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ABSTRACT

Associated with the stationary Einstein-Maxwell 
field equations is an infinite hierarchy.of potentials.
The basic characteristics of these potentials are examined 
in general and then in greater detail for the particular 
case of the Reissner-Nordstrom metric. Their essential 
utility in the process of solution generation is elucidated 
and the necessary equations for solution generation are 
developed.

Appropriate generating functions, which contain the 
complete infinite hierarchy of potentials, are developed 
and analyzed. Particular attention is paid to the inherent 
gauge freedom of these generating functions.

Two methods of solution generation, which yield 
asymptotically flat solutions in vacuum, are generalized to 
include electromagnetism. One method, using potentials 
consistent with the Harrison transformation and the 
Reissner-Nordstrom metric, is discussed in detail and its 
resultant difficulties explored.



CHAPTER I

INTRODUCTION

Historical Background
•-

We are fortunate to be alive at a time when, during 
the Einstein centennial,. many of the more exotic predic­
tions of General Relativity appear to be coming into the 
arena of experimental verification, e.g., black holes and 
gravity waves. Unfortunately, in order to fully describe 
such phenomena, linearized equations will not suffice, arid 
the full Einstein equations must be solved. As approxi­
mation methods are now ruled out, we are left with numerical 
solutions, which certainly have their own difficulties in 
addition to lacking aesthetic appeal, or exact solutions.

In spite of the notorious difficulties posed by 
Einstein's non-linear, coupled, partial differential.equa­
tions, a considerable number of exact solutions have been 
obtained. Unluckily, the majority of these are essentially 
mathematical curiosities with no relevance to the physical 
universe. Moreover, progress in attaining solutions of 
astrophysical significance has, until recently, been quite 
infrequent.

Initially there was impressive progress. In 1916 
Einstein derived his field equations, and in that same year



2
Schwarzschild1 discovered an exact solution for the 
gravitational field of a spherically symmetric mass dis- 
tribution. The next year, 1917, Weyl obtained the general 
form of the time independent metric with axial symmetry.
He showed that the field equations could be solved to 
obtain the gravitational field around any static, axially 
symmetric, mass distribution. The next solution, the Kerr

3metric, was obtained fourty-six years later, in 1963.
This is the simplest case of a rotating black hole. Ten

4years after that, in 1973, Tomimatsu and Sato discovered 
a family of solutions, of which the Kerr solution is the 
first member, representing the gravitational field of 
axially symmetric spinning masses. These solutions may 
be viewed as a class of Weyl solutions generalized to in­
clude rotation.

Since the method of a direct frontal attack on 
Einstein's equations had been so desultory, attention has 
shifted recently to the problem of generating solutions, 
from those previously known. [Ehlers,  ̂ in 1957, was an
early investigator in this area.] . A surprising number of 
solutions have been obtained in this fashion, but once again 
the majority lack astrophysical significance. Furthermore, 
one had no way to predict beforehand if the nature of a new
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solution might be of physical interest. Nevertheless, work 
went ahead on attempting to discover the largest class of 
transformations which allow one to generate new solutions 
from old. Geroch,^. in 1971, was able to discover an 
infinite-dimensional symmetry group which acted on an 
infinite hierarchy of potentials and generated an infinite 
number of conservation laws. Although he was unable to 
obtain a finite form for these transformations, he pos­
tulated that one solution might prove sufficient to generate 
all the stationary, axially symmetric, vacuum metrics. 
Finally, Kinnersley et al.  ̂7,8,9,10,11 a major tour de 

force, have recently developed methods which will give the 
finite form of new solutions, but, more importantly, these 
new solutions are guaranteed to possess the prime attribute 
of being asymptotically flat. Moreover, they conjecture 
that these methods, if applied to the general static metric, 
can be used to generate all stationary, axisymmetric, 
asymptotically flat metrics.

It is instructive to note that this important pro­
cedure was developed via an examination of the combined 
Maxwell-Einstein equations. Historically, Einstein was able 
to discover the real nature of spacetime by realizing that 
a choice had to be made between Maxwell's equations and
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Newton's ideas of spacetime. He decided that Newton was 
incorrect and set out to discover a spacetime compatible 
with Maxwell's .equations; It should not be too surprising 
then that, when Maxwell's equations are coupled to Ein­
stein's, a wealth of additional insight is provided.

Simplicity and Physics

One could take the viewpoint that the key to the
finding of exact solutions lay in a concept that all
physicists deeply believe in, i .e ., simplicity. We feel
that an underlying structure of simplicity is a key to much
of physics. How can this be true? Nature appears to be
exceedingly complex. To put the matter into perspective, ■
it is instructive to examine the game of chess. The number
of possible board positions has been estimated to be I O ^  

125with 10 ways to reach them. Yet a child of five can 
easily learn to play chess. This is because each piece 
always moves according to a simple set of rules, no matter . 
how the situation may vary. Physicists are convinced of 
the existence of such underlying simplicities. Another way 
to state the matter would be to say.we believe that all 
events have various unifying features such as conservation 
of momentum or energy. Not all the sciences share this
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belief equally. Biology, for instance, seems to dwell 
much more on the diversity of life rather than its common 
features. In fact, in the 1930's and 1940's a group of 
physicists went into microbiology and garnered a number of 
Nobel prizes because of their basic beliefs.

Thus far our discussion has involved more of an 
aesthetic content as opposed to an idea with direct.mathe­
matical implications. Therefore, it is appropriate to try 
to couch this rather vague concept in the language of 
mathematics. It is well known that the discovery of var­
ious symmetries in nature has been instrumental in rein­
forcing the essential belief in the simplicity and unity 
of the universe. Accordingly, one might say that our 
requirements for simplicity could be couched in the language 
of mathematics by acknowledgment of the symmetries or 
invariance properties of nature. Thus, when it was deter­
mined that the inclusion of the Maxwell equations into the 
stationary Einstein equations not only maintained the 
original symmetry group, but actually expanded it, one had 
to sense that this could not be merely fortuitous.

All of this may be very fine., but how are these 
ideas relevant to the problem at hand, namely, solution 
generation? The basic message of the proceeding was, "Use
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simplicity to overcome complexity." In the more specific 
language of physicists one could reword this to.say:
"Apply the invariance properties of Einstein's equations to 
known solutions in order to generate new solutions." It is 
clear that before one could initiate this process the in­
variance properties had to be discovered. Some of these 
properties were obvious, e.g., coordinate transformations. 
Then certain potentials were defined using the field 
equations and subsequently used to rewrite.the field equa­
tions. At this juncture an unexpected "internal" invariance 
group revealed itself. The amalgamation of this surprising 
"internal" group with the "external" group of coordinate 
and gauge conditions gives the entire symmetry group dis­
covered by Geroch. The inclusion of an electromagnetic 
field enlarges this group, and its representation includes 
an infinite hierarchy of potentials. These potentials were 
not only essential to the discovery of new invariance prop­
erties but, moreover, turn out to be a sine qua non of the 
solution generating method. In this thesis we will attempt • 
to discuss the combined electromagnetic and gravitational 
potential hierarchy in general and then in greater detail 
for particular cases. Moreover, we will discover the 
particular modifications which must be put into effect when



electromagnetism is included into the scheme of solution 
generation.



CHAPTER 2

STATIONARY, AXIALLY SYMMETRIC SPACETIMES •

The Metric

In order to motivate the particular notation that 
we will be using, a brief description of the general .form 
of the metric for stationary, axially symmetric spacetimes 
is necessary.

What is the physical situation we wish to consider? 
We have, in mind the spacetime external to the body actually 
producing the associated gravitational.and electromagnetic 
fields. We do not possess nor do we require any information 
concerning the equation of state for the internal compo­
sition of the body. The mass must possess axial symmetry 
but also may exhibit two types of differential rotation. A 
point near the equator oh the surface may move at a differ­
ent angular velocity than a point near the poles. In 
addition, a point at a distance p from the axis of rotation 
may have a different angular velocity than a point at a 
distance p" from the axis of rotation. However, no pulsa­
tions or mass distributions which violate the conditions o f . 
axial symmetry and reflection symmetry will be permitted.

Given that the fields under consideration are not 
arbitrary but possess stationarity, axial symmetry, and motion
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reversal, how may we incorporate this physical information 
into the explicit mathematics of the metric? Axial symme­
try means that the field doesn't have any angular cj> 
dependence. "Stationarity" is equivalent to the existence
of a time coordinate for which g _ =O. Motion reversalOt p / *c
implies that (t,<p) (-t,-(}>) , i.e. , the situation is un­
changed if both the time coordinate and the <p angular .
coordinate are reversed. Thus, we have that g „ =g „ =^aB, (f) yaB,.t

W
0 and motion reversal implies gfĉ  = g^^ = 0. g
and g ^  are permitted to be nonzero. Another way to view 
this situation is to note that the metric for an axially 
symmetric rotating body admits two commuting, orthogonally 
transitive, Killing vectors.

By transformation of the remaining two spacelike 
coordinates among themselves, the line element can always 
be reduced to block diagonal form.

ds2 = ds i2- - dsz 2
dsi2 = fa B dxAflxB A , B = 1,2 (1.1)

dsz 2 = e ! r «M H a x M d X N  = K m n A X m A X n M , N  - 3,4

Specifically, the canonical form introduced by
Lewis^^ is

f (dt-u)d<j>) z-f~1 [e2^ (dp2+dZ2) +p2d<j)2 ] (1.2)
thus
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'f -ftp 

-fw f-:Lp2-a)2f _
(1.3)

Notation
Notation which combines clarity with ease of useage 

is always to be valued; Accordingly, we will, discuss the 
somewhat nonstandard form used here that takes full advan­
tage of the particular type of metric under consideration.

Normally the metric tensor g is used to raise and 
lower indices, but, as we have our metric broken down into 
two two-dimensional spaces, there are more alternatives.

’yv (2.1)
MN

,UV
< V l

tfABr l
thMN'"1

(2.2)

In the two-dimensional space (t,<j)) we may employ 
either the inverse metric (f )-1 or the alternating symbolAn

eAB
0 I 
-I 0

(2.3)

ABto raise indices. We choose e . for simplicity. Contracted 
indices in the (t, <{>) space will be denoted by X, Y , or Z.

A few examples are in order so as to give an ex­
plicit demonstration of the action of eA B .
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We have

Va

-6'

where Va  is a vector in the (t, <j>) space. 
Furthermore,

VXe.

Also

but

-V_

vXw3i

vxw.

eCXv3i.

vX e3iX

=31X wX

e3i2vXw Z,

-=zX wX. ■eXZV„Wr

(2.4)

(2.5)

X _ Z X “ ' Z"X. “ *X"Z
where dummy indices were exchanged in the last step in 
Equation (2.9).
Therefore,

(2 .6 )

(2.7)

(2.8)

(2.9)

VvWx = -VxWvA A (2.10)

VXV (2.11)
In the (X3 ,X4) space we have h 1’i1'1 to raise indices.MN

When it is necessary to use (f )_1 or instead, that
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index shall be marked with a tilde. 
So

' W 1
rXjrXj

where
-P2 E Aetlfae) _

Then '
rXJrXj

and

What about derivatives? 
Normally,

(2.12)

(2.13)

(2.14)

(2.15)

v*v = (-g) 55 ( (-g)^guvV ) (2.16)
U  t V

where ' . ■
■ g = det(gyv).

Clearly, •

. '?2 ^  = h'!5(h)shMNV M),N (2.17) ;

would then be associated with ds2 . But Equation. (2.17) 
is two-dimensional while Equation (2.16) is three-dimen­
sional. How may we express a three-dimensional derivative 
in oiir notation?
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Let

ds.32 = HRgdXRdXS
= ds2 2 + p2d(j)2.

then

Thus

fp2 0 0 I
0 h0 LnMNj

->
• U  =  H h (H5Hr s Ur) ,g

R/ S =2,3,4

where
H = d et(HRg) = p2det(hMN) = p2h.

Let.

U = (U2,V3, V 4) E (U2,V).
This implies

-> ■>
V 3 • U = p xh %(ph^HRSuR) S

= p-ih~^[ (Ph3sH 2sU 2) fg 
+ (Ph35H 38V 3) ,q

Ii Ac b+ (Ph2H V 4) ,g ] .

V 3-U = P-^h-l5Eh35P-1U 2) ,2 + ( ^ h wwpvM) ,N ].
However,

' j l v A  = 09x2 ax* 1

(2.18)

(2.19)

(2 .2 0 ) 

(2.21)

(2 .2 2 )

(2.23)

(2.24)

(2.25)
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therefore.

-* ->
V 3- U =  p“ xh 2(h h pVM ) 

->
• 3 v 1M

P- 1V 2- (pV) (2.26)'M' fN
Note that V is the { X 3 ,,Xli) part of the three-dimensional

.

vector U.
What about the action of the tilde operation?
V = (V,,V„) = (Vm )

V = (Hm nVn ) = (Hm n En p V,,) = (V»,-V3,)P'

as a consequence,

V = (-V3,-V4)
i->-

-v.

Accordingly,
X 4 = X :

So, by the chain rule, 
. 9 9X3 : 9 . 9X+
9X3

Similarly
9X3 9X;

9 .

9X3

9X4
Therefore,

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)
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Twist Potentials
For any scalar U we have

•[p_1^u]' = P-1V2•(Vu)
1 3 2U S2U

3X33X4 SX4SX3
(3.1)

= 0
where we have employed Equations (2.26) and (2.33).

Therefore, if we have an equation in the form of a 
vanishing divergence, V 3"V = 0, then this implies the local 
existence of a potential U, such that

V = p-1Vu. • (3.2)
In Paper I , for the vacuum case, it is shown that the field 
equations can be written as divergences, e .g .,

ra c = -^pV 2-(p-1fAXV 2fxc).. (3.3)

Therefore., one may glimpse their possible future useful­
ness, and we will capitalize upon this fact to develop the 
associated twist potentials.

These rather, simple concepts are important because 
Equations (3.1) and (3.2) will be used repeatedly. These 
potentials will be employed to reveal information about an 
important internal symmetry group. Moreover, it will be 
demonstrated that these twist potentials generalize previous
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.ideas by Ernst, and they will be instrumental in our process 
of solving the Einstein-Maxwell equations in particular
cases.



CHAPTER III

EINSTEIN-MAXWELL FIELD EQUATIONS

Now we wish to obtain the combined Einstein-Maxwell 
field equations. First we will consider the familiar 
Maxwell equations, apply, the conditions of independence 
from t and <p- derivatives, and then reformulate these equa­
tions in our notation. Next, these equations will be put 
in the form of a total divergence. The Maxwell equations 
are connected to the gravitational field because covariant 
derivatives are involved.

It will be advantageous to use the fact that

( - g ) V  >,„ (4.D

and
. f o 6.b - (-g)"*5 ( (-g) V 6 B),B (4.2)
ct Asince F is anti-symmetric.
Next we will consider the basic gravitational 

equations involving R^v and the stress-energy tensor T^v . 
The electromagnetic field will make its appearance in this 
equation as T^. is expressed in terms of F ^ . Then, as 
above, our main objective will be to formulate this equa­
tion in our notation as a total divergence.

Our spacetime is stationary and axially symmetric,
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and we assume that the electromagnetic field contained 
therein will also be independent of the t and ^ coordinates 
Likewise, the same properties are accorded to the four-
vector potential A . It then follows that the electromag-

field tensor. F^v reduces ■
F = Ar, — A_ _ = 0AB B , A- A,B
F '= a .. :AM M,A A fM rtA
FMN Il S - AM,N.

(4.3)

Since we are working only in the source-free arena 
outside of the body that is generating the gravitational 
and electromagnetic fields, Maxwell's equations may be 
written

V Y , v = 0 (4.4)

+ Fa8/Y = o, (4.5)
fPV,-v - < <-
P +-FPT /Ot YOi,
Written in this fashion we have a set of coupled, 

first order, partial differential equations relating 
components of the field variables. If the vector potential 
is introduced, then a smaller number of second order 
equations are obtained. In particular, Equation (4.5) will 
be satisfied identically.

Consider Equation (4.4). For the (X3,X4) space;
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(PIV5Fmn) ,n  = ( p h W R )  ,N

This implies, using Equation (2.17), 
^ 2 '(PVm ) = 0

where
V14 E (Fm 3 iFm ,) .

An immediate solution is

A  - = V -

(4.6)

(4.7)

(4.8)

(4.9)

.MNf™  = C p-1Em n  . (4.10)
The equivalent physical situation is a magnetic 

field in the <j> direction, falling off as p~1, produced by 
a line current along the symmetry axis. Such situations 
are to be avoided because they are unphysical, so set C = O  

This implies
An = 0 . (4.11)

The final set of equations, from Equation (4.3) are
0 = ( (-g) 35Fam ) (4.12),M

Now

BN

( P ^ A m n Fbn)

AB,N cvzaB-1N
[Nt*1 component] .

(4.13)

Therefore, using Equation (2.17),
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^ 2-[pfAX^2Ax ] = ^ 2•[p-1fAX^ 2Ax ] = 0 ,  (4.14)

then, using Equation (2.26)
^ 3-[fAX^ 3Ax ] = •[p-2fAX^ 3Ax ] = 0 .  (4.15)

Now we must connect this with the full Einstein 
equations. The presence of the electromagnetic field is 
incorporated into the geometry of spacetime via its stress- 
energy tensor

Vv = - 8t1V - H vt1 ' (4.16)

The electromagnetic stress-energy tensor is given by
(4.17)

. 4 ^  = FAXFsx +

-%SABFX* F * M - ^ ABFMXF*X (4.18)

Using Equations (4.3) and (4.11) we obtain 

4%TAB =

,M

fAX^ 2Ax -^2AB-356ABfXZ^ 2Ax -^2A 5

(4.19)
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Previously it was noted that the field equations 

could be put into the form of a vanishing divergence, so 
with that objective in mind, we note that 

$2 * [p-1 (fAXAB^Ax-isSAGfX?;Av ^A17) ]B
Ab^ 2 • [p-̂ fAX^ 2Ax ] + p-1fAX^ 2AB -^2Ax 

-J2Sa  Ay^ 2- [p-1fXZ^2A„]-^6AT5p-1fXZ^ 2Av -^2A,
(4.20)

Employing Equation (4.14) in Equation (4.19) yields 
4 7tTAb  = p [ P - 1I a x ^Ax -^Ab -J2Sa b I x z ^Ax -^Az ]

= P^2 • [ p_1 ( f a xAb ^Ax -J2Sa b I x zAx^A2 ] .

(4.21)

Referring back to Equation (4.16) we see that we
need to know the trace of and, in fact,

T = T1V  - If [f p v V w f MVfbv1 = 0 '
Moreover, as is clear from Equation (4.21) 

mX ■ „

(4.22)

(4.23)

Therefore, Equation (4.16) becomes
RAb = -8 ttTA b  (4.24)

ARecalling, our previous expression for R B , Equation 
(3.3), we have (4.25).

^ 2-[P"1(fAX^fBX-4fAXAb^Ax + 2SABfxzAx^Az)] = 0.

Therefore, finally,
$2/ [ P~ 1 (fAX^fBX-2faxAb^Ax-2fbXAA^Ax ). ] 0 (4.26)
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using the identity . - .

- V 1 = ' V xX . « - 27>
Note that Equations (4.14) and (4.26) are the 

Einstein-Maxwell equations written in the desired form 
of total divergences.



CHAPTER IV

REFORMULATION

Gravitational, and Electromagnetic Potentials
If one could but solve Equations (4.14) and (4.26), 

then our work would be complete. However, as such is not 
the case, we begin to examine these key equations to see 
what we can discover. That is, what symmetries do they 
possess, what gauge freedoms, and what are the transforma­
tions that leave them invariant?

First, we recall that we went to the bother of 
writing the Einstein-Maxwell equations in the form of total 
divergences for a specific reason. Our purpose was to 
develop the potentials, which, by reason of the discussion 
on Twist Potentials, must exist as a result of these van­
ishing divergences.

In this section a reformulation of the Einstein- 
Maxwell equations into a compact form possessing surprising 
utility will be accomplished. .

■ As we have given much advance fanfare concerning 
the usefulness of the potentials associated with vanishing 
divergences, we will now take an initial look at them and 
develop some key equations.

Consider the divergence equation involving the
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electromagnetic potential, i.e., Equation (4.14). As de­
tailed in the section on twist potentials, this equation
implies the existence of a potential, B a , such t h a t .A

- K  = -P-lfAx^ X .  '<5-1»'
Before we proceed any further, we should attempt 

to determine how the potential B^ fits into the usual scheme 
of electromagnetic notation. We begin with a consideration 
of Maxwell's equations in a source-free space. This will 
lead to a set of potentials which will possess the same 
relationship to the customary electromagnetic potentials
as B^ has to Aa  in flat space.

