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Abstract:

The following paper is a further application of the method of suc-cessive corrections. The analysis of
thin-walled cylindrical vessels is shown to be easily made by an application of the Hardy Cross
moment and shear distribution procedures.

The paper is divided into two sections. The first section consists of an analysis of thin-walled
cylindrical shells and flat-plate heeds Which is made by separating the membrane stresses from the
bending stresses. such a separation results in the deflection equation for thin-walled shells being
(Formula not captured by OCR) where r' is the membrane deflection, and the remainder of the
expression is deflection due to bending.

Tbe second auction of the paper shows the method and resulting ex- pression for the fixed-end
moments and shears, the carry-over factor and the distribution factors which are necessary for the
application of successive corrections.

Examples are worked by both methods to demonstrate the practicability of the method introduced.
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ABSTRAGT

fhe Tfellewing paper is & :ff‘amh@& applicadion of the methed of migw
cessive correstlons. The analysis of thipewalled oylisdrical vegsela &8
shown to o sasily mede by an applipebion ész‘ thiy Bundy Coops moment and
sheayr distribubion p@aé@énmsg
%ﬁ paper 1ls dlvided into two seollonss The fivet seobion donsisiy
of ah zan;afik}?ssﬁ;sa' ol fhinswalled cylindrical sholle mmd flat-plate heads
%;}:Lien is made by sepoveting the membrans mm@ea from the bending stresses.

Buch a separatlon fesults in fhe deflection souaticn for thinewalled shells

being
v o oo bay cos Bw o+ By sin Be) 4+ B {¢g cos Bx + Dy sin Bx) + pt

whore 7' is the meebrene deflestion, mnd the remainder of Yhe wpmg&itxn
is deflesvion dus to beudinge _

The geeond saebion of the poper m;éwa this MEthod and resulbing exe
p‘;‘@ﬂiziﬂn for the fized-end poasnls and shescs, the ﬁwésrwmmr favtor and -
the ci;i.saw%umim Taoters weich srve necessapy fur the spplication of suge
cegsive xem:'me%:i-mssg

mremplos are worked by both methods o dapusbrabe the prscticability

of the method fndrodugads
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IHIRGHUCTION

Duping the pash twenty veaws . preat dead of infterest has been show
in numericsl methods of snalysis, particolorly for sngineering problong
whieh do mot lead themsplves readily oo vizgld mebhegstienl anslyeiss This
interest wes stiwlated in this couniry dlmoed entirdly by Professor Harly
ﬁmss"{l} who presenbed the procedures for mowmpntd distribublion. iémr@rifzé}
methods of analysis had been used before the presepbabion of this work bul
a nay trond, of sesenbing the physicsl wetber thon the muthematical sse
pects, ws introduced by this method. |

The goeticsl methods of suncopsgive dorrectlons lis now bean applled
Yo speh enplneering fislds as hyfrselics, elosirleity, vibrbiions, thermos
&ymmiea and stress onalysiss The wide use of The uethed adtests to its
procbioabilivys

This thesis is o fuether applisstion of the relaxation method. Ihe
pork is boased on the Ferdy Cross methods of momente snd shear dlstribubics
amd resulbs in o slmplificubion ¢f the sonvenitionsl methed of thig-wulled
precoures veoscl sholyaln,

e generval equubtion for the deflection st amy point in o thinewalled
eflindziesl ghell is found 0 b '

v ggmﬁml con Ik + By sin Iz + o*BE(0y cos Ux ¢ Dy sin Bx) « »?

where Ays 8, Oy mnd By ave constenis vasul¥ing frow vhe solubion of &
gifforentisl sauation, These constents sre shown to be dependent anly on

The manney of supnorbting the ends of the shells

{13'{%:&;'@152" Groma, aselysis of Govlinuous Framps Dy Hatribubing Fited-Rrd
voments, Tronsactions de 9y Cs B, 2008, pp LelE8.
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e vonventional method of swelveis consists of pouniing ﬁh% delloos
mion of the shell Yo that of 1%y restreining menbens at the Joiuta¢ AT
there ob Loasd four unlmown ¢ena%am&ﬁ Ly these @ﬂﬁﬁ@%ﬁlﬁnﬂ% It is ﬂﬁﬁ&éa&&ﬁ
Bo equute alse the woment or @ﬁ&&wigg‘ﬁﬁr@& equations, This means thed &b
ig necensngy %a'sQSV@ wt leasd four slenitanecus eguations, aﬁd,sincﬁ she

rosbreint on uha #hell i dependent on the stiffness of the restimining
tembay 1% 18 ﬁa&ﬁwﬂury to gulve thess Huw a@ﬂaﬁi&na for sach vengel,

B appiylvg evtirieisl f&ﬁﬁrﬂwﬁiﬂ o e ends  Lhe shell to ellms
1ﬁat@,any rotation pr doflcttion of these polints, fkere is only one %eﬁlaf
%auﬂ&&rvzaenﬁiﬁ&wns Tow ﬁllvshéilﬁg Whis glimdnntes o zejor poviion of
the worlk from the selution. The nedifioidl rostraints sre then venoved by
subtassive corraotiona.,.

Ty the wmolysis of thinewelled cylindvicel challs the ﬁamh@aﬂ@
stresess are sepayeted Lrom the bending m%m&aaegg' This is ﬁ@eeﬁ TRy Sinas

the balpnoing of yonents sad shesrs is indepenfend of the mewhmmna ﬁ%&ﬁéﬂ@#v
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ARNLYDEG OF OPULSGES I THIN-ZALLYD PREJOUSE TEISELS

TRGUTTION - 4 %kiﬂwﬁ&&léﬁ,ﬂaaﬂa& 1o ong in which the well thicknoss im
prall in towperison with the dlaneder of the vessel. %The dograc o vhieh
this pondition must be sabtisfisd is such thod Bhe ssoumphlion -~ the uplh
stresses within he muberdal, neglecting those produced by bonding, sre
undforn seross the Jongitedingl orosg-sestion of the vessal - can be made
with 11thle erpows

4 Tainewolled ahell, freg from the reatraining effects of hesds oy

stiffeners snd subjected to an luterasl findd pressure, oxpande unifovmly

“in the rediel and lowgiiudinol divestions and the siressce lnducod are

ugifarmly'disﬁri%aﬁ¢ﬁ ovey any srogs-gackions. These sbresses sin Bhe Mo
brane siresson &aﬁ-aﬁa'ﬁh@ majop shresses 0 be eonnddered im & prasﬁﬁ@e
vapael ab polnde vhave thore are no dlsconbimibies. ¥or insbance, &
yossal itk B ﬁauﬁr&& puplface in the fm of o sphare snd wilth wo discone
tinuitics such ag viveted or yelnforesd jeints wenld heve no atyas&ea
ovher than seebreue stressos, 4 405D bubdble I8 o pawféa% erarmle of suoh
& stresn abobes

