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ABSTRACT

Due to the exponential growth of global data traffic, a capacity shortage in the optical
fiber network is expected in the near future. Space-division multiplexing (SDM), combined
with multicore fibers (MCFs) and multimode fibers (MMFs), offers a promising solution
to address this challenge. For this technology to become commercially viable, issues such
as MCF and MMF characterization and the impact of transmission impairments on SDM
optical links must be addressed. In addition, since multiple modes or cores can be jointly
utilized to transmit information, energy-efficient multi-dimensional modulation formats and
the corresponding transceivers, along with their digital signal processing (DSP) algorithms,
should also be considered.

First, we evaluate two methods, namely the mode-dependent signal delay method (MD-
SDM) and the mode-dependent average power method (MD-APM), for the characterization
of MCFs and MMFs. In these methods, we select launch states that optimize the signal-
to-noise ratio (SNR) for measuring the modal dispersion (MD) and mode-dependent loss
(MDL) vectors. The MD of MMFs and MCF's is estimated using time-of-flight measurements
of optical pulses and multiple sets of group delay measurements. We then investigate the
accuracy of MD-SDM and MD-APM in characterizing MMF's by simulating various sources
of error. Additionally, we estimate the MD and MDL of MMFs and MCFs under different
coupling regimes. Thermal noise at the direct-detection receiver and modal crosstalk at the
fiber input are considered as two limiting factors in the estimation of the MD and MDL
vectors.

During the second phase of this dissertation, we study various multi-dimensional
modulation formats for MMFs and MCFs. Our focus is on mode vector modulation (MVM),
which was recently proposed by our group. We model and simulate transmission impairments
such as rotation of the state of polarization (RSOP), MD, chromatic dispersion (CD),
and modal crosstalk in SDM wavelength-division multiplexing (WDM) optical networks.
Next, we investigate different DSP equalization algorithms, including least mean square
(LMS), independent component analysis (ICA), Kalman filter, and extended Kalman filter
(EKF). Finally, we propose an optimal adaptive equalizer for the MVM direct-detection
transceiver.
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INTRODUCTION

The proliferation of data traffic over the internet may lead to a capacity shortage
in fiber-optic networks, driven by emerging technologies that require increased processing,
storage, and transmission of information — such as 5G applications, cloud computing, the
Internet of Things (IoT), and artificial intelligence (AI). In addition, as shown in Fig. 1, and
according to the Nokia Global Network Traffic Report [1], overall network traffic is expected
to grow by 5 to 9 times by 2033, rising from 396 EB per month in 2023 to 3,280 EB per

month in 2033.

Global network traffic is projected
to grow 5x to 9x through 2033.

6641
4525

4000
3280

0

1 1 1 1 |
2023 2024 2025 2026 2027 2028 2029 2030 2031 2032 2033

s Moderate mmmm Aggressive s Disruptive

Figure 1: Global IP traffic growth [1].

Optical communication systems form the backbone of the global internet and play
a crucial role in meeting human information transmission needs. Both long-haul data

transmission between countries and continents, as well as short-range optical links in data
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centers — the main focus of this project — rely on optical communications. Therefore, it
is essential to enhance the capacity of optical communication systems to keep pace with

growing global data traffic demands.

An approach to improve the optical networking infrastructure: space division multiplexing

Space-division multiplexing (SDM), in conjunction with multimode fibers (MMFs) and
multicore fibers (MCFs), can significantly increase the capacity of fiber-optic systems [3].
Different spatial paths, provided by the modes in MMFs and the cores in MCFs, can be
utilized to transmit independent data streams [4]. This approach offers a substantial capacity
upgrade that can help avert the predicted capacity crunch, at least in the foreseeable future.
In addition, the use of SDM technology leads to improvements in spectral efficiency, as
well as reductions in both cost and energy consumption [5]. Several research groups have
demonstrated that by combining wavelength-division multiplexing (WDM) with SDM over
MMFs and MCFs, it is possible to achieve aggregate data rates exceeding 10 Pb/s [6], [7].
Fig. 2 illustrates the evolution of WDM and SDM data rates in optical fiber communication
systems. Recently, it has been shown that WDM systems can achieve 178.08 Th/s over 40
km [8] and 206.1 Tb/s over 54 km [2] using single-mode fiber. Therefore, SDM technology

can be employed to transmit even higher data rates by utilizing parallel spatial channels.

Characterization of SDM Systems, transmission impairments, and components

Transmission impairments in MMFs and MCFs — such as modal dispersion (MD),
mode-dependent loss (MDL), and intermodal/intercore coupling — must be carefully
considered in the design of a reliable and efficient multiple-input multiple-output (MIMO)
system. MD is the dominant limiting factor in uncompensated MMF links, as it induces

severe intersymbol interference (ISI) at the optical receiver [9], [10], and thus must be
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Figure 2: Evolution of data rates for WDM and SDM systems [2].

properly characterized. The formalism of polarization mode dispersion (PMD) in single-
mode fibers (SMFs) can be generalized to describe MD in MMFs. Specifically, MD can be
characterized by the principal modes (PMs) and their corresponding differential mode group
delays (DMGDs), which are represented as a vector in a generalized Stokes space — the
so-called MD vector [11].

Several methods have been proposed in the optical communications literature to
measure the MD of MMFs. For instance, Ahn et al. [12] introduced a technique based
on an intermodal interferometer combined with optical frequency-domain reflectometry. In
[13], the modal content of the fiber was characterized by spectrally and spatially resolving
the fiber output at different wavelengths. Imaging-based methods were also proposed in [13],
relying on the same principle of spectral and spatial imaging. Demas et al. [14] employed
a similar setup to that in [13], with the main difference being that the reference and signal
paths were separated. Carpenter et al. [15] utilized swept-wavelength interferometry (SWI)

to measure the fiber transfer matrix. Unlike the previously mentioned techniques, SWI
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requires a coherent optical receiver but offers a more comprehensive characterization of
MMFs. Specifically, SWI can simultaneously provide information on MD, PMs, DMGDs,
and MDL of the fiber under test, as it relies on amplitude and phase measurements of the
input and output modes to construct the fiber transfer matrix.

A recently proposed method that can fully characterize the MD of a MMF is the
mode-dependent signal delay method (MD-SDM) [16]. This method is a generalization of
the polarization-dependent signal delay method (PD-SDM), which is used to measure the
PMD vector in SMFs [16]. In MD-SDM, the time-of-flight of optical pulses is employed to
characterize the MD of the fiber, a process that can be performed using a direct-detection
receiver. It has been analytically shown [17] that the components of the input MD vector
can be determined through such group delay measurements. Once the input MD vector is
known, the input group-delay operator can be constructed, allowing for the estimation of
both the input MD and the DMGDs [17]. Similarly, for MDL characterization, one can
determine the MDL vector by launching optical pulses and measuring their average output
powers. We refer to this characterization technique as the MD-APM. To implement an SDM
transmission system, a combination of SMF and SDM-specific components must be used.
These components include spatial multiplexers and demultiplexers, photonic lanterns, SDM
reconfigurable optical add-drop multiplexers (ROADMs), and SDM amplifiers, all of which
need to be generalized for SDM operation [18], [19], [20], [21].

Spatial Multiplexers

One of the most important components in an SDM system is the spatial multiplexer
(SM) and spatial demultiplexer (SD). These devices are designed to select and manipulate
various propagation modes. An SM typically contains a mode converter that can transform
input signals propagating in a given spatial mode, such as the fundamental linearly polarized

mode (LPy), into other modes. Coupling between individual modes and mode groups is a
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critical factor to consider when using SMs and SDs.

The transfer matrix of an SM is typically diagonal and contains key information such
as insertion loss (IL) and MDL. Mode-selective SMs and mode-group-selective SMs serve a
variety of functions in SDM systems. Notably, mode-group-selective SMs can excite specific
mode combinations in the fiber and compensate for differential group delays (DGDs) among
mode groups [22].

Phase mask SMs, such as spatial light modulators (SLMs), are popular choices for SDM

communication systems and are also widely used in component characterization [23], [24].

Photonic Lanterns

To merge signals from a SMF bundle and launch them into different modes of a MMF,
a mode converter such as a photonic lantern is required. This low-insertion-loss and low-
MDL SDM component can generate various mode profiles, thereby enhancing the ability to
excite higher-order spatial modes. Modal selectivity and the generation of a larger number of
modes are achieved through specialized microstructured designs and particular geometrical

arrangements [25].

SDM ROADMs

Wavelength management (or optical channel/carrier management) is critical for opti-
mizing the optical spectrum in a core optical network using dense wave division multiplexing
(DWDM). Key aspects of wavelength management include optimizing the wavelength plan
of the optical spectrum through flexible optical carrier center frequency and bandwidth
provisioning, improving configuration efficiency and speed via remote management and
provisioning, and enhancing optical performance by managing individual optical carrier
power levels at various points in the network. Therefore, a network element with ROADM

functionality (ROADM NE) provides a powerful solution for such optical networks.
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An SDM ROADM can manage signals propagating over multiple spatial paths while
routing and switching wavelengths. In fact, an SDM ROADM must reduce service costs
while maintaining equal or superior performance compared to SMF systems. Various SDM
ROADM architectures have been proposed, such as 2-port ROADMSs for 7-core fibers and
FMF ROADMs with and without spatial diversity [26], [27], [28], [29], [30].

To deploy an SDM system, commercially available WDM systems must be leveraged,
as current optical networks predominantly rely on this technology. Since the ROADM is the
heart of an optical network, it must support a flex-grid spectrum in an SDM system while
enabling switching between cores or modes — a very challenging requirement. Consequently,
the switching capability of SDM ROADMs is a critical factor. For example, a 12-port WDM
ROADM with 96 channels would require 1,152 switching states. Therefore, in SDM/WDM
ROADMs, spatial channels must also be handled, which significantly increases switching
complexity. To address this challenge, joint switching can be employed to reduce switching
complexity [28], [31]. This joint switching should be implemented using one of the steering

elements within a WSS.

Modulation formats in inter-data-center networks: past, present, and future

Optical interconnects are widely deployed in data centers worldwide as the demand
for higher link capacity continues to grow. In data centers, intensity modulation direct
detection (IMDD) has been adopted to reduce costs and power consumption. The spectral
efficiency of these optical interconnects can be improved through modulation formats such
as M-ary pulse amplitude modulation (PAM), an extension of binary on-off keying (OOK)
with multiple power levels [32], [33], [34], [35].

Recently, Zhang et al. [36] demonstrated the transmission of an 800 Gbit/s signal using
four channels (4 x 200 Gbit/s), which was later confirmed by Okuda et al., who achieved

800 Gbit/s using PAM-4 transceivers operating at 53.125 Gbaud [37]. A review by Pang et
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al. [38] provides an overview of recent advancements in IMDD transmission, along with key
technologies aimed at achieving 200 Gbit/s per lane using PAM-4 and discrete multitone
(DMT) formats. Additionally, as reported in [39], more than 200 Gbit/s DMT signals were
successfully transmitted over 10 km using an electro-absorption modulation laser (EML)-
based direct-detection system.

Coherent optical receivers have the potential to enhance the performance and increase
the capacity of optical connections using SMF's as an alternative to direct-detection systems.
Perin et al. [40] compared various receiver architectures, including DSP-free coherent and
Kramers-Kronig (KK) receivers. Their study found that conventional DSP-based coherent
receivers, originally designed for long-haul transmission, are not suitable for short-reach
applications. Instead, simplified and lower-cost coherent receiver designs may be more
appropriate for short links. Therefore, the research concluded that standard DSP-based
coherent receivers developed for long-distance transmission are impractical for short-reach
systems, and future efforts should focus on making coherent links more attractive by adopting
simpler receiver architectures.

Researchers from MICRAM Microelectronic and Nokia Bell Labs demonstrated trans-
mission rates of 1.55 Th/s net bit rate in back-to-back configuration, 1.52 Th/s after 80 km,
and 1.46 Th/s after 240 km of SMF [41]. Coherent optical communication solutions have
become widely adopted in long-reach fiber transmission systems, enabled by technologies
such as optical amplifiers and ROADMs.

To fulfill the ever-increasing demand of short-reach optical networks, multidimensional
modulation formats have been developed, leveraging the superior spectral efficiency and
sensitivity of coherent optical systems compared to direct detection [42], [43], [44], [45],
[46]. These additional degrees of freedom are enabled by exploiting different signal levels,
polarization states, and spatial modes. Various DSP techniques have also been employed to

mitigate impairments associated with coherent detection [47], [48], [43], [49]. Moreover, the
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success of coherent detection systems has stimulated intensive research into new modulation
formats and constellation shaping optimization, all aiming to enhance the utility of these
formats [50], [51]. Constellation shaping has been a natural outcome of source optimization,
with the goal of maximizing the mutual information between the input and output of the
channel [52], [53], [54]. One of the techniques that has recently gained significant interest is
Stokes vector modulation (SVM) direct detection (DD), which has the potential to bridge
the gap between coherent detection systems and IM/DD systems. Notably, SVM exploits
both polarization states to increase capacity per wavelength, making it highly suitable for
short-range interconnects [55].

SVM relies on phase shifts between polarization states, and three dimensions of the
Stokes space can be exploited to create suitable constellations. Although, in principle, SVM
may reduce receiver complexity compared to coherent detection systems, it can compromise
sensitivity due to the limitations of direct detection [56], [57], [58], [59], [60], [61], [62].