The basic equations are:
^XH = (5.2)

. . W = - I l  . .. (5.3)

W  = 0  (5.4)
W  = 0 . . ' (5.5)

Equation (5.5) implies the familiar relation
H = ^XA . (5.6)

Likewise, Equation (5.4) implies the less common identity
D = W  . (5.7)

Equations (5.3) and (5.6) imply the existence of a scalar 
potential



- ^  = 5 + ft .
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(5.8)

Likewise, Equations (5.2) and (5.7) imply the existence of
13a magnetic scalar potential

X H - (5.9)

Combining Equations (5,6), (5.7) , (5.8), and (5.9) we
obtain

M  = -$x + H  
?xt = + ll

(5.10)

(5.11)
3 3Now apply "gt = = 0 and Equation (4.11) . Then in

< 14component form, we have [using physical coordinates ]

x ,p ■■ p"l (PA.) 'Z

x,z = -p~1,pV ' P 
\ , . P =■ p'l <pS » ' z  

Kt,z = -p"lipS , 'p .

(5.12)

At this point it is informative to put things in a 
covariant form. For simplicity we will work in flat space. 
The line element is, in cylindrical coordinates,

ds2 = dt2 - p2d(J)2 - dp2 - dZ2 . (5.13)
.Since
F = A - A  P V- V,u. P,v

it seems appropriate, in the spirit of this section
. (5.14) 

, to ,
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define a "dual." four-vector potential

F . = a — a yv _ v, y M / v
How are a^ and related?

■ -3S (-g) 35 [yvaB]Fr

(5.15)

(5.16)aB " ' 1K "aB
where we have employed  ̂the fact that the Levi-Civita tensor 
eyvaB related to the completely antisymmetric symbol 
[.yvaB] by

uvaB - ( - g ) [yvaB]
Accordingly,

A a _B,

Then we find that, with our symmetries,
%A,M .. -p"1 [MAND] A.D,N

where
A,D -* t , (}) -> .1,3 
M,N ->■ p, Z ■> 2,4

For example,
£,P -p"1 [2143]A>,Z

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

-1 (PA*)<7.
3

-P_lAV

" “t, p y 'Z
using, physical coordinates. [A^
Comparison with Equation (5.12) reveals that 

Aa  ^  (*,A fjj)

(5.22)

(5.23)
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aA '-X-C4,) •
In order to relate this to we look at Equation 

(5.1) in flat space and find 
Bj P-1A jt , p K <j>,Z .

So, in more common electromagnetic formalism,

- AA ~  <*'%>

B, (-x.-cp
We now define the complex potential <ĵ 

‘J’A E AA + iBA .

Equation (5.1) and the inverse relation

- X  = -p^ A ltH

(5.24)

(5.25)

(5.26)

(5.27)

imply
$<t>A  = -ip- 1fA% x > (5.28)

It so happens that (j)̂ is only the first of a remark 
able series of potentials all of which will obey the same 
key equation!

The Maxwell relations were used in developing 
Equation (5.28), so now let us try to use our other field 
relation. Equation (4.26), to define a complex tensor 
quantity which, mirabile dictu, will obey a relation iden­
tical with Equation (5.28).

Using Equation (5.1) as a guide, we define the
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twist potential related to Equation (4.26)

^ A C  = *"P *fA ^fXC-2fA AC^AX""2fC AA^AX^ * (5.29)
Note that although is symmetric, is not. The
inverse relation is

X e  = e ' ^ A ^ x c ^ c K - ^ c 1 • : (5-3°)
At this stage one might follow Equation (5.26) and 

consider the quantity + I1Ija c - However, it turns out
that we are still a stage or two from our final objective 
and it is, in fact, more fruitful to look at the quantity

£AC = fAC + K jJja c  + 2 Aa Bc ) . (5.31)

Then combining Equations (5.29) and (5.30) we obtain

X c - * c K  = -ip~ lfAX (X c - * c X >  • (5.32)
Then defining 

G, = eAC V c
Equation (5.32) may be written as

(5.33)

H c X X  -  - i p r X x ( K c H H ) (5.34)

Noting that both Equation (5.32) and (5.34) are very 
nearly in the required form, we finally see that if one 
defines

E gAB + eABk (5.35)

where
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, (5.36)

then we have.

^hAB = -1P lfA'^hXB . (5.37)
The Ha b  and. cf>A are the basic gravitational and 

electromagnetic potentials which we have been seeking.
They will be the key by which the door to the generation of 
new solutions is opened. We should notice that at this moment 
and in the future, the close correlation between the electro­
magnetic and the gravitational potentials. This similarity 
occurs frequently, and.the only difference results from 
the vector nature of electromagnetism and the tensor nature 
of gravitation. Thus, the electromagnetic field need not 
be thought of as having been included as an afterthought
but participates from a position of equality. Furthermore,

15it is appropriate to note that Campbell.and Morgan have 
shown that the linear theory of gravity can be cast into a 
.form which is very similar to the usual Maxwell form of 
electromagnetic theory, i.e., in terms of E and B. The 
gravitational E and B-Iike quantities obey a set of dyadic 
equations which are identical in appearance to the. usual 
Maxwell equations in empty space.
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Generalized, Covariant Ernst Equations 
Now that we have in hand ^  and Ha q , is there 'any­

thing which might presage their future promise? A review 
of Ernst1 s'*"® work immediately reveals that we have obtained 
a covariant generalization of his potentials. His complex 
potential $ is equivalent to tj> i, and his twist potential <j> 
is equivalent to our Additionally, he reformulates
the Einstein-Maxwell equations in terms of a complex func­
tion

e = = f - $ $  +i<j> = f i i-<J>i<|>i +ii/'ii , (6.1)

which is the i,i component of our eAC [see Equation (5.31)] 
This reformulation is quite important as Ernst was able to 
show that various well-known solutions are particularly 
simple when expressed in terms of 5, using prolate sphe­
roidal coordinates. For example, the Schwarzschild solu-

4tion, remarkably, is K- = X. The Tomimatsu-Sato solutions 
were also obtained via simplifications induced by Ernst's 
reformulation.

His version of the coupled Einstein-Maxwell 
equations may be written

'(Ree+<$<$ )V2£ = (^£+2$ <̂t>)
(Re£+00*)V20 = (^e+2.$*^$)*^$ .

(6.2)



Referring back to Equation (6.1) for the definition 
of E,, we note that the vacuum version of Equation (6.2.) 
can be written ...

(f;£*-l)V2£ = . ' (6.3)
If we suppose
F, =  R + iM , (6.4)

then in the weak field, vacuum version of Equation (6.1) 
[where the e = f], we have

f + I - 2R, (6.5)
and one also discovers that both R and M obey Laplace's 
equation.

It is well known that in the Newtonian limit of 
General Relativity one may write f I - 2r\ where n is the 
Newtonian gravitational potential. Therefore, R plays the
role of a Newtonian potential, and, as Kinnersley and

17 ■ ‘Kelley have pointed, out, the imaginary part of %  can be
viewed as a gravitational analogue of Equation (5.9), i .e .,
a magnetic scalar potential. .

Let us now derive Equation (6.2) and put it . into
a slightly more useful form.

We begin by rewriting Equation (5.37)

-cJh a b  = ip-2faXK B  ;■ . V  ' ;< ' <r--6l

Then by Equation (3.1)

31
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(p_2fAX^HXB) = O . (6.7)

Breaking the covariance let A = 2, B = I
(p2f22^H11-p-2f21^H2i) = 0  . (6 .8)

In Equation (5.37) let A = I f B = I  in order to 
eliminate the H 21 term

X1+iP- 1I12^H11 =. ip"1f 11^H21- . (6.9)
Combining Equations (6 .8), (6.9) and using Equation (1.3)
[the Lewis canonical form] we obtain

(p"2f22^H11 + ip- 1a)^H11-p- 2fa)2^H 11) = 0 . (6.10)
Using Equation (1.3) again, then

(-I- 1̂ H11 + Ip- 1GJ^H11) = 0 (6.11)
or

fV2-H 11 = (^f-ip- 1f2^go) -^H1 ! . (6.12)
Now we need to eliminate the ^ gj term. Returning 

to Equations (5.27.) and (5.2 9) we note that
^B 1 = P- 1E(^AztwVA1) (6.13)

and
ViJj i. x = -p-1f 2Vw-4p- 1fA1 (VAztwVA1) . (6.14)
Solving for V w , we obtain
Vw = -pf-2 (ViJj1 1t4A1 Vb 1) , (6.15)

therefore,
E V 2H 11 = [Vfti.(ViJj11t 4 A 1V B 1 ) ] -Vh 11 . (6.16)

U s i n g  E q u a t i o n  (5.35) w e  f i n d

i
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Hix - f-Ai 2+i (t̂ i i+2AiBi) . (6.17)

••

Taking the gradient and rearranging terms,we have, 
referring to the terms in Equation (6.16),

+i (^i i-HAi'^Bi) = ^Hi x+2 . (6.18)
So, finally,

SV2H 1I =■ [^H11+ 2 -VHn . (6.19)
Comparing Equations (5.28) and (5.37) we see that 

the above derivation will go through in the same manner if 
we replace H n  by (pi down through Equation (6.16) and then 
continue as before.

Doing so, we obtain
fV2({>i = '(foil I+2 (Ĥ cfri) -^(P1 . (6.20)
In order to demonstrate that Equations (6.19) and 

(6.20) are the same.as Equation (6.2) , we need only note 
that Ree + $$* =.f via Equation (6 ;I) , and that 
(£,<$>) (Hn/Oi) '.

In summation, we see that not only does our formal­
ism contain Ernst's work, but it generalizes it and places 
it on a covariant basis.



CHAPTER 5

THE■ GROUPS G ' . AND H'.

■ In general, whenever an object is left unchanged 
(invariant) by some operation, one says that the operation 
is a symmetry of the object. . With this idea in mind, let 
us explore some of the symmetries exhibited by axially 
symmetric stationary field equations. Basically then, we 
are seeking transformations that leave the line element 
[see Equation (1.2)], the field equations [see Equations .
(4.14) and (4.26)], or various reformulations of the field 
equations invariant.

An examination of the field equations reveals that 
they are manifestly covariant with respect to linear trans­
formations of the coordinates (t,(j)j.. These transformations 
must be linear if t and <|> derivatives are to be avoided. 
Thus we have a three parameter group G with.a particular 
representation of its generators given by 

t t t + atj)

<i> <f>

t -> t
<j) (j) + bt ■
t -> ct

(7.1)

(7.2)

<(>.-> C- 1Cj) .
(7.3)
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It s h o u l d  b e  n o t e d  at t h i s  j u n c t u r e  t h a t  o u r

attention is being directed only to the local properties 
of the metric, and we are not interested in global com­
plications at the moment.

as we have incorporated Maxwell's equations, is the consid­
eration of the gauge freedom involved. We will focus our 
attention on the basic potentials (f>̂ and H^b . Since the 
potentials are initially defined by means of differential 
equations, we are looking for quantities that can be added 
to these potentials and leave the defining equations invar­
iant. Furthermore, the fAB must remain unchanged.

Another idea that should spring to mind, especially

(7.4)

BA + o A  . (7.5)

So the gauge freedom for ^  is
(7.6)

= cfî +â  [two gauge freedoms]

where a^ is an arbitrary complex constant. 
Equations (5.26), (5.31), and (5.33) imply

(7.7)

Equations (5.27) and (5.29) may be combined to give

= -‘,’lfAXV£XB-2V BA-2V BB , (7.8)

so
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^AB + ^AB- 2 yBb A- 2 YABB+CtAB (7.9)

where is a real constant.
Combining Equations (7.4)- (7.7), and (7.9) we have

gAB eAB+iaAB-aA tllB-aB^A-aAaB+2iyA aB . (7.10)
By redefining this equation may be placed into conform­
ity with Equation (7.26) of Paper I

aAB + aAB+2yA 0B . (7.11)
T h e n

cAB+iaAB-aA tflB-tllAaB-aAaB . (7.12)

In order to obtain the gauge condition for H weAB
refer back to Equation (5.35) and determined that only the 
gauge freedom of K remains to be discovered.

=(p1$(p2-<p2$<Pi (7.13)

thus,
* * * x

K K+a i <)> 2 -a 2 <!> i +jSaVa (7.14)

hAB+101AB''aX ^ A aB-aAaB+eAB |axtX+,iaXAX) (7.15)

Thus Ha b  has four gauge freedoms.
Now we have the group G X  It is composed of the 

coordinate transformations which, make up the group G in 
addition to the gauge conditions detailed above. These
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are the linear transformations of c#>A and Ha b  that preserve 

.fA B -
Various less obvious transformations are also known 

the generalized Ehlers transformation [see Equation
( 7 . 1 6 )  ], a " d u a l i t y  r o t a t i o n "  f o r  g r a v i t a t i o n  [see E q u a t i o n

I ft(7.24)], of the Harrison transformation [see Equation
(7.17) ] which maps vacuum fields into charged fields. This 
leads us to a consideration of the "internal" group H".

First, consider the actual form of the Ehlers and 
Harrison transformations

(J)1 ., — ----- H 1. ! -  — ^ —  (7.16)
ItiyH1i ItiyH11

. and
(J)1 + --- ^!+CH 11----  H 1 1 + ------ ^ ----- - (7.17)

' * * * * l-2c (J)1-CC H 11 l-2c (J)1-CC H 11 .
The field equations are, in fact, invariant under 

these transformations. Naturally one would be hard pressed 
to recognize this fact if only Equations (4.14) and (4.26) 
were considered. Only when one rewrites these equations, 
using some of the "internal" potentials, e.g., Equations
(6.19) and (6.20), can one hope to discover such transfor­
mations. Now that we have the field equations in the 
appropriate form, we may more readily determine such map­
pings.
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For instance, using Equations (7.6) and (7.15),

■ '<j>i 4»% Hii Hii+ia (7.18)
o r

* *• i <|>i+a Hii ^ Hi i~2a (j)i-aa (7.19)
where d is real and a is complex. These gauge transfor­
mations, will retain the invariance of the field equations.

One might also consider
<t>i +  H u " 1*! H n  -> Hii-i (7.20)

or
■4>i ^ 3eiacj)i ' H n  B2H n  (7.21)

where a and B are real. This latter operation combines a 
rescaling; with an electromagnetic duality rotation. This 
duality rotation sends Schwarzschild mass into magnetic 
mass. In order to have a feel for this operation, consider 
what a duality rotation does for the case of electromag­
netism.

In o r d e r  t o  m a k e  o u r  e q u a t i o n s  l o o k  s y m m e t r i c ,

suppose we have both magnetic and electric currents a.nd
charge densities present. Then Maxwell's equations are

= 'p ' = 3 + (7.22). e e^ at
. ^ S  = Pm ; M  =  -|f - J m .

Now consider the following "duality" transforma- 
19tion



'e '
> A

'Er' 'pe' = A V
_H, -|3m ; •pm •
D

> . a
rD";' f$e' = A

B -5m. Jjm 'm ^

(7.23)

where .
rc'o.s 0. ■ sin 0 
-sin 0 ' cos 0

It is easy to. show that Maxwell's equations are 
invariant under such a transformation. Thus, it is only., 
a matter. of convention whether we consider a particle to ', 
possess only electric charge and no magnetic charge. The 
key point is. that if all particles have the property that 
the ratio of magnetic to electric charge is the same, then 
duality rotations are possible, such that the angle 0 may 
be chosen to make Jm and Pm zero. , ■

Now, consider performing the transformation in 
Equation (7.20) , followed by the operation described by 
Equation (7.18).

Then

4>:
- i .

IU I (7.24)
H 11- 1+!Y . H 11- ^ i y  .

But this is the ,same .as Equation (7.16) .
So, we are now producing the typical group action, 

whereby one member of.the group is transformed into another,
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It should be noted that the gauge transformations do not 
commute with the other operations.

We find that if one applies the above six trans-. 
formations to each other in various orders, no new members 
result. Thus we have the H ' group.. It has.eight real 
parameters [Ehlers (I), Harrison (2), electromagnetic 
gauge (2)f gravitational gauge (I), scaling (I), and dual­
ity (I)]. Three of the eight parameters in are only 
related to gauge transformations, but the remaining five 
parameters provide an automatic procedure for generating 
five-parameter "families" of stationary Einstein-Maxwell 
solutions from each known solution. integrated with H '

yields the full symmetry group K^. - ■



CHAPTER 6

POTENTIAL CHARACTERISTICS

.Reissner-Nordstrom Potentials;
Before we examine more completely the ramifications 

of the (J)̂ and Hab, it might be appropriate to examine their 
appearance for a specific case. A natural simple example 
is the charged Schwarzschild black hole [the Reissner- 
Nordstrom solution].

To obtain the Reissner-Nordstrom geometry one solves 
the Einstein field equations for a spherically symmetric >. 
.staticgravitational field with no matter present but a 
radial electric field in the static orthonormal frame. .

The line element is determined to be 
ds2 = -fdt2.+f-1dr2+r2dfi2 , (8.1)

where

(1.3)]

!_ 2m + e 2 r2-2mr+e2 (8.2)
r r r ,.

Since the.metric is .static,f12 = 0 [see Equation 
The electric field is given by

(8.3)
• r

For e>m the coordinate system is well behaved down 
to r =0., It is of interest to note that for an electron 
e/m = 2 X IO21 in dimensionless units.
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. More pertinent' to our situation,. Ernsfi shows 

how a vacuum solution of the Einstein equations may be 
easily transformed to a charged solution, provided that 
8 and $ are functionally related,, i .e . , via Equation (6.1) 
and

$ = —2— q = e/m . (8.4)
K + l

Then, if Co is a vacuum solution, C=Co(1-q2)^ is a charged 
version of the solution. That is, given the Kerr solution, 
we may. immediately obtain the Kerr-Newman solution. This 
functional relationship also holds for the Reissner- 
Nordstrom and the charged Tomimatsu-Sato metrics. .

As was previously forecast in.dealing with the 
Ernst formalism, simplieations occur in many instances when 
prolate spheroidal coordinates are employed. [see Appendix A 
for a discussion of these coordinates].

Therefore, using Equations (6.1) and (8.4), we 
obtain [remember from the section on Generalized  ̂ Covariant 
Ernst Equations that Co.= X is equivalent to the Schwarzs- 
child solution]

f = Re£+1 $ I 2 = So.C,o,Tl  = -A2-Z-I-  . (g.s)
' . ICo+ 8 I 2 (X+B)2 , .

B = (1-q2) ^ (8.6)
w h e r e
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and

■ . *

vj; =  I^1 1  =  G ( S o - S o )  =  o
I S o + 3 | 2

and
$ = (J) i. = — ■

' ’ . ' X+S

(8.7)

(8.8)

ai_
X+B
o

(8.9)

Using Equation (5.1) to solve for B then, up to aA
constant of integration,

f 0 '

3 A qBYk
(8.10)

Since
.Bi = A 2 = f 12 = f2 I (8.11)

then,
V^ii = Vip22 = 0

Vlp12 = -p"" 1'(-f I I^f 2 2-2f 2 2A i ^A i )

VlpZ1 -  - p - 1  (£2 2^f I l-2f 2 2A i^A i )
Accordingly, up to a. constant of integration,

■ ■ r 0 -2BYk
iPA B  =, [2Y(X-B)k 0 .
Equation (5.36) implies 
VK = i V (A1B 2) ,

(8.12)

(8.13)

(8.14)
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Ikg2B2Y 
X-+3

may be written out in full as

(8.15)

(8.16)
HAB (fAB AAAB"bAb B+£ABK) + 1 (GAB+AABB+BAAB^ ' '

therefore,

X-B ZikY(X2-I)
X+B

[(X+B)2 (Y2-I)-Y2q 2B2Ik2
(8.17)x + B

-ZiBkY
Although prolate spheroidal coordinates are useful 

in that they greatly simplify calculations, they do not. 
give most of us any immediate picture of what is involved. 
Therefore, let us use Equations (A.5) and (A.6) from Appen­
dix A to convert (X,Y) to (r,9) Schwarzschild coordinates. 

We then find

r-m
k

2
- I

r-m + m Z
k kj

I  -  2m +  S (8.18)

This is exactly what we expected from Equation (8.Z) 
Furthermore,

Hii - I - -̂ r (8.19)r

<t>i = %  (8.20)-L *
This, of course, is the expected form of the electromagnetic
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potential. The others have less apparent physical mean­
ing, e.g. ,

(J)2 = ie cos0 (8 .21)

K ” ie2cos0
r (8.22)

HJ
 

:

1—2m 
r

-2im cos0

2ir cos0. . [1— ——  +
r r (8.23)

-r2sin20-e2cos2 0 . J .

The Potential Hierarchy
Those of a curious turn of mind may well be at-

tracted by Equation (5.36). Seeing that an essential part 
of our key gravitational potential H^b is a "quadratic" 
potential K, one may well believe that other "quadratic" 
combinations may be useful. Let's form the possible, groups 
with our basic potentials <J>A and Ha b .

&  = <|>*̂<j)X ' (9.1)A

^Lb = <J)x ^HXb . . (9.2)

^Ma  = H*A (̂f)X (9.3)

■ ' fxAB = hXA^hV  :
Astonishingly, one can form quantities R7. and P7xr,A -
rA = V 2KV HAX*X (9-5)

?A3 nAB+24iAlB+hAXh B (9.6)
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that obey the same equation'..as (J), and H„„. [see Appendix BiA 1 Axi
We should be able to see the pattern forming. Not only do 
.<j)A and Ha b  obey the ■ same basic equation, but an apparently 
endless series of combinations of these basic potentials 
can. be found-which obey this same remarkable equation.

