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ABSTRACT

Central Composite Designs (CCDs) with cuboidal and spherical regions are among
the most popular experimental designs for studying response surfaces. Cuboidal
regions are typically used when the experimenter believes the levels of one or more
of the factors are bounded while a spherical region is employed when there are no
restrictions on the levels of any of the factors. We propose what we call a cylindrical
design in which the levels of some factors are restricted while the other factors’ levels
need not be. Assuming the use of a second-order model, we give the general form for
the model matrix X of such a design and give a closed form for the determinant of the
X’'X matrix as well as its inverse. We use the results for the determinant and inverse of
X’'X to compare designs using the alphabetic design optimality criteria. D-efficiencies,
A-efficiencies, G-efficiencies, and I'V-efficiencies for CCDs will be compared with those
of the cylindrical design. Graphical assessment of the maximum spherical prediction
variance will also be done. It will be shown that the cylindrical design is an excellent
alternative when some but not all factors have restricted levels.



INTRODUCTION

Response Surface Methodology

The results of this research are based on the ideas of response surface methodology.
According to Myers et al. [11], “Response Surface Methodology (RSM) is a collection
of statistical and mathematical techniques for developing, improving, and optimiz-
ing processes.” RSM combines statistical experimental design, regression modeling
techniques, and optimization methods. The idea is to design an experiment in k
variables, say &1,&,...,&, and from the resulting data fit a low-order polynomial
that approximates the true relationship between the response, y, and the k£ factors.
The goal is to find the levels of the k variables which produce an optimal response.
Most often in RSM, the variables &,&s, ..., & are transformed to coded variables
1, %, ...,7T, which are dimensionless with mean zero and equal spread. All results
in this thesis are based on the second-order regression model:

k k=1 k k
y=P0o+ Z Bir; + Z Z Bijrir; + Z Bix?
i=1 i=1 j=i+1 i=1

The second-order model is widely used in RSM because it is a flexible model able
to approximate various functional forms, the parameters are easy to estimate using
least squares, and practical experience has shown it to be an effective model in RSM
[11]. Furthermore, we will be comparing the Central Composite Design (CCD) to the
cylindrical design and the CCD is a common design for fitting second-order response

surface models.



The Central Composite Design

Central composite designs were first introduced by Box and Wilson [4] and con-
tinue to be among the most popular designs for studying response surfaces. A CCD
either has a cuboidal or a spherical region for its design space. The CCD is defined

to consist of:

1. An F = 2FP full (p = 0) or fractional (p > 0) factorial design of at least

resolution V; each point is of the form (zy,...,zx) = (£1,...,£1)

2. 2k axial points of the form (z1,...,2;...,2x) = (0,...,£a,...,0) for

1<i <k

3. Ny center points (z1,...,zx) = (0,...,0)

There are a total of N = F + 2k 4+ Ny design points, and there are (k;r2> parameters

for the quadratic model. The general form of the columns and rows of the model

matrix involving two factors (x; and z;) for a CCD is shown in Figure 1.1.

uoow xy wry; T T
1 1 1 1 1 1
1 1 -1 -1 1 1
1 -1 1 -1 1 1 F
1 -1 -1 1 1 1
1 a 0 0 o 0
1 —a 0 0 a®> 0
1 0 o 0 0 o *
1 0 —a 0 0 ao?
1 0 0 0 0 0 Ny

Figure 1.1: General Form of the Model Matrix X for a CCD

When a = 1, the design space is cuboidal while & = vk produces a spherical

design space. Values for a other than 1 or vk are sometimes used, particularly
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Figure 1.2: Geometric View of two-factor CCDs with cuboidal and spherical regions.

when a value for a generates a rotatable design. According to Myers et al. [11],

“If the desired region of the design is spherical, the CCD that is most effective from

a variance point of view is to use « Vk and three to five center runs.” There
are practical situations where the practitioner chooses to use either the spherical
or cuboidal region. Cuboidal regions are typically employed when there are strict
ranges on one or more variables, resulting in the region of interest and the region of
operability being the same. If experimentation is possible beyond the ranges of the
factors set by the practitioner, then a spherical region is appropriate.

Figure 1.2 displays the geometric view of two-factor CCDs with a cuboidal and
spherical design space. Notice how the factorial points make up the corners of a
square. In three dimensions, the factorial points would make up the corners of a
cube and in 4 or more dimensions the factorial points would make up the corners of
a hypercube. The placement of the axial points determines whether the design space
is a cube or a sphere. In the cube, the axial points are on the faces of the cube, or in
the case of Figure 1.2 the square. A sphere occurs when the axial distance is equal to

the distance from the origin to any factorial point, i.e., the square root of the total

number of factors.



Design Optimality Criteria

As different types of experimental designs have been discovered, various ways to
compare the statistical properties of competing designs has advanced. The ground-
work for comparing response surface designs was laid by Kiefer [8, 9] and Kiefer and
Wolfowitz [10] in what is known as optimal design theory. While there are numerous
ways to compare response surface designs, the focus of this research is on the alpha-
betic design optimality criteria. Specifically, attention is given to the D-, A-, G-, and
IV-optimality criteria. Using definitions given in the OPTEX procedure in SAS [14]
and definitions given by Myers et al. [11], the alphabetic design optimality criteria

are given as:

1. D-criterion: — minimize [(X'X)7!| or maximize |X'X]|

2. A-criterion:  minimize trace [(X'X)™!]

3. G-criterion:  minimize max [N f(z) (X'X)1f(x)]

4. TV-criterion: — minimize average [N f(z) (X'X)™!f(z)] over x € X

g 2 .2 2
f(x) —[1x1 Ty ... Tp|T1X2 ... TRk | T T3 ... X

where f(z) is just the vector of model coefficients for the second-order model, and
X represents the design space. D-optimality is the most popular of the four criteria
for comparing designs. According to Myers et al. [11], “Under the assumption of
independent normal model errors with constant variance, the determinant of X’'X

is inversely proportional to the square of the volume of the confidence region on the



regression coefficients.” Therefore, designs that have larger determinants have smaller
confidence regions and thus better estimation of the model parameters.

The A-criterion also deals with model parameter estimation. Because the trace
of a matrix is just the sum of the diagonal elements of the matrix, the A-criterion
seeks to minimize the sum of the individual variances of the model parameters. One
problem with the A-criterion is that it ignores the covariance terms that often occur
in response surface problems.

The G- and IV-criteria make use of the scaled prediction variance function
Nf(z)(X’X)"1f(z). When (X’X)~! is pre-multiplied by f(x)" and post-multiplied
by f(z), the result is a polynomial function. Then the scaled prediction variance
function evaluated at any x € X gives the scale-free variance at the point x. There
is a maximum prediction variance in the design space X', and the design that has the
smallest maximum prediction variance among competing designs is said to be best
by the G-criterion.

Furthermore, one can find the average prediction variance by integrating the pre-
diction variance function over the design space and dividing by the volume of the
design space. The IV in IV-criterion stands for integrated variance because we inte-
grate the prediction variance function over the appropriate region. Some authors (i.e.
Myers et al. [11]) refer to the IV-criterion as the I-criterion. The design which has
the smallest average prediction variance among competing designs is said to be best
by the IV-criterion.

The statistical software package SAS evaluates and generates designs based on
the design optimality criteria. SAS calculates design efficiencies based on the cri-
teria using the following formulas assuming there are N design points and p model

parameters.



D-effici = 100 1.1
efficiency I ) (1.1)

A-efficiency = 10()E b ) (1.2)

G-efficiency = 100 p/N (1.3)
T max INT ey (XX) T ()] |
IV-efficiency = avg [Nf(x)’(X’X)’lf(x)} over z € X (1.4)

For the research in this thesis, we used these same formulas to calculate design
efficiencies for both CCDs and cylindrical designs. Note that the D-, A-) and G-
efficiencies are each multiplied by the value 100. For these criteria, the efficiency is
given as a percentage where a design with 100% efficiency indicates that the design
is optimal by that criterion. The IV-efficiency is not given as a percentage, but is
simply the value of the average prediction variance for a design. Thus, in compar-
ing designs using the IV-efficiency, the design with the smallest average prediction
variance would be chosen based on the IV-efficiency. Because CCDs have been in
existence for some time now, the design efficiencies for CCDs have been calculated
before, and we compared our results with previous ones and found them in agreement.
Table 1.1 on page 7 gives the design efficiencies for central composite designs with
both cuboidal and spherical regions with either 1 or 2 center points. For the present
research, we consider designs which have between 3 and 10 factors.

Let CCD(s) and CCD(c) denote a CCD with spherical and cuboidal design regions,
respectively. For both the D-efficiency and the A-efficiency, the CCD(s) has higher
design efficiency than the CCD(c) regardless of the number of center points. For
fewer numbers of factors, the CCD(c) tends to have a higher G-efficiency than the
CCD(s) when 1 center point is utilized, but when 2 center points are used, the CCD(s)

has significantly higher G-efficiency for all numbers of factors. For a CCD(s) with no



Table 1.1: D-, A-, and G-efficiencies and IV criterion values for CCDs with cuboidal
and spherical regions with 1 and 2 center points for k = 3 to 10 factors.

Factors | Ny | Region | D-eff (pct) | A-eff (pct) | G-eff (pct) | IV value
3 1 Cube 46.22 31.29 83.62 5.51
3 1 | Sphere 71.13 32.40 66.67 8.12
3 2 Cube 43.00 30.68 78.55 5.45
3 2 | Sphere 71.47 44.93 94.59 6.83
4 1 Cube 44.52 25.49 77.98 8.44
4 1 | Sphere 76.73 31.65 60.00 12.15
4 2 Cube 43.30 24.91 75.08 8.45
4 2 | Sphere 77.26 45.40 98.90 10.47
5 1 Cube 42.69 25.30 74.91 10.97
5 1 | Sphere 80.02 36.95 T77.78 16.13
) 2 Cube 41.42 24.47 72.25 11.17
5 2 | Sphere 79.75 49.83 87.64 14.94
6 1 Cube 44.80 18.98 62.52 17.30
6 1 | Sphere 83.84 33.72 62.22 22.02
6 2 Cube 43.98 18.64 61.22 17.47
6 2 | Sphere 84.07 48.24 96.95 20.21
7 1 Cube 46.01 12.88 44.17 30.03
7 1 | Sphere 85.47 28.06 45.57 29.42
7 2 Cube 45.54 12.75 43.67 30.15
7 2 | Sphere 86.04 42.76 84.72 26.56
8 1 Cube 46.86 13.40 47.23 35.29
8 1 | Sphere 87.87 32.32 55.56 36.18
8 2 Cube 46.36 13.25 46.71 35.53
8 2 | Sphere 88.14 47.46 99.78 33.89
9 1 Cube 47.73 8.46 30.11 64.73
9 1 | Sphere 87.94 24.87 37.41 49.11
9 2 Cube 47.47 8.41 29.92 64.90
9 2 | Sphere 88.46 39.18 72.45 45.30
10 1 Cube 49.06 8.87 32.04 73.26
10 1 | Sphere 89.99 28.31 44.30 55.37
10 2 Cube 48.77 8.82 31.84 73.54
10 2 | Sphere 90.33 43.36 83.92 52.17




center points, the X’X matrix is either singular or near-singular and adding one center
point still results in a large prediction variance at the center of the design [11]. As
more center runs are included, the prediction variance stabilizes and we see that the
CCD(s) is more G-efficient than the CCD(c¢). Finally, the average prediction variance
is lower for the CCD(c) than the CCD(s) for between 3 and 6 factors regardless of
whether one or two center points are utilized. The average prediction variance is only
slightly lower for the CCD(¢) than the CCD(s) with 8 factors and one center point.
Other than the above mentioned, the CCD(s) has lower average prediction variance
than the CCD(c).

Thus, when an experimenter has strict ranges on one or more of the factors and
decides to utilize a CCD with a cuboidal region, design efficiency can be lost. It is
important to note that when even just one factor needs strict bounds, the use of a
cuboidal region in essence bounds all factors between -1 and 1 in coded version. Our
new design, the cylindrical design allows the experimenter to bound only the factors
that should be and allow the other factors to stretch beyond the coded values of -1
and 1. Furthermore, as will be shown, the cylindrical design tends to have higher

efficiency than the CCD with a cuboidal region among the design optimality criteria.

The Cylindrical Design

A cylindrical design consists of C' > 1 cuboidal factors (bounded between -1
and 1) and S > 2 spherical factors (not bounded between -1 and 1) and has the

following components:

1. An F = 297577 full (p = 0) or fractional (p > 0) factorial design of at least
resolution V; each point is of the form

(T1,...,xc, 21, .-, 25) = (£1,..., £ £ 1,...,£1)



2. 2C' axial points of the form

(X1, oy Ty oy oy 21, -5 25) = (0,...,+1,...,0]0,...,0)

3. 2S5 axial points of the form

(T4, Ty 21,y Zhy ooy 25) = (0,...,0[0,...,%a,...,0) where a = v/S.
4. Ny center points (z1,...,xc, 21,...,25) = (0,...,0[0,...,0)

where the | notation indicates the location of the separation between the cuboidal

and spherical factors.

Figure 1.3: Design Space for 3-factor Cylindrical Design (1 Cuboidal Factor and 2
Spherical Factors)
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For a cylindrical design, there are a total of N = F'+2(C + S5) + Ny design points.
Figure 1.3 shows the design space for a cylindrical design in 3 factors. Note that
the space is actually a three-dimensional cylinder which is why we gave this class of
designs the name. The points shown in the plot represent the design points. The
factorial points are the ones on the outer edge of the circles on the top and bottom
of the cylinder. The cuboidal axial points are in the center of the circles on top and
bottom of the cylinder. The spherical axial points are on the sides of the cylinder
(with axial distance equal to v/2). Finally, the point in the center of the cylinder
represents where the center points would be located.

In order to study the design efficiencies for a cylindrical design, it is necessary to
find closed forms for the determinant and the inverse of the X’X matrix. First, we
need to know the general structure for the model matrix X. Figure 1.4 displays the
general form of the model matrix for a cylindrical design for any two cuboidal factors
and any two spherical factors.

By using matrix multiplication, the general form of the X’X matrix has been
derived and is shown in Figure 1.5. This general form will be used in finding the

determinant of the X’X matrix in the next chapter.
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THE DETERMINANT OF X’X AND THE D-CRITERION

Introduction

The goal of this chapter is to derive a closed form for the determinant of the X'X
matrix so that D-efficiencies can be calculated. By a closed form, we mean that the
formula for X’X should involve only C, S, F,«, and N where C is the number of
cuboidal factors, S is the number of spherical factors, F' is the number of factorial
points used, « is the axial distance for the spherical factors, and N = F+2(C+S5)+ Ny
is the total number of design points. If a closed form for the determinant can be found,
the model matrix will not need to be written out for every combination of cuboidal
and spherical factors. The same approach will be used in finding a closed form for

the inverse matrix in chapter 3.

Deriving |X'X|

In his Ph.D. dissertation, Borkowski [1] used an adjusted model matrix to find
the determinant for the X’X matrix of a mixed resolution design. Using a similar
approach, we find the determinant of the X’'X matrix for a cylindrical design. The

proof of deriving the closed form for |X’X| follows the proceeding steps:
1. Define matrices Xa and A such that XA =X and |A|=1.
2. Show |X'X| = |X'AXAl-
3. Calculate | X'AXAal.

First, the general form of the adjusted model matrix X is shown in Figure 2.1.
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u ZT; Z; Zk zZl Ty TiZk Tiz] TjZk TjZ] ZkZ| 51312 1’3 Zz Zl2
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Figure 2.2: The General Form of X/, Xa

Ic and Is are C'— and S—dimensional identity matrices. Icg is a {(

2

C

dimensional identity matrix, and J¢ and Jg are C' x 1 and S x 1 unit vectors.

)+ (5)+Cs| -

By using matrix multiplication, it is readily seen that Xao = XA. Furthermore,

because A is an upper triangular matrix with diagonal entries equal to 1, the deter-

minant |A| = 1. Then

XA Xa| =

(XA) (XA

|A’X'XA]

[A'[[XX]|A]
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— X'X|

Hence, |X’X| can be found simply by finding |X’yXa|. The general form for
X'\ XA is shown in Figure 2.2.

