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Abstract:

The mechanical properties of snow under high strain rates and finite deformation are highly nonlinear
and rate dependent. Unlike most geologic materials, snow can undergo substantial volumetric strains
which are irreversible. Pressures may increase by orders of magnitude as snow is compressed from
initially low densities of 100 kg/m”3 to densities beyond 500 kg/m”3. At the same time, the shearing
stiffness can increase dramatically.

One of the most difficult problems encountered when trying to quantify snow mathematically is to
account for the microstructure of the material. Naturally occurring snow generally has a complex
microstructure which varies dramatically depending on the weather conditions to which it is subjected.
The microstructural properties of snow have a significant impact on its mechanical properties.

In this thesis, a constitutive theory is developed to describe the mechanical properties of snow at finite
strain under high rate multiaxial deformation. The theory is based on nonequilibrium thermodynamics
with internal state variables. The internal variable approach is based on the view that the state of the
material at any given time in a deformation process is adequately determined by the strain, internal
energy, and a finite collection of internal state variables. The state variables may be thought of as
characterizing the extent of microstructural rearrangement within a sample. This approach is appealing
in that it incorporates parameters reflecting the microstructure of snow, while at the same time
essentially remaining a continuum theory.

Results are presented for low to medium density snow subjected to a variety of multiaxial loading
conditions. Volumetric strains in excess of 100 percent are considered. The theory is shown to reflect
mechanical properties of snow such as rate dependence, stress relaxation, and strain recovery.

The constitutive theory is significant in that it is consistent with the first and second laws of
thermodynamics as well as satisfying the principle of. material frame indifference. Equally significant
is the inclusion of microstructural properties in the formulation. The internal state variable approach
provides a powerful method of incorporating the microstructure of snow in a precise mathematical
fashion.
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ABSTRACT |,

The mechanical properties of snow under high strain rates and finite deformation are
highly nonlinear and rate dependent. Unlike most geologic materials, snow can undergo
substantial volumetric strains which are irreversible. Pressures may increase by orders of
magnitude as snow is. compressed from initially low densities of 100 kg/m?® to densities
beyond 500 kg/m?. At the same time, the shearing stiffness can increase dramatically.

One of the most difficult problems encountered when trying to quantify snow mathe-
matically is to account for the microstructure of the material. Naturally occurring snow
generally has a complex microstructure which varies dramatically depending on the weather
conditions to which it is subjected. The microstructural properties of snow have a signifi-
cant impact on its mechanical properties.

in this thesis, a constitutive theory is developed to describe the mechanical properties
of snow at finite strain under high rate multiaxial deformation. The theory is based on non-
equilibrium thermodynamics with internal state variables. The internal variable approach is
based on the view that the state of the material at any given time in a deformation process
is adequately determined by the strain, internal energy, and a finite collection of internal
state variables. The state variables may be thought of as characterizing the extent of micro-
structural rearrangement within a sample. This approach is appealing in that it incorporates
parameters reflecting the microstructure of snow, while at the same time essentially

- remaining a continuum theory.

Results are presented for low to medium density snow subjected to a variety of multi-
axial loading conditions. Volumetric strains in excess of 100 percent are considered. The
theory is shown to reflect mechanical properties of snow such as rate dependence stress
relaxation, and strain recovery

The constitutive theory is significant in that it is consistent with the first and second
laws of thermodynamics as well as satisfying the principle of material frame indifference.
Equally significant is the inclusion of microstructural properties in the formulation. The
internal state variable approach provides a powerful method of incorporating the micro-
structure of snow in a precise mathematical fashion.




CHAPTER 1
INTRODUCTION

Snow is a geologic material which dominates the polar climates and intermittently
covers a much larger portion of the eafth. Historically, it has received little attention from
the rheological community. This is primarily because problems requiring knowledge of its
material properties have been limited in the past. However, polar and alpine climates are
receiving much more attention and use in recent yeérs. Recreational use in the alpine back-
country has increased dramatically. P(})Iar regions are now being explored heavily for oil
and natural gas reserves. Finally, recognition of the significance of snow from a military
standpoint has increased.

Most of the past work in characterizing the material properties of snow has involved
snow under low strain rates. However, the properties of snow are strongly rate dependent
and there are a number of classical problems which require knowledge of tAhe high rate
properties of snow. Probably the most publicized is that of the snow avalanche. Whén an
avalanche occurs in an area developed by man, the results are often disastrous. A recent
example of this was the total destruction of the lift lodge and death of seven people at
Alpine Meadows, California in March 1982.

Stress waves are another aspect of snow which require knowledge of its high rate
properties. For example, snow has the ability to absorb a great deal of energy through
material compaction resulting in tremendous atténuation rates for stress waves. Studies
indicate that most of the energy produced by a- classical one kilogram explosive is dissipated
within a meter of the bomb sight. This becomes a significant problem when trying to initi-

ate avalanches or clear mine fields covered by snow with explosives.
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Vehicle mobility in alpine and polar terrain also requires knowledge of the high rate
properties of snow. A snow cover has two degrading effects on the performance of a
vehicle. First, large volumetric deformations occur from corripaction by the wheels or
tracks of the vehicle. This has the effect of reducing the total amount of energy .available
to propel the vehicle forward. Brown (1979b) has studied this problem and found that for
some tracked milifary vehicles traveling at 20 mph in medium density snow (300-400
kg/m?3 ),.the power absorbed by the snow cover can exceed 40 percent of the available
enginé power. |

The second degrading effect of snow-on vehicle performance is the loss of traction
and danger in becoming stuck. This problem is much more difficult to analyze since slip-
page involves both deviatoric and volumetric deformations. Little success in characterizing
this type of multiaxial deformation has been obtained.

The use of snow as a protective material has recently receivéd attention from the
field of penetration mechanics. Experimental evidence indicates snow is very effective at
retarding projectile penetration (Aitken, 1978). At the same time, artillery shells tend to
exhibit a delayed fuse action when irﬁpacting a snow cover. This dramatically decreases
the effectiveness of the explosive since most of the energy is absorbed in the snow. Knowl-
edge of the high rate multiaxial proberties of snow would yield a better understanding of
both of these phenomena. “ |

Finally, although this dissertation is directed towards an investigation of snow, a valid
constitutive law wo.uld'represen,t a significant advancement in the theory of rate dependent
deformation of granular materials under finite strain. This includes many geologic materials
such as cohesive and cohesionless soils. The theory is also applicable to the field of high

temperature powder metallurgy.
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Some Urtique Properties of Snow

Among all geologic materials, snow may be regarded as one of the most difficult to
quantify mathematically. Naturally occurring snow generally has a complex stratigraphy
which varies dramatically depending on the conditions it is subjected to while on the
ground. These include rain, wind, extreme temperatures, melt-freeze cycles, and tempera-
ture gradient effects. The large variation in microstructure precludes modeling the snow as
a simple collection of spheres or ellipses.

The reasons for the complex characteristics of a natural snow cover are two fold. First,
the material Jis thermodynamically active because its natural state generally lies close to its
melting point. Also, the material is high’ly. porous with the ice phase typicallly occupying 5
to 50 percent of the material volume. These factors make the structure of snow susceptible
to change resulting from changes in the weather. For instance, the ground temperature
under a seasonal snew cover typically lies very close to 0°C. If this coincides with cooler

ambient air conditions the snow is subjected to a vertical temperature gradient.! Under the

|nf|uence of a temperature gradient, a mass flux of vapor from the zone of high vapor pres-

sure deeper in the pack to the zone of low vapor pressure occurs. This facilitates the devel-
opment of faceted crystals near the top of an air pore as water vapor is subliminated off
the surfaces in the lower regions. Also, the ‘bonds deteriorate most readily, causing an over-
all weakening of the snow cover. This process, known as temperature gradient metamorph-
ism, has a dramatlc effect on the properties of snow 2

Figure 1 shows the variation in compressive strength of four 0.1-m-thick layers of
snow subjected to a'constant temperature gradient. Notice the drastic loss of strength in

the lower layers.

! This situation may also exist on temperate glaciers or polar ice which has been

warmed during the summer.
? Adams and Brown (1983) review temperature gradient metamorphism,




Time (Days)

Figure | . Characteristic reduction in strength in 0.4-m deep snow due to temperature grad-

ient metamorphism (Bradley et al., 1977). T = 9500 Pa, d0/dz = -50 K/m, (X)

bottom layer, (m) second layer, (a) third layer, (o) top layer, p = 180 kg/m3.

The high porosity of snow is also responsible for the complex deformation mecha-
nisms observed in snow. Bond growth, bond fracture, pressure melting, and intergranular
glide all contribute to the total deformation making modeling the deformation process dif-
ficult. These factors are compounded even further by the nonlinear rheological properties
of the matrix material, ice. For instance, under compression ice is known to behave as an

elastic-rate-sensitive plastic material. Under high rate deformation, the rate effects are

pronounced.
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Finally, snow has been shown to have the ability to rapidly heal itself giving it a limited
memory of its bast. This is primarily due to sintering of the ice grains. Sintering is the pro-
cess by which a collection of loose particles form permanent bonds at their points of con-
tact forming a solid framework. This process occurs more readily at temperatures near to,
but still below the melting point. Studies indicate that for ice grains,-a bond of measurable
strength can form within minutes (Hobbs, 1974). Also, deformation induced cracks are
thought to heal due to diffusion of vapor and sintering effects.

The driving force for the material rearrangement in sintering is supplied by a surplus
of energy associated with the excess of free surface area in the material. Hence, the sinter-
ing process is intricately related to the microstructural properties.of the material, specifi-
cally the mean surface area per unit volume and mean curvature (Reid; 1984}, Further-
more, the sintering process significantly alters ;che microstructural state of the snow result-

ing in an overall strengthening of the snow cover.
Approach

In light of the above discussion, it is not surprising that previous efforts at charaqter-
izing the thermomechanical properties of snow have met with Iim‘i:ted success. This is
because the microstructural properties of snow are important in characterizing the material
response. These properties vary dramatically depending on the weather conditions the
snow is subjected to while on the ground. Therefore, the approach taken here is to formu-
late a continuum theory which incorporates parameters reflecting the hicrostructure of
the snow. |

The constitutive theory developed is designed to characferize the properties of snow
under high rate multiaxial deformation. The theory is based on non-equilibrium thermo-
dynamics with internal state variables. The internal variable approach is based on the view

that the state of a material at any given time in the deformation process is adequately
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determined by thp strain, internal energy, and a finite collection of state variébles. The
state variables may be thought of as characterizing the extent of m‘icrostructural rearrange-
ment within the sample. Furthermore, at any point in the deformation process, the \éaria-
bles may be fixed in theory, if not in principle, through imposition of appropriate con-
straints. In this manner, the deformation may be viewed as a series 6f constrained equilib-
rium states. The relation between the state variables and other state properties such as
stress is then determined by the fictitious state of thermodynamic equilibrium re‘ferre.d to
as the accompanying state. . |

The internal state variables identified in this work are of the ““averaging’’ type on the
granular level. By the term ‘‘averaging,” it is meant that‘ the variables refer to average char-
acteristics of the structural rearrangements taken 6yer all operative sites within the system.
With some noted exceptions, this ébproach follows a formulation by Rice (1971) who
developed a theory to describe the constitutive relations for metal plasticity using internal
state variables at,the‘ microstructural level, e.g., crystalline slip, phase transformatipns, dif-
fusional transport, etc. | |

Finally, the theory presented represents a significant deviation from classical plastic-
ity. First, in classical plasticity, volumetric strains are purely elastic. This is hardly the case
for snow which may undergo density :changes of an order of magnitude under compression.
The internal variable approach readily accommodates this property. Funjthermore, unlike
classical plasticity, the theory is rate dependent through the internal state variables which
are governed by temporal e\_/olution equations. This is extremely important for snow which

has been shown to have strong rate dependent properties. .
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Results

Results of the constitutive theory are presented for uniaxial confined‘ éorﬁpression
tests and combined éompre'ssion and shear tes';s"for multiple strain rates and volumetric
strainé exceeding 100 percent. 'fhe theory is shoWn. to be-capable of modeling phenomo-
logical properties of snow such as rate d.ependence, stress relaxatioﬁ, and limited creep

recovery.




CHAPTER 2
OVERVIEW

In this chapter, a general overview qf the problems associated with characterizing the
rheological properties of snow under high rate deformation and finite strain is given. First,
* a review of previous investigations on the high rate properties of snow is presented includ-
ing experimental and analytical resuits. This is followed by a discussion of previous investi-
gations of general thermomechanical constitutive relations. Included in this discussion is
tHe internal state variable approach as well as other theories which may be applicable to
snow. Finally, a description of the proposed problem is presehted along with some of the
important properties which should be incorporated into the. constitutive theory,

It should be noted that the literature review presented is by no means exhaustive and
is merely intended to provide a basis for subsequent work performed in this study. For an
extensive review of snow research, the reader is referred to review articles by Mellor (1974,
1977). Also, an excellent foundation for studying thermomechanical constitutive rélationé

can be found in‘TruesdeII and Noll (1965).

'

Previous Investigations on the High Rate Properties of Snow

Much of the laboratory experimental work on high rate deformation of snow under

finite strain was done by Napadenski (1964), Abele aﬁd Gow (1975, 1976), and Wakahama
and Sato (1977). Napadenski’s work was concerned with the response of snow subjected to
high intensity shock waves. ;I'hese experiments were conducted by accelerating a metal
plate into a snow sample with the use of explosives. A streak camera was used to record

the plastic wave speed and particle velocity at the shock front. This data was then used to
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determine the shock adiabat (Hugoniot) for the snow sample using hydrodynamic theory.
The shock adiabat is useful in that it defin'es an upper limit to the compressibility of snow
for a gfven pressure. For an extensive review of hydrodynamic theory, the reader is refer-
red to Duvall z;md Fowles (1963).

To this day the stress wave experiments performed by Napadenski provide the only
Hugoniot déta for snow. The snow samples for her work ranged from 390 to 530 kg/m?
and are significantly higher than those normally encountered in a éeasonal snoW cover.
However, a current set of shock tube experiments is being conducted at Los Alamos
_ National Laboratory in-conjunction with the United States Army Cold Regions Researlch
and Engineering Laboratory (USACRREL). This should prov‘ide much needed information
on thi_e response of low density snow to shock waves.

.Stress wave data for solid ice is also important to the fielq of snow mechanics. This
has particular relevance to -projectile penetration. For instance, inert steel and aluminurﬁ
projectiles fired at velocities of around 10 m/s into snow with densities of 400 to 500
kg/m?® are deformed plastically (Swinzow, 1972). These materials had yield stresses of
5(10)* and 3(10)? MPa respectively which are approaching the shock adiabat for ice. To
this end, the works of Anderson (1968) and Gaffney (1985) on the shock adiabat of ice
are cited. | '

Abele and Gow (1975, 1976) performed an extensive set of uniaxial compression
tests on virgin and precompressed snolw. Their work was primarily concerned with investi-
Qating the effects of temperature, initial density, and rate of deformation on the stresses
produced. The tests were conducted with a 10,000 kg load capacity servo-controlled MTS
machine with an environmental test chamber capable of maintaining temperatures down to
-50°C. The cross Head speeds ranged from 0.1 to 0.4 cm/§ while the stresses produced
ranged from 0.1 to 75 bar. To supplement this data, some microstructural analysis of the

snow before and after the test was made. This was accomplished by preparing thin sections
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of the snow and making photomicrographs. Full details of this technique are given in Gow
(1969). '

Wakahama and Sato (1977) studied the gresponse of snow to a plastic wave by drop-
ping a 1 kg mass 2 meters to a block of snow. The plastic wave speed was monitored using
a high speed camera and the results were compared for snow whose initial density ranged
from 170 to 460 kg/m?® and free-water content from 0 to 17 percent. Changes in thle snow
structure were also studied.using th-in‘ sectibns.

A number of field experiments have been conducted to supplement data taken in the
laboratory. Stress wave studies using exposives have been conducted by numerous investi-
gators. A review of work previous to 1965 is given b&/ Mellor (1965). Albert (1983) provides
still another review of more recent work. BroWn and Hansen (1985) have conducted
research on the significaﬁce of the pore pressure to the overall plastic wave. Studies indi-
cate that the pore pressure i.s very significant to tHe overall response. Hansen and Brown
(1985) have also analyzed the energy dissipation caused by ice fracture in a plastic wave.
The results indicate that at least for pressures up to one MPa, energy dissipation by ice
fracture is negligible. |

The vast majority of analytical work on the constitutive properties of snow under
high rate deformation has been done by Brown (1979a, 1980a). Brown (1979a) formu-
lated a volumetric constitutive law for medium to high density snow based on a pore col-
lapse model put forth by Carroll and Holt (1972). The' model consists of spherical pores
in a matrix of ice subjected to a hydrostatic pressure. A second volumetric constitutive law
based on neck growth of grain boﬁds was formulated by Brown (1980a) for low density
snow. This formulation is significant in that it successfully incorporates microétructural
parameters for snow such as bond radius and bond length. Brown (1979b, 1980b,c,d;
1981a,b) has used these equations to study a number of signi.fican-t problems including

vehicle mobility and stress wave propagation.
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As mentioned previously, the microstructure of snow plays an important role in the
rheological characteristics of the material. Therefore, the study of the structure of snow
has Feceived a considerable amount of attention. Kry (1975a) ha"s ;nade an. ;—r;;lysis of
grain bonds in snow using quantitative stereology. Using this anal‘ysié, Kry (1975b) fol-
lowed the evolution and subsequent effect of grain bonds on material properties under
quasi-static uniaxial compression. Gubler (1978) has made significant advances in deter-
mining the mean number of bonds per snow grain using stereology. This is a very difficult
problem to solve using only two-dimensional information. Finally, Good (1974) has
developed a set of numerical parametérs to identify the structure of snow.