Clearly, we now need to develop a compact notatioii. 
Therefore, supposing that we are dealing with an infinite 
set of fields, let us initialize the series by setting

i

and

(9.7)

tf5A = lRA ■ HAB = lPAB . (9‘8)
In' general

_.n ' n
=- -ip-ifA% x  (9.9)

4 b .
. In a similar fashion we generalize Equations

(9.1).- (9.4) , .
.. m '  . m* n.^K = (J)x (̂J) , (9.11) ■

itvn m* n . '
. ^ l b = *x?HXb - . (9-12)
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mn
H

: 1̂ * ->nx
= hXA5* (9.13)

mn m , n,,
H b .= nXA'" B . (9.14)

We notice that Ra  and Pa b  give us recursive
relations for ^  and , i.e..

n+1 In In n
* A = i ( M A+2*A K +HAX* ) ••• (9.15)

n+1 In In n
" A S = il N AB+2f A L B+HAXH B > . (9.16)

Given this rather unexpected profusion of poten­
tials, an analysis of their properties should follow. One 
might, however, question if we.are not somehow going astray.

iAfter all, the metric is essentially governed by H n  and 
(J)1, and this is all that is required. Nevertheless, our 
concern is not with known metrics, so much as with the 
attempt to generate hew metrics. Unfortunately, it so

i i
happens that Ha b  and (J)a  for the new metric cannot be ascer­
tained until one has, in essence, all the potentials, both 
for the old and the new metric. This being the case, it 
seems appropriate to begin a consideration of the properties 
of these potentials.

For the specific example of the Schwarzschild 
metric, one of the properties first noted was that with an
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appropriate choice of integration constants, one could 
always have the.relation

■ n+1 
i H , HA2 ' (9.17)

In fact, Chitre was able to show that if Equation 
(9.17) holds for some value n , for a particular stationary 
axially symmetric vacuum metric, then it holds for all 
higher values also. In particular, if 6 is the integer
distortion, parameter for the Zipoy-Voorhees metrics 2.4,25

[Hi: X-I ], then Equation (9.17) first holds for n = 6 
and then for all higher orders. It is not difficult to 
prove that this result continues to hold even if an electro 
magnetic field is included. [See Appendix C for proof.] .

We might also comment on the interdependence of
and H, ■Noting that

^  B

I* nx

(9.18)

(9.19)

then a glance at Equations (9.15) and (9.16) reveals that 
n+1 n+1 n n

the H ( (J) ') are only coupled to the (J) (H ) by
x x AB A n+1 n . A AB
(J)A (̂ a b ) • Thus, in H AB only H^b terms and (J)a  contribute, 
and conversely for . <J) a .
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Separation of Variables
Return for the moment to Equation (6.7). Using flat space,

i •e • f
I 0

fAB 0 - p :
(10.1)

and setting A = I f B = I f we find
V2H 11 = 0  . . .  (10.2)

This is, of course, Laplace's equation.
One supposes that even if the space is not flat, 

it may prove advantageous to apply some of the usual methods 
for the solution of Laplace's equation. For example, what, 
about separation of variables? For simplicity, we will use 
the SchwarzsChild metric.as an example.'

Remembering that f i z = f21 = 0, then Equation (6.7) 
yields [using our new notation - see Equation (9.10)] for 
A = 2

V- Ef1T 1VHle] = 0 , (10.3)

and for A = I
f - [I2T 1^h 2b] = 0 (10.4)

Consider Equation (10.3). Using the results from
Appendix A on prolate spheroidal coordinates, then.Equation
(10.3) may be rewritten as [f = T 1]

-> ^ti -* -*n ■-f"2 Vf-VH1b + T 1V- (VHlfi) = 0 . (10.5)
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n
rX11IB,X■f" 1 [f fvH1D v (X2-I) ]+ ^ [ ( X 2-I)H1t3 v ]

n ' 
lIBfX j

(10.6)
+ ay[(l Y )H1b ŷ I O .

Setting 3 = I , to convert Reissner-Nordstrom to 
Schwarzschild in Equation (8.5), then Equation (10.6) may 
be written

n
2 (X-I)HIBfX+ (X2-I)H IBfXX

n
2 YH

(10.7)
IBfY- (1 Y )H1B,YY

Following a similar procedure for Equation 

(!-Y )H2b ŷ y = ™2H2b ,X-(X -1)H2BfXX

(10.4) yields
(10.8)

Equations (10.7.) and (10.8) show that we have
indeed been able to achieve our objective, and, furthermore,
a comparison of Equations (9.9) and (9.10) shows that we 

n n n n
may replace H1b with (j)i and H2b with (J)2 in the above anal­
ysis, and the same equations will apply.

Let us deal first with Equation (10.7). Assume the

ansatz
n
H1b = F(X)G(Y) , (10.9)

then, using a separation constant of n (n+1), we obtain two 
differential equations

(10.10)(l-Y2)G"-2YG"+n(n+l)G = 0 
(I-X2)F""-2(X-I)F"+n(n+1)F = 0 . (10.11)
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Referring to Appendix D we see that the solution . 

of Equation (10.10) is immediate:
G(Y) = Pn (Y) (10.12)

where the Pn (Y) are the familiar Legendre polynomials. 
Equation (10.10) has two constants of integration to be 
determined, and this gives us the following options:

F(X) = Pn (-1,1) (X) (10.13)

or

F(X) = P j 1'-1* (X) , (10.14)

where the p ^ a '^ (x) are the Jacobi polynomials.
We know that we should initialize the series by

= M
(10.15)

H 12 = 2iY(X-I) .
This allows us to make a definitive choice between the 
options, and decide that

n+1 . 
H n Iti pn II'"ll|x,pn (Y)

H i2 = (X)Pn (Y)

(10.16)
n = 0 ,1,2 ;...

(10.17)
n = 1 ,2 ,...

Returning to Equation (10.8) and using the ansatz

H2b = R(X)K(Y) , (10.18)
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with - n (n+1) for the separation 

(I-Y2)K"" + n (n+1)K = 0 
(I-X2)R"" - 2R"+n(n+1)R 
Referring to Appendix D 

(10.20) has a unique solution 
R(X) = Pn+{™2) (X) .

Equation (10.19) affords us the 
two options:

K(Y) = Pn+l,~1)(Y)

constant, we obtain
(10.19)

= 0 . (10.20)
we find that Equation

(10.21)

choice between the following

(10.22)

or
K(Y) = C ^ ^ ( Y )  [Gegenbauer polynomials]. (10.23)

However, the possiblilites of Equations (10.19) and (10.20) 
have not yet been exhausted. If we had chosen a different 
separation constant, say -(n+1)(n+2), then we would have 
obtained

K(Y) = (I-Y2)Pî 1,1) (Y) 

or
K(Y) = (I-Y2)Cĵ ( Y )

and
R(X) = (1+X) 2P1J0 '2* (X) .

Again the issue may be decided by a matching with

(10.24)

(10.25)

(10.26)
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the initial terms

i
H 2I -2iY
i
H 22 (X+l)2 (Y2-I) .

The corresponding unique solutions are

H 21 = 2 i P ^ ' " 2) (X)CrJ;^ (Y) 0 ,1 ,

(10.27)

(10.28)

H 22 = (1+X)2P*0 '2) n (X) (I-Y2)P t1, (Y) (10.29)
n — 0 ,1 ,...

It is of interest to note that earlier we noticed
it was possible to select integration constants such that
Equation (9.17) held. A glance.at Equations (10.7) and

n
(10.8), derived for the H^b. supposing separation of vari­
ables, reveals that the two methods are compatible. In 
particular, by Appendix D

X-I' (1,-1) /v, .P ^ 1-11IX) PX+l n (10.30)

n
H 12 1 E r  P1I1-"1* (x)Pn <Y) , (10.31)

n+1
I H 1 1 = H 1 2 . (10.32)

Unfortunately, these conditions will not be consistent
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with a series of relations to be derived in the section on 
the Reissner-Nordstrom Generating Functions. These rela­
tions will be intimately connected with the action of the 
group K '  on the potentials.

A comparison of the equations for flat space as 
opposed to those for the Schwarzschild metric reveals 
that, for separation of variables, while the radial coor­
dinate equations differ, the angular equations are exactly
the same. Therefore, as listed in Paper III, we find that

n n
the angular part of H 2i and H 22 may be placed in.more, 
familiar form by using the associated Legendre functions. 
Accordingly, 

n
H 2 i =c sin 0 (cos 0)

(10.33)n
H 22 =c sin 0 P (cos 0) .

To approach the problem from another viewpoint, we 
will consider the Reissner-Nordstrom solution. Although

i ithe physical implications of <j>A and H ^  are understood, it
is difficult to see what is the basic physical importance
of the higher order potentials. One might ask, therefore,

n
if it is ever possible to make the (|>A , for n>l, vanish. An 
examination of the recursive relation. Equation (9.15), 
plus Equations (9.11) and (9.13) shows that, if for any n,
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n
<#>, vanishes, then, with the appropriate, integration con- 

n+1
stants, <j) A may also be made to vanish. Specifically, in
the case of Reissner-Nordstrom if we take

V  _ iqgY.(X-B)
M l  " X+B

the

11 
M 2

11 
K

= x +3[ (X2-I)Y2-(XfB)2]

. i Y (B2-I)x + B

(10.34)

i . ■ iThen using the and (|)A given in the section on
Reissner-Nordstrom Potentials, we see that 

n •
<j>A = O n = 2,3,. (10.35)

Thus at some point the higher order electromagnetic 
potentials may be made tq vanish, at least for some static 
metrics.



CHAPTER 7.

GENERATING FUNCTIONS

Differential Equations 
Having developed this infinite hierarchy of 

potentials, we feel an immediate need for a compact way to 
express all the information contained therein. The gener­
ating function method fits the bill as it contains the total 
information of the potentials in a rather simple expression 
arid also allows an expansion from which each potential may 
be subsequently determined.

At this point we will be concerned only with the
n n

process of developing generating functions for H^b and 
We will, therefore, define the appropriate generating func­
tions and determine the differential equations they must 
fulfill. Afterwards, the general solution will be found 
using the method of characteristics. Of course, the entire 
situation is not quite that simple. It might have been
possible to stop at this point before we discovered the

mn mn mn mn
"quadratic" potentials N A B , ' M L^, and K . A glance
back at the defining equations for these quantities reveals

n n .
that knowledge of H^q arid is not entirely sufficient as 
the defining equations are differential, and we will require 
the integrated forms. Surprisingly enough, it so happens
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that, once we have finished the somewhat difficult process

n n
of finding the generating functions for and Q , the

mn mn mn . mn
generating functions for N A B , L A , and K can be
obtained merely as algebraic consequences of these earlier 
generating functions.

Upon examination, the recursion relations. Equations
(9.15) and (9.16) , reveal that not only do. we require

n n
generating functions for the basic potentials HL and <J> ,

In In A .
but also for K and L

Accordingly, let us define

FAB = L o tniiAB (11.1)

0A ltl = L o t X (11.2)

sA(t) -  L-Ot n 0 A (11.3)

Q(t) = L o t " ^  . (11.4)

where t is not the time coordinate but only an expansion 
parameter.

Q and are related as are 

= Xtn^ K = Xtn (|)*̂(j)X =

and FA B '

/

i.e.

(11.5)

likewise,

K  - * > x a  . ' (11-6)
n

,Consider the basic relation for the H^b , Equation
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(9.10). Multiply both sides by tn and sum

(11.7)

or

AB “lp lfA' ^fXB . (11.8)

Similarly, using Equation (9.9)
= -iP"' f / H  _ (11.9)

Once again the basic equations reassert themselves.
If we reconsider the derivation of the Ernst equations 
given in the section on Generalized, Covariant Ernst Equa­
tions, we note immediately that, instead of starting with 
Equation (5.37) , we could have begun with Equation (9.10) 
or now, even better, Equation (11.8) . Then, we would have 
the generalized Ernst equation at all levels. The results 
are, following the same steps as in the Generalized, 
Covariant Ernst Equations section.

and, if there is no rotation, i .e . , to = 0, then the equa­
tions for'Fon and D 2 take the form

fV2FlB = [^H11+2 i ] -^F1b 

f V2D 1 - [^Hi i+2(J) !̂(j) i.] '̂ rDi , (11.11)

(11.10)

2B z
(p"2f^F2B)'= 0

(p-2f^D2) = 0 .

(11.12)

(11.13)
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Although the generalized Ernst equations have a 

simple looking appearance, they are not at all easy to 
solve, and, therefore, another approach must be found. We 
find that we are able to write first-order, coupled equa­
tions for the generating functions. These equations can .

2 8be decoupled in general [see Appendix E] . For. particular 
situations, however, the coupling term drops out naturally, 
and the equation assumes a simple form. In this form one 
is able to use the method of characteristics to solve the 
equations. This gives a general solution in terms of an 
arbitrary function y. One then discovers that Equation
(11.10) enables us to determine a second order, ordinary, 
differential equation which sets the exact form of y.

We begin with the recursion relations, Equations
(9.15) and (9.16). Take the gradient of both sides of the 
equations, then multiply both sides of each equation by 
t and sum.

Then,

= it{'Hk +HAX+2+ A * X ^ FXB+2SB?V pXB?rHAXJ<11-:l4>

^ A  = lt( IhL +hAX+2 V x ^ dX+2Q^ A +dXX x > . I11-15I
Defining
GAx = SAX-it [H*A+HAx+2(|)A (f)*]X (11.16)
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then

GAx  = SAx [l-2tZ]-2itfAx (11.17)

where Equation (B.17) from Appendix B was used. Regrouping 
terms, we have

Note that once we focus on a particular metric,
i i '

the G^b , Ha b , and cj>A are readily determined. What we
require are the Ha b  and <J> , i . e . , Fa b  and Da . Unfortunate­
ly, Equations (11.18) and (11.19) involve S0 and Q and not 
in just differential form either. Unluckily, we have 
FAg (Da ) involved in Equation (11.18) [(11.19)] in really
three forms; differentiated, undifferentiated, and as part 
of an integral [see Equation (11.6)]. Other than the method 
outlined in Appendix E , we have two ways in which we might 
obtain decoupled differential equations for the generating 
functions. We already know of one method, namely the gen­
eralized Ernst equations we derived [Equations (11.10) - 
(11.13)]. The other alternative is to use metrics in which 
the terms naturally decouple. Surprisingly, this occurs in 
many of the cases of greatest physical interest. To see 
this latter result, we need to rewrite the equations so as 
to obtain, in so far as is possible, an equation involving

= 21tSB^»A
Ga x ^Dx -itDX^HAx = 2itQ$*A . (11.19)

(11.18)

n n
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only one component of the generating function.

First we abandon covariance and.look at particular
indices.

Let A = 2
G 2 ^ + G 2 2^F2B-itF 1̂ H 2 i-itF2B^H2 2 =2itS.B <̂)>2 (11.20)

G 2 I^D1I-G2 2^D2-itD1^H2 !-ItD2^H2 2=2itQ^c|>2 . ' (11.21)
From Equations (11.8) and (11.9) we have, with A = 2

^F2B-ip"1f 12^F2ti ='ip"1! H ^ F 1b (11.22)

^D2-Ip- 1fx2^D2=Ip- 1f!I^D1 , (11.23)
thereby obtaining

G 2i[^F2B-ip“ 1f 12^F2B ]+G22^F2B+itF1B^H1!+ItF2^ H 12

ip 1Eii
= -2itSB$*i

(11.24)

G 2i[^D2-Ip 2f12^D2]+G2 2^D2+ItD 1̂ Hi!+ItD2^Hi 

ip- 1f11
(11.25)

= -2itQ^(j) i .
Using Equation (11.17) and combining terms, we have 

(l-2tZ) ̂ F2B+2tp^F2B+itF1B^Hi i+itF2B^Hi 2 = -2itSB ĉj)1 (11.26)

(l-2tZ) 2+21p^D2+ItD1̂ Hi !+ItD2^Hi 2 = -2itQ^(j)1 . (11.27)
In order to focus on F n  [D1]' choose B = I 

- (l-2tZ)^Fi1-2tpVF1i+itF2I^H1i - i t F i = -2itSi^^i (11.28)

- (l-2tZ)^D1-2tp^Di+itD2^Hi1-itD 1̂ Hi2 = -2itQ (̂))1 '. (11.29)
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We are now faced with two choices: eliminate

F 2I[D2] algebraically and obtain

Fii,x[<1-2tz>Hn , Y +2t(x2-l)Hn , x 1
+ pIl ̂ U-Y2) Hi i ̂ y-(!-2fcZ) Hii^x]

I t F n  [Hii/XH12,Y~H11,YliI2 ,X ] 

+ 2XtSi XliIlfY-^lfYliIifX 1

(11.30)

DlfX [(1-2tZ)HllfY+2t(X2-1)HllfX ]

+ Dl fY [2t(1-Y2)HllfY-(1-2tZ)HllfX ] 

XtDi[H11/XHl2 fY-HllfYHl2 fX ]

+ 2ltQ H lfXH11 Ŷ -4>1 ̂ yH11 ̂ x ] 

or eliminate S i [Q] and see that

Fll,XI2tlX2'1H l,X+il-2tZ,»l,Yl

+ Fll,Y[2t(1-Y 2>4-l,Y-ll-2tZ)*l(Xl

itrI I [^1 ,Xh 12 ,Y-t̂ 1 fYH 12fX]

+ XfcF 2 i [<))]_ ̂ yH11 ̂ x-(J)1 ̂ xH11 ̂ y ]

(11.31)

(11.32)

Di ^ t 2fc (X2-I J(J)1 ̂ x+ (I-2fcZ) (J)1 ̂ y]

D-^y [2fcU - Y 2) (J)1 ̂ y- (I-2fcZ)(J)1 ̂ x ]+

(11.33)
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+ ItD2 [<f>I,YH11,X tflI rX11IlfY
Similar equations follow the other F^b and D^.

An examination of Equations (11.30) and (11.31) 
reveals that we will have a first-order, differential 
equation for F n  or Di alone if the quantity [tf>̂ x h :L1 Y " 
tflI y H 11 X^ happens to vanish. Is this at all likely? 
Recalling Equation (8.4) we note that H n  and <j>i are func­
tionally related for a number of physically interesting 
cases.

In particular, Equations (6.1) and (8.4) rewritten 
in our notation are

(11.34)

and
<i>i = -3— 

5+i .
(11.35)

However
] = ^Hi i -̂ (pi (11.36)

thus,

by Equations (11.34) and (11.35).
(11.37)

Fortunately,



64
^C-VC = o (11.38)

since
Vu-VU E O  (11.39)

for any potential U.
This simplifying result allows one to put Equations 

(11.30) - (11.33) into a rather compact■form, i.e., a 
first-order, differential equation for Fii[Di] involving 
only H n  or (j)i. [See Appendix F for proof. ] For example,

11 ^V2Hii-P 1^ H n - V dHi; (11.40)
Fii . ^Hii 1̂ H ii
Now let us take a particular case for which the 

equations for.the generating functions do in fact decouple 
in the above fashion, e .g., the Reissner-Nordstrom solution, 
and actually solve the differential equation in full.

Reissner-Nordstrom Generating Functions 
Keeping in mind the results of the section on the 

Reissner-Nordstrom Potentials, we rewrite Equation (11.30) 
in characteristic form since along each characteristic curve 
a partial differential equation may be reduced to an ordi­
nary differential equation

F ii- M F h  dX

it [Hi 2 , y H i i ,x -H12, X11IlfY -1 (l-2tZ) Hn  ̂ y+2t (X2-I) Hn
(12.1)
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dY

2 t (I-Y2)H11 ŷ- (l-2tZ)H11 x̂

We then find
dY = 2tXY-l 
dX 2 t (X2-I)
dF__ = -dX
F 11 X+B .
The solutions are
ai = (2tY-X) (X2-I)

(12.2)

(12.3)

(12.4)

F 11 a.2
X+B

(12.5)

where ai and a z are constant along each characteristic 
curve.

Therefore , ■ the general solution is given by.
F 11 = (XtB)-1Y (12.6)

where y is an arbitrary function of (2tY-X) (X2-I) 2 .■ In
order to determine the precise form of y, we require another 
equation involving only F 11. Equation (11.10) fulfills this 
requirement.

Using the result of Appendix A on prolate spheroidal 
coordinate, we rewrite Equation (11.10) as

2 (X2-I)
■ x+B Fll,X+ x̂2 1)Fn,xx 2yfii,y+(1 y )fii,yy

(12.7) 
= 0 .

Now
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F n  = (X+3) 1Y  (R) where R = (2tY-X) (X2-I) . (12.8)
After a bit of algebra we obtain 'a second-order, 

regular differential equation for y (R) . [ y ' E
y "  (R2+4t2-l ] + 3Ry" = 0 . (12.9)

Its solution is
Y(R) = -K(t)R[R2+4t2-l]-i4Ki (t) . (12.10)
Initially, it was not realized that K and Ki could

be functions of the expansion parameter and so they were
treated merely as constants. Acting under that incorrect
assumption, it was a simple matter to determine K and Ki.

0 1
We note that E u  is expanded Hi it0+Hi it1 + ... . Furthermore, 
it is clear that, if y is a solution of Equation (12.9), so 
is n (t)y where n(t) is an arbitrary function of the expan­
sion parameter. We select n(t) = t in order to pick out 
K and Ki more readily.

