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ABSTRACT

We examine the phenomenological and microscopic theories of
ferroelectricity in KH PO4 (KDP), both for the case of a perfectly.
rigid lattice and for %he case where the lattice 1s allowed to de-
form either spontaneously or under applied pressure. We make a
formal connection betweeen the phenomenological and microscopic
theoriew of pressure dependence, thus permitting a systematic exam~
ination of the predictions of particular microscopic models. By '
examining the undeuterated amnd deuterated crystals within the same
framework we achieve an economy of assumptions and free parameters.
In particular, we construct a model for the pressure and deuteration
dependence of the parameters which eccur in Blinc and Svetina's
treatment of the four-particle cluster approximation to the tunneling
model, and find that the theory is in quantitative agreement with
the body of experimental evidence provided that the long-range inter-—
action parameter Y 1s negative, corresponding to antipolar long- .
range coupling. The possibility of applying the methods used here
to the study of other crystals of the KDP class is also discussed.




I. INTRODUCTION

Potassium dihydrogen phosphate (KDP) and its isomorphs form an im-
portant class of hydrogen—-bonded order-disorder ferroelectrics. A
ferroelgctric material is one which below a certain temperature
(called the Curie temperature, Tc) develops a spontaneéus electric di?
pole moment whose directiorn can be reversed by the application{of an
electric field. In an order-disorder ferroelectric the macroscopic
polarization is im some sense due to the ordering of elementary di-
poles, whereas for a displacive ferroelectric the polarization is
caused by the displacement of the iomns of the lattice in such a way

that the positive and negative centers of charge no longer coincide.

In terms of the soft—-mode description (see, e.g., Ref. El]), the ferro~

electric transition is seen as a result of the temperature dependence
of the frequemcy of one of the natural modes of the lattice, causing
the mode displacements to become "frozen in" when the frequency be-
comes zero. An order-disorder transition cam thus be thought of as the
freezing in of a normal mode of the pseudo-spin system into which one
has transformed the large nonlinearity of the problem, while a dis-
placive'transition is due to the instability of an optical phonon. In
the KDP problem, one is actually dealing with a coupled pseudo-spin-
phonon system, inasmuch as the ordering of the protoms (represented by
the pseudo-spins) does not in itself produce a dipole moment in the

direction of the ferroelectric axis, since their motiom along the
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hydrogen bonds is nearly perpendicular to it (see Fig. 1);'but rather
triggers a displacement of the heavy ions in the lattice. For this
reason KDP belongs to the class of improper ferroelectrics (those for
which the order parameter is not identical with the polarization) in
which the order parameter nevertheless has the same symmetry ;s the
polarization.! Since we will be concerned in this thesis with the sta-
tic ferroelectric properties of KDP, this distimction will be of no
consequence, and we can as well take the order parameter to be the
polarization itselfl.

Since the discovery of ferroelectricity in KDP in 19353, this
crystal and its isomorphs have been the subjects of hundreds of ex-
perimental and theoretical papers. Am early theoretical paper by
J. C. Slater4 successfully explaiﬁed qualitatively many of the features
of the ferroelectric transition using only the assumptions that the
hydrogens occupied off-center positioms in the hydrogen bonds in such
a way that each bond was singly occupied and that every phosphate
radical had exactly two protons close to it (the ice rule). TUnlike
the case of ice, however, certain of the configurations were associ-
ated with dipole moments; these configurations were assumed to have a
lower energy. This approach received further development in the en-
suing years, and progress up to 1964 was summarized in a paper by
Silsbee, Uehling, and Schmidt (SUS)S. The model was extended by Blinc
and Svetina in 1966 to include the effects of the quantum mechanical

tunneling of the proton across the potential barrier between the off-




Fig. 1. The structure of KH?_PO4 (after Westz). For a projection of

this structure onto the ala2 plane, see Fig. 14.




el | )

4
center positions in the hydrogen bonds6. The theory by this time had
become capable of quantitative description of the ferroelectric proper-—
ties of KDP.

Another line of development which has been pursued with some suc-
cess has been the description in terms of the Blinc—deGennes

Hamiltonian7’

, which comprises an Ising Hamiltonian in a transverse
(tunneling) field, the z components of the pseudq—spins beipg coupled
by an exchange-like interaction. This model has proven useful for
analyzing dynamical phenomena, particularly in comnection with the
soft-mode descriptionl. The coupling of the pseudo-spins to the opti~
cal phonon responsible for the ferroelectric displacements was treated
by K. K. Kobayashi9 in 1968; this coupling leads to a renormalizationm
of the exchange-like interaction constamt. There is a formal connec—
tionlO.Between the transverse Ising model and that of the Slater-type
models; this comnection is discussed in Section IT.3.

Although the pure Slater model can be solved exactly in two dimen-
sionsll, the practical solution of amny of the above modelg in three
dimensions requires at some stage the application of a mean-field
approximation. For this reason, the microscopic models admit descrip—
tion in terms of the phenomenological theory of Landau, in. which the
free energy is expanded in powers of the order parameter--in this case,
the polarization. Landau theory has proven useful for summarizing and

comparing the results of a varilety of experiments, and it has been

e
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5
shown experimentally to be applicable even very close to tﬁe transition
temperature in KDP. There are excellent theoretical reasons for this
as welllz’IS. We will therefore express the main predictioms of the
microscopic theories in terms of the coefficients in the Landau
expansion, thus facilitating comparisom of the theory with experiment.

Isotopic'and isovalent substitution and the application of pres—
sure are some of the most important tools for elucidating the nature
of the microscopic interactions which lead to ferroelectricity in vari-
ous substamces. This is especially true of crystals of the KDP class.
In this work we will take pressure and deuteration effects into account
in a consistent way, thereby reducing the total mumber of free para—
meters needed to describe the ferroelectric behavior of KDP and DKDP
(KD2P04) and providing a more rigorous test of the theory than would
otherwise be obtained.

This paper is divided imto two maim sections: the first deals
with the theoretical descriptiom of KDP as would apply to a rigid lat-—
tice, and the secomd describes strain-related effects. Each of these
is in turn divided into subsections dealing with the phenomenological
and microscopic theories. It will be seem that a detailed phenomeno-
logical description is of great utility in the’construction of a proper
microscopic theory of the strain—reiéted effects.

Insofar as the experimental data for KDP cam be reduced to a con-

sistent set of Landau coefficients, the theory developed here is in

.+ e e ey e = e o e
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quantitative agreement with the body of experimental evidemce. The

possibility of extending the model to other crystals of the KDP class

seems promising, and we will discuss this possibility in Section IV.3.




IT. STRAIN-INDEPENDENT THEORY
A, Phenomenological Theory of-Landau .

In this section we will review some of the main features of the

phénomeﬁological theory of Landaul4’15

as it applies to a umiaxial
ferroelect;ici6. One assumes that the Helmholtz free emergy F(P,T)
‘can be expanded in powers of the order parameter, which is in this
case the polarizatiom P:
Fe E + $AP™ §BP* 2CPS%FDP% -,
the coefficients of which are in gemeral fumctio?s of the temperature
T (due to the requlirement of symmetry umder P+ -P, only evemn powers of
P occur). A phase transition will occur if A has a zero at some temp- '

erature T for cases of interest here we will keep the leading term in

O;
the exﬁénsion of the coefficient A in powers of T - TO’ writing the P
dependence as :
-L}q TV y kppd. & 6
= D(T‘ @)P +¢#6’P ?‘@,C‘P o, (2)
The equation of state is foumd by differemtiation with respect to the
polarization :
oF . 3 .y
E~ 3p % A, (T n)ipé-ﬁ? + 0P ¢+ ~=ry (3
where E is the applied field along the poiarization axis. .The inverse

’

isothermal susceptibility is them givem by

‘ ~ &=0 :
%w;u = g"‘% ‘m HQ(T‘T; }‘%" 3B Pz:%" "’"g (4)
T E+0O
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For cases where E is to be held comstant, it is useful to introduce the
Gibbs potential, related to the free emergy F by the Legendre transform
G = F -EP. Then the polarization will be a parameter chosen im such a
way as to mimnimize the.function G for amy particular value of E. The

condition for an equilibrium value of P is that G be an absolute mini-

mum. This, of course, implies that

%%’ - g“g“ £ = AoCT"Ta)P*%' 13’?34-&&3{.. E=0 ©

and one obtains the same quation of state as before (Eq. (3)).

