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Abstract:
The following paper is a further application of the method of suc-cessive corrections. The analysis of
thin-walled cylindrical vessels is shown to be easily made by an application of the Hardy Cross
moment and shear distribution procedures.

The paper is divided into two sections. The first section consists of an analysis of thin-walled
cylindrical shells and flat-plate heeds Which is made by separating the membrane stresses from the
bending stresses. such a separation results in the deflection equation for thin-walled shells being
(Formula not captured by OCR) where r' is the membrane deflection, and the remainder of the
expression is deflection due to bending.

Tbe second auction of the paper shows the method and resulting ex- pression for the fixed-end
moments and shears, the carry-over factor and the distribution factors which are necessary for the
application of successive corrections.

Examples are worked by both methods to demonstrate the practicability of the method introduced. 
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i fh e  fo X lo tia g  paper i s  a  f u r th e r  8#g&i&atto% &£ t.$B ^netMS o f  

o e e a iw  eorre#Mhh&* $he a n a l g i a  e f  S ^ iM r ie a X  tre sse ls  i s

ehomi to be e a s ily  meae by m  aRplioetloa o f  the Bewgy Orow moment aiwl

sh ea r d i s t r ib u t i t e i  p rocedu res e

th e  paper i s  d iv id ed  IW o two soo tions*  file  f i r s t  -seo tio tt tionsis'bs 

o f  ah e*a& y*le-a# th lm ^aX led , c y H h d r io a l s im ile  m d  f la t-o p ia te  heed©

Which i s  made by separettog the  wmbraae ©.trossee item  the beading s tre sse s  

Suoh a separation  .result© in  the defleetjkoti equation fb r  I fh ia ^ a l le i  -QheiXs 

being

f a  (A% -soe Ba f  s in  B%) * e'*®58 (%  cos Be t  %.@ia B%) * -W

where r'* la the seabraae Heflsetioa^ aa i the remaiaier o f the expression 

is  deflectloB  #w  to  beaiiag,®'

9%e geeomi w e tlo *  o f  the ^ ap e r »hw» *#&*& resulting. #»" 

p re s s lo a  f o r  th e  f IgM m sai o m m ts  ##*  #**8*#  amrrymover f a o to f  ##* ' 

th e  H le tr lb u t io h  <% ot6r».iAW k o fH ng#eam $y A w  tW  a p p l io a t lo a  o f  ***»

c o s tiv e  c o rre c tio n ^ *

RmmglHe w o worked by b o #  to Hmoaotrate # o  pm otloabiilty"

o f  th e  w lfh o i Ia tro iuoo tljf
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Duping the Ba8$ years 3  gpoat aeal of l&tereet hae bee& abawa

in  mraepioal methods o f a n a ly sis , partlealG Ply fo r  engineoring ^w hlm # 

^hieh do not lead themsolvos readily to  rig id  matbe#ti@al analyela* %bl8 

IatO feat m e  a tn m le te d  ia  tb la  oooatry a ia o e t e n t ir e ly  by p r o fe sew  Bardy 

Crossd) Dho presented the  ptooedures fo r moment d is ty lM tio n , Snmerioal 

methods of bnalyel# had been weed before the presentation of th is  *@rk but 

a  nm  tren d „ o f accenting the physical ra th e r  than the mtheToatieal as* 

p a c ts , was introduced by th is  method*

The anm erioal methods o f  su ccessiv e  do fr a c tio n s  has no# been applied  

to  such en gin eerin g  f i e ld s  a s  hyarehlios» e le c t r ic i t y ,  vibr& tiona, thermo* 

dynamics and stress© a n a ly s is*  The wide use o f  the  method a ttest®  to  i t s  

pTsC tio a b llity«

This th e s is  Ie  a  fa r th er  a p p lica tio n  o f  th e  re la x a tio n  method* The 

eork Io based on th e  n&rdy Oroas methods o f  momenta and sh ear d ie tr lb a tio n  

and p ean lte  in  a  slm p liflG atlon  o f  th e conventional method o f  thl#*QaHed  

pressure vessel anclyals*

Tbs general equation fa r  tbo d e f le c t io n  a t  any p o in t in  & th in -w elled  

c y lin d r ic a l s h e l l  I s  found to be

v*eBK(A4 cos Ba » Bi sin  Ba) * cos Bs + 9% aln Ba) + r*

Dhere A,* %* 0& and %  are constants r ea u ltln g  from th e  s o lu t io n  o f  e  

d lf f o f e n t le l  equation , These constants are shown to  be dependent on ly  on 

th e manner o f  supporting the ends o f  th e  sh a ll*

(DlWdy Oroes* Analysis of Contlnuow Frames by D istribu tin i Fixed*B&a
!'tOSienta., Transactions A, 3«. B», M2<s, pp I a-ISS*'



The #oaveBtlo&a& m&tbed a f  g & w l# # # #  #gua%&e& th& aefle#*

tlo& a f  t&e # b # li.%* %&# Af i w  feBWa&a&x#m#b&Be a t tb@ joiaW , Biap# 

there e t  $e#et fob# aabaowa do&etao&e t& thee* aagreaeloaat. i t  1& aeeeaeefy 

to  equate Qlto t&e aomeat or dba&i&g# f@pe& &qg&t&&a0+ Tbie aea&e #%t #  

Ie aeoaeeaey to ao&ve ot laaet #&%& e&@B%t@aoog# agttatlobe* a%4 e&aea the 

reetraint 6& the a&e&l ie  aepe&Q##t o& %a etlff& ees of the reettoialo#  

^etaber I t  ia sebeesary to  oolvo those Ibur eqaotltme fbr each v e sse l.

By apply!## a r t i f i c i a l  ree ta a ta te  to #@ ea@s o f  th e  s h e l l  to  ollm* 

ln a te  any rotaM os o r  i e f i e c t lo #  o f  % #se peiatSs th ere la  only one s e t  o f  

boundary condition# fo r  a l l  sh e ila *  Thfe allm lnatga a major portion  o f  

the work from the aoltrblos* The w t t f l o l a l  r ea tea ln ts  are then resiowd W  

auooeealve' eorrootlone,.

In  th e  BBalyole @f w in * v e ile d  ey& lnaeieal a&aZla th e  membrane 

etreooea ore aaperatcd from the bending etreaoea*. This Ie neoeeaary elnoe 

the balancing o f  momente end Aheere Ie !n # p e n a # t o f the membrane atreacea,
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am&BBB op  ,CPPHLfma i a  w iw m i K D  m E B sm s v m m g

A t&&8*w«#Wi veaeal la (sew* t& which the **11 thleKaoe* Se 

mmll la  ee^eeleoa with the Qleoetey of the veeeel. %&e degree to w&ieh 

th la Goaaitloa m et he sa tis fied  le  mch th a t the woumptloo *» IKbe wait 

Btreoeea wlthia the m aterial, aeglectjkos tboee jpmdiiced by head lag* ere 

w ifoim  aaroae the longltadihal oroea^eotioa of the Treaeol -  caa be made 

w ith  l i t t l e  erro r»

A thia^wolled Bhellj free from the reotra ilin g  effect* of heada or 

etiffeim ra end abhjeoW  to an in teraal f la id  presmme, aa^ande. wifoaa&y 

1% the eaaial ana lOBgitudlaol direotio&s and tb@ atreoaeo Iadaaoa are 

uniformly diatr&Wt&a over any eroae-aeatioa*, Tbeae atreaaoe are the mem* 

braae atreaaeB ea& era t&@ major etmaao* to be ooBoMered la  a pre*mx%» 

vaeael a t  palate where the#* ere so aieeoat&Rultle** For iaateaee, & 

v e s s e l  w ith  a  a e a tr e l oarfaoo la  the form o f  8 epheee *&& w ith  m  dleooa* 

tiw&itle# 080b oa flvatoa o# ye&%f@e@ea jo late weaia have ao atreeaea 

o ther than moobrot* otveeaos# A eoay bubble Ie  a perfaot exasipl® o f  eaoh 

a atrea# state#

a. preaauro voaeel with a thia^welled ey llad rlee l sh e ll ouch a© i s  to

be ooaoidorod hero, Baat have a t  least one e&a elOGed* Obetber the Oloaape 

la  fomo# byhy&raalio pressor© and a juaetlo* with some other etraotwro 

or by a bead, & dlaeoatlaulty w ill oatet a t  the joint* Tbla dlecoat&awlty 

in the uniformity of the etm eturo w ill produoe ©haaria# aa& benaiag 

stresses which era not uniformly distributed over the loagltndiaal oress-

section .



For # e  agpllgatioa of Giicogeaivo I t  la  aeoeoeary to

eo aa ld o r th e  atreaaoB  1$) th e  Veeool a s  tioiagl mWbro&o o troooeo  pfoauceA by 

the iatoeaol flo ia  MWoew#* wpeeWOao* o& bend&ne etr&aeee pro@wee& by
I

r e s t  ra is in g  .rasienta and ehearo,

f)%STf%W%Q%9 * THe a& gaitw * o f  t&a W it  o treea  M tiB g on a lon g l*  

tu a ia e l oroao-oeotioa  o f  a oylin& rizzl v e s s e l  oabjoeteG to  m  in ter e a l  

f lu id  pres e w e  p Ie

S1. si JBJSl (a)
^  t

s&ere 8% I e  th e  u n it  o tr e ss  a e tin g  &@#&el to  th e  lo a g itn a in o l orosa- 

so o tio a , r  Io th e  m&iae o f  th e  v e s s e l  m a  t  la  the w all thiekaeoo*

The m gn itad o  o f  th e  u n it  Gtreoa a o t is g  oa a  tre&everee oroao-oeetiaa  

1# g iven  by th e  eXpreoolon

Sg i® C

where Ga i s  the w ait e treea  a c tin g  normal t o  th e tm nevoree eroae-oeetioa

OS the  v esse l*

Foe ooBVenie&oe th e a treesea  0% ao& 8%, w i l l  h erea fter  be referred  to 

as th e  elrou m feraatia l membrane e trea e  and the W g l W W l  mewbreae a treee  

reep eo tI v e ly *

9%B0R?%Tiam DQB TD KEBBBARB STRB03&8 ~  TbO membrane at****** found above 

e l l l  be ageompeaied by deformations o f the heads end s h e l l  o f  the v esse l*

In the hcade th e  s tr e s s e s  w i l l  produce a  chooge la  the diam eter a t the 

juaotloR with, the s h e ll*  Sbwevefa la  a v e s s e l  w ith  f l a t  heads ee *111 be 

oonaldefed h ere , th is  eba&ge w i l l  be n e g lig ib le  1% cwmparieoa w ith the
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oth er deformations nd asy be considered zero without Introducing any 

appreciab le errors# The deform ations o f  the s h e l l  co n s ist o f  an elon­

gation  In the lo n r ltu d ln o l d irec tio n  and a civ n e In the s h e l l  radius.

s the deformstlo n  In the lo n r ltu d ln o l d ir e c t io n  has no bearing on the 

work to fo llo w , i t  .ray be om itted < nd only the rad ia l d e fle c t io n  found.

