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Abstract:
The analysis of repeated measurements is complex because measures taken on the same individual at
different times are, in general, correlated. Classic multivariate methods do not require any specific
covariance structure, but are inefficient because many covariance parameters must be estimated. In
some settings, efficiency can be increased by a priori specification of time-varying covariates or
postulation of time series processes with which to model covariances. In many settings, however,
neither a priori time-varying covariates nor time series processes are easily specified.

An efficient model will be presented that is based on a mixed model covariance structure. The matrix
of time varying covariates is assumed unknown and will be estimated. Two new results will be
introduced that simplify the procedure for finding estimators of model parameters. Results of
simulations that compare the power of the new method with some existing methods are presented. 
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ABSTRACT

The analysis of repeated measurements is complex because measures taken on 
the same individual at different times are, in general, correlated. Classic multivariate 
methods do not require any specific covariance structure, but are inefficient because 
many covariance parameters must be estimated. In some settings, efficiency can be 
increased by a priori specification of time-varying covariates or postulation of time 
series processes with which to model covariances. In many settings, however, neither 
a priori time-varying covariates nor time series processes are easily specified.

An efficient model will be presented that is based on a mixed model covariance 
structure. The matrix of time varying covariates is assumed unknown and will be 
estimated. Two new results will be introduced that simplify the procedure for finding 
estimators of model parameters. Results of simulations that compare the power of 
the new method with some existing methods are presented.
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CHAPTER I 

INTRODUCTION

The subject of this thesis is modeling the covariance structure in a repeated 

measures design. A design in which a response from n independent subjects is ob­

served at each of t occasions is a univariate repeated measures study. These strategies 

are among the most popular experimental designs in the behavioral and social sci­

ences, as well as in medical studies. The response might be a measurement on blood 

pressure, cholesterol level, or change due to some social or environmental events. 

Examples of univariate repeated measures can be found in [6], [25] and [37] .

The analysis of repeated measures is typically concerned with estimating and 

testing location parameters. Although modeling these location parameters is the 

primary concern, the modeling of the covariances among the repeated measures is 

also important. The structure of the covariance matrix can influence the accuracy of 

location estimators as well as the power of any tests. In general, the more covariance 

parameters that must be estimated, the wider the confidence intervals for location 

parameters and the lower the power of tests. These concepts are discussed in [8] 

and [9]. With no a priori information about the covariance structure, all \ t( t  +  I) 

covariance parameters must be estimated. If n  is large relative to t, then a priori 

information about the covariance structure is not important. If n is small relative to 

t, the covariance parameters can’t be simultaneously estimated with much precision, 

and efficiency is greatly improved by employing a parsimonious covariance model.

The first part of this section describes a repeated measures model. Follow­

ing this description is a brief synopsis of some common covariance structures and 

associated analyses.
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Chapter 2 presents a novel covariance structure that is a mixed model struc­

ture with the modification that the design matrix for the latent variables is unknown. 

Two theorems are proved in Chapter 3 and the results of these theorems are applied 

to estimating covariance parameters. The use of the Fisher scoring algorithm and the 

EM algorithm are also discussed. The results of simulations comparing tests of loca­

tion parameters, using the structure presented in Chapter 2 and some of the common 

covariance structures used in practice, are presented in Chapter 4. A discussion of 

the simulation results and topics for further research are presented in Chapter 5.

A Repeated Measures Model

A linear model for repeated measures of a single response can be written as

Y =  XB +  U, (1.1)

where Y  is an n x f matrix of responses for n independent subjects; X  is a known 

n x r between subjects design matrix; B is an r x f matrix of unknown regression 

coefficients; and U  is an ra x t matrix of random errors. The rows of U, say u j , . . . ,  

are assumed to be distributed, independently, as

TUi -  N(0, Bi). (1.2)

This implies that

vec(U) ~  N [0, (S  ® In)], (1-3)

when S i =  B for all i. Assuming the distribution given in (1.3), the matrix Y is 

distributed as

vec(Y) ~  N [(I* <8> X) vec(B), (B CTn)] • (1.4)
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Without loss of generality, the design matrix X  is assumed to have full column rank. 

If X  does not have full column rank, then XB can be reparameterized as XB =  X*B* 

where X* does have full column rank.

Interest is in making inferences about the regression coefficients B. In partic­

ular, interest will be in main and interaction functions of the form

$  =  F 7BC, (1.5)

where F is an r x s rank s matrix of coefficients for between group contrasts, and 

C is a £ x g rank q matrix of coefficients for contrasts among the repeated measures. 

Without loss of generality, C is assumed to be orthonormal.

Multivariate Analyses

The classic multivariate model for univariate repeated measures is reviewed 

in [8] and [9]. In both of these articles, a generalization of a univariate repeated 

measures study to a multivariate repeated measures study is done. In a multivariate 

repeated measures study, a p-dimensional response from each subject is observed at 

each of £ occasions. When p equals I, the result is a univariate repeated measures 

study.

The classic multivariate model is given by the equation in (1.1), assuming the 

distribution given in (1.3), where X is a positive definite matrix subject to no further 

restrictions. In this model all |£(£ +  I) covariance parameters must be estimated. 

Assuming the distribution in (1.3), the maximum likelihood estimator (MLE)1 of <& 

in (1.5) is

#  =  F'BC, where B =  (X7X )-1X 7Y (1.6)

is the MLE of B. By the Gauss-Markov theorem, 3> is also the best linear unbiased
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estimator (BLUE) of $ . Given the distribution in (1.3), the distribution of B is

vec(B) -  N [vec(B), S  ® (X 'X )^ ].

Equations (1.6) and (1.7) imply that the distribution of S  is 

vec(S) -  N [vec($), C7S C  ® F 7(X7X )-1F] .

(1.7)

( 1.8)

Inferences concerning $  in (1.5) can be made using S  in (1.6) with the distri­

bution in (1.3). Suppose, for example, interest is in testing

H0: $  =  $o against Ha: $  =4 (Do-

Let B* =  BC. Then the hypotheses of (1.9) are equivalent to

Ho: F 7B* =  $o against Ha: F 7B* ^  ^ 0.

(1.9)

( 1 . 10)

Given the distribution in (1.3), the MLE of F 7B* subject to the restriction under the 

null in (1.10) is F 7B q, where

B* =  BC -  (X7X)-1FjF7(X7X)-1F] -  $o) (1.11)

for B and S  the unrestricted M" 

known, the likelihood ratio (LR)

exp  ( ( - 1 / 2 )  tr

LBs in (1.6). Note that F7Bg =  1F 0- When C7S C  is 

statistic for testing the hypotheses in (1.10) is

( Y C - X B q) '(YC-XBg)(C'SC)-1])
T  . . . .  |C 'S C |(" /2 )(2t ) (" 9/2) Z1 irA

exp  ( ( - 1 / 2 )  tr (YC-XBCy(YC-XBC)(CjBC)-1 ) "
|C 'S C |(n/2)(27r)(n8/2)

Under the monotonic transformation Gi =  (—2) In(L1), (1.12) simplifies to

Gi =  vec7($  -  $o) ((C 7S C )-1 ® [F7(X7X )-1F]"1) vec(£ -  $o)- (1.13)

This test statistic is distributed as G1 ~  y2(gs, A), where

A =  vec7($  -  $o) ((C 7S C )-1 ® [F7(X7X )-1F]"1)  vec($ -  ®0). (1.14)
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When CzE C  is unknown, one of the standard multivariate ■ statistics, which 

are listed in [2] and [36] along with their approximate distributions, can be used to 

test the hypotheses in (1.9). The MLE of CzEC under the distribution in (1.3) is 

given by CzE C  =  E /n , where

S = ^ -X (X -X )-1X1Y
n

is the unrestricted MLE of E and

E  =  (YC -  XBC)Z(YC -  XBC) =  CzY z[In -  X(XzX )-1X zIYC. (1.16)

Under the restriction of H0 in (1.9), the MLE of C EC  is given by (E +  H )/n , where

H  =  ($  — $ 0)Z[FZ(XzX )-1F f  "(d  -  ■$„■). (1.17)

The standard multivariate statistics are functions of the eigenvalues of (E +  H )-1H. 

Assuming the distribution in (1.3), E  and H  are independently distributed with 

Wishart distributions:

• E  ~  w e(m, CzEC, 0) and H  ~  w g(s, CzEC, (CzE C )-1A), (1.18)

where m — n — r and A is the non-centrality parameter

A =  ( $ -  $ 0)Z[FZ(XzX )-1F f  -  $o). (1.19)

For example, in the LR statistic in (1.12), replacing CzEC with (E +  H )/n  in the 

numerator and E /n  in the denominator gives the Wilks’s Lambda statistic. The 

Lawley-Hotelhng trace statistic is given by T 2 = (n — r ) tr(H E -1). Using the well 

known result tr(JK ) =  Vecz(Jz) vec(K) for arbitrary conformable matrices J  and K, 

T 2 can be written as

T 2 =  vecz(#  -  $o) ((E /m )-1 0  [Fz(XzX )- 1F f ' )  vec($ -  S 0)- ( 1.20)
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Time Series Models

The analysis of repeated measures by employing time series models begins 

by modeling the covariance structure among the repeated measures in terms of a 

time series process. Once an estimated covariance matrix has been found, then either 

traditional multivariate methods or adjusted univariate methods can be used to make 

inferences concerning <D in (1.5).

Assume the t occasions are equally spaced. Then one example of a time series 

model is to describe the elements of the error vector for the ith subject, Ui =  {%%}, j  — 

I , . . . ,  t, as a pth order autoregressive [AR(p)] process with p fixed and known in 

advance. This type of model is discussed in [38]. As a generalization of this approach, 

let the elements of U i follow the autoregressive moving average [ARMA(p,q)] process 

with p and q known in advance. That is,

,(*) R - i ) ,d-p)h ui ---------W  =  eSt} -  rjief --------- rjqe f q) , (1.21)

where p + q < t — I and e® ~  iidN(0, o2). The ARMA process is assumed to be 

stationary and invertible, which, along with model (1.21), implies that all elements 

along any diagonal of S  assume the same value. Thus, the covariance matrix S  is a 

Toeplitz matrix. This type of modeling is discussed in [25] and [33]. A banded, or 

general autoregressive process was used in [21] to model S.

