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- ABSTRACT

Associated with the stationary Einstein-Maxwell
field equations is an infinite hierarchy of potentials.
The basic characteristics of these potentials are examined
in general and then in greater detail for the particular
-case of the Reissner-Nordstrom metric. Their.essential
utility in the process of solution generatlon is elucidated
and the necessary equatlons for solution generation are
developed

Appropriate generating functions, which contaln the
- complete infinite hierarchy of potentlals, are developed
and analyzed. Particular attention is paid to the inherent
gauge freedom of these generating functions.

: Two methods of solution generation, which yield
asymptotically flat solutions in vacuum, are generalized to
include electromagnetism. One method, using potentials
consistent with the Harrison transformation and the
Reissner-Nordstrom metric, is discussed in detail and its
resultant difficulties explored.




CHAPTER 1
INTRODUCTION

Historical Background

We are fortunate tQ'be alive at a time when, ‘during
the Einstein cgqtennia},_maﬁy of the more éxoﬁic predic-
tions of General Relativity appear to be comiﬁg into the.
arena of experimental Verificatioﬁ, é.g;,.bléck holes and
_gravify'Wavés. Unfortunately, in order to fully describe
such phenomeﬁa, linearized equations will not éﬁffice, and
the full Einstein equations must be. solved. As approxi;
mation methods are now ruled out, we are left with numerical
solutions, which.cértainly have their.own difficulties in |
addition to lacking aesthetic appeal, or exact solutions.

In spite of the notorious difficulties posed by
Einstein's non-linear, coupled, partial differential equa-
tions, a'considerable number of exéct solutiqns have been
obtained. Unluckily, the majority of these are eSsehtially'
mathematicai curiositieé‘with no relevanée to the physical
univérée. Moreover, progréss in attainiﬁg solutions of
astrophysical Significapce has,.ﬁntil recently, been quite
infrequent.

Initially there was impressiVe progfeSs. In.1916

Eiristein derived his field equations, and in that same year




2
Schwerzschildl discovered an exact solution for the
gravitational field of a epherically'symmetric mass dis-
tribution. The next year, 1917, Weyl2 obtained the general
form of the time iﬁdependent metric with axial symmetry.
He showed that the field equations could be solVed to
ebeain the gravitational field around any static, axiallf
symmetric, mass distribution. The next solution, the Kerr

metric.,3 was obtained fourty-six years later, in 1963.

This is the simplest case of a rotating.black hole. Ten
years afeer,that; in 1973, Tomimatsu and Sato4 discbVered
a family of solutions, of which the Kerr solution is the
first member, representing the grav1tatlonal field. of
axially symmetric spinning masses. These solutions may
be viewed as a class of Weyl solutions generalized to in-
-clude rotation.

Sihce the method of a direct frontal attack .on
Einstein}s equatione had been so desﬁltory, attention has
shiffed recently to the problem of genereting,solutions_

from those previously known. [Ehlers,5

in 1957, was an
early investigator in this area.] . A surprising number of
solutions have been obtained in this fashion, but once again

the majority lack astrophysical significance. Furthermore,

one had no way to predict beforehand if the nature of a new




3
solution might be Qf physical interest. Nevertheless, work
went ahead on attempting to discover the largest class of
transformations which allow one té generate new sblutions
from old. Gefoch,G. in 1971, was able to discover an
infinite-dimensional symmetry group which acted on an
infinite hierarchy of potentials and generafed an infinite
" number of consgrvation la&s. Although he was unable to
obtain a finite form for these tranéformations, he pos-
tulated that one solution might prove sufficient to generate
all the stationary, axially symmetric, Qacuum ﬁetrics.

7,8,9,10,11 in a major tour de

Finally, Kinnersley et al.,
force, have recently developed methods which will give the
finite form of new solutions, but, more importantly, these
new solutions are gﬁarqnteed to possess the prime attribute
of being asymptotically flat. Moreover, they conjectufe
that these methdds, if applied to the general static metric,
~can be used to generate éll stationary, axisymmetric,
asymptotically flat metrics.

It is instructive to note that this important pro-
cedure was developed via an examination of the combined
Maxwell-Einstein equations. Historically, Einstein was able
t6 discover the real hqture.of spacetime by realizing that

a choice had to be made between Maxwell's equations and




i 4

Newton's ideas of spacetime; He decided that Newton was
1ncorrect and set out to discover a spacetlme compatlble
.w1th Maxwell s equatlons. It should not be too surprlslng

" then that when Maxwell s equatlons are coupled to Eln—

. .stein's, a wealth of additional insight is provided.

" 8implicity and Physics

Ohe could take.the viewpoint that the key to thek
finding of exact solutions 1ay in a conéept that all
physicists deeply believe in, i. e., 51mp11c1ty We feel
- that an uhderlylng structure of 51mp11c1ty is a key to much
of physics. How can this be true? Nature appears to be
exceedingly cemplex. To put the matter inte perspective,j
it is instructive to examihe the game of chess. The numbefv

of p0531b1e board positions has been estimated to be 1043

with 10123 ways to reach them. _Yet a ehlld of five can
- easily iearn to‘play chess. ThiS'is because each pieee
always meves accerding to a simple set of ;ules, ho‘matter.
how the situation may vary. Physicists are cen&inced of
the'existence of such underlying simplicities. Anbther‘way
to state the matter ﬁould be to say we believe that 'all

events have various unifying features such as conservation

of momentum or energy. -Not all the sciences share this
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belief equally. Biology, for instance, seems to dwell
much more on the diversity of life rather than its common
features. 1In fact, in the 1930's and 1940's a group of
physicists went'into micrbbiology and garnered a nuﬁber of
Nobel prizes because of their basic beliefs.

Thus fér our disqussion has involved more of an
aesthetic contenﬁ as opposed to an idea with direct mathe-
maticai implications. Therefore, itAis appropriate"to try
‘to couch this rather'vagué concept in the langUagé of
mathematics. It is well knowﬁ that.the.discovery of var-
‘ious symmetries in nature has been instrumental in rein-
forcing the essential belief in the simplicity and-ﬁnity-
of the universe. Accordingly, one might say that our
requirements for simélicity could be couched in thé language
of mathematics by acknowledgment of the symmetrieé or.

. invariance properties of nature. Thus, wheﬂ it was détér—
mined that fhe inclusion of the Maxwell equations into theA
stationary ﬁinstein equations not only mainfained thé

. original éymmetry grdup, but actually expanded it, one had
to sense that this could not be merely fortuitoﬁs.

All of this may be very fine, bﬁt how are_thése
ideas relevant to the éroblem at hand, namely, solution

generation? The basic message of the predeeding was, "Use
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simplicity to overcome complexity." In the moré specific
language of physicists one could rewbrd'this to say:
"Apply the invariance properties of Einstein's equations to
known solutions in order to generate new solutions." It is
clear that before one could initiate this process the in-
variance properties had to be discovered. Some of these
properties were obvious, e.g., coordinate transformations.
.Then certain potentials were defined using the field
equations and subsequehtly used to rewrite the field equa-
tions. At this juncture an unexpected "internal" inyariance
group revealed itself. The amalgamation of this surprising
"ihternala groué with the "external” group of coordinate
and gauge conditions gives the entire symmetry groﬁp dis-
covered by Geroch. The inclusion of an electromagnetic
field enlarges this group, and its reérésentation includes
an infinite hierarchy of potenﬁials. These potentials were
not oniy essential to the discovery of.new invariance prop;
erties but, mofeo&er, turn out to be a sine qua non of the
solution generating method. 1In this thesis we will aﬁtémpt'
'to discuss the combined electromagnetic and grévitational
potential hieraréhy in general and then in greater detail °
for particular cases. Moreover, we will discovér the.'

particular modifications which must be put into effect when
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electfomagnetism_is included into the scheme of solution

generation.




" CHAPTER 2

STATIONARY, AXIALLY SYMMETRIC SPACETIMES -

The Metric

In order to motivate the particular notation that
we will be using, a brief description of the general . form
of the metric for stationéry, axially symmetric spacetimes
‘ié:necessary. |

What is the‘physical situation wé wish to consider?
We have. in mind'the.spaéetime external to the body actually
 producing the'associatea gravitational. and electromagnetic
‘fields, We do not possess nor do we réquire any information
céncerning the requation of state for the intérnal c¢mpo—
sition of the bddy. The mass must’possess axial symmeﬁry
but also'may exhibit two types of diffefential rotation. A
point near the equator on the surface may move at a differ-
ent éngﬁlar veiocity:than a point near the poles. 1In
addition, a point at a digtance p from the éxis of rotation
may have a differeﬁt angular veldcitf tﬁan a point at a
distance-p‘,from the axis of rotétion; . However, no pulsa-
tions or mass distributions which violate the conditions of .
axial symmetry aﬁd reflection symmetry will be permitteéd.

Given that the fields under considération are not

arbitrary but possess stationarity,axial symmetry, and motion °
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hrevereal how.may we incorporate this-physical information."
into the expllclt mathematics of the metric? Axial symme-
try means that the field doesn't have any angular )
dependence. "Stationarity" is equivalent to the existence
of a time coordinate for Wthh g B, £ =0. Motion reversall
1mplles that (t ¢) «r (-t,-¢), i.e., the 31tuatlon is un-
changed if both. the time coordlnate and the ¢ angular .
coordinate a;e'reversed. Thus, we have that ga6,¢=

gaBLt=

0 and motion reversal implies Iey = = 0.

Ioi Teer Joor
and g¢t are permitted te be nonzero. Another way to viey_
this situation is to note that the metric for an axially
symmetric‘rotating'body admits two commuting, orthOgonaliy-
transitive, Killing vectors.

By transformation of the remaining two spacelike
. coordinates among themselyes, the line element can,always .
be reducea to block'diagonal form.

".dsz'= dsiz'é,dszz

1,2 (1.1)

dsi® = £, dx ax’ 'A,B
ds,? = ezra pdXax = ndaxMax  M,N = 3,4
‘Specifically, the canonical form introduced by
Lewis'? is ' S \
ds? = f(dt-wd¢) 2-£~1[e?Y (dp?+dz?) +p2d¢?] , 1.2

thus
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f -fw ‘ ’ '
fAB = : {(1.3)

-fu £Tlp?-p?f

Notation
'Notation which combines clarity with ease of uﬁeage
is always to be valued; Accordingly, we will discuss the
somewhat nonstandard form used here that takes full advan-
tage of the particﬁlar type of metric under consideration.
Normally the metric tensor guv is used to raise and
lower indices, but, as we have our metric broken down‘into

two two-dimensional spaces, there are more alternatives.

£ 0 ) :
g = AB (2.1)
BV
0 Ry : .
: (£..)"Y 0
g"V = (g )"t = | BB (2.2)
. Hv 0 (h )—1 . .
| MN

In the two-dimensional spéce (t,9) we may empldy
either the inverse metric (fAB)—l or the alternating symbol

0 '1 o .
. (2.3)
-1 0 _

AB
€ =

to raise indices. We choose eAB for simplicity. Contracted
indices in the (t,¢) space will be denoted by X, Y, or Z.
A few examples are in order so as to give an ex-

plicit demonstration of the action of eAB.
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We have
AX_ . _ (A
€ egn = 8 c (2.4)
© ax )

vh = My, o (2.5)
where V* is a vector in the (t,¢) space.
Furthermore,

X

Vo = Viege (2.6)

V. = 8chX. _ : . (2.7)
Also

v wX oy XZo _ XZ o '

va’f = Vye W, = €N, . (2.8)
but

X Xz _ X _ __X3Z o an

v WX = ¢ VZWX = g VZWX._ =€ VXWZ (2.9)
where duminy indices were exchanged in the last step in
Equation (2.9).
Therefore,

Vi = -V . (2.10)
so

x ‘ | .
VXV = 0. . (2.11)

In the (x3,x") space we have hMN to raise indices.

When it is necessary to use (fAB)"l or ¢ instead, that
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index shall be marked with a tilde.

8o
| ' AX B3Z AB
-1 _ -2 B AB
where-
-— 2 — 1 ‘
p7 = det(fpg)
Thén‘ .
N iy
¢AB _ _ 2B
and Y
: AB
guv _ £ 0
o - n'™™.

" What about derivatives?
" Normally,
> > y =% ;i nv i v
VeV = (=9) “((-g)*g" "V )
e . wov o
where
g = detggpv).
Clearly, ' B

OV, eV - nE RNy

(2.12)

L (2.13)

(2.14)

(2.15)

(2.16)

1.f(i.175'-ffa

would then be.associatéd with dggz}_'BUt Equation1f2;17)

is'tWO-dimensiéﬁal while Equation (2.16) is three-dimen-

- sional. How.may we express a three-dimensional derivative

. in our notation?
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This implies

> >
_1y =7 RS
Va*U = p *h .%(ph%H UR) rg
= p"lh—;-i[ '('p'h;insUz),S
% 3s
L
+(PhH V) g 1.
So
> >
- - ! 1.
Vs+U = p=th %[h%"2U,),, + (h*h
However,

2 -

a .
—_— = 0
X2 5x?