At this point, assuming that C > 0, it is useful to distinguish
three céses, viz., B> 0, B <0, and B = 0.
Case 1: B > 0.

For this case, Eq. (5) has two real solutions for E = 0. One of

-

these, P = 0, will minimize the functiom G(T,0) for T > TO and will be

a relative maximum for T < T thls solution represents a ﬁaraelectric

05
(nonpolar) state. The other solution, representing a ferroelectric

(polar) state, will minimize G below T,. This solution is given by

0
P=t[(-B+(B*- L{-F\GCT-TOB(:)%)/zc]% . (®
(The Gibbs potential G(T, 0) is plotted for this case as a function of
the parameter P for various fixed temperatures in Fig. 2.). For T near
TO’ one finds that IPI " (TO—T)%, rising comtinuously as the tempera-
ture is decreased below T.. This type of transition, for which the

0

order parameter is comtinuous, 1s referred to as a second order




TOoT,

T'-‘-r; -’T;
TLT,

oY

Fig. 2. The Gibbs potential as a function of the parameter P for

various fixed temperatures for the case B > 0
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transition.
The inverse susceptibility in the two phases is found by substi-

tuting the appropriate value of P for E = 0 into Eq. (4), yielding

/x/_..[ _ {AO(T"TO) T>T,
T LAL(T,-T) T<T, - ”
These resultslare shown schematically in Fig. 3.
Case 2: B < 0.
In this case ome agaim has the paraelectric solution P = 0,
which will be at least a local minimum of G(T, 0) above T However,

0
below a temperature Té > TO there will be am absolute mimimum in G at
a nonzero P (see Fig. 4). This temperature, known as the Curie temp-
erature, becomes the stability limit of: the high-temperature dphase.
The Curie temperature is determined by the solution of the set of
equatiéns:

G=0= %A (T.-T)P« §BP + £ CP,
E=0- A (T,-T,)P + BP '+ P, ®

One can eliminate the terms in A0 to find

P("‘Q') =t (- 3B/4C )é'e (9)

Thus the polarization jumps discomtinuously at T = TC from P = 0 to
the value (—3B/4C)%. A tramsition in which the order parameter dis-

plays such a discontinuity is known as a first oxrder tramsition.

T T e gy s i iy P e

e
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E>0
o P
€E=0
>
T=-T,
(a)
Yt
€<0
' %o
T
(b)

Fig. 3. The polarization (a) and inverse isothermal susceptibility (b)

as functions of temperature for the case B > 0.
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4o T>T‘w

? 1‘=.T;r'

€CoT=Ti>T
o T:'T’c’
<~'r-T;412
y S

4
Fig. 4. The Gibbs potential for E = 0 as a function of the parameter
P for the case B < 0. The curves shown are the isotherms at the indi-
cated temperatures T. TCr is the critical temperature, '1‘1 the upper
metastability limit, TC the Curie temperature, and T, the Curie-Weiss

0

temperature. The dots indicate inflection points.
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Substituting the value of P(Té”) from Eq. (9) into Eq. (8)‘gives

Te=T, + 3BYibAL. G0

The spontamneous polarization at arbitrary T < TC is given by the soiu—

tion of‘Eq. (3) for E = 0

Pz = (“‘” B/‘@Ce) ( 24+ ( ﬁ“lé@ﬁoﬁfCT~T@)/@aﬁ (11)

The im.rerse dielectric susceptibility for the two phase-s is found
as before by substituting the appropriate value of P into Eq. (4).

The resulting function is depicted schematically im Fig. 5.

For the case of a nonzero applied field E, the Gibbs potemtial
G=T - EP will have a term limear im P subtracted from it (see Fig. 6).
There will continue to be a jump in the polarizétion at a temperature
TC(E) up until this temperatufe réaches the critical temperature
T = TC(ECr), at which the two inflectiom points in the TC(E) isotherm

cr

(indicated by dots in Fig. 6) come together. This will occur at

Ter = To + 9BY208,6 5 Ps ﬁ(‘*%/w&)%
L
Eepr = E(2(-B/5)5/ (Cr3)*)>,

The phase diagram in the ET plame is shown in Fig. 7.

(12)

There is yet another temperature of interest for the first order
case——the metastability limit.Tl, above which the ferroelectric state

can no lomnger persist temporarily as the temperature is raised from

R

PP

e
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\
|
1
i
| .
] P
1 T*Ta
Ly
e
Ly
ST
'
- |
T
|
|
i
T (€E=0) Ty

Fig. 5. The polarization (a) and inverse isothermal susceptibility (b)
as functions of temperature for the case B < 0. The dots indicate the

critical points (cf. Fig. 7(a)).
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Fig. 6. The Gibbs potential as a function of the parameter P for the
case of B < 0 with a nonzero applied field E. The dots indicate the
inflection points which merge when T equals the critical temperature

Tcr' TC(E) is the transition temperature in the applied field E.
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eP AT A

(Pt
cP
(FEY) (FEN)

Ef

(3) (b)

l}nc(a\"T;;
‘o eP line (b)

‘@t r
&

Fig. 7. Phase diagram for KDP. (a) is a projection on a plane where
the pressure p = const < pt; (b) is a projection on a plane where T =

const < Tt. First order lines and the triple point (TP) line are

solid, and lines of critical points (CP) are shown by dashed lines.
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below TC due to the trapping of the system in one of the oﬁter local
minima (see Fig. 4). This temperature is the ome at which the slope
is zero at the outer inflectiom point. $Solving for the témperature at
which the first and secoﬁd derivatives of the free emergy are both zero,
we find~
T, =T + BY/4n, .

0 ot o )

Using the value of Tc - T  from Egq. (10), we find that T

0

terms of the Curie temperature TC as

1 is given in

T,= T, +B/IbAL, o

Similarly, the high temperature phase cam persist temporarily above TO.
The limits of possible thermal hysteresis are thus TO <T< Tl'

Case 3. B = 0.
In this case omne has a so-called critical tramsition at
T = TC = TO' At this temperafure the free energy curve is fla£ at
0, and it follows from Eq?_(3) for E = 0 and B = 0 that the spon-

P
taneous polarizationm imcreases continuously with decreasing tempera-

. 1 1
ture as (TO~T)?, rather than as (T —T)/2 as in the second order (B >.0)

0
case. The curves P(T) and x~1(T) for this case are shown “in figﬁ:81
Having solved for the various physical quantities im terms of the

Landau coefficients, one cam use experimental results of various kinds

to determine the Landau coefficients for a givem system. <Some recent




E>0 AP
EzQ0 A

/§

T=Te
E40
A -
qL1'
™
(b)

Fig. 8. The polarization (a) and inverse isothermal susceptibility

(b) for the case B = 0.
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experimentally determined values of the Landau coefficients for KDP
are shown in Table I. It can be seem that at ambient pressure the co-
efficient B is negative, so we are dealing with a first order transi-

tion (case 2). However, it has been shown experimentally17,18-‘tha

t.
the value of B at the transition temperature depends om the pressure p
in such a way.that at p = 2.3 kbar the coefficient B becomes zero
(case 3), and that above this pressure B is positive (case 1). There-
fore, at some pressure or other each of the three cases will apply to
KDP. It will be one of the tasks of the microscopic theory to predict
dB/dp at the tramsitiomn temperature.

It is instructive to examine the phase diagram of KDP in the
three dimensiomal space of variables E, T, and p (see Fig. 7). As p is
increased and lBI decreases, the critical poimnts givem by Eq. (12) will
begin to comverge, and the two limes of critical points joimn together
smoothly at the point B(pt,Tt)=O, merging into a single line of criti-
cal points in the E =0 plane. Such a junction of three lines of
critical points is called a tricritical point, a point of some topical
interest.