Note how X/, XA is a px p diagonal matrix except for a (C'+5) x (C+.S) submatrix
Kq where p is the number of model parameters. The submatrix Kq corresponds to

the intersection of the rows and columns of the quadratic terms and has the form

a as ... Q9| Qs as ... Qs
as ap ... Q9| Qs as ... Qs
ay a9 ... Q1 |Qs as ... Qs
Kq =
as as ... Az | a3 AaAq4 ... Q4
as as ... Q4 | a4 Az ... Q4
as as ... 04 | a4 Aaq ... Aas
which can be written as:

K1 K2 &IC—FchJ,C fJCJ,S
K3 K4 fJS']/C dIS—I—erJ’S
a = ap—ay =2

b = a9
d = az— a4 =2a"
€ = au

[ = as
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Also, I¢ is a C' x C' identity matrix, Ig is an S x S identity matrix, and J¢ and Jg
are C'x 1 and S x 1 unit vectors. Furthermore, note how | X/, X a| is just the product
of the diagonal terms times the determinant of the submatrix Kq. In other words,

C S
2 2

IX'X| = [X\Xa| = N(F + 2)°(F + 2025 F(2)+(5)+05 K g |.
From Hocking [7] we have that
K, K,

det = |K;||Ks — KsK;'Ks|. (2.6)
Ks; Kiy

We also make frequent use the following two identities found in Searle [15]:

1 b
I, +063, )" ' ==(1, - J.J 2.7
03,37 = (1= ) 27)
and
laly + bJ,J. | = a" ' (a + nb) (2.8)

So, to find [Kq first note that Ki* = (alg + bJcJg) ™ = 2(Ic — ﬁJCJ’C). Next

we pre-multiply by K3 to obtain

1 b
K;K;' = fIgJe|= I — JcJ,
3T fscla<c a+C’bCC>]
_ [ / L / / o i / Cbh /
= o \Islem gtsledede) = Jsdo = g sdo

I
~ a\a+Ch JsJe-

Now we post-multiply by Ko and we have

a
S A

B fQ< Ca ) ,
 a \a+Cb JsJs
Cf? )
(a+ob>JsJS'
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Next, we find
_ Cf?
K4 — K3K11K2 = (dIS + eJSJ/S) — m-]s.]ls
Cf?
= dI — | JgJy.
S+(€ (a+0b)> 578
Then, |K;| = |alc + bJcJg| = a“~(a + Cb) and
_ Cf?
Ky — K3sK;'Ky| = det (dIs + (e - (a+05)> JSJ’S>

_ s __or
= d° <d+5<e (a+Cb)>>'

Thus, the determinant of Kq is given by

Kq| = [Ki|/Ks— KK 'Ky

= a“'d° Ya + OD) <d +S (e - a?—f;b>> :

By substituting the values for a, b, d, e, and f, we find that

Ca?
Kq| = 297122712 + Cay) <2a4 + 5 <a4 oy é@))
— 9C+85-2,45-4 (4@4 +2Catag + 2Say + CSagay — CS@%)

— 90+5-2,45-4 [4044 + 20044a2 +2Say + CS((I2G4 - a?)} (29)

Next, by applying equations 2.1, 2.2, 2.3, 2.4, and 2.5 to equation 2.9, and upon

simplification, we have

Kq| = 20ts-1gts—, [2Nal+ Cal[NF = (F +2)7
° N
NEF — (F +2a2)2 — 20SF (1 — a2)?
LA (F +2a2)% — 2CSF (1 — a?) 2.10)

N

Now that we have |Kq| we arrive at a closed form for the determinant of X'\ Xa
which in turn gives us the determinant of X’X. We state the result in the following

theorem.
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Theorem 2.1 For a cylindrical design with C' cuboidal factors and S spherical fac-

tors, the determinant of X'X is given by:

IX'X| = |XXal
= N(F +2)°(F + 2025 p()+(3)+0s Kql
= 20HSLAS(F 4 2)C(F 4 2a2)sF(§)+(§)+cs y
{2Na4 + Ca? [NF — (F + 2)2} + S {NF —(F+ 2042)2}

—2CSF (1~ a2>2} (2.11)

D-efficiencies for Cylindrical Designs

Now that we have a closed form solution for the determinant of the X’X matrix, we

can study the D-efficiency of cylindrical designs. Recall that from Equation 1.1, the

1

D-efficiency is defined as D, yf = ‘X,]f[(lﬁ where p=1+2(C+S5) + (g) + (‘3) +CS =

(CJFf +2) is the number of second order model parameters for a cylindrical design.
Using the statistical software package R, we have calculated exact D-efficiencies for
cylindrical designs with between 3 and 10 factors which are given in Table 2.1.

First note that in Table 2.1, for a given number of factors D-efficiencies are given
when there are all spherical factors and 0 cuboidal factors or all cuboidal factors and
0 spherical factors. These values are in fact the D-efficiencies for Central Composite
Designs with spherical and cuboidal regions, respectively. When C' and S are both
positive, the D-efficiency given is that for a Cylindrical Design. For a given number of
total factors, the D-efficiency increases as the number of spherical factors increases.
This phenomenon can also be seen in Figure 2.3 shown on page 25 which shows D-
efficiencies for between 3 and 10 factors and compares the utilization of 1 center point

versus 5 center points. For five or more factors, the D-efficiencies plotted in Figure 2.3
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are those for which a fractional factorial is used because fractional factorials would
typically be used in practice for cost effectiveness. The horizontal axis represents the
number of spherical factors. Hence, for the graph showing D-efficiencies for 6 factors,
when the number of spherical factors is 4 the resulting number of cuboidal factors is
2. For this combination of factors, when one center point is used, the D-efficiency is
64.13% while it is 60.26% with 5 center points. These values from Table 2.1 agree
with what is seen in Figure 2.3.

The results shown here indicate that the cylindrical design is an excellent alter-
native, according to the D-criterion, to the Central Composite Design when some
but not all factors have strict ranges on their levels. For example, consider the case
of 5 factors and suppose the experimenter uses a fractional factorial design for the
factorial portion of the design. Suppose further that only one factor has strict bounds
on its levels and the experimenter decides to use 3 center points. From Table 2.1,
the D-efficiency for a cylindrical design with 4 spherical factors, 1 cuboidal factor,
and 3 center points is 65.34%. A CCD with a cuboidal region and 3 center points
has a D-efficiency of 40.21% while a CCD with a spherical region and 3 center points
has a D-efficiency of 78.50%. Thus, by using a CCD with a cuboidal region, the
D-efficiency drops by 38.29% from a CCD with a spherical region. If a cylindrical
design is used, the D-efficiency drop from the CCD with a spherical region is only
13.16%. Therefore, using a cylindrical design instead of a CCD with cuboidal region

greatly improves estimation of the model parameters.
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Table 2.1: D-efficiencies for between 3 and 10 factors with between 1 and 5 center
points

No =1
Factors | C | S | D-eff (Full) | D-eff (Frac) | N (Full) | N (Frac)
3 0 3 71.13 15
1 2 54.83
3 0 44.72
4 0 4 76.73 25
1 3 63.55
2 2 51.73
4 0 44.52
5 0 5 80.16 80.02 43 27
1 4 69.90 68.22
2 3 58.69 56.61
3 2 50.13 47.96
5 0 44.84 42.69
6 0 6 81.43 83.84 77 45
1 5 73.45 74.67
2 4 63.51 64.13
3 3 55.17 55.43
4 2 48.87 48.91
6 0 44.84 44.80
7 0 7 80.82 85.47 143 79
1 6 74.53 78.30
2 5 65.98 69.06
3 4 58.41 60.95
4 3 52.19 54.34
5 2 47.41 49.29
7 0 44.29 46.01
8 0 8 78.90 87.87 273 81
1 7 73.87 81.50
2 6 66.60 73.09
3 5 59.93 65.48
4 4 54.19 59.00
5 3 49.45 53.69
6 2 45.75 49.57
8 0 43.29 46.86
9 0 9 76.26 87.94 531 147
1 8 72.16 82.83
2 7 66.01 75.56
3 6 60.21 68.76
4 5 55.07 62.77
5 4 50.64 57.63
6 3 46.94 53.35
7 2 44.02 49.99
9 0 42.05 47.73
10 0 10 73.35 89.99 1045 149
1 9 69.97 85.40
2 8 64.73 78.77
3 7 59.72 72.48
4 6 55.17 66.81
5 5 51.15 61.81
6 4 47.65 57.50
7 3 44.70 53.88
8 2 42.35 51.01
10 0 40.75 49.06
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Table 2.1 Continued

No =2
Factors | C' | S | D-eff (Full) | D-eff (Frac) | N (Full) | N (Frac)
3 0 3 71.47 16
1 2 53.41
3 0 43.00
4 0 4 77.26 26
1 3 62.56
2 2 50.48
4 0 43.30
5 0 5 80.97 79.75 44 28
1 4 69.41 66.86
2 3 57.93 55.14
3 2 49.35 46.59
5 0 44.09 41.42
6 0 6 82.40 84.07 78 46
1 5 73.34 73.91
2 4 63.14 63.20
3 3 54.75 54.51
4 2 48.44 48.05
6 0 44.43 43.98
7 0 7 81.82 86.04 144 80
1 6 74.67 78.00
2 5 65.88 68.57
3 4 58.23 60.43
4 3 51.99 53.83
5 2 47.21 48.80
7 0 44.09 45.54
8 0 8 79.83 88.14 274 82
1 7 74.11 81.07
2 6 66.64 72.52
3 5 59.90 64.89
4 4 54.13 58.42
5 3 49.37 53.14
6 2 45.66 49.06
8 0 43.20 46.36
9 0 9 77.08 88.46 532 148
1 8 72.43 82.73
2 7 66.11 75.31
3 6 60.25 68.47
4 5 55.08 62.47
5 4 50.63 57.33
6 3 46.92 53.07
7 2 43.99 49.71
9 0 42.02 47.47
10 0 10 74.05 90.33 1046 150
1 9 70.22 85.22
2 8 64.86 78.48
3 7 59.79 72.15
4 6 55.21 66.47
5 5 51.17 61.49
6 4 47.66 57.18
7 3 44.71 53.58
8 2 42.35 50.71
10 0 40.75 48.77
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Table 2.1 Continued

No =3
Factors | C' | S | D-eff (Full) | D-eff (Frac) | N (Full) | N (Frac)
3 0 3 70.05 17
1 2 51.67
3 0 41.30
4 0 4 76.44 27
1 3 61.29
2 2 49.20
4 0 42.11
5 0 5 80.71 78.50 45 29
1 4 68.68 65.34
2 3 57.10 53.68
3 2 48.56 45.27
5 0 43.34 40.21
6 0 6 82.54 83.48 79 47
1 5 73.05 72.97
2 4 62.72 62.22
3 3 54.31 53.59
4 2 48.01 47.20
6 0 44.02 43.19
7 0 7 82.17 85.94 145 81
1 6 74.65 77.56
2 5 65.72 68.04
3 4 58.03 59.89
4 3 51.78 53.32
5 2 46.99 48.32
7 0 43.88 45.08
8 0 8 80.26 87.87 275 83
1 7 74.23 80.52
2 6 66.64 71.90
3 5 59.85 64.28
4 4 54.05 57.85
5 3 49.28 52.60
6 2 45.57 48.54
8 0 43.11 45.88
9 0 9 77.51 88.51 533 149
1 8 72.61 82.53
2 7 66.18 75.02
3 6 60.27 68.17
4 5 55.08 62.16
5 4 50.61 57.04
6 3 46.89 52.78
7 2 43.96 49.44
9 0 41.99 47.20
10 0 10 74.44 90.29 1047 151
1 9 70.41 84.96
2 8 64.95 78.15
3 7 59.84 71.81
4 6 55.24 66.13
5 5 51.18 61.15
6 4 47.67 56.87
7 3 44.71 53.27
8 2 42.35 50.42
10 0 40.74 48.49
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Table 2.1 Continued

No =4
Factors | C' | S | D-eff (Full) | D-eff (Frac) | N (Full) | N (Frac)
3 0 3 68.09 18
1 2 49.87
3 0 39.66
4 0 4 75.14 28
1 3 59.92
2 2 47.93
4 0 40.95
5 0 5 80.04 76.93 46 30
1 4 67.83 63.77
2 3 56.25 52.26
3 2 47.77 44.01
5 0 42.60 39.06
6 0 6 82.35 82.59 80 48
1 5 72.64 71.96
2 4 62.25 61.24
3 3 53.84 52.69
4 2 47.57 46.38
6 0 43.60 42.42
7 0 7 82.26 85.57 146 82
1 6 74.53 77.03
2 5 65.53 67.47
3 4 57.81 59.35
4 3 51.55 52.80
5 2 46.78 47.83
7 0 43.67 44.62
8 0 8 80.48 87.38 276 84
1 7 74.27 79.90
2 6 66.60 71.27
3 5 59.77 63.68
4 4 53.97 57.28
5 3 49.19 52.06
6 2 45.48 48.04
8 0 43.01 45.39
9 0 9 7.7 88.38 534 150
1 8 72.72 82.27
2 7 66.23 74.71
3 6 60.28 67.85
4 5 55.06 61.85
5 4 50.59 56.74
6 3 46.86 52.49
7 2 43.93 49.16
9 0 41.95 46.93
10 0 10 74.69 90.08 1048 152
1 9 70.54 84.65
2 8 65.03 77.79
3 7 59.88 71.45
4 6 55.26 65.79
5 5 51.19 60.82
6 4 47.67 56.55
7 3 44.70 52.97
8 2 42.34 50.13
10 0 40.73 48.21
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Table 2.1 Continued

No =5
Factors | C' | S | D-eff (Full) | D-eff (Frac) | N (Full) | N (Frac)
3 0 3 65.96 19
1 2 48.09
3 0 38.12
4 0 4 73.64 29
1 3 58.52
2 2 46.48
4 0 39.83
5 0 5 79.18 75.25 49 31
1 4 66.91 62.21
2 3 55.39 50.89
3 2 46.99 42.80
5 0 41.88 37.97
6 0 6 81.99 81.55 81 49
1 5 72.17 70.91
2 4 61.76 60.26
3 3 53.37 51.80
4 2 47.13 45.57
6 0 43.18 41.67
7 0 7 82.21 85.07 147 83
1 6 74.36 76.44
2 5 65.31 66.89
3 4 57.58 58.80
4 3 51.32 52.29
5 2 46.55 47.35
7 0 43.45 44.16
8 0 8 80.59 86.78 277 85
1 7 74.27 79.25
2 6 66.55 70.62
3 5 59.69 63.07
4 4 53.87 56.71
5 3 49.09 51.53
6 2 45.38 47.54
8 0 42.92 44.92
9 0 9 77.94 88.16 535 151
1 8 72.80 81.96
2 7 66.25 74.38
3 6 60.28 67.52
4 5 55.04 61.53
5 4 50.56 56.43
6 3 46.83 52.21
7 2 43.89 48.89
9 0 41.91 46.67
10 0 10 74.88 89.80 1049 153
1 9 70.64 84.30
2 8 65.09 77.43
3 7 59.92 71.09
4 6 55.28 65.44
5 5 51.20 60.49
6 4 47.67 56.23
7 3 44.70 52.67
8 2 42.33 49.84
10 0 40.72 47.93
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Figure 2.3: D-efficiencies for between 3 and 10 factors comparing use of 1 and 5 center
points. For 5 or more factors, it is assumed that the appropriate fractional factorial
design is used.
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THE INVERSE OF X'X AND THE A-CRITERION

Finding (X'X)!

For the A-efficiency, G-efficiency, and IV-efficiency, it is necessary to derive a
closed form for the X’X matrix. In this chapter, we will derive the general form of
(X’X)~! and calculate the trace to study A-efficiencies of cylindrical designs. We will
also give a closed form for the scaled prediction variance which will be used in later
chapters to study G- and IV-efficiencies. The general form of the X’X matrix for
any two cuboidal and any two spherical factors was shown in Figure 1.5 on page 11.
In order to find (X’X)~! for a cylindrical design, it is necessary to write X’X in the

block form shown in Figure 3.1.

N ¢, (F+2)Jg (F + 2a2)Jg

X'X — $1 diag(d;) Py ¢35
(F+2)Jc 05 FJcJe + 21c FJcJg

(F + 20(2).]3 O3 FJsJ,C FJsJ/S -+ 204415

Figure 3.1: General Block Form of the X'X Matrix

1, P2, @3 are zero matrices of dimensions K* x 1, C' x K*, and S x K*

e diag(d;) is a K* x K* diagonal matrix with diagonal entries

F+2 1<i<C
di=1 F+22 C+1<i<C+ S

F C+S+1<i <K~

Jc and Jg are C' x 1 and S x 1 unit column vectors.

Ic and Ig are C' x C' and S x S identity matrices.



27

o« K*=C+S+(5)+(3)+Cs

From Hocking [7] we have that for a matrix of the block form

All A12

A21 A22

the general form of the inverse is given by:

All A12

A21 A22

where

At = (A11 - A12A§21A21)_1

A2 = —A 1A A%

A% = (Azz — A21AI11A12)71

At = —AJIA,AM
Thus to compute (X'X)™!, we find each of the components A1, A2 A22 and A%
We first find the components of A which first requires finding A55. Because

FIcJi + 201 FJIcJl Bi: | Bia

22 —

FJsJ/C FJsJ/S + 206415 B21 B22
A5, is found in the same fashion we intend to find (X’X)~!. That is
Bll B12
Ay =
B21 B22
where
-1
B = (Bu - B12B;21B21)
B12 = —BillB]_sz2
-1
B*? = (322 - B21BI11]312)

B21 - —B521B21B11
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The components of B!

Using (2.7), we have
B;zl = (FJsJ/S + 205415)71

1 F
= — (Is — ———=JsJ¢ )
2a4<s 204 + SFOUS
Pre-multiplying by B1s and post-multiplying by Ba; we obtain

_ 1 F
BuBaiBar = Plots o (Is = 5 gpdsts) B
F F
= = (JeT - —
2a4< OUS T 90t 4 SF
L <J o SF
20[4 C+'s 2a4_|_SF
F SF
— R J r_ 7'] J/) ~FJ J/
2a4<cs 20&4+SFCS SsJdc
F? SF
— | JeJedg o — —
2a4< Cds S c 204 1+ SF
F? S2F
SF?

S R, P ¢
204 + SF C°¢

JCJ’SJSJg) Ba

JCJ'S> Ba:

JCJ’SJSJ’C)

Next we subtract from B1; and we have

__SF
204 + SF
SF?
= 21 F—— | JoJ,
C+< 2a4+SF> cic
2F ot
204 + SF

B11 - B12B£2:I'B21 == (2]:(3 + FJCJ/C) JCJ,C

= 2c+ JcJ ,C
Now that we have the components of B! we simply need to find the inverse.