■ m  -  The membrane s tr e s se s  

oot on d if f e r e n t ia l  p a r t ic le  o f  the cy llm lr lc  I s h e ll  in the manner shown 

In Figure I .  The X -axis and Y-axis represent the lon g itu d in a l and trans­

verse d irec tio n s  r esp e c tiv e ly  end the X -axis represento the d irection  

normal to the s h e l l  su rfa ce .

y o isa o n ’ e a t lo  2

c lrcu r fero n tin l d ir e c t io n .

I s o  by Young’ o Modulus

Figure I
S y  K 6 y

where #y i s  the u n it d lo to r tlo n  In the c ircu m feren tia l d ir e c tio n  produced 

by the s tr e s s  3 , , .  ,quoting th ese expressions end so lv in g  fo r  Qy g ives

Si -  uUpg eg ■ e&«  ̂—— I l«Pl
y s

o r , using the va lu es fo r  and G2 given by equations (a) and (b)



by l e t t i n g  AC bo th e  obengo IA th e  lm g tb  o f  th e  o irc w fw e m e e  o f  

th e  e b e l l  @a& # w o ti* g  tb e  b&ea&e 1% tbe . to & W  o f  tb *  a e t t t r e l  atw faoo o f

the sboll by Z^i i t  Ie st-Meat that

Bad

or

40 » S vrey » * %);

r*

v r* A "Hgi® *■ ft) * % .* *  6 4 * t (I )

Tble e%pre88ioA ia derived aalng the etreeeee defimod by oqw tW e 

(a) and (b) Abiob are baaed on the aeam&tlon. that the preeewe la  m l-  

formly Aiatributed Altbih the veeael, Eqtmtloa (I) muet therefore be 

lim ited to veasels with AAifotoi pressure diatrlbatioa*

m o m aim  n tm w xm  Aim D sFom ^Tiots

ns-TniBQTloli ^ Wesels enoh as storage tanks and ota&dplpee which oontala 

flu ids of rol&tlvely high desaltles have zmmbrme streeeea Ablob not only 

depend on the preeeore but also on the m oasr of atxpport of the vessel*. 

3br th is  reason i t  Ie not feasible to w rite a  geaerd equation for #@

q&OBge la  radius in  a vessel of th is  type* hereafter la  th is  paper when 

i t  is  desirable to ooaalder a vassal eoatalala# a ooa^mlform presewre, 

the ohange la  radius w ill be referred to as f(%) raiber thaa r%

BEfmzm agsozooBG m  o y im m c a L  a m w  * M em *  a  shows a



th tn -w a lle d  c y l in d r ic a l  

s h e l l  su b jec te d  to  an ex­

te r n a l ly  a p p lie d  bending 

moment o f  Q pound inches 

p e r u n i t  e re  le n g th  a t  

one end. Oince th e re  a re  

no d i r e c t  lo a d s , th i s  i s  a case o f  pure bending o f  the s h e l l .

The fo llow in g  a n a ly s is  w i l l  be confined to  & lo n g itu d in a l s tr ip  o f 

the  s h e l l  a u n i t  o re  le n g th  in  width and x u n ite  in  le n g th . This may be 

done s in c e  both the s h e l l  and the loading are sy  r  e t r i e  I  about the lon ­

g i tu d in a l  a x is .  This s t r i p  i s  shown in l ig u r e  3 . n a r b i t r a r y  d i f f e r ­

e n t ia l  length  dx, bounded in the unstressed  S V t e  by planes a and b and 

in  the s tressed  s t a t e  by p lan es  a* ami b f , Is rep resen ted  by the shaded 

a r e a s .

-1 3 -

H g u re  2

F igure  3
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The n o ta tto n  used in  the  d iscu ss io n  Is  as fo llo w s: 

u* = disnlnoem ent in  th e  X d ir e c t io n  

v = d is p la c e re n t in  th e  Y d ire c t io n  

e x a  u n i t  s t r a i n  in  th e  X d ir e c t io n  

Cy = u n i t  s t r a i n  in  th e  c irc u m fe re n tia l  d ir e c t io n

e yx= u n i t  s t r a i n  In  th e  X d ir e c t io n  caused by th e  c irc u m fe re n tia l  s t r e s s  

Ctx = u n i t  s t r a i n  in  the  X d ir e c t io n  caused by th e  bending s t r e s s e s  

Using th i s  n o ta t io n  i t  is  p o s s ib le  to  w rite  th e  e x p re ss io n  fo r  the

u n i t  s t r a in  in  the  c irc u m fe re n tia l d ire c t io n  a s

e -  rd#  -  ( r  -  v )M  .  % (c)
y rdj5 r

The d i f f e r e n t i a l  s e c t io n  dx i s  shown ag a in  in  F igure 4 . The plane 

c 'c "  i s  passed  p a r a l l e l  to  p lane  e 'a "  through the  In te r s e c t io n  o f  b 'b "  end 

th e  n e u tr a l  a x is .  The d is ta n c e  between p lanes c 'c "  and a 'a "  i s  then the  

o r ig in a l  le n g th  o f the  f i b e r s .  ssu n ln g  a p lane  c ro s s -s e c t io n  before  

bending w i l l  be a p lane c ro s s -s e c t io n  a f t e r  bending the f i n a l  len g th  o f

the  f ib e r s  i s  th e  d is ta n c e  

between p la n es  a ’a" and b 'b " .  

I t  is  then  e v id en t th a t  the  

change in  le n g th  o f  a f ib e r  i s  

th e  d is ta n c e  between p lan es  

b ’b" and c 'c "  measured a t  th e  

f i b e r .

Let y be th e  d is ta n c e  

from th e  n e u t r a l  a x is  to  any

f i b e r .  Then F igu re  4
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( d )

Using th e  fshyi convention  th c t d e fo r o tio n n  a re  p o s i t iv e  when they 

ln c ren ae  th e  le n g th  o f th e  p a r t ic le

ex e eyx * e tx

FYora P o isso n ’s R atio

eyX wXuey

and using  th e  v a lu es  given In eq u a tio n s  (c) and (d)

®x = "p + ^  (e)

I t  now becomes n ecessa ry  to  use ex p ress io n s  g iv ing  the s t r e s s e s  In 

t e r r a  o f  th e  s t r -  In s . C onsider th e  d i f f e r e n t i a l  volume shown In F igure 5 , 

w ith  s id e s  dx , dy and d z . «s b e fo re , l e t  Ux , Sy end S56 be the  u n it  s t r e s s e s  

and ex , e.. and ez be th e  u n i t  s t r a i n s ,  

where Gz end e z o re  the s t r e s s  end

the s t r  In  re s p e c tiv e ly  In th e  r a d ia l  

d ir e c t io n  nd the  o th e r  n o ta tio n s  

a re  na p rev io u s ly  used .

From th e  d e f in i t io n  of o ls so n ’s 

r a t i o  and o f  oung’ s modulus i t  Is  

p o s s ib le  to  w rite Figure 5

' ‘®X ” Gx — u(8y + Gz ) 

',O y =  G y  — U (G X  +  Gjg) 

”  S z  — U (G x  +  G y )



HWWet * 1$$. t&e -easfe o f  yli# stt-ess in  tb#

*4,15'̂

ra d ia l  direct;5-08. io  BefOj therefo re

SO^ m Ss, *■ # y

W

Solving W r &f tvwa exprssOioy, (g) and sutsStll/Uting # e  re s u l t  ing-

cxprecoioA into aquation (#)

^  Sig ^  '5*

■and solving for* Sjs #om expression If) and onbstittiting the resulting' 

expression i s  eqm tlon  Ig5

C* Sy %Sy)

Iiie preceding two expressions- een now he Solved f o r  Sx and Sy a@

The substitu tion c f  the value of &%, #voa in ogpraaslon (a) @n& the

value of @y given in egression  (d). r e s a l#  in

I t  la  of In terest to  not* that the etreae 8% AiatrlbateA aver the 

transverse 3%08$*8e#tio& o f the s h e ll 'Ie  atmilar in fora to  B treae-in a

( I )
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s tr e lg h t  he/;;:: subjected to  pure bendlnr an i that t ‘ie s tr e s s  Gy d is t r i ­

buted over the lo r  ltu d ln e l orosa-ooctlon  and actin g  tangent to the are 

o f  the s h e l l  I s  s im ila r  In fo r ;  to that o f  a curved beers subjected to pure 

bending.

ICAl ' r n  -  cince i t

Ie necessary  to know the va lu es o f  the res tra in in g  momenta and shears a t  

the d isco n tin u ity  i t  I s  necessary to fin d  expressions for these r e s tr a in ts .

The exp ression s must be fu n ction s o f  both merr.br̂ ae s tr e s se s  and bending

s tr e s s e s ,  "he e a s ie s t  fu n ction  to fin d  which Has th is  property Is the ? 

to ta l  d e f le c t io n .

Let V be the shearing force per u n it nrc length  a c tin g  perpendicular

to the s x l s , be the moment per u n it ere len gth  In the plane perpendleul r

to the radius end 1<0 be the normal force per u n it length a c tin g  perpen­

d icu lar 6 lag o f  the s h e l l  ee  shown In lig u re  6* By applying the

equations o f s t a t ic  equilibrium  to the d if fe r e n t ia l  s ec tio n  i t  i s  oo sslb le  

to <-et r e la t io n sh ip s  between th ese forces nd or on to .

