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Chapter 1 introduces the concepts of F being quasi-continuous or uniformly continuous and examines
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typical result is that if F is compact-valued then F is quasi-continuous if and only if F is continuous.

Chapter 2 is concerned with uniform convergence. A typical result if that if {Fd | d [ D} is a net of
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(quasi-) continuous .

Chapter 3 is concerned with the structure of P(Y), the power set of Y, with the Hausdorff uniformity
and its induced topology. A one-one relationship is established between continuous single-valued
functions into P(Y) with this topology and quasi-continuous multi-functions into Y.

Chapter 4 is about the semi-group of quasi-continuous real valued multi-functions. A typical result is
that {x [ X | F(x) is unbounded) is open in X.

Chapter 5 is a listing of several properties of the set, CM(X,Y), of all continuous multi-functions from
X into Y, with various topologies.
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ABSTRACT

Let (Y,V) be a uniform space, X be a topological
space, and F:X - Y be a multi-function. .

Chapter 1 introduces the concepts of F being quasi-
continuous or uniformly continuous and examines some rela-
tionships among continuous, quasi-continuous, and uniformly
continuous multi-functions. A typical result is that if
F is compact-valued then F is quasi-continuous if and
only if F is continuous.

Chapter 2 is concerned with uniform convergence. A
typical result if that if {Fd[ d e D} is a net of uni-

formly (quasi-) continuous multi-functions, which con-
verges uniformly to F, then F is uniformly (quasi-) con-
tinuous.

Chapter 3 is concerned with the structure of P(Y),
the power set of Y, with the Hausdorff uniformity and its
induced topology. A one-one relationship 1s established
between continuous single-valued functions into P(Y)
with this topology and quasi-continuous multi-functions
into Y. .-
Chapter 4 is about the semi-group of quasi-continuous
real valued multi-functions. A typical result is that
{x e X| F(x) is unbounded} is open in X.

Chapter 5 is a listing of several properties of the
set, CM(X,Y), of all continuous multi-functions from X

into Y, with various topologies.
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INTRODUCTION

Sévéral authors havé investigated properties Qf_
multi-functions satisfying various types of continuity.
Our purpose in this papef will be to define a éoncept of
‘a uniformly continuous multi-function. Then we will
establish several properties of the uniformly continuous
multi-functions.

In this work we shéllyassume thatithe definitions of
the common topological terms are known. Amoﬁg the symbols
to be used-are the following. | ;

For a topological space X and a subset AC X, & is
thé closure of A, A° is the interior of A, d(A) is the )
boundary of A, and X - A is the complement of A in X.

@ will denote the empty set. _R will denote the real
numbers and if a, b € R, a < b, then [a,bj ={x] a< xXb}.

By a\ﬁhiform space we mean a pair (X,U), where X is
a topological space and u is a uniformitj as defined in
Kelley [9]. \

For a uniform space (X,U), for any x ¢ X, AC X
and Ue U; U(x) = {y] (x,y) € U}; and
U[A] =U {U(x) | x e &} .

Note A =M {(U[A] | U e uj}.

'F is a multi-function from X into Y, F:X - Y, if

for each x € X, F assigns a subsetnF(x)gz Y. (Many
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authors require that for every x € X, F(x) # £ and
F(x) = F(x)). The closedness of F(x) is desireable if
we are trying to establish separation properties, see
Smithson [15].
For a multi~-function F:X - Y, X and Y topological

spaces, we will say that F 1s compact-valued (closed-

valued, open-valued) if F(x) is compact (closed, open)

for every x € X.

F is upper semi-continuous (usc) at x ¢ X if for

every open set O in Y, if F(x) C O, then there is a

neighborhood N of x such that F(x')(: O for every x' e N.

F 1s lower semi-continuous (Isc) at x € X provided

that for every open set O in Y, if F(x) /)0 # @, there
is a neighborhood N of x such that F(x') /)0 # ¢ for
every Xx!' éNN. )

F is continuous at x € X, provided that F is both

usc and lsc at x. F 1s continuous (usc, 1lsc) if for
every x € X, F is continuous (usc, lsc) at x.
We shall need the foilowiﬁg two theorems:
0.1 Theoren.
If i) (x,U) is a uniform space,
ii) A is a compact subset of X,

iii) O is an open set in X, and
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iv) AC 0, .
then there is a V e U such that V[A]C o.
Proof: Kelley [9] Theorem 33, Chapter 36.

0.2 Definition.

A uniform space (X,U) is a uniformly locally con-

nected space if for each U e U, there is a W e U such that

- WC U and W(x) is connected for every x € X.

0.3 Theorem.
If i) (X,U) is a uniformly locally connected space,
ii) A(C X such that o0(A) is compact,
iii) - O is an open set in X, and
iv). EC o,
then there is a U e U such that U[A] C o.

Proof: By Theorem 0.1 since d(A) is compact, there is a
V e U such that V[o(A)](C 0. There is a W el , such that
Wis symmétric and W (C V. Also there is a U e U, such
that UC W and U(x) is connected for each x € X. Then
U[A]C 0. For; let x e B. If x e 3(A), U(x)C v(x) C o.
If U(x) M o(A) # @, there is a y € d(A) such that
v e U(x) C W(x). Since W is symmetric, x € W(y). Thus
U(x) C WW(y)] = w2(y) C V(y) C 0. .

Suppose U(x) MJ(A) = @. Let My =:U(x) M (X-A8) and

R
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Mp = U(x) NE = U(x) N (A° U J(A)) =
(U(x)) M A°) U (U(x) M3(A)) = U(x) N A°, o
But U(x) = M, UM, and x ¢ My; therefore, since U(x)
is connected, My = g. Thus U(x) =M C AC O.
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CHAPTER 1: QUASI-CONTINUOUS AND UNIFORMLY
CONTINUOUS MULTI-FUNCTICNS.

In studying continuous mﬁlti—functions into a uniform
space 1t is apparent that a different definition of con-
tinuity would be useful since, e.g., the log function,
log: ¢ - C, 1s not a continuous multi-function in the
usual sense. Ratner, in his dissertation, defined concepts
which he calied metricaliy continuous and uniformly con-
tinuous, which for metric spaces are the same as the con-

cepts of quéasi-continuous and uniformly continuous.

1.1 Definition.
Let i) X be a topological space,
ii) (Y, V) be a uniform space, and
iii) F:X - Y be a multi-function,

~—

then F is-quasi—continuous (q.c.) if both of the following

are satisfied:

1) For each VeV, and each x ¢ X, there is a neigh-
borhood N of x such that F(x'\C V[F(x)] for each x' ¢ N.

2) For each VeV and each x e X, there is a neigh-
borhood N of x such that F(x') M V(y) # & for each x' e N
and each y' e F(x).

If a multi-function satisfies condition 1, we will say

that it is quasi-upper semi-continuous (qusc), if it
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satisfies 2, we will say that it is quasi-lower semi-

continuous (glsc).

1.2 Lemma.
Let i) X be a topological space,
i1) (Y, V) be a ﬁniform space, and
iii) F:X - Y be a multi~-function.
Then the following are equivalent:

1) F is quasi-lower se@i-continuous.

2) For each x € X and each V € V, there is a neigh-
borhood N of x such that F(x) C V[F(x')] for each x' ¢ N.
Proof: Suppose that F is gqlsc and that x € X and V eV
-are given. There is a W e V, such that W is symmetric
and WC V. Since F is glsc there is a neighborhood N of
x'such that for every x' e N, F(x')fﬂ'w(y) # @ for every
y € F(x). éince W is symmetric, if x' ¢ N, for each
y e F(x), v e WF(x')]C V[F(x")] thus F(x) C VIF(x')].

Now suppose condition 2 holds. If i € X and V ¢ Vs,
let W eV such that W is symmetric and WC V. There is a
neighborhood N of x such that F(x) C W[F(x')] for each
x''e N. 8o for any y € F(x) and any x' ¢ N, y ¢ W[F(x')].
Since W ié symmetric there is a'y' e F(x') such ﬁhat

y' e W(y). Thus @ # F(x') M W(y) C-F(x!) N V(y).
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Since y was arbitrary, F is glsc.

1.3 Theoren.

Let i) X be a topological space,

ii) (Y,V) be a uniform space, and
1i1) F:X - Y be a multi-function,
then the following are equilvalent:

1) F is quasi-continuous

2) For each V eV and each x ¢ X, there is a neigh-
borhood N of x such that for any x' ¢ N, F(x') C V[F(x)]
and F(x) C V[F(x')].

3) For each V el. and each x € X, there is a neigh--
borhood N of x such that for any two points X, , X, € N,
F(x) C V[F(x=)]-

Proof: We will show that 1 implies 2, 2 implies 3 and
3 implies 1.

Suppose 1 holds and that x € X and V € V are given.
Sinée F is qusc there is a neighborhood N; of x such that
F(x') C V[F(x)] for each x' ¢ N. Since F is glsc and by
lemma 1.2 there is a neightborhood N, of x such that
F(x) C V[F(x')] for each x' € Na. Let N =DN; () N,.

Suppose 2 holds, and that x € X and V € ¢y are given.

There is a We U, such that W is symmetric and W2 C V.

-}
Nl
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Thefe is a neighborhood N of x such that for any x' € N,
F(x') C W[F(x)] and F(x) C W[F(x')] , let x; ; Xs € N.
Then F(x;) C W[F(x)] and F(x) C W[F(x:)] so ‘
F(x,) C WIF(x)]C WoW[F(x,)] = W [F(x)]C VIF(x)]-

Suppose 3 holds and that x € X and V eV are given.
There is a neighborhood N of x suéh that for any pair
X1, X2 € N, F(xp) C V[F(xz)];So for any x' € N,
F(x'") C V[F(x)]. Thus F is qusc. Also F(x) C V[F(x')]

for each x' € N, so by lemma 1.3 F is glsc.

1.4 Definition.
Let 1) (X,U), (Y,V) be uniform spaces, and -
ii) F:X - Y be a multi-function.

Then F is uniformly continuous (uc) if F satisfies either

of the following conditions:

1) For every V el , there is a U ¢ § such that for
each pair (x,x') ¢ U, F(x') C V[F(x)]. |

2) For every VeV , there is a U'e (I such that for

any pair (x,x') € U, F(x"Y\V(y) # £ for every y ¢ F(x).

1.5 Lemma.
If i) (X4) and (Y,V) are uniform spaces, and
1i) F:X > Y is a multi-function,

then conditions 1 and 2 of definition 1.4 are equivalent.
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Proof: Suppose that F satisfies condition 1. Let Ve V

be given. There is a W e V such that W is symmetric and.
W(C V. There is a U e U such that for any pair (x,x') e U,
F(x') C W[F(x)]. Without loss of generality we may suppose
that U is symmetric. Then (x,x') € U implies that
F(x) C W[F(x')]. For any y ¢ F(x), y € W[F(x')] so there
is a y' € F(x') such that (y,y') € W. But then
F(x')MU(y) # §. So F satisfies condition 2.