The Landau coefficients provide a comvenient way of summarizing
the results of many different experiments om KDP, and so should be ex-
tremely useful for expressing the theoretical predictions of the vari-

ous microscopic models as well, simnce this will permit direct compari-

son of the theory with the body of experimental evidence. As was

| S —

e memm, e pre o © uen S e e <
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TABLE I. Some recent published values of the parameters iﬁ the Landau

expansion of the free energy F = %AO(T—TO)P2 + %BP4'+ %CP6 + —é-DP8 at
ambient pressurea.
Ref.. (1°F A, B c D
Author) ! 10—3 esu 10--11 esu . 10-_19 esu 10_27 esu
Strukov19 3.9 -1.9 6.3 0
S1dnenko?" 3.8#0.1  —3.0%0.8 6.5¢1.10 0
3.8+0.1  ~0.5%0.3 0. 3.8%0.4
vallade”! 3.9 ~0.54£0.05 0 2.85+10
3.9 ~1.85%0.25 3.320.:5 0.8740.5
Okada’? 4.230.1  =-1.9%0.1 5.430.4 0
Benepe (3.81) ~0.44 0 2.96
Koba.yashiz4 (3.86) -11.9 11.0 0
Matsuda25 — -110 —— ——
Eberhard26 (7.3) ~2.2 0.6 0
5chm1dt173am§1e 1 4.320.2  ~2.35%0.4 5.91%1.5 0
Sample 2 4.040.2  -1.48%0.2 3.1%0.4 0
Sample 3 3.9140.2  -1.2620.05 3,210, 1 0
Weighted Average  4.0%0.2  =2.0%0.05 4.8:1.6 -—-

aNumbers in parentheses were obtalned from source other than primary

reference.

Table reproduced from Western et al.'17

by permission.
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pointed out in the In’troduction, this :echiction of thé micfoscopic
theories into Landau coefficients is practical because we will at some
point be forced to make a mean field approximation in order .to solve
the models. in three dimensions; the assumption of a mean field im~

plies that the thermodynamic potemtials are analytic functions and are
!

thus expansible in powers of their arguments. Furthermore, in a wni- 3

axial ferroelectric ome expects mean-field-like critical behavior with

possible logarithmic corrections 12’13. The mean—-field approximatiom and

the Landau description should therefore be applicable even very close

to the transition.




B. Microscopic Theory

1, Slater-Takagi-Serko-SUS Model. In 1941, J. C. Slater4 proposed and

solved a simple model for KDP which successfully explained in a quali-
tative way many of the features of the ferroelectric transition in
this crystal. Subsequent extensions by Takag127 and Senk028 improved
the agreementlwith experiment. Developments up to 1964 were éummar—~
ized by H. B. Silsbee, E. A. Uehling, and V. H.'Schmidts, who also
used the result of the measured activatiorn energy of deuteron intra-—
pond hopping to limit ‘the value of -one of the parameters’ (w) ;of the
theory as it applies to the deuterated crystal DKDP. Because each of
the developments of the theory contains the pre&ious ones as limiting
cases, it is convenient for our purposes to follow the exposition of
the SUS paper, changing some of the motation to conform with that of a
still later paper by Blinc and Svetina6, which will be discussed inm
part 2.b of this section. The treatment by Blinc and Svetina includes
the effect of the quantum mechanical tunneling of the proton between
the equilibrium positions in the hydrogen bond in addition to the
effects treated by SUS, and so contains in turm the SUS fheory as a
limiting case. There are three reasoms, however, that the SUS theory
warrants treatment im its own right. TFirst, the tunmelimg integral
for the deuterated crystal is very much smaller than it is in the um-

deuterated crystal and can be neglected for DKDP. Second, the' free .-

energy in the SUS theory can be written in amalytic form, whereas this

[ R —— I
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is not possible if the tumneling integral is finite. Third,-the--
different mathematical approéch used in the SUS paper provides another
perspecti&e on the physical problem.

The SUS model assumes that there is exactly one hydrogen in each
bond and that it cam occupy one of two equilibrium positioms——near
the top or neér the bottom of a neighboring PO4 ion. There are various
possible configurations of the four protoqs sur?ounding a given PO4
ion. Each of these comfigurations is assigmed a contribution to the
energy and z axis dipole moment, as shown in Fig. 9 (cf. Fig. 14).

{
The intermal energy is assumed to have the form5

W=Ug - ¥ P19 s

where P = (Nﬁ/V)O %'XOE is the polarization and Y describes long-range

dipolaf interactions, USR}S the energy of the short-range terms (given
by a sum of the configurational emergies), Xo is the polarizability of
the lattice; 0 is the fractional polarization or order parameter, given

in terms of the fractional populations of Fig. 9 as 0=x2—x;2+2(x1—x_1).

We find U as

- EP =(N/v) [4x,6 r 40 X, W + X, W - Ee as
bt B

where hl = ﬁ + ZVXOY/NU = u(l + 2x07). The E2 term plays no signifi-
cant role and will be droppeds.

One finds the entropy by examining the ways a group can be added
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. Fractional
Comfiguration : Energy Moment Population

* 0. o .
1 MK

. each

,D‘ Da :D‘o‘ em: W/ E X‘l each
°D ‘ma :Do G’D:ﬁ W - X each

El ZE]: \Aj C) }< each

Fig. 9. Schematlc representation bf‘protén configurations around a
PO4 group amd the associated‘energy and dipole moment paréméters.

A square represents a PO4 tetrahedron; the close protoms are indicated

by dots.
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to the crystal consistent with the meilghboring groups, simée edch pro-

ton is shared by two PO, groups. By a slight gemeralization of

5

4

Takagi's result, the entropy for our'problem is
b b,
$=Nk o b, *_b-
’ X, >§1 Xo b Ty 1T

1

= = (1 i - . 5 —_
where b+ Xy + 2x0 + 3xl + X + Xé %(11+0) is the fraction of pro
tons close to the bottom of g PO4 group, and b_ = 1 -~ b+.

Minimizing the free energy with respect to the populations for a

- given O yieldsS:

anr K fiﬂa; X, = K6, etk Xo= K8, g X4= K@ﬁ(m
where '
o- & s/m; 0, = @ﬁw/a@z ‘QL% ﬁ-wo/h:"
©=6,+16,-1 -

K= 7 (eosh*X +26, tosh A + @)"ﬁ
and A is to be determined from the equation
Fand A (1+6, sech ).
1 +26,sechd + O sethR °

Substituting these populations into the expressioms for U amd 5, we

(20)

= 4 sinh ALcosh A +8,) =

find for the Gibbs potential G = U — TS ~ EP (parameterized by 0)

s S e e PR oo

B e e S I T
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G(G')“-‘-—(N/\/){/q‘ﬂ,lgﬁ‘-b V& + KT (log (- o™i
+20 [t o -0 ] )% -

and for its derivatives

(N/v){/m E+2kT[ ¥¢/eT + tank'y - ?\,}%{22\

b@”
3@ _ R P |

where dA/do is determined by Eq. (20). As discussed in part A, the
equilibrium polarization is that which minimizes the Gibbs potemntial.

The minimum of G(0) cam occur at a zero of (22) with (23) posi-
tive, giving

o = fanh (A- % m/%i%} | (24)

(which must be solved simultameously with Egq. (20)){ or the minimum
might occur for a completely polarized state with.o = 1. If w is fin-
ite, however, it is easily sﬂowm that 8G/3o "+ +'w,so.GT;) ¢8Pﬁ6t-bé a
minimum. Ig this case ome could substitute the value of A‘ffom Eq.
(24) into Eq. (21) and obtain am expressiom in closed form for G(o).