B = (]311—]-:312]-3)2721]-3)21)71

2Fat -
= (ore 4+ 2% 3.7
( © T ai SFJCJC>



29

2Fa* 1
Ic — : JcJ,
€ 20t + SF 2+ C (2el) c C)

DO | —

2F ot ,
(IC 2201+ SF) + 2CFa4JCJC>

| Fa? JoJ, (3.1)
C 20+ SF+ CFaf" "0 '

N — N~

The Components of B?2
First note that Byj = %(IC 2+CFJCJ’ ) Pre-multiplying by Bga; and post-

multiplying by Bis, we find

| F
BuiB{B1s — (FJsJL)- = <IC— S 7 > FIoTl

2 2+ CF
F2 / / / / /

- = (JSJCJCJ - WJSJCJCJCJCJS)
F2 , 02 /

o

~ 24 CF®

Then

B*? = (Bzz—leBﬁle)_l

F? -
[FJIsJs + 20'Ts| — 2i . FJSJ’S>

CF? !
_ <2 Mg+ <F— +0F> JSJ’S>

1
Jng)

20[415 +

QC'F

2F 1
_ Is — JSJ’S)
94
2@ ( 2 -+ CF 2&4 + S (2+CF>

1 2F
= — (15— JsJ,
201 ( > 2012+ CF) +2SF"° S)

F
I JJ’) 9
4 ( S 204 + SF + CFao4 STs (3.2)
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The components of B!?

Bl2 = —B111B12B22
1 F 1 F
- (1 JJ’)FJJ (I— JsJ!
2(0 2+ CF"° CI8 " 00a \"® T 904 L SF + CFar" 578
F F
N JJJJ’)(I— JJ’)
44<CS 2+ CF C CCIS J\"8 T 94 L GF + CFat" 578
F 9 F
- J J’><I _ JJ’)
Aot (2+OF c ST 904 + SF + CFat 58
F F
L SN P JJ’JJ’)
2a4(2+C’F)<CS 204 + SF + CFat"C 8788
F 20t + CFa? ,
2042+ CF) \20* + SF 4+ CFo*
F

!/

- Jcd
2(204 + SF 4+ CFat)" "8

The components of B2!

B21 — _B2—21B21B11
1 F 1 Fa*
:—I—JJ’>-FJJ’~I— JoT!
2a4(s 204 + SF 57 8Tc 2<C 204 + SF + CFat cvc

F SF Fat
:—JJ’—JJ’>I— I
4@4(50 204 + SF S<c (C 204 + SF + CFa4 cc

F 1 Fao*
:—JJ’>I— JoJ,
2 (2a4+SF sTe (C 204 + SF + CFat™© C)

F , CFa* ,
~ 2(2a'+ SF) (JS']C 204+ SF + CFa4JSJC>

— F JsJ.
~ 220t + SF + CFah)"5°C

Now, combining the pieces from equations 3.1, 3.2, 3.3, and 3.4 we have

1| Ie—va'Jedg
A22 = 5

—vJcdy

L (Is — 7JsJg)

—Jsdc
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where

F
- 204+ SF + CFa*

Y (3.6)

The Components of Al

-1
Recall that the purpose of obtaining A5y was to find Al = (All — A12A§21A21) .

Pre-multiplying A3 by Ai2 and post-multiplying by As;, we have

(F+2)Jg | (F+2a*)Jg
A12A521A21 = X
o %
1] Ic—va'Jede —yJedg (F+2)Jc | ¢
2| T | A —3sTe) || (F+200)s | 6
V| ¢
= : (3.7)
b1 | Py
where
o= Co*(F+2)[(F+2)—Cya*(F+2)—Sv(F+2a2)]+S(F+2a2)[(F+2a2)—Cya* (F+2)— Sy (F+20?)]
- 204
Next, we subtract the matrix in (3.7) from A7 to obtain
N| g K
A — ApAg Ay = —
| 01 | diag(d;) | 01| $2s
N-y| &
= . (3.8)
P1 diag(d;)

Note that because the matrix in (3.8) is diagonal, the inverse is readily found so that

A" = (A - AAgAg)

1
N—v ol

61 | diag(})

7
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(3.9)

where
1
N—v
= 2a*+ {2N044 — Ca*(F +2) {(F +2) — Cya*(F +2) — Sy(F + 2a2)}

—S(F +20”) |(F + 20) — Cya(F + 2) — Sy(F + 20%)| }

Substituting m for v and after algebraic simplification we have

20 + SF + CFa*
N(Q2a* + SF + CFa*) — Ca*(F +2)?2 — S(F +2a?)? = 2CSF(a? — 1)2
(3.10)

"=

The components of A?2

Fi+2Je ¢ 1 /
Ay AlTA, = ( Mo o ! X

(F +20*)Js  ¢3 ¢ diag (1)

(F+2)Je (F+2a2)Jg
I ¢ ¢
1 (F+2)2Jcdo (F +2)(F 4 2a*)JcJ5
N

(F +2)(F +22*)JsJg (F +2a*)*JsJg

Then Agy — Ag1 AT A =

FIcJg + 21 FIcJy

FIsJy | FIsJy + 20
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) (F +2)2JcJs (F +2)(F + 202)J T

N

(F+2)(F+202)JsJs | (F +202)2TsJ

_QIC+(F ) 3ol | (F — U0 gy

(F_ F+2)F+2a2)J J/ 2a4ls+<F—MW)J J/
B [ ol + ( (42 ) Jod ( i) g g
Dll D12
- D21 D22

In order to compute A%2 = (Agy — Az3 A71 Ag2) ™! we must again employ the matrix
inversion technique used for the general block form found above. This involves finding
D! | D12
D2 | D22

where

-1

D' = <D11 — D12D2_21D21)
D12 - —DI11D12D22
-1

D*? = (Dzz — D21DI11D12)

D? = D, D, D

The Components of D!
First note that D5y can be written as

oot | NF — (F + 202)? 1.3
227 904 \"°  2Nat + S[NF — (F 4 202)?] 58

Pre-multiplying by D15, we find

B NF — (F +2)(F + 20?2
D12D221 = < ( N)( )JCJ/S> X
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1 NF — (F +2a?)? ,
— (15— A
204 2Nat 4+ S[NF — (F + 2a2)?]
NF —(F+2)(F+20°%) (1 1 NF — (F +2a?)?
2Na? 7S T PoONat + S[NF — (F + 2a2)?]
NF — (F + 2)(F + 2a?)

= J~J!
2Na' + S[NF — (F +2a2)2] '8

JCJg>

Post-multiplying by Daq,
_ NF — (F +2)(F + 2a?)
DysD31Dy = ’
1299 21 <2N()44+S[NF—(F+2C1’2)2]JCJS X
NF — (F +2)(F +2a?%) . _,
S[NF — (F + 2)(F 4 2a2)]?
N [2Na* + SNF — S(F + 202)?]

Il

Next, we subtract the above quantity from Dq; to obtain

NF—(F+2?.
o).
S[NF — (F +2)(F + 202))"
N[2Na*+ SNF — S(F + 2a2)?]
204 [NF — (F 4+ 2)?] — 4SF(a? — 1)?

2Nat + SNF — S(F + 2a?)?

= QIC + ’YQJcJ,C

Dy — D12D§21D21 = <QIC +

/
CJC

= 2+ JcJ,

where
204 [NF — (F 4 2)?] — 4SF(a? — 1)?
2Na*+ SNF — S(F + 2a?)

-1
Thus D! = (D11 — D12D§21D21) is given by

1
:D11::2<ic—-2+f;hJ¢Jg> (3.12)
The Components of D??

D_l—l I NF — (F +2)?
119 \"C 2N+ C[NF = (F +2)?

JCJg>
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Then, pre-multiplying by D7 and post-multiplying by D;2, we have

D;;D;iDiz = (NF_(F +]\?)<F+20[2)JSJ/C> -

1 NF — (F+2)? )

_2<L3_2N¥%CUV;—(F{%QQJORJ]'Dm

_ 'NF—(F+QXF+ZﬁXkI]_D

2N + CNF — C(F 4 2)2°5°¢] 7%
'NF—(F+QXF+2M)JJw‘[NF—(F+2XF+2M)

2N + ONF — C(F +2)2°%°¢ N

C[NF — (F +2)(F 4+ 20a2))°

= NBNFCONF—CO(F 127878

Ik

Then,

D2; — D3 D3 Dyy = (204415 +

CINF — (F + 2)(F + 22%)]?
N[2N +CNF — C(F +2)?]
2[NF — (F 4 2a%)?] —4CF(a? — 1)?

JsJl

= 221 JsJ:
@ s 2N + CNF — C(F 4 2)?] STs
= 2a*s +3Jsd (3.13)
where
2[NF — (F +202)?] —4CF(a? —1)?
2N +CNF - C(F +2)
Thus, by taking the inverse of (3.13), we find that
DL § N R W, 3.15
T 204 T 204+ Gy, 0TS (3.15)

The Components of D12

_ 1 NF — (F +2)?
DDy, = |=(Ic— JoJ!
1 HC 2N+ CINF—(F+2)7" ¢ Cﬂ
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NF — (F + 2)(F + 2a?)
N
_ NF—(F+2)(F+27) (; | CINF-(F+2 o
oN IS TON G+ C[NF— (F+2)7 '8
NF — (F +2)(F + 2a?)
2N +C[NF — (F +2)?]

JCng

JcJk

Then by post-multiplying by D?? given in (3.15), we have

Dl2 - —DIilDlzDzz
| NF - (F—I—2)(F+2042)J 5| 1 B B gy
IN+C[NF—(F+2?"°8] 208 \"® 2a%+ Sy "8
NF — (F + 2)(F + 2a?) , Svs ,
204 {2N + C'[NF — (F + 2)?]} 204 + S

B NF — (F +2)(F 4 2a?) ,
= T Rat+ SN+ CNF - C(F 127" (3.16)

The Components of D?!

First,

i (1. NF — (F + 202)? I
22 7 904 \"° " 2Nt + S[NF — (F 4 2a2)? 58

Next, we post-multiply by D37 to obtain

. 1 NF — (F + 2a%)?
DDy = |— (Is— JsJ!
22021 La4<s ONal + S[NF — (F+2a2)2] 578 )| ©

NF — (F + 2)(F + 2a?)
S

JSJg]
NF — (F+2)(F +2a?) (. ., S[NF — (F + 2a?%)? ,
2Na* 2Nat 4+ S[NF — (F + 2a2)?]
NF — (F +2)(F 4 2a?) I
2Nat + S[NF — (F + 202)?] 5"

Then,

D21 - —D;21D21D11
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)?]

2Nat 4+ S[NF — (F + 2a?)? 2 2+(12
NF — (F +2)(F + 2a?) , Cs ,
- _2{2Na4—|—S[NF—(F+2a2)2]}< slo = 510y, T8 le >
NF — (F + 2)(F + 2a?)

B _(2+CV2){2N044+S[NF—(F+2a2)2]}JsJ/c (3.17)

It can be shown algebraically that the scalars in (3.16) and (3.17) are equal to the

quantity %74 where

NF — (F +2)(F + 20?)
S[NF — (F +2a2)?| + Ca* [NF — (F + 2)?] + 2[Na* — CSF(a? — 1)?]
(3.18)

V4 = —

Therefore, combining the matrix forms from (3.12), (3.15), (3.16), and (3.17), we now

have A2%2,

A22 — ; Ic - 2+C~y srepJodce YaJcJs (3.19)
74JSJ/C é (IS 2a4+573JSJ/ )
The Components of A%1
A21 — —A;21A21A11
B 1 IC — 7&4J0J,C —"}/JcJ,S (F + 2).]0 ¢2 All

2l Isde | A (s dsTy) (F +20%)Js o3
1 [(F+2) — Cya (F +2) — SY(F +2a)]Jc ¢ Al

L [(F+20%) — Cya(F +2) — Sy(F +20°)]Js ¢

1| [(F42) = Cra*(F+2) = Sy(F+20)]Jc ¢
ai [(F +20%) = Cya(F +2) = $y(F +20%)] Js ¢

&
diag( di)

84!
b1
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n|  [(F+2)=Cral(F+2) - Sy(F+2a°)]Jc ¢

2 | L[(F +2a2) — Cyal(F +2) — Sy(F +20?)] Js ¢
J
_ | e P2 (3.20)
Yeds @3
where, after algebraic simplification
2(F + 2 Sy (F +202)(2+ C
- C2(F+2) 4 Su(F +20%)(2+ C,) (3.21)
2(F 4 2a? Cyu(F +2)(20* + S
V6 = _( —|—Oé)+ ’745 +)(04+ ’73) (322)
2N (20 + S7v3)
The Components of A2
A12 — —AI]:_I'A]_zAzz
_ * o) . (F+2)Jg (F+2a%)Jg A2
¢ diag (1) A o
1 (F+2)Js (F+2a2)Jg A2
Mg %
1 | (F+2)Js (F+2a2)Jg
= —— X
Ny o
Ic - QJFC7 se—Jcde Yadcds
WulsTo | & (Ts — 525 TsJb)
B 1 | E1|E2
- 2N
@ | P
where
E, = (F+2) [J'C 2—|—O J ] + Sy4(F + 20%)J g (3.23)
F + 2a? Sy,
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Then,
Al2 sde veds (3.25)
¢ ¢
where, after simplifying (3.23) and (3.24), 75 and 7 are the same quantities found in
equations 3.21 and 3.22.
Therefore, by combining the forms for A1, A2 A2 and A2%2, we now have the
closed form for the (X’X)~! matrix for a cylindrical design. The block form for the

(X'X)~! matrix is given in Figure 3.2. For convenience, the values for 71,72, ..., %

are displayed again below.

M & Y5Jc YoJ's

¢ diag (1) A A

Ysdc ¢ |1 | Lo srégdedc YaJcJs

vls ¢ |2 1udsTe | & (Ts — 25 IsJ6)

Figure 3.2: The (X’X)~! Matrix for a Cylindrical Design

20 + SF + CFa*

T N(2a% + SF + CFa*) — CaA(F +2) — S(F + 2a2)2 — 20SF(a? — 1)?
204 [NF — (F 4+ 2)?] — 4SF(a? — 1)?
72T T 9Nat + SNF — S(F + 202)?
_ 2[NF — (F 4 202)? — 4CF(a? — 1)?
= ON + CNF — C(F +2)?
L NF — (F 4 2)(F + 2a?)
T T TGINF — (F+202)% + Ca*[NF — (F + 2)2] + 2[Na* — CSF(a2 — 1)7]
= 2(F 4 2) + Sva(F + 202)(2 + Cv)
-
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2(F 4+ 2a?%) + Cy4(F + 2)(2a* + S3)
2N (204 + S73)

Y6 = —

Now that we have the closed form for the inverse of the X’X matrix, we can easily
find a closed form for the trace which will allow study of A-efficiencies. However, we
first desire to find a closed form for the scaled prediction function in order to study

G-efliciencies and I'V-efficiencies.

Scaled Prediction Variance Function

In order to study G- and IV-efficiencies, we need a closed form for the scaled
prediction variance N f(z, z)(X’X) ™ f(z, z) where f(z, 2) is the vector of polynomial

terms from the second order model for a cylindrical design.

flx,2) = { Lo | 20 | ox | 2x | (22)x | 20 | 20 } (3.26)
r, = [z1,...,20]
2z = [z1,...,25]
Tx = [T122,...,20_120]
zx = |z129,...,25-12¢]
(x2)x = [T121,...,%025]
rg = [mf,,xzc}
zg = [zf,,zg}

Using Equation 3.26 we begin by post-multiplying (X'X)~! by f(z, z) and get:
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Y1+ Y5 o 2+ e ey 22

1
Fr2tL
1
F+2a2? <L

Fx
Fox

+(22)x
Vs + 3 (xf ~ 576 Sl ) v 1Zk)

75"‘%(37%_%5722 T e 1Zk)

(X'X)7 f(z,2) =

75+%(x 2+CWE 1T+ e 1Zk)
Yo + 3 ('74 S aF o zf 207157 Skt Z/%)

1 c .2 1 [.2 ¥3 s 2]
Y6+ 3 (’74 i1 Ty + g 172 = 2ad1 57, 2 k=1 Zk)

1 C 2 1 [.2 3 S 2]
| Y6t 3 (% 21 Tt o7 |75 T saiygy; k=1 Zk)

Next, pre-multiplying by N f(z, z)" yields
V(x,z) = Nf(z,2)(XX)" f(,2)

c s c | s
= N[71+752$?+762Z2 F—I—QZx +m222
=1

=1 k=1 =1
C

1

;(%Zx —I—Zszzl—i—

i=1 j=i+1 k=1 1=k+1 3

S c
Zx Z)+’Y5ZCL’?

1

ki
2 5
4_7 e 2
tpyat =y () (L) +n X gy

k=1

_21 (2a4+873> (g Z’“>2+74 <;$2> <k2::1zz>:|

After simplification, we have the closed form for the scaled prediction variance of a

second order model for a cylindrical design.
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Theorem 3.1 For a cylindrical design with C' cuboidal factors and S spherical fac-

tors, the scaled prediction variance for the second order model is given by

V(Xv Z) = Nf(SL’, Z>/<X/X)71f<x> Z)

i=1 j=i+1 k=1 l=k+1

(0_1 XC: +Z Z Zkzl) (;JF%)iZa??le

247 T 20t 2T 2\ 24 O, '

_21 <2a4+57><§: )

Equation 3.27 will be used in later chapters as we study the maximum and average

2

(3.27)

prediction variance of cylindrical designs. However, we now turn our attention to the

trace of the (X’X)~! matrix, so that we can study the A-criterion.

A-efficiencies for Cylindrical Designs

Recall that A-efficiencies are based on the trace of the (X'X)™! matrix. Because
the trace is just the sum of the diagonal elements, we easily find the closed form for

the trace of (X’X)™! for a cylindrical design.

Theorem 3.2 For a cylindrical design with C cuboidal factors and S spherical fac-

tors, the closed form for the trace of the (X'X)™! matriz is given by:

C S CS
r[(XX)7 = Fiz + Ffw + (2)+ (P‘i) i
c <2+(C—1)72> N S <2044+(S—1)73

2 24 Cvys 2a4 204 + S

) (3.28)
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Using the statistical software package R, exact A-efficiencies have been found by
applying Equation 3.28 to the formula given in Equation 1.2.