Therefore, we know

H n  = = ty(R (t=0)) (12.11)

using R at t = 0 in order to exclude higher order terms.
Then we find, supposing for simplicity that K and 

Ki are constants,
K = I  Ki = -3 (12.12)

or



■t X-2tY
Fi

X+3 f l-4tXY+4t2 (X2+Y2-I) ]35
-3 (12.13)

Unfortunately, the situation is not that simple, 
and we cannot ignore the full possibilities of K and Ki. 
This surprising freedom is a result of the gauge freedom 
of the potentials, and we will not be able to determine a 
more specific form for them until we examine a particular 
set of relations among the potentials of the entire infi­
nite hierarchy. Even then, the gauge freedom is so large 
that we will have only half the number of equations neces­
sary to determine the particular form of the generating 
functions and will be forced to impose, ad hoc, six 
additional constraints.

Therefore, thus far, we have 
t

F n  = ------  [K (t) [X-2tY] + Ki(t)S] (12.14)
(X+3)S

where
S 2 E 1-4tXY + 4t2 (X2+Y2-l) (12.15)

where K (t) and K i (t) are functions of the expansion param­
eter .

A complete list of the generating functions with 
their full gauge freedom is detailed in Appendix G. We 
also note that F 12 and D i obey the same characteristic
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equations as’ E u .  Equation (11.8) [(11.9)] allows us to
relate F15 [Di] and F3 3 [D2]. Upon examination, Appendix G 
reveals that F n  has an initial multiplier of t whereas F i2 
does not. This is to place them into conformity with the 
notation to be used in the section on Recursion Relations, 
i . e . y

HAB = ieAB . (12.16)

So
1 1

F 11 = 0+tHi1+... while Fi2 = IttHi2+...
The coupling generating functions Q and may be. 

determined from Equations (11.5) and (11.6) now that we 
know Fa b  and Da . The process is lengthy but straight 
forward.

Recursion Relations
To further investigate the properties.of the poten­

tials, we will now list equations which relate various 
potentials and their complex conjugates. We will also 
derive relations among adjacent potentials. These equations 
were stated in Paper II and are an essential ingredient in 
explicating the action of the group on the individual ■ 
potentials. In the following, it should be kept in mind 
that, as we are dealing with the actual potentials and not .
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merely differential relations, various choices of integra­
tion constants have to be made at each step of the way.. In 
doing so, we are implicitly imposing certain constraints, 
and, if we are later going to use the results of the action 
of the group K '  on the potentials, we must make sure that 
the generating functions, we are using are in full conform­
ity with these recursion relations.

First, consider the relation between the potentials 
and their complex conjugates.

Equation (9.11) allows us to write
mn nm* m* n n m *

V K - V K  =  (J)y Vtj) -(J)v V  c()A

n„ m
4  ? 4 X - H * x h - (13.1)

therefore,

m* n j.
V,(<|>x c!) X ) ,

mn nm* 
K - K

m*n

In a similar fashion we obtain

(13.2)

mn nm*
. l B - m B = V s
mn nm* m* J
N — N = H„,]AB BA XA

last term in Equati'

,nun

(13.3)

(13.4)
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with Equation (12.16) .

What about adjacent potentials?
m,n+l m+l,n m* n+1 m+1* n

V K 1-V K = (J)xV (J) -(J) xV(J)X

By Equation (9.11) 

(13.5)

the recursion relation. Equation (9.15), allows one to write
n+1 
(J) “ =

in in n
i M ■ +2i(j) K +iHA (J)'6 (13.6)

So
m,n+l m+l,n m* In „ln n

V k - V k - . =  y  [i m  A+2i<f> k + I h a z ^ ]

(13.7)
->nv * -̂m * * m * 2+V(J)A [i M x+2i(J)x K +IHxz(J) .

Now

Using Equation (9.13) and rearranging terms, then
m,n+l m+l,n 
V K -V K - i ?  h ;x ? ? +x h; z? z^ x

.m* n.7“‘* *->.“ X  n m *-v V  A -"'A-ViiV+2i [(f)(J)z(J)xV(J)A+ K (J)xV(J)A+(J)X K V(J)A ] (13.8)

m Anz . y X m *+nZ lm A-vnx+i [(J)x(J)Z'VHAz+iHAz(f,xV(f,-+i M xV(j,A ] .

vv ml V( K
In ml * n In m*
K ) = K (J)xV(J) + K (J)xV(J) (13.9)

-v mlV ( L .x*x> - X ; » H zx+mL X^ x . (13.10)

Then, making use of Equation (13.2) and (13.3), we have
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ml lm* m*
L X = M x + *ZH

ml lm* m* y
K = K + +X*

Accordingly,

?( L1x? )  - *Ẑ H X Z+M ^ > +HXJ ; ^ Z'X'" Z • “ X' 
. n„ ITijnil In *-vnv m * 2 *->nx "̂n m *^ xV ( K K ) = K (t)xV(j) +(})z(l)̂(f)xV(f)A+ K <l>xV(f>

(13.11)

(13.12)

(13.13)

(13.14)

Comparison with Equation (13.8) reveals that we 
may write

m,n+l m+l,n ml In ml n
V K - V K  = 2iV ( K' K )+iV( L x <J)A ) (13.15)

m,n+l m+1 ,n 
K - K

ml In ml n 
21 K K + i L x(J> . (13.16)

However, as we have previously mentioned, these . 
relations have a considerable interdependence, and it turns 
out that if we require Equations (9.15) and (9.16) to hold; 
for n = 0 then it follows that we must define

i o
K = - h i (13.17)

and Ha b  = ieAB which we already used in Equation (12.16).
It is useful to note that with this notation we may incor- 

n n
porate the (J) and H within the framework of the quadratic



72
potentials. That is, from Equations (9.13) and (9.14),

(13.18)

(13.19)

zegration constant for Equation (13.16) 
must be modified. Therefore,

on n
M a = -i^a

on n
N - - inAB
Thus, the .

m,n+l m+l,n 
K - K

ml In ml n .
2 i K K + i L * + | 6o6o (13.20)

Now there are no inconsistencies,
22In a similar manner, we obtain

m,n+l m+l,n . ml In ml n
L B " L B = 2I K  L b H-ILx Hxb (13.21)

m,n+l m+1,n . ml In ml n
M A - M a = 2i M ^ K + i N ^ (13.22)

m,n+l
N

m+1 ,n 
- N

ml In ml n
= 2i M * L „+1 NAB AB A B  AX B . AB 1 u .

To insure that Equations (13.2) - (13.4) and Equa­
tions (13.20) - (13.23) hold for both positive and negative 
values of m and n, we have used the notation established in 
Paper II that

1-P,P P,l-P
K = - K E h i (13.24.)

P,-P -P,P
N AB ^ A B  = £AB (13.25)

for P £ 0.
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It is possible to continue to iterate Equations 

(13.20) - (13.23) and obtain more general relations, i.e., 
m,n+k m+k,n k ms k-s+1 ,n ms k-s,n

K -

m,n+k m+k,n 
L A - L A

m,n+k m+k,n

Z (2i K K 
s=l - L x M X) (13.26)

ms k-s+1 ,n ms k-s,n^
Z (2i K 
s=l

L a - L x N a ) (13.27)

ms k-s+1,n ms k-s,n.
M A - M A = 3= 1 < 2iMA K " n AX. M 'I (13.28)

m,n+k m+k,n 
N AB N AB

k ms k-s+1,n ms k-s,n (13.29)
L  ( Z ^ A  ^ B " M A X  * B

In Appendix H we give the details for the derivation 
of Equation (13.26).

Although the series of relations we have derived in
this section may not appear very restrictive, it turns out
that neither of the previously discussed relations, i.e., 
n+1 n n
Al

above,
and H7 F(X)G(Y) are compatible with the

And as Paper III points o u t , not all the potentials
mn

are algebraically independent. Consider all the N A B , 
mn mn mn
M A , L A , and K such that m+n = q. Using Equations
(13.20) - (13.23) and considering all potentials whose 
indices m,n are such that m+n = q+1 we find that, for the 
q+1 potentials to be completely determined, we require the
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potentials such that m+n 2 q, and only one potential of

Iq Iq Iq Iq
each type (say K , L B , M a , N ab) to determine all the 
potentials, such that m+n = q+1. In addition, we must 
keep in mind Equations (13.2) - (13.4). In the final 
analysis one may add a real constant to K, a complex con­
stant to La  and Ma , and a Hermitian constant to Na b -

Therefore, we cannot afford to be cavalier in our 
approach but must derive an efficient procedure to ensure 
compliance with our derived relations. Once again, in the 
next section, we will turn to the powerful generating 
function approach.

Double Generating Functions 
• The situation is now slightly different from our 

former experience with generating functions. Previously, 
we dealt with only one superscript and, thus, required only 
one expansion parameter. Now we are using two indices, 
and, therefore, two expansion parameters will be needed.

We define the following:

K E  E 
m,n=0

11111 ~  V.K r t

m,n=0

In ml
Z K t = Q K '  E Z K r

n=0 m=0
In ml

L a  " m f o  ^
(14.1)
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mn

M E E M rmtn "M = M Sb > ft
y

MA =
ml

E M rm
A m,n=0 A n=0 m=0 A

mn In .
5 n ! o N NAB

ml

The four generating functions K , La , Ma , and N
contain all the information that the primed quantities'
possess, and, thus, we will eliminate as many of the latter

.

as possible in the following.
Multiply Equations (13.2) - (13.4) by rmtn and sum. 

We acquire the following:
K-K* = D*(r )DX (t ) (14.2)

* * V
V mA = DX (r)F A (t) (14.3)

* * X . .
n AB-nBA ^ FX A (r)F B (t)+EAB . (14.4)

In like manner Equations (13.20) - (13.23) yield,

f 1 (K+ ^ ) - r " 1 (K- ^ )  = 2iK"(r)Q(t)+iL^(r)DX (t)+35i (14.5)

t~ 1La" ^  1La  = 2iK" (r)SA (t)+iL^(r)FXA (t) (14.6)

t-iMA-r-i[MA+iDA (t)] = 2iMA (r)Q(t)+iN£x (r)DX (t) (14.7)
„(14.8)

^ m n AB-eAb ) (NAB+iFA B (t)) = 2MA (r) Sfi (t)+ i N ^ r ) F B (t) .
n n

The recursive definitions for (j> and Ha b  give 

Da  (t) = it T M a  (t)+2c|)AQ(t)+HAXDX (t) ) (14.9)
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fA B ^  ieAB NAB +2 <̂ ASB +HAXF B ' (14.10)
In order to eliminate the primed quantities, we 

need to develop a few more equations.
In Equation (13.2), set m = I multiply by A and sum.

•̂n n n -̂* n *nx nE K A - E K  An = E(j)x (J)A An (14.11)

or
m *̂- m * XQ-E K r = (I)x Da , (14.12)

thus,
Q(t)-K'*(t) = cf)xDX (t) . - (14.13)

In a like manner Equations (13.3) and (13.4) produce

SA (t)-MA * (t) ° V 11A ltl (14.14)

X B ltl-irB A lti = HXAfXB 111 ' (14.15)

Setting n = I, multiplying by Am , and summing over m,
Equation (13.3) yields

* * x
tlA r - MA |r) = DX |r)H A . (14.16)

This is the final bit of new information we are able to 
exact from Equations (13.2) - (13.4).

Using Equations (14.8), (14.10), (14.14) and (14.15) 
we obtain

r-t f"1e, * *7. ',+2iSB (t) Sa (r)-2iSQ (t) (J)̂ F \  (r)Brt
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-r- lFXR (t)F" (r)-2i(f>”s" (r)FXn (t) (14.17)* *
B X A B

I (HZx +hxz) F B -

Equations (14.7), (14.9), (14.14) and (14.15) yield
'r-t' 2iQ(t)S*(r)-2iQ(t)(f,l7F*ZA (r)

-2iSA (r) (J)zD2 (t)-r-1DX (t)F*A (r)

-i (HZx +Hx 2)f a   ̂D *

Equations' (14.6), (14.9), (14.11) and (14.16) give 
rr-t'

(14.18)

2iSA (t)Q* (r) -2iSA (t) (J)zD*2 (r) 

T - 1Fx a  (t)D*(r)-2i<J)*FXA (t)Q*(r)

l̂iXZ+liZX^ °  ̂F A ^ ^  "

(14.19)

Equations (14.5), (14.9), (14.13) and (14.16) produce
'r-t' ^■(1- - ^) +2iQ (t) Q (r)

-2iQ (t) (J)zD*2 (r) -2iQ* (r) **DZ (t) (14.20)

I 7. * * * 7. VT -1D (t)Dz (r) -i (HXZ+HZX)D 2 (r) DX (t) .

Notice that our results are expressed entirely in terms of 
quantities, which were previously calculated.

It is clear that if r is set equal to t on both • 
sides of Equations (14.17) - (14.20), there remain only
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algebraic combinations of the known generating functions. 
Perforce, these results must have the same gauge conditions 
as the initial relations, i.e., Equations (13.2) - (13.4) 
and Equations (13.20) - (13.23).

When one considers the struggle entailed in the 
production of the earlier generating functions, when only 
one expansion parameter was involved, it is only with much 
thankfulness that it is realized that the generating func­
tions involving two expansion parameters were obtained 
through relatively straightforward, algebraic manipulations.

We now wish to determine the actual number of 
independent equations we are dealing with. Equations 
(14.18) and (14.19) are complex conjugates. If we drop the 
covariant notation in Equation (14.17), we find that the 
choices of A = I , B = 2 and A = 2, B = I  yield another 
complex conjugate pair. Accordingly, Equation (14.17) 
produces three distinct equation. Equation (14.18)
[or (14.19)] gives two distinct equations, and Equation
(14.20) yields one unique equation. Thus, we have a total 
of six distinct equations which involve the quantities Fa b f 

0A' ant̂  sA " A glance at Appendix G reveals that these 
nine functions have a total of twelve functions of the 
expansion parameter t which are yet to be determined, i.e..
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Ki' Ci' Ei*
We remember that Equations (7.6) and (7.15) pre­

dicted a total of six gauge freedoms for the electromag­
netic and gravitational potentials. Thus, these are 
exactly the correct number of freedoms remaining as our six 
equations will fix six out of twelve gauge freedoms leaving 
six freedoms to be specified.

Particular Reissner-Nordstrom 
. Generating Functions

Now we wish to examine the generating functions 
for a specific metric, where the equations constructed in 
the previous section are employed in conjunction with six 
additional constraints of our own selection,. in order to 
finally determine a specific form for the generating func­
tions. If we don't have this specific form, then it would 
be impossible to use the generating function for the purpose 
for which it was originally proposed. That is, until we 
know the exact forms of the functions of the expansion 
parameter, we are unable to expand the generating function 
in powers of the expansion parameter and, thereby, select 
the various potentials.

An examination of the basic potentials for the 
Reissner-Nordstrom metric reveals that S i , D 1, (J)1, H 11, H 2 2/
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F 11, and F 2 2 are real while S1, D 2, (J)2, H 12, H 21, F 12, F 21, 
and Q are imaginary. Accordingly, the six distinct rela­
tions from Equations (14.17) - (14.20) reduce to 

-F11F 21t-1-iS12+2iS1(J)1F 21+2iS1(J)2F 11 ■
(15.1)

= -IH11F 21^tiH22F 112+!(H12-H21)F11F 21

T- -F11F 22t~1-F21F 12t-1-2iS1S2+2iS2 (J)1F 21
(15.2)

+2iS2(j)2F 11+2i(Jj1S1F 22+2i(J)2S 1F 12 = -I(H21-H12)F22F 11 
+ i (H12-H2i)F 12F 21-2iH11F 22F 21+2iH22F 12F 11

F 12F 2 2t 1 tiS2 2-2iS2 (J)1F 2 2 —2iS2 (J)2F 12
= IH11F 222-iH22F 122- i (H12-H21)F12F 22

(15.3)

F i 2D 21- 1+F 2 2D ! t - 1+2IQS2 - 2 iQ (J) 1F 22-2iQ(J)2F 12
— 2 i (J> 2 S 2 D 2 — 2 i (J) 2 S 2 D — 2iH11F 22D 2 —2iH22F 12D 1 (15.4) 
- i (H12-H2i)F 2 2D 1+i(H21-H12)F12D 2

-F11D 2t"1-F21D 1t-1-2iQS1+2iQ(J)'1F 21+2iQ(f)2F 11
+21(J)1S 1D 2+21(J)2S 1D 1 = -2iH11F 21D 2+2iH22F 11D 1(15.5) 
+I(H12-H21)F21D 1-I(H21-H12)F11D 2

- -|+iD1D 2f 1-Q2+2Q(J)!02+204,^D1 
+(H12-H2\ )D 1D 2 .

— -H11D 22+H22D 12
(15.6)
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A glance at Appendix G for the full form of the 

generating functions reveals that we have a formidable 
algebraic task ahead. Then we notice that if the equations 
are correct for all X 7Y 7 they must hold in particular for 
X = Y = O. Luckily7 this reduction still retains all the 
functions of the expansion parameter we wish to determine.

In particular. for X = Y =

H -+

OI—
II <-e- qAB 0 -G2 0

Q -+ iE >
+ iK

C 3

fAB +
-tK ■

iK2-iK(l-4tz)
2

2^
iC i

-C2 C (l-4t ) 
2t 2

(15.7)

0A ^ 6
iE2-iE(l-4t )

Defining n = (l-4t2)^ then Equation (15.1) reduces

K 2- K 2- ^ Ki
6 + 2K 3q +t2K!2+K32 = 0 . (15.8)

Equation (15.2) may now be written
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C2 cn’21: 2t

-jS K2- f

K z - M C 1
2t

Cn
2t r- +ZqRs

tt -ZCsq +IK1C 1-K3C 3-jSt
(15.9)

Equation (15.3) becomes
"C2 _ cn" 2 'C1 _ Cnl.Zt 2t Zt ZtJ C 1

te 2C 3q + C 1 2 + C 3 2 (15.10)

Equation (15.4) is, then.
'C2 _ cn".Zt Zt E 2

-jS E 3- —̂ T"

-jS

%  -ZCsq

ft Cn
2t +2qE 3

+tC !.E1-C3E 3
(15.11)

Equation (15.5) reduces to

K 2- E 2- En K 2- +2qE;

-jS E 2- M  +2K 3q +t K 1EitK3E 3
(15.12)

And finally. Equation (15.6) becomes

E 2- M E2- r  +ZqE3 +t2E!2+E3 2- J
(15.13)

Of course, we still have only six equations but 
twelve unknowns. Therefore, we will now impose six ad hoc 
conditions.

Consider Equation (15.13). We choose to make
as simple as possible and to require asymptotic flatness for

n n
the electromagnetic potentials (J)1, i.e. , (J)1 0 as X
Therefore, set E (t) = E 2 (t) = 0. Equation (15.13) then
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implies that

E 3 (t) = Js[l+4t2 (S2-I) J-32 (15.14)
Ei (t) = -q8 [l+4t2 (B2-I) T 3s (15.15)

This completely fixes Q and D^. The particular selection 
of signs was determined by the fact that = <f>A +t2 (f>A+ . . . .

In order to exploit the rest of the gauge freedom, 
a combination of.the , found advantageous in Paper IV 
for the generation of new solutions, i .e ., FAi+^tFA2 ' will 
be made as. simple as possible. Using Appendix G we see that

F ii+itF12 — (K-C)■t (X-2tY) 
(X+B) S + (Ki-Ci) t

x + B (15.16)

F 2 I+ i t F 2 2 i (K2- ~2') +IbY (K1-C1)
(15.17)

+ {l-2tY (X-B) - 4t2 (XB+l-Y2 ) } .

Setting K = C  will greatly reduce the complexity of the 
above. Furthermore, requiring Ci = BC and Ki = -BK will 
ensure a close similarity to the vacuum solutions given 
in. Paper IV. •

Having now selected values for six of the functions 
of the expansion parameters, we have used up our ad hoc 
possibilities, and the remaining functions must be deter­
mined by the constraint equations.

Acting on this we obtain from Equations (15.8) -
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K = C = CiP-1 = -KiB-1 = (l-4t2)_Js(l+4t2 (^-D )_3s 

. K 2 = 32[l+4t2 (B2- D  ]"^-32[l+4t2 (B2-I) ]J5[l-4t2]"35-}2 

K 3 = Zt2KiqB (15.18)

C 2 = [l+4t2 (B2- D  ]~^+[l+4t2 (B2-I) ]%[l-4t2]~^-1 

C 3 = -ZtCiqB •
Various signs have been determined by noting the 

first term in the series F^b = ieAB+tFAB+... .
The above results do not represent the only pos­

sible specific representation of the generating functions, 
or even the most interesting one. In fact, we could well 
wish to examine the results when agreement with the Harrison 
transformation is enforced. This situation is of interest 
because the Harrison transformation and the procedures used 
in Paper IV for solution generation do not commute. If one 
generates a rotating solution from the Schwarzschild metric 
and then uses the Harrison transformation to charge it, 
this result should be distinct from a procedure that first 
charges the Schwarzschild metric and then uses the results 
of Paper IV to generate a solution with rotation. And yet 
the only natural candidate for the resulting product of 
both procedures is the well-known Kerr-Newman solution!

