
Assignment 9: Evaluation of Successive Over-Relaxation (SOR) 

Name: 

Instructions. The write-up below is an AI-generated solution based on a remark that I made in class about connecting the 
SOR matrix M to the component-wise definition of SOR. I said I did not know how difficult it was to do. Your task is to 
check the reasoning and accuracy of ChatGPT 5’s argument. You may work in groups and use any resources you 
wish. This assignment is due during class today. 

Prompt. (Note: it took a bit of a conversation after the prompt to get an answer that includes the requested 
notation. You will see that ChatGPT 5 refused to remove the extraneous notation it found from other 
sources.) 

Let A = M − N be the splitting of A. Let ω be the SOR hyperparameter. Let D be the diagonal of A and let E be the 
lower triangular part of A. Considering SOR, let x⃗k be the k-th iterate of SOR, and let x(k) 

i be the i-th element of x⃗k. The 
element-wise formula for SOR is 
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Show that the element-wise formula is equivalent to choosing M = 1−ω 
ω D +E. Note that bi is the i-th element of ⃗b in Ax⃗ = ⃗b. 

GenAI Output. 

1) Given / Goal / Assumptions. 

Given. Stationary iteration (Ascher–Greif) 

xk+1 = xk + M−1(b − Axk), rk = b − Axk. 

Matrix decompositions (all n × n): 

A = D − L − U, D = diag(A), L = −(strictly lower of A), U = −(strictly upper of A). 

Define the lower-triangular part (incl. diagonal) 

E := D − L ⇒ A = (D − L) − U = E − U. 

SOR parameter ω ∈ (0, 2) with the book’s choice 

M = 
1− ω 
ω 

D + E. 

Goal. Starting from xk+1 = xk + M−1rk, derive step-by-step: 

1. the SOR matrix equation (D − ωL)xk+1 = ωb + ((1 − ω)D + ωU)xk; 

2. the componentwise update. 

— 

2) Derivation (all steps shown). 

Step 1. Move to a linear system for xk+1. Multiply the fixed-point form by M : 

Mxk+1 = Mxk + (b − Axk) = b + (M − A)xk. (1) 

Step 2. Substitute A = E − U and M = 1−ω 
ω D + E. Compute M − A: 

M −A = 
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Insert into (1):  
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Step 3. Replace E by D − L. Since E = D − L,  
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ω D + E 

 
= 1−ω 
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ω D − L. (4) 

Thus (3) becomes  
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Step 4. Clear the factor 1/ω. Multiply (5) by ω: 

(D − ωL)xk+1 = ωb + 
 
(1 − ω)D + ωU 

 
xk. (6) 

This is the standard SOR matrix equation in the (D, L, U) notation. 

Step 5. Recover the componentwise update. Take row i of (6). Noting L is strictly lower and U strictly upper, 
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Solve for x (k+1) 
i :

x
(k+1) 
i = (1 − ω)x(k) 

i + 
ω 
aii 

 
bi − 

 

j<i 

aij x
(k+1) 
j − 

 

j>i 

aij x
(k) 
j 

 
. (8) 

This matches the textbook’s element-wise SOR formula. 

— 

3) Checks. 

• Dimensions. D, L, U, E,M, A ∈ Rn×n; all products are conformable. 

• Splitting recovered. From (4), M = 1 
ωD − L. Using A = D − L − U , 

M − (A) = 
 

1 
ω D − L 

 
− (D − L − U) = 1−ω 

ω D + U, 

consistent with (2)–(3). 

• Lower vs. upper usage. Terms with j < i appear with x(k+1) (left-hand side via L); terms with j > i are on the 
right with x(k) (via U), as seen in (7)–(8). 

— 

4) Result (boxed). 

xk+1 = xk + M−1(b − Axk), M = 
1− ω 
ω 

D + E (= 1 
ω D − L) 

is algebraically equivalent to 

(D − ωL)xk+1 = ωb + 
 
(1 − ω)D + ωU 

 
xk 

and to the standard componentwise SOR update (8). 

Confidence: High (pure algebra; all identities verified step-by-step). 



Questions. 

1. Does the Given / Goal / Assumptions section accurately reflect the prompt? Why or why not? 

2. Equation (1) echoes work that we did in class. What notation did we use for M − A? What was the next step that we 
did in class that the GenAI output does not have? 

3. Is the work in Step 2 accurate? Briefly justify your answer. (If correct, you can simply say that you checked the algebra. 
If incorrect, point out the mistake.) 



4. Is the work in Step 3 accurate? Briefly justify your answer. (If correct, you can simply say that you checked the algebra. 
If incorrect, point out the mistake.) 

5. Using other resources, do you agree with the statement in Step 4 that the boxed equation is the “standard SOR matrix 
equation”? Briefly explain your answer and provide references as necessary. 

6. Is the work in Step 5 accurate? Briefly justify your answer. (If correct, you can simply say that you checked the algebra. 
If incorrect, point out the mistake.) 



7. I have instructed ChatGPT to rate its own confidence in its answer after every math prompt (last line). Does its 
self-confidence increase your own confidence? Why or why not? 

8. Write a brief reflection on evaluating AI output when other notation is introduced into the answer. Is there anything 
that you still are uncertain of or find confusing in the solution? 