Mixed Models

Let y( be the ith row of Y  in (1.1). That is,

/ y i  \

\  y l  /
Then from (1.1), the model for y, is

Yi =  (It ® Xi) vec(B) +  U i , (1.22)
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where x- and u- are the ith rows of X and U, respectively. A mixed model can now 

be constructed, as was done in [9] and [22], by modeling Uj as

Uj =  ZjWj A e j for z =  I , . . .  ,n, (1.23)

where Zj is a known i x /  within subject design matrix for the random effects; 

rank (Zj) =  / ;  W j and Gj are independently distributed as W j ^  ffdN/ (0, A /), where 

A / is a positive definite matrix, and Gj ~  iid Ni (0, (J2Ij). Thus, under model (1.23),

Yi ~  N [(It ® Xj) vec(B), Xj] , where Xj =  ZiA f Z1i +  a%  (1.24)

for i =  I , . . . ,  n. The number of covariance parameters to estimate is reduced from 

|t ( t  +  I) to | / ( /  +  I) +  I. The maximum likelihood estimator (MLE) of 3? in (1.5), 

assuming model (1.23), is given by

vec(S) =  [C ® F]' ^ ( X j i ® XjX̂ )
A—I

-I
^](Xj  ̂® x j)yj, (1.25)
2=1

where Xj =  ZiA f Z ^ a 2It is the MLE of Xj, and A f  and a2 are the respective MLEs 

of A c and a2. As described in [23], if W j and Gj could be observed, then A f  and a2 

would be given by

n

A / =  n~l w X
2— 1

(1.26)

and

a2 = {nt) 1J e jGj. ' (1.27)
i=l

An assumption of the simple, closed-form MLE’s in equations (1.26) and (1.27) is that 

W j and Gj are observable. When modeling the covariance structure under the mixed 

model in (1.23), this assumption is not met; consequently, an alternative method for 

finding the MLE’s must be used. Two popular iterative algorithms for computing 

MLE’s are the EM and Newton-Raphson algorithms. The application of the EM

v
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algorithm in a mixed model setting is discussed in [22], while [26] compares both the 

EM and Newton-Raphson algorithms in a mixed model setting.

Note that Y  in (1.1), under the mixed model structure in (1.23), can be written 

as

vec(Y) — vec(XB) +  vec : + e

=  (It ® X) vec(B) +  I(n,t) (©[LiZi) w +  e, (1.28)

where

f ' 1Vwra/
(1.29)

and I(ra)t) is a vec permutation matrix. Based on asymptotic properties of MLEs for 

parameters in models of the type in (1.28), which are given in [30], the MLEs A f  

and <72 are consistent estimators provided the design matrices (It <g> X) and Q2rL1Zi 

in (1.28) satisfy certain conditions. See [17] and [30] for examples. An immediate 

consequence is that S i is also consistent, provided that the mixed model covariance 

structure is correct. Using consistency, the distribution of Iim7woo n? vec(<E> — <&) will 

have mean 0 and variance S g , where

n
^ ( S i i 8) x*x()
.i—l

[C (g, F];

thus,

jirn^nz vec(# — $ ) ^  N(0, Sg). (1.30)

For large sample sizes, inferences concerning $  in (1.5) can be based on the result in 

(1.30), with S i replacing S i.

In [12] the ith row of U  is modeled as U i =  ZiWi +  Oi, where Zi, Wi and U i are 

defined as they were in the mixed model in (1.23), and the Gi are assumed to follow
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an AR(I) process. A scoring method is then used to compute maximum likelihood 

estimates.

Univariate Analyses

A univariate analysis can be easily understood as a two-way, subjects by oc­

casions, mixed model design. This method makes subjects a random effects blocking 

factor. This approach is taken in [3], [7], and [31]. The model, as found in [34], is 

obtained by equating Zi in the mixed model in (1.23) to I t, so that f  — 1 and

E i =  E  =  +  a2It. (1.31)

When this covariance structure is correct, the equation C 'E C  =  cr2It is satisfied and 

C 'E C  has the property known as sphericity or circularity. To test H0: <& =  <&o in (1.9), 

the standard univariate F  statistic can be used. In particular, tr(E)/cr2 ~  X2(fIm ) 

where E  is given in (1.16) and the distribution in (1.3) is assumed. For H in (1.17), 

tr(H)/cr2 ~  X2 (fIs-, t r (A)/cr2) assuming the distribution in (1.3), where A is given in 

(1.19). The LR test of H0: <0 =  <&o is to reject H0 for large values of the F  statistic, 

which simplifies to

F =
m  tr(H)

(1.32)
str(E)

The distribution of F  is F[qs, gm, t r (A)/cr2].,

,When sphericity is not satisfied, and assuming a true H0, approximations to 

the numerator and denominator degrees of freedom of F  in (1.32) were derived in [11]. 

The ratio of the F  statistic in (1.32) is approximately distributed as an F distribution 

with degrees of freedom % =  eqs and Ug =  eqm where

(XLiOi)2e =
-z£Li»?

(1.33)
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and Oi are the eigenvalues of C7SC . Under sphericity, e =  I and the approximation is 

exact. The parameter e is contained in the closed interval [g_1, 1], and is estimated 

by e; where e is calculated using the eigenvalues of C7SC . An alternative estimator 

of e, (e), is given in [19]. For near spherical error matrices, results in [18] have shown 

that e controls test size better than e.

Factor Analytic Structure

The factor analytic covariance structure is briefly discussed in [21], with more 

detailed discussions given in [4] and [20]. For a factor analytic structure, the error 

vector for the ith subject, U; of (1.22) is modeled as

Ui =  Fwi +  Oi for ? =  I , . . . ,  n, (1.34)

where F is an unknown t  x  f  factor-loading matrix with rank / ;  Wi and Oi are 

independently distributed as W i ~  N/(0, If) and Oi ~  Nt(0, Tr); and Tr a diagonal 

matrix. The corresponding covariance structure is

Var(Yi) =  T! =  FF7 +  Tr. (1.35)

Note the resemblance between the factor analytic model in (1.34) and the mixed model 

in (1.23). The main differences between the two models are for the mixed model, Zi 

is an a priori design matrix, while in the factor analytic model, F is an unknown 

factor-loading matrix that must be estimated from the data. Also, in the mixed 

model, the error vectors Gi have variance proportional to an identity, represented by 

Cr2Ii, whereas in the factor analytic structure, the Gi have a diagonal variance matrix 

Tr; there is no constraint that Tr be proportional to an identity. The constraint that 

Tr be diagonal ensures that, conditional on W i , the observations for the ith subject, 

yn, %/#, ■ ■. ,Vit are jointly independent. Thus, W i can be interpreted as explaining the
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dependences among the {%} j  — I , - , t .  Denote the MLE of S  by E, where

E =  T f 7 +  ^ ;  (1.36)

with f  and #  being the respective MLE’s of E and For complete or incomplete 

data, the EM algorithm can be used to compute the MLEs. In practice, the number 

of underlying factors, / ,  is unknown. The Akaike information criterion, discussed in 

[1], is one popular method used to choose / .

Note that when X =  l n, then from the consistency of E, the distributions of 

the random terms in (1.34), and using result 2c.x in [32], it follows that

(C 'EC  0  [Fz(XzX )-1F ])” 1/2 vec(£ -  $ ) 4  N(0, Igs). (1.37)

Applying result 2c.xii in [32] to the random variable in (1.37), it follows that

vecz($  -  0 )  (CzEC 0  [Fz(XzX )-1F])"^ vec(0 -  0 ), 4  %%s). (1.38)

This distributional result implies that, for large samples, inferences such as testing 

H0: $  =  #o for $  in (1.5) can be based on the statistic in (1.38).
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CHAPTER 2

A MODIFIED MIXED MODEL FOR THE TRANSFORMED 
COVARIANCE STRUCTURE

Introduction

For the classic multivariate model in (1.1), the only restriction on the covari­

ance matrix E  is that it be positive definite. Therefore,.the classic model is a sensible 

model for many repeated measures data sets. However, when the number of subjects, 

n, is small or the number of repeated measures, i, is large, the cost of using the classic 

model is the loss of efficiency when making inferences on $  in (1.5). Efficiency can 

be greatly improved by employing a parsimonious covariance model. The approaches 

reviewed in Chapter I reduce the number of covariance parameters to estimate, but 

each requires additional information and assumptions.

A time series analysis requires modeling the covariance matrix according to a 

particular stochastic process. This requires that the researcher have a priori informa­

tion about which process to use. Also, the assumed stationary process can give rise 

to a restrictive covariance matrix. Suppose, for example, the ARMA(p,q) time series 

model is used. This results in a covariance matrix with a Toeplitz structure which 

would be inappropriate for growth or learning experiments, where the variances along 

the diagonals are not expected to be the same.

The mixed model described in (1.23) requires that Zi be a known t x  f  matrix, 

having full column rank. If /  is greater than I, the rank requirement implies at least 

one column of Zj must contain time-varying covariates. This means the researcher 

has the often difficult task of specifying these covariates a priori.
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Univariate analyses are a sensible procedure if sphericity is satisfied. However, 

when the subjects are viewed as random blocking factors, the t occasions are not 

randomly ordered within each block and sphericity is rarely satisfied. The e-adjusted 

tests adequately control test size but, as shown in [7], they need not be more powerful 

than classic multivariate analyses.

In the following section a modified mixed model (MMM) is described that 

also reduces the number of covariance parameters to estimate. Although the MMM 

requires additional assumptions when compared to the classic multivariate model of 

(1.1), it will be argued that the MMM has certain advantages.

A Modified Mixed Model

Suppose the variance for the ith subject, £ j, is the same for all subjects so that 

S i =  £  for all i. Then, to make inferences concerning $  in (1.5), a structure must 

be specified for the matrix

T  =  C '£C , (2.1)

where C is the tx g  orthonormal matrix of contrast coefficients in (1.5). The structure 

assumed for T  may be indirectly specified by the structure assumed for £ , or T  

may be modeled directly. Irregardless of how a model is specified for T , inferences 

concerning #  based on S  in (1.8) will require that T  be estimated, which requires a 

model for T .

Let the n x t random matrix U in the linear model in (1.1) be normally 

distributed as in (1.3). This implies that the distribution of U* =  UC is

vec(U*) -  N**[0, (T  8 1*)]. (2.2)

Let u f  be the ith row of U*, then the distribution in (2.2) implies the q x I vector,
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u | is distributed as

N*[0, T] (2.3)

for all i. A modified mixed model can now be constructed by modeling the u* as

U- =  Twi + Gi for i = I , . . .  ,n , (2.4)

where F is an unknown q x f  design matrix for the random effects; rank(F) =  / ;  Wi 

and Bi are independently distributed as Wi ~  iidN/(0, Ay), where Ay is a positive 

definite matrix, and Gi ~  iid N9(0, (T2I5). Note the similarity between the modified 

mixed model in (2.4) and the mixed model in (1.23). The only differences are in the 

dimensions of the vectors and matrices; and in the mixed model, the within subjects 

design matrix Zi is known. The latter condition is modified for the model in (2.4), 

where the design matrix F is unknown and must be estimated from the data.

