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Abstract:
Shortest path problems in networks constitute a branch of optimization theory wherein system network
models with paths which are characterized by path lengths are of concern.

This work is an extension of the classical shortest path problem; here additional cost constraints are
imposed on the network model.

A dynamic programming solution approach is first formulated. It is solved by an iterative scheme in
which the cost bound variable is incremented by a unit at the end of each iteration where the shortest
paths with path costs not exceeding the cost bound variable are found. The concept of "stepping cost" is
introduced representing the path cost at which a change of shortest path length occurs. A theorem is
proved on the procedure to locate the "immediate stepping cost" and the associated stepping-cost path
length; thus, an acceleration of the iterative scheme is feasible. As a result, a combinatorial algorithm is
developed with computational effort being the order of the square of the number of stepping costs.

Further extensions to networks with more than one path cost constraint are presented.

The constrained shortest path algorithms are applied to flow networks and to networks with
probabilistic weighted branch costs. FORTRAN computer programs are given to implement the
algorithms.
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ABSTRACT

Shortest path problems in networks constitute a branch of optimi-
zation theory wherein system network models with paths which are
characterized by path lengths are of concern.

This work is an extension of the classical shortest path problem;.
here additional cost constraints are imposed on the network model,

A dynamic programming solution approach is first formulated. It
is solved by an iterative scheme in which the cost bound variable is
incremented by a unit at the end of 'each iteration where the shortest’
paths with path costs not exceeding the cost bound variable are found.
The concept of "stepping cost' is introduced representing the path
cost at which a change of shortest path length occurs. A theorem is
proved on the procedure to locate the "immediate stepping cost' and
the associated stepping-cost path length; thus, an acceleration of
the iterative scheme is feasible. As a result, a combinatorial
algorithm is developed with computational effort being the order of
the square of the number of stepping costs.

Further extensions to networks with more than one path cost con-
straint are presented.

The cbnstﬁained shortest path algorithms are applied to flow
networks and té networks with probabilistic weighted.branch costs."
FORTRAN computér programs are given to implement the algorithms.
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CHAPTER 1

INTRODUCTION ‘AND PRELIMINARY CONCEPTS

1.1 Introduction

Because of the existence and availability of digital computers, the
past few deqades have seen a rapid gro@th in the applicéfion of scienti-
fic methods to solve.problems for which there was Virtuail§ nq'hoﬁe of
solution before. Optimization theory has .emerged as a very important
discipline common to maﬁy diverse froblem areas.

Loosely speaking, optimization can be defined as finding the best
way to carry out an action or to produce a result. More accurafely;'it
can be said that one wishes to define a system of some type, to identify
its variables and the conditions they must satisfy, to define a measure
of effectiveneés of the'system;'énd then to seek the state of the system
that gives'thejﬁost desiréble measure of effectivene%s.

Problems én optimal control usuall§ involve a m?asufe of effective-
ness in the foém of a time integral, and their solutién requires that a
set.of Boﬁndar&—value equaﬁions be solved, in genérai. “With appfopriate
modifications, the con£r01 problem can often be boééd such .that the scope
of solution methodsincludes dynamic programming. Thé problem of finding
a minimal value of a function of several variables requires'éhe appli-
cation of mathematical Bpogramming. ‘When only 1inea¥ algebraic equa-
tions are invojved in the optimizing function and comnstraints, 1inea;'

programming is*used; otherwise, nonlinear programming is applicable.

E-
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The Simplex Method, originatgd by G. B. Dantzig,[i], is a wideiy
used linea? programming method. Recent research has shown that largé
problems are likely to be deéompésable into a number of émaller sized
linear éptimization problems; problems with several thousandhvariables
and constraints have been sol&ed succegsfully.

Nonlinear programming éoluti?ns are found through various search
téchniques. Concepté such as steepéSt descent, the Lagraﬁge multipliér,
Newton—-Raphson search, and conjugate—direétions are iﬁcorporatedlin some
of the popularly used methods [35].

Dynamic programming, originated by R. Bellman [2,3], is applicable
when the system can be modelled as a multistage decigion process where
a recurrence relation is obtained to relate the optimal decision of one
stage to that Qf fhe néxt,'sé that the ?emaiﬁing Qecision is expfessible
in terms of th% previous decision and the state of t@e system. Whereas |
both linear ani’nonlinear programming are suitable féé sbiviﬂg dystents
described by well-béhavéé funcfions of the system stdte, dynamic pro-
gramming is well éuited for problems with discontinuéties because of
the discrete nature of the technique.

0f all thé-sysfem optimization problems, network optimization has
been considereé as a highly important subdiscipline. In general, all

’

problems in the field have the following in common: They comprise

.

components and ' parts which are interconnected, and the interconnection

3 2

2

can be describéﬁ by a graph. The comnstituents or vaﬁiables in the

N

’
o
~




3

networks aré interdependent .yet some of them are loosely coupled, fhus
allowing simpiified solution. -Certaiﬁ constraints and goals are pre;
scribed.. The objecfive is, By aﬁd large, the optimizatibn of such items .
as speed, cost, or,reiiability. | |

in transportation networks where'commoﬁities'are transported.throﬁgh
the network between specified pairs of source and destination nodes, |
the maximum flow problem- [4] has an objective to find the optimal flow
pattern so that as much flow as possible can be shipped Qithout éausing‘
an overflow of the network capacity; the minimum cost flow pfoblém [5]
concerns ﬁhe cést of shipping as the measure of effectiveness when a
set of flow requirements between the source and destination pairs is
p?escribed. The placeﬁent of power lines [6], pipelines [7,8] are
special kinds_@f‘Steiner’s proBlem whefe the objective is to minimize
the total inteéeonnection length (6r cost) subject to a limited budget. -

‘As sméll %ize products are in continuous demand;‘the placement of
logic units, tﬂe intercbhngctidn of wires t9,10], apé ﬁhe ordering of
logic boards [1}] of complicated electronic devices to minimize total
wire 1éngth becpme‘nontrivial problems for which onl;_heuristi; solu~-
tion methods exist at present. . ;

Computer n;tworks, which link data processors at differént loca~-
tions fo form communication netﬁorks, are used to fac;litate high speed-
informatioﬁ hanéling and transmisgion in additién to feSOurce sharing.

Rapid advances §12,13,14,15,16,17,18,19,20] havé:beenlseen in oﬁtimizae




4
tion‘objective areas such asufiow control, roufing, messége”switching,
delay, and reliability.

The problem of‘finding shortest paths in networks is a type of-
multistage decision.process ﬁhere the dynamic programming solution
approach hag been most efficient [21,22]. The problem first appears as
a commuting problem_[éé] in which given a road map the éhortest route
from one city totaﬁofher is sought. 'Under appropriate definitions,
the shortest path has been used as an analytic tool to relate network
performance; fo; example, packets or messages are'forwarded to their
destinations along the "shortest" route [24], "shortest" in the sense of
minimal time-delay [16], maximal reliability [25,26]? or maximal utiliza-
tion of network capability [27]. The ordering 6leogic boards in a
complicated electronic system, soO that the total interconnection wire
length is miniﬁ;zed, Furns out to be a problem of fiﬁding the shor;est
path befween alipique pair of source and sink nodes éf a ﬁétwork model
[11]. |

Shortest pgths with special features have been s;udied in some
wdrks. In [é8,29],'consideration is given to the shoitest path'digtri;
bution in a proéabiliétic weighted network; in [30], Fhe shortest path
problem is formélated in a network with time-dependent weights; in [31],-
a study that co%responés to an optimal traﬁeling scheme through a trans-

portation network with time restrictions for the accessibility and

parking on certain nodes is treated; the problem of finding shortest

.

ivy




5
péths that must pass through a given subset of nodes is discussed iﬁ _
[32]; and in [33], the optimal fOute to traverse a road network with
penalties or prohibitions in mgking a turn is found as aﬁ_application of
the shortest path problem.

In this thesis, shortést paths that satisfy a constraint are
treated., Section 1.2 introduces the problem of finding the constrained
sho?test path in a network, with the'dynamic prégramming'fofmuiatioﬁ
stated in Section 1.3. Section 1.4 cites some of the basic grépﬁ
definitions. Pertinent history and some of the solution approaches for
‘the unconstrained sﬁortest path problem are listeélin Seg#ions 1.5 and

1.6.- The contribution of this research work is‘outiined in Section 1.7.

1.2 Fundamental Definitions

A network G(V,B) of n nodes and m branches is characterized by the

set of nodes V, and the set of branches B; where each member of B
,éonnects a distinct pair of nodes in V. Let vi be the ith node, and bj

be the jth branch, so that V = {vl, V) eees vn}, B=1{b, b

l’ 2’
Let (i,j) denote a branch bq if v, is the initial node of bq, and
vj is the terminal ndde of bé. In a directed network, bq is said to be

1 R .
directed from vi'to vj; if the network is undirected, bq is said to be

incident at A and vj.
A weighted network is one in which numbefs;.called weights, are’

associated with the branches of the network.-'Throughout'this work,

Lt

-o-; b }o :
m




6
each branch (i,j) of B is assumed to be assigned a pair of W.eights,'dij
and'hij, represented by Wij = (dij’hij)’ which we call the length gnd‘
cost of (i,j),‘respectively.‘ In real networks, the weights may repre-
sent things such as distance.(wire, roa&), amount of f;ow (cpmmpdity),
cost, capacity (road, communication channel),'probability measure.(reli—

ability), or delay (time to traverse the brangﬁ).