5 prensure vesmel with n thinewelled eylindrioel sbell such as iz %0
be copnidored here, must have ot leash owe end closed, Uhewher the tLosure
18 Towmed by hydrenlic prosswre and a jonctlon with some obher sirapbure
o by o hesd, & disvontinuity will oxist ot the Joind. %This digcontinuliy
in the unifornity of tho stropiure will produge sheerdag sod bending
stresses vhich ore nod vniforsly disteibuted ovey the longitudinal cross-

poctionh.
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For the mpplisatlon of suctessive sopyonisatione 14 1 neceseary o
congider th@ stresses in the vessel sy beling mevbrsoe siresses produced by
e intepusl £luld presgure, superimpimed on bending stresses prodused by

resteaining moments and shesaps .

ISRRATI SIRTeCEE « The m&gﬁiivn@ of the wnit rﬁﬁaaq aebing on & longi~

tudinel cresa-spotion #f a oylindricsl vesuel auﬁgwcﬁcd e an inbernal
fiuld prespure p is

By = BLE {a)

vhere 5¢ is the wnilf steess nobing mermel %0 the lomgliudinal cross-
sootion, ¥ is the radivs of the veasel yud t is the wall thickness,
The mognitede of $he unlt siress sedlag on 8 WWawverse sross-sachlon
g given by the expressios
2 ()

fad

By

&)

£

2‘3

where iy is ﬁﬁ&‘ﬁﬂi% ptyrest sobing sormsl 46 {he bransvarse eross~seeilon
af the veasels

Fow conveniency the stressse By and 8, will hereafter be referred 10
as the elrewrderentisl monbrane sbtrvess and the lomplivdinal nembrate sbress

reapoctlivelys

DEPORVHTIONG DUE YO Iaimaais SERPAEHS - he pembrene shresses Tound gbove

will be nceompanied by deformstions of the hends and shell of the vessel,
Tn 4he heads She siresses will produce # chenge in the dismeter at the
jungbion widh. the shells However, iun & vasarl with £lot heads sg mill b

conaidered here, this change will he negligivle in comparigoun with the
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other deformations nd asy be considered zero without Introducing any
appreciable errors# The deformations of the shell consist of an elon-
gation In the lonrltudinol direction and a civn e In the shell radius.
s the deformstlon In the lonrltudInol direction has no bearing on the

work to follow, it .ray be omitted <nd only the radial deflection found.

m m - The membrane stresses
oot on differential particle of the cyllmlric 1 shell in the manner shown
In Figure 1. The X-axis and Y-axis represent the longitudinal and trans-
verse directions respectively end the X-axis represento the direction
normal to the shell surface.

y oisaon’e atlo 2

clrcurferontinl direction.

Iso by Young’o Modulus

Figure |1
Sy Kby

where #y is the unit dlotortlon In the circumferential direction produced

by the stress 3,,. ,quoting these expressions end solving for Qy gives

g Sé&(;AM
y S

or, using the values for and & given by equations (a) and (b)



wd s

) - :ﬁ: o
8y -»Eg,ﬁ {8 = w)

How by lebbing AC be the chenge in the Length of the ¢lrcunlerents of

the shell und denoting the thenge in s rdluvg of e newbrel stpfage of

the shell by o', ib ig ovident thob

A = B 77—3'-’&37 @ 77-“”“;2"”*‘5 {B = 1)
. ﬁ"a

nnd

oy . .
\ W’»’#“Eﬁ%’zﬁg"“u)eg@wn#g‘whabyﬁnvq‘n(l)
this expression it depived using the strosses defined by eguations
{a) vnd (B} vhich ave buased on the sssuppdion that the pressure ls wde
Pormly distribeied within the vessel. Oouabion (1) must therefors be

Thoited to vessols with wnifors presgurs 4istribations

SEMBERATE DURROAES AKD DEFOWYTIONS Ik WDnokhs pied Hov-CHITOR! PREGOURE

DIGTRISUTION =~ Vessels such ag sburege fonks aﬂi&' ptepdpipes which contaln

laids of relatively high ﬁez;sa@.‘hi&a heve membrane sbresses which nod only
depend oh the pressuve bub siso vn the venber of support of e vessel.
For this resson it is act feasible to weile & generol equation fox he -
chonge in rvedius in o vesadl of this fype. Heveaffer in this paper when
it is ﬁeéﬁ;mbm o donoider a vessel cotdaindng s son-uniform pressure,

the chesge in redive will be referved %o w8 #{x) rather than '

BENDING BIRRaoYe T8 OYLINDRIGAL TEIM-IALIED SHETES « Flgure 8 shows &
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thtn-walled cylindrical
shell subjected to an ex-
ternally applied bending
moment of Q pound inches
per unit ere length at
one end. Oince there are Hgure 2
no direct loads, this is a case of pure bending of the shell.

The following analysis will be confined to & longitudinal strip of
the shell a unit ore length in width and x unite in length. This may be
done since both the shell and the loading are sy retrie | about the lon-
gitudinal axis. This strip is shown in ligure 3. n arbitrary differ-
ential length dx, bounded in the unstressed SVte by planes a and b and

in the stressed state by planes a* ami bf, Is represented by the shaded

areas.

Figure 3
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The notatton used in the discussion Is as follows:

u* disnlnoement in the X direction

v displacerent in the Y direction

ex a unit strain in the X direction

Cy = unit strain in the circumferential direction

eyx= unit strain In the X direction caused by the circumferential stress
Ctx= unit strain in the X direction caused by the bending stresses

Using this notation it is possible to write the expression for the

unit strain in the circumferential direction as

e -rd# - (r - vM . % (c)
y rdj5 r

The differential section dx is shown again in Figure 4. The plane
c'c" is passed parallel to plane e'a" through the Intersection of b'b" end
the neutral axis. The distance between planes c'c" and a'a" is then the
original length of the fibers. ssunlng a plane cross-section before
bending will be a plane cross-section after bending the final length of
the fibers is the distance
between planes a’a™ and b'b".
It is then evident that the
change in length of a fiber is
the distance between planes
b’b"™ and c'c" measured at the
fiber.