Without loss of generality, Ay =  Iy can be assumed. If Ay ^  Iy, write 

equation (2.4) as

U i -  FAyZ2A y1̂ 2Wi +  Gi

=  F*w? +  Gi, (2.5)

where w* =  A y1Z2Wi and var(w*) =  Iy. Thus, under model (2.4),

u* ~  iid N5[0, Y] where Y =  F T * ' +  a %  (2.6)

for i =  I , . . . ,  n.

The main difference between the modified mixed model in (2.4), assuming the 

distribution in (2.6), and the factor analytic model in (1.34) is that; in the factor 

analytic model, Var(Gi) =  Tr, where the only restriction on #  is that it is diagonal, 

and in the modified mixed model in (2.4), Var(Gi) =  Cr2Ii . One might be tempted to
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generalize the proposed model so that e, ~  IidNt(0, vEr9), where 1Sr9 is a diagonal. In 

this generalized model, T  has the form

T  =  rr' +  (2.7)

To compare the model for T  in (2.6) with the more general structure in (2.7), examine 

inferences regarding $  in (1.5). A typical inference regarding $  in (1.5) is to test the 

hypotheses

H0: F 7BC =  0 against H0: F 7BC ^  0. (2.8)

A natural restriction to impose on any test of the hypotheses in (2.8) is that the test 

be invariant under the group Ge, where, for any orthonormal matrix C such that 

C7I* =  0, the group of transformations Ge  is

Ce =  k  ,,(Y C )=Y C Q , Q7Q =  QQ7 =  I9]. (2.9)

One appealing property of an invariant test is that the decision rule is independent 

of the particular coordinate system in which the data matrix, Y, is expressed. A 

detailed discussion of invariant tests is given in Chapter 6 in [24]. For a test to be 

invariant under Ge, a family of densities must be specified that is invariant to Ge- 

Let JF be a family of probability density functions (pdfs) and write Jr  as

T = { fy(y\ ey,8en} .

Then JF is invariant to Ge if, for any g 6 Ge and 0 € O there exists a function g 

such that

y* -  g(y)  ~  /yO*; g(0))  and g(0) e  f2.

Suppose Y C is a n x g random matrix with mean M  and dispersion T . Let 

yc =  vec(YC) and consider the two families of probability density functions

JrI = { f y M  M, T); T  =  FF7 +  % ,  rank(F) =  /}  and (2.10) 

=  { f y M  M, T); T  =  FF7 +  a %  rank(F) =  /}  . (2 11)
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In order to determine whether T 1 in (2.10) or T 2 in (2.11) are invariant to Gc , 

consider the following definitions and theorem:

D efinition 2.1 Let V q be the group of q x  q positive definite diagonal matrices.

D efinition 2.2 Let Vq be the group of q x q positive semi-definite matrices.

D efinition 2.3 A positive definite, t x t matrix S  is said to have Type I  factor 

analytic (FA) structure with dimension f  if

min rank(E — # )  = f.

D efinition 2.4 A positive definite, qxq matrix T  is said to have Type IIFA structure 

with dimension f  if

mm rank(T — <j1 2I) =  f .
ct2 > 0

T-CT2IeVq

T heorem  2.1 Let C be a t  x q matrix with rank q, and let /  > 0. Then

(1) CzE C  has Type II  FA structure with dimension f  =$■ QzCzECQ  has Type II  

FA structure with dimension f  for all Q 9 Q Q =  QQz =  I,

and

(2) CzE C  has Type I FA structure with dimension f  f t  Q C E C Q  has Type I  FA 

structure with dimension f  for all Q 3 Q Q =  QQz =  I.

proof of (1):

Let T  =  CzEC. Then, by definition (2.4),

min rank(Y — cr2!)  =  / .
<72>0

T-O-2Ig-P9
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Note that, for any orthogonal matrix Q, rank(Q'AQ) =  rank(A), therefore, for any 

orthogonal matrix Q,

min rank [Q ^T — (T2I)Qj =  /
T-O-2Iepg

=> min rank jQ '(T  -  (T2I)Qj =  /  
Qf(T-^I)QePg

because T  — a2l  G Vq -x=̂ > Q '(T  — (T2I)Q  G Vq. Note that

min rank [Q ^T — (T2I)Qj =  f  
Qf(T-A0)QePg

=> min rank Iq 'YQ — cr2I)j =  / ,
<72>0 *- ^

(Q'TQ-<72I)ePg

and this implies Q'YQ has Type II PA structure with dimension f  by definition (2.4).

proo/ o/ (%h

Suppose CzS C  has Type I PA structure with dimension /  => QzCzSC Q  has Type I 

PA structure with dimension /  for all Q 9 Q Q =  QQz =  I. Decompose CzS C  to 

V D V z, where V  is a g x g orthogonal matrix and D a diagonal matrix. Let Q =  V, 

then

Q C SC Q  =  V VD V V  =  D G V q,

and

min rank(D — HZ) =  0;
#S3g

D -^ eP g

which contradicts the hypothesis because /  ^  0. □

C orollary  2.1 When T i and J72 are comprised of normal pdfs, then T i is not in­

variant to Ge and T i is invariant to Ge-
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proof:

Assuming the normal distribution in (1.3), it is readily shown that for Y C ,

Thus, because YCQ is a linear transformation of a normally distributed matrix, this 

family of normal distributions is invariant to Ge, where

whenever Y has the structure given in (2.6). □

To summarize, for the modified mixed model in (2.4), the normal distribution 

and parameter structure in (2.6) specifies a family of densities that is invariant to 

Ge, and for that reason the structure for Y in (2.6) is preferred to the more general 

structure for Y in (2.7).

vec(YC) -  Nm, (vec(XBC), (Y <81*)). (2.12)

y(XBC, Y) =  (XBCQ, Q 'Y Q ), (2.13)
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C H A PT E R  3

EST IM A T IN G  PA RA M ETERS U N D E R  A M O D IFIED  M IXED
M ODEL

Introduction

Suppose interest is in estimating T  under the modified mixed model in (2.6). 

As noted in [4], to find a unique MLE of T , say T , where

a specific orthogonal rotation of the latent variables must be given. In general, an 

orthogonal rotation is given by

for u* in (2.4) and any orthogonal matrix Q of conformable dimensions. Throughout 

the remainder of this thesis, it will be assumed that T* is a g x /  matrix with zeros 

above the main diagonal. This condition ensures that T* be identifiable under the 

normal distribution in (2.6).

under parameter transformations. The invariance property is described in [13]. Using 

this property, the MLE of T  is given by

T =  f  f ' +  O-2I9, (3.1)

u* =  TQQzWi + Gi = T*w* +  eh

One common method for finding T  is to use the invariance property of MLEs

(3.2)

where is the MLE of S g , a covariance structure that depends on a A; x I vector 

of parameters 0. Note that this method requires estimating all the covariance pa­

rameters in 6 when computing T , which requires a model be specified for Ey. The
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modified mixed model in (2.4) specifies a structure for C 'SC , but does not directly 

specify a model for X. Clearly if S  has the FA structure in (1.34) with #  =  a2I, then 

C zXC has the modified mixed model structure in (2.4). Nonetheless, the FA struc­

ture in (1.34) with #  =  <j2I is sufficient for the parameter T  to have the structure 

in (2.2) but not necessary. Necessary and sufficient conditions are given in corollary

(3.2).

The first part of this section proves a theorem which specifies a model for Xy 

when T  is structured as a function of 0. The next section proves a theorem which 

gives results on computing MLEs. The final two sections describe algorithms that 

can be used for computing MLEs under complete and incomplete data.

T heorem  3.2 Let T,:t x t  be a positive definite matrix and let Clu(G) be a q x  q

where C* =  [C L] is a t  x t  orthogonal matrix; h  is a t x  (t — q) orthonormal matrix 

that is orthogonal to C, the orthonormal matrix in (1.5), and

A Covariance S tru c tu re  R esult

positive definite matrix. The elements of Cln(O) are functions of 0:k x I. Then

(3.3)

is positive definite.

proof of only if.

Suppose C XC =  f2u (0). Then

(C' & C') vec(X) =  vec(nu(9))



and there exists a t 2 x q2 g-inverse of (C' ® C'), say (C' ® C ')9, which satisfies

vec(S) =  (C' ® C')9 vec(nn(9)).

Note that (C ® C) is a g-inverse of (C' ® C'). Thus, by result (23) on page 220 in 

[35], there exists a t2 Xq2 matrix W  and a,t2 Xq2 matrix V such that (C' ® C ')9 can 

be written as

(C' ® C')9 =  (C ® C)(C' ® C')(C ® C) +  (1(2 -  (C ® C)(C' ® C'))W

+V(I,2 -  (C' ® C')(C 8  C))

=  (C 8  C) +  (I -  (CO' 8  CC'))W

because Ig2 — (C' 8  C')(C 8  C) =  0. Therefore, Vec(S) can be written as 

vec(S) =  [(C 8  C) +  (I -  (CC' ® CC'))w] vec(On (0))

=  (C 8  C) vec(nu(0)) +  (I -  (CC' 8  CC'))W vec(nn(0)).

Let vec(K) =  (I -  (CC' ® CC'))W vec(f211(0)), thus

vec(S) =  vec(C(f2n(0))C') +  vec(K).

It is also true that

vec(K) =  (I -  (CC' 8  CC')) vec(S)

because

(I -(C C '8 C C '))v ec (2 )

=  (I -  (CC' 8  CC'))(C 8  C) vec(nii(9)) +  vec(K) =  vec(K)

using

(I -  (CC' 8  CC')) (C 8  C) =  0

21
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(I -  (CO' <8 CC')) vec(K) =  vec(K).

Note, by using properties of perpendicular projection operators, the perpendicular 

projection operator I4 -  L I/ can be factored as CC', which implies that

(I -  (CC' ® CC')) =  I -  (CC' 8 14-  LL')

=  I -  ((C C  ® I4) -  (C C  ® LL'))

=  (I4 8 14) -  (C C  ® I4) +  (C C  8  LL')

=  (C C  8  LL' )+  (L L '8 14).

Therefore,

vec(K) =  (I -  (CC' 8  CC')) Vec(S) =  [(CC' 8  LL') +  (LL' 8 14)] vec(S), 

which gives the following expression for vec(K):

vec(K) =  vec (L L 'S C C  +  SLL')

and

=  vec (L L 'S C C  +  ( I -  LL' +  LL')SLL') 

=  vec (L L 'S C C  +  C C S L L ' +  L L 'S L L '). 

Therefore, S  can be written as

s  = C(Ou(A))C + c c sll ' + ll's c c  + ll'sll'

where O12 =  C 'SL, O21 =  L SC , O22 =  L SL, and

O _  f  Ou(A) O12 
O21 O22
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is positive definite because S  and C* are positive definite. Thus, if CzS C  =  Qn (0), 

then

S  =  (C L Q11(G)
O21

O12
Q22

C'
L'

proof of if :

Suppose

V 1621 1622 /

=  C* QC*'.