A chain is a sequence of nodes and branches, say v, ’bl’ vi',bz; a;.;

: . 1 2 )
v, sb. ., Vv, , where each branch b, incidents at v, - and v, , J = 1,
i1 k-1 1k o N lj+1 lj ‘
2, «vey k-1. A loop is an unidirectional chain where il = ik. A path 7 .

is an unidirectional chain where the nodes ére distinct., |m| is used
to denote the lengtﬁ of m which is the sum of.the lengths of the con-
stituent branches. C(m) is used to denote the cost éf 7 which is the
sum of the costs of the constiﬁuent branches. |

5 is a path from node i to node j. When
R .

An i~j pafh, denoted as ﬂi
paths from a cdmmon initial node, say node i, are under consideration,
s rgpresents a 1»j path. ,’

A network G(V,B) is said to be connected if, for any node pair v,
and vj, an i»j path exists. |

A tree of wundirected network is a subset of branches thgt connects -
the set of nodes V aﬁd that has the propert& that one and only one path 
exists between each pair of nodes. ‘

A cut (X,X) is the se£ of branchés (i,3) where i € X, j'é X, and

X is a subset of V with X dénoting its node complement V-X.
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In Fig. 1.1, a directed network G with 5 nodes, and 8 branches, is
shown. G is connected. The branches (1,5), (4,5), (5,2) are undirected.
The set of 1+5.-paths are {(1,5)} 1(1;2),(2,5)}; {(1;2),(2,3),(3,9)},
{(1,2),(2,3), (3,4, (4,5} If X = {v;}, X = {v),v,,v,, v}, (XX =

{(192))(1’5)}- If X = {V19V4}’ (X’i) o {(1’2)’(1,5)s<495)}-

s

Fig. 1.1l. Illustration of graph fundamentals.

1.3 The Problem Statement

Given a directed network G(V,B), a set of length weights {dij},+
a set of nonnegative cost weights {hij}, and a nonnegative constant c,
find the set of shortest 1-i paths LA 1 w2 gl ey in, - 1f they exist,

such that C(wi) < ¢, for all 1 # 1.

If {ni » My s saey T, } represents the set of 1+i paths, and 7, is

1 2 q
the shortest 1-i path such that C(ni) < ¢, then the length ]nil of m,

+The branch lengths may be negative. However, a practical assump-

tion is that all loop lengths must be nonnegative.




is such that

Iﬂil = minimuﬁ{]ﬁi l, such that C(1r:.L ) <cl (1-3-1)
S e E

Equation (1~3-1) containsua minimizing operation that selects the

minimum value of |wi l for ﬂi that satisfies the path cost requirement
k| ]

to be the shortest 1-+i path length.

Intuitively, one may find the optimal path by straightforward path
enumeration.' However, when the size of the network is large, which is

quite usual for practical network models, a  large number of feasible

. ' . ' . t
paths exist, and naive path enumeration may become a tedious task.

1.4 The Dynamic Programming Formulation

The principle of optimality, when applied to the problem in

Section 1.3, ylelds a set of equations,it

(o) |

= minimgm .{dts + [wt(c—hts)[},'for 8§ =2, 3, sees 1 |
t#s,htsfp )
(1-4~1)
m )] =0 L (-4-2)
1 .
Asubject to the condition,
Ins(c)l j_lns(c')], for .c' <c, 8=2,3, «uop,m o (1-4-3)

TFor a network with n nodes, -the number of paths betweeén a pair of
nodes with n-2 intermediate nodes may be as large as. (n-2)!.

TTA derivation of equation'(1—4—l) is presented in Chapter II.




g
where ¢ 1s a nonnegative constant, énd ﬂs(c) is the shortest 1-s patﬁ
with.a path cost that is no bigger than c.

Equation (1-4—1)‘is a set of n-1 equations which relate eaqh’of the
optimal’ 1+s paths to the rest of‘the.optimal paths as a functionfof the
cost bound c . Equation.(l—4—2) simply poigts out'the fact that the o
optimal path from node 1 to itself is a trivial path wifh ;ero path
length. Inequality (1—4—3) is a sta;émént of.the fact that'the optimal
1+s paths are nonincreasing functions of tﬂe'cost bound variable c.

The multistage decision process of finding the shortest paths is
such that whatever the inifial cost bound c (s;ate) and the las£,inter—
mediate node (decision) are, the remaining decisions of intermediate
nodes must confribute~an‘optimal policy with regard to the cost bound
resulting from the decision of the last intermeciiate»node°

If éli branch costs of the network assume éefo value, éldegenerate‘
problem results: The unéonstraingd 1+s'shortest paths ﬁsfs are soﬁght.

Equations (1-4-1) and (1-4-2) become

minimum{d__ + |7 |}, for s # 1 ©(1-4-4)
t#s ts t

o=
]

-0 - a4

The variable ¢ is eliminated, since any feasiblé 1+s path has zero
path cost. The. n-1 unknown variables are sought. A large number of
solution méthodé exist in the literature to solve (1-4-4); some of them

. are presented in the,lattef part of this chapter.
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1.5 A Historical Review

One of the most efficient procedures to find the unconstrained
shortest paths was described by Dijkstra [34], and by Whiting and
Hillief [231 for networks with n0nnéga£ive_branch iengths.y For‘ne;works
with possible nggative branch lengths,'a modified netwofk éan be found‘.
by simply adding a fixed positive amount to each of the branch lengthé.
in the original netwérk, so that all branch lengths become nonnegativé;:-.
and Dijkstra's method ié then applicable. ,Bellman [21], Ford [36], and
Moore [37] proposed a set of functional equatiohs by the applicétion §f |
the principle of optimality to relate the set of unconstrained shortest
paths from a common initial node to all other terminal nodes. The equa-
tions are thenlsolved‘by an iterative scheme. Yen [38,39] modified the
above method, reducing computational effort by an integral factor.

While the above_methods are able.té find £he set of 1+s‘shortést"
.paths, for all sj# 1, Floyd [40], Shimbel [41] published a matrix pro-
cedure, based on the work 6f Warshall [42], to find‘the unconstrained
shorteét paths betweeﬁ all node pairs. Yen [43] reduced tﬁe aﬁount_of
computational effort by reﬁeéitive application of Dijkstré's algorithm.‘
Winograd and Hoffman.[44] sugéested a pseudomultipiication ﬁethod
through network par;itioningi' Hu [45], Land et al. [46], Mills [47];
taking advant;ge of.the loosely-connected nature of ﬁany 1érgé,o¥der'

networks, suggested a decomposition method which reduces the problem to

a set of problems of smaller size.
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When the shorfest path;is not available because of possible nét;
work restrictions, the second'shortest path is sought. Hoffman and
' Pavley [48] proposed a methéd to find'the second-best p;th bet%een'a
node pair by enumerating all of the possible deviation paths of the 
shortest path, -and by selectinghthe best to be the second shortest path.
Bellman and Kalaba's [50] fﬁnctional formulation is a generalizéd.
.expression. Dreyfué [51]-suggested a general expression for thé'kth :
best path: Based on the work of Mufty'[52] and Yen [53], Lawler;s
enumeratipﬁ method [54] for the kth best path is obviously more éffi—
cient.

Some of the unconstrained shortest path metﬁods.are presented in
the following section as they contribute to the solutipn of the ﬁroblem

in Section 1.3.

1.6 Some Solution Methods

~ 1.6.1 The Dynamic Programming Approach

The principle of optimality states that: _Whatever the initial
state and the initial Qecision are, the remaining decisions ﬁust con-
stitute aﬁ optimal policy with regard to the state resulting from the.
initial decision.

In finding the set of 1+s shortest paths, according to the
- principle of optimalit&,;if,the iﬁitial decision ié to take branch (t,s)

- to be the last branch in the l+s path, then the remaining portion of
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the path, namely, the 1+t path, must be the shortest 1+t path. The

system of equations

]

|7 |

5 minimum{d__ + lﬂtl}, for s # 1

t#s ts

(1-6-1-1)
0 s

|

thus.constitute a necessary condition for the set of path lengths'{!wsl};
to be optimal. In féct,,it is shown in Chapter II as a special case
;haf the solution to equation (1-6-1-1) is also unique, so that the
equation is indeed both a necessary and a sufficient conditiqn:for the
set.{]ﬂsl} to be the shortest 1*s path lengths.

Although these equationé are interlinked in such a fashion that
they cannot be.solved recursiyely,.they may be solvea by defiﬂing a new

sequehqe {stl(k)} in the following iterative scheme,

1ﬂll(0) =d, , fors # 1
s 1s
(1-6-1-2)
Iy 1€ =0
and
]“SI(k+l) = minimum{dgs + iﬁtl(k)}, for s # 1
g (1-6-1-3)
Iﬂll = O '

for k=0, 1, ... Then the sequence'{lﬁsl(k)} converges in a monoton-
ically decreasing fashion to the sequence'{lwsl} as k»w, In fact, 'k

need never be determined beypnd the value n-2. Observe that, fo? s # 1,
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l"él(l) i mi:imum{dts * '"t'm)} Zdie T l“s'(o) ‘ (1-6-1-4),
] . .

since t = 1 is an admissible .choice; and that

(2) o s Wy L - 0y
I"SI { mlz;zum{dts + |“t| } f_élzizum{dts + |ﬂtl. }
= lﬂsl(l) - (1-6-1-5)

Hence, by induction, the sequence'{|ns|(k>} is such that Iﬂsl(k) <
|-nS|(k'1) for k > 1 and s # 1.