In closing, thére are numerous gaps in the knowledge of the material properties of

snow under high rate deformation. This is particularly true for multiaxial states of stress

where both experimental and theoretical results are scarce. -

Principles of Thermomechanical Constitutive Theories

In describing the dynamic behavior of a continuum, there are three general principles
which govern the material l;esponse, ('i'ruesdell and Noll, 1965). The principles of deter-
minism and local action collectively state '_chat the stress at a point in the body is de'ter-
mined by the history of an arbitrarily small neighborhood of the particle. The principle of
material frame indifference states that the response of the r’na'@rial is independent of the
observer. These principles are applicable to all classical work in continuum mechanics.

The difference in ‘materi.al response is goyerned by the specific constitutive assump-
tions made for thé material. These assumptions can be mathematically stated using the
principles of determinism and local action. The principle of frame indifference can then be
used to place restrictions on the assumpti,oﬁs. |

By introduCi‘ng' the thermodynamics of a continuum, an additional set of ‘restr‘ictions

can be developed by application of the Second Law. This law takes the form of the
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Clasius-Duhem inequality. The inequality implies there is internal entropy production in
any irreversible process. Coleman and Noll (1963) present logical consequences of this law
for a particular claés of materials. These results have since become standard in making
thermodynamic arguments.
One specific approach to describing the response of a material is put forth by Cole-
man and Noll (1960, 1961) in which the principle of fading memory is bostulatedﬁ This

theory assumes that the entire past history of strain influences the stress. The principle is a

smoothness postulate which requires the stress to be more sensitive to strains in the recent

past as opposed fo the distant pést. Colehan (1964) developed a general théory of thermo-
dynamics of simple materials with fadinjg memory. Here, he assumed the stress was a func-
tion of the past history of the deformation gradient, temperature, and temperature gradi-
ent. The article is primarily concernéd,withv restrictions place;i on this type of material
using the Second Law. |

An alternétive approach to the principle of fading merﬁory is to postulate the exis-
tence of a set of internal state variables which characterize the state of the material at any
given time and whose rate of change is governed by a set of temporal evolution equations.
Coleman and Gurtin (1967) provide a detailed analysis of the thermodynamics of internal
state variables. In this work no .attempt is made to identifvy'/ the specific nature of the varia-

bles as they are treated as abstract quantities. However, restrictions on the form of the

state variables are developed based on the principle of material frame indifference.

Rice (1971) developed a general internal variable thermodynamic formalism for a
class of solids at finite strain exhibiting inelasticity due to specific structural rearrange-
ments on the microscale. In particular, he applied the theory to metals deforming plasti-

cally through dislocation motions. Specific kinetic relations for the rate of change of the

*This principle was later developed from a set of elementary axioms by Coleman and
Mizel (1966). :
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state variables are postulated and discussed. Rice (1975) discusses the relation between
macroscopic deformation and inelastic structural rearrangements ‘which 6perate on the
microscale. These microstructural changes include crystalline slip, diffusion, phase changes,
and Griffith cracks. The thermodynamics of internal state variables is further investigated
by Bataille and Kestin (1979). Finally, Lubliner ,(1972) examines evolution equations fbr
internal variables yielding descriptions of viscoelastic, viscoplastic, and plastic behavior.

The work of Valanis (1966; 197 1a,b) closely paralleled that of Coleman and Gurtin.
Valanis (1966) applied the theory of irreversible thermodynamics to large deformation
of viscoelastic materials. In this work he referred to the internal state variables as “*hidden’’
coordinates and shows them to be scaler functionals of the history of the deformation.
Valanis (1971a,b) used an internal variable formalism to describe the theory of viscoplas-
ticity without a yield surface. To describe materials of this type he introduced an intrinsic
time scale which is related to the external or real time through scaler material properties.
As a result,-he coined the term, ‘““endochronic’’ theory.

Numerous papers have been wrltten on the use of endochronic theory in geologlc
materials. Valanis and Read (1980) provide a brief review of endochromc theory |nclud|ng
thermodynamics while introducing a new endochronic model ‘for soils. Read et al. (1981)
introduced an inelastic constitutive model for soils based on endochronic theory which
incorporates critical state soil mechanics. A review of critical state soil mechanics can be
found in Schofield and Wroth (1960). Harrison and Bérger (1975, 1976) discuss the pos-
sible application of critical state theory to snow mechanics.

Finally, some recent theories of granular materials have shown promise for snow.
Specifically, the pioneering work of Goodman (1969) and Goodman and Cowin (1972)
are noted. In this theory, the bulk density of a granular material is written as the product

of two scalers consisting of the matrix density and a volume distribution function. The
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latter may be thought of as characterizing the spatial and time dependence of the poros-
ity. By breaking the bulk density into two parts, an additional degree of freedom in dgscrib-
ing the kinematics of the deformation has been introduced. This results in an additional
balance equation known as the balance of equilibrated stress. Goodman (1969) shows that
the equilibrated stress can represent a center of compression or dilatation in the material.

The theory of‘Goodman and Cowin has been expanded by Passman (1974, 1977) and
Nunziato and Walsh (1980) by treating the volume fraction of each constituen_t of a mix-
ture as an independent kinematical qua.ntity.4 This gives rise to additional balance laws

describing the microstructural material response.

Description of the Problem

Most engineering materials, inéluding a large class of geologic materials such as sand
and rﬁany soils are largely incompressible with volumetric strains being small and élastic.
By contrast, snow can undergo substéntial volumetric strains under compression which
are irreversible. Pressures may increase by orders of magnitude as snow is compressed from
initially low densities of 100 ‘kg/m3 to densities beyond 500 kg/r.n3 - At the same time, the
shearing stiffness may increase dramatically. The problem of characterizing the response
of snow is further complicated by the material properties of ice which is the matrix mater-
ial. Ice is a nonlinear, rate dependent material and these properties must be incorporated
into the constitutive law.

During plastic deformation, the granular properties of the snow structure change
dramatically as the microstructure adjusts to the applied loads. Under compression, the
intergranular slip distances close as grains and grain bonds fraqture, thereby allowing the
grains to reorganize. At the same time, pressure sintering causes new bonds to be formed

and “neck growth” in old bonds. Therefore, it is not sufficient to describe the state of the

* An extensive review of mixture theory is given by Bowen (1976).
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materiél in terms of density alone. The introduction of internal state variables then provides
a means of characterizing the plastic state of the material much more accurately,

As mentioned previously, | am cohcerned with the material response of snow to high'
rate deformation. However, only states of stress which produce a mean compressive state
in addition to shearing will be considered. A mean tensile stress would simply fracture the
material since snow behaves in a brittle fashion under this type of loading.

Finally, the cdnstitutive theory developed should satisfy the following guidelines
which are considered impoftant in the modern tﬁeory of constitutive relations.

1. The constitutive law should satisfy the principle of material frame indifference.s

This implies the constitutive equétions are invariént under changes of frame of
reference. That is, the response of a body to an applied load is independent of the
observer. |

Frame indifference is extremely important when dealing with large deforma-
tion theory. Many constitutive equations developed in the past do not satisfy ‘this
condition. Such a shortcoming can produce erroneous results, particularly when
finite rotations are involved.

2. The constitutive law should be consistent with the first and second laws of ther-
modynamics. In this manner, some knowledge of energy dissipation rates and
recoverable energy can be obtained. Furthermore, the Second Law provides valu-
able restrictions on constitutive assumptions.

3. The constitutive law should be partially defined by the struct‘ural propertiés of
the material.

4. The constitutive law should reflect. the dominant deformation mechanisms for the
material. For snow, some of the mechanisms considered are bond fracture and

intergranular glide, and pressure sintering.

5 Malvern (1969) provides an indepth discussion of frame indifference.
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A constitutive theory based on the above criteria will by nature be very complex.
However, the complex properties of snow require a formulation which is very general and
requires few specific assumptions regarding material response. Some simplification to the

resulting theory can be obtained by examining specific stress states.
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CHAPTER 3
KINEMATICS, BASIC PRINCIPLES

In this chapter, the kinematics and basic thermomechanical principles of the dynamic
behavior of a continuum are laid down. These include the balance of mass.and momentum
as well as the first and second laws of thermodynamics. The équations are developed with-

in the context of large deformation theory.

Before proceeding with the theory, a brief discussion of the notation is presented.
Unless otherwise ‘noted, all work is referred to a general curvilinear coordinate system.
Second order tensors will be represented by a.subséripted tilde while first order tensors will '
' be underlined. Dot and double dot products represent first and second order con,tra.ctions
of tensors. The transpose and inverse properties of a second order tensor will be denoted
with the superscripts T and -1 respectively. Finally, the identity ‘tensor will be denoted by

1.
~N

.The following examples serve to clarify the notation discussed.
= ij .- - = . i j . | = .

A:B = Al B..
n~ n/

ij = (AT,
"N v

where tr denotes the trace (first invariant) of a second order tensor defined by

= 7K
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- i
= Bjjug

W
[ =

Podvs)
I
I

uBT
AV
The reader is referred to Malvern ‘(1'969) for an in-depth review of tensor algebra and ten-

sor calculus.
Kinematics

A “body” g is a three-dimeneion‘al differential manifold, whose elements are called
particles. The particles are denoted :simply by X. If the particles at any instant occuey the
region B, then B is called a ‘“configuration.’’¢ ‘ .

'Normally, some configuration is chosen as one which is uee:i_to refer back to. This is
called the “reference configuration,” B,. The body may be referred to a system of coordin-
ates in this configura;cion which establishes a relationship between particles and triples of
real numbers.

X =k (X) , (1)
where X = (X!, X?,X?)"
The XI 'afe referred to as the material coordinates of the particle X. This relationship is
onhe-to-one so there is an inverse relationshib.

X = k1 (X). | | (2)

As the body is deformed, an entire family of configurations B a-re formed. Therefore,
the position of a particle X changes with time. This can be expressed by the foll_ovyi.ng rela-
tionship.

x = ¢ (X, 1 - | | @

The point x = ¢ (X, t) is the position occupied by the particle X at time t.

¢ A body g is invariant. The region it occupies is not.
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There are four apbroaches to describing the motion of a continuum in common use.
‘These are the material, referential, spatial, and relati\re descriptiohs (Truesdell, 1965).
Malvern ( 1969) provides a hrief discussion of each of these approaches. The intent here is
to provide a basis for the work which follows. Therefore, only the referential and spatial
description's will be discussed as the others do not appear in any of the discussions.

The referential descrlptlon is the preferred approach in elastlclty where it is assumed
the body will return to its natural state when unloaded. This will-be the approach followed.
However, under finite deformatloh it is often difficult to attach physical significance to
some of the variables in the referential description. In contrast, the physical significance of -
variables in the deformed configuration is much clearer. Furthermore, the basic principles -
which gevern the dynamic behavior of a continuum are usually derived in the deformed
configuration and then transferred back to the reference configuration when necessary.

Therefore, a discussion of the spatial description is-also provided.

Referential Description

‘The referential ctescri ption refers the motion of the body to a reference configuration
in which the partlcle X occupies the posmon X. | will define the reference position to be
the posmon occupled at t=0. Th|s is often referred to as the Lagrangian descrlptlon

Recall the following relationships. |

X =k (X) ;X =" (X)

= ¢ (X, 1)
where x = the position of the particle X in.the deformed configuration,
and . X = the position of the particle X in the reference configuration.

The spatial position can be put in terms of the reference configuration through the inverse
mapping k™!

=9 (lc" (X), 1) = x (X, t) (4)
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The velocity of the particle X which ochpies the position 5 in B is then

ax(X, 8 dx (X 1)

at dt ®)

V=3

since X is not a function of time. Similarly, the acceleration of the particle X is given by

L x X0 dx (X 1)
é — l(- - atZ - dtZ . (6)

More generally, if ¥ (X, t) is any scaler, vector, or tensor valued property of the

material, the material time derivatives of ¥ are just

Cdw(X, 1) d"w (X, 1)
T = — and q,(’n) = (7)

dt dtn

Spatial (Eulerian) Description

The spatial description focuses attention on a given region of space as opposed to a
' given body of matter. Hence, tﬁe kinematics a‘re described in terms of the instantaneous
position x. This can be accomplished since the relation

x = x (X1
is assumed to be invertable, i.e., one-can write

vix,t) =¥ (¥ (x,1),1), : (8)
where  may be any scaler, vector, 6r tensér valued property of the material.

-Derivatives of ¢ (x, t) must take into account the fact that x is now a function of

time. Therefore, the material derivative of y (x,t)is

- = V ) —
dt at t dt
= YR + (%PYX)! . (9)

0
where 2 = local rate of change,
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. < .
and (yV¥ )v = convected rate of change.

<«
In the above, (wzx) is theé gradient of ¥ with respect to spatial coordinates. This can be
<
distinguished from the gradient (¥ ¥ } with respect to material coordinates by the subscript

X. Hence, | adopt the following notation.

< . a
(w¥,) = ¢ A
ax'
ax!

The distinction between the two sets of coordinates is further emphasized by the use of
capital letters for coordinates and indices referred to the reference configuration.

As ah'example of the material derivative in spatial coordinates, the acceleration is just

7. ) v, ' : (10)

<~

where (v V,) = v ilj (9;9),

and = v 'Ij are the covariant derivatives of the vector v.

Large Deformation Theory

Due to the large deformations encountered when snow is loaded, the distinction
between the deformed and undeformed states becomes significant. Therefore, it is neces-
sary to develop the theory in terms of a finite deformation measure. This is much more
difficult to use than the infinitesimal theory commonly used in engineering since additive
decorﬁpositi‘on of the displacement gradient into the sum of ;1 pure rotation and pure strain.

is no longer possible.
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Deformation Gradient

There are several different approacheé to characterizing finite deformation using the

Lagrangian description. The most f(mdamental approach is the deformation gradient. Dur-

ing a deformation, the following funétion is defined as a smooth mapping.
x = x (X, 1),

where X = k (X).

Given the above deformation, the ‘‘deformation gradient’’ is a second order tensor field
with the form

<]t

F=xVY)=(x(X10Y).

(11)

Hence, it is the gradient of the current position with respect to a reference configuration.

As defined, the deformation gradient is a tensor with the following component form.

= i .aY .

F =x",(g G, (12)
where X 'IJ are the covariant derivatives of the vector components of x.

This is @ mixed tensor in the ‘sense that the basis for f, consists of g in the deformed con-

figuration and gJ in the reference configuration.

For a physical interpretation, the deformation gradient maps neighborhoods of a par-
ticle X in B, into neighborhoods of X in B, Figure 2. More precisely, E, is a linear mapping

which operates on an arbitrary infinitesimal vector dX at X to associate with it a vector

dx = F dX | (13)
This result comes directly from the definition of the gradient of a vector.

Consider any vector field v ( X).

V(X+u) = v(X)+ v (X u)+ elX u) (14)

The Frechet derivative v'(X, u) is given by
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(15)

(16)
Setting u = A X and letting A X - 0 gives
<«
dx = (xV)dX = F dX.
The deformation gradient is interesting in that it contains information about the rota-
tion as well as the strain of the body. As a result, constitutive relations employing this ten-
sor must be constructed so as not to predict a stress due to rigid-body rotation. Further-

more, the deformation gradient is not symmetric and can have nine independent compon-

ents in general.

Strain

A particular finite deformation measure which involves only the strain of the material
vector dX is given by the Lagrangian strain tensor ’% This tensor is defined so that it gives

the change in the squared length of the material vector dX as follows.
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(ds)? - (dS)? = 2 d&g-dz, (17)
where  (ds)?> =the squared length of the material vector in the deformed configuration,

and (dS)? = the squared length of the material vector in the reference configuration.

The Lagrangian strain tensor may be expressed in terms of the deformation gradient as fol-

lows.
(ds)> = dx - dx = (dXFT). (FdX) = dX (FT F) dX (18)
- = -~ N - - v A —
Therefore,
(ds)2 - (dS)? = AX(FTF)dX - dX 1 dX = dX (FTF -1)dX (19)
- N A= - — -V A =
Comparing the above results there follows,
LT
E==(F'F-1)
~ 2 v NN
- 2ic-1) | - (20
- 2 ’\1_'\, ’ . ( )

where C =FT Fis defined as the Green deformation tensor.
Y LAV A V)

For a comparison with the classical infinitesimal strain tensor one can write
Xi = X| + Ul .
Substituting the above into Equation 20 and using rectangular Cartesian coordinates there

follows,

1 au, auJ auk auk
EIJ = 5( ) (21)

axd  ax! oaxlaxd

This shows that if the partial derivatives of the displacement gradients U; with respect to

.the material coordinates are small compared to unity, -the second order terms may be

neglected. This results in the infinitesimal strain tensor often used in engineering and clas-

sical elasticity.
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it is interestiﬁg to note that the finite strain components of E, involve only linear and .
quadratic terms in the components of the_'displacement, gradients. However, this is a com-
plete finite strain tensor and not merely a second order approximation to it.

Finally, there are numerous other finite strain méasures which can be referred to the
reference configuration. In particular, multiplicative decompds_itions of the deformation
gradienf_ into a stretch and rotation tensor are common. Howevér, I intend to develop the
theory in terms of the Lagrangian strain and alternate strain definitions will no longer be

considered.

General Mechanical Principles

In the following section, equati'o'ns willl be derived which give additional information
on the way stress and deformation can vary in the neighborhood of a point with time.
These equations express 'Iocallg/ the conservation of mass and fhe balance of linear and
angular momentum respectively. The equation's are deri\./ed from integral férms of balance
equations which express fundamental po;tulatgs of continuum mechanics and are therefore
valid for any c’ontinluous medium. |

The equations presented are usually expressed in terms of spatial‘coordinates and are
well documented in this forrﬁ. In contrast, thé Lagrangian fo;'ms of these principles appear
much less frequently. It is for this reason that the derivation of’these equatipns is pre-

sented.

