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ABSTRACT

The analysis of repeated measurements is complex because measures taken on
the same individual at different times are, in general, correlated. Classic multivariate
methods do not require any specific covariance structure, but are inefficient because
many covariance parameters must be estimated. In some settings, efficiency can be
increased by a priori specification of time-varying covariates or postulation of time
series processes with which to model covariances. In many settings, however, neither
a priori time-varying covariates nor time series processes are easily specified.

An efficient model will be presented that is based on a mixed model covariance
structure. The matrix of time varying covariates is assumed unknown and will be
estimated. Two new results will be introduced that simplify the procedure for finding
estimators of model parameters. Results of simulations that compare the power of
the new method with some existing methods are presented.




CHAPTER 1

INTRODUCTION

The subject of this thesis is modeling the covariance structure in a répeated
measures design. A design in which a response from n independent subjects is ob-
served at each of ¢ occasions is a univariate repeated measures study. These strategies
are among the most popular experimental designs in the behavioral and social sci-
ences, as well as in medical studies. The response might be a measurement on blood
pressure, cholesterol level, or change due to some social or envir‘on‘m‘ental events.
Examples of univariate repeated measures can be found in [6], [25] and [37].

The analysis of repeated measures is typically concerned with estimating and
testing location parameters. Although modeling these location parameters is the
primary concern, the modeling of the covariances among the repeated measures is
also importa,]_nt. The structure of the covariance matrix can influence the accuracy of
location estimators as well as the power of any tests. In géneral, the more covariance
parameters that must be estimated, the wider the confidence intervals for location
parameters and the lower the power of tests. These concepts are discussed in [8]
and [9]. With no a priori information about the covariance structure, all 1¢(¢ + 1)
covariance parameters must be estimated. If n is large relative to ¢, then a priori
information about the covariance structure is not important. If 7 is small relative to
t, the covariance parameters can’t be simultaneously estimated with much precision,
and efficiency is greatly improved by employing a parsimonious covariance model.

The first part of this section describes a repeated measures model. Follow-
ing this description is a brief synopsis of some common covariance structures and

associated analyses.
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Chapter 2 presents a novel covariance structure that is a mixed model struc-
ture with the modification that the design matrix for the latent variables is unknown.
Two theorems are proved in Chapter 3 and the results of these theorems are applied
to estimating covariance parameters. The use of the Fisher scoring algorithm and the
EM algorithm are also discussed. The results of simulations comparing tests of loca-
tion parameters, using the structure presented in Chapter 2 and some of the common
covariance structures used in practice, are presented in Chapter 4. A discussion of

the simulation results and topics for further research are presented in Chapter 5.

A Repeated Measures Model

A linear model for repeated measures of a single response can be written as
Y =XB+T1, (1.1)

where Y is an n x ¢ matrix of responses for n independent subjects; X is a known
n X r between subjects design matrix; B is an r X ¢ matrix of unknown regression
coefficients; and U is an n x ¢ matrix of random errors. The rows of U, say u},...,u,

-are assumed to be distributed, independently, as
u; ~ N(0, X,). ; (1.2)
HThis implies that
vec(U) ~ N[0, (X ®1L,)], (1.3)

when ¥; = X for all 7. Assuming the distribution given in (1.3), the matrix Y is

distributed as

vec(Y) ~ N[(I; ® X) vec(B), (X ®1L,)]. (1.4)
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Without loss of generality, the design matrix X is assumed to have full column rank.
If X does not have full column rank, then XB can be reparameterized as XB = X.B.,
where X, does have full column rank.
Interest is in making inferences about the regression coefficients B. In partic-

ular, interest will be in main and interaction functions of the form
$ =F'BC, (1.5)

where F is an r X s rank s matrix of coefficients for between group contrasts, and
C is a t X g rank ¢ matrix of coefficients for contrasts among the repeated measures.

Without loss of generality, C is assumed to be orthonormal.

Multivariate Analyses

The classic multivariate model for univariate repeated measures is reviewed
in [8] and [9]. In both of these articles, a generalization of a univariate repeated
measures study to a multivariate repeated measures study is done. In a multivariate
repeated measures study, a p-dimensional response from each subject is observed at
each of ¢ occasions. When p equals 1, the result is-a univariate repeated measures
study.

The classic multivariate model is given by the equation in (1.1), assuming the
distribution given in (1.3), where 3 is a positive definite matrix subject to no further
restrictions.. In this model all %t(t + 1) covariance parameters must be estimated.
Assuming the distribution in (1.3), the maximum likelthood estimator (MLE) of &

in (1.5) is
3 =FBC, where B=(X'X)7'X'Y (1.6)

is the MLE of B. By the Gauss-Markov theorem, & is also the best linear unbiased
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éstimator (BLUE) of ®. Given the distribution in (1.3), the distribution of B is
vec(B) ~ N [vee(B), T ® (X'X)7"]. (1.7)
Equations (1.6) and (1.7) imply that the distribution of ® is
vec(®) ~ N [vec(®), C'SC @ F/(X'X)'F]. (1.8)

Inferences concerning ® in (1.5) can be made using ® in (1.6) with the distri-

bution in (1.3). Suppose, for example, interest is in testing
Ho: ® = ®y against H,: ® # Py (1.9)
Let B* = BC. Then the hypotheéses of (1.9) are equivalent to
Hy: ¥F'B* = ®; against H,:F'B* # ®,. (1.10)

Given the distribution in (1.3), the MLE of F'B* subject to the restriction under the

null in (1.10) is BB, where
B = BC — (X'X)"'F[F(X'X)"'F] (8 - @) (1.11)

for B and ® the unrestricted MLEs in (1.6). Note that F'Bj = ®,. When C'XC is
known, the likelihood ratio (LR) statistic for testing the hypotheses in (1.10) is

exp((—1/2)tr[(YC—-XE’&)’(YC—XES)(C’EC)_I-')

- |G BC/2) (21)(a/2) __ (112)

exp((—l/Z)tr (YC-XBCy(YC-XBC)(C'=C)* )
T |C'EC[ D (20) /D

L]_:

Under the monotonic transformation Gy = (—2) In(Ly), (1.12) simplifies to
~ 1 -1 ~
Gy = vec (B — ®y) ((c'zcrl ® [F'(X'X)"'F] ) vee(® — @), (L13)
This test statistic is distributed as Gy ~ x?(gs, ), where

A = vec(® — &) ((0'20)‘1 ® [F'(X'X)‘lF]'l) vee(® — By).  (L.14)
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When C'XC is unknown, one of the standard multivariate statistics, which
are listed in [2] and [36] along with their approximate distributions, can be used to
test the hypotheses in (1.9). The MLE of C'3C under the distribution in (1.3) is
given by C'SC = E/n, where |

Y[, — X(X'X) XY
n

S =

(1.15)
is the unrestricted MLE of 3 and

E = (YC - XBC)(YC — X]§C).= C'Y'[L, - X(X'X)'X|YC.  (1.16)

Under the restriction of Hy in (1.9), the MLE of C'SC is given by (E+H)/n, where

H = (& — &) [F(X'X) " F] (& — @). (1.17)

The standard multivariate statistics are functions of the eigenvalues of (E + H) "H.
Assuming the distribution in (1.3), E and H are independently distributed with

Wishart distributions:
E ~ Wy(m, C'SC, 0) and H~ W,(s, C'C, (C'EC)™"A),  (1.18)
where m = n — r and A is the non-centrality parameter
A= (D - @0)'.[F’(X’X)_1F]—1(@ _ ). (1.19)

For example, in the LR statistic in (1.12), replacing C'3C with (E +H)/n in the
numerator and E/n in the denominator gives the Wilks’s Lambda statisfic. The
Lawley-Hotelling trace statistic is given by T2 = (n — r) tr(HE™!). Using the well
known result tr(JK) = vec'(J') vec(K) for arbitrary conformable matrices J and K,

T? can be written as

T2 — vec (& — &) ((E/m)—1 ® [F’(X’X)_lF]_l) vec(® — ®o).  (1.20)
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Time Series Models

The analysis of repeated measures by employing time series models begins
by modeling the covariance structure among the repeated measures in terms of a
time series process. Once an estimated covariance matrix has been found; then either
traditional multivariate methods or adjusted univariate methods can be used to make

inferences concerning ® in (1.5).

Assume the ¢ occasions are equally spaced. Then one example of a time series
model is to describe the elements of the error vector for the 7™ sub ject, u; = {ug;},j =
1,...,t, as a p™ order autoregressive {[AR(p)] process with p fixed and known in
advance. This type of model is discussed in [38]. As a generalization of this approach,
let the elements of u; follow the autoregressive moving average [ARMA (p,q)] process
with p and ¢ known in advance. That is,

e ,Ypugi—p) = ez(t) _ mel(t—l) L 77q6§t_4) , (1.21)

e

¥

where p+¢ < t — 1 and /) ~ iid N(0, o?). The ARMA process is assumed to be
stationary and invertible, which, along with model (1.21), implies that all elements
along any diagonal of ¥ assume the same value. Thus, the covariance matrix 3 is a
Toeplitz matrix. This type of modeling is discussed in [25] and [33]. A banded, or

general autoregressive process was used in [21] to model 3.

Mixed Models

Let y! be the i row of Y in (1.1). That is,
Y=

Then from (1.1), the model for y; is

vi = (It ® x}) vee(B) + w;, (1.22)
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where x; and uj are the i rows of X and U, respectively. A mixed model can now

be constructed, as was done in [9] and [22], by modeling u; as
w=7Z;w;+e; fori=1,...,n, (1.23)

where Z; is a known t x f within subject design matrix for the random effects;
rank (Z;) = f; w; and e; are independently distributed as w; -~ iid Ny (0, Ay), where

Ay is a positive definite matrix, and e; ~ iid N; (0, ¢?I;). Thus, under model (1.23),
Vi ~ N[(L; ® xj) vec(B), X;], where ;= Z;A;Z;+ o’ (1.24)

for: =1,...,n. The number of covariance parameters to estimate is reduced from
2t(¢ + 1)~to $f(f + 1)+ 1. The maximum likelihood estimator (MLE) of & in (1.5),
assuming model (1.23), is given by
= ’ no =1 5 .
wee(®) = [Co T |6 o xx)] 5 v (1.25)
=1 i=1

where 33, = Z;A §Z}+ 51, is the MLE of 3;, and A s and 62 are the respective MLEs
of A, and ¢2. As described in [23], if w; and e; could be observed, then A; and 2

would be given by

Aj=nY wiw) (1.26)
=1
and
" o
5% = (nt) 'Y ele;. (1.27)
=1

An assumption of the simple, closed-form MLE’s in equations (1.26) and (1.27) is that
w; and e; are observable. When modeling the covariance structure under the mixed
model in (1.23), this assumption is not met; consequently, an alternative method for
finding the MLE’s must be used. Two popular iterative algorithms for computing

MLE’s are the EM and Newton-Raphson algorithms. The application of the EM
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algorithm in a mixed model setting is discussed in [22], while [26] compares both the
EM and Newton-Raphson algorithms in a mixed model setting.