From equation (1-6~1-1), the shortest I>s path length is

]1Ts| = minimtﬁn{dts + ]wtl} < dy = I."SI (0) | - (1-6-1-6)
t#s
and
o L (0)
Iv | = minimum{d__ + |=v_|} < minimum{d__ + |r |1
s Ctfs 8 t t#s ts €
= [ns|(l), for s # 1 e - (1-6-1-7) .
Through induction, the-séquence'{lﬂsl(k)}
m 1O > Ja | D s [ |92 ] " (1-6-1-8)

The fact that the sequence in equation‘(1—6—l—3) will terminate for

k < n-2 follows from the fact that [ﬂsf(k> is the shortest l»s path
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that is restricted to contain at most kt+l branches, and there can be at

most n-1 branches in any loopless path.+

1.6.2 Dijkstra's Method

In essence, this method is an extension of the dynamic programming

formulation when the branch lengths of the network are nonnegative.

DEFINITION 1.1, The a-restricted shortest 1+s path; denoted as
ﬂs,a’ is the shortest 1+s path.-of which the intermediate nodes afe
restricted to be members of a nonnull subsgt o0 of V={1, 2, ..., n}.
Node 1 is an essential member of a, |

Again, a set of equatiomns that governs the a-restricted shortest

1+s paths are found by the application of the principle of optimality. - .

' ' t
v | = minimum{d,__ + |7 |}, for s # 1
5,0 tés, tea T SLIS ' |
L = (1~6-2-1)
I“l,al - O ' . .

~The only way that equation (1-6-2-1) differs from -equation (116-1—;)
is the restriction that the minimization operation is now taken over a
subset o of V, 1In other words, when o = V, the two equations become

equal.

+A'loop with negative length would be detected if convergence is
not attained for k = n-2. ' :

++The subset o may or may not contain s.
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Dijkstra's method is a direct consequence of the foliowiﬁg theorem:

Theorem 1.1 Given a nonnull proper subset o of the set of nodes
Vv =‘{1, 2, veuy T}, whére node 1 is an essential member, and that

] = ]wsf for all s € a, then there exists a node, say B, B.¢ o,

LA
such that IﬁB al = [ﬁBl. Also, B is the node that satisfies -
’ . . R
IﬁB,al = mznémzmlw 3“' _ (1-6-2-2)

Assertion 1.1 If o5 O =} %o then lﬂs’a | <

, are subsets of V, and «

1
_st,azl'for all s # 1.

Lemma 1.1 For any subset 0y of V, if d € a5 then [wq [ = |

Proof. From the last assertion we have |m | < |n |
T qso‘l - q,al-q
1f, however, the path o contains the node q as one of .its inter-
H) l ) .
mediate nodes, then w_- can be expressed as a concatenation of w’
,Otl . . q’al-q

and some loop containing node q. Since the branch lengths are non-~

negative, the loop is of nonnegative length, and it must follow that

{r | > |= _ |+ The conclusion is that |w | = | -
q’d'l q’al q . q,(!l' cllsal q

" Lemma 1.2 TFor any node T wherelfﬁ o, and a node q, q # r, then

nq’al} {_ ;1—§—2-3)_

+ |

|wr’& U ql = minimum{lwr,al, dqr

Proof. According to equation (1-6~2-1),
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Iﬂr | = minimum {d__ + |m |}
- 20 4 t#r,t o q Fr t,a g
= minimum{minimum{d__ + |7 [}, a _+ |=n |}
tr t,aq qr q,% g
tfr,t o (1-6-2-4)
By the definition of o, and that t «, th,a ql = ]nt, =_]wt,d,§ this -

with the result of Lemma 1.2 reduces equation (1-6-2-4) to.

™ a gl =.minimum{Zigfﬁu2{dtr *lmg ol dqr'+ I7g,al?
= minimumflﬂr,aJ,.dqr + lwq’al} T (1-6-2-5)

Proof of Theorem 1.1.
Let ¥, p, and q be distinct nodes not belonging to the subset a.

Extending the result of Lemma 1.2, equétioﬁ_(l—6—2*5x is

ninimum{minimum{d _ + |

ea+ |

|7 = 0 : T s
r,q.q P tér,t o tr t,o q.p qr q,0 q p
Idp? + lnp’a . Pl}
= minimum{|ﬂr;a|, dqr + Iﬂq,a p|, dpr + Iﬂp,a ql}
=\miﬁimuﬁ{|fr’a|, dr * [wq;al, dp+d ¥ lwp,;l,
d* lnp’&l, dr* dep +.[nq’a|} , C ‘1—6—2-6)

By induction, if Q is the set such that Q = V-a s'{zl,,zz, cees zm},

then
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Inr,a U Q| B ITfrl - ?i?gmzm{lﬁr,al’ lwl.,al f‘;ength of any lj;r
j } '
path through the set Q} B (1-6-2-7) :

The node r has been arbitrarily chosen. Instead, let r be the node

such that

Iﬂr,al = m1n1mum[ﬂq’d| " ' (1-6-2-8)
¢ '
Because the branch lengths are nonnegative, so is any 2j+r path length,

and equation (1-6-2-7) becomes
o] =

and B of equation (1-6-2-2) is‘equal to r.

'Equations.(1~6—2r2) and (l—é-é-Ej automatically suggest an algorithm
to find the set of unconstrained shortest 1+s paths: Given the set a,
and the a-restricted 1+s paths, a new mémber of ‘o, node B, can be found
by equation (1-6~2-2). -With this node B, thé set of (auB)-restricted
shortest 1+s paths for all s!ﬁ aUB can be foupd by equation (1-6-2-3).
Since B is a new_membe? of o, ayB feplaces o. New members of o can then

be found by repetitive application of the procedure until o becomes V.

Dijkstra's Algorithm

Step 1. @ = {1%, k=1, ,”r,a, =d; ., for r # 1.
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" Step 2. Find Bk, where Bk ¢ o, such that

lﬂ _l = minimumlﬂ ]._.
Bk,a r ¢ o ]:.',OL

Step 3. o = UUBk. If a# V, go to”Stepjé; otherwise terminate.

Step 4.  For all r_¢ o

v | = minimum{|n
r,a T,0~

Let k = k+l. Return to Step 2.

The computation requires n? comparisons and n2/2 additions, while
the dynamic programming method mentioned before réquires op to n
comparisons and additions. Dijkstra's method is fhe most éffioient
method developed so far.

A combinatofial algoritﬁm for the oonstrained shortsst psth which
is similar to the rstionale of Dijkstra's.method is presented in

Chapter III,

1.6.3 The Matrix Method

The matrix.method.originated by Warshali and presented in an
algorlthmlc form by Floyd, is most elegant in that it is slmole to
progfsm and shortest paths between all node pairs are found 51multan—

eously.

‘Let ﬂg . denote the shortest i+j path subject to the condition
’ : ' - .

1,]

that it may only pass through nodes 1, 2, ;ﬁ., k. _ﬁq .- is the branch
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(i,3), if it exists;.ofherwise a large value is assigned for the path.
length.

Again the principle of optimality asserts that given the set of

optimal i>j paths ﬂ? 3 then WF+% must be either equal to w? . or

’ 1,3 i ’
+1

‘and wk- .. Since if.ﬂk . does

equal to the concatenation of ﬂ% Kk, 3 i,

i, k1l

not contain node k+l, ﬂ%+% must equal wk .3 if ﬂ% % contains node k+1,
1,] i,] 1,]

the portion of i*j path from i to k+l must be the shortest path, and

the other portion of i>j path from ktl to j must also be the shortest

path.

The matrix algorithm starts with Iﬂg jl = dij' . The minimization
- E ] . -~

|w§+§l |+ [« [y (1-6-3-1)

= minimuﬁ{]ﬂk 1 k
i ? k+1,]

30 1T ek

is in effect. for all i,j # ktl.
Equation (1-6-3-1) is pérformed for k=0, 1, ..., n=-3. ' The set

of shortest i-j paths is obtained when k = n-3.

" 1.6.4 Observations

The methods préseﬁted in this section to ‘find thé unconstrained
shortest paths‘are efficient and easy to program; moreover, from these
methods, constrained shortest path algorithms to sélve the pfoblem in
Section 1.3 may be derived as an extension.

fhe dynaﬁic pfogramming ﬁethbd finds the optimal pafhs through the

solution of a set of equations where the solution approach;, based on
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the sﬁortest paths that may_contain at-most k branches, is to generéte‘
the shortest paths that may contain k+l branches in an iterative mannér.
The matrix>method is similar in that, based on the shortést paths that
may contgin a subset of nodes as ihtermédiate nodes, the-shortesﬁ paths .
that may contain an additional inte;mediate_node are fognd_iteratively;
Dijkstra's method is. a labeliiﬁg scheme where'ﬁodes are labélléd in a'
sequeﬁtial manner. |

Lawler [54] suggested~§n=algoritﬁm that requires combutatioﬁal
effért in the ofder of kn3 to find the first k best pathé between a
given node pair. 'The method is essentially an enumeration type. Intui-
tively one may appl& the scheme to find the k+lth'best patﬁ if all of
the first k best paths fail to satisfy the patﬁ cost requirem¢nt.
However, no practical upper bound on the computatiénal effor£ can be

guaranteed, and the method is not recommended for further study.