Note that
Q* f  ^12 A Q*'

\  ^21 ^22 J

= C(f2n(0))Cz +  CO12L +  LO21Cz +  LO22L .

Thus

C S C  =  Cz [C(On (0))Cz +  CO12L' +  LO21Cz +  LO22L'] C

=  o 11(0).n

C orollary 3.2

e sc  = r rz + O-2Ig s = c* f r r ^  a2lt ^12) c*'
V 1621 1622 /

where FTz +  a2l t — 0 120 22_10 21 is positive definite.

A M arginal D istribu tion  R esult

T heorem  3.3 Let A  be a t  x t  positive definite matrix. Let Vq be the.set of all t x t  

positive definite matrices that can be written as follows:

O G Vq =r- O
O11 (0) O12 

O21 O22 (3.4)
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where Vt11(O) is a known function of a k x  I vector 6. Then

sup f ( n )  = f(Q},  
Vtev q

where

exp [(-1 /2 ) tr{Aft x}] 

m = ----------- ------------------ '

A is partitioned conformably to ft as

A ■A-ii -A-12 
Agi A 22

9 is the maximizer of

O =  ( fiS w
V i *21 a “22

exp [(—1/2) trace{Aiift111(0)}]

IOuWI
n/2

(3.5)

(3.6)

(3.7)

proof.

Vt12

Vt22

Vt11(O)A11A 12, and

( f - -  A21A l11 ( / /  -O11(S)j A l11A12.

(3-8)

(3.9)

The product A ft 1 can be written as

A ft 1 =

( A 11 A 12 \  (Q n 1(O)+ Vtu1 (O)Vt12Vt^21 ̂ n u 1(O) -Vtf((O)Vt12Vtf)1^
V A 21 A 22J V —̂ 221-1^21^111(^) ^2211 /

where f t22.i =  ftg2 — ^21 OJd1(^)Sli2, and the partition of f t-1 is based on the result 

on page 260 in [35].
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Therefore,

tr (A fi-1) =  tr (A nfiii1(A)) +  

tr ( A n (0 )^ 12^ 224^ 2^ 1/ ( 0 ) — -̂ -12^ 22̂ 1^ 21^ 1/ ( 0 ) —

A2lfii/(0)fii2fi221l +  A22fi221l)

=  tr (A iifiii1(A)) +

tr [(fi2i f i i / ( 0 )A iif ii/(0 )fii2 — fi2i f i i / ( 0 )Ai2 — Aaifin1(A)Oi2 +  A 22) 0 2 / 1]

— tr,(A nfin1(A)) +  tr |(A 22 — A zA n ~  A 21A +  A zA nA ) f i221i] , (3.10)

where A  =  On1(A)On- By writing tr (A fi-1) as in (3.10), / ( f i)  can be factored as

(—1/2) tr{Aiifii/(A)}J
/(O )

exp

x

if in (0 ) r^

exp £(—1/2) tr{(A22 — A zA n — A 21A + A zA nA ) 0 2 2 (1}]

|^22-i|n//2
where |fi| =  |fin(A)| x Ifi22-Il by Theorem 8.2.1 in [16]. 

Let

A ( 0 )  =
exp [(-1/2) tr{A n f i i / (0)}]

and

/ 2  (A, O 2 2 - O  —

|n i i ( 0 ) r ^

exp [(—1/2) tr{(A22 — A zA i2 — A2IA +  A zA nA ) O221O

Ifi2- ' " / 2‘22-l|

Then / ( f i ) =  yi(A) / 2(A , f i22.i ).

Write A as a Choleskey decomposition, that is, A =  U U z. Partition U  con­

formably with A as (Ui U 2). That is, A n = U z1U i, A i2 =  U z1U 2, and A22 =  U z2U 2. 

Then / 2(A , O22-O can be expressed as

, exp [(-1/2) ^ ( U 2 - U 1A y(U 2 - U 1A)O l21J l
/ , ( A 1O22J  = -----1------------------- „/2------------------------ -

I O 2 2 - I  I
(3.11)
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and, by results given in [2], the maximizers of /2 (A, f i22-i) are

A = (UiU1)-1U71U2 = Af11A12

and

A U ^ (I-U 1(UlU1)-1U11)U2 A224
149.2-1 = -----------------------------------=  1-------.“ 22-1 n n

Let 6 be the maximizer of Z1, subject to $7n (0) > 0. Write O12 and O22 as

O12 =  O11(^)A =  O11(^)A111A12,

and

Let

022 — O22J +  O21O11 (O)O12 

—  -  A21A ll1 f  —  -  O11(S)) A ll1A 12.

n = e « jj(9 )  «12 y
V I i 21 I i 22

(3.12)

To show O G Vq , factor O 11(O) and O22J with a Cholesky decomposition so that

O11(O) =  G G 7 and

O 22J  =  F F 7.

Then
G O 

A G  F

is a rankt lower triangular matrix with positive diagonal elements. Also, O in (3.12) 

can be factored as
a  Z G O W G 7 G7A
0  ( a 'g  f J I O7 F 7

which, by Theorem 12.2.2 in [16], implies O is positive definite. Moreover, recall that

/(O )= Z 1(O )X f2( A ^ 22J),
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where fi(0) > O and / 2(A, f ^ - i )  > O for all f t  in the domain of / .  Thus,

sup /(O ) < sup J1(O) sup Z2(A 1O22-I) 
fteVn Oeftn iiA||<oo

"  O22.i>o

= ZiW x Z2(A,o22.i) = Z(O)
for O in (3.12). Therefore, ft  in (3.12) is the maximizer of f ( f t ) .  □

C om puting M LEs of P aram eters under C om plete D ata

Suppose an n x t  data matrix Y is modeled as in (1.1), with the distribution in 

(1.3), and suppose C 'S C  =  f2n (0). Also, suppose all nt  observations are available, so 

that Y  is complete. To illustrate how MLEs are computed under various conditions, 

suppose interest is in testing the hypotheses

H0: BC =  O against Ha: BC ^  O (3.13)

for the orthonormal matrix C in (1.5).

C om puting  M LEs under th e  N ull C ondition

Under the null condition in (3.13),

B (I -  CC') =  B = ^ B  =  SL', (3.14)

where LL' =  (I — CC'), and S  =  BL. Thus, under the null condition, the model for 

Y  in (1.1) can be written as

Y =  XHL' +  U. (3.15)

By applying Theorem (3.2), the covariance parameter S  can be written as S  =  

C*f2C*', where ft  is given in (3.3). Let Zy(Y|S, C*f2C*') be the pdf for Y, where 

Y  is an observed value of Y. Then
W ' - 1

/ Y(Y |3,C*ftC*')
exp W t r  (Y -  X S L ')'(Y  -  XBL')(C*f>C*')"

2 ^ / 2 C*ftC * '
ra/2
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exp tr [C*'(Y -  X SLz) '(Y -  X B I/)C Tfi-1] }
=  — 1--------1--------- ------------------------------------ U- =  /V C (Y C 1 Bjfi).

By results on conditional distributions given in [2], / y o  (Y C *|S, fi) can be factored

/YC-(YC1 S jfi) =  / y c (YC|0, n u (0)) x / YL|y c (YL|B1fi22.i);

where

vec(YC) ~  N(0, On  (0) ® In);

vec(YL) | vec(YC ) -  N(vec(X *B *), Ogg.i ®  In ); (3 .16)

and

X* -  (X YC), B * = ( ^ y  A  = On1(A)O12, and (3.17)

O22-I =  O22 — O21O1J1(A)O12.

To compute the MLE’s of O and 3:

1. Fit the model YC =  O +  U 1, where

Vec(U1) ~  N(0, O11(A) <g> In), 

and compute the MLE of A.

2. Fit the model YL =  X*B* +  U*, where

Vec(Uf) ~  N(0, O22j1 (gi In),

and compute the MLEs of O22j1 and B*:

O22a =  where H* =  X*(X*'X*)_1X*';
n

and

B* =  — (XvXsf)-1XvYL.
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Note that

— ^ l l  (0)fil2 12 —

and

Let

^22-1 — f̂ 22 ^21^11 (0)f2-i2 =Ty ^22 — ^22-1 d" 1̂ 21 (^)^12•

n =  Qu
V O21 0-22 (3.18)

then by the same approach used in the proof of Theorem (3.3), f2 in (3.18) is the MLE 

of f2 under the model in (3.15). Thus, the maximized function / y c*(YC*|B, Qi) can 

be expressed as

/Y C .(Y C *|S ,n) =  /Y c(Y C |0 ,On(O)) x ^ , ^ ( Y L l O s ^ B * ) .  (3.19)

C om puting  M LEs under th e  N on-N ull Condition

Suppose Y  is modeled as in (1.1), assuming the distribution in (1.3) with no restric­

tions other than C 'E C  =■ On(O). Then, by applying Theorem (3.2) and conditional 

distribution results, the pdf for Y  can be written as

/ y (Y |B,C*OC*') =  / y c *(Y C * |B ,0 )

=  /Y c(Y C |B C , On(O)) x /^ |Y c (Y L |B - ,  Ogg.i); (3.20)

where

vec(YC) ~  N(vec(XBC),, On (O) ® In);'

vec(YL)| vec(YC) -  N(vec(X*B**), O22.1 ® I )̂; (3.21)
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B** BL -  BCA  
A

and X*, A, and 0 ,22-1 are given in (3.17).

To compute the MLEs of f2, BC, and B**:

I. Fit the model YC =  XBC +.Ui, where

Vec(U1) ~  N(0, On (S) (g)In),

and compute the MLEs of BC and 6, say BC and 9, where

B =  (XzX )-1XzY

and 0 is the maximizer of the function / y c (Y C |B C , f2n(0)).

2. Fit the model YL =  X*B** +  U*, where

vec(U*) ~  N(0, O22-I O In), 

and compute the MLEs of O22a and B**:

O22a =  l T L 1 - h ^ y l , where H* =  X*(XVX*)-1X*'

and

B** =  (X*'X*)-1X*'YL.