In the unpolarized state 6 = A = E = 0, we have

GLlod= -~ NKT Tog (1 +26, + 0),  a»
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A W, /168
S(m Nkﬁogmﬁ@ %@}#%ﬁ@z =~ ’;fé@;::»@h %

o e
6 0+0, ¥
Ser0) ZNW(UQB - ). o

At this point we will comsider some speciﬁl cases (at zero field):

(a) w=o, A= 0. This is the originél Slater modelA. Equatiéns
(20) and (24) give only 0 = A = 0 for 61 = 0, except at the critical
temperature O = 0, where amy value of 0 will work. Figure 10(a) shows
qualitatively the situation for the Slater model, im which the polari-
zation rises infinitely steeply (but mot discontinuously) at

TC = g/(k log 2) (for w, = =), and just above TC one gets SC =

1
Nk log 2 from Eg. '(26).

(b) w=oo, vy # 0. The additional —YOZ term gilves £he situation
in Fig. 10(b). A tramsitiom to 0 = 1 will occur when G(1) = -Ny/V be-—
comes equal to G(0) given by Eq. (25), at a higher temperature amd
therefore higher emtropy than in case (a).

(cj Y =0, w finite. This is Takagi's mode127. At high temp-
eratures 0 = A = 0 is the omly solution of Egs. (20) and (24); G(0) is
a minimum for 6 > —@l, as can be seen from Eq. (27). However, as T is
lowered wmtil O becomes less tham —@1, Eq. (27) changes sign, indica-

ting a relative maximum at ¢ = 0. At this point (-@1/@ = 1) another
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Fig. 10. Schematic behavior of Gibbs potential G and fractional

polarization 0. The letters (a), (b), (c), and (d) correspond to

the cases treated in this section.
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so;ution becomes possible, viz. sech A = —@1/9, corresponding to a
minimum in G which first appears at ¢ = taﬂh(sechﬁll) = 0 and moves to
larger 0 as T is further reduced. This is thus a second order tramsi-
tion as illustrated in Fig. 10(c).
(d) 1In the genmeral case two qualitatively different behaviors
are possible.’ There can be a second order tramsitiom whem Eq. (27)

changes sign, i.e., when
-ﬁ ::: ! J i g 4 h E g (28
= =[Oem)+6(T)] /[ 1ro(m)], @
o . :
The second possibility is that there are two solutioms of Egs. (20)
and (24) in the region O < 0 < 1 while there is still a local mirimum
at 0 = 0. There will then be a first—ordér tramsition at a temperature

'1‘C > TO, where T, is the root of Eq. (28); this transition occurs when

0
the outer minimum falls below the level of G(0). This situation is
illustrated im Fig. 10(d). It should be noted that if Y‘is allowed to
be negative, corresponding to amtipolar lomg-ramge coupling, the same
two types of behavior are possible omn the Y < 0 side as well, the
first order transitioms occurring for larger absolute values of v.
The susceptibility above Tc is
&
A = (N/v)/my@ + Koo s | (299
>*G/d gt

where the denomimator is given by Eq. (27) and vanishes at TO’ the

root of Eq. (28).

| -
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One can obtain the Lamdau expansion coefficiemts in ciosed form
for the SUS theory Iim a straightforward but tedious wayzg. The first

three of these are (for W, = )

A%bgzzi\j) T’E§ 9‘@“{‘&9 é)%~é9¢ W Kﬁ
/’“ | + 6, (we ;’*’!@T@ Tg%fm
LAY, W 30%d? - Lod®- o4
Q(N) fA E A ﬁﬁ 'E %

kT izatd’- nm"b“%b 245 200d" - 37
C- ('”(N) 45 al L (32)

where a = 1 + @l, =1+ %91, c=1+% 61/16, and d = OI+ 2@1.+ 0.

(31)

Note that each of the Lamdau coefficients is multiplied by a simgle
factor of ﬁ/ﬁl = (1 + 2xd§3;1. The need‘fo? this is readily seen by
comparison of the Landau equation of state (Eq. (5)) with th; SUS ex~
pressian obtained by setting Eq. (22) equal to zero.

For fitting the parameters of the SUS theoxry to the data for the
deuterated crystal, the reader is referred to IIL.B.3., where it is
shown that the theor§ is in excellent agreement with the best experi-

mental evidence for DKDP for the v < 0 case.

2. Tunneling Model.

. 1 ; o .
a. Tramsverse Ising Model™ . The ferroelectric tramsitiom im KDP
can be comsidered to be am order-disorder tramsitiom with respect to
the two equilibrium sites for each proton im its hydrogen. bond; there-

fore, as for amy two-~level system, the problem cam be expressed in
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terms of spin-’ operators, e.g., the three Pauli spin-% matrices

x_[ O q_ < “g“/l) g Y O
S ‘<I/‘L o) )'y ST v O %S No i

which, together with the wumit matrix form a complete set of Hermitian
2 x 2 mdtrices. Such a pseudo-spin representation is useful because
the large anhérmonicity of the problem has been transformed out, and ‘.
the analogy with magnetic systems such as the Heisenbefg and Ising
models permits the application of the more sophistigated‘computational
techniques which have been worked out for these magmetic models; the
theory of anharmonic phonons is rather primitivé in comparisom.

The Hamiltoniani}@ consists of a simgle-particle partz%Ll(i) and

an interaction partcﬂb(i,j)l

No=7 N (i) + &P (L), (38
. : 2 i<q
In the representation in Which'gﬁq(i) is diagonal we get:

l\ﬂ’n(i) = g € @icf@ca 3

(35)

%11,@1«5}} =2 Vwrré & ?0&,{3 @é?&-ﬁ e

@c(zzfé"
%o i
where the operators a, and a, are Fermi or Bose creatiom and annihila~-

tion operators for a protom or a deuteron at site I im the single

particle quantum state o (simnce there 1s always omly ome particle im .

R

§ N R ) - L,
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each H~bond, the resulté are independent of the statistics). The ma-
trix element Vij represents a general imteraction between the i-th
j~th hydrogen bond which depends om the distance between the positions
of i and j and also on their quantum states. Since the ground state of
a single particle in a double well is a doublet, 1f we neglect hiéher
excited state; the simgle particle quantum numbers;d;_B; y; and & can

take on only two values, which we label + and -.

The corresponding‘eigemfunctionsl

%:d_%"i<¢a,‘*’¢za>_ | (37)
ﬂ\k, = % < ¢L" ¢g> (38')

are the symmetric and antisymmetric linear combinatioms of wave fumc-—
tionms ;pcalized‘in the left (¢L) and right (¢R) equilibrium sites.
These fumctions are shown in Fig. 11.

Expressing the condition that there is just one'hydrogen in each

bond as

a\:%’,"ﬁ“ @&,a%,""‘ &amtﬁo&:lm*—: 1, o

we cam now express the products of the creatlom and amnmnihilation opera-

tors for a hydrogem in a given bomd with the fictious spim;% operators:

t L T o
S:7= (s A, = 0 OC'_J (402)
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Fig. 11. Energy ground state and eigenfunctions for a single particle

in a double-well potential v(x).
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$;7=%(a'Yeb —al Tl )

(40b)

gi% %LZ(;&,E#-Q"W»‘@% 0};3;%”&;%,)% (400)
These obey the commutation relatioms for angular momer.ltum operators:
E§3%3 Séual’g 1 5‘0‘3 S‘;z |
LS9, S.7] ié-' §*% o (41)
[ g 1= 5

The operators a&fénd aa Whlch create and annihilate a particle im

i

the quaﬁtum state o = +, ~ are. the symmetric (+) and antisymmetric (-)
linear combinatioms of the corresponding operators for the creation
and annihilation of a particle in the left or right equilibrium site

in the.hydrogem bond:

o> «

O (0 y)

) . ) (42)
0“-'“-» -EQ% {a&u - &fﬁt)
Substituting these expressions into Eqs. (40) we find':
et Talg e Ay o)
=3t - ol ta 4

= %(ij&a = @Jg
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Comparing Eqs. (40) with the above, we see that the i‘component of
the pseudo-spin, which measures the difference in the occupation of
the symmetric and antisymmetric quantum states, describes the tunmeling
between the two siaes of the hydrogem bond. The 2z compoment of the
pseudo-spin, on the other hand, measures the differemce in the occupa-
tion of the :ight— and left hand sites or, alternatively; the tendency
of the particle to undergo a tramsition between the symmetric am@ anti-
symmeéric states. The y component of the pseudo-spim is a local cur—
:

rend operator im either represemtationm.