Another technique that can also be used in creating multi-dimensional modulation
formats, especially with coherent detection in optical networks, is spatial pulse position
modulation (SPPM). In the place of time slots used in regular PPM, multiple cores or modes
can be used [63]-[64], [65]. Plant et al. [66] reviewed multidimensional modulation formats
and explained the advantages of using these modulations with direct-detection receivers.

Furthermore, as SDM gains traction in optical networks, there is a growing need for
modulation formats capable of addressing multidimensional data transmission requirements.
In SVM, variations in the state of polarization (SOP) are induced by time-varying
birefringence in the fiber. In coherent detection, the SOP can be characterized using a
2 x 2 Jones matrix [67].

For the purpose of enhancing capacity and power efficiency, multidimensional SVM
becomes essential. By utilizing additional dimensions, SVM demonstrates higher efficiency

compared to other formats such as M-PAM. Experimental evidence supporting the shift to
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higher-dimensional SVM is presented in [68], where high-dimensional Stokes vector direct
detection (HD-SVDD) achieved the transmission of a 60 Gb/s signal over a 200-meter few-
mode fiber using four spatial and polarization states of the LP;; mode group. Moreover, a
new framework for generalized SVM, known as mode vector modulation (MVM), has recently

been proposed to enable optimal transceiver architectures [69], [70], [71].

Digital signal processing receiver for multi-dimensional modulation format

In this new high-dimensional format, transmission impairments significantly affect data
transmission efficiency. Therefore, to mitigate the impact of SOP fluctuations in a direct-
detected MVM system, polarization tracking algorithms such as least-mean square (LMS),
independent component analysis (ICA), Kalman filter, and extended Kalman filter (EKF)
can be employed to continuously monitor and adjust the SOP of the optical signal as it
propagates through the fiber [72], [73], [74], [75].

A unique three-dimensional SVM/DD system with extended reach and chromatic
dispersion (CD) pre-compensation capabilities was introduced in [72]. By employing
16QAM-PAM4 polarization multiplexing over 80 km with an LMS-based MIMO DSP, they
successfully achieved a transmission rate of 336 Gb/s. This result highlights the system’s
potential for data center applications beyond 100G and transmission distances exceeding
80 km, despite some performance degradation in the 3D SVM/DD approach caused by
modulating the reference carrier.

Che et al. [69] discuss the limitations of conventional intensity modulation with
direct detection beyond 100 Gb/s and introduce direct detection subsystems based on the
Stokes vector receiver (SVR) to enhance spectral efficiency. The SVR, utilizing three-
dimensional detection in Stokes space, enables the recovery of 2-D or 3-D modulated signals
and incorporates DSP-enabled polarization demultiplexing. The proposed blind polarization

demultiplexing method, combined with an LMS-based blind adaptive algorithm, simplifies
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DSP by reducing two-stage polarization demultiplexing to a single-stage blind equalization,
as experimentally demonstrated in the study.

Two DSP approaches for recovering intensity and interpolarization phase modulation in
an SVM/DD system are explored and compared. The study introduces a novel three-stage
DSP algorithm that achieves equal bit error rate (BER) performance compared to a two-
stage algorithm but with significantly reduced computational complexity, accomplished by
applying waveform filtering and derotation sequentially. Additionally, the proposed method
improves the efficiency of polarization state tracking by a factor m, where m is the number
of taps in the first filtering stage [57].

Independent component analysis (ICA) has attracted significant interest in optical
communications due to its ability to separate mixed components of multidimensional
stochastic data into statistically independent and uncorrelated sources. Notably, ICA-based
adaptive equalizers have been developed for SVM systems to mitigate cross-polarization
and inter-symbol interference (ISI). These equalizers not only de-rotate SVM constellations
using ICA but also correct distorted constellation shapes. Such advanced capabilities enable
promising performance even at very high symbol rates, making ICA-based equalizers a
valuable tool in modern optical transmission systems [73], [76], [77].

In the domain of MIMO-OFDM transmission over few-mode fiber, ICA-based channel
equalizers have proven to be highly effective. They require fewer training symbols compared
to conventional methods, significantly reducing the overhead for channel equalization.
Moreover, these ICA-based equalizers exhibit faster convergence, making them particularly
advantageous for optical communication systems [78].

ICA-based blind equalization and phase recovery have been applied in coherent optical
communication systems, demonstrating strong potential in scenarios involving QPSK and
16-QAM transmission. Notably, for 16-QAM, ICA-based equalizers outperform conventional

methods such as the constant modulus algorithm (CMA). This performance advantage
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becomes even more significant in the presence of PMD and polarization-dependent loss
(PDL), highlighting the flexibility and robustness of ICA-based equalization techniques.
These results support ICA as a promising candidate to replace or complement traditional
equalization methods in optical communication systems, especially in cases involving complex
transmission impairments [79)].

Xiang et al. [80] proposed using a Kalman filter to estimate the inverse Miiller matrix
in Stokes space. Additionally, an optimal tuning parameter is suggested to balance the
trade-off between OSNR penalty and polarization tracking capability. As noted, although
the convergence speed is enhanced, the symbol error rate (SER) improvement is only slight
compared to the additional complexity introduced into the system.

In [74], a novel time-frequency domain Kalman filter structure is proposed, enabling the
concurrent rather than sequential equalization of chromatic dispersion (CD) and rotation of
the state of polarization (RSOP) in an SVDD system, effectively addressing the combined
effects of CD and RSOP. The blind phase search (BPS) algorithm is applied to recover the
original signal constellation points, though at the cost of increased overall system complexity.

Cao et al. [75] developed a sliding window-aided extended Kalman filter (SWA-EKF)
method for high baud rate SVDD systems and proposed a joint impairment model that
accounts for equalization-enhanced phase noise (EEPN), RSOP, and CD. For high baud
rate SVDD systems, the SWA-EKF employs a sliding window structure to achieve joint
equalization of EEPN, RSOP, and CD impairments. Specifically, the EKF' is used to track
RSOP in the time domain, compensate for CD in both frequency and time domains, and
mitigate EEPN in the time domain.

Furthermore, a probabilistically shaped (PS) SVDD system with effective RSOP
tracking and compensation is proposed, using a PolDemux scheme based on EKF. Unlike
earlier PolDemux algorithms, the proposed method demonstrates improved performance in

handling ultra-fast RSOP and is validated for both 2-parameter and 3-parameter RSOP
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models [81], [82].

Dissertation organization

The structure of this dissertation is as follows: the theory of MCF/MMF characteriza-
tion and transmission impairments of the SDM systems are presented in chapter 2. Then,
the MVM structure is analyzed in chapter 3. The performances of various DSP algorithms
are discussed in chapter 4 and discussion of the fiber characterization and DSP algorithms
are presented in chapter 5. Finally, conclusion and some remarks of the dissertation are

presented in chapter 6.



13

CHARACTERIZATION OF FIBER MODAL IMPAIRMENTS USING
DIRECT-DETECTION METHODS

Contribution of Authors and Co-Authors

Manuscript in chapter 2

Author: Mahmoudreza Dadras

Contributions: Implemented and tested the MD-SDM and MD-APM methods and
performed the analysis. Prepared the original draft of the manuscript.

Co-Author: Ioannis Roudas

Contributions: Supervised the entire project, and provided important insight on numerical
studies. Aided in the preparation of the manuscript (Review and edit).

Co-Author: Jaroslaw Kwapisz

Contributions: Provided important insight on numerical studies. Aided in the preparation

of the manuscript.



14

Manuscript Information

Mahmoudreza Dadras, loannis Roudas, and Jaroslaw Kwapisz
Optics Communications

Status of Manuscript:

_ Prepared for submission to a peer-reviewed journal
__ Officially submitted to a peer-reviewed journal
_ Accepted by a peer-reviewed journal

_ X Published in a peer-reviewed journal

Elsevier
Vol. 523, 15 November 2022, 128735



15

MMF /MCF characterization and transmission impairments of SDM systems

Calculation of optimal launch modes

In [83], [84] it is shown that, in order to minimize the noise error in the estimation
of the MD vector, ideally one should select an orthonormal set of Stokes vectors as launch
states. Then, the errors of the MD vector components would be uncorrelated. Consider a
set of N2 — 1 unit vectors that form a parallelotope in the generalized Stokes space. The
volume spanned by N? — 1 oblique unit vectors in the N? — 1-dimentonal Stokes space is less
than unity. If the vectors are mutually orthogonal, the parallelotope becomes a hypercube,
and its volume is maximized (it becomes unity). Due to the incomplete coverage of the
Poincaré sphere for N > 2, however, it is not possible to find a set of N? — 1 orthonormal
Stokes vectors [10], [11]. Instead, we can compute a set of quasi-orthonormal Stokes vectors

by maximizing the volume of the parallelotope

V = \/det [SST], (2.1)

where det(.) denotes the determinant of a matrix and we defined the auxiliary square matrix

formed from the unit vectors in Stokes space

~ T

S = [817"'7‘§N2—1} (22)

Due to the monotonicity of the logarithmic function, we adopt the objective function £ :=
InV instead of Eq. (1). The numerical optimization algorithm starts from a given set of
vectors and changes their positions by small amounts successively until £ is maximized. More
specifically, we use the gradient ascent method for maximization of the objective function
&. Assume that p denotes a column vector formed by the coordinates of S1,...,5y2_1. We

start from an initial guess of the parameter vector pg and take successive steps px in the
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direction of the gradient of the objective function V& until we reach a local maximum based

on the recursion

Px+1) = P + Hk Vi, (2.3)

where ;. denotes the adaptive step size. For the analytical calculation of the components of

V&, we use Jacobi’s formula for the derivative of the determinant of a matrix to obtain

o0& oS
= Tr[A
Op; r[ op;

], (2.4)

where we defined the matrix A = S~ and Tr[.] represents the trace operator. Suppose that
only the m-th Stokes vector depends on p;. Then, only one element of the main diagonal of

the matrix Ag%is non-zero. Therefore, we obtain

i

o 95T
= AL i=1,.., M. 2.
opi  op T 29

In the following, we compute optimal sets of N2 — 1 quasi-orthogonal Stokes vectors 3;
that correspond to feasible combinations of propagating modes using two different gradient
ascent algorithms. In the first algorithm, we parametrize the j-th unit Jones vector |s) using

2N — 2 hyperspherical coordinates, i.e.,

|s) =: [cos(¢1), sin(¢1) cos(d2)e™, ...,

T

sin(gr) - - - sin(@n_2) sin(dn_1)e" 1] (2.6)

From this expression, we calculate the corresponding Stokes vector §; and its derivatives with
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respect to ¢;, and 6;,. Furthermore, we define the vector p that contains the coordinates
¢;» and 6;, of all N — 1 Stokes vectors. Then, we perform unconstrained optimization in a
(N? —1)(2N — 2) real space using the method of gradient ascent. In the second algorithm,
we parametrize the j-th Jones vector |s) = (Sjv)é\qizn using 2N real parameters z;, and
Yyjo- Now, the parameter vector p contains the coordinates z;, and y;, of all N? — 1 Stokes
vectors. The optimization takes place in a (N? — 1)2N real space, where we impose N2 — 1

unit length constraints (s;|s;)=1, j = 1,.., N> — 1. We use the modified update rule

P(kt1) = Proj {pao + Hao VE k } (2.7)

where proj(.) denotes the component of the gradient tangential to the constraints (projected

gradient ascent).

Mode-dependent signal delay method (MD-SDM) measurement principle

MD-SDM is a technique developed to characterize a fiber’s modal dispersion and,
by extension, its MDL, using direct detection. It generalizes the polarization-dependent
signal delay method (PD-SDM) used for PMD characterization in single-mode fibers [16],
[11]. MD-SDM operates by sending optical pulses into the fiber, exciting specific mode
combinations and the arrival times of the pulses are measured at the output. By launching
controlled combinations of modes and measuring the resulting group delays, one can infer the
propagation characteristics of different modes. For these measurements, linearly polarized
(LP) modes are launched. LP modes, such as LPg; and LPy;, are the natural eigenmodes of
MMFs and maintain stable propagation, making them ideal for measuring group delays and
MD [85]. Laguerre-Gaussian (LG) beams may be used in free space to couple light into a
fiber in a particular way, but inside the fiber those beams excite the conventional LP modes.

The MD-SDM consists of sending N? — 1 optical pulses using different combinations of

modes through an N-mode SDM MMF and measuring the corresponding output power at
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the fiber output. Then, the group delays 7, can be extracted from the output power of each

mode as illustrated in Fig. 3.
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Figure 3: Input pulse (green) and output pulse (red). (Symbol: 7, = Group delay).

The set of measured delays is then analyzed to reconstruct the fiber’s MD characteris-
tics. In practice, from these group delay measurements one can solve for the components of
the fiber’s MD vector. This yields the differential group delays between the principal modes
of the fiber and thus quantifies the modal dispersion. In other words, the data reveals how
each principal mode is delayed relative to the others.

The MD-SDM provides both the magnitude of modal dispersion (the largest delay
spread between modes) and the specific mode combinations that correspond to the fastest
and slowest propagation (the principal modes). This information is equivalent to identifying
the fiber’s principal modes and their individual DMGDs, which is important for modeling
and compensating modal dispersion in SDM systems.