The su! n tIon o f  the semento about the l e f t  end o f  the sec tio n  is

u n i t  a rc  le n g th

R

F igu re  6
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Qlsoe I t  Ie poeslble to  aegleet poROfa o f the dlffe&e&tlal hlghof 

then the f i r s t  w ithout IntrpdttOiag epprepiahSe'errors the equation oaa be 

w r i t te n  a s

T t, U )

th e  eumawtlon o f  th e  fcwoeo a n tin g  2# the  BeAlal A ire o tio n  #?&&

b a t  th e  eoot&pR $e #  W L t a r e  le a g tb  l a  ml&tb 88#

r  A0 # 1

Glaoa the un it ere length ie a m ll la  comparison, with the re&laa of 

the dhell, A# la  email and the difference Wteeea B l a ^  enA I* &e@* 

IigibleA By mklng aae of the tea foregoing etatemeate la  the equation 

fo r  the ew m tlon of the forces in the ra d ia l  S i w t i W

W

%be q lrcM ofa& ential fo ro a  3# a&a t h e  m m * #  &%ay he w r i t t e n  #8 

funotiona of the elrqumferentlel end &@ng&Wlaal at****** in  the folio#* 

lng manner

$0 5b
tVW' V4Jt

ByAy

S #
'I'

V t•A' Jvi



Where t  i s  t&g ebaU. &a& y  ie  &s aba*# la  Blguye 4 . By gala#

the vaiaea o f By aad' give# in- eag?r#aaieae (h) a## (I) onS performlnS 

the IadloateG iategre’tloae

F0 j» (i'5 ■

a  t& a»
#-= B f r ^ a e f '  <S - '

Since the term Feletad -only to the physical Aimea*

sio # e .» f the sh e ll ona is  a seaew e tit i t s  ycsistentie- to heading, i t  i s  

defined an the rigid ity"  and denoted by D, The#

M = B a#

Referring to Blgure 4 and making the assumption tha t d@ is  Gmail i t  

Is possible to write without introducing appreciable error

ten #  fe # e» -d#

$he#

and
$ “ S

■ a &  
K- » » B ? 0 * 6 e -$ * w *'* -a (a)

Differentiating tbi& eapreenlo# with respeot to x end making the 

substitution lndlcatod in  expression {j)

> H.i

Again I* la  ln tareetlag  to note the a W le r lty  of the sapreselone 

fo r the reeie tlag  moment aa# sheer In a  cylindrical she ll end the eapree*



s lo a s  fo r  th e  eorrospoyidiiag Q u a n titie s  % 6  e tr a lg h t  beam*

T m , ,B eM K m rn  # u i  J m # ^ m s p  #

d i f f o r e h t ia t in g  g ^ u a tio a  (S) and fm m  eK praaaion (k) fox'

j l  ' ' ' .Ax . . .  .

A * * Br

o r,, by OAtag th@ V eloe o f  ## g if e a  && gapree&i&a ( I )  e&8 rea rren g iH g  th e

te r s e

^  0

This te  ilie a tffera o tie l eqoatloB for the defiedtioix of e thin- 

mailed cylindrical sh e ll due to the restraining ssment %« The solution  

for th is agnation i s  a s'fo lio® ..

1st.

•'^‘P «  4B^Br*

Ir a

th a n

6  6 a ^ e*  a*&

e&&

B^eax ■}- r B % ^  ?» 8'

Srori th i s

a  ^  * B VSi. o r  *  B B ( "VT)

B it

•/I" «- ods 45° 'r i  s in  45° w 4 i



@ $ B(K t  I) or ^ B{*& *  I)

%@ Wl^otiOA At eay. #olat w y  thm  bo w lt to a  os

,  «  Aet s  • SB)* f  Be5*-® * M "  ♦  C8I-B -  tol® * Ba!8  -  iB)« . ■ ■

%be$e A, & @a& #  #&* arbitrary cowW ita? yaatoyleg th is  gives

V *  4 DeTlBG; * d43%(B6&B* + OaT#*:)

and egavertl&g t& the taigoaemetric Roam

V #  @B#  ̂ g; B% + {i&.*klDj 9&R D*

+  0*8% ^  q ; 022 + { i s  + #Q) A&& Bx

Bo® .by roplaolhg ik e  eomblhhtioae o f  Ootstahts appearihg abov^ by 

new arbitrary omataata t&@ defleotloa eqwstl&a fop the ease of pure 

bending a##eeP8 a&

v « oos B# + Sih Br) + @TBK(Q̂  gos BK * B& Sla BK) W

ab@re the eo&ata&te and % are Qayebdeat on the bobn&ary goa*

dltions o f  'bte sh ells

* I t  has previously

IbGmaB pointed out that the deflebtlon ,Qdr a %i%Mpetled vesse l can be 

thoW%t o f  a# a #e^ e#tl9a  A&e to IBbe mewhtwa.b'bMMMao ssperiaposed o& 

the defieotiob  oansed by bestrsin isg  w #sb ts a&& sheers% Ihe to ta l do*, 

f le c tlo b  OlT any p@l#$ ia  tha sh a ll then jus tb# sum of Ibbe deflaotlo#



■»2S"

oaueed by the ^aobraaee BtroseeB end the defleotlo# oeueea by beading, 

Lettlag T% b@ to ta l defleetloa, the egwatloa may be written aa

V̂ j w v  + r*

la  the ease o f  ttaifors preaaure* or m

v* *  f  + #(#)

l a  the ease o f  aos^ m ifon a  p ressu re»

3533 m%8# OF IBR&L IMMTE! PM THB SBTAt Dmi&OTlOH -  The she ll lesgth

has no e f f e c t  Ca th e  d e f le c t io n  due »  s,$ateene s t r e s s e s  ae can be seen 

by exorotalng oq,mticm (I )*

Honever9 th is  is  not so 1% the oaee of th e  deflection  due to bead* 

lag. since 2$ i s  measured along the  lo n g itu d in a l m is  of the sh e ll the 

deflec tion  is  a function of shell length# Gote that th e  f i r s t  te rn  to 

the righ t of th e  equation sign  in  equation (#) increases a s  the s h e ll  

length  increases,. I t  i s  apparent th a t i f  th e  deflection  is  not to  be* 

QOite unduly large 1% a sh e ll idhooe length approaches in fin ity  the con- 

s te n ts  Aji and Bj must be extremely stasli# Since those ĉonstants do not 

depend on the physical diwaeionB of the shell* I t  oon be concluded that 

the f i r s t  term may be neglected in sh e lls  of ordinary length without 

introducing appreciable error* Iiie l im itin g  value of BL is  approximately 

5*5 fo r  an e rro r o f le s s  then I  per cent#.

On the o th e r  hand, in  a  v e ry  s h o r t  s h e l l  a l l  o f  th e  c o n s ta n ts  must 

be sm all s in c e  th e  d e f le c t io n  can rea so n ab ly  he expected  to  be sm all* In  

such a  s h e l l  the f i r s t  term may account fo r  e  s ig n i f ic a n t  p o r t io n  o f  th e



d e f le c t io n  and may n o t be n e g le c te d .

In the succeed ing  d iscu ss io n s  long  s h e l l s  o r  s h o r t s h e l l s  w i l l  be 

r e fe r re d  to .  A long  s h e l l  w i l l  be d e fin ed  ae one whose t o t a l  d e f le c t io n  

la  given by

*•33»

v a  e""''*(Ci cos Bx + s in  Bx) + r * .................. ....  (4)

and a s h o r t  s h e l l  w i l l  be defined  a s  one whose d e f le c t io n  is  given by

v a e *(&! oos Bx + a ln  Bx) + e"*"x (C^ cos Be + s in  Bx) + r* . (5)

A-Tr-' A :• ’',y;K TO TUIBG  IB 1 1 . . T  ClBCT I K TIA DO -  The s t r e s s e s  due to  bend­

in g  in  H a t  c i r c u la r  heads may be found by co n sid e rin g  a f l a t  c i r c u la r  

p lo ts  w ith  e moment o f  ’Q pound Inches p e r  u n i t  a rc  le n g th  ap p lied  a t  th e  

edge. Ince both the load  and 

the  p la te  ore sym m etrical about 

the  c e n te r ,  th e  d e f le c t io n  o f  

e l l  p o in ts  e q u a lly  d i s t a n t  from 

th e  c e n te r  i s  the  same. This 

a llow s th e  a n a ly s is  to  be made 

on a d ia m e tr ic a l  s e c t io n .

l e t  the d e f le c t io n  o f  any 

p o in t on th e  n e u tra l  p lane  be F igure  7

denoted by w and th e  r a d i a l  d is ta n c e  o f th e  p o in t from the c e n te r  be de­

noted by r  - s  shown in  F igure  7 . Then assuming only em ail d e f le c t io n s ,  

the a lone a t  any p o in t in  th e  n e u tr a l  su r fa c e  may be w r it te n  vs

0 = — (n)
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' # #  l e t  toe the raS ius o f  om^zatare l a  the d la w tr lo a l  pla&e aad 

3?t toe the  I 'a llu s  o f eurvature aozmal to  1Qxe Slsmetaltoial plane* further^ 

assuming th a t fo r a small ohaage 40 i& the angle 0

Sr Sr arcs. Iesgtii SestorlbeS * r^S0

i t  i s  possible to write

i f  ”  = ~ S I  ■ ■ ia i

Sintoe the l in e  ato, when ro ta ted  about the I i s o  oto 9 describes a eoae 

I t  must be the  rad ius o f surra ta re  In  the plane normal to  the dlam etrleal 

Seotlons and
--**■*' 
ab es

Again ustouMng only sm all defleetitohs

r  d# 
ta a  0 #  0 v  45 ^ U*

o r
I I  #

* r 3 r

I f  the d e fle c tW  ef thto plate is  emdLl in oomparleou to %ie thlok* 

neaa t ,  %e assumption o #  too mads tha t the neutral plane of the plate la 

th e  to en tro id a l p la n s  and a s  in  th e  @*#e o f  e  toeam^ th e  u n i t  s t r a i n s  a re  

proportional to the diatsnoe from the oepter* Denoting the unit strain  in  

the rad ial direction toy e%, and the un it s tra in  in  the dlreqtlon normal to 

the radius as and le ttin g  y toe the distance from the center

r*
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BnS

By applying HookGt S I m  the  oaa no« be w it te B  as

a&d

#b@#e 8 ^  a&4 8^  ar@ th e  #&&t a tpeapa#  l a  # »  $ad#o& m s  @l#@UB#ep%a#$6&

( a ) .