1.7 Contribution of the Research

In this wofk the problem of coﬁstrained shortest,ﬁaths is.invésti-
gated. ‘Several exiséihg methods fo¥ the unconstrainéd shortéét path
problem from which ﬁossible'egtensions to the solution of the con-
strained shortésf ﬁath pfoblem are studied.

A set of necessary and sufficient coﬁditioﬁs for constrained
,shortesé paths_is first‘estaplished through an appliéation of the
principle of'opfiﬁality..'Tﬁo méthods of solviﬁg conéfrained shor;eég

!
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bath pfoblems are introduced, as briefly described in .the fbllowing'two
paragraphs. »

An iterative scheme to solve the set of equations for the case where
branch.costs are integer valued is presented first. This scheme‘is
extended to the case where branch costs may be any real values by using
discrete approximations; this results in suboptimal sslutions wherein
the degree of closeness to optimality is specified by a given error
bouﬁd. It is shown that the computational effort is inversely propor-
tional to this error bound.

"

The second solution method involves thé notion of stepping_costs""
which is intro@uced in this thesis to accelgrate_convergence of the
iterative scheme. As a resﬁlt, a combinatorial.algofithm is generated
wﬁich ioca;es the stepping édsfs'and the associated constrained shortest
paths in a sequential manner. No integér valued limitation for the
branch costs is required. If the number of stepping costs is mm, éhe~
computational effort (number of additions.br comparisons) is found to
be of the order of (mn)z. |

Certain optimal paths in probabilistic weighted netéorks-are found .
to be constrained shortest paths. The design of comppter networks may

be facilitated by a study of some constrained shortest paths. Applica-

tions in other .areas are presented through computational egamples;




CHAPTER II

. THE CONSTRAINED SHORTEST PATH

2.1 Introduction

There exists a wide variety of literature on the problem of finding
unconstrained shortest paths in networks. _Hoﬁever, in'practicé, one
may be interested ih-finding a shortest path Which, in a&di;ion to beiAg
shortest in length, satisfies certain requirements. In this chapter,
a particular kind of shortesp path, one for ﬁhich there is a ‘cost that
is defined as the sum'of the costs of the constituent branches and
that satisfies a given cost bound, is investigafed. We will cail éuch
an optimal path the cost constrained shortest path, or in short, the

constrained shortest path —-— optimal in the sense of being shortest

in path length while the path cost satisfies a cost bound. Furthermore,

if c represents the cost bound, the phrdse c~constrained shortest path

will denote suéh an optimal path.

2.2 The Constrained Shortest Path

_Given is a network in which each of the branches (i,j) is weighted
with tﬁe pair (aij,hij), where dij ané hij are, respéctively, the length
and the cost to traverse;the branch. Let fhe cost of a path be the
summation of the constitﬁent branch costs. fhen thé_problem is, given
a nonnegative real valué“gs the cost bound for any allowed path, find
the shorteét path from ééde i to node s, such that the path cost is no

¢

bigger than the cost bound.
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Iflﬂns R ﬂs s sees. T} is the set of I+s paths, and c the cost’
1 2 q . S
bound, the shortest 1+s path T that satisfies the cost bound is the

path with

length of m = minimum , '{length of = such that cost of
. : s,
je(l,2,..4,9) N
L < ¢} o (2-2-1)
3 » :

2.3 Solution Formulation

Define dtS to be the length of the branch.(t,s),
hts to be the cost of the branch (t,s5,
ws(c) to be the c—constrained shortest l;s path, and
Iw{ to be the length of the path T, |
Now consider thg particular case where the'terminal node of interest
is node Se If (t,s)-is the last branch‘in.the patﬁ ﬁs(c); wheré t # s, -
then the principle of optimalitylasserts that the optimél 1»>s path.must

be the union of the branch (t,s), and the (c-hﬁs)—constrained 1>t path

wt(c—hts). ws(c) can be written as

m () = m (e=h ) U (t,8) _— o (237D
and the length Ins(c)l of ﬂ;(c) is then

ENOIE lw-t<c—hté}-l"+ dig S (2-3-2)

Also,
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lns(c)l < lnj(c-hjs)l *+dy, for j $ t, hy e (2-3-3)

This situation is illustrated by the following figure:

Fig. 2.1. Concatenation of paths.

Note that equation (2-3-2) can also be true for t = 1. For under
this situation, the optimal 1+s path is simply the direct branch (1,s)
with length dls’ cost hls’ and nl(c—hls) being a trivial path from
node 1 to itself with zero path length.

The above arguments suggest the optimal 1+s path, for s # 1, can
be represented by the system of equatioms,

N i
Ins(c)l = minimum {dtS + Iﬂt(c—hts)l} (2-3-4)
t#s,htsfp

+ : : 0
In fact, without loss of generality, the condition hyg < ¢ can be
dropped, since any path with a negative cost bound does not exist, and
a very large value can be assigned for its length in computation.
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7 (@] =0 - | | -' (2-3-5)

The fact that lﬂs(c)l is a nonincreasing function of the cost bound

c.is expressed as the following inequality:

lﬂs(c)f f_lws(p')l, for cﬁ <ec ' : S | (2~3~6)

Equations (2-3-4) to (2-3-6) form a set of necessary conditions . -
that govern the n~1 shortest distance functions lﬁs(c)|}s in terms of

- the cost wvariable c.

2.4 Proof of Validity

In the previous sgction,.it has been shown that the set of optimal
path lengths satlsfy the necessary conditions (2-3-4) to (2-3-6). If
the solution of equatlons (2-3-4) to (2- 3-6) is unique, then it must
also be thg set of optimal path lengths. The proof of uniqueness of
the solution is given in the follow1ng.

_For a given cost varlable ¢, let {lw (c)l} {lﬂ (c)l} be two sets
" of solutiomns. Suppose'k is_the label where the finite difference
]ﬁi(c)] - ]ni(c)l aéhieves its maximum.. Then Jnk(c)l, Inz(c)] are both
finite valued, and there must be an r and s, where'r # k, s # k, with

the property that
|7 = Iﬂrﬁg-hrk)l T < I (emh )] g (2~4-1).
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*()l-l % h' |+ %
Ink c)| = ns(c— Sk) _-dsk f_ljr(c—hrk)l + drk (2-4-2)
From (2-4-1) and (2~4-2), the following iﬁequality‘is obtained:
% Sk ) !
|wk§c)| - lnk(c)l f_lﬂs(c-hsk)] —_l“s(c—hsk)l | . (2-4-3)

* * . : '
Since rwk(c)[ is finite, and [ﬂs(g—hsk)l, being the length of part"
of the optimal '1+k path, must be finite, too. Then there must be a

‘label p, p # kT, such that
% s _ E3 s ) . .
ENCONIENENC WL I W GRS

where c® 4 c-h ..
sk
Followingnarguments similar to the ones aBove; ﬁhe following

inequality is'iﬁ order,
| [ (cs)f - ] < |n (és—h )| - Iw*(cs;h )] " (2_4;5)
s L =P ps”! ''p ps
% g .
and Iﬂp(c —hps)| must also be finite. In accordance, a sequence of
distinct- labels s, P, ..., with the property that

—_— - * * '
me @] = Im@] < rg @] = |y @] < D] = |myeH] <...
(2-4-6)
can be found, where again cp 4 cs—hbs, and that the corresponding

costs form a nonincreasing sequence

+If P ='k3'the condition in (2-3-6) will be violated.
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c = C z_ C z__c - s aw . . ’ (2—4—7)

Eventually, the label 1 must occur in the .sequence so that differ-

ences in (2—4—6).remain finite, and (2-4-6) becomes

|m ()] - lv;z(c)l < fr (] - Iﬂ:<cs>l S 2 Iﬂ.l(c-l).l |
- Iw:(cl)l = 0 ” _ (2-4-8)

which shows that, for an arbitrary cost variable ¢, each finite member -
of the set of'{ﬁi(c)} is no greater than the corresponding member of the

s .
set {ni(c)}. We would like to show that the reverse is also true in the

following.
%
Similarly, let % be the label where]ni(c)l - Ini(c)[ achieves its

minimum. It can be found that there exists a sequence of inequalities

0= o< m @] = [ng@] < e < |1 @] = [m ()] < .ou =0
| (2-4-9)
- The above p;océdure establishes the fact that the corresponding
members of the.sets'{[wz(c)[}and {]ni(c)lj are of equal value, assuming
they are finite. | |
-To.complete the proof, suppose !wk(c)1 is of infinite value, while

X : *
Iw;(c)l is finite. From (2-3-4), Iwk(c)l can be expressed by
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* ' w .
jﬂi(é)] lﬂs<c_hsk)l.+ dSk = lﬂ:(cs_hps)] + dps + dsk

-

% 1 : _ )
+ + o+ + = :
ERC )l dp dogtdg =dy + e tdg

© (2-4-10)
But in -the same way, the right—hand side of (2-4~10) can.be an
expression for Ink(c)l having a finite value,‘which.leads to a contra-

diction of the infinite-value assumption.