Let
' R..,S
dss? = HRde dx
— dszz + p2d¢2
then
p2 0 0
H = |0 ?
w6 ™ 10 [ing)
" Thus -
> > o :
- RS
Vi*U = H %(H%H _UR)’S
where
= = 2 = 2 ‘
H = det(HRS) 0 det(hMN) p-h.
Let.
> ’ . N
U = (U2,V3, Vy) = (U2,V).

MN
Vi) 1yl

(2.

2.

(2.

(2.

(2.

(2.

(2.

(2.

18)

19)

20)
21)

22)

23)

24)

25)




_thereforé, 

> >
v
-Note that
>
vector U.-

What about the act

T =k
2+0 = p~'h % (nMN

14

PV 1y = P71V (V).

ion of the tilde operation?

(2.26)

V is the'(xsyxw) part of the three-dimensional

(2.27)

(2.28)-"

' (2.29)

(2.30)

(2;31)"

(2.32)

TV = Wa ) = vy
Vo= (V™) = (e V) = (Va,-Vs) |
as a cbnséquence,
v - _ -
V= (=Vg,~Vy) = =V.
"_Accordingly;
' x* = %3
x34=.;§¢.
- S0, by tﬁe chain:rule;
> _9xd i, ax > _ 0
2% 8X® 8x®  3X® ax*  ox*
Similarly
A 3 __ 0
oX* . ax® ..
Therefore, |
SRV T
co et 3%* .

(2.33)
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Twist Potentials

For any scalar U we have

Vs [p~1VU] = pm27,« (VU)

(3.1)

p~| _3%u  _  3%u
ox3ax* ox*ax?®

=0 .
where we have empléyed Equations (2.26) and (2.33).

' Therefore, if we have an equation in the form of a
vanishing divergence{ 33-3 = 0, then this implies the.local
éxistence of a potential U, such that

V = o~ iVu. - - ' o (3.2)
In Papér I, for the vacuum case, it is shown that the field

equations can be written as divergences, e.g.,

RR, = —ho¥, e (072605, ) . (3.3)
Therefore, oﬁe may glimpse their possible future uséful¥
ness, and we'will capitalize upon this fact to develop the
associated twis£ pbtentials. |

Thése'rather,simplé concepts are important because
Equations (3.1) and (3.2) will be used repeatedly. These:
potentials will be employed to reveal infqrmation about an

important internal symmetry group. Moreover, it will be

demonstrated that these twist potentials generalize previous
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ideas by Ernst, and they will be instrumental in our proceés .
of solving the Einstein-Maxwell equations in particular

cases.




CHAPTER III
EINSTEIN-MAXWELL FIELD EQUATIONS

~ Now we wish to obtain the combined Einstein-ﬁaxwell 
field;équaﬁionsr Iﬁifét we will consider the familiar
'Méxwéll eqdations, app;y.the conditions of independence
frdm t and ¢-derivatives(.and then reformulate these equa-
. tions in our notation. Next, these quations will be put .
in the form of a total divefgence. The Maxwell eéuatiOQS'
are connected to £he gravitational field because covariant
derivatives are involved.

‘It will be advantageous to use the fact that

ol % _ 1 h5.0
2% = (=) T (=) A% ), (4.1)
and
aB %3 _ 508
, ofB . . ,
since F is anti-symmetric.
Next we will consider the basic gravitational
equations involving Ruv and the stress-energy tensor Tuv'

The'electromagnetic field will make its appearance in. this
equation as Tuv'is exp;essed in terms of Fuv" Then, as
above, our main objective will be to formulate this equa-
tion in our notation as a total divérgence.

Our spacetime is stationary and axially symmetric,
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and we assume that the electromagnetic field doﬁtained
'ﬁherein will also be independent of the t ana ¢. coordinates.
.Likewise, the sametproperties are accorded to thé four- |
vector potential Au. It then follows that the electroﬁag—

~netic field tensor F._ . reduces to

T
Fas “ ®8,a " Pa,B ” 0
Fam = 2m,a ~ Pa,m T TPAm (4.3)

Fyn = 2n,m ~ Py,n.

Since we are working only in the source-free arena
outside of the body that is generating the grévitational
-and electromagnetic'fields[ Maxwell's equations may_be |
written |

W o) EpHYy
F;\)“((g)F)l\)

o S (4.4)
Fou ot Fyayp ¥ Fag,y = O | (4.5)
'Written in this fashion we have a set of coupled,
first order, partial differential equations relating
'compoﬁents of the field variables; If the vector potentiél
is introduced, then a smaller number of second ordgr
equations are obtained. In particular, Equation (4;5) will

be satisfied identically.

Consider Equation’ (4.4). For the (X3,x*) space;




is

= (pnn"RpR), (4.6)

% _MN
(ph F )IN

This implies, using Equation (2.17),

Var (pV) =0 @
where |

T S , ' (4.8)
An immediate solution is |

Vﬂq=eﬂw‘l ' (4.9)
or

PN = cpm MY (4.10)

Thé equivaient‘physical situation is a magnetic
field in the ¢ direction, falling off as p~', produced by
a line curréht along the symmetry axis. Such,situations'
are to be'avoided becausé they are ﬁnphfsicai, so set C = 0.
This implies
A =0 . (4.11)
The final set of equations, from Equation (4.3) are
AM

5
0 = ((-g)*F™) M (4.12)
_ 1 AN MN
= (ph*f""h™"Fp) v
Now
Fgn = ~2g,n = ~[VeRgly (4.13)
[Nth component].

Therefore, using Equation (2.17),
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o .
$z'[pfA§$zAX] = ﬁz-[p'lfAX$2AX] =0, (4.14)
then, using Equation (2.26)
Ny
Wa-[fA§$3Ax] = 33-[p-2fAX$3AX] = 0. (4.15)

Now we must connect this with the full Einstein
equations. The presence of the electromagnetic field is

incorporated into the geometry of spacetime via its stress-

" . energy tensor

R, = “87(T, ~%g T) . - (4.16)

The electromagnetic stress-energy tensor is'given by

ToLO

4T, =F FVO—%gquO oo (4.17)
So A
.4n¢AB,= T e i s e
ST SEUTL N | (4.18)
.r%GAEF NFMN . '

Using Equations (4.3) and (4.11) we obtain

A _ AM A, MX
4rT7g = AT Rg q0 gRy" Ay

A . X M
- r
40 BA ,MAX

= A%y My s

A XZ2, ,M
X B,M '

Bf Ax AZ,M (4.19)

A g2X,  p

.
“é-B X,M"Z

_ _AX . LA X7 .
= f §2AX §2AB 567 L E ?zAX §%AZ
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Previously it was noted that the field equations

could be put into the form of a vanishing diVergénce, s0
with that objective in mind, we note that |

| A fXZ

32-[pf1(foAB$AX—%6 B AX$AZ)]

AX -1 .AX
= ABVZ-[p*E- ?zAX] + p=1if $2AB-§2AX

 (4.20)
S B L ¥ a1 X3 LA 1 XZ . I
367 A Vo s [p7HE VoA, 1 =36 o E VoA Von,
Emplbying Equation (4.14) in Equation (4.19) yields
ant® = oo~ PVA, VA -xeP X %Va, - Ta, ]
' (4.21)

-1 (BX _LsB X7 :
oV - [p™* (£ A VA 6 L E A VAT .

Referring back to Equation (4.16) we see that we
need to know the trace of Tuv and, in fact,
= u = -];-— u\) -1 u\) = ‘
T =TT, = gFlFF CHAF FUU] = 0. (4.22]
Moreover, as is clear from Equation (4.21)
N | (4.23)
Therefore, Equation (4.16) becomes

A L A :
B B = 8T B . | (4.24)

Recalling our previous expression for RAE, Equation’
(3.3), we have ‘ ' .(4.25)
;=1 -BX _, <BX A _XZ n '
Voo lp™ X (£ .ngX 4£7°A VA, + 267, A VA)] = o,
Therefore, finally,‘

vzf[p-l(foﬁfo—zfAXABéAX-szXAAWAxy] =0 (4.26) -
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using the identity .

. A _ A X
. vAB - vt = ety | (4.27)

- Note that EQuatioﬁs (4.14) and (4.26) are the-

Einstein-Maxwell equations written in the desired form
i : A
of total divergences. '




CHAPTER IV

REFORMULATION

Gravitational and Electromagnetic Potentials

If one could but solve Equations (4.14) and'(4;26),
then our work would be complete. However, as such is not
‘the case, we begin to examine these key equations to see
what we can discover. That is, what symmetries do they
possess, what gauge freedoms, and what are the transforma-
tions that leave them invariant?

First, we recall that we wént to the bother of
writing the Einstein-Maxwell equations in the form of total’
 divergencés-for a épecific reason. Our purpose was to
deVelop_thglpotentials.which, by reason of the discussion
on Twist Potentials, must exist as a result of these vén;
ishihg divergences.

in this section a reformulation of the Einstein;
Maxwell équations into a compact form poésessing surprising
utility will be accomplished. . |

As we have given much advance ‘fanfare concerning
the usefulness of the potentials éssociated with vaniSﬁing
di&ergences, we will now take an initial look at them aﬁd.
develop soﬁe.key equations. |

Consider the divergence equation involving -the
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electromagnetic potential, i.e., Equation (4.14). As de-
tailed in the section on twist potentials, this equation

such thati

implies the existence of a potential, Bat

' _ o_a=1g X
:?BA'— SERESN ?/Ax

(5.1)
Before we proceed any further, we should attempt

to determine how thé potential B, 'fits into the usual scheme

A
of'eléctromagnetic nétation. We.begin wifh a consideration
.of Maxwell's equations in a source-free space. This will
lead to a set of potentials which will possess the same
relationship to the customary electromagnetic poténtials

as Bp has to A, in flat space.

A
The basic equations are:
VXH = g—g '(5';2)"
-
UxD -- 2 (5.3)
B =0 | | (5.4)
%oﬁ; 0. - ' . (5.5)
Equation‘(S.S) implies the familiar relation . |
| i=Uxk . . | ' (5.6)

Likewise, Equation (5.4) implies the less common identity
D = VXt . (5.7)
Equations (5.3) and (5.6) imply the existence of a scalar

potential
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>
_p 4 2 -
Vo =D + = (5.8)
Likewise, Equations (5.2) and (5.7) imply the existence of
- a magnetic scalar.potential13
TS o
-_ _—)-_E
: $X." H - 52 o (5.9)

Combining Equations (5.6), (5.7), (5.8), and (5.9) we

obtain

N .
R = - L .
VKR = -Vy + o2 (5.10)
VKE = Uy + 22 | , - (5.11)

Now apply g% ='§% = 0 and Equation (4.11). Then in

¢ : .
component form, we have [using physical coordinateslg]

: ><’p =P (pA¢),Z
- L, =
= - A),
X,Z P (e ¢) o . _
- L "(5.12)
A

e ATl (AT
_t,Z_' Y (qu))’p
At this point it is informative to put things in a-
covariant form. For simplicity we will work in flét'space.

The line element is, in cylindrical coordinates,

ds? = dt? - p2d¢? - dp? - 4z? . , (5.13)

.S;nce

F = A - A (5.14)
Hv VeUu, M,V

it seems appropriate, in the spirit of this section, to
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define a "dual" four-vector potential .

= a, -

P a
1.:[\) . \)’u UI\)
.How are-au-and A" related?
L SMV _ oy _HVaB: ik ‘
F €7 Fqﬁ ) %(-9) [“VaB]Fas

(5.15)

(5.16)

where we have employed:the fact that the Levi-Civita tensor

Comparison with Equation (5.12) reveals that

)

AA < .((p,A

¢

'e““@s is related to the completely antisymmetric symbol
[HVaB] by
MVl - -ng)—%[uvaB] .. (5.17)
Accordingly, . .
R T T T '
a 5 .a". . ée [AB,a Aa,B]_' . (5.18)
Then we find that, with our symmetries,
ny . .
at = -p [MAND]AD,N (5719)”
"~ where
‘A,D—rt,(b +_-113 .
(5.20)
‘M,N > p,% - 2,?4 i
For examplé,
%} : ) .
at'? = —p~112143]a (5.21)
1%,z ,
or
IR .
ﬁsihg.physical‘cdordinétes. [i¢ = QA$ ='-pflA¢]

(5.23)
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aA <« (—X,C¢)

In order to relate this to B, we look at Equation

A
(5.1) in flat space and find

B = p~!a, . ' (5.
t,p =P By,z . (5.24)

‘S0, in more common electromagnetic formalism,

AA <> (¢,A¢)
(5.25)
BA > (—Xl—c(b) .
We now define the complex potential ¢A
¢A = Ay + 1By ' (5.26)
Equation (5.1) and the inverse relation
= o X - -
Va, = -7, VB, | (5.27) °
imply
. = X
- _ 1 :
_V)‘i’Af ipT E Vo, . (5.28)

it so happens that ¢A is only the first of a femark—
able series of potentials all of which will obey the same’
key equation! |

The Maxwell relations were used in develoéing
Equation (5.28), so now let us.try to use our other field .
relation, Equation (4.26), to define a complex tensor
quantity which, mirabile dictu, will obey a rélatioﬁ'iden—
tical with'Equation (5.28).