& ly @ etlaw # eep e& tW ly «

Th* #B%t#w&*t*eee#@ %  the &aa& w * by reglaolng y la  the

©Opstiono a to y e  by t / 8*

it;siis%KiK%}.ta)&w%B!R8 ,a m  amBAAs m  mAT i m m  *  %@ r o a i s t i a e

menta m y  W  w  # o a e tio a$  o f  # *  e tro o a e s  hy  u a lag  th e  r e la t io a *

sbl%#

%be*e %  W  %&% swee th a  y e e le ttn g ; m em ate  a#t&a& %  t h e  e & y c W e re a tie l  

and r a d i a l  oroa$*8@0tlons reepectivs& y* 3 # b e tlt% tl8 8  e x p re ss io n s  (%) a&& 

(r) for the atreesee 8%, and 8% and i&tegaating* the momenta are fogad la  

terma o f the a w a tg a ’ee m

I
S

y  dy

and
t
2

.y
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where 5 Is  th e  f le x t t r a l  r x g t a i t ?  d e fin ed

A nw#@ oowenleaii form fo r t&eae siosentB &&y b$ had by anbatiituning 

the r e te e s  A>r t|ie  ou rfatu res s iv e a  in, eq u a llo to  (A) OskT (P ), ;S w

BbeerlAg fo rg e s  ^ e e e m t a c t  o n ly  on  th e  S i re W e r e n t l e l  oroee* 

e e o tlo n  sAd a re  o o % o ew  o f  % e IoaA * 1 # 1 &  tW  e lro n io r  aeoiilon o f  * * # #  

r  d iv id ed  by # 6  l o n g #  o f  th e  c ro a e - a e o t lw  o r

v h e re  ?  Ie  th e  e h e e r la g  fo ro e  p e r  u n i t  a r e  Z eagth  o f  th e  #*4w f#re@ 4# a t  

the point under ooaaideratlon.^ . x

W tSG Tiom  QF #W # OlROhMA BSAW .IW ) # % e  W l e e t W  Of

a f la t  eiraulap head under *  uniform fluid preeeuro m y W found by eon*

elder lug a p&*M@bep#& a llee  of the head $6 a%o%o In, Figure 8, Thera are:
no eheorlng foreee aetlug 6% the aiaea of @uoh a alioo duo to the eyin* 

m try  of the ali$* end the Wdlug* md e l l  o f the foreee' ehidh net on a 

o m ll olemont ore ehoua In the figure tlt&  the mtaMouo previously need*

l

* (6)

and

( f )

(8)
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-ipplying the eq u a tio n s  o f  s t a t i c  

e q u ilib riu m  to the  s e c t io n  and ta k in g  

O' e n ts  about p o in t c , assum ing thr t  

the angle i s  sm all

A “  ( L  ♦ - - r Clr)( r  + d r)d#  c r  dr

-  r  r  d0 -  Vt  d r 60 

+ (V ♦ 7^- dr) ( r  + d r)d 0  dr

V + f d r

;
* N

-u
> r

--------—
<- dr -»• 

&

y ~
•r----  r  —

t = H

+ p [r6 0  d r + r  + d r d r di « O

F ig u re  8

t
T

Py n e g le c tin g  d i f f e r e n t i a l  q u a n t i t ie s  o f  h igher o rd e r th'm  the f i r s t  

th i s  equation  becomes

;-'T d r ♦ r  ~ r  + 7 r  -  f-t  ■ O

The s u b s t i tu t io n  o f  th e  v a lu es  fo r  r  and given by equations (6) 

end (7) r iv e s  th e  d i f f e r e n t i a l  equation  fo r  th e  head d e f le c t io n  as

<=>

The eq uation  ra y  be so lved  by n o tin g  th e t  i t  can be w r i t te n  tie

d_
dr B I?1 i Ŝ1] SB JLE

2

and in t e r r a t i n g  to  g e t

.1 i - f r  ^L) r  d r '  d r 7

where i s  a c o n s ta n t o f in te g ra t io n  dependent on the  boundary condi­

t io n s  o f th e  pli t e .  m other in te g ra t io n  g iv e s



# 0  p iste  and i t s  IosQtng ease epmae^rtcal about' %e aeafef, 

the slope at: the deutet must toe seye,

i*> $  & SKS O “ Op

Zfttegsattng again» th e  QefleeMop. Is  given as

GTB ^ 4  ^Vf * 4-0# f » * * » * f * * * * (9)

# e r a  Og la  a eonata&t o f  ln teg n a tio a  M ke 0^«

^XAKPiai I  -  4  ppeseore t e a s e l  e e W n ta  o f  a th i»*w 6llea  ey lin Q rioa l s h e l l

80 l&obes 3& a&emeter* 80 taebea long* m& ^ ln c b  la  t a l l  thickness, ena
p

two circular f la t  bes&sIg inches In thickness* The internal pres&nre is  

50 pel. Watt the material of the aboil anQ beads ^opng*s moanins Is 

30 ,000,000 pel and Poieeo&'e ratio  i s  0 , # «  I t  Is W ireG  to  find the 

moments existing  a t  the joints*

Solutions

B% *  1*G4&6 - 

B ' *  M158&

BL *  80 X 1»199S s  28*166

Oince BL is  larger than S.& th is  Ie a long shell end the to ta l Ge*

flection , i s  given by equation (4) as



v s* O3 cog as * siQ. Bk) +

M e w l t ha t  the yadiel 6iatesa?tioR #  th e  iieads i s  n eg lig ib le , 

v w O %t K #: o» Ift the A eflectien eguatla.ft thea,? # ^ r f , Tm AoSlm*-- 

tion  1$ then

lr#e*Bx:('**%'+ el& Bz) t*!*

B iffersniila t ls g  th le  gives _

^  «e qea B% + a l a  W  *  a in  BK + doe 5%)

Beneting the rotation o f the s h e l l  at the jo in t s  inhere x -  0 as 0Bi

ana noting th a t 0^ & ^

The sedonh derivation  o f the defleetid ft equation gives

w *«- sin  Bx * cos Bx)

$fo\i denoting the moment a t  the ead of %e sh ell where % e  O by

denotlAg th e  f l e x u r a l  r i g i d i t y  o f  th e  s h e l l  ah B&, and em ploying equation

(B) n .
%  !sD&ta &3M)%)

IW  oons i  Coring th e  Mad th e fo llo w in g  aquntiona oan be w ritten



* 3 0 ,

idaere %  Geaotee th e  CLeaoraL pig& dity  o f  tb a  booGe.

lo ttin g  a be the mxWmx m@ltie ia  the heed* and &* the r&W lea 

of the heede a t  the jo la ta , a&d a#ply&ag axpaeeeLaa (a)

#1%
dw Sg
Gr 16D ^ 4 P

Denoting the moment La the rad ia l Glreetloa a t  the edge of the he&de 

by Rp #a& wing egnetioa (a)
p  g -T

#% *  + Bbj^&Db + *U

# o  four equations %» and Mp eoatala too onkaema eooBte a ts t  

Booever, by aasomiag * rig id  oon&eatloa Wteem the she ll and the heede 

I t  i& poeelhle to flag  one ceaataat la  te#B& of the other elnoe # *#(&* 

o r

th e n

-$- !DjJtI ■#* “' f ^ ^  +

131 “  r ‘

S ia e e  th e  j o i n t  m ast be i n  e q a ll ib r ig m

op

and oela&the value o f  is  found abo#



8BJB& ^ Cs + u} 4' ( l  -i- n)J

cmd so Ivi Sg fa t
*8 7 mrnB

%  * ............... " 8 D ^ ' T % ^ ^ r

T&$m&at&80 mgmaBts aea #9% be #eu%&$ Kbese ays* the Bomeat 3# 

the abe%l* the red ia l mao&at In' the bead m& th e  mom&a#

la  tbe bead* W e t l t a tW  the mla@ Ioet ^oaad Aw o, Iato the @#B*e#8io&

tor  Mp g iv es

sb^ f e i ' * * ”) - I 2 (s + 'l!%  S= (8  + %) SGaBa.+ 0^(1 * ?)
(X + d )]

and. f o t  the  o iro u W e re a t i a l  moment in  the  Jiead

# t  *  ~ %b) 16%
[ m l

1[1Q%
J S L 1 3 a ,  D  „ C l  -i- ti j aj

SDgBa + D%(1 + %;

jB e  wlv.ee■ o f the ooaataate to he applied to these equations are;

g. s . ■ g

D* *'

W a K  tbeae value# la  the aomahti eapr&ssloae above g iv e

, %L *  188 # .* ib ^ e e / la e b

%  * 189 # ~ looheB/iagh



*" A gyaa#)*# ?#*##&. ta  m6e of #%oel aolB*aa*a

*&$&* p* 0*2* ma % 6 80% 10^+ §* t&i#k* %&'lo%B**4 4d0G

ia  @ia&8##, I f  $b&Wt#z%a& B&aagwBe 1# 000 g*% eM the shall la  &#<* 

etm iaea agai&$t BMlal tra&alat&&& a t  th# #a&& hat igatherw ipa fpee* 

find the t#8&8ver*@ ahea# a t  the ahd#*

SoteM dtii

n e S itŝ w  * m ^ ’o^m r ” ms>ms ■ 

sBt » S s b la ^ i^ W k 8 ,
B * 0 ̂ 880

#  *  0.0984, .

B&* &kO&196

SL * 0+880 X 10 * 8,80

** ^  (8  * 0 ,2 3 ) *  0,0099098"
S .0# .% ..8 i* .m .

sShis Ih a ah03?t sh a ll and the aefle'-etion la defined hy

T SS e®K(Ag_ GQB The 4- B% SXE Bx) f  tiO'S W +  Bj, 3111 Bx) t  #

Qlaoa a l l  red ia l Sefleotion i s  pfevestea a t the- eado o f  the sh e ll 

the following two eguationa m f  he written

0 <* 4' Ol 4- ••

0 *  9 ^  008 BL A% +,G^L ai&.g& e + @*9L eg* $%, + a*BL gfa BL 4 ? '.m ,

fhe BQuation fo r  th e  moment- existing; in  th e  s h e l l  is



M * g m  m  t  %  60» W  + ooa Bx)e~Bx

81*8# th »  $b@ll 1# fp ee  t o  yot&t# a t  th e  9R&8f tb# m&mgata a t  tb&ee

point®  must %$ z e ro , m i

0 *

0 *  BD#e8&(»Ai 81* a ,  + aoa BK,) + 88B»B*8&(Q *&& #% *  ^  @oe % )

fh e re  a r e  now fo u r  eq aa tlg a e  # 0  four- unknown couotaute,.

rS e  oob,StE a ta i o re  # #  ■ -

A 4 .60». 8 . K . i  » : 6W% BL,Ap^ 
8 00# 8 B& * 8 OOeb 8 B& a  0*&@08&&00

%  -  ^ i -  ^ " W = O M

Q1 R .at B #o048®s%
*4 8 #06 B B& *  & 60#& & BL . *

04 A .# 0*000099088
* & 4&8 8 SL * 8 OoMb 8 BL

%@ etUBtion fo r  the Sraaararao #Wmr i s

V a  B b a P a ^ j^ ^ o o *  B% + s in  Ba) + % [699 BK *  a la  BK)?