Note that Y in (1.1), under the mixed model structure in (1.23), can be written

as
w12,
vec(Y) = vec(XB) + vec ( : ) +e
w2,
= (I; ® X)vec(B) + Ity (Df1Zi) W + &, (1.28)
where
Wi
w=]| : (1.29)
Wn

and I, ¢ is a vec permutation matrix. Based on asymptotic properties of MLEs for
parameters in models of the type in (1.28), which are given in [30], the MLEs A;
and 62 are consistent estimators provided the design matrices (I; ® X) and ®2,Z;
in (1.28) satisfy certain conditions. See [17] and [30] for examples. An immediate
consequence is that 3, is also consistent, provided that the miied- model covariance
structure is correct. Using consistency, the distribution of limp,_,eo n? vec(® — ®) will
have mean O and variance iz, where

n -1

Y= 1lmn[C® F]' [Z(E;l ® Xixg)] [C ® F;
i=1

thus,

lim n? vec(® — @) ~ N(0, Tg). : (1.30)

n—00

For large sample sizes, inferences concerning @ in (1.5) can be based on the result in
(1.30), with 3%; replacing 3;.
In [12] the ** row of U is modeled as u; = Z;w; + e;, where Z;, w; and u; are

defined as they were in the mixed model in (1.23), and the e; are assumed to follow
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an AR(1) process. A scoring method is then used to compute maximum likelihood

estimates.

Univariate Analyses

A univariate analysis can be easily understood as a two-way, subjects by oc-
casions, mixed model design. This method makes ‘suAb jects a random effects blocking
factor. This approach is taken in [3], [7], and [31]. The model, as found in [34], is

obtained by equating Z; in the mixed model in (1.23) to 14, so that f =1 and
=% = 1,021, + oL, o (1.31)

When this covariance structure is correct, the equation C'XC = 021, is satisfied and
C'¥C has fhe property kriown as sphericity or circularity. To test Hy: & = ®¢in (1.9),
the standard univariate F" statistic can be used. In particular, tr(E)/o® ~ x*(¢m)
where E is given in (1.16) and the distribution in (1.3) is assumed. For H in (1'.17),
tr(H)/o? ~ x?*(gs, tr(A)/o?) assuming the distribution in (1.3), where A is given in
(1.19). The LR test of Ho: & = @ is to reject Hy for large values of the F' statistic,

which simplifies to

_ mtr(H)

= S0E) (1.32)

The distribution of F' is F'[gs, gm, tr(A)/c?].
‘When sphericity is not satisfied, and assuming a true Hy, approximations to
the numerator and denominator dégrees of freedom of F in (1.32) were derived in [11].

The ratio of the F statistic in (1.32) is approximately distributed as an F distribution

with degrees of freedom v; = €g¢s and vy = egm where

>L, 6:)°
. (q i 9)2 , (1.33)
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and 6; are the eigenvalues of C'3XC. Under sphericity, ¢ = 1 and the approximation is
exact. The parameter € is contained in the closed interval [g71, 1], and is estimated
by & where ¢ is calculated using the eigenvalues of C’SC. An alternative estimator
of ¢, (€), is given in [19]. For near spherical error matrices, results in 18] have shown

that € controls test size better than €.

Factor Analytic Structure

The factor analytic covariance structure is briefly discussed in [21], with more
detailed discussions given in [4] and [20]. For a factor analytic structure, the error

vector for the i** subject, u; of (1.22) is modeled as
w;, =I'w;+e; fori=1,...,n, (1.34)

where I' is an unknown ¢ x f factor-loading matrix with rank f; w; and e; are
independently distributed as w; ~ N#(0, If) and e; ~ N(0, ¥); and ¥ a diagonal

matrix. The corresponding covariance structure is
var(y;) = X =TT + @. (1.35)

Note the resemblance between the factor analytic model in (1.34) and the mixed model
in (1.23). The main differences between the two models are for the mixed model, Z;
is an a priori design matrix, while in the factor analytic model, I' is an unknown
factor-loading matrix that must be estimated from the data. Also, in the mixgd
model, the error vectors e; have variance proportional to an identity, represented by
0*1;, whereas in the factor analytic structure, the e; have a diagonal variance matrix
W; there is no constraint that ¥ be proportional to an identity. The constraint that
¥ be dia,gonai ensures that, conditional on w;, the observations for the i subject,

Vi1, Ys2, - - - » Yie are jointly independent. Thus, w; can be interpreted as explaining the
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dependences among the {y;;} j = 1,---,¢ Denote the MLE of 3 by 3, where
S =TT+ ¥; (1.36)

with T' and T being the respective MLE’s of I" and ¥. For complete or incomplete
data, the EM algorithm can be used to compute the MLEs. In practice, the number
of underlying factors, f, is unknown. The Akaike information criterion, discussed in
[1], is one popular method used to choose f.

Note that when X =1, theﬁ from the consistency of f), the distributions of

the random terms in (1.34), and using result 2c.x in [32], it follows that
= ! ! -1 —-1/2 = L
(CECF(XX)TF]) " vee(® — 8) L N(O, Ly). (1.37)
Applying result 2c.xii in [32] to the random variable in (1.37), it follows that
ved' (& — @)(C'SC® [}.«“’(zsc’x;)‘l]?])_1 vee(® — @), % x2(gs). (1.38)

This distributional result implies that, for large samples, inferences such as testing

Hy: ® = @, for @ in (1.5) can be based on the statistic in (1.38).
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CHAPTER 2

A MODIFIED MIXED MODEL FOR THE TRANSFORMED
COVARIANCE STRUCTURE

Introduction

For the classic multivariate model in (1.1), the only restriction on the covari-
ance matrix 32 is that it be positive definite. Therefore, the classic model is a sensible
model for many repeated measures data sets. However, when the number of subjects,
n, is small or the number of repeated measures, t, is large;, the cost of using the classic
model is the loss of efficiency when making inferences on @ in (1.5). Efficiency can
be greatly improved by employing a parsimonious covariance model. The approaches
reviewed in Chapter 1 reduce the number of covariance parameters to estimate, but
each requires additional information and assumptions.

A time series analysis requires modeling the cox;ariance matrix according to a
barticular stochastic process. This requires that the researcher have a priori informa-
tion about which process to use. Also, the assumed stationary process can give rise
to a restrictive cévariance matrix. Suppose, fbr example, the ARMA(p,q) time series
model is used. This results in a covariance matrix with a Toeplitz structure which
would be inappropriate for growth or learning experiments, where the variances along
the diagonals are not expected to be the same.

The mixed model described in (1.23) requires that Z; be a known ¢ x f matrix,
having full column rank. If f is greater than 1, the rank requirement implies at least
one column of Z; must contain time-varying covariates. This means the researcher

has the often difficult task of specifying these covariates a priori.
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Univariate aﬁalyses are a sensible procedure if sphericity is satisfied. However,
when the subjects are viewed as random blocking factors, the ¢ occasions are not
randomly ordered within each block and spheﬁcity is rarely satisfied. The e-adjusted
tests adequately control test size but, as shown in [7], they need not be more powerful
than classic multivariate analyses.

In the following section 2 modified mixed model (MMM) is described that
also reduces the number of covariance parameters to estimate. Although the MMM
requires additional assumptions when compared to the classic multivariate model of

(1.1), it will be argued that the MMM has certain advantages.

A Modified Mixed Model

Suppose the variance for the 7** subject, X, is the same for all subjects so that
3i; = 3 for all 7. Then, to make inferences concerning ® in (1.5), a structure must

be specified for the matrix
YT =C'XC, (2.1)

where C is the ¢ x ¢ orthonormal matrix of contrast coefficients in (1.5). The structure
assumed for ¥ may be indirectly specified by the structure assumed for X, or T
may be modeled directly. Irregardless of how a model is specified for Y, inferences
concerning ® based on ® in (1.8) will require that Y be estimated, which requires a
model for Y.

Let the n X ¢ random matrix U in the linear model in (1.1) be normally

distributed as in (1.3). This implies that the distribution of U* = UC is
vec(U™) ~ Npg[0, (X ® L)} (2.2)

Let u;" be the i** row of U*, then the distribution in (2.2) implies the ¢ x 1 vector,
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u; is distributed as
w0, X (2.3
for all i. A modified mixed model can now be constructed by modeling the u} as
u =T'w;+e for i=1,...,n, (2.4)

where I' is an unknown ¢ X f design matrix for the random effects; rank(T") = f; w;
and e; are independently distributed as w; ~ iid Ny(0, Ay), where A; is a positive
definite matrix, and e; ~ iid Ny(0, 0?I,). Note the similarity between the modified
mixed model in (2.4) and the mixed model in (1.23). The only differences are in the
dimensions of the vectors and matrices; and in the mixed model, the within subjects
design matrix Z; is known. The latter condition is modified for the model in (2.4),
where the design matrix I'" is unknown and must be estimated'fijom the data.
Without loss of generality, Ay = Iy can be assumed. If Ay # I, write

equation (2.4) as

= TA AT w; + e

= I‘*Wf +e;, (25)
where wi = ATY ®w, and var(w}) = I;. Thﬁs, under model (2.4),
i f i f
u} ~ iidNg[0, Y] where Y =TI*T™* + %1, (2.6)

fori=1,...,n.

The main difference between the modified mixed model in (2.4), assuming the
distribution in (2.6), and the factor analytic model in (1.34) is that; in the factor
analytic model, var(e;) = W, where the only restriction on ¥ is that it is diagonal,

and in the modified mixed model in (2.4), var(e;) = o2I;. One might be tempted to




15
generalize the proposed model so that e; ~ iid N¢(0, ¥,), where ¥, is a diagonal. In
this generalized model, Y has the form
YT =IT'+¥,. (2.7)
To compare the model for Y in (2.6) with the more general structure in (2.7), examine
inferences regarding ® in (1.5). A typical inference regarding ® in (1.5) is to test the
hypotheses

Hop:F'BC =0 against H,:F'BC # 0. (2.8)

A natural restriction to impose on any test of the hypotheses in (2.8) is that the test
be invariant under the group G¢, where, for any orthonormal matrix C such that
C'1, = 0, the group of transformations G is

Ge=lg; g(YO)=YCQ, QQ=QQ =1, (2.9)
One appealing p.rdperty of an invariant test is that the decision rule is independent
of the particular coordinate system in which the data matrix, Y, is expressed. A
detailed discussion of invariant tests is given in éhapter 6-in [24]. For a test to be

invariant under G, a family of densities must be specified that is invariant to G¢.

