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Abstract:

Let c be a collection of subsets of a topological space X. A binary relation R can be defined on X into ¢
by (x,C) [l Rif and only if x [ C. Define R+, R- : P(X) -> P(c) by R+(A) = {C &isinc | C [1 A} and
R-(A)={C U c|C N A#I[1}. The smallest topology on ¢ which makes R open (or closed) is called the
A (or x) topology. We call Ac (or kc) the space ¢ with the A (or k) topology.

This thesis is divided into three main parts. The first (chapter III) examines properties of Ac. For
example if ¢ is the family of nonvoid closed subsets of X, then Ac compact &hArr; X compact, Ac
second countable &hArr; X second countable, Ac first countable &rArr; X first countable, X and Y are
homeomorphic &hArr; Acx and Acy are homeomorphic. These results are extended to more general
families of subsets of X. If B [] Ac is connected, and if each elements of B is connected in X, then [If is
connected. Hence if ¢ is a cover of X by connected sets, then X in connected if Ac is.

The second part (chapter IV) deals with lower semi-continuous (l.s.c.) multifunctions. Let f*+ and -
be Berge's upper inverses. If f has closed point values, then a single-valued function F:X — Ac (c
nonvoid closed subsets) can be defined which is continuous if and only if f is l.s.c. This simple results
is used to obtain a homeomorphism of X to its graph regarded as embedded in A(cx % cy) (where cx(or
cy) are nonvoid closed subsets of X (or Y)). A characterization of L.s.c. in terms of accumulation points
is given and conditions are examined under which f'is 1.s.c. Chapter V deals with properties of the «
topology. If ¢ is the family of all open subsets of X, a fixed point theorem for continuous single-valued
functions on kc into kc is presented.
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ABSTRACT

Let ¢ be a collection of subsets of a topoldgical space
X. A binary relation R can be defined on X into ¢ by (x,C) ¢
R if and only if x € C. Define R, , R_ : P(X) » P(¢) by R, (A)
={Cec|CSAland R_(A) ={Ce C|CMA#F. The smallest
topology on ¢ which makes R open (or closed) is called the A
(or k) topology. We call AC (or kC) the space ¢ with the 2
(or k) topology. o ' - '

This thesis is divided into three main parts. The first
(chapter III) examines properties of Ac. For example if ¢
is the family of nonvoid closed subsets of X, then. )¢ compaét
<=> X compact, AC second countable <=> X second countable, \C
first countable => X first countable, X and Y are homeomorphic
<= XCX and xcy are homeomorphic. Theée results are ex-
tended to more general families of subsets of X. If.8 & )cC
is connected, and if each elements of 8 is connected in X, then
(U.B "is connected. Heﬁce if ¢ is a cover of X by connected
sets, then X in comnected if AC is. o

The second part (chapter IV) deals with lower semi~
continuous (l.s.c.) multifunctions. Let £t and f~ be Berge's
- upper inverses. If T has_closed point values,'then a single=~
valued function F:X — AC (C. nonvoid closed subsets) can be
defined which is continuous if and only if f is l.s.c. This
simple results is used to.obtain a homeomorphism of X to its
graph regarded as embedded in A (C, X cy) (where cx(or Cy)
are nonvoid closed subsets of X (or Y)). A characterization.

of l.s.c. in terms of- accumulation pbints is given and con-
ditions are examined under which T ié l.s.c. .

Chapter V deals with properties .of the x topology. If .
¢ is the family of all open subsets of X, a fixed point theorem
‘for continuous single-valued functions on kC intoixc-is pre-
sented. | ' ( '




CHAPTER T

INTRODUCTION

The study of hyperspaces and of multiple~valued functions
(or multifunctions)‘has.occupied topologists for over half a
century. In 1914 ﬁelix Hausdorff [5] initiated research on-
an area of mathematics which has expanded ever since. The -
problem which Hausdorff attacked dealt with the following
ideas: ' If we let d he a mefric'on a space.X, a "distance"
between two subsets of X can be defined in various Ways,
e.g. 1if A,B € X, let

Dy (A,B) = max {d(a,b) | a € A, b e B} or

D,(A,B) = min {d(a,b) [a e A, b e B].
These distances unfortunately do not form a metric for fhe
space of subsets, and Hausdorff remedied this defect by
letting | | |

D(A,B) = max f{sup D,(i&},B), sup D,(AA0})].
: ach ‘beB

This function applied to the'family of all closed nonvoid
subsets of X yields a metric spacé.

Not too. many years after Hausdorff's work was published,
the research of Leopold Vietoris [16] gave a new approach to
this topic. Again starting with nonvoid, closed subsets,.

" Vietoris obtained a topology on this‘family by defininé a
- neighborhood of & closed set M to be the class of all
_qlosed subsets of X contaihed in the unioﬁ of a given finite

_number of open subsets of X and intersecting each one of
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these open sefs, provided M itself belongs to this class.

It can be shown that if ¢ is the family of non-empty
compact subsets'of a bounded metric space, the topology |
induced on ¢ by the Hausdorff metric above is the same as
the mentioned Vietoris topology.

In 1950 Ernest Michael [10] presented what might justly
be called the definitive workxon the>topic of topologies on -
spaces of subsets. The Vietoris (here called the'"finite”).
topology is also apﬁlied to the topic of multifunctions. Of;
course, other topologists hed already published research on
hyperspaces, e.g Keliey (67, Kuratowskil[Tj, etc. -Part,of
the interest of Michael's work, however,.lies in the fact

“that he.aﬂerged the famil& of subsets from nonvoid ciosed
subsets to the femily of all subsets of X._ Furthermore
continuity and uniform contihuity'of mappings to ﬁhese hyper-
spaces was considered. |
‘Q. Kuratowskil t8] broadened the subject area, devoting
considerable space to the fundamental properties of semi-
continuous mappings. These mappings, usually considered
under the heading of Uppef.or lower semi-continuity, are
correspondences f between the respective power sets of two
topological spaces X and Y,‘i;e. f:P(X) - P(Y), where an
'uﬁper semi-continuous map takes a closed subset of Y to a
-ciosed subset of X, whereas a lower semieeontinuous_map

assigns to en'oﬁen subset of ¥ an open subset“of‘X. The
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two concepts coincide whenever f is a single-valued function. '
Kuratowski called the space of non-empty élosed subsets |
with the Vietoris topology the exponential topology 2X.
He also drew attention fb the « and A topologies, where
the -k-topology oh a hyperspace is generatéd by sets of
the form { A C G | G.is an open subset of X, A is an eiement
of‘the hyperspace} . (Thek,topblogy‘is defined in chapter II). -

The f topoldgy had been applied to cloéed ﬁonvoid

subsets of compact T2 Spaces'X byvV.I.-Ponomare& [12].
The restrictions placed on X producexseveral interesting
'fesglts. Closely tied té k-spaces are the already defined
upper semi-continuous funetions. The présent paper will,
among other‘projects, generalize the K-topology to families
of subsets not neéessarily closed.

A compendium on continuous multivalued functions was
published by W.L Strother [14]. His notation unfortunately
does not adhere to the more popular terminologj already
mentioned.

The notation which will be used in this paper is
partially based on that introduced by Claudé Berge [1].
Similar symbolism is ﬁéed by E. Eech [2] in his encyclopedic
volume on_topological spaces. '

In 1965VG.T. Whyburn gave investigatibns on the tépic
. of continuity of multifunétioﬁs if not a new directiﬁn, then -

at least a renewed impetus. The summary of ponditions on
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sﬁaces X and Y for which f:X -~ Y is upper semi-continuous
is probably the ﬁost helpful single page td any student
~of this fascinating topic. One should pqint out again, that
uppersemi—continuity is stressed here. R.E. Smithson [137,
on the other hand, gave a characterization of lower semi-
continuity analogous to that of upper'semi—contihuity giveh
by Whyburn.