The MD-SDM is a purely direct-detection technique, which does not require full fiber

transfer matrix or coherent receivers. Despite this simplicity, it provides results that
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align with more complex methods and is comparable to what one would get from a full
fiber transfer matrix measurement. This makes it an attractive method for practical fiber
characterization. Moreover, while the focus of MD-SDM is on measuring delay differences
(MD), the overall approach can be extended to assess the MDL as well. In practice,
a complementary mode-dependent average power method (MD-APM) can be used by
launching the same set of mode excitations and measuring the average output power of each
pulse, one can determine an MDL vector due to different attenuation coefficients in different
modes. Together, the MD-SDM and the MD-APM provide a comprehensive characterization
of MMFs and MCFs fiber’s impairments, yielding both the MD (from group delay differences)
and the MDL (from power differences) with simple measurements.

The MD-SDM can be effectively applied to MCFs to measure key transmission
impairments. By selectively launching signals into different cores and analyzing the arrival
times and power levels at the output, MD-SDM provides a direct way to characterize
how variations between cores impact system performance [86]. This method allows precise
measurement of differential group delays (core skew), which is critical for SDM systems.

In the MD-SDM formalism, launching a set of orthogonal mode combinations and
measuring their delays allows computation of the fiber’s MD vector, which encapsulates
all the differential delays and identifies the principal modes [11]. It has been shown that
launching maximally-orthogonal Stokes vectors minimizes errors in estimating the MD
vector, improving SNR and the accuracy of the MD-SDM, especially as the number of modes

increases [87].

Simulation of MD-SDM and MD-APM

Using the simulation setup shown in Fig. 4, we study the propagation of light through
various MMFs. The waveform is generated by a continuous wave (CW) laser and modulated

using a Mach-Zehnder modulator (MZM). An SLM is then employed to generate different



20
mode combinations for propagation through the MMF. At the MMF output, optical pulses
are detected by a photodetector, and the PMs and DMGDs are estimated by processing
the results on a personal computer. For simplicity, we assume ideal, chirp-free, narrowband

Gaussian optical pulses.

CW Laser

MMEF

V()
N/
MZM

SLM
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Analyzer D

Figure 4: Simulation setup for MMF characterization using the MD-SDM (Abbreviations:
CW: Continuous Wave, V(t): Bias voltage, MZM: Mach-Zehnder modulator, SLM: Spatial
light modulator, MMF: Multimode fiber, PD: Photodetector).

Table 1 summarizes the parameters used in the simulation. To accurately simulate
real fibers, we consider various properties of MMF's that cause different modes to exhibit
different group delays, as well as frequency-dependent group delays for different supported
modes. Delays associated with the polarization and spatial configurations of the LP modes
are modeled by incorporating mode dispersion and intramode group delay parameters.
Additionally, mode coupling is enabled to account for intragroup coupling effects. Over a
span of a few hundred meters, strong coupling may occur due to the similarity of propagation
constants, resulting in fully coupled modes. To capture this behavior, we introduce mean
section length and mode correlation length in the simulation. Finally, to enhance accuracy,

we also consider the standard deviation of the mean section length.



Table 1: Simulation parameters
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Parameter Value Unit
Fiber length 1-20,000 m
Group refractive index 1.47 -
Attenuation 0.2-0.6 dB/km
Refractive index reference frequency  193.1 x 10'2 Hz
Core refractive index 1.45 -
Index contrast 0.02 -
Core diameter 50 nm
Cladding diameter 125 pm
Zero-dispersion slope 0.1 ps/(nm?-km)
Zero-dispersion wavelength 1300 nm
Connector efficiency 64 %
Optical loss at connectors 2 dB
PMD coefficient 1.58 x 10715 s/m
PMD correlation length 150 m
Correlation length 130 m
All modes correlation length 130 m
Effective area LPg; 80 x 10712 m?
Mean section length 500 m
Section length deviation 5 m
Photodiode responsivity 1 A/W
Photodiode thermal noise 1079-1012 A/\/E
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Modal Dispersion

Initially, we consider the ideal case of an MMF without MDL, i.e, the fiber transfer
matrix U (w) is unitary. The input group-delay operator is defined as iU' (w) U, (w)
[11], [17], where the index w in U, (w) denotes differentiation with respect to the angular
frequency and dagger denotes the adjoint matrix. The input group-delay operator can
be expressed in terms of the identity matrix I and the generalized Gell-Mann matrices,
A=[A, ..., ANz_l]T, where N is the number of modes and T" denotes the transpose matrix
[17]

iU () Uy, (@) = 10 () T+ 527, (W) - A (2.8)

In (1), 79 (w) represents the average group delay, 75 is the input MD vector in the generalized

Stokes space, and Cly is a normalization coefficient defined as Cy := \/N/[2 (N — 1)].

The MD-SDM [17] can be used to characterize the DMGDs and input PMs of the fiber.
The eigenvalues and eigenvectors of the input group-delay operator are the DMGDs and the
input PMs, respectively. The group delay 7, of an optical pulse is related to the input MD
vector Ty and the combination of launch modes, which is represented by the Stokes vector s,

as follows [17]

T9270+ﬁ<7_—;>‘§7 (29)

where (.) denotes spectral averaging.

In (2), 7, is defined as the time average [17]

[ tP(t)at
- (2.10)

Tg -

- T Pidt

where P(t) denotes the instantaneous optical power at the fiber output. In order to measure

the MD of MMFs without MDL using the MD-SDM, we employ (2.9). First, we can estimate
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the average group-delay 7y by launching N pulses corresponding to N arbitrary orthogonal
launch states in Jones space. For instance, we can use the MMF eigenmodes, i.e., we can
launch first all the power to the fundamental mode LF,; at the x-polarization; next, we can
launch all the transmitted power on the mode L F,; at the y-polarization; and so forth. Then,
the average group delay is calculated by averaging the delays of the different eigenmodes.
Afterwards, we use N2 — 1 optimal launch states corresponding to different spatial modes
combinations into the fiber. For every launch state, we measure the power of output pulses
using direct detection and calculate the group delays using (2.10). Finally, a column vector
of DMGDs can be computed by (2.9) [17], and, the MD vector 7 can be estimated by matrix

inversion [17].

Mode-dependent loss

In practice, MDL is always present in MMF's and must be characterized first because it
impacts the MD measurement described in sec. 2.9. MDL is the combined result of different
attenuation coefficients for different modes and of coupling among different modes due to
manufacturing imperfections, fiber bends, and other mechanical deformations [17]. In [17],
the authors proposed a variant of the MD-SDM, called the MD-APM, to characterize the
MDL before MD.

If MDL is not negligible, the transfer matrix of the multimode fiber is not unitary
and is denoted by H(w). In this case, the input group-delay operator is defined as
iH, (w)H™! (w) [17]. This is a non-Hermitian matrix with complex eigenvalues and non-
orthogonal eigenvectors. To characterize MDL, indicated in [17], we can express H(w) as a
product of a unitary matrix U(w) and a positive definite matrix P(w). The MDL can be

determined by the ratio of the maximum and minimum of the eigenvalues of the positive
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semidefinite Hermitian matrix P(w)?. The latter can be written as

P(w)? = a(w) [T+ ﬁf(w) ‘Al (2.11)

where ag(w) denotes the mean attenuation of the fiber and [(w) is the MDL vector [17]. Due
to the similarity between the equation for P(w)? and (2.8), we follow a similar procedure to
the one described in sec. 2.

For MDL characterization, first, we launch /N orthogonal modes in Jones space into the
MMF and measure the output powers corresponding to these launched pulses. Averaging
the output powers leads to the mean attenuation of the fiber ag (w), which can be estimated

by

N
1
ap(w) = NE > P (2.12)
k=1

Ao = [Aoy, ..., Aay2_1]"

Next, we launch N? —1 mode combinations, which are independent in Stokes space, and
measure the corresponding output powers P,,, i = 1,2,..., N> — 1. The matrix representation
of the system of equations can be written as ST (w) = Aa, where Aa = [Aay, .. ., AaNz_l]T
is a vector with elements Ao, = o; — ap and «; is defined as «a; = P, /Py, with P,
denoting the input power. Therefore, the MDL vector can be determined by solving the

matrix equation

'(w) =S'Aq, (2.13)
where S denotes the matrix
S=[51, ., 8x2u]" (2.14)

Subsequently, the attenuation at a distance z in the fiber can be determined using the
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MDL vector and launch modes by [17]

o POut =

a(2) 1= 2 = apfw) [1 + ﬁr(@ - 3} . (2.15)

Once P(w) is known, we can pre-compensate for MDL and calculate the transfer matrix
of the compensated optical fiber using the method in Sec. 2. In other words, we construct

new mode combinations for the pre-compensation using the formula

|5i) = Pw)[sk), (2.16)

where |s;) and |s;€> denote the uncompensated and pre-compensated launch states, respec-
tively. After calculation of the pre-compensated launch states, the corresponding mean
group-delay, 7, (w), and MD vector, 7, (w), can be calculated using the procedure described
in sec. 2. Therefore, the compensated input group-delay operator and input group-delay
operator of the fiber in the presence of MDL can be determined [17]. Subsequently, the MD

vector in the presence of the MDL is complex and can be calculated by

J

7 (w) == CyTr[iH™ ! (w) Hy, (w) - A], (2.17)

S

where Tr(.) denotes the trace of a matrix.

To summarize, first, the MD-APM can be used to characterize MDL and, subsequently,
the MD-SDM can be used to characterize MD. In the joint presence of MD and MDL,
initially, we characterize the MDL using the MDL formalism described in Sec. 2 and, then,
we perform another set of simulations for measuring the MD vector measurement of the
compensated fiber transfer matrix. Finally, we create the corresponding input group delay

operator for estimating the MD vector.
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Modal Crosstalk at the launch

Both the MD-SDM and MD-APM depend on the accuracy of selecting mode combina-
tions using a mode converter, e.g., a spatial light modulator (SLM). Indeed, crosstalk is one
of the most important limiting factors of the method and it can be minimized by utilizing
optimal launch vectors in Stokes space [17], [88]. The phase mask implemented by the SLM
by altering the voltage of the pixels can perform mode selection. The main problem of the
SLM is that it may introduce crosstalk among modes [88]. Tt is possible to optimize the
phase mask to reduce the crosstalk of SLM but even a small amount of crosstalk can affect
the measurement of the input MD vector. In this section, we present a high-level model of
modal crosstalk for different numbers of modes.

In order to model the modal crosstalk introduced by the mode converter without taking
into account the device physics, we assume that we launch unintentionally the vector |5;g>,
instead of the desired mode combination |sx) due to errors in the SLM settings [17]. In
simulation, we use an abstract procedure to generate the input vectors \s}g) First, we
generate a random vector and then find the orthonormal component |As) of this vector with
respect to |s;). The perturbed vector |s;) can be expressed as |s,) = v/1 — ¢|si) + v/£|As)

where € denotes the modal crosstalk level.

Thermal noise

Thermal noise is the most significant source of noise in direct-detection optical receivers.
As indicated in [17], the variance of the measured length of the MD vector due to thermal

noise in the direct-detection receiver can be estimated by

NoC4 T3

UJQVth =Tr [AAT} GRZEQ ,

(2.18)

where A = S71. In (10), Ny, T, Ry, and E denote power spectral density (PSD) of the

thermal noise, the integration time for the computation of the group delays, the responsivity
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of the photodiode, and the average energy of the received pulse, respectively. Then, we

calculate the bound of the relative error in the MD vector by

Bpp = 2N (2.19)
70

where oy,, denotes the standard deviation of the thermal noise in the receiver.
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A MULTI-DIMENSIONAL MODULATION FORMAT FOR SDM-BASED OPTICAL
NETWORKS: MODE VECTOR MODULATION

Overview of mode vector modulation transceiver

Fig. 5 shows the block diagram of the entire MVM transmission system in Jones and
Stokes spaces. We start by feeding data in bits b;, to the transmitter 7). The transmitter
groups this data into blocks and transmit the Jones vectors, which is denoted by |si).
These vectors pass through the channel, denoted by a matrix H, which rotates the SOP of
the signals. The output of the channel is the Jones vector |sqy), which is noiseless at this
stage.

On the Poincaré sphere shown in Fig. 6, this operation is visualized by transmitting
the symbol |$;,) on the sphere, and due to the RSOP caused by channel H, we should receive
the symbol at a random position like [Sqy). In addition, the complex Gaussian component
noise is added to the Jones vector with a certain variance. At the receiver R,, we receive a
noisy version of the Jones vector |r) and convert it to Stokes vector [17], [89].

Now, because of this noise, the received Jones vector is not exactly on the surface of the
Poincaré sphere and they might be above of the surface and locates at point |7) in Fig. 6.
This noise operates on all the symbols in the transmitted constellation, resulting in vectors
that deviate from the sphere’s surface. These noisy vectors are represented as Stokes vectors
and denoted by r.

The next step in the system, following the block diagram, is the implementation of the
derotator W in the Stokes space. It compensates for the channel-induced rotation; however,
due to the noise, the corrected vectors, denoted as §', still do not lie on the Poincaré sphere.
On the sphere as shown in Fig. 6, the derotated symbols shift from point |7) to point |s7).

A maximum-likelihood (ML) decision circuit then chooses, from all the possible

transmitted symbols, the symbol that is closest in distance to the derotated received vector
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Figure 5: Block diagram of MVM transceiver in Jones and Stokes spaces. Abbreviations
and symbol definitions: b;= input bit, T, =transmitter, |$;,)= input Jones vector, |n)=
noise in Jones space, H= channel transfer matrix, |$,,)= output Jones vector, |r)= output
vector with noise in Jones space, R,= receiver, 7= output vector with noise in Stokes
space, W= derotator, §= Stokes vector after the derotation, ML= maximum likelihood,
Sin= estimated Stokes vector, b = estimated input bit, BER= bit error rate.