Let y be the distance
from the neutral axis to any

fiber. Then Figure 4
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(d)

Using the fshyi convention thct defor otionn are positive when they

Increnae the length of the particle

ex e eyx * etx

FYora Poisson’s Ratio

ey X wXuey

and using the values given In equations (c) and (d)

@="p + e)

It now becomes necessary to use expressions giving the stresses In
terra of the str- Ins. Consider the differential volume shown In Figure 5,
with sides dx, dy and dz. «s before, let Wx, Sy end SH he the unit stresses
and ex, e.. and ez be the unit strains,
where Gz end ez ore the stress end
the str In respectively In the radial
direction nd the other notations
are na previously used.

From the definition of olsson’s
ratio and of oung’s modulus it Is

possible to write Figure 5

"®X " X —u(8y + Gz)
0y = Gy — U(GX + Gjg)

Sz —U(Gx + Gy)



sl ot
Howavel, 1w the vaze of the thinevalled shell ithe stvess in the

radisl direction iv zebs; thevefors

Ko, & By = USy, B . (ey

Soleing for By from exprasslion {2} and subativuiing the vesulting
expresaion ludo wouatlon {I)

sod solving fov S, from asxpression (£} and subabtiteling the reswliing

sxpressisn in equation {g)
;%jtay ok E‘E,?: e R{Eﬁx ¥ ”{33:?«}

The preceding twe exprevslons oen now be solted for Sy and By as

e
. }g ) 7 ¢' 3y

S 2 3%5 {{«;g; 4 Gg;r}
19

By =gt oy v

The #ubstlbubion of the value of &, given in expression (e} and the

value of ey given in expresslon (6} results iu ‘

By = = 1:1.5 RS*“ 7 | 411}
2 5]
sy e Beis »mwygﬁ] ()

1% g ol inberest o nole thel the stress By fdstiribubed ovayr the

tronsverse crospssediion of the shell is elmilet In form Yo sbress int &
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strelght he/;;:;: subjected to pure bendinr ani that tfie stress Gy distri-
buted over the lor ltudlnel orosa-ooctlon and acting tangent to the are
of the shell Is similar In for; to that of a curved beers subjected to pure
bending.

ICAl ' rn - cince it
le necessary to know the values of the restraining momenta and shears at
the discontinuity it Is necessary to find expressions for these restraints.
The expressions must be functions of both merrbrae stresses and bending
stresses, '"he easiest function to find which Has this property Is the ?
total deflection.

Let V be the shearing force per unitnrc length acting perpendicular
to the sxls, be the moment per unit ere length In the plane perpendleul r
to the radius end 10 be the normal force per unit length acting perpen-

dicular 6 lag of the shell ee shown In ligure 6* By applying the

unit arc length

Figure 6
equations of static equilibrium to the differential section it is oosslble
to <-et relationships between these forces nd oronto.

The su! ntlon of the semento about the left end of the section is



Bincg 1% is possille o negloet powers of The diffevential highes
then the Tirst withoud introdusing apprecisble srxors the eguation can be

writhen as

2%
Y

i

¥ o= {5

1

Py
.

B

Yhe sumwation of %zzm forces zebing in the zedlal diroetion glives
= (Y v mr.} + 20 dx amv-ﬁ 0
byt She sootion is & unlt sre length i fxéﬁﬁh ahd
e 4w 1

Since the wald are lepgth is stell in compayison with the wadius of
the shalm ag is :m*ai:!, mnd the difference hetwesn aam-:;ﬁ and ,ggé, is nogw
Teible. Dy making wse of the two foveppitz statements ln the egumion

Por the sumenkion of the forces in $he radisl ivsetion
A\gﬁz: I&-\W‘g' ) N ( ()
The olvcunfoprentinl foree Y end the mowsyd ¥ may be wpitben nd

Punctions of the civcomferenbinl snd losslindinal mtvessss in the follow-

ing mamnsr

=
#
i";‘i
1
A
%z




" Qe
wheve 4 is the ahmi taitknesy and ¥ I8 as showti im Figure 4. By using
the valves of & By tnd 8y ghven in eﬁspmmimm {h} and {1) ond Qe@fm@mﬁn@

the indicated integrations

k7] = ALE ' {3,
f -
, w8 @ . ,
B o= R

{.’i. = ue) ax
. w33 . . o e s as
Bince bhe hern 'f-gggl Y 1s is releted only 4o the physical dimen~
sions 6f Yhe sheall ond iy & messure of ity resistonce Yo bending, it ia

defined oz the “fledural rigldity and dencted by D. - Then

=D

5315

Reforrivg 5o Flgure 4 end meking the sssumpbion that 49 1s smsdl it

is possible to wiite without Introduding anprecitble arrot

ton @2 = @0 = £
Then ‘

ﬁmﬁ?

2

and

@i%ﬁi}"’éh{?&ﬁveﬁ*ﬁwﬁowﬁ’*vﬁég‘é}

Diffeventiating this expresaion with respset to ¥ and making the
subsbitubion indioated in expression {J)
“? . v
‘ﬁ. E}vgﬁg"‘“?r*“@'?ﬂ'é4#@'&?#'(?3’}
seadn 1% Ge intevesbing W node the similarity of the expressions

* for the mmamm mowany and sheer 39 o oylindrdeal shell and the exprep=




B s

siong for thue corvesponding guantities fn & obraight beam.

THE DEFLEGTION OF A SHIN-WALLED GYLINDRTCAL SHETI HUR F0 MRWOING » By

difforentioting equation (3) snd subetitubing from expression (k) oy

-

&
ax
aﬁw-&aaﬁﬁ

or, by using the velue of W piven in %ﬁi};}:ﬂ'&m‘:v%ﬁ {1} and reerranging the
verms oo

i B ev
O

This is the diffepuntiel @q&m»mm' for the Qellection of a thine
walled cay:l._im‘immxcl ghell Gus $o the resivalning moment My. The soluiion
for this equation is as follows.