Using Equation (5.1) as a guide, we define the
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twist potential related to Equation (4.26)
1 e X e X e X o
Ve = =071 (£, foc 2F, ACWAX 2£, AAVAX) . (5.29)

Note that although fAC is symmetric, wAC is not. The

inverse relation is

. _ _ 1 x !\J . " -
ﬁfAC = p~1f, (%¢XC+2ACVBX+2AXVBC) C (5.30)

At this stage one might follow Equation. (5.26) and

consider the quantity £ Héweyer, it turns out

ac * Wac-
. that we are still a stage or two from our final objective

and it is, in fact, more fruitful to look at the quantity

€ = f . _ N :
AC AC + l(wAC + ZAABC) . . (5.31)

Then combining Equations (5.29) and (5.30) we obtain

— e *__' -1 X _ _ * ‘ '
Tepcmtclon = ~1o7 5" (Veyc-oc¥oy) (5.32)
Then defiﬁing |
— o %
®ac * fac’alc (5.33)

Equation (5.32) may be written as
— * i =1e XY= *n, -
VG, o, Vo, = —ipTiE,” (VG +e, Vo) - (5.34)
Noting that both Equation (5.32) and (5.34) are very

nearly in the required form, we finally see that if one

defines

HAB = GAB + EABK | | (5.35)

where
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. . :
VK =-¢Xi7¢x. , ; _ (5.36)
then we have.

- = -1 X )
ﬁHAB = =ip fA WHXB

(5.37)

AB and.¢A are the basic gravitational and

electromagnetic potentials which we have been seeking.

The H

They will be the key by which the door to the generation of
‘new solutions is opened. We should noticethateﬂ:fhismoment
and 'in the future, the close correlation between the électfo—
magnetic and the gravitational poﬁentiéls. This similarity
occurs frequently, and. the only difference results from |
the vectdr nature of electromagnetism and the_ténsor nature
of éfévitation. Thﬁs, the electromagnetig field need not

be thought of as Having been inclﬁded as an aftefthought

but participates from a position of equality. Furthermore,.

it is appropriate to note that Campbell and Morgan15

have
shown that the'linéar theory of gravity can be cast into a
form which is very similar to the usual Maxwell form‘of
electromagnetic theory, i.e.; in térms of E and B. The
.gravitatibhal E and‘B—liké quantities obey a set of’dyédic

equations which are identical in appearance to the. usual

‘Maxwell éduations in empty space.
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Géneralized, Covariant Ernst Equationé

Now that we have in hand O and'HAB}

thing which might presage their future promise? A review
le6

is there any-
of Ernst's work immediatély reveals that we have obtained
a covariant generalization of his potentials. His compiex
potential ¢ 'is equivalent to ¢1, and his twist potential :¢-
is equivalent to our ¥;;. Additionally, he reformulates.”
the Einstein-Maxwell equafions in terms of a complex func-
tion _ _
. _ - * ) ) *

e = S = £2004ig = faa-0aba T4, (6.1)

whi¢h is the ;,: componént of our EAC

[see Equation (5.31)1].
This feformﬁlation is quite important as Ernst was ablé_tb
shbw thatlvarioﬁs_well—known solutions are particularly
simple Qhen expressed in terms of &, using prolate Sphe-
roidal coordinates. For example, the Schwarzschild'solu—.
-tion, remarkably{ is €& = X. The Tomimatsu-Sato solufions4
were also obtained via simplifications induced by Ernsﬁ's.
reforﬁulation.

His Vefsion of the coupled Einstein-Maxwell

equations may be written

($€+2®*$®)-§€

*
(Rec+dd )V?e
Cy : (6.2)

(Ree+00 ) V20 = (Ve+20 U0) V0
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‘Referring back'to.Equation (6.1) for:the:definltion
Zof £, we note that the uacuum version of EquationlfG;Z)v‘
can be'written.'h —: o S
(¥ -1)v7E = 26™e-de . L S (6:3)
lf we suppose | | - | ' | |
=R+ M, 0 L _' o (6. 4),
‘then in the weak fleld vacuum ver51on of Equatlon (6 1)
[where ‘the € = f], we have
| f+1—2R o L 6.5
and one also dlscovers that both R and M- obey Laplace s
'ﬁequatlon.. ‘
It‘is‘well knoWn'that-in.the ﬁewtonian limit_of
General Relativity one.may write £+ 1 - 2n where n is'the-
Newtonian'gravitational potential, Therefore, ‘R plays the
role of a Newtonlan potentlal and, as Klnnersley and
u'Kelley;7 have p01nted out the 1maglnary part of g can he
vlewed as a grav1tatlonal analogue of Equatlon (5 9), i. e.,
a magnetlc scalar potentlal | '
Let us now derlve Equatlon (6 2) and putlt 1nto.
a sllghtly more useful form."_
We begln by-rewrltlng Equation (5;3?): ; '
’ (RN %.ipféf My T L (6.6)

Then by Equatlon (3.1)
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ﬁf(p 2, VH ) =0 L | o (6.7)

- Breaking the covariance let A = 2, B = 1

6;(p?f22$ﬁll“p_2f21$H21) = 0. | ' (6.8)

In Equation (5.37) let A =1, B = 1 in order to
eliminate .the H,; term

$H11+ip'lf12vH11 = ip_ifllszl'. - (6.9)

Combining.Equations (6.8), (6.9) and using Equation (1.3).
[the Lewis canonical form] we obtain |
Vel(o™ ZfZZVHll + ip~ wVH,,-p~2fw?VHy1) = 0 . (6.10)1“
Using Equation (1.3) again, then
Ve (—£-10H, . ;.ip"lw%Hll) =0 (6.11)
or _ ‘ |
FVPHy, = (FE-ip=i£2¥) FHiy . (6.12)
Now'we~néed to eliminaﬁe the Vw terﬁ; Returnlng
to.Equations (5;27) and (5.29) we note that
VB, =_§“1f(VA2+wVA1) : o (6.13)
and | .
Vpry = -0 £2Vuw-4p" £A; (VAo +iVA1) . | (6.14)
'.Solving for Ww, we obtain _
VY = -pf2(Vyy,+4A,VB;) , | . (6.15) "
_theréfore, | :
fV2Hy, = [$f+l(§¢11+4A1VBI)] -VHy, . (6.16)

Using Equation (5 35) we find
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Hiy = f_'Allz"Blz'*'i(UJll"'ZAlBl) . (617)
Taking-the gragient and reertanging terms, we ha&e,'
'referrihg to the terms in Equat;oh (6.16), .
| $f+ik$¢11+4A1'_V)Bl) = lel"'éd)’:v(bl‘ . : ‘ (6.18)
" 8o, finally, |
£V%Hay = (VH1+20100,0 Ty . C (6.19)
Comparing'Equations (5.28) and (5.37) we see that
the above derlvatlon will go through:in the same manner if
we replace H;i by ¢1 down through Equatlon (6. 16) and then
continue as before. ' |
Doing so,lwe obtain'
£729, = (VH12+261061) T4 . - (6.20)
In order to demonstrate that Equatlons (6.19) and
(6.20) are the same.as Equatlon (6.2), we need only note ' -
‘that Ree + @@* £ via Equatlon (6. l), and that
(e,0) <« (H111¢1) '
In_summation, we see that not only does our formal-
ism contain Ernst's work, but it generelizes it.and places

it on a covariant basis.




CHAPTER 5
THE. GROUPS G~ AND H”.

-In_éeneral, whenever an iject is left unchanged.

(invariant) by some operation,'one says that the operation

is a‘symmetry of the object. . With this idea in mind, let

us explore some of the symmetries exhibited by axially

symmetric stationary field equations‘ BasicallY'then, we’

are. seeking transformatlons that leave the line element
[see Equatlon (l 2)], the field equatlons [see Equatlons
(4.14) and (4.26)], or various reformulatlons of the field
equations invariant..

An examination of the field equations reveals that

they are manlfestly covarlant w1th respect to. llnear trans—;

_formatlons of the coordlnates (t, ¢) These transformatlons_

must be_llnear 1f € and ¢ derivatives are to be avpided.
Thus we have a three parameter group G withAa'particnlar-

representatlon ‘of 1ts generators glven by

t % t + a¢ , .
: ' (7.1)
¢ > ¢
t >t Co
' - (7.2) .
¢ > ¢ + bt .- S
.t +.ct T
_ (7.3)
¢+ c™ o . _
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It should ‘be noted at this juncture.that our
attention is being directed only to the local propertiés
of the metric, and we are not interested in giobal com-
‘plications at the ﬁoment.

Another idea that should spring to mind, especially
as we have incorporated Maxwell's equations, is the consid-
eration of the gauge freedom involved. We will focus our |

attention on the basic pdfentials ¢, and H Since the

AB”
potentials are initially defined by means of differential
equations, we are looking for quantities that can be added
to these potentials and leave the defining equations invar-
iant. Furthermore, the fAB must remain unchanged.

AA-+ AA + Ya (7.4)

BA > BA + 0, . . ' (7.5)

So the gauge freedom for ¢A is

(7.6)
¢A > AA+YA+1(BA+0A) = ¢A+aA [two gauge freedoms]
where an is an arbitrary complex constant.
Equations (5.26), (5.31), and (5.33) imply
GAB = fAB—AAAB—‘ABB+1(wAB+AABB+BAAB) . (7.7)
Equations (5.27) and (5.29) may be combined to give
- _.—1e X - - '
Vap = -pTi, Vi 2a,VB, -22, VB, ' (7.8)

50
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Vag * l"‘AB_éYBBA"ZYAE‘B-‘LO‘AB . | (7.9)
where_aAB is a real.constant.'
" Combining Equations (7.4)-(7.7),'and.(7.9) we have
Gyp EAB+iaAB—aX¢B—a;¢A—a;aB+2iYAoB _ (7.10)

By redefining Oap this equation may be placed into conform-
ity with Equation (7.26) of Paper I '
GAB_f qAB+2YAGB . (7.11)

Then

—_ 5 _* % % ' . _‘
Gap ™~ Capticap=,%5~%a%"252p | - (7.12)

In order to obtain the gauge condition for H,, we

_ AB "
refer back to Equation’ (5.35) and determined that only the

gauge freedom of K remains to be discovered.

* * * . -
VK = ¢, 70% =01V6,-6276, | (7.13)
thus, _
' : * - * * ¥ e
K > Ktai¢r-azdprthay (7.148)
SO ‘
. % * ok X x -k x :
Hyp > Hpgtioag=apég=dpap=azapte,q(ayd™+ia h™) (o 5

Thus.HAB has four gauge freedoms.’
Now we have the group G”. It is composed of the °
_éoordinate transformations which. make up the group ‘G in

" addition to the gauge conditions detailed above. These
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ére the linear transformations of $p and Hyo that_preSerﬁe

fa

Various less obvious transformations are also known:
the géneralized Ehlers transformation-[seé Equaﬁion
(7.16)], a "duality rotation" for gravifation [see ﬁquation
(7.24)], or the‘Harrison transformation18 [see Equation
-(7.17)] whicﬁ.maps vécuum-fields into charged fiélds. Thié_
leads us to a consideration of the "internal" group H”.

First, consider the actual form of the Ehlers and '

Harrison transformations

6y » —2 e Hyy > —BLL ©(7.16)
1+iyHqy 1+ivyH, ' o
.and
¢1 > ¢1+CH11 Hll - Hll - ) (7.17)
. ] * . % L3 .
1-2c ¢1-CC Hi, 1-2¢ ¢1-CC Hyy, .

The.field equations are,-in fact, in?ariaht under
these transformations. Naturally one would be hard preséed
to recognize this fact if only Equaﬁions (4.14) and (4.26)
Qeré considered.. Oniy when one rewrites these equatidns,
using some of the "internal" potentials, e.g., Equatioﬁs
. (6.19) and (6.20), éan one hope to discover suchltransfor—_
mations. Now that we have the field equations in ;hé,
appropfiaté form, we may more readily determine such map-

pings.
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For instance, using Equatlons (7 6) and (7. 15),
K S W ¢1  Hyy = H11+la . ' (7 18)
¢1 > ¢da1ta A.: H11 > Hii1-2a ¢1—aa*‘ | (7.19{
where o -is real and a is complex. These gauge fransfer-
:;mat10ns.w1ll retaln.the,lnvarlance'of'the field eqnations.
| | Oné might also consider - H |
¢1 +_H11-1¢1( Hip + Hyp~t o (7'20).I
or | '
by > peldy, 7 Hip > B?Hia : (7.21)
where o and B are feal. This latter operation eombines-a
rescaling-with an electromagnetic duality rotation. .Tnisn
duallty rotatlon sends Schwarzschlld mass 1nto magnetlc
-.mass.- In order to have a feel for this operatlon, con51der
'what a duallty rotatlon does for the case of electromag-
_ netlsm. ”
:In'oraer to make our equations-look;symmetric,‘
snppOSe‘we-have both magnetic and elecﬁric'currents and

_charge densities present. Then Maxwell's equations are

B =p - TxH=F 42D L (7.22)
o 4- e - » gﬁ 8t+ - L aal
) V'B-e on VXE = "&£ =3,

Now consider the following "duality" transtrma-

tionlgs




E) (E°) o (0~
H) ) jpm ~pm‘ .
(7.23)
D\ (DA rje r:]te,
= A = A
B - |\B” J J-
/7 \ 7/ m \ m
- where . Lo A
"' : (cos 6.. sin 8) .
A= , |
-sin 9. ° cos o) .