Conservation of Mass

Consider a body g and an arbitrary part ® of g, Figure 3. The body 8 occupies the
regions B, in the reference configuration and B(t) in the configuration x =xI(X, t). ® occu-
pies the region P, in the reference configuration and P(t) in the spatial configuration. The

boundaries of B and P are denoted respectively by 3 B(t), a P(t).
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g

Figure 3. The body g and an arbitrary part ® of 8.

The principle of conservation of mass states that for any part ® of g, there corre-
sponds a positive number, M(®), called the mass of part P, which remains invariant from
one configuration to another. The mass is assumed to be smooth enough to permit the

existence of a mass density function, Py (x, t), such that
M (0) = J o oy (x, 0V (22)
Since the mass is independent of the configuration; if x(x, t) and ¥ {x, t) are two different
possible configurations, then there follows, B
m (@) = fPXPx(ﬁ, t)dV = f,,w py (X, tdv. | (23)
PX and Pw are just the two regions occupied respectively by the configurationsz and
¥ . Unless there is a need, the subscripts for p will be dropped, i.e.,
Py (X, 1) = p(x,1).

The one exception to this is the mass density in the reference con_figu‘ravtion.‘ In this case

the notation po(_)S) will be used and one can write

m (P = f,,rpoq)dvo = Jo px 0V . (24)
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The above is a global statement of the principle of conservation of mass. Now put this
in local form in tefms of the Lagrangian coordinates. Malvern (1969) provides the follow-
ing k.inematic relationship between the deformed volume and the referencé volume.
dv = det(,lil)dV0 ‘ | | ‘(25)
Using this expression, the spatial form of the mass measure may be referred back to the

reference configuration.

o o (x v = f,,rp@()_(,t),t) det(F)av, | (e
Combining the above result with Equation 24 and collecting terms gives

J o logX) - ol (X, 1, 0 det(E)ldvy = 0. e

This equation is valid for any part of the body 8. This then requires

PolX) - p(x,t)det(F) = 0,

Pg ’
or — = det(F). (28)
p s

This expression is the Lagrangian form of the principle of conservation of mass.

Balance of Momentum

For the momentum balance laws, two types of forces are considered.’
a. Surface for-ces are forces distributed over the boundary of @band are caused by
contact with other parts of g or otﬁe( foreign bodies.
b. External body forces are forces distribﬁted over the interior- and are caused by
the effects of an external body.
in the case of surface for(;es, ijc is assumed there exists a vector valued functionj,_t (x,t),
called the stress traction which gives a measure of thé force inténsity transmitted across the

surface (force/unit érea) of aP. The total resultant of this is

P = jap‘(t)lnds . . ‘ (29)
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The stress traction may be expressed in terms of the Ceuchy'stress tensor, 1 by the follow-
ing. | | |
Tn, | (30)

th=ng =g

W_here X o= tli (Eiﬂj)"
and the ith supers'cript represents the face acted on while the jth superscript represents the
direction.
In a similar manner, a vector valued function b(x, t) called the body force erS/'ty
(force/unit mass) is assumed to exist such that the total body force is -
P = foblx,t)elx, )dV. | | ' . (31)
The momentum principle states that the time rete of change.of ;che total momentum
| of a collection of particles equals the vector sum of all external forces acting on the part|-
cle. This fundamental postulate takes the form of the followmg axioms in contmuum

mechanics.

(M;) Balance of Linear Momentum

d L .
Sapads + Sppbixtelx 0av = = [ vix o 0av (@32
(M) Balance of Angular Momentum
jap(t) (X -Xg) X tg(x,t)dS +J Py (X=X ) X, b(x,t) p(x,t)dV
d .A p
= _CE—{P(t)(-)—(_50) X y_'(ﬁ,t)p(l,t) dv .(33)

where  x is some fixed point of a part P of 8.
Consider the balance of linear momentum. Usmg the Reynold’s Transport Theorem

axiom (M, ) may be rewrltten as
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tdS + b(x,t)p(x,t)dV

faP(t)— P(t)

?fp(t)g(gg, thp(x,t)dV. (34)

Now transform this expression to the reference configuration. Using conservation of mass

there follows,

S o # %0 bix, 1) dV =f,,rp(g(§, 1), 1) blx (X, 1) dV,

- fp B{X, hpgdVy. . (35)
T
Likewise, for the acceleration,

Soratenav =fo oo AX DV, . @6)

For the surface integral, define the force across the surface dS by dP.
dP = t,.dS =ﬂ£dS = (ﬂdS),E (37)

The areas dS, in B, and dS in B(t) are related by the following expression (Malvern; 1969).

nds = NF' — ds, . (38)

where  n is the unit normal in the deformed configuration,
and N is the unit normal in the reference configuration.
Using the above result, the force dP may be expressed as

Po

) = L p—_ = . |
dP (Ndsof, ; ,:cl) N,'I\"dso, | (39)
Po '
where T = — F! t is defined as the first Piola-Kirchhoff stress tensor.
N p Y] AV

Therefore, using Gauss's theorem,

-

faP(t)ﬂidS=fprNIdSo=fpr‘_7-1dvo. . (@0)

Combining Equations 32, 33 and 36 the balance of linear momentum acquires fhe form
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-
Jo 1Y T + 008 - pgATaV, = 0. (41)

Since P is arbitrary, this requires

_> .
VT +60B = oA (42)

The above is the equation of motion in the Lagrangian description. This is contrasted to

the equation of motion in the Eularian description shown below.

>

v

Yx*t trpb=pa | (43)

For non-polar materials, the Cauchy stress tensor is symmetric, i.e.,
[aAY]

tT =t (44)
’\I .

This is actually the local form of the balance of angular momentum in spatial coordinates.
In contrast, the first Piola-Kirchhoff stress tensor is non-symmetric in'general. Therefore,

often a second Piola-Kirchhoff stress tensor-is introduced which is symmetric. This is given

by

©

§/=—2"\:,_lr€F~lT' _ (45)
v

The equation of motion using this tensor is given by

- .
- ~ . .
Y-(,%’li)-hpoB—poA. (46)

The physical relationships between the three stress tensors is shown in Figure 4: The
Cauchy stress tensor gives the force transmitted across the area dS when operated on the

unit normal, n.

dP = nt dS (47)
L L .
The first Piola-Kirchhoff stress tensor also gives the force transmitted across the area dS,
but it does it with respect to the undeformed area.

dP = NTdS, =ntds .~ (48)
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So S =n

Figure 4. The relationship between the Cauchy stress tensor and the Piola-Kirchhoff stress
tensors (Malvern, 1969). '

N
In contrast, the second Piola-Kirchhoff stress tensor gives a force d P which is related to

the force dP by the inverse of the deformation gradient.

{oe

= = -1
d ﬁ’% ds, ,Ii dP _ (49)

Hence, the physical significance of the second Piola-Kirchhoff stress is often difficult to

interpret.
i

Thermodynamics

Here the fundamental laws of thermodynamics are laid down as they apply to a con-
tinuum. The First Law provides a basis for determining the proper thermodynamic conju-
gate to be used with an associated choice of strain. The Second Law produces valuable

mathematical restrictions on the constitutive assumptions.

' First Law

The First Law requires that for any thermomechanical process, all energy exchanges

within a body or a part of it'must be accounted for. The global form of this law is given by
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d
dt

1

El'_‘i)/’dvf fap(t)[_t.n *v-g-v]ds

fPﬁﬂ“*

+ fp(t)[Pr"'pE -viav . (50)

In the above expression:

u = the specific internal energy of the body. (This includes things such as -strain
energy, thermal energy, surface energy, etc.),
1 . '
5¥'Y = the specific kinetic energy,
q = the heat flux vector,

and r = the heat supply.
The First Law states that the rate of change of energy (both internql and ,k‘inetic) is equated
to the sum of: | | »

1. The rate of work of boundary forces

2. The flux of heat across the boundary

3. Heat sources such as radiation

4. The rate of work of body forces

Using the Reynold’s Transpbrt Theorem and Gauss’s Theorem, the gldbal form of the
First Law becomes, |

.fp(t)[ﬂ U+pa-v]dv

-

= fo % 4 ¥) ~Yy-a +or+pbevlav. 1)
Now note the following identity.
YX.('E!') = (Yx-£)1+tr(r£ R), i . (52)

where Q is the rate of deformation tensor.

vV, +Y, v) (63)

D =
~
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Substituting Equation 52 into the First Law and collecting terms gives

-

fp(t)[pa pb-V -”\tl]-l+pu—tr(,:cll2’)—pr+Yx-9_]dV=0. (54)

The first term in the above expression is simply the equatlon of motion in spatial COOI’dl-

nates and is equal to zero. Therefore, one is left W|th

Jple i -tr(t D) - or +9, -qldv =0. (55)

Now express the above result in the reference configuration. Consider the stress
power defined by tr (,'51 R ). The rate of deformation tensor is related to the time rate of

change of the Lagrangian strain tensor by the following.

D =fF1:Tg g - (56)

V] N AVERAV)

Using the above the stress power can be written as

]

tr(t D) = tr{t F*TE F!)
LAVERAV JAVIRAV LAVERAV )

[

e-1 aTygy 2 2 - -
tf((fl ,E,E )El) oo tr(,%,l%). (57)

The divergence of the heat flux may be expressed in, the reference configuration as follows.

_)

fP(t) Yxadv = faP(t)ﬂ'gds
Po “lgd “f fo 3-(F“ )dV. - (58)
=jaP N!‘\:’ _g S_"Prj— A, S. (o]

Using Equations 57 and 58 the global form of the First Law in the reference configuration
becomes

-

) . . - Po _ _
f,,r[pou-tr(§g>+poﬁ.+72-(qundv -0, (59)

N — (o]

Since the above integral is equal to zero for all parts P, there follows,

: o -
poU = tr(SE) + po R + —°V (F' a). (60)
P . .
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Equation 60 is the local form of the First Law in the refel;ence configuration. This '.

shows‘that the second Piola-Kirchhoff stress tensor is the thermodynamic conjugate of the

rate of change of the Lagrangian sfrain. In a similar manner, it can be shown that the first

Piola-Kirchhoff stress tensor is conjugate to the rate of change of the deformation gradient.

Second Law
The Second Law is based on the observation that energy is dissipated in an irreversi-
- ble process. The law postulates the existence of entrdpy‘és a state function and that inter-
nal entropy production is the result of dissipative irreversible processes. Further, the inter-
nal entropy production is zero for reversible processes. Hence, the Second Law requires
Rate of Entropy Increase > Entropy Input Rate .

This may be expressed in a continuum form as follows.

_q-ﬂ

or a h ]
Jogeonav > fpm—o—d,v +fap(t)———6——ds (61) |

d

dt
where 7 is the specific entropy,
and 6 is the temperature.

Again, using the transport theorem and Gauss’s Theorem,

f ['—f’—r+5-(g—)ldv>o' o (62)
P() 7T X g

In terms of the reference configuration, Equation 62 becomes

poR Po = F'q

fp [og H - +7‘Z-(lé—_)]dvo>o - (63)
r .
This requires
. PR pg=> Fla
po H - ‘;+_°_.-(”® ) >0 (64)
o .

The above is known as the Clasius-Duhem inequality and is the local form of the Second

Law. The divergence term can be expanded to give




Ll

35-

po R
o)

1 : 1
—_ F 1 I, F 1 .
S Y- (Etal-5F"a

|Q¢ _
1<y

. O .
oH -t — e>0. - © (65)

N
~ Now substitute the energy equation into the above to eliminate R andV . ,Ii“‘

1<

1
— e =0 (66)
@ .

po®H - poU+ w(SE) -—F'q-
This expression is an alternate form of the Second Law. Fina.IIy, introduce the Helmholtz
free energy, @, defined by |
®=U-0H ' _ ' {67)
This quantity represents the recoverable strain energy in the body. The material time deriv-
ative of the free energy is given by
-0-6H-0H L ~ (68)

Substituting the above expression into Equation 66 provides still- another form of the

Second Law.

4

. . . 1 . .
o B - -—F1qg-V -
0® - poHO+ w(SE) -~ F"a-Ve>0 | (69)
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CHAPTER 4
GENERAL CONSTITUTIVE THEORY

A general constitutive theory for a class of inelastic materials at finite strain is pre-
sented within the framework of non-equilibrium thermodynamics. épecific constitutive
relations are postulated and restriction;s on their form are developed from the Second Law.
General restrictions on the form of the evolution equations for the internal state variables
are also explored. Finally, a brief description of the inverted form of the constitutive law

is presented.

Constitutive Assumptions

| begin by assuming the existence of a caloric equation of state such that,

U = U(E,H,£), (70)
where U = ;che internal energy per unit reference mass,

H = the entropy pér unit reference mass,

,I% = the Lagrangiar!I strain tensor,
and £ = a finite collection of internal state variables characterizing the current pat-

tern of structural arrangement on the granular level.
Hence, the internal state vector may be thought of as characterizing the plastic state of the
material.
Restrictions on the form of ¢ have been found by Coleman and Gurtin (1967) based
on the principle of objectivity. They show that £ cannot represent a vector of dimension

three transforming as a spatial position vector under a change of frame, i.e.,




37

7= Qg (71)

where £* = the internal state vector in the starred reference frame,

£ = the internal state vector in the unstarred reference frame,

and g(t)

any time dependent orthogonal tensor relating the motion of the two frames.

£ can however répresent a set of N-tuple scalers, each of which remains invariant under a'
change of frame. The state vector then transforms similar to an objective scalar, ie.,
£* =& ' (72)
Thus the only restriction on the internal state variables is that they be objective scalers.
It is often convenient to transform Equation 70 into a form where the independent
variable of temperature (®) replaceé the entropy. This is accomplished by introducing the
Helmholtz free energy & (E, ©, &) defined earlier as
»=U-Ho. ' " (67)

Assuming equipresence of the constitutive variables, there follows,

® = ®(E,0,f),
H=H(E, 0%,
S = S(E,®,¢),
F'a=g,=gq/(E. 0,%),
and £ = E(E, 0 ¢) (73)

Restrictions Based on the Second Léw

The second law of thermodynamics was given a precise mathematical meaning by the
- postulate of internal entropy production. This law can now be used to place valuable math-
ematical restrictions on the constitutive assumptions. For convenience, the law is shown

below in terms of the free energy.
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"poq"PoH@"'tr(,%,%) (—9—[:'/’9_ >0 (69)

From Equation 73, the time derivative of the free energy is given by

-3

® . 3P . 20 . ,
— E+—O0+—. . (74)
2E Vv 2@ 3 = ‘ ,

b =

Substituting the above equation into Equation 69 and collecting terms givés

a@ * aq) .
tr{log 3E ,%)E) - pofH+ E)G

F<W

RPN

1 : : ,
—F7'q-VYe >o0. (7
2t Lok q ) (_5)

By standard thermodynamic arguments, the entropy inequality above could be vio-
lated for a particular jump in strain or temperature unless,

20 1 ' b . . - '
'——:_'% and H = - — . ' (76)
E‘, Po 00

The Second Law then reduces to

—
-1 .V : .
F'a-Ye >o0. | - (77)

Q

—~-k<o. | - - (78)

The above result provides a restriction on the relation between the time rate of change of

the internal state vector and its representative thermodynamic conjugate.

General Stress-Strain Law

In the prewous discussion, the constitutive theory has been formulated with strain as

the independent varlable However a S|gn|f|cant advantage can be obtained by formulatmg
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the strain as a function of stress. This is due to the fact that the strain can be separated
into an elastic part and a élastic part respecfively.
The change in independent variables can be accomplished by introducing the comple-

mentary energy, ¥, defined by the following Legendre transformation.

1 .
W(Q,G,é)—zﬁ:g—é. . (79)
Ve
Differentiating the above expression there follows,
1 1 | o® 2P | P :
d¥ = — dS:E + — S:dE - :dE - — d® - — - dg . (80)
pO AVERAV) pO N N ] E} AV 00 : a_g_ ) -
Recall from the Second Law, N
o) 1
—=—8§ .
BE Po v
Therefore,
1 2P 9P
d¥ = — ExdS - —dO® - — - dt . 81)
po VNV 20O 3~
Clearly, if ¥ is to be a function of,%,@,and £, then -
1 ov v ad ¥ 0P
1p oY 9% 2% d%_ 9% (82)
po v 35 2@ 30 "a¢ 3t 5

N~ \
From Equation 82 it follows that the strain has a constitutive relation of the form ./ W (

E =E(S,0,%). . ' (83
s [AVERAV) ) -
A slight perturbation in the strain from the current thermodynamic state leads to the dif-

ferential expression

oE oE , aE .
~ N v
= — + — dO® + — - df . (84
dE, a,% d’% 00 90t £ . . )

I require that changes in E at fixed ¢ induce a purely elastic i'esponse (Rice, 1971). ‘

This is physically reasonable since by fixing £, the plastic state of the material remains




40
unchanged. Similarly, changes in E, holding§ and O fixed results in inelastic deformation.