Let F be a family of probability density functions (pdfs) and write F as

F={fy(| 6); 6 € Q}.
Then F is invariant to G¢ if, for any ¢ € G¢ and 8 € € there exists a function g
such that
vy =g(y) ~ fy(y"; 9(6)) and 7(0) € Q.
Suppose YCisan x g random matrix with mean M and dispersion Y. Let

ye = vec(YC) and consider the two families of probability density functions
Fi = {fy.(vel M, X); ¥ =TT+ ¥y, rank(I) = f} and (2.10)

Fo = {fu(s M, X); T =TT + 'L, rank(T) = f}. (1)
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In order to determine whether F; in (2.10) or F, in (2.11) are invariant to Gg,
consider the following definitions and theorem:

Definition 2.1 Let D, be the group of ¢ X q positive definite diagonal matrices.
Definition 2.2 Let Py be the group of g x q positive semi-definite matrices.

Definition 2.3 A positive definite, t X t matriz X is said to have Type I factor

analytic (FA) structure with dimension f if

min rank(® — W) = f.
‘I’E'Dt
3S-Tep;

Definition 2.4 A positive definite, gxq matriz Y is said to have Type II FA structure

with dimension f if

o2>0

min rtank(Y — o?I) = f.
Y—o?leP, ,

Theorem 2.1 Let C be a t x ¢ matriz with rank q, and let f > 0. Then

(1) C'XC has Type II FA structure with dimension f = QC'ECQ has Type II
FA structure with dimension f for oll Q > Q'Q — QQ' =1,

and

(2) C'ZC has Type I FA structure with dimension f # Q' C'3CQ has Type I FA
structure with dimension f for all Q > Q'Q=QQ' =1L

proof of (1):
Let Y = C'XC. Then, by definition (2.4),
min  rank(Y — o?l) = f.

o2>0
T —o2IeP,
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Note that, for any orthogonal matrix Q, rank(Q'AQ) = rank(A), therefore, for any |

orthogonal matrix Q,

min  rank [Q(Y — o’I)Q| = f

=  min  rank|Q(YT—0’D)Q| =
Q(r nQer,

because X — o’ € P, <= Q'(Y — 0?1)Q € P,. Note that

min rank [Q' (Y — azl)Q] =f
Q(r-stDQer, |

=  min  rank [QrQ -] =7
@YG-on)e,

and this implies Q'Y Q has Type II FA structure with dimension f by definition (2.4).
proof of (2):

Suppose C'XC has Type I FA structure with dimension f = Q'C'XCQ has Type I
FA structure with dimension f for all Q > Q'Q = QQ' = I. Decompose C'XC to
VDV’ where V is a ¢ x ¢ orthogonal matrix and D a diagonal matrix. Let Q =V,

then
Q'C'’ECQ =V'VDV'V =De¢ Dy,
and

min fank(D - ¥) = 0;
Wepy
D-TeP,

which contradicts the hypothesis because f # 0. O

Corollary 2.1 When F, and F5 are comprised of normal pdfs, then Fi is not in-

variant to Go and Fy 18 invariant to Ge.
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proof:
Assuming the normal distribution in (1.3), it is readily shown that for YC,

vee(YC) ~ Nug (vec(XBC), (T ®1L,)). (2.12)

Thus, because YCQ is a linear transformation of a normally distributed matrix, this

family of normal distributions is invariant to G¢, where
7(XBC, T) = (XBCQ, Q'YQ), (2.13)

whenever Y has the structure given in (2.6). O

To summarize, for the modified mixed model in (2.4), the normal distribution
and parameter structure in (2.6) specifies a family of densities that is invariant to
Gg, and for that reason the structure for Y in (2.6) is preferred to the more general

structure for Y in (2.7).
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CHAPTER 3

ESTIMATING PARAMETERS UNDER A MODIFIED MIXED
MODEL

Introduction

Suppose interest is in estimating Y under the modified mixed model in (2.6).

As noted in [4], to find a unique MLE of Y, say Y, where
T =TT + 6%, (3.1)

a specific orthogonal rotation of the latent variables must be given. In general, an

orthogonal rotation is given by
11;!< = I‘QQIWZ +e; = ]._‘*W;|< + €,

for u} in (2.4) and any orthogonal matrix Q of conformable dimensions. Throughout
the remainder of this thesis, it will be assumed that I'* is a ¢ X f matrix with zeros
above the main diagonal. This condition ensures that I be identifiable under the
normal distribution‘ in (2.6).

One common method for finding Y is to use the invariance property bf MLEs
under parameter transformations. The invariance property is described in [13]. Using

this property, the MLE of Y is given by

T =0'5,C, (3.2)

where Eg is the MLE of 3¢, .a covariance structure that depends on a k x 1 vector
of parameters 8. Note that this method requires estimating all the covariance pa-

rameters in € when computing Y, which requires a model be specified for 3. The
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modiﬁéd mixed model in (2.4) specifies a structure for C'SC, but does not directly
specify a model for . Clearly if X has the FA structure in (1.34) with ¥ = ¢2I, then
C'3C has the modified mixed model structure in (2.4). Nonetheless, the FA struc-
ture in (1.34) with ¥ = ¢ is sufficient for the parameter Y to have the structure
in (2.2) but not necessary. Necessary and sufficient conditions are given in corollary
(3.2). |

The first part of this section proves a theorem which sp;eciﬁes a model for 3ig
when Y is structured as a function of 0 The next section proves a theorem which
gives results on computing MLEs. The final two sections describe algorithms that

can be used for computing MLEs under complete and incomplete data.

A Covariance Structure Result

Theorem 3.2 Let 3::t X t be a positive definite matriz and let Q11(0) be a g X ¢

positive definite matriz. The elements of £211(0) are functions of 0:k x 1. Then

! _ T Qll(e) Ql2> oy
CEC=Qu0) <« z_c( al” o),

where C* = [C L] is a t Xt orthogonal matriz; L is atx (t—q) orthonormal matriz

that is orthogonal to C, the orthonormal matriz in (1.5), and

o= o) 69

1s positive definite.

proof of only f:
Suppose C IC = Qy;(#). Then

(C' ® C) vec(S) = vee(2:(8))
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and there exists a t? x ¢? g-inverse of (C' ® C'), say (C' ® C')’, which satisfies
vec(E) = (C' ® C') vec(241(0)).

Note that (C ® C) is a g-inverse of (C' ® C'). Thus, by result (23) on page 220 in
[35], there exists a t* X ¢> matrix W and a 2 x ¢ matrix V such that (C' ® C')? can

be written as
(CeC)yY=(CeC)C'®CHCRC)+ (I - (C®C)C @ CHW
+V(Iz— (C'®C)(C®C))
=(C®C)+(I-(CC ® CCHW
because Iz — (C' ® C')(C ® C) = 0. Therefore, vec(X) can be written as
vee(3) = [(C® C) + (I - (CC' ® CC))W| vec(211(6)) |

= (C ® C)vec(Q11(0)) + (I - (CC' ® CC))W vec(£2,1(8)).

Let vec(K) = (I — (CC ® CC))W vec(Q41(0)), thus
vec(X) = vec(C(£211(0))C') + vec(K).

It is also true that

vec(K) = (I — (CC ® CC)) vec(X)

because

(I—(CC ®CC)) vec(T)
= (I—- (CC ® CC))(C ® C) vec(£211(0)) + vec(K) = vec(K)

using

(I-(CC'®CCHCR®C)=0
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and

(I-(CC ® CC)) vee(K) = vec(K).

Note, by using properties of perpendicular projection operators, the perpendicular

projection operator I — LL' can be factored as CC’, which implies that
(I-(cC' @cCC))=I-(CC' ®I,—LL)
=I-((CC'®IL) — (CC'®LL"))
=(ILoL)— (CC' QL)+ ‘(CC’ ® LL")
= (CC'®LL) + (LI/ ® I,).

Therefore,

vec(K) = (I — (CC ® CC)) vee(T) = [(CC' @ LL/) + (LL' @ L)] vee(S),
which gives the following expression for vec(K):
vec(K) = vec (LL'XCC' + XLL')
= vec (LL/'XCC' + (I- LL/ + LL/)XLL’)
= vec (LL/YCC' + CC'’XLL' + LL/YLL').
Therefore, 32 can be written as
> = C(Q41(0))C’ + CC'SLL + LL'ZCC' + LL/'SLL/

-en(g? 8

where Q3 = C'SL, Oy = L'SC, Qg = L'SL, and

0= (911(9) Q12)
Qo1 Qo
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is positive definite because 3 and C* are positive definite. Thus, if C'SC = Q11(0),

then
Q11(0) Q C’
2=CL< 1 12)(,>.
€L 0, o)l
proof of if :
Suppose
« (211(0) Q2 ~w
2 — C ( 11 ) C*
Qg1 Qo9
= C* QC*.
Note that
* Q (9) 912. '
C ( 11 )C*
Qo1 Qg2
= C(211(0))C + CRpL + Ly C + L, L
Thus

C'EC = C' [C(Qu(6))C' + COpL + Ly C' + LOypL | C
= 911(9)13

Corollary 3.2 .

T -+ 0.2It le ) C*/

C'SC =TT + 0?1, <= 2:0*(
7 Q. Qo

where TT + 02T, — Q190901001 is positive definite.

A Marginal Distribution Result

Theorem 3.3 Let A be a t X t positive definite matriz. Let Pg be the set of allt X ¢

positive definite matrices that can be written as follows: -

Q1:(6) Qu) :
Q Q= , 3.4)
Pp==("g, on (34)
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where 11(8) is a known function of a k x 1 vector 6. Then

sup f(Q) = £(€),
E'Pe .

where

_exp[(-1/2) tr{AQ"}]

A s partitioned conformably to 2 as

Ay A
A= ( 11 12) : 3.6
Ay An - (3:6)
O — (Ql\l(a) Qm) .
Qo1 Qo )’
0 is the mazimizer of
exp [(—1/2) trace{ A1 27(0)}] (37
[Qu (o) ’ |
le = Qll(a)AﬂlAlg, and (38)
~ A A ~ _ :
922 = % — AglAi_ll (% —911(0)> A111A12. (39)

proof:

The product AQ~! can be written as
AQ 1 =

(Au A12> (Qﬁl(e) + Q7 (0)2120551 221277 (0) —91_11(9)512129521.1>
Ag Ay — Q5012019277 (6) Q551 ’

where Q9.1 = Qg9 — Q91271(0)Q19, and the partition of Q7! is based on the result

on page 260 in [35].
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Therefore,

tr(AQY) = tr (A0 (6)) +
tr (Allﬂl'_ll(0)9129521-19219ﬁ1(9) — A5, 20,057 (0)—
An Qi ()12 + A22Q2_21-1)

=1r (A]_]_Qi—ll(0>) +

tr [(92191—11(9)A1191_11(9)912 — Q077 (0) Az — Ag Q37 (6)22 + A22) 9521-1]'

=tr (AnQi(0)) + 11 [(Anm — A'Ap ~ Ay A+ A'ALA) QL] (3.10)

where A = Q71(8)Qy,. By writing tr (AQ~1) as in (3.10), F(£2) can be factored as

‘ exp [(—1/2) tr{A1191_11(0)}]
Q) = =
S Q0 (O)[

P [(-1/2) tr{(Ane — AVA1, — Ap A+ A'A; A) Q371
| | Q2212
where || = [©Q11(0)] X |Q22.1| by Theorem 8.2.1 in [16].

b

Let
exp [(—1/2) tr{ A1 Q1 (9)}]
[Q1(8)["*

fi (9) =
and |

exp [(—1/2) tr{(Azs — A'A1y — An A+ A'ApA) Q3]
| Q21"

f2(A7 922-1) =

Then f(Q2) = fl(e)fZ(A> Q22-1)-
Write A as a Choleskey decomposition, that is, A = UU'. Partition U con-

- formably with A as (U U). Thatis, Ay = UjUs, Ag, = UjUs, and Ay = UyUs.