It 1s easy to show"’ that Maxwell s equatlons are
1nvar1ant under such a transformatlon. _Thus, it is only.
'a matter of convention whether we consider a particle“toi
possess only electrlc charge and no magnetlc charge. The'

key p01nt is that if all partlcles have the property that

the ratlo of magnetlc to electrlc charge is the same, then )

duallty rotatlons are poss1ble, such that the angle 6 may
be chosen to make J ‘and p zero.

| ‘Now, con51der performlng the transformation in
-Equatlon (7. 20), followed by the operatlon descrlbed by
: Equatlon (7. 18) ' ‘ |

Then R _ : - : , ‘ .
b1 +$_1i1___ Hy; - ____1__._. _ . (7.24)

‘Hl]_'_l'l"i'Y .\ o H11-1+i'Y .
But'this.is the same.as.Eguation (7;16).
A So, we are now produc1ng the- typlcal group actlon

whereby one member of the group is transformed 1nto another.
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It should be noted that the gauge transformations db not
commute with the other operafions. o

We find that'if one applies the above éix_tfaﬂé—
formatiéns fo eéch-othér;in varipus”drdefé, no new ﬁemberé
I‘result. ‘Thus we have the H” grodp,i_lt has,eight.feéi
. parémeters [Ehlersf(l),'Harfisoh'(2),-ele¢tromagnetic'
' gauge (2), gfavitatiénél gauge (1), scaling (1), and dual-
ity (1)]. . Tﬁrée of the eight‘pa#ameters in H® are only’
'relaﬁed.tq gauge transfofmétiohs}_but the remaining five
parameters éroVide an -automatic procedure for generating
five—parameter:"familiesJ-of'Staﬁionary‘Einsfeiﬁ—Maxweil
soiﬁtions.from éach kﬁowﬁ solution. Nen infégfétedeith H"

- .yields the full symmetry group K~.




CHAPTER 6
POTENTIAL CHARACTERISTICS

2RéiSsner-Notdstrom Potentials "

Before we examine more completely the ramlflcatlons\

of the " ¢A and HA

: appearance-for a-specific case. A natural simple example

1t mlght be approprlate to examlne their

is the charged Schwarzschlld black hole [the Reissner-
_Nordstrom solutlon]

To obtaln-the.Redssner—Ncrdstrom gecmetty one solves._
the Einsteéin field eduations for a sphericallyvsymmetric,
}staticlgravitational'field with no.matter ptesent but a
radial electric field in the static orthonormal frame._

The line element is determined to be

ds? = -fat?+E7ldr’4ridg’ . (8.1)
whére.A _ | _ L o o
g q-am b | rfoanpeel T e
xr r?2 - y? S | ‘
Slnce the metrlc is statlc flz = 0 [see Equation '

(1.3)7]. The electrlc fleld is glven by

B = r T - (8:3)

ﬁJm

‘'For e>m the coordlnate system is well behaved down -
tc r =-O., It is of 1nterest ‘to note that for an electron

e/m = 2 X 102! 1n-d1men51onless unltsu
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More pertlnent to our situation,. Ernst16'shows'

'how a vacuum solution of the Elnsteln equatlons may be

tea511y transformed to a charged solutlon Brov1ded that

€ and @-are functlonally related, 1,em, Vla Equation (6.1)
and

b = 3 ' g ze/m. . o ‘, d'_ (8.4)

_Then, if &, is a vacuum solution, E=£o(1—q2)2 is a charged

ﬁersion of the solntion. That»is, given the Kerr'soiution;
we may. immediately obtain the Kerr—Newman so;ntion."fhrs
'functional relatronshib aiso holds for the Reissner— |
Nordstrom and the charged Tomlmatsu—Sato metrlcs

As was prev1ously forecast in.dealing’ w1th the
Ernst formallsm, slmpllcatlons occur_ln many rnstances when
prolate spheroidal ooordinates are employed. [see Aopendix'A‘
for a discussion of_these coordinates]r | | |

Therefore, nsing Equations (6. 1)and (8.4), we ;

' obtain. [remember from the sectlon on Generallzed Covariant

Ernst Equatlons that Eo = X is equlvalent to the Schwarzs-"‘

3 EgEo-1 _ _X2-1
f = Ree+|0|? = £ofo=d

: : . '(8.5)
'.|gofe|2 <x+s)2., Co

where -

™
t

(1-q™F R N
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v o= g1y = 2LE0z80) 0 - (8.7)
o ge#8]?
. and o
o=, =2 - .. (8.8)
‘ X+B ' S -
or . ) . _
5, = |95 o f . (8.9)"
L | X+B ' ' '
0
| Using Equation (5.1) to sélve_for B, then, up to a |
constant of integration, B
. 0 R
B, .= | (8.10)
A. qBXk', -
Since - ,
..Bl = A, = f1, = £,; =0 , - . .‘ (8.11)
fhen,'
' > > ‘
Vi = V22 = 0 . N
_§¢i2 =.'p'lf'fl1vf22-2f2;AlvAi) o _  ' (8.12)
> : - : p
VY21 = ‘Dfl(fzzvfll'ZfzzAlvAl)
Accordingly, up to a constant of intégfation,
| 0 . -28Yk ' .
1 = : : ‘ (8.13)
BB lav(x-p)k 0 -

Equation (5.36) implies

>

VK = iV (A;B;) , | I (8.14)
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SO . .
' : .4 202 - E .
K = lkg B Y : (8.15)
X+8 . - ' : :
HAB may be wfitten out 'in full as
, - o _ . (8.16)
) HAB = ‘fAB?AAAB_BABB+€ABK) + l(EAB+AABB+BAAB) ’
therefore,'
X-8 . 2ik¥(X?*-1)
Co_ |X+¥B . T X+B ‘
Hypy = - _ | (8.17)
~2igkY’ [(x+B)%(¥*-1)-Y2g?B?]1k?

Although Pkoiate spheroidal coordinates are useful
in that fhey greatly simplify calculafions, they do not
give most of us any immediate piéturé of what is inVolved.
Therefore, let us use Equations (A.5) and (A.6) froﬁ Appen-
dix-A to convert (X,Y) to (r,8) Schwarzschild cootrdinates.

-~ We then find |

| {Eim]z_ 1 - 2m , e* - " .
f.= [r—m‘+ m|Z 1-=+ s (8'18)‘,

"—k'-' -}'{- r r .

This is'exactly'what we expected from Equation (8.25.
Furthermore,
Hix =1 - 5% ' o (8.19)
by =2 o | | (8:20)°

This,'of course, is: the expected form of the electromagnetic
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”potential. The others have less.apperent physical mean-

'ihg, e.g.,

¢ = ie cosd - S ’ (8.21)
g - , '
K = lércos' - S _ .(8-22)-
o ;.é—* - 2ir cos9, . [i— 2m —?] S :
Hpp = - | R oot (8.23) -
AB , , .23)

-2im cos® -r?sin®6-e?cos?6 N

'The Potentiai Hieraiohy

Those of a curious ‘turn of mind may- well be at-
"tracted by Equatlon (5. 36) Seelng that an essential part

of'our-key grav1tatlonal potential H,  is. "quadratic"

AB
potentlal K, one may well belleve that other "quadratlc"
comblnatlons may be useful Let' s form the p0551ble groups-

.with our ba51c potentlals ¢A and HAB

VK = ¢x'v’¢ o - o (9.1)
$LB== $H 8. o T (9.2)
Ty - ﬁ;Av¢x.  i' - o o ' . (9.3),
N = H UEE L Y

AB . "XA " B
Aétonishingly, one oan form quahtities RA éhd PAB.t

R, = M +2K¢A+H

A AX¢

(9.5) -
‘P 'h; Ny +2¢, Lo +H 5 2 - | 1 (9.6)
AB'~ "AB T'ATB AX" B : A
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that,obey the same equatiOnﬁas ¢A and HAB" [see Appendix B]

We should be able to see the pattern forming. Not only do

¢A . AB

endless series of eémbinations of these basic potentiels-

and ‘H obey the-samefbasic eduation,_but en epparently ,

~ can be found whlch obey this same remarkable equatlon.
Clearly, we now. need to develop a’ compact notatlon.--
Therefore,. suppos1ng that we are dealing- w1th an 1nf1n1te

set of fields, let us 1n1t1allze the series by settlng‘

2l

and:
by = i, = ip T (o.s
T N
In general
n - _— n : .o .
: L1 X . ' ’ '
W’A = e “fa %x _- ‘ | .(9,.9')
§7)HAB—. 1p77E, WH Lo ,,(9-'19').

In a s1m11ar fashlon we generallze Equatlons

(9.1) - (9.4)
mn m, n, _ , ‘ .
VxR = q);'v*q,x - e

mn

. om,.n, . . e g o
Vi, = o, VH', - T 9.12)
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mn m, .n, . . . : : :
VM, = H,Vé - - (9.13)
mn . . my, n,. k .

vNAB B HxAvHXB . _ : : (9.14)

'We notice that R

and P ive us rec ive
ic b Ry ar ap 9 ecursive

relations'for ¢A and‘HAB,‘i%e.,
n+l ~ 1n | 1n 'nX
o 5 = 1(M,+2¢, K +H, ¢") (9.15)
n+l " " 1n . 1n ne ' , :
H ag = 1(Npapt20, Lgtipylig) | 9.16) -

Given this rather_unexpectéd profusion of poten-
tials, an analysis of their prbperties should‘féllow. Oné
might, however, qﬁésfion if we are not somehow going astray.
After éll, the metric is esseﬁtially‘governed byAﬁll and
$1, and this is all éhat'ié required. Nevérthéleés} our
-concefn is ﬁot with knoWﬁ_metricé; so much as wifh.fhe
.attempt_to_generate hew metriés. Unfortﬁnately, it so

1 1 . .
happens that H an_d'¢A for the new metric cannot be ascer-

AB
tained until one has, in eséence, all the boténtials, both
for the old and the new metric. This being ;he case, iﬁ
seems appropriate to begin a conside;ation of the properties
of these potentials. |

. For the specific example of the Schwarzschild

metric, one of the properties first noted was that with an
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appropriate choice of integration constants, one could
always haye the relation

" n+l n

. iH Al f HA?'. o B (9.17)

In fact, Chitre20 was able to show that if Equation'.
(9.17) holds for some value n, for a particular.stationary
axially symmetric yaduum metric, then it holds.for all

higher values also. 'In particulér, if 8§ is the-integer

distortion parameter for the ZipdyfVoorhees metric52‘4’25

[x41

8 , .
X:T} ], then Equation (9.17) first holds for n =_6

[Hyy =

. and then for all higher orders. It is not difficult to

prove that this result continues to hold even if an electro-
magnetic field is included. [See Appendix C for pro@f.]~,
We might als6é comment on ihe interdependence of ¢A

and HAB; ~Noting that

In l1,.n - : »
. _ X o :
%LB—-'d)X-V)HB. . - (0.18)
1n 1, n .
- X ,
§71_~{1'A = Hy, Vo | (9.19)
then é glance at Equations (9.15) and (9.16)-reveals that
. n+l n+l . _ - n n -
. the H AB( 0 A) are only'coupled to the_¢A(HAB) by |
1 1 ' ) n+1 n 1 . .
¢A(HAB). Thu§,~1n nElAB only HAB t?rmS'and ¢A contplbute,

ahdidbnversely for. ¢ ,.
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Separation of Variableés -

Return for_the moment to Equation'(6.7)jn-Using flat space,

i.e., .
o 10 R
fag = [o_bz :}10<1)
and setting A = 1,_B =‘i}'we find
VHy, =0 . . C (10.2)

This is, ef'coufse,'Laplaee's,equation.