>  {t m  Bx <4 S iu  Ac) ■¥ B^faea 6a + a la  Bxjj

At the ss,6 # # #  K M 0

V a  8BB ^  + 9% -t C& + 9&

* 8  K 388*38$ %0,08&@8 [*0*O0O2#X> * 0*000890083 ^ O+OO48&806

*  0*000090088]



404^

Xt aho&IW be th a t aiajoi1- pe^tidh. ■&$ th e *Ark Iw olireS  ta

t h le  Goiwt&oa i&  &a th e  A eteB w iaatloa o f  th e  a&pMBeieaa foe  th e  eoaetd& ta

A1, %* % %* rS e  e%$;ya8$ioa$ afopfO oem o-b ta insd by solving a

fourth PtSer aptetwiaent^
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DECTIOM  I I

-U C C  i  COTii '.C TIO l53 iL I l  O TO T i ' I L -  ..,L L E D  T L  C V M C l M

Ii1TTPOrLCTIOK -  In ■Die preeeed ing  a n a ly t ic a l  a n a ly s is  the  ends o f the  

s h e l l  ro ta te d  and t r a n e lu te d  a ira il taneoualy  in  going from tiie u n s tre sse d  

to  th e  s t r e s s e d  e q u ilib r iu m  c o a it lo n s . These ro ta t io n s  and t ra n s la t io n o  

were unknown and depended on the p h y s ica l p ro p e r tie s  of the s h e l l  and i t s  

r e s t r a in in g  members. Pecauae o f  th i s  i t  was necessary  to so lv e  the  

eq u a tio n s  fo r  the d e f le c t io n s  o f  th e  s h e l l  s im u ltan eo u sly  w ith those of 

i t s  r e s t r a in in g  members*

s i  p l l f l e d  a n a ly s is  can be made by anp ly ing  a r t i f i c i a l  r e s t r a i n t s  

s t  the ends o f  the  members to  p rev en t r o ta t io n  and t r a n s la t io n .  The de­

f le c t io n  o f  eoch o f th e  me fibers i s  then  known a t  a s u f f i c i e n t  number o f  

p o in ts  to  allow  the mo ien te  and sh e a rs  in  any ember to  be found inde­

pend en tly  o f  the o th e r  members. The a r t i f i c i a l  r e s t r a i n t s  can then be 

removed by on a p p lic a tio n  of th e  method o f su ccessiv e  c o r r e c t io n s .

T "  11 T:on Th UCC I '■ OCR-; CTiOLO -  F ig u re  9(a) Is  o diagram o f the 

lo n g itu d in a l  c ro s s -s e c t io n  o f  th e  n e u tra l  su rfa ce  o f an u n s tre sse d  p re s ­

su re  v e s s e l .  The p o in ts  a and b re p re se n t th e  jo in ts  between the s h e l l

F igu re  9



W  %be dbes# $&& #@8» va&eg& eo&j&eW  t o  aa W w

&al f l a i l  &e@w#wf8i e#a a r s a f ic la l  *&& # w w  *#%#&

ozwF (Of tm w A A tW  (Rf 3b* #>%&%&* % eee y e a tW e t*  care

yWMM* WW (A Sk $ W  # i l a  W S # a 8  #%e # t w r  #>&&# fK%4& TRtIWb IRhSk W  

m l& W  aeetr&tAte*

8t%@* t i^ y s a t m t a t a  are &9p&t8a #  # e  j # W  # 6  ao* to  m y  &&* 

m abe# ia*wS e&a#@ tb e  M a t m a t -  %* &a W  iw t W w w

#ML1 lbs* M a W W W t m w  a l l  o f  AW ms&Wra *% W  jW%A* IRio ama&t Ag 

« w a t  W  M# m a w t  o f  ohw » #h&0b w #  w A w w  oWL aosmme Ka a o l W  t&@ 

sfk*b&@,4*%M& & w*bt o&& tke f i &m#

%f IBtB y o o tm W a g  m a w t  Ga* xw aN A  A w  w e  o f  4W 3& W e oaf # o  

veeedL && #a#m s 0 (b ) ,  "Mb** # W  #&&1 b# etaM aalky m W osm aa* W a  

w W a a w e  %&&& omw# (Bat* 3 * S #  to  %o%e# tm tS l o ^ A l t W w  w W t t W o  are 

a g a ia '@*WwA* %& smwmte W e t W  -m m W e a t  W  # e t  o i l l  

dbamg#* SKGKi .W M K m W  m& W  #% w  WMMwAeg W%1 # e y  w e  o f  aqwl- 

w W W *  aa# ojpfioaW *% Mga* SSue oa&wat o f  aamest o W g e  &a ea@h mm* 

beep 9&1& be pawpo^lGaml M  th e  BtSfAteae o f  SM Ilwa eim o f  SM

W W W I  A w o w  Se *&& o f  W  rnmaww %&lt W  e q w l  W  W  w o w t  o f

SQKtSMMBGaL 2 8 8 W  3m8KK*f<H&t

ZMbBdHa w  a f  *a& 3&&8& W * e w  W A a fW W o A  w w  o f  th e

a m t e a l  B&ocae #  IKbe V a w A  M W o w  W t  W  tM  jW W #

W w a a a w w  o W L W eo w A y  a%W W a a& m w W  # # m t e  a t  W  rataW k  

#*&st* at dbeRge l a  t&a w A w w l A w a  *a#l% a# a t  W w a  aal&te i f  Way 

era a o t  t o  tm aata ta*  eoa si A w g a  M  Wa m a e m o l w o w  w # l # e d  a t  W e  

BdaaeeBt je i& ta  i f  th ey  ora a a t to  m te ta *  (EbIb) e W i t w a  ie  eBosa sat
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F iru re  10(a) which hao th e  r e s t r a in in g  moment removed from the  l e f t -  

hand end.

Although the  removal o f  Uie r e s t r a in in g  moiaent a t  one end Incresees 

the  r e s t r a i n t s  a t  the o th e r  end and a chen e in  the  sh ea r a t  th e  ro ta te d  

end, th e  changes e re  Elways l e s s  then th e  amount o f  r e s t r a i n t  removed 

end the v e s s e l  in  F ig u re  10(a) i s  n e a re r  to the c o n d itio n  o f  u n re s tra in e d  

e q u ilib r iu m  than th e  v e s s e l  in  F igure 9 (b ) •

V+aV V+AV

F igure 10

F igure 10(b) shown th e  v e s s e l  and i t s  r e s t r a i n t s  a f t e r  rem oval o f 

r e s t r a in in g  .am ents a t  b o th  th e  l e f t  and r i g h t  ends. The change In the  

r e s t r a i n t s  due to th ese  rem ovals i s  denoted byaV and tf '. The r e io v a l  

o f  the  r e s t r a i n t s  I s  accom plished by a llo w in g  the J o in t  to r o ta te  o r 

t r a n s la te  to i t s  e q u ilib riu m  p o s it io n  by app ly ing  fo rces  o r  moments equal 

in  m agnitude to the a r t i f i c i a l  r e s t r a in in g  fo rce s  o r  momenta, b u t o p p o s ite  

in  d i r e c t io n ,  a t  th e  p o in t o f  r e s t r a i n t .

The rem oval o f  a r e s t r a in in g  fo rc e  a t  a jo in t  causes a change in  

th e  d e f le c t io n  o f the  n e u tra l  p lane s does th e  rem oval o f  a r e s tr a in in g  

moment end c re a te s  a change in  the  r e s t r a in in g  moment a t  t h a t  jo in t  nd 

s  change in  the ro ta t io n  and d e f le c t io n  r e s t r a i n t s  a t  th e  a d ja c e n t jo in t s .
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A *  f{O H oaa %&, +  *i& BB& * 2# ,  * % *  @GB&)

+ f ( i ,H 8 (float m  m e  iBi, + 1% 9 & #  K  @&& %&'+ as # -  *&% a q

* o in b  %  w e  %& * a  #B& %&)

The oooeW tta  a m  oov eemlwatW as a  %  a  b/R* ** e/&#o&

Bti *  S/fflei

9#ot% 8# IKba jMsK;&*»8*w& BomeSo #  DW esGa at *  #  m d a? a  I  aa 

a* 4  BW ^KA tlealy W t  W W  @ qw #W  (Sf) W  BKRBKNbt Gd; a&y p e W  

t a  igbe aW &

8
S  *  8B & V * (*  A& ei&  Ra *  %  (me W

I- *aB%fSaF*%8s((%L a l e  Ba ^  % - w e  W  + 1)

%> M #



a #  f W  *  * D M O k  4 ( W

% % «  8#BP9^&{* A& Ota BI, + %  998 B&)

+ 3DafA**&(0& ei& BI, *  &1 *oe BU + . O M U

* 0 # | % g 0 ) *  *  %  1 ? ^ ^ + D f " W  * * (IG)

vhere

sx e « S ~ S i ,S S n  

f8  *

S m  V oloeo v f  Mua Z fwsel&aaa obGVe *3# # v m  t o  %a&&e I  o f  IWbo 

sgxpKM&aabg*

ap p llaaS laB  asp & W W k m  fp e o e w e  M eW W S& oa PWwooa # o  o% i#eW #aa # w  

th e  A m W u O  Qgaaawte, Sb* v a r ia b le  A W  i »  % # W W  l a  SM  W # W L  

%y W  #*- m O t #  SftwadL m #as*& o&  W o w w

m a * $ +  %)  *+ * * + * « + ,  # * * + - » ( W

mia&se? rm:.u%jin3 *  % #  a b e o r  @s « # , # i & t  1»  a  w a - ^ W W

o y lla W C v l g b e l l  I *  b? e%#a#Loa (#) a@

V a  I) TgSge



and tb* 408&itld%& %# Aaoe na tW e  wed for flag*

1*3 Sbe &oa*9ae, the aKswoaatoBa 3&r&&@flaad*8na aaeaee my

be obW%@& %qr w w  W  vnl&oe of the oaKotaste a* feaad i# the d&ei* 

instdboAai? t&* aPisKRafagsaS ysooiGMt b**mww»$<Ka»#

81& #

23% # eSa 3») + Q%(a&B % * @i& #x)7 *

eksap W #Ua$ #  tb@ ead % a* O Wmme
/■

m s #  #  *  m w f [&  # o )  + j%Lia&L]+ & ,  , .  » .  # # )

#a& the aWhewap a t tba *m& 3% ** & Ww%#

% %  ** * « 0 )  M* B& + BOl + *3& w ]  4 D

Idkwape a&a #*(&) daaete tbe # is 6  W 'ite.tW e e f  the WB##aa dm*

f  laetlcm at the mde % % O aW % ** & ##^M voay*

jSI%3SS±4S%3)J[%:Sa31_32%_lj%%<lJ3?GKRb

ZiksxwKwdswi a w r  a*i \ W g  #&&+

WKlloa eylW%̂ @e% xsW& mdw imtAxma ymwmte lo Amd by W w sttw W  

r* for $ (#  % %» e&we eomtlene* W b givm  Axp the A WHmd eMer

p m  «  <0 #  r$  ^  Rms*,? * , . * , # * » . * . , * »  (3»)

t w r  ^  #& # w ,  #»&!#*

Apimk ^ekI m y M Imi Kgr «eiw@ t w  m m tm te @# @*wi $m the derlvetw# 

of m w &  e%^rew$oa 1% %e abort eyMhdriW. sheit*
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Equation (S) gives