S’ based on a maximum-likelihood criterion. The estimated symbol, $;,, may not be exactly
the originally transmitted symbol s;,, so we denote it as §in.

Finally, we map these estimated symbols back to bits using a symbol-to-bit converter,
creating estimated bits b;. These estimated bits are compared to the original transmitted bits
b;, and the bit error rate (BER) is computed as the number of errors between the transmitted

and received bits over the total number of bits.
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Figure 6: Rotation and derotation of symbols on the Poincaré sphere.

Polarization tracking modeling in the generalized Stokes Space

Time-varying channel propagation in the MVM-DD system can be characterized by the
Muller matrix. The inverse Muller matrix along the fiber must be identified in order to apply

an equalizer to track the state of polarization.

Rotational form in Stokes and generalized Stokes spaces

The rotational forms in Stokes space can be denoted by [89]

t =R, (3.1)
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where £, §, and R denote the output Stokes vector, input Stokes vector, and Muller matrix,

respectively. The connection between Stokes and Jones spaces can be defined by [89]
R& = U'7U, (3.2)

where ¢ is Pauli spin vector in Stokes space.

Consider an N-dimensional Jones space and a D = (N? — 1)-dimensional Stokes space.
Rotations within Jones space are given by |t) = U |s) for a unitary Jones matrix U, while
rotations within Stokes space are given by t = R for a Mueller matrix R. We can calculate

the Mueller matrix R from the Jones matrix U:
1 .

where \;, \; denote the generalized Gell-Mann matrices.

[Proof of (3.3)] Letting |s) and § denote the same state of polarization in Jones and
Stokes space respectively, we will perform the rotations |t) = U|s) and £ = R5 and seek to
relate the resulting terms. We begin by recalling that the components of the Stokes vector

S are given by
N

5, = Cy <8|>\k|8> , Oy = ma

(3.4)

where ), is a generalized Gell-Mann matrix. Using that |[t) = U |s) and converting to Stokes
space yields

f; = Cv (t|\[t) = Cv (s[UTAUs) (3.5)

while using t = RS yields
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. R N
= ;lesk = m ;le <8‘)\k|8>

ZCN<S >

Equating these two expressions for ¢; yields that

ik Ak

ik Ak

(s|UTAU]s) <

S>
As this equation holds for arbitrary |s), we arrive at the matrix equation

U\ U = ZRik)\k,

which yields
UINUN =) Ruhe)
k

(3.6)

(3.8)

(3.9)

upon right-multiplication by A;. Taking the trace of both sides, while noting that tr [AyA;] =

205, gives that

r [UTAUN] ZRktr [Ae)

k

and thus

R;; = %tr [UTAUN]

as desired.

(3.10)

(3.11)
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Figure 7: Block diagram of the MVM transmission system. Symbols: LD=laser diode,
MZM=Mach-Zehnder modulator, PC=polarization controller, PBC=polarization beam
combiner, PBS=polarization beam splitter, RSOP=rotation of state of polarization,
MD=modal dispersion, PD=photodetector, A/D= analog-to-digital converter.

Simulation setup

Fig. 7 represents the block diagram of the MVM optical transmission system under
study in this paper. The details of design of the MVM transceiver are given in [71]. A brief
overview of the transmission system based on the MVM is presented in this section.

At the transmitter, optical pulses are generated using a laser diode, followed by a Mach-
Zehnder modulator and a phase modulator. The pulses are then split into /V parallel branches
with varying amplitudes using of electro-optic splitters. Then individual branches use an

array of phase modulators, introducing phase differences between the vector components.
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The polarization controllers and polarization beam combiners are used to combine the
different optical paths and get orthogonal SOPs, which are subsequently launched into
different fiber modes. For the purpose of this paper, the transmitter generates (6,64)-MVM
signals as discussed in [71] with the following features. The pulses are shaped using a root-
raised cosine (RRC) filter and transmitted at different symbol rates over few-mode fibers
(FMFs) with 3 spatial modes and 2 polarization modes (N = 6). Our simulations take into
account all the most important linear impairments, i.e., RSOP, MD, and crosstalk. We used
Monte Carlo simulations with various levels of crosstalk but most of the simulations have
been done with an average crosstalk value of —30 dB/km.

At the receiver, signals are optically pre-amplified and, then, different spatial and
polarization components of the each beranch have to be separated. This is done by means of
mode demultiplexers and polarization beam splitters. Further polarization controllers and
polarization beam splitters/combiner are used to recombine the polarization components.
An array of 2N2 — N photodiodes subsequently measures the power of these components
which is followed by analog-to-digital converters. Finally, maximum likelihood estimation is
used in Stokes space, and the BER is tested.

To compare the performance of different equalization techniques in the presence of
various impairments like RSOP, MD, and crosstlak, we simulate a (6,64)-MVM and present
results of comparing equalization methods such as LMS, ICA, EKF, and OEKF.

Table 2 shows the parameters that were used in the simulation.



Table 2: Simulation parameters
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Parameters Value Unit

DMD 0,3.02072¢-17, ps/km
3.02072e-17

CD 2.16914e-05, 2.21603e- | ps/(nm.km)
05, 2.21603e-05

CD slope 67.09935,  68.51562, | ps/(nm%.km)
68.51562

Fiber attenuation 0.16401, 0.15887, | dB/km
0.15887

Fiber length 0.5-40 km

Symbol rate 14-130 GBd

Spatial and polarization degrees | 6 -

of freedom

Constellation points 32-1024 -

Crosstalk -50 to -10 dB/km
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Principle and algorithms of various DSP methods

Multidimensional modulation formats in communication systems require robust equal-
ization techniques to mitigate the effects of channel impairments. Four prominent approaches
include LMS, ICA, the Kalman filter, and the extended Kalman filter (EKF). LMS is an
adaptive filtering algorithm that iteratively adjusts filter coefficients to minimize the mean
square error between transmitted and received signals. ICA aims to separate statistically
independent sources from the received signal. In contrast, the Kalman filter and EKF are
recursive algorithms used to estimate the state of a dynamic system affected by noise and
uncertainties. In the following sections, we provide a detailed comparative analysis of these
four DSP algorithms within the MVM-DD framework for derotating the rotation of the state

of polarization.

Least-Mean Squares (LMS)

Fig. 8 shows the flowchart of the LMS algorithm. This algorithm iteratively adjusts
the weights of a linear filter to minimize the mean squared error between the predicted and
desired outputs [90].

The process initiates with the initialization of two essential parameters: a weight vector
w and a step size p. These provide the foundation for the iterative adjustments that follow.
Next, the algorithm predicts the output g; based on the current weight vector w; and the
input vector x;. This prediction represents the algorithm’s estimate of the output at the
current iteration. It then iteratively refines the model by updating the weight vector w;,.
This update is driven by the difference between the desired output d; and the predicted
output y;, which guides the modification of the filter’s parameters.

The weight update is then followed by a decision on whether the iterations should

continue or if the algorithm should be terminated. This decision is based on predefined



39

conditions, such as reaching a maximum iteration limit or achieving a satisfactory level of
convergence. At the same time, the error e; is updated, representing the difference between
the desired and predicted outputs. This step determines how the weights should be adjusted
in the next iteration. The adaptive nature of the algorithm is further emphasized by the
update of the step size p; 11, which depends on the current step size p;, the norm of the input
vector ||x;||, and a small positive constant e that helps control the convergence behavior.
These steps are repeated until the algorithm meets the predefined termination conditions.
Since it is iterative and its parameters update adaptively, the LMS algorithm efficiently

minimizes prediction errors, making it a versatile tool for adaptive filtering applications

LMS algorithm The LMS algorithm is used to update the weights of a filter to minimize

the mean square error between an estimated and a desired output. Parameters for the LMS
are initialized, and the weights of the filter are assigned small random values, W.

In each cycle of the main loop, the algorithm processes the available measurements. It
takes as input the current vector, X;, and specifies as output the desired output D;, which
corresponds to a reference signal. The estimated output, Y;, is then computed by taking
the dot product of the filter weights W and the input vector X;.

The error, e;, is computed as the difference between the desired output D; and the
corresponding estimated output Y;. The core concept of the algorithm is that the filter
weights are updated according to the LMS update rule. This update is performed in small
steps, i, to gradually adapt the filter weights based on the computed error.

Due to its iterative nature, the LMS algorithm is well-suited for real-time applications
where adjustments to the filtering process are necessary as new data becomes available. By
minimizing the mean square error, the algorithm enhances its predictive capabilities and
adapts to changing conditions, making it valuable in a wide range of signal processing and

adaptive filtering scenarios.
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Figure 8: Flowchart of the least-mean square (LMS) algorithm.
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Algorithm 1. Least Mean Square Algorithm

1:

2:

3:

10:

11:

12:

Initialize LMS parameters

Initialize filter weights W with small random values
while measurement available do

Input current observation vector X,

Desired output D; (ground truth or reference signal)
Calculate the estimated output:

Y, = WX,

Compute the error:

e =D;—Y;

Update filter weights:

Wi =W, + u-e; - X; {Update with step size u}

end while=0
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LMS computational complexity The LMS algorithm performs different computational

steps that add up to its overall complexity. From table 3, the process initializes initial
parameters and variables with the constant complexity of O(1). Prediction of output g;
through a matrix-vector multiplication is responsible for developing a complexity of O(N?),
where IV is the number of samples. The algorithm performs a weight update w;,; for every
prediction error, which has a complexity of O(N?). The error update ¢;, calculating the error
as the difference between the desired and actual outputs, is an O(N?) operation. Finally,
updating the step size has a complexity of O(N?), and the overall iteration complexity of

the LMS algorithm turns out to be O(N?).

Table 3: Complexity analysis of LMS algorithm

Operation/Step Complexity
Initialization O(1)
Predict output: §; = w!x; O(N?)
Update weights: w; 1 = w; + u(d; — 9:)x; O(N?)
Update error: e; = d; — 4; O(N?)
Update step size: piy1 = phi O(N?)
Overall Iteration Complexity O(N?)

Independent component analysis (ICA)

Independent component analysis (ICA) is the blind source separation of mixed

signals into their original underlying source signals. It assumes that the sources generate
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uncorrelated signals that are statistically independent of one another. ICA consists of two
major tasks: first, whitening the data to simplify the separation process; and second, rotating
the components to maximize their statistical independence.

Whitening is a crucial step that transforms the data into an orthogonal form with a
known covariance matrix. In the context of ICA, whitening simplifies the computational task
of finding independent components. The ICA algorithm then applies a fixed-point iteration
to rotate the pre-whitened components, aiming to achieve maximum independence according
to measures of non-Gaussianity.

It starts by setting up the parameters of the ICA algorithm. Centering is essential to
ensure that there are no biases within the data. This step is performed by subtracting the
mean vector from each data point. It is a critical preprocessing step in transforming the
data to obtain components that are uncorrelated and have unit variance. This is achieved
by applying a whitening matrix to the centered data, ensuring that the resulting features
are statistically independent.

Fig. 9 contains a flowchart illustrating an update step, which iteratively refines the
estimate of the mixing matrix W to better separate the independent components. The
update step includes a learning rate term, p, and applies the function ¢g(Y;) to the whitened
data matrix.

An orthogonalization process is then performed on the mixing matrix to ensure that
it remains orthogonal after each update. This step promotes independence and prevents
re-mixing of the extracted components during learning. The algorithm then returns to the
centering step, establishing an iterative cycle aimed at refining the mixing matrix for optimal
independent component separation.

The ICA algorithm is based on the linear mixing model given by [76], [77]

X = AS + N, (4.1)
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where X is the received signal vector, A is the mixing matrix, S is the source signal
vector, and N is the noise.
We can express the relationship between the source signal vector S and the demixing

matrix W as

S’ = WX. (4.2)

For the whitening process, the received signal vector is transformed as follows [73]
X = oA V2PTX, (4.3)

where ® and A are the eigenvector and eigenvalue matrices of the covariance matrix of X,
respectively.

The ICA adaptation process consists of several key steps [77], [76], [73]. First, centering
is performed by subtracting the mean vector of the output data to ensure it is centered around
zero. Next, zero-phase whitening is applied to transform the raw data into a dataset with
unit variance and uncorrelated components. Following this, a fixed-point iteration method
is employed to compute a unitary unmixing matrix W = (wy,...,w,)? that maximizes

non-Gaussianity. The matrix W is then updated using the
Wt {g(WX)XT} — diag{g' (WX)1,}W, (4.4)

where g and g’ represent a non-Gaussianity measure and its derivative, respectively, and
1, is an n X 1 vector of ones. Finally, orthogonalization is applied to refine W using the

transformation:

W (W + W)~ 12w+, (4.5)
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where W denotes the pseudo-inverse of W.

ICA algorithm The ICA algorithm can be used to derotate the SOP by separating mixed

polarization components into statistically independent sources. First, the algorithm centers
the input data X, which aligns the signal for further processing. Then, it applies zero-phase
whitening to decorrelate the components and equalize variances, effectively rotating the
polarization states into a new orthonormal basis. Fixed-point iteration iteratively refines
the unmixing matrix W to maximize non-Gaussianity, which helps separate independent
polarizations. The orthogonalization step ensures that W remains different at each iteration,
which improves the orthogonality of SOPs. Through these steps, the algorithm adaptively
rotates and unmixes the polarization components, compensating for polarization mixing

caused by transmission impairments in the fiber.