Then fo(A ,9.1) can be expressed as

exp [(~1/2) tr{(Us — U1 A)(U; — Us A)034 }]

: (3.11)
Q.12

fZ(A) 922'1> =




26

and, by results given in [2], the maximizers of fo(A, Qgq.1) are
A = (UU)7'UU, = A Ag

and

Gy, — D2 U1(U,U,) " U)U; _ Asa
n n

Let 8 be the maximizer of f1, subject to €4;(6) > 0. Write Q12 and Qm as

Q= Q1 (0)A = Q1 (0)A} AL,

and
ﬁ22 = 922-1 + QZlﬂl_ll(a)Qm
A /A .
=22 _ AnA7 (i — 911(9)> AT AL,
n n i

Let .

=~ (Qu(0) O

Q= ( N ~ ) ) 3.12

Oy oy (312)

To show € € Py, factor 2y (5) and g, with a Cholesky decomposition so that

Q:(0) = GG’ and

QQQ.l = FFI
Then
(5 D)
AG F

is a rank ¢ lower triangular matrix with positive diagonal elements. Also, Qin (3.12)
can be factored as ' |
o= (5 DG %)
~\AG F o F
which, by Theorem 12.2.2 in [16], implies ) is positive definite. Moreover, recall that

f(ﬂ) = f1(8) x fa(A, Q22.1),
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where f1(0) > 0 and fo(A, Q95.1) > 0 for all  in the domain of f. Thus,

sup f(Q2) < sup f1(0) sup fo(A, Qg2q)

€Pg GQH 1A <00
29.1>0

= £1(8) x fo(A,Qp24) = ()

for € in (3.12). Therefore, € in (3.12) is the maximizer of f(£2). O

Computing MLEs of Parameters under Complete Data

Suppose an n X t data matrix Y is modeled as in (1.1), with the distribution in
(1.3), and suppose C'XC = Q4:(0). Also, suppose all nt observations are available, so
that Y is complete. To illustrate how MLEs are computed under various conditions,

suppose interest is in testing the hypotheses
H,,BC=0 against H,:BC#0 (3.13)

for the orthonormal matrix C in (1.5).

Computing MLEs under the Null Condition
Under the null condition in (3.13),
B(I-CC)=B= B =EL, (3.14)

where LI/ = (I — CC'), and E = BL. Thus, under the null condition, the model for

Y in (1.1) can be written as

Y = XEL + U. (3.15)
By applying Theorem (3.2), the covariance parameter ¥ can be written as 3 =
C*QC*, where Q is given in (3.3). Let fy(Y|Z, C*QC*) be the pdf for Y, where
Y is an observed value of Y. Then '

exp {31 [(¥ - XEL)(¥ - XBEL)(C"C™) ]}

n/2

(Y8, CrCY) = ,
27rnt/2[c*nc*
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_exp{-ttr[C’(¥ - XEL)(Y - XEL)C*Q]}
- zwnt/ZIQInﬂ

= fyc-(YC*|E, Q).

By results on conditional distributions given in [2], fyc-(¥Y C*|=, £2) can be factored

as
Fre-(YCHE, Q) = fyo(YClo, Qll(e)) X fYLIYC(YLIB*, Qo21);
where
vec(YC) ~ N(0, €1:(0) ® L,);
vec(YL)| vec(YC) ~ N(vec(X*B*), Q9.1 L,);
and

X =(X YC), B* = (1 ), A=25(6)%, and

Q2.1 = Qg — Qo Q17 (6) Q.
To compute the MLE’s of €2 and =:
1. Fit the model YC = 0 + U;, where
vec(Uy) ~ N(0, 21:(0) ® I,,),
and compute the MLE of 6.
2. Fit the model YL = X*B* 4+ U*, where
vec(U™) ~ N(0, Qo1 ®I,,),

and compute the MLEs of €291 and B*:
- L'Y'(I— H*) YL

Qg1 = . where H*=X*(X*X*)'X",

n

and

) — (X*X*) XYL,

U.:,i)

fl
TN
D i

!

?

(3.16)

(3.17)
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Note that

A = Q7 (0)e = Oy = Q1 (0)A,
and

ﬁ22-1 = Qg — Qmﬂﬁl(a)ﬁn = Qgy = f\222-1 + 92191_11(5)5212- '

Let
ﬁ _ (Qg (6) Qm) (3.18)
Qo Qo /)’ ‘ '

then by the same approach used in the proof of Theorem (3.3), Q in (3.18) is the MLE
of & under the model in (3.15). Thus, the maximized function fyc- (YC*I@, Q) can

be expressed as

Fyo-(YC'IE, Q) = fyc(YC|0,2:1(6)) x fYL|YC(?LIsz.1,1§*)- (3.19)

Computing MLEs under the Non-Null Condition

Suppose Y is modeled as in (1.1), assuming the distribution in (1.3) with no restric-
tions other than C'SC = Q11(0). Then, by applying Theorem (3.2) and conditional

distribution results, the pdf for Y can be written as

Fx(Y|B,C*QC*) = fyc-(YC*[B, Q)

= fyvc(YC|BC, Q1 (8)) x fYL|YC(3"(L|B**, Qa2.1); (3.20)
where

vec(YC) ~ N(vec(XBC), €211(0) ® L,);

vec(YL)| vec(YC) ~ N(vec(X*B™), Qo1 ®1,); (3.21)
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. _(BL-BCA
B‘"( A )

and X*, A, and Q. are given in (3.17).

To compute the MLEs of 2, BC, and B**:

1. Fit the model YC = XBC +U;, where
vec(Ul) ~ N(0, Q11(0) ®I,),
and compute the MLEs of BC and 6, 'sa,y BC and 9, where
B=XX)"'XY
and 6 is the maximizer of the function fyc(YC|BC, Qy (0))
. Fit the model YL = X*B** + U*, where
vec(U*) ~ N(0, Q921 ® L),
and compute the MLEs of €295.; and B**:

. L'Y'(I— HY) YL

ot = , where H*=X*(X*X*)"'X*

n

and

B = (X*X*) X" YL.

Then, as was shown in the proof of Theorem (3.3), the maximized function

fyor (YC*|]§, Q) can be written as

Fro(YC*|B, Q) = fyve(YCBC, 211 (9)) x fYL|YC(YL|]§**,QZZ.1). (3.22)

Theorem 3.4 Under the model in (1.1) where C'EC = Q41(0), the LR test statistic

for testing the hypotheses in (8.13) is

sgp g(A1,16)

L=—"+————
Slép g (A11|9)
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where

. (L LErCl)

|©211.(8)
and 211 (8) is restricted to be positive definite.

proof

By definition,

| _ e
fre(YC'[B, Q)"
and, using the equations in (3;19) and (3.22),

fyox (YC*]@, ﬁ) fYC(YC|O7 Qll(A)) X fYL|YC(?L|]§*’ 922-1)
fvo-(YC'IB, Q)  fyvc(YC|BC, Qy;(0)) x fYLIYC(?Llﬁ**, €35.1)

_ _F¥c(YCl0,2(6))
fyvc(YCIBC, 2u(8))

(3.23)
because B* = B**. The proof is completed by noting that

Fro(¥CI0, 24 () = sp (exp (c1/2)u[Cyveasd
0

, 10)])
192.:(8)| "/

= sgp g(AL19),

where A}, = C'Y'YC; and

1(0)])
[211(0)["

= sup ¢ (A1u1]0),
0
where A;; = CY'(I-P)YC.

Fyc(YCIBC, Q41(8)) = sup (exP ((_fl/2)rtr [CIYI(I —P)YCe,
0
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Fisher Scoring Algorithm

If there is no simple, closed form solution for 8 then an iterative algorithm may be of
use. One such algorithm is the Fisher scoring algorithm, which is described in [28].
Let 0 be an f—vector of unknown parameters. Denote by L(8|Y), the log likelihooci
function of @ given an observed Y. The Fisher scoring algorithm is based on an

expansion of L(8]Y) in a Taylor series around an initial guess, say 8 :

o) = 2@ + [ 250 o -9)

+30 - | oo, 0] (©~8)+ollo 1)

= L@IY) +8/5 + 56 — O H5(0 — 8) + (10 — B,

where

. 2
ond s — PLOY)

0-0 ] 0000’ 19:5‘

) aL(0|Y
&= —50lo_s

Let I(0) be the information at the value 6 = 8:

oo 20 ]

Then, as noted in [32], the difference ~I(8) — HA is O(2), which implies
L(O|Y) ~ L(A]Y) +gt9 — 5(0 0)'1(6)(0 — 6). L (3.24)
Set the derivative of L(8|Y), expressed as (3.24), to zero and solve for 6. The result
is
6=0+ I—l(é)ga. (3.25)

The right-hand side in (3.25) becomes the new guess and the procedure is repeated.
Under certain regularity conditions (see [28]) the Fisher scoring iterations converge

to the unique maximum of L(0|Y).
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Computing MLEs of Covariance Parameters under Incomplete Data

Suppose, as in the previous section, a n X ¢ data matrix Y is normally dis-
tributed with mean XB and dispersion X ® I,,, where C'XC = 4,(0). Then, by
applying the result of Theorem (3.2), the dispersion of Y can be written as C*QC*,
where  is given in (3.3). Suppose one or more rows of Y are partially observed,
and that the missing data are missing completely at random (MCAR) as discussed in
[27]. The observed variables can be considered a random sample from the matrix Y.
To find the MLEs B and Q when Y is incomplete, the EM algorithm can be used. A
detailed discussion of the EM algorithm is given in [14]. The following notation and
theory concerning the EM algorithm is taken from [10].