Introducing the spin operators imto the Hamiltoniam .(34) we ob-

tain1
FE b4 1.0 ¢ '%-
where }

iy |
B =2V, ‘ﬁ'-w*a V+¢M— -yl en

“n T @ ey

(It should be noted that terms like SiXSjZ vanish for symmetry reasoms, - .

since the Hamiltonian must be imvariamnt umder the interchange

Siz <> —S.z.) In the case where Bij (which measures the effect of one
i "

proton om the tumneling imtegral of another) is negligible, the.
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Hamiltoniam (44) is identical to an Ising Hamiltoniaﬁ in é transverse
field Q, which is equal to twice the tummeling integral~-the differ-
ence in energy between the symmetric and antisymmetric quantum states
of the particle in the well due to the fact that there is a finite
probability of finding the particle in the classically forbidden re-
gion in the éenter of the well. The field @ favors a monzero <SX>,
which is proportiomal to the difference in populatioms of the sym-
metric and antisymmetric states. This tendency is frustrated by the
tendency of the exchange-like terms Jij to favor ordering in one of
the states which are localized in the right— or left hand side of the
well; these are linear combinations of the symmetric and antisym-
metric states; We will see in sectiom III.3 that the four-particle
cluster aﬁproximation, which takes imto account the correlations of
the pfotons around a given PO4 group, will generate an effective
B,,<S§>S¥ term even in the absence of a bare term B..S.xS.X.

ij ij i 7]

1]

We will now examine the Hamiltonmian

% J_"Z T e
= - S2 JRagp L Q. (48)
ZsX -1 O7,
n(j
in the mean field approximation (MFA). In the MFA, the z component
of a given spim will interact with the average value of the remaining
spins; thils average value is to be determined self-consistently. We

therefore can write the above Hamiltomian in the MFA as1

S,
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W -

MmEa

i

ny

g '(49)

. e | i i i . z
here the molecular field H = (H , H , H) = (@ < >
W olecular fie ( x By z) 2, 0, ZjJij Sj )

forms a vector in our pseudo-spin space which interacts with the
|

pseudo-spin variables.

The expectation value of the Pseudo-spin at site i is givem by

T g’ (57H%wrm
<:%§;T? = - €

=5
d ./;4 E; . H t&h (5“ (50

= a 1 -3 --a

Tr e,‘(g%%m d(ﬁ H ) 2 H:

where |

H;*‘@Jg,l [r +(, %‘>]1’ (s1)

@

The individual components of the expectation value <§ > are thus

LS Y3 H th £ ﬁH (52)

<§;%> = O (53)

AR DRI,
<§;}>” 2 H.! Ho t FH (54)

. | *
The solutions of this system of 3N equatioms will be stable only if

they minimize the free emergy.
One of the solutions of the above system exists at all tempera-

tures. This solutiom, which represents a paraelectric state,xis.given
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bylz . ‘
dSFy=0=<S15, (s L th(5s). o9

This will minimize the free energy abaﬁe'a temperature.TC, which is

determined by the equation
202/ T, - % .
£2/T5 = Ho! z.ﬁe_.SZ) 5 ﬁe * T, (56)

where JO = ZjJij'

Below this temperature there will be a solution with a nonzero
plarization P = 2Nu<S > where u is the electric dipole moment of the’
two—position dipole and N is the number of dipoles per unit volume.
This solution satisfies the transcendental equatidnl:

o= A
2H=T, HlE3H)
(57)

There is a significant isotope effect in Tc preddcted by Eq. (56).

Writing T in terms of the 1nverse hyperbolic tengenf of ZQ/JO and

expanding to second order in Q/J , we find that

(‘T /‘+!<>( (- --@Z/’T@ bb) (58)

One would therefore expect that TC wpuld be shifted upward in the
deuterated crystal since the tunneling intergral *{ is strongly
dependent on the mass of the particle in the well. Such a shift 1s
observed in KDP, where Tc is nearly doubled upon deuteration. In.the
ferroelectric phase, T < Tc, we see from Egs. (52) end (57) that

<™ is independent of temperaturel,




i = dal Llbeb
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£S5 = LL/T, .

(58)

It‘cam also be seen from Eq. (56) that 1f the tunneling field is
larger than %TO, no ordering can occur since there is no real solution
for TC. In tﬁis case, the paraelectric solutlon is stable at all temp-—-
eratures. This differs from the behavior of a classical order—-disorder
systeml, which always becomes ordered as T =+ 0.

The solution of the transverse Isimg model im the MFA displays
many of the qualitative features of the 'tramsition im KDP; however, it
is incépablé of .even approximately .describing the shape of the spon-
taneous polarization'%é. temperature .curve. It can give a semiquanti-
tative value for the Curie constamt C n (T“TO)X,hﬁhere X = éﬁ]éﬁii§.23:
the dielectric susceptibility, provided that one takes one spin per
unit cell rather than fourBO; this 1s an indication of the importance
of four—farticle correlations, which will be treated in the next sec-
‘tion. Oﬁe great advantage of the MFA solutiom is its simplicity;
particularly if one‘wishes to study the dymamics of the system. It
should be moted that the tramsverse Ising model has intrimsic dynamics
since, unlike the cgée for the regular Ising model, the pseudo~spiﬁs do
not cdmmuté with the Hamiltonian.

The Heisenberg equations of motion for the pseudo-spins,
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-
d{S:>
it o= “L<[§a3%1> '—“"1 (59)

reduce in the random phase approximation (RPA), which is an exten—

sion of" the MFA to time-dependemt problems, to the Larmor precession

. .
of the pseudo spins around the molecular field:

d<§> - > -
o DS X H () (60)
T = <S> X Hi ,
where we have made the RPA replacement of tﬁe avefage of the product

of two spin operators by the product of the averages,

Lo BN o .y <, .
<, S, %”(%“Zﬁ (Siﬁ%, 1é gL 6D

Linearizing the Heisemberg equation of motion amd Fourier transforming
the problem into reciprocal space, we find the following collective
mode frequencies for small fluctuations oi the pseudo-spins in the

paraelectric phaselz

> (9@ (@)
wn(%> S2(2-T348.%)= ola-T %iﬁ@)l (6

‘& ”"*:z'

where J+ = Z.J° . _1q

R T i S 1
The solution.wi(a) = 0 corresponds to the motion of the pseudo-

spin in the x directiom, which is the directiom of the molecular field

above Tc’ and hence represents a longitudinal mode. The pair of
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-t -, . ‘
solutions ub 3(q) represent tramsverse excitations and describe the
H
free precession of the pseudo-spims around the molecular field.
PN . . . z
Since the polarilzation is proportiomal to <§ >, these excitations are
associated with fluctuations of the polarization.

At very high teﬁperatures the precession frequency approaches the’

tumeling fréquency

w‘f&.'& ~» L2, as T - eo 4 ‘ (64)

while at lower temperatures the lnteractions between particles reduces

the collective precession frequency until it approaches zero whem}
O = Ta Leo) = Lo, (65)
(y 2]"%@ thitged =0, g=pk .

This ;; the gtabilit% iimif TC; detéfmined'f§”thé maﬁimuﬁ ;éiﬁe-i+y
of the Fourier transform Jg-of the imnteraction constant. The modeO
characterized by ab will become "frozen in' when w(Zb) -+ O; and the
mode displacements will become the equilibrium positions in the low
temperature phase. This is the soft mode description of the phase
transition, which connects the order parameter with the displacements
of a normal mode whose frequency goes to zero at some temperature TC.
for ferroelectric oidering ab = (0, and Eq. (65) becomes identical with
the earlier equation for TC for the MFA, Eq. (56).