From Table 3.1, it can be seen that the cylindrical design with 1 cuboidal factor
has the highest A-efficiency when 1 center point is used among other designs with
the same number of factors. The pattern of A-efficiencies can be seen in Figure 3.3.
The CCD with cuboidal region has the lowest A-efficiency, and as the number of
spherical factors increases, the A-efficiency increases until all factors are spherical in
which case the A-efficiency drops. Therefore if one center point is utilized and there
are restrictions on one or more of the factors, it is advantageous to use the cylindrical
design. Even if there are no restrictions on any factors, a cylindrical design with 1
cuboidal factor would be better than a CCD with a spherical region according to the
A-criterion.

When a second center point is added, the A-efficiency increases significantly for the
CCD with a spherical region. However, the cylindrical design with 1 cuboidal factor
still has the highest A-efficiency except for the case of when there are 3 factors. As
the number of center points increases, the CCD with a spherical region becomes the
most A-efficient design. This can be seen in Figure 3.3 for the case of using 5 center
points. Interestingly, the A-efficiency for a cylindrical design with 1 cuboidal factor
increases as more center points are added. Note that in Figure 3.3, the A-efficiencies
for the cylindrical design with 1 factor and the CCD with a spherical region are quite
similar for larger numbers of factors.

The results shown here indicate that if an experiment requires restrictions on 1
or more of the factors and the experimenter uses at least 1 center point, the best
design to choose according to A-efficiency is a cylindrical design where the factors
with restrictions should be the cuboidal factors and all other factors spherical. This

advice is the same as what was implied by the D-efficiency.
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Table 3.1: A-efficiencies for between 3 and 10 factors with between 1 and 5 center
points

No =1
Factors | C | S | A-eff (Full) | A-eff (Frac) | N (Full) | N (Frac)
3 0 3 32.40 15
1 2 38.28
3 0 31.29
4 0 4 31.65 25
1 3 42.10
2 2 34.21
4 0 25.49
5 0 5 28.45 36.95 43 27
1 4 41.97 48.35
2 3 33.11 40.55
3 2 24.75 32.11
5 0 18.55 25.20
6 0 6 23.44 33.72 e 45
1 5 38.05 48.74
2 4 28.73 39.29
3 3 21.06 30.40
4 2 16.02 24.01
6 0 12.31 18.98
7 0 7 17.75 28.06 143 79
1 6 31.50 44.79
2 5 22.63 34.31
3 4 16.15 25.67
4 3 12.21 20.00
5 2 9.60 16.05
7 0 7.58 12.88
8 0 8 12.50 32.32 273 81
1 7 24.02 50.25
2 6 16.42 39.15
3 5 11.41 29.87
4 4 8.54 23.67
5 3 6.73 19.37
[§ 2 5.46 16.16
8 0 4.42 13.40
9 0 9 8.30 24.87 531 147
1 8 17.06 42.88
2 7 11.15 31.41
3 6 7.58 22.98
4 5 5.62 17.77
5 4 4.42 14.35
6 3 3.61 11.93
7 2 3.01 10.08
9 0 2.49 8.46
10 0 10 5.27 28.31 1045 149
1 9 11.43 47.65
2 8 7.20 35.41
3 7 4.81 26.27
4 6 3.54 20.51
5 5 2.77 16.69
6 4 2.26 14.00
7 3 1.90 11.98
8 2 1.62 10.36
10 0 1.37 8.87
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Table 3.1 Continued

No =2
Factors | C | S | A-eff (Full) | A-eff (Frac) | N (Full) | N (Frac)
3 0 3 44.94 15
1 2 40.90
3 0 30.68
4 0 4 45.40 25
1 3 45.69
2 2 34.14
4 0 24.91
5 0 5 42.75 49.83 43 27
1 4 46.50 51.29
2 3 33.57 40.28
3 2 24.55 31.36
5 0 18.27 24.47
6 0 6 37.07 48.24 7 45
1 5 43.14 53.00
2 4 29.47 39.66
3 3 21.10 30.12
4 2 15.93 23.64
6 0 12.20 18.64
7 0 7 29.52 42.76 143 79
1 6 36.56 50.01
2 5 23.41 35.07
3 4 16.28 25.70
4 3 12.22 19.88
5 2 9.58 15.91
7 0 7.55 12.75
8 0 8 21.71 47.46 273 81
1 7 28.50 55.30
2 6 17.08 39.90
3 5 11.55 29.88
4 4 8.57 23.53
5 3 6.73 19.20
6 2 5.46 16.00
8 0 4.41 13.25
9 0 9 14.93 39.18 531 147
1 8 20.64 48.60
2 7 11.65 32.33
3 6 7.69 23.14
4 5 5.65 17.76
5 4 4.43 14.30
6 3 3.61 11.88
7 2 3.00 10.03
9 0 2.49 8.41
10 0 10 9.73 43.36 1045 149
1 9 14.05 53.38
2 8 7.54 36.36
3 7 4.88 26.43
4 6 3.56 20.50
5 5 2.78 16.64
6 4 2.27 13.93
7 3 1.90 11.92
8 2 1.62 10.30
10 0 1.37 8.82
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Table 3.1 Continued

No =3
Factors | C | S | A-eff (Full) | A-eff (Frac) | N (Full) | N (Frac)
3 0 3 50.33 15
1 2 41.50
3 0 29.74
4 0 4 52.29 25
1 3 47.29
2 2 33.73
4 0 24.28
5 0 5 50.93 55.49 43 27
1 4 49.13 52.41
2 3 33.68 39.70
3 2 24.28 30.57
5 0 17.97 23.75
6 0 6 45.80 55.82 7 45
1 5 46.52 55.34
2 4 29.90 39.69
3 3 21.08 29.78
4 2 15.83 23.26
6 0 12.09 18.30
7 0 7 37.82 51.57 143 79
1 6 40.21 53.37
2 5 23.94 35.51
3 4 16.37 25.65
4 3 12.20 19.75
5 2 9.54 15.76
7 0 7.51 12.61
8 0 8 28.76 55.97 273 81
1 7 31.92 58.46
2 6 17.57 40.30
3 5 11.66 29.81
4 4 8.59 23.36
5 3 6.73 19.03
6 2 5.45 15.84
8 0 4.40 13.11
9 0 9 20.34 48.35 531 147
1 8 23.50 52.57
2 7 12.02 32.95
3 6 7.78 23.23
4 5 5.67 17.74
5 4 4.43 14.25
6 3 3.61 11.82
7 2 3.00 9.98
9 0 2.48 8.36
10 0 10 13.55 52.57 1045 149
1 9 16.22 57.28
2 8 7.79 36.99
3 7 4.94 26.52
4 6 3.58 20.47
5 5 2.79 16.58
6 4 2.27 13.87
7 3 1.90 11.85
8 2 1.62 10.25
10 0 1.37 8.76
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Table 3.1 Continued

No =4
Factors | C | S | A-eff (Full) | A-eff (Frac) | N (Full) | N (Frac)
3 0 3 52.53 15
1 2 41.15
3 0 28.68
4 0 4 55.90 25
1 3 47.85
2 2 33.14
4 0 23.63
5 0 5 55.93 58.09 43 27
1 4 50.67 52.61
2 3 33.59 38.96
3 2 23.97 29.77
5 0 17.67 23.06
6 0 6 51.73 60.14 7 45
1 5 48.83 56.62
2 4 30.15 39.51
3 3 21.00 29.38
4 2 15.70 22.87
6 0 11.97 17.96
7 0 7 43.93 57.27 143 79
1 6 42.92 55.63
2 5 24.32 35.74
3 4 16.41 25.55
4 3 12.18 19.59
5 2 9.50 15.61
7 0 7.47 12.48
8 0 8 34.31 61.22 273 81
1 7 34.60 60.52
2 6 17.93 40.50
3 5 11.73 29.68
4 4 8.61 23.18
5 3 6.73 18.85
6 2 5.44 15.67
8 0 4.39 12.97
9 0 9 24.84 54.66 531 147
1 8 25.83 55.43
2 7 12.31 33.38
3 6 7.84 23.28
4 5 5.69 17.70
5 4 4.44 14.19
6 3 3.61 11.76
7 2 3.00 9.92
9 0 2.48 8.31
10 0 10 16.86 58.69 1045 149
1 9 18.04 60.05
2 8 7.99 37.42
3 7 4.99 26.56
4 6 3.59 20.42
5 5 2.79 16.51
6 4 2.27 13.80
7 3 1.90 11.79
8 2 1.62 10.19
10 0 1.37 8.71
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Table 3.1 Continued

No =5
Factors | C | S | A-eff (Full) | A-eff (Frac) | N (Full) | N (Frac)
3 0 3 53.12 15
1 2 40.35
3 0 27.60
4 0 4 57.74 25
1 3 47.82
2 2 32.46
4 0 22.98
5 0 5 59.08 59.16 43 27
1 4 51.53 52.30
2 3 33.37 38.15
3 2 23.62 28.98
5 0 17.36 22.39
6 0 6 55.91 62.68 7 45
1 5 50.45 57.26
2 4 30.26 39.21
3 3 20.90 28.97
4 2 15.57 22.49
6 0 11.85 17.64
7 0 7 48.58 61.13 143 79
1 6 44.98 57.16
2 5 24.58 35.83
3 4 16.43 25.42
4 3 12.15 19.43
5 2 9.46 15.46
7 0 7.43 12.35
8 0 8 38.78 64.66 273 81
1 7 36.75 61.87
2 6 18.20 40.55
3 5 11.78 29.52
4 4 8.61 22.99
5 3 6.72 18.67
6 2 5.43 15.51
8 0 4.38 12.83
9 0 9 28.63 59.20 531 147
1 8 27.76 57.56
2 7 12.53 33.67
3 6 7.89 23.28
4 5 5.71 17.65
5 4 4.44 14.13
6 3 3.61 11.70
7 2 3.00 9.87
9 0 2.48 8.26
10 0 10 19.75 62.99 1045 149
1 9 19.59 62.08
2 8 8.15 37.71
3 7 5.03 26.56
4 6 3.60 20.36
5 5 2.80 16.44
6 4 2.27 13.73
7 3 1.90 11.72
8 2 1.62 10.13
10 0 1.37 8.66
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Figure 3.3: A-efficiencies for between 3 and 10 factors comparing use of 1 and 5 center
points. For 5 or more factors, it is assumed that the appropriate fractional factorial
design is used.
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SPHERICAL PREDICTION VARIANCE AND THE G-CRITERION

The Maximum Spherical Prediction Variance

In choosing a design based on the G-criterion, the goal is to select the design
that has the smallest maximum prediction variance. In order to find G-efficiencies, it
simplifies calculations to consider an alternate form of the prediction variance. First,
note that by rearranging terms in the scaled prediction variance function given in

(3.27), we can rewrite the scaled prediction variance function as:

Vix,z) = Nf(z,2)(XX)" f(z,2)

C S
_ 2 2
B N[71+<275+F+2>Zx’ * (2%+F+2 )kz::l g
2 2
1/1 72 SN 1/1 73 o,
2<F 2+072> (1"@) * 2<F wi(@at + 5y ) (257
+<1+7> fj:ﬁ >z +1<1—1>§ij4
F ! =1 ' k=1 : 2 F =1 '
1/1 1\,
(L2 41
* 2(a4 F)kz_:lzkl (4.1)

In their paper that introduced the concept of rotatable designs, Box and Hunter
[3] wrote the scaled prediction variance function in terms of a radius from the center
of the design space. Since then, writing the prediction variance function in terms of
a spherical radius has been used in studying the properties of the prediction variance
throughout the design space. Because cylindrical designs have two sets of variables,
cuboidal and spherical, it is natural to consider writing the scaled prediction variance
in terms of two radii, one for each set of factors. For example, the scaled prediction

variance function given in (4.1) can be written as:

C S
V(x,2) = N |A+ Bp. + Dp> + Ep, + Gpl + Hpyp2 + 1 _aj + T 2| (4.2)



o1

where
c
P2 = fo where 0 < p, < VC
i=1
s
P = Zz,z where 0 < p, < VS
k=1
and
_ _1(1
A=m G =5 (5~ watrsm)
1
B:2’Y5+m H:%""M
1

E-1(b-r2s) J-(x-4)

Our goal is to write the maximum spherical prediction variance in terms of the
two radii and then find the maximum of the maximum spherical prediction variances
over the entire hypercylindrical space. Borkowski [2] gave closed forms for the av-
erage, maximum, and minimum spherical prediction variance for CCDs in both a
hypersphere and a hypercube. Because our interest is in finding G-efficiencies, we
will focus on finding a closed form for the maximum spherical prediction variance for
a cylindrical design. By following and slightly modifying Borkowski’s proof, we derive
this closed form.

First note from (4.2) that the maximum spherical prediction variance depends

only on p,, p., and the sums of quartic terms. Let

c S
Cpﬁ,pz:{x,z:Zx?:pi, —1<x, <1, Zz,%:pi, —\/§§zk§\/§}

i=1 k=1

be the set of points that make up the hypercylindrical design space. We seek to
maximize V' (x,z) in (4.2) by considering all possible combinations of the radii p, and

p.. Let x be fixed and let A\, be the Lagrange multiplier associated with the constraint

S

2 _ 2
sz_pz
k=1
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and consider the function

w.(x,2,\,) =V(x,2) + A\, (sz 3)

The corresponding system of partial derivatives is

ow
o= 22022+ \,) for 1<k<S
3zk
dw, NP
Z J—
a)\z kX::l k z
Equating these partial derivatives to zero yields z, = 0 or A\, = —2Jz7. Let
n, = the number of occurrences where z, = 0 and
S —n, = the number of occurrences where A\, = —2.J z,%
S
Because of permutation invariance of the z;s in Z 2, we can, without loss of gener-

k=1

ality, let z =0 for 1 <k <mn, and let \, = —2Jz} forn, + 1 < k < S. Then

21=2=...=2,, =0
and
|Zn.1] = |zn.42| = ... = |2s]
This implies that
s
pe =D 2 =(S—n)z
k=1

which in turn implies that

0 for 1 <k <n,

\/%722 forn,+1<k<§S

2l —

Substitution yields
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S
which is an increasing function of n,. Thus to maximize Z zﬁ, set n, =5 — 1 and
k=1
s
to minimize Z 2z, set n, = 0. Then using sign and permutation invariance, we have
k=1
S 4
min Yz, = Pz which occurs at any z = <j:,0z j:pz>
ko = e
€2 .7 S V'S V'S
S

4 4 1
= hich t = ...,0,%p,,0,...
I?Gag(kil 2 p, which occurs at any z = (0,...,0,4p,,0,...,0)

By substituting the above values into (4.2) and considering x fixed, the spherical

prediction variance function maximized with respect to p, can be written as

C
VMAXy, =N |A+ Bp:+Dp2+ Ep,+ Gp, + Hp2p? + 1Y xj + Jops|  (4.3)

T
=1

with

J <0

S
I
ol

J>0

c
Now to maximize VMAX , with respect to p,, we fix p, and maximize [ z::zc;l
i=1

c
subject to the constraint p2 = 7.

i=1
Case I 0 < p, <1

C
Fix p, and let )\, be the Lagrange multiplier associated with p? = Za:f Consider
i=1
the following function.
c c
We (X, P P2 Aa) = A+ Bp2+-Dp2+ Ep,+Gplt Hpl 241 ai+Jopit-Aa <Z ] — pi)
i=1 i=1
Taking partial derivatives and equating to zero yields results similar to the case of
S

S

1 1

maximizing Z 2 subject to p? = Z z2. Note that I = 2 <1 — F) is always positive
k=1 k=1
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C
because F' > 1. Thus, to maximize V' (x,z) we need only maximize fo Therefore,
i=1

c
for fixed p, and for 0 < p, <1, we substitute p? for Y} in (4.3) and obtain
i=1

VMAX,,,. = N |A+ Bp? + Dp? + Eps + Gpt + Hp2p? + Ip, + Jopl|  (4.4)

and the maximum occurs at any (x) = (0,...,0,%p,,0,...,0).

Case II: 1 < p, </C

Define r and t as r = ixf and ¢t = ixf Since p, > 1 and —1 < z; < 1 for each i,
we know 1 < r < C. Z;iso, there exizs:tls an integer i € {1,2,...,C} and a d € [0,1)
such that r = i + §?. Because of sign and permutation invariance of r = zcjxf with

i=1
respect to x we can suppose without loss of generality that

1>2m 222 ...22020

Let u be the largest integer such that z,, > 0 and x,,; = 0. By fixing r, x9,... 2,1

we can consider z, and t as functions of z;:

u—1
2 2 2
=2
u—1
4 4 4
t = Z T, +x]+2x,
=2

Taking partial derivatives with respect to x; yields

0z, Oz,
QIU(ﬁ):_le;sx__%

0y 0y Ty

and

8361
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Because xy > z, > 0, increasing x; will simultaneously decrease x, and increase t
while preserving the ordering of x; > zo > ... > x, > 0. The process is iterated
until ¢ is maximized. Thus, for a fixed r = i + 6% (and using sign invariance), ¢ is

maximized at

Xmazx = |$i+1’ =0
Tipa=Tyy3=...=2¢c =10

or at any permutation of these coordinates. Evaluated at x,,,, we have
t=i+06" =i+ (r—i)?

Let the floor function |r| represent the greatest integer < r. When 1 < p, < v/C we

have r = p2 and i = |p2]. Therefore,
4 2 2 2)?
max > at = [p2] + (2 — [p2)) (4.5)

c
Then, for 1 < p, < +/C and for a fixed p, we substitute the value in (4.5) for >_ 7

i=1
in (4.3) and obtain

VMAX,,,. = N{A+ Bp+Dp?+ Ep,+ Gpl+ Hp2p?