The research én hjperspaces and multifunctions continues;
For the most part, however, the emphasis is on spacesvon non-
empty closeq subsets with the Vietoris topology and on upper
semi~coﬁtinuoﬁs funétions. The most readily adaptable and
usable topological concepts lie in this afea; yet the
problemé of lower séemi-continuity also need to be solved.
_Whérgas Ponomarev has worked out many details of the k-
topology, the author will endeavor'to.answer some questions

on the A-topology.




CHAPTER TI

BINARY RELATIONS, MULTIFUNCTIONS
AND THE XA -~ TOPOLOGY.

If X and Y are two setsg the set X x Y of all ordered-
pairs (x,y) with x ¢ X, y € Y is called the cartesién ﬁroduct
of X with Y. Any subset R of X x Y 1s said to be a (binary)
relation in X into Y.. If R is a relation, we let ﬁ denote
the set of all ordered pairs (y,x) such that (x,y) € R. Thus
ﬁ is a relation in Y into X. . o

The set of all first elemgﬁts of R is called the domain,
. the set of second elements the range of R (Note that the
domain of R is the range of R). If the domain of R is X we
say R is on X, and R is onto Y provided the range of R is Y.

' A relation R in X into Y is said to be single-valued
provided that if (x,y) € R and (x,2) ¢ R the y=z. Single-
valued relations are generally conceded to be adequate set-
theoretic models of the intuitive nqtion of a function.

Hence by a function on X into Y we shaill méan a Single-valued
binary relation on X infb Y.

Associated with each relation R on X into Y is a funct-
ion £ (called the relatéd,funetion) on X into P(Y), the
family of alllsubsets of Y, uniQuely determined by the formulg

£(x) = (v e Y| (x,5) € B. |
Furthermorg, given a function f on X\into P(Y), a relation R

on X into Y is uniquely determined by the rule

(x,y) €e R<=> y e f£(x).
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It is clear that f and R uniquely detemine each 6ther;
from now on we shall call this related function a multi-
function on X into Y. Also, since ﬁost results obtained
will use a relation R on X onto the range of R,.We shall
assume (unless specifically menﬁioned) that R 1s on X

égzg Y. (Abusing the language somewhat, we shall also say
~that £ is on X onto Y).

The multifunction f: X Y gives rise to several other
functions mapping either P(X) to P(Y) or P(Y) to P(X). Let
‘A C X. We let

f (A) ={yeY|axe Awithy e £(x)}.
it can easily be shown that
f£_(A) =) f(x):.
Let: f+(A) =Y - f_(X-4).
(This notation is essentially due to Berge [1 1).
If we let £ = (?)+ and £ =_(%)_ | |
(where F is the multifunction related to ﬁ), then
5, 7 P(Y) - P(X).
Clearly we have, for BCY,
{xe X|'£(x) "B#£F]} and

Il

£7 (B)
£ (B)

If R is the binary relation associated with the multi-

{xe X| £(x) €B}.

i

. function f, we also denote £7 by RY, £~ by R”, T_ Dby R_ and
f+ by R+. The foliowing properties of a multifunction f on .

X onto Y are easily .checked:
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1.) If @ € P(X) then '
£ (UaQ) =U(z (&) |Aea)
f(Ma ) SN{f_(A)|Aeca}l
£ (Ua ) 2U(f,(a) | Aca)
f.(Ma)=N{f (A)]Aecal}.
2.) If A € P(X)B ¢P(X) such that A C B then
£, (A) € £,(B) and
£ () € £_(B).
3.) For any A € P(X>
£, (A) C f_(A);

-4.) If £ is single-valued then ‘ _.?”m¢;¥m.=.,m."”wm”m

-+

T

5.) IFr BC Y, ACX,

f (f(B)) 2B T7(f_(A)) 2 A
£ (£7(B)) c B £7(£,(A) C A
£ (f7(B)) 2 B | ' H(r_(A)) 2 A
£, (£7(B)) € B £7(£, (4)) C A

6.) If 8.C P(Y)
£ (UB) =U({f (B)|Be 8)

£ N 8) SO (£(B) | B e 3)
D fT(U8B) 2U (£7(B) | B e 8)
F(N8) =N (£ (B) |Be s}

7.) If B e P(Y), and B' € P(Y) such that B C B" then
£7(B) € £ (B") and

CfT(B) c Y.




8.) If B e P(Y)
£H(B) C £7(B)
| Thése properties will be used.in proofs_withéut specific
reference.
Assume now that (X,7) and (Y,&) are topological spaces
We let co¥ ( resp. cozg)denote the collection of closed
sets of X (resp. Y). We shall say that the multifunction

f:X - Y is upper semi-continuous (u.s.c.) if and only if for

Be cod ,f7(B) € coF . f is said to be lower semi-continuous

(1.s.c.) provided that for C e, £7(C) €T . It follows at
once from the definitions of ¥ and £~ that f is u.s.c. iff
ror ¢ ed, £1(C) €T and that £ is l.s.c. iff f for B e cof,
f+(B) € coJ . f is said to be open (or closed) provided that
for AeT (or Ae coT), £ (A) ed (or f (A) e cod). It
follows again from the definition that T is open iff'f+(A)‘e
cod for A e coF and £ is closed iff £,(8) ed for A eT.
The following elementary results are immediate.
(1) If £:X - ¥, then 2=r. | |
(ii) If £:X - Y and g:Y - Z are multifunctions, then
g - 5. | |
(iii) f:X - Y is u.s.c. (l.s.c.) iff T is closed (open)
(See alsp.éech [21).
.Let C be a family of subsets of-thelspace X. We can’

- define a binary relation R.on X to ¢ as follows: (x,C) ¢ R

iff x e C, where C € ¢. For A CX, R_ and R_:P(X) -~ P(c)
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satisfy R (A) ={CecCc|CCA},R(A) =(Cec|CNAEHEGJ.
R™ and R’ are mappings of P(¢c) to P(X), where for g C ¢,
R7(a) =UQ and ' -A
RT(@) = X-R7(c-a) = {x e X| if x € C, Ce C,then Ce a}.
Using these multifunctions, we 1et.x ¢ denote the space ¢
with the following topology: The open sets are generated by
sets of the form R_(G) for G open in X. With this convention,
no distinction Will be made between éand AC unless ambi-
guities might occur; R is closed if for any K closed in X,
R_(K) is closed in AC. As above, for K closed in X, R_(K)
is 'closed iff_R+(X—K) is open. For convenience's sake, we
shall denote by (X the space of all honvoid closed subsets
of X and by n&the space of all nonvoid subsets of X, with
the ) topology (see Kuratowski [8]).
Since R_ does not preserve intersections (see 1. above),
"the sets R_(G), G € X, G open, do not form a basis for the
hyperspace (¢ but merely é subbasgis. A basis eleuwent of )¢
thus has the form {f&'R_(Gi), Gi open in X. It is now clear
that the )\ topology is_the smaileét topology for which'R is
open. Also R is u.s.c. pfovided RA(a) is open in X, where
@ is -open in AC. . It is of interest to note that R is
‘single-valued iff the elements of ¢ are.mﬁtually disjéint..
-Using ¢ and R as befbre, another topology may be assigned

to ¢, called the K-tbpology (Ponomarev {42 ]). It is the
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smallest topology_fof ¢ for which R is closedé i.e. such thét
whenever M is closed in X, R_(M) is closed. Sets of the form
R+(G),.G open in X, form not ﬁerely a subbasis but actually a
basis for tre hypefspace KC~‘ The notation kX and Kﬁ)foliows
that of the A-topology.
ﬁefore considering properties of the kand ) topologies;

a'fewifacts about binary felations R in X into ¢ C P(X)"

“are worth mentioning.