Then, as was shown in the proof of Theorem (3.3), the maximized function 

/ y c *(YC*|B, O) can be written as

.fyc.(Y C *|B ,O) =  /yc(Y C |B C , O n(§)) x O22a). (3.22)

T heorem  3.4 Under the model in (1-1) where CzXC =  Ou(G), the LR test statistic 

for testing the hypotheses in (3.13) is

STipp(Aiiie)
L = _o_________

sup P (A1110)
0



31

where

9 (An|0)
exp ((-1 /2 ) tr [An fin1 (6>)])

and Q,n(6) is restricted to be positive definite.

proof

By definition,

/YC1(Y C IS 1O)
/ Y C . ( Y C * | B , n ) '

and, using the equations in (3.19) and (3.22),

/ y c *(YC*|E, 12) / y c (YC|O,S7h (0 )).x / y l |y c (YL|B*, Q22-i )

/ y c *(YC*|B, Q) = / y c (Y C |B C ,O i i (0)) x / y l |y c (Y L |B -, Q22.i)

/Yc(YC|0, On(O)) 
/Yc(YC|BC, On(O))

because B* =  B**. The proof is completed by noting that

/ y c (Y C |0, Ou(O)) =  sup
O

'exp ((-1 /2 ) tr [C Y 7YCOn1(O)])

IOn(O)I (n/2)

(3.23)

=  sup g (A^110),
O

where A^1 =  C7Y 7YC; and

/Yc(YC|BC, On(O)) = sup
O

exp ((-1 /2 ) tr [C Y 7(I -  P )YCO n1 (O)]) 

|O n(0)|(re/2)

=  sup 5 (An 10),
O

where A n  =  C Y 7(I -  P)Y C.
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Fisher Scoring Algorithm

32

If there is no simple, closed form solution for 0 then an iterative algorithm may be of 

use. One such algorithm is the Fisher scoring algorithm, which.is described in [28]. 

Let 0 be an r-vector of unknown parameters. Denote by L(0\Y),  the log likelihood 

function of 0 given an observed Y. The Fisher scoring algorithm is based on an 

expansion of L(0|Y) in a Taylor series around an initial guess, say 0 :

+ i ( e

L(6>|Y) =  LifIlYj +

- S y

<9L(0|Y)
00' 0=0

<92L(0|Y)
0000' 0=0

(e-ff)

( 0 - 9 ) +  O( | | 0 - §11)

= L(SjY) + g'g + - (0  -  0)'Hg(0 -  0) + <,(||0 -  0 ||2),

where

Si
dL(0jY) <92L(0|Y)

0=0 and H 0 d0d0''0 d0

Let 1(0) be the information at the value 0 = 0:

1(0) = -E

0=0

02L(0|Y)
0000' 0=0

Then, as noted in [32], the difference —1(0) — H -  is 0(~),  which implies

L (0 |Y ) R, L(OjY) +  ^  -  - ( 0 ^  0)'I(0)(0 -  0). (3.24)

Set the derivative of L(0|Y), expressed as (3.24), to zero and solve for 0. The result 

is

0 = 0 + (3.25)

The right-hand side in (3.25) becomes the new guess and the procedure is repeated. 

Under certain regularity conditions (see [28]) the Fisher scoring iterations converge 

to the unique maximum of L(0|Y).
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Computing MLEs of Covariance Parameters under Incomplete Data

Suppose, as in the previous section, a, n x t  data matrix Y  is normally dis­

tributed with mean XB and dispersion S <g> In, where C'XC =  f2n (0). Then, by 

applying the result of Theorem (3.2), the dispersion of Y  can be written as C*f2C*', 

where O is given in (3.3). Suppose one or more rows of Y are partially observed, 

and that the missing data are missing completely at random (MCAR) as discussed in 

[27]. The observed variables can be considered a random sample from the matrix Y. 

To find the MLEs B and O when Y is incomplete, the EM algorithm can be used. A 

detailed discussion of the EM algorithm is given in [14]. The following notation and 

theory concerning the EM algorithm is taken from [10].

Let Y  be a random matrix and let Y  be a realization of Y. Denote the pdf of 

Y  by f(y\6),  where 0 is a vector of unknown parameters and y =  vec(Y). The pdf 

can be considered as a random variable [i.e., u =  f(y\0)] or a realization of a random 

variable [i.e., u — /(y |0)]. Denote the observable random variables by y0bS and the 

unobservable (i.e., missing) random variables as ymiss. The vector y obs is observed, 

while the vector ymiss is not observed.

The complete data pdf can be factored as

/  ( y  o b s  i y  m i s s  I @ )  =  / ( Y o b s l ^ )  X  / ( y m i s s  | y o b s >  ^ ) >

which reveals that

/ ( Y o b s  10 )  =
/  (y o b s ; y m iss 10) 
/  (Y m iss  I Y o b s , 0 )

The corresponding factoring of the log likelihood function for y obs =  Yobs is

L ( 0 | y o b s )  —  ^ ( 0 |y o b S )  Y m is s )  In  [ /  (.Y m iss I Y o b s , 0 ) ]  •

To compute the MLE of d, the observed log likelihood will be maximized with respect 

to 6 for fixed y o b s -
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Let 0® be the approximation to the MLE of 0 at the tth iteration. To get 

rid of the random variables in the likelihood function, take expectations with respect 

to the density of ymiss conditional on yobs =  yobs and assuming 0® as the unknown 

parameter vector. That is,

E [L (0 |y^)] =  L (6 |y ^ )

=  Q(0l0(t)) -  H(0.I0W),

where

Q(0|eW) =  y  L(6|yobs,ymlss)/(ymis8|yob6, d y ^ ,

and

E ( 0 l0 (t)) =  J  In [/(ym iss I Jobs, # )] /(ym isslY obs, d (t)) dymiss-

The EM algorithm chooses 0 t̂+1'> to maximize Q(0\0®) with respect to 0.

It can be shown that under some fairly general conditions, this strategy yields a

sequence of estimates that converges to the MLE. Note that the E step, is finding

the expectation of the complete data log likelihood function, L(0|y), conditional on

the observed data and the current estimate of 0. To evaluate the expectation, the

conditional density of ymissIyobsi must be known. The M step is to maximize

the expected complete data log likelihood function with respect to 0. When Y  is a

normally distributed n x t  random matrix with mean XB and dispersion C*£1C*' ®In,

the MLEs of B and O are found as follows.

Let P  be the perpendicular projection operator X(XzX )-1X'. Let W  be an

n x t  matrix of indicator variables:

_  f I if the zjth entry in Y  is observable, /o 0«)
( O if the i j th entry in Y  is unobservable.

Let w =  vec(W) and let D =  diag(w). Then,

yobs — D y mid ymiss — (Ini D)y.
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Note that the rat-vectors yobs and ymiss have zeros replacing the unobservable and 

observable random variables, respectively. Denote the total number of missing obser­

vations by m. That is, tr(D) = n d - m  and tr(Int — D) =  m.

The marginal distribution of ymiss is

Ymiss-N -  D)(I* <8 X)& (1 ,̂ -  D )(c*nc* ' 8 -  D )] .

Let Yobs, Ymiss, M obs, and M miss be the % x Z matrices satisfying

vec(Yobs) — yobsi vec(Ymiss) =  ymiss, vec(IVIobs) =  E(yobs) =  D(L 8  X)/?, and 

Vec(Mmiss) =  E(ymiss) =  (Irat D)(I^ 8  X)/?.

Note that

Y =  Yobs T Ymiss and M! = XB = Mjobs + IVEmiss.

Denote the parameter estimates after the tth iteration by /3® and C*f2^-)C*', where 

=  vec(B^).

Conditional Distribution of Ymiaa

The nt  x nt  matrices D and Irat — D are each symmetric and idempotent. Let U b be 

an nt x (nt — m) matrix consisting of the non-zero columns of D. Similarly, let Ug 

be an nt x to matrix consisting of the non-zero columns of Irat- D .  Then,

U =  (U 1 U2 ) is an orthogonal matrix,

D =  U 1Uz1, I rat- D  =  U 2Uz2,

U 1U 1 =  Int-Wi, and U z2U 2 =  Im.

Note that

zi =  U iy
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is an (rit — m)-vector of observable random variables and

Z2 - Ugy

is an m-vector of unobservable random variables. Also,

UlZi =  y0bs) UgZg =  Ymiss,

Û Yobs =  zI; and U 2Ymiss — z2- 

The joint density of Zi and z2 is

/ Zi\  r/ U zvec(X B ) \  / Uz(C*n C * '8 l*)Ui Uz(C*n C ' ' ® I^ U 2 \l
Vz2/  ~  K u z2Vec(XB)/ ’ I u K c r n c * '<g>in)Ui u z2(c * n c * 'O In)U2/. •

It follows that the conditional distribution of Z2 given Zi =  Z1 and 6 =  0® is normal 

with

E [z2|z i, 6>w] =U^vec(XBW)

+  U z2(C*nWc*' ® InJUi [Ui(C*fiw C*' ® InJU1] -1 [z ,  -  U z1 vec(XBW)] ,

and

Var [Z2Iz1, 6/W] =  U z2(0 * 0 ^ 0 * ' ® InJU2

-  u z2(c*nW c*' ® IraJ u 1 [u ((c * n w c *' ^ i nJ u 1] ^ u j ^ n W c * '  O inJU2.

Equivalently, the conditional distribution of y miSS given Yobs =  Yobs and G — is 

normal with

E [y„,«|y„to, 6W] = (ln t -  D) vec(XBW)

+  (I„, -  D j!C 'f!(liC"' ® InJU1 [ui(C*f!(*)C*' ® InJU1]"1U j1 VecfYobs -  XB<‘>),

and

Var [ymwlyobs, ^W] =  (In̂  -  D)(C*nWc*' O InJ^* -  DJ

-  (int-D)(c*nWc*'OinJu1 [u;(c*nWc*' o InJu1] ̂ u^c^nWc'oinJ^-Dj.
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To compute the conditional expectation and variance of ymiss, the preceding 

expression requires computation of an (nt -  m) x (nt — m) inverse. By using the 

orthogonality of U, an alternative expression can be obtained:

U ' (c * f^ C * ' (B In )U =  [u ' 1 <g> u )  U  1 1=̂ >

Ux1 (C*0«C*' 0  In) U 1 =  [Ui ([C*Q(t)C*']_1 0  In)  U 1

- U i  ( [C ^ W c ifcT 1O In) U 2 ( u i  (.[c*nwc * 'f 1 ® In) u 2) _1x 

U i ([ClfcOWc*']"1 0  i n) U 1] "1

[ui (c*oW C*' 0  in) U 1] 1 =  u; ([c*nwc *'] 10  in) U 1

-Ui ([C*OWC*'] 1 0  In) U 2 U i ([ClfcOWc *'] 1 0  In) U 2

U i ([ClfcOW c1fcT 1 O In) U 1.

I -I
X

The above expressions require inverting ClfcOW cifc', a t x t matrix, and 

U i ([ClfcOWc *'] 1 0  i n) U 2, an to x to matrix.

Denote the conditional expectation and variance of Y mlss by

E(Y mJ Y 0l,„, 9 « )  =  M <i s, Vec(M JL ) =  A .

and Disp(YmillIYobllSW) =  C n JL c * " .