+1 {162+ (2 = 121)°| + dont (16)

Next, note that for 0 < p, < 1, we have that p* = |p2] + (p2 — |p2])°. Therefore,
the maximum spherical prediction variance given in (4.6) holds true for all values of
pz- The equation for the maximum spherical prediction variance is stated formally in

the following theorem.
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Theorem 4.1 For a cylindrical design with C' cuboidal factors and S spherical fac-

tors, the maximum spherical prediction variance function is given by

VMAX,,,. = N{A+ Bp+ Dp’+ Ep,+ Gpl+ Hplp’
2
{162+ (2 = 2)°] + ot}
with
2 J<0
Jo=14 "
J J>0

and for any x,z € C,, ,. the mazimum occurs at any permutation of the following

coordinates:
(0,...,0,%p,0,...,0) 0<p, <1
Xmazr —
(£1,41,...,£1,5,0,...,0) 1<p, <VC, §€[0,1)
+p. +p.
- (%,..., %) J<0
(0,...,0,%p,,0,...,0) J>0

G-efficiencies for Cylindrical Designs

From Theorem 4.1, the coordinates of the point(s) of maximum prediction variance
can be ascertained from knowing where the maximum prediction variance occurs in
terms of the radii. Using the statistical software package R, we used a fine grid
of p, and p, values to search for the maximum spherical prediction variance. The
maximum occurred at a radius p, = 0 or p, = « for the spherical variables and at
ps =Vifori=1,2,...,C for the cuboidal variables. Because only a grid search was
used, we have not proven that the proposed G-efficiencies are exact. These results,
however, are consistent with the results for CCDs in cuboidal and spherical regions

in Borkowski [2]. A proof of the exactness of the efficiencies is left for future research.
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As an example, consider the case of an experiment with 7 factors where 4 are
cuboidal and 3 are spherical. Further assume that a 2{;} fractional factorial is used
for the factorial points and that there is 1 center point. According to Table 4.1, the
maximum occurs at the radii (p,,p.) = (vV2, V/3). Because p, > 1, the maximum
prediction variance over x occurs at (£1,+1,0,0) or at any permutation of these co-

ordinates. The coordinates for z depend on whether J in (4.6) is positive or negative.

Because
171 1
J = - |—=—-—=
2 <a4 F)
1 1 1
= —|—5-
2 <\/§) 64
95
1152
> 0,
the maximum prediction variance over z occurs at (0,...,0, :i:\/g,O, ...,0) or any

permutation of these coordinates. Thus, the maximum prediction variance occurs at
(+1,+1,0,0/0,...,0, ++/3,0, . .. ,0) or any permutation of the x— and z—coordinates
where the | notation indicates the location of the separation between the cuboidal
and spherical factors.

We now discuss the G-efficiencies in Table 4.1, and we use the definitions of
CCD(c) and CCD(s) as defined on page 6. If a response surface study involves 3 or
4 factors and the experimenter decides to use just one center point, then the CCD(c)
has higher G-efficiency than the CCD(s) or a cylindrical design. However, for 5 or
more factors and the same scenario, the cylindrical design with one cuboidal factor
and the rest spherical is the most efficient design by the G-criterion. When 2 or more
center points are used, the G-efficiency for the CCD(s) increases dramatically and

the CCD(s) is more G-efficient than the CCD(c) or a cylindrical design. In the class
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of cylindrical designs, the G-efficiency increases as the number of spherical factors
increases, regardless of the number of center points.

Cylindrical designs with fewer number of spherical factors tend to have lower
G-efficiency than the CCD(c). For example, consider an experiment in 8 factors
where a 272 fractional factorial is used and further suppose that 4 center points
are used. Then, according to Table 4.1, a CCD(c) has a G-efficiency of 45.27%
while a cylindrical design with 6 cuboidal and 2 spherical factors has a G-efficiency of
41.83%. A cylindrical design with 5 cuboidal and 3 spherical factors has a G-efficiency
of 43.17%, but a cylindrical design with 4 cuboidal and 4 spherical factors is 47.15%
G-efficient. Thus, as long as there is at least one but not more than 4 factors with
strict ranges on the levels, a cylindrical design is more G-efficient than the CCD(c).
For a graphical summary of G-efficiencies for cylindrical designs and CCDs, see Figure
4.1 on 64.

In general, if the experiment consists of 3 or 4 factors, and some but not all
factors have strict ranges on the levels, a CCD(c) is the more efficient design by the
G-criterion. For 5 or more factors, determining patterns in G-efficiencies when using
a cylindrical design or a CCD(c) depends on how many factors have strict ranges.

Consulting Table 4.1 or Figure 4.1 will help in coming to a decision.
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Table 4.1: G-efficiencies for between 3 and 10 factors with between 1 and 5 center

points
No =1
Factors | C' | S | G-eff (Full) | G-eff (Frac) | N (Full) | N (Frac) | max (pz,pz)funr | max (pz,pz) frac

3 0| 3 66.67 15 (NA4,0)
1] 2 75.47 (1,0)
310 83.62 (V3,NA)

4 0| 4 60.00 25 (NA,0)
1 3 77.62 (1,/3)
2 | 2 70.01 (1,v2)
4 |0 77.98 (V3,NA)

5 0[5 48.84 77.78 43 27 (NA,0) (NA,0)
1] 4 73.99 85.71 (1,2) (1,2)
2 | 3 58.56 72.01 (1,/3) (v2,v/3)
3| 2 54.55 66.91 (V2,v?2) (vV2,v?2)
5 1 0 60.16 74.91 (V3,NA) (2,0)

6 0] 6 36.36 62.22 77 45 (NA,0) (NA,0)
1|5 63.10 84.61 (1,4/5) (1,v5)
2 | 4 45.87 67.78 (1,2) (1,2)
3] 3 41.58 58.95 (v2,V3) (V2,V3)
4 | 2 38.14 57.07 (V2,V2) (V2,V2)
6 | 0 41.71 62.52 (V3,NA) (2, NA)

7 0| 7 25.17 45.57 143 79 (NA,0) (NA,0)
116 46.75 73.50 (0,/6) (1,v/6)
2 | 5 33.15 54.29 (1,+/5) (1,v/5)
3| 4 29.95 47.69 (v2,2) (v2,2)
4 | 3 25.98 42.94 (v2,V/3) (v2,V3)
5 | 2 24.92 41.02 (vV2,v2) (V3,V?2)
710 26.41 44.17 (2, NA) (2, NA)

8 0| 8 16.48 55.56 273 81 (NA,0) (NA,0)
1|7 31.54 84.39 (0,v7) (1,v7)
2 | 6 22.34 63.20 (1,/6) (1,6)
315 20.10 54.41 (1,v/5) (v/2,V5)
4 | 4 17.08 48.88 (V2,2) (V2,2)
5 | 3 15.85 44.76 (V2,V3) (v/3,V3)
6 | 2 14.75 43.35 (vV3,V2) (V3,V?2)
8 | 0 15.57 47.23 (2, NA) (2, NA)

9 09 10.36 37.41 531 147 (NA4,0) (NA,0)
1| 8 20.20 65.52 (0,v8) (1,v8)
2 |7 14.27 46.20 (1,v7) (1,V7)
3|6 12.75 40.56 (1,V/6) (v2,V6)
4 |5 10.79 35.15 (V2,/5) (v2,v/5)
5 | 4 9.87 32.05 (v2,2) (v3,2)
6 | 3 8.93 29.55 (v/3,V3) (V3,V3)
7| 2 8.52 28.55 (V3,v2) (2,V2)
9 | 0 9.00 30.11 (2,NA) (v/5, NA)

10 0 |10 6.32 44.30 1045 149 (NA,0) (NA,0)
1] 9 12.47 74.84 (0,3) (1,3)
2 8 8.78 53.32 (1,/8) (1,v/8)
3|7 7.82 46.38 (1,v7) (WV2,V7)
4 | 6 6.59 40.30 (v/2,V6) (V2,V6)
5 |5 5.99 36.35 (v2,V5) (v3,V5)
6 | 4 5.36 33.36 (V3,2) (V3,2)
71 3 5.00 31.25 (V3,V3) (2,V3)
8 | 2 4.74 30.14 (2,v2) (2,v2)
10| 0 4.94 32.04 (V5,NA) (v/5,NA)
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No =2
Factors | C | S | G-eff (Full) | G-eff (Frac) | N (Full) | N (Frac) | max (pz,pz)fur | max (pz, pz)frac

3 0| 3 94.59 16 (NA,V3)
1| 2 71.00 (1,v2)
3]0 78.55 (V3,NA)

4 0| 4 98.90 26 (NA4,2)
1|3 74.72 (1,/3)
2 | 2 67.40 (1,v2)
4 |0 75.08 (V3,NA)

5 0| 5 87.92 87.64 44 28 (NA,/5) (NA,V5)
1] 4 72.33 82.74 (1,2) (1,2)
2 | 3 57.26 69.47 (1,v3) (v2,V3)
31 2 53.33 64.53 (V2,V/2) (V2,v2)
5 1 0 58.95 72.25 (v3,NA) (2,0)

6 0| 6 70.56 96.95 78 46 (NA,\6) (NA,/6)
1| 5 62.29 82.80 (1,/5) (1,v5)
2 | 4 45.30 66.32 (1,2) (1,2)
3| 3 41.06 57.67 (v/2,V3) (V2,V3)
4 | 2 37.67 55.86 (V2,v?2) (V2,V?2)
6 | 0 41.30 61.22 (V3,NA) (2,NA)

7 0| 7 50.00 84.72 144 80 (NA,0) (NA,V7)
1|6 46.60 72.59 (0,/6) (1,v6)
2 5 32.93 53.62 (1,v/5) (1,v/5)
3| 4 29.74 47.10 (V2,2) (V2,2)
4 | 3 25.81 42.42 (V2,/3) (V2,v3)
5 | 2 24.77 40.52 (V2,V2) (V3,V?2)
7010 26.27 43.67 (2, NA) (2, NA)

8 0| 8 32.85 99.78 274 82 (NA,0) (NA,0)
1|7 31.51 83.37 (0,V/7) (1,V7)
2 | 6 22.26 62.44 (1,/6) (1,v6)
315 20.04 53.75 (1,+/5) (v2,V5)
4 | 4 17.02 48.29 (V2,2) (+2,2)
5 | 3 15.79 44.21 (v2,V3) (v/3,V3)
6 | 2 14.70 42.83 (v/3,V2) (V3,V2)
8 | 0 15.53 46.33 (2,NA) (V5, NA)

9 0|9 20.68 72.45 532 148 (NA,0) (NA,3)
1|8 20.21 65.08 (0,v8) (1,v8)
2 |7 14.25 45.89 (1,v7) (1,v7)
31 6 12.73 40.29 (1,/6) (v/2,V6)
4 |5 10.77 34.92 (V2,/5) (v2,v/5)
5 | 4 9.85 31.83 (v2,2) (v3,2)
6 | 3 8.91 29.36 (v/3,V3) (V3,V3)
7| 2 8.50 28.36 (V3,V2) (2,V2)
9 | 0 8.97 29.92 (v/5,NA) (v/5,NA)

10 0 |10 12.62 83.92 1046 150 (NA,0) (NA,V/10)
1] 9 12.48 74.34 (0,3) (1,3)
2 | 8 8.77 52.97 (1,/8) (1,4/38)
3|7 7.81 46.07 (1,v7) (WV2,V7)
4 | 6 6.59 40.03 (v/2,V6) (V2,V6)
5 | 5 5.99 36.11 (V2,V5) (v3,/5)
6 | 4 5.36 33.14 (V3,2) (V3,2)
71 3 5.00 31.05 (V3,V3) (2,V3)
8 | 2 4.74 29.95 (2,v2) (2,v2)
10| 0 4.93 31.84 (V5,NA) (v/5,NA)
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No =3
Factors | C | S | G-eff (Full) | G-eff (Frac) | N (Full) | N (Frac) | max (pz,pz)fur | max (pz, pz)frac

3 0| 3 89.03 17 (NA,V3)
1| 2 66.94 (1,v2)
310 74.02 (vV3,NA)

4 0| 4 95.24 27 (NA4,2)
1|3 72.00 (1,/3)
2 | 2 64.95 (1,v2)
4 |0 72.36 (V3,NA)

5 0| 5 85.96 84.62 45 29 (NA,/5) (NA,V5)
1] 4 70.74 79.94 (1,2) (1,2)
2 | 3 56.01 67.09 (1,v3) (v2,V3)
31 2 52.15 62.31 (V2,V/2) (V2,v2)
5 | 0 57.77 69.77 (v3,NA) (2,0)

6 0| 6 69.66 94.89 79 47 (NA,\6) (NA,V6)
1| 5 61.51 81.06 (1,/5) (1,v5)
2 | 4 44.74 64.92 (1,2) (1,2)
31 3 40.54 56.45 (V2,4/3) (v2,V3)
4 | 2 37.21 54.69 (V2,V2) (V2,V?2)
6 | 0 40.87 59.96 (V3,NA) (2,NA)

7 0| 7 51.20 83.68 145 81 (NA,VT) (NA,V7)
1|6 46.38 71.70 (0,/6) (1,v6)
2 |5 32.71 52.97 (1,v/5) (1,v5)
3| 4 29.54 46.52 (V2,2) (V2,2)
4 | 3 25.63 41.90 (V2,/3) (v2,V3)
5 | 2 24.61 40.03 (V2,V2) (V3,V?2)
710 26.12 43.17 (2, NA) (2, NA)

8 0 | 8 34.77 98.58 275 83 (NA,V8) (NA,V/8)
1|7 31.45 82.37 (0,V/7) (1,V7)
2 | 6 22.19 61.70 (1,v/6) (1,V6)
315 19.97 53.10 (1,/5) (v/2,V5)
4 | 4 16.96 47.72 (V2,2) (V2,2)
5 | 3 15.74 43.68 (v2,V3) (V3,V3)
6 | 2 14.65 42.32 (v3,V2) (V3,V?2)
8 | 0 15.49 45.79 (2,NA) (V/5, NA)

9 09 22.27 71.96 533 149 (NA4,3) (NA4,3)
1| 8 20.20 64.65 (0,V8) (1,v8)
2 |7 14.23 45.59 (1,v7) (1,vV7)
316 12.71 40.02 (1,v6) (v/2,V6)
4 |5 10.75 34.69 (V2,/5) (v2,v/5)
5 | 4 9.84 31.62 (v2,2) (v3,2)
6 | 3 8.89 29.16 (v/3,V3) (V3,V3)
7| 2 8.49 28.17 (V3,V2) (2,v2)
9 | 0 8.95 29.74 (v/5,NA) (v/5, NA)

10 0 | 10 13.69 83.36 1047 151 (NA,/10) (NA,V10)
1] 9 12.48 73.85 (0,3) (1,3)
2 | 8 8.76 52.63 (1,/8) (1,v/73)
3|7 7.80 45.76 (1,v7) (V2,V7)
4 | 6 6.58 39.77 (v/2,V6) (V2,V6)
5 |5 5.98 35.87 (v/2,V5) (V3,V5)
6 | 4 5.35 32.92 (vV3,2) (v3,2)
71 3 4.99 30.84 (v/3,V3) (2,v3)
8 | 2 4.73 29.75 (2,v2) (2,V2)
10| 0 4.93 31.65 (V5,NA) (v5,NA)
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No =14
Factors | C | S | G-eff (Full) | G-eff (Frac) | N (Full) | N (Frac) | max (pz,pz)fur | max (pz, pz)frac

3 0| 3 84.08 18 (NA,V3)
1| 2 63.29 (1,v2)
3]0 69.97 (V3,NA)

4 0| 4 91.84 28 (NA4,2)
1|3 69.46 (1,/3)
2 | 2 62.67 (1,v2)
4 |0 69.83 (V3,NA)

5 0| 5 84.10 81.80 46 30 (NA,/5) (NA,/5)
1| 4 69.21 77.30 (1,2) (1,2)
2 | 3 54.82 64.87 (1,v3) (v2,V3)
31 2 51.03 60.24 (V2,V/2) (V2,v2)
5 1 0 56.61 67.46 (v3,NA) (2,0)

6 0| 6 68.79 92.91 80 48 (NA,\6) (NA,V6)
1| 5 60.74 79.38 (1,/5) (1,v5)
2 | 4 44.19 63.58 (1,2) (1,2)
31 3 40.04 55.28 (V2,4/3) (v2,V3)
4 | 2 36.76 53.56 (V2,v?2) (V2,V?2)
6 | 0 40.44 58.75 (V3,NA) (2,NA)

7 0| 7 50.85 82.66 146 82 (NA,VT) (NA,V7)
1|6 46.12 70.83 (0,/6) (1,v6)
2 | 5 32.49 52.33 (1,+/5) (1,v5)
3| 4 29.34 45.95 (V2,2) (V2,2)
4 | 3 25.46 41.40 (V2,/3) (V2,v3)
5 | 2 24.45 39.54 (V2,V2) (V3,V?2)
7010 25.96 42.68 (2,NA) (2, NA)

8 0| 8 34.65 97.40 276 84 (NA,V8) (NA,/8)
1|7 31.37 81.39 (0,V/7) (1,V7)
2 | 6 22.11 60.97 (1,v/6) (1,V6)
315 19.90 52.47 (1,v/5) (v/2,V5)
4 | 4 16.90 47.15 (V2,2) (V2,2)
5 | 3 15.69 43.17 (v2,V3) (V3,V3)
6 | 2 14.60 41.83 (v3,V2) (V3,V?2)
8 | 0 15.45 45.27 (2,NA) (V/5, NA)

9 09 22.23 71.48 534 150 (NA4,3) (NA4,3)
1| 8 20.18 64.22 (0,V8) (1,v8)
2 |7 14.20 45.29 (1,v7) (1,V7)
3|6 12.69 39.75 (1,V/6) (V2,V6)
4 |5 10.73 34.46 (V2,/5) (v2,v/5)
5 | 4 9.82 31.41 (V2,2) (+/3,2)
6 | 3 8.88 28.97 (v/3,V3) (V3,V3)
7| 2 8.48 27.98 (V3,v2) (2,V2)
9 | 0 8.94 29.56 (v/5,NA) (v/5, NA)