Let Y be a random matrix and let Y be a realization of Y. Denote the pdf of
Y by f(y|0), where 8 is a vector of unkunown parameters and y = vec(Y). The.pdf
can be considered as a random variable [i.e., u = f(y|0)] or a realization of a random
variable [i.e., 4 = f(¥]0)]. Denote the observable random variables by yogs and the’
unobservable (i.e., missing) random variables as Ymiss. The vector Yops is observed,
while the vector Ymiss is not observed.

The complete data pdf can be factored as

f(}’obsa Ymiss‘l 0) = f(YObs|9) X f(Ymiss|YOb57 9))

which reveals that
. f (YObsa ymissie)
f (Ymis's !‘YObs, 0)

The corresponding factoring of the log likelihood function for yous = Yobs 1S

f (YObs | 0) =

L('eiyobs) = L(0|‘yob3a‘Ymiss) —1In [f(Ymiss|yobsa 9)] .

To compute the MLE of 8, the observed log likelihood will be maximized with respect

to 8 for fixed Yos.
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Let 8% be the approximation to the MLE of @ at the t** iteration. To‘ get
rid of the random variables in the likelihood function; take expectations with respect
to the density of ymiss conditional on yops : Vobs and aésuming 0® as the unknown

parameter vector. That is,
E [L(elyobs)] = L(elyobs)

= Q(016%)) — H(6|6®),

where
Q(016™) = / L(B|3 obs, Fmiss) f (Fmiss|Fobsr 0P) @ miss,
and
H(0169) = [ 10 [ sl v ) F FrilFotes 69) s

The EM algorithm chooses 8%+Y) to maximize Q(8]60®)) with respect to 8.
It can be shown that under some fairly general conditions, this strategy yields a
sequence of estimates that converges to the MLE. Note that the E step.is finding
the expectation of the complete data log likelihood function, L(€|y), conditional on
the observed data and the current estimate of 8. To evaluate the expectation, the
conditional density of Yimiss|¥obss 0® must be known. The M step is to maximize
the expected complete data log likelihood function with respect to 8. When Y is a
normally distributed n x ¢ random matrix with mean XB and dispersion C*QC* ®1,,
the MLEs of B and  are found as follows.

Let P be the perpendicular projection operator X(X'X)™"X’. Let W be an

n X t matrix of indicator variables:

~_J 1 if the ij® entry in Y is observable, ‘ 3 265
¥ 710 if the 45 entry in Y is unobservable. '

Let w = vec(W) and let D = diag(w). Then,

Yobs = Dy and Ymiss = (Int - D)Y-
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Note that the nt-vectors yops and ymis have zeros replacing the unobservable and
observable random variables, respectively. Denote the total number of missing obser-
vations by m. That is, tr(D) = nd — m and tr(I,; — D) = m.

The marginal distribution of yms is
Famiss ~ N [(Ins = D)(I; ® X)B, (L, — D)(C*QC* ® L)L — D)] .
Let Yobs, Ymissy Mobs, and Miy;es be the n X ¢ matrices satisfying
vec(Yobs) = Yobs, veC(Ymiss) = Ymissy vec(Mops) = E(yors) = D(I; ® X)B, and

VeC(Mmiss) = E(Ymiss) = (Int - D)(It ® X)ﬂ

Note that
Y = Yobs + Ymiss and M =XB = Mobs + Mmiss-

Denote the parameter estimates after the £t iteration by 8% and C*Q®C¥, where

BY) = vec(B®M).

Conditional Distribution of Yy

The nt X nt matrices D and 1,; — D are each symmetric and idempotent. Let U; be
an nt X (nt — m) matrix consisting of the non-zero columns of D. Similarly, let U,

be an nt X m matrix consisting of the non-zero columns of 1,; — D. Then,
U=(U; Uy)is aﬁ orthogonal matrix,
D=U,U;, I,-D=1U,U,,
U U; = Ly, and UyU, =1,,.

Note that

Z = U?[y
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is an (nt — m)-vector of observable random variables and
2 = ULy
is an m-vector of unobservable random variables. Also,
Uiz1 = Yobs, U223 = Ymiss

Ullyobs =7, and UIzYmiss = Z3.
The joint density of z; and 2z, is

(zl> NNKU&veC(XB)) (UQ(C*QC*’(@In)Ul U’l(C*QC*'®In)U2>]
2y U, vec(XB) /' \ UL(C*QCY 9 1,)U; UL(C*QC @ 1,)U, /|-

It follows that the conditional distribution of z; given z; = Z; and € = 6® is normal
with
E [2a]21, 0] = U} vec(XB®)

+ Up(CC @ 1)U, [U(COCY ® 1,,)U | 1 5 - ‘}eC(XB(t))] ’

and

Var [z2]ii1, 0] = Uy(C*QOCY @ 1)U,
— Uy(CcrQ¥C @ 1)UL [U (C* ¥ C @ 1)U, | “UH(Cr9CY @ T,)U,.

Equivalently, the conditional distribution of Ymiss given Yobs = Fobs and 8 = 0® is

normal with

E [Ymisslyob& 2 ] = (I; — D) vec(XB®)
! ' -1 o
+ (I — D)(C*QUC ® 1)U, [U (CTOOCY @ 1)Uy | U] vec(Yobs — XB®),

and

Var [Yuiss|Fobs: 09| = (Ine — D)(C*QOCY @ 1,)(In: — D)

! ! "‘l !
— (Iz—D)(C*QWC* ®In)Ul\[U’1(C*Q(t)C* ® In)Ul] U (C*QC* ®L,) (I—D).
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To compute the conditional expectation and variance of Ymss, the. preceding
expression requires computation of an (nt — m) x (nt — m) inverse. By using the

orthogonality of U, an alternative expression can be obtained:

' ’ 11
U (C'¥c” o 1,) U = [U’ ([C*Q(t)C*] '® In> U] —

U, (c09c” o 1,) U, = [U;] ([C*nmc*']‘l ® In) U,

_ . - -1
U <[C*Q(t)C*'] 1 ® In) U, (U’2 ([C*Q(t)Cf ] 1 ? In) U2) «

U, ([C*sz<t>c*’] '® In> U7 =
[U; (cra¥c” o1,) Uy = ([C*Q(t)C*']_l ® 1n> U

-1

_u, ([C*Q(t)c*’]_l ® In) U, [Ug ([C*Q@)c*’]“l ® In> UZ] X
U, <[C*Q(t)C*']_l ® In) U,
The above expressions require inverting C*Q®WC, a t X t matrix, and

U, ([C"‘Q(t)‘C*'rl ® In) U,, anm x m matrix.

Denote the conditional expectation and variance of Y ;s by

B(Y miss| Vos, 89) = MO, vee(MY,) = pl,,

miss?
and Disp('Y miss| Yobs, 00) = C* QY 7.
Then, the conditional distribution of Ymiss given Yobs = Yobs and 8 = 0% is normal
with
® _ (L. _D)vec(XB®) 3.27
Hmiss ( nE )VGC( ) ( . )

+ (I — D)(C*"QYC* ®I,)D ([C*Q(t)C*']_l ® In) (s — P3)D vec(¥ops — XB®),
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and
C*Q{)C" = Disp [Yimia| Yors, 8] = (I, — D)(C*2OC¥ ©1,)(L,,; — D)
- (Iu —D)(C'QUC* 9 1,)D (IC°QVC” ©1,) (T, ~ P;)Dx

(Cc*Q®Cc¥ @ 1,,) (I, — D), (3.28)

where P is the projection operator projecting onto R(U,) along

N [U’z ([C*g(t)c*']‘l ® In)] .
That is,

. -1 _
P, = U, [U; ([C*Q(t>c*’]‘1 ® In) UQ} U, ([c*sz(t)c*’] '® In> . (3.29).

Note that
P,U, = U, = P,U,U, = U?U'Z,
and
U,U,P, =P, because U,Up =1.
Therefore,
(I-P5)(I-TU,U) = (I-Py). (3.30)
Write

(I — D)(C*QOC* ©1,)D ([C’*Q“)c""]“1 ® In) (I — P)D
as

U2U’2(C*Q(t)c*' QL) —U,U)) ([C*Q(t)c*’]”l ® 1,,) (I,: — Py)(I — U,UY)

— U,U,(C 9 C @ 1,)(1 - U,UY) ([c*mf)(}k’]‘1 ® In> (Tn: — P3) (3.31)
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using the result in (3.30). The expression in (3.31) can be written as

U000 e L)1~ U;U)) ([0°09C") " O L, ) (T — Py

= U,UL(C*QOC* @ I)(I — UyUS) (L — P}) ([C*Q(t)c*']_l ® In>
because <[C*Q(t)C*']_l ® In> (It — P2) is symmetric. Thus

(I; — D)(C*QYC* ® T,)D ([C*Q(t)C*']_l ® In) (In: — Py)D
= U, Uy(C*QOC¥ @ 1,)(I — Uy Ub) (T — PY) ([C*Q“)C*’]‘1 ® In)
= U,UL(C*QOC* @ L) (L — P}) ([c*sz@c*’]‘l ® In>
— U, UL(C*QOC" o 1,) ([cr*sz“k:*"]‘1 ® In> (Ls — P})
— U, UL (L — Py). (332)

()

Therefore, p, % in (3.27) can be expressed as

p = UyU, vee(XB®) + Uy U, (I — Pa) vee(Vops — XB®)

= P2 VGC(XB(t) — Yobs)

because U, vec Yobs = 0. Let the t x 1 vector v; be given by v; = 1; — w;, where
w} is the 7™ row of W in (3.26). Let D; = diag(v;) and let V; be a t x m; matrix
consisting of the non-zero columns of D;, where m; is the number of missing values

for case 7. Then P, in (3.29) can be written as

P, =37 (P; ®eel), where (3.33)
P; = X, [C*Q¥C]| 7,
S = (VOO V) v
and € is the i® row of I,,. Using the expression for P, in (3.33), pffl)iss in (3.27) can

be written as

n .o
pO, = S (P; @ ee}) vec(XBY — Vo) (3.34)
=1
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=M = 3 ee(XBO - V)Pl

=1

Also, using the results in (3.30), (3.32), and the orthonormality of Uj, cQ¥)_c¥in

miss

(3.28) can be expressed as
_ -1
C'Ql.C” = U (Wlefc ") U,
=Tk (Thy © ese})

for 3%, , in (3.33).