One supposes that even if the space is ndt'flat,
it may prove'adyantageoue to apply some of the usual nethods.
fer the selntion ef'Laplaee's'eéuation. For e&ampie what.
‘about'separation of'vatiables7' For SlmpllClty, we w1ll use
the Schwarzschlld metric, as an example.' '

Rememberlng that fi12 = £21 = 0 then Equatlon (6. 7) ‘

'ylelds [u51ng our new notatlon - see Equatlon (9.10)] for

A =2
: o,n . - ) ‘
v [fll H]. ] = 0 ’ ) s - (10.3)
and for A=1
. n '_
'-_V>°_[f22"1§H = 0 (10.4)
Con51der Equation (10. 3). Using the'results from

Appendlx A on prolate spher01dal coordlnates, then Equatlon

(10 3) may be rewrltten as [f = f11],

'-f'ZVf VHl + f-lv-(VH' ) =0 - - (10.5)
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or
n ) 3 n
—fF—1 - 2 2_
£ e g g x (X -1 1+ 52 TX"-1)H 5 4]
; ] n (10.6)
+ §§[(1-Y )HlB,Y] =0 .
Setting B = 1, to convert Reissner-Nordstrom to

Schwarzschild in Equation (8.5), tﬁen Equation (10.6) may

be written

n , n _'n . n (10.7)
- - = -— — 2
2(X-1)Hyp y+(XT=1)Hyp gy = 2¥Hyg ¢~ (1-Y")Hyp gy
Following a similar procedure for Equation (10.4)‘yields
o n n n ' .
p— 2 = -— 2 -
(1-Y )H2B,YY 2H2B,X (X 1)H2B,XX ] (10.8)

Equations (10.?) and (10.8) show that we have
indeed been able to achieve our objective, and, furthermofe,
a comparison of Equations (9.9) and (9.10) shows that we
may replace ElB with 31 and EZB with 32 in the above anal-
ysis, and the same equations will apply. |

Let us deal first with Equation (10.7). AAssume the

ansatz

n ] ) . .
'HlB = F‘X)G(Y) ’ g . : (10.9)

then, using a separation consﬁant of n(n+l), we obtain two
differential equations
(1-Y2)G”“-2YG +n (n+1)G = 0 - (10.10)

(1~x2)F"—2(x-i)F‘+n(n+1)F =0 . (10.11)




Ll

51
Referring to Appendix D we see that the solution .
~ of Equation (10.10) is immediate:

G(Y) = Pn(y) . ' (10.12)

where the_Pn(Y) are the familiar Legendre polynomials.
Equation (10.10) has two constants of integration to be

determined, and this gives us the following options:

F(X) = Pn("l’?)(x) o | (10.13)
or
Fx) = e ), T oa1a).

~where the Pn(a’B)(X) are the Jacobi polynomials. .

We know that we should initialize the series by

L X-1
Hii = 337

‘ (10.15)
Hy, = 2iY(X-1) . ’ :

This allows us to make a definitive choice between the

options, and decide that

n+l , (10.16)
-1 _ (1,-1 L A
Hy, = %;% Pn( ' )(X)Pn(Y) n=0,1,2.... -
n N | ©(10.17)
Hi, = ip_ " @ () n=1,2,..: .

Returning to Equation (10.8) and using the ansatz

2B

H,, .= R(X)K(Y) , - | (10.18) .
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~with -n(n+l1l) for the separation constant, we obtain

(1-Y2)K"~ + n(n+1)K = 0 ' ~ (10.19) -

(1-X%)R”” - 2R"+n(n+l1)R = 0 . (10.20)
Referring to Appendix D we find that Equatioh:

(10.20) has a unigue solution

5 (0,

R(X) = n+1

—2) (%) . : . (10.21)

Equation (10.19) affords us the choice between the following

two options:

(_1 I—l)

K(Y) =P 7 (Y) S ' (10.22)
or ‘
K(Y) = Cé;?)(Y) [Gegenbauer polynomials]. (10.23)

. However, the possiblilites of Equations (10.19) and (10;20}
have not yet been exhausted. If we had chosen a different

separation constant, say -(n+l) (n+2), then we would have

obtained _

k(v) = (1-y)p Y . L (10.24) .
or |

k() = -y . (10.25)
and . “

r(x) = (1+x) 22 %% (x) . ' (10.26)

Again the issue may be decided by a matching with
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the initial terms

1

H21 =.;2iY . )
. _ .. (10.27)
Hyp, = (X+1)2(¥2-1) ’
" The corresponding unique‘solutions are
n+l : :
Coain(0,-2 -4 .
Hey =21 02 et n=o0,1,... (10.28)
n (0,2) (1,1, | '
Hy,, = (1+X)2Pn" (x)(l—Yz)Pn i) . - (10.29)

n = O,i,,..
It is of interest to note that earlier we noticed
it was possible to select integration constants.such that

Equation (9.17) held. A glance.at Eguations (10.7) and
) 0 N

(10.8) , derived for the H supposing séparation of vari-

AB

ablés, reveals that the two methods are compatible. In.

particular, by Appendix D

(=1,1) uy . X=1 _(1,-1) .4, . i
P (X) = <71 Pn ‘(X) X (10.30)
or
n el o ‘
N ’ ] . .
Hi, = l.——x_*_:L Pn (X)Pn(Y) ’ . - (10.31)
SO
n+l . , . . , o
i H 11 = Hi2 .- ‘ . (10:32)

Unfortunatély, these conditions will not be consistent
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with a series of relations to be derived in the section on
the Reissner-Nordstrom Generating Functions.. These rela-
tions will be intimately connected Qith the ac£ion of tﬁe
group K~ on the potentials.

A compa?ison 6f the equations for flat space as
opposed to those for the Schwarzschild metric reveals
that, for separation of variables, while the radial coor-
dinate equations differ, the angular equations are exactly
the same. Therefore, as listed in Paper III, we find that
the angular part of Egl and 222 may be placed in more.
familiar form by using‘the associatedlLegenare functibné.

Accordingly,

n
Hjyq msin.6P$~l(cos 6)

n (10.33)

‘Hy,, « sin 0 Pg(cos 9) .

To épproach the problem from another viewpoint, we
will consider the Reissner-Nordstrom solution. Although

1 1
the physical implications of ¢a and H

ap are understood, 1t_

is difficult to see what is the basic physical importance
of the higher order potentials. One might ask, therefore,

: . n .
if it is ever possible to make the ¢A’ for n>1, vanish. An

examination of the recursive relation, Equation (9.15),

plus Equations (9.11) and (9.13) shows that, if for any n,

U .




55
n

$n vanishes, then, with the appropriate integration cori-
" n+l1 _—

stants, ¢ a may also be made to vanish. Specifically, in’

the case of Reissner-Nordstrom if we take

;; _ igBY.(X~B)

17 X+8
152 =‘9§—[(X2—1)Y2-(X+B)2] 3 (10.34)
) X+B .

1l iy (B?%-1)
K.=*%m .

1 - 1 . N
Then using the HAB and ¢A given in the section on

the Reissner—qudstrom Potentials, we see that

¢p = 0 n=2,3,... - © (10..35)

Thus at some point the higher order electromagnetic
potentialé may be made tq vanish, at least for some static

metrics. -




CHAPTER 7.
GENERATING FUNCTIONS

. Differential Equations

Having developed this infinite hierarchy'of
potentials, we feel an'immediate need for a compact way to
express all the information contained therein. The gener-
ating function method fits the bill as it contains the total
_ information df'the‘potgntials in a rather simple eXpressidn
and also allows an expansion from wHich each potential may
be subsequentiy determined. |

At this point we will be concernéd only with the

n n

process of developing generating functions for HAB and ¢AL'

‘We will, therefore, define the aﬁpropriate generdting func-
tions and determine the differential equations they must
vfulfill. Afterwards, the geperal solution wili be féund
uéing the method of characteristics. of course, the eﬁtire
situation is not quite that simple. It might have been
possible to stop at this point befdre we discovered the

mn mn mn mn
"quadratic" potentials Noagr Mas LA’ and K. A glance

back at the defining equations for these quantities reveals
n n o :

that knowledge of Hyp and ¢A‘is not entirely sufficient as

the defining eqﬁations are differential, and we will requife

the integrated forms. Surprisingly enough,it'so happens




el Ll

. 57

that, once we have finished the somewhat difficult process
' ' n n '

of finding the generating functions for HAB and,¢A, the-
. mn mn mn . mn _
generating functions for N AB’ MA’ L A’ and X can-be

obtained merely as algebraic consequences of these earlier.
generating functions.
Upon examination, the recursion relations, Equations

(9.15) and (9.16)., reveal that not only do. we require

: n n
generating functions for the basic potentials HAB and ¢A’
in ‘1n o
but also for K and LA'
Accordingly, let us define
. n
= ¢ n
FAB(t) = §=Ot HAB (1111)
DA(t) = %=0t ¢A o ' (11.2)
- n1n It
SA(t) = §=Ot LA (11.3}
: . .nln_. ' : ' _
Q(t) = 2 4t K - (11.4)

where t is not the time coordinate but only an expansion

pafameter.
Q and DA are related as are SA and FAB’ i.e.,
. in ! % ~ ‘
Vo = 1tk = ntheUet = ¢, 90" , ©(11.5)
likewise,
* .
Us, = 0, V8", ' " (11.6)

n

.Consider the basic relation for the N Equation
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(9.10). Multiply both sides by t" and sum

X
A n

198

n
x n - =1
nZot $HAB = ~ip7°f 0

n%‘n .
t HXB (11.7) .
or

_ .-1. X _ ' :
Vryp = -ip TE, VEL (11.8)

Similarly, using Equation (9.9)

A

Vp, = -ipT'£, %V, ' ' (11.9)
Once again the basic equations reassert themselves.j'

If we-reconsider the derivation of the Ernst equations K

given in the section on Generalized, Covariant Ernst Equa-

tions, we note immediately that, instead of starting with

Equation (5.37), we could have begun with Equation (9.10)

or now, even better, Equation (11.8). Then, we would have

- the generalized Ernst equation at all levele. The results

are, following the same steps as in the Generalized,

Covariant Ernst Equations section,

2
Y FlB

= [VH11#201V¢1] VP o ~(11.10)
. o 1 .
£V?D, = [VH,,4+201Vé3] VD1 , (11.11)
and, if there is no rotation, i.e., w = 0, then the equa-
tions for'FzB and D, take the form
Ve (p f?FZB) 0 - (11.12)

1

Ve(p~2£VDy) = 0 . - 0 (11.13);
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. Although the generalized Ernst equations'have a
simple looking appearance, they are not at all easy to
solve, and, therefore, another approach must be founa. We
find that we are éble to write first-order, coupled équav
tions for the generatihg functions. - These equatiéns can .
be decoupled in generalzs‘[see Appendix E]. For particular :
situations, howeve;, the coupling term drops out naturally,
and the equation assumes a simple form. In this form oné
is able tofuse the method of characteristics to solve the
equatiéns. This gives a general solution in terms of an
arbitrary function y. One then discovers that Equation
(11.10) enables us to determine a second order, ordinary,
differential equation which sets the exact fofm ofly.

We begin with the recursion relations, Equations -

(9.15) and (9.16). Take the éradient of both sides of the

equatibns, then multiply both sides of each equation by

tn+l and sum.
Then,
VF,g = it{[H;A+HAX+2¢A¢;]%FX5+2SB§¢AfFXB$HAX}(11.14)
VD, = it{[H;A+HAX+2¢A¢;]%DX+2Q6¢A+DX$HAX} (11.15)
Defining | \
Ay = oP mierm et r20R0r] (11.16)
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then

A _ A 4 .0 .. A .
Yy = 87y l1-2ez)-2iesty (11.17)

where Equation (B.17) . from Appendix B was used. Régrouping
terms, we have
A=z X ., . X=A _ _. A ' - ) i
G VF p-itF VH, = 2its Vo™ : - (11.18)

GAX$DX—itDX$HAX = 2itQV¢™ . . - (i1.191
Note fhét dnqe we focus on a paftiqular mgtric,

éAB’ and éA are readily'determinedr What we

énd EA' i.e., Fan and DA'. Unfortunate-

ly, Equations (11.18) and (11.19) involve SB and Q and not

the Gpp,

require are the HAB
in just differential form either. ‘Unluckily, we have

Fpp (D) involved in Equation (11.18) [(11.19)] in realliy.
three.fo:ms; diffefentiated, Undiﬁferentiated, and as part
of an integral.[see Equation (11.6)1]. Other than the method
outlined in Appendix E, we have two ways in which wé might
obtain decoupled differential equations for Ehe generating
functions. We already know of one method, namely the gen-
eralized Ernst equations we derived [Egquations (ll.lOX -
(11.13)]. The other alternative is to usé metrics in which
the terms naturally decouple. Surpriéingly, this occurs in
many of the cases of greatest physical interest. To see
this latfer result, wé need to rewrite the equationé SO as

to obtain, in so far as is possible, an equation involving
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only one componeht of the generating function.

First we abandon covariance and. look at partiéular
indices.