ICA computational complexity Table 4 provides computational complexities for differ-

ent steps of the ICA algorithm. In the initialization step, there is a complexity of O(1),
which implies constant computational effort that does not depend on the size of the input.
Centering, which involves subtracting the mean vector from the input signal vector X, has
a complexity of O(N).

Next, the zero-phase whitening procedure rotates the data orthogonal to the axes such
that the resulting components are uncorrelated with unit variances.

The complexity of fixed-point iteration depends on the inner operations and the number
of iterations performed during the execution of the ICA algorithm. It varies with different
convergence behaviors. Additionally, the use of specific non-Gaussianity measures g and g’
affects the complexity of the update operation for W.

Orthogonalization ensures that the unmixing matrix remains orthogonal and has a
complexity of O(N?3). Therefore, the overall computational complexity of the ICA algorithm
is O(N?).
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Algorithm 2. Independent Component Analysis algorithm

1:

2:

Initialize ICA parameters

Initialize mixing matrix A and estimate of sources S

while measurement available do

Centering: Ensure the output data is centered around zero by subtracting its mean
vector Xeentered = X — mean(X)

Zero Phase Whitening: Transform the raw data to a dataset with uncorrelated
components and unit variances X = ®A V207X pered

Fixed Point Iteration: Find a unitary unmixing matrix W = (wy,...,w,)T that
maximizes non-Gaussianity.

Update W: Update the step size W W « {g(WX)XT} — diag{g/(WX)1,}W
Orthogonalization W < (W + WT)~1/2W+

end while=0
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Table 4: Computational Complexity Analysis of ICA Algorithm

Operation/Step Complexity
Initialization O(1)
Centering: Subtract the mean vector from data O(N)
Whitening: X = ®A~1/267X O(N?)
Fixed-Point Iteration: Compute unitary unmixing matrix W to maxi- O(N?)

mize non-Gaussianity

Update W: W+ « {g(WX)XT} ~ diag{g/(WX)1,}W O(N?)
Orthogonalization: W <« (W + WT)~1/2W+ O(N?)
Overall Iteration Complexity O(N3)

Kalman filter

The Kalman filter is a mathematical algorithm that processes a sequence of measure-
ments to infer information about the previous states of a system and predict its current
state. As shown in the flowchart in Fig. 10, the fundumental concept of the Kalman filter
to estimate the system state using a prediction model and then refine it based on incoming
measurements [91], [92].

The two primary stages of the Kalman filter are prediction and update. In the prediction
step, the filter forecasts the state of the system at the next time step based on the current
state and any control inputs, using a mathematical model of the system. In the update

step, the filter refines this prediction using new measurement data. The updated estimate is
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computed as a weighted average of the prediction and the measurement, assigning greater
weight to the measurement when it is more accurate [91]. The Kalman filter method also
utilizes matrices that model the system dynamics and measurement noise in a form that
allows the optimal weights to be determined for the prediction and update steps. As more
measurements become available, the filter continually updates its estimate of the system
state, resulting in progressively improved accuracy over time [91].

When applied in combination with Stokes vector modulation, the Kalman filter
estimates the optical signal’s SOP and updates it by considering fiber polarization effects.
It enhances the received signal quality by using signal measurements to improve the SOP
estimation and dynamically adjusts it to maintain a stable state of polarization [81], [92].

In practical implementations, a combination of hardware components—such as fre-
quency and polarization tracking loops—and software algorithms performing the Kalman
filter computations can be used for polarization-state tracking applications.

In order to track the SOP in SVM/DD and MVM/DD systems, the inverse Miiller
matrix in Stokes space must be estimated. A Miiller matrix represents the polarization
properties of a system and relates the input and output polarization states at both ends of
an optical link. Its inverse may be used to model polarization-dependent effects within the
system [80].

In the Kalman filter technique, a state-space model is used to monitor the temporal
evolution of the SOP and to compute the inverse Miiller matrix. Using the Kalman filter
algorithm, the inverse Miiller matrix can be estimated from input and output polarization
data, with the state-space model developed by deriving the physical relationships between
these polarization states [92].

This recursive approach allows for highly accurate estimates of the inverse Miiller
matrix, even in the presence of measurement noise or other uncertainties. Furthermore,

the Kalman filter algorithm can be adapted to accommodate varying system conditions,
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such as rapid changes in SOP or the presence of polarization-dependent impairments [74],
[75].

The basic structure of a Kalman filter in SVDD or MVM-DD systems includes several
key components [92]: the state model, measurement model, state estimator, error covariance
matrix, and gain matrix.

The state model captures the temporal evolution of the polarization state of a signal
and defines the system dynamics. Given the current state, it enables the prediction of the
system’s future state. The measurement model describes how the observed measurements
relate to the true state of polarization and is used to estimate the system state based on
incoming data.

At the core of the Kalman filter is the state estimator, which computes the estimated
system state. It combines information from the state model and the measurement model to
provide an accurate estimate of the system state based on current measurements.

The error covariance matrix quantifies the uncertainty of the state estimate. It is
updated continuously using the results of state prediction and measurement comparison,
allowing the filter to adapt to varying conditions.

Finally, the gain matrix updates the state estimate by weighing the relative confidence
in the predicted state and the new measurement. Since the gain matrix is influenced by the
evolving error covariance matrix, the Kalman filter dynamically adapts to changing system

conditions.

Kalman filter algorithm This section presents the implementation of an iterative

Kalman filter that can be used to estimate the state of a system based on a series of
measurements performed at the MVM /DD receiver. The algorithm first predicts the next
state using a mathematical model of the system and then corrects this prediction using actual

measurements.
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First, we need to predict the next state based on the previous state X;. Therefore, the

next state can be calculated by [91]

Xi-l—l = AZX“ (46)

where A; and X; are the transition matrix and the current state matrix, respectively. In
the absence of any external inputs or measurements, the transition matrix describes the
linear relationship between the current state estimate and the subsequent state estimate.
It captures the dynamics of the system, including how the state evolves over time and the
influence of any external inputs.

Next, the uncertainty or error in the state estimate is predicted using the error
covariance matrix of the next state. This matrix plays a critical role in the Kalman filter,
as it helps balance the influence of new measurements with the predicted state, thereby
producing an optimal estimate of the system state. The error covariance of the next state

can be denoted by [91]

P = APA +Q,, (4.7)

where P; and Q; are the current error covariance and the process noise, respectively. Note
that the process noise represents the variability or uncertainty in the system model that the
Kalman filter does not explicitly account for. This noise is modeled as a zero-mean random
variable with an associated covariance matrix, which is used to adjust the error covariance
matrix and incorporate the uncertainty in the state estimation.

In the next step, the Kalman gain must be defined to optimally combine the predicted
state estimate and the measurement, yielding the best estimate of the system state. The
Kalman gain determines how much weight is assigned to the measurement versus the

predicted state during the correction step.
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When the measurement is highly accurate, the Kalman gain assigns greater weight to
the measurement and less to the predicted state. Conversely, when the measurement is less
reliable, more weight is given to the predicted state and less to the measurement. This
dynamic weighting allows the filter to account for both measurement uncertainty and model
uncertainty, producing an optimal state estimate.

The Kalman gain minimizes the estimation error by adjusting the balance between the
predicted state and the new measurement, ultimately leading to a more accurate and reliable
estimate of the system state.

To compute the Kalman gain, the measurement noise covariance matrix is required.
This matrix models the uncertainty associated with the measurements by capturing the
statistical properties of the measurement noise. The Kalman gain can therefore be

determined by [91]

K, = P,;H,(H,;P,H; + R,) "}, (4.8)

where R; and H; are the measurement noise covariance and the measurement matrices,
respectively. A very important part of the Kalman filter is the measurement matrix,
commonly referred to as the observation matrix. This matrix maps the state variables
into the measurement space. It is used to compare the expected measurements with the
actual observed data and serves as a link between the predicted state estimate and the real
measurements.

Now, we need to update the predicted state estimate using the actual measurement Y,

which is given by [91]

Xir1 = X; + Ki(Y; — HiXy), (4.9)

and also the error covariance can be updated by [91]
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Algorithm 3. Kalman Filter Algorithm
1: Initialize Kalman filter parameters

2: Initialize state estimate X and error covariance P
2: while measurement available do

3: Predict state:

4 X = AX;

P, =APA +Q

o

6: Update step:

7. Calculate Kalman gain:

8 K,=PHHPH +R)!
9: Update state estimate:

10 X1 =X, + K (Y — HX))
11: Update error covariance:
122 Py =(1I-KH)P;

12: end while=0

Kalman filter computational complexity Table 5 presents a complexity analysis of the

Kalman filter equations, detailing the computational costs associated with each step. The
initialization step has a constant complexity of O(1), reflecting its efficiency regardless of the
input size.

The prediction state equation X;;; = A;X; involves matrix-vector multiplication and
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has a complexity of O(N?). The error covariance prediction step Py, = APA, +Q;
requires matrix-matrix multiplication and addition, resulting in a complexity of O(N?).

Calculating the Kalman gain K; = P,H ;(H;P,;H’; + R;)! involves matrix multiplica-
tions, additions, and a matrix inversion whose complexity depends on the specific algorithm
used.

Updating the state estimate X;11 = X; + K;(Y; — H;X;) includes matrix-vector
multiplication and has a complexity of O(N?). Updating the error covariance P;;; =
(I — K;H;)P; involves matrix multiplications and subtraction, resulting in a complexity
of O(N?).

The overall iteration complexity of the Kalman filter equations is dominated by the
O(N?) terms, highlighting the computational cost associated with each iteration of the

filtering algorithm.

Extended Kalman filter (EKF)

The typical Kalman filter assumes a linear relationship between the measurements and
the state variables, using linear equations to model the system dynamics. However, in
many applications—such as tracking the state of polarization—mnonlinear relationships exist
between the state variables and the measurements due to polarization-related impairments.
These nonlinearities make it difficult for linear models to accurately capture the system’s
dynamics. As a result, the standard Kalman filter may fail to provide precise estimates in
such scenarios and, in some cases, may even diverge [75], [93]. The nonlinear system dynamics
and measurement models are linearized by the EKF utilizing the Jacobian matrix to resolve
this issue. The Jacobian matrix depicts the linearized approximation of the measurement
models and nonlinear system dynamics based on the most recent estimate of the state. In
order to generate updated state estimates that are more accurate for nonlinear systems, the

EKF applies this linearized approximation in the Kalman filter algorithm’s prediction and
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Table 5: Complexity analysis of Kalman filter algorithm

Operation/Step Complexity
Initialization O(1)
Predict state: X;11 = A;X; O(N?)
Predict error covariance: P; ;1 = A,P,A’; + Q; O(N3)
Calculate Kalman gain: K; = P;H;(H,P,H; + R;)™! O(N?)
Update state estimate: X; 11 = X; + K;(Y; — H;X;) O(N?)
Update error covariance:P;; = (I — K;H;)P; O(N3)
Overall Iteration Complexity O(N?)

update steps [91].
In order to implement the EKF, as shown in Fig. 11, we need to define the state
transition function f(X,) and the measurement function h(X,). Therefore, the predicted

next state is given by [82], [91], [93]

Xit1 = f(Xa). (4.11)

The error covariance of the next state is [82], [91], [93]

of
ox

of

P = Pz(%

) +Q, (4.12)

where the % denotes the Jacobian matrix of the state transition matrix and (%)’ is the
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Figure 11: Flowchart of the extended Kalman filter algorithm
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transpose of the Jacobian matrix. Then, the Kalman gain can be calculated using [82], [91],

[93]

Oh,, Ohy, Oh,

K, = Pz‘(%)'(g i(%)

+R), (4.13)

where the 2 is the Jacobian matrix of the covariance [82], [91], [93]. Finally, the updated

state estimate using actual measurement is [82], [91], [93]

and also the updated error covariance can be denoted by [82], [91], [93]

Ooh

Pi=(1- K,;%)

P,. (4.15)

Extended Kalman filter algorithm The EKF is an iterative estimation algorithm

designed for state estimation in nonlinear systems. It begins by initializing the algorithm-
specific parameters and setting up the initial state estimate X along with its corresponding
error covariance matrix P. The algorithm iteratively processes available measurements
through a prediction-update loop. In the prediction step, the state prediction Xiﬂ is
obtained by applying the nonlinear system dynamics function f to the current state estimate
X;. The Jacobian matrix of the system dynamics function, A, is calculated to linearize the
nonlinear dynamics, and the error covariance for the next state, P;. 1, is predicted using the
linearized dynamics and the process noise covariance matrix Q.

Moving to the update step, the Kalman gain K is computed based on the linearized
measurement model. This involves calculating the Jacobian matrix of the measurement
model, H, at the predicted state Xi—H- The state estimate is then updated using the

Kalman gain and the difference between the actual measurement Y and the predicted
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measurement from the measurement model. Simultaneously, the error covariance is updated
using the Kalman gain to account for the reduction in uncertainty after incorporating the
measurement.

These steps are iteratively repeated for each available measurement, refining both the
state estimate and the error covariance. The algorithm adapts to nonlinear systems by
linearizing the dynamics and measurement models at each iteration. In essence, the EKF
algorithm leverages predictions from nonlinear models and updates from real measurements
to iteratively estimate the state of a dynamic system while accounting for uncertainties in

both the system dynamics and the observations.

EKF computational complexity The computational complexity of the EKF is dictated

by the matrix operations involved in the prediction and update steps. Table 6 summarizes
the complexity of each step. The initialization step has a constant complexity of O(1).