10 0 | 10 13.67 82.81 1048 152 (NA,/10) (NA,V10)
1] 9 12.48 73.37 (0,3) (1,3)
2 | 8 8.75 52.29 (1,/8) (1,V8)
3|7 7.80 45.46 (1,v7) (V2,V7)
4 | 6 6.57 39.51 (v/2,V6) (V2,V6)
5 |5 5.98 35.63 (v/2,V5) (V3,V5)
6 | 4 5.35 32.71 (vV3,2) (v3,2)
71 3 4.99 30.64 (v/3,V3) (2,v3)
8 | 2 4.73 29.56 (2,v2) (2,V2)
10| 0 4.93 31.45 (V5,NA) (v5,NA)
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No=5
Factors | C | S | G-eff (Full) | G-eff (Frac) | N (Full) | N (Frac) | max (pz,pz)fur | max (pz, pz)frac

3 0| 3 79.66 16 (NA,V3)
1] 2 60.00 (1,v2)
310 66.32 (V3,NA)

4 0| 4 88.67 26 (NA4,2)
1|3 67.08 (1,/3)
2 | 2 60.53 (1,v2)
4 |0 67.46 (V3,NA)

5 0| 5 82.31 79.16 44 28 (NA,/5) (NA,V5)
1| 4 67.75 74.83 (1,2) (1,2)
2 | 3 53.66 62.79 (1,v3) (v2,V3)
31 2 49.95 58.30 (V2,V/2) (V2,v2)
5 1 0 55.49 65.29 (v3,NA) (2,0)

6 0| 6 67.94 91.01 78 46 (NA,\6) (NA,V6)
1| 5 60.00 7777 (1,/5) (1,v5)
2 | 4 43.66 62.29 (1,2) (1,2)
3 13 39.55 54.15 (V2,4/3) (v2,V3)
4 | 2 36.32 52.48 (V2,V2) (V2,V?2)
6 | 0 40.01 57.59 (V3,NA) (2,NA)

7 0| 7 50.50 81.66 144 80 (NA,VT) (NA,V7)
116 45.85 69.98 (0,/6) (1,v/6)
2 | 5 32.27 51.71 (1,+/5) (1,v/5)
3| 4 29.14 45.40 (V2,2) (V2,2)
4 | 3 25.29 40.90 (V2,/3) (v2,V3)
5 | 2 24.29 39.07 (V2,V2) (V3,V?2)
710 25.81 42.20 (2, NA) (2, NA)

8 0| 8 34.52 96.26 274 82 (NA,V8) (NA,/8)
1|7 31.28 80.44 (0,V/7) (1,V7)
2 | 6 22.03 60.25 (1,/6) (1,v6)
315 19.83 51.85 (1,/5) (v/2,V5)
4 | 4 16.84 46.60 (V2,2) (V2,2)
5 | 3 15.63 42.66 (v2,V3) (V3,V3)
6 | 2 14.55 41.34 (v3,V2) (V3,V?2)
8 | 0 15.41 44.75 (2,NA) (V/5, NA)

9 09 22.19 71.01 532 148 (NA4,3) (NA4,3)
1| 8 20.16 63.79 (0,V8) (1,v8)
2 |7 14.18 44.99 (1,v7) (1,V7)
3|6 12.67 39.49 (1,V/6) (V2,V6)
4 |5 10.71 34.23 (V2,/5) (v2,v/5)
5 | 4 9.80 31.21 (v2,2) (+/3,2)
6 | 3 8.86 28.78 (v/3,V3) (V3,V3)
7| 2 8.46 27.80 (V3,v2) (2,V2)
9 | 0 8.93 29.37 (v/5,NA) (v/5, NA)

10 0 | 10 13.66 82.27 1046 150 (NA,/10) (NA,V10)
1] 9 12.47 72.89 (0,3) (1,3)
2 | 8 8.75 51.95 (1,/8) (1,v/73)
3|7 7.79 45.17 (1,v7) (V2,V7)
4 | 6 6.57 39.25 (v/2,V6) (V2,V6)
5| 5 5.97 35.40 (v2,v/5) (v3,V5)
6 | 4 5.34 32.49 (vV3,2) (v3,2)
71 3 4.99 30.44 (v/3,V3) (2,v3)
8 | 2 4.73 29.37 (2,v2) (2,V2)
10| 0 4.93 31.26 (V5,NA) (v5,NA)
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Figure 4.1: G-efficiencies for between 3 and 10 factors comparing use of 1 and 5 center
points. For 5 or more factors, it is assumed that the appropriate fractional factorial
design is used.
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Graphical Assessment of Maximum Spherical Prediction Variance

So far, we have discussed selecting designs based on single-number design efficien-
cies. While design efficiencies provide excellent information and can assist in choosing
a design, the design efficiencies do not give information about all aspects of design
performance. In particular, the G-efficiency only focuses on the maximum prediction
variance, so it can be misleading in regards to a design’s performance throughout the
entire design space [11]. In order to study prediction variance throughout a design’s
entire space, Giovanitti-Jensen and Myers [5] and Myers et al. [12] developed vari-
ance dispersion graphs. A variance dispersion graph plots average, maximum and
minimum spherical prediction variance against a radius where the radius ranges from
the center to the outermost surface of the design space.

Because we derived a closed form for the mazimum prediction variance, the plots

we examine will deal only with maximum prediction variance. Figure 4.2 shows

5 Cuboidal, 0 Spherical 0 Cuboidal, 5 Spherical
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Figure 4.2: Variance dispersion graphs for CCDs with cuboidal region (left) and
spherical region (right). Ny = 3 for both.
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the maximum spherical prediction variance plotted against the radius for a 5-factor
CCD(c) and a 5-factor CCD(s). Notice how both designs have smaller maximum
prediction variance near the center of the design space, but larger maximum prediction
variance near the boundary of the design space. The largest maximum prediction
variance for both designs occurs on the boundary of the space, and note how the
maximum prediction variance for the CCD(c) is larger on the boundary than it is for
the CCD(s). This fact is confirmed by the G-efficiencies given for these designs in
Table 4.1. The local extrema on the CCD(c) occur where the spherical radius (p,) is

the square root of an integer [2].
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Figure 4.3: Contour Plot of VM AX, , for a Cyl(1,4) Design. Ny = 3.
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Recall that the maximum spherical prediction variance for a cylindrical design
in (4.6) was written in terms of two radii, one for the spherical factors and one for
the cuboidal factors. Since there are two radii, it was natural to consider plotting
the maximum spherical prediction variance for cylindrical designs using contour plots
where each radius is assigned to one axis. Let Cyl(a,b) be defined as a cylindrical
design where a is the number of cuboidal factors and b is the number of spherical
factors. Figures 4.3, 4.4, and 4.5 show contour plots of maximum spherical prediction
variance for Cyl(1,4), Cyl(2,3) and Cyl(3,2) designs, each having 3 center points and

using a 23, ' fractional factorial design.

2 Cuboidal, 3 Spherical
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Figure 4.4: Contour Plot of VM AX, ,. fora Cyl(2,3) Design. Ny = 3.
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Figure 4.5: Contour Plot of VMAX,, , for a Cyl(3,2) Design. Ny = 3.

Pz

First, note how the largest maximum spherical prediction variance appears to
occur at the greatest distance for each radius. This fact gives evidence to the G-
efficiencies being correct in Table 4.1. Also, note the behavior in the contours for the
Cyl(2,3) and Cyl(3,2) designs. As p, decreases and as p, simultaneously approaches
the square roots of integers, the maximum spherical prediction variance increases.
Next, note how the maximum spherical prediction variance tends to be lower in
a greater portion of the space for the Cyl(1,4) design than the other two cylindrical
designs. For example, consider the maximum spherical prediction variance value of 10,

which is displayed in each of the contour plots. In the Cyl(1,4) design, it appears that
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about 2/3 of the design space has maximum spherical prediction variance less than 10.
It is not surprising that it is the central area of the design that has lower maximum
spherical prediction variance since 3 center points were used. The proportion of
maximum spherical prediction variance that is less than 10 for the Cyl(2,3) design is
considerably less than that of the Cyl(1,4) design. The Cyl(3,2) design has an even
smaller proportion of the its space with maximum spherical prediction variance less
than 10. For a cylindrical design with 5 factors and 3 center points, these contour
plots show that the maximum spherical prediction variance is lower throughout a

greater fraction of the space when more spherical factors are used.
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THE IV-CRITERION

Deriving the Average Prediction Variance

While the G-criterion deals with maximum prediction variance, the IV-criterion
assesses a design’s average prediction variance. The fact that the IV-criterion is
calculated by averaging the prediction variance over the entire design space is appeal-
ing. On this note, Myers et al. [11] say, “The [IV]-optimality is conceptually a very
reasonable device to use for choosing experimental designs, since selecting a design
with good average prediction variance should produce satisfactory results throughout
the design space.”

In order to find IV-efficiencies, one must integrate the scaled prediction variance
function over the design space and divide by the volume of the design space. In order
to integrate over the hypercylinder, it simplifies calculations to rewrite the scaled
prediction variance function. By rearranging terms, we find that V(x,z) as given in

(3.27) can be written as

. o ] c-1 ¢
V — N 2 F :
(x,2) N+ (75+F+2);x * <F 2+C72>;3§1x1x
1 c 2.2
2( 2+072>22; b ;kg '
S 5 i
1 73
2
+(%+F+2 );12 + (F (2a4+573><z )

1

3@ p) 54

For simplicity we rewrite V(x,z) as

K—i—LZx +MZ Z:cfx?JrPZx +QZZx3,§

=1 j=i+1 i=1 k=1

+Rzz,3 + T<§:1z,f>2 + Ukzlz;;] (5.1)

k=1

V(x,z) =
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where
K=m Q=%+
L:275+%H RZQ’}/@‘Fm
_ 1 _ 11
M = F 2+7572 T= 2 (F - a4(2a133rs%))
_ 1 _1(1 1
P=3(1-5%;) U=i(x-%)

We define C* to be the set of points that make up the design space for a cylindrical

design where

Furthermore, we define the subspace made up by the cuboidal factors as H* and the

subspace made up by the spherical factors as S* where
H = {x:-1<z;<lfori=1,...,C}
5
S* = {z:Zz,%ﬁoﬁ, oz:\/g}
k=1
Let Vol denote the volume of a region. Then the volume of C* is

Vol(C*) = Vol(H")-Vol(S¥)

= (L) (L)
-

The volume of the hypercube is 2¢ because the corners of the hypercube are at

combinations of £1 which means that each of the C' sides of the hypercube has
length 2. The formula for the volume of a hypersphere can be found in Gradshteyn
and Ryzhik [6]. The average prediction variance, APV, is then found by calculating

the following integral:

1
APVVd“ﬁ%LJ“XJﬁkﬂZ (5.2)
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By substituting (5.1) into (5.2), we have

c
APV = / K+ LY 7 + M ziad + PY )
Vol((]) Z ;j%l ) ;
c S 2 s
ZZ +RZZ/3+ T(Z%%) + U 7| dxdz
i=1k=1 = = k=1
N c c-1 c
— L] K+sz+MZZm§+pr§
VOZ( ) i=1 j=i+1 i=1
c s 2
LQY Y+ RY A+ T(zzz) £ US4 axdz
i=1 k=1 =1 1 =

We begin by integrating over H*. Note that the limits of integration for each x; are

-1 and 1. Then

N 9 c 2
APV = / K -9 L-20—1< ) M. 2072, ‘
v Vol(C*) Js~ { * ¢ 3 * 2 3

TN

2
'3
cr(e o (05

k=1

S
}dz
e M(5) PC’ Q(J

Tt Z +RZ

+ 2¢

RszJrT(sz) +Usz

k=1

K

N
= 2¢
Vol(C*) /S*

k=1

S 2 4
—i—T(Zz) —i—Usz]dz
20N PC
2¢ [g. dz s

9C N s s 2 s
+07/ (QC’—FR)ZZ,?—FT(ZZ,z) +UZZ£ dz
2€ [gxdz Js+ 3 k=1 k=1 k=1

k20, M) PO

N : C S 2 S
+VOZ(S*)/S* <QS+R)ZZ,§—|—T<ZZ2> +Ukz::1,z,f] dz

C
K+LC+M<2)+

3 9 3 dz

= N
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In order to compute the integral in (5.3), conversion to hyperspherical coordinates is

necessary. Define the parametric representation of z = (2,..., 2x) as:

z1(0) = p.cos(fh)
29(0) = p.sin(61)cos(6s)

23(0) = p.sin(6y)sin(by)cos(03)

z5-2(0) = p.sin(fy)...sin(0s_3)cos(0s_2)
zs-1(0) = p.sin(6y)...sin(0s_3)sin(0s_s)cos(0s_1)

25(0) = p.sin(6y)...sin(0s_3)sin(0s_s)sin(fs_1)

where § = (p,,01,...,0s_1) such that p, > 0,0 < 6; < 7 for i = 1,.

0§9571 §27T

Then (5.3) can be written as

e M) po 1
APV = K + 22
T3 T Ty T T vaey

where

- | l(Qf +R) p +Tp;*+Uiz;§<Q>] N
k=1

S—2
W = Pi(S_l) HSin2(S_1_t)(9t),

t=1

and |W] is the Jacobian of the transformation. This implies

S—2
VIW]=p Y I sin®=79(6,)
=1

.., 8 —2and

(5.4)

(5.5)

Then, by substituting (5.5) into Z, we find that the integral can be written as

_ QC 2 4 5 (S=1) TF i (S—1-1)
k=1 t=1

3
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_ / KQ?,C—'_R> PS4 TpS*3 4 178 1zzk ‘|HSIDSlt N

27
= {[" [ [(5 +n) S“Tﬂ“ﬂ dpails-
S
—l—/ Ups™' > 2t Hsm(s 1-1) d9} (5.6)
S k=1
where

™ 92
/O /O I] sin®="-9(6,)do* (5.7)
t=1

0" = (01,05,...,059) (5.8)

In order to calculate g(6*), we use the following trigonometric integral identities found

in Gradshteyn and Ryzhik [6]:

o 2n _ (271)'
kg 2n+1 n! 2
/0 sin2 () dt = M (5.10)

By applying these identities to (5.7), we have found values of g(6*) for between 2 and

10 factors. These values are given in Table 5.1. Next, (5.6) can be simplified to

QC )aS+2 QS+4 /a s

=2 R T U-h*(p,) - p2T3dp, 5.11
o) (4 R) g+ Ty |+ [V ) 0 B
where

B (p2) = p;g A %ézé@)md@ (5.12)

Borkowski [2] found values for h*(p,) recursively and obtained values for between
2 and 15 design variables. Because the research for this thesis considers up to 10
factors, we give the values of h*(p,) for between 2 and 10 factors in Table 5.1.

Next, by calculating the integral in (5.11), we find that Z simplifies to

. QC ) aS+2 aS+4 OéS-1-4 i}
T =2 — T 1
WQ(Q)K 3 V) g T Toqg| TV () (5.13)
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Table 5.1: Values of g(0*) and h*(p) for S = 2 to 10 factors

S 1g@) | h(p) || S |9&) ]| h(p)

3 87 | 10n°
2 1 7 15 45

5 10
I A
s| 5| %o 5| %

Finally, by substituting (5.13) into (5.4), we have the closed form for the average

prediction variance which we state in Theorem 5.1.

Theorem 5.1 For a cylindrical design with C cuboidal factors and S spherical fac-
tors, the average prediction variance (APV') is given by:

e M(G) pc T($+1)
APV = K+ 92 + 5+ C;ﬂ%

. % )aS+2 aS+4 aS+4 i}
X{QWQ(Q)K =+ R) g+ Tg |+ Ug—h"(p:) (510

[V-efficiencies for Cylindrical Designs

Using the statistical software package R and applying (5.14), we have found IV-
efficiencies for cylindrical designs with between 3 and 10 factors having 1 to 5 center
points. These values are given in Table 5.2. Recall that [V-efficiencies are not given
as percents as in the other three efficiencies. The IV-efficiencies are simply the values
of the average prediction variance for each design. Thus, a design is more efficient

than another design by the IV-criterion if it has a lower average prediction variance
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value. IV-efficiencies for cylindrical designs with 1 and 5 center points are displayed
in Figure 5.1. We again use the notation CCD(c) and CCD(s) to define central
composite designs with cuboidal and spherical regions, respectively. For cylindrical
designs with 3 to 5 factors, there is an increasing trend in the average prediction
variance as the number of spherical factors increases. Thus, by the IV-criterion, it is
more efficient to use a CCD(c) instead of a cylindrical design if there are strict ranges
on any of the factors. For 6 factors, the CCD(s) has the highest average prediction
variance while the various cylindrical designs and the CCD(c) have very similar values
(see Table 5.2 for actual values). For 7 to 10 factors, the average prediction variance
is generally highest in the CCD(c), except for the case of 8 factors and 1 center point
using the fractional factorial design in which case the CCD(s) has a slightly larger
average prediction variance. As the number of spherical factors increases, the average
prediction variance drops until almost all factors are spherical. What is important
to note is that in each of these situations, the average prediction variance is lower in
cylindrical designs than the CCD(c). Therefore, if an experiment is being conducted
in 7 or more factors, it is advantageous to use a cylindrical design with the appropriate
number of cuboidal factors instead of the CCD(c).