1l

(1) VAC X, R_(A) = <= A domain R = §4.

(ii)~VA.C X, R+(A) 2 ¢ =~ range R. | | |
(iii) If @ C P(X), then e @ = e R [a]. = B
‘This is true for R, iff R is onto.c.
(iv) Ris on X <= (VaC P(X), £ a = B¢ R [al).
(v) If R is single-valued and R is on X, then
Va CP(X), 640> ££Ral.
| (vi) If R is on X and ¢ CP(X) has the finite intersection
- property (f.i.p.) then R_[d] has the f.i.p.
(vii) %lsingle-valued and R on X = R+-preserves the f.i.p.
(viii) R Single-vdlued = R_ preéerves the basis property.
Proof: (v) Assume g g'a; If R (A) = ¢ for some A ¢ @,
then ¢=R_(X-A) since R (&) = c-R_(X-A). Since A ¥.¢ Ixe A
such that R_ ({x}) # #. Since R is'on X'3 C ¢ ¢ such that
x € C. But Ce R_(X-A), so C meets X-A. Assume x'eC () (X-A).

A .
Ce R_({x}) M R_({x'}) bubt, because R is single-valued,
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R_({x}) MR_({x'}) = 4, a contradiction.
(vi) Let R_(A;) € R_[],1=1,2,...,n. Assume (R (4;) =
i.e. ﬂ C e C W:Lth C meeting each A . However,lsince Q@ has the

i.p., ﬂAl;é b, a contradlctlon - _
(viii) Assume ¢ € P(X) has the basis property. Let C-e ¢
with C e R_(A) MR_(B). (Without loss of generality let C #
B). Because R is single-valued AM B # 4 and I x ¢ ¢ such
that x ¢ AM B.. Hence 3D e @ such that x ¢ D C AM B,

and thus C e R_(B) € R_(A) MR_(B).




CHAPTER TIII
PROPERTIES OF THE ) TOPOLOGY

Let X be a topological space and let ¢ be a family

of subsets of X.

Proposition IIT .1 :. If ¢ includes all'Singleton subsets

of X, then X can be embedded as a sub-
space of AC.

Proof: Use the map X {x}.

Corollary ITT 1. If X is Ty, then X cah be embedded
as a subspace of A\X.

Proof: 1In a Ty space {x} = cl {x}

Proposition IIT .2 : If a T, space X has more than one

point, then AX iS'TO but not Tl.

Before proceeding with the proof, we 1list the following

lemmas.

Lemma TTT.2.1 : If C and D belong to AX dnd if C e cl {D},
| ' then C MD # 4. |

Proof of the lemma: If C does not meet D, then the open set

X - D contains C but does not meet D. So C gkiL[D}. The

converse does not héld, since if D C C,'then.X - D is open’

and C meefs X - D, but D does not.

Lemma IIT.2.2 : . If CC D, then C e cl (D).

Note: If @ & C ,e1a={C e ¢c| each open subset G of X
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that meets C also meets U@ }. Thus for Q ; {A},c1{A) =
(C ec|CNG#£L Gopen in X, = ANG £ £},
Proof of proposition III.2 : Let A and B be elements of
2X and assume fheré is a point in A not in B. Then c1{A} #.
cl{B}, since X -~ B is an open set with AM (X-B) # 4. Hence
X is Ty. Let Ae n X, A#X. Then Ae cl{X]} (iemma III.
2.2), but A § (X}, so that AX is not T, -
In genéral we shall use collections ¢ which do not

include 4. In case ¢ does include @, we have the following

Proposition.III.B : Let &4 ¢ é;ifhéd"xc'is compact and
’ conneéted. . -

Proof: Let 3 be a family of closed subsets of A¢ with f.i.p.
Since @ belongs to every closed set in A¢, £ e M, so that
AC is compact. If K is closed in X, then éhe R, (K)‘Q AC. '
Hence AC is connéqted. (It is of interest to note that
(4} is closed in 2C if B ec). |
Remark : For the remalnder of this chapter we shall assume
that £ & ¢. In that case, if X has the indiscrete (trivial)
topology, then AC also has the indiscrete topology. Since
.the indiscrete: topology is of'limited interest, we shall
assume that thé underlying spaces X, Y, etc. have a non-
trivial ﬁopology.

The followihg theorems deal with relationships between

properties of X and properties of AC.
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.Theorem TIT.4 If ¢ contalns all 31ngleton subsets of
| X, then (1) X is compact <=> A\¢ is compact
and (11) X is sequentially compact <=> AC 1s
sequentially compact;

Proof : (i) TIet {R_(Ga)}d be a cover for A¢ by subbasic opén

- sets. Then {G )}, covers X, since for every x e X, (x] eR—(Gd)

for some a. Because X is compact, {Gi}izl covers X and

"{R_(Gi>}121 covers AC, since every element of ¢ must meet

at least one Gi‘ ‘Conversely, let {Gd}a be an open cover
for X, Since every C e ¢ meets at'least one G, i.e.

Ce R_(G,)> (R_(G )}, 1s an open cover for » ¢. Hence
{R-(Gi)}121 -is also a cover. Because {x} € é,V xeX, every
{x} e R_ (G3) for some j e {1,2,...,n}, and hence x ¢ Gy
so that {G;) ;0 forms a finite subcover of {Gy)y-

(ii) Suppose X is seguentially.compact.and let -A7s A2,...
be a sequence of elements of ¢. Choose a; € Ai’ i=1,2?...
Because X is sequentially coﬁpact, there exists g con-
vergent subsequence 8> oo converging to_ﬁ.e X.

By hypothesis {p} ¢ ¢ and {AnJ _1 , converges to {p},
hence \C is sequentially. Conversely, if {ag} 1s a
sequence in X, [{ad]}ﬁis a'scquence in_c,.hencc there is

a subsequence {{a;}] i:i converging to C € €. Clearly

every point p € C is a limit point of this subsequence,

" so that X is sequentially compact.
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Proposition III.5 : Let X be a compact T2 space, 8'G AC.
In general it is not true that if U 8 is
compact then 8 is compact.

Proof : We prove this proposition by giving a counter-

example. Let X = [0,1] x [0,1] with the usual relative

topology. Let B = {((x,¥y) e X|O0 y'g_% X = % T

where n = 1,2,,..4, and let B, = {{0} x [0,1] } (Figure 1).

Then if 8 = {Bn} nZo s U8 is compact, whereas 83 is not
compact
1
%,
o&&:'7@5@ Yo 1
Figure 1

Example of a noncompact subspace of \C

Proposition III .6 : If'X is compact and Tg, and if 8 is a
compact subset of A¢, then it does not
always follow that U 8 is compact in X

Proof (by counterexample): Let X be any closed bounded

subset of the euclidean plane properly containing [0,1] x
[0,1]. Let B e {(x,7) e X0y L Iy xem % } , where
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)} <. Then 8= (Bl pn

M1 =

n=1,2,3,..., and let B, = { (O,

is compact but U8B is not.

1
|
7 ool
I
pl
/2.7
|
' I i, o~
ol lm.. V4ls |4 1
Figure 2

Example for Proposition III.6
Note: Clearly 8 is compact in AC if and only if for every
collection & of open sets of X such thatUé meets each
element of %, there is a finite subcollection &' of & such
thatU&’ meets every element of 8.