Suppose F satisfies condition 2. Let Ve /. There
is a Uel such that for any pair (x,x') e U,
F(x') M V(y) # @ for each y € F(x). Then for each y ¢ F(x)
there is a y' € F(x') such that (y,y') € V. Without 1oss‘“
of generality'we may assume‘that V and U are symmetric.
Then for (x,x!') ¢ U and for each y ¢ F(x) there is a
y' € F(x') such that (y,y') € V. Then also (y',y) ¢ V °
soy e V(y')C V[F(x")]. Thus F(x) C V[F(x')]. Since

U was symmetric we also have (x',x) € U so F(x') C V[F(x)].

Using our definition of continuity, if F:Y - X and
G:Z - Y are continuous multi-functions then FoG:Z - X is
a continuous multi-function. However the composition of
two closed valued contihuoué multi-functions need not be

closed wvalued. .
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1.6 Example.
Let X = Z = [0,1], Y = [1,0).
Define G:Z — Y by G(z) = [1,2]; z ¢ (0,11,

G(0) = [1,0);
1.
F:Y-> X by F(y) = [Z5113
then FoG(0) = (0,1] is not closed.

However the following. is true.

1.7' Theorem.
Let i) Z and Y are topological spacés,
ii) X is a regular space,
iii) G:Z2 > Y is é compact-valued continuous
multi-function, and
iv) F:Y -~ X is a continuous closed-valued
multi-function, |

then FeG is a closed valued function.

Proof: Let z € Z, we will shown that if x ¢ FoG(z)
then x ¢ FoG(z). Suppose x e F(y). Since Z is regular,

there exists open sets 0,, Op in X such that F(y) C O,

X e 0 and 01 M 0, = P. Since F is continuous, there

exists a neighborhood N of y, such that if y' ¢ N, then

F(y') C O1.

I A, S
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Suppose x ¢ FoG(z) = F[G(z)]. Since G(z) is compact,
there exists finite sets {Ny, Noy, & 0, Nn} of open sets
in Y and {07, Oyp5 - . ., Oyp} and {0575 Oo0s « o .5 Oop)

of open sets in X such that

n
1) a(z)C U,

i=1

ii) F[N;1C 04, i=1,-2, . . ., n,

iii) x € Opys 1=1, 2, . . ., n3 and
iV) Oli m O2i = g) i=l, 23 . . e 9 n.
Then
© n n n.
FoG(z) = F{G(z)]C FL U N1C U RN, JC U 0y5. Now
i=1 i=1 i=1
n

. n '
and (U 0,,) N (N 0yy) = 8.

i=1 1=1

rr% -
X € I O,
i=1 %

So x ¢ FoG(z).
The above shows that if F is a closedivalued con-

tinuous multi-function into ‘a regular space and K is a

compact subset of the domain of F then F[K ] is closed.

1.8 Lemma.

If 1) Z, Y are topological spaces,

=
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ii) (X,U) is a uniform space,
iii) G:Z -~ Y is continuous compact-valued multi-
function, and

iv) F:Y - X is quasi-continuous,
then FoG 1is quasi~confinuous
Proof: Let We U, z ¢ Z. For each y ¢ G(z) there is, by
”Theorem 1.3, an opeh neighborhood M of y such that if
v', v € M, then F(y') C W[F(y")]. Since G(z) is compact

there is a finite set of open sets {Ml, e e e Mn} and a

set of points {yi, Yoo = « = yn] such that

i) y; € MifW G(z), i=1, 2, . . ., n, - "

: n
i1) &(z)C U M, and
i=1

—

111) ify', y" e My, F(y') C WF(y")] for
i=l, 2, . . ., n. '
There 185 a neighborhood N of z such that if z' ¢ N then

0 .
G(z')C U M, and G(z') NM; # ¢ i=1, . . ., n. Let
i=1

z' € N. Then FoG(z') = F[G(z')]C F[@ M, ] C O FM, ]
i=1 i=1

n
C U WIR(y;)] C WIFeG(2)].
i=
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For each i=1, ..., n, there is a point y'; € G(z') M Mi'
n n
Then F°G(z) C F[ U MIC U W[F(y'i)](: W[FoG(z'") 1.
i=1 i=1 '
Thus FoG is quasi-continuous by Theorem 1.3. -

To show that the requirement of G(z) being compact

for each z € Z is eséential consider the following:

1.9 Example
et X =Y =2Z = [0,»).
Define G:Z - Y by G(z) = [0,2] z € (0,@),
= [OJOO) z =0, -
F:Y - X by F(y) = {y}
Then G is continuous and F is quasi-continuous, but FeG

is not quasi-continuous.

1.10 Exémple.

Let X =Y =2 = [0,»).
Define G:Z -~ Y by G(z) ={z + k| k=0, 1, 2, 3, . . .]
{¥y®]

Then G and F are both quaSi—continuéus but FeG is not

F: Y- X by F(y)

quasi-continuous.

For uniformly continuous multi-functions we achieve
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a better result.

1.11 Theoremn.

If i) (X,u), (Y,V) and (Z,W) are uniform spaces,
and ii) F:Y - X and G:Z -~ Y are uniformly continuous,
then FoG: Z - X 1s uniformly continuous.

Proof: Let U e U. Then there is a symmetric V ¢ V such
that for any pair (y,y') e V, F(y')C U[F(y)], and We W
such that if (z,z') e W, G(z') C V[G(z)]. Let (z,z') ¢ W
and x' € FoG(z'). There is a y' € G(z') such that

x' € F(y'). 8ince G(z')C V[G(z)] and V is symmetric
there is a v e G( z) such that (y,y' ) € V. Then .
x' e F(y') C V[F(y)] Therefore |

FoG(z') C V[FeG(2)].

The next few theorems will establish some relationships
among continuous, quasi-continuous, and uniformly continu-
ous multi-functions.

In Ratner's dissertation [13] he established theorems
of the following sort to establish the conhection between
the definitions of upper semi-continuity and lower semi-
continuity for multi-functions and the traditional def-
initions for éingle valued functions.

"If F:X - R is a lower semi-continuous multi-
function, such that for every x € X, F(x) is
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bounded above, and £f:X - R is defined by
f(x) = lub {F(x)} then f is a lower semi-
continuous single-valued function."
The following theorem achieves a similar result for

uniformly continuous multi-functions.

1.12 Theorem.
If 1) (X,U) is a uniform space,
ii) f, g:X - R are functions such that
f(x) g'g(x), for every x ¢ X, and
iii) F:X - R is a multi-function such that for

every x € X, F(x) = [f(x), g(x)1,

then F is uniformly continuous iff f and g are uniformly .

continuous.
Proof: Suppose f and g are both uniformly continuous.
Let r> O be given. Let

v, = {(rl,r;) e RxR||r, - ro|< r}. Then there
exists U e U, suéh that if (x15%2) € U then
P(xa) € V,(2(5)) and g(x) € V,(g(x)).
Then F(xz) = [f(x:), &(%)]
C (£f(x1) - 15 g(x) + 1)

= Vf[F(Xl)]'

Suppose F 1s a uniformly contiﬁﬁous muiti—function.
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Let r> O be given. There exists a symmetric U e'u,,such
that if (x1,%X2) € U, then F(xg) C V,[F(xy)]. Then
[£(%2)5 8(x2)1C V[F(x)] = (£(x) = 75 8(%:) + 1),
so f(xz) > f(xl) - r. But (xz,kl) e U if (X,.,%X5) € U
so that F(x) C V,[F(xz)]. Thus £(x;) > £(x) - T,
then f(x1) - r < f(x) < f(x1) + r. So

f(xz) € V.(f(x1)). Similarly g(xz) € V,.(8(x1)).

1.13 Lemma.
If 1) X is a topological space,
ii) (Y,V) is a uniform space,
iii) x € X, and |
iv) F:X - Y'is a multi-function

such that F(x) is compact;

the the following are equivalent:

1) F is lower semi-continuous at x.

2) F is .quasi-lower seml-continuous at X.
Proof: Obviously 2 implies 1. For the .converse suppose
1 is true, so that given any O open in ¥ such that
F(x) MO # ﬁ, there is a neiéhbofhood N, of X such that
F(x') MO0 # ¢ for everj x'" ¢ Nj. Let Ve V be given.
Then there is a W.e V, such thaf Wfis symmetric and

W e V. Since F(x) is compact there is a finite set
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{Yl; y2%.° . e yn}, FP(x) C ;:3 W(yi). Since F 1s 1lsc

at X there 1s a neighborhood Ni of x such that
F(x') MW(y;) # @ for every i=1, ..., n and for every
. . n -
x' € Ny Now if y e F(x) and x' e M N, there
: .- , i=1

is a y; such that y e W(yi),.and then -

g#£F(x)Nu(yy) CF(x)NW(y) C F(x')NV(y). So

P is qglsc.

1.14 Lemma.
i) X is a topological space, ' .
ii) (Y, U) is uniform space,
1ii) x e X, and

iv). F:X > Y is a multi-function such that F(x)

is compact,
then the following are equivalent:
1) F is upper semi-continuous at x.
2) F is quasi upper semi-continuous at x.
Proof: 1 obviously implies 2. For the conversé'use

Theorem 0.1,

1.15 Theorem

T

If i) X 1s a topological space,
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ii) (Y,u) is a uniform space,
iii) X € X, and
+iv) F:X~ Y is a multi-function such that F(x)
1s compact;
then the following are equivalent;
1) F is continuous at x.
2) F is quasi-continuous at x.

Proof: Lemmas 1.13 and 1.14.

1.16 Corollary.
If 1) X is a topological space,
ii) (Y, u) is a uniform space, and
iii) F:X - Y is a compact-valued multi-function;
then the followi.ng are equivalent:
1) F is continuous.

2) F is quasi-continuous.

For a finite set S iet #8S denote the number of ele-

ments in S.

1.17 Theorem.
If i) X is a topological space,
ii) (Y,U) is a T, uniform space, and

1ii) F:X - Y is a multi-fundtion such that
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#F(x') = n for all x' in some neighborhood
of x; '
then the following are equivalent:
1) F is continuous at x.
2) F is lower semi-continuous at x.
3) F is quasi-lower semi-continuous at x.
4) F is quasi-continuous at x.
Proof: By.previous work we néed only show that 2 implies
i or that F is usc at x. Let {yys ¥00 « + 5 ¥} = F(x).
Let O be an open set in Y such that F(x) C 0. Let
{Ul, U2, o o e Un} be a collection of open set in Y such-
that

i) y; € Uy, =1, 2, . . ., n,
1)~ Uy MUy =@, 1 # 3, and
n ‘
iii) U UiC 0.
i=1
Since F is 1lsc at x there is a neighborhood N of x such

that if x' € N, F(x') M Uy A@%,i=1,2, . . ., n. If

x' € N, for each i, there is a z; € F(x') M U;. Then

_ n
F(x') = {zl, Zos « o vs Zy) C 'Ul U-j_C 0.
i=1 -
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Note: A similar theorem was proved by Smithson [15]

Lemma 1, page 449,

1.18 Theoren.
If i) X, Y 'are topological spaces,
ii) x ¢ X, and
iii) F:X - Y is a multi-function such that
#F(x) = 1,
then the following are equivalent:
1) F is continuous at x.
2) F is upper semi-continuous at x and there is a

neighborhood N of x such that if x!' ¢ N then .