V = SDB̂e®8" £*• Â (cos Bz + sin Bz) + (cos Bz - sin BxjJ
f SBB̂e ^^(eos' Bz - sin Bk) 4- B3_(eos Bk •$- sin Bk) J + D f"? (k)

L ettin g , EES ĵ and be th e  fix e d -e n d  shears- a t  X= = O and x  = L 

r e s p e c t iv e ly

EES0; = S B #  A l + B i + Cl -t- D1J  -J- D f " '( 0 )

4  r F 1 + J « f ! «  + J b b

ESSli K 2BB^eBL [ -  A1 (cos BL 4- s in  BL) + IS1 (eos BL -  s in  BL)]

4- 2DB3e"BL[ci(.cos BL -  s in  BEL) + D1Ic o s  BL t  s in  -BL)] + D f ’”  (L)

= SDZp [ -  Jg f ( 0 )  ^ f(L ) * B f " ' ( U .( 1 9 )

= SDB4 5 [%  f(0 )  -  J1 £1121 + J6 f ( L) + J5 H A l J  4- D ,f"M0) (18)

-,Si BL

where
r  S s in k  SBL -  S s in , SBL 
j S "  co,bh SBL -J- ■ cos SBL -"B

4- Sinh BL cos BL -J 4 cosh BL s in  BL 
4S ”  cosh SHL + Cos SBL -  4'

The v a lu e s  o f  Jg and Jg may be found in  Table I  o f  th e  appendix,

BIXED^EBD SHEAR g ;  SHORT CYLIWDRIGAL TEKN-WALIED SHELLS SUBJECTED TO BNI-

EORM BBS38BBE DIgTBlSDTIOB -  In  th e  case o f  uniform  p re s su re  d is t r ib u t io n  

where th e  c o n stan t membrane d isp lacem ent i s  used in  p la ce  o f  the. g en e ra l . 

d isp lacem en t5 eq u a tio n s  ( 18) and (19) become ,

EES = SDB ^ 5  + r l  * * 8 * • * . i  t * ’ *



* % » f $e t wp A w  *  « w *

thib-walled Bbell caa be !BotmA by taelag t&@ equatloa for the

ABAeeIAOA o f  dtiob a ahell eBA ^aotag a  wait QKmeat a t oae aaA* Tbo 

momeat at IWbe other aa& le  thea tbe oerry-over factor or the

OMOimt of moment produced, at ®m esd by a m it  ohaage ia  the momeat at 

the other ea6.«

Siaoe the cmly load on the sh e ll i s  a un it heaSiag moineat at one end 

the msKibrettO terms are non,-Untisteet am#

v  ss cos Bs f  % ala  Be) 4 ©"^{O^ cos Bst u s ia  Br)

Using the boundary conditions th a t  v  #  O a t  & a 0 , I  a t  % # (3#

v  = 0 a t  K s- 1» im& 0 »  0 a t  r  * L3 th e  following equations can be w i t t e a

# #  m OBf m^^TW&BD OYLIMD^A;. OGBJEGTBD W

4' a  o

+ % 39& * %  8B# S» I

Q@@ % + il.cfSS' 9 ia  EL + @09 28* 4- s in  EL # O1

A l@ ^ 008  Bh
* s ih  Bh)

+ % A w a  m  
*  .» 8&* m )

. #  C # ^ {C C B  BL 
t  iela B&)

4  #
* s in  Bh)

#  0

As before l e t  the denominator o f  the constants be m end the 

Btors o f  Ci and % he Bi b, e end A* respeotivoly.,. then

s i «  m l  -  s in k  sm ,

a = H a sin% i>

b  «  <**%&;& + g*a %%& _ %

c  as 18 ela&81,

SSLd « *•! s in  BH, 4 e1



m e d o a e to a tB a e e :  (% *  o /m e o a  %  *  a /m , TM

GGbatitwtloa of tW e v a lu e a  i a #  tb&mmaa# eqaetioa

B *  BDSPe%&(*Ai d in  %  + %  &oa BL) + R O ^ e ^ O ^  e la  BL # B& gae BK.)

e e a u l te  l a  tb e  oa%)WM%r ta e iio r  being

. . . . . .  (m,
Tbe values Of 0 aye tabulated la Tablo II of tbo apnendlK,

^  oap, A m i #  ,&;%#& .mmo-a; ow m s  K coam  Ag s m  z m  o ?  ,& t o m  in m *

W\M>M .0TlIf@BI0At OIIIII, »» S ln ee  th e  n o ta tio n s  o f  a l l  "mestisens a t  the j o in t  

are take aeate, the ^le tribu tloa fee tore m y be eeloulated from th le  angle 

ohaage* f o f  t h i s  re a so n  i t  i s  a e o e s se ry .to  have th e  r e la t io n s h ip  between

Idbe ro tation  and the mmmt a t -the # 3  of the shell* This may tie aoae Tbgr 

assuming bonudary oondltlons o f if a  O a t  & # 0& # * I  a t  % = o$ and sol* 

v in g  for th e  moment created*

Slncte

V »  cos Bse •?' sin  1%)

and

$ P * S e ^  OjCcos Bx « sin Ux) $ BjCcos Bx * sin  Bsc)

the followiag equations my be written

O e  0% o r  Oj *  0 

on#

I  a  * I) D j I)? Djj = -  1/B



\

% ^  V {"-B-) ) #  4  %RB w ? f ( 88)

# h s  iBaotio? f&r ^ e m o m e b to  &t any jo i& t may % e# be ha#

iby oa lob la tlM g %be e f f e e t  e#  & s a t t a a g l e  dbeoga # a  th e  aam eat tn  th e  

jo la lb g  m&m&eya a&a #letr&b%tl%g tb&$ aom eat Mhbaleaoa in  th e  r e l a t i o n

a •?%.

.p

% 4  + *1

where £ Ss the siomeht # $ t r ib u t io a  fac to r  f e r  the member iM leatefi by 

th e  eab scrip t.»■

%&B&g&%Nm a*&B8B#oa&fm#LL * # e  b o m W y  Ooaait&oae fa r  th is  oaaemay

W ea t tip a s , # t % *  o, r  «  0$ at, x  & hi t  ■« Of a t  %# 0» pf * I ;  smct a t  

% # I ,  0 Kt o« IM s allows th e  f e l l W la^ eguatioas to be w ritten  <>,

* 0% *  O

A& + %  * d% + Bi s tg

Al*& 903 BL + BieBL *1% Q& + G%.a*9& # #  m  + G%eTBL #&% g&, #  O

AYeBt(ooa Bh 4 Bt&B&fQpa B& * G i s f ^ c a a  B i + B t e ^ o o e  Bh e e  
* e ia  EU * # ia  Bh) "  *  e&a EL) ^ a la  B&)

As before the  ooaeteata may ha eraln&tad by neing G etaraiasate^

L etting  in be th e  ieaoasiaetor and a , b , e m& G1 be W  a w e ra to ra  o f  

®ls ex wd. %  *eB#eatiT#Xy,



IU #  6 c o # , «f*' 0 <3# SBZf * 4

„ „ - L E j a f ea *  B

S

^ J U f M  ■

EHbMWJk * a/bt* % * % a a/% ^ a a W a f e *  tbe ex*

fo^ tit$ reaultisg mosimt at the jo iiit is  fo a #  as

M * 8B8̂ *B*(4A% gdaBar+ % (xxalBd + B D B ^ M  % e la  Ba -  D% cos Bx)

03?

3/WB ' # -d # o 4, fs o « «■ ■»' » * 4 * C )

Tbs &&#WW#@a feetora &p& f#%& w  Bo# lao# dbeila*

m g mFEOT cap A (8ANGB #  m m  # # »

WAjaam mimmiGAl, Ŝ rnLL + Ia f W W  tbe ow oge t& t&e ehcarlag forces 

@8%eea by bala& aw  .tbs %&&&&%& mmmte i t  i s  aeoaae&ry to kso* tbs 

dre&atiooe&lp W age# a W t  # W « t  o&e&g# aa& the csepespoaaiBg a&aaga 

ia  aB@ar* S&le aay be obW&ea by plaoiog a W t  mo&mt o& tbe e&& o# 

the v@ea@% ea& ea&vis# #g& 'tke,&eaattt%# 8b$*e* %b@ W m W y eo&a&t&a#* 

,&&& the»j> at *  «  0> t  «  0# ®8& a t  % #  Of M f e #

V * **BK(Ol 608 BX + Di * la  BK)



,a i r ,

an#

m a t#  S* f  ^  COa W

%, *  "*

asd th e  siiear 1$ ijhesi-

U* 65 S v. ■§• > « f -e. ■■* ( S4.)

SSEB mPSGT Olf A Tm* W B## OiSASKaB (%BI SWBSaf* B  A fSSOIKC 

c?LiaD ^^A l, WBU, *  8&&@B th e  e#a&tG*&e have a l r e a #  bee# evaluated: f o r  

a  u a it a#m#at; oheage ta  abort ehalla I t  la  eaey to 3%aa the relatloaebl# 

beteaati the ahear m $  someat* %# oohatahte ee found -lb the solatioh  

fo r the oarry^ovey facto r ahen eabattthted lafo the gqyatloh for the shear 

g iv e  - ' - -

Tj  ̂# e l*  8%  ^ e i h b a B b * * * * » * » W )

The T a la ee  o f  &  .a re  given, Ih  ^ h l e  11 o f  th e  appeh&ix*

W A im ;,^ m a m z o ^  a m ,! .  #  # »  abea# a i e t r i b u t w  # # . .

to r e  heW ee* e t  a  j o lo t  i f  l a  *e##aw *y  to  M o* bo* mob. the  a h e #

w i l l  Ohm )# * l th  a  %%*&$ M epW M W ht h lb o e  Al& mW A*» *111 d iep laoe, th e  

home ametmf*. Tble oaeo b aa  th e  hourdary  o o M lt la n e  o f  v  ^  I  a t  % #  p# 

and ((<* O . TbW  " ' ' '  '

Qj. A I



8B&

Vg ~ *- * 4 -i *' f> # » » * # .(-S05

TBs oe % . m s  .A

*  2a th e  c*e6 o f  s  w ait dle#leG@m8&t la  sh ort sh g lle

the bouadary om41ti-oae are Ir #  I  a t -sc m 0* ?  # @ &t z e  &, gf * O a t  

ji w O3f aaS #  s* 9 &t % #  Z * %om these; th e  egw atloae may he

w i t t e a

"t" Ojf 3,

A% + % * - 0l, + D & *O

%##, @9* % * 3%s B& + see *  f  ala. W * 9

A s e ^ ta o e  m , + %e9&(oae %  * %  * D ,6**&(ooe BL » 9
* a l a  BW + a ia B L )  " + 8 l* B W  - i d #  RU