Theorem ITII.T: If C contains all singletons, then X is

second countable if and only if \C is

second countable.
Proof : Let é = {E7,Ep,...} be a countable base for X.
Let 8 be the family of all finite intersections of sets of
the form R_(Ei)‘with E; ¢ §&. Then 8 is a countable base
for AC. Conversely if AC has a countable base, then there is
also a countable base of the form R_(E_i)("k..fWR_(Eﬂgj),
32122y seeo  Let Obe openidn X % € 0. Then' {x} e R(0) end
fxiieRr (

E {)fﬁ..ff\a_(E 2) € R_(0), for some j. Thus x € E
J
fL-IVE 5 G

0. Hence the E gtogether with all their finite

intersections form a countable base for X.

J
x




Theorem ITIT. 8.: Let X be first countable, ¢ a family of
countable subsets of X. Then ac is first -
countable

Proof : Tet A€ C, A ={x, x,5 ...}. For each x;, let

i
{Oij},j=1,2,..., be a countable point base., Form {R-(Oij)'

i=1,2,...3 j=1,2,...}. TLet A ¢ R_(G), G open. Then for

some k, Xy € AM G, hence there is a t. such that 0 c G

kt &
and x, € Oi. Then A e R_( kt) _.R;(G)._ ihus finite inter-
sections of the R-(Oij) form the required local base.

Theorem ITT. 9 : - ILet X be a metric space, ¢ a family of

‘Iindelof  subsets. Then A¢ is first
countable. '
Proof : Let A e ¢. We wish to exhibit a countable neigh-
,borhood base for the neighborhood system of A. For each
x e X we form N 1 (x), i=1,2,.... Because A is Linqeléf s
i : . '
D = {N 1 ( k ) |k"l 23°°°: i=1,2,.%.}, with x i € A:,

i
‘forms a cover for A. We shall show that R_[D] is a nelgh-

borhood basis for A: TFor let 3 be a nelghborhood of A.

Then there are open sets Hi’ HQ,..., Hh of X such that
n ] : .

A ejAE R_(H;) €% Let H be any one of the H;. Choose
1=

x € HM A such that . inf d(x,y) =¢ > 0. There exists
‘ yeGMA - _

an integer n such that-% < %-. Since [N (X k)[ k=1,2,...]

covers A, 3 x E such thét N3 (x k) C H. n Hence R_(Ny
. T - 7
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(x ?)) C R_(H) and the theorem follows.

Corollary IIT. 9 : Let X be a metric space, C a family
of compact subsets. Then AC is first
countable.

Theorem III. 10 : If ¢ contains all singleton subsets of X

and if \C is first countable, then X is
_ first countable.

Proof : Let x € X and let N be any opén neighborhood of x.
Clearly R_(N) is an open neighborhood of {x}. Because
A¢ is first countablg,tthere éxist épen subsets l\Tl,...,Nt
of X such that {x} ¢ ji& R_(N;) € R_(N). The sets N; toget-
her with all finite iigersections thus form a countable
néighborhood basis.

Proposition ITI. 11 : (i) If X e ¢, then Ac is separable.

(i1) AX is always separable.

(1i1) ké is sepérable #> X is separable
- Proof : (1) X ¢ R_.(G).for any open set G of X, hence {X}

is dense in AC. '

(i1) Follows from (i).

(1i1) Let X be a.nonsepafable Space‘énd assume X € C.

Apply (1). | _
Proposition IIT. 12 : The family of all finite subsets

of a Ty space X is ‘dense in AX.
'.Proof : The proof is similar to that for the. finite topol-

ogy (see [10]). |
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In the next two fheoréms we give a characterization

of AX in terms of the topology of X.
Theorem IIT. 13 .: If X is a,Tl space, the elements {x},

X € X, are the only points of \X without
1imit points in AX. _
Proof : ILet A e AX, A#{x}. Then Ae R_ (X - {x}) and
{(x} € R_(X - {x}), hence A is not a limit point of {{x}}
(see lemma ITI. 2.2). If X ¢ B ¢ AX and B is not a
singleton, then {x}‘is a limit point of {B}. This is also
true for any AC where ¢ includes all the singleton subseté
-of X. .> ,
Theorem IIT. 1ﬁ - Let X and Y be T1 spaceé. Then. X is

homeomorphip to Y if and.only if XX is
homeomorphic to AY.
Proof : If X 1s homeomorphic to Y, the result féllows
immediately. ©Suppose that AX is homeomorphic to AY.
Since the property of having (or not having)-a limit point
~is preserved. under homeomorphisms, the singletons {x},
x € X, must map to singletons {y}, vy € Y, so that X and
Y are homeomorphic. -

The following 1s an example of a A Space.. Let X Dbe -
the segment [0,1], and let ¢ be the family of all nonvoid,
closed connected subséts'of X. With the interval C = [a,b]

€ C, we associate the point ( éiﬁ’, E%QV/§1). This assoc-

2
iation is a.one-to-~one correspondence of ¢ onto the equila-




e Y Sy
& . ‘ : i 3
eral triangle T with vertices (0,0) , (1,0) and ( 7 , i
We shall topologize T so as to make it homeomorphic to X\C.
Let G be an open connected subset of X. R_ (G) = {C e C |
C meets G}, and each C ¢ R_ (G) uniquely determines a

point of T. The open set corresponding to R_ (G) is indi-

cated in figure 3. (shaded area, heavy lines included).

(I/_;L) rg/fl)

(CES G (1,0)
; Figure 3
Subbasic open set of AC for subcontinuum G of [0,1]
Typical basic open and closed subset of A¢ are shown in

figures 4 and 5.

Figure 4

Basic open set of A\C




(0,0) (1,0)
Figure 5

Basic closed sets of )¢
AC is neither regular nor normal, since X lies in every
open subset of AC. However deleting X, or even an entire
neighborhood of X, will not make X regular (or normal).
For let P € AC, F a closed subset of ACc such that P ¢ &
(see figure 6), then every open set containing & also con-

contains P.

(la, BA)

(0,0) (Lod
Figure 6

Illustration of non-regularity of AcC.
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We shall next study the question of connectedness of

"

. _

Proposition ITIT. 15 : Let 8 C \cC be éuch that 8 is
connected in AC and let each element
of 8 be connected in X, Then R (8) =
U3 is éonnected;

Proof : Sﬁppose U 8.. is not connected, i.e. there exist

open subsets u' and K! of X such that U 8 = HU K, where
H=H NU3s, K=K NUSs, and BN K = 4. Thense = R_(&")

MN% and® =R _(K') M8 are relatively open subsets of 8

and 8 = 5%\« , with MK = 4, a contradiction.

The following example shows that if not all the elements
of 8 are connected,. the conclusion of the theorem does not
hold. Iet X = {a,b}, let the topology £ on X be (4,{a),
(b}, {2,b}}, and let ¢ =& - {4}, 'Thé open sets of A are .
{{a}, {a,b}}s{{Db}, {a,b}}; &5 {{a,b}}. Clearly ¢ is

connected, but R (¢) =U ¢ = X is not.

~Corollary 15 :+ If Q € ¢ is a covering of X by connected

sets .and if @ is connected in AC , then X
is connectéd;

Proposition ITI., 16 : Let ¢ be any collection of subsets

of X including X. Then AC is connected..