F(x') # 4. |
Proof: Suppose O is an open set in Y and F(x) (M 0 # &.
Then F(x) C O so there is a neighborhood N; of x such

that F(x') C O for each x' € Ny. Let N' =N, N N.-

1.19 Theorem.
If i) X,Y are topological spaces,
ii) x e X, and
1i1) F:X — Y is multi-function such that
F(x) =Y,

then the following are equivalent:. . .
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1) F is continuous at x.

2) F is lower semi-continuous at X.

1.20 Theoremn.
If 1) X is a topological space,
ii) (Y,u) a uniform space,
iii) x-e X, and
iv) F:X > Y.is a multi-function such that
F(x) = Y,
then the following are equivalent:
1) F is quasi-continuous at x.

2) F is quasi-lower semi-continuous at x.

1.21 Theoremn.

If i) (X,u) and (Y,v) are uniform spaces,

ii) F:X > Y is quasi-continuous, and
iii) X is compact,
then F is uniformly continuous.

Proof: Similar to the proof for single-valued functions.

1.22 Corollary.
If i) (X,u)s, (Y, V) are uniform spaces,
ii) X is compact, and

iii) F:X > Y is compact valued,
/
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then the following are equivalent:
1) F is continuous.

2) F is uniformly continuous.

1.23 Definition.
Let i) X, Y be topological spaces, and
ii) F:X 'Y be a multi-function,

then F will denote the multi-function from X into Y defined

by F(x) = F(%) and G(F) = ((x,¥) | v € F(x)}.

Franklin [7T] characterized regular spaces by the
fact that G(F) = G(¥) (as a subset of X X Y) for any usc
function into a regular space and normal spaces by the
fact that F is usc for any usc F into a normal space,
Sec. 2 p. 16-20.

~

1.24 Theorem.
If i) X is a topological space,
ii) (Y, V) is a uniform space,
iii) F:X - Y is a multi-function, and
iv) F:X - Y is defined as in 1.20;
then the followihg are equivalent:
1) F is quasi-continuous.

2) F is quasi-continuous.
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Proof: Suppose F is quasi-continuous and x ¢ X and V ey
are given. There is a W e V such that W8 C V. Then
there is a neighborhood N of x such that for any péir
X1, Xz € N, F(x,)'C W[F(x2)]. Then F(x,) C W[F(x:)]
since F(xy) =M {U[F(xy.)] | U e v}. Thus if X, 5 X € N,

—F(Xl) C WF(x)]1C WB[F(x2)]1C W2[F(X2)] C V[F(Xz)]e

So F is quasi-continuous.

Suppose F is gc and X € X and VeV are given. Then
there is a W e ¢ such that W8 C V. There is a neighbor-
hood N of x such that: if x;, x5 € N, F(xy) C W[F(x5)]. ‘
Thus if x,, X, € N, |

P(x,) C F(x) C WF(x2)]C W [F(x2)]C VIF(xz) ]

~

1.25 Theorem.

If ZI?) (X,u), (Y,v) are uniform spaces, and

'ii) F:X - Y is a ﬁulfi-function;

then the fpllowing- are equivalent:

1) F is uniformly continuous.

2) T is uniformly continuous.
Proof: Suppose F is uc and Ve V is given. There 1s a
W e V such that W C V and there is a U € U such that
for any pair (x,x') e U, F(x') C W[F(x)1]. If

(%3 ,%5) € U, then
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F(xx) C WF(x2)]C W [F(x1)]C w2 [F(x)]1C V[—F—(Xl) ]-
If F is uc and V e V, there is a W ¢ ¥ such that

W2(: V. Then there is a U € U such that for each pair

(x1,%) € U, F(xz) C WF(xy)]. If (X1, %) € U, then

F(xz) C F(xe) C WF(x )] C VIF(x,)].

1.26 Theoren.
If i) (X,U) is a uniform space,
ii) (Y,V) is a uniformly locally connected space,
iii) F:X > Y is uniformly continuous, and
iv) for each x € X,3(F(x)) is compact,

then F 1s continuous.

Proof: Let b be open in Y and x € X such that F(x) C 0.
Since d3(F(x)) is compact there is a V e V such that
V[F(x)]1C 0. By Theorem 1.25 there is a U e U such that
for each pair (x,, X,) € U, F(xz)(: V[(F(xy)]. Let

N = U(x). If x' e N, then (x, x') e U. Thus

F(x'") C V[F(x)]C 0. Thus F is usc. Since F is obviously

lsc, F is continuous.

1.27 Theorem.
.If i) X is a topological space, -

\ ii) (Y,V) is a uniformly locally connected space,
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iii) F:X - Y is quasi-continuous, and
iv) for each x € X, o(F(x)) is compact,
then F is continuous.
The next three theorems will establish some facts

about the behavior of multi-functions into product spaces.

In the following three theorems let
i) X be a topological space,

ii) for every a € A, (Ya,tg) be a uniform space,

iii) (Y,V) be the uniform space where Y = II Y, andV
achA

:is the ﬁroduct—ﬁhiforMity;'

for every a € A, Fa:X-4 Ya be a multi-function,

iv)
v) F:X - Y be the multi-function defined for every
xe Xby F(x) = I  F,(x), and
T~ _aeh
vi) for every a e A, pr:Y - Y is the projection

map .

Then the following is a familiar theorem for single-

valued functions.

"If X is a topological space then f:X -~ Y is
continuous iff for every a € A, f = pr,° f:X - Y
is continuous."

The same theorem is not true for continuous multi-

functions. The following example is from Strother [17].
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1.28 Example.

Let X =Y, = Yo = [~1,1], Y=Y, X Y,. Define F:X > Y
by F(x) = {(-1,1), (1,-1)} if x is rational; and
{(-1,-1), (1,1)} if x is irrational. '

prie F(x) = {-1,1} = pry o F(x) for all x, so pr; ¢ F
and prs o I are contiﬁuous but F ié not continuous.
1.29 Theorem.

| F is quasi~-continuous 1ff for every a € A, Fa is
quasi-continuous.

Proof: Suppose F is qc, let a ¢ A, V,e vV, and x e X .

-1

-1 .
s X br, 7)[V,]. There is a

N
be given. Let V, = (pr
neighborhood N of-x such that if x;, X, € N then

N
F(xy) C V [F(xz2)]. Then
Fola) = pro[F(x) ] C pr [V, [F(x)11C V,[F,(x2) 1.
Suppose that for each a € A, Fa is gc. Let Ve vy

and x € X be given. Then there is a finite subset JC A

and {V e V| o e J} such that V=M {V | Db e J}y C V.
Since for each b ¢ J, Fy i qc and J is finite there

exists a neighborhood N of x such ﬁhaf"if‘xl, X, € N and’
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b € J then F (x1) C V [F(x2)].
Then 1f x;, Xz € N,

F(ra) = B F(n) C VLT T ()] C VLT Folx)] -

VIF(x2)].

1.30 Corollary.
If for every a € A’Fa is compact—valued,F is contin-

ous iff for every a € A, Fa is continuous.

Proof: For every x ¢ X, F(x) is compact so by theorem

1.15 F is continuous iff F is qc iff for every a ¢ A, Fa

i1s qgc iff for every a € A, Fa i1s continuous.

1.31 Theorem.
| If (i;lo is a uniform space then the following are
equivalent:
1) F is uniformly continuous.

2) TFor every a e A, Fa is uniformly continuous.

Proof: Suppose F is uc. Let a € A and Va € lg be given.
There is a U € U such that if (x15 X5) € U then

F(xg)(:‘%a[F(xl)]. Then 1f (x;, Xz).e U,
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CF(%e) = pr [F(xe) C pr [V, [F(x)]] = V [pr,F(x)]

= V,[F,(xx)]. Thus F_ is uc.

Suppose for every a € A, F,is uc. Let Ve v be

given. As in Theorem 1.19 there exists a finite subset

JCAand{V, e V. | be J} such that V= N V_(C V.
c b b bed © |

Since J is finite there is a U ¢ U such that for every
be J, if (x1, x2) € U, then'Fb(XQ) C Vy[Fu(x2)]. If
(X1, X2) € U then

F(x,) = T F(x)C V[T F(x)]C V[F(xs)]. Thus
acA 2 acA 2 ‘
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CHAPTER 2: UNIFORM CONVERGENCE OF
MULTT -FUNCTIONS

For two topological spaces X, Y let FM(X,Y) denote
the set of all multi-functions from X into Y.
2.1 Definition.

Let 1) X be a topological space,

ii) (Y,V) be a uniform space,

iii) {Fqld e D} be a net in Fy(X,Y) and
iv) Fe Fy(X,Y).

The family {F,:d € D} converges uniformly to F,

written F, - F(un) if for every V€ VUV, there is a d; € D
such that for every d» do, if x e X, Fy(x) C V[F(x)] and

F(x) C VIF, (%) 1.

2.2 Definition.
Let. 1) X be a topological space,
ii) (Y,U) be a uniform space, and

1ii) & be a filter in Fy(X,Y)

a) The filter § converges uniformly to a multi-

function F:X - Y, written ¥ — F(u , 1f for every V e v,

n)

there is a B € & such that for every x ¢ X, if H ¢ B,
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H(x) C V[F(x)] and F(x) C V[H(x)].

b) & will denote the filter generated by the col-
1ection of the sets of the form H = {F:X > Y| F ¢ H},
He &. |
NOTE. Throughout the remainder of this chapter we will
assume that X is a topological spaée and (Y,V) is a uniform

space.

2.3 Theoren.

If 1) .{Fd] d € d} is a net in F (X,Y), and

i

ii) FeF

(X Y)

then the following are equivalent:

un)

2) F,.->F

d (un)

3) -F—d"> F(un)

iy Fd"’?(un)
Proof: Suppose Fd-+ F(un) and V € V.' ThereAis aWel
such that W C V and dy € D such that if d > Vdo and x € X
then Fy(x) C W[F(x)] and F(x) C W[F;(x)]. Then
Fa(x) C WIF(x)]1C W [F(x)] C VIF(x)] and

F(x) C WF(x)]C W [F (x)]1C V[Fy(x)].
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Suppose F, - F

d (un) and V ¢ V. There 1s a W e V

such that W2 C V and d, € D such that if d > d, and x ¢ X
then F(x) C W[F(x)] and F(x) C W{Fd(xj].’ Then

Fy(x) C Fy(x) C WIF(x)] C W[F(x)] C VIF(x)], and

F(x) C F(x) C WFg(x)]1C W [Fy(x)1C VIFq(x)].

Thus 1 and 2 are equivalent.  That 3 and 4 are also

equivalent follows from the fact Fd = Fd and F = F.

‘The following theorem is equivalent to the one above

only it is stated in terms. of filters.