Therefore, the total strain increment may be written as

dE = d°E + dPE, | (85)

where deE the elastic strain increment,

the inelastic strain increment.

and  dPE
[a V4
The inelastic portion of the strain increment is given by
. 9F | .
dE = — -dg . : 86
E -5y 9 (86)
Now consider the complementary energy, ¥. Define the thermodynarhic conjugate to

the internal state vector as

ov
f = — 87
~ " Poj £ (87)
Taking cross derivatives of ¥ with respect to £ and ,% there follows,
2% 2Y, ] ok
9508 3 38 py 9%
92 W 3 v 1 9f
and S = —é_ (—) = — E (88)
88 9f 38 af po 38
Hence, the following Maxwell relation holds.
of OE
T Y _ _ (89)
S 0 .
2 s
Noting the above and expressing ,I% in terms of the potential ¥ gives
25
dE = M:dS + Ade + —-d¢ , e (90)
~ NNV 3’% = .
h M 1 R
where = — ,
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1 8w
and A= — .
~ Po a%a@

The rate of change of the internal state vector must now be formulated as a function of

stress rather than strain. This may be accomplished in principle since,

E=£(E(s.0,8),0,5) =£(5,0,5)

= ", = -

_. (91)
Equafion 90 has been shown to satisfy the principle of material frame indifference.”
This is of particular significance since | am dealing with a large deformation theory.
In dealing with the constitutive theory shown in Equation 90, one must determine
how I,\,g, ,\A,'i' and é depend on ,%, ®, and £ . This equation may be simplified by consider-

. ._—> =
ing isothermal processes only, ie., ® =0,V @ = 0. Hence, I am dealing with a purely

mechanical theory of the form

=

ome
1l

:’% + £, : (92?

X=Z
Q
%)

It should be noted that isothermal processes do not preclude accounting for temperature
effects in a mechanical theory. For instance, the temperature may appear as a parameter in
the evquﬁon equations of the internal state vector. This can have significant effect on the
resulting constitutive law.

L

Complementary Energy Expansion

In order to determine the compliance tensor, M, it is necessary to generate an expan-
: ny

sion for the complementary energy. This can be used in conjunction with the Second Law
to determine the functional form of M
N

" Recall ¥ is a state function of the material. Hence, under isothermal conditions one

can write

7 Appendix A.




Ll

42

vo=w(S,£). (93)

Furthermore, the constitutive theory is restricted by reduiring the material response to be
elastic if no microstructural rearrangements take place while changes in E holding ,%
fixed results in inelastic deformation.

Under finite s‘grain, the elastic contribution to the~ strain is small compared to the

plastic deformation and therefore may be -assumed to be linear in stress. This implies M =
. . N

M (£) only. Hence, M is determined by the current microstructural makeup of the material.

N N

Assuming the compliance tensor is a function of the internal state vector only, Equa-

tion 90 allows one to write

— e 4 EP '
E =M:$ +EP(s.£). (94)

Y

X2

Therefore, in terms of the potential ¥ there follows,

o _ p '
=M:$ + EP(5.5).. | (95)

Pn ———

Integrating the above expression gives

— o &® P . 1.,
po¥ = ~0°(e) +JEP (5, £):d5 + L5

N

(&) :,%)‘ . (96)

X=E

Rice (1975) refers to -&° (£ ) as the locked in free energy. Physically this term is related to
the excess surface area in a granular material.
Equation 96 can be used in conjunction with the Second Law to determine the func-

tional form of the compliance tensor. The details of this are left to Chapter 6.

Evolution Equations

) -
The development of the evolution equations is of primary importance in the formula-

tion of this constitutive theory. Brown (1981a) has shown that kinetic relations can be

developed for internal state variables at the granular level. These equations were developed
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for high rate volumetric deformations of snow and were base on a specific ““neck growth”’
model. | would like to expand the general applicability of these equations to include high
rate deviatoric strains while possibiy including new internal state variables. However,
before choosing the specific state variables, | shall discuss further limitations the eqdations
must have based on material isotropy.

Snow is assumed to take on isotropic characteristics in the undeformed state. This is
due largely to the granular properties of snow and the random orientation of specific struc-
tural parameters. However, under applied loads, the resulting deformation may introduce
anisotropy into the material.

Many geologic materials' can be modelled to a great extent even when stress and
strain anisotropies are neglected. Furthermore, for the problem of high rate deformation
of snow considered hére, I am primarily concerned with a single !oading of the material,
e.g., shock waves, vehicle mobility, penetration mechanics, etc. Hence, the anisotropic
propertiés become even less significant. Therefore, | will consider snow to behave isotropi-
cally throughout the deformation process.

- Recall the following constitutive relation was assumed for the time rate of change of

the state variables under isothermal conditions.

£y = 408, 8) (97)
Furtherm'ore,' the vector £ is invariant under a change of frame, i.e.,

£ =E
Hence, under changes of reference frame, éa may be considered to be a scaler valued func-
tion of the symmetric tensor ,% Truesdell and Noll (1965) show that a scaler valued tensor

function e(é) of one symmetric variable is invariant (isotropic) if and only if it can be

expressed as a function of the principle invariants of A.8

8 An alternative to the principle invariants would be the first three moments of Q
given on the next page.
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Therefore the kinetic relations must be expressible in the form,

£y = £, (I g 1Ng £) : (99)

Alternate Constitutive Form

The general inverted form of the constitutive law can readily be shown to be,

. . . ag - ‘ '
-phradeg b 00
N
1 3’y
where L = — '
% o 9EIE
1 a%e
‘B = — ’
~ Po a,%a@)
and _ 92
g 2t

Under isothermal deformation the above reduces to the following.

9

[{=]

-

]

=

Using this form of the constitutive theory requires one to deal with the free enerjy
rather than the complementary energy. However, as in the previous section, a.similar set
of thermodynamic restrictions for the free enérgy expansion can bé developed.

A significant aspect of the alternate form given By Equationg 100 and 101 is that the
evolution equations must now be developed as a function of strain rather than stress. This
precludes any simple inversion of one form of the constitutive law to obtain thg other,

Hence, one must choose the desired form of the constitutive law at the onset and stick

with it.

e(A) = eMia T2A 13A)

where = tr(ék) :k =1,2,3.

Tka
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CHAPTER 5
THE GRANULAR STRUCTURE OF SNOW

In this chapter, a statistical model characterizing the granular structure of snow is
developed using quantitative stereology. The model is based on specific parameters (e.g.,
bond radius, grain size, etc.)‘which may take the form of internal state variables in a‘con-
stitutive theory fof.high rate deformation of snow. |n addition to parameters developed by ‘
other authors if previous investigations, a new parameter character.izing the mean bond
length is developed. More significantly, general relations are derived for the mean number
of bonds per grain and mean number of grains per unit volume without making any
assumptions regarding the shapes or sizes of the ice grains, or their fespectivev dis:tributions.

It should be noted that not all parameters developed Here will be used as internal
. state variables. This would be extremely difficult as a large number of paraméteré‘ will be
discussed. Furthermore, the set of parameters discussed are not linearly independent.
Finally, some. variables may appear as constants in the_evolution equations of the state
variables by assuming they are not a funct‘ion of the deformation process. This does not

imply they have no effect on the deformation.

Selection of the Structural Parameters

The variables selected must describe the current mi‘crostructural staté of the material
and be capable of representing average measures of the structural rearrangements taking
place within the snow cover. The variable selection process attempted to include the mosf
significant aspécts of the granular structure as well as considering the dynamic environment

of the material under high rate deformation.
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The variables-chosen should be able to characterize the dominant deformation mecha-
nisms for high rates such as bond fracture and the resulting intergranular glide and neck
growth at the bonds (pressure sintering). Furthermore, they must account for various
pheﬁomena known to occur under compressive loadings such as:

1. . the effects of pore pressu.re,

2. alocking mechanism for grains during intergranular glide,

3. coupling the deviatoric and volumetric responses,

4. work hardening, and

5. local inertial effects.

‘Finally, the variables must be chosen so as to make measuring them a feasible ta;k.

Before prgceeding with the selection of the variables it is necessary to clarify the
notation to be used. When discussing the behavior of dry snow in the general macroscopic
sense the material is considered to be av- multiphase mixture consisting of an ice phase and
an air phase. Each phase is denoted by a subscript as follows.

a: air phase

j: ice phase
This convention is in accordance with that used in mixture theory studies of mechanical
properties of sn.ow.

An alternative approach will be used when .méasuring the state variables in the snow-
pack at the granular level. Here the snow is considered to be a three phase material consist-
ing of an ice grain phase; ice neck phase, and air phase. The three phases are denoted by
the following Greek subscripts.

a: ice grain phase

B: ice neck phase

v: air phase .
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In the following discussions, no attempt is made to state which of the two previous
approaches is being used since the subscripts are self explanatory. Finally, in quantitative
stereology it is necessary to differ between length, area, and volume measurements. There-
fore, let the following capitalized subscripts denote this difference.

L: length measurement

A: area measurement

V: volume mveasurement

Taking into account the desired properties of the state variables, the following param-
eters were chosen to formulate the statistical model for snow. A discussion of their signifi-
cance and measurability is given later. |

1. a=pi/p —.density ratio

2. r — mean bond’radius

3. h — mean bond (neck) length

4. A — mean intergranular slip distance

5. L — mean intercept length (grain size)

6. N, — mean number of bonds per gl;ain

7. N,,— mean number of grains per unit volume

a
8. V — mean volume of a single grain

9. S — mean surface area per unit volume

Measuring the State Variables

Before discussing each state variable it is necessary 1o describe the stereological
measurements which are required to obtain the desired information. The necessary assump-
tion which allows results from one section plane to give three-dimensional information is

randomness of location and orientation of thé structural features of the three-dimensional
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network. Kry (1975a) has shown that this is satisfied to within +10 percent even after 30
percent uniaxial plastic deformation.

As mentioned previously, snow at the granular level is considered to be a three phase
material consisting of icg grains, ice necks, and air. Kry (1975a) has developed an opera-
tional definition to iden-tify grain bonds in a two-dimensional surface section. If a grain
bond is cut by a section plane it will appear as a line connecting opposite edges of the ice.
Three criteria are required to identify tﬁese bonds.

1. A minimum constriction in. the ice must exist on the plane of the section.

2. Both edges of the ice must show the constriction.

3. The notches on each edge must point abproximately; towards each other.

The neck region of a grain bond is defined as that area surrounding the bond where the
grain goes. from convex to concave with respect to the outward normal. Figure 5 shows
an image enhanced snow sample which deliminates the three phases of interest.

Using the enhanced image the following measurements can now be made. The code
contained within the parentheses indicates the method of analysis, e.g., visual count
(VC) or computerized image analysis (IA).

P Area fraction of points falling in the ice grain phase (1A).

Pﬁ Area fraction of points falling in the ice neck phase (1A).

P Area fraction of points falling in the air phase (1A).

E=(1/d,) Harmonic mean of lines representing grain bonds in the surface section (1A).
N,L Number of interceptions of ice grains in the microstructure per unit length of
a random test line (IA). (See Figure 6.) |
N Number of grains in the test area (VC).
Nﬁ Number of bonds in the test area (VC).
f,(n)  Probability distribution of the number of bonds per grain cut by the section

plane (VC).
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Figure 5. Image enhanced surface section showing the three phases of interest. The solid
and dashed lines indicate respective areas of analysis.

It should be noted that all measurements which require a visual count can be performed on

the order of minutes. The time consuming portion of the analysis will be in the area of

image enhancement.

At this point one can proceed with a discussion of each of the state variables.

Density Ratio (a)
The density ratio is defined by the following expression.

o = pjlp (102)

where pj = density of ice,
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Figure 6. Counting relationship for Nal_. (&) NaL - 5/L, (b) NaL - 6/L.

and p = density of snow

The density of snow has been the primary measure of the "state" of the material in
many of the past investigations of the mechanical behavior of snow. This is primarily
because of the ease and quickness of density measurement in the field. However, recent
papers have shown that density alone cannot adequately describe the state of the material
under certain conditions. This is especially true at low densities where the impact of other
state variables is more significant. However, the importance of density increases as a
approaches unity.

The value of the density ratio obtained in the field may be cross checked using the
following stereological relationship.

a = !/ (pa+ pjj) (103)

This equation neglects the mass of the air phase.
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Mean Bond Radius (r)

The mean 3-dimensional bond radius is a significant parameter of pressure sintering as
well as bond strength and resistance to fracture. Brown (1‘980a) used this parameter in a
volumetric constitutive I_aw based on neck growth. Fuliman (1953) derived the necessary
relations for the assumption that the grain bon'ds are circular disks. Kry (1975a) has shown
that this idealization yields self-consistent results.

The governing equation for the mean bond radius as derived by Fullman is

r = x/(4E) (104)

Mean Bond {_ength (L)

The mean bond length is also a signifi'cant parameter for modeling pressure sintering.
This was used in Brown’s ““neck growth’’ volumetric constitutive law. However, .until now |
am unaware of any attempts to evaluate ;chis parameter steréologically. The statistical
model of bond length is developed by idealizing the necks of grains to be cylinders. This is
based on the fact that self-consistent results have been obtained by idealizing the grain
bonds as disks. Clearly the neck regions of an ice grain are not perfectly cylindrical. How-
ever, the definition still provides a meaningful relations'hip when comparing differing types
of snow in that it is a consistent measure of bond length. Fullmaii (1953i has derived a
relationship for the number of bonds per unit volume based on knowledge of the number
of bonds per unit area. This relationship is

Ngy = 8 E Ngp/n’, (105)°
where NBV ="the number of bonds per unit area.

Underwood (1970) has shown that a statistically exact equation' for determining the
volume fraction of the‘ ath constituent is given by

V. =p . ‘ (106)
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Therefore, by introducing the neck region of an ice grain as a separate phase, one can
determine the volume fraction of the necks. The idealized bond length can then be deter-
mined by the following expression.

h = Pg/(Ng,r?) 4 (107)

Mean Intergranular Slip Distance (7\)

The mean intergranular slip distance is of major importance for characterizing inter-
granular glide. As this distance decreases, viscous deformation becomes increasingly diffi-
cult in the deformation process. Furthermore, this parameter must be inherently related to
the locking phenomenon of intergranular glide. The stereological relationship as defined by

Fullman (1953) is given by

A= (a-1)/(a Ny} (108)

This equation is valid regardless of size, shape, or the respective distributions of the grains.

Mean Intercept Length (L)

The mean intercept length provides a measure of the grain size and as a result comple-
ments the mean intergranular slip distance. The combination of these two parameters
should provide a physical basis for determining a critical “locking” density .for grains
during intergranular glide. |

The mean intercept length as derived by Underwood (1970) is given by the following.

L = (Pg+Pg) /Ny (109)

Ly

Again this equation makes no assumptions about the shape, size, or distribution of the

grains.

Remaining State Variables

The remaining internal state variables must be discussed together because of their

close dependence on each other. The variables are given by:
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1. Mean number of grains per funit volume, (Nav)

2. Mean number of bonds per grain. (nj)

3. Mean volume of a single grajin. (V)

4. Mean surface area per unit \:/olume (S)

The mean number of bonds :per grain is a strong measure of the degree of grain
mobility and fracture strength. The number of grains per unit volume and the mean
volume of a grain are important terms for modeling intergranular glide including local iner-
tial effeActs. Finally, the mean surface area per unit volume is important for computing
. energy absorption by ice fracture in snow during high rate deformation. Under high strain
rates, the snow will undergo brittle fracture at the grain bonds. This causes an increase in
the surface area which in turn is directly related to the free energy. |

Until recently, no method was available for determining the mean number of bonds
per grain from a section plane. Gubler (_1978) has derived a technique for determining this
value based on comparing a theoretical distribution of the number of bonds per grain,
f, (n), seen in a section plane with the actual distribution. This paper appears to be a
pioneering eff_ort in this area. The technique involves célculating the probability, p,.that if
a grain with a coordination number n=1 is cut by a section plane, its boﬁd also appears in
the section plane. The bond areas are assumed to be random and isotropically distributed
on the grain surface. Furthermore, the bonds are considered to be small compared to the
grain surface. This is consistent with Kry’s (1975a) definition of a bond.

Unfortunately, Gubler’s approach contains one significant weakness in that the stere-
ological relationship used to obtain the number of grains per l'mit volume is based on all
grains being the same size and shape. This is hardly the 6ase for alpine snow, as highly
faceted crystals as well as rouﬁded grains may appear throughout the snowpack in all sizes.

The problem of accurately determining the number of grains per unit volume from sur-

face sections for a collection of particles of arbitrary size and shape is extremely difficult.
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Most authors have assumed the particles to be all one size and shape for which many solu-
tions are known. Some solutions are also known for particleés of one shape which obey a
log normal distribution in size, DeHoff (1964, 1965) has provided solutions for this case
for some simple shapes. Finally, Hilliard (1968) has developed a technique for determining
N, for an 'arbitrary collection of sizes and shapes provided the relative frequency of the
various shapes is known. Unfortunately, his theory is unable to produce specific results
since shape factors necessary to apply the theory ha;/e not been developed.

The approach taken here to determine N,y Will avoid any specific identification of
grain shape as this is virtually impossible for alpine snow. The formulation follows Gubler's
approach with some noted exceptions.

To begin, the probability of finding a grain with a coordination number betWeen n

and n+dn as derived by Gubler (1978) is given by

fa(n) = N3n3=Texp (- £ n2i), ' (110)
where n = the 3-dimensional coordination number,
N3 = a normalizing constant,
i = a free parameter of the distribution,
2 1 3 1 ..2i
and £ = — T (s + )]
N 2 2i

The normalizing constant may be determined numerically by requiring

12 .
T fi(n)=1. (1)
n=1 ‘

This is based on the premise that each ice grain in a snow cover has at least one bond and
at most twelve bonds, as in the case for ice.
The resulting two-dimensional probability distribution as derived by Gubler is given

by the following.
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: 12 ky .
B0 =N, = le)p(1-pk2e,(), - (112)

where p is defined as the probability that, if a grain with a coordination number n=1 is
cut by a section, its bond also appears in the section,
and N, is a normalizing constant.
The normalizing constant N, does not apbear in Gubler’'s work. The reason for inserting
this is as follows. Equation 112 without N, represents a binomial distribution of the prob-
ability p multiplied by the three-dimensional probability distribution ﬂ (k). Therefore, the
following equality holds.
12 ' :
> f,() =1 ' (113)
2=0 N
However, when cutting a section of ice w'ith grains having a coo'rdination‘ number of 12, it

is physically possible to cut at most 6 bonds. Hence, one can require -

6 :
2 f,()=1. (114)
2=0 .