The Log Likelihood Function

The complete data log likelihood is
L@ly)=—(%)In (|c*sz_c*’|) — (%) In(2n) |
- (L) tr[(Y - XB)(Y - XB)(C*2C¥) |
Writing Y as Y = Yops+ Ymiss, the tr[ ] term in the likelihood function can be written
as .
tr [(Y _ XB)(Y — XB)(C*QC*')_I] — tr [(Yobs — XB)(Yons — XB)(C*QC*')_l]

+2tr [Y;mss(Yobs XB)(C*QC* ) ] + y;niss((c*ﬂc*,)_l ® 1) Y miss-

E Step

The E step.consists of evaluating the conditionallexpectation of L(0]Y) given 0 = o)

and Yops = Yobs. The result is
Q(6169) = — (3)1n (jc*C) — (%) In(2r)
-(}) {tr [(¥ous — XB) (Yore — XB)GQC ]
-2t [(Vors — XB)Y M (C2C") ] + T (020 ™ ©T)ui

miss

+tr[CrfC ‘(cc*) " oLy }
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. Simplification yields

Q(6169) = - (2)In (|C*QC|) — (%) In(27) (3.35)

~(3)u [(Yobs + MY, — XB) (Vobs + MY, - XB)(C*QC*')—IJ

miss
- (4) tr[To(cr Y, ,c)(Ccrac) ],

miss

where Ty is the generalized trace operator of order ¢, which is discussed in [15]. Note

that T; simplifies to
T,=) Ty (3.36)
' i=1

M Step

The M step consists of maximizing the expected log likelihood with respect to 8 and

Q. Equating the derivative of ¢ with respect to £ to zero yields

8Q(0]6“)

—2((C*RC™) ™ ® X) (Fobs + 1) + 2((C*QACT) T @ X'X)B = 0 =>

BED = (X'X) 7 X (Vops -+ ME). - (3.37)
Substituting B¢t for B into the expected log likelihood yields
0(6|C QOC  BE) = — (g) In (lc*C*|) - (-73'22) In(2n)

1 - < ' 1 —
= () [ e+ M) G P e+ M) + T2 ()

=~ (3)meD - () men - (%) & (AQ7), ' (3.38)
where

A= O [(Yore+ M) (1 = PY (T + M%) + T(C'20CY) | €. (339)

miss
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To maximize equation (3.38) with respect to €2, the results of Theorem (3.3) can be
applied with

P ! - ) B 7
Ay =C [(Yobs + MOV (1, — P)(Vops + M) + T, (C*QY_C* )] C; (3.40)

miss

. ! .. ‘
Ap=C' [(Yobs + MDY (1, — P)(Vop + MO + T(C* QD )} D; and

miss

A22 =D [(YObS + Mg)iss)l(In - P)(Yobs + Mfl’tl)iss) + Tt(C*QSﬁ)iSSC*I)J D.
Also, under the modified mixed model in (2.4),
Q11(8) =TT+ 0’1, (3.41)

The Fisher scoring algorithm can be used to maximize the function in (3.7) and
thus compute 911(9)(t+1), while the-lleg;ession-equations in (3.8) can be used to
find the remaining terms in QY. The E and M steps are repeated until the se-
quence 8P 94+ gt+2) .. converges. After completion of the E step, if the func-
tion Q(0]0®) in (3.35) is increased but not necessarily maximized, the sequence
oM g+l 9(t+2) ... will still converge, and the resulting iterations are a general-
ized EM algorithm (GEM). For example,‘ instead of maximizing the function in
(3.38), perform only one or two i_’qeratio'ns'_of the Fisher scoring algorithm so that
Qe|C* QO C, B(+1) is increased but not maximized with respect to Q¢ The
iterations will still converge to the MLEs, and the process may use less computer

time.
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CHAPTER 4

COMPARATIVE EVALUATION OF THREE INFERENCE METHODS

Introduction

In this Chapter the performance of a modified mixed model is evaluated and
compared, by means of simulation, to the performance of a multivariate model and a
factor analytic model. The first section reports the general model, and null and non-
null conditions under which the simulations were run. A description of simulation
conditions is also given in this séction. The second section reports the procedures
used to calculate test statistics and p-values when the covariance structure is factor
analytic. The third section covers test statistics and p-values under a modified mixed
model covariance structure. The fourth section reports simulation results concerning-

test size and power.

The Simulation Model

The simulations were run under the general model in (1.1) in which the between
subjects design matrix is a n x 1 vector of ones, 1,. That is, the n x ¢ matrix of

observations Y was modeled as
Y =14 + U, ' (4.1)

where p is a t x 1 vector of regression coefficients, and U is an n X ¢ matrix of random

errors whose distribution is given by

vec(U) ~ Np:(0, ZQL,). (4.2)
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To shorten the computer time needed for simulations, the data matrix Y was always
complete. Similar results for incomplete data are expected. Simulations were run

with the covariance matrix 3 modeled with a factor analytic structure,
¥ =TT + 7’1, (4.3)

where I' is a ¢ X f factor loading matrix, f held at 1 or 2. Simulations were also run

under the modified mixed model structure, that is,
C'SC =TT + o7, (4.4)

where I'™* is a ¢ X f* matrix, f* held at 1 or 2, and C a t X ¢ matrix of coefficients for
contrasts among the repeated measures. The number of repeated measures, t, was

increased by ihcrements of 2 from 3 to 7, that is,
te{3,57}.
The sample size, n, went from 5 to 200 in the following manner,
.n E.{S, 10, 15, 20, 25, 50, 100, 200}.
For each generated data set, statistics were calculated to test
- Hyip/C =0 against Hy: p/'C#0, (4.5)

where C is a t x (¢ — 1) matrix of coefficients for contrasts among the repeated
measures. Under the nill and non-null conditions in (4.5), and for each n, t, and
covariance structure combination, a 1000 data sets were generated. Note that for the
simulation runs, ® in (1.5) was given the following structure; F =1, B ="p/, and
C at x (¢ — 1) matrix of coefficients for contrasts. The statistics calculated for each
generated data set were the likelihood ratio (LR) statistic and Walds test statistic for
both the factor analytic structure in (4.3) and the modified mixed model structure in

(4.4); and the Lawley-Hotelling trace statistic.
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Null Conditions

For simulations under the null condition in (4.5), the parameter g was set equal to
a vector of ones, that is, 4 = 1;. When X had the factor analytic structure in (4.3)

with t =7 and f =2, I was given by

(4.6)

=

Il
o ~3 1 O ~J Co oo
L oo ULt i o ©

Rows and/or columns were truncated to obtain I' for other values of ¢ and f. For

example, when £ =5 and f =1,

'—j
i
;roy N o oo

When 3 had the modified mixed structure in (4.4) with ¢ =7 and f* = 2, I'* was

I = , (4.7)

Noro N
oLt W O

with the apprdpriate rows and columns for other values of ¢ and f*. For both the ’
factor analytic structure and modified mixed model structure, the parameter o was
set‘equal'to .04. The empirical test size was calculated for the LR and Walds tests.
The decision rule was to reject H, if the p-value was less than .05.

Note that (I — CC'), for C in (4.5), can be factored as

(I-CC) = (1/1)11;
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which implies, under the null condition in (4.5),
p=1-CCu = (1/0)L1n = 1,0,

where 6 = (1/t)1,p. Therefore, under the null condition in (4.5), the model for Y in

(4.1) can be written as
Y=1,01,+U, . (4.8)

where p' = 601;.

Non-Null Conditions

For simulations under the non-null condition in (4.5), the values of f, I'* and o2
were unchanged from the null condition. The parameter p was given a linear trend
structure such that, for each ¢, n, and covariance strﬁcture combination, the power of
the multivariate test of the hypotheses in (4.5) was .6 when the test size was o.. The
multivariate test of the hypotheses in (4.5) was based on the Lawley-Hotelling trace

statistic
T* = n(C'y)(C'SC) ™ (C'y), (4.9)
where
y=n"Y'1l,, S=(n-1)"'Y(I,-P)Y, P=n""1,1,. (4.10)

By Theorem 2.8 in [36], the distribution of 7%, assuming the distribution in (4.2), is

(EE2) T ~ Flt—1n— (= 1),%) where (a11)

)\ = n(W'CYC'EC)" (C' )
5 .

To maintain a power of .6 for this multivariate test of the hypotheses in (4.5), and

assuming a test size of .05, consider, for example, the case when ¢ = 7, n = 50, and
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3} has the factor analytic structure in (4.3) with f = 2. This implies C is any 5 x 4
orthonormal matrix such that C'1; = 0. The parameter p will have a linear trend

structure if g = kl, where

Moreover, to ensure a T2 test with power of .6, find ) such that

44
P(—— 2> 9, ):.
6_49T > 2.313 6,

where 2.313 is the 95™ percentile of a F'(6,44,0) distribution. Under the conditions
of this example, A = 5.3 will give a T test with power ~ .6. The multiplier k is then

given by

L .2
| nro)(c'zo) i)’

which, under the conditions of this example, implies &k = .0280. Thus, for the non-null
condition of this example,

—.084
—.056
—.028
w= 0
.028
.056
.084

will give a size .05 T? test with power = .6.
The empirical power was calculated for the LR test under the modified mixed
model structure in (4.4). The test size was held equal to the empirical test size of the

LR test under the modified mixed model structure.
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Factor Analytic Covariance Structure

The LR statistic for testing the hypotheses in (4.5) under the factor analytic

covariance structure in (4.3) is

exp ((—1/2) r [(Y—1,,@1t)'(Y—1né1t)(fof:,+&glt)"1])
)

fof£+5‘§It

Lra exp((~1/2) tr[(Y-L.9') (Y- 1,9)ET+71) | ) ; (4.12)

(n/2)

Iff’+&2lt

where 8, T', and 62 are the MLEs of 6, T and o2 under the restriction p/'C = 0, T
and 62 are the unrestricted MLEs of I" and ¢2, and ji = ¥ is the unrestricted MLE
of p. The Fisher-scoring algorithm, as described in (3.25), was used to find r,, 62,

T and 62. The asymptotic distribution of Lg4 under the null condition in (4.5) is
~2InLpa 5 X1y (4.13)

and this distribution was used to calculate p—x}alues for the LR tests under the factor
analytic covariance structure in (4.3).

The unrestricted MLE of C'u is C'y, which is asymptotically distributed as
Va(Cy - C'u) BN (0, T7H(C), (419)
where I71(C'p) is the inverse of the information at C'u;

(4.15)

O?L(C'u|Y, T, 0?)

I(C'u)=-E ’ —
O =2 | 5G|
where L(C'u|Y, T, ¢?) is the 1og likelihood function of C'u. The distributional result
in (4.14) is proved in [32] under the assumptions given in the appendix of this thesis.

Note that under the distribution in (4.2) and the factor analytic covariance structure

in (4.3),

I(C'p) = n(CTT'C +0™Lyy) - (4.16)
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Walds test statistic for testing the hypotheses in (4.5) under the factor analytic co-
variance structure in (4.3) is

Wra = (C'5)n(CTT'C + 6%, y) (C'¥), (4.17)

where, under the null condition in (4.5) and the distributional result in (4.14), Wp AN X1y
for large samples. This approximate distribution of Wr,4 was used to calculate p-

values for Walds tests under the factor analytic covariance structure in (4.3).