2.4 Theorem.

X,Y), and

If i) & is.a filter in FM(

Cii)  F e F(%,Y)

then the following are equivalent:

1) T P
2) §F

(un)

3) F- F(un)

4) 8~ F iy

Proof: Suppose g'*vF(unj and V e {1 There is a W e .y,
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such that W2 C V and H € & such that if G € H, then
G(x) C W[F(x)] and F(x) C W[G(x)] for every x ¢ X. Then
if G' € He &, there is a G ¢ H such that G = G'. _ Thus
if x e X, G'(x) = G(x) C W[G(x)] C Wa[F(x)] C V[F(x)] and
F(x) C W[F(x)] C We[G(x)] C V[E(x)].

Thus F — F(un) )

Suppose § - F ); and Ve V. There is a We U

(un
such that W& C V and H' ¢ & such that if G' e H', and
x € X then G'(x) C W[F(x)] and F(x) C W[G'(x)]. There is
aHedsuh that EC H'. IfGe Hand x ¢ X then G e § °°°
so 6(x) C B(x) C WIF(x)]C W (F(x)] C V[F(x)] and |
F(x) C F(x) C W[G(x) ] C w2[G(x)]C V[G(x)]. Thus
> Frony

The equivalence of 3 and 4 to the others is again

proved by observing that §'= F.

2.5 Theorem.
If i) {Fd] d e D is a net in FM(X,Y),

ii) F, G € FM(X,Y),
n

S iii) Fq— F(u )2 and

iv) Fgq- G(un)

NN
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then F = G.
Proof: Let x € X, and V € V. There is a W e V such that
W C Vand do € D such that if d > do, Fy(x) C W[G(x)] and
F(x) C W[Fy(x)]. Thus F(x) C WFy(x) C W [F(x)]C V[G(x)].

Then F(x) C M{V[G(x)] |V e vV} =0G(x). Similarly
G(x)(:'F(x),‘so F(x) = E(x). |

2.6 Theoren.
If 1) § is a filter in Fy(X,Y),
1) F, G ¢ F(X,Y),
111) &~ Fy,ys and
iv) F - G(un)

then F = G.

\\

The next few theorems establish that uniform con-
vergence preserves quasi-continuity and uniform continuity.

Let 1) [Fd[ d € D} be a net in F (X,Y), and

m(

ii) F e EM(X,Y).

2.7 Lemna.

If 1) for every 4 € D, F4 is quasi-upper semi-

continuous, and
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ii) Fq— F(un)’

then F is quasi~upper semi-continuous.
Proof: Let V eV be given. There is a W e V such that
W C Vand a do € D such that if d > d, and x € X, then

Fd(x)(: W[F(x)] and F(x) C W[F;(x)]. Since Fdois qusc,

there 1s a neighborhood N of x such that if x' € N then
Fd§x')(: W[Fd§X)]. Let x' G.N, then
F(x') C W[F, (x')]C W[Fy (x)]C W[F(x)]C V[F(x)]. Thus

F 1s qusc at x. Since x was arbitrary in X, F is qusec.

2.8 Lemna.

If i) for every d € D, F, is quasi-lower semi-

d
continuous, and

l'l)\ Fd ~> F(un) o
Then F 1s quasl-lower semi-continuocus.

Proof: Similar to the proof above using Lemma 1.2 to

characterize qlsc.

2.9 Corollary.

4 is quasi-continuous, and

If i) for every d € D, F

then F is quasi-continuous.
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2.10 Theorem.
If i) (Y,U) is a complete space »

ii) for every d € D, F, is continuous and com-

d
pact valued, and
111) F - F

(un)?

then F is continuous.

Proof: From 2.9, F is qc so we need only show that F is
compact Valuéd. Let x € X. If Ve V, there is a We V
such that W4(:.V and d, € D such that if d' > do,
Fd,(x)(: W[F(x)] and F(x) C W[Fd,(§)]. Then.Fdo(x) is

compact so there is a finité subset

(vy'95 ¥'5 =« <5 ¥' )} of Fd (x) such Fy (X)(: LJ W(y ).

For each 1 = 1, ..., n, F, (x) C W[F(x)] so there is a
0 ‘

v; € F(x) such that NANFIS W(yi), Now

n n n '
P(x) C WIF, (0)1C WL UM )] = UWR(r,) C U ().
0 i=1 i=1 i=1
_ n n
Thus F(x) C WIR(x)1C U W (3,) C U V(g,)-
i=1 i=1

Since F(x) is a complete totally bounded subset of

a complete space, F(x) is compact.

A theorem similar to the above"Waé'proved by

(N i il e !
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Smithson [16].
. Let 1) & be a filter in F(X,Y), and
ii) F‘e F |

L(XT).

Then the following are a restatement of the previous theo-

rems in terms of filters rather than nets.

2.11 Lemma. . ’
If 1) +there is an H ¢ & such that for every G ¢ H,
G is quasi-upper semi-continuous, and

ii) F -~ F(un);

then P is quasi-upper semi-continuous. -

2.12 Lemma;
' If i) there is an H ¢ & such that for every G e H,
™~ @ is quasi-lower semi-continuous, and |
ii) §F - F(un)5

then F is quasi-lower semi-continuous.

2.13 Corollary.
If 1) there is an H e F such that for every G ¢ H,

G is.quasi-céntinuous, and .

ii) F - F(un)5

then F 1s quasi-continuous.
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2.14 Theorem. _
If i) there is an H € & such that for every G ¢ H,
G is. continuous and compact valued; and
ii) ﬁié'F(un>;
then ¥ is continuous.

The next theorems establish similar facts for uniform

éontinuity.

2.15 Theoren.
If 1) (X,U) is a uniform space,
ii) {Fd] d € D} is a net of uniformly continuous

multi-functions, and
then F is uniformly continuous.
Proof: If Ve V, there is a W e V such that W e V and
do € D such that if x € X and d > d, then F,(x) C W[F(x)]

and F(x) C W[Fy(x)]. Since Fy is uc, there is a U e U

do
such that if (x,, x5) € U then Fy (x2) C W[Fy (%.)]. Then
1f (%15, %) € U, F(xz) C W[FdO(X2>] C WE[FdO(Xl)]

C W [F(x, )] C V[F(x1)]- Thqs F is uc.

2.16 Theoren.

If i) (X,U) is a uniform space,
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1i) & is a filter iﬁ FM(X,Y),
iii) there is an H € & such that every G ¢ H is
| uniformly continuous, and’
;v) F - F(un)

then F 1s uniformly continuous.
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CHAPTER 3: THE HYPERSPACE OF A
UNIFORM SPACE '

Let (Y, V) be a uniform space,P(Y) = {A] AC Y}; and
V shall be the uniformity 1nduced on P(Y) by the collect-
ilon of all of the sets of the form,
A = {(A;B) € P(Y) x P(Y)] AC V[B] and BC V[A]} .for V e l.
V is the Hausdorff unlformlty The following definitions
are motivated by convergence in P(Y) with respect to

either the topology induced by the Hausdorff uniformity

or the finite topology; see Michaels [12].

3.1 Definition. ’ ' .
If 1) {By|d e D} is a net in P(Y), and

ii) A e P(Y);

then By converges to A with respect to the finite topology

on P(Y), written By A(f.t.)’ if for any open set 0 in Y

1) 1f AC 0, there is a dye D such that if d > do, By C O3
and ii) 4if AM O # @, there is a dy, € D such that if
d> dos BgMO # 4.

3.2 Definition.
If 1) {Byld e D} is a net in P(Y), and

ii) A e P(Y);

<

then B, converges to A with respect to the topdlogy induced
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by the Hausdorff uniformity on P(Y), written B

a” Hu.t.)o

if for every V e V, there is a dp € D such that if d > dg,
Bq CTV[A] and AC V[By].

For filters we have:

3.3 Definition.
If i) & is a filter in P(Y), and
11) AC P(Y);

then & converges to A with respect to the finite topology

on P(Y), written & - A(f.t.)’ if for any O open in Y 1) if
AC O, there is an H € & such that if B e H, BC 0, and

ii) if AM O # @, there is an H € & such that if B ¢ H,
BMO # &.

3.4 Definition. ' .
If i) & is a filter in P(Y), and
i1) A e P(Y);

then ¥ converges to A with respect to the topology induced

by the Hausdorff uniformity on P(Y), written & - A(u t.)

if for every V e y- there is an H € & such that if B ¢ H,
BC V[A] and AC V[B].
The two concepts of convergence are distinct but they

do coincide on the set of compact subsets, see Michaels
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[12].

3.5 Example.
Let D= {1, 2, 3, 4, . . .}, ¥ = [0s0),

1 1

J A S

A={0, 1, 2, 3, . ,.,}; and B 3 T2 0 - -}

a = (3

for each d ¢ D. Then By *'A(u,t.) but BdﬁA* A(f.t.)°

3.6 Example.
Let D= {1, 2, 3, 4, . . .}, Y= A = [0,)

Bd = [0,d], for every d € D. -

Then Bd-#» A(u.t.) but Bd-¢ A(f £.)"

3.7 :Theorem.

If 1) .{By|d e D} is a net in P(Y), and

ii) A e P(Y);
then the following are equivalent:

1) By~ A(u,t.)

2) By~ Kyt
3). -Ed_> A(u.t.)

) By ~ A(u £.)

Proof: Similar to the proof of 2.3.
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3.8 Definition.
Let & be a filter on P(Y). For H € F let
H={B|Be H. Then F will denote the filter generated by

the set {H| H ¢ &}.

3.9 Theorem. ,
Ir i) & is a filter on P(Y), and
$1) A e P(Y);
then the following are equivalent:

1) F- A

(u.t.)
2) §- K(u.t;) i
3) T At

) T K(u.t.)

Proof: First we prove that: if & is a filter on P(Y),

F is a filter on P(Y). Let H';, H', € F then there are
Hy, H, € & such that H; C H'; and H, C H',. There is a
B ¢ P(Y) such that B e H, MNH, so Be §, NE, C B, NH',.

The rest of the properties of a filter follow from
the definition of &. The remainder of the proof is

continued.as in 2.4.
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3.10 Theoren.
If 1) {By|de D} is a net in B(Y),
i1) A, A' ¢ P(Y),

1ii) Bd'*'A(u.to)’ and

iv) By~ A'(uot.)

then A = &'.

Proof: ©See the proof of Theorem 2.5.

3.11 Theoren.
If 1) & is a filter in P(Y)
i1) A, A' e P(Y)
1ii) F - Aty g,ys and
then & = &'.

Proof: See the proof of Theorem 2.6.

3.12 Definition.
Let i) (Y,V) be a uniform space, and

ii) (Bgl d e D} be anet in P(Y).

{Bdl d € D} is a Cauchy net of subsets of Y

V e V, there is a d, € D, such that if. 4d,,

By, C VIBy 1.

if for each

dp > do then
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Notice that if By *'A(u.t,) then {Bd[ d € D} is a

Cauchy net.
The following notation and definitions are adopted

from Kuratowski [11], Chapter 11, Sec. 29, Page 335-337.

3.13 Definition.

Let i) X be a topological space, and

ii) {By| d € D} be a net in P(Y).
Ls By={x € X | for every O open in X and d, € D, if x € O,

there is a d > do such that By /0 # @}. Ls By = {x ¢ X|

for every O open in X, if x ¢ O there is a dy € D such tha%

if 4> dos BgMNO # 7). ' .