For the ferroelectric phase the linearized equations of motion

lead to the following equation for the eigenfrequenciesl:
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iw[—wo""+ So-0 3}3@4&”“)*@ (To{S¥Y] =0, ©o

One of the solutions, wl = 0, is the same as for the paraelectric
state, and agaim represents a longitudinal mode, although sincé the
molecular fiéld is no longer in the x direction but rather in a gener—
al diréctiom in the xz plame, this mode cam contribute to polariza-
tion fluctuatioms below Tc. Tﬁe paixr of ﬁfequengies representing the

precession of the pseudo—spins around the molecular field can be

written
' L 2 e, g2
L\)Z,'S(%) = (,J‘aége"}} 4“.52& (%*’” M%E}‘(m)
Q
where we have used the fact that <g*> = Q/J0 = const below TC (see

- e
Eq. (58)). Im the long-wavelength limit, q = 0, the pseudo-spin-wave

mode frequency w2 3 is proportiomal to the spontameous polarization:
b

Ww@( %-@0) = E<§%>ﬁ TO@XWN (68

This is a characteristic feature of the soft-mode description.

Omé can easily include the effects of a finite relaxatiom time for
the molecular field to describe damping near TC and the coupling to
optical amnd acoustic phonoﬁél K. K. Kobayashi9 examined the coupling
to the optical phonon which is respomsible for the polarization in KDP

(the motion of the protons from right to left in the bonds isr -

e e -

SRS pp— I
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perpendicular to the actuél ferroelectric axis z,.and so the pseudo-
spins are not directly responsible for the polarization). Solving
the coupled system in the RPA, Kobayashi found that the coupling
simply renormalized the coupling constant JE by an amount which de-
pends onh the strength .of the pseudo-spin-phonon coupling divided by
the phonon frgquency wg. Due to the piezoelectrlc coupling in KDP,
however, the ferroelectric soft mode can couple to the transverse

acoustic phonon as well. Here one finds that one of the coupled

frequencies is given byl

W ("U%WOQ/ME §5§ o AT lﬁ (69)

where Wy is £he frequency of the ferroelectric mode and o is propor—
tional to the square of the coupling stremngth. In this case, as

Wy + 0 the velocity of the renormalized acoustic mode goes to zero
first, thus inducing the phase transition. This accounts for the
spontaneous shear which occurs below TC in XKDP, The prdblem,of
coupling with phonons is, of course, an effect due to the'lack of
perfect rigidity of the lattice and not properly a topic for this
section. Many of the fredictions of this treatmeﬁt are analogous to

those which will be treated phenomenologically in section III.A and

in the four-particle cluster approximation in section III.B.

b. TFour—particle cluster approximation (FPCA). In this section we

will review the four-particle cluster approximation to the tunneling

U RN | R d—— 1
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model, following the treatment of Blinc and Svetina6. The FPCA is a
high~-temperature treatment which considers both short-ramge and long-
range forces, the finite overlap of the protomic wave functioms be-
tween the two sites in a given hydrogen bond, and a part of the
proton—~lattice coupling. The apﬁroximation is based on the cluster
expansion of the partition fumction of an order-disorder type
hydrogen—bonded ferroelectric crystal, derived for the general case
by Blinc and-Svetina31 using thé cumulant expamsion technique of
Kubosz. The interactions among the four protoms surrounding a given
PO4 group are takem into account explicitly and the rest are replaced
by a molecular field, which is determined self-comsistently. An
attempt is made to take imto account the effect of one protom om the
tunneling integral of amother. In the classical limit, in which the
tunneling integral is zero, this approximation reduces to the theory
of Silsbee, Uehling, and Schmidt (SUS)S, which was discussed in sec-
tion II.B.1. The comnection of this approach to that of the trans—
verse Ising model will be elucidated im the mext sectiom, II.B.3.

The Hamiltonian of the problem cam be broken up into a tumneling
term Ht, which describes the motion of protons between the two
equilibrium sites in a given hydrogen bond; a short—range.term HSR’
which describes the energy of configuratioms of protons surrounding a

given PO, group; and a lomg-range term HLR’ which describes the inter-

A

actions mot included in HSR' In the representation of localized
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particles these terms may be written6

_
He= ;,_P §~= + S’_, ) (70)

oy %mg
N
H -:Z £ s ' . :
SR e=l k;mk:qw’é‘{iy RN s ke, Migkyialyy

H 41% Z J}EJ:& m‘“ﬁg‘ ﬂgs.,y)(n N’,F;QH

“rnd ‘)
%5%5 ‘J A4 (72)
where the summation extemnds over all N phosphate groups in the crystal
as well as .over all four hydrogen sites mear a given phosphate group.’

Here Si4 and Sig are the proton "jump" operators

"" = 4o (73)
EQ“J‘@@@U*’ 9 ‘Q% h"“’ 80“3@3 .

the n.%, are the proton 'mumber" operators

ijk
+ \ , (74)
(3] = LARY «p ) L3 ' .
msg%{. = be‘)m EOUQ(;. | (.k b%i‘b) 9
and bi:g and bijk are proton creation and annihilgtiom operators de-~
Lt o | .
fined by lek ijklo>'~ The sign £ or | meams t?at the proton is

created or annihilated near the lower or upper oxygem atom; respec~ .’

tively, of a givem PO, group (with respect to the ferroelectric axis

b

z). The € in H._ are the Slater-Takagi energies of the dif-
k1k2k3 4 SR ' -

ferent configurations of protons arowmd a given PO4 ion, 'i.e., the

" matrix elements
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4

< W ‘g“ @ ‘%f' E W%‘vk» 4 {75)
Jel Oget © 1y 74
where HP * is the complete Hamlltonlan of a given PO

4,1, 4

integration is over all intermal coordinates of a given PO4

Higher vibrational states of the protom are not %ncluded, and only
i f

group; the

fon.

the leading term in the prbtom.overlap integral is takem into account.

The short-ramge interactiom texm for a given PO4 ion can be writ—
ten as a sum of terms déscribing states with zero, one twyo, three;“or
four protons close to a given PO4 ion. Usimng the condition that there

is just ome proton in a givem hydrogem bond,

ﬂ i} + N e i (76)

and summing.over all PO, groups im the crystal, we can write Hep' up

4

to a comstant terﬁ as

Hee = Z[W N + W i)+ €A s N, %

o Nig=Ni( O0)
Ny = N (T ) e NG ergG (O + N8,
Niy = NG o) e Ny T )N GO« NG ()
Mo = N2 Np ey » NGCT)

st Ao e e S D
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Nig = NGO ) NG00+ NG (L O0) #N; (20
NEI..{E (gu‘:) : (78)

The square indiceg é [:1 i indicate which particular configuration of
the‘four prbfons surrounding a PO4 ion is occupied. TFor example,
: Ni(°Elg) stands for the operator
NoCO ) =99 Ny Nige Ny, -
The energies in Eq. (77) are given imn terms of the emergies €n of the
comfigurétions Ni~ of Eq. (78) as

w= % (&, +€.) ¢,

¢

€ =€, -
W, = o“€&+€3"£'&

W, = €4¢8, - € -€, .

(79)

particle cluster approximation, as this is the lowest approximation

in which the specific properties of KDP-type lattiﬁes can be takeﬁ
into account. This. will mean taking.the short-range terms into
account exactly, and the rest only om the average.. Specifically, we
will replace the long-range interaction term (Eq. (72)) with a molecu-
" lar field térm.

The fimal expression for .our approximate Hamiltonian is thus, up

We will be investigating the free emergy of our crystal im a four--
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to constanf terms6

H = Z.{—'-PE(S w-‘w['wm.o Niq) +

8 =4
+ %Z

where 0 = <m,,, — nij+>‘ It should be IEmemberea that the

¥ (Nige-nige) + 2¥0]

=

N, (s =0, 1, ..., 4) are four-particle operators, amd Y 1is a comstant
describing all lemg-ramnge effects (imcluding proton~proton coupling
as well as coupling thrqugh the lattice) im a molecular—-field
approximation.