Proof ¢ X belongs'to every opén set in A¢. Thus X\¢ 1is

-not the union of two disjoint nonempty open‘sets.
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Suppose that X ¢ AC and~that A¢ - {X} is disconnected.
Then by III. 16 X is a cutpoint of A¢ and hence {X} must |
be either open or closed (see [9]). Unless ¢ consists of.
‘only.one element. el{X} # {X} so that {X} must be opeh,

We thus have proven the following

Proposition ITTI. 17 : If X e ¢ and x¢ -.{X} is‘disconnecfed,
. . then {X} is open in )c. |

Under the hypotheses of III. 17, {X} contains some subbasic

open set R_(G) of xé; and R_(G) does not meet x¢ - {X}.

Hence G MU (c-{X}) = £, i.e. int (X~U(c- (X})) # 8.

But this means thatle(c— (x1}) is not dense in X, so that

G - {X}.cannot cover X.

Proposition III. 18 : ILet X = AU B, where A and B are

- nonvoid open subsets of X and AN B = b.
Suppose ¢ is a collection of .subsets of .
X ineluding X itself, and that all
elements other than X df_Q are connected.
Then {X} is a cutpoint of ).
Proof : Since every element of C ('other_thdn X) lies in

either A or in B, we have immediately that \c- {X}= R_(A)

UR_(B).. Clearly neither R_(4) nor R_(B) are empty. Because

every element of ¢~ {X} is connected, no C can meet both
A and B, so that R_(A) NMR_(B) = 4.

Proposition ITII. 19 If @ is the family of all nonvoid sub-

set of X, ¢ the family of all nonvoid




-
closed subsets, and if F : X@:» Xé is defined -
| by £(A) =clA, then £ is a retraction. '
‘Proof ¢ The only difficulty lies in showing that T is
continuous. Let R be the relation on X to ¢ and R' the
relation on X to # (see page.8). Let R_(G) be a subbasic:
open neighborhood of ¢l A in A¢. Since G is-opéh in‘X,
@ Mela # 5 implies G M A # é. Hénce Rf (G) is a neighbor-
hood of A in MP. Also f(R, ' (@) C R_(G), for if K e R! (G),
"then K meets G, so that f£(K) = K also meets G and f(K)
R_(G).

- In -chapter I it was ﬁointed out that the Hausdorff
metric generates the finite topology,@n the family of all
compact, closed nonvoid subsets of X. ILet d be a metric
on X, - For subsets A and B of X we define D(A,B) = inf
{d(a,b) | a € A, b e Bl. D is only a ﬁgeneralized‘metric"

‘ in the sense of Alexandrof & Hopf (the trlangle 1nequa11ty
does not hold and X 1S at zero dlstance from every non-
empty subset of X)f We further define an ¢ nelghborhood

of ACX to be %, (AY = {BCX]|D(4,B) < €}. A para-
topology on a space 1s a collection of subsets ‘closed

under unions (but not necessarily under finife intersections)

(see' [11]).

Theorem ITII. 20 ¢ The A baratopology on ¢ is the para- '
topology induced on-C by the D function

defined above.




ST
Proof : We must show first that given A ¢ A ¢, € > 0, there
is an open subset G of X such that A e R_(G) C 3 (4). B
' Consider the subset G = M_(A) = {x e X| d(A,Sc)< € Jof X.
. ‘Clearly G is open, and A € R_('G) since A & G. - Let X ¢ R_(G);
then XM G # 4, so that D(K,A) < ¢ and hence X ¢ ifﬂ(’_: (4). |
Thus A ¢ R_(G) C 9% (A). e next show that if A ¢ ¢ and
G CX with Ae R_(G), then @ B ¢ ¢ and € > O such that
AeW, (B) SR (G). Fix a e AMG and let e = b??-’-ﬁ__ed(a,b)
S0. Since a ¢ A, A ¢ 9, ({a}). Tet K ¢ ({a}). Then
-D(K,{a}) < e sothat XMG# #and Ke R_(G). Thus A e i

({a}) € r_(G).




CHAPTER IV
LOWER SEMI~CONTINUOUS MULTTFUNCTIONS

In this chapter we consider multifunctions f: X+Y and
examine what restrictions placed on X or on Y make f l.s.c.
as well as what conditions are.ﬁeeded on a l.s.c. function
to make 1t preserve certain properties of topological spaces.

If £ is a‘multifunction with f(x) closed in Y for every
x € X (we then say that f has closed point values), theh £
gives rise to a'(single-valued) function F mapping X into
1Y,

Proposition IV.l: Let f be a multifunction on a space X

onfo a Tl space Y such that for each

x € X, f(x) is closed in Y. Let F:X>AY

be defined by F(x) = f(x). Then f is

“l.s.c. if and only if F is continuous.
Proof': Suppose-f is l.s.c. Let R (K), where K is closed in
X, be an element of the closed subbase of A Y (where R is the
binary relation on X to ¢=P(X) defined on pége 8). Then
PR, (K)] = (xe X|f(x)CK) = £T(K). Since f is 1.8.c.,
£(X) 1s closed. That is, FTT[R,(K)] is closed. Thus F is
continuous. Now suppose F is continuoﬁs, and let K be closed

1

in Y. Then R (K) is'closed in AY, so that F"[R (K)] is closed

in X. But £(K) = F*'[R,(K)] and hencé £¥(K) is closed.

Theorem IV.2: Let f be a l.s.c. multifunction on X onto a Tl
space Y with f(x) closed and connected for each

x € X. Then f_ preserves connectedness.
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Proofl; Let A be any connected set in X and assume f_(A) is
not comnected. Hence there exist open sets H and K in Y
such that £ (A) = (f_(A)nH) u (f_(A)nK) with (£_(A)nH) n
(f_(A)nK) = #. Since f is l.s.c., £ (H) and £ (K) are open
in X. Clearly A = (£7(H)nA) u (f7(K)nA) and .neither £ (H)nA
nor £ (K)nA is empty. Assume x ¢ (£ (H)nd) n (f (K)nA). Then
f(x) meets both H and K; however, since f(x) is connected this
is not possible. Hence (f (H)NA) n (£ (K)nA) = @. I.e. A is
not connected, a contradiction. Wé also give the fdllowing
proof which makes use of proposition IV.1.
Proof 2: Let A be a connected subset of X. By iV.l, P ois
continuous, hence F[A] is connected in XY. But then yF[A]
= U £(x) = f_(A) is connected in X by proposition III.15.

e A
Corollary IV.2.1l: Let f be an open multifunction on X onto Y

with closed connected point inverses. If
B is a connected subset of Y, then f (B)
is a conﬁected subset of X.

Corollary IV.2.2: Let f be a l.s.c. multifunction on a T1

space X onto a Ty space Y such that for
each x ¢ X, f(x) is connected. If X is
connected, then Y is éonnécted.'
If £ is a closed multifunction on X onto Y, we can further
define a (single-valued) function F: AX=AY by F(A) = £_(A), -
where A i1s a subset of X. ‘ . h

In the following lemmas R denotes a binary relation on X
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(resp. Y) to AX (resp. 1Y) (see also p.9).

Lemma IV.3.1: Let BC Y. Then

(1) F MR, (B)] = R, (£7(B)) and
~ (a3) FHR_(B)] = R_(£7(B)).
Proof: (1) F7M[R,(B)] = (A e XXlﬁ(A) C B} = {A ¢ AX |f_(A) CB)
= (A e2xacth(B)) =R (£7(B)).
(i) F-l[Rf(B)] = (A e X F(A)NB £ #) = (A e AX|
£ (ANB # @) = (A e AX|ANE7(B) # &} = R_(£7(B)).

Lemma IV.3.2: Tet X be a T space and let K C X.

1
(1) R (K) is closed in A\X if and only if K is

closed in X.
(ii) R_(K) is open in AX if and only if K is
-open in X.