"The probability p is given by the following (Gubler, 1978).
P =sg /sy ' : (115)
where sg = 7Ny b/ Ng,,
Sk = 4NaL/NaV'

2 (r* - (d,/2)2)",

o
]

o
3
o
o
)
]

mean intersection length of bonds appearing in the surface section.
Notice that p is a function of the number of grains per unit volume, Ngyv: It‘is at this
point where all previous investigations assume specific shape and size distributions and

where this theory deviates.
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To begin, one must digress somewhat. Underwood (1970) has provided a table for
determining N, for particles of one size and shape. This is the approach followéd by
Gubler. The general equation is given by

Ngy = CINZA/Ng ), | (116)
where C is a coefficient depending only on shape. It is interesting to ‘ﬁote that C takes on a
fairly narrow range of values for a wide variety of shapes, typically ranging from 0.4 to 0.8
for shapes pertinent to alpine snow. Therefore, onAe can usé Equation 116 to obtain a first
estimate of N . This in turn fixes the probability, p, as defined in Gubler’s paper.

Now recall an earlier relationship derived by Fullman (1953) for the number of bonds

per unit volume.

Ngy = BE Ngp / o (105)
The above equation is based on the assumption that the bonds may be considered to be a
polydispersed system of thin disks. This is precisely what has been assumed throughout '
this paper. Using this result, the rﬁean number of bonds per grain' is then fixed by the
equation

ns; =2NBV/NaV' K (i17)
By neglecting this equation and allowing n to vary, Gubler has an underconstrained system.
This could lead to uniqueness problems and produce erroneous results.

By invoking Equation 105 the parameters N, and i are varied rather than n, andito
determine the proper theoretical density distribution f, (n). Hence, a method has been
developed for determining N, without specific consideration of the individual grain
shapes and sizes other than to obtain a first guess.

Once N, is determined, the mean volume of a single grain including the “nec_ks” is
given by

V = (P +Pg/ Ny, (118)
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The neck regions in this variable are included since the neck is assumed to become an inte-
gral part of the grain when a bond fractures. Furthermore, the neck volume is typically on
the order of 5 percent or less of the total grain volume. Therefore, any errors caused by
this assumption are small.
The mean surface area per uﬁit volume can be derived by considering each of the

grains as being detached from their neighboré and then subtracting off the surface area

contained by the grain bonds. Underwood (1970) has derived an expression for the surface -

area for a system of detached grains given by

S=4Ny . | (119)

Therefore, subtracting the area contained by the grain bonds from the above expression

gives the correct surface area per unit volume.

S=4Ny -2ar’n; Ny, (120)

Application

The theory présented above has been written into a corﬁputer code which uses a high
speed image analyzer located at Montana State University. The imagé analyzer is capable
of digitizing a photograph. of a section into approximately 300,000 ;;oinfs and assigning
each point one of 256 possible gray levels. The digitized section is then image enhanced
and stored on a floppy disk for future analysis.

By using the image analyzer, exact point counts and extremely accurate length
measurements can be made very qufckly. This allows large areas of a section containing
numerous grains to be analyzed which increases thé statistical accu?ac‘y.

The following data is an example of the application of the theor.y using the image
analyzer. A surface section was taken from a sample pf alpine snow stored in a cold room

at ~12°C over the summer at Montana State University. Details of the section preparation
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are given in Appendix B. Also, Perla (1982) provides an in-depth discussion of surface
sectiqn techniques. | |

Two areas of the surface section were analyzed using the image analyzer. The areas of
analysis are shown by the dashed and solid lines in Fiéure 5 respectively. The two areas
overlap and hence are not statistically independent. However, the larger area does provide a
check on the statistical accuracy of the smaller area. The data taken from the image analy-
sis of the two areas is shown in Table 1. The data generated by the image analysis of the
surface section is very close for both areas analyzed. This indicates the smaller area was

representative of the overall properties of the section.

Table 1. Image Analysis Data Taken from the Surface Section Shown in Figure 5,

Area 1 Area 2

Area of analysis: 656.5 mm? 133.9 mm?
Ice grain area fraction: ‘0.350 0.363
Ice neck area fraction: 0.038 0.043
Air phase area fraction: . 0.612 . " 0594
Mean 2-D bond length: ' 0.307 mm 0.331 mm
Harmonic mean of 2-D bond length: 3.42 mm! 3.30 mm™
Number of grains per unit length of

a random test line: 0.803 mm™! 0.776 mm™!

Using the above information the two dimensional theoretical probability distribution
for grain coordination numbers can be computed. The results for each area analyzed along.
with the measured distributions are shown in Table 2.

The theoretical distributions for the number of bonds per grain as seen in the section
plane compare very favorably with the measured distributions. For the larger area of analy-
sis the error is approximately one percent for grains with 0,1, or 2 ‘bqnds respectively.
These grains a(gcount for approximately 95 percent of the grains in the section analyzed.

Using the theoretical data generated above in conjunction with the previous informa-
tion determined by image analysis, the internal state variables may be re'adiiy computed.

These are given in Table 3.
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Table 2. Comparison of the Measured versus Theoretical Two-Dimensional Probability
Distributions for the Surface Section Shown in Figure 5.

.No. of Bonds Measdred Distribution Theoretical Distribution
Areal
n=0 0518 . 0.515
n=1 0.291 0.313
n=2 0.139 ‘ 0.102
n=3 0.052 : 0.080
Area 2
n=0 0.490 0.489
n=1 0.327 0.327
n=2 0.112 0.111
n=3 0.071 0.073

Table 3. Internal State Variables Generated by Image Analysis of ‘the Surface Section
Shown in Figure 5.

Area 1 Area 2
Density Ratio: 2,58 2.46
Mean 3-D Bond Radius: 0.230 mm 0.238 mm
Mean 3-D Bond Length: 0.193 mm 0.182 mm
Mean Intergranular Slip Distance: 0.762 mm 0.766 mm
Mean Intercept Length: ' 0.484 mm 0.5623 mm
Mean Number of Bonds per Grain: 2.04 ' 2.26
Mean Number of Grains per Unit Volume: 1.16 mm™3 117 mm¥
Mean Grain Volume: 0.334 mm? 0.345 mm?
Mean Surface Area per Unit Volume: 243 mm! . 216 mm!

The repeatability of the data for the internal state variables for the two areas analyied
is quite strong with the difference between the two typically being on the order of 10 per-
cent or less. Also, the density ratio determined by é field measurement of this particular
snow-sample was 2.29. This differs from the stereological measurements by 13 percen;c and
7 percent respectively for Areas 1 and 2.' It is not surprising that the field measured density
was slightly higher than that determined by image analysis since some compaction of the

snow will occur when taking field data.
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Conclusions

A statistical model for snow based on internal state variables of the “averagihg” type
has béen developed. The model yields self consistent results and is feasible to apply in a
constitutive theory since all of the parameters can be easily computed experimentally using
image analysis techniques. |

A new stereological relation has been developed to characterize the mean three-
dimensional length of a bond. This is a significant parameter for modeling viscous deforma-
tion,

The number of grains per unit volume and ;che number of bonds per grain, both of
which are significant parameters in characterizing the gran.ular structure of snow-are
derived while making no assumptions on shape, size, or distribution of the grains. As a
consequence of this, values for the mean surface area per unit volume, and mean volume
'of an ice grain are developed. Many of these parameters will make significant contributions

to a constitutive theory based on internal state variables.
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CHAPTER 6
PARTICULARS OF THE CONSTITUTIVE THEORY

In Chapter 4, the general framework of a constitutive theory for rate dependent

inelastic materials at finite strain was presented. The constitutive equation developed is

represented in the form !

. . of ‘ .

= : + — :
E % ,% 55 £ ‘ o (121)

N
where E = the Lagrangian strain,

/% = the second Piola-Kirchhoff stress,

M = the compliance,

N

£ = aninternal state vector,

and

| =h
it

the thermodynamic conjugate to the state vector.
Chapter 5 was devoted to identifying possible internal state variables for snow based on the
microstrgcture at the granular level.

In this chapter, the details of the constitutive theory are presented. [n particular, spe-
cific internal state variables are selected for the state vectdr. Also, relationships for ’\Ml_f_
and .gas functions of the stress and the state vector are presehted. This will make t_he‘ for-
mulation complete.

The complexity of the theory necessitates a numerical solution. Therefore, some of
the discussion in this chapter will involve numerical approximations. In particular, let ¥
hrepresent any scalar; veptdr, or tensor valued function of the materiél. Then ¥; is taken to

mean the approximate value of ¥ at the ith time step, i.e.,

‘I’I = \I’(tl) .
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Finally, in using this constitutive theory to solve specific boundary value problems, it is

often desirable to solve the stress given the strain or strain rate as input. Therefore, the

solution technique will be based on prescribing the deformation.

Selection of the State Variables

‘The specific internal staté variables chosen for the constitutive theory are the mean
intergranular slip distance, A, and the mean grain size, L. These are the variables that will
explicitly appear in Equation 121. However, evolution equations Will,also be written for
the mean bond radius, r, and mean bond length, h, since the mean grain size is é func.ti'on
of these parameters. Hence the internal stéte vector takes the form

£=0,Lrh), ‘ (122)
In addition, there may be other variables discussed in Chapter 5 which appear as parame-
ters in the theory. However, evolutioﬁ equations will only be written for those variables

given in Equation 122,

The Dependence of the Conjugate Force (f) on the Stress Tensor (,%)

The physical meaning of the thermodynamic conjugate force (f) is very difficult to
interpret. Furthermore, the dependence of f on the Piola stress ,% is even more obscure.
However, the relationship becomes much clearer by considering the Maxwell relation given

by Equation 89 and repeated below for convenience.

-

a
(123)

Q| &
Joee 2T

0]

cn

This relationship shows that if the dependence of strain on the state vector can be estab-
lished, the dependence of the conjugate T on the stress ,% is also known.

From Equation 121, the plastic strain rate is given by
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af oF
EP=—-i-"~.¢ (124)
vooes T g T

’ JoE oE .
EP =M i+ (125)
~ A aL ) .

Also, combining Equation 103 and 108-109 from quantitative stereology provides the fol-

lowing expression for the density ratio in terms of the state vector.

A+ L
a = (126)
L
Noting this result, Equation 125 may be expressed as
9E 3a . aa - - 9F ' .
P = A+— L) =—a . ' 127
E" =3a an oL~ T3. @ - : (127)
Comparing Equations 125 and 127 gives
O 5, |
—=—————=k£EP, (128)
3t da aE —EN
where _k_g is a vector of constants of proportionality given by
1 a |
ke =+ da (129)
- a 9%
Substituting Equation 126 into Equation 129 to solve for _lig gives
.1
Kn =7T—.
al
A .
and kL = -, (130)
al?

where  k, and k|_are the $caler valued components of the vector —k—E .
Finally, plastic deformation accounts for nearly all of the deformation of snow under
finite strain. Hence, the plastic strain rate is approximately given by

EPg. | . (131)




64
At high densities this relationship may break down. However, II%P may still be closely

approximated by

L P _ Ll --. ‘: .
Bivr = Kivr - Misgi (132)
Therefore, the dependence of f on ,% has been explicitly determined by Equations 128—

130.

Determining the Compliance (M)
Y

In what follows, a set of‘t‘wo equations are developed to determine the compliance
tensor. The formulation is an approximaté one since one of the equations developed is an
inequality which places bounds on the rate of change of the compliance.

Recall the elastic respénse is small and is tHerefc.;re assumed to be linear in stress. This
implies the compliance is a function of the stéte vector only. Also, the material is assumed
to behave isotrppically throughout the deformation. This is reasonable due to the random
orientation of the ‘microstructural properties of sndw. Furthermore, only a single loading
of thé material is being considered. Based on this assumption, the most general fourth-
order isotropic tensor MJRs symmetric with respect to |J or RS has the following rectan-
gular Cartesian coordiqate form.

Migrs = U(E)8yydRs *+ VIE) B 1R 835 + 8158 R) (133)

where & denotes the Kronecker delta.

Now recall the following entropy inequality from the second law of thermodynamics.

o '
—t > (134)
3g =
Furthermore, integration of Equation 94 results in the following expression for the com-
plementary energy .

po¥ = -2°() +fgp(g,§):d§ t58:M(g):S) - (135)
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The integral in the above expression cannot be evaluated a priori since the constitutive law
is not fully defined. '

The term - &° (£)in Equation 135 is referred to as the locked in free energy of the
body. For snow, tHis term is related to the surface energy caused by an excess of s_urface
area. This energy is negligible compared to the strain energy developed during deformation.

Neglecting the locked in free energy, Equation 135 may be separated into an elastic

and plastic contribution to the complementary energy as follows.

po¥ = pg¥C + p uP, | (136)

h e - ls-(M( ):S) ‘ | (137)
where p ¥ —2,\1.%5.,\,, |

and  p wP = JQP (S.£):d$ . ‘ (138)

It should be noted that changes in ¥® do not necessarily represent an elastic process since
changes in M (£ ) are irreversible.
% -— .

An ‘expr‘ession for the change in [\\I/I(g) can be developed by imbosing a stricter
N : .

inequality than Equation 134, Specifically, | require
I =__'."§_>0 (139)

where Ty represénts entropy production resulting from irreversible changes in the com-
pliance tensor.
This approach is similar to that of Truesdell and Noll (1965) in which they propose a

stronger form of the classical entropy inequality, requiring separately

. r 1 3
7|0c=n'-;+p—02'ﬂ>0,
and7c0n=—;073-20>0, : - (140)
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‘where = the local entropy production,

Yloc

and Ycon — entropy production by heat conduction.

This can be compared with the classical entfopy inequality given by

1
po

1<
<4

.or 1 :
=n-— + — . - ] - 6 >0, - 141
YEN- o Y, q 5 49 . (141)
Substituting Equations 122 and 137 into Equation 139 and noting Equation 133
.gives

r (au o+ Y L)(tr3)2+2(av AL L)trS? > 0 - (142)
= — - —_ r =
e R aL ~ A oL ~

This equation may be expressed as a function of the density ratio since @ = a (A, L). Hence,

au Vv . . , ‘
Fg=——a(trS§)> +2 —atrS?2 > 0 ) (143)
da Y Jda Y ‘ .

By setting the inequality to zero in the above expression, an equation for a bound-on
change of U and V with respect to changes in the density has been determined.
A second equation for U and V can be obtained by. comparing the elastic strains with

the known stress-strain data. The general constitutive relation is given by

L ,
AR RTINS | | | 121)
~ : )

Now consider an arbitrary loading history where at some time, t, the stresses are “‘instan-

taneously”” reduced to zero. The plastic strain rate immediately goes to zero and one is

left with

-e _ Q= .
Ef = MR = M:gott) (144)

L

X=F

where -8 (t;)is the Dirac delta function.

Integrating this expression and taking the trace gives

tr(Ee) = (3U+2V) tr(g) . . (145)
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Also, for an isotropic elastic material,

1 .
e —4 —
tr,!% 3K trfE , ) | (146)

where K = the elastic bulk modulus. -

Comparing Erquatiohs 145 and 146 gives a second relationship for U and V.

(3U + 2V) tr(S)dt = 3—1K— tr(z) (147)

Mellor {1974) providés some data for détermining.elastic material coefficients for snow as
a function of density. Equations 143 and 147 provide the necessary relations for estimat-

ing the compliance.

The Functional Form of the Stress Tensor

Recall the solution is being developed in terms of inputting the strain rate and solving

for the stress. Also, during intense Ioadi.n,g‘ of snow the elastic strains are negligible. Hence,

-

0
(148)

I
[oeee

E =
vood

n

where § = é_(,%,_E_)r-

af
At first glance it appears that given E, and a_;_’ Equation 148 can be solved. However,

the rate of change of the internal state vector is only a function of the invariants of §, and
the specific form of the stress tensor must still be determined.’
Recall the complementary energy is a function of the state of stress and the internal

state vector,

v = w(s,E) | (149)

Furthermore, for an isotropic material, ¥ must be a function of the invariants of ,%

¥ =¥ (trS,trS%,trS3,¢) : (150)
N, Ny n - .
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Therefore, assuming a second order expansion, the most general expression for the com-

- plementary energy is given by

W = ColE) + Cy () (rSIHC, () 1§

In terms of this expansion, the thermodynamic conjugate f is given by

- 8 g N

trS?,
N

Differentiating the above expression with respect to ,% gives

af
- aC aC

— =2 = (tr§)1 +2 25 |
a,% 9t Ny 3t v

Now recall the Maxwell relation given by.

af O
as 0k

Substituting Equation 153 into the above expression and solving for the stress gives
9E dE

N (V]
= d — + dy(g) tr — 1
§ e g delr 1

where d, and d, are scaler functions of the state vector.

(151)

. {162)

(153) .

(123)

(154)

Recall | am seeking the functional form of the stress and not the stress itself. There-

fore, it is only necessary to determine a relationship for d, . Fu“rthermore, the coefficients

d; and d, are functions of the state of the material only and do not depend on the stress.

Consider a uniaxial confined compression test as shown in Figure 7. The deformation

is given by the following.