In order to carry out the four—-particle clus;er approximation, we
write fhe Hamiltonians for a single-particle cluster and for a four-

particle cluster as followé6:

Hm" "’(n VL)(Q +S'~> (KGJ%‘A}(V’\;‘W”V\ &}6 (81)

Hegy = Z[ (P-q NS +ST) (¥ @+ S A)(Nije-1155,)
(82)

+[W&ND%N4)+W(Nd+Nﬁ)¢em&%15

where A is‘an effective field which makes the potential well im the
H-bond ééYmmétric, and ﬁ‘is a field which takes into account the
effects of other protons omn the tummeling infegral of a given pfo—
ton, and thus represents the change im the effective tuﬁnélimé inte-"

gral due to protom correlatiomns. It showld be pointed out that'n is

o am oee i o

DT —— U
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nonzero even above Tc and, in fact, goes to zero only for'f$>TC, when
the protoms are moving as imdependent particles. The factors of % in
fromt of A and n in H(4) are due to the fact that in the four—-particle
cluster Hamiltoniam just half of the interactioms of amy given proton
are beihg‘taken into accownt explicitly, and half through the effec—
tive fieldéfA?%@dth; in H(l) all the interaq;ions of a proton with
'the neighboring protons are taken into account through the effective
fields. |

The total free emergy in the FPCA is given by6

B ™" kT ('w% Tr o (M -2, %3%‘ éjﬁ%w«& §Ye

Both A and ﬁ are obtaimed by a minimization of the approximately de-

termined free energy:

i OF.y /B4 = O, | - (84)
}E%)/QVL”" O, (85)

leading to the following equationsG:

Tr (N - ”Qﬂn -‘W% (Wija- ”aw s

J
4

Tr(¢. e $7) pm g Trl(§Fess 3{@@)9@7)

o>

of T4
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where

= 'H‘l —
Fm = £ (o / Tr e FHu ?

~AH,. '
'Pcfn = C (e /TpfawﬁH‘% , (89)

Thus we see that the minimization of the free emérgy with wespect
to A and N is equivalent to the requirement that the thermal expec-

tation values of the reduced dipole moment operatof O

. 1 = + - ’ -—
and the proton jump operator Sij sij + sij be the same whether de

15 Migr T Pagé

termined from the fouwr— or single— particle demsity matrix. Once we
know A and ]J as fupctions of .temperarture, we also know the tempera-
ture d%pendemce of the free emergy im this approximatiom, so we can
deduce all of the Polarization.propertiqs of our system.

The explicit form of the four—ﬁarticle dluster Hamiltonian H(4)

can be similarity transformed to the following matrix6:
. 3 (35 3), (6)
we = A x AP B x ¢ xpt

where the matrices occurring im the above direct product are

' w b -a fw 1h -3
3 o (3)
AT =126 € o}y Bl w4l
-2 o JRW, 2 0w

(88)

Llondivmlnsial,

VA e 0 s pineeaiaed

J——

e T e oy
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W, "Lb O O O 0\

o h w b Wik -4 O
C(Ga): Y 2 O O 8

o 28b 0 € © (20)
©c -3 0 0 w
O o 12 0 b |

where we have, used the notation b = =F + »n and a = A + 2yg. The con-

sistency equations (86) and (87) -can-now be Wr'itteif_l’..ekblicitiy"as
(P-v)-(25 - ¥)sy»= 0 |
"W (& Y(sy = 0O oD
and

[(&-xa) (o> =( & - ¥) thipla-vot SRR

Landau expansion. We will now expand the FPCA free energy, which
is givem by Eq. (83) with Egs. (91) amd (92) (or (86) and (87)) taken
into accomf, in a series in the dipole moment bpefator expectation

value (or fractiomal polarization) @,
= A -
F=F, r 20, (T-T,)¢ +dbale teat s —- 09

This can be dome in the following way. First, A'is eliminated‘ in
favor of 0 usimg Eq. (92). Ne‘xtlz, the free energy is explic;'.tly
minimiz‘ed with respect to n at comstant 0, which assures fhat the
other cc?nsistency coﬁditi‘on (Eq. (85), (87), or (91)) is also satis-
fied. 'The fact that the minimization with respect to n is.to be

carried out at constant ¢ rather tham at constamt A requires that the

i - —atir e
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input value of A be continually adjusted for different triél values
of n. in such a way that ¢ remains comstamt. One them computes the
FPCA free energy (per particle) for various fixed values of O‘ and con-
stant values of the physical variables and FPCA parameters w, €, ¥,
and T'. ‘The Landau expansion (93) cam be obtaimed from this set of
free enelrgies‘ at fixed values of O by am iteration procedure of the

author's device. Fimally, the Lamdau expansion of the free energy

per unit volume in powers of the polarization P

Fro Pt 20,(T-ToP e 4P £ eplr - =0 O9

is obtained by multiplying by N/V and making the substitution
P = (Nﬁ/V)O. The coefficients of the Landau expamnsiomns imn O and P are
thus related by .
- o= (VN )(m/mi)a o,
B-= (v?‘/:\l%” )(,/M//,%n)‘bg (95)
¢ = (Vs—/Nf/Mé’){/aw,}C%etc.,
where the facto.r ﬁl ‘takes . into account the coupling of Y to the polar-
izabllity of the lattice (see Eq. (16)). Thus when we examine the
pressure dependence of the Lamdau coefficients in part IIT we will
have to take imto account the pressure dePendence of N/V and u as

well as that of the microscopic coefficients 2y b, and c.

Alll

PP
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3. Relations Among the Microscopic Theories. In this section we will

explore the formal connections between the different microscopic med-
els discussed in parts 1 and 2 of this section. We will first examine
the classical limit ' = 0 of the FPCA amd show how the self-consisten-—
cy condition for the molecular field reduces to that of the SUS theory.
Next, we WilllShOW how the Slater-Takagi (four-body) energies can in
practice be obtained from the t&o—body interactions assumed in the
transverse Ising model 1f both polar amd antipolar néarest—neighbor
interactions are assumed. Finally, we will examine the effective re-
normalization of the interactiom comstants of the tramsverse Ising
Hamiltonian in the mean field apprdximation (MFA) due to four-body
correlations, as determined by the FPCA.

In the case that the tunmeling integral I' is idemtically zero,
the enérgy matrix corresponding to the four—pafticle cluster
Hamiltonian (Eq. (82)) is already in diagomal form. Eliminating A by
Eq. (92) and using o = Tr(ni+ _ ni+), we obtain a comsistency
equation6:

26 Y gl A+ cinh 20
e (Wi o e BW pgh A Cosh 2h 2 e (E OO0

—
-

where
n = Fon” o +ﬁ\¢¢t (97)

» et . R

i
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Tﬁese expressions are quivalent to Egs. (20) and (24) from the SUS
theorys.

We will now turn our attention to the second of the problems
mentioned above, mamely, the connection of the Slater-Takagi emergies
to the épin-spin interaction term of the transverse Ising model. If
the tunnelinglfieid Q is zero, the Hamiltoniam (48) reduces to

%"%—Zjﬂ.‘sg?g;a 98)

Y

From tﬁe symmetry properties of the crystél it is clear that the
interaction between protons having the sa@e z coordinate is not the
same as the interaction between protons at different levels, i.e., the
interaction across the top or bottom of a PO4 group is not the same as
the interaction between a proton at the top of a given group and one
at the bottom of the same group. Using again the square indices

(; [] Z) (Eq. (7?) ff.), we can write for the interaction constants

in Eq. (98)

Jho=J,=u
(99)

3133:]';_‘4—; T3 = T4 =V

The Ising Hamiltonian of a cluster of hydrogens around a given group

now becomes

%(4)

3

-W.(S, k§Z;~e» S %Sf) -\/(Q%S’:«» s‘fg:-pg’i CT 4 STSTY (100)

T} =

¢ e et o oe oy e e i e e %

i e o e < 1

b et o e
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Solving for the Slater-Takagl emergies im.térms of U and V as

shown in Fig. 12, we obtain

W= -Lw+2€

]

.(101)
V= 4w -€.
For consistency, we must also have
Wy = 4w - 2E. (102)

This is because there are three Slater-Takagl parameters, £, w, and
Wi but only two different Ising model parameters, U and V. However,

since w>>¢ one has w. >>w as well, and the difference in taking

1

Wl = 4w — 2¢ instead of'wi = o as 1g usually dome is small.(for DKDP

the Boltzmann factors @0, @1

out to_be 0.43, 0.01, and 10-.-7 respectively). It is noteWofthy that

, and Oz(see Eq. (19) at Tc\wiL;.ﬁurn‘

\

the MFA interac?ion parameter JO = ZjJij = 4w,and;ihénc%;*the theimé—
dynamic properties in the MFA are determined by the Takagi energy w
while in the FPCA the most important factor is the Siater energy €.
With this result the FPCA treatment of the tunmeling model can
be considered to be the solution of the transverse Ising model up to
the four-link terms in the cumulamt expansion of Kubo, the non-mearest
neighbor interaction terms Jij being subsumed in the paraﬁeter Y.
Now we can examine the third of the problems mentioned above--

the renormalization of the MFA interaction constants by four-particle

correlations. The self-consistency conditions (86) and (87) which
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] Pseudo-spin Ising _ Slater-Takagi Net Bipole
Configuration Configuration  Enmergy Enexrgy — w Moment

‘ 41 .8 ‘

O, ‘0t el e-w -

°p—y 0 &y W L :
O Ly 5 Fan-4vl= e-w - M

™

N
'F‘D O:\N..,w 4

éﬂ‘i #l-2 +4V] = Wi-w e}

4
o 0, alweavl=wew O

Fig. 12. The relationship of the Slater-Takagl parameters to those

of the Ising-like pseudo—spin model.