Lot

then : N
gjﬁg o grad®
and
5485 4 pEFePE = o
?!E’C.)l}z thim . .
aw 5 BEL ordiBa (-7

E>]
Vi & vos 45° + 1 sin 45"»%»% :Lg




And fhsrafors

&= % B(L 5 ) or % B(el & 1)
he ﬂ&f&@mmé gt ony. point may then bo writhen nw
= éﬁ{g@; + 18K ﬁeg*’:ﬂﬁ,’% A FY 7@_ {3@{@% o ‘iﬂ?‘fx‘% palB = iB)s
whore Ay B, O m& B wbe arbiivesy consbinmbes Factoring this gives
s 65 g BT ﬁ§“1m§ : G B el BE 4. g 1B
prd converting o the wimmm’m; iﬁam‘

e B {4 4 D) sos B+ {14 e 4D} sin Bx

+ & (5.4 0) cos Bx + {iB » 0) sin Bx

Now by veplaoing the conbinetions el dohsbanis sppearing above by
new srbitrery oansbonds the deflsetion equation for the cusss of puve

bending appears 58
o aREL s, s e o g) + "o cos De 4+ Ty siu Bx | y
v gy cos Be ¢ By gl BR) + & 7(0y cos B & By sim Bx) {a)

- where the consbanbs Ay, By, Oy ond Dy ove depspdent on the boundary gonse

divions of the shelly

TOmAL, PRAERTIeN o TRUL-UALERD CYLINIRTOAL BEVLIS =« It hes previously

Deen pointed out thad the deflection of 8 thinesslled vessel cun be
dhought of a8 o deflestinn due o the mesmi;émﬁa,ﬂﬁwwgma aiperizposald on
the defdeobion coused by Teatyaining soments snd shearks The Yobal dee

Plection oF apy poind 1% the shell then is the sum of the deflecbion




S
couged by tho wepbranecs stresses snd the defldobion asused by Donding.

Lettving vy be the fobal deflection, the stmation muy de written as
(R

in the casy of unifom pressure, or ag
Ty = v £{n)

in the cape of pon-uniforn pressiuc.

IR DFRECY OF BUCLL LIUGTR oW THE TOTAL DEELAOTION - The shell length

hug 1o effoet on the deflectlon dus B meowbrens shressds as cah b seen
by exomining eﬁmﬁim {1}« ’

Fowever, bthis is not so in the cage of the deflection due %o bend-
ing. Sines % iz wposursd slong thoe lommitudinal axis of the shell the
deflention is o funchion of shell lengths Hote ihat the first tern fo
the wight of the equabtion asign in eguebion (@) inevesses ss bhe shell
length increases, It iz sppsrent that I the defleotion 418 not to bew
come unduly larze in o shell shose lenglh sppioaches im‘:’imw the Gl
shants by and By mm; ba a:mx*ezmesl:f ptaadls  Slpoe those, constasnts o uoh
depand on the phyeleel ddnensions of the shekl, It onn be concluded Yhed
the first beym wnay be neglested in shells of ordinapy lengih without
introdueing apprecisble srzove The limdting velue 0f BL is approximstely
545 for an eryor uf lass then 1 pex canbe |

On the other hand, in & very short shell all of the constants must
be seell sinee the Jaflection can pessonsbly be expected Yo be smalls In

such & shell the first dern may aceound for g significant porbion of the
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deflection and may not be neglected.
In the succeeding discussions long shells or short shells will be
referred to. A long shell will be defined ae one whose total deflection

la given by
v a e"""*(Ci cos Bx + Sin BX) + r* . (4)
and a short shell will be defined as one whose deflection is given by
v ae *&! oos Bx + aln Bx) + e"™*"x(C" cos Be + sin Bx) + r*. (5)

ATHA » "yK TO TUIBG IB 11..T CIBCT 1 K TIA DO - The stresses due to bend-
ing in Hat circular heads may be found by considering a flat circular
plots with e moment of Q pound Inches per unit arc length applied at the
edge. Ince both the load and
the plate ore symmetrical about
the center, the deflection of
ell points equally distant from
the center is the same. This
allows the analysis to be made
on a diametrical section.

let the deflection of any
point on the neutral plane be Figure 7
denoted by w and the radial distance of the point from the center be de-
noted by r -s shown in Figure 7. Then assuming only email deflections,

the alone at any point in the neutral surface may be written vs



. @Rk »
v How Jet oy, be the radivs of curvabore in the disetricsl plane amd
4 be the radins of curveiure mm'zai 4o the diswelricsl plene. Further,
aesuming thatb :ff't')i‘ a small chinge 4¥ in the angle #

v = arc length deweribed = 0

1t iz possible to wplite

"t T - el

Hinee the line ab, vhen roteted sbout the llne vh, deseribes 2 cone
it mwat be the redius of curveburs in the pléne normsl to the diemedrisal
geoltiong and

Again enguiing only small deflecbions

» %
’Eﬂ?ﬁl?ﬁa?ﬁw‘%‘%& q»”g”gg
or
1. . 4w
Ty o T O to)

I the defloction of the plate ls smell dn comporiszon to the %hiak@-
ness 5, the sopumpbion cen be méﬂ& etk the néudral plene of the plate is
the centraidal plune end ss in the ovge of a beamy the unit strains are
proportionnl o the dstance from the eonter, Donobing the wnit straln in
the mﬁml' divechion by e, and ihe undy sbfein in the rm':ac‘mm: normal bo
the rodive as ey wmd ledting y be the dietance fron the sonter

i




w2

antl
By, = ;y(
Ty
By spplving Hooks's law the siresses can now be writben ws
By = 7ohm (Gt 0 Ey (a)
and

u@mwm&?im%u%;; ' ().

where 8p and B4 ave the unit strotsey in Uhe mdfel sd aimmmimmm el
Glregtiong m«**pm%«mi
The muxlms gties sy lu the noad are Dotmd by réplaclng ¥ o the

eonations above by 48

RESIBTING, NOMBNTS AND SUEARS TN STAT GIROULLR [RADS ~ The veslsting mo-

men-t;s msy bé writben o functions of Yhe sbrosees by usipg the relation»

ships
5
N
S o
and i
%
]
By, = By &y
-
B

zﬂherra ¥, and My ave the registing nonents adbing au the cir cmm:f’wem‘:ia}
and radial tross«geotions vespectively. Bi}&'b tubdng expressions {g) and
{z) for the atvesses Oy sud Uy md lhvegrating, fhe momenis are found Iu

tevms of the cwvatures as




o

e

i

-~ 3,
ﬁ?%g + u~§§?

and

#

L 3
By = DES= 4oy T
- By o Ty

whers }3 ig ihe flexural mgi&u;gr derin el previously.
A wove eonvenidant form for thess Iﬁﬁmﬁn’h’b ey Lqe hng ?:risf subntituting

the values for the curvalturss given in equations (&) and {p}., Then

;ﬁm»ﬁ{mﬂwgy-{ﬁgf Q"él‘wéu#&ﬁ§qxi{6,)

fand
i dw 4 W

‘ﬂm@{?";}?ﬁ dx’.ﬂﬁfﬂ qués.a'q,nmijg)

The u"%lr!\ﬁf‘? n forees present aed only on the elvcumferetitinl srogse
geotion and gre sowposed of bthe lead wiibiln the élroulor gechion of vading

o &wam by the longvh of i,ztm aroage-ghotion or
V&‘;‘r‘p%f‘%; EE TR B T S P v ;v ® e {&3}

where ¥ ts the shenplng force per umib sre Iength of the civounference af

N
7

the point under considerebion.