(15.12)



CHAPTER 8

THE HARRISON TRANSFORMATION

Action of the Harrison Transformation 
In this section we wish to examine what happens 

to the electromagnetic and gravitational potentials when 
they undergo the action of the Harrison transformation. In 
particular, we wish to charge the Schwarzschild metric and 
then determine what remains to be done in order to bring 
it into conformity with the familiar results for the 
Reissner-Nordstrom metric. We will discover that appropri­
ate changes of scale and gauge transformations are neces­
sitated. The specific gauge transformation will be found 
to be related to the constant c in the Harrison transfor­
mation. The results will be specified by demanding that
the form of the metric be invariant, and also making sure

0 "that the new potential <j)i has the familiar form .
The explicit action of the Harrison transformation 

on cj)i and H n  has already been given by Equation (7.17) .
The Reissner-Nordstrom metric was given in Equation (8.1) . 
Using Equation (8.16) we can determine the action on f.

For c real, using Equations (8.18) - (8.20), we find

[ I-2c(j) I-C2H i i ] 2
(16.1)
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_ _____ r 2-2mr+e2

[r (1-c2 ).-2ce+2mc 2 J 2
The line element may be written as

r2-2mr+e2 dt 2 r2
r 2 . r 2-2mr+e2

[dr2 + (r 2-2mr+e2 ) dfi2 ].
(16.2).

Defining the following 

m" E [m(1+c2)-2ce] [1-c2] 1

e '  E [e(1+c2)-2mc][1-c2] 1 (16.3)

r '  E [r(1-c2)-2ce+2mc2] [1-c2] 1 , 
then it turns out that

r ' 2 - 2 m ' r ' + e ' 2 = r 2-2mr+e2 (16.4).
and

m" 2-e"2 = m 2-e2 . (16.5.)
Applying these definitions in Equations (7.17) and (16.1)
we obtain

f -> f r ̂ 2-2m'r ̂ +e^2
' 2

[1-c2]2 i -2

<!>1 <[>1 = [C+ — r] [1-C2]-1

1I I 1I I I-C2-2 2m" 1-c'

(16.6)

(16.7)

(16.8)

A comparison of these last three equations with 
Equations (8.18) - (8.20) reveals that various changes of 
scale and gauge transformations are required to achieve
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conformity with the desired final forms. We must also keep
in mind that the Harrison transformation does not commute
with the gauge transformation.

We will now elucidate the situation via an example. 
2m Xk-mL1 I 1- Xk+m

4>: e
r Xk+m .

Using Equation (16.3) we find 
r-m = r ''-m"

X = X"
Y = Y"
S = S " .

(16.9)

(16.10)

(16.11)

So under the Harrison transformation, as given by 
Equation (7.17), we find

H n ' +  Hii = [X"k"~ 1-c-
1+c-

(16.12)
m"] [ (1-c2) (X"k"+m") ] -1

<P: <P: c+ X"k"+m" [1-c2]2 i-l

Applying the appropriate changes of scale
Hii (1-c2 ) .[X"k"- I-C

1+c' m " ] [X"k"+m"]-i

c +

(16.13)

(16.14)

(16.15)X k + m  .
Next, in seeking the appropriate gauge transforma­

tion, we refer back to Equation (7.6) and note that a 
choice of
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a i = -c 

will yield

(pi ->■

(16.16)

(16.17)X ' k ' + m '  r .
The gauge condition for H u ,  Equation (7.15) , may then be

' 'written
H n  "*• Hi i+2c(j)i-c2 ,

so,

n  i ■> [ 1-c2 ]

+2c c +

X ' k ' -

e '

1-c 2 I
1 + c ' [X"k"+m"]- 1 - 1

- c 'X k +m \  
[X'k"-m"i[X"k"+m"]-i
x " - B "
X ' + B '

This is the result obtained in Equation (8.17)

(16.18)

(16.19)

Application of the Harrison Transformation
In Appendix I we have listed the finite form of

the Harrison transformation on all the potentials, in
addition to the finite forms of the gauge action on the 
n n
Ha b  and ^a . Therefore, we are now in a position to apply 
the Harrison transformation to the Schwarzschild potentials, 
and acquire the Reissner-Nordstrom potentials.

To obtain the Schwarzschild potentials, we need 
only to set B = I  [or equivalently by Equation (8.6) e = 0]
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in the generating functions obtained in the section on 
the Reissner-Nordstrom Generating Functions.

Accordingly,
t [ (X-ZtY)-S][l-4tz]2 II I (17.1)(Xtl)S

p _ i [X-2tY+S][ l - 4 t z ] ~ h  .. 2)
Fl2 -  (XtI)S . (17;2)
Now how do the F^b transform under the Harrison and 

gauge transformations? As we are starting from an un­
charged metric, then by Equations (1.5) and (1.6) from 
Appendix I and Equations. (13.18). and (13.19), we have, for 
the Harrison transformation

n .
H u

Therefore,
F n

Di ->

I-C2Hi
n .

c H Xi
I-C2Hi

Fii
I-C2Hii 
cF 11

(17.3)

(17.4)

(17.5)

(17.6)
1—c Hii •

Also, using Equation (1.7) from Appendix I

n
H I 2

n ntl
Hi2~ic2 H n

I-C2H i i
(17.7)

so
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Zt11H 12- ic'
Zt11H 12 ^

n+1 
-Z H u t n+1

I-C2H 1 i

Therefore.,
F 12 F 12-Ic^t-1F 1

I-C2H 11

(17.8)

(17.9)

One may apply the same procedure to the gauge 
transformations. In fact, by Equations (I.11) and (1,14) 
of Appendix I

thus,

n+1. n+1 n+1 n
H 11 -> H 11+2c <})1+ic2H 12 ,

F 11 -> F 11+2cD1+ic2tF12

(17.10)

(17.11)
Returning to Equation (16.3) one can determine the 

physical significance of the constant c in the Harrison 
transformation. Setting e = 0 ,  it is easy to show that

e
m'

-2c
l+cz

or in terms of , 

ê B- 1+c-
I-C

Using this result we find
I-C2H 11 1-c X-I

X+l (1-C2) X"+8'
X ' + l

(17.12)

(17.13)

(17.14)

Then, applying Equations (17.1) and (17.5) we have
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11
(x?'+T)'s v[x"~2tY"~s "] [1~4t2] 35

(l-c2)(x^+3')
(17.15)

(r+i)
After the appropriate scale change we have 

F n t (1-c2) [X^-2tY^-S'U [l-4t2] ^ (17.16)
( X '  +  fi')S'

In order to use the gauge transformation of F n  

as detailed by Equation (17.11), we require the appropriate 
forms of Di and Fi2. Therefore, we must obtain the Harrison 
transformation of the Schwarzschild D i and F i2 and then 
apply the necessary scale changes.

Equations (17.6) and (17.9) result in

Di -> tc [X"-2tY"-SU [ l-4t2 ] ~^
(X'+BUS"

F + i(X"-2tYU [l-4t2 ] ~^ + i (I +c2) [l-4t2 ] 
12 ( X U g U S  (1-c2) (X" + 3 U

Accordingly, Equation (17.11) gives
t[X"-2tY"-B"SU[l-4t2]

(17.17)

(»17.18)

2-,-h
11 (x^+6') S '

(17.19)

Following the same procedure for D i we have 

D i  -> ^-----  ( 1 7 . 2 0 )
tq p ̂ [l-4t ] 

X ' + & '

At this point we will, for convenience, drop the 
primes. Using Equations (11.5) and (11.9) we may derive
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D 2 = itqSY (l-4t2) 35 + a 2 (t)

Q = + aj(t)

(17.21)

(17.22)
(X+B)

Using these results in Equation (15.6) we have, 
collecting terms with like powers of Y, 
for Y 0

_ q 3ot2 [l-4t2 ] ^ + a 32_ 2qga 3a2
x+B . x+B

X-B
X+B

(17.23)
Ot2 t ' (Bz-I)

l+4t ̂
and for Y 1

-qP
[l-4t2]

p - 2qBa3 = -2B(%2

thus,
a 2 = ^ [ l-4t2 ] 35 + qa 3

Inserting this result in Equation (17.23) we find

Ot3 & ( l - 4 t z ) ~ h -1] - %[l-4t2] ^

(17.24)

(17.25)

(17.26)

thus,
a2 = a|l[ (i-4t2)"35 -1] _ (17.27)

In order to complete the production of the gener­
ating functions, return to Equations (15.8) - (15.13). We 
again select K = C, C i = BC, and K 1 = -BK. The complete 
results are listed in Appendix J. Note that both the
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. results of this section and the section on Particular 
Reissner-Nordstrom Generating Functions are in total agree­
ment with Equations' (13.2) - (13.4) and Equations (13.20) - 
(13.23) as required.

At this juncture we find that we are ready to begin
to consider the generalization of two methods of.solution
generation, 3 and A ̂ , which have worked with potentials

k .
in the vacuum case. Both processes deal with the ya b

transformations of the group K. They differ in that the 
k k
3 method uses finite linear combinations of the yab, while
the other employs infinite linear combinations. Also, the 
k
3 process leaves flat space invariant, while the other 
maps it into an asymptotically flat, non-flat spacetime. 
Additionally, .the A ^  transformation requires only aIge-

k
braic manipulations, while 3 is not straightforward in its 
application and requires the solution of a set of differ­
ential equations.



CHAPTER 9

SOLUTION GENERATION 
k
g Transformations

I %In Paper IV it was demonstrated that the Y n  and
k+2

the Y 2 2 infinitesimal transformations both generate the 
same multipole structure, albeit with opposite sign, when 
applied to H n  for flat space. It turns out that, at least 
for the infinitesimal case, the combinations

k k k+1
B = Y n + Yz 2 k = 0,1,... (18.1)

will leave Hii for flat space invariant. To determine the
' . k

efficacy of B we need to determine two main features, 
i .e ., (i) what occurs for finite transformations and (ii)
how are the other potentials affected. In order to discuss 
these problems, a sketch of the procedure used in Paper IV. 
for the vacuum case will be given. .

k
As a first step in investigating the B transforma-

mn
tion, we would naturally investigate its action on the N ̂
potentials [N.B. as we are now considering only a vacuum
spacetime, all the other potentials are zero]. When this
is done, by applying Equation (3.1) of Paper II, one notices

mn
that certain linear combinations of the N ̂  reoccur, and 
a concision of notation would be gained by focusing atten­
tion on these combinations. Therefore, attention is now



k
paid to the action of the 3 transformation on these new 
combinations. It is noted that for flat space all of these 
combinations vanish and what is m o r e , after the transfor­
mation is used, they will continue to vanish and further­

more, repeated iterations of this process to achieve a 
finite form will not alter this result. Thus, the partic­
ular relation Hii = I, which holds for flat space, will 
continue to hold in the transformed space, and no gauge or 
coordinate changes will be required to maintain this 
property thereafter. As a consequence of the above, if we 
begin with a spacetime which is asymptotically flat, then, 

since we may choose a gauge in which our particular linear

combinations of potentials go to zero or, at worst, a
k

constant at spatial infinity, it follows that the 3 trans­

formation will preserve this property for the transformed
k

space. In essence, the 3  transformation will preserve 
asymptotic flatness.

An examination of the above combinations of
potentials reveals that the higher order [in m,n] groups

are fixed linear combinations of a small set of these
potentials. Surprisingly enough, for the Zipoy-Voorhees 

24 25metric, ' of which the Schwarzschild metric is a partic­

ular case, one discovers that these relations are unchanged

95
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k

by the infinitesimal action of 6. Therefore, the entire 
k

set of 3 transformations may be reduced to a small subset.
o

In particular, for Schwarzschild, 3 has only two distinct 
i . k

equations, 3 one, and higher order 31s give no new infor­
mation. These equations may then be converted to differ­
ential equations and integrated to obtain the finite forms. 
At the conclusion of this rather simple process, one has 
the transformed potentials for the new spacetime, which is 
guaranteed to be asymptotically flat. From these potentials 
we may reconstruct the metric, i .e ., using the relation 
between the Ernst potential and H u .

Given this overview, we will now consider this 
process as applied to spacetimes possessing Maxwell fields, 
in particular, the by now familiar, Reissner-Nordstrom 
solution. A major difficulty we must watch out for is the
possibility that the necessary simplifying relations among

k
the potentials, and also among the higher order 3's, may
not be applicable. In that case the resulting set of
equations would be too large to manage. Furthermore, will

k
the relations that hold before the 3 transformation still
be valid after the transformation?

In order to incorporate an electromagnetic field
k mn

we must develop the explicit action of 3, not only on N A B ,
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but also on all the other potentials. Additionally, we ■ 
enforce two conditions upon these potentials. First, we 
must, as previously discussed, make sure that the potentials 
are not inconsistent with the relations used to derive the 
action of the group , i.e.. Equations (13.2) - (13.4) 
and Equations (13.20) - (13.23). This was accomplished in 
the section on Double Generating Functions. Secondly, we 
must require that the appropriate potentials vanish as 
spatial infinity is approached. As an initial step in 
this direction, we used the Harrison transformation to 
achieve the appropriate form for the electromagnetic poten­
tials.

k
Action of the 3 Transformation

At this point let us begin to develop the equations
k

for the explication of the action of 3. From Equation
k k+2

(18.1) we see that the actions of y n  and Y 2 2' are required. 
Using Equation (3.1) of Paper II, then we obtain 
k ' mn mn k m+k,n m,n+k k ms k-s,n
Y i i i N i i  N i i  +Y11 ( Nz 1+ N 1 2 + E  N i 2 N 21) (19.1 )

s=l
(19.2)

k mn mn k+2 mk+2 On ml k+l,n k m,s+l k+l-s,n
YzziNii -» Nii+ Y 22 ( Nii N 11+ N 11 N n +  £ N 11 N 1 1 '),

s=l
so.
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k mn mn m+k,n m,n+k m,k+2 On ml k+1,n
6 : N 11 -> N 11 + 8 { N 2I+. N i 2+ Nii N 11+ N 11 Nii

k ms k-s,n k m fs+1 k+l-s,n
+ Z N i 2 N 2I+ E Nii Nii }
s=l s=l

Taking advantage of Equation (13.29) we may write
m+k+17n m,n+k+l k+1 ms k-s+2,n k+1 ms k+l-s,n 

N i i  — N i i  +2i E M i L i  + E N i 2 N i i
s=l s=l

k+1 ms k+l-s,n 
— E Nii N 2I = 0  
s=l

(19.3)

(19.4)

If we incorporate Equation (19.4) into Equation (19.3), then
k mn mn m+k+1,n m+k,n m,n+k+l m,n+k
8 : N 11 -> N 11 + 8 {i [ Nii -i N 2 i ] - i [ Nii +i Ni2]

On m,k+2 m,k+l ml k+l,n kn
+'N 11 [ N i i+i N i 2] + N i i [ N I i~i N 2 i ]

k m,s+1 ms k+l-s,n k-s,n 
■ ■ + E [ N ii+iN i2][ Nii “i N 2i]

s=l
k m,s+1 k-s+1,n ml k+l,n 

-2 E ■ Mi Li -2 M i Li }
s=l

mn mn mn
Similar results for N i 2, N 2i, and N 22 are given in
Appendix K .

k mn
A comparison of the results for the 8: N shows

that a simplification may well occur if one looks at the 
On 0,n-l

combination N n + i  N i2.
In fact, using Equation (19.5) and Equation (K.l)

from Appendix K, we find
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k On O ,n-1 On 0,n-l O,n+k+1 0,n+k ■ .
3: [ N 11+i N 12] ■+ [ N xx+i N 12] +3 {~2i [ N 11 +1 N 12]

k+l,n kn k+1,n+1 k,n-l 
+i [ N 11-IN 21+i N 12 + N 22]
Ol k+l,n kn k+1,n-1 k,n-l 

+ N 11E N 11- I N 2 x+i N 12 + N 22]
0,k+2 O ,k+1 On 0,n-l (19.6)

+[ N 11+! N 12] [ N 11+! N 12]
k O ,s+1 Os k+l-s,n k-s,n k+l-s,n-1 k-s,n-1 

+ Z [ 'N x x+iN x 2] [ N 11 -i N 21+! N 12 + N 2 2 ]
s=l
Ol . k+l,n k+1,n-1 k O ,s+1 k-s+1,n k-s+1,h-1 

-2 M ! [ L 1 +! L 2 ] -2 Z M 1 [ L 1 +! L 2. ]}
s=l

then,

Making the appropriate definitions, i.e.,

N 0n
On. 0 ,n-1

- N 1 x+i N 12 (19.7)

Nmn
mn m-l,n m,n-l m-1,n-1

- N X1-I N 2x+i N 12+ N 22 m > I (19.8)

Lmn
mn m ,n-I

= L 1 +i L 2 (19.9)

Mmn
mn m,n-l

E M x — i M 2 (19.10)

mn
K = K , .  (19.11)mn

k
3 :N, N 0n+g{ 2lN0,n+k+l+lNk+l,n

o i
+ N xlNk+l,n+N0,K+2N 0n

(19.12)
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+J 11n O,s+A+l-s,!!-2 M lLk+l,ns=l
k 0,s+l

Mi w i . » > .

N o w
k
J N0, s+lNk+l-s ,n s=l

k+2 
Z N  

s=l
(19.13)

0sNk+2-s,n NoiNk+l,n N0,k+2N0n

and
o I

N o i  =  N  i i + i (19.14)

by Equation (13.25). Then, finally, using the fact that 
mn

= 0 for n - 0 (19.15)

mn
= ,0 for m,n = 0, (19.16)

we have
k
S:N,

k+2
N0n+B{ 2lN0,n+k+l+s^1N0sNk+2-s,n 2g

k+1
Z M 0sLk-s+2,n

(19.17)
}

The rest of the results for the action of (3 on the 
quantities defined in Equations (19.8) - (19.11) are listed 
in Equations (K.7) - (K.13) of Appendix K.

Calculation of Potentials 
It should, by now, be clear that while previously 

it was sufficient to focus attention on the explicit
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n n

representations of H^b and <|>A , we are no longer in such a
position and are required to find the actual representations 

mn mn k
of N , M a , etc., if we expect to carry out the 6 transfor­
mations in a specific case. If we return to Equations 
(14.17) - (14.20) and insert the generating functions 
listed in Appendix J, we may then expand the appropriate 
double generating functions and select out the various 
terms. Although the process is straightforward, there is a 
considerable amount of algebra involved, and even after much 
cancellation, the expressions retain considerable length,

irt(X-2tY) (2rX-Y) 2i32rt(r-t)IM I I — —
S (r)S (t)n (r)n (t) n(r)n (t) [l-4tr-n (r)n (t) ]

irt[2XY+8trXY-(2X2+2Y2)(t+r)]
S(r)n(t) [S (t) n (r)+S (r) n (t) ]

+ its(r) [ BS (t)-X+2tY]
2(x+B)s(t)n(r)n(t)

(20.1)
_ i(B2-l)t[BS(t)-X+2tY]

2 ( x +B)s(t ) n ( t )
. iBt(2rY+B)[BS(t)-X+2tY]-T ’ -------------------------

2 (x+B) s (t)n (t) n (r)
irt(2tX-Y) (BS (r)-X+2rY)

S (r) S (t) n (r) n (t)
where

n(t) .E- [l-4t2]^ .

t

(20.2)



102
We note that and , say, may be expressed in 

terms of generating functions in a differential form

^La  = (r)^F2a (t)-D!(r)^F1a (t) (20.3)

= F*A (r)^D2(t)-F*A (r)^Di(t) _ (20.4)

These forms may then be integrated to obtain particular
expressions for Equations (14.18) and (14.19), but only up
to an integration constant, of course. This constant will :
be a function of r,t and must be obtained if one is going

mn
to use Li, say, to obtain L i. At first glance it may 
appear that one is forced to use the full expressions as 
given by Equations (14.18) and (14.19), but this may entail 
a considerable amount of algebra. Fortunately, one may 
combine both approaches. If one sets X = Y = O ,  then the 
amount of algebra is considerably reduced. After performing 
the integration in Equations (20.3) and (20.4), also set 
X = Y = O .  Equations (20.3) and (14.19) and Equations
(20.4) and (14.18) must be the same, and so, the appropri­
ate constants of integration can be immediately determined. 
The results for Ma , La , and K are given in Appendix L.

However, the situation may not be quite so compli­
cated after all. Equations (19.7) - (19.11) were useful in

k
simplifying the notation for the 6 transformations, and. in
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fact, their employment in conjunction with a specific metric 
will engender a considerable reduction in the amount of 
algebra necessitated.