Then, the conditional distribution of ym;ss given yobs =  y0bs and 6 =  #W 1S normal 

with

A  =  ( I» .-D )  vec(XBW) (3.27)

+  (Ird -  D )(C *nW C *' ® I„)D flC -fiW c-'l" 1 ® I„j (I„, -  P 2)D vec(Y obl -  X B »),
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and

C f lg L c * ' =  Disp [YmisslYobs, aW] =  -  D)(C*OWc*' ® I ^ ) ( ^  -  D)

-  (In* -  D)(c*nW c*' ® I*)D c  -  PgjDx

(C*nMc*' g)In)(In* -  I)), (3.28)

where P 2 is the projection operator projecting onto SJ(U2) along

N u^  ([cn W c* ']  '  ® I*

That is,

P 2 =  U 2 U72 ( [ C ^ C * ']  1 0  In)  U2I U ^ f t C ^ C * ']  1 ® In) . (3.29)

Note that

P 2U 2 = U 2 => P 2U 2U 72 =  U 2U 72,

and

U 2U72P 2 =  P 2 because U 2U 2 =  I.

Therefore,

( I - P 2) ( I - U 2U 7) =  ( I - P 2). (3.30)

Write

(in* -  D)(c*nW c*' 8  in)D ( [ c r n W c T ' ® i») (in* -  P2)D 

as

u 2u:,(c*nWc*' 8  in)(i -  U 2U 7) ([c*n M c*T ' ® (1»* -  Pz)(i -  u 2u 7)

=  U 2U 7 (C*nWC*' 8  In)(I -  U 2U7) 8  In) (I»t -  P 2) (3.31)
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using the result in (3.30). The expression in (3.31) can be written as

U sU ^ cn M c* ' 8, I*)(I -  UgU^) a  i* ) ( i ,, -  p^)

=  U z U ^ c n W c * ' 8  i^)(i - 1121% ,  -  p^) 8  i j

because 1 8  Ira j  (Int — P 2) is symmetric. Thus

(I t̂ -  D)(c*nW c*' 8  In)D 8  In) (In* -  P2)D

=  U 2U^(c*nWc*' 8  In)(i -  U2U^)(int -  p%) ®

=  U sU ^crnW c* ' 8  i»)(inf -  P^) 81 » )

=  U2U^(c*n(*)c*' 8  in) ([c*n M c*T ' ® (i^  -  P 2)

=  UgU^(Inf-Pg). (3.32)

Therefore, /Ltĵ iss in (3.27) can be expressed as

^  =  UgU, vec(XBW) +  UgU^Inf -  P 2) vec(Y,bs -  X B ^)

=  Pgvec(XBW-Yobs)

because U^vec Y 0bS =  0. Let the t x I vector Vi be given by Vi =  I i — Wi, where 

Wi is the Zth row of W  in (3.26). Let Di =  diag(vi) and let V i be a t x Tni matrix 

consisting of the non-zero columns of D i, where Tni is the number of missing values 

for case i. Then Pg in (3.29) can be written as

P 2 =  E L iC P iO ei^ ) , where (3.33)

P i = !!‘,.,[C -fito cT 1, 

s k i  =  Vi (VitC-Htt)C -T 1Vi) V ;,

and Ci is the ith row of In. Using the expression for P 2 in (3.33), Zi îss in (3.27) can 

be written as

=  E (P j O eieO vec(XBW -  Y^bs)
i = l

Âmiss (3.34)
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=^M gL  =  E ^ ( X B W - Y ^ ) P ( .
i= l

Also, using the results in (3.30), (3.32), and the orthonormality of U 2, C * f ^ ssC*' in 

(3.28) can be expressed as

c*0% Lc*' =  u 2(u ^ [c * n W c * T 'u 2y  U^

=  (^-'22-1 ®  e i e i)

for X122il in (3.33).

The Log Likelihood Function

The complete data log likelihood is

m y )  =  - ( l ) in ( |c * n c * ' |)  -  ( f ) I n M

-  (I )  tr [(Y -  XB)'(Y  -  XBjfC-nC*')”1] .

Writing Y  as Y  =  Y obsT Y miss, the tr[ ] term in the likelihood.function can be written 

as .

tr  (Y -  XB)'(Y  -  XB)(C*OC*')_l1 

+  2 tr

=  tr (Yobs -  XB)'(Yobs -  XB)(C*nC*')
- il

YmmtYobs -  XB)(C*t2C*') 1I + y L s ((C * f iC -y  1OMymU,.

E Step

The E step.consists of evaluating the conditional expectation of L(OjY) given 0 = 0® 

and Y obs =  Y obs. The result is

Q(0|0<‘>) =  -  ( | )  In (|C*nC*' |) -  ( ? )  I n M  

-  ( I )  I  t i  [(Yobs -  XB)'(Yobl -  X B y n c * '- 1] 

+ 2 tr  [(Yob, -  XB)'M<;L(C*nC*')-1] + ^[',,((C’fiC*')™1 0

+ tr [c -f i^ L c - ' ( ( c - f i c - y 10  y ]  I
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. Simplification yields

<3(0|0») =  -  (a) In (|C*fiC*'|) -  ( f )  ln(2w) (3.35)

-  (I) tr [(Yols +  MtSsa -  XB)'(Yobs +  M < 1 -  X B )(C *fiC *y1'

-  (I) tr [Tt(c*nSs,c*')(c*nc*')"1] ,

where Ti is the generalized trace operator of order t, which is discussed in [15]. Note 

that Ti simplifies to

— ^2  '̂22-1 • 
i= l

(3.36)

M Step

The M step consists of maximizing the expected log likelihood with respect to /3 and 

fh Equating the derivative of Q with respect to /3 to zero yields

2 ((c*nc+') '® X )(y o b s+ ^ )  + 2 ((C*nC*') '®X'X)/3 = 0.W -I

B(W) =  (X 'X )- 'X '(Y ^  +  M ^ ) .

Substituting B^+1) for B into the expected log likelihood yields

<3(0|C*n(t)C*',B(m )) =  -  Q j  In (|C*nC*''|) - /  nt
VT

(3.37)

(Yobs +  M l , ) ' ( ^  -  p)(Y,bs +  M ( I )  +  ^ ( c ^ l . c * ' ) !  ( c * n c * y '

In ( |n |)  -  T—j  111(27!-) -  Q j  tr (3.38)

where

A = C (Yobs +  m 2L)'(I„ -  P )(Y obs + M S U  + T .fC 'fiSLC*') C*. (3.39)W
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To maximize equation (3.38) with respect to fi, the results of Theorem (3.3) can be 

applied with

A 11 =  C1 (Yob, +  M 2„)'(I. -  P)(Y„b, +  M»L) +  T,(C*f22»C*') C; (3.40)

A t, = C' (Yob, +  M^L) (In -  PKYobl +  M Z J  +  TKC-O^j11C- ) D; and

Aoo =  D' (Yob, + MZss)'(In -  PXYobl +  M S,.) +  TKC-OZraC*')(*) D.

Also, under the modified mixed model in (2.4),

^ 11(S) = T T U o -2I9. (3.41)

The Fisher scoring algorithm can be used to maximize the function in (3.7) and 

thus compute $Tn(0)^+1\  while the regression equations in (3.8) can be used to 

find the remaining terms in TẐ +1). The E and M steps are repeated until the se­

quence 0 ^ \  U +1-*, U +2\  • • • converges. After completion of the E step, if the func­

tion <3(01U^) in (3.35) is increased but not necessarily maximized, the sequence 

U ) , U +1), U +2), • • • will still converge, and the resulting iterations are a general­

ized EM algorithm (GEM). For example, instead of maximizing the function in 

(3.38), perform only one or two iterations of the Fisher scoring algorithm so that 

Q(d\C*n(t)C*',B(t+V) is increased but not maximized with respect to The

iterations will still converge to the MLEs, and the process may use less computer

time.
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CHAPTER 4

COMPARATIVE EVALUATION OF THREE INFERENCE METHODS

Introduction

In this Chapter the performance of a modified mixed model is evaluated and 

compared, by means of simulation, to the performance of a multivariate model and a 

factor analytic model. The first section reports the general model, and null and non­

null conditions under which the simulations were run. A description of simulation 

conditions is also given in this section. The second section reports the procedures 

used to calculate test statistics and p-values when the covariance structure is factor 

analytic. The third section covers test statistics and p-values under a modified mixed 

model covariance structure. The fourth section reports simulation results concerning 

test size and power.

The Simulation Model

The simulations were run under the general model in (1.1) in which the between 

subjects design matrix is a n x I vector of ones, I n. That is, the n x t matrix of 

observations Y  was modeled as

Y =  l n/V +  U, (4.1)

where pt is a t x I vector of regression coefficients, and U is an ra x t matrix of random 

errors whose distribution is given by

vec(U) ~  Nnt(0, S  <E) In)- (4.2)
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To shorten the computer time needed for simulations, the data matrix Y  was always 

complete. Similar results for incomplete data are expected. Simulations were run 

with the covariance matrix S  modeled with a factor analytic structure,

E  =  FT' +  a%,  (4.3)

where F is a t  x /  factor loading matrix, /  held at I or 2. Simulations were also run 

under the modified mixed model structure, that is,

C'EC =  r*F*' +  <7%, (4.4)

where F* is a g x /* matrix, /* held at I or 2, and C a t x g  matrix of coefficients for 

contrasts among the repeated measures. The number of repeated measures, t, was 

increased by increments of 2 from 3 to 7, that is,

tE{3 ,5 ,7} .

The sample size, n, went from 5 to 200 in the following manner,

n G {5,10,15,20,25,50,100,200}.

For each generated data set, statistics were calculated to test

• H0: /TC =  0 against Ha: /TC ^  0, (4.5)

where C is a t x (t — I) matrix of coefficients for contrasts among the repeated 

measures. Under the null and non-null conditions in (4.5), and for each n, t, and 

covariance structure combination, a 1000 data sets were generated. Note that for the 

simulation runs, $  in (1.5) was given the following structure; F  =  I, B =  /T, and 

C a t x (t — I) matrix of coefficients for contrasts. The statistics calculated for each 

generated data set were the likelihood ratio (LR) statistic and Walds test statistic for 

both the factor analytic structure in (4.3) and the modified mixed model structure in 

(4.4); and the Lawley-Hotelling trace statistic.



