-compact



2) For every F e Qm (X) such that F(x) is bounded for 

every x e X 5 F[X] is bounded.

Proof: Suppose X is pseudo-compact and F e Qm (X) such that

for every x e X 5 F(x) is bounded. Let g(x) = gib (F(x)} 

and f(x) = Iub (F(x)}5 then f and g are continuous, 
f [X] and g[X] are bounded so there exists an M such that 

f [X] U  g[X]C  [-M5M ] . Then F [X] C  [-M5M].



CHAPTER 5: SPACES CE MULTI-FUNCTIONS

Let X and Y be topological spaces; then

i) C(XjY) ={f :X -> Y I f is a continuous function) ; 

ii) Cm (XjY) = {F g Fm (XjY) | F is continuous};

iii) Cm (XjY) = (F e Cm (XjY) | F = F) ;

• iv) vSi (X) = { { x}} I x 6 X} ;

v) Km (XjY) = {F g Cm (XjY) | F is compact-valued) .

5.1 Definition.

Let S be a collection of subsets of X such that U X  

We define the (SjO) topology on Cm (XjY) to be the one

generated by the subbase of all of the sets of the form 

/C(AjO) = CF g Cm (XjY) I F(x) Q  Oj for every x e A) or 

X(AjO) = (F g Cm (XjY) I F(x) Pl 0 ^ 0 for every x e A) where

A g S and 0 is open in Y. If S is the family of compact 

subsets of X j the (SjO) topology will be referred to as 

the compact-open (--or c-o) topology. J . M. Day studied the 

c-o topology on spaces of relations in her dissertation 

[5]0 Smithson examined this topology in [15].

The following are a list of separation properties for 

Cm (XjY) and Cm (XjY) and Km (XjY) with the (SjO) topologies.
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5.2 Lemma. ■

If i) Y is a T1 space, and

11) S i ( X ) C J ,
then Cm (XjY) with (S5P) topology is a T0 space.

Proof: If F ^ G e Cm (X5Y)5 there exists xQ e X 5 such that

F(x0 ) ^ G(x0 )» We suppose G(x0 ) C  F(x0 ). So there exists

Yo e G(X0)5 y0 £ F(X0). Then G £ /c({x) 5 Y - (y0) )5 
F e /c({x) 5 Y - {y0) )'.

5-3 Lemma.

If Or1 (X) C s 5 then Cm (X5Y) with (S5O) topology is 

always T0 .

Proof: If F 5 G e  Cm (X5Y )5 F ^ G5 we' may suppose there

exists x0 such that F(x0 ) C  G(x0 ). Then 

F e X({x) 5 Y - G(X0)) hut G £ X({x) 5 Y - G(x0 )) .

5.4 Lemma.

If i) Y is a T space, and

ii) S i ( X ) C S ;
then "Cm (X5Y) with the (S5O) topology is a T1 space.

Proof: Let F5 Ge Cm (X5Y). If F £ G5 there exists X0 e X.
such that F(x q ) £ G(x0). Suppose F(x0) (£_ G(X0)5 then there
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exists y0 e F(X0 )5 y0 i G(x0 ). Then

G e  /c((x0} 5 Y - y0 )5 F / /c((x0} 5 Y - (y0) ) j

F e X((x0} 5 Y - G(x0 )) and G < X ((X0)5 Y - G(X0 )).

5.5 Lemma. 

If i) 

ii)

Y is a T1 regular space5 and

Si (x) C  S ; .

then TT (X5Y) with the (S5O) topology is a T2 space.

Proof: Let F 5 G e C^(X5Y)5 F ^ G. Suppose there exists

X0 e X such that F(x0 )(7 G(x0 ). Then there exists 

y0 e F(X0)5 y0 ^ G(X0). So there exists U15 U2 open sets 

in Y such that y0 e U15 G(x0 ) Q.' U25 and U1 Pi U2 = 0. Then 

F e X ({x0}5 U1 ) and G e  /c (( x0) 5 U2 ) ,

5.6 Lemma.

If i) Y is a T2 space, and

ii) ZFi(X)CS;
then Km (X5Y) with (S5O) topology is a T2 space.

Proof: If F 5 G e  Km (X5Y)5.F 0 G 5 suppose X0 e X such that
F(X0 ) C  G(X0)5 so there exists y0 e F(X0)5 yQ 0 G(X0).
Since G(x0 ) is compact and Y is T2 /■ there exists U15 U2
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open sets In Y such that y0 e V111 G(X0 ) C  U2 and U1 Pi U6 = 0. 