Let us relate the quantities in Equations (19.7) -
(19.11) to a set of generating functions:

N (r,t ) H £Nmnrmtn

mn 
= ZN

m-l,n ^ _ m,n- 
iZ Nzir t + i  Z

I m-l,n-l
N 12r t +Z N 22 rmtn

(20.5)
= N n  (r,t)-irN2i (r,t)+itN12 (r,t)+rtN22 (r,t)

L(r,t) = ZLmnrmtn = L i (r,t)+ItL2 (r,t) (20.6)

M(r,t) = ZM rmtn = M i (r,t)-IrM2 (r,t) (20.7)Iun •

K(r,t) E Z K ^ r V  . (20.8)

Begin with Equation (14.17). This equation, in 
conjunction with Equation ( 20.5 ) may be written

N (r, t ) = ^Lt<-tFx i (r) [FXi(t)+itFX 2 (t) ]

+2irtSi(r) [Si (t)+itS2 (t)]
* 2-Sirt(J)^F i (r) [Si (t)+ItS2 (t) ]

-2irttJ)*S* (r) [FX i (t)+itFX 2 (t) ]
(20.9)
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-Irt(HzxI-H^2)F*2! (r) [Fx 1 (t)+itFX 2 (t) ] .

+Ir (t+r)+2r2tS*(r) [S1 (t)+ItS2 (t)]

+itrF*2 (r) [Fx 1 (t)+ItFx 2 (t)]

-2r2tcf)zF*Z2 (r) [S1 (t)+itS2 (t) ] . . .

-2r2tcj>xS2 (r) [Fx 1 (t) +itFX 2 (t) ]

.-r2t(Hzx+Hxz)F*Z2 (r)[Fx 1 (t)+itFX 2 (t)]}

Making some natural definitions
Ra (t) E Fa 1 (t)+itFA 2 (t) (20.10)

fi(t) E S 1+itS2 (20.11)
then, after some algebra, we have

N(r,t) = ^3^-{2irt-tRX (t) Rx (r)+2irtfi (t) (r)

-2irt<t>zfi(t)R (r)-2irt(j)xRA (t)fi (r) (20.12)

-irt(Hzx+H*z)RX (t)R*Z (r)}

The constant term has been changed from i r (t+r) to 2irt to 
facilitate division by r-t. Furthermore,

rtL(r,t) = !,!+ItL2 r-t {2iQ (r) [(J)1R 2 (t)+(J)2R 1 (t)-fi (t) ]

+ [i(H21-H12)- i ] [D1(r)R 2 (t)+D2 IrJR1 (t)] J-

+2iH11D 2 (r)R2 (t)-2iH22D 1 (r)Rx (t)
(20.13)
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+2ift (t) t4>iD2 (r) +(J)2D 1 (r) ] }

M(r,t) = M 1-IrM2 = ^  {2iQ(t) [(J)1R2 (r)+(J)2R 1 (r)-fi(r) ]

+[I(H21-H12)- p ] [D1 (t)R2 (r)+D2 (t)R1 (r)]
(20.14)

+2iH11D 2(t) R 2 (r)-2iH22D 1 (t)Ri (r)
+2ifi(r).[(J)1D 2 (t)+(J)2D 1 (t)] }

K(r,t) E r-t {" If ™ If +%i-2iQ(t)Q(r)
+2iQ (t) [(J)1D 2 (r) +(J)2D 1 (r) ]
+2iQ(r) [(J)1D 2 (t)+(J)2D 1 (t) ]

(20.15)
+ [I(H21-H12)- — ] [D i(r)D 2 (t )+Di (t )D 2 (r)] 
+2iH11D 2 (r)D2 (t.)-2iH22D 1 (r)D! (t) } ,

where we have used the fact that for the Reissner-Nordstrom 
metric R 1 is real and R2 and ft are imaginary. .

Referring to Appendix J we find

R 1 (t) = F 1 !.+ItF12 -2 fft
(x+3)  n ( t )

R 2 (t) = F 21+itF22 i 3 - 1 - 32
0 (t)

2i3tY 
o (t)

ft(t) SititS2 = iq32 n (t)
2iq3 2tY

( x + 3 ) n ( t )

(20.16)

(20.17)

(20.18)

Remember that some of the gauge conditions were 
earlier chosen to make these quantities as simple as possi­
ble. Therefore, one finally obtains



106

N (r,t) -2irtg2 l-4rt-ri (r) n (t)
(r-t) n(r)n(t)

2itg3________2it3 (B2-I)(x+ B ) o (r)n (t) (x+B)o (t)
, 4irtB 2Y

( x + B ) o (r)n (t) .

(20.19)

Now we are finally in a position to look at the
various powers of r and t and pick off the appropriate
Nm n , Mm n , Lm n , and Km n . From Equation (20.19) we find, for 
example.

Noi - 2 i B  (B2- D  + 2 i B 3 = 2iB 
X + B  X+B X+B

(20.20)

Once having obtained these specific quantities, we
need to discover, if possible, a basic set in terms of which
the others are linear combinations. Next, the action of the 
k
B on these basic relations must be determined to see if we 
can find a small enough set of unique equations that can be 
solved. If so, we may then generate the new solution.

It is interesting to refer back to the vacuum case. 
Paper IV gave the results for the F^b of the general Zipoy- 
Voorhees metric. ' 25 in that case we have

R 1 (t) = -   t .-[ CU)A 6-D(t)A 6J (20.21).
S(t) (X+l)°

R 2 (t) = -----------Tr [B_D U J A 26HB CttJA16] (20.22)
2S(t) (X-I) °
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where C and D contain the gauge freedom and 

A± = X-2tY±S(t)
Bi E- l-2tZ±S (t) .

Then, 

N (r, t) T F ^ r I 21rt t1+
X-I
X+l 6R 2 (r)R 2 (t)

+ P 2 X+l" 
.X-I 5R i (r)R 1 (t)]

(20.23)
(20.24)

(20.25)

- t (l-2rZ) [R1 (r)R 2 (t)+Rx (t)R2 (r) ] ] .
We may select C (t) = D (t). In this case for flat

space [6 = 0]
R 1 (t) -> 0 R 2 (t) -i (20.26)

This implies
N (r, t) -> 0 .

In other words all the N would be zero.mn
for 6 = 0 ,

F l l = s W  

Fl2 = sltT .

(20.27)
Furthermore,

(20.28)

(20.29)

Therefore, for flat space, but only for flat space, 
n+1 n

the condition i H 3.3. = H 12, which we previously wished to 
use, is still consistent with Equations (13.2) - (13.4) and 
Equations (13.20) - (13.23). However, for 6>0, even in a 
vacuum, the above condition is not viable.
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g and Reissner-Nordstrom
Now we need to consider the results of the expan­

sions of N (r ,t ), M(r,t), L (r,t) , and K(r,t). We will be
'looking for a basic set of relationships from which the 

others may be determined. In fact, we find

N 0,2j+l aojNo1

2k+l,2j

J2k+1,2 j +1

2k,2j +1

= OkjN 11

akjN2 2

(21.1)

(21.2)

(21.3)

(21.4)

where

0,2]
2k,2]

kj

and
2k 
k

We note that

'2k 2 j
k . j .

E (2k) I 
[k! ] 2

2k
k

[l-4t2]~ h n (t) - 1

(.21.5)

(21.6)

(21.7)

(21.8)

(21.9)

(3 . is the coefficient of the r2k+1t2-1 term in the k]
expansion of
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rt l-4rt-n(r)n(t)
r-t n (t) n (r)- h

A.table of values of is given in Equation (M.4)
in Appendix M. The relations for M, L , and K are given in 
Appendix M also.

The actual values of the basic set are

N o i _ 2i3x + 3 Nia = 4 i 3 2

N i i 4 IB-2Y 
X + 3 N 21 = - 4 1 6 ' +  % (21

N  2 2 = No 2 = 0  .
If we use the gauge selection of the section on 

Particular Reissner-Nordstrom Generating Functions, the 
situation is much more complicated, e .g.,

. Ni 2 = 4i32+8i(B2-l)
n  A Q _ Q i V Z D 2 -I t (21.11)Na i 

N o 3

|^|[2-2 (B2-I).]- 8lXx+g"1) -4i62

2.i312-2 (B2-I) ] x + 3
The critical issue is what occurs when we operate

on the basic relations, e .g., Equations (21.1) - (21.6)> 
k

with the 3 transformation. Using Equation (19.17) and
Equation (K.7) from Appendix K we find, for example, 
o
BiNia N i a+3(2i (Na a-Ni 3)+Ni iNi a+Ni aNo a~2Mi iLi a } (21.12)
o
3 :No 2 "+ N o 2+8 { — 2iNo 3+No iNi a+No 2N0 2 — 2Mo.iLi a }, . (21.13)

Using Equation (21.10) and Appendix M, we determine
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that the quantity in the brackets of Equation (21.12) is . .

-SB2 (B2-I)Yequal to ---- --------, while the quantity in the brackets of
Equation (21.13) is equal to g " Notice that if we
go to a vacuum field, i .e . , B I , then both of these quan­
tities vanish. Also, we immediately see that the fortunate 
situation that held for the vacuum situation doesn't apply 
if electromagnetism is added. That is, the relations which

k
held for the vacuum case before the B transformation ar e
exactly maintained even after the transformation. If
electromagnetism is included, we see that the basic rela-

k
t i o n s  a r e  b r o k e n  b y  t h e  B t r a n s f o r m a t i o n s  a n d  t h a t ,  in

particular, constants no longer remain constant.
Additionally, we notice that 

o . o
S :N 3 4 ->• N 3 4+B {2i (N4 4“N 3 5 )+N 3 iN I 4+N 3 2N 0 4-2M 3 iLi 4 }

0
N 3 4 + 6 B  ( 2 i  ( N 2 2 “ N 1 3 ) + N 1 i N  1 2 + N 1 2 N 0 2 —  2M i i L  1 2 } ( 2 1 . 1 4 )

0
+3 { 3 i L 2 2 — 3il< 1 2N 0 2 }

So, using Equations (21.1) - (21.6), (21.10) and Appendix M,
we obtain

0 . 0
B=Ns4 = 63 = N 12. . (21.15)

But,

N34 = 4N i 2 • (21.16)
0

T h e r e f o r e ,  t h e  3 t r a n s f o r m a t i o n  a l s o  a f f e c t s  o u r  b a s i c  se t  

o f  r e l a t i o n s . F u r t h e r m o r e , a l t h o u g h  N 0 2 a n d  L 2 2 a r e
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initially zero, they do not retain this characteristic after 

o
a g transformation. Therefore, even Equation (21.15) holds 
only to first order.

We see that our worst fears are being realized. The 
basic set of relations is not maintained, constants do not 
remain constants, and thus, we are unable to reduce the 
equation to a simple set of manageable units.

k
Although in the vacuum situation the 3 repeat,

2 0
e .g., 3 = 43, perhaps we might still obtain a useable set of

I 2
relations if we consider 3 or 3, say. A systematic approach 
seems advisable at this point.

For definiteness consider
2p 
3 sN0,2j +1’ By Equation

(19.17)
2p 2p 2p+2
3 :N0,2j+l ^ N 0,2j+1+ ̂  {-2lN0,2 (j+p+l) + .rf1 N0rN2p+2-r,2j+l

(21.17)2p+l
~2 r^l M0rL2p+2-r,2j+l} .

Regrouping the terms on the left side, based on the notation 
used in Equations (21.1) - (21.6),
2p 2p
6 :N0,2j+l ^ N 0,2j+1 + ̂  {“2lN0,2 (j+p+1)

p+1
+r^1N 0,2rN 2(p+l-r),2j+l

(21.18)
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P
+ r ^ 0N 0 ,2 r + l N 2 ( p - r ) + 1 , 2 j +1

P
2r ^ 0M 0 , 2 r L 2 ( p - r + l )  ,2j+l

2 r f.0M 0 ,2 r + l L 2 ( p - r )+1 , 2  j +1 }

Using Equations (21.1) - (21.6) we have 

2p 2p
S :N0,2j+l ' N0,2j+1+B l':L“o,j+p+lN|,2+aj,p+lN “2lJo1

P P+3«N o 2N 2 i ^ ^ a 0rap+1_r ̂ .+J5N 12No 2 ^ a pr3p+1_r/j

(21.19)
+NoiN1i^Z^a0rap_r ^  J5M 0 2L 2 ! ^ ^ “o ^ p ^ r + l , j 

P  P  '' -L i2M o2^^a0r6p_r+1/j-2MoiL1i^^oi0^gp_r ^j,}

Applying Equations(M.11) - (M.14) of Appendix M, we obtain

2P 2P ap+l, i
£ :N0 , 2 j + l  "  N 0 , 2 j + l + M “ i a O , j + p + l N o 2 + N o 2 N o 1  2

+ W o  2N 2 1 [22 ̂ p+1  ̂Uq j-2ap+1 ̂ ̂ ] +N01N 1  ̂[22pa0  ̂] 

+ W o 2N 12 [ W 0/j+p+1-Bp+lfj- W p+1/j] (21.

- W o  2L 2 i [22 ̂ P+1  ̂aQ j“2ap+l, j^-2M° lljV  t22Pa0j] 

-M02L 12 [ W 0 ^j+p+1-Bp+1/j - W p+lf jl > ?
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2p

Setting j = O we then have 3 :N0i. ' Looking back at Equation
2P(21.1) we see that 3 :Nq 2 j + l  should be comparg^ with 

2P3 :Noi. And in fact,

2p 2p
 ̂:N0,2j+l = aOj ^ 5no1

2p
—  3 {%(aj /p+i-ao,j+p+1

(21.21)
) [ —4iNo2+No2Ni 2 — 2M q 2Li 2]

(3 ,-i •) [N0 2N1 2~2Mo 2L1 2 ] )p-rx , ] .

For odd k we may determine, in a similar manner,
2p+l 2p+l

 ̂ :N0 ,2 j+1 =: aOj  ̂ :No 1
2p+l

+ 3 f P + i - a o zj + p + i 1 (21.22)

[-4iN0i+N0iN12_2MoiL12]) •
The other relations of this kind are given explicitly in 
Appendix N.

An examination of the a, . reveals that, except forK3
the trivial case, there are no values of j and p which can 
make the quantities in the bracket vanish. Note that if 
the electromagnetic field is removed, then N 0 2 z M 0 2 7 and M 01 
remain zero and also

4iN01 +N0 3.N 12 = 0 , (21.23)
so
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k k
B :Nq 2j+i =. dtQj ̂  :N° 1 (21.24)

for all values of k.
Unfortunately, a considerable effort wag expended

in a futile'attempt.to surmount these various difficulties., 
o i •

The action of 3 and B on the potentials for (m,n) - 10 were 
examined in detail. There were a few rays of hope. In

i
particular, under B both No 2 and N 22 remain zero. Never­
theless, the other basic relations are not maintained, e.g., 
1 1 13 :N0 3 = 23 :Nq i + B .(-4iNo 1+N0 1N 1 2-2Mo iLj. 2 ) . (21.25)

We also considered the possibility that our basic 
set of potentials should actually be broken into two sepa-

Hrate parts; one part being a constant that the (3 wouldn't
affect and the other part transforming under g. 

example, under Equation (21.2) we have N 2k+1 2j 
but

For
= BkjN 12,

^:N2k+l,2j Jv
2

BsN1;
k •

(21.26)

dropping terms that are zero before a B transformation. 
Therefore, one might try

N2k+1,2 _ akjNl2 Gjk(4ig = ) (21.27)
2

as the basic relation. From Equation (21.10) we have 
N i 2 = 4i32 and for k = 0, j = I
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N 12 = Ctp1N 12-B1Q (4132) = 4i32 ' ' (21.28)
2

as required. But also, by Equation (M.5) of Appendix M

N2k+l,2j - ajil(4i6=)-e:jk(4162) = Bk j (4lp = ) _ (21.29) 
2

This is our original equation. In addition,
o
3 :N2k+l,2j

o
3: ^ 1N 12 -3:(3jk4i32)

(21.30)
ok ■3:N12

and this is, of course. Equation (21.26). This process 
failed because Equation (21.30) contains the fatal flaw, 
that it holds only if quantities' which are zero before the 
transformation remain zero after its application. This is 
not the case, unfortunately.

i
However,.what about the 3 transformation for which 

we noted that N 02 and N 22 remained zero before and after 
the transformation? An examination of, say. Equation 
(21.25) reveals that the basic relations also break down

Iunder 3, i.e.,

-4iN01+No 1N 12-2M01L 12 = - 8^ 4 + g ~ 1)Y * 0 

Similar ideas,, as writing

2.k+l,2j ekjA+akjB

(21.31)

(21.32)

and finding A and B, such that the equation holds before 
k

and after a 3 transformation also failed.
In Paper VI another method of solution generation
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is discussed. In Appendix 0 we outline the necessary mod­
ifications for the inclusion of electromagnetism. Unlike 

k ' ■
the 3 transformations, this new method is not essentially
more difficult if an electromagnetic field is included.



CHAPTER 10

SUMMARY

"Use simplicity to surmount complexity. !! This is 
the basic message which forms the bedrock of solution 
generation. In language a physicist would emplgy, we might 
say/ more specifically: "New solutions may be generated
from old solutions via invariance properties."

At the heart, of both the generation of new solutions 
and the discovery of the invariance properties of the com­
bined Einstein-Maxwell equations lies an infinite hierarchy 
of potentials. In this work we have attempted to elucidate 
th'e essential mathematical and physical characteristics of 
the combined gravitational and electromagnetic potential 
hierarchy, in general, and then in greater detail for spe­
cific cases. Moreover, we have seen that, aIthqugh a method 
of solution generation may be eminently viable for vacuum 
solutions, the inclusion of an electromagnetic field may 
render the method unworkable.



REFERENCES



119
1. K . Schwarzschild, Berlin, Ber., 189 (1916). .
2. H. Weyl, Ann. Physik 54, 117 (1917).
3. R. P. Kerr, Phys. Rev. Letters IJ., 237 (19§3) .
4. A. Tomimatsu and H. Sato, Prog. Theor. Phyg., 50,

95 (1973).
5. J. Ehers, Dissertation, Hamburg, 1957.
6. R. .Geroch, J. Math. Phys., 13, 394 (1972).
7. W.. Kinnersley, J. Math. Phys. 3J5, 1529 (1977) referred 

to as Paper I .
8. W. Kinnersley and D. M. Chitre, J. Math. Phys. 18,

1538 (1977) referred to as Paper II.
9. W. Kinnersley and D. M. Chitre,. J. Math. Phys. 19,

1926 (1978) referred to as Paper III.
10. W. Kinnersley and D. M. Chitre, J. Math. Phys. 19,

2037 (1978) referred to as Paper IV.
11. C . Hoenselaers, W. Kinnersley and B. C. Xanthopoulos, 

referred to as Paper VI, to be published.
12. T. Lewis, Proc. Roy. Soc. (London) A136, 176 (1932).
13. J. D . Jackson, "Classical Electrodynamics" (2nd 

ed., John Wiley & Sons, Inc., 1975), p. 192. .
14. S . Weinberg, "Gravitation and Cosmology" (John Wiley 

.& Sons, Inc.', 1972) , p. 109.
15. . W. B . Campell and T . A. Morgan, Am. J. Phys. 4 4 ,

356. (1976) .
16. F . J . Ernst, Phys. Rev. 168, 1415 (1968).
17. W. Kinnersley and E . Kelley, J. Math. Phys. 15,

2121 (1974).
18. B . K. Harrison, J. Math. Phys. 9̂, 1744 (1968) •



120
19. J. D . Jackson> "Classical Electrodynamics" (2nd ed., 

John Wiley &.Sons, Inc., 1975), p. 252.
20. Personal communication from D. M. Chitre.
21. "Handbook of Mathematical Functions," National Bureau 

of Standards, eds. Abrampwitz and Stegun, ?81 (1968).
22. The constant term in Equation (13.23) is flue to a 

personal communication from F . J. Ernst.
23. Personal communication from W. Kinnersley.
24. D . Zipoy, J. Math. Phys. 1_, 1137 (1966).
25. B. Voorhees, Phys. Rev 102, 2119 (1970).
26. In part due to a personal communication from 

W. Kinnersley.
27. Personal communication from W. Kinnersley.
28. Personal communication from W. Kinnersley.



APPENDIX A



122
Prolate spheroidal coordinates are defined by.

= k (X2-I) ̂ (I-Y2) ̂ (A.I)
= kXY (A.2)

= ( (Z+k) 2+ p 2 )^+( (Z-k) 2+ p 2 ) h ] (A.3)

= ( (Z+k) 2+ p 2 )Js-( (Z-k) Z + P 2 ) h ] (A.4)

where k is an arbitrary constant which may be defined to 
convert the result to a more familiar form.

In fact, it is convenient to let
k = (m2-e2)^ . (A.5)

In terms of radial and angular Schwarzschild coordinates, . 
we may identify

X = Y = cos 0 . (A. 6)

The gradient and Laplacian operators are

^ = --- —--- r [X (X2-I) 2 -Fr= + Y (I-Y2 ) 2 -Ĵ-] (A. 7)(X2-Y2)AS dX dY

7' = (X2-Y2) ^ . (A'8)
We also need to know how the twist derivative will look.

If. ■'

(A.9)
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then

so

V = ---------[ X d - Y 2)^ -  Y ( X 2 - l ) h

(X2-Y 2 ) h

Therefore, .