Then if Li B, = Ls Bd we Say'that Lim B, exists and -

d d

Lim Bd = 1Li Bd = Ls Bd°

This definition is the one usually used in defining

convergence of sets.

3.14 Theoren.
If i) (Y,U) i1s a uniform space, and

11) {By|de D} is a Cauchy net of subsets of Y

then Li Bd = Ls Bd' ' ~
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Proof: It is known that Li‘BdC Ls Bd’ 'so it suffices to

show that Ls BdC Ii B If Ls By = @, there is nothing to

4
show. If x ¢ Ls Bd’ let O be open, x ¢ 0. There is a

We V, such that W is symmet.fic and W (x) C O and d, € D,
such that if dj, dy > dothen By, C W[Bg,]. Let d3 do,
there is a d' > do -such that .Bd' MW(x) # @. Thus there is
an x' € By, (M W(x). Since By C W[B4] and W.is symmetric
there exists x5 € W(x') M éd‘ Then |

‘X € W(x') M By C W (x) M ByC 0M By, hence x ¢ Li By-

© 3.15 Theorem.
| If - 1) (Y, V) .is a uniform space,
ii)- {Bd[ d e D} is a Cauchy net of subéets in Y,
and '

111) By~ Bry ¢.)3 Be P(Y);

then 1) Lim By = B and

ii) B = @ iff there is a do € D such that if d ) dy,
By = &.
Proof: Suppose B # @, there is a y € B.’ Then if

V=YxYe U there is a dy, € D such that if d 3 dy,
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y € BC-V[Bd]. Thus By # @ for d» d,. If B = @, there
is a do € D such that if d» do, By C V[B] = 4.

If y € B, and O 1s any open set in Y such that y ¢ O,
there is a symmetric V € V such that V(y) C 0, and d, € D

such that if d > dy, then B(C V[Bd] and BdC V[B]. Then

there is a y' € B. such that y' e V(y). Thus

d
v' e V(y) ﬂBdC Bdm O # @. Hence y € Li By = Lim By,
so BC Lim B;.
If y e Lim Bd, we will show that‘Bd-a BU {y} (u.t.)?

so that y e BU{y} C B. Let Ve V, there is a symmetric
We V, such that WC V, -and d; € D such that if d> 4,
Baﬂ W(y) # @, so y e W[Bd]. There is a d, € D such that

if 4 &, ByC W[B] and BC W[By]. Let d' = d V ds.
If d> d' then BdC WBIC WBU{y}] and BU {y} C W[Bd].

Therefore Lim Bd = B.

NOTE: The above does not say that if {Bdl d € D} is a
Cauchy net that Lim B, # ¢ or that if B = Lim By that
Bd - B(un)‘ quever Kuratowski [ll]‘ shqws that if

{Bd[ d € D} is a cauchy net of subsets of a compact metric
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space then By — Lim By,.y3 Vol. I, Chapter IIT, Par. 33,

d
P. Lot.

The next few theorems will serve to characterize
continuous, quasi—continuous and uniformly continuous
multi-functions in terms of nets,‘similar results are also

obtainable in terms of filters.

3.16 Theoren.
If i) X, Y are topological spaces, and
ii) F:X - Y is a multi-function;
then the following are equivalent:
1) F is continuous
2) For every net {xdl d e D} in X if X4 - X then
F(xg) > (%) (£,4.)

T ~
Proof: Let F be continuous; Xq > X in X; and O be open in

Y. If F(x)C O there exists a neighborhood N of x such
that F(x') C O if x'€ N. There exists dy; € D such that

if dy do, Xz € N. Therefore if d ) do, F(x,;) C 0. If

F(xd)(W 0 # @ there exists a neighborhood N of X such that
if X' € N then F(x') M O # #. There exists a dy € D such

that if d» do then x; € N. Therefore if d» do,

~

F(x4) M0 # ¢. Thus F(xy) - F<X)(fot.)“
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Suppose F is not continuous. Then there exists an
X € X and an open set O(C Y such that either i) F(x)(C O

but there exists a net {x,| d € D} such that F(x

d)QZ 0 and

X, x or ii) F(x)M 0 # g but there exists a net

d

(x4] de D} such that F(x;) 0 = & and x; - x. (Use

da

the family of neighborhoods of x as an indexing set.)

3.15 Theoremn.
If 1) X is a topological space,
ii) (Y, V) is a uniform.space, and
iil) PF:X - Y is'a multi-function; a
then the following are equivalent:
1) F is quasi-continuous.

2) If {xylde T} is a net in X and x, -~ X, then

P(xg) > F(x) (4. 5.)

Proof: Suppose F is qc, and Xg > X in X. Let Ve V be
given. There exists a neighborhood N of x such that if

X; € N then F(xy) C V[F(x)] and F(x) C V[F(xl)];.and do ¢ D

such that if d; < d then xy € N. If d> d, F(xy) C V[F(x)]

and F(x) C V[F(x4)]1, thU§ F(xy) — F(X)(u.t.)°

If F is not gc there 1s an x € X and a VeV , such that
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either 1) thefe exists a net {x,| d ¢ D such that for
every d € D, F(x4)  V[F(x)] but X4~ X3 or 1i) there
exists a net {xd] d € D} such thaﬁ for every d € D,
F(x) V[F(xd)] but x; - x, (Use the neighborhood sysfem

of x for D.).

3.18 Lemma.
If 1) (X,U) and (Y,V) are uniform spaces,
ii) F:X - Y is uniformly continuous, and

iii) {xdl d € D} is a Cauchy net in X;
then {F(xd)l d € D} is a Cauchy net of subsets in Y.

Proof: Given V € V there exists U el such that if

(X1, X2) € U, then F(xz) C V[F(xy)]- Then there exists

S

do € D such that if d1,~d2 > dé-%hen (xd s X3, ) € U. Then
- . L 2

if dp, do > dos F(xd2)C V[F(xdl)],.

3.19 Theorem.
If i) (X,U) and (Y,V) are uniform spaces,
ii) X is totally bounded, and
iii) F:X - Y is a multi-function;

~

then the following are equivalent:




ol [ ST .l -7

50
1) F is uniformly continuous

2) If {xdl d € D} is a Cauchy net in X, then

{F(xd)l d € D} is a Cauchy net of subset of Y.

Proof: Suppose F is not uc, then there.is a Ve V such
that for every U e U there is a pair (x, y) € U such that
F(ly)Z V[F(x)]. Let {U, | ae A} be a basis of U consisting
of symmetric members of {, such that a> a' iff Ua(: Ua‘°
There exist {(xa, ya)l a € A} a net of pairs in X X X

such that (x_,, y,) € U, and F(ya)CZ V[F(x,)]. X is totally

bounded so there exists a cofinal subset A' of A such thét_

{(x

8’ ya)l a € A'} is Cauchy in the product uniformity.
Défine vV = A x{d,l} with lexicographic order. Define
S = {s(a>£51 (a,i) € vV} where S(a,o) = X_, S(a,l)_= Y,
S is a Cauchy net. If Ue (y, there is a W € U such that
we C U. Since {(X;, &a)l'a e A'} is Cauch& there exist
ao € A' such that UaO(: W and if &, , ap 2 aO, then
((Xai’ yai)j (xae, yae)).g Wx W. Now if <al, i),

(325 1) 2 (80, 0) then (s, 1y (s, 1)) € U

(xa13 Xag) e WC U and (yal, yag) e WC U. Thus




51
e : ) . .
(xal, yae) Uag C Uao C W, and Ual is symmetric ‘. So
(Xal’ .yae) € Wo Uae C.w o W=W C.U. But

{F(S(a,i))l (a,1) € V} is not a Cauchy net of subsets of Y, -

Since for every a € A,

F(S(a,l)) = F<ya)CZ‘V[F(Xa)] = V[F(S(ajo))]°

It is known that if F:X - Y is a multifunction and
f:X - P(Y) is the functién defined by f(x) = F(x), then F is
continuous multi-function iff f is continuous when P(Y) has
the finite tbpology° The previous theorem show that F:X —» Y
is a quasi-continuous iff f:X - P(Y) is continuous when P(Y)
has the topology induced by the Hausdorff uniformity, and
that F is uniformly céntinuoﬁs iff £ is uniformly continuous
when P(Y) has the Hausdorff uniformity.

3.20 Defini%ion.

If (Y,V) is a uniform space, then Y is a uniformly

locally compact space‘if for each Ve V, there is a W such

that WC V and W(y) is compact for every y € Y.

3.21 Temma.

Let 1) (Y,V) be a uniformly locally compact space,

and
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ii) {Bd[ d € D} be a Cauchy net of non-empty

subsets of Y;

then Lim By £ g,

Proof: By the previous lemma; we need only show that

Ls By # #. If We U is given, such that W(y) is compact

for all y € Y, we may assume W is symmétric (the closed
symmetric members of ¥ form a basis of the uniformity).

.There is a dp € D such that if d' > d, then Bdo C W[Bd,]

and Bd' C W[Bdo]' Tet yo0 € B then for each d' e D,

d 3

d' > do, there is a Y € B,, such that .yd, € W(ys). So -~

dl
{yd, | 4" > do} is a net in W(yo)- W(yo) is compact, so

there exists y € W(yp) and a subnet {ydn'l a'" > dy} such

—~—

that yd‘n'—> y. Then y € Ls By-

3.22 Lemma. .
Let i) (Y, V) be a uniformly locally compact space, .
ii) {B,| d € D} a Cauchy net of subsets of Y.

iii) A = Lim By, and
iv) Ve y;

thén there exists a do € D such that if d > do then
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BdC V[A].
Proof: Suppose not, then there exists V € V, such that

for all d € D, there exists d' > d with By, 7 V[A]. Let
W e V such that W is symmetric, W2 C V, and W(x) is compact
for every x € X. There exists do' € D such that if
di, d2 > do then By C W[By ]. But there exists d' > dg

1 2 -
such that B, 7 WR[A]. 8o there exists Ygqr € By Such'
that v, ¢ W2[A]. Thus W(yd,) M W[A] = ¢.‘ But as above,

Ls Bd' So

m

"there exists yd € W(yd,)- such that yi

Y, e W(yo,) C W[Ls Byl = W[AIC V[A]’ (contradiction).

3.23 Lemnma.

If i) (Y,U) is a uniform space,

S ii) {Byl d e D} is a Cauchy net of subsets of Y,

iii) A = Lim By, and
iv) Ve Vs

then there exists do € D, such that if d > d,, then

AC V[Bd]'.

Proof: Let W e V, such thaf W is symmetric, W C V and

do € D such that if d;, dr > do, then By C 'W[Bd 1. If
- Oy 2
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y € A, there exists d' > dy, such that Bd,fﬁ W(y) # 4.

Since W 1s symmetric y € W{Bd,].

If d> dp then
y € WBy 1C W [By1C V[By]- Since d is independent of the

choice of y, AC V[Bd], for all d > d,.

3.24 Definition.

If (Y, u) is a uniform space, Y is hypercomplete if for

. every Cauchy net of subsets of Y, [Bdl d € D} there exists

AC Y such that Bdf* A(u.t.)'