Then F e X({ x0) , U1 ) and G e a:({x 0) 5 U2 ).

5.7 Lemma.

If Y is a T1 normal space then "Cm (X5Y) with the c-o 
topology is a T1 regular space.

Proof: By 5.5 we have "Cm (X5Y) is T2 . If F e Cm (X5Y) we

will show that there is a basis of closed neighborhoods of 

F. If A e 3 5 0 is open in Y5 and F e x (A5O) then for each 

x e A 5 F(x) (% 0 so there exists O1 open in Y such that 

F(x) C  Oi C  O1 C  0. There exists an open neighborhood U _ - 

of x such that F[U]Q  O1 „ Since A is compact there exist 

finite collections5 i) (O^5 Og5 . . .5 0 )̂ of open sets in

Y5 and ii). (U^5 Ug5 . . . 5 Un) of open sets in X 5 such that

i) F(U1 ) C  O1 C  O1 C  0 I=I5 . . . 5 n 5 and 
n

ii) A C  U  U..
i=i 1 ,
n n _

Then F e /c(A5 U  0.) and U  0. U  0.
.i=i 1 i=l 1

n _  n _
Now /c (A 5 U  0.) C  Cm (X5Y) - X(A5 Y - U  0, ) C  Zc(A5O) .

' i=i x 11 1=1. x =■

Thus if F e x (A5O) there is a closed neighborhood N of F
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such that F G N C  Zc(A5O).

If .F 6 X(A5O) and x E A 5 F(x) Pl 0 ^ 0 5 so there exist 

y E F(x) P  0 and O1 open in Y such that y e  O1 p  O1 p  0.

Since A is compact there exists finite collections5 i)

(O15 Og5 . . .5 On) of open sets in Y 5 and ii)

{U^5 Ug5 . . . 5 Un) of open sets in X 5 such that

i) A C  U  U . 
i=l 1

ii) if x e U^5 F(x) P  O^ ^ 0 5 and 

n _
ill) U  O - C  0. 

i=l 1

Then F e X(A5 U  0.) and 
1=1 1

XfA5 U  o , ) C  c-CX;?) - Y - U  o , ) C  X(A5O).
i=l 11 . I = I 1

Thus if F e X(A5O) there is a closed neighborhood N of F 

such that F e N C  X(A5O) .

If N is a neighborhood of F in Cm (X5Y) there exist

compact sets A^5 Ag5 ; . .5 An and open sets

O^5 Og5 . . .5 0 in Y such that 

k n
F € [ P  c(A.5 0 )] P  [ P  x(A.5 0.))C N. .

i=l 1 1 k+1 1 ,V

Then for each i = I5 . . .5 n 5 there exists a closed neigh-
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borhood N. of F such thati

i) F G (3 K { ) i = I5.. . ., k, or
Ii) F e Ni (3 N(Ai -, Oi) i = k n.

n, _
Then F e Pt N. C  N. Thus Cm (X5Y) is regular.

1=1 1 11

5 o 8 Lemma.

If Y is a T1 regular Space5 then K^(X5Y) with the c-o 
topology is a T1 regular space.
Proof: Proceed as in the previous theorem using the fact .

that F(x) is compact. Thus if 0 is open in Y and F(x) (3 0 

then there exists O1 open in Y such that F(x) Q  O1 (3 O1 (3 0.

Smithson in [15] has investigated some of the above 

properties. If Y is T15 the converses to 5«5 and 5*7 also 
hold5 see Michael [.12] and Kuratowski [11].

The next theorems show that some of the theory of 

single-valued function spaces caries over to spaces of 

multi-functions.

5-9 Definition.

A topology T on C^(X5Y) is jointly-continuous if 

co: C^(X5Y) X X -s- Y defined by co(F5x)' = F(x) is a continuous 

multi-function.



5.10 Theorem

A topology T is jointly-continuous on Cm (X5Y) iff

for every topological space Z5 if G*:Z -> Cm (X5Y) is a

continuous single valued function then G:Z x X -> Y5 
defined by G(z5x) = G*(z) (x) is a continuous multi­

function.

Proof: Similar to the proof in [2].

5 -11 Theorem.

If X is a locally compact space, then the c-o topology 

on Cm (X5Y) is jointIy-continuous.