Let A = 2

G21$E1B4G223F2B—itF1B$H21-i£F2B§H22=2itSé$¢2 (1}k20)'

G?,VD1+G2,VD2-itD VH? -itD?VH? ,=2itQV¢2 . . (11.21)
From Equatioﬁs (11.8) and (11.9) we have, with A = 2

WFZB—ip-lflgﬁFZB =‘ip"lf11§Fle | ©(11.22)

%,Dz—'if)_lf']_2_V)‘D2-‘=ip—lf11$Dl ’ ] . (11.23)
thereby obtaining

G21[WEZB—ip"1f12$F2B]+G223F2B+itF1B$H11+itF2B$H12

ig tfas
" (11.24)
=:—2it$B$¢l o
G2 [VD2-ip™1£,,VD?]+G2, VD2 +itD VH; , +itD2 Vi, , -
ip~tf1s . o
o (11.25)
= -2itQV¢,

Using Equation (11.17) and combininé terms, we have
(1-2t2)VF2_+2tpVF2_+itFl _VH,,+itF2_VH;, = -2itS_Vé, (11.26)
B4 B BYH11 B N1 1ESpVea
(1-2tZ) VD2 +2tpVD2+itD VH, ; +1tD2VH,» = —-2itQVed; . (11.27)

In order to focus on F;;[D;] choose B =1
~(1-2tZ) Py 1 ~2tpVF 1 1 +itF, (VHy 1 ~itF 1 VHy, = -2itS, Ve, (11.28)

~(1-2£2) VD, -2t pVD +itD, VH, 1 ~1tD VH, = -2itQV¢; .  (11.29)
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We are now faced with two choices: eliminate
F,1[D;] algebraically and obtain

[(1-2tZ)H +2t (X%-1)H

ll,X]

Fi1,x 11,Y

[2t (1-Y?)H -(1-2t2)H

+

T,y 11,Y 11,x!

(11.30)

= ltFll[Hll,Xle,Y—HlllYﬂlz'X]

+ 218109 yHyy v, vH11 %]

2 _ .
+2t (X 1)H11,X]

Dl,X[(l_ZtZ)Hll,Y

[2t (1-Y?)H, —(1—2tZ)H11,X]

+ 11,Y

Dy .y
(11.31)
itD, [H -

11,XH12,Y—H11,YH12{X]
t2itele) xHa v, v, x]
or eliminate S:[Q] and see ﬁhat |
F11,x[2t(xz‘15¢1,xf(1‘2tzy¢1,f]-

+ Fll,YIZt(l—Y2)¢l,Y—(l—2tZ)¢1iX] :
‘ 1 (11.32)

Il

AtFiildy yHio v, vHi2,x]

+

itFa1ldy yHyg ¢=9; xHyp vyl

Dl,X[Zt(Xz—l)¢1,X+(1—2tz)¢l,Y]
+ Dl,Y[Zt(l—YZ)¢1’Y—(l—2tz)¢1’x]

(11.33)
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= itDl[¢1;XH12,Y;¢1,YH12,X]
t itDa ¢y yHyy y=6q yHip.yl |
Similar equation; follow tﬁe other'FAB and DA’

An examination of Equations (11;30) and (11.31)
reveals that we will have a first-order, differential
equaﬁion for.Fi1 or D; alone if tﬁe quanﬁity [¢1,XH11,Y‘—
¢1,YH11,X] happens to vanish. Is this at all likely?
Recalling Equation (8.4) we note that Hij apd ¢1 are func-
tionally related fof a number of physically interesfing
cases. | |

In particular, Equations (6.1) and (8.4) rewritten

in our notation are
1 . E—l

Hyiy = =— ' (11.34) .
g+l o
and
o1 = —3- ' : (11.35)
E+1 .
However,
. - H « VHy1°Vo, (11,
(o1, xH11,v7 %1, v, %! AL . 11.36)
thus, ‘

%lHll'%d)l oc 'YYE-—V)E . Lo ’ (11.37)

by Equations (11.34) and. (11.35).

Fortunately,
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Ve-ve

I
o

(11.38)
since ‘

Vu.vo = 0 : | (11.39)-

1

for any potential U.
This simpliinng result allows one to put Equations
(11.30) - (¥1.33) into a rather compact. form, i.e., a

first-order, differential equation for Fi;[D:] involving

only Hii oxr ¢i. [See Appendix F for proof.] For example,
172 -1 . c
d-Fll = 2v I'Ill'p E7"‘1']:11 _V)-p dHll (11.40)
Fi1 . 6311'§H11 c

Now let us take a particular case for which the
equations for the generating functioné do in fact-decouple
in the above fashion, e.g., the Reissner-Nordstrom solution,

and actually solve the differential equation in full.

Reissner-Nordstrom Generating Functions
Keepiné in mind @he results of the section on the
'Reissner—Nordstrom Potentials, we rewrite Equation (11.30)
in characteristic form sincé along each'characferistic,curvé
.a partial d;fferential‘equation may be reduced to an ordi- |
\nary aifferential equation | |

F,,7'drF ., . 4dx

+2t (X%~1)

ey, vy, x7 M2, xM, v (1-282)Hy, y Bii,x
(12.1)
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ay
= — —— ’
20 (1-Y*)Hyy o= (1-2¢2)Hpy o
We then £ind
dy _ 2tXy-1 g : , (12.2)
dX 2t (X*-1) : :
dF _ —dx , (12.3) °
Fii X+B .-
The solutions are
. , -1 ' -
a; = (2tY-X) (X*-1) 7 : : o (12.4)
F11 = a2 (12.5)‘
X+8
where a: and a; are constant along eaéh characteristic
curve.
Therefore, the geneéral solution is giveﬂ by.
Fi1 = (X+8) 1y . (12.6)
. . -~
where Yy is an arbitrary function of (2tY-X) (X*-1) *. 1In

order to determine the precise form of y, we require another
equation involving only F;:. Equation (11.10) fulfills this
requirement. |

Using the result of Appendix Albn-prolate spheroidal

coordinate, we réwrite Equation (11.10) as
(12.7)

=0

2(7-1)p +(X2-1)F, -2YF +(1-Y*)Fy
xig 11X 11,XX 11,Y 11,YY

Now
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Fi; = (X+8)~1y(R)- where R = (2t¥-X) (X2-1) "% . (12.8).
After a bit of algebra we obtain ‘a second-order,
fegular differential equation for vy(R). [y~ = %%]
Y* [R*+4t%=1] + 3Ry "= 0 . (12.9)
Its solution is |
Y(R) = =K(£)R[R*+4t2-1] 4K, (t) . (12.10)
Initially, it was not realized that K and Xi could
be functions of the expansion parameter and so they were
treated merely as constants. Acting uﬁder that incorfect
assumption, it was a simple matter fo determine K and K;.
We note that Fi; is expanaed &11t°+ﬁ11t1+... . Furthermore,
if is clear that,'if Y is a solution of‘Equation (12.9), so
is n(t)y where n(t) is an arbitrary function of the expan-
sion parameter. We select n(t) ='t in order.to pick out
K and K; more'readily.

Therefore, we know

Hyi1 = éiﬁ = 1"—Y(R(t=0)) (12.11)

™

using R at ¢ = 0 in order to exclude higher order‘terms.
Then we find, suéposing for simplicify that K and
K; are constants,
K =1 Ky = -B ' ) (12.12)

ox
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t ' X-2tY .
. _ _
X+B ([1-4tXY+4t? (X?+Y2-1)]7 .

Fi, =

(12.13)

Unfortunately, the situation is not that simple,

and we cannot ignore the full possibilities of K and Ki.

This surprising freedom is a result of the gauge freedom .

of the potentials, and we will not be able to determine a

more specific form for them until we examine a particular

set of relations among the potentials of the entire infi-

nite hierarchy. Even then, the gauge freedom is so large

that we will have only half the number of eqﬁations neces-

sary to determine the particular form of the generating

functions and will be forced to impose, ad hoc, six
additional constraints.
Therefore, thus far, we have
t ' ’
F3:, = — [K(t) [X-2tY] + K (t)S]
(X+B)S

where

S?% = 1-4tXY + 4t? (X%+4Y2%-1)

(12.14)

(12.15)

where K(t) and K, (t) are functions of the exXpansion param-

eter.

‘A complete list of the generating functions with

their full gauge freedom is detailed in Appendix G. We‘

also note that Flz and D; obey the same characteristic
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equations as Fi1i. Equation (11.8) [(11.9)] allows us to
relaté Flﬁ[Dl] and FZBtDz]. Upon examination, Appendix G
reveals that F;; has an initial multiplier of t whereas Fi,
does not. This is to place them into conformity with the
notation to be used in the section on Recursion Relations,

i.e.,

jani=)
i

AB lEAB‘. . (12.16)

So

1

1
Fi. O+tH;1+... while Fi, = 1i+tHi2+...

The coupling generating functions Q and S, may be.

A

determined from Equations (11.5) and (11.6) now that we
know FAB and DA' The process is lengthy but straight

forward.

Recursion Relations

To further inveétigate the properties.of the poten- -

tials, we will now list equations which relate various

potentials and their complex conjugates. We will also

derive relations among adjacent potentials. These equations

were stated in Paper II and are an essential ingredient in
explicating the action of the group K’ on the individuai‘l
potentials. In the following, it should be képt.in'mind

that, as we are dealing with the actual potentials and not
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merely differential relations, various choices of integra—
tion COnstants haﬁe to be made at each step 5f thelway;..in:“
doing so, we are implicitly 1mp081ng certaln constralnts,.‘
ahd, 1f we are later going to use the results of the actlon‘
'VOf'the group K” on ‘the potentlals, we must make sure that
' the generating functions we are using are in full conform- -
ity with these recursion relations;

First, consider the relation betweéen the petentials
and their complex conjugates. |

Equation (9.11) allows us to write

mn nm
VK-VK

m n n m
bV 0¥ =0, T X"

Ir

m, n,m,_n . . : L
¢; v ¢>X+q>*x‘v*¢-x | S 13.)

m, n
X
Viog )

therefore,

mn nm, MmN S : . :
K=K = g0 . ' (13.2)

In a similar fashion we obtain-:
Lo-M_ = ¢ H L S (13.3)

_ m.n " o T ‘ iy
Nap™Npa = Hxall ptepptode .o 134

The last term in Equation (13.4) is needed for conformity
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with Equation (12.16).
‘What about adjacent potentials? By Eguation (9.11)

- m,n+l m+l,n n+l m+1,

V K.-VK = ¢X§ o %= ¢ $¢ . (13.5)

the recursion relation, Equation (9.15), allows one to write

n+l lﬂ In n _
p X = imFe2ie K +in® o7 0 .13.6)
So
m, n+1 m+l,n In ln .n.
? K -V K ¢X$[1nax+2l¢xr<+lﬂxz¢z]
(13.7)
lm, flmy o, omy
+§7¢X[iMX+gi¢xK +iH 0 21
Uéing Equation (9.13) and rearranging termé,'then
m,n+l m+l,n My * m n
vV R -V K = -i¢% H $¢ +1H;Z¢*Z$¢X
' 1nm f 1My Dy '
+21[¢ ¢ ¢X$¢ +1<¢*$¢ +¢ R VX " (13.8)
. 1lm, ny '
+1[¢X Z?H o+ Be ¢ $¢ +iM $¢ 1.
Now
ﬁl 1n - ml ., n, In m, : o
CT(R KD = Ko 0e%+k o 0% (13.9)
ml ngo . ngmy | nl Ny . '
V(L " ) = oX by ¥’ (L . (13.10)

Then,_makihg use of Equaﬁion (13.2) and (13.3), we have
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ml lm, My o ]
IJX = DdX + ¢ZH e .(13.11)
ml lm, My x : :
K = K + ¢X¢ . (13.12)
.: Accordingly,
ml ng n,m, lm, m, n o
'v*(LX(p ) = ¢ o %HX +M §7’¢ X 0. Vo7 | (13.13)
ml 1n lm n: In m,
V(K K) = K ¢X‘v*¢ +¢ 20 ¢x§¢ +K ¢X'v*¢ . (13.14)

Comparison with Equation (13.8) reveals that we

may write

m,n+l m+l,n ml 1n ml n
V K -V K = 2iV(K' K)+1_V*(L ¢) (13.15)
SO
m,n+1l m+l,n ml ln ml Ny . ~
K - K =2iK K+iL,¢" . (13.16)

However, as we have previously mentioned, these
relations have a considerable interdependence, and it turns
out that if we require Equations (9.15) and (9.16) to hol&

for n = 0 then it follows that we must deflne

K = -ki - (13.17)

o

and‘HAB = iEAB which we already used in Equation (12.16).

It is useful to note that with this notation we may incor-
n n

porate the ¢A and H within the framework of the gquadratic

AB
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potentials. That is, from Equations (9.13) and (9.14),

on n .

M, = -id, (13.18)
on n . .
N,p = -iH, - . (13.19)

Thus, the integration constant for Equation (13.16)

must be modified. Therefore,

m,n+1 m+1l,n "ml 1n ml Ny 2 m.n
K -~ K = 2i K K+iLx¢ + '2'6060 (13.20)
Now there are no inconsistencies.
In a similar manner, we obtain22
‘m,n+l m+l,n . ml ln mln
LB - LB = 21K LB+1LXHB (13.21)
m,n+l m+l,n ‘ml 1ln ml ny
MA - MA =21MAK+1NAfb (13.22)
m,n+l m+l,n ml In ml ng 0 n(13'.23)
NAB - NAB = 2i MALB+1NAXH B—3_€AB6"16°.'