NOTE: By Theorem 3.7 we could assume that_A is closed.
3.25 Theorem. ' -

If (Y, V) is a uniformly locally compact space then Y

is hypercomplete.
Proof: Let {Bdl d € D} be a Cauchy net of subsets of Y.

If B, = @ for all d € D, then By > g(ut)' If By # ¢ for

d

every d € D, then let A = Lim Bg: Let Ve v, by 3.18

there exists d; € D, such that if d > d; then Bd(: V[AT;

By 3.19 there exists d, € D such that if d > dp then

AC V[By]. Let do. = dy V ds -
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NOTE: We also have that if Bd-» B(u £ ) then B = Lim B

q-
The following theorems will characterize hypercompleté

uniform spaces in terms of multi-functions.

3.26 Lemma.
If i) Y is a hypercomplete space, and

ii) {By| d e D} is a Cauchy net of subset of Y;

then Bd'* Lim Bd (uot,)'

Proof: By 3.13 Lim Bd exists. Since Y is hypercomplete,

there exists an A € Y such that Bd'* A(u,to)‘ Then by

3.14 Lim Bd = A. Thus ABd

—

3.27 Theorem.
If (f}v) is a uniform space then the following are
equivalent:

1) Y is hypercomplete.

2) 2¥ - (AC Y|A# @ and A = A} is complete with
respect to the Hausdorff uniformi%y.
3)‘ If 1) (X,U)-is a uniform space,
ii) X' is a dense subset of X
iii) F:X' > Y is a uniformiy continuous

multi-function such that for every
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x' e X', F(x'j # Js
then there exists G:X - Y such.that
i) G is uniformly continuous
ii> for every x' € X', G(x') = F(x'),.and
ii1) G is unique. |
Proof: That 1 was equivalent to 2 was shown in theorems
3.7 and 3.8. Then we need only show that 1 implies 3 and
3 implies 1. |
Suppose 1 is true, and that (X,U), X' and F:X" - Y
are as in 3. We define G:X - Y as follows. If x € X, let

- X. Define

{x4] de D) be a net in X' such that X4 o

G(x) = Lim F(xy)-

1) ,F(Xd)'* G(X)(u,t,)'by Lemma 3.25.

2) G(x) is independent of the choice of the net.
Suppose {xd| d € D} and‘{xcl c € C} are nets in X' such
that xd-» x and Xy > Xo Then we must show
Lim F(x,) = Lim F(x,). Let Ve ¥, there exists aWeV,
such that ¥ C V and U € U such that if (xl,‘xz) € U and
X, , X € X' then F(xa)(i W{F(xl)].' Since |
F(xy) - Lim F(Xd)(u.te) and F(xc);figim F(Xé)(u.t,)

there exist dy € D and ¢y € C such that if d' > dy and
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c' > co then 1) F(x4,) C W[Lim F(xé)], and
i1) Lim F(x,) C W[F(x,,)].

Since x, - x and X, > X, there exists d; € D and

d

cy; € C-, dy > dos C1 > Co such that if d' > d; and c¢' > ¢,
then (x4,, X,:) € U, so F(x,,) C W[F(x4,)]. Thus
Lim F(x,) C WF(x, )]C W [F(xg )]1C W [Lin F(xy)]
C V[Lim F(xd)].

Then Lim F(x_ ) C Lim F(xdi = Lim F(xd) . Similarly
Lim F(x,;) C Lim F(x,), so that Lim F(x4) = Lim F(x ).

3) Gni‘s uniformly continuous.

Let V € V, there 1s a We V, such that ¥ C V. Then

there exists a U e U such that if x';, x'; € X' and

—

(x'1, X'5) € U, F(x'5) € W[F(x'y)]. There exists a Uy €
such that U,® C U. Let x,, X, € X such that (x, X») € Ug.
Choose nets {xy| d € D} and {XC ] ¢ € €} in X' such that

Xy > X, and X, - X,. Then there exist ¢, € C and do € D

”

such that if c¢' > ¢, and d' » d, then G(x,) C W[F(xc,)]

and F(x4:) C W[G(xq)]. Choose c¢'> co, d' > do so that

~

(xg415 %7) € Up and (X, Xc') € Up. ' Then (x_,, xd,) € U,
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So G(x,) C WIF(x,,)] C We[F(x,)]C WLa(x))]C VIG(xy)]
Therefore G is uc.

%) Define H:X - Y by

i) if x' e X', H(x') = F(x') and
ii) 4if x e X - X', H(x) = G(x).

Then H(x) = G(x) for all x € X. Thus H is uc since
H is uc. .

5) T is unique.

Suppose H, :X - Y is a uc multi-function and for every
x' € X, Hy(x') = F(x'). Then let x ¢ X and [xdl de D }

be a net in X' such that xd-+ X.

H(xg) = Hy(xg) » Hl(x)v(u.t:)'. Thus H(x,) ~ Hﬁl(xj(uct.)o

But then H,(x) = H(x) so Hl = H = G.

NOTE: The teéhnique of the above proof 1s essentially the
same as that usea by Ratner [13] in proving Theoremn48,
p. Lo.

We must now show that 3 implies 1. Let {Bd] d € D}

be -a Cauchy net of subsets of Y.
(D,X) is a directed set. Let C = DU {eo}. Extend

the order < to C by, if d € D, then d < ». For each V ey,
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there exists a do € D such that if d;, dp > d,
By C V[Bd 1. Define a uniformity for C as follows:
1 e
For each V € V , choose d(V) as above. Let
VW=1{(d1, d&2) e Dx D| B, C V[B, ] and B, C V[B, 1}, and
dl d2 d2 dl
Vo= {(dp, @) or (5 dl_) | da 2 d(v)}. Let V= WU V.

{V|VeV} forms a subbase for a uniformity V on C and D is

dense in C. Define F:D- Y by F(d) = By. F.is uc since
if (d1, d2) € (D x D) NV then F(dy) C V[F(d1)]. Then F

can be extended to a uc function G:C -~ Y. Let A = G(»).

Then {d € D} is a net in C and d - « so F(d) - A(ﬁ 6.y

Theorem 3.16. Thus Y is hypercomplete.
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CHAPTER 4: THE SEMI-GROUP OF QUASI-CONTINUQUS

REAL-VALUED MULTI-FUNCTIONS.

Let X be a topological space. Then.we shall use the

following notations:
Qu(X) = {F ¢ Fy(X,R) | F is quasi-continuous

and for every x € X, F(x) # &} ;
Cy(X) = {F e Fy(X,R) | F is continuous and for

every x € X, F(x) # &} ;.

KM(X) = {F ¢ Cy(X) | F is compact-valued) ;

C(X) = {f:X - R]| f is a continuous function}.

For convenience in notation we let for r > O, .

VI.-_-{(I'J.: r) € RX R||r - rx]< 1},

A familiar theorem is that (C(X), +), where
(f +6) (x) = £(x) + g(x), is a tobological group. Day in
[5] showed that the set (KM(X); +) is a topological semil-
algebra. For quasi-continuous multi-functions we achieve

a less restrictive result on Q(X) -

. 4,1 Definition.

If F; and B¢ QM(X)

B

+ E is defined by
(Fo + Fo) (x) ={yp + ¥2|y; € F,, i=1, 2}.
i i
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4.2 Theorenm.

If Fi, T2 € Qu(X) then Fy + Fz € Qu(X).
Proof: Define V: X - X X X by V(x) = (x,Xx). Then
Fi X Fs : XX X- RX R is qc by theorem 1.29 and

+ : RXx R—~> R isg uc.

" Thus F; + Fo = + o(F, X Fy o V) is gc by theorems 1.8 .
and 1.10
4.3 Theorem. -

If i) (¥X,U) is a uniform space, and

ii) Fy, Fo are uniformly continuous;

then ¥, + Fs 1s uniformly continuous.
Proof: Similar to the above.

L. 4 Definition.

For X compact in X and r> O, let
WK, r) = [(F, G) e QuX) x QuX) | for every x ¢ X,
F(x) C Vp[G(x)], and G(x) C V,.[F(x)]

[a) .
Let U be the uniformity induced on QM(X) by

{W(X, r), K compact in X, r > O}.
. o o’
Let = (H) be the topology induced on QM(X) byuy .
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L.5 Theérem. '
(QM(X), +, T(H)) is a topological semi-group.
Proof: We shall show that + is'uniformly continuous with
respect to_a. Let ¥y, G, K, and r be given. Let ro = r/2.
If (Fi, Fo) € W(K, 7o) and (G, Go) € W(K, 7o), and |

x €K, (Fo + @) (X) = Fy(x) + Gy (x)
| QY R (0)] + T, [ (x)]

C oy [Fa(x) + G (x)]
C vV [(Fz +62)(x)].
Similarly (Fo + 62) (x) C V,[(F, + G) (x)]. Thus
(Fy + Gy, Fa + Go) € W(K;fj;

One notes that similar results cannot be obtained for

QM(X) and a multiplication defined in a pointwise manner,

since the space would not be closed under this operation.

4.6 Example.
Let X = [0,1] define F:X - R by

F(x) ={x+ k| k= O, 1, 2, 3, . . .}. Then

F(x) ={y1 ¥2 | y15 ¥» € F(x) is not qe.

N

‘To examine some of the properfies'of.(QM(X), 1 (H)) we
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will use the following notation. For x, € X and

Fo € QM(X) let:

{F e QuX) | F(xo) is bounded below .

Bo= (F ¢ Qu(X) | F(x0) is bounded above} .-

1) By
2)
3) By
4y BO
5) Oy
6) %o
) O
8) cfo
4.7 Lemna,

.M

i

{x.€ X| Fy(x) is bounded below} .

{x € X]| Fo(x) is bounded above}.

QM(X) - on

QM(X) - ‘Xo

X - BFO )
o

X

For every x € X, Bx’ B, Cx’ and ¢* are open in

(Qq(X) 5 7 (H)) -

Proof':

Since F € B,

Let xq4

€ X and F € B, . Suppose (F,G) € W{xo}, 1).
4 (¢]

there exists M € R such that F(x)(C [M,»).

Then G(%) C Vi [F(%,)]C [M-1,»). Thus G ¢ B_ . Since

{G]| (F,G) € W({x0}, 1)} is a neighborhood of F, BX is

(@

(0]
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open. In a similar fashion BX° is also open.
Let x, € XAand F ¢ CXO' Suppose (F,G) - € W({xo}, 1).

For M € R, there exists r, € F(Xo) such that r, < M-1.
Since F(xo) C Vi[G(xo)] there exists r' € G(X,) such that
| ro - r' |< 1. Then r' < M. Thus G is not bounded below.

Therefore C,  1is open. Similarly c*o ig open.

o}

4.8 Corollary.
If X # @, then Qu(X) is not connected.
Proof: Let x, € X. Define F;:X - R by F, (x) = R for every
x € X, and Fo:X -+ R by Fo(x) = {0} for every x € X. Then

F, € BX and F;, e CX0.

4.9 Theorem.

If ¥ e .Qu(X), then By, B', ¢, and ¢ are open in X.

o there exists M € R such that

Proof: If xe B
F(x) C [M,»). Then there is a neighborhood N of x such

that F[N]C [M-1l,0). Thus NC Bn. Therefore By is open.