Proof: (i) <: Follows from the definition.

(1) »: This will follow if we prove that R, (clK) =
cl R (K). Since R (K) is contained in the cloged set R, (clK),
cl R (K) € Ry (clK). Let H e Ry (clK) and let ;1 R _(0;) be any
basic. neighborhood of H in AX. Since H & clK and since for
1=1,2,...,n HNO; # f, we have 0,MK # £, i=1,2,...,n. Choose

n
x; € 0;NK and let A = {Xl,Xg,...,Xn}. Then A € AX, A ¢ fll

i
3_(Oi) and A.; R, (K). Thus He cl R (K) and R (clK) = cl R;(K).
(i1) <: Follows from the definition. .

(i1)'>: This will follow if we prove that R_(intK) = int R_(K).
Let H € int R(K), but assume that H ¢ R (intK). Thus HNintK

_ n ' o
= # so that H C cl(X-K). Let ;1 R (0,) be a basic open neigh-
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borhood of H in AX. Then 0,n(X~K) # & for i=1,2,,...,n.
Let x; € Oin(X-K) and let A = {xl,xg,i..,xn}. Clearly

n .
AerX, Ae ;0 R (0;) and A C X-K. Hence H ¢ cl R, (X~K),

a contradiction, since AX - int R_(K) = ¢1(0X - R_(K)) =
cl R, (¥-K). BSince evidently R_(intK) c int R_(K), we now
have R_(intK) = int R_(X). (This proof is patterned after

‘that given by C. Kuratowski [8] for the exponential topology).

Propogition IV.3: Let £ be a closed multifunction on a Tl

space X onto a T, space Y. Then F: AXo0Y

is continuous if and only if f is 1l.s.c.
Proof: For BC Y, F T[R (B)] = R_(£7(B)) (lemma IV.3.1).
Hence if R_(B) is open and F is continuous, R_(£f7(B)) is
open in AX and thus f (B) is open in X (lemma IV.3.2), i.e.
£ is 1.s.c. On the other hand if £ (B) is open, where B is
open in Y, then R_(f (B)) is open, i.e. ¥ is continuouo.
E@g@gﬁ: IV.1 -~ IV,3 are valid for arbitrary spaces X and. Y
if we take F as f: X-)\P(Y) and F as f_: AP(X)}»AP(Y), without
assuming that £ is closed. The same proofs can be used. |

Consider now é relation f: X-Y as a subset of X XY, .Let

g: XX xY be defined by g(x) = {((x,¥) Iy ¢ £(x)}. Then g is
the inverse of the restriction to f of the projection p:Xx Y
—+X. Clearly g is open.

Lemma IV.4.1: Let g be the function defined by g(x) =

((%,¥) [y e £(x)} CXxY. Then g is l.s.c.

(or u.s.c.) if and only if f is l.s.c. (or u.s.c.)
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Proof: Assume f 1s l.s.c. and let ﬂ><V'beya basié bpen set-
in XXY. g (UxV) = {x [f(x) meets-'\’/'_,' X e U} = Un£™(V) which
is open in X. Hence g is 1.s.c. ‘Conversely, if g is l.s;c.,
f—(&) = Xﬂf-(V).= g (XXV), so that f’is l.s.c. ‘The proof’
for u.s.c. is essentially the same. ‘

When £ 1is a Single-valued and cohfinuous biﬁary-relation;
the ‘existence of a homeomorphism of £ CXxY to X is Well
known (see [M]).‘ Since g(x) is a subset of £ & XXY, it is
reasonable to inquire under what condltlons fg(x)lx € X} |
considered as a family of closed éﬁbsets'of A (XX Y) is- homeo- -
morphic to X. The following diagraﬁ shbﬁs the situation

when. £ is 1.s.c. on a Ty space X onto a Tl.SPace Y.

X . T
N : g lﬂs.cf: _
N ' Nl
\ .
N .
continuous I (via singletons)-
b .

g[X] € M(XxY)

Figure 7

A homeomorphism G of X.andig[X]

Theorem IV.4: Let f be a»closed'l‘s c. muitifunction'on a

space X onto .a. T, space Y. . Then there is a -

T "1
.homeomorphlsm G of.X onto g[X], Where g(x)
X,y)ly € f( )} < X><Y |
Proof: We define G by G(x) = (x) for x € X. The continuity

of G follows at once from prop051tlon Iv.1. G is clearly
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one to one onto g{X]. It remains to show that G is closed
(or open). Let U be a closed subset of X. Then G[U] = -
{e(x) k e U}, and R (U xf_(U))nG[X] = {&(x) |g(x) C Ux f_(U)}
= a[u]. |

It is Sometimes.desirable to characterize l.s.c. in ferms
of l.s.c. at a point. We say f: y is l.s.c. at x ¢ X if
and only if for every open set V in Y such that V N f(x),¥ )
there exists an open neighborhood U of x such that £(u)nV # @
for each ueU (see[2]). If f is l.s.c. on X onto Y, we can
define a single-valued map F: X- AC, where C consists of all
sets f(x), x € X. (see [3]).
Proposifion IV.5: Let F: X-)\C be defined by F(x) = £(x),

where ¢ = {f(x)|x e X}, and £ is a multi-
function on X onto Y. Then f is l.s.c.
if and only if F is continuous.
Proof: The proof'is analogous to the proof of proposition IV.1.
The next few theorems deal with some sufficient conditions
for a multifunction f: X-Y to be l.s.c.

Proposition IV.6: Let f be a multifUnctibh on X onto Y such

that £ ({y}) 1s open in X for each y ¢ Y.
Then £ is 1.s.c.
Proof: . Let B be an open subset of Y. If y € B, then £ ({y})

C £7(B); hence £ (B) = yng_({y}) is épen,

Definition IV.7: Let f be a multifunction on X onto Y. We

shall say that f is inverse regular (i.r.)




el L= IR
provided that for every y € Y and for each closed.
subset B of Y, with y ¢ B, there are subsets U and
V of Y such that BC U, y € V, UnV = g and £ (U)
and £ (V) are open in X.

Corollery IV.7: Let,f be a l.s.c. multifunetion on X lonto a

regular space Y. Then f is8 i.r.
Proof: This follows from the definition of i.r.

Theorem IV.8: Let £ be 1.r. on X-onto Y. Then f is l.s8.c.

Proof: Let B be an open subset of Y and assume that f (B)
is not open in X. Thus there is a point p € f (B) such that
p is an accumulation point of X - f (B). Assume y ¢ f(p)nB.
Since f is i.r., there are subsets U and V of Y such that
ye U, Y-BCV, and £ (U) and £ (V) are open in X. In
particular, p € £ (U) € £ (B) so that f (B) is a neighborhood
of p which fails to meet X - £ (B), a contradiction.
We next give a simple example of a l.s.c. multifunction.

Let R be the set of real numbers and let a: R—-R be defined by

16 VP aacese (i)
{ GLE RO

~

a(x) = (dotted lines, figure 8)

where x € R. Let f: R—>R2 be defined by f(x) = { (x,y) € R2|

vy € a(x)} (solid lines, figure 8).

ol

Figure 8
ARl Fsocl  multrRunctions Ty R R2
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Let K be the closed subset of R?.shown in figure 8. Then

£7(K) is not closed in R so that f is not u.s.c. If B C R=.

is such that for each b e B, b> a(x), x € R, then £7(B) = 4.
Also £ is 1.r. onto the range of f.
By contrast, we maj define an u.s.c. mapping f: R—>R2 as

[

follows. Let a: R— R be given by
o { 1 if xg O
a(x) .=
O0if x> O
Then £ 1s defined by f(x) = {(X;y) € Rglyzg a(x)}. £ is

“u.s.c but not l.s.c.