Xp = Xy = Xyg(t)
X; = X,
X3 = X3

where g(t) = the dimensionless ratio of the deformation to the sample height.

(155)
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Figure 7. Schematic of a confined uniaxial compression test.

For this type of test, the form of the stress from Equation 154 becomes

X (156)

Therefore,

X AEll| d2
fu g (1+d2), (157)
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b 9
and t,, = — d, d I (158) -
0 da
Solving for d, (&) gives
. t
dy () = —=— . (159)

11 - t22
This is a significant result in that multiaxial information about the form of the second
Piola stress has been obtained from a simple uniaxial test.

The specific form of d, (g) will have to be determined from test data. However, a
great deal of insight into the form of d, can be obtained upon closer examination. For
insfcance, d, is a dimensionless coefficient. Further‘more,‘from Equation 154 it is clear that
d, is related to volumetric effects. In terms of classical isotropic elastic_ity, the equivalent
to d, is given by

14

d2eq = —1‘_—21; , {160)

where v is Poisson’s ratio.

Figure 8 shows a speculative envelope for a viscous analog of Poisson’s ratio for snow
{(Mellor, 1974). The “curve’ is intuiti\}ely appealing since d, - o as the material approaches
solid ice. This is prepisely what one would expect, i.e., ice is plastically incompressible, or
at least approximately so. Furthermore, the envelope of the data could be explained by
considering state variables other than density. For insténce, snow which is well sintered
should result in a different effective Poisson’s ratio than sifted snow of the same density.
The internal state variable formulation readily accommodates this feature.

The data provided by Mellér (197‘4) is not intended to be a substitute for uniaxial

test data. However, it does provide a baseline for comparison.
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Figure 8. Speculative envelope for a viscous analog of Poisson's ratio (Mellor, 1974).
Evolution Equations

At this point the general framework of a multiaxial constitutive law for snow at finite
strain has been developed. The theory is rate dependent through the time evolution of the
internal state variables. However, the specific form of the evolution equations will deter-
mine whether the behavior is viscoelastic, elastic-viscoplastic, or some combination of
these. This will have a pronounced effect on the modelling of various phenomena known to
occur in snow such as stress relaxation and limited strain recovery.

The general form of the evolution equations is given by
| = . (161)

This equation can be recast in terms of the Cauchy stress as follows.
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JE) (162)

This is far more preferable since the Cauchy stress provides a direct measure of load intens-

~ ity. Furthermore, this does not affect the generality of the results since the functions

D(,%,é) and g (,:cl, £ ) are arbitrary at this point.

4
Elastic-Viscoplastic Materials.

Recall that snow under high rate deformation was assumed to behave as an elastic-
viscoplastic material. The defining property of a viscoplastic or plastic material is the exis-
tence of a function, G, called the yield function such that no inelastic deformation occurs

when G<O0. I allow G to depend on the stress, stress rate, and the state vector. Hence, G

" has the form

JE) ' (163)

J£) - (164)

where G<0 impliesé= 0.

If G is positive semi-definite, the evolution equation represents a viscoelastic material.,
It is important to note that including the stress rate in the yield function does not

affect any of the thermodynamic restrictions developed from the Second Lz;lw, where it

was assumed

Hence, the restrictions developed are actually valid for a much larger class of materials.
Finally, from material isotropy, one can express g in terms of the invariants of fE
More specifically, | allow the evolution equations to depend on the pressure, P, and the

second invariant of the deviatoric stress, J, , where
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p = 1
—_Etr':[, , (165)
1 2
Ja =-2—trT , (166)
d 7 = ! 1 | '
an T —,:cl —5 tr(,;[,),\,' (167)

The pressure can be directly related to volumetric loading while J, provides a measure of

the shear intensity. Hence, the general form of the evolution equations becomes
£ =<GP,P Uy, Ja, £)>g(P, dy,5). (168) -

It is virtually impossible to a priori write correct evolution equations for the internal
state variables. This will require an extensive test program to track the changes in the
microstructure under various loading conditions. However, one can write evolution equa-
tions which are at least functionally correct. These equations can then be checked to see

if they qualitatively model the response of snow under a variety of loading conditions.

Deformation Mechanisms

The internal state vector chosen for the constitutive law consisted of the mean inter-
granular slip distance, A, and the mean grain size, L. The rate of change of the intergranular
slip distance provides a direct measure of intergranular glide. This is believed to be the
dominant deformation mechanism in low density snow. The ‘reasoning for this is as follows.

First note some data taken on plate sinkage tests of snow in a show cover, Figure 9,
The data are plots of vertical force versus density ratio. The data suggest that a critical
value of density occurs in the range from 400 to 450 kg/m3. At this point, the force
required to produce further deformation increases dramatically. This data is consistent
with other observed plate sinkage tests.

In terms of the internal state vector, the critical range is approximately given by
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Density Ratio, oc

Figure 9. Plate sinkage tests for a snow cover (George L. Blaisdell, CRREL, unpublished
data).

1.0 < ~ < 1-3 .

Under applied loads, ice grains fracture and reorganize resulting in intergranular glide.
Clearly, as A -» L, the force required to produce intergranular glide must increase dramati-
cally. This is precisely what the data suggests.

As A approaches L, the significant increase in applied force is believed to be responsi-
ble for changes in the mean grain size. This parameter can change as a result of neck

growth at grain bonds, shape changes, and pressure sintering of adjacent grains. Under an

applied pressure, necks will become shorter and fatter while the shapes of individual
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grains tend to become more spherical. This results in an increase in the mean grain size as
a spherical shape produces the largest value of Qrain size for a given volume. Finally, direct
pressure sintering of two adjacent grains can eventuélly result in one large grain.

The density range of 400 to 450 kg/m? is believed to be the critical density range for
separating the deformation mechanisms. At values below 400 kg/m?, intergranular glide is
assumed to be the dominant deformation mechanism while at values above 400 kg/m?3
intergranular glide and grain size alterations from pressure sintering both contribute to the
deformation. However, under very low strain rates, the significance of intergranular glide

versus pressure sintering is questionable.

Intergranular Glide

The evolution equation representing intergranular glide .is presented purely f_rom a
phenomological point of view. First note some uniaxial confined compression data given
by Abele and Gow (1975), Figure 10. The figure plots data of the major principal stress
versus density for various values of initial density. The tests were conducted at constant
cross-head speeds rénging from 0.027 to 27 cm/s. The curves show that the principal
stress varies nearly exponentially with density.

Unfortunately, the lateral sfress was not measured in these tests so rﬁultiaxial data
could not be obtained. Brown (1980a) performed a series of experiments to measure the

lateral stress under uniaxial confined compression and found in all tests that

-06t,; <P <-098¢t,, . (169)
where t,; = the principal stress,
1 .
and P = - 3 tr ,3:/ = the hydrostatic pressure.

Equation 169 shows that the pressure behaves similarly to the major principal stress.
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-20 C

170 to 180 kg/m

3
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Figure 10. Major principal stress versus density with initial density as a parameter (Abele
and Gow, 1975).
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Now consider the deformation for a uniaxial confined compression test. From con-

servation of mass there follows,

a
det(F) = 1 - g(t) = — , (170) .
o . a
(o] .
where  g{(t) = the dimensionless ratio of the deformation to the sample height.
Differentiating the above with respect to time gives
. a ' ‘
cgft) = - — . (171) -
%o
This relationship can be expressed in terms of the state vector as follows. -
. 1 AL-La ' ' .
g=-—{(—) ' - (172)
aq L :
For low density snow, A> L and Equation 172 reduces to
. Y 17:
g = - . (173)
agl _

This equation shows that Ais approximately constant for low derisity snow for uniaxial
confined compression tests run at constant cross-head rates of deformation.

Based on the prev‘ioué result, the folllowing form for .><was assumed.

. ) L 1
A= (G) APexp(-a, (J;, g)erf(a, (J,, 0)/(m’ Zl—;),) {(174)

where erf(x) = the error function defined as

erf(x) = 5 exp(-t2) dt, . (175)
s o .
and | A is a known coefficient determined from initial conditions. .
Sol‘virig for A gives
- L ,
Ao o 1 .
A= ) exp(a; (J,, 0) erf(a, (J,, 0)/( — = ), (176)
Py : ‘ Aot Ly 2a )

o
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where PY represents the pressure at initial yield.

p—

Equation 174 may have to be modified for high density snow.

The dependence of the coefficients a, and 8z in Equation 174 on J, reflects the

dependence of intergranular glide on shearing stresses. It is believed that glide is enhanced

with increasing shear intensity. Also, Abele and Gow (1975) show that for pressures above
one MPa, the temperature, ¢, significantly affects the deformation. The exact form of a,
and a, must be determined from experimental data. Finally, the specific form of the yielld
function is not specified at this time since this does not affect the behaviér of Aother than

to generate an initial condition for yielding.

Mean Grain Size

As mentioned previously, the mean 'gifain size can chanée as a result of neck growth,
shape changes, and pressure sintering of adjacent grains. However, with the exception of
extreme pressures at high densities, the dominant mechanism for.l._ will be neck ‘grthh" as
the necks are areas of high stress concentrations. Brown ( 1980a) used a neck ‘growth model
to completely model the volumetric deformation of snow.

The change in grain size as a result of neck growth can be developed from quantitative
stereology. Underwood (1970) provide§ the following relation betweén grain‘size, surface

area, and volume.

LSy =4V _ (177)

where Sg equals the mean surface area per grain defined as

_ 4{a-1)

178
0" (178)

S

Differentiating Equation 177 with respect to time and assuming the volume of a single

grain remains constant gives

L'sg+i_sg'=o. | (179)
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Now consider a single ice grain with idealized neck regions as shown in Figure 11. The

mean surface area of the grain may be expressed as

Sg =Sy, *+Sg, =Sq *awrhny +arth,, (180)

where Sgl the mean surface area of region one,

and ng

the mean surface area of region two.

Region 1

Region 2

Figure 11. Two dimensional schematic of an ice grain with idealized neck regions,

During the neck growth phase of the deformation, the fundamental shape of region
one will not change. Hence, any change in surface area must be accounted for by changes

in the neck region. Therefore, differentiating Equation 180 with respect to time gives

Sg=Tanlfh+rh+2ri). (181)
The value of the mean n_umber of bonds per grain, n, is assumed constant during -
this phase of the deformation. This does not ;;reclude new contact points from forming
between adjacent grains. Indeed, the actual number of contacfs will increase but this is not
a neck growth mechanism. The equation governing L may have tq be slightly adjusted to

account for this form of direct pressure sintering caused by the formation of new bontacts.
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Substituting Equation 181 into Equation 179 gives

H3 wa
4(a-1)

AL(Fh+rh+2rr) (182)

Now consider the neck region of a specific ice grain. The volume of the neck region is
given by |
1 R 4 :
Vﬁ = 2 n; =r® h, (183)

Differentiating this expression with respect to time and requiring the neck volume to

remain constant provides a kinematic relation between r and h.
h=-2-=-h (184)
r .
Substituting the above expression into Equation 182 gives

n; ma

" 4(a-1)

AL(2rF - th). ' (185)

.Equations 184 and 185 define the behavior of L and h in terms of the mean bond
radius r and the rate of change r. To complete the formulation, a kinetic equation for r
Vmust be specified. Brown (1980a) has shown that a functionally correct behavior for'_r
is given by

P = (G)b; explbPa-bs), | (186)
where by, b,, and b, are coefficients which depend on the material properties of ice.
Equations 184-186 completely define the neck growth model for L. .

Finally, -it is not necessary for the yield functidn, G, to be the 'samre' for both .)\and
L since these are independent variables, HoWever, choosing G to be thhe same is not overly

restrictive.
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Remarks
The evolution equations presented are merely postulated forms based on the pheno-
mological behavior of snow. However, they do represeﬁt functionally correct behavior of
the material.
A significant point that was not addressed is the fracturing of ice grains themselves.
The current equations readily account for fracture at grain bonds. This is where most of

the fracture will take place as the bonds represent weak regions. However, under extremely

intense loads, the ice grains themselves will fracture. This will change the complexion .of °

the microstructure since A, L., and n; will change instantaneously.

The time rate of change of A representing intergranulgr glide will not be affected by
grain fracture since it is expressed in terms of the ratio of A/L which remains unchanged.
However, the effect of ice fracture on L is more obscure and must be examined more

closely.
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CHAPTER 7

CONSTITUTIVE BEHAVIOR FOR LOW TO
MEDIUM DENSITY SNOW

In this chapter, some theoretical results are presented for snow in the density range

from 100 to 400 kg/m3. The reason for selecting this density range is that intergranular

glide can be considered to be the dominant deformation mechanism under high rate defor-

mation. For densities beyond 400 kg/m?, pressure sintering becomes increasingly impor-
tant and can no lohger be neglectea.

Considering only intergranular glide allows some analytical results to be presented.
This provides a great deal of insight into the theory as 6pposed to purély computational
results. Also, it should be noted that the density range of iOO to 400 kg/m? is actually
quite broad and encompasses typical densities found in an alpine snow cover.

The intent of the results is to show that the theory reflects the material response of
snow under a variety of loading conditions. Unfortunately, the absence of any multiaxial
experimental data which also contains microstructural information limits the comparisons
between the theory and actual data. Experimental data is presented in an attempt to show

the proper trends.

Specifying a Yield Function’and Material Coefficients

Recall the evolution equation governing intergranular glide is given by

€

1
- —) (174)
A+ L 2a0 *

A =<(G)APexp(-a, (J,,0)erfla, 4y, 0)
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To complete the formulation a yield function must be specified along with the material

coefficients a, (J,, 9) and a, (J, , 8).

Yield Function

Brown (1977) used a thermodynamic fgrmulation sbasgd on an expansion of the free
energy to develop a- fracture criteria for snow. A similar épproach could be followed to
develop a yield criteria for snow by expressing a critical value of the volumetric comple-
hentary energy in terms of the deviatoric complementary energy and microstructural
parameters. |

The strength of snow is strongly affected by its granular structure. This was graphi-
cally demonstrated in Figure 1 where characteristic reductions in strength due to temper-
ature gradient metamorphism were plotted as a function of time. Unfortunately, there is

no experimental data characterizing.snow strength as a specific function of microstructural

parameters. Therefore, in the absence of any experimental data involving strength as a

function of microstructure, an empirical yield function will be developed. From Equation
168 the yield function assumes the form

G =GP, U, Js &), - (87)

Now consider the compilation of data relating major principal stress to densi'ty under
uniaxial strain as shown in Figure 12. Region A shows the stresses required for natural
densification of snow and may be thought of as representing a quasi-static yield condition.
The large band in the data points out the significance of microstructural parameters other
than density. As the stress rate is increased, the data show a jump or discontinuity in the
principal stress from that of natural densification. This jump can only be éccounted for by
a jump in the yield condition.

Based on the data of Figure 12, an approximate vyield function is given by

G =P -p, 100:2a)-Y+R ypg, | (188)
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Density (kg/m )

Figure 12. Compilation of data relating major principal stress to bulk density for compres-
sion in uniaxial strain at various rates and temperatures (Mellor, 1974). (A)
Natural densification of snow deposits, -1° to -48°C. Approximate average
loading rates 10'5 to 10"3 Pa/s (data from depth/density curves for many sites).
(B) Slow natural compression of dense firn and porous ice. Approximate load-
ing rates 10'5 to 10'4 Pa/s (from depth/density curves for polar icecaps). (C)
Slow compression of solid ice. (E) Calculated values for plane wave impact at
20-40 m/s (Mellor, 1968). (F) Hugoniot data for explosively generated shock
waves (impact velocities 1-12 m/s), -7° to -18°C (data selected from Napaden-
ski, 1964). (J) Compression at approximately constant strain rate, -7° to
18°C. Strain rate = 10"4 s ' (Kinosita, 1967).
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where 4<Y<5,

R = HP) (erf( ~ (log(-%) + 1)) (22 + 3,
8 ag a

and H(I;) = the Heavyside function.

Equation 188 with R=0 represents a yield criteria based on natural compression of
snow. The value of Y is allowed to vary between 4 and 5 to account for differences in the
microstructure at any given density. The coefficient P, reflects the fact that the data is

given in terms of the major principal stress while the yield function is expressed in terms

of the hydrostatic pressure. Equation 169 provides the folloWing empirical bound on B.

06 < P, < 0.98
Ideally, P; and Y should be expressed as a function of the microstructure. However, unless
otherwise specified, the following values will be assumed for numerical purposes,

Y =45 and‘ P, =08

The function R represents the jump in yield stress due to rate effects. This function
behaves in a manner such that rate effects become less significant as density increases.
Also,'expressing R as a function of a does not violate Equation 187 since & is a linear func-
tion of P in the elastic range.

A significant aspect of Equation 188 is the absence of deviatoric effects in the yield

function. Future theoretical and experimental studies should address this issue.

Material Coefficients

The material coefficients a, (J,, 8) and a, (J,, 0) of Equation 174 must also be speci-
fied before explicit results can be presented. To actually determine their dependencé on
shear intensity and temperature would require an extensive experimental program. In the

absence of such data the coefficients will be treated as fixed as opposed to variable.
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Equation 174 may be rearranged to express the pressure as a function of \.

- —)) o - (189)

A :
P=—ce erf '
A xp (a, erf(a, (7\+L 7o

This equation can be used to estimate a, andhaz based on known slope conditions of the "
“stress density curves given in Fig’ui’e 10. Approximating the s‘lobe at-denlsities of 300 kg/m3_ A
and 400 kg/m?, the valuesuof the coefficients are given by

a,; =95 and a, = 21 .
The values shown above will be uéed for all of the numerical results generated in this

chapter.