DEFLEGRION 0¥ LT SIRCULAR HEADE UMOUR TNIIEORME 104D - The detlsction of

& Plab eivenint hesd under & unlform £iuid pressurs may be Pound by cone
sidering a pirs&»g}mﬁm slice of the hond && shown 4h Figuve B, *m@m e
no shesping Yoress aching @n'%ﬁﬁ:mﬁﬂaﬁ of sugh & slide due o the gyt

metry of the slice end the losding, wma a3l of the forees which aet on o

suall clement are shows $n the fisure with the notailons previcusly useds
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-ipplying the equations of static V+fdr
equilibrium to the section and taking :
* N
O ents about point ¢, assuming thrt >r t
: u y- T
the angle is small < dr e 1 —
AY (L ¢ 4rCIN(r + dr)d# & t: H
- rr do - M dr 60
+ (V & 77 dr) (r + dr)d0 dr Figure 8
+p[r60dr+r+drdrd « O

Py neglecting differential quantities of higher order th'm the first

this equation becomes
T dr ¢r ~r +7r1r - f mO

The substitution of the values for r and given by equations (6)

end (7) rives the differential equation for the head deflection as

The equation ray be solved by noting thet it can be written tie

d_ - « JLE
o B 1?217S] = 2
and interrating to get
H N
o
where is a constant of integration dependent on the boundary condi-

tions of the pli te. mother integration gives



ng?

rgnga:e%“ 3% 1‘? -
ar 18D 2 2

finee the plate am& ths &:&aﬁmﬁ;

it svw@m‘iem suput the eenﬁar

the alope at the derder must be zerw, therefdye

Ri3i

m% W""Q,.,.ﬁf

ntegreating apain, the defléction is given as

gy 1@

.
Wm‘piq Yy

TG4 D

% g Gz T A (9)

‘ vhere Oy 18 @ constunt of indegration like Gy

L L - A pressupe vessel comsiste of a dhinwwalled oylindrical sholl

e A Ay
ERAEPLE
Prer R

3 inches mn diemeter, 20 ivches Jong, and B ingh in wall bthickness, and
13

twe eireulay flat beadd g < inelies in thicknses: The dnterasl prespure is

Z0 pei. Topr the meterisl of the shell mnd heads Toungls modulus is

0,000,000 pei and Polsson’s watic s 0.88, It is desired o Iind the

wowents exisding at the joeinis,

Solukion:
L :'@

gy w105 % 0,185
Dyt™ = ”

13,86 6:&1%3"’

4% o
33;‘ & 1.53418
B 11583

e 22,108

BL = 20 2 11508

finee PL is lerger then 5.5 this ie s losg shell snd the total dee

flection iy given by sguation {4) as




T

Ey; . .
T o "’“{ej o6s B 4+ Dy sin Bx) + f

Appuning Phat the radisl ﬁi&%mim of the heuds is mﬁ;mgmle,
v O oalow= Ou In the defloctlion sguabion 'izhsm Oy = w27, The dqflege
wlon ia then

v o PRl ooy fe o+ ﬁ;& win Brj » vt
ifferantinting this gives

%z; = '«Ba“ﬁﬁ ~2% ol Bt o+ Dy sin W) ?ae*‘*m{z?-* giu Bx ¢ Dy ¢os By

L“mwing the m"*a*bi:agi of the shell at the joints where x = O as giﬁsb
and poting they f, = &v |

Pg = Bly® & Dy)
The second dsrivativn of the deflection equation glves
&8? 2 o 91%? > "*(:t’“ sin f)? 2 Bl eos Hx)

' Yow denoting the moment at the end of the shell where x = O by Hg,
denoting the Plexutel rlgidity of Yhe sholl ap Dy, and employing eguabion
() o

o= Dyl 80°D)

How considoring the hesdl the lloving equations can be writben

C sy
o %‘xﬁ“‘%@*%w“rﬂg

Eiv w DT 3}3}5 " mr
gir lﬁﬂh g




Qs

cz%: gﬁ;”‘*
EwE T ey ¢

wWhete Iy dencies the leyuwrel rigldity of e koot
Lobting & 1% the maximes radivg in the maﬁé and ﬁh bBe the roetsbion
of the heatls at the Joints, and ayplyive exprossion {(n)
iﬁl‘}s “’xww-r.': 1&% mw}»ﬁ
beuotidng 'mw moment in 1&@ radinl dirgetion b the edge of ithe immi»

by B, @ wsing souastion (8)
4‘*

4 lﬁfﬁ

ten

{5+ ut + (1 s a}]

R

By = o B
The four @ﬁua‘aiﬁm ?5,?,9 Wy Qﬁn 34153 r@ Ceonbaln oo unloown constents.
Howevar, by assuming o wiaid connsction betueet tho sholl and the heads

'

1% 18 possible Yo Lind one consbant in ﬁ'ama of the other sdnes f_ = gfh,,

oy
& o
E{Tﬂ‘f ﬁl} s ?ﬁﬁg,*.kég

then

lﬁﬁﬂh g R

Sivee the joind must be in egnilibpiom

1‘155% s o m’&’

or .
o EY} EZ?L? ) %ﬁﬁ%@ {8 +u} + ('3 P &}:’

and using the valus of '133‘ fuond ghéve




PrCR L

L]

8 .. , £18 8 -
- mqga [mvh + 2 }«a Py [}%ﬁﬂn (8 +u) + g (1w u)]

and solving for Oy

-2 ? L e j;?hm« .'
il 1;3.613? 2] - (6 5 W)
013;3;% + zahel S m

'ﬁ“ e
g‘ =
e

The axisbing moments ven pov be founds These m;«m' the owent in
the shell, Yhe radisl momony i the hend snd Hhé clpounferential moment
in the beads Subsbitubing the value Just found for Oy into the expression
Tox M, gives l /-
o 2%3%@?3@ - 3,4?) & M (
Mg = ﬁh{"j""é‘f)’g {5+ u) . Rt ﬂ

rg G . \1)
e {J ot 11)]

and for the cireumferential moment in the head X
B
el ,Lﬁﬁz i"’mm - .i”) + l‘«’«-—m (% + u)
By = - DTepnion + 1) - £ E& THT a7