Definition IV.9: A multifunction f on X onto Y is said to be

strongly inversg’regular (s.i.r;) provided thet

for every y € Y-and for each clésed subset B

of Y with y & B, there are disjoinf open sub-
sets U and V of Y with B < U, y € V, and such
that £ (U) and £7(V) are open. and disjoint in X.

Corollary IV.9: If f is a s.i.r. multifunction on X onto Y,

then f is 1l.s.c.
Proof: Tf f is s.i.r., then £ i§ i.r. The corollary then
follows from IV.8.
To prove the next theorem we also need to introduce fhe
concept of a directed family of sets ([15]). Wé'call a non—.

void family @ of nonvoid subsets of X a directed family in X

provided that for any A, and A, ip-a aA3 ¢ @ with A3 C AnA,.

@ is sald to converge to p e X if every open set 0, with p € 0,

;.41
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contains some A € &@. A directed family &' is said to be a

directed underfamily of @ provided that whenever A ¢ @,ZA'ec @'

with A" C A.

Theorem IV.10: If f is a s.i.r. multifunction on X onto Y

with closed point values, then f_ maps compact ’

sets to closed sets.
Proof: Let C be a compact subset of X and assume f_(C) is not
closed. Thus 3y, e ¢l £_(C) -~ £_(C). Let 8 = {Onf_(C)lyO €0,
O open in Y}. 8 is a directed family and so is @ = {f (B)nC
B e 8}. Since C is compact, there is a directed underfamily
@! of @ converéing to some point ¢ € €.(see [15]). Since c e C,
f(e) & £ (C) and y_ ¢ f(c). Because f is s.i.f. there are open
subsets U and V of Y with UV = #, f(c) €U, y e V, £ (U) and
£f7(V) open and disjoint in X. Clearly c € £ (U). Also A =
£7(Vnf_(C))n C e @. Since @' converges to c, and since £ (U)
is an open set contalning c, gA' € @' 'such that A' C f—(U).
Because A € @, A" € @' such that A" ¢ A, But A" and A' must
meet, which is not possible ‘since f (U)NA = g. Hence fi(é)
must be closed. ' |

We conclude this chapter with a characterization of lower

semi-continuity in terms of accumulation points.

Theorem IV.1l1l: Let f be a multifunction on X onto Y. Then f

is 1l.s.c. if and only if whenever p is an
accumulation point of A € X, then every point

of f(p) is an adherent point of f_(A).
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Proof: Assume f to be 1.S.g. Let p be an accumulation point
of A & X. Without loss of generality assume p ¢ A. Suppose
y € £(p) - £_(A) and assume there is an open neighborhood .0
of ¥ ‘such that ONf_(A) = . Because £ is l.s.c., £7(0) is
. open. Clearly p € f (0), hence £ (O)nA # #. Let x e f (0)nA;
then f£(x) meets O and f(x) & f_(A), a contradiction of the
above assumption. Conversely let V be an open subset of Y
and suppose f (V) is not open in X. Thus 3p ¢ £ (V) and p
is an accumulation point of X - £7(V) = £ (Y - V). According:
to the hypothesis every point of f(p) is an adherent point of
f_(f+(Y - V)) €Y -~ V., But there is a éoint v e £(p)nV, and

y cannot be an adherent point of f_(f+(Y - V)), a contradiction.




CHAPTER V
PROPERTIES OF THE k TOPOLOGY

If X is a Tl space (with a nontrivial topology), thé space'
kX is a compact and connected T, space (see [12]). It is
nétdral to inquire What further topological properties kX has
and, more genérally, if ¢ is a family of subse%s of X, what
can be said about kC. Some of these questions will be an--
swered in this chapter. (All -underlying spaces are supposéd to

have a nontrivial topology).

Theorem V.1: If C contains all singleton subsets of X, then

X is second countable provided kC 1s second

countablé.
Proof: Since  there is a countable base for k¢, there is a
countable base of the form R (Gq), R, (Gs), ..., where G; is an
open subset of X, 1=1,2,... Let x be a point of an open sub-
set O of X. Then (x} € R (0). For some i, {x} e R+(Gi) -

(o8]

R+(O), and then x € Gi C 0. Thus {Gi]i=l forms a countable:

basis for X.

Theorem V.2: Let X be a Tl space. If gX is second countable,
then X is compact.
Proof: We know from V.1 that X is second countable. By hypo-

thesis X is T Hence we need only show that every countably

1.
infinite subset of X has a limit point. Suppose H is a count-
ably infinite subset of X without limit points. .Then H is

closed and discrete in the relative topology. ' kH considered as

a subspace of X is also second countable. Let {Oa}abe ahy
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basis for «H. If E ¢ kH, then E ¢ R+(E) and R _(E) is open

in «H. Hence for scme o, E € Oa - R+(E). Let E1 and E2 be

eleéents of kH such that Eq # E,. Suppose Eq e QJl - R+(El)
and Ey € Oy C R, (E,). Since also R (Bq) # R (E,) we have

Oal # qlz.But H has an uncountable number of subsets, so that
{Q1]a cannot be a countable basis for H, a contradiction.
Hence X is compact.(For an analogous proof for the exponential

topology see [10]).

Theorem V.3: Let ¢ be a family of subsets of X with {x).c ¢,

| for x e X. Then X is separsble if and only if

kC 1s seﬁarable.

Proof: Assume X 1s separable and let A be a countable dense
subset of X, say A =4[al, 855 e} Let @ = {{al}, {a2},...}
Cke. Let 8 be an arbitrar& open subset of kC, say 8 =
U R+(Gd), with Ga open in X. Since each ql cdntainé gsome point
Zi € A, 3n@ # @, so that @ is dense in k¢. Conversely let
@ = {A,, AQ,...} be a countgble dense subset of Kc.‘ From each
Ai we choose an arbitrary element ay and form A = {al,_ag,...}.
We how show that A is a countable dense subset of X. Clearly
A is countable. Let O be any open subset of X. Then R+(O) is
open in xC and hence &nR+(o) £ @, Assume Ak € énR+(O). Then
. :

k
separable.

C 0, and since a,_ ¢ A _, we have ANO # @. Therefore X is
K | |

Proposition V.4: Let f: kf »kX be defined by f(A) = clid, A C X.

Assume X is normal. Then f is a retraction.
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Proof: ILet R+(G) be an open neighborhood of clA in kX. All
we need to show is that theré is a neighborhood ¥ of A in «#
such that f[5] & R+(G), or equivalehtly, that there is an open
subsét H of X such that ¢clA C H C clH C G. The last statemeﬁt,
howevér, is a direct consedquence of the assumption fhat X is |
normal..

Proposition V.5: Let C be a family of subsets of X including

all singletons..'Then k¢ has no isolated points
if and'oniy if X has no isolated points. |
Proof: :Assume X has no isolated points. Let A be an isolatéd
point of kC. Thusf{A}‘is open, hence { A} = R+(G) for some G
open in X, i.e. A is the only element of ¢ in R+(G). Hence
since C includes all singletons, G = A. However if a € A,
a' € A with a # a', then {a} and {a'} are distinct elements of
R+(G); hence A must be a singleton, say A = {a}, apd then also
G =_{a}. But X has no isolated points, a contradiction. Con-
versely, if «C has no isolated points and:{x} C X is open, then
R+({X}) = {{x}} is open in kC, again.é contradiction. This com-
pletes the proof of the proposition.