To insure that Equations (13.2) - (13.4) and Equa-
tions (13.20) - (13.23) hold for both positive and negative
values of m and n, we have used the notation established in

Paper II that

1-p,P p,1-P
K =- K = ki (13.24)
P,-P -p,P |
N = - N = ¢ (13.25)

AB AB AB
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It is possible to continue to iterate Equations

(13.20) - (13.23) and obtain more general relations,'i.e.,.

m,n+k m+k,n k - ms k-s+l,n ms k—s,nX

K - K = 2 (2iK K —LX M ) (13.26)
s=1

m,n+k m+k,n k ms k-s+l,n ms k—s,nX

Ly = L, =Z_ (21 K L~ Ly N a) (13.27)
. s=1 . .

m,n+k m+k,n k ms k-s+1,n ms k-s,nX ‘

MA - MA =Z_ QlMA K _—NAX M. ) (13.28)
s=1 ~ :

m,n+k m+k,n k ms k-s+1,n ms 'k-s,nx(13.29)

Nap = Npp =§=l(21MA L g -'NAX N Tg)

In Appendix H we give the details for the derivation
of Equation (13.26). |

‘Although the series of relations we have derived in
this section may not appear véry restrictivé, it turns out
that neither of the previously discussed relafions, i.e.,

n+1l n n

JJIAl = _HA2 and HAB = F(X)G(Y) are compatible with the

above.

And as Paper III points out, not all the potential

: mn .

are algebraically independent. Consider all the PJAB’
mn mn mn
bdA; IJA, and K such that m+tn = g. Using Equations
(13.20) - (13.23) and considering all potentials whose
indices m,n are such that m+n = g+l we find that, for the

g+l poténtials to be completely determined, we require .the
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potentials such that m+n 2 g, and only one potential of
: lg 1lg 1g Ig '
each type (say K, LB’ MA’ NAB) to determine all the
potentials, such that m+n = g+l1. In addition, we must
keep in mind Equations (13.2) - (13.4). In the final
analysis one may add a real constant to K, a complex con-
stant to LA and MA’

Therefore, we cannot afford to be cavalier in our

and a Hermitian constant to NAB'

approach but must derive an efficient procedure to ensure
compliance with our derived relations. Once again, in the
next section, we will turn to the powerful generating

function approach.

Double Generating Functions

. The situation is now slightly different from our
former experience with generating functions. Previously,
we dealt with only 6ne superscript and; thus, required only
one expansion paraméter. Now we are using two indices;
and, therefore, two expansion paramete;s will be needed.

We define the following:

mn o n A In n ml o
K = ¥ Krt K = T Kt =290 K" = I Kr
m,n=0 n=0 m=0
mn 1n ml
mn . n . m
L, = ¢ L.rt L. = ¢ L_t L; = ¥ L._r
A mon=0 2 A "= & A y=o &

(14.1)
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: mn on ] in ml
My = I M,r't M, = 3 MAtn M: = % MArm
m,n=0 . ) n=0 m=0
mn‘ 1In. ml
m, n - n - m
N = z N rt N = % N t N = Z N r .
AB T | oo 2B “ AB © _, AB AB ~ -, AB

The four generating functions K, LA’ M., and NAB
contain all the information that the primed Quantities
possess, and, thus, we w1ll ellmlnate as many of the latter
as p0551ble in the follow1ng.

Multiply Equations (13.2) - (13.4) by ™" and sum.

We acquire the following:

* * X
K-K = Dx(r)D (t) . (14.2)
* * X .
LA—MA = Dx(r)F A(t) (14.3)
* * X . -
NAB—-NBA = FXA(r)F B(t)+€AB . (14.4) -

In like manner Equations (13.20) - (13.23) yield,

£~ (K+ E)- (k- 2E) = 21K () Q(E) HLL () DX (£)+5i (14.5)
- -1 - 0 - -_.) X

t LA—r LA = 21K (r)SA(t)+1LX(r)F A(t) o (14.6)
£t~ 1MA—r'1[M +iD, (£)1 = 2iMy (r)Q(£) +iN,y (r)D (t) (14.7)
-, L ) - 41a.8)
t (NAB_EAB)_r- (NAB+1FAB(t)) = ZMA(r)SB(t)+1NAX(r)F B(t) .

: n n
The recursive definitions for_d)A and HAB give

D, (t) = it (™™ [ (£)+2¢,0(t) +H, DX(t)) ' : (1_4.9)
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~(t)+H FX

B AX B(t)] . (14.10)

FAB(t)fngB = 1t[.NAB(t)+2¢AS

In order to eliminate the primed quantities, we
need to develop a few more equations.

In Equation' (13.2), set m = 1 multiply by A and sum.

In nl, !

SR AP~z R AR = z¢x¢xxn (14.11)

or
ml, -

01K £ = ¢ D%, (14.12)

thus,
Lk ) X ) )
Q(t)=K~ (t) = ¢,D"(£) . o (14.13)

'In a like manner Equations (13.3) and (13.4) produce

L R X '
S, (£)=M7 (£) = ¢ F° (t) (14.14)
- - /* ' —_ * X .
Npp () -N'pp (£) = Hy, Fop(v) . (14.15)

Setting n = 1, multiplying by Am, and summing over m,
Equation (13.3) yields

. . * * X . .
LA(r)— MA(r) = DX(r)H A . (14.16)

This is the final bit of new information we are able to
exact from Equations (13.2) - (13.4).

Using Eqﬁations'(14;8), (14.10), (14;14) and (14.15)
we obtain '

{r-t ZA(r)-

* ’ %
r—-c - -1 . 94
rt]NAB t EAB+21SB(t)SA(r) 21SB(t)¢ZF
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—f’lFXB(t)F;A(r)—Zi¢;S;(r)FXB(t) (14.17)

| (H, o +H ) FX *z
L{Hy g tHy ) F R (B)F 7y (x) .

Equations (14.7), (14.9), (14.14) and (14.15) yield

Z

a (x)

r-t A * \ *
(?HTJMA = 21Q(t)SA(r)—21Q(t)¢ZF

*

-ZiSZ(r)¢;Dz(t)—r‘1px(t)FXA

(r) (14.18)

. * *7 X‘
-i (Hy +H, )P o (£) D7 (t) .

Equations’ (14.6), (14.9), (14.11) and (14.16) give

[%i}]LA =~ZiSA(t)Q*(r)—2iSA(t)¢ZD*Z(r)
_1.X * Lk X %
~r='F% (8)D, (1) -2i9,FY, (80" (r)  (14.19)
Lk %7, X
—1(HXZ+HZX)D (r)F A(t) -

Equations (14.5), (14.9), (14.13) and (14.16) produce

[%}]K = 30- £ - H+2i0(e)0” ()

. *g . * * 7 ’
—21Q(t)¢ZD (r)-2i9Q (r)¢ZD (t) (14.20)

HZX)D*Z(r)DX(t)

1.2 * . *
-r~ "D (t)DZ(;)—l(HXZ+
Notice that our results are expressed entirely in terms of
quantities. which were préviously calculated.

It is clear that if r is set equal to t on both

sides of Equations (14.17) - (14.20), there remain only
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ralgebraic combinations of the known generating functions.
Perforce, these results must have the same gauge conditions
as the initial relations, i.e., Equations (13.2) - (13.4)
~and Equations (13.20) - (13.23).

When one considers the struggle entailed in the
production of the earlier generating functions, when only
one expansion parameter was involved, it is only with much
thankfulness that it is realized that the generating func-
tions involﬁing two éxpansion parémeters were obtained
through relatively straightforward, algebraic manipulations.

'We now wish to determine the actual number of
independent equations we are dealing with. Equations
(14.18)’and (14.19) are.complex conjﬁgafes.' If we drop the
covariant notation in Equation (14.17), we find that the
choices of A =1, B =2 and A = 2, B = 1 yield another
- complex conjugate pair. Accordingly, Equation (14.17)
'produées three distinct equation, Equation (14.18)

[ox (14.19)]-gives two.distinct equations, and Equation
(14.20) yields one unique equation.‘ Thus, we have a total
of six distinct'eduations which involve the guantities FAB'

D Q, and SA' A glance at Appendix G reveals that these -

Al
nine functions have a total of twelve functions of the

expansion parameter t which are yet to be determined, i;e;,
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K., C., E,.

We remember that Equations (7.6) and (7.15) pre-

"dicted a total of six gauge freedoms for the electromag- .

netic and gravitational potentials. Thus, these are
exactly the correct number of freedoms remalnlng as our six
equations w1ll le six out of twelve gauge freedoms leav1ng

six freedoms to be specified.

Particular Reissner-Nordstrom
. Generating Functions

Now we wish to examine the generating functions

for a specific metric, where the equations constructed in

the previous section are employed in conjunction with six
additional constraints of our own selection, in order to

finally determine a specific form for the generating func--

~ tions. If we don't have this specific form, then it would

be impossible to use the generating function for the purpose
for which it was originally proposed. That is, until we
know the exact forms of ;he functions of the expansion
parameter, we are ﬁnable:to expand the generating function
in powers of the expansien parameter and, thereby, select
the various potentials.

An exaﬁination of the basic potentiale'for the

Reissner-Nordstrom metric reveals that S,, Di, ¢1, Hii, Hao,
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Fi11, and F,, are real while Si, D2, ¢», Hiz, Ha1, Fi2, F21,

and Q are imaginary. Accordingly, the six distinct rela-

tions from Equations (14.17) - (14.20) reduce to
—Flle1t_l—islz+2181¢1F21+2151¢2F11‘ i
, - (15.1)
= —iHllF?12+iH22F112+i(le_H2l)F11F21
% —Fllezt —F21F12t —lelsz+2182¢1F21
. (15 2)
+2182¢2F11+21¢151F22+21¢251F12 = —l(H21'H12)F22F11
+i(le—H21)F12Fz1-2iH11F22F21+21H22F12F11
F1oFoot 24i8,2-2i8,01F22-2i8,¢2F12
. .(15.3)

= iHilegz'inzFlzz'i(Hiz'Hzl)Flezi
Flzth—1+F22Dit_l+ZiQ52—2iQ¢1F22—2iQ¢2F12
-21¢182D2—21¢282D1 = 21H11F22D2—21H22F12D1 (15.4)

—l(le“Hzl)FzzD1+l(Hzl—le)FlzDz

—Fl1D2t—l—Fz;Dlt_l‘ZiQ51+ZiQ¢iF21+21Q¢2F11
+2i¢ile2+2i¢zle1 = —2iH11F21D2+2iH22FL1D1(15.5)

+i(Hi12-H21)F231D1-i(H21-H12)F11D>

- 2+iDyD,t™ Q% 42061D,+206,Di = =Hy 1Dy +H; D, 7
(15.6)
+(Hy2-H21)D1D> '
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A glance ét Appendix G for the full form of the
generating functions reveais that we have a formidable
‘algebraic task ahead. Then we notice that if the equationé
are correct fbr all X,Y, they must hold in particular for
X=Y= 0.. Luckily, this reduction still retains all the

functions of the expansion parameter we wish to determine.

In partiéular, for X =Y =0
-1 0 q
H -> ¢ >
AB [o —82] A o
Q + iFs : ' SA N 1K3
Cj
(15.7)
~tK; . icy
FaB | B
. - Ar2) 73 : 2y %
iK,-iK{(1-4t?) -C, | C(i-4t?)7|
2 2t ‘ 2
tE,
DA - g
. 1
iE,-iE(1-4t?*)*
2 .

: . '
Defining n = (1-4t?*)™ then Equation (15.1) reduces
to

‘2
[Kz— %9] -[Kz— %;}[%% + 2K3q]+t2K12+K32 =0 .(15.8)

Equation (15.2) may now be written
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C2 _ Cn _ Kn|_,(C2 _ Cn| Ky
(52 - S [xem s[5 - S [ voaxs]

Kn C1

. " (15.9)
—%[Kz— —2“] [E -2C3q]+tK1C1—K3C3—;it = 0

Equation (15.3) becomes

co _cnl? fCa _CnllCr _ soluc 24c.2 - o
[Zt Zt] [Zt Zt][tg 2qu}+cl +C3° = 0 .(15.10)

Equation (15.4) is, then,

C, _Cn - En|_,|C2 _ Cn||EL
[t 2tHE2 2J 2[21; 2tH3 +2qE3J

e 2] [8) -cua]recmca - o 1511
Equatién.(15.5) reduces to ‘

.[Kz— KZEJ [Ez— %ﬂ] --%[Kz— %EJ [E_Bl +2qE3} |

'%[Ez- -E—z]l] [% +.2K3q]+t2K1-E1+K3E3 =0 (15.12)

And -finally, Equation (15.6) becomes

2 (15.13)

2 2 B
Of course, we still have only six equations but
twelve unknowns. Therefore, we will now impose six ad hoc
conditions.
Consider Equation (15.13). We chdose’to make Da

as simple as possible and to require asymptotic flatness for
n n
- the electromagnetic potentials ¢, i.e., ¢1 > 0 as X » =,

Therefore, set E(t) = E»(t) = 0. Equation (15.13) then
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e L

d,
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implies that . .
' ’ 3

Es () = %[1+4t2(87-1)] - asaa
B (t) = -gBll+4t? (8°-1)177 . @s.15)

This completely fixes Q and D The .particular selection

A"

of signs was detérmined'by the fact that DA = ¢A+t2¢A+;..-.