{1+ u}a]-

The values. of the conatanls $0 he applied to "ﬁh@ﬁe squations are:

w0 20 % 208 » 0.05°
Do ® THri TR T TR S 0,880 - Ot |

1"1‘;.;'5

\ E:
- 30 x 10% » gumrs” L ooc
Dy = 4503 ws) o dB(L = eBBE) T 1“‘9?‘”‘3',”
L’; £

N uﬁxw‘”{%wm 28} o 0.
o 21?'“ {8 = u} = R R T e T w (3. O00%H

Ualng these velues in the moment sxpressicns above give

Wy # 198 # « inehus/ineh

Mg = 185 § ~ inches/inch




snsiEe
EapLn g, w & thinewnlled pressure vessel ie oade of sbeel with Poisson’s
valbio of DB and ¥ £ 30 x 3,.0“5 v The sheld is F¢ thivk, 10v 1@;3%; and g
i &im‘ﬂ:‘tiﬁawﬂ I the inbernel pressure is 800 pel ond the shell s g
strained u@mmw wﬁéia;i Feanslah b m the ends bul ls otherwise fooe,
Tind the transverse shosy at fhe andms |

Solubions
e oo 80 230% 5 0,57
SETE NPT R €

+ e BB BOR

5% . B0 % 10% % 0.29 -
B B B1.5750 L

ap =

B o QaBR0

B« 03,0784

5% = 0,02105

Bl 0,860 % 10 = 2,80

, . Bz® 300 2 1,278 B
Y m%%- {8 =~ u) = By 50 2,;_‘? {& = 0,88} » ?gﬁﬂﬁﬁﬁ‘}’w*
Thin it & shovrd shell and the deflschion i defined by

R ag}“(,ﬁl moe D+ By sin Bx) + eﬁ"mmz‘ tos Bg+ Dy sin Bx) + 2?

ﬁmca all radisl deflection ip m'evc:mcza at the onds of ﬁha shell
the following two equaiions mey be m*ﬁ.ﬁu_sen
QO a ﬁl & gl + 1
0 = ¢ cos BL &g + 7 sin BL By *# ¢"00 os BL Gy + " sin BL Dy + ¥

The eguation for the mement exigbing in the shell is




P

]
. e . \ . . ) y Byt
W = éﬁﬁ%ﬁ"x(wﬁ& #in Be-r By cus BL) 4 '&mﬁa{.% ain Bx » Dy con Bx)e PR
Sinee Bhe ghell is fres 40 potebe ot the endd; the momenie ok thage
poinbs mnst be zoro, and
o= 313.532 {3334 ~ Py} .
0w 2P (~ay win Bl + cos B) + 208e®* (0, sin BL = By cos BL)
Pheve swe now four squations dondaining the four unknown conmhenbs..
The congtands ere than E

' CpU(6"PEL o gos 2 B 4 o2 sieh BL vom BRY .
Ay & T Gos B AL = & coeh & BL = 000024100

; IiB cosh BL min BL « sin 2 BL) . o ogooounes
B = B o5 B B e B coah & WL Qa o

pt{6"BL . oos 290, = 2 afah BL sosk BL) 5 srss
S GoR B UL - 5 GAeh B BL . -00AEUEE

< . pUp sosgh B sin B, = ain 2 ’&3’4 AN BRG R
By, = e o8 B 8, = B eodh B BL 0+000088082

The eqnebion for the trensverse phesr ls
LR ﬂiﬁi@ﬁémfml{ eos 8% + shy Bi) + Byldos Bx - sin 53:»:}_7
0P Bl (eos Bk » sin fx) + Dy{oos Bx + ain B
&t the end whete 2 = ©
B ‘
Vo 2OBT hy + By o+ Oy v Dy

= 2 x BUBHED ¥ 0,08106 [«0,00024300 - 0000008082 « 0.00425885
= 0,000005088 |




saifiih
It should be noted ~b§1¢-ﬂ: the major poybioh of '%ﬁzm-ww% involved in
Hie solukion iv in ke &@@mfzmmm«z of e expressions Tor the ;f;mﬁszmms.
dy s Bys Oy and Dya _fmé expressions obove vere obialned by solving &

fourth orfor dedsrglnants
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HIOTPOLCTIOK - In mDie preeeeding analytical analysis the ends of the
shell rotated and traneluted airail taneoualy in going from tiie unstressed
to the stressed equilibrium coaitlons. These rotations and translationo
were unknown and depended on the physical properties of the shell and its
restraining members. Pecauae of this it was necessary to solve the
equations for the deflections of the shell simultaneously with those of
its restraining members*

si plifled analysis can be made by anplying artificial restraints
st the ends of the members to prevent rotation and translation. The de-
flection of eoch of the mefibers is then known at a sufficient number of
points to allow the moiente and shears in any ember to be found inde-
pendently of the other members. The artificial restraints can then be

removed by on application of the method of successive corrections.

T" L T:on Th. UC |'m OCR- CTiOLO - Figure 9(a) Is o diagram of the
longitudinal cross-section of the neutral surface of an unstressed pres-

sure vessel. The points a and b represent the joints between the shell

Figure 9



and the hesds. Taurs %?{’%"z} shows the oo veorel bobjosled o an Entops
pel Tiuld peassurs end apsiiiciol soeubraining z&zfﬁm@m& sad Fovoey ahdoh
preverd s robntion of tronglndion of Yhe folntse  (heew rentgnints ode
reneyad one b o Siee while Beldlan e othur Jolptp flzed wiih She pee
wadndnn restrainise

fEnes Bhe restesiots ove spplicd %:;;5 he folnd nd vot W osny lne
avviaued wendbar ond sings the Jodnt gt be In oobillibedun, the resteiints
wild be Atgtrihebold seony ol off $he nevbers 5% the Jolmbs  The sepuhd of
womond end the whuvad of dhosd Q@hm&a sueh wesher wil) eseuns ie oodliod the
Phaad-onl vonent opd e Fiwedeond sheny poopptiivelye