2.5 The Stepping Costs'

Before the computational method is introduced in the ﬁexf section,
we would like to present some of the broperties of the constrained |
shortest paths of networks through the concept of "Sfepping Costs."

Let the set of 1+*s paths, 'denoted as {ns}, be divided into subsets
according to their path costs, so éhat L(c) ;é the sﬁbéet of 1-s paths.
the costs of which are equal to c. With this division of paths, the

c-constrained shortest l=-s path'ws(c) is then the one whose length

lﬁs(c)l satisfies

v ()] = minimem - {[n_ [} o ' (2-5-1) -
s WSEL(C'),C'jp B | ' .
which can be rewritten as
Ins(c)l = minimuﬁ{minimﬁﬁ{lns 1}, minimum . {13y (2-5-2)°
' : T €L (e) i WSQGL(C'),C'<c 51

i i
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2 (1,4) 4

(2,1) (3,1)
1,1)
|
1 (3,8) 3 (1,1) 5
Fig. 2.2. A five-node network with W,. =
ij
(di.’h.-)o
J 1]
7 (e) |
Im
6 L
LT
4 -
‘ < 75112
3 —1
N
I | | I l | 0
6 7 8 9 10 11

Fig. 2.3. Iﬂs(c)l of the five-node network in
Fig. 2.2.




30 »

To simplify notation, .define |7 | = minimum{lﬂsl};.(z—S—Q) is then -
sc i
Tg €L(c)
1

7@ = mpgmatle, ln@o b, @

which relates the c—~constrained shortest path to the.c'-constrained
shortest path.

It becomes onious that, thfough (2-5-3), Iﬂs(é)l is a non-
increasing piecéwiseylineér function of the cost variable c.

To illustrate, a five-node network is pfesented in Fig. 2.2,-with

|w5(c)| plotted in Fig. 2.3.

DEFINITION 2.1. Stepping costs are those costs for which an incre-

mental increase in cost results in a decrease in shofteét path length;
the corresponding path is called a stepping-cost path.

Fér example, in Fig. 2.3, the stepping costs are 6, 7, 9, and 11;
the 1-5 stepping-cost path at costvequai to 11 is the sequence of
brénches (1,2),'(2,3), (3,5).

. Property 1. At a stepping cost ¢, |TTS|co = ]WS(CO)|.
Property 2. TFor each finite constrained shortest path ﬂs(c),
there exists a stepping c&st S co < ¢, such that
IFslc B lmsgc)l'

For c being a stepping cost, the above statement‘ié trivially true.

If c is-not a gtepﬁing cést, by.Definition 2.1, the cost c', é' < ¢, is

such that ]ns(c')l = Iﬂs(c)l. The cost.c' can then be tés;ed to see if
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it is a.stepping cost. Since Iﬂs(c)l is finite, by (2—5—3),.eventﬁally
~ there must exist a.stepping cost C s such that lﬂslc = lns(co)l = L., =

o}

[ﬁs(c')[ = ]vs‘c)l.

2.6 The Constrained Shortest Path Algorithm

In ordér to provide a #omputationally efficient metﬁod for finding
the constrained shoftest path lengtﬁ, we shall assume the branch costs -
hts's are restricted to éssume only nonnegative integér values (Fof .
.less restriction, a nonﬁegative real unit can be used instead qf the
integer-valued restriction.) Accordingly, constrained shortésf paths
"with costs no bigger than a member of the set {0, 1, 2, ..., T}, denoted
-gs SI’ are of interest, where T represents the largest integer cost

bound.

Equatipns,(2—3—4) through (2-3-6) for c E,SI can now be rewritten

as
. . . (; .
” Ins(c)[ = minimum .{dts + Int(c—hts)lf, for s # 1 (2—6-1)
. © t#s,h,__<c ,
- . ts— .
7 (| =0 .  (2-6-2)
lws(c)[ f_lﬂs(c')l, for ¢' < ¢ . ‘ :~ (2—6—3)

First, comnsider a special case where all branch.costs are zero; the
constrained shortest paths will then become the unconstrained ones. The

set of unconstrained shortest paths can be found using the successive

+This assumption 1s removed in the next chapter.
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approximation method discussed in Chapter I, i.e.,

lnsl<°) =, for s # 1 | L (26-4)
(1) _ TSN s
Iﬂsl = ml:;Z??{dts + [ﬁtl }, :for.g # } . (2-6-5)

and iterates with 'k = 0, 1,.2, ...
A similar approach can be used for the general case. The algorithm
is described by the following steps.

Step 1. ¢ = 03 st(c—l)l = o, for s # 1.

Step 2. st(c)lgo) = Iﬂs(c—l)l, for s # 1; k = 0.

Stép 3. |m (c)[(k+l) = minimum - {d. + f?}, for s # 1, where
S t#s,h. <c '
ts—
D ® | _
Int(c)l , 1f htS =0

lﬂt(c-l)|,;if hg > O
Step 4. If lﬂs(;)](k+l) = st(c)|(k) for-gll s # 1, go to Step 5;
otherwise k = k+1, go to Stép 3. | »
Step 5. [ﬂs(c)Jl= lwé(c)|(k+1), for s # 1; if ¢ < T,'C = ct+l, go to
Step 23 otherwise stop.
Essentially, Step 2 tﬁrough Step 4 are the sa@ensuccessive approxij
mation scheme described in Chapter 1; except in Step 3, thé minimizing
operation is taken over.the set of shoftest path lengths with costs no

greater than c, c—l,'...,‘O, depending on the value hts;- The st(c)l's
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are found by.itefating on the'inner~loop of.éteps 2 through 4, ﬁntil'
thé ﬁaximum cost bound f is.rea;hed. Since the amount of cqmputétion in .
the inner 1oop‘is boun&ed'from.aﬁove by'ns, the total am&ﬁnt qf‘gompgta—
tion is béqndéd from abo§¢ by Tna. However, in general, there-are
':relétively.few branches with zero cost, an&'thg émount'of computatiqﬁ
is well under fns. In fact; it is quite often ﬁrue that éll brancﬁeé
have nonzero coéts? in which case Iﬂs(c)l can be found by two passes
on Step 3, and the computation is reduced to 2Tn2. |

The computation éssociated with (2~3~4) can often bé reduced by
observing that no finite'valuéd shortest 1*s path exists for cost less
than ?in hts’ éince if (t,s) is the last branch in the optimal péth,

s .

the path cost must be no less ;han the branch cqst hfs; and t can be
" any label othef’than s.- Thus, no finitg valued shortest paths exist
for cost lesslthan dmin 4 miﬁimum{min h, } = ﬁinimumTh "+« In Step 1

- ] I
: s t#s t,s,t#s
¢ can have Chin as its starting value. instead of zero.

2.7 The Extended Algorithm

The constrained shortest path proﬁlem analyzed '‘above falls short
of wide-range applicability in that the branch,costs.aré restricted fq
be integer-valued or to be multiples of some real ﬁnit, a reétriction_
which limits tﬂe applicability of the algprithm to a small subset of
physical system networks models. Hence, an effort is made in thié

section to determine if a compromise exists between the algorithm and
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the .network model. .It first séems:reaSOnableAto modify the algoritﬁm :
so-fhat thg integer—valued'brénch coét.fequirement is no longer .
necessary. Depending on‘how‘tﬁié is done, the combutatiénal'effort may
greatly increase, and the method may an offer an advaﬁtage over the
néive-path enumeration aﬁpfoach. So we turn our.attention.to the-
aspect of network ?emodeliné.

In essence; we ﬁill try to find suboptimal paths by solving for
thg constrained shortest path of an approximate netﬁdrk through Ehe
algdrithm described in the last secti§n. The degree of accuracy of
the approximation versus the amount of computational:effort will then
be discussed.

Let Ga denote a network that is similar to the original network G
for which the constrained shortest paths are required. Ga has the same
network structyre as that of G, i.e., the two networks (G,Ga) have the

. ) :
same set of nodes and the same set of branches., Also, each brarch of
e is associated with tﬁé same length as'that of G. The only differ-

ence between the two networks is, for each branch, the branch costs are

related by a multiplicative factor o, such that hzj = hij/a, where

o

ij’hi‘ are, respectively, the (i,j)th branch cost Ofnetwork.Ga,G.