Uniaxial Compression

Consider ‘the case 6f uniaxial confined compression. Figure 7 shows a schematic of
thl:S type. of test where the deformation is gi,\)en by Eduation 155. Expressing the deforma-
tion in terms of the Lagrangian strain gives

{1-g*-1 O 0

1 o ' ,
E,J=—v 0 06 o0 ) (190)

N

0 0 0

where ¢ (t) = the dimensionless ratio of the deformation to the sample height.

>

For low density snow the constitutive law assumes the form

E = M:S +— ), (191)
s V) )

=

where fis the thermodynamic conjugate to A.
Under finite strain, the elastic strains may be neglected and Equation 191 reduces to
. of '
= — (192) .
N~ 9S8
[AV]

Substituting Equations 131 and 133 into the above expression gives
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E, = (k;\ A) E , (193)
1
where k>\ = —.
.al

This equation require.s

A =al (194)
for all time t. Expressing k, in terms of ;che defo'rmation givés

A =-Lagd . | (195)

Equation 195 can be used in conjunction with the kinetic evolution equation for A
given by Equation 174 to determine the pressure. |t should be noted that the mean grain
size, L, need not be specified since it shows up in Equation 174 and 195. Specifically, L
appears in the coefficient A of Equation 174 and 176 since

A(0) = Lal(0).

‘It should not be surprising that the solution is independent of L since this parameter is
constant thréughou_t the deformation.

Figure 13‘ shows theoretical results of uniaxial confiﬁed compression tests for three
different Qeformation rates ranging over four orders of magnitude. The curves indicate a
raté' dependent response as expected. Quantitative compérisons of magnitudes are unavaila-
ble as Abele ahd Gow (1975) did not show the specific deformation rates in their data.
However, the curves represent qualitatively correct behavior as seen by comparing the datg
with Figure 12.

Figure 14 shows the pressures generated at a constant rate of g=1 s™! for initial densi-
ties ranging from 100 to 250 kg/m?. The data show that initial density strongly influences
the pressure-density relationship. As initial density decreases, the pressures required to pro-
duce a given final density increase dramatically. These results are consistent with those (S_f

Abele and Gow (1975) as shown in Figure 10.
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0.1 s

Pressure (MPa)

0.001 s

100 Z00 300 400
) 3
Density (kg/m )

Figure 13. Pressure versus density under uniaxial confined compression with rate of defor-
mation as a parameter (pQ= 200 kg/m3).
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Pressure (MPa)

p0O =100 kg/m

Density (kg/m )

Figure 14. Pressure versus density under uniaxial confined compression with initial density
as a parameter (g = | s'l).
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The lateral stress under uniaxial confined compression can be déetermined in principle

from Equation 161.

t22

d(z) = (161)

t; 12
In the absence of any experimental data concerning the microstructural behavior of d, , the
following form is assumed.

l’v

d, = ——
: 1-2y, (196)

where »,, = the analog viscous Poisson’s ratio.
This particular choice of d, is simply the equivalent of d, fdr classical isotropic elasticity
where the analog viscous Poisson’s ratio has replaéed the elastic Poisson'’s ratio.

Frdm Figure 8, a reasonable form for vy is given by
vy = 0.73/a - 0.06 (197)

This equation simply dissects the envelope of vy in the density range from 100 to 400
kg/m?*. The envelope of Figure 8 again points out the signiﬁcance of microstructure in
developing a constitutive theory for snow.

Figure 15 shows the multiaxial stress distribution for a uniaxial confined compression
test based on the assumed form of d, (g). The figure shows that the lateral stress, axial
stress, and pressure tend to converge with increasing density. This represents a functionally
correct behavior as the stresses will all converge to the same value as the material

approaches solid ice.

Strain Recovery

Strain recovery is defined as the amount of strain recovered during a deformation
once the stresses are removed. For an elastic response, the strain recovery represents 100
percent of the total strain. However, once a material goes plastic, the strain recovery repre-

sents only a fraction of the total strain as the plastic strains are permanent.




91

150 kg/m
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3
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Figure 15. Predicted stress distribution for uniaxial confined compression.
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The constitutive theory for snow takes the following form during strain recovery.

e

:,% =,—¥:,§16(t1) (198)

X=E

where ~ § (t;) = the Dirac delta function,

and E,f represents the elastic recovery. -

Here it is assumed that the stresses are removed instantaneously at time t, to prevent
further plastic deformation. The eqdation shows that the strain recovery will be instantan-
eous or elastic.

The elastic recovery is easily expressed in terms of the Cauchy stress since under uni-

axial confined compression,

=f g (199)
V]

Differentiating this expression and noting the. density is constant during strain recovery

gives

f=2 3 (200)

Y] po N
Hence, Equation 198 may be rewritten as

'%I':_,%e":[/ §(ty) , . (201)
where Me Iis the compliance in the deformed configuration. .

N

Integrating this expression gives

Er = —%e:,:cl . , '. (202)
Taking the trace of Equation 202 and noting E,, = E;5 = 0 gives

Eiip = PIK | | (203)

where K = the elastic bulk modulus.
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Figure 16 shows the predicted strain recovery characteristics for snow under a con-
stant cross-head rate of deformation. The figure is a plot of axial strain versus characteristic
time for an initial density of 200 kg/m?. The curves are interesting in that they show the
elastic recovery decréases as the total strain increases. This is typical of the type éf behav-
ior observed for snow. Furthermore, this behavior is exactly the opposite of that predicted
by classical plasticity where the elastic recovery increases with increasing strain for a work
hardening material. Finally, the strain recovery response also shows that the elastic
recovery is rate depend'ent in that higher rates of deformation result in a larger elastic

rebound on unloading.

Stress Relaxation

When a rate dependent material is subjected to a deformation and the deformation is
subsequently stopped, the stress in the body tends fp relax with time. The rate and degree
of relaxation are dependent on the specific material properties. Snow is known to exhibit
strbng stress relaxation characteristics.

Consider the stress relaxation résponse as predicted by the constitutive law.

LA . - (191)
~voaS
v

E =
~

X=

When the deformation is halted, ,l%=0, and the governing differential equation becomes

. af .
1S = - — . (204)
N as

. aE/ .
/I\\/,]:/% = - -a')\— A (205)
~ .

It is convenient to discuss stress relaxation in terms of .the pressure. Therefore_, taking

the trace of Equation 205 gives, with the use of Equation 133
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Figure 16. Predicted strain recovery characteristics for snow under uniaxial confined compression.
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oE
Al ,\/ . i
(3U+2V)tr§l——tr(a)\)7\. | _ (206)

Again, under uniaxial confined compression, the Cauchy stress is related to the second

Piola stress by .

t =2 s . . (199)
~N po AV -

Noting Equation 147 and the fact that the state of the material is appro'ximately constant

during relaxation, the left hand side of Equation 206 may be expressed as

(3U +2V) tr § = -P/K ,. ‘ (207)

|
the hydrostatic pressure,

where P

the elastic bulk modulus.

and K
Equations 128-130 provide an expression for'aTas follows.

33 1.
- L g (208)
ak aL .

: 1 . '
tr{—) = — tr E . 209
e o | | (209)

Again, during the relaxation phase, the plastic state of the material is approxirﬁately

. .0E
unchanged. Hence, ﬁ’i may be assumed to be a constant.

Combining Equations 206-207.and 209 gives
. 2E |
P=Kt(—) . , (210)
oA ’ .
The evolution equation at post yield is given by
1
—), o (211)

.)\=PAev -a; erf _— -
xp (-a, (82(7\+L %,




2(0) L 1

exp(a; erf(a, ( - ) .
Y )\o L 2a0

where A =

Substituting this result into Equation 210 and collecting terms gives

P=-CP, (t=1,) . (212)

where P(t;) = P* = the stress at time t when the deformation is halted,

and C is a positive constant given by
. aE, 1
C=-Ktr{(——)Aexpla; erf - —)). 213
(ax ) A exp (a, (a;,(>\+L 2“0” (213)

Equation 212 represents the governing differential equation for stress relaxation in
snow. This equation has the following analytical solution.

P=P*exp[-Cl{t-t,)], (t > t,) (214)
where t, represents the time when the deformation is halted.

Figure 17 shows the characteristic form of the solution for stress. relaxation. The
results are encouraging as this is the qualitative relaxation behavior for snow. It should be
noted that the stress will not rela;< completely as Equation 214 ceases to be valid once the '
stress has fallen below the yield surface.

A quantitative ‘comparison of stress relaxation as well as the prior loading history can
be made for the case of uniaxial unconfined compression. A series of these tests have
been performed at Montana State University (Brown, private communication).

For comparison purposes, consider the deformation history for the first 256 minutes
of tést number RC-8-5-08.08.73-10 shown below.

0 - 900s ; g

1.11 (10)3 s7?
900 - 1500 ; g=0
The snow sample in question had an initial density of 350 kg/m® and was in the equy

stages of temperaturé gradient metamorphism. The environmental temperature was -10°C.
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Characteristic Time, t *= Ct.

Figure 17. Characteristic solution for stress relaxation.
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An extensometer was used to determine the lateral deformation of the sample. Based
on this data, an equivalent viscous Poisson’s ratio was determined to be v, = 0.22, Treating
v, as a constant is reasonable since the total sﬁ'ains were on the order of 10 percent. There-

fore, assuming small strain theory, the strain rate is given by

g 0 0
Eg= [0 »d O (215)
0 0 a9

The elastic strains for this test represented only 5 percent of the total strain and ‘may
be neglected. Therefore, from Eduations 192-194 the rate of change of A during loading is
given by

A=al . | | (216)
This equation may be used in conjunction with the kinetic evolution equation for A given
by Equation 174 to determine the stress.

A value of Y=4.7 as opposed to Y=4.b was used in the yield function given by Equa-
tion 188 in an aitempt to match the yield point of thé -experimental data. This indicates
the snow w.as weaker than ““normal.”” This result is consistent in thét the sample was in the
early stages of temperature gradient metamorphism which results in an overall weakening
of the material. |

The stress relaxation phase is governed by the differential equation

P=-cP, o (212)
where P(t,) = P*.

Noting Equations 209 and 213 the form of the coefficient C becomes

tl'(E) L 1

Aexp(-a; erf(a, ( 7\ )j. (217)

+ L 2ao

C=-K

al

From conservation of mass, the density ratio may be expressed in terms of the Green

deformation tensor as
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det ¢ = (—) | 2
¢ ay , (218)
1-2g 0 0
where C =2E+1 = 0 1+25,9 0
N 4] V]
0] 0 1+20,9

‘Differentiating Equation 218 with respect to time and rearranging terms gives

a 2

Q= (—Z—)[-.u F20,0 + (1-29)(1+20,9)221 3 . (219)

Therefore, substituting Equations 215 and 219 into Equation 217, the form of the coeffi-

cient C for unconfined compression becomes

2‘Vv—1
C=-K —;
ao .
(T) [-(1+22,9)% + (1-29)(1+2»,9)2»]
A (-a; erfla, { ! ) (220)
exp(-a a - —)),
pi=a: 2V A+L 2a0

where A is given by Equation 211.

Finally, the following elastic material coefficients were chosen from Mellor (1974).

Eo 42 MPa ,

E; 56 MPA ,

and v = 022,

where Eg Young's modulus at t=0,

and E, Young's modulus at t=900 s.
These values are approximate and could actually vary significantly.
Based on the elastic properties, the coefficient C given by Equation 220 was found to
" be

C =68(102%s!.
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Hence, from Equation 214 the pressure distribution in the relaxation phase is given by

P(t) = P*exp[-0.068 (t-t,)], (t > t,) . (214)

Figure 18 shows a comparison of the theoretical results and the experimental déta for
the test in question. The results are excellent for the loading region. However, the theory
predicts a significantly faster relaxation rate than the experimental data. A pﬁssible explan-
ation for this lies in the assumption where the rate of change of the mean grain size, L, was :
neglected. |

Recall, from ‘Equation 126, the expression for the density ratio in terms of. the

internal state vector.

A+L ‘
o = (126)
L ,
Differentiating this expression with respect to time gives
. Al
a=— - 2 (221) .

Under high rate deformation of low to medium density snow, it was assumed A> L.

Hence, Equation 221 reduced to

= o '(2'22")
However, during stress relaxation, the density ratio is approximately a constant. Changes in -
a as defined by Equation 126 are balanced by changes in the élastic strains. Furthermore,
these ch;amges occur over a significant time span, e.g., on the order o‘f m‘inutes. Thérefonje,
under these conditions

a < 1.
Based on this result, it may not be valid to neglect L in Equation 221. In fact, it i; possible

that pressure sintering (i_) dominates intergranular glide (3\) during relaxation. This

hypothesis must be checked experimentally.
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Figure 18. Comparison of theoretical loading and stress relaxation curves with experimental data (test No. RC-8-
5-08.08.73-10).
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It should be noted that changing the yiéld function merely altered the initial point of
yield. This does not change the fundamental behavior of the curve of Figure 18. Further-
more, the fact that the snow was in the early stages of temperature gradient 'metamo_l"ph'ism

suggests a drop in the yield. This again points out the significance of microstructural prop-

erties in snow.

Specific comparisons of theory and experiment must be tempered with the fact that

the elastic coefficients are only approximate values. However, it is clear that the theory is

capable of characterizing the material response during both loading and relaxation phases.

Combined Compression and Shear

The constitutive theory developed in this work has been shown to reflect the behavior

of snow under a variety of uniaxial stress and strain conditions. However, the true value of

the theory lies in the fact that it is valid for fully multiaxial stress and deformation condi-

tions. Therefore, considér a combined compression and shear test for snow as shown in
Figure 19. This is significantly more complicated than the previous deformations iq that it
involves “‘off diagonal”. terms in the stress and deformation tensors. A direct consequence
‘ of this is that the second Piola-Kirchhoff stress is no longer a scaler multiple of the Cauchy

stress but instead behaves-according to the following.

i T _ (222)

Ot
l

Based on the coordinate system shown in Figure 19, the deformation is given by

X; = Xy - X;g{t)sinQ ,
X, = X; - X; glt)cos @,
and x3 =%; . (223)

The deformation gradient for this particular test is given by
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S — vertical displacement
of upper platten

g(t) = S/T

Test sample
P — Pressure transducer

Figure 19. Schematic of a comoined compression and shear test.

g(t) sin ft 0 0

d X:
g(t) cos ft 0 (224)

For finite deformations, the rate of change of X takes the following form from Equations

191 and 192.
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X=al, - ' . (225)
Equation 225 in gonjunction with the kinetic evolution equation given by Equation
174 allows one to determine the pressu.re, P. However, the full second Piola-Kirchhoff
stress is needed to use the constitutive law in the solution 6f a boﬁndary value problem.

The form of the second Piola-Kirchhoff stress is given by Equation 154,

ag aE .
’%=d1(§)[aa +d2(§)'tr(aj;),l]
= d, -L[E—E’ + d, tr(i&) 1 ] | (226)
9 A I Y .

As mentioned previously, the specific form of d, (£) is dependent on the microstructure.
in the absence of such data, the form of d, will be taken from Equations 196 and 197
where it was assumed, . .

VV '

d: = 75, 4w 073a - 006

The equation for »,, was taken from data given by Mellor (1974).
The Cauchy stress may be expressed in terms of the second Piola-Kirchhoff stress as
follows.
t = 2 Fg FT (227)
Y] pO LAV AVENAY, .
Substituting Equation 226 into the above expression gives
9E -' a,lé '
—~ FT 4 4, r(—) F FI]". (228)
N ALY :

t
N

=d,L 2 [F
Lo ~voa A

Taking the trace of the above equation and expressing tr (/’5) in terms of the pressure there

follows,




N . [

—
Q
o

P = ltrt— 1de[t(FaE’FT)
3 A T3 T v
ag T

+d2t"('(.,‘>\_)tr(f,,'\:, b . (229)

Equations 174 and 229 can be used to solve for the unknown constant, d, L. This in turn
defines the complete second Piola-Kirchhoff stress tensor through Equation 226.
There is virtually no experimental data to verify any of the theoretical solutions to be

discussed. The results are presented in an attempt to show the expected behavior of snow

under multiaxial deformation. However, a series of combined compression and shear tests

are scheduled to be run at Montana State University during the winter of 1985-1986. This

"~ will allow specific comparisons of the theory to experimental data.
/

Figure 20 shows the diagonal components of the second Piola-Kirchhoff stress plotted
against the E,;; component of the Lagrangian strain. The cross head angle, , shown in
Figure 19 was 60 degrees and the deformation rate was given by, é=1 s'!. The initial and

final densities were 200 and 400 kg/m? respectively.

The results are interesting in that they show the components S,, and S;; to be equal -

throughout the loading history. One would not expect this based on the asymmetry of the
deformation. This points out the difficulty of interpreting the second Piola-Kirchhoff
stress under complex deformations. |

F ig.ure 21 compares the t;, and t;3 components of the Cauchy stress with the respec-
tive components of the second Piola-Kirchhoff stress. The results show the Cauchy stress
diverging as expec'ted. Furthermore, for very' low strains, all the stress components are the
same. This again represents a correct behavior as the Piola stress and the Cauchy stress are
identical assuming small strain theory.

Figure 22 plots the S;, component of the second Piola-Kirchhoff stress versus its con-

jugate Lagrangian strain component. The results indicate a near exponential response
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(MPa)
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Figure 20. Stress distribution of the diagonal components of the second Piola-Kirchhoff
stress versus the E11 component of the Lagrangian strain.
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J0 = 200 kg/m

(NPa)
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Figure 21. Comparison of the t2 and |33 components of the Cauchy stress versus the
respective components of the second Piola-Kirchhoff stress.
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Figure 22. Stress strain curve for the conjugate variables S12 and E12.
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- similar to that observed for the "“diagonal’”” components. However, it should be emphasized
that this particular stress/strain cohponenf cannot be associated with a pure shear effect as
it contains volumetric effects as well. This is another difficulty inherent in large deforma-
tion theory.