Proof: Let F e Cm (X5Y)5 x e X 5 and 0 be open in Y. If

F ( x ) O5 since F is continuous there is a neighborhood 

N of x such that F [N] 0. Since X is locally compact we

may assume that N is compact. Thus (F5x) e k (N5O) x N 
and CD(/c (N5O) x N) C  0 .

If F(x) Pi 0 ^ 0 5 since F is continuous there is a 

compact neighborhood N of x such that F(x') P  0 0 05 for 
all X t e N. Thus (F5x) e X(N5O) x N and cd(F'5 x') P  0 ^ 0 
for every (F15 x') e X(N5O) x N. Thus cd is a continuous 
multi-function.
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5 o12 Definition,

A topology u on C^(X5Y) is proper if for every 

topological space Z_, if GtZ x X -> Y is a continuous multi­

function 5 and G*:Z -» C^(X5Y) is defined by

G*(z) (x) = G(z3x ) then G* is a continuous single valued 
function.

5.13 Theorem.

The compact-open topology on C^(X3Y) is always proper.

Proof: Let Z be a topological space. It will suffice to

show that for any compact A (3 X 3 and any open set 0(2 Y 3 
and any continuous multi-function G:Z x X-» Y3 G*"" (% (A3O)) 
and G*-1 (X(A3O)) are open sets in Z x X.

G*-1 (k: (A3O)) = { z e Zj G(z3x) (% 0 for every x e A) .
'''''-T

If z e G**" (/c (A3O)) and x e A 3 there exists a neigh­
borhood N of z and a neighborhood M of x such that 

G[N x M] (2 0. Since A is compact, there exists finite 

collections, i) (M^3 . . . Mn) of neighborhood of points 

of A 3 and ii) [N^3 „ . .3 Nn) of neighborhoods of z; such

n
i) A (2 U  M . 3 and

i=l 1 •
ii) G[N^ x MjJ (2 O 3 I=I3 . . . 3 n.

that
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n

Then Pl N. is a neighborhood of z. If x e A and 
i=l 1
n

z 1 e P  IL 5 G-*(z 1) (x) = G(z ' 5x) 0. Thus
i=l

-I i
P  N1 C  G* (k (A9O). Therefore G* (/c (AjO) .is open. 
i=l

If z e G* ^"(X(Aj)) and x e A j- there exists a neigh­

borhood M of x such that if (Z1jX 1) e N x M  then 

G(ZtjX f) P  0 ^ 0. Then as above there exist finite 

collections, i) (M1, . . ., Mn) of neighborhoods of

points of A j and ii) {N1, j Nn) of neighborhoods o f „

z j such that;

n
I) A(] IJ M1 and 

i=l

2) if (Z1jX t) e N1 x M1 then G(ZtjXt) P O  0 0. 
nThus if z1 e P  N. and x' e A j G*(z1) (x1) = G(ZtjXt) and 

i=l 1

-u „nG(Zt5Xt) P  0 0 0. Thus P  N. e G* (X(AjO). Therefore
i=l 1

G*~1(x(AjO) is open.

The following theorems have elementary proofs which



are similar to the proofs of the same theorems for single- 

valued function spaces.

5.14 Theorem.

If u. is a proper topology on C^.(X/Y) and t is a 

jointly-continuous topology on Cm (X5Y), then a (i.e.

if 0 is open in a then 0 is open in t ).

5.15 Theorem.

If a is a proper topology on Cm (X5Y) and u 1 is a 

topology on Cm (X5Y) such that d <_il then u' is proper.

If T is jointly-continuous and t 1 is a topology on Cm (X5Y)

such that T < T ’5 then T 1 is jointly-continuous.

5.16 Theorem.

The c-o topology is coarser than every jointly contin­

uous topology. If X is locally compact the c-o topology 

is the finest of the proper topologies.

The proof of 5•16 can he done by a mapping argument 

as in 5• and 5•15 or it can be done in a similar fashion 
to the proof Arens gave in [I]. The proof can also be 

found in Smithson [15].

Using Arens paper, we find in general that there does
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not exist a minimal jointIy-continuous topology for C^(X3Y),

However if ( u.' | a e A) is a family of proper topologies in

Cm (X3Y) and u is the topology generated by the union of 

the iu-g) then u is a proper topology. Thus there is a

maximal proper topology for Cm (X3Y).

5.17 Definition.

Let i) (F^3 d e D) be a net in Cm (X3Y) and

li) F e CM (X,Y).