12 e resteadindug meent de vesowed from one of the Jolnts of the
woased in Picore B{bls the Jolnd will Be pinsieally unbalonoods Phis
arbolenes wELL ouuge ho jolnd to roledr Vodll egquilivriun souditions are
seadn orialood, Tho movents axlsVing du vhe senbevo 8% the Jolut ¢ild
shongn, one Ingveasdng mod the vbher dedveselig Wil they sop of agond
apgntiude snd apnoolbs Lo signs  She sxbud of poment chonge In ooth B
oy wELL Do propordivnel 45 the ptiffnens of the posber, Tho sus ol he
ipdteidunl dhennss to ol of Yhe sethers vl bo euual o the cosunt of
enberne), muaueh Tonveds

Sines the rotabisn of oo 0%ed dunees the dollondlen eupve of the
nowtrel plane of o wensel botuem e Jodst ond dhe adjoewml Jedoley
theve poous eloslionoonsly vk ’m The obenge db sments ol bhe yetoted
jolnt, » Shenge in the swbornal forge vogulzed ab those jolnts 3 they
ave not bo tmosinte, end o dnenge $n dhe exbuunol wermnt yequived of Ve

odjucent joints £F Yhoy sve nod 4o wbedes  Thip cendition is oliown In
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Firure 10(a) which hao the restraining moment removed from the left-
hand end.

Although the removal of Uie restraining moiaent at one end Incresees
the restraints at the other end and a chen e in the shear at the rotated
end, the changes ere Elways less then the amount of restraint removed
end the vessel in Figure 10(a) is nearer to the condition of unrestrained

equilibrium than the vessel in Figure 9(b)e

V+aV VHAV

Figure 10

Figure 10(b) shown the vessel and its restraints after removal of
restraining .aments at both the left and right ends. The change In the
restraints due to these removals is denoted byaV andtf'. The reioval
of the restraints Is accomplished by allowing the Joint to rotate or
translate to its equilibrium position by applying forces or moments equal
in magnitude to the artificial restraining forces or momenta, but opposite
in direction, at the point of restraint.

The removal of a restraining force at a joint causes a change in
the deflection of the neutral plane s does the removal of a restraining
moment end creates a change in the restraining moment at that joint nd

s change in the rotation and deflection restraints at the adjacent joints.
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Bovsver, th In Phe sase pf o oRoont vozevel the mestveints which ave
croubel wre aloemys seoller thon o restralnt sowoved nrd bhe vebnsl oo
Whaves (o spyreath the sondibion of perestreined egeilitriee Iy the
cama of pool resme veesols She peolivptots remsdndny alftoyr reteelng
maesk oF The mwmwm ah oo foind teduey vwILL be ppldeivie.

Thin prososn of snesecnive appeinitubions 1B siaple Yo ceey oul
ae will by desmobraded dn the spoverdlog pagese  The vk ronslus ens
Shvaly vumoriosd o v o ondy the soebeolnd Ao pesored ob o $ine and
e iy Joluwts peweln Dxed g paitions

B tno suscending rosk the alsebrady slgng of the guentdsies beve
b Sopored pxeept In the cang of nopsunifoss vptssire dlsteibulion.
This entblo the wolublons o be ssvrled wub from the physliend rethoy

Phan She mihoeossioal stanipeinde - .

F3
At -t

TEETTeAES DAY T LO0G THISGAT RS serIinny et susTre ouraionen we nare

TR rrnaine Sranni et o The avoumd oFf bonflug otuent 4% the eads

2

of & lowg hinenedlof edlndeicel chell subjesied to o nen-unlfoin Dreg-
pure Alusribubion onn he found by soiviny the gonesnl S0flavtion gquation.

Thin sonebion dn
tm e Gy gon I+ By sdn Ng) e Bin)

Uinos wodey fped-ond condiitons v e & ab w2 D b the ovigin

compidured 4o e ob ong oad of he ohall

By w w L0}
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where Plor i the dionee 4o fodivg due 28 the ponboons sivestos ab o U,

lebbing ¥ be Mo retstlon ot the ond of She el

%

%o - ﬁ@*ﬁﬁ:i% ous O+ By aln ) 2 m‘*’%éwa';& Fod iRt Trg cowm Tl 4 £7{g)

whers £ iz} iu dhe Mrot Sseiveblve oF the sgabvene AsTlookion,

Paduy Sivedwond condibions @ = O ot 2= 0 ond
0w« DOy « By} + £7{o)
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The values of ¥y and Xy ore tobuleted in Teble IT of the eppendix.

PIAED-ED MOTERTS ARD SHLARG TW FLAT oIRCHLGR HNADS « The fixedwend

moments in o fla¥ plabte when vsed asg the head of o oylimdrical pressuve
vessal con be found in o mancer simiisy %o thod used for the fizedwpud

mmézﬁsa in the shrs«’ﬁ_i.,. The head hes s fixod-end sheaving force however,
whith can be fHund much wore simply then thab of the sbhell #s i3 is the

membrand Siross bronemilbied to the shell and plven by

totel foree L TER LB L. ... . t50)
shanrlag ares Ehlr — R A " ‘

Iy the thickness of the heod h is ia;;alzwac‘i by the shell thickness &y
this @ikl be vweomized as the lengitudinal menhyane stress in the shell,

The deflechion iy plven by the eguabion

& g 4 '
W = By “‘“‘"”f’-;m* ey
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wub & ja zero ¥hen v is o meximum. By lebting the mu&%
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snd mince the deflection. 1l zevo vhen v = 8
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The final deflection eguation com fiow be wriflens sy

g2t _patel g gt
CWEETD T B D TEED
il
% p3® pafe
WWMﬁ“wb
and
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of the vesssd _'

Yhe eguations oy the ?ixaﬂwﬁﬁ& moments 1o the plate are thepn given
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by eguetions (6] and (7] which give, using the valuey aboye

R S N3
yﬁ’ﬁiﬁ = 2 iﬁa - ﬁl?;: e }ﬁgﬁ ® 4 w0 CRE TR R {31)

3’%&% uwa*ww P S T R §t:1] ‘
where ¥ iy the wadite of the vessel.