The theory p’resénted does not take into account the possible fracturjng of the snow
sample. Fracture will occur at some critical deformation ang-le, 2, which may depend on
the microstructure ;)f the sample. This type of failure must be addressed throﬁgh a fracture
criteria for. snow, e.g., Bfown (1977). Finally, all of the multiaxial results presented eghibit

a rate dependent response similar to that observed under uniaxial conditions.




CHAPTER 8
- DISCUSSION

Developing a new constitutive theory for a material whose behavior is nonlinear is a
difficult task. The procedure involves taking a physical theory and attempting to pfedict an
observed material response. When this is done, the question often arises as to whether one
is simply curve fitting experimental data or-actually modeling the response. At the same
time, all constitutive theories require some empirical data to deterrﬁine material coeffi-
cients. The true test is to see if one can extrapolate existing data to characterize the mater-
ial behavior under a variety of loading conditions.

The paradoxical problem discussed above is alleviated to some extent by the general
_theories of constituti;/e relations. These theories are extremely useful in that they set limi-
tations on the forms individual theories can take. For instance, the first law of thermody-
namics was used to determine the proper'conjugate stress tensor for a given strain. The
Second Law places restrictions on possible forms of the functional dependence of the inde-
pendent variables. The principles of equipresence, frame indifference, and material iso-
tropy were also invoked in developing the theory. All of these.results were useful in that
they placed limitations on a very general theory.

The use of internal ;tate variables is significant in that it enabled the micrpst’ructural
properties of the material to be incorporated into a continuum theory. This is essential if
one is to actually model the response quantitatively. The results of Chapter 5 demonstrated

the ability to measure internal state variables for snow at the granular level.
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The results of Chapter 7 were presented to show the ability of this theory to charac-
terize the response of snow under multiaxial deformation and a variety of loadings. Exper-
imental comparisons were limited primarily; by the Ié(_:k of multiaxial data as well as micro-
structural information. However, the theory clearly accounts for many of the unique
phenomological properties of snow. Furthermore, this approach lends significant promise

to future efforts in micromechanical constitutive theories.

Suggested Experimental Research

T‘he groundwork for a constitutive theory for snow based on internal state variables at
the granular level has been laid. Clearly, the most important experimental research at this
point is to obtain multiaxial test data which involves microstructural measurements. Two
specific tests of interest are the uniaxial confined compression tests and the combined
compression and shear tests discussed in previous chapters. A wealth of microstructural
response data could be obtained by taking surface sections before and after each test.
This would provide valua'ble information on the evolution of the microstructural variables.

The significance of pressure sintering versus intergranular glide at very low strain rates
should. be investigated for low to medium density snow. This is necessary to determine the
importance of pressure sintering during stress relaxation. A possible test for consideration
would be slow compression of snow over a long period of time. Surface sections taken be-
fore and after such a test should provide some insight into the degree of pressure sintering.

Stress wave experiments in the field should also be performed. This would alloyv one
to investigate alterations in the microstructure under intense loads.. Furthermore, the
effect of pore p;essure on the material response could be determined. Preliminary stress
wave studies by Brown and Hansen (1985) indicate that the pore pressure is significant to

the bulk pressure.
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Suggested Theoretical Research

The primary analytical emphasis should be to develop evolution equations which
accurately reflect the microstructural response. For instance, the effect of deviatoric:

stresses on intergranular glide and the yield function should be determined. Temperature

effects should also be studied. This does not imply a full blown thermodynamic theory
need be developed. Rather, the effects of temperature as an isothermal parameter could'be
explored. Finally, the effects of internal state variables other than density on material
properties should be examined. This could explain much of the scatter in data which is

plotted as a function of density. All of the analytical work described complements the

experimental work. Indeed, the theory is very useful in determining what to measure in :

future experiments.

The general theory developed could be applied to many of the problems in snow
requiring multiaxial states of stress. These include vehicle mobility, wave propagation, and
projectile penetration among others. The theory in its current state is available for use ‘prclb-

vided the limitations on the density range are observed.
Conclusions

A multiaxial constitutive theory for inelastic deformation of snow has been developed.
The theory is signifiéant in that it is valid for finite deformations and is rate dependent.
Both of these properties are necessary to successfully model the behavior of snow,

Equally significant is the inclusion of mijcrostructural properties in the formulation
while maintaining a continuum theory. The internal state variables provide a powerful

method of characterizing the plastic state of the material,
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Finally, élthough this work was directed towards snow mechanics, it is felt that the
theory presented is applicable to the field of granular materials in general, the main differ-

ence being the selection of an appropriate internal state vectér._
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MATERIAL FRAME INDIFFERENCE
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The properties of a material are intrinsic properties, in that the manner in which a
material responds to a process depends on the material itself. Consequently, the material
should look the same to two diffefent observers (frames of reference), i.e., an origin and a
coordinate system (O, x). The material cannot change by changing the reference systeh.
This gives rise to a subtle but important principle called the principle of material frame
indifference (objectivity). Before proceeding further, it is necessary to define some quanti-
ties. |
Definition: Let a particle X contained in a body g occupy the region x at time t. The
ordered pair (x, t) is called an event.
Definition: Two frames of reference, (O, x), (O*, x*) are said to Be équiva/ent if they
agree about:
a. Distance between points in a body.
b. Order in which events occur.
c. The orientation of a line segment.
d. The time interval between two events.
Based on this last definition, any reference frames (O*, x *) obtained by a time dependent

rigid transformation from the frame (O, x) are equivalent. These frames are related in the

manner,
x*=clt)+Qt)x, : (229)
t*=t-a,

where ¢ (t) and Q(t) are smooth functions of time and Q(t) is orthogonal.
s ' ~n

al = o (230)
AV

N

Definition: Any quantity which depends only on the orientation of the reference frame
and not on any other aspect of the motion of the frame (translational velocity,

translational acceleration, angular velocity) is said to be objective. Therefore,
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iff, v, and,:clare objective scalers, vectors, and tensors, these are related under

. ) /
two equivalent reference frames by:

a. f* =,
b. v¥*=Quv,
N
ct-eret. (231)

where f, v, and t, are defined with respect to (O, x),
and f*,v*, and ,'5/* are defined with respéct to (O*, 1*)

An exception to the tensor transformation law shown above is the deformatjo‘n gradi-
ent. This is a two point tensor which transfers similar to a vector, i.e.,

Fr=QF : ' (232)
The reason for this is as follows. Consider the de.formation gradient in two frames.

dx = j\:J dX ; dx* ='l\=l*d§* | (233)
I can choose equivalent frames such that X* = X, i.e., the reference frame of eaéh system is
the same. This does not affect the generality of the results. Hence, | can write

dx* = ,I\:I*dg | - (234)
~Also, from Equatioﬁ 231 there follows,

dx* = Q dx = Q F dX | . (235)
Comparing this expression with Equation 234 gives

F* =Q F .
V] [AVERAV)

iy

Objectivity of the Stress Tensor

Consider the internal contact forces in a body B..‘These forces depend only on the
configuration of g and not on the configuration of external masses. Hence, internal contact
forces are formally invariant under changes of frame. This requirement means that the

Cauchy stress tensor is objective and must transform according to
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T : ' (236)

O+
St
4

Principle of Material Frame Indifference

The principle of material frame indifference states that the material properties are
independent of the observer. This means méthematically that constitutive equations must
be' invariant under changes of frame. That is, if a constitutive equation is satisfied for a
process with a motion and a symmetric stress tensor given by

x=x (X1 , t=t(X1,

then it must be satisfied for any equivalent process (x*, &*) where the motion and the
stress are related by

x* =

(2]

(th + Q x ,
~

Mt o',

t¥* =
~N

1
0
ot

and t* = t-a.

It is interesting to note that this principle has little connection with the laws of
mechanics. but rath‘er expresses an invariance of the material response. However, thé restric-
tions developed from the principle have a pronounced effect on the form of the constifcu-

tive equations developed.

Constitutive Law

Now consider the constitutive law given by

. (LR S 1 a2y . df
RT 2o 2505 N aoas00 °tas T (238)
Po af\,a'\, Po af\, ~
where = the Lagrangian strain tensor,

the second Piola stress tensor,

e 200 2
1l

an internal state vector consisting of n objective scalers,
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0 = the temperature,
¥ = the complementary energy,
and I= 1—\:— = the thermodynamic conjugate to the.internal state vector.

| would like to show this equation satisfies the principle of material frame indifference.

Recall the following transformations which hold under an arbitrary change of frame.

F*=QF , t*=qQ1t QT

From these definitions the transformation laws for numerous other tensors can be devel-

oped. The details are shown below,

Lagrangian Strain (E’)

The Lagrangian strain is defined by the following expression.

1
= — (T -
E=2®& E-1
Hence,
E*=1(FT* F*_1*)
~ 2 '~ ~ ~
- L FTaTaF-1)
2 v NN A N
1
= - (ET g -
£ E -1
" Therefore, -
E*=E . (239)
NN :

Second Piola Stress (,%.)

The Second. Piola Stress is given by

k)

0

— F1og (F)T
p N [AVERRAV]

S =
N
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The density is a scaler invariant, i.e.,

*

pT = p .
Therefore,
S* - f_O_ F—1-x- t*(F—l )T*
Y] p N [AVEREAV)
Po T T
= — (Frah@t QN T
p A [AVERAVENAV: AVARAY]
= p_o__ F"‘l t F—IT
p s [AVIRRA VRN
\
This gives,
ST=5 - (240)

Time Derivative of the Second Piola Stress (,%)

The time derivative of the Second Piola Stress is given by

Po Py b

S = — Ft ¢ 1T _ Fry prT
oV AV AVERV p: v v A
Po . . .
= — (F' ¢t FrT1 4+ Ft ot 1T 4 poo g g
p VoA VRNV VIV NN

Po P : C :
-2 T | _(241)

p t
P N AVERAV]
The transformation laws for the derivatives-of the deformation gradient are. given by the '
following.

F*=QF +
Y] [AVIRAV]
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Also, .

t*=Qtal+0ial+at al.
N [AVEAVEERAV) AVERAVERAV) LAV ERAVEREAV]

Substituting the above results into Equation 241 gives

Po
S*= — [F't F'T+F1 T ot T+ 1t T g T
N ol Y V] [AVERAV) AV] AVARAV] [AVIRAV)
+Frt T QT o7 g g g T
N ARV Y] aY] IAVERAVERAV] N AVIRAV:
) Pob
+Fr e QT o 1T - 2 pt g T (242)
NN A NN pr NV NN

Now note the following identity.

i=a0la =aTa+aTa=o0
AV Y] LAV A V) LAV A V] ~N

1
N
Collecting terms and using the above identity, Equation.242 becomes

.po

S* = — “.:—1, t BT 4 1 g 1T 4 F! i F“IT]
~N p v NN N A
_ Po® -1y F—IT 3
P X VR VIV o

Comparing this expression with Equation 241 gives

S§* =8, ' - (243)

Complementary Energy (¥ )

The complementar.y energy (¥) is a scaler invariant, i.e.,
¥* =y
Furthermore, Equation 240 shows that ,% is an invarian;t tensor. Therefore, it folloWs that.-.
Z—\;— must also be invariant. For instance, at equilibriun.i,

1 oY
P v as
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2

where E’ is invariant by Equation 239. Hence,

2 Vv« 3 v

(3535 = 3533
[AVERERAV) N Ny

By similar reasoning there follows,

¥ « 3V

(as 30 3Sae
N N

/

g =8 , =i
of 2 2 of
— % ) * 9° v -
and (——“) =( ) = =
s S0 882 38

. . . ai
E=M:S§+ A0 + — - ¢,
AV VI VIRV S =
AV
1 92 ¥
where M = . ,
AV Po a§as
1 a2 v
and A= —
~ po 3520

mation tensor D as follows.

E=FTDF
N N [AVERAV]
Hence,
af
FITDF=M:S+A© +— .},
NN N NV 3as =
N
or
T-1 . of
— - . - -1
D=(ET-Hhm:$+A 6+ i)F

must also be invariant, i.e.,

Finally, the internal state vector is a collection of n objective scalers. Hence,

(244)

(245)

(246)

The time derivative of the Lagrangian strain may be expressed in terms of the rate of defor-

(247)
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Now consider a change of reference frame.

* = T-1* % . Q% * o % ‘a_i_*'* -1 %
Q A(,l\:/ )(g ,§ +£«I® +(aS)§)’,\:/ (248)
V)
From the previous discussion thlere follows,
of , af
M*=M ,h6 S*=8§ , A*=A , (—) = —,
N N ~ ~ N f\,. a,% a’%
e* =® , and _§_*=§.
Using these results, Equation 248 becomes
. of
D*=Q FI"TM:S+A6 + i) Fr aT = p QT (249)

The rate of deformation tensor is objective as shown.by Malvern (1969). Therefore, the

constitutive equation satisfies the principle of material frame indifference.
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APPENDIX B

SURFACE SECTION TECHNIQUE AND IMAGE ANALYSES
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This appendix briefly describes the technique used to obtain microstructural data
from the field. This includes the surface section technique as well as the image analysis of

the section.

Surface Section Preparation

The intent of a surface section is to proviae an arbitrary two-dimensional picture of
the microstructure for a given material. This picture can then be used to obtain thr'eé-
dimensional microstructural information based on quantitative stereology. Briefly, the pro-
cedure for preparing a snow section ié as follows.

A sample of snow is collected in a small metal container. A container on the order of
10 cm? is sufficient. The pore space of the sample is filled with a liquid whose temperature
is below the rﬁelting point of ice thus preserving the microstructural integrity of the snow.
Next, the specimen is frozen solid and microtomed to a smooth planar surface. Finally;
the surface is polished and stained to enhance the ice/filller contrast in preparation for
photographing. Perla (1982) provides an excellent review of preparation of section p‘Iaﬁeé
in snow specimens.

Obtaining a quality surface section is as much an art as it is a science. For instance,
there is a wide variety of pore fillers and stains available. Each has its own unique charac-
teristics and one must decide which of these is to be used. Furthermore, there are subtle-
ties in the method whicﬁ can significantly af.fect the results. For example, the degree of
polishing as well as the amount of time the polished specimen is allowed to etch can
affect the contrast. Finally, the difficulties are magnified when preparing sections in the
field as opposed to the laboratory due to weather conditions and time constraints.

The chemical dimethyl phthalate (CsH,-1,2-(COOC, H; )2) was chosen as a pore fil-

ler for the snow sections. This chemical is relatively inexpensive and has an approximate
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melting point of +2°C. However, it is easily supercooled to temperatures below ~5°C while
experiencing no significant increase in viscosity.

Dry ice was used to freeze the sections in the field. This. could usually be accompli‘shed'
in 10 to 15 minutes. The specimené werel then microtomed to a smooth surface and-
polished with lens tissue. Finally, the sections were allowed to etch a matter of minutes to
bring out the edges of the ice/fillter interface.

One drawback to using dimethy| phthalate as a pore filler is that it is a colorless liquid.
Therefore, oftentimes a dye is added to the liquid to enhance -the photographic contrast
between the ice and the filler. This did not prove to be successful for the dyes available so
an alternative approach was sought. The solution was found by staining the surface of the
sections with an ""El Marko” pen in a manner similar to that in which one highlights a
book. The pen would stain the dimethyl phthalate while leaving the ice alone. This prbved
to be a very quick and effective method. To prevent rﬁelting of the surface, the pens were
cooled in dry ice while the sections were freezing. Various colors were tried with blué and
black producing the best results.

An example of a section produced with this method is given in Figure 23. The section
was photoéraphed using a 55 mm macro lens on a standard 35 mm SLR camera. This is a
critical step in the process and a larger macro lens would improve the image analysis .pro-

cedure.

Image Analysis

v

The next step in the analysis procedure is to enhance the image (photograph) into
three distinct phases as discussed in Chapter 5. For convenience, the three phases are

repeated below.
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Figure 23. Photograph of a typical snow surface section.

a. ice grain phase

0: ice neck phase

y: air phase

The image enhancement process is accomplished by digitizing the image on a high
speed image analyzer and then numerically altering the digitized image. The enhancement
of the digitized image is broken into two steps. First, the image is reduced from 256 gray
levels to 2 gray levels representing either ice or air. Next, one must identify grain bonds in
the section plane. Based on Kry s (1975a) operational definition of a grain bond, the fol-

lowing criteria are required to identify a bond.
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1. A minimum constriction must exist in an ice grain cut by a section plane.
2. Both edges of the ice must show the constriction.
3. The notches must point approximately towards each other.
Once the bonds are identified, the neck regions are "painted™ numerically on the image to
represent the third phase. The neck region of a grain bond is defined as that area surround-
ing the bond where the grain surface goes from convex to concave with respect to an out-

ward normal. A photograph of an enhanced surface section is shown in Figure 24.

Figure 24. Photograph of a surface section after image enhancement.
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Even with the above definitions, the a,ctual determination of a grain bond is some-
what subjective. For instanr,;e, the area in question may be a grain bond or simply a necked
down region of a single grain. However, in either case the areas in question represent similar
microstructural features and will behave in a §imi|ar fashion under applied loads.:
Once the image enhancement is complete, the actual image analysis is extremely easy
as the theory of Chapter 5 has been written into a set of computer codes. The_ codes are

not listed since a portion of them contain proprietary software. Furthermore, the codes

are written explicitly for the specific image analysis system at Montana State University-

and would not be of use on alternate systems.




MONTANA STATE UNIVERSITY LIBRARIES

INTEIAa)

3 1762 10010785 1

D378
H1975
cop.2