Then F^ converges continuously to F if for every x e X and _

every net {xc ] c e C} 3 Xq x implies F^(x^) -> F.(x)^^^

(i.e. if 0 is open in Y3 and
i) "If F(x) C  0 then there exists d0 e D and c0 e C ' 

such that if d >_ d0 and c >_ C0 then F^(x^) Q  O 3

ii) if F(x) Pl 0 ^ 0 there exists d0 >_ D and c0 >_ C 
such that if d >  d0 and c ^  C0 then
F a ( X c ) ^  0 0: 0.

55l8 Theorem.

A topology T on Cm (X3Y) is jointly-continuous iff for 

every net {F^ j d e D} and every F e Cm (X3Y )3 if F^ F ^  ̂
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then converges continuously to F.

Proof: The following is similar to the technique used in

[2]. If T is a jointly-continuous topology then 

to.: C^(XjY) X X-> Y is continuous. Suppose {Fd | d e D} is a

net in Cm (X5Y) and {xc5 c e C) is a net in X- If Fd F (T )

and x -» x then (Fd5 x ) -> (F5x) in the product topology.

Thus to(Fd5 xc) (F(x) ^ ^5 Theorem 3.16.

Suppose Fd ^(t ) ^mPlies converges continuously

to F. Let Z be a topological space and G*:Z -> Cm (X5Y)

be a continuous single-valued function. Define G:Z x X -» Y 
by G(z5x ) ="G*(z) (x). Then G is a multi-function. If 

{z . I d e D} is a net in Z converging to Z5 and {x | c e C )CL _ C
is a net in X converging to X5 then (xd5 x ) converges to ■ 

(z5x) in Z X X and G*(zd) G * ( z ) ^  since G* is continuous

Thus G(zd5 xc) G(z5 x)(tmtmy
Therefore G is Continuous5 Theorem 3.16.

5.19 Theorem.

A topology a on Cm (X5Y) is proper iff for every net 

(FdJ d e D) and F in Cm (X5Y) if Fd converges continuously
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to F then F^ F (U)*
Proof: Suppose u is proper and {F • | d e D} us a net inCL

Cm (XjY) such that F^ converges continuously to F. Let

Z = D U  (oo) .with, the added order that oo >_ d for every : 

d e D. Define G:Z x X -> 'Y by G(dJx) = F^(x) if. d e D and

G(<”5x) = F(x) . If xc x in X then

G(dJxc) = F^(Xq) G(oo5.x ) = F(x) t y  Thus G is con­

tinuous , Theorem 3.16. Then G*:Z -> Cm (XjY) is defined by 

G*(d) = Fd if d e Dj and G*(oo) = F-. Since G* is continuous 

and ( d e D) _» ^ j Fd F^u ^.

Suppose continuous convergence in Cm (XjY) implies con­

vergence with respect to the topology u. Let 

i) Z be a topological space, 

ii) G:Z x X Y he a continuous multi-function, and 

iii) G*:Z-» Cm (XjY) be defined by G*(z) (x) = G(z,x).

Let { z I c e  C} be a net in z such that z z e Z and c I J  c

{xd I d e D} be a net in X such that xd -> x e X. Then 

G(zd, x ) -*■ G(z,x) so G*(z ) converges continuously to 

G*(z). Thus G* is a continuous single-valued function.



We have shown that if X is a locally compacts space, 

then for argitrary topological spaces Z and Y 5 G:Z X X -> Y 

is a continuous multi-function iff G*:Z-» C^(X5Y)5 Cm (X5-Y)

endowed with the c-o topology, is a continuous single 

valued function.

5.20 Lemma.

If i) X and Z are locally compact spaces, and 

ii) Y is an arbitrary spacej 

then {/c (K1 X K2 , 0), X (K1 X K2 , 0) K1 compact in Z, K2

compact in X and 0 open in Y) forms a subbase for the c-o 

topology on CM (X x Z5 Y).

Proof: Let C be a compact subset of Z X x, and 0 be an

open set in. Y. If F e /c (C5O), and (z,x) e C5 F(z,x) (3 0.