Because of the similarity of the two networks, one tends to con-—
.jecture that the L-constrained shortest 1>s path of G is the same as

the (L/f)-constrained shortest 1+s.path of ¢%, 1In fact, this conjecture

f
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is true. The proof is straightforward and will be omitted.here. - The'
network c* is said to-be equivalent to-G.~
| Now let Ga be modified;ﬁlet the branch>cost hij'be ﬁaken as.a

truncated multiple of the unit &, so that hzj‘= &[hij/&i, where [.]
denotes the'largest integer not exceeding the value -. Ga,is no 1ongef
an equivalent network of G,'uniess, of course, the branch costs hij's
are integral muitiplies of a. However, if & is small, hi. 8 hij’ since
the truﬁcation error is bounded from above by the quantity o, which
approaches zero as o approaches zero. Ga.can then be»called an appfoki—
mate network of G.  With this multiplicity nature, the constrained
shortest path glgorithm is applicable to G , where the cost variable ¢
increments a unit o fo% each step of iteration. The constrained shortest.
paths of Gq are then a set of,sﬁboptimél paths of the ofigingl network G.

One would\observe that a largest common divisor exists for a set of
real values. When taken to be the cost increment o, c* becomes equi%a-
lent to G, and the subobtimal ﬁaths are therefore the optimal pafhé of
G. This choice of a appears plausible at first sight but falls short
of reaiity in that this valug of o could be so small that computétionél-
effort could-become formidably large.

In general, a s;arting unit size d would be chosen which results
in an ambﬁnt of computation well under a given bound. Then a decreaée

1

in the unit a.by an integral factor would be made and the procedufe
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repeated until either the computationallbouﬁd'is exceeded of satis-."'
factory suboptimal paths ar; obfained..

It remains to find tﬁe félafionship between the;unif and the
’approximation accuracy.‘ To‘facilitate this, a netwdéth, along with its
approximate -network Gl are shown in Fig. 2.4a and Fig. 2.4b, The.con-.
strained shortest.1+5 path lengths Iﬁs(c)|, ng(c)l of G, Gl, respec—
tively, are plotted in Fig. 2.4c.

First, observe that |wé(c)| is less than or equal to lws(cjl for
any cost variable c. This occurs because'soﬁe path-costs are reduced
through truncation, whereas no path costs are increased in G;

Secondly, for every stepping cost of Gl, the corresponding stepping
cost in network G occurs at a larger valﬁe of c. |

Due to discontinuities in the path length, it is not practical
to define the %ggree of approximation by the.amount éf'change in
shortest path lengths; instead, the amount of change §f path cost will»

be qsed.

DEFINITION 2.2 The degree of approximation, of the network G? to

G by truncating the branch cost of G to integral multiples of the unit
o, is the maximum decrease of the costs of paths which correspohd‘to

. " . a -
the set of stepping costs of G,

Let {c® } be the set of 1+s stepping costs 'in Ga,'{ws } be the
i ' . . “J3 _
corresponding set of 1+s paths, and'{cS } be the corresponding set of

i
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Fig. 2.4b. An approximate network G1
of G in Fig. 2.4a with unit metric.
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o

path costs in G. .We.denote,the'l+s.degree of approximation by Als'

© A

o .
1s 1s.accord;ng;y
AT s minimum{c_ - ¢ } : : ' (2—7—1)
1s Ty sj ‘ Sj .

If Ags is léss than a given error bound, thén c* is saidftd be within
satisfactory-accuracf as far as the constrained shor£est 1>s path is
concerned.

The extended algprithm is displayed as follows:
Step 1. Initialize ¢, €.
Step 2. Generate network Gé.

Step 3. Evaiuéte lﬂs l of ¢ through the constrained shortest path

. J . .
algorithm, for all s # 1, for ¢ = {0, &, 20, ..., a[r/a]}..

Step 4. Evaluate Ai = maximum{c_ - c* }.
s , 5. s,
' a J o d J
Step 5. If A’ < ¢, terminate; otherwise go to Step 6..

1s
Step 6. o = a/2; go to Step 2.

-
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2.8 Networks With.Several Cost Weights
Shortest path problems of networks with several cost weights are

natural extensions of the previously treated constrained shortest path

problem.
. . . 1 2 K
Suppose there are K nonnegative cost weights, h.., h. ., .., h..,
2 3L id - i
aséociatéd with each branch (j,i) of the network, so that the joint
weight W., of (j,i) can be written as W,, = (d Low? ‘.3- Y ).
ji g o ji Ji* “4i? 44 O

The problem is to find, for a given node pair and a set of cost bounds,

Tys Tos soes TK; such that the shortest path.w_satisfies

Ck(ﬂ) f_Tk, for k=1, 2, ..., K ‘278-1)

where
o m & I i | S © (2-8-2)
(j’i)eﬁ J : . .

is called the type k path cost.

’

Similar to the arguments for the constrained shoftest path of a
network with a single brénch'cost, let wi(cl, Chs wits cK)'denote the
_shorﬁest 1+i path such that the type k path cost is not greater than

the nonnegative value Clo k=1, 2, .;., K; ﬂi(cl,_cz, vens cK) then

is the solution of the following set of equatioms,

Ini(cl, Cos covs CK?|‘= @i?lmﬁm
. J#l,hji<c

‘___k, fOrk=l, 2, uuu,K

‘




- 1 2 R Ky
{dji o+ lTl‘j (Cl -hji, 02 hji, seay Ck - hji, seey CK - h.i)l},

for i #1 (2-8-3)

lwl(ci? cz,',..{ cK)| =0 (2-8-4)

In (cl, Cys ...; cK)| < |, (cl, c2 cees ci)l, for ci < €

k=1, 2, «e.y K _ (2-8-5)

Equations (2-8-3) fhroggh (2~8~5) express the shortest I*i path of
type k Path’COSt not greatér than y in terms qf'other sﬂortésf I3

paths of type k path cost not greater than ¢, , for k=1, 2, ..., K.

k’

Hence, if'the path costs assume only integer values, the constrained
shortest ﬁath algorithm can be applied in an iterative manner to find

T, (c

1° ©2° k

shown as follows:

ceis cK), for i # 1, for ¢, = {0, 1, 2, .44, Tk}, which is

Step i. ¢ = 0, for k=1, 2, coes K lﬂs(cl, Chs tses dK)] = if

there is'a ¢, <0, for-s # 1. Let k = 0.

. (k) _ . '
Step ii. Iﬂs(cl, Cys "".CK)I = lﬁs(cl—l, c2-1, e cKjl)l, for

s # 1.

= m1n1mum

I(k 1)
t#s h%sipj,for i=1,2,...,K

Step diid. Iﬂs(cl, cz,".;.,
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Step iv. If

for
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+ |m (cl is z—his, vy [(k)} for s # 1.

ts K ts

(k+1) _ (k)

l'"' (01’ c2’ '00-,C)l ITI' (C]_, CZ: ...,C)l

all s # 1, go to Step 1; otherwise k -‘k+l, return - to“

Step iii.

c +1, return to Step ii; otherwise go to

R < ' =
Step 1. If cK TK,'CK K
Step 2.
< . = = ' e,
Step 2. If -1 Tg-1® Ck-1 CK;1+1’ Cx 0, return to Step ii;

othe

Stép k. If ¢

K+1,

© Step K. If ¢

Step

rwise go to Step 3.

< . ] = .'=
Kelebl — K~kH+l’ SR-k+1 K—k+i+1’ ¢; = 0, for i =K,

eees K=k+2, return to Step ii; otherwise go to Step ktl.

1 < Tl’ ¢y = c1+l,.c2 = c3 = s0e = cK = (0, return to

ii; otherwise stop.

Essentially, the above steps form K do-loops with the resulting

computational effort being the order of Tan (assuming T = Ty E T, S

cee = TK), where n2 is the computational effort required in carrying

out Steps 3 and 4. An alternative solution is discussed in Chapter III.




CHAPTER IIT

THE COMBINATORIAL ALGORITHM

3.1 Introduction

.The constréined shortest path algorithm presentéd'in Chaptef'Ii is
an iterative scheme in which the cost Bound variable ¢ is incrémentéd
by é unit aé the end of each iteration‘wheré stepping cbété, if tﬁey
exist, aldng with thé.corresponding stepping~cost pa;hs are found. Thg
saﬁe émount of éomputatién, of order of n2, is needed.fsr‘each iteration.
'step without prior knowiédge of whether there exist any stepping costs
for the‘qufrent cost bound.

In this chapter, a éombinatorial approach is employed to locate
the stepping costs and ;He corresponding stepping—coét paths so that the
coét bound Qariéble may Ee increaséa té the value of ‘the next stepping
_cost, Hopefully, in doing this, we will have a more efficieﬁt algorithm

to solve the problem of Section 1.3.

3.2 The Immediate Stepping Cost

. ' & , .
Let cq denote the.j b 1*i stepping cost, and ﬂi denote the corre-

i
. .th e . 1 2
sponding j 1+i stepping-~cost path, so that c; < ¢y

< ve.yfori=1
g S ’

2, «..5 . By the definition of stepping cost, it is obvious.that
Iﬂil > IW§I> ... The situation is illustrated Ey the following nefworkf
and it; set‘of constréined shortest paths.

Define{ for all i, Ki to be ;he number of I+i stepping éogts-not

exceeding the current cost bound c.




1 (3,8) 3 (1,1) 5

Fig. 3.1. A five-node undirected network with wij & (d Eyh. )
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- For # 1, define the set of nodes Si to be

‘ K
A C 1 K (K) < |. 1 .
S, {k, such that ]ﬂk | + d s Iwi |, where K(k) 2K, is
the smallest integer satisfying the inéquality} : (3-2-1)

. %
and define the real constant c, to be

. o
c, a minimum{ci(k) + hk.}+ (3-2-2)
* k€S, LK : o

Assertion 3.1 If k is the last intermediate node on the (K.+15th 1+i
. K +1 K,+1 * ‘
stepping-cost path L » then the I»k path in wil is a stepping-cost

path.