45

Null Conditions

For simulations under the null condition in (4.5), the parameter fi was set equal to 

a vector of ones, that is, fi =  l t. When S  had the factor analytic structure in (4.3) 

with t  = 7 and /  =  2, F was given by

/ 8  0 \
.8 .3
.7 .4
.6 .5
.5 .5
.7 .8

V .8 .5 /

(4.6)

Rows and/or columns were truncated to obtain F for other values of t and / .  For 

example, when t  = 5 and /  =  I,

r  ~
/ . 8 \

.8

.7

.6
\ . 5 /

When S  had the modified mixed structure in (4.4) with t = 7 and f  * — 2, F* was

/ 8  0 \
.8 .3
.7 .4
.6 .5
.5 .5

\ . 7  .8/

(4.7)

with the appropriate rows and columns for other values of t  and f*. For both the 

factor analytic structure and modified mixed model structure, the parameter a2 was 

set equal to .04. The empirical test size was calculated for the LR and Walds tests. 

The decision rule was to reject H0 if the p-value was less than .05.

Note that (I -  CC'), for C in (4.5), can be factored as

( I - C C ')  =  (!/() W ',



46

which implies, under the null condition in (4.5),

M =  (I -  CC')ii = ( l / t ) l tl'tii = l t&.

where 9 =  ( I f i ) I ttIi. Therefore, under the null condition in (4.5), the model for Y  in 

(4.1) can be written as

where /V =  QVt.

Non-Null Conditions

For simulations under the non-null condition in (4.5), the values of F, F* and a2 

were unchanged from the null condition. The parameter fi was given a linear trend 

structure such that, for each t, n, and covariance structure combination, the power of 

the multivariate test of the hypotheses in (4.5) was .6 when the test size was a. The 

multivariate test of the hypotheses in (4.5) was based on the Lawley-Hotelling trace 

statistic

y =  Ti-1Y zI n, S =  ( T i- I ) -1Y z( In - P ) Y , P  =  Ti-1In i ; .  (4.10)

By Theorem 2.8 in [36], the distribution of T2, assuming the distribution in (4.2), is

Y  =  I nOlt +  U, (4.8)

T2 =  m fC 'y /fC 'S C M C 'y ), (4.9)

where

where (4.11)
^  _  n (U 'C )(C 'S C )-1(C'/X)

To maintain a power of .6 for this multivariate test of the hypotheses in (4.5), and 

assuming a test size of .05, consider, for example, the case when t  =  7, Ti = 50, and
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S  has the factor analytic structure in (4.3) with /  =  2. This implies C is any 5 x 4  

orthonormal matrix such that CzI 5 =  0. The parameter fx will have a linear trend 

structure if /z =  kl, where
/  - 3  X

1 =

V

- 2
- I

0
1
2 
3 J

Moreover, to ensure a T 2 test with power of .6, find A such that

P 44
6 49T 2 > 2.313 6 ,

where 2.313 is the 9bth percentile of a _F(6,44,0) distribution. Under the conditions 

of this example, A =  5.3 will give a T 2 test with power ~  .6. The multiplier k is then 

given by

k = 2A

\ U1(IzC)(CzS C )-1 (CzI) ’

which, under the conditions of this example, implies k =  .0280. Thus, for the non-null 

condition of this example,

Z -.084 X 
-.056

f X  =

-.028
0

.028

.056 
\  .084

will give a size .05 T 2 test with power =  .6.

The empirical power was calculated for the LR test under the modified mixed 

model structure in (4.4). The test size was held equal to the empirical test size of the 

LR test under the modified mixed model structure.
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Factor Analytic Covariance Structure

The LR statistic for testing the hypotheses in (4.5) under the factor analytic 

covariance structure in (4.3) is

exp

Lfa
fof'.+ffll,

a n / 1 )

exp f  ( - 1 /2 )  tr ( Y - l ny ' ) ' ( Y - l n y ' ) ( f r ' + ^ l t ) 1 )
f r '+ < 7 2I t

(n/2)

(4.12)

where F 0 and al are the MLEs of 6, T and a2 under the restriction /TC = 0, f  

and a2 are the unrestricted MLEs of F and a2, and /i =  y is the unrestricted MLE 

of fi. The Fisher-scoring algorithm, as described in (3.25), was used to find F 0,

F and a2. The asymptotic distribution of Lfa under the null condition in (4.5) is

-2 1 n L fA ^ X (t_ i) , (4-13)

and this distribution was used to calculate p-values for the LR tests under the factor 

analytic covariance structure in (4.3).

The unrestricted MLE of C '/i is C'y, which is asymptotically distributed as 

V%(Cy -  C/4) A  N (o, r^C'/A)) , (4.14)

where I -1(C'/x) is the inverse of the information at C'/i;

c > y ( c v iY , i> 2) i
s (c » s (c » ' J ’ ' '

where L(C//i|Y , F, a2) is the log likelihood function of C'/i. The distributional result 

in (4.14) is proved in [32] under the assumptions given in the appendix of this thesis. 

Note that under the distribution in (4.2) and the factor analytic covariance structure

in (4.3),

I(C '/i) =  - E

i ( c ' / i )  =  n ( c ' r r ' c  +  (72i( ,_ i))  1 (4.16)
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Walds test statistic for testing the hypotheses in (4.5) under the factor analytic co- 

variance structure in (4.3) is

=  (C 'y)'m (c'ff'C  "'(C y), (4 .17)

where, under the null condition in (4.5) and the distributional result in (4.14), WpAr̂ xft-I) 

for large samples. This approximate distribution of Wfa was used to calculate p- 

values for Walds tests under the factor analytic covariance structure in (4.3).

Modified Mixed Model Structure

Assuming the distribution in (4.2) and the modified mixed model structure in 

(4.4), with C in (4.5), the results of corollary (3.1) apply. Therefore, the distribution 

of Y  in (4.1) is

vec(Y ) -  Nnt(vec( ln /T), C O C *' ®  1» ), (4 .18)

where

£2 = r*r*' +  Cr2I(^ 1) n 12
^21 $̂ 22. 

and C* =  [C ^=It]. The only structure for £212 and £222 is that

(4 .19)

O22 — £221 (r*r*' +  a-2I(t_i)) 1£2i2 be positive definite.

Using Theorem (3.3), the LR statistic for testing the hypotheses in (4.5) under 

the modified mixed model in (4.4) is

Lmm

exp ( ( - 1 / 2 )  t r A l l o ( f ; f ; ' )
r*f;'-HrSV1)

(™/2)

exp ^(-1/2) t r  A lla(r*r*'+o-2V i) ) )
|f*r*'+^V i)

(n/2)

(4 .20)

where

A llo =  CW WC, A lu  =  CW z( I - P ) Y C ,
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F*- and do are the MLEs of F* and a2 under the restriction /FC =  0; F* and a2 

are the unrestricted MLEs of F* and a2. The Fisher-scoring algorithm was used to 

find these MLEs for each generated data set. The asymptotic distribution of L mm is 

the same as Lfa , that is, LMM~xft- iy  This distribution was used to calculate the 

p-values under the modified mixed model.

Walds test statistic for testing the hypotheses in (4.5) under the modified 

mixed model in (4.4) is

= (Cy)XfT*' + d%_i)r'(C'y), (4.21)

where under the null condition in (4.5) and using the distribution result in (4.14), 

Wmm has the same approximate distribution as Wfa , that is, WMM~X(t-i) ôr IarSe 

samples. This approximate distribution was used to calculate p-values for Walds test 

under the modified mixed model in (4.4).

When S  is modeled according to the factor analytic structure in (4.3) with F 

having zeros above the main diagonal, there are

t + (t — i) + I — f t  —,( f  ( f  — l ) ) / 2 + 1
i= l

covariance parameters to estimate. When S  is modeled according to the modified 

mixed model structure in (4.4) with C in (4.5) and F* having zeros above the main 

diagonal, there are

_  i ) +  I =  f t  -  ( ( / * ( / *  +  l ) ) /2  +  I
i= l

covariance parameters to estimate. Thus, the number of covariance parameters to 

estimate is reduced under the modified mixed model in (4.4) when compared to the 

factor analytic model in (4.3) whenever f* < / .
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Sim ulation R esults

For Wfa in (4.17), let W fa be the average value of the 1000 realizations of 

Wfa calculated under each combination of n, t, covariance structure, and null or 

non-null condition. Similarly, let W m m , L f a , and L M m  be the respective means of 

W m m  in (4.21), L f a  in (4.12), and L M m  in (4.20).

The following tables report the results of simulations under null and non-null 

conditions.

5 .10 15
n

20 25 50 100 200
W  PA 19.85 9.10 7.14 6.84 6.59 5.90 5.94 5.52

test size 0.53 0.32 0.25 0.23 0,22 0.17 0.16 0.15
W m m 56.24 13.70 9.34 8.59 7.79 6.61 6.32 5.71

test size 0.71 0.48 0.35 0.32 0.28 0.23 0.19 0.17
L f a 70.82 121.48 7.30 6.96 6.71 6.04 6,12 5.70

test size 0.55 0.33 0.25 0.23 0.22 0.18 0.17 0.16
L m m 8.41 5.60 4.73 4.70 4.46 4.17 4.23 3.91

test size 0.34 0.14 0.09 0.08 0.08 0.06 0.06 0.05
power 0.97 0.81 0.76 0.70 0.68 0.62 0.62 0.59

Table I: FA covariance structure, i =  5, /  =  2; 
MMM covariance structure, t =  5, /* =  2.
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5 10 15
n

20 25 50 100 200
W  P A 27.66 12.05 10.28 9.15 8.95 8.33 7.96 7.90

test size 0.65 0.33 0.27 0.20 0.23 0.17 0.17 0.14
W m m 48.36 15.70 12.17 10.45 10.05 8.82 8.21 8.08

test size 0.83 0.49 0.37 0.26 0.27 0.21 0.17 0.16
L f a 53.94 13.30 10.61 9.12 8.96 8.37 8.03 7.99

test size 0.65 0.33 0.27 0.20 0.23 0.17 0.17 0.15
L m m 12.64 8.13 7.31 6.71 6.73 6.39 6.15 6.16.

test size 0.42 0.15 0.10 0.09 0.08 0.05 0.06 0.06
power * 0.92 0.82 0.76 0.73 0.69 0.65 0.65

Table 2: FA covariance structure, £ = 7, /  - 2;
MMM covariance structure, £ =  7, /* =  2.