Osiiig the Ssme BOt&tioa as before,

in .«s 8 ooah SSL + B ees SSL * 4  

a  & 603 g t^f ^  1%. BBL ** S

' b *  *e^B& + t #8 2# L + A laSB L

& *  g#BL + a&*, #%&'* 098 # & *  %

@8BL *  ^  9@8 BBL

Sieae VAlaaa for the -oowtaatA # m  iseil # 1 #  the e # # i q a  for the

sh e a r  g iW



T ooa 02? * s i s  t  B3J eios Bx ^ g l#  Bx)]

4 3l)Bve""  ̂jc^i ̂ oB Bx *• ala Sx) ^ D3Jqoa Es -> aia  Sx)]

# e  a t  *  *  O

V *  2D #  T-A3 + #% + 4% + % ,]

th e a  '

% = »  « b\  * • - * * ■ -  W )

$be vela## ## the qOaateat Kg, # e  @&v#a in Table II  of #@ agpeaA&a*

m iT  o m a m  .m  m u m  j # , o m  m s  o? # m  w m m  AT a e s#

a m m A a m . m # 3 @ a L s * m m # L @ m  -  » = » « v w n - o n *
f&qtg# in # e  qaee of a tiait traaelatiOA i s  ftofy aeoesaaMly tho same a a: 

tlie fo:j? a  tm it ro ta tio n  i t  1# amooaaar^ to have a means of

find ing  the  moment qhaage cauged by a  olmnga in  sheas?  ̂ -Foxi th is  case the 

bcuadany ooM itioss ays ^  O a t  x ^  0 , 0 * O a t  % # I*, ?  # I  a t  % a O9 

and. f  » o a t  x  #  &* This $lves the fo iton tng  foun aguet ions«-

A3 f  B3 » 03 f  D3 «- 0

-A3 + B3 * O3 + D3 %-gjggS-

A3S^L G@8 Bh + B3O ^  s la  Bh + €%**%& cos BL * D3S ^  e in  BL *  O

A g -g B & fa o s  %  ^  s in  B h )  +  B3C ^W o s B L  *  @1% D& )

^  O3C+̂ i c c a  Bls * s in  BL) + S3O ^ J  cos BL *• s lh  BI.) «  O

Using detewiBahta and the n o ta t io n  as  b e fo re

m =S 4 sin b  # L  + 4  s in  BBL

I ,»2BL *  Cos 8B& *  a la  BBL *  B)



Ii) '«± (e ta  SBi + cos a s t  •*

6 { 6 ^  + C08 8Z& + s in  SM, # 8)

* ont
4  * " g g #  (»  + s in  BBL » eos 8BL)

These v a ln s s  f o r  th e  c o n e te n ts  yhesi s t ih s t i tu te d  in to  th e  eq u a tio n  

fo r th e  Kioment a t  th e  @id x -  0 and th e  end & * I  re o p e e ti t re ly  give

t 008 BBL cosh ,,BBL
^  ^  @3(si% 8B& + e i n h % T  ^  W ? * * -* * » * o 4

and

< 9 # * s -W t ar

<28)

[SG)

Bie Talnoe of %  and %  ere tabu lated  in Table I I  of th e  appendix*

F n n w m i)  w:%vTa. mrwim m  w -.T  omoui^m m tm s * % a  f iz e d ^ m a

EidsieW' in a f la t  p late tsrhen need && the head of & cylindrical pressure 

v esse l can be found in a iaamer sim ilar to that need for the fixedness 

moments In the sh e l le The head frm a fixod-end shearing force however, 

which can be found muoh more simply then that of the sh e ll as i t  is  the 

tfiesbrone s tr e ss  transmitted to the sh e ll end given by

* ♦■ » o- », 4 » « <$t .  (30)oheorlng area ' ' ;8hvr S a

I f  the  t h l Ohnees o f  the head h is- replaced by the s h e l l  thickness t#

th is  w ill be recognised as the  long itud inal m e#m m  s tre s s  in  the shell= 

The deflec tion  is  given by the equation ' ■

w *s -*. Jil$2 ❖  eg



*§ii£w

b u t Ke ziSro # e a  y  i& e  m&tmqmw By I^ t tA s g  th e  radittA  o f  th e  v e s s e l  

b e * a t

O ■*'

o r

Thg S e d e e -tio a  eq ^ a tlo *  i s  thah

” ” 1.1% ‘  j Z T iF  •■• %

end since the Reflection, ia' aero Tahga r  = e

8# " "

o f
;Aj

The f i n a l  R e f le c tio n  e je c t io n  can no# bo w l t t e ^ a o .

- e f n

■end

The ^qm tiO ne  & r  th e  f  ix ea -sn d  toamente in  the p la te  are then given



4' 'tf' t' iff $ * i *• & Pr 6* * >. -d

t  . (313

* (0&)

where 3? 16 th e  araftius o f th e

€lSg0l»/iS jBBAD <* fh e  Sla W lb u t3,(?a f a e to ra  jfta? e f3 4 h S ^ laa l praastipe Weseels 

w ith  f l a t  heaSe Aqh b e  # ta l$ e &  by p la c in g  a  u n i t  a&g3,e ohewgo on then

jo in t  betwo&a th#  o b e l i  and th e  @#d to lv lh g  I b r  t h e . r e a u l t io g  ohapgo 

In  the ioomehte i'si the  p la te s  and the shell*  Blace Ih the ease o f  te a se ls  

w ith  f l a t  Ikeaae* th e  t m a s l a t i o a  o f  th e  j o i n t  i s  a e g i ig ib lo t  th e re  i s  no

sh ee r tilo 'bribut.M fi f a c to r ,

O ossitorlag  th e  p la te  wo have

Bar a r b itr a r ily  p lae lh g  a  # i t  r o ta tio n  a t the ea$e o f  the p la te  ea#  

s a in *  th#  same s o t a t l o w  a s  b e fo re

A ****»$

and

end



th e re fo re :

m fi

dgelga&t&ng t&@ f&e%wdL r ig id ity  o f t&e plate aa %  aaa w t W  

t&et t&e pre&BBBe i& &$#*, t&@ raau&tiag aamaata are* where r  Ie the

radius of the feeaeli

Mg SS 5»  S! ■* d « i  *■ ■* »  f  * ,  S *  f  ( 5 8 }

BfoesBBKp Diam im m w m ow m  m% maoma mtm ia m  o tw m ig m

SSBLia ABKD BLAf Im D S "» Tbememg&t d l  s W h u t le n  f a o to r  f  i e

4
fa  * y n g - '.

where M* daaotea the moment dwmeea by a m lt  angle (Change* Boy & long

shell by etuatioh (SiB)

Bi* s* 8DB

and fo r a f la t  p late head by equation ■ ($&}

• tey ta Mt 43 ■ $>h XlwAlSl

then denoting the distribution  faotor for tbe e W l  by and the d ls tri*  

button faotor for momenta 1% the heed Jba the radial said taogeatial dtrao- 

lions by and raapaotlvoly

S e i I T B t I  i ' "  (Mh

*  8 ^  '



"d * * * * % * t & P *

■ ajid
I- 4- tx)

£yf, A- ^  # * .<, # e, t * » . , (SG)

Tb@aa m%uaK$#%*A #<m, IuvayteA  g ty #  a  aim pley eoWAo& <$"

(3 4 a )^

'9 ,  (08%)

l a  tW  fo reg o in g  ex p rese lo n s  W l  %  demote th e  f l e x u r a l  r i g i d i t y  

,o f the shell, said head yaspeotiveXsv

BDBBW? DimiiBUTiQB m o # B 8 ?OR w im  ,moBT,

IMP SBADS *  Tbe S fB a o tia f  a  w a it e a g le  O haaae-Ia She wmemt 

a t the end of A short thia^walled h ^ ia a r ie e l u W l W givea by eqaetwa 

W )  a s

# '  «  ^  ' ' 

and fo #  th e  f l a t  head Dy egam tlee ( # )  e e

The d is tr ib n tio a  fa c to rs  e re  M m

. .  4 (00 )



*-59 ̂

8 #

^  ^  * J p . . : .____ ,
8% ^  + f  u)

f' k *. t « » * a a P » ' (3?)

A gaia # a  s im p le r

& ( !  + *)
4 $' <1 <f 4 li > # Ir -*• f .p. 4, (36a)

I  . %■ "% fa ^  iJ "Jvi
%  %  f i l  + v )

6 » ,* & * * .*'» * » » f #' (&v%>

^  *  ^ o lw  sxomplo l_ b y  meano o f  soaeoealvo  o o rfo o tlo a sy  

SOlatloa) %e fi%e&4ea& momeAW fo r tM  oholl by equation (Il) i&

y m  *  # % & ; *  a  % 6 ,&o8 % l*34&& % ovoooY *  e .e  &&*#/*&,

%b@ flX0 A*ea@ momeats in  %o bead# a#o by equation# (31) and (38)

*, 8%&

grgKLgs, a  ^  M  i n ^ / i n *

The A ia tr ib u t ie n  o f  t&e maiaont W b&laaoe a t  th e  j o i n #  by  equation  

(04a) I*

S& fl *  u ) je ( I  4 0 '*8S)
a  + =* % + *  * '# ?

n* IQbMAOd ' ,, .

"S? ^  
*a

Ginoo they# e r e  o n ly  W> mWoo## a t  tb a  j o i n t  th e  rm g in & er o f  th e  

ABment unbalance  # u # t be A ia tr iW te d  i&o Gba head  o r
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f r  « f t  » I  -  0 .406 « 0 .594

The m m ent d i s t r ib u t io n  i s  now c a r r ie d  o u t a s  fo llo w s , assuming 

clockw ise re s is t in g :  moments a re  p o s i t iv e .

Ms

-  148
-  158

Mp
0.594

+ 375 
-  217
+ 158

Mt
0.594

+ 94
-  217
-  183

L 4 -  'O’ve xample 8 by su ccess iv e  c o r re c t io n s .

S o lu tio n :

The fix ed -en d  moment Tot the  s h e l l  i s  filven by eq u a tio n  (14) as

FEi ■ ♦ J 3 )r*  « 2 x 333,335 X 0 .0 7 8 4 )( I .  03 -  0.082)

(0.0039978) = 199 - i n / i n .

The fix ed -en d  sh ea r in  th e  s h e l l  i s  given by equation  (20) oe

FBl; a 2DB3 ( J 5 + J 6 ) r 1 = 2 x 333,333 x 0.08105 (-2 .009  -  0.148) 

x 0.0039973 = l3 3 # / in E/ i n .