F
.. .
Similarly B™ is open.

If xe C there exists a heighborhood N of x such

F)
that if x' € N then F(x) C Vi [F(x')]. Let x' ¢ N. If

M e R, there exists r e F(x) such that r < M-l. Then there
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exists r' e F(x') such that | r =2'|< 1 so r’ ¢ M.

" Thus NC Cpe

4,10 Corollary.
If i) X is connected, and
ii) for some x € X, F(x) is bounded below (above),
| then for every x € X, F(x) is bounded below

(above).

4.11 Corollary.
If i) X is connected, and
ii) for some x € X, F(x) is compact; - -

then F is compact valued.

-

L,12 Corollary:
If {) X is connectéd, and
"ii) for some x € X, f(x) = 1lub {F(x)} < + =}

then f:X > R is defined for every x € X, and is continuous.

4,13 Corollary.
If i) X is connected, and
ii) for some x € X g(x) = glb{ﬁ(x)}'> —003
then g:X - R is defined for evéry X € Xzand'is continuous.

~

If we only assume that F e Cy(x) then By and B' are
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open but c¥ ang Cp need not be. See example 1.

An interesting fact about QM(X) is the following.

4.1% Theorem.
If i) X is connected, and
ii) x, y e X;

= X _ oY
then Bx --_By and B = BY, |
Proof: If X is connected and F ¢ QM(X) then either X = Cj

or X = B

Bg- Then ¥ g B, iff x € B, iff BF = X iff y € BF

X 1

iff F e B . Similarly BX = 87,

4.15 Corollary.
If i) A is a component of X, and
lj:) X, ¥ € Aj

_n X _ oy
then Bx = By and B = BY.

4.16 Definition.
" A space X 1s pseudo-compact if for every f ¢ C(X),

f[X] is bounded.

4,17 Theoremn.
The following are equivalent;

1) X 1s pseudo-compact
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2) For every F ¢ QM(X) such that F(x) is bounded for
every x € X, F[X] is.bounded.
Proof: Suppése X is pseu.do-com‘pact and F ¢ QM(X) sucﬁ that

for every x € X, F(x) is bounded. Let g(x) = glb {F(x)}
and f(x) = lub {F(x)}, then f and g are continuous.

f‘«[X] and g[X] are bounded so there exists an M such that

FIX1U g[X1C [-M,M]. Then F[X](C [-M,M].
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CHAPTER 5: SPACES OF MULTI-FUNCTIONS
Let X and Y be topological spaces; then
1) C(X,Y) ={f:X - Y| f is a continuous function};

{FeT

]

ii) CM(X,Y) X,Y) | F is continuous) ;

€
111) G(X,Y) = (F e C(X,Y) | F = F);

"iV) ilsrl(X) = {{X}}lx € X};

v) K (X,Y) ={Fe C

M X,Y) | F is compact-valued] .

ul

5.1 Definition.

Let 8§ be a collection of subsets of X such thatLin: X

We define the (S,0) topology on Cp(X,Y) to be the one

generated by the subbase of all of the sets of the form

k(A,0) = {Fe C(X,Y)] F(x) C O, for every X € A} or

ut

- A(A,0) = {F e C (X,Y) | F(x) M 0 # @ for every x € A} where

M
AcS and O is open in Y. If S is the family of compact
subsets of X, the (S,0) topology will be referred to as

the compact-open (or c-o) topology. J. M. Day studied the

c-0 topology on spaces of relations in her dissertation
[5]. Smithson examined this topology in [15].
The following are a list of separation properties for

Cy(X,Y) and Cy(X,Y) and K

M(X,Y) with the (S,0) topologies.

~

°
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5.2 Lemma. -
If 1) Yis a T, séace,.and
1) HE)CS, |
then Cy(X,Y) with (S,0) topology is a T, space.
Proof: If F #G ¢ CM(X,Y); there exists x, € X, such that

F(xo) # G(xo).  We suppose G(xy) @ F(x,). So there exists

Yo € G(X0)s Yo € F(X5). Then G ¢ k({x} , Y - {¥o})>

Fer({x) , Y- 1{y))

5.3‘ Lemma.

If & (X) C S, then Cy(X,Y) with (S,0) topology is .
always Tb;

Proof: If F, G € ﬁM(X,Y), F # G, we may supposé there

exists xo such that F(xo) T G(x,). Then

Feax({x} , ¥Y=-0G(xo)) but G & a({x} , ¥ - G(xg))-

5.4 Lemma.

If i) Yis a T ‘space, and

i) H(0CS;
then EM(X,Y) with the (S,O) topology is a Ty space.

Proof: Let F, G € EM(X,Y), If F % 9, there exists %, € X: .

such that F(x,) # G(xg). Suppose F(xg)  G(xg), then there
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exists yo € F(X0)s Yo & G(%o). Then
GG/C({XO}, Y"yo)s E?—/K({XCH)}JY'{:YO})SV

Fenr({xo}, Y~ G(x)) and 6 ¢ A ({5}, ¥ ~ G(x,))-

5.5 Lemma.
If i) Y is a T, regular space, and
ii) & (X)CS;
then _CM(X,Y) with the ($,0) topology is a T, space.

Proof: Let F, G ¢ CM(X,Y), F # G. Suppose there exists

X5 € X such that F(x,) Z G(%X,). Then there exists
Vo € F(x0), Vo & G(X0). So there exists Ui, U, open sets
in Y such that y5 € Uy, G(x,) C Uz, and Uy M U, = @. Then

Fer({xl}, Uy) and G e x({x}, Uz)-

—
~~

5.6 Lemma.
If i) Y is a T, space, and
i1) F(X)CSs
then KM'(X,Y) with (S,0) topology is a T, space.
Proof: If F, G e Ky (X,Y), F # G, suppose X, € X such that

F(x,) T G(%o), SO there exists yo € F(%X0), Yo & G(Xo).

Since G(xy) 1is compact and Y is Tg‘,-*'."t'he"‘ré exists Uy, Us
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open setsin Y such that Yo € U, G(%) C U; and U MU = @,

Then F € A({X0}, Ur) and G € x({x5}, Us).

5.7 Lemma.
If Y is a T, normal space then 'c":M(x,Y) with the c-o
topology is a Ty regular space.

Proof: By 5.5 we have Cy(X,Y) is To. If F e Tu(X,Y) we

will show that there is a basis of closed neighborhoods of
F. If Ae8§, O is épen in Y, and F € k(A,0) then for each
x € A, F(x) C O so there exists O; open in Y such that
F(x) C 00 C 0, C 0. There exists an open neighborhood U
of x such that F[U](C 0Oy. Since A is compact there exist

finite éollections, i) {Ol, Ops o« e On} of open sets in
Y, and ii). LUI, Uss o o e Un} of open sets in X, such that
i) Fu,1C0,C0O,CO i=l, . . ., n, and

: n
i1) AC U u,.
1=1

n n
Then F e x(A, U 0,) and U 0; U 0.

n n
Now k(4, U 0;)C EM(X,Y) -2(4, Y - U 5&)(: k(A,0)
Toi=] ' 1=1 s

Thus if F € k(A,0) there is a closed neighborhood N of F
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such that F € NC «(A,0).
If F e A(A,0) and x € A, F(x) N0 # @, so there exist

y € F(x) /) 0 and O, open in Y such that y € 0, C.'51 C o.

Since A is compact there exists finite collections, i)
{Ol, Ops o o o On} of open sets in Y, and ii)
{Ul, Uss = o o5 Un] of open setsin X, such that
. n
1) AC U U,
i=1

ii) if x e U, F(x) /M 0; # ¥, and

iii) 0; C 0.

|_l-
LCs

: . n
Then F € A (A, U 0;) and
i=1

A (A, 181 Q}iC 'C'M(X,Y) - ;c(Af Y - i§1 ‘o‘i) C M (A,0).

Thus if F e A(A,0) there is ‘a closed neighborhood N of F

such that F € NC A (4A,0).

If N is a neighporhood of F in Ty(X,Y) there exist

compact sets Al, A2, e ey An and open sets

Ol, 02, o o s On in Y such that
k n
Fe [M k(A Oi)]m[kr-:l x(Ai, 0,)1C N.

i=1 ‘

Then for each i = 1, . . ., n, there exists a closed neigh-

- ) L I - 1l L |
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borhood Ni of F such that

1) Fe N, C (4, Oi).i =1l,.. . ., kK, OF
it) Fe NC (A, 0)i=%k+1, .. ., n.
n .
Then F € () N; C N. Thus EM(X,Y) is regular.
i=1
5.8 Lemma,.

If Y is a T, regular space, then KM(X,Y) With the c-o

topology is a T, regular space.

Proof: Proceed as in the previous theorem using the fact .
that F(x) is compact. Thus if O is open in Y and F(x) C O

then there exists O, open in Y such that F(x) C 0, C 0, C O.

Smithson in [15] has investigated some of the above
properties. If Y is T,, the converses to 5.5 and 5.7 also

hold, see Michael [12] and Kuratowski [11].

The next theorems show that some of the theory of
single-valued function spaces caries over to spaces of

multi-functions.

5.9 Definition.

A topology T on CM(X,Y) is joihtly—continuous if

w:Cy(X,Y) X X > ¥ defined by w(F,x) = F(x) is a continuous

multi~function.
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5.10 Theorem
A topology © is Jjointly-continuous on CM(X,Y) iff

for every topological space Z, if G*:7 - CM(X,Y) is a

continuous single valued function then G:Z X X - Y,
defined by G(z,x) = G*(z) (x) is a continuous multi-
function.

Proof: Siwmilar to the proof in [2].

5.11 Theoren.
If X is a ldcally compact space, then the c-o topology

on Cy(X,Y) is jointly-continuous. ° _ .
Proof: Let F ¢ CM(X,Y), Xx ¢ X, and O be open in Y. If

F(x) C 0, éince F is continuous there is a neighborhood
N of x such that F[N](C 0. Since X is locally compact we
may assume that N is compact. Thus (F,x) € k(N,0) x N
‘and w(x(N,0) x.N)(: 0.

If F(x) N0 # @, since F is continuous there is a
compact neighborhood N of x such that F(x') M0 # @, for
all x' € N. Thus (F,x) ¢ A(N,0) X N and w(F', x')MN0 #¢g
for every (F', i') € A(N,0) x N. Thué w is a continuous

multi-function.
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5.12 Definition.
A topology u on CM(X,Y) is ﬁroper if for every
topological space Z, if G:Z x X - Y is a continuous multi-

function, and G*:Z - Cy(X,Y) is defined by

G*¥(z) (x) = G(z,x) then G¥ is a continuous single valued

function.

5.13 Theorenm.

The compact-open tbpology on CM(X,Y) is always proper.

Proof: Let Z be a topological space. It will suffice to
show that for any compact A(C X, and any open set 0C Y,
and any continuous multi-function G:Z X X Y, G*-l(K(A,O))

and G*—l(x(A,O)) are open setsin Z x X.