THE ERpper o 4 Uﬁ""" ABGEE CEANG W JTER MOURETS AT UHE SOGH OF & FLAT

CIRCULAR fIRAD » The ddabwibubion i‘a&mré for oylindrical pressurs &r‘eﬁas@,ls

with fia® hends Gon be obtsiped by pmeizzg 4 unidb angle chenge on the
joint badwéen ﬂm ahell 2od the hesd aud mmmg for ¥he resulting change
in the momehis Lo the plabes end the shelle Hince in the case of Tessels
with find heads, 'tzzg-"tmmlar&mn of the g’eﬁiﬁ: is negiigibles theve is ud
;ﬂsﬁmw %ﬁ;a'izwihuﬁmn Teeton 4
onsidering the plave we have
fﬂt@

: eres
ST %

a8 n a3
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F Rl I TR

‘ﬁl =

and

g

Fr

_;;;,it

A

i a:ﬁ;:’ﬁ;rém*iﬁ,y ploeing a gult rodation at the etge ef the plate and.

using the same notaticnd as hefore
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5 e JE en g, e et B i inin:
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sand

Wow desighating the flewurel wigiolty of the plate as Dy snd aoting
thed. the pressugre 14 wevo, the pesuliing momdnis ope, whers ¥ is {the

rodius of the restely
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MonmED ,m&%ﬁmﬁ’iﬁﬂﬂ FAomoms FOR VEOOHLY SITH TONG THIN-WATIED CYLINBUICAE

SHELES AND FLAT HEADS - The moment distributien fsetor £ is

B
Tg = Ty Ty

whete M denotes the mpment daused by o wilb sogle chenge, Yor & long

shell by equalion (23)
MY = 2DB

and for a flat plave hesd by equabicyn (43)

theh Aenoting the aistrlbution feetor for the shell by ¥, and the disteis
bution factor for momends in the hesd in the radial pad tengential divet-

tions by fp and 4 vespeciively




w o

£y 2DaB o | N
31}58"‘"«&{1 n) 4 #F B & 4 o § & ¥ ¥ F @b

s {5%)

- end

~ﬂhii - u}
Lo 2 Ty 35 o™ P &)
- 2DgB mﬁz(z £ u}
These sqwotions vhen inverted give s slnpler sclullon op
‘”‘%‘ 3’.: 3. 3 %géig’iﬂu} B oo v & £ & s v & e b & « (:‘%m)h
if=4 4
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.:% % ﬂﬂln}’"ﬁ‘%ﬁﬁi@vﬁgkwﬁw e s ki s see e s {558}
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In the foregolng expressions By =mnd Uy denotie the flezural rlgidity

,of the shell end hesd respectively.

FONRT DISIRIBUTION PACTORS FOR VRS s WITR BUORT. SHIN-¥ALIED OYLINDRICAL

SIELES D PLOT HEADS = The effect of & unlt angle change. in he woment

at the ond of o ohory Phinewalled vylindrisel shell is glven by eysabion

W= BDgE ¥,

and for the flat bead Dy ewuablen (3%) as
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Tapy by

e distribedion feelors gre then ' ' : &
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g B@B ? Y g w4 § % @ s § & b 98 % iﬁﬁ)

*BDghiy * ZR(1 + u)
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Agsin the reslprocals ave simpler
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Soletion: The ximﬁawanﬁ,mﬁgmnﬁﬁ for the shell by envation {41) is
P = BDETRY = 2 x 5,200 % 15418 x 0,0007 = 9.8 inef/in.

The Fited-end noments in the heads sre by squations {BL) and. (B8}

é?’ 20y wd 3 .
i"m& o B o BLIO0 . nys ynef/am

. o P ®O ¢ 1OF w00 \
T “g’* vt BOE 3’3 L0 w94 tomf/in.

The diatribebion of the moment unbslbsce ni the jeints By equabion

{B4n) i

140,695
3 &“W{‘I o u} 3#‘}:& E’}u w 04 4+ 0438)
"‘Eq w Mﬂwmm = 1 4 ;?, . béwﬁ%“fl p 1“&1%“,7 = R.ABY

Sifos Sheve are only two mewbows ak fhe Jelxd fhe rewainder of the

motend wubalancy musd bhe Asbributed ¥ e head op
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fr « ft » | - 0.406 « 0.594

The mment distribution is now carried out as follows, assuming

clockwise resisting: moments are positive.

M M M
0.594 0.594
+ 375 + 94
- 148 - 217 - 217
- 158 + 158 - 183
L 4 - 'Ove xample 8 by successive corrections.

Solution:

The fixed-end moment Tot the shell is filven by equation (14) as

FEi m ¢ J3)r* « 2 x 333,335 X 0.0784)(1. 03 - 0.082)

(0.0039978) = 199 -in/in.
The fixed-end shear in the shell is given by equation (20) oe

FBr, a 2DB3(J5 + J6)rl1 = 2 x 333,333 x 0.08105 (-2.009 - 0.148)

x 0.0039973 = 133#/inE/in.

Ttie shear correction factor is given by equation (25) ea

WV« = BK1L m 0.280 x 0.9897 = 0.277



-ClI*-
'Ihne moment carry-over Ib given by equation (Si) mad Table 1l me
c * 0.154»

The distribution Is then

T7-M 0.154 M 37
TT=-Q.277 Vrro.277
+ 133+ 199 - 199+ 133

+ 31 +199 - 54
- 63 - 250 - 35
+ 5 + 3 . 10
| 5 +
-
+ 69 0 0 + 69

QJ CTI;ICI, - The relaxation method elinin tea most of the tedious work

Involved In thin-welled pressure vessel analysis by introducing an arti-

ficial set of boundary conditions end then removing the artificial con-

ditions by the crdy Cross methods of nomcnt nd shear distribution*

The artificial boundary conditions ore introduced so that the fixed-end

moments end shears may be easily computed using either formulas or tables.
Tables of the necessary constants rre provided as a further aid to

computation. This method is indicated as being valuable since the



consbants depend only on shell length end siiffness and will apﬁly to all
veseels uikh thine-wslicd cylindpicsl shells.

This papsy doas pod cover all of the eoleulativns vhich ave necessary
for the saadysis of all dypes of thin~walled prosoure vesselg., The ves-
sals Wrented sre the simplest $0 snslyze bub they dewonstrate the pro-
cedures snd method of ebtack wibhout eﬁufuéiﬁg the resder o an énﬁeaeaaaﬁy
fagree., Un the pther hand, the power of ¥he n@@h&& ie not ghown o the
best advantage as the sevings in dise snd labol aye propertional o the
aeomplexity of the yxmhle@'bﬁing ireabede

Farther =mpplicabioss can be nede bo vessels with glipticel shells
and shells with popeymiform Ainmeter in bhe lengitudinel cross-geviion,
as well as ¥p vessels wiih hemisphewicel ond elipbicel heads. When this
hep boon dowe the field of pressure vessel anslzals wlll have been sSife
plified and the trioe value of the appllcation of relexation wmethuds o

prospure vessels will boave bean roslized.

x>
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