Vx =

and
V

Vx

(A.10)

(A.11)

CA.I2)

-Vz . (A.13)
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RA = m A4-2k W x (B.l)
What differential equation does obey?
Applying Equations (9.1) - (9.4) we obtain

K  = ' 1hAX+hXA+2V x ^ * X+2K^ V * ^ HAX . ' <B -2>
Examine the term in brackets.
Equations. (5.31) , (5.33), and (5.35) may be combined to give 

hAB = fAB" V B +eABK+i I V 2 W  . I="2)
Thus,

liAX+liXA+2 ̂ A*X
*

2fAX+eA X (K K * + 1 ^ A X +2a AbX ^XA 2AXBA ) (B.4)

"r2fAX+eAX ̂K_K ^+ieXA ̂  Z+2A B Ẑ  . .
so

VRa  = 2fAX (̂()X+(3K-K*+i(iJjZz+2AZBz) )^4)a +(|)X^Ha x  
ZConsider z :

V l p 2 z  =' VlJj 2 I - VlJj I 2

Application of Equation (5.29) gives 
l̂Jiz z =  -p*':L̂ ( f 2 2 f l l - f  1 2 2 )

or using Equation (1.3)

îfJ2z = 2^p = -2^Z

(B. 5)

(B.6)

(B.7)

(B. 8)
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where we have made use of Equation (A.13) from Appendix A.
So

^2z = -2Z . (B.9)

Now
K-K = = 2i (AiB2-A2B 1) , (B.10)

so ■ '
-2AZB z+i(J)*(j)X = 0 . (B.ll)

Using Equation (B.9) and (B.ll) on the term in 
brackets in Equation (B.5) gives

3K-K*+i (ipZz+2AZBz) = 2 (K-iZ) . (B.12)

Therefore, we may rewrite Equation (B.5)
. ^Ra  = 2fAX^ X+2(K-iZ)^<i>A+(J>X^HAX  ̂ (B. 13)

Using the fact that

fA FXB = “P £AB (B.14)

and applying the tilde operation, we have

fAXK  = -2p2sA Z ^ z+2 (K-iZ) . <B -15>
Then, if we take advantage of our basic relations for tj)‘ A
and Ha b , we obtain

-ip-ifAX^Rx = 2fAX$*X+2(K-iZ)$*A+*Z$HA p F ^Ra  (B-16), 

by Equation (B.13).
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Therefore, Rft obeys the same equation 
also note for future reference that 

* *
hAX+hXA

using Equations
+2*A*X 
( B . 4)

2fAX 2ieXA2 
and (B.11).

Z

as *fl and hA B 1 We

(B.17)
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Prove that

n+1 
i H Al HA2 (C.l)

with an appropriate choice of integration constants. We 
begin with Equation (9.10)

n „ n „ n->nVHAB- -ip ^Hx b lp lfA2^HlB+lp lfAl^H2B iC '2^
Now,

and

n+1 n n+1 n
^(i H 11 -H12) = -ip" 1Ifr2V d  H11 -H12) ]

n+1
+ip 1[f11^(i H 2 1 -H22)]

(C. 3)

n+1 n n+1 n ■
V (i H 2 1 -H22) = -ip-1 If22V (i H11 -H12) ]

This implies that
n+1 n

i H 11 = H 12
if, and only if,

n+1 
i H 21

n
H 2 2

n+1 n
+ip- 1 [f2iV (i H 2 i -H22)]

Using Equation (9.16) we have

/ 1H11 1 K A +hAI+2M ^ h2B

(C.4)

(C . 5)

(C. 6)
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In n*
+ 2 i L B’V iH2 B K l

(C.7)

_lHlB^HA2 .
Therefore, after some algebra,

n+2 n+1 * * , n+1 n
V (i Hii - Hi 2 . ) = i [ (Hi i+Hi i+2<j>i<|>i) V (i H 2 i -H22)]

* * n+1 n
-i [ (H2 i+Hi 2+2(}) 11() 2 ) V (i Hii -Hi2)]

.n+1* n*+i [ (i H 2i -H22)VHii] (C.8)
n+1* n*

- i [i Hii -Hi2)^Hi2]
ln+1 In

+21 [ (I L i-L 2 ) V ({) i ]

 ̂ n+2 n+1 * * n+1 n
V (I H 2I- H 22) = i[(Hi2+H2i+2<|>2<|>i)V(i H 2i -H22) ]

-i [ (H2 2+H2 2+2(J>2 <t>2 ) ̂  (i H11 -Hi2)] 

n+1* n
+1 [(I H 21 -H22IVH21] (C.9)

n+1* n*
-I[(I H11 -Hi2)VH2 2] 

ln+1 In
+21 [ (I 1 - L 2 ) V<()2 ] .

Now,
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In *->n  *  n

(C.10)

ln+1 In * n+1 n
iv . L i -V La = <f> i ■[ V ( Ha 1-H2 2)]

* * .n+1 N -<|>2 [V (i Hii-H12)] .
(C.11)

Thus it follows from Equations (C.3), (C.4), (C.8), and
n+1 n

(C.9) that if i H7 H ^  for some value of n, then it
holds good for all higher values also. In factf it is easy
to chose integration constants so that i H ^  = H ^  for
Reissner-Nordstrom while for the charged 6

3 2
tipn., the series begins at i H ^  = Ha 2 ’

2 Weyl solu-
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Consider the general second-order differential

equation
g 2(X)Z""+gi(X)Z"+go (X)Z = 0 . (D.l)

21Consulting a handbook on orthogonal functions, 
we compile the following table of solutions:

Table I

Z S 2 (X)
(I.) Pn (a'3) (X) (I.) I - X =
(2.) (I-X)01 (1+X) 6Pn (a,e) (X) (2.) I - X 2
(3.) . c n (a) (X) (3.) I - X 2
(4.) (1-X2)a-J2c (a) (X) n . (4.) I - X 2
(5.) Pn (X) (5.)

CNXIt—
I

Si (X) So (X)
(I.) @~a_ (a+3+2)X (I.) n (n+a+B+D
(2.) a~B+ (a+3-2)X (2.) (n+1) (n+a+B)
(3.) - (2a+l)X (3.) n (n+2a)

(4.) (2a-3)X (4.) (n+1)(n+2a-l)
(5.) -2X . (5.) n (n+1)

p («,n
B) (X) are the Jacobi polynomials, r  (a) 

n (X) are
Gegenbauer polynomials, arid Pn (X) are the familiar Legendre 
polynomials. Both the Jacobi and the Gegenbauer polynomi­
als can be expressed in terms of Legendre polynomials.
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The relevant expressions for the H^b are

Pn (1' 1) (X)

pn (-1,1)(X)

n+1

(1 ,1)

2ntl (X-T) 1

ntl I I r2ntl (Xtl).1

2n I

^ T T [Pn+l (X>-Pn - l W

n - 1  ( X )  =  2 n + T  T x ^ r j - t P n + l ( X ) - P n - l (?C) ]

Pn ( lf 1) (X) TTfntl) [Pn+l (X)~Pn -l(X)]

(2ntl) (Xtl)z[(n+1)Pn-1(X  ̂+nPntl
2Pn (X) 
(Xtl)"

Pn (0, 2) (X) T(2TtIT[Pntl<X)+Pn-l(X)]

, P n - l ( X ; , P n ( X )
2 (2ntl)

C {32) (X) = P (X) n  n

C n + 1  l ^ l Ix l  =  - ( I H T T T l V l  <X > - p n + l < X ) ]

cB^2' 1X1 = -1zW tW 11 lx^TT[Pn+2 Ix' -pn (X) 1 .1

(D.2)

(D.3)

(D.4)

(D.5)

(X) ]
( D . 6)

(D.7)

(D . 8) 

(D.9) 

D. 10)
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We will now outline a general method whereby 

Equations (11.6) and (11.18) may be decoupled. We have

Ca x ^Fx b = (it^HAx ) FXB+2it (̂<f,A ) Sb (E

H  = » > X b  . ”
Rewriting Equation (E.l) by means of the inverse 

matrices F- lA and G“ lA , we obtain15 • JtJ
(.̂ Fcx ) F"1 XD = itG" lCx [^HXd+2 (̂c(.X ) SzF- 1ZD ]  ̂ (I

Let
= Sr7F-iZ D ,

then
(^FCx )F-lXD = itG-lCx [^HXD+2 ( ^ x) Td-] (E

Now

^TD =

= (5SZ)F-1Zd -SzF-1Zx (^Fxy)F-iYd

Using Equations (E.2) and (E.5), we find
VTd = itG"lXz (VHZD+2 (V(J)2) T0 ) U x-Tx )

Setting D = I , we obtain
^Ti = itG- 11' (^H2!+ 2 T ) ((J)I-T 1)Z

2
+itG-1 z (^HZ1+2T1̂ (j)Z) (<()*-T2 )

.1)

.2)

.3)

.4)

.6)

.7)

(E.8)
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It is clear that if we now look at the X and Y 

component parts of Equation (E.8), we will have two inde­
pendent equations and thus may eliminate Tz. This will 
leave an equation involving only known quantities and Ti.

For convenience let us define the following:
1 * 2 *

A 1 = G 1 i$1+0 1 i$z

' - I  * — 2 *A 2 = G i i+G 102

B 1 E G-i\^02-G-i\^0i

B 2 E 2A2^0 i-2A1̂ 02+G"*1 1 I^H2 i-G-11 Z^H11 ■

B 3 E A 2^H1!-A1^H2i 

2 2
■ B 4 E G- 1 ■i^02-G-1 2^01

(E.9)

B 5 E G- 1 .I^H2i-G 1 z^Hii
Then, having eliminated T 2 from Equation (E.8), we have

Ti,x[2TlBV B5Y ]-T 1 Y [2TiB4x+B5x ]

+it{Tx3[4B1x B 4y-4B1.Yb 4X-1
+Ti2 [2B1^B 5y-2B iYB 5x+4B:xB 4Y-4B:YB

+Ti[B2xB 5y-B 5X+2B3XB 4Y-2B3YB 4X ]

+(B3x B 5y -B3y b Sx )}

(E . 10)

0 .
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Once we have Tq then we return to Equation (E.5) 
and discover that we now know everything on the right-hand 
side of the equation.

Define 
Y = det(FAb ) (E.ll)

then

,-iAB
F 22
-F2i

- F 12
F 1I

. (E.12)

So, taking the trace of Equation (E.5),we have on the 
right-hand side

(^F1x)F 22- (^F12)F 2i-(^F2iJF12+ (^F22)F^i]Y
I [^[F1XF22-F12F 2X]] = t; (E.13)Y Y

The right-hand side only contains known quantities. 
Therefore, once having taken the trace of Equation (E.5), 
we may integrate the result and obtain y • This is the 
generalization of Equation (5.9) in Paper III.

For convenience we will define

nCD = itG-lCx (^HXD+2TD <̂j)X ] (E.14)

Then setting C = I, D = I and C = I, D =2 in Equation (E.5) , 
we obtain

yn i (^F1XiF22-(^F12)F2 I (E.15)
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Yrf12 = (^F1 2 ) F 11 - (^F1 j.) F 1 2 •' (E. 16 )

Using Equations (E.16) and (E. 11) , we- find

' Yn1I = - ^ i EYfF2 IF12]- ^ j=-EYn12 + (^F11.) F?- 2 ]
F1I F11

= —  VF11-F2Xn12 (E.17)
F11 . .

If we consider the X and Y components of Equation 
(E.17), we have two independent equations and so F 21 may be 
eliminated, leaving us with an equation for F 11.
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In this appendix we wish to derive an equation for 

F n  [DiJ involving only H 11 or ^1.
Rewriting Equation (11.33) in characteristic form,

we have
dX dY

2t (Xz-I) (J)1 ̂ x+ (l-2tZ) 2t (I-Yz J(J)1 (l-2tZ) .CjJ1
' (F.I)

= ___________________________ ^LD1___________________
ItD1 x̂ h 12,Y-cf5I,YH12,X 1+ltD2 [tf5I 7Y11II,X-<,>1,XH11,Y ] .

Now, combining terms
O1 xdX+*1 YdY

Z t ( X z- I ) O 1 2X + ( l - 2 t Z ) 0 1 ^x 0 1 ^Y + 2 t ( I - Y z ) O 12Y  - ( l - 2 t z ) O 1 ^x O 1 y
(F.2)dQ; dQ;

2t[ (X2-I) O1^x +(I-Y2)O12̂y I 2t (X2-Y2 J^p1 'Vp1 

using results from Appendix A. However,

(A ,.B „-A VB „)(Xz-Yz) ' ,Y ,X ,X ,Y7 . (F.3)

So, using Equations (F.2) and (F.3) we obtain
______________PdD1______________
it(X 2 —Y 2) [D1^p11̂ H12+DZ^H11"^P1]
______ dpj.________
2 t (X2-Y2)^p1-^p1 .

Equations (11.37) and (11.38) show that 
^ H 1 i " ^ p 1 = O . ,

so,

(F. 4)

( F . 5)

■ -IdD1 , = dp1 ■
[ D 1^ p 1 1^ H 1 2 ] • Z p ^ p 1 - ^ p 1 .

(F. 6)
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Now we need to rewrite the '^Hi2 term. From 

Equation (6.9), using the tilde operation, we have

= -ip 1f i 2 i ].+ip~1 f i I^H2 i . (F. 7)
What is the relation between H i2 and H 21 ? Using.

Equation (8.16) we quickly see that
. H 2I = Hi 2-2K+i [4> 2 i-ijj i 2 I (F.8)

or
H 21 = Hi2-2K+iiJ;Xx _ (F.9)

However, by Equation (B.9) of Appendix B , we have
H 2I = Hi2-2(K+iZ) . (F.10)

Therefore, rearranging terms,

^Hi2 = - I p f 1^Hi i-w^Hi i+2^'(K+iZ) . (F.ll)
Then, using Equation (F.5)

V^i-VHi2 = -ipf-i^*i'^Hii+2^*i»VK+2i$*i'^Z . (F.12)
Using Equation (11.39),

■ (̂j).i*̂ K = (f)iVt))i*̂ (j)2 . (F. 13)
Rewriting Equation (5.28) and using Equation (1.3), we see 
that

^(j)z =  -ipf-1 (̂))i-a)̂ <J)i , (F.14)
thus, using Equation (11.39) again,

t̂j)i ê (J)2 = - i p f  1 (̂J)i ’̂ (f)i . (F.15)
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Combining the results of Equation (F.12), (F.13),

and (F.15) with Equation (A.13) from Appendix A f we may 
write

ĉf>i -^H12 = -ipf-1 [̂ Hii+2<t>î (j>i] •̂ (j)i+2î (f)i«̂ p . (F. 16)
Part of this equation looks familiar, and a quick check 
with the Ernst Equation shows why. So, using Equation
(6.20) we obtain the simple result that

-^Hi2 = -ipV2<f>i+2î <j)i-^p . (F. 17)
Combining Equations (F.6) and (F.16) we finally achieve 
our goal

dDi ¥724>i-P *^P d<J>: (F.18)
(̂J)1

A comparison of Equations (11.32) and (11.33) re­
veals, that if we had begun with Equations (11.32), we would 
have obtained

11
Fi;

iSV2^i-P ^(fri^P'
^ cj) I • ̂  <j> i ■

dcj>: (F.19)

Because of the duality of the equations, it is easy 
to show, with Equations (11.30) and (11.31), using the same 
procedure as above, that we could also write

d F n  = 
F n ; ^Hn-^Hii

dHii (F.20)

and
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Di
('aSV2H 11-P 1^Hii »^p~ dH ! I (F.21)

^H11-^H11
We are not, of course, implying that F 11 and D 1 are iden­
tical. They are not since their initial terms, H 11 and
(I)1, are different. The above results only reflect the fact 

n n
that Han and (f> obey the same differential equation.
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The generating functions, with full-gauge freedom,

for the Reissner-Nordstrom metric, are

Fii'= (x+3)S[K(t) Ix-2tyJ+Ki(t)S] (G.l)

Fi2 = (x+yjs [C (t) [X-2tY]+Ci (t)S] (G. 2 )

F 2I = - j^[K(t) a-(2K2 (t)+2Ki (t) tY)S] (G.3)

F 22 = 2^g[C(t)a-(C2 (t)+2Ci (t)t3Y)S] (G.4)

Di = (x+^ s [E (t) [X-2tY]+Ei(t)S] (G. 5)

D 2 = - ^[E(t) a-(2E2 (t)+2Ei (t)Y)S] (G.6)

Q = iE3 (t)+ iEi(t)tqpY _ .itE(t)qBY[2tY-X] + itE(t)qg[2tX-Y]
X+g (Xtg)S (G.7)

Si = IK3(t) t iKi(t)tqgY + 2it2K (t)qgX _ itK(t)qgY(2tY+g)
X t g (Xtg)S (G.8)

g2 = C3(t) _ C i (t)qgY _ 2 C (t)tqgX + C (t)qgY(2tYtg) (G;9)
Xtg S (Xtg)S

where
S2 = l-4tXYt4t2 (X2tY2-l) 
a = l-2tY (X-g)-4t2 (Xgtl-Y2) .

(G.10) 
(G . i i)
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We wish to derive the relation given by Equation 

(13.26). It seems clear that we should begin with Equation
(13.20), s o

m,n+2 m+1,n+1 m l I ,n+1 ml 0 ,n+1
K - K = 2i K K - L x M X (H.l)

and
m+1,n+1 m+2,n m+1,I In m+1,I Ony.

K - K  = 2i K K - L x M . (H.2)

Now from Equation (13.22) we have
0,n+l In 01 In 01 n

Mx = M x+2i M x K +i N xz.(f>  ̂ (H.3)

and Equation (13.20) gives
ln+1 2n 11 In 11 Ony
K = K +2i K K - L x M (H.4)

m+1,I m2 ml 11 ml 01 -
K = K -2i K K + L x M . (H.5)

Equation (13.21) gives
m+1,I m2 ml 11 ml 1„

Lx = L x-2i K L x- I L zH x (H.6)

Combining Equations (H.l) and (H.2) and inserting Equations
(H.3) - (H.4), we find, after some algebra, that

m,n+2 m+2,n ' ml 2n In m2 ml In m2 Ony
K - K = 2i ( K K + K K ) - ( L v M + L v M ) . (H. 7)A  A  .

In the above we once used Equation (13.18).
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If we refer back to Section 3 of Paper II, we find

the infinitesimal transformations of the potentials for
which the Harrison transformation is but a specific case.
It is possible to exponentiate some of these, as outlined
in Paper III and, in particular, to acquire the finite form
of the action of .the Harrison transformation on all the
electromagnetic and gravitational potentials. As a caveat,

k
we note that the c^ infinitesimal transformations should be 
summed s = I ,...,k on the first sum and s = I ,...,k-1 on 
the second sum. This avoids producing any extra linear 
terms.

As an example, we will now derive the finite action
On

of the Harrison transformation on M 3.. As notejl in Paper
i i

II, we use c 2 = c and set c 1 = 0. Therefore, using Equation
(3.2) from Paper II, we obtain

On On *01 On On
M i  M i +2 ic M i M i +c N 1 1 . (I.I)

1
From this we see that we also require the action of C 2 on 
on
N 11:

On On *01 On
Nii N 1 i+2ic M 1 N 11 • (1.2)

Then, building up the infinitesimal elements
On On * 01 On On
M 1 .->■ M i+2ic M 1 M i+c N 11
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o-j * 0 1 *0 1 O n  O n

+ - j f - l  M i [ 2ic M ! M i+c N ! ! ] ]

+ 2ic 
2 !

* On .
— [ Mi[2ic * 0 1 0 1

(M i)2+c N i]]

C *01 On
+ oT[2ic M i N  11 ]

+ . . . .
In fact.

On On *oi On On
M i -+ M i+2ic M i M i +c N n

I * O+ 2T[-8(C ) 2
oi On * On o i
( M i ) 2 M i+4ic c N n M i

(1.3)

* o i  On 
+2ic c N 11 M i ]

I * o i+ [-481 (c ) 3 ( M i)
(1.4)

On * . On oi
M i-24 (c )2c %  ii ( M i) 2

* 0 I 0 I * 0 1
-24 (c )2c M i N ii+6c C 2 N

On
iiN 11 ]

One can soon realize that this is a series expansion of

On 
M  i

On On
____ M i +c N ii-______

*01 *01 
l-2ic M i-icc M n

In addition, we find

(1.5)
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On 
N ii

On
Nii

*01 *01 
l-2ic M i-icc Nii

(1.6)

On 
N 12

On * On+1 On+1
N i 2 — ic ' ( 2M i+c N 11)

*o I . o I (1.7)
l-2ic M i-icc Nii 

and, in general, for ail the potentials,' 
Harrison transformation

Q , A C  Bmn

where

Qmn

A 9

mn mn m ,n-1
K Li L 2
mn ■ mn m , n-1
M i ■..Nn N 12
m-1,n . m-1, n m-1,n-1
• M 2 N 2 1 N 2 2

under the

(1.8)

(1.9)

A E
I
0
2ic

c
I Iicc

B E A

D E
0 2 0
O c 0
0 0 0

(I.10)

* 0 1 ' * 0 1
A E I-2ic M i-icc N n  .
In addition we may also procure finite forms of the
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o'.gauge action. From Paper II we find that c i produces the

electromagnetic gauge transformations. Therefore, setting
0
C 2 s 0 and using Equation (3.2) of Paper II, we pbtain .