We realize that in response surface studies which utilize the second-order model,
experiments in 7 or more factors are rare which means that in most cases, it would be
best for the experimenter to use the CCD(c), according to the IV-criterion. However,
we also realize that the IV-criterion is just one piece of information that aids in select-
ing a good design. One should also consider the other efficiencies studied in previous
chapters as well as graphical techniques that allow a more in-depth look at design
performance throughout the design space. We discuss other graphical techniques for

design performance evaluation in the final chapter.
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Table 5.2: IV-efficiencies for between 3 and 10 factors with between 1 and 5 center
points

No =1
Factors | C | S | APV (Full) | APV (Frac) | N (Full) | N (Frac)
3 0 3 8.12 15
1 2 6.30
3 0 5.51
4 0 4 12.15 25
1 3 9.59
2 2 8.84
4 0 8.44
5 0 5 17.75 16.13 43 27
1 4 14.42 13.03
2 3 13.87 11.94
3 2 14.00 11.43
5 0 14.01 10.97
6 0 6 25.80 22.02 7 45
1 5 21.65 18.24
2 4 21.88 17.35
3 3 23.15 17.25
4 2 24.56 17.37
6 0 25.32 17.30
7 0 7 34.45 29.42 143 79
1 6 32.93 25.70
2 5 35.12 25.62
3 4 38.92 26.61
4 3 43.13 28.01
5 2 46.97 29.36
7 0 49.18 30.03
8 0 8 57.14 36.18 273 81
1 7 42.40 30.48
2 6 57.85 30.67
3 5 66.99 31.18
4 4 76.94 32.22
5 3 86.84 33.53
6 2 95.46 34.75
8 0 100.54 35.29
9 0 9 98.01 49.11 531 147
1 8 81.80 42.50
2 7 78.95 40.48
3 6 118.29 47.12
4 5 139.92 50.84
5 4 161.90 54.95
6 3 183.07 59.11
7 2 201.21 62.74
9 0 211.98 64.73
10 0 10 142.14 55.37 1045 149
1 9 155.01 50.59
2 8 171.03 50.55
3 7 174.34 49.36
4 6 259.17 56.20
5 5 305.38 59.89
6 4 351.32 63.90
7 3 394.98 67.93
8 2 432.05 71.40
10 0 454.12 73.26
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No =2
Factors | C | S | APV (Full) | APV (Frac) | N (Full) | N (Frac)
3 0 3 6.83 16
1 2 5.98
3 0 5.45
4 0 4 10.47 26
1 3 9.21
2 2 8.78
4 0 8.45
5 0 5 15.37 14.94 44 28
1 4 13.83 12.93
2 3 13.72 12.09
3 2 13.98 11.63
5 0 14.02 11.17
6 0 6 22.24 20.21 78 46
1 5 20.70 17.93
2 4 21.55 17.38
3 3 23.02 17.38
4 2 24.50 17.54
6 0 25.28 17.47
7 0 7 28.87 26.56 144 80
1 6 31.38 25.05
2 5 34.51 25.47
3 4 38.60 26.62
4 3 42.95 28.10
5 2 46.84 29.48
7 0 49.05 30.15
8 0 8 48.22 33.89 274 82
1 7 39.84 30.05
2 6 56.77 30.67
3 5 66.38 31.31
4 4 76.54 32.42
5 3 86.54 33.76
6 2 95.19 34.99
8 0 100.25 35.53
9 0 9 83.31 45.30 532 148
1 8 77.63 41.60
2 7 77.07 40.20
3 6 117.20 47.08
4 5 139.17 50.90
5 4 161.31 55.07
6 3 182.56 59.28
7 2 200.68 62.92
9 0 211.40 64.90
10 0 10 117.37 52.17 1046 150
1 9 148.05 49.92
2 8 167.92 50.42
3 7 174.42 49.39
4 6 257.84 56.35
5 5 304.33 60.10
6 4 350.40 64.15
7 3 394.09 68.21
8 2 431.09 71.68
10 0 453.04 73.54
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No =3
Factors | C | S | APV (Full) | APV (Frac) | N (Full) | N (Frac)
3 0 3 6.61 17
1 2 5.95
3 0 5.50
4 0 4 10.13 27
1 3 9.13
2 2 8.83
4 0 8.53
5 0 5 14.76 14.86 45 29
1 4 13.62 13.06
2 3 13.70 12.31
3 2 14.02 11.88
5 0 14.08 11.41
6 0 6 21.20 19.87 79 47
1 5 20.26 17.90
2 4 21.40 17.51
3 3 22.99 17.57
4 2 24.52 17.75
6 0 25.30 17.67
7 0 7 27.12 25.81 145 81
1 6 30.58 24.79
2 5 34.14 25.45
3 4 38.42 26.71
4 3 42.85 28.23
5 2 46.78 29.63
7 0 48.99 30.30
8 0 8 45.34 33.38 275 83
1 7 38.42 29.95
2 6 56.07 30.78
3 5 65.97 31.50
4 4 76.27 32.65
5 3 86.33 34.02
6 2 95.00 35.26
8 0 100.04 35.79
9 0 9 78.50 44.22 533 149
1 8 75.26 41.18
2 7 75.79 40.08
3 6 116.41 47.12
4 5 138.60 51.02
5 4 160.87 55.24
6 3 182.16 59.47
7 2 200.27 63.12
9 0 210.93 65.10
10 0 10 109.17 51.32 1047 151
1 9 144.04 49.66
2 8 165.77 50.43
3 7 170.97 49.49
4 6 256.80 56.55
5 5 303.48 60.34
6 4 349.65 64.42
7 3 393.35 68.50
8 2 430.27 71.99
10 0 452.12 73.83
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No =4
Factors | C | S | APV (Full) | APV (Frac) | N (Full) | N (Frac)
3 0 3 6.66 18
1 2 6.04
3 0 5.61
4 0 4 10.11 28
1 3 9.19
2 2 8.94
4 0 8.64
5 0 5 14.61 15.06 46 30
1 4 13.57 13.29
2 3 13.76 12.58
3 2 14.12 12.15
5 0 14.18 11.67
6 0 6 20.81 19.89 80 48
1 5 20.06 18.01
2 4 21.35 17.69
3 3 23.01 17.79
4 2 24.57 17.98
6 0 25.36 17.89
7 0 7 26.32 25.57 146 82
1 6 30.12 24.73
2 5 33.93 25.52
3 4 38.33 26.84
4 3 42.82 28.40
5 2 46.77 29.82
7 0 48.98 30.48
8 0 8 43.97 33.32 276 84
1 7 37.53 30.01
2 6 55.60 30.95
3 5 65.68 31.72
4 4 76.08 32.91
5 3 86.20 34.30
6 2 94.88 35.55
8 0 99.90 36.07
9 0 9 76.16 43.82 534 150
1 8 73.75 41.00
2 7 74.88 40.06
3 6 115.82 47.21
4 5 138.18 51.17
5 4 160.53 55.43
6 3 181.85 59.69
7 2 199.95 63.35
9 0 210.56 65.32
10 0 10 105.11 51.05 1048 153
1 9 141.45 49.60
2 8 164.21 50.52
3 7 169.85 49.64
4 6 255.98 56.77
5 5 302.80 60.60
6 4 349.04 64.71
7 3 392.74 68.81
8 2 429.59 72.31
10 0 451.33 74.15
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No =5
Factors | C | S | APV (Full) | APV (Frac) | N (Full) | N (Frac)
3 0 3 6.81 19
1 2 6.19
3 0 5.75
4 0 4 10.23 29
1 3 9.31
2 2 9.09
4 0 8.79
5 0 5 14.62 15.36 47 31
1 4 13.63 13.58
2 3 13.87 12.88
3 2 14.25 12.45
5 0 14.31 11.95
6 0 6 20.66 20.06 81 49
1 5 19.98 18.20
2 4 21.37 17.92
3 3 23.08 18.03
4 2 24.67 18.23
6 0 25.46 18.14
7 0 7 25.91 25.55 147 83
1 6 29.85 24.77
2 5 33.82 25.64
3 4 38.30 27.00
4 3 42.84 28.59
5 2 46.81 30.02
7 0 49.01 30.68
8 0 8 43.21 33.43 277 85
1 7 36.94 30.15
2 6 55.28 31.16
3 5 65.50 31.97
4 4 75.97 33.19
5 3 86.13 34.59
6 2 94.81 35.85
8 0 99.81 36.37
9 0 9 74.80 43.69 535 151
1 8 72.72 40.95
2 7 74.20 40.10
3 6 115.39 47.35
4 5 137.86 51.35
5 4 160.28 55.65
6 3 181.63 59.93
7 2 199.70 63.60
9 0 210.26 65.56
10 0 10 102.72 51.02 1049 154
1 9 139.67 49.65
2 8 163.03 50.66
3 7 168.97 49.82
4 6 255.32 57.01
5 5 302.26 60.88
6 4 348.54 65.02
7 3 392.23 69.14
8 2 429.01 72.64
10 0 450.65 74.48
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Figure 5.1: IV-efficiencies (Average Prediction Variance (APV') values for between 3
and 10 factors comparing use of 1 and 5 center points. For 5 or more factors, it is
assumed that the appropriate fractional factorial design is used.
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CONCLUSIONS

Summary of Results

We developed a new class of designs for response surface studies where quadratic
regression modeling is desired and some but not all of the factors under consideration
have strict ranges on their levels. We derived closed forms for the determinant and
inverse of the X’X matrix of a cylindrical design. In addition, we found the trace
of the (X'X)™! matrix and found closed forms for the maximum spherical predic-
tion variance and average prediction variance. All of these derivations allowed us to
study four of the alphabetic design optimality criteria for cylindrical designs. Design
efficiencies were calculated and we compared performance of cylindrical designs to
central composite designs.

According to both the D-criterion and the A-criterion, the cylindrical design out-
performed the CCD with a cuboidal region, regardless of the number of factors or
the number of center points used. For cylindrical designs, both D- and A-efficiency
increased as the number of spherical factors increased. Therefore, if some but not all
factors have strict bounds, then the most efficient design to use according to these
two criteria is the cylindrical design where the factors that have bounded levels are
the cuboidal factors and the unbounded factors are the spherical factors.

For experiments in 3 or 4 factors, the CCD with a cuboidal region was more
efficient than the cylindrical design by the G-criterion, regardless of the number of
center points used. However, for experiments with 5 or more factors, cylindrical
designs with relatively few cuboidal factors outperformed the CCD with a cuboidal
region. In general, the larger the number of total factors in an experiment, the more

cuboidal factors a cylindrical design could have and still outperform the CCD with
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a cuboidal region, according to the G-criteiron. To see exactly when the cylindrical
design was better than the CCD with a cuboidal region, refer to the G-efficiencies in
Table 4.1 on page 59.

In addition to studying the maximum prediction variance which finds the abso-
lute largest prediction variance in the entire design space, we studied the maximum
spherical prediction variance. Specifically, we looked at variance dispersion graphs for
central composite designs and created contour plots of maximum spherical prediction
variance for cylindrical designs. We gave one example of an experiment done in 5
factors with 3 center points. The maximum spherical prediction variance was lower
in greater portions of the design space for cylindrical designs with more spherical
factors.

The results from studying the IV-criterion indicated that for 3 to 5 factors, the
CCD with a cuboidal region would be a better choice than a cylindrical design. For
6-factor experiments, the CCD with a cuboidal region was nearly equivalent to each
of the 6-factor cylindrical designs, according to the I'V-criterion. However, for 7 or
more factors, each of the cylindrical designs was better than the CCD with a cuboidal
region.

Overall, the results of this research indicate that when some but not all factors
are bounded, a cylindrical design can be more efficient than the cuboidal CCD in
certain situations, according to the various design optimality criteria. In some cases,
the cylindrical design will have better estimation of the model parameters and have
better prediction capabilities than the CCD with a cuboidal region. Because we
have provided design efficiencies for 4 of the design optimality criteria, practitioners
encountering experiments where a cylindrical design could prove useful can choose a

design based on some or all of the criteria we have discussed.
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Future Research

We discussed the use of graphical techniques to assess design performance. While
we were able to study maximum prediction variance over a cylindrical design’s entire
space, we did not examine minimum spherical prediction variance or average spherical
prediction variance. Recall that variance dispersion graphs utilize the maximum,
minimum, and average spherical prediction variance. Further work that could be
done would be to find closed forms for the minimum and average spherical prediction
variance in order to further assess the behavior of the prediction variance throughout
a cylindrical design’s space. In addition to these graphical techniques, fraction of
design space (FDS) plots would be useful in assessing design performance. Zahran et
al. (2003) developed these graphs which plot the scaled prediction variance against
the fraction of the design space. Myers et al. (2009) summarize the construction and

implementation of the FDS plot well in terms of the scaled prediction variance v(x):

“The curve of an FDS plot matches the value of v(x) against the fraction
of the design space that has prediction variance less than or equal to the
given value. A graph of the cumulative fraction provides the user with
a sketch of the prediction variance throughout the appropriate design re-
gion. The plot can be constructed by taking a random sample of design
locations throughout the design space, and calculating v(x) at these lo-
cations. These values are then sorted and plotted against the quantiles
from 0 to 1, in a manner similar to a cumulative distribution function for

a statistical distribution.”

The benefit of using an FDS plot in comparing CCDs to cylindrical designs would

be that the graphs would be created similarly. Comparing the variance dispersion
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graphs to the contour plots that we made in chapter 4 was difficult. For a given
number of factors, one FDS plot could be made which compared the cuboidal and
spherical CCDs to the various cylindrical designs for easy comparison.

In addition to studying performance by use of plots, other future research could
include examining how results change when replication of design points other than
center points is allowed. For example, how would the design efficiencies change if
factorial points or axial points were replicated? How would graphical assessment
change? Another interesting question is how should one form blocks for a cylindrical
design and still retain important properties such as orthogonality. Finally, in our
research of the D-criterion, we considered all N of the design points to be equally
weighted. Recall that there are 4 types of points in a cylindrical design: factorial
points, cuboidal axial points, spherical axial points, and center points. Thus, another
topic of future research could be based on the following question. What are the

optimal weights for these points to produce the optimal design by the D-criterion?
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APPENDIX A

R CODE FOR GENERATING DESIGN EFFICIENCIES
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D-efficiencies

The R code shown below generates D-efficiencies in a 10 by 10 matrix of values.
The output is shown below the code. The row labels (0-10) represent the values for C,
the number of cuboidal factors, while the column labels (also 1-10) represent the value
for S, the number of spherical factors. Thus, the D-efficiency for a cylindrical design
with 3 cuboidal factors and 4 spherical factors is found by looking at the intersection
of row 3 with column 4, and the value given in the output is 58.41.

To obtain D-efficiencies for designs with numbers of center points other than 1,
change the value of N.0 in the R code. For designs which utilize fractional factorials,
subtract the appropriate number in the exponent of the F[i,j] matrix. For exam-
ple, for a design with 8 factors, the appropriate fractional factorial is a 252 design.
Therefore, to obtain D-efficiencies for cylindrical designs with 8 factors which use this
fractional factorial, subtract 2 from C[i]J+S[j] in the line of code for F[i,j]. To
study the D-efficiency of designs where either C' or S is greater than 10, increase the

number of rows or columns in each of the matrices defined in the R code.

N.0O=1
F=matrix(0,ncol=11,nrow=11)
N=matrix(0,ncol=11,nrow=11)
alpha=matrix(0,ncol=11,nrow=11)
p=matrix(0,ncol=11,nrow=11)
d.eff=matrix(0,ncol=11,nrow=11)
C=0:10

S=0:10

for(i in 1:11){
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for(j in 1:11){

F[i,jl=2"(Clil+s[j]1)

N[i,j1=F[i,j1+2%(C[i1+S[j1)+N.0

alphali,jl=max(sqrt(S[jl1),1)

pli,jl=1+2+(C[i]+S[j])+choose(C[i],2)+choose(S[j],2)+C[i1*S[j]

d.eff[i,j1=(2"(C[i1+S[j1-1)*alphali, j]~ (4*S[j1-4)*(F[i,j]1+2) "C[i]*
(F[i,jl+2*alphali,jl1~2)"S[j]*
F[i,j]" (choose(C[i],2)+choose(S[j],2)+C[i]*S[j])*
(2%N[1i,jl*alphali,j]l~4+C[il*alphali,jl 4*(N[i,j1*F[i,j]-
(F[i,j1+2)"2)+S[jI1*(N[i,jI1*F[i,jl1-(F[i,jl+
2xalphali,j]1°2)"2)-2*C[i]1*S[jI*F[i,jl*
(1-alphali,jl1~2)"2))~(1/pli,jl)/N[i,]]

}

}

rownames (d.eff)=0:10

colnames(d.eff)=0:10

round (100*d.eff,2)
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0 1 2 3 4 5 6 7 8 9 10
0 100.00 50.40 62.85 71.13 76.73 80.16 81.43 80.82 78.90 76.26 73.35
1 50.40 46.22 54.83 63.55 69.90 73.45 74.53 73.87 72.16 69.97 67.61
2 46.22 44.72 51.73 58.69 63.51 65.98 66.60 66.01 64.73 63.14 Inf
3 44.72 44.52 50.13 55.17 58.41 59.93 60.21 59.72 58.80 57.66 Inf
4 44.52 44.84 48.87 52.19 54.19 55.07 55.17 54.79 54.13 Inf Inf
5 44.84 44.84 47.41 49.45 50.64 51.15 51.17 50.89  Inf Inf Inf
6 44.84 44.29 45.75 46.94 47.65 47.95 47.96 Inf Inf Inf Inf
7 44.29 43.29 44.02 44.70 45.14 45.34 Inf Inf Inf Inf Inf
8 43.29 42.05 42.35 42.75 43.04 Inf Inf Inf Inf Inf Inf
9 42.05 40.75 40.82 41.06 Inf Inf Inf Inf Inf Inf Inf

10 40.75 39.50 39.46  Inf Inf Inf Inf Inf Inf Inf Inf

A-efficiencies

The R code and output for A-efficiencies is similar the code for D-efficiencies.
Thus, we only give the code and no output. To study A-efficiencies beyond what
is shown in the code, follow the same guidelines provided in the above section on

D-efficiencies.