The error covariance prediction step, P;.; = A;P;Al + Q, involves matrix multiplica-
tions and additions. Since P is an N x N matrix, the dominant operation in this step is the
multiplication of A; (an N x N matrix) with P; and its transpose, resulting in a complexity
of O(N?).

Similarly, the Kalman gain computation requires inverting the matrix H;P;H, + R,
which is also of size N x N. Matrix inversion has a computational complexity of O(N?),
making this one of the most computationally expensive steps in the EKF.

The state update step, X;11 = X; + K;(Y; — h(X;)), consists primarily of matrix-vector
multiplications. Since X is an N x 1 vector and K is an N x N matrix, the computational
cost is O(N?). In contrast, the error covariance update, P;,; = (I — K;H;)P;, requires
matrix multiplications between N x N matrices, leading to a complexity of O(N?).

Since the most computationally intensive operations in the EKF involve matrix

multiplications and matrix inversions, the overall iteration complexity is dominated by
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Algorithm 4. Extended Kalman Filter Algorithm

1:

10:

11:

12:

13:

14:

14:

Initialize Extended Kalman filter parameters

Initialize state estimate X and error covariance P

while measurement available do

Predict state:

Xiﬂ =f (XZ) {Non-linear prediction using system dynamics}
A= g—)l;\xzxi {Jacobian matrix of the system dynamics}
P, =APA +Q

Update step:

Calculate Kalman gain:

H = g_)‘]UX:Xm {Jacobian matrix of the measurement model}
K, = P,H (HP,H + R)!

Update state estimate:

Xit1 = Xiﬂ + K;(Y; — h(f(z)) {Non-linear update using measurement model}
Update error covariance:

P, =(1-KH)P,

end while=0

the O(N?®) terms. This implies that, for large state dimensions, the EKF can become

computationally demanding—particularly in real-time applications where fast, repeated

updates are required.

Optimized extended Kalman filter (OEKF')

In this section, we discuss the optimization of the cost function to find the optimal state

vector f(X) that minimizes the error between the received and transmitted signals using the
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Table 6: Complexity analysis of EKF

Operation/Step Complexity
Initialization o(1)
Error Covariance Prediction: P,y = A;P; AL+ Q O(N?)
Kalman Gain Calculation: K; = P;H,(H;P,;H, + R)™! O(N3)
State Update: X1 = X1 + Ki(Yi — h(Xip1)) O(N?)
Error Covariance Update: P;; = (I — K;H,)P; O(N3)
Overall Iteration Complexity O(N3)

extended Kalman filter algorithm. The cost function J(X;) is defined as:

N
IX) =y — HXy? (4.16)
i=1
To minimize this cost function, we use the gradient descent algorithm. The update rule
for gradient descent is:

where X; is the current estimate of the state vector, « is the learning rate, and VJ(X;) is the

gradient of the cost function with respect to X. Therefore, the gradient can be computed as
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VJ(X)=-2) H(y; - HX,). (4.18)

Now, we can update the state vector iteratively using gradient descent until convergence:

N
i=1

The flowchart shown in Fig. 12 depicts the workflow of the optimized extended Kalman
filter (OEKF) algorithm, designed for state estimation in nonlinear systems. The process
starts with initializing the filter parameters, including the state vector X, error covariance
matrix P, process noise covariance Q, and measurement noise covariance R. The algorithm
predicts the next state using the system dynamics X;;; = f(X;), while updating the error
covariance matrix P, based on the process model and noise characteristics. This prediction
serves as the basis for subsequent corrections.

During the update phase, the Kalman gain K, is computed to optimally merge the
predicted state with incoming measurements, reducing estimation errors. The state estimate
and error covariance are updated iteratively in this phase. If the error fails to converge, the
algorithm calculates the cost function and its gradient to fine-tune the parameters Q, R,
and P using optimization techniques. This optimization loop allows the filter parameters to
adapt dynamically to minimize estimation errors.

The process continues until the error converges to a minimum, at which point the
algorithm stops. By integrating optimization into the EKF framework, this approach

enhances its performance, particularly in systems with complex or nonlinear dynamics.
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Figure 12: Flowchart of the optimized extended Kalman filter (OEKF) algorithm.

OEKF algorithm The OEKF algorithm enhances the traditional EKF by incorporating

optimization steps that dynamically adjust filter parameters for improved estimation
accuracy. The algorithm begins with the initialization of state estimates, error covariance,

and noise covariance matrices. It follows the standard EKF procedure, consisting of a
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prediction step—where the state estimate is propagated through a nonlinear transition
model—and an update step, where new measurements refine the state estimate using the
Kalman gain. The error covariance is also updated based on the Jacobians of the state
transition and measurement models.

A key distinguishing feature of OEKF is its optimization step, which minimizes a cost
function representing the error between predicted and actual measurements. The algorithm
computes the gradient of this cost function and updates the state estimate iteratively using
a gradient-based approach. Additionally, it fine-tunes the Q, R, and P matrices to ensure
optimal parameter selection. This adaptive approach enhances the filter’s robustness and
accuracy, particularly in dynamic and uncertain environments. The algorithm iterates
through prediction, update, and optimization steps until convergence is achieved, ensuring

refined state estimation over time.

OEKF computational complexity The OEKF consists of several computational steps,

each contributing to the overall complexity of the algorithm. Table 7 presents the complexity
analysis of these operations. The initialization step has a complexity of O(1), as it involves
setting the initial state estimates, covariance matrices, and noise parameters. The state
prediction step, X1 = f (XZ), depends on the system model but is typically an O(N)
operation, assuming a moderately complex function.

The prediction step for the error covariance matrix, P;,y = AiPiA; + Q, is
computationally intensive as it requires matrix multiplications. Since P is an N x N matrix,
multiplying it by A; results in a complexity of O(N?3). Similarly, computing the Kalman
gain, K; = P,;H,(H;P,H,+R) ™!, involves a matrix inversion, which is also O(N?). The state
update step, X1 = X;+K; (Y; —h(Xz)), consists primarily of matrix-vector multiplications,
leading to a lower complexity of O(N?). The error covariance update, P;1; = (I - K;H,)P;,

involves additional matrix multiplications, resulting in O(N?3) complexity.
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The optimization step in OEKF adds further computations compared to the standard
EKF. The cost function evaluation, J(X) = 2 ||Y; — H;X,||?, and gradient computation,
VI(X) = —23°Y HY(Y; — H,X;), both have a complexity of O(N?). Updating the
parameters, X, 11 = X;+ 2« Zf\il HY (Y, —H;X,), is also O(N?). However, the optimization
of Q, R, and P requires iterative computations with a complexity of O(N?). Since the most
computationally demanding steps involve O(N?) operations, the overall iteration complexity
remains at O(N?). This suggests that while OEKF provides improved accuracy through
parameter optimization, it comes at a higher computational cost—making it more suitable
for applications where estimation accuracy is prioritized over computational efficiency.

Overall, the computational complexity of different equalization algorithms varies based
on the operations involved. The LMS algorithm primarily consists of matrix-vector
multiplications and weight updates, leading to a dominant iteration complexity of O(N?),
which is relatively efficient for adaptive filtering applications.

ICA exhibits higher computational complexity compared to LMS due to its iterative
nature and matrix operations. The major computational steps of ICA include centering
(O(N)), whitening (O(N?)), fixed-point iteration for computing the unmixing matrix
(O(N?)), iterative weight update (O(N?)), and orthogonalization (O(N?)). Among these,
the orthogonalization step dominates the complexity, leading to an overall iteration
complexity of O(N3). As a result, ICA has more complexity than LMS but remains a
viable option for applications requiring source separation in high-dimensional modulation
formats.

In contrast, the Kalman filter and its variants, such as the EKF and OEKF, involve even
more computationally demanding operations. The standard Kalman filter includes matrix-
vector and matrix-matrix multiplications, as well as matrix inversions. The prediction state
update and state estimation steps exhibit O(N?) complexity, while the error covariance

prediction and Kalman gain computation involve O(N?) complexity due to matrix-matrix
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multiplications and inversions. Thus, the overall iteration complexity of the Kalman filter
is dominated by O(N?3). The EKF and OEKF introduce additional optimization steps,
further increasing computational costs while improving estimation accuracy. These higher
complexities make Kalman-based approaches more computationally intensive than LMS,
particularly in high-dimensional applications.

Comparing these algorithms, LMS remains the most computationally efficient, followed
by ICA, which requires additional matrix computations and iterative updates. Kalman
filtering and its variants demand the highest computational resources, making them the
most expensive in terms of complexity. The choice of algorithm depends on the trade-off

between computational efficiency and accuracy requirements in DSP applications.
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Table 7: Complexity analysis of OEKF algorithm

Operation/Step Complexity
Initialization 0(1)
Predict state: Xi—i—l = f(XZ) O(N)
Predict error covariance: P;;1 = AiPiA; +Q O(N?3)
Compute Kalman gain: K; = P;H,(H,P;H; + R)~" O(N?3)
Update state: X1 = X; + Ki(Y; — h(X))) O(N?)
Update covariance: P;11 = (I — K;H;)Piyg O(N?)
Evaluate cost: J(X) = SN ||Y; — H X |? O(N?)
Compute gradient: VJ(X) = —2 Ef\il H!(Y; - H;X)) O(N?)
Update parameters: X;y1 = X; + 2« Zf\;l H!(Y; - H;X)) O(N?)
Optimize Q,R, P O(N?)

Overall Complexity
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Algorithm 5. Optimized Extended Kalman Filter (OEKF) Algorithm
1: Initialize Extended Kalman filter parameters: state estimate Xg, error covariance Py,

and noise covariances Q and R.

1: while measurements are available do

2:  Predict state:

3 X1 = f(X;) {State transition model}
4: Predict error covariance:

5. Py = A/P;A + Q {Jacobian A; = (%f(
6: Update Step:

7. K, =PH,(H,P;H, + R)™!

8: Update state estimate:

9: Xy = X; + K;(Y; — h(X;)) {Measurement model h(-)}
10: Update error covariance:

11: Py = (I- KH;)P; {Jacobian H; = 2%
12: Optimization Step:
13:  Evaluate cost function:
1 J(X) =20, Y - HX)?
15: Compute gradient:
16: VI(X)=-23" HI(Y, - H)X))
17: Update parameters:
18 Xip =X, + 2238 HI (Y, - HX,)
19: Optimize Q, R, and P.
19: if parameters are optimized then
19: Proceed to the next prediction step.
19: else

19: Recalculate parameters and continue optimization.
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RESULTS AND DISCUSSION

Results and discussion

Maximizing the volume of the parallelotope

To improve the accuracy of using the MD-SDM and MD-APM, we applied a
maximization procedure for computing optimal launch modes. Fig. 13 illustrates volume
reduction as a function of the number of modes N. The different curves in Fig. 13
show the results of the gradient ascent algorithm starting from various initial conditions.
Specifically, the blue, green, and red curves are obtained using the unconstrained gradient
ascent algorithm initialized with vectors proposed by Yang and Nolan [94], vectors selected
from mutually unbiased bases (MUBSs) [95], and vectors based on symmetric, informationally-
complete, positive operator-valued measures (SIC-POVM) [96], respectively.

The points represent the results obtained using the projected gradient ascent algorithm.
The superior performance of the SIC-POVM vectors can be attributed to their high degree
of symmetry—specifically, their equal pairwise angular separations. This symmetry allows
the optimization algorithm to converge more rapidly toward a set of quasi-orthogonal vectors
in Stokes space.

One way to quantify the obliqueness of a vector set is by calculating the inner products
of each pair of vectors in the set, forming the Gram matrix. As a specific example, Fig. 14
(a) and (b) show density plots of the absolute value of the Gram matrix before and after
optimization, respectively. In this example, we use vectors selected from MUBs as the initial
conditions. The optimization results in a set of nearly perpendicular vectors, with the Gram

matrix approaching a unit matrix.
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Figure 13: Parallelotope volume decrease in dB vs. the number of modes. (Initial
conditions: Red: SIC-POVM vectors; Green: Vectors from MUBs; Blue: Yang and Nolan’s
vectors. Methods: Points: unconstrained optimization; Lines: projected gradient ascent
algorithm).
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Figure 14: Density plots of the Gram matrix for N=7 vector from MUBs (a) before and (b)
after optimization.
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Fig. 15 shows the number of iterations required for convergence by the unconstrained

gradient ascent algorithm as a function of the number of fiber modes.

104
5000}

1000}
500

Required number
of iterations

100

5 10 20

Number of modes N
Figure 15: Comparison of required iterations to achieve convergence vs the number of
modes using SIC-POVM vectors as initial conditions (Condition: e,=10"%), u: Adaptive
step size.

Finally, Fig. 16 shows that using gradient ascent to maximize the volume of the
parallelotope results in a set of Stokes vectors that nearly—albeit not completely—minimize
the noise-based cost function described in [84]. Therefore, volume maximization serves as
a practical alternative optimization approach to noise minimization. The key advantage of

this method is a slight gain in computational efficiency.

Fiber characterization using the MD-SDM and the MD-APM

In this section, we present simulation results for the characterization of different fibers
using the MD-SDM and the MD-APM. The accuracy in estimating the norm of the MD
vector is used as a figure of merit for evaluating the performance of the MD-SDM.