The following gxampie of a k space (which is neither normal
nor regular) is patterned after the example of_a A Space given
on pages 19 - 21. Let X = [0,1] and let ¢ be the family of all
nénvoid,closed connected subséts of X (i.e. ¢ consists of the
singletons and the closed subintervals of [0,1]). With each

C = [a,b] € C, aésociaté the point (égha,E%%/S).
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This association gives a one to one correspondence of ¢ onto
the triangle with vertices (0,0), (1,0) and (%}é%. We shall
topologize the triangle to make it homeomorphic with ke
(see.also page 20). Let G be an open connected subset of X
and let K be a closed connected subset of X. Figures 9
(resp. 10) show what typical basic open (resp. closed) sub-
sets of xC look like (shaded areas and heavy lines are in-

cluded in the sets). (o> 2

Figure 9

(50) ((,0)

A basic open subset R+(G) of ke

(, l’).) ‘43/:1 )

(9,0) £ = €1,0)
Figure 10

A basic closed set R_(K) of ke
If P is a point of k¢ such that P ¢ R_(K) (of figure 10),
then every open set containing R_(K) also contains P. Thus

Kk C is not regular.
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" Let d be a bounded metric on X and, for any subset A of X,
let an e neighborhood of A be defined by. % (A) = {BCX|

£uR da(A,b) <el, Where €> 0 and d(A,b) = %?g d(a,b)

Proposition V.6: The x topology on the family ¢ of all nonvoid -

closed subsets of a bounded metric space X is

the same as.thé topology for ¢ having a basis

consistiné of setsﬁ%{A),’forAe > 0 and A e €.
Proof: The proposition is proved by comparing basic open sets
in both topologies. We shall first show that if A and B are
closed subsets of X, and if € > O is given, then thefe is an
open subset G of X such that A e R, (G) & % (B). Let r =
%i.ggAd(a,X—C), where C = {x € X|d(X,B) < €}. If G ={xe X|
d(x,A) < v}, then A e R+(G), Because of the way r was chosen,
G S C, so that R (G) S5 (B). Assume now that A is a closed
subset and G an open subset of X with A € R+(G). We shall

show that there exists a closed subset B of X and € > O such

. el
that A € % (B) C R (G). Lete' = égﬁ d(2,X-G) and let € = 5
(clearly €' > 0). If B={x e X{(A,x)< e}, then A e 5 (B) C
R, (G).

For any given collection ¢ of subsets of-a space X, consider
the mapping i: AC - kC defined By i(C) = C. It is natural to.
inquire Which collections ¢ make this map (which is clearly
one to one and onté) continuous. If C is a disjbint family,

we can give a partial answer to the question. In the following -
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proposition let R denote the binary relation defined on
pp. 8 and 9 on X into AC and let R!' denote the same relation

construed as on X into kC.

Proposition V.7: Let i: AG-kC be defined by 1(C) = C, where
' ¢ is a disjoint family of subsets of X.
(i) If R!' is u.s.c., tﬁen i is continuous.
(i1) If R is l.s.c., then 171 1s continuous.
Proof: (i) i is continuous if and only if for each closed
subset K of X there is a closed subset L of X such that R' (k)
= R+(L). Let XK be giveﬁ and let L = R'"(R'_(K)). Since R!
is u.s.c., L is closed in X. It is easy to see, using the
disjointness of €, that R (L) = R'_(K). The proof of (ii) is
similar.
Note that.if C 1s a locally finite family of closed subsets

of X, then uR' (K) is closed in X (where K is a closed subset

of X), so that in this case R!' is always u.s.c.

Proposition V.8: Let &= {A,}, Pbe'a connected subset of «C

with every Aa connected in X. Then gAd =

A is connected.
Proof: Assume A is not connected. Hence there are open_sub;
sets G and H of X with (GnA) u (HnA) = A, (GnA) n (HnA) = &,
GNA # @ and HNA # @. Siﬁce every element A is connected, it
must lie either in G or in H but not in both. Hence (R, (G)n@)

U (R (H)ne) = ¢ and (R _(G)ne) n (R, (H)ne) = 4. Clearly also
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R (G)ne # # # R (H)ne. This is a contradiction of the hypothe-
sis that @ is connécfed,. Hence A must be connected.

Corollary V.8: If ¢ is a cover of X by connected sets, then

X is connected.

We nbw consider k£, where £ is the family of all open sub-
sets of X (including the null set). Let R be the binary rela-
tion on X to £ defined on page 9. Clearly R is closed and l.s.c.
A few elementary properties of kL are given in the following

Proposition V.9: If L is the family of all open subsets of X,

then (1) «{ 1is connected.
(ii) k& 1s compact
(111) k& is locall& connected
(iv) If @ ¢ @ and @ is dense ingd, then U@
is dense in X
(v) if A is an open dense subset of X, then
@ = {AN0 |0 is open in X} is deﬁse in kL.
Proof: (i) follows from the fact that @ lies in every open -
subset of kd, and (il) from the fact thét X belongs to every
nonvold closed subset of k.
(i1i) Let @ be an open neighborhood of A € L. Without loss
of generality we may assume that @ = R _(G). Since g lies in
every open subset of «kd, R+(G) is connected. 
(iv) Let O-be any open Subéet‘pf.X. Since @ is dense in kL,

@R, (0) # @, i.e. JA ¢ @ such that Ag 0. Hence uano0 # g.




(v) Let R+(O) be a basic open set of k£. By definition,
A0 # @, so that anR_(0) # 4.

We conclude this chapter with soﬁe observations on fixed
point properties in kd.

Proposition V.10: Let f be a (single-valued) continuous

mapping on kL onto kL. Then X is fixed
under f. |
Proof: In kd, A € cl{B} is equivalent to B € A. Now because
f is onto, X is the image of some L € kL, i.e. X = £(L). "But
L ¢X, so X e c1{L} whence, by continuity of f, f(X)e cl{f(Lj}
= c1{X}. But then XC f£(X) which implies f(X) = X.

Theorem V.ll: Every éingle-valued continuous map on kL into

kL has at least one fixed point.
Proof: Assume f(g) = E;. Clearly § CE;. Suppose that for

all ordinals B < o we have assigned E_ ¢ kg in such a way that

p

X - Eﬁn whenever. g! ¢ g". We construct>Ea as follows: If
o= g'+l, let Ed = f(Ea')' If o is of the second kind, let

E

Ea =bk9§*”‘ We must show that for B < B' { o we have EB - EB"

The only missing case occurs when o = B'. In that case if a

. .. — - . C R
is of the second kind, then.Ea BéaEB’ so that EB _.EJ. If

o= a'+l, then Eg C E,i.- We shall show that E , CE . By con-

a
struction, E = £(E ). If a' = a'"+1, then E,n & E 1 so that

"Bt € cl{Eyu},and B, = £(Ey,) € cl{f(E n)}. Hence E ¢ cl{E_,],

i.e. E

ol c Ea' If, however, o' is of the second kind, then
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E

- :bgaﬁé ,» 80 that for any 8 < o', By & Byr. Hence B, e

cl{Eg}, which implies £(E,,) e cl{ f(By)}, that is E ,,4 =B
1 C - -
€ clgEb+l} for each B < a'. Thus EE _.EE+1 c Eu' The in
creasing, transfinite sequence of open sets EB thus counstructed
must terminate at some ordinal y whose cardinality does not
exceed the least cardinal & such that X has a base of cardin-
ality 8. Thus Ey = Ey+l’ i.e. f(Ey) = Ey+l = Ey , 1l.e. Ey
is a fixed point under f. (this proof roughly parallels one

for kX given in [12].)
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