Then there exists a compact neighborhood K1 of z and a

compact neighborhood K2 of x such that F(K1 X K2) (3 0.
Thus F G /c (K1 X K2 , 0). Since C is compact there exist

collections (K1 | 1=1, 2, . . ., n) of compact subsets of 
1I

Z .and {Ko | 1=1, . . ., nj of compact subsets of X such 
i
n n

that C C U  K1 X Kp and F G Cl /c (K-, X Kp , 0). Then 
i=l i i i=l :■ v xi-' ■ i
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n
n  K(K. X Kg , 0 ) C  K(CjO).
i=l i i

If F G X(CjO) and (z5x) G C5 there exists compact

neighborhoods K1 of z and K2 of x such that if

(z ' 5 x r) € K1 x K2 then F(z 1 5 x ’) O  0 0. Thus

F e X(K1 x K2 j 0). Since C is compact, there exist finite

sets {K I 1=1, . . ., n} of compact subsets of Z and 
1I

{Kg I 1=1, . nj of compact subsets of X such that
^i

n n
C C  U  K 1 X Kg and F G H  X(K1 x K0 , 0) . Then 

i=l i ^i i=l i i .

n
Dx f K 1 X Kg , 0)C x(c,0).
i=l 1I di

5.21 Theorem.

If i) X is a locally compact topological space, 

ii) Y and Z are topological spaces, and 

ill) {k (K1 x K2 , 0); X (K1 x K2 , 0)) , as defined in 

Lemma 5«20, forms a subbase for the c-o topol­

ogy for CM (Z X X ,  Y),

then CM (Z x X, Y) and C(Z, C^(X,Y)) are isomorphic spaces.

Proof: The sets of the form (K1 , K(K2 , 0) and

(K1 , X(K2 , 0)) are a subbase for the c-o topology on
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C(Z} Cjy1(XjlY). Then we check that the mapping G G* 

sends ^(K1 x K2-, 0) onto (K1 , ^(K2 , 0) and ^(K1 x K2 , 0) 

onto (K]_, X(K2 , 0)).

G e /c (K1 x K2 , 0) Iff for every, z e K1 and x e K2 

G(z, x) = G*(z) (x) Q  0 iff for every z e K1G*(z) (x) (% 0 

for every x e K2 iff for every z e K1 , G*(z) e /c (K2 , 0) iff 

G* e (Ki, K (K2 , 0). And G e X (K1 x K2 ,. 0) iff for every 

z e K1 , and x e K2 , G(z,x) P l 0 = G*(z) (x) P  0 ^ 0  iff for 

every z e K1 , G*(z) e X (K2 , 0) iff G* e (K1 , X (K2 , 0)).

Since we have a 1-1 correspondence which takes the subhase 

of one topology onto the subbase of the other topology, 

we have a homeomorphism.

The next theorem will deal with the continuity of the 

composition map. Following Dugundji [6] Chapter XII, 

Section 11, we define ;

if X, Y and Z are topological spaces

T:KM(X,Y) X ^ ( Y ^ )  _» ^ ( X ^ )  by T(G,F) = F o G.

5.22 Theorem.

If Y is locally compact, then T is continuous.

Proof: Since T is a single valued function, we only have ■
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to consider subbasic open sets of C^(X5Z). Let K be a

compact subset of X and 0 be open in Z. If T(GjlF) e k (K3O) 
then F o G(x) = F(G(x)) Q  0 for all x e K. Thus 

G[K]C  (y e X I F(y) C  °} = 0 '  and 0' is open. Berge [3] 
Chapter VI3 Par. I3 Theorem 3 showed that G[K] is compact. 

Then since Y is locally-compact, there exists a compact 

neighborhood K' of G[K] such that G[K]C  K' C  ot- Let 0" 
be open in Y such that G[K] C  C  • .Then G e /c(K3On) 

and F e /c (K'3 0) . Let G 1 e x (K3 0") and F' e Zc(Kr3O)3 then 

T(G13F r) = F 1 ° G' e zc(K3 p) . If

x G K 3 G 1 (x) (3 On (3 K'. If y e G i (x) 3 y e  K 13 then 

F'(y) C  0. Thus F 1 o G 1(x) = F 1[G'(x)]C  F 1[K'] (3 0. 

Therefore F 1 ° G' = T('G* 3 F') e zc(K3 0).

If T(-G3 F) e X (K3 0)3 and

x e K 3 G(x) (3 {y G Y | F(y) 0  0 ^ 0 }  = O 13 and G(x) 0 0. 

Since G[K] is compact there exists an open set 0" in Y and 

a compact set K' in Y such that G[K] (3 On (3 K'(3 O'. If 

F ' e X(K'3 0) and G' e X(K3 0") and x e K 3 then there 

exists y e K'3 y e G'(x). Now 

F 1 o G 1 (x) 0 3) F 1 (y) Pl 0 0 0 since y e K 1 .
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