On On o *0n
n AB - n AB-21c B m A (I. Il')

I—IICOOCJO

m A " m A'01 . NA2 , (1.12)
On

where we have employed the fact that k = 0 and L d = 0.
0 B

Iterating further, we have [remember that c 2 = 0]
o*On On o *0n 2ic i 0 ,n-1

“ AH ^ n AB-21c B m A- — [-C « NA2] " (I-13)

Therefore, the finite form of the electromagnetic gauge 
transformation is

On On o *0n o*o 0 ,n-1
N AB * N AB-2icB M A+iCBCl ^A2 (1.14)

On On o 0 ,n-1
M A * m A"01 NA2 . (1.15)

We remark that using Equations (12.16) , (13.18),
and (13.19) one sees that Equation (1.11) with A = B = I 
and Equation (1.12) with A = I  are identical to the gauge 
relations contained in Equations (7.6) and (7.15).

Using Equations (I.11), (13.18), and (13.19) we may
write

0 * 0*0  ■ . - Hii Hi i-2ic i <[> i-c ic i . (1.16)
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Comparing this with Equation (16.18), we see that

the real c of the Harrison transformation is equivalent to 
o . .ici in. the gauge transformation, thus, 

o
c = icx . (1.17)
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Defining 
n(t) = (l-4tz) (J.l)

S(t). l-4tXY+4t2 (X2+Y2-l) (J.2 )
then the generating functions, in a form consistent with
the Harrison transformation, are: 

t [X-2tY-3S]11
(x+B)Sn

(J.3)

1.2 i'[X-2tY+BS]
(XtB)Sn

(J. 4)

Fzi - o"
2 'I

S2-I- iBtY

2Sn
[l-2tY(X-B)-4t 2 (XBtl-Y2)]

(J.5)

2 2
I
2t

I 2 )
B2 -1— BY

n

2 t s n
• [l-2tY(X-B)-4t2 (XBtl-Y2)]

(J.6)

iq3j 1- n
ItqB2Y 2it2qBX _ itqBY(2tYtB) 
(XtB)n Sn (XtB)Sn (J.7)

S2 ail 1- QB2Y
(XtB)n

2tqBX + qBY(2tYtB)
(XtB)Sn

(J.8)

Di tqB
(XtB)n

(J • 9)

itqBY iqB:
D2 " n + 2 . (J.10)
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Q = AMlB-2-1). + i
(X+6) Tl . 2

(J.ll)
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k mn mn m /n.+k+2 m,n+k+l m+k,n m+k+l,n
3 : N 12 N i2+3{~( N ii +i Ni 2 ) + ( N22+1 Ni 2 )

ml k+l,n kn On m,k+2. m,k+l 
+ N I I [ Nl-2 — lN2 2 ]  + Nl2[ Nll+i N12]

(K.l)
k m,s+l ms . k+l-s,n k-s,n 

+ Z [  Nii+iNi2][  N12 -i N22] .
s=l
ml k+l,n k m,s+l k.-s+l,n 

-2 M 1 L 2 -2 Z M i . L 2 } 
s=l

k mn mn m+k+2,n m+k+l,n m,n+k m,n+k+l
3 : N  2 1 N- 2 i +  3 { - ( N i i  -i N 2 I ) +  ( N 2 Z - I  N 2 1 )

On m,k+2 m,k+l ml k+l,n kn 
+ I N  11 [-i N 2 I +  N  2 2 ] +  N  2 1 [ N i i - i N 2 i]

k k+l-s,n k-s,n m,s+l ms..
+  E [ N i i  ~i N 2 1 ] [ N 2 1 + 1 N  22]
s=l

k m,s+l k-s+l,n ml k+l,n 
'-2 Z ( M 2 L i  -2 M 2 . L i  )}

s=l

k mn mn m+k+2,n m+k+l,n m,n+k+2 m,n+k+l
3 : N 2 2 N 2 2 + 3 (i (i N 1 2 + N 2 2 N 2 1 + N 2 2 )

On m,k+2 m,k+l ml k+l,n kn
+ i N i 2 [-i N 2 I+ N 2 2 ] - i N 2 i[i N i 2+ N  22]

(k m,s+l ms k-s,n k+l-s,n 
+ E [-i N 2 1+ N 22] [ N 2 2+i N i 2 ]
s=l

k m,s+l k-s+l,n ml k+l,n 
— 2 E ( M 2 L 2 —2 M 2 L 2 )}

S=I
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k mn m-I,n mn m-1,n m+k+1,n m+k,n
3: [ M !-i M 2 ] -*■ ( M 1-I M 2 ) +3 {2i ( M 1 -i M 2 )

m,n+k+l m-1,n+k+1 k+1 k-s+2,n ms m-l,s
- i ( . Mi -i M 2 )-2 Z K . [ M i-i M 2 ]

s=l ,
On m,k+2 m-l,k+2 m,k+l m-1,k+1

+ M i [ Nii-i N 2i + i  Ni2+ N 2 2 ] (K.4)
k m+l-s,n k-s,n m,s+l m-l,s+l ms m-l,s 

+ Z [ Mi —i M 2 ] [ Nii-i N 2I + i N 12 + N 22]
s=l
ml m-1,I k+l,n kn 

+ [ N 11 - i N 2i ][ M i - I M 2])

k mn m,n-l mn m,n-l m,n+k+1 m,n+k
3:[L i+i L 2 ] > (L i+i L 2 )+3(~2i( Li +i L 2 )

m+k+1,n m+k+1,n-1 k+1 ms k-s+2,n k-s+2,n-l
+i ( Li +i L 2 ) -2 Z K ( Li +i' , L 2 ' )

s=l
m,k+l In On I,n-1 0,n-l 
+ Li [N ii-iN 2 i+i Ni2+ N 22]

On 0,n-l m,k+2 m,k+l
+ [Ni i+i Ni2] [ Li +1 L 2 ] (K. 5)

ml In I,n-1 On 0,n-l
+i L 2 [ N ii+i Ni2-IN 2i+ N 22]

k ms m,s-l k+2-s,n k+l-s,n k+2-s,n-l
+ Z  (Li+i L 2 )( N ii —i N 2I +i Ni2 
s=l

k+l-s,n-l 
+ ' N 22 ) }

k mn mn m+k+1,n m,n+k+1 k+1 ms k-s+2,n
3: K K+3{i( K - K )-2 Z K K

s=l (K. 6)
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k+2 ms m> s-1 k+2-s,n k+l-s,n

+ Z (L i+i L 2 )( M 1 -i . M 2 ) 
s=l

' V ^ i W m + k t i . n - ' V n + k + l 1
k+2 k+1.

+ ^1NmsNk+2-s,n 2 ^1MmsLk-s+2,n^ s=l s=l

(K. 7)

k k+1
G:%On " Mon+et-^Orn+k+r2 % *03^-8+2,11s=l

k+2
+ Z1*0sMk+2-s,n} s=l

(K.8)

3:Mmn " Mmn+3{"iMm,n+k+l+2iMm+k+l,n
k+1 k+2

“2 21MmsKk-s+2,n+ S1NmsMk+2-s,n^ s=l s=l

(K.9)

k
g:L, L0n+3{'■2iL0,n+k+1

k+1 
-2 Z

s=lK0sLk-s+2,n

k+2.
+ L0sNk+2-s,n s=l

}
(K . 10)
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e:Lmn ^ Lmn+e{ 2lLm ,n+k+1+lLm+k+l,n
k+1 . k+2 (K'll)

2s^1KmsLk-s+2,n+s^1LmsNk+2-szn^

k
3: K. K0n+@{ lK0,n+k+1 2

k+1 
Z K 

s=l Os k-s+2,n

k+2 
+ Z L  
s=l

MOs k+2-s ,n}
(K.12)

e:Kmn'v* (Km+k+l,n Km,n+k+1)
k+1

-2 Z K 
s=l ms^k-s+2

k+2
,n+s^1LinsMk+2-s n }

(K. 13)
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Defining
n ( t )  = [l-4t2]3s , (L.I)

then, the explicit forms for the double generating functions 
, and K are:

itq(3 B2-I- B2 ■ 2BfY
ri(r) n(r)

2 (X+B)n(t)
iqB2tr[l-4tr-n (r)n (t) ]

itqBS(r)
2 (x+B) n (r) n ( t )

(L. 2)
+

2'n (r) n (t) (r-t)

M 2
tqB I-B2 + B2

n (r)
2rYB 
n (r)

2r(X+B)n(t)
qB 21 [ l-4rt-ri (r) n (t) ] 

2n (r) n (t) (r-t)

tqBS (r)
2r (x+B)n (t)n(r)

( L . 3)

Mi--IrMa
itqB

(x+B)n(r)

2BrY
n (r)

+ iqB2tr[l-4tr-n (r)n (t)] 
(r-t) n (r) n (t)

( L . 4)

iqB2trY _ itrqBY[2tY-X]
( x + B)n(r)n ( t )  (x+B) n ( t ) n(r)s ( t )

+ itrqB [2tX-Y] _ _____ itqB 3 + itqB 3
n(r)n(t)s(t) 2 (x+B) n (r) n (t) 2(x+B)n(t)
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+ Itqg2 [X-2tY] _ , Itqg2 [X-2tY]
2 ( x + g ) n ( r ) n  ( t ) s ( t )  . 2 ( x+g) n ( t ) s ( t )

+ iq[g2rt (l-4rt-n (r) n (t) )
2 n (r)n(t)(r-t)

(L.5)

qg2 rY + qgrY[2tY-X]
( x + g )n ( t ) n (r) (x+g)  n ( t ) n(r)s ( t )

qgr [2tX-Y]_________ . qg 3_______ + qg 3 '■ .
n (r) n ( t )  s  ( t )  2 (x+g)  n ( t )  n (r) 2 (x+g)  n ( t )

qg2 (X-2tY) + qg2 (X-2tY) . (I
2 (x+g)  n ( t )  n (r) s  ( t )  2 (x+g)  n ( t )  s ' ( t )

qg2r [l-4rt-ri (r) n (t) ]
2r\ (r) n (t) (r-t)

2iqg2Yrt - iqg 3t 
( x + g )n (r)n ( t )  ( x + g ) n ( t )

iqg 31
(x+g)  n (r) n ( t )

+iqg2 rt
r-t

(l-4rt-ri (r) n (t) ) 
n(r)n(t)

(L.7)

+

i (g2-l) . rt l-4rt-n(r)n(t) i
2 r-t n (r) n (t) 2

i g (g2-l)t ig (g2-l)t -L
(L.8)

i (g2-l)Yrt
2 ( x + g ) n(r)n ( t )  2 ( x + g )n ( t )  ( x + g ) n(r)n ( t )
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M 0,2j+1 aojMo1

M2k,2j 0

M2k+1,2j 3kjMl2

M 2k+l,2j+l 0̂ kjw I1.

M 2k, 2 j+1 = 2 i + 3kjMl2

L0j.= LkO = 0

L2k,2j . 0

L2k+1,2j+1 = akjLl1 

L2k+1,2j = 3kjLl2 

L2k,2 j+1 = -I1L2^ B kjL12

K 0 i = -Kio = -|

Kqj = Kko = 0 ' i'k >. 1

K2k+1,2j+1 = akjKl1 

K2k+1,2j = 3kjKl2 

K2k,2 j

(M. I)

(M. 2)

(M.3)

= 0
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M l"2k,2j+l 2 K l 1 + 3kjKl2

3kj- Boo
Bio

' O I 0 i 3 10 35 126 •
0 i 4 15 56 ' 210 •
0 2 9 36 140 540 •
0 5 24 100 400 1575 •
0 14 70 300 1225 4900 "
0 42 216 945 3920 15876 •

: : : • •

(M. 4)

A series of useful relationships among the B^j and
may be derived.

2(6lcj+Bjk) = ‘

6k, j+1+6i,k+l
'mca k+1 = akk

6Oj = i50Oj

sIl = 2oOj-lsoI

6Ij = -0Oj.^0!

lkj

2akj

(M.5) 

(M.,6) 

(M.7) 

(M. 8) 

(M. 9) 

(M.10)

Jo^r-p-r.j 2 Pakj (M.ll)
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PZ

r=0

PZ
r=0

PZ
r=0

akrep-r, j 3saR, j+p (M.12)

Bk r V r , j  = -,s“k+p,j+22P"-“kj (M.13)

^kr^p-r, j ^^k+p, J+3ŝ k, j+p (M.14)

I
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2p 
3 :N2k,2j +1

2p
 ̂:N2k+l,2j

$ :N21+ 3 (Ni I [2iak+p f j-:i-ap+l, Qakj ̂

+^N22 [ia0/P+iakj";Lak, j+P+l]

+^N22Niz li5ak ^ +p+1-i5a0jak,P+1 ak0^p+l,3] ^ ^

+ 35 N i iN i z [-ak+p , j+^ap+l, 0 ^ 3 1 

-Mi2L n  [-ak+p fj+J5akjap+l»O1 

-HM22Liz[^akfj+p+i"^a0jak,p+l akO^P+l,j

!y. 2Bp 1S 12A p t o , z t K +p+i,j- K j V i . o 12

+Niit-2iakf j+p+ictkja0,p+l1

+Ni2No 2 t^aQj^k,p+l' 4akj O'P+1 ^

tSzzNzzl- ^ k+P+l, j - ^ k,PtlaOj+^ O  ,Ptl0-Cj1 

+N i iN i z [Jsak , i + p ' ^ k f O  >P+11 

-2Mi2L 2 z [“ %*k+p+l ,i~^^k ,P+l*Oi 4 9 ,p+1 

-2Mi iLi 2 ̂ J5ak, j+P-^ao ,P+lakj^

l^:»2k+l,2i+l = Gki^:Nii+G^2i[iak+p+i,i-%+i,o«ki]
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+N12 [2l3k+p+i f j '2l^k, j+p+l+iap+lfOakj]

+N12N 0 i [aoj5k,p+l î a O ,p+lakj ̂

+ 1 2 2 1 t ^ak+p+l,j 5k,p+laOj+Qtp+l,Oakj]
(N.3)

+N122 [-3s5k+P+1 ,j+3s3k,j+P+1“3k /P+1“0j]

-M12L 2! [-%ak+p+i,j~5k /P+laOj+aP+l,Oakj]

"2M 12L 1  ̂[-353k+p+1/j+%3kfj+p+1-3k/p+1aoj]
2 ■

2P an . 2p 2p
6 .:N0,2j = V  B :H,2+B {[l5a0ij+p-%a.ip+1] .

x[—4iN01+N01N 12-2M01L 12]}
( N . 4)

2p a,. 2p . 2p
3 ZNgk 2 j - “ 4 5 =N22+ 3 (Oi [2INll2-jSN1 2 ̂ +M12L 12]

(N. 5)
+a2 [-IN2 i+^N21N 12-jSM2 J1L 12 ] }

where

01 = 3k+p, j~5k, j+p™ 4akjaO.,p+l+3sakjaO ,p+2 (N. 6)

. 02 = ak, j+P_J5akjaO /P+l (N.7)
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2p+l
3 :il2k,2j+l

2p+l
3 :N 2 i

2p+ 3.{iN21(ak+p+1^ - a kfj+p+1-

+2INi2 ^k+p+l,.j ^k, j+p+1 a

ap+2f0ak.i+a0 /p+laki )
2

0,p+laki+3$a0,p+2ak1li

+Ni2N 01 [a0j3k p̂+1+a0 p̂+1 "3saO ,p+2akj ]
2

+N21N 12 [ ^ , j + p + r K + p + l  f j’^ k , p + l a0 j 

_Jsakja0 ,p+l+3aap+2,0ak j]

+Nl2 *-‘~^^k+p+l, j+^^k, j+p+l""35̂ k,p+laO j-*

-2M2 !L12 [^aky j+p+i~^ak+p+i, j-3s3k ,p+la0 j '

-^0,p+l*ki+%*p+2,0*ki]

-ZM12L 12[-%3k+p+ i . + % 3 k ,j+p+i-%Bk ,p+iaoj]}

(N. 8)

2p+l
3 :N2k+l,2j

a, . 2p+l
-ft B !N12

2p+l
+ 3 ([ZiN12 - ̂ N ]. 2 2 +M12L 12]

x [ 3k+P+i ,j"3k, j.+P+ r ao , P+iak j .

+35a0 /p+2akj] }

(N. 9)
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2p+l
3 :N2k+l,2j+l

2p+l
ak j 3 : N n

2p+l
+ 6 { (ak+p+l,j-ak,j+p+l)

x (2INiI-^Ni2N11+M12 L11)}

2p+l . an . 2p+l
3 :»0,2] = - f  3 -

2p+l .
+ 3 ( (N02N12—2M02L12)

X i h a O , j+p+l-ta j ,p+2+,5“ j ,P-H-l5V l , j > 

' ^ ^ - " o n t p H ^ Z P n 11 '

2p+l
3 :N2k,2j

2p+l
,3 :N 2 2

2p+l
.+ 3 { (N22N12~2M i 2L22)

x(l ak ,j +p+l~ 8ak+p+l,j~^akO3p+l,j

-3*aOj3k /p+l+ 8akja0,p+l)

+IN2 2 [h (a]c+p+1 f j-ak f j+p+i) ]

+Ni2N 02 [J23kfp.+1a()j+ 0̂ . a0 p̂+1 ,

(N.10)

(N.11)

(N. 12)
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In this appendix we will.sketch a method which.

k
u n l i k e  t h e  B t r a n s f o r m a t i o n , c a n  b e  a p p l i e d  w h e n  e l e c t r o ­

m a g n e t i s m  is i n c l u d e d ..
k

A particular problem with the B transformation was 
that its action on one potential coupled the original 
potential to many others. Is it possible to avoid this 
difficulty? Returning to Equation (19.2), we notice some-

27 k mn
thing promising. . The action of Y22 on N n  only involves

mn k
combinations of the Nix. Furthermore, the action of Y 2 2 

mn
on M i  is

k mn mn k k ms k-s,n
Y2 2 : M 1 . M 1+Y22 % N i i  Mi (0 .1)

s=l
On On

As M 1 and N 11 give us the necessary information 
to construct the metric, we see that we are dealing with, 
the appropriate potentials.

k
Another difference from the B method is that an

k
infinite number of the Yi21s will be used, i .e ., consider a

00 k
transformation of the form I a, Y 2 2 where the a. are con-

k=0 K
stants.

So,
mn mn °° k ms k-s,n
N 11 -> Nii+ £ a, E Nii N 11. 

k=0 s=l
(0 .2)
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mn mn 00 k ms k- s , n 
M 1 > M 1+ E a, Z Nii Mi 

k=0 s=l
Now consider the infinite dimensional matrices:

' 0 I 0 2
0 N i i N i i

11 1 2
0 N i i N 11

2 1 2 2
0 . N i i N 11 • • *

(0.3)

(0.4)

M E 0
0
0

0 1 
M 1 
11 
M 1 
2 1 
M 1

0 2 
M
1 2 
M
2 2
M

(0.5)

A E &0 a 1

&i az
• ;

(0 .6)

In matrix form, we may write Equations (0.2) and (0.3) as
N ■> N+NAN . (0.7)
M M+MAN . (0.8)

Converting the above two equations to differential form we
obtain



17.9
dN (A)

dM (A;)

N(A)AN(A)

M(A)AN(A)

(0. 9)

dA v, va , x a , _ (0.10)

Upon integration, we have, where I is the identity matrix,
NN(A)

M(A)

I-AAN
M

(0 .11)

I-AAN .
So, for N^ arid M^ being the final transformed potential 
matrices, then

N

(0 .12)

M"

I-AN
M

I-AN
Then

N -N = N AN . .
M^-M = M^AN .. 

In terms of components,
mn, mn
Nii -Nii

m n , mn 
Mi -Mi

ms sr rn.
= Z N n  A N n  
s,r

ms sr rn^
Z N 11 A . Mi 

s,r

(0.13)

(0.14)

(0.15) 
(0.16).

(0.17)

(0.18)

At this juncture we apply the generating function . 
concept again. To facilitate this, define

ars = Yurus , (0.19)
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then

E N- iirmtn- E N 11rmtn 
mn mn

mn^ _ mn
E- M ir t - E M ir^t"

m s  w. „  _rmu E N IirmYu ur N iitn 
mn rs

ms m _rmu 
E N n r  yuSu M it^

mn mn mnrs

Therefore,

mS m s rn" r n Nii (r,t)-Nii (r,t) = y E (N ixr us) (N urtn )
mnrs

= yNii (r,u)Ni!(u,t) .
Likewise,

Mi (r,t) -Mx (r ,t) = yNn(r,u)M (u,t)
so ,

Ni i (r ,t) = N n  (r,t) + 

.Mi(r,t) = M 1 (r,t) +

(0 .20)

(0 .21)

(0 .22)

(0.23)

(0.24)

(0.25)

YNn(r,u)Nn(u,t)
1-yNii(u,u)

yNii(r,u)M i (u,t)
I-YN1i (u,u)

Only algebraic manipulations remain as, fortuitous­
ly, we have previously calculated the appropriate generating 
functions Nyy [see Equation (20.1)] and M i [see Equation 
(L.2) of Appendix L].

The amount of algebra remaining is considerable, but 
as it is only algebra, the generation of new solutions
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could be turned over to an algebraic computer program
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