G*_l(x(A,O)) ={z e Z2]G(z,x)C O for every x c A},
If-z\;\G*—l(m(Aso)) and x evA; there exists a neigh-
borhood N of z and a neighborhood M of x such that
G[N x M] C 0. Sinée Ais compact, there exists finite

collections, i) {Ml, o e Mn] of neighborhood of points

of A, and ii) {Ni, o e .,'Nn} of neighborhoods of z; such
that
n
i) AC U M, and
i=1

i1) G[N; x M1 C 0, i=1, . . ., n.
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n
Then M N; is a neighborhood of z. If x ¢ A and
i=1 | .

0 ‘
z' € ;;H N:» G*¥(z') (x) = G(z',x) C O. .Thus

n .
M N, C G*_l(m(A,O). Therefore G*_l(K(A,O).is open.
i=1

If z ¢ G*_l(k(A,)) and x € A, there exists a neigh-
borhood M of x such that if (z',x') € N X M then
G(z',x') N0 # @. Then as above there exist finite

collections, 1) (M, . . ., M} of neighborhoods of
points of A, and 1ii) {Nl, e e ey Nn} of neighborhoods of .

z3; such that;
n

1) AC U M, and
. i=1 "

2) if (z',x') € N; x M; then G(z',x') MO0 # 4.

n [ M ) .
Thus if z' e () N, and x' € A, G*(z') (x') = G(z',x') and
1=1 ‘ |
A o 0 P
G(z',x') MO #@. Thus M N, € G* (1(A,0). Therefore
‘ i=1 .

e 1 (4,0) 1is open.

The following theorems have eiemenﬁary proofs which *
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are similar to the proofs of the same theorems for single-

valued function spaces.

5.14 Theorem.

If U is a proper topology on CM(X,Y) and T is a
jointly~continuous topology on CM(X,Y), then u ¢ v (i.e.

if O is open in u then O is open in 7).

5.15 Theorem.
If u is a proper topology on CM(X,Y) and u' is a
topology on CM(X,Y) such that o < u then ¢' is proper.

If v is jointly-continuous and T' 1s a topology on CM(X,Y)

such that v { 7', then t' is jolntly-continuous.

5.16 Theoren.
Thé c-o0 topology is coérser than every Jjointly contin-
uous topology. If X is locally compact the c-o topology
1s the finest of the proper topologies. |
The proof of 5.16 can be done by a mapping argument
as in 5.14 and 5.15 or it can be done in a similar fashion
to the proof Arens gave in [1]. The proof can also be
found in Smithson [15].

Using Arens paper, we find in”génefal that there does




Ll I} | )

78
not exist a minimal jointly-continuous topology for CM(X,Y).
However if {Lg} a € A}l is a family of proper topologies in

CM(X,Y) and 4 is the topology generated by the union of

the [ua] then u is a proper topology. Thus there is a

maximal proper topology for CM(X,Y).

5.17 Definition.

Let 1) {Fd, d € D} be a net in C. (X,Y) and

u(

11)  F e C.(X,Y).

u(

Then Fd converges continuously to F if for eVefy x € X and -

every net {x_ | c e C}, x, > x implies Fa(xc)-+ F(X)(ft)

(i.e. if O is open in Y, and
i) "If F(x) C O then there exists do € D and co € C

such that if d > do and c > co then F,(x,) C 0,

ii) if F(x) M 0 # @ there exists dy, > D and ¢y > C
such that if d.zgdo and ¢ > ¢, then-
Fy(x,) Mo #4g.

5,18 Theoren.

A topology T on CM(XgY) is jointly-continuous iff for

-

every net {Fd[ d € DI and every F € CM(X,Y)j if Fd-» F(T)
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then Fd converges continuously to F.

Proof: The following is similar to the technique used in
[2]. If T is a jointly-continuous topology then

w:Cy(X,Y) X X > Y is continuous. Suppose (Fy|de D} is a
pet in CM(X,Y) and {xc, c € C} i1s a net in X. If Fy -~ F(T)
and x_, -~ X then (Fd’ xc)-» (F,x) in the product topology.

Thus w(Fg, x.) - (F(X)(f.t.); Theorem 3.16.

d

Suppose Fdf»'F(T) implies Fd converges continuously

to F. Let Z be a topological space and G¥:Z - CM(X,Y)

be a continuous single-valued function. Define G:Z2 X X Y
by G(z,x) =G*¥(z) (x). Then G is a multi-function. If

{zdl d € D} is a net in Z converging to z, and {x_ [ c € C ]

is a net in X converging to x, then (xd, XC) converges to

(z,x) in Z X X and G*(z,) - G*(z)(T) since G* is continuous.
Thus G(z 4, xc)-» G(z, X)(f.ta).

Therefore G is continuous, Theorem 3.16.

5.19 Theoren.

A topology u on CM(X,Y) is proper iff for every net

~

[Fd; d € D} and F in CM(X,Y) if F4 converges continuously
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to F then Fd-» F(u)‘
Proof: Suppose u is proper and {Fd¢ d € D} us a net in
CM(X,Y) such that F, converges continuously to F. Let

Z = DU {») with. the added order that « > d for every :

d € D. Define G:Z x X - Y by G(d,x) = Fg(x) if-d ¢ D and
G(w,x) = F(x). If x, > x in X then

G(d,x,) = Fy(x.) - G(w,x) = F(x)(f.ta)a Thus G is con-
tinuous, Theorem 3.16. Then G¥:Z — CM(X,Y) is defined by

G¥(d) = Fy 1f d € D, and G*(w) = F. Since G* is continuous

and {de D} - 0, Fd-—> F(U.).
Suppose continuous convergence in CM(X,Y) implies con-

vergence with respect to the topology u. Let
i) Z be a topological space,
i1l) G:Z X X~ Y ne a continuous multi-function, and

iii) G*:Z > C(X,Y) be defined by G*(z) (x) = G(z,x).
Let {zc] c € C} be a net in z such that z, > 2 € Z and

{xdl d € D} be a net in X such that x; > x € X. Then

G(zgq> x,) = G(z,x) so G*(z) converges continuously to

o

G*(z). Thus G* is a continuous single-valued function.
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We have shown that if X is a locally compacts space;
then for argitrary topological spaces Z and Y, G:Z X X - Y

is a continuous multi-function iff G¥:Z — CM(X,Y), Cy(X5Y)

endowed with the c-o topology, is a continuous single

valued function.

5.20 Lemnma.
If i) X and Z are locally compact spaces, and
ii) Y is an arbitrary space;

then {k(Ky X Kz, 0), A(¥y X Kz, O0) Ky compact in Z, K,

compact in X and O open in Y} forms a subbase for the c-o

topology on CM(X X Z, Y).

Proof: Let C be_a compact subset of Z X X, and O be an
open set in Y. If F e k(C,0), and (z,x) ¢ C, F(z,x) C O.
Then there exists a compact'neighborhood K; of z and a
compact neighborhood K, of x such that F(K; X K;) C 0.
Thus F € k(Ky X Kz, O). Since C is compact there exist

collections {K1'| i=l, 2, . . ., n} of compact subsets of-
i

Z and {K, |1i=l, . . ., n] of compact subsets of X such
i _ .

n n - _ .
that CCU K, XK, and Fe M k(XK; X K5 , 0). Then

. 1. 2. . O S 2. )

i=1 i i i=1 ! _Ti .

~
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n
MNe(kKy x K, , 0)C «(C,0).
i=1 i i
If F e 2(C,0) and (z,x) € C, there exists compact
neighborhoods K; of z and K, of x such that if
(z', x') € K3 X Ko then F(z', x')/ 0 # @. Thus
Fea(Kp X Ko, O). Since C is compact, there exist finite

sets {Kl | i=1, . . ., n} of compact subsets of Z and

i
{K2.| i=l, . . ., n} of compact subsets of X such that
i
n n
Je }g Ki xXK, and Fe (\ MK, XK, , 0). Then
i=1 i 1 i=1 i i.

n
Nx(K, x K, , 0) C 2(C,0).
i=1 i i

5.21 Thegrem.
If ij X 1s a 1ocall& compact topological space,
| ii) Y and Z are topological spaces, and
111) {(wk(KL x Koy 0)3 A(Ky X Ky, 0)}, as defined in
Lemma 5.20, formsa subbase for the c-o topol-

ogy for C,(Z X X, Y),

M

then Cy(Z x X, Y) and C(Z, Cy(X,Y)) are isomorphic spaces.

M
Proof: The sets of the form (K,, x(K., O) and

(Ky s x(K2; 0)) are a subbase for the c-o topology on
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c(z, CM(X,Y)° Then we check that the mapping G . G¥
sends k¢ (K, x Ky, 0) onto (K, K(Kzglo) and 1 (K, x Ky, O)
onto (Ki, MKz, 0)).

G e k(Ki X Kz, O) 1ff for every.z € K, and x € K,
G(z, x) = G*(z) (x)C O iff for every z € K,G*(z) (x) C O
for every x € Ky 1ff for every z € Ky, G*(z) € k(Ks, O) iff
G* € (Ki, k(Kz, O). And G € A(Ky X Ko, O) iff for every
z € Ky, and x € Kz, G(2,x) M0 = G*¥(z) (x) MO #£ g iff for
every z € Ky, G*¥(z) € AM(Kz, O0) iff G* € (Ky, A (Kz, 0)).

Since we have a 1-1 correspondence which takes the subbase

of one topology onto the subbase of the other topology,
we have a homeomorphism. ,

The next theorem will deal with the contindity of the
composition map. Foll&wing Dugundji [6] Chapter XII,
Section 11, we define ; |

if X, Y and Z are topological spaces

T:K (X,Y) X C(Y,2) - Cy(X,2) by T(G,F) = F o G.

5.22 Theorem.

If Y is locally compact, then T is continuous.

Proof: Since T is a single valued function, we only have
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to consider subbasic open sets of CM(X,Z). Let K be a

compact subset of X and O be open in Z. If T(G,F) ¢ /c(KsO')
then F o G(x) = F(G(x)) C 0 for all x € K. Thus ‘
GIK]C {y € Y] F(y) C 0} = 0' and O' is open. Berge [3]
Chapter VI, Par. 1, Theorem 3 showed that G[K] is compact.
Then since Y is locally- cozﬁpact, fheré exists a compact
neighborhood K' of G[K] such that G[K](C X' (C 0'. Let O"
be open in Y such that G[K]C 0" C K'. Then G e x(X,0")
and F e «(K', 0). Let G' € (K, 0") and F' e «k(K',0), then
T(G',F').= F' © G' ¢ (K, 0). If
X € X, G'(x)C 0" C K'." If ye G'(x), y € K', then .
F'(y) C 0. Thus F' o G'(x) = F'[G'(x)]C F'[K']C 0.
Therefore F' o G' = T(G', F') € x(K, 0).

Ir T(G, F) € (X, 0), and
xeK, G(x)C{ye Y|F(y)NO £ =0, and G(x) # .
Since G[K] is compact there exists an open set 0" in Y and
a compact set K' in Y such that GK]C o"C K'(C 0o'. If
F' € A(K', 0) and G' € A(K, 0") and x € K, then there
exists y e K', ¥y e.G'(x). Now

F' oo G'(x)ho:)F'(y)ﬂO;éﬁ since y € K'.
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