Modified Mixed Model Structure -

Assuming the distribution in (4.2) and the modified mixed model structure in
(4.4), with C in (4.5), the results of corollary (3.1) apply. Therefore, the distribution
of Yin (4.1) is

vec(Y) ~ Nps(vec(1p'), C*QC* @ 1,,), (4.18)
where
I‘*I‘*I —+ 0'21 —1 912
Q= ( (t-1) ) 419
921 '922 ( )

and C* =[C —1\/—51,:]. The only structure for €15 and Qs is that
Qgy — Qo (T T + O’ZI(t_ll))_lﬂlz be positive definite.

Using Theorem (3.3), the LR statistic for testing the hypotheses in (4.5) under
the modified mixed model in (4.4) is

L .
exp((-1/2)tr[ A1 (F2F5 +0210-) | )
(n/2)

f‘zf’s’+&31<t_1)

(4.20)

L

—~ —17 b
exp ((—1 /2) tr [Alla(r*r*' +62(4_1)) )
CYP)) -

f*f*l +&21(t-—1)

where

A;;,=CY'YC, A;,=CY(I-P)YC,
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T and 42 are the MLEs of T* and o2 under the restriction ¢/C = 0; I'* and &2
are the unrestricted MLEs of I'™* and o?. The Fisher-scoring algorithm was used to
find these MLEs for each generated data set. The asymptotic distribution of Ly, is
the same as Lp4, that is, LMM;{JX%t_l)‘- This distribution was used to calculate the
p-values under the modified mixed model.
Walds test statistic for testing the hypotheses in (4.5) under the modified

mixed model in (4.4) is
Wi = (C'9)n(@* T + 62,_1) " (C'Y), (4.21)

where under the null condition in (4.5) and using the distribution result in (4.14),
W has the same approximate distribution as Wr4, that is, WMM’{“X%t_l) for large
samples. This approximate distribution was used to calculate p-values for Walds test
under the modified mixed model in (4.4).

When 3 is modeled according to the factor analytic structure in (4.3) with T’

having zeros above the main diagonal, there are

F-1 ' '
t+ Z:(t—z')+1=ft—,(f(f—1))/2—|—1

covariance parameters to estimate. When ¥ is modeled according to the modified
mixed model structure in (4.4) with C in (4.5) and I'* having zeros above the main
diagonal, there are |

-
Y=+ 1= f- ()24
covariance parameters to estimate. Thus, the number of covariance parameters to -

estimate is reduced under the modified mixed model in (4.4) when compared to the

factor analytic model in (4.3) whenever f* < f.
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Simulation Results

For Wr4 in (4.17), let Wry4 be the average value of the 1000 realizations of
Wra calculated under each combination of 7, ¢, covariance structure, and null or
non-null condition. Similarly, let Wisas, Lra, and Lasas be the respective means of
Whne in (4.21), Lpy in (4.12), and Lysas in (4.20).

The following tables report the results of simulations under null and non-rull

conditions.

n
5 .10 15 20 25 50 100 200
Wea [1985 010 7.14 6.84 659 590 594 5.52
test size | 0.53  0.32 0.25 0.23 0.22 0.17 0.16 0.15
Wuae | 56.24 1370 9.34 859 7.79 6.61 6.32 5.71
test size { 0.71  0.48 0.35 0.32 0.28 0.23 0.19 0.17
Lrps |70.82 121.48 7.30 6.96 6.71 6.04 6.12 5.70
test size | 0.55 0.33 025 023 0.22 0.18 0.17 0.16
Ly | 841 560 4.73 470 4.46 4.17 4.23 3.91
test size | 0.34 0.14 0.09 0.08 0.08 0.06 0.06 0.05
power | 0.97 081 0.76 0.70 0.68 0.62 0.62 0.59

Table 1: FA covariance structure, t = 5, f = 2;
MMM covariance structure, t = 5, f* = 2.
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n
5 10 15 20 25 50 100 200
Wra |27.66 12.05 10.28 9.15 8.95 8.33 7.96 7.90
test size | 0.66 033 0.27 0.20 023 0.17 0.17 0.14
W | 48.36 15.70 12.17 10.45 10.05 8.82 8.21 8.08
test size | 0.83 049 0.37 026 0.27 0.21 0.17 0.16
Lpa 53.94 13.30 10.61 9.12 896 8.37 8.03 7.99
test size | 0.65 033 0.27 020 0.23 0.17 0.17 0.15
Ly | 1264 813 731 671 6.73 6.39 6.15 6.16.
test size | 0.42 0.15 0.10 0.09 0.08 0.05 0.06 0.06
power * 092 082 0.7 073 0.69 0.65 0.65
Table 2: FA covariance structure, t = 7, f = 2;
MMM covariance structure, t =7, f* = 2.
_ n
5 10 15 20 25 50 100 200
Wpra |205.00 1270 9.72 8.83 8.69 7.67 7.38 6.87
test size | 0.75 0.45 037 034 0.33 0.27 0.25 0.22
W | 55.93 12.60 9.19 826 790 6.78 6.39 5.92
test size | 0.75 0.46 0.35 0.31 0.30 0.22 0.19 0.17
Lpa 265.60 2442.40 11.20 9.40 8.90 7.80 7.40 6.90
test size | 0.76 0.46 0.38 0.35 0.34 0.28 0.25 0.22
Larue 8.67 5.45 4.79 4.65 4.63 4.31 4.15 3.96
test size | 0.38 0.13 0.10 0.09 0.08 0.07 0.07 0.05
power 0.96 0.84 0.77 0.71 0.71 0.67 0.64 0.61

Table 3: MMM covariance structure, t = 5, f* = 2;
FA covariance structure, t =95, f = 3.
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n
5 10 15 20 25 50 100 200
Wra |[11674 16.65 12.30 11.11 10.40 9.59 9.02 9.14
test size | 0.86 0.51 0.38 0.33 0.30 0.24 0.23 0.20
Waae | 53.99 15.91 11.64 1040 9.64 8.73 810 8.16
test size | 0.80 0.51 035 028 026 0.19 0.17 0.16
_I:JFA 791.59 19.29 12.48 11.21 10.46 9.63 9.05 9.16
test size | 0.86 0.52 038 0.33 030 0.24 024 0.20
Lo | 1236 819 7.08 6.71 6.46 624 595 6.08
test size | 0.41 0.16 0.09 0.09 0.08 0.06 0.05 0.05
power * 0.93 0.84 077 0.7t 0.71 0.67 0.64
Table 4: MMM covariance structure, t = 7, f* = 2;
FA covariance structure, t =7, f = 3.
n
5 10 15 20 25 50 100 200
Wea 5.08 3.20 2.97 3.16 3.14 287 3.03 2.83
test size | 0.24 0.17 0.13 0.15 0.14 0.13 0.14 0.12
Wun | 21.00 533 394 418 3.83 3.13 3.06 2.76
test size | 0.45 0.26 0.21 0.22 0.20 0.15 0.16 0.12
Lpa 580 3.24 301 3.21 3.20 292 3.10 2.90
test size | 0.25 0.16 0.13 0.16 0.15 0.13 0.15 0.13
Laar 3.51 247 2.16 233 226 2.02 211 1.97
test size | 0.18 0.09 0.06 0.08 0.07 0.06 0.05 0.05
0.61 0.62 0.60 0.59

power | 0.80 0.73 0.68 0.66

Table 5: FA covariance structure, t = 3, f = 1;

MMM covariance structure, ¢t = 3, f*
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n

d 10 15 20 25 o0 100 200
Wgra 8.70 5.86 541 520 5.32 5.02 4.85 4.82
test size | 0.32 0.16 0.14 0.13 0.14 0.11 0.09 0.09
Wy | 1426 751 6.39 583 581 523 491 4.84
test size | 0.48 0.26 0.20 0.18 0.16 0.13 0.11 0.09
Lra 8.78 5.86 541 521 533 5.05 4.89 4.86
test size | 0.30 0.16 0.14 0.13 0.14 0.11 0.09 0.09
Ly 6.31 4.79 450 432 440 4.16 4.01 4.00
test size | 0.19 0.10 0.08 0.07 0.07 0.06 0.05 0.05
power | 0.99 0.82 0.74 0.66 0.65 0.62 0.61 0.58

Table 6: FA covariance structure, ¢t = 5, f = 1;
MMM covariance structure, t = 5, f* = 1.

n
S 10 15 20 25 50 100 200

Wra |1332 857 7.71 752 741 7.0l 7.09 6.84
test size | 0.41 0.19 0.15 0.12 0.13 0.10 0.11 0.09
Wy | 17.19 1049 871 826 7.89 7.17 7.14 6.83
test size | 0.52 0.28 0.21 0.17 0.15 0.11 0.11 0.09
Lps | 1179 858 7.72 752 7.41 7.02 7.10 6.86
test size | 0.32 020 0.15 0.12 0.13 0.10 0.11 0.09
Ly | 919 735 6.66 6.55 6.42 6.08 6.17 5.98
test size | 0.23 0.13 0.07 0.07 0.07 0.05 0.07 0.05
power * 0.93 0.83 0.78 0.71 0.67 0.65 0.63

Table 7: FA covariance structure, ¢ = 7, f = 1;
MMM covariance structure, t =7, f* = 1.
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n
5 10 15 20 25 50 100 200
Wra |[10.81 564 517 459 425 4.34 3.83 3.94
test size | 0.36 0.28 0.27 0.24 0.23 0.23 0.21 0.21
Wwan |12.94 537 4.44 385 3.48 3.37 297 2.99
test size | 0.43 0.28 0.23 0.20 0.17 0.15 0.14 0.13
Lry 11.34 593 540 4.78 4.41 4.44 3.87 3.97
test size | 0.38 0.29 0.28 0.25 0.23 0.24 0.21 0.22
Ly 3.25 256 235 223 210 2.10 2.00 2.00
test size | 0.15 0.10 0.08 0.07 0.05 0.06 0.06 0.04
power | 0.85 0.72 0.68 0.65 0.65 0.63 0.63 0.63
Table 8: MMM covariance structure, ¢ = 3, f* = 1;
FA covariance structure, t =3, f =2
n
5 10 15 20 25 50 100 200
Wera |[1722 875 7.13 685 6.75 6.07 6.15 5.90
test size | 0.49 0.30 0.25 0.24 0.25 0.19 0.18 0.18
Waun | 1444 799 642 6.06 592 5.21 520 4.94
test size | 0.46 0.26 0.20 0.18 0.18 0.12 0.11 0.10
Lra 21.13 10.88 7.17 6.88 6.78 6.10 6.17 5.91
test size | 0.50~ 0.30 0.25 0.24 0.25 0.19 0.19 0.18
Ly | 596 490 449 440 4.37 4.03 410 3.92
test size | 0.17 0.10 0.08 0.06 0.06 0.05 0.05 0.05
0.65 0.61 0.61

power | 1.00 0.84 0.77 0.75 0.68

Table 9: MMM covariance structure, t-= 5, f* = 1;

FA covariance structure, t =5, f = 2.