Fig. 17 compares the magnitude of the MD vector as a function of wavelength, derived
from the transfer matrix (red) and estimated using the MD-SDM (blue), in the absence of

MDL, for a 500 m long 6-mode fiber. We observe a small discrepancy between the MD
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Figure 16: SNR penalty (dB) vs number of fiber modes for SIC POVM vectors as an initial

condition (Symbols: Blue: set of vectors given by volume maximization; Red: given by
noise minimization).

vector estimates obtained by the two methods. Specifically, the largest difference is 1.22 ps,

occurring at 1537.5 nm within the C-band.

12}.... MD vector in the absence of MDL from the MD-SDM
. MD vector in the absence of MDL from the transfer matrix
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Figure 17: MD vector estimation in the absence of the MDL using the MD-SDM and the
fiber transfer matrix.

When the fiber has MDL, its transfer matrix is no longer unitary, and the MD vector
must be calculated using the process described in Chapter 2.

Fig. 18 shows the MD vector estimation using the same process, despite the presence
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of MDL. As expected, the MD estimation error is larger in this case, since the effect of MDL

is ignored. The maximum error is 3.41 ps and occurs at 1552.5 nm.

14}-.. MD vector in the presence of MDL from the MD-SDM

.. MD vector in the presence of MDL from the transfer matrix

1711 (ps)

1530 1535 1540 1545 1550 1555 1560 1565
Wavelength (nm)

Figure 18: MD vector estimation in the presence of the MDL using the MD-SDM and
transfer matrix of the fiber.

MDL plays a fundamental role in limiting signal propagation in SDM fibers. As
mentioned above, the presence of MDL affects the characterization of the MD vector, and
therefore, accurate MDL estimation is vital when using the MD-SDM method.

In addition, the transfer matrix of the fiber can be calculated using the input and
output PMs provided by the simulation tool. The transfer matrix is given by H(w) =
PMou(w) - PMyp,(w)™!, and the MDL can be estimated from the ratio of the largest to the
smallest eigenvalue of P(w)? = H(w)' - H(w) [17].

Fig. 19 shows the MDL and the effect of receiver thermal noise on the MDL
measurement in the C-band, as estimated from both the transfer matrix and the MD-SDM.
At 1536 nm, a 0.1 dB deviation is observed between the estimated and actual MDL of a 500
m 6-mode fiber.

Mode coupling in MMF's is another factor that has an impact on the performance of a
transmission system. Indeed, by studying the mode coupling, we estimate the accuracy of

the MD-SDM at different coupling regimes.
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Figure 19: Comparison of the estimated MDL by the MD-APM and the actual MDL
derived by the transfer matrix.

Kahn et al. [97] expressed the strength of mode coupling as a function of the correlation
length and the length of the fiber. We study the impact of weak and strong coupling on
the accuracy of the MD-SDM and the MD-APM. We define the coupling parameter as
d. := L./Ls, where L, and L, denote the correlation length and the fiber length, respectively.
Using this definition, when d. is close to one, we are in the weak-coupling regime. When 9,
approaches zero, the correlation length is much shorter than the system length, and we are
in the strong-coupling regime.

Fig. 20 shows the impact of different coupling regimes on the MD vector estimation
using the MD-SDM. Strong coupling reduces the separation of group delays, and it can
compensate for MD vector estimation errors. For example, for a 1 km 6-mode fiber, the
penalty for the MD vector estimation is less than -25 dB.

Fig. 21 shows the penalty in MDL estimation for different coupling regimes. Similar
to the MD vector estimation, the penalty in MDL estimation decreases as we approach the
strong-coupling regime.

Since MD and MDL of the fiber do not add up linearly for different fiber lengths, we

compute the norm of the MD vector for different numbers of modes and varying fiber lengths
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Figure 21: Penalty in the MDL estimation as a function of coupling parameter (Symbols:
Orange: N=2, Red: N=3, Blue: N=4, Green: N=5, Black: N=6).

to illustrate the impact of MDL on MD characterization.

Fig. 22 shows the increase in the norm of the MD vector as a function of fiber length

for different numbers of modes, in both the absence and presence of MDL. As shown, in

the joint presence of MD and MDL, the MDL induces progressively larger penalties in MD

vector estimation as the fiber length increases. For instance, for a 20 km long 6-mode fiber,

the MD is measured with more than 1.6 ps error compared to the case without MDL.
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Figure 22: MD vector vs. fiber length for different number of modes in the absence and
presence of MDL.

Since the principal attenuation of the fiber determines the MDL and accumulates over
the fiber length, the MDL increases as the fiber length increases.

Fig. 23 illustrates the MDL of the fiber as a function of fiber length for different numbers
of modes. For example, in a 6-mode fiber, the MDL increases by an average of 0.0625 dB
for every 1 km of fiber.

Moreover, MDL can also be introduced by imperfections in transmission system
components, such as mode converters and optical amplifiers.

To investigate the accuracy of the method, we consider additional limiting factors such
as modal crosstalk and thermal noise, along with MDL, and evaluate their combined impact
on channel performance. The penalty in MD vector estimation as a function of SNR for
different sources of error is shown in Fig. 24. In this figure, all sources of error—thermal
noise at the direct-detection receiver, MDL as a transmission impairment of the fiber, and
mode combiner error—are taken into account to assess the accuracy of the MD-SDM and the
MD-APM. As shown, MDL introduces a higher penalty in MD vector estimation compared
to modal crosstalk. In the presence of thermal noise, the penalties due to MDL and crosstalk

accumulate, further degrading estimation performance.
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Figure 23: MDL vs. fiber length for different number of modes (Symbols: Orange: =2,
Red: =3, Blue: =4, Green: =5, Black: =6).
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Figure 24: Penalty in MD vector estimate as a function of the SNR to assess different
source of errors (Symbols: Red: Impact of noise, Magenta: Impact of crosstalk and noise,
Blue: Impact of noise and MDL, Orange: Impact of crosstalk, Noise, and MDL for a
2-mode fiber).

As mentioned before, using optimal launch vectors can minimize the error in MD vector
estimation. Fig. 25 compares different input launch vectors, such as Yang and Nolan’s
vectors [94], mutually unbiased bases (MUBs) [95], symmetric, informationally complete,
positive operator-valued measure (SIC-POVM) vectors [96], and the optimal launch vectors

proposed in [17].
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We observe that the optimal launch vectors from [17] produce a lower penalty compared
to other previously proposed vectors. For instance, in a 6-mode fiber, the penalty in MD
estimation is reduced by 3.22 dB when using optimal launch vectors instead of random launch

vectors, under a modal crosstalk level of -30 dB at the fiber input.

- Random Launch Vectors
- Yang Launch Vectors
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Figure 25: Penalty in MD vector estimate as a function of crosstalk for different launch
vectors (Symbols: Red: Random launch vectors, Black: Yang and Nolan’s vectors,
Magenta: MUBs launch vectors, Blue: SIC-POVMs launch vectors, Green: Optimal launch

vectors).

Fig. 26 illustrates the effect of using different launch vectors for MDL measurement as
a function of crosstalk. As expected, the optimal launch vectors [17] minimize the error in
MDL estimation. In fact, these optimal vectors reduce the penalty by 4.11 dB compared to
random launch vectors when the modal crosstalk at the fiber input is -40 dB.

To enhance the accuracy of MD-SDM and MD-APM fiber characterization techniques,
this study proposes an optimization approach that maximizes the volume of the parallelotope
formed by launch Stokes vectors. Through gradient ascent algorithms—initialized using
different vector sets such as Yang and Nolan’s vectors, MUBs, and SIC-POVMs—it was
shown that vectors with high symmetry, particularly SIC-POVMs, enable faster convergence

and better orthogonality in Stokes space. The Gram matrix analysis confirmed that



79

iy Random Launch Vectors
. Yang Launch Vectors
.~ MUBs Launch Vectors

[+ SIC-POVMs Launch Vectors

)
i)
o
S
=
g .
< -12
m
A
S -14
g
2-16}'
S
=
&

-18

-40 -38 -36 -34 -32 -30
Crosstalk(dB)

Figure 26: Penalty in MDL estimation as a function of crosstalk for different launch vectors
(Symbols: Red: Random launch vectors, Black: Yang and Nolan’s vectors, Magenta:
MUBs launch vectors, Blue: SIC-POVMs launch vectors, Green: Optimal launch vectors).

the optimization process yields nearly orthogonal vector sets, minimizing obliqueness and
improving the estimation accuracy. Additionally, results demonstrated that maximizing the
parallelotope volume provides a practical and computationally efficient alternative to noise-
based cost function minimization, yielding only a minor performance trade-off in terms of
SNR penalty.

Extensive simulations validated the performance of MD-SDM and MD-APM under
various transmission conditions. These methods successfully estimated MD and MDL for
MMFs and MCFs, though their accuracy was influenced by impairments such as MDL,
thermal noise, and modal crosstalk. Mode coupling, fiber length, and launch vector selection
were shown to significantly impact estimation penalties. Strong coupling regimes reduced
MD and MDL estimation errors, while longer fiber lengths amplified them. Optimal
launch vectors, derived through volume maximization, significantly reduced estimation
penalties—by up to 4.11 dB in MDL estimation compared to random vectors—especially
under high crosstalk. Overall, the results emphasize the importance of robust launch vector

design and impairment-aware characterization to enable accurate and scalable deployment



80

of SDM fibers in next-generation optical communication systems.
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DSP algorithms performance

In this section, results of an iterative OEKF are provided. We iterated the OEKF for
35 Stokes vectors and attempted to de-rotate the rotated state of polarization (SOP) of each
vector for a 6-mode fiber. Then, we stored the Euclidean norm of the distances as an error

between the rotated and target SOPs, defined as

Error = || X =Y/ (5.1)

As shown in Fig. 27, the penalty is plotted as a function of the number of iterations
for various step sizes. Larger step sizes lead to higher penalties as the algorithm progresses
through iterations, whereas smaller step sizes result in a substantial decrease in penalty as
the number of iterations increases. We observe that a step size of 0.000087 yields the most
gradual and consistent reduction in penalty. This highlights the importance of selecting an
appropriate step size to achieve optimal EKF performance in a 6-mode fiber system.

As mentioned earlier, the measurement noise covariance matrix is an integral part of
the Kalman filter, as it indicates the uncertainties in the measurements or observations.
During the update phase of the state estimation process, this matrix significantly influences
the weighting between the measurements and the predicted state.

Fig. 28 illustrates the penalty as a function of the number of iterations required to
reach convergence, or a sufficiently small error between SOPs. It is observed that for larger
values of R, the initial penalties are higher and the convergence rate is slower. Conversely,
smaller values of R lead to faster convergence and lower final penalties, with the lowest
penalty achieved for R = 0.0000341.

This result shows the importance of optimizing the measurement noise covariance
matrix in order to achieve accurate and efficient state estimation using the OEKF.

The process noise covariance is another important parameter within a Kalman filter
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Figure 27: Impact of step size.

that characterizes the uncertainty in the process or system dynamics. It defines the random
nature of the change in state variables and how uncertain those changes are over time. The
process noise enters during the prediction step of the Kalman filter, where the estimated
state is propagated forward based on the system dynamics.

In Fig. 29, the penalty is plotted over the number of iterations for different values
of the process noise covariance, Q. From the figure, it can be observed that with higher
values of Q, the penalty initially decreases more rapidly. However, this advantage eventually
diminishes, as higher Q values lead to less stable convergence compared to moderate values
such as Q = 0.1I. On the other hand, with smaller values of Q, the decrease in penalty is
more gradual, but the lowest final penalties are achieved with very small Q.

This indicates that selecting an optimal process noise covariance is essential for
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achieving the best performance in the state estimation process of a Kalman filter.

It incorporates the state estimation uncertainty by modifying the error covariance
matrix and modeling the process noise as a zero-mean random variable with a corresponding
covariance matrix.

Fig. 30 shows how a higher initial error covariance causes the penalty to drop rapidly
at first, then more gradually until it stabilizes. In contrast, smaller initial error covariances
result in a more consistent decrease in penalty throughout the iteration process. Among the
different cases, P = 0.068I yields both the smallest initial error covariance and the lowest
final penalty values.

In our investigation into the performance of electronic equalization techniques for
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MVM/DD, we conducted comprehensive numerical simulations of BER versus SNR across
various scenarios involving different fiber lengths, baud rates, and constellation sizes.
Our primary objective was to assess the effectiveness of different equalization methods in
mitigating transmission impairments.

We used SVM to visualize the effects of different DSP algorithms on the transmitted
signals. Fig. 31 shows the locations of 8 constellation points on the Poincaré sphere before
and after transmission through an optical fiber. The blue points indicate the theoretical
target positions of the signals after transmission and serve as a reference for evaluating the
accuracy and performance of each equalization method.

Fig. 31(a) shows the constellation points on the Poincaré sphere before transmission.
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In this figure, each blue point represents an ideal MVM symbol position, which serves as the
target location that the received signal should ideally match after transmission. However, due
to intrinsic distortions introduced by the optical fiber and amplified spontaneous emission
(ASE) noise from optical pre-amplifiers, the actual received signals deviate from these ideal
positions.

As shown in Fig. 31(b), the red points represent the signals received after transmission
through the fiber. Clearly, the signals are significantly spread around the ideal blue points,
indicating the presence of severe transmission impairments. This visual evidence underscores
the challenge of maintaining signal integrity in the presence of fiber-induced distortions and
noise.