57

result from the minimization of the free emergy with respect to A and

: + -
n,.,> and <s»=<sg,. + s,.” be the same whether
ij¥ ij

= <
n are that 0 = <n 13

ijt
determined from the one—~ or four—-article density matrix. Thus at

the appropriate values of A and m ome obtains the same results using

the singe—particle Hamiltonian

1
i

H(,) ‘-—(r'-'v\)( §'.~?+§‘7‘) f'( ¥a + A)(V\;@,-—V\w) (81 )

as from the four—particie Hamiltonian; the FPCA is used only to deter—

mine A and ﬁh In terms of the pseudo-spin representation H(l) can be
itt
written - -
W= - . 8
H H,-8S.

) )
N .
where H = (2(T-N ), 0, 2(2y<S™> + A)). Comparison with the MFA ex~

pression for the Tramsverse Ising model (cf. Eq. (49))

-5 ,
H.‘ = (ﬂ, O, Z—_’, I?S <§5%‘>) (103)

implies that = 2( - 1) and I0y<820 = JO<SZ> =2(2v<8™ + 4y,

Thus one sees that the effective values of §! and JO are temperature
dependent, since the fields A amd 1.1 which minimize the free emérgy are
temperature - dependent. Taking in the low temperature phase

A = AO<SZ> where Aozigoﬁsp, the comsistency condition (91) implies that

T - ﬁ = QY + AO)<S>,.pr using the above relatioms between {) and JO

and the FPCA parameters,

{$*y= /T,

e e &
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which is identical with Eq. (58).

Rewriting the Hamiltonian (44) in the form

Noe-Z QLT By IS% 4T T 67

and making the MFA, we fimd that the effective H fleld is
' —

Ho= (K26 B LS%, 0, T,¢8%),  am

. n,
Thus the ) that one obtains from an MFA fit, viz. @ =  — 2n can be

X
given in terms of B and <S> as

4

L= L2+ B,y 45‘3} (105)

which would imply that n = -%B <s®>. The value of n which minimizes

0

the free emergy in the FPCA does indeed behave much like <S*> in the

mean field approximation, being semsibly constant below TC and falling

gradually to zero as T * ® (cf. Eq. (55)).




IIT. <STRAIN AND DEUTERATION DEPENDENCE
A. Phenomenological Theory

In this section we will examine phenomenologically the terms
which can arise in the free energ& of a crystal with the symmetry
(42m) of KDP Eue to the fact that the lattice 1s not perfectly rigid.
This will ensure that the micro;copic theory to:be developed in the
next section is intermally consistent, and will permit the use of ex-
perimental data on phenomena which are not‘oBviously connected with -
the pressure dependence of the ferroelectricity in establishihg the’
pressufe dependence of the parameters of the microscopic theory. Im
particular, we will find that applied hydrostatic pressure is coupled
to the.free energy of the crys£al through the électrostriction effect,
which is also résponsible for the expansion of the volume of the crys-
tal on passing to the ferroelectrically ordered state.

The free energy of the clamped crystal Fot{xi} =0, T, P, =P),

3

the microscopic counterpart of which is given by the FPCA with constant

w, €, Y, and I'y must be modified to imclude terms which depemd on the

strains X, in low order33’34:

& 6 & 6 .
4 :
F({X;}’T, P) = Fo ”z&g;X;P “Z ;‘g)‘:Pz“’E ri::,Pﬁ +%ZC:5X.-)(J' 9 .(106)
e il =1 3}3':5 ]

317 qu’ riB’ and Cij are elements of the matrices represemting

the piezolectric, electrostrictiom, "quadratic electrostriction,’

where a

' and

O ——,
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elastic stiffmess temsors, respectively. For a crystal Wifh the
symme try (42m) of the high~temperature phase of KDP, one derives the

applied stresses X,:

i
2o P, Pl ¢
edX; %3 B +Jmcg~..‘><°’ » 2 h2,3;5 on
_ oF ‘
X‘» i axe = "a% P + Cé?é: Xg '(108)
For the case of hydrostatic pressure,'Xi = —p(ﬁil + 612 +§6;3),
: 1

- one obtains the equilibrium stralnms

-3 . . |
)(;-"J?;l S5 C%&gp +G3P _qo[&l ¢ 81+ 9]
2 \ .
= Q3;P ﬂ?'sipx}“faOS} S i3 (109)
Xe= See a%%) = b%P ., 10

o= = I T : Ffi-
where s_ | (c ).., S jsij’ and Q3 The coeffi

. . = L.8,.Q. e
ij 1ij i i Jsquj3

and R can be determined by examination of the’

clents b36’ Q3i’ 31

sponténeous strains as functions of the polarizationm.

The free emergy as a functiom of pressure F(p,T,P) =

F({xi},T,P) - 2,X;x; is now c k'l _
. 66 Bye XA
Flp,T,P)= 2 A [T-(T, ¢ "?{f - ---:‘)]P +

(111)

5[ BT -dqg+ 44 RIPY -,

where Qh = ZiQ31 is the volume electrostriction coefficient,
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Rh =L R and 9 = Ly, .c It is seen that the ﬁiezoelec—

R332 1,3%13%1%;"

‘tric effect causes the Curie-Weiss temperature T, to be shifted up-

0
2
ward in the free crystal by an amount c66b36/A0’ which is about 4 de-
grees in KDPBB. This shift is observed experimentally at high frequen-—

cie536,:where the crystal is inertially clamped. However, this term

can be considered to be included in the parameter y and will be of no

a

further interest here. The electrostriction effect is seen to cause

a change in T, under applied pressure through Qh as well as a shift

0.

in the Landgu coefficient B throggh qS (see Fig. 13). The quadratic
'eléctﬁbépriction effect causes the Landau coefficient B to be pres-
sure déﬁendent through Rh.

We will now use the experimental results of several authors to

calculate values of the electrostriction coefficients for XKDP and DKDP.

a

- s e . H
The electrostriction coefficient Q33 has been measured to be

about 2.8 x 10—12 esu once37 and 3.2 x 10—12 esu twice38’18, We will

therefore adopt the value Q§3z(3.l +.0.2) x 10—12 esu. The value

le = 3.8 x 10_12 esu was reported by von Arx and Bantlesg‘and by

Kobayashi et a1387 However, both of these experiments revealed a
"temperature dependence' in le which can be comsidered to arise from
the quartic term R3111P4 of Eq. (108), as a plot of Xy Vs. Bz will
readily show. A least squares fit using the strain vs. temperature

data of von Arx and the spontameous polarization vs. temperature curve

of Samara30 gives the values

e v i g e Y Rt e et
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F Contowrs

P
(d)

Fig. 13. Schematic representation of the free energy F as a function
of a dilatation strain x and the polarization P, showing the behavior
which results from inclusion of electrostriction term:
2 o) - = (L)
F = FO - qxP° + %cx~. Here x = ¢ qP” is the equilibrium value of x
etk

at fixed P, shown by dashed curve in (d); (c) shows effective ~%c_ q P

term.































































































