56

n . .

) 10 15 20 25 50 100 200

Wra [21.90 11.09 947 899 883 847 820 8.39
test size | 0.59 0.31 0.24 0.20 0.20 0.18 0.18 0.17
W | 1851 10.41 8.80 826 8.07 7.57 7.25 7.37
test size | 0.51 0.28 0.21 0.17 0.16 0.12 0.12 0.12
Lra 62.28 11.10 9.47 899 8.84 848 821 8.39
test size | 0.59 0.31 0.24 0.20 0.20 0.18 0.18 0.17
Ly 879 721 6.68 6.45 6.44 6.28 6.12 6.27
test size | 0.20 0.11 0.07 0.08 0.07 0.05 0.06 0.07
power * 095 086 0.77 0.73 0.69 0.63 0.60

Table 10: MMM covariance structure, ¢t =7, f* = 1;

FA covariance structure, t =7, f = 2.
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CHAPTER 5

DISCUSSION OF SIMULATION RESULTS AND FUTURE
RESEARCH TOPICS

Discussion of Simulation Results

The modified mixed model in (2.4) appears to be promising. The tabled results
show a substantial improvement in po{zver for the Ly test based on the MMM
covariance structure when compared to the Lawley-Hotelling trace statistic T?. Based
on the means Ly and Ly, the Ly, statistic appears to converge faster to a x?-
distribution than Lz4. A simulation result that requires further study is the apparent
lack of improvement of the Walds test when based on a MMM structure as compared

to FA model.

Future Research

Bartlett Correction

Suppose interest is in testing H,: ® = @0' for @ in (1.5). The LR test statistic is given
by

A=22, | (5.1)

where, assuming the distribution in (1.3),

Lo (12 [E+E)S;)

. e (5.2)
=

(ZW)(mH)/?
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and

Lo ((-1/2) = [(B)S;1])
@ 2(“ m/2

(27r)(m+s)/2 (5'3)

for Ein (1.16) and H in (1.17). Note that E and H are independently distributed with
Wishart distributions given in (1.18). Under a true H,, the asymptotic distribution
of —2InA is ng. Future research will focus on approximating the small sample
distribution of A. One possible approach is based on a Bartlett correction factor,
which is discussed in [5] and [29]. Using this approach, a multiple of A is found that
may give a better approximation to a ng distribution. A Bartlett correction is based

on a third order Taylor,series approximation of the score function

0ln f(y, )
o6

where 6 is a vector of unknown parameters. A quick and dirty Bartlett @pproach finds
a multiplier, call it b, which is comﬁuted By approximating —2 Ih I, with a second
order Taylor series, say T,, and, in a similar fashion, find the second order Taylor
series approximation of —21n L,, call i;o T,. Then setting b equal to the exp‘ected

value of T, — T, implies
E(—21nA) = b. (5.4)

Some tedious manipulation yields

b= o5t 581n|2|'f81n|2|+§821n|2| -1
—TTE\27 e 2709 2706007 |t )

where

_ 8InlL,

- ~ _ ~1 55
' [3939 (5:5)

5:0} '

Therefore,

(sq)/bE(—21n A) = sq, (56)
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and the’decision rule is to reject H, if (sq)/b(—2InA) > xZ .. The difficulty with

this app.roach is that b may not be a large enough correction factor.

Other Topics

A challenging piece of research is to adapt the modified mixed model covariance )
structure in (2.4) to longitudinal data. In a longitudinal study, the ¢ time periods are
not assumed fixed. Thus, ¢ varies from subject to subject and the intervals between
observations vary.

To shorten the computer time needed for simulations, all the generated data

sets were complete. Simulations with missing data need to be done to have a full

.comparison of the modified mixed model in (2.4) with other commonly used models.




60

REFERENCES CITED

[1] H. Akaike. Factor analysis and AIC. Psychometrika, 52:317-332, 1987.

[2] T.W. Anderson. An Introduction to Multivariate Statistical Analysis. John Wiley
& Sons, 2 edition, 1984.

[3] Robert S. Barcikowski and Randall R. Robey. Decisions in single group repeated
measures analysis: Statistical tests and three computer packages. The American
Statistician, 38:148-150, 1984.

[4] David J. Bartholomew. Latent Variable Models and Factor Analysis. Charles
Griffin, 1987.

[5] M.S. Bartlett. A note on the multiplying factors for various x? approximations.
Journal of the Royal Statistical Society, B,16:296-298, 1954.

[6] BMDP Statistical Software, Inc. BMDP Statistical Software Manual, 1990.

[7] Robert J. Boik. A priori tests in repeated measures de31gns Effects of non-
sphericity. Psychometrika, 46:241-255, 1981.

[8] Robert J. Boik. The mixed model for multivariate repeated measures: Validity
conditions and an approximate test. Psychometrika, 53:469-486, 1988.

[9] Robert J. Boik. Scheffé’s mixed model for multivariate repeated measures: A
relative efficiency evaluation. Communications In Statistics- Theory & Methods,
20:1233-1255, 1991.

[10] Robert J. Boik. EM algorithm for computing MLEs. Unpublished Statistics 538
Class Notes at Montana, State University, 1994.

[11] G.E.P. Box. Some theorems on quadratic forms gpplied in the study of analysis
of variance problems, II. Effects of inequality of variance and correlation between
errors in the two-way classification. Annals of Mathematical Statistics, 25:484—
498, 1954.

[12] Eric M. Chi and Gregory C. Reinsel. Models for longitudinal data with random
effects and AR(1) errors. Journal of the American Statistical Association, 84:452—
459, 1989.




61
[13] D.R. Cox and D.V. Hinkley. Theoretical Statistics. Chapman And Hall, 1974.

[14] A.P. Dempster, N.M. Laird, and D.B. Rubin. Maximum likelihood from in-
complete data via the EM algorithm (with discussion). Journal of the Royal
Statistical Society, B39:1-38, 1977.

[15] C.M. Farmer. A Study of Nonadditivity in Factorial Ezperiments with no Repli-
cation. PhD thesis, Iowa State University, 1986.

[16] Franklin A. Graybill. Matrices with Applications in Statistics. Wadsworth, 2
edition, 1969.

[17] H.O. Hartley and J.N.K. Rao. Maximum-likelihood estimation for the mixed
analysis of variance model. Biometrika, 54:93-108, 1967.

[18] Huynh Huynh. Some approximate tests for repeated measures designs. Psy-
chometrika, 43:161-175, 1978.

[19] Huynh Huynh and Leonard S. Feldt. Estimation of the box correction for degrees
of freedom from sample data in randomized block and split-plot designs. Journal
of Educational Statistics, 1:69-82, 1976.

[20] A.J. Izenman and J.S. Williams. A class of linear spectral models and analyses
for the study of longitudinal data. Biometrics, 45:831-849, 1989.

[21] Robert I. Jennrich and Mark D. Schluchter. Unbalanced repeated-measures mod-
‘els with structured covariance matrices. Biometrics, 42:805-820, 1986. ‘

[22] Nan Laird, Nicholas Lange, and Daniel Stram. Maximum likelihood computa-
tions with repeated measures: Application of the EM algorithm. Journal of the
American Statistical Association, 82:97-105, 1987.

[23] Nan M. Laird and James H. Ware. Random-effects models for longitudinal data.
Biometrics, 38:963-974, 1982.

[24] E.L. Lehmann. Testmg Statzstzcal Hypotheses. Wadsworth & Brooks/Cole, 2
edition, 1986.

[25] J.K. Lindsey. Models for Repeated Measurements. Clarendon Press, Oxford,
1993.

[26] M.J. Lindstrom and D.M. Bates. Newton-raphson and EM algorithms for lin-
ear mixed-effects models for repeated measures data. Journal of the American
Statistical Association, 83:1014-1022, 1988.

[27] Roderick J.A. Little and Donald B. Rubin. Statistical Analysis with Missing
Data. John Wiley & Sons, 1987.




62

[28] Nicholas T. Longford. Random Coefficient Models. Oxford University Press,
1993.

[29] Peter McCullagh. Tensor Methods in Statistics. Chapman and Hall, 1987.

[30] John J. Miller. Asymptotic properties of maximum likelihood estimates in the
mixed model of the analysis of variance. The Annals of Statistics, 5:746-762,
1977.

[31] Ralph G. O’Brien and Mary Kister Kaiser. MANOVA method for analyzing
repeated measures designs: An extensive primer. Psychological Bulletin, 97:316—
333, 1985.

[32] C.R. Rao. Linear Statistical Inference and Its Applications. John Wiley & Sons,
2 edition, 1973.

[33] James Rochon and Romald W. Helms. Maximum likelihood estimation for in-
complete repeated measures experiments under an ARMA covariance structure.
Biometrics, 45:207-218, 1989.

[34] Henry Scheffé. A “mixed model” for the analysis of variance. Annals of Mathe-
matical Statistics, 27:23-36, 1956.

[35] Shayle R. Searle. Matriz Algebra Useful for Statistics. John Wiley & Sons, 1982.
[36] G.A.F. Seber. Multivariate Observations. John Wiley & Sons, 1984.

[37] N.H. Timm. Multivariate analysis of variance of repeated measures. In P.R. Kr-
ishnaiah, editor, Handbook of Statistics, volume 1, pages 41-87. North-Holland,
1980.

[38] James H. Ware. Linear models for the analysis of longitudinal studies. The-
American Statistician, 39:95-101, 1985.




63

APPENDIX
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Assumptions:
Suppose 8 is'a vector of unique, unknown parameters. For example, with
the classic multivariate model of (1.1), where X is a positive definite matrix
subject to no further restrictions, 8 is

- [ ) } '

Let f(y,0) be the probability density for y;, the i* row of Y. Then the

assumptions listed in [32] on page 364 will also be made in this thesis for

all y;. They are: '

1. The first three derivatives of In f(y) with respect to 8 exist for almost
all y in a neighborhood of 8 including the true value of 8 given by 6;.

: ng}e’o) “To e)) - et] -0 F [(a;];(gé?) g f(yl,e)> - ot] =

0f(y,0) 0f(y,0) 1 2 _
E {( o0 X - o6’ X <f(y,_9)> ) ’9 _ 97:} > 0,

(1.7)

where the primes denote differentiation with respect to 6.

3. The third derivative of In f(y) with respect to 0 is bounded above by -
an integrable function of y.

These assumptions are required for the usual results regarding maximum
likelihood estimators, such as consistency, to be valid.