N.0=1

F=matrix(0,ncol=12,nrow=12)
N=matrix(0,ncol=12,nrow=12)
alpha=matrix(0,ncol=12,nrow=12)
gamma. 1=matrix(0,ncol=12,nrow=12)
gamma.1.new=matrix(0,ncol=12,nrow=12)

gamma . 2=matrix(0,ncol=12,nrow=12)
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gamma . 3=matrix (0,ncol=12,nrow=12)

p=matrix(0,ncol=12,nrow=12)

a.eff=matrix(0,ncol=12,nrow=12)

C=0:11

S=0:11

for(i in 0:11){

for(j in 0:11){

Fli,jl=2"(Clil+sS[jD)

N[i,j]1=F[i,j1+2*(C[i]+S[j1)+N.0

alphali,jl=max(sqrt(S[jl),1)

gamma.1[i,jl=(2*alphali, jl~4+S[j1*F[i,j]1+C[i]*F[i,jl*alphali,j]l~4)/
(2#N[i,jl*alphali,j] ~4+N[i,jl*F[i,jI1*S[j]1+
CLil#NI[i,jl*F[i,jl*alphali,jl~4-C[il*alphali,j] 4*
(F[i,j1+2)"2-S[j1*(F[i,j]l+2*alphali,j]~2)"2-
2xC[i]*S[jI1*F[i,jlx(alphali,jl~2-1)"2)

gamma.2[i,jl=(2*alphali,j]~4*(N[i,jl1*F[i,jl1-(F[i,jl1+2)"2)-
4xS[j1*F[1i,jl*(alphali,jl~2-1)"2)/(2*N[1i,jl*alphali,j] 4+
S[j1*N[i,j1*F[i,j]1-S[jI*(F[i,jl+2*alphali,j]~2)"2)

gamma.3[i,jl=(2x(N[i,j]*F[i,j]-(F[i,jl+2*alphali,j]~2)"2)-4*C[i]*
F[i,jl*(alphali,jl"2-1)"2)/(2*N[i,jl1+C[i]*N[i,j]*
F[i,jl-Clil*(F[i,j1+2)"2)

pli,jl1=1+2%(C[i]1+S[j])+choose(C[i],2)+choose(S[j]1,2)+C[i]*S[j]

a.effl[i,jl=pli,jl1/(N[i,jl*(gamma.1[i,j1+C[i]1/(F[i,j1+2)+S[j1/(F[i,jl+
2xalphali,j]~2)+(choose(C[i],2)+choose(S[j],2)+
Clil*s[j1)/F[i,j1+(C[i]1/2)*((2+(C[i]l-1)*gamma.2[i,j])/

(2+C[i]*gamma.2[1i,j]))+(S[j]l/(2*alphali,j]l~4))*
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((2*alphali,j]l~4+(S[jl-1)*gamma.3[i,j]1)/
(2*alphali,j]~4+S[jl*gamma.3[i,j]1))))

}

}

a.eff=a.eff[-12,]

a.eff=a.eff[,-12]

colnames(a.eff)=0:10

rownames (a.eff)=0:10

round (100*a.eff,2)

G-efficiencies

Because a closed form for the G-efficiency for cylindrical designs was not found,
the method of generating G-efficiencies using R was different than the other design
efficiencies. The R code and output shown below were used to find the G-efficiency
for a cylindrical design with 2 cuboidal factors and 2 spherical factors with 1 center
point. We created two sequences of values, each of length 1000, for the two radii
and made all possible combinations of values for those two radii. Then, using R,
we calculated the maximum spherical prediction variance for each set of radii and
searched for the overall maximum prediction variance within that set of radii. The

results are below.

> N.O=1
> C=2

> 5=2

\2

F=2"(C+S)

\4

N=F+2x (C+S)+N.0
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alpha=max(1,sqrt(S))

p=1+2%(C+S) +choose (C,2)+choose(S,2)+C*S

gamma . 1=(2*alpha”4+S*xF+CxF*alpha~4)/(2*xN*alpha ~4+N*F*S+
CxN*Fxalpha~4-C*xalpha~4* (F+2) "2-S* (F+2*alpha~2) "2-
2*CxS*F* (alpha”2-1)"2)

gamma . 2=(2+*alpha”4* (N*F-(F+2) "2) -4*3*F* (alpha~2-1) "2)/
(2%N*alpha~4+S*N*F-S* (F+2*alpha~2) "2)

gamma . 3= (2% (N*¥F- (F+2*alpha~2) "2) -4*C*F* (alpha~2-1) "2) /
(2¥N+C*N*F-Cx (F+2) 2)

gamma . 4=- (N*F- (F+2) * (F+2*alpha~2))/
(S* (N*F- (F+2*alpha~2) “2) +Cxalpha”4* (N*F- (F+2) "2) +
2% (N*alpha~4-C*S*F*(alpha®2-1)"2))

gamma . 5=- (2 (F+2) +S*gamma . 4* (F+2*alpha~2) * (2+C*gamma.2) ) /
(2%N* (2+C*gamma . 2) )

gamma . 6=- (2% (F+2*alpha”2) +Cxgamma . 4* (F+2) * (2*xalpha~4+S*gamma.3) )/
(2%N* (2*alpha”4+S*gamma.3))

A=gamma.1

B=2xgamma.5+1/ (F+2)

D=2x*gamma.6+1/ (F+2*alpha~2)

E=(1/2)*(1/F-gamma.2/(2+C*xgamma.?2) )

G=(1/2)*(1/F-gamma. 3/ (alpha~4*(2*alpha”~4+S*gamma.3)))

H=1/F+gamma.4

I=(1/2)*(1-1/F)

J=(1/2)*(1/alpha~4-1/F)

rho.1.seq=seq(0,sqrt(C),length.out=1000)

rho.2.seq=seq(0,sqrt(S),length.out=1000)
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\4

rho.1l=rep(rho.1.seq,length(rho.2.seq))

\4

rho.2=rep(rho.2.seq,each=length(rho.1.seq))

\4

V.rho=N* (A+B*rho.172+D*rho .2 2+Exrho.1"4+G*rho.2 4++H*rho.1 " 2*rho.2" 2+

+ I*(floor(rho.1"2)+(rho.1"2-floor(rho.1°2))"2)+J*xrho.274)

\%

cbind(rho.1[which(V.rho==max(V.rho))],rho.2[which(V.rho==max(V.rho))])
[,1] [,2]

[1,] 1.000850 1.414214

The values in the output (1.000850 and 1.414214) give the location of the max-
imum prediction variance among the radii given in the sequences. Note that the
cuboidal factors’ radius (rho.1) is near 1 and the spherical factors’ radius (rho.2)
is at V2 = a. We then set rho.1 to be 1 and rho.2 to be v/2 and calculated the
maximum spherical prediction variance using these values and compared that to the
maximum spherical prediction variance found with the above values. The R code and

output are below.

\4

rho.1=1

\4

rho.2=sqrt(S)
> V.rho.new=N*(A+B*rho.1"2+D*rho .2 2+E*xrho.1"4+G*rho.2 4++H*rho.1 " 2*rho.2" 2+

+ I*(floor(rho.172)+(rho.1°2-floor(rho.172)) " 2)+J*xrho.274)

\4

cbind(max(V.rho),V.rho.new)
V.rho.new

[1,] 21.41100 21.42565

> 100*p/V.rho.new

[1] 70.00953

Notice how the maximum spherical prediction variance is larger with the new

values of 1 and v/2. A radius of 1 for the cuboidal factors and /2 for the spherical
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factors indicates that the maximum prediction variance occurs at (xy,za|21,22) =
(+1,0] £ 1/2,0) or at points determined by permuting the z or z coordinates. This
maximum prediction variance location and those found for other cylindrical designs
are similar to what is seen in CCDs with cuboidal and spherical regions. Thus, we
believe the G-efficiencies given in this research are, in fact, exact.

The last value in the output is the G-efficiency for this particular design. To study
G-efficiencies of other designs, change the values of N. 0, C, or S in the code and adjust
the second set of code to reflect the location of the maximum for the particular design

under consideration.

IV-efficiencies

The IV-efficiencies were found in a manner similar to the D- and A-efficiencies.
Recall from Equation 5.14 that the average prediction variance involves ¢(6*) and
h*(p.). The values in the vectors h.rho and g.theta in the R code come from Table
5.1. Because the output is similar to what was found for D-efficiencies, we only give

the R code that generates the IV-efficiencies.

N.0=1

C=0:10

S=0:10

h.rho=c(0,0,3%pi/2,124pi/5,pi~2,8%pi~2/7,3*pi~3/8,10%pi~3/45,pi"4/10,
32%pi~4/315,pi~5/48)

g.theta=c(1,1,1,2,pi,4*pi/3,pi"2/2,8*%pi"2/15,pi"3/6,16%xpi~3/105,pi"~4/24)

F=matrix(0,nrow=11,ncol=11)

N=matrix(0,nrow=11,ncol=11)

alpha=matrix(0,nrow=11,ncol=11)
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p=matrix(0,nrow=11,ncol=11)

gamma.1.num=matrix(0,nrow=11,ncol=11)

gamma.1.denom=matrix(0,nrow=11,ncol=11)

gamma.2.num=matrix(0,nrow=11,ncol=11)

gamma.2.denom=matrix (0,nrow=11,ncol=11)

gamma . 3.num=matrix(0,nrow=11,ncol=11)

gamma . 3.denom=matrix (0,nrow=11,ncol=11)

gamma.4.num=matrix(0,nrow=11,ncol=11)

gamma .4 .denom=matrix(0,nrow=11,ncol=11)

gamma.5=matrix (0,nrow=11,ncol=11)

gamma . 6=matrix (0,nrow=11,ncol=11)

M=matrix(0,nrow=11,ncol=11)

P=matrix(0,nrow=11,ncol=11)

T=matrix(0,nrow=11,ncol=11)

iv.eff=matrix(0,nrow=11,ncol=11)

for(i in 1:11){

for(j in 1:11){

F[i,jl=2"(C[i1+S[j]1)

N[i,j]1=F[i,jl+2*(C[i]+S[j1)+N.0

alphali,jl=max(1,sqrt(S[j1))

pli,jl1=1+2%(C[i]1+S[j]1)+choose(C[i],2)+choose(S[j]1,2)+C[i]*S[j]

gamma.l.num[i, jl=(2*alphali,j] 4+S[jl1*F[i,jl1+C[il*F[i,jl*alphali,j]~4)

gamma.l.denom[i, j]=(2*N[1i,jl*alphali,j]l~4+N[i,jl1*F[i,jl*S[j1+
C[i]=N[1i,jl*F[i,jl*alphali,j]l~4-C[il*alphali,j]~4*
(F[i,j1+2)~2-S[j1*(F[i,jl+2*alphali,j]"2)"2-

2xC[i]*S[j1*F[i,jl*(alphali,j]l~2-1)"2)
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gamma.2.num[i, jl=(2*alphali,j] ~4x(N[i,jI*F[i,j]1-(F[1,j]1+2)"2)-
4xS[j]1*F[1i,jl*(alphali,j]~2-1)"2)
gamma.?2.denom[i, jl=(2*N[i,jl*alphali,j] 4+S[jI*N[1i,j1*F[i,jI1-S[j1*(F[1i,j]+
2%alphali,j]1°2)"2)
gamma.3.num[i,j]=(2*N[i,j1*(N[i,jI1*F[i,j]1-(F[i,j]+2*alphali,j]l~2)"2)-
4xC[i]*N[i,jI*F[i,jl*(alphali,j]l~2-1)"2)
gamma.3.denom[i,jl=(N[i,jI*(2*N[i,jl+C[i]*N[i,jI*F[i,jl-C[i]l*(F[i,jl1+2)"2))
gamma.4.num[i, j1=C((F[i,j]+2)*(F[i, jl+2*alphali,j]l~2)-N[i,jl*F[i,j])
gamma.4.denom[i,j1=(S[j1*(N[i,j1*F[i,j1-(F[i,j]l+2*alphali,j]"2)"2)+
Clil*alphali,j]l~4*(N[1i,jl*F[i,j]l-(F[i,jl+2)"2)+
2% (N[i,jl*alphali,j]~4-
Cl[i]*S[j1#F[i,jl*(alphali,j]l~2-1)"2))
gamma.l=gamma.1.num/gamma.1.denom
gamma . 2=gamma . 2.num/gamma. 2.denom
gamma . 3=gamma . 3.num/gamma. 3.denom
gamma . 4=gamma .4 .num/gamma .4 .denom
gamma.5[1,jl1=-(2x(F[i,jl1+2)+S[jl*gamma.4[i,jl1*(F[i,jl+
2kalpha[i,j]~2)*(2+C[i]l*gamma.2[i,j1))/
(N[i,jl*(2+C[i]l*gamma.2[i,j]))/2
gamma.6[i,j]=-(2%(F[i,jl+2*alphali,j]~2)+C[il*gamma.4[i,j]1*(F[i,]j]1+2)*
(2*alphali,jl~4+S[jl*gamma.3[i,j]1))/(N[i,jI*(2*alphali,j] 4+
S[j]*gamma.3[1i,3j1))/2
K=gamma. 1
L=2*gamma.5+1/ (F+2)
M[i,]=1/F[i,]-gamma.2[i,]/(2+C[i]*gamma.2[i,])

P[i,]=(1/2)*(1-gamma.2[i,]/(2+C[i]*gamma.2[i,]))
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Q=(1/F)+gamma.4

R=2%gamma.6+1/(F+2*alpha”2)

T[,j1=(1/2)*(1/F[,j]l-gamma.3[, j1/(alphal, j]1 4*(2*alphal,jl 4+

S[jl*gamma.3[,31)))

U=(1/2)*(1/alpha~4-1/F)

iv.eff[i,jl=N[i,jl*(K[i,jl+L[1,jI*C[1]/3+M[1i, jl*choose(C[i],2)/9+P[i,j]*
Cli]/5+
(gamma (S[j1/2+1)/(S[j1~(S[j1/2)*pi~(S[j1/2)))*
(2xpixg.thetal[jl*((Q[i,jl*C[i]/3+R[1,j])*
S[31° (S [j1+2)/2)/(S[jI1+2)+
T[i,jI*S[j1°((S[j1+4)/2)/(S[j1+4))+
Uli,jI1*S[j1~((S[j1+4)/2)/(S[jl1+4)*h.rho[jl))

}

+

colnames(iv.eff)=0:10

rownames (iv.eff)=0:10

round(iv.eff,2)
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APPENDIX B

R CODE FOR CONTOUR PLOTS OF MAXIMUM SPHERICAL PREDICTION
VARIANCE
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The R code for the contour plots of maximum spherical prediction variance is
similar to the R code for G-efficiencies. However, instead of making all possible
combinations of the two radii, we provide the appropriate sequence of numbers for
each radius and create a matrix of average prediction variance values for each pair
of radii. The R function contour requires the following arguments: each radius, the
matrix of average prediction variance, and any desired graphical parameters. The
example given is for a cylindrical design with 1 cuboidal factor, 4 spherical factors,
and 3 center points, shown in Figure 4.3. To create similar contour plots for other

cylindrical designs, change the values in first 4 lines of the R code below.

# 1 cuboidal and 4 spherical

N.0=1

C=1

S=4

F=2"(C+S-1)

N=F+2% (C+S)+N.0

alpha=max(1,sqrt(S))

p=1+2% (C+S) +choose (C,2) +choose(S,2) +CxS

gamma . 1=(2*alpha~4+S*F+C*F*alpha~4) / (2xN*alpha~4+N*F*S+CxN*Fxalpha~4-
Cxalpha~4* (F+2) "2-S* (F+2*alpha~2) “2-2*C*S*Fx (alpha~2-1) "2)

gamma . 2=(2*alpha”4* (NxF- (F+2) "2) -4xS*F* (alpha~2-1)~2)/
(2#N*alpha~4+S*N*xF-S* (F+2*alpha”2) "2)

gamma . 3= (2% (N*F- (F+2*alpha~2) "2) -4xC*F* (alpha~2-1) ~2)/
(2%N+C*xN*F-C* (F+2) ~2)

gamma . 4=- (N*xF- (F+2) x (F+2*alpha~2))/

(8* (N*F- (F+2*alpha~2) “2) +C*xalpha~4* (N*F- (F+2) "2) +
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2% (N*alpha~4-CxS*F*(alpha”2-1)"2))
gamma . 5=- (2% (F+2) +S*gamma . 4* (F+2*alpha~2) * (2+C*gamma.2) ) /
(2%N* (2+C*gamma.2) )
gamma . 6=- (2% (F+2*alpha~2)+C*gamma . 4* (F+2) * (2*xalpha~4+S*gamma.3) )/
(2xN* (2*alpha”4+S*gamma.3))
A=gamma.1
B=2xgamma.5+1/ (F+2)
D=2x*gamma.6+1/ (F+2*alpha~2)
E=(1/2)*(1/F-gamma.?2/(2+C*gamma.2))
G=(1/2)*(1/F-gamma. 3/ (alpha~4*(2*alpha~4+S*gamma.3)))
H=1/F+gamma.4
I=(1/2)*(1-1/F)
J=(1/2)*(1/alpha~4-1/F)
rho.1.seq=seq(0,sqrt(C),length.out=100)
rho.2.seq=seq(0,sqrt(S),length.out=100)
V.rho=matrix(0,ncol=100,nrow=100)
for(i in 1:100){
for(j in 1:100){
V.rho[i,j]=N*(A+B*rho.1.seq[i] "2+D*rho.2.seq[j] "2+Exrho.1.seq[i] "4+
Gxrho.2.seql[j] "4+H*rho.1.seq[i] "2%rho.2.seq[j] 2+
I*(floor(rho.1.seqli] "2)+(rho.1.seq[i] "2-
floor(rho.1.seq[i]"2))"2)+J*rho.2.seq[j]l"4)
}
}
contour(rho.1.seq,rho.2.seq,V.rho,xlab=expression(rho[x]),

ylab=expression(rho[z]) ,main="1 Cuboidal, 4 Spherical")
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