5 10 15
n
20 25 50 100 200

W  fa 205.00 12.70 9.72 8.83 8.69 7.67 7.38 6.87
test size 0.75 0.45 0.37 0.34 0.33 0.27 0.25 0.22

W M m 55.93 12.60 9.19 8.26 7.90 6.78 6.39 5.92
test size 0.75 0.46 0.35 0.31 0.30 0.22 0.19 0.17

L f a 265.60 2442.40 11.20 9.40 8.90 7.80 7.40 6.90
test size 0.76 0.46 0.38 0.35 0.34 0.28 0.25 0.22

L m m 8.67 5.45 4.79 4.65 4.63 4.31 4.15 3.96
test size 0.38 0.13 0.10 0.09 0.08 0.07 0.07 0.05
power 0.96 0.84 0.77 0.71 0.71 0.67 0.64 0.61

Table 3: MMM covariance structure, £ =  5, /* =  2;
FA covariance structure, £ =  5, /  =  3.
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5 10 15
n

20 25 50 100 200
IFfa 116.74 16.65 12.30 11.11 10.40 9.59 9.02 9.14

test size 0.86 0.51 0.38 0.33 0.30 0.24 0.23 0.20
IFmm 53.99 15.91 11.64 10.40 9.64 8.73 8.10 8.16

test size 0.80 0.51 0.35 0.28 0.26 0.19 0.17 0.16
L f a 791.59 19.29 12.48 11.21 10.46 9.63 9.05 9.16

test size 0.86 0.52 0.38 0.33 0.30 0.24 0.24 0.20
L m m 12.36 8.19 7.08 6.71 6.46 6.24 5.95 6.08

test size 0.41 0.16 0.09 0.09 0.08 0.06 0.05 0.05
power * 0.93 0.84 0.77 0.71 0.71 0.67 0.64

Table 4: MMM covariance structure, t  — 7, f* — 2; 
FA covariance structure, t  = 7, /  =  3.

5 10 15
n

20 25 50 100 200
W f a 5.08 3.20 2.97 3.16 3.14 2.87 3.03 2.83

test size 0.24 0.17 0.13 0.15 0.14 0.13 0.14 0.12
W m m 21.00 5.33 3.94 4.18 3.83 3.13 3.06 2.76

test size 0.45 0.26 0.21 0.22 0.20 0.15 0.16 0.12
L f a 5.80 3.24 3.01 3.21 3.20 2.92 3.10 2.90

test size 0.25 0.16 0.13 0.16 0.15 0.13 0.15 0.13
L m m 3.51 2.47 2.16 2.33 2.26 2.02 2.11 1.97

test size 0.18 0.09 0.06 0.08 0.07 0.06 0.05 0.05
power 0.80 0.73 0.68 0.66 0.61 0.62 0.60 0.59

Table 5: FA covariance structure, t =  3, /  =  I;
MMM covariance structure, i =  3, /* =  I.
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5 10 15
n

20 25 50 100 200
W  FA 8.70 5.86 5.41 5.20 5.32 5.02 4.85 4.82

test size 0.32 0.16 0.14 0.13 0.14 0.11 0.09 0.09
W mm 14.26 7.51 6.39 5.83 5.81 5.23 4.91 4.84

test size 0.48 0.26 0.20 0.18 0.16 0.13 0.11 0.09
L fa 8.78 5.86 5.41 5.21 5.33 5.05 4.89 4.86

test size 0.30 0.16 0.14 0.13 0.14 0.11 0.09 0.09
Lmm 6.31 4.79 4.50 4.32 4.40 4.16 4.01 4.00

test size 0.19 0.10 0.08 0.07 0.07 0.06 0.05 0.05
power 0.99 0.82 0.74 0.66 0.65 0.62 0.61 0.58

Table 6: FA covariance structure, t =  5, /  = I;
MMM covariance structure, t == 5 , r =  I.

5 10 15
n

20 25 50 100 200
W fa 13.32 8.57 7.71 7.52 7,41 7.01 7.09 6.84

test size 0.41 0.19 0.15 0.12 0.13 0.10 0.11 0.09
W mm 17.19 10.49 8.71 8.26 7.89 7.17 7.14 6.83

test size 0.52 0.28 0.21 0.17 0.15 0.11 0.11 0.09
Lfa 11.79 8.58 7.72 7.52 7.41 7.02 7.10 6.86

test size 0.32 0.20 0.15 0.12 0.13 0.10 0.11 0.09
Lmm 9.19 7.35 6.66 6.55 6.42 6.08 6.17 5.98

test size 0.23 0.13 0.07 0.07 0.07 0.05 0.07 0.05
power * 0.93 0.83 0.78 0.71 0.67 0.65 0.63

Table 7: FA covariance structure, £ =  7, /  =  I;
MMM covariance structure, t  — 7, f* — I.
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5 10 15
n

20 25 50 100 200
W fa 10.81 5.64 5.17 4.59 4.25 4.34 3.83 3.94

test size 0.36 0.28 0.27 0.24 0.23 0.23 0.21 0.21
W mm 12.94 5.37 4.44 3.85 3.48 3.37 2.97 2.99

test size 0.43 0.28 0.23 0.20 0.17 0.15 0.14 0.13
L fa 11.34 5.93 5.40 4.78 4.41 4.44 3.87 3.97

test size 0.38 0.29 0.28 0.25 0.23 0.24 0.21 0.22
IjMM 3.25 2.56 2.35 2.23 2.10 2.10 2.00 zoo

test size 0.15 0.10 0.08 0.07 0.05 0.06 0.06 0.04
power 0.85 0.72 0.68 0.65 0.65 0.63 0.63 0.63

Table 8: MMM covariance structure, t — S, f* — I; 
FA covariance structure, t  =  3, /  =  2

5 10 15
n

20 25 50 100 200
W  FA 17.22 8.75 7.13 6.85 6.75 6.07 6.15 5.90

test size 0.49 0.30 0.25 0.24 0.25 0.19 0.18 0.18
W mm 14.44 7.99 6.42 6.06 5.92 5.21 5.20 4.94

test size 0.46 0.26 0.20 0.18 0.18 0.12 0.11 0.10
Lfa 21.13 10.88 7.17 6.88 6.78 6.10 6.17 5.91

test size 0.50 ' 0.30 0.25 0.24 0.25 0.19 0.19 0.18
IjMM 5.96 4.90 4.49 4.40 4.37 4.03 4.10 3.92

test size 0.17 0.10 0.08 0.06 0.06 0.05 0.05 0.05
power 1.00 0.84 0.77 0.75 0.68 0.65 0.61 0.61

Table 9: MMM covariance structure, *■= 5, /* =  I;
FA covariance structure, t =  5, /  =  2.
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5 10 15
n

20 25 50 100 200
W  FA 21.90 11.09 9.47 8.99 8.83 8.47 8.20 8.39

test size 0.59 0.31 0.24 0.20 0.20 0.18 0.18 0.17
W mm 18.51 10.41 8.80 8.26 8.07 7.57 7.25 7.37

test size 0.51 0.28 0.21 0.17 0.16 0.12 0.12 0.12
Lfa 62.28 11.10 9.47 8.99 8.84 8.48 8.21 8.39

test size 0.59 0.31 0.24 0.20 0.20 0.18 0.18 0.17
Lmm 8.79 7.21 6.68 6.45 6.44 6.28 6.12 6.27

test size 0.20 0.11 0.07 0.08 0.07 0.05 0.06 0.07
power * 0.95 0.86 0.77 0.73 0.69 0.63 0.60

Table 10: MMM covariance structure, t =  7, /* =  I; 
FA covariance structure, t = 7, /  =  2.
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CHAPTER 5

DISCUSSION OF SIMULATION RESULTS AND FUTURE
RESEARCH TOPICS

Discussion of Simulation Results

The modified mixed model in (2.4) appears to be promising. The tabled results 

show a substantial improvement in power for the Lmm test based on the MMM 

covariance structure when compared to the Lawley-Hotelling trace statistic T2. Based 

on the means L m m  and a, the L Mm  statistic appears to converge faster to a %2 

distribution than Lfa- A simulation result that requires further study is the apparent 

lack of improvement of the Walds test when based on a MMM structure as compared 

to FA model.

Bartlett Correction

Suppose interest is in testing H0: <& =  <3>0 for in (1.5). The LR test statistic is given

Future Research

by

(5.1)

where, assuming the distribution in (1.3),

(5.2)
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and

L a —

exp ((—1/2) tr  [(B )S -1P
m /2

(2%")
( m + s ) /2

(5.3)

for E in (1.16) and H in (1.17). Note that E and H  are independently distributed with 

Wishart distributions given in (1.18). Under a true H0, the asymptotic distribution 

of —2 In A is Xg5- Future research will focus on approximating the small sample 

distribution of A. One possible approach is based on a Bartlett correction factor, 

which is discussed in [5] and [29]. Using this approach, a multiple of A is found that 

may give a better approximation to a distribution. A Bartlett correction is based 

on a third order Taylor, series approximation of the score function

dln/(2 / ,0)
<90

where 0 is a vector of unknown parameters. A quick and dirty Bartlett approach finds 

a multiplier, call it 6, which is computed by approximating —2 In L0 with a second 

order Taylor series, say T0, and, in a similar fashion, find the second order Taylor 

series approximation of —2 In T0, call it Ta. Then setting b equal to the expected 

value of Ta — T0 implies

E(-21n A) % b. (5.4)

Some tedious manipulation yields

b = qs + tx
s d ln |2 | s <9In |S | s<92ln |E |
2 00 ‘ 2 <90' +  2 5000'

where

Therefore,

Ir
"02lnT*

.0 0 0 0 ' 0=0
(5,5)

(sg)/&E(—21n A) Pd sq, (5.6)
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and the''decision rule is to reject H0 if (sg)/6(-21n A) > X2sq,a- The difficulty with 

this approach is that b may not be a large enough correction factor.

Other Topics

A challenging piece of research is to adapt the modified mixed model covariance 

structure in (2.4) to longitudinal data. In a longitudinal study, the t time periods are 

not assumed fixed. Thus, t varies from subject to subject and the intervals between 

observations vary.

To shorten the computer time needed for simulations, all the generated data 

sets were complete. Simulations with missing data need to be done to have a full 

. comparison of the modified mixed model in (2.4) with other commonly used models.
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A P P E N D IX
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Assumptions:
Suppose 6  is a vector of unique, unknown parameters. For example, with 
the classic multivariate model of (1.1), where S  is a positive definite matrix 
subject to no further restrictions, 6  is

6 =
vec(B)

vech(S) (1.7)

Let f ( y ,  6)  be the probability density for y*, the i th row of Y. Then the 
assumptions listed in [32] on page 364 will also be made in this thesis for 
all y i .  They are:

I. The first three derivatives of In f ( y )  with respect to 6  exist for almost 
all y in a neighborhood of 6 including the true value of 6 given by Ot .

2 .

E df{y,0)  I
aw /(%,*)

E % * )  .. I
6 = Ot

=  0,

E ^ ,4 ) .. a)  ̂/ i y
6W aa ' * O - O t

> 0,

where the primes denote differentiation with respect to 0.

3. The third derivative of In f ( y )  with respect to 0  is bounded above by 
an integrable function of y.

These assumptions are required for the usual results regarding maximum 
likelihood estimators, such as consistency, to be valid.