Fig. 31(c) shows the received signals after applying the LMS equalizer. The symbols
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Figure 31: Constellation points for 8-SVM (a) before transmission; (b) after transmission;
(c) after LMS; (d) after EKF; (e) after ICA; (f) after OEKF.

are now closer to the target points, but there is still considerable spread, indicating that the
LMS equalizer partially compensates for the RSOP, yet it is not sufficient for optimal signal
recovery.

Application of the EKF, as shown in Fig. 31(d), results in better convergence toward
the blue points compared to the LMS equalizer, demonstrating that the EKF is more effective
and accurate in correcting signal distortions.

Fig. 31(e) illustrates the effect of the ICA equalizer on the received signals. It is
evident that the ICA equalizer is less effective than both the LMS and the EKF in mitigating

distortion.
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Finally, Fig. 31(f) presents the performance of the EKF equalizer after optimization.
The red points nearly overlap with the blue target points, showing minimal residual spread
in the symbol positions on the Poincaré sphere. By effectively mitigating transmission-
induced distortions, the OEKF equalizer outperforms all other tested algorithms, resulting
in near-ideal signal recovery for an 8-SVM signal.

We simulated several DSP algorithms across various fiber lengths and symbol rates,
and the results are depicted in Figures 32-35. Fig. 32 shows the bit error rate (BER) versus
signal-to-noise ratio (SNR) for a 0.5 km 6-mode FMF with a differential mode delay (DMD)
of 2.5 ps/km, operating at a symbol rate of 130 GBd.

We plot the performance of the DSP algorithms studied—including the LMS equalizer,
EKF, ICA equalizer, and OEKF—and compare them with the back-to-back (B2B) configu-
ration. The horizontal red line indicates the forward error correction (FEC) threshold. The
B2B configuration serves as a baseline, achieving very low BER as SNR increases.

The LMS equalizer exhibits a higher BER that gradually improves with increasing SNR,
though it remains above the FEC threshold. The EKF outperforms the LMS equalizer,
reaching below the FEC threshold only at higher SNR levels. The ICA equalizer delivers
intermediate performance, staying above the FEC threshold for lower SNR values. While
EKF performs better than LMS and ICA, the best performance is achieved by the OEKF,
demonstrating its effectiveness in equalizing signals by de-rotating the received polarization
states.

We plot the performance of different equalizers for a 2.5 km fiber with a symbol rate of 57
GBd in Fig. 33. It can be observed that the OEKF provides the best performance, achieving
the lowest BER across the SNR range. The LMS and ICA algorithms yield relatively poorer
performance compared to the Kalman filter-based algorithms. While the EKF performs
better than LMS and ICA, it still falls short of the OEKF, particularly under conditions of

severe DMD.
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Figure 32: BER vs. SNR (dB), L=0.5 km, DMD=2.5 ps/km, Symbol rate=130 GBd,
(6,64)-MVM.

In Fig. 34, we compare the performance of different equalizers for a 10 km fiber
operating at a symbol rate of 29 GBd. The OEKF reduces the BER below the FEC threshold
at an SNR of 17 dB, demonstrating its effectiveness in de-rotating the MVM signals and
mitigating transmission impairments.

As shown in Fig. 35, we increased the fiber length to 40 km with a symbol rate of 14
GBd and evaluated the performance of the equalizers. The results indicate that the OEKF
achieves the best performance among all equalizers, demonstrating its robustness even in
long-haul fiber scenarios.

In Figures 36-39, we explored the performance of the algorithms as a function of various

constellation cardinalities. The performances for cardinality M = 32 and M = 64 are shown
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Figure 33: BER vs. SNR (dB), L=2.5 km, DMD=2.5 ps/km, Symbol rate=57 GBd,
(6,64)-MVM.

in Figures 36 and 37, respectively. In both cases, the OEKF efficiently equalizes and de-
rotates the signal, achieving BER levels that meet the FEC threshold.

However, as the constellation cardinality further increases, as shown in Figures 38 and
39, the OEKF also fails to fully equalize and de-rotate the signals. These figures clearly
demonstrate the limitations of the optimized Kalman filter at higher cardinalities, as the

BER remains above the FEC threshold even with increased SNR.



90

~
=
B 10-8
10~4 s =
—nu— B2B .
—be— LMS
—6— EKF
—aA— ICA
10-5 —A— OEKF ]
——— FEC threshold

2 4 6 8 10 12 14 16 18 20
SNR (dB)

Figure 34: BER vs. SNR (dB), L=10 km, DMD=2.5 ps/km, Symbol rate=29 GBd,
(6,64)-MVM.




91

BER

1074 | =
—u— B2B .
—A— LMS
—— EKF
—aA— ICA
10-5 —A— OEKF |
——— FEC threshold

2 4 6 8 10 12 14 16 18 20
SNR (dB)

Figure 35: BER vs. SNR (dB), L=40 km, DMD=2.5 ps/km, Symbol rate=14 GBd,
(6,64)-MVM.




BER

Figure 36:

92

—»— B2B
—te— LMS
—6— EKF
—aA— ICA
—A— OEKF

—h— FEC threshold

1071 |
1072 |
1073 |
1074 |
1075 |

| L L L L L L

2 4 6 8 10 12

SNR (dB)

BER vs. SNR (dB) for (6,32)-MVM.

14

16 18

20



93

~
=
- 103 B =
1074 | =
—u— B2B .
—A— LMS
—— EKF
—A— ICA
10-5 —A— OEKF |
——— FEC threshold

2 4 6 8 10 12 14 16 18 20
SNR (dB)
Figure 37: BER vs. SNR (dB) for (6,64)-MVM.




BER

Figure 38:

1071 |
10—2 - |
10—3 - e
104 - e
- —n— B2B .
| —A— LMS y
| —— EKF )
—A— ICA )
10-5 b b OEKF N
B —— FEC threshold ]
| | | | | | | | | | | |
2 4 6 8 10 12 14 16 18 20
SNR (dB)

BER vs. SNR (dB) for (6,256)-MVM.



BER

Figure 39:

OP

107t |
10—2 - |
103 - e
10~4 - e
- —w— B2B ]
| —h— LMS ]
| —— EKF )
—A— ICA )
10-5 |- e OEKF N
B ——— FEC threshold |
| | | | | | | | | | | | [

2 4 6 8 10 12 14
SNR (dB)
BER vs. SNR (dB) for (6,1024)-MVM.

16

18

20

22 24 26



96

Fig. 40 compares the performance of the OEKF for different constellation cardinalities
with the B2B case, which serves as a baseline and consistently exhibits the lowest BER for
all SNR values, representing ideal performance in the absence of transmission impairments.

The OEKF shows varying levels of effectiveness in BER reduction as the constellation
cardinality increases. For M = 32 and M = 64, the OEKF achieves BER values below the
FEC threshold at higher SNR levels, indicating successful equalization and de-rotation of
the signal. However, for higher cardinalities, all equalizers—including the OEKF—fail to

compensate for the RSOP of the fiber, and the BER remains above the FEC threshold.

BER

—n— B2B

—de— OEKF M=32

—at— OEKF M=64

—a— OEKF M=256

10-5 | OEKF M=1024 | |
- e FEC threshold ]

2 4 6 8 10 12 14 16 18 20
SNR (dB)
Figure 40: BER vs. SNR (dB) for various cardinality values.
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Fig. 41 shows the BER versus SNR for different levels of crosstalk, ranging from

—50 dB/km to —10 dB/km. The results indicate that varying the level of crosstalk has

minimal impact on the rotation of the state of polarization. As a result, all equalizers are

able to efficiently equalize the signal across different crosstalk levels in the absence of other

impairments.

This suggests that, in scenarios without chromatic dispersion (CD) and differential

mode delay (DMD), the equalizers demonstrate strong robustness in mitigating the effects

of crosstalk.
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In Fig. 42, we compare the performance of different symbol rates: 28, 56, and 112 GBd.
It is observed that the SNR penalty increases with higher symbol rates, necessitating more
advanced DSP techniques. When using the OEKF, the SNR penalty is reduced by 2.5 dB
at 28 GBd and 5.4 dB at 112 GBd compared to the ICA method. Additionally, the OEKF
shows a reduction of 0.7 dB and 3.3 dB compared to the LMS method at the same symbol
rates, respectively.

This comparison is performed under low DMD conditions, where all equalizers function
effectively. However, under higher levels of DMD, only the OEKF equalizer is capable of
successfully equalizing the received signal. As a result, direct comparisons of SNR penalty

with other equalizers are not feasible under those conditions.
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Fig. 43 shows the percentage of fiber reach extension as a function of symbol rate
when using the EKF and OEKF compared to the LMS method. The results indicate that,
at a symbol rate of 112 GBd, the EKF and OEKF extend the fiber reach by 31% and
49%, respectively. These findings demonstrate that the OEKF significantly outperforms the
other equalizers at higher symbol rates, making it particularly effective for high-speed optical

communication systems.
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Overall, The LMS and ICA equalizers offer relatively simple and computationally
efficient solutions for equalizing MVM/DD signals but fall short in scenarios involving
high symbol rates, longer fiber lengths, or severe polarization rotation. LMS relies on a
gradient descent-based adaptive algorithm, making it suitable for moderate distortion and
low-complexity systems. However, its convergence is slow and less accurate in highly dynamic
environments. ICA, while capable of blind source separation, is less effective in tracking fast-
varying polarization states and suffers from higher BER, especially under strong transmission
impairments. Simulation results show that both LMS and ICA fail to bring the BER below
the FEC threshold in high-data-rate or high-order modulation scenarios, highlighting their
limitations for advanced optical systems.

In contrast, the EKF and OEKF are more robust and accurate due to their recursive
state estimation capabilities, which dynamically adapt to the channel’s nonlinearities and
time-varying characteristics. EKF outperforms both LMS and ICA by effectively reducing
the BER under moderate conditions, though its performance starts to degrade at higher
constellation sizes or symbol rates. The OEKF further enhances the standard EKF by
incorporating adaptive optimization of filter parameters, allowing for faster convergence,
lower BER, and greater resilience to impairments such as DMD and RSOP. It consistently
outperforms all other equalizers across a wide range of scenarios—including long-haul
transmission and high-order modulation—extending fiber reach by up to 49% at 112 GBd
and achieving near-ideal constellation recovery on the Poincaré sphere. This makes the
OEKF the most capable equalizer among those studied, particularly in high-performance

optical communication systems.
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CONCLUSION

The findings of this dissertation contribute to the advancement of SDM-based optical
communication systems by addressing key challenges related to fiber characterization,
modulation formats, and DSP algorithms at the receiver. With the exponential growth
in global data traffic, innovative solutions are necessary to maximize the capacity of
optical fibers. This study introduces approaches that support the effective deployment
of SDM technology in high-capacity communication networks through improved fiber
characterization techniques, enhanced modulation efficiency, and optimized DSP algorithms
for impairment compensation.

The MD-SDM and MD-APM methods were investigated for characterizing MMFs and
MCPFs, focusing on the accurate estimation of MD and MDL-—two critical parameters that
significantly influence SDM system performance. Monte Carlo simulations revealed that
the accuracy of these methods is sensitive to transmission impairments such as thermal
noise, modal crosstalk, and mode coupling. To improve estimation accuracy, optimal
launch vectors were computed by maximizing the volume of the parallelotope formed
by the Stokes vectors. By comprehensively evaluating SDM fiber characterization under
varying transmission conditions, this research highlights the importance of robust and precise
characterization techniques to ensure the practical viability of SDM fibers for high-speed,
high-capacity optical communication applications.

In addition to fiber characterization, this study investigates multi-dimensional mod-
ulation formats designed to optimize data transmission in SDM systems. Mode Vector
Modulation (MVM) was analyzed under various transmission impairments, including
rotation of the state of polarization (RSOP), differential mode delay (DMD), chromatic
dispersion (CD), and modal crosstalk. Monte Carlo simulations revealed that MVM offers

improved spectral efficiency and supports higher data transmission rates compared to
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conventional modulation formats. Furthermore, the integration of SDM with wavelength-
division multiplexing (WDM) was explored, demonstrating that a combined SDM-WDM
architecture can significantly enhance overall system performance by exploiting both spatial
and spectral dimensions. These findings underscore the viability of MVM as a scalable and
efficient modulation format for next-generation optical networks.

A major contribution of this research lies in the development and evaluation of
digital signal processing (DSP) algorithms for mitigating transmission impairments in SDM
systems. Several DSP techniques—namely LMS, ICA, the Kalman filter, and the Extended
Kalman Filter (EKF)—were implemented and systematically compared based on their ability
to compensate impairments in MVM-based direct detection transceivers. Among these,
the proposed Optimized EKF (OEKF) demonstrated superior performance in terms of
convergence, bit error rate (BER), and robustness under various impairment scenarios. By
integrating these advanced equalization strategies, this work contributes to the development
of adaptive, high-performance DSP solutions that are essential for the reliable deployment
of high-capacity SDM-based optical communication systems.

In general, this research aims to improve SDM system performance through enhanced
fiber characterization and advanced DSP techniques. The methodologies and findings
presented here contribute to the practical deployment of SDM technology by addressing
critical challenges that must be overcome before its widespread commercial adoption. By
ensuring accurate fiber characterization and developing efficient DSP algorithms, this work
paves the way for high-capacity optical networks capable of meeting the growing demands
of modern communication systems.

Future work could focus on the development of advanced machine learning-based
DSP techniques, the exploration of novel multi-dimensional modulation schemes, and the
investigation of hybrid integration approaches to further optimize the efficiency, scalability,

and robustness of SDM-enabled networks.
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