Ttie sh ea r c o rre c t io n  f a c to r  i s  given by equation  (25) ea

V« = BK1 ■ 0.280 x 0.9897 = 0.277
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'Ihe moment c a r r y - o v e r  I b given by equation  (S i) mad Table I l  me 

c * 0.154»

The d is tr ib u tio n  Is then

T 7 - M 0.154 M 3 7
T T = -Q .277 V r r o .2 7 7

+ 133 

-  63 

I

+ 199 
+ 31
-  250 
+ 5

5

+ 69 0

-  199 
+ 199
-  35
+__35
+ I
-  I

0

+ 133
-  54

-  10

+ 69

CO' CTl.; IC I, -  The re laxa tion  method e l  in in tea  most o f the ted ious work 

Involved In th in -w elled  pressure v e sse l a n a ly s is  by introducing an a r t i ­

f i c i a l  s e t  o f  boundary conditions end then removing the a r t i f i c i a l  con­

d it io n s  by the crdy Cross methods o f nomcnt nd shear d istr ib u tion *

The a r t i f i c i a l  boundary conditions ore introduced so th at the fixed-end  

moments end shears may be e a s i ly  computed using e ith er  formulas or ta b le s .

Tables o f  the necessary constants rre provided as a further aid  to 

computation. This method is  ind icated  as being valuab le  s in ce  the



constant© a n lf  os sSeH length  m <5 s ttf fn e e c  snd w ill  apply to  a l l

veoeels with tliin*aiallerl cy lin d rica l B hellsw

fh ie  paper dociC not cover a l l  o f the calcu lations which are necessary 

fo r tho analyele of a l l  types of thiu^wallea pressure v esse ls , The ves­

s e ls  trea ted  ere  the sim plest to analyse tout they demonstrate the pro-* 

CeSures anti method o f  a ttach  without confusing the  reader to  an. unnecessary 

degree» On the o th e r bond, the payer of the Hiethod la  not shorn to  the 

b e s t advantage os the savings in time end labor ore proportional to  the 

complexity o f  tho problem, being treated-,

Further app lications mn  he made to  vesse ls  with e l ip t ic a l  sh e lls  

and sh e lls  with non-uniform, diameter in  the, long itud inal cross-section* 

as- w ell as to vesse ls  with hemispherical sad e l ip t lo a l  heads * ISes th is  

has boon done the f i e ld  Of pressure v esse l analysis w ill  have been, sim­

p l if ie d  end the tru e  value o f the ap p lica tio n  of re lax a tio n  methods to- 

pressure vesse ls  w ill hm e  been realised ,.

&
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TA3&B I

OWGmKB FOB PixmMMB WOMBR% AMD ORBARB IQiBKORT 98m&*

BL II . ,fa..... ..F# , ,.f* . f s ' fa

1*0 + 8.104 T 8.0BQ 2.939 t  0.986 * 6.740 + 5,745
1.8 8,88& 1,099 1,986 *800 4,356 3.170
1,4 1.781 1*490 1.419 ,690 3*211 1,840
1*0 1,480 1,988 1*023 .090 2.684 1,080
1.8 1.846 1*315 0,943 *499 2.315 0*618

8,0 + 1,184 1*108 0.538 4' O »40Q -  8,158 + 0,310
8.8 1.06S 1,084 *0?S *329 2.090 *111
8.4 1*081 1*049 *881 *260 8,051 * 0*019
8.6 1,018 1,08? ,158 *297 8*014 ,101
8.8 1,009 1.014 *088 .186 8+009 *148

8,0 %3t* X »000 > 1*00? 0*088 t  0*110 * 8.008 * 0 ,1 #
8.8 1,000 1.000 . ’i* 0*010 ,07? 8,007 *179
3.4 1.001 1*001 *034 .048 8.007 ,165
8,0 1*001 1.001 *048 - *080 8*009 ,14?
8.8 1*008 1*001 *985 .008 8.008 ,186

4,0 + 1.008 1*001 f 0,056 * 0.004 * 2,004 -  0,105
4.8 1,001 1.001 ,058 *011 8.003 *088
*̂4; 1*001 1.001 *047 .015 8,008 *068

4*8 1,001 1*001 ,040 *018 2.001 404:4s
4,8 l.Odl 1,000 *033 .019 2.001 *030

8*0 + 1,000 4 1.000 4* 0.026 * 0 ,017 ~ 8,000 . * 0.018
5,8 1.000 1,000 ,019 ,015 8.000 *009
5,4 1,000 1.000 *014 ,013 8,000 .008
5.0 1,000 1.000 - *009 ,010 2*000 + 0+008

W.nIm.W.HHKWMW. r-o-N—q
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c m & t m m  3pob v i tm x m r s iQ W  m  s m m  m m s

% .................%  . . -.  %4 . . 0

1.0 *  I .538 +  8*390 A 0,461 'h 0,436 +  0*488
1 . 8 ' 1.914  ' 8.139 .918 ' .458 +498 '
1,4 1+170 ' 1,606 , 530. ' ■ *440 *459 '
1.6 1,080  ' 1.918 .949 ' ,590 ,430 '
1 . 8 - 1*086 1,189 .898 ' .321 .895 '

8,9 M, 0f0@? *  1+076 + 0+527 +  0.249 f  0+358
8*2 .995 ' I +039 .816 ' ,181 +303 '
8*4 ' ,989 ' 1.019 +900 " *184 .858
8.6 .986 1.009 ,902 ' ,079 .802  '
8,8 .990 1.004 *500 ' *041 ' . ,164  '

8,0 «  0.994 4- 1 , 0Q4 ** 0,498 *$* 0,014 +  0*118
3 +3 ' .999 ' 1.004 +498 ' *  0.005 ,09?
3 ,4 +999 1.004 .499 *019 ,047
3+6 ' 1,000  ' 1.003 +499 ' .084  ' .085
3 . 8 - 1,001  ' 1+003 +499 +089 +008 '

4.0 -  1.001 *  1,008 0,800 *  0.028 m 0,004
4 . 8 ' 1,001 1+002 ,800 ' +086 *0&1 '
4+4 1,000 ' 1,001 *800 .083 +OlG .'
4,6 1,000 1.001 .500 ' *080 .010
4 , 8 ' 1,000  ' 1.000 ,800 .018 .019

5.0 *  1,000 f  1,000 *  0*500 ^  0,015 »  0.017
9,8 1,000  ' 1*000 +800 ' *010 - +015 '
9 .4 1*000 1,000 *500 ' .009 +013
9*6 1,000 1.000 .600 ,005 .010

*■***
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G aaem l Form alii ApB&gi&a to IM a-B aileG  O ylin ariaa l S h e lls  and F la t Beada

D * I e ( i  -  SB?"

* ■ » & s  - n)

P o m a a il  # p ly t& &  1w» lo&g T b ln - W la d  C # W # i o a l  S h e lle  O aaer DaKorm 

Pj?esoure D iatrlbM lan

FSB « 8DB&< ' . '

#88 *  4BB#r*

Si* «, SKBB 

9  If

' #& e  4 9 #

F o r a o l i i  Applying t »  S h o rt T h in /w allea  D y lln d rlo e l G kella  D M er Dnifomw 

P re sn w e  D ia tr lb n tlo n

# 3 8 *  -t Jg lr+

IREEf *  SDEPtls + Z g lr t  

I*' = # B  ?&

V ^ a  TB %&

Tg *  4DE^%

M& *  "5^ ' '.

*91 * #&



F o m n lh  implying to  F ia t O irouler Heads IJnder Haifom  ,Pressure

W tlo a

0 % e !

m i^  s  u

# 0  16

/f'

m

Wy *  # t  = p.l& j& JA l

3 b m u 3. i l  A pplyiB B  t o  D lo t y ib u t io a  o f  B&me&t# i a  T a& sele %lt& lo n g  Tbi&* 
W alled  O y l W r I o e l  O h o lle  ead  B la t  Beade

BBeB + J & f l  4 a )

( I  + s )

9 % B *" &  ( i  + %)

Fam ulli Applyia# to D W tlbutioa of Moment 1% Veaeele With TblMMl#* 

Cylindeieal Ghelle and F lat Beade



i i s i r  o r  ABmmnATiom

0 «■ Hoiaeat carry-over fa c to r  fo r  sho rt gfcello*

D n  F lenara l RlgMltiy

Dg * Rlgialtiy of the # e l l

Dil & H e x to a l BiglSitiy o f  th e  heed

1  si ToimgtS BW elu#

Ay* %  *»« .î  W lti ^tifalhS 

f  « Horsai fdroe

FSM «•■ Fised^eiiS somenti

FBML a flxedMoad Bomeat 1& a diametrldel plo&a of a f la t  head 

###$ * 3M%e&*W mmmt la  a Blame &e#peBa&oul@r to a diameter of a

f l a t  head

"FBS * 3l%@&Mena gheef

fg » 1SbmeWti tllstiribwtiiba fac to r fo r  the sh e ll

f_ * Boyteati aistiribatiioa faetior in a dlametirloel plaac o f a fla t bead 

« Bomeat dletirtbatios factor la a plan* perpeodioalar to e diameter 

o f a f l a t  bead 

It » Soad tirlokwesa

I, » $hell leagtih

I  . S= MOmeati

Np * Moment la  a diametrloal plane of a fla t bead

*&. ■ » Hosioati in  a p lane perpendio alas? tie a dlametW? of a  f l a t  head 

M* a Wbmeat re su ltin g  from a u n it angle ohan&e

#* e Moment at a joint resulting from a nn&t eheer change at the joint
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t

'%  ^  WWM&t a t  & J o W  re a u ltiK #  a  tm $t @Wat AhaAgA a t  #* M jA W b

'joint

p a lfsl t  preeenne

r sa Testiel MSlns

r* » !.Teiabrane Reflection of $ sh e ll

s ' % stress

t  =i Shell tlx Iolifiess

u « Folason9 a Ratio

T *= S h e l l  R e f le c tio n

V 5= Shear

% « Ohenge in shear Rue to & unit moment ehnage

Vg « Change In shear Rtie to a unit Sisplaoeaent

w ■ ss HoaS d e f le c t io n



BeeAy oeoaa* aaglyei#  o f  caaM ewi#  Fwmm  by  M ^ te lb e tln s

T=Mimts,! S w aseA tio se  A* 9 a Jht &#&,. Pp1 I - ^ s e *

1 « B* QriBtofi Bomeflcal Mbtboda o f  Aaalyele  16 BbgiaaarlBg ,  MagMllloa/  

Be*  York* 1949»

8* Slmoe&oakG* T&eory of Blatea and Bbella * BagAaeerlBg Gocletlea Moaô
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