K.+1 *

i 1
Lemma 3.1 c, <c,
—_— i - i

g .
attains its minimum value, so that

Proof.. Let k be the node where c£

" K(k) % RK(k) o . th . . -,
=c,. )+ + -
Cl +'hki <, Now L dki is a fea51ble.(Ki 1) I>i stepping
K,+1 )
179 K(k) _ *
cost path, so c; :-Ck .+ hki =c,.

DEFINITION 3.1. The immediate stepping cost (abbreviated as IMSC)

is the stepping cost that is not less than the current cost bound c,

having no other stepping cost between ¢ and IMSC.

t , * ' . e e -
In case Si is null, ¢, may be assigned an infinite value.
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The goal at this poiﬁt'is to find IMSC,Vand havé the cost bound
‘variable ‘¢ increased to this palpe, instead of having to use a step-by-
step cqmputatiqn. |
K.,+1 -

Assertion 3.2 IMSC = min ci1
’ i

3.3 The Combinatorial Theorem

. * . :
Theorem 3,1 IMSC = c. where r is the node such that -

%* L %
c. = mlnpmum cy . " . (3-3-1)
i
. K.+1
By the definition of IMSC, we have IMSC = min .t Moreover,
L O
from the result of Lemma 3.1, IMSC = min c¢,”  <minc, =c.. .It

: L%
remains to be proved that IMSC z_cr.

Lemma 3.2 If the immediate stepping cost is associated with a node,

say node i, and k is the last intermediate node on the (K, +l) 1+1i
K1+1 % :

stepping-cost path, thenlgG S 43 moreover, c, > ¢,

Proof. TFrom Assertion 3.1, the 12>k path in ﬂil is a stepping-cost

K
path. Let c, denote the cost of the 1+k path; then ¢ 2 ckkJ -
K.+1 K,+1
For if not, ¢ = ci1 T - hki f_cil IMSC, then by the definition

of IMSC, the l+k path must be a stepping cost path with stepping cost
' ‘K

not exceeding ckk which contradicts the ck > ck assumption. Now that

c §_ck , and that the 1>k path is a stepping—cbst path, by'the assump-

k
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tion of the . lémma and.the definition of Si’ k E'Si' Let K(k) .be the

k

-

integér'i_Kk such’ that ck'ﬂ ci‘kl. '
Accordingly,
K, +1 : oo .
- R _ K®) ., - * _ _
¢, = cp + hki = c .+ ﬁ AL _ | (3-3-2)

The rest of the proof of Theorem 3.1 becomes immediate after Lemma 3.2
is -established. - Assume the immediate.stepping cost is associated with -
a node, say node ij; then the definition of node r in the theorem state-

ment asserts that -

% . % % K{+1
c =min c, 5 ¢c. S cC,
r . i— 1— 1

= IMSG - C (3-3-3)
. o

3.4 The Combinatorial Algorithm

The results of the arguments presented so far can.be summarized

as follows:

1) No stepping cost exists between Fhev0pen.rea1 interval (c,IMSC)—-

by the definition of.IMSC.' So- that we can have ¢ advanced to the value

% ‘
IMSC ,  a value less than IMSC.

2) An immediate stepping cost .has been found with value. IMSC =
minimum{minimum{cK(k) + hki}}.

i kes.
_ i

A
S
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3) Since c, is.thé candidate:yalue for .the CK 1) .stepping-cost

K, +l *
as far as the algorithm is concerned we'may~let c, 1 =.-c, = minimum

ke€s
K(k) " hk 3

‘Rewrite  (3=2<=1), (3-2-2). for further .reference

g K . .
i 2 {k, .su¢h that Iwk(k)l +d g < |m,~|, where K(k) < K, is the

smallest integer satisfying the inequality} - (3-4=1)

L K@

c1 L= min;mum{ck k‘} (3-4-2)

and .define the minimizing last intermediate node i of S, such’ that

l K(l l K(k)

)] + dy gy = minimum I | + 4 L} (3-4-3)

K (k) K1+l

kES{,ck h, ;=c

Then
K.+1
IMSC = minimum c (3-4~4)
i

and IMSC is 'associated with the node, say node r, if r is such that

K-+1 .f K~¢l
c, = minimum ¢, (3-4-5)
i
and

| K(r )l + d = minimum {]wl* | + d

i, such that c =c (3-4-6)

The algorithm is a straightforward implementation of equations

’

(3-4-1) through (3-4-6) . ‘ {
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'Let'{wi} denote the 'set of unconstrained shortest paths of

the network, using any appropriate methods mentioned in Chapter I.

" Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Initialization.

Let I ='{2, 3, ..., n}, K = 1, [nl] =0, ¢ = 0.
. ‘ 0 K +1
For all i € I, let K, = 0, || = =, 8;= {1}, ¢ =Ny,

* * .
i =1, K(1) = 1.

Locate the node, r, with wﬁich the IMSC is associated. r is

such that
K+1 K,+1 f
crr = minimum c,
i€l
and
* .
Kyl KG9 . R (1%)
]nr L | + d sy = minimum , {lwi* | +q. 1
‘K.+1 K +1 i%i
PR S :
Ui r
Kr+l
If l'n‘r lilnrl,IfI—r.
A : .
If I = ¢ = null set, terminate.

For all nodes i,i # r, and r ;Zsi:
Kr+1' K,
i) If |nr | + d_; —-Iﬂi | go to Step 6; otherwise, go to ii.
ii) r € S, and further if
K +1 K41 - KAl K+l .

T 1 1 , T .
e + h ., < c. then c, = c -+ ., 1 =1
1i1) r Ti i ’ i “r . hrl’ ’

B * ‘
and K(i ) = Kr+l; or if
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Kr+l. - K, +1 K +1

iv) ¢ +h ,=c - ,and |r.° |+4
1 ) r r

% .
RK(i), - Lo
AL P L
* . %
then i . =1, and K(1 ) = Kr+l.‘

Step 6. 1) Kr = Kr+1; for all k € Sf’ if there exists a smallest

K
lwrxl, then k

. ’ K1
integer K1 f_Kk such that ]nk l + dkr <
‘remains in Sr’ K(k) = K1; otherwise Sr = Sr - k.
K_+1 '
i) o = minimum{clli.(k) + By )
kes
T
% . ' ‘
iii) r € S_ is such that for all k & S where cK(k> + h, . =
T ; r k kr
KA v@™ K (k)
et ., I’ﬂ‘r* | + d 4 2 Iwk | + d -

r
Step 7. Go to Step 2.
| Steps 2 through 6 forﬁ one sequence of.steps to find an immediate
stepping cost. - When the last stepping éost has béen found, the node is .
exempted from further consideration in Step 3. The élgorithm terminates
when all stepping costs have been found ~- when the set I.becomes pull,
and.essentially no nodes are.left to contribute to form another stepping
cost. Step 2 locates the.immediate stepping cost and evéluafes the
stepping-cost path iength. Step 5 updates the sets Si’ i# r, and the'
nominated last intermediate node i* for the (Ki+l)th 1»i stepping-cost
path., Step 6 updates the set Sr’ the nominated last . intermediate node

x .
r., and increments Kr'
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The computational effort is analyzéd as follows: -Step 2  requires
hléompariébns to.locate node r.' For each node i # r, four comparisoﬁs
are needed in Step 5. The computational effort in Step é depends on
the size of Kk where k € Sr' Assume there are at most m stepping égsts'
for each no@e k in Sr’ then stage 1 of'Steﬁ‘6 réquires'at'most nmfn
. comparisons, stage 2 requires at most n comparisons, and staée 3 |
requires at mos£ 2n comparisons: So the total number of comparisons
needed in finding one stepping cost is bounde@ from above by (9+m)n 2 nm.
Since there are at most nm stepping costs; the algorithm will terminate

with the maximum number of comparisons of the order of (nm)z.

3.5 A Comparison

The constrained shortest path algorithm of Chapter II for networks

. . : ‘o e 2 .
with integer-valued branch costs requires of the order of 2tn compari-

sons where T is the maximum value of the stepping costs. Since a stepping-

cost path may éonthintas.many as n-1 brancheé, if hméx is the maximum
value of the branch costs, then T is bounded above by nh_ - The éombi—
natorial algbrithm reqﬁires computational effort on fhe order of mzn2
where m is the averagé number of stepping costs for:each node. It is
obvious that both T and m depend on the network topology and‘on the
distribution of branch weights. Perhaps only thfough experience or

intuitive judgment can one prefer one method over the other.




s
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However, the combinatorial algorithm has a definite advantage over
the other in that no integer-type limitation is imposed, whereas only"

suboptimal paths are attainable by the constrained shortest path

- algorithm for networks with real branch costs.

The éqmputational effort of thé combingtorial algorithm is recorded
for complefe networks (networks with é'branch betﬁeen eﬁe?f distinct
node pair) of &ifferént sizes whose branch weights are genérafed by a
uniform randoﬁ number generating routiné With a maximum value of the
branch weights being 5. Thé average number of comparison operatiéns is
taken over § randomly generated networks of the same size. T;ble 3.1
contains the gomputatibnal effort of networks of starting ffom 14 nodes,

up to 21 nodes. The aﬁerage number of comparison opéxations over the

_theoretical upper bound is plotted in Fig. 3.3. ' ' '

The ratio is greater than one when the network size is less than 15.

_ This is because.the number of comparison operations associated with

indexing (which is included as part of the coﬁputer code but is not part.

- of the theoretical upper . bound) dominates when the number of stépping

costs is small, -The'rétio is a decreasing function of the network size
which indicaﬁes that the theoretical upper bound is génerally conserva-
tive as the network size increases. Since the networks are generated in

a random fashion, whereas the number of stepping costs depends on the

network topology and the branch weights, no attempt has been made fo

find the asymptotic value of the ratio.




Table 3.1. Computational Effort Using the Combinatorial Algofithm., I1 = number of compari-

sons required, I2 =

number of stepping costs, I1 = average of I1, I2 = average

of I2.
Run 14-node 15-node 16-node 17-node 18-node 20-node 21-node
No. 1 12 11 12 1l Iz I 12 . 11 I2 1 12 I 12
1 2481 40 3971 60 4563 62 6502 83 8153 101 12977 147 11337 119
2 2041 45 5484 . 81 5570 76 5170 68 9226 113 7764 88 13998 137
3 3999 65 4568 65 4912 66 6071 79 6790 85 9421 107 15160 156
4 3210 50 2992 44 4637 66 6314 83 6568 79 8388 91 10395 107 wn
P
5 3930 64 3812 57 4660 65 5228 70 5631 71 6774 . 76 12124 129
(T1,T2) 3312 53 4166 61 4868 67 5857 77 7274 90 9065 102 12603 130
L 1.015 .964 .956 .819

.890

. 804

.702
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3.6 Networks With Doubly-Labelled Branch Cost Weights

In this section shortest paths of networks where each branch (i,j)

1

149 h?., are treated. Let W,, =
J 1] 1]

has two associated cost weights, h
i
(dij ,hij ’

tion of stepping costs of networks with a single branch cost weight, a

hij) denote the joint weight of (i,j). Similar to the defini-

stepping cost for the present network is defined.

DEFINITION 3.2. (cl,cz) is a 171 stepping cost of networks with
doubly-labelled cost weights, if and only if ¢y and ¢,y are, respectively,

the type 1 and type 2 cost of a 1+i path, ni(cl,cz), and for any

T1
I2(I2 + 9)

\

14 15 16 17 18 19 20 21

Fig. 3.3. The computational effort vs. the number of nodes in the net-
work using the combinatorial algorithm.
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ci < ¢;, and cé_f Cyo if follows that

miCepse )| < Imiegseldl - 0 ‘» (3-6-1)
and that

7, Ceqaey)| < [m Cegsey) | S ' (3-6-2)

The associated.1l+*i. path, ﬂi(cl,cz) is called a 1+>i stepping-cost

path. Besides, cy énd.(cz,cl) are said to be associated with c¢.,, as

1

far as the stepping cost is concerned, and vice versa.

The combinatorial approach is to locate each stepping cost in a

-sequential manner such that the type 2 1+i costs.associated with'cl,

are to be located only when allici-associated.type_z 1+i'costs have

been located, for e! < ¢é..
0Cs 1° % o

- L 12 Ky

Let K. . be the number of type 1 1-+i costs 61, Ei, ooy ti

1i

where a nonnull number of associated type 2.1+i costs have been

éi be the number of 1ocated'type 2 costs associated
, K, (1) K, (1) |
with a type 1 cost e, s Kl(l) 5=Kli° 9

Kz(i)th type 2 cost associated with Kl(i), with Kz(i) 5-Kéi' In

located. .Lét K

And let c denote tﬁe

u 1 2 Ky
be the number of type 2 1-+i costs Cis Cos eess C

particular, let K 5

21
K. . ) ‘
associated with Eill. " Note that each of the terms Kz(i),QKéi; and

K,. . has no meaning by itself; a certain type 1 cost has to be

21
h

spedified.to make.it'meaniﬁgful. And let ni’k denote the Kt 1ri

<
\ N
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stepping~cost path associated with Ei. We assume that no.other . 1*i
- ' K. .
stepping cost exists with .its associated type 1 cost less than 8111;

and no other 1+>i stepping cost exists with its type 1 cost equal to
Kl. . ' K
5 +1 21

C; » and its type 2 cost less than ci .

The approach then is to locate the immediate stepping. cost which

is defined as follows.

DEFINITION 3.3.: -The immediate stepping cost (cl 2 ). is the

™’ 1M
stepping cost which is not in the set of located stepping costs, and

for which there is no other stepping cost, say (cl,cz), that satisfies

either
1
¢y < v
or
1 ' 2 -
= < :
cl CIM and c2 CIM

- Now define, for all i # 1, Iﬂi(c)l to be a function of c such that

K, (1),K,(1)
] b 3
|ﬂi(c)| 4 minimum ﬂ,l 2 l (3-6-3)
Ry DKy
R (1) - .
where c; , Kz(i) :-Kéi’ is the type 2 1+i cost associated with Kl(i)
such that

K_(i)" K. (i)+1
.c 6 [Clz ',Ciz ] .
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_Define, for all i # 1, the set of nodes Si’

s, 8 (K if there exists a smallest integer R (k) <K, and its
associated smallest integer Kz(k) E-Kék such that
K, (k),K. (k) K, (k) - : -
1Y% R Al S SO
]ﬂk | +dp; < Ini(ck + hy o) [} : (3-6-4)

Essentially, if k € Si; then k is a feasible last intermediate

K, (K) K, ()

Kk (k,i) is a possible next 1>i stepping

node.such that w

. . K. (k)
cost, with type 1 path cost & 1 + hk' and type 2 path cost
ck2 + hﬁi’ which satisifes (3-6-1) and (3-6-2). Kl(k) is chosen

to be the smallest possible so that the next 1*i stepping cost is of
~smallest type. 1 cost, and Kz(k) is the associated smallest possible
integer, such that the type 2 cost of the next 1»>i stepping cost is as

small as possible.

*

1i° €24 to be

Define for all i # 1, the values ¢

% K. (k) 1
cyy minimum{ék + Iy }
k€Si

(3-6-5)

* K,
c,; = minimum{c, + h;l (3-6-6)
kGSi

]

where the:above minimization is restricted by,

”Kl(k) + hl = c*
Cx ki 11
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* : .
and define i € Si to be the node such that

K (i%),K, (i%) K. (k),K, (k) ‘
L 2 + d = minimum{ |7 1 -2 | +a .}
i% , i*i €S Tk , : ki (3-6-7)
i . . .

i

where the minimization is restricted by,

aKl(k) el o

k ki = €14
and

K00 5

Cx ki = C2i

Hence, for all possible last intermediate nodes for the next 1+i

. . . *
stepping-cost path, CIi is the smallest possible type 1 path cost; Chss

. % . .
associated with c¢.., is the smallest possible type 2 path cost; and
1i _ _
% : .
i dis the minimizing last intermediate node to result in a next 1»i
. F ok & :
stepping cost (cli’CZi)' . ]

. % ) .
Assertion 3.3 If C1; T E.ll, then there exists a next l1»>i stepping.
' TR K, .+1

. ' . ®
th type 1 cost-Eill, and with type 2 cost s * §_c2i. 1f
e . . . A

cqg > éill then there exists a next I1+i stepping cost with type 1l cost
Kli+l . c* .

i — 1i

cost wi

c
: . % %
Define’ the node r, along with its associated clr‘and Cop? such
‘that
% %

iy = minimum{cli} | : C . ,(3—6—8)
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%

Cop = mlnimum* {czi} ' | ‘ “ (3—6—9)_
i’cli=clr ‘
and that .
K, (r%),K, (r%) : R (i%),K, (%)
mx 2 + d = minimum{ | 1 2 | + d,,
r#® r*r ni UL g% ' _ éi*i _
(3-6-10)

where the above minimization is restricted by,

L

* %
. =¢C
€11 1r
and
% *
c,. = ¢
2i 2r

By the above definition, r is the node Qith a possible next étepping
cﬁst of smaileét type 1 path cost. Andjﬁf all otﬁer_nodes-with a
possible next éteﬁping cost of the same type‘l path coét, the type 2
path cost éssociated.wihh node r is the smallest one. .Finally, pf all
other nodes Witﬁ the same possible stepping cost, the length of the
stepping—éost péth associated With.node r is the smallest one.

Shown in Fig.'BAais a 5-node network with its 15 paths listed
in Table 3.2, along witﬁ“the associated pagh lengths and both type 1
~and type 2lpaty costs., The J§5 stepping costs are shown in Fig.

3.4b. .
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(559, 53, .+9) £1:5,59,:3)

(.6,:5,.5)

(2:851,.5)

T~

(Dl SiD

(1.9,.5,0)

AL, i9:1:5)

edid; 255)

L8531, 0)

Fig. 3.4a. A 5-node network with wji m e Sl M she iR































































































































































































































































































































































































