In order to exploit the rest of the gauge freedom,

AR’ found advantageous in Paper IV

Al

be made as_simple as possible. Using Appendix G we see that

for the generationuof new solutions, i.e., F +itFA2, will

FaavitEyy = (k-0 {SEZEL wki-co{ptat (15016

Foi+itFo, = i(Ka— S2)+itY¥ (Ky=Cy) .
T ‘ (15.17)
+ 2 (1 oty (x-8) ~4t? (x8+1-¥) }

‘ Setting K = C willxgreatly reduce ‘the complexity of the:

above. Furthermore, requiring C; = BC and K; = -BK will

ensure a close,similarity to the vacuum solutions given

in.Paper Iv.

Having now selected values for six of the functions

of the expansion parameters, we have used up our ad hoc

- possibilities, and the remaining functions must be deter-

'mined by the constraint equations.

Acting on this we obtain from Equations (15.8) -
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(15.12)
K =C=Cif™% = K™% = (1-4t2) % (1+4t2 (1)) 2 -
_ 2 (02 1y1—3% : 2 02 div13 2.=%
Ky, = 5[1+4t° (B =1)] “-%[1+4t°(B°=-1)]17°[1-4t°] “*-%
" K3 = 2t%KigB ‘ | -~ (15.18)
Co = [1+4€2 (B2-1)] 4 [1+4£% (82-1) 1 F[1-4£2] i1
Cs = —2tCqu .

Various signs have been determined by noting the

first term 1p the series FAB = 1€AB+tFAB+... .

The above results do not represent the only pos-
sible specific repfesentation of the generéting functions,
or even the most intéresting one. In fact, we could well
wish to examine the.reéults when agreement with the Harrison
transformation is enforced. This situation is of interest
because the Harrison transformation and fhe procedures used
in Paper IV for solution generation do not commute. If one
Qenerétes a rotating solution from the Schwarzschild metric
"and then uses thé Harrison'transformétidn to charge-iﬁ,
this result should be distinct from a pfoCedure that first
charges the Schwarzschild metric and then uses the reéults
of Paper IV to generate-a solution with rotation. And yet
the only natural céndidate for the resulting product of

both pfocedurés is the well-known Kerr-Newman solution!




CHAPTER 8
THE HARRISON TRANSFORMATION

Action of the Harrison Transformation

In this section we wish to examine what happens
to the_electfomagnetic and gravitational potentials when
they undergo the action of the Harrison transformation. 1In
particular, we Qish to charge the Schwarzschilq metric and
then determiné Qhat remains to be.done in'brdef to bring
it into conformity'wifh the familiar results for the |
Reissner-Nordstrom metric. We wili_discovef that appropri-
ate changes of scale and gauge transformations afe neces-
sitated. The specific gauge transformation will be féund
to be related to the constant ¢ in the Harrison tranéfor—
mation. The results will be specified by demanding that
the form of the metric bg invariant, and also making sure
that the new potential ¢i has the familiar form %;.

‘The explidit action of the Harrison transformation
on ¢; and H;; has already been given by Equatioﬁ (7.17).
The Reissner-Nordstrom metric was given in Equation (8.1).
Using Equation‘(8.16) we can determine the action on f.°

For c real, using Equations (8.18) - (8.20), we find

£
[1=2c¢1~c?Hi112

£+ £ =

(16.1)
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r?-2mr+e?

‘[r(l-c?)-2ce+2mc?] 2"

The line element mgy be written as

. 2 _ 2 . 2 (16.2).
ds? = |[L.Zamr¥e” \gqi2 i TT igr24(r2-2mr+e?)dn?].
r? r2-2mr+e? _ : :

_Defining-the following

m” = [m(l+c?)-2ce][l-c?] >

e’ = [e(l+c?)-2mc] [1-c®]17}  (16.3)

"r* = [r(l-c?)-2ce+2mc?] [1-c2]”" ,
‘then it turns out that

r'?2-2m°r +e’? = r2-2mr+e? ' (16.4)
and

m°2-e”? = m?-e? .. ‘ . _ (16.5)

Applying these definitions in Equations (7.17) and (16.1)

we obtain

-2 - -2 T .
£ > £ = {r Zmr te }[1—c2]‘2 (16.6)
: , T2
r .
o1 > 67 = e+ Z»1[1-c2]72 - {16.7)
. ) . 2 ’ 1- » . .
Hy; ~» Hl} = 1-c?- j?T{T;EY] . (16.8)

A comparison of these last three equations with-
EquaEions (8.18) - (8.20) reveals that various changes of

scale and gauge transformations are required to achieve
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cdnformity'wifh the’desifed final forms. We must also keep
in mind that the Harrison transfdfﬁaﬁién doeé not commute
with the gauge transformatidh.u

We will now elucidate the situation via an example.

— 1. 2m _ Xk-m .
Hiv =71= 7 = X (16.9)
_e __e o -
®1 =¥ = Xxm . S | (16.10)
Using Equation.(16.3) wé find -
r-m =..r’—m‘
X = X~ .
. (16.11)
Y =Y
S = s’ .

So under the Harrison transforﬁation,‘as given by

Equation (7.17), we find

loa? o (16.12)

Hy; -~ Hi; = [X"k”"- I:l—-'—z'}m‘] { (l—Cz) (X’k’+m’)]_1

- . e’ —m27-1
1 ‘* q)]_‘ = [:C+ X'k’+m'} [1-c“] ' (16.13)
Applying the apprbpriate changes of scale
Hi, - (1—c2)IX’k’—[%I%7Jm’][X’kf+m’]'1 " (16.14)
B S U - W ' o (16.15)
X°k™+m”~ . , IR

Next, in seeking the appropriate gauge transforma-
tion, we refer back to Equation (7.6) and note that a

choice of
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a, = -c c o (16.16)

will yield

e
o1 ¥ ¥R

= = (16.17)

-The gauge condition for Hi,i,

1

Equation (7.15), may then be

written
Hyy > Hyp+2c¢y-c? , I (16.18)
so, h '
Hyp > '-[1-c2']', [X'k"—[l;c—;}m'-] [x'1<"+m']"l
1+c
+20[c+ §7%;iﬁ7}_cz

= [X"k"-m”] [X"k"+m~] !
K : , .
= 27157 _ | ‘ (16.19)

.This is the result obtained in Equation (8.17) .

Application of the Harrison Transformation

In Appendix I we have listed the finite form of
the Harrison transformation on all the potentials, in
addition to the finite forms of the gauge action on the

n n , :
H and ¢A' Therefore, we are now in a position to apply

AB
the Harrison transformation to the Schwarzschild potentials,
and aéquiré'thé Reissner4Nordstrom potentials.

To obtain the Schwarzschild potentials, we need

only to set B = 1 [or equivalently by Equation (8.6) e = 0]

S TS UL N S, VR
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“in the generating functions obtained in the section on

the Reissner-Nordstrom Generating Functions.

Accordingly,
' _ el 1ar21"%
Fu s t[‘X th;+§;él 4t?] (17.1)
- - -3
_ i[X-2tY+8][1-4t2]
Fiz2 = X+1) 8 . (17.2)

AB

Now how do the F
gauge transformations? As we are starting from an un- -~ °

transform under the Harrison and

charged metric, then by Equations (I.5) and (I.6) from
Appendix I and Equations. (13.18) and (13.19), we have, for

the Harrison transformation

n no.o. S |
Hy, + —Bi1 (17.3)
l-CzHll ' '
n n. ‘
b1 > _CH11 _ (17.4)
l—CzHll .
Therefore,
Fi, + — Tl (17.5).
1—02H11
D, » —SFi1 - (17.6) .

1—C%H11 .
Also, using Equation (I.7) from Appendix I

n n+l

n - 2 . :
H,, » Hiz=ic” Hy, _ C(17.7)
l‘CzHll ’ .

SO
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. 2 n+1

nn ic n+l
L0 Tt Hys- —E~Z Hiit
ZtTHyo = (17.8)
l—C2H11 . .
Therefore,
! . _a 2. =1
Fyp, Fio lC-t Fi, (17;9)

1-c?Hy: .
" One may épply'the same procedure to the gauge
transfdrmationsL "In fact, by Equations (I.11) and (I.14)
. of Appendix I |

n+1, " n+l ﬁ%l n

Hyiy » Hii+2¢c ¢1+ic?Hi, , . (17.10) .
thus, . '
F,; > F11+20D1+iCZtF12 . - (17.11)

Returning to Equation (16.3) one can determine the
physical significance of the constant c¢ in the Harrison

transformation. Setting e =0, it is easy to show that

e’ _ -2c -
n" = Tic? - o (17.12)

or in terms of B,

_ e’]? —%,; . _ l4c? S
- {m_] RN (17.13)
Using this result we find
1-c?H;; = 1—c2[%] (1-c?) [i,ﬁ ] _ (17.14)

Then, applyiné Equations (17.1) and (17.5) we have
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t

S "SR P a1 [1ar21"3
(X’+1)S’[X 2tY"-8 J[l 4t°] ,
Fi, > - (17.15)

(1=c?) (X"+B ")
(X'+1) .
After the appropfiaﬁé scale change we have

' 2 - -~ A+ 2 ‘% B
Fiq L, E(1-c”) [X7-2t¥Y"-57] [1-4¢7] (17.16)

(X"+p7) s~
In order to use the gauge transformation of.Flli‘
as detailed by Equation (17.11), we require the appropriate
forms of D; and Fi2. Therefore, we must obtain<£he Harrison
transformation of the Schwarzschild D; and Fiz and then
apply the necessary.scale changes.

Equations (17.6) and (17.9) result in

tc[X’—2tY’—S’][l—4t2]_%

'Dl - ) (17.17)

' (X“+87)s8” '
i(X°-2ty”) [1-4£%] 7% + i(l+c?) [1-4t2]7%

Fi, (17.18)

(X"+87)s (1-c?) (X7+B8"7) :
Accordingly, Equation (17.11l) gives A
- - _ - - - 2 _;5
Foy - t[X"-2tY -g"S7]1[1-4t°] (17.19)
(X"+g7)s” ) .
Following the same procedure fof D; we have
1 Aar217%
D, -~ L9 B [1-4t"] (17.20)

xf+B‘ .
At thié‘point.we will, for convenience, drop the

'primes; Using Equations (11.5) and (11.9) we may derive
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D, = itqBY(1-4t2) % + a, (t) (17.21)
. 2_ - ae2y—%
Q = BB -LITU-4LT) ~ | () (17.22)
(X+8) )

Using these results in Equation (15.6) we have,
collecting terms with like powers of Y,
for Y°

. . ) ‘ - ;, I
IV gBog [1-4t2] ™ + o0g2- 298“3@2

U -}

X+B . X+B :
. , : (17.23)
X-8), 2 . £2(B*-1) '
X+B) 2 1+4t7
and for Y!
— 9B _ 2qBas = -28a, (17.24)
[1_4t2] 2 4
thus, A
-1 : '
0, = %[1—4t2]_2 + qos . _ (17.25)
Inserting this result in Equation (17.23) we find
2 T ' o VR
as = Bo0(1-4£2)7% 211 - H(1-4t2177 (17.26).
Sy ,
thus, ‘
. 2 _;/ : : L
0z = B[ (1-4£2)7% 1] ' (17.27)
In order to complete the production of the gener-
ating functions, return to Equations (15.8) - (15.13). We
' agéin select K = C, C; = BC, and K, = -BK. The compleﬁe

results are.listed in Appendix J. Note that both the
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.results of this section and the section on Particular

Reissner-Nordstrom Generating Functions are in total ‘agree-

" ment with Equations’ (13.2) - (13.4) and Equations (13.20) -

(13.23) as required.
At this juncture we find that we are feady to begin

to consider the generalization of two methods of.solution
k .
.generation, B and A(P), which have worked with potentials
- k
in the vacuum case. Both processes deal with the YaB

transformations of the éroup K. They differ in that the

g méthod uses finite linear combinations of the tAB,thle
thé other employs iﬁfipite linear combinations. Also, ﬁhé
g process. leaves flat space invariaﬁt, while thé other
maps it into an asymptofically flat, non;flat spacefime.
Additiénally,.the A(p) transformation requires only alge—.
braic mdnipulatipns, while g is not straightforWara.in its
application and requires the solutioﬁ of a set of differ-

ential equations.




CHAPTER 9

SOLUTION GENERATION

k
B Transformations
R . k -
i
In Paper IV it was demonstrated that the vy:; and

k+2
_the v, infinitesimal transformations both generate the

same multipole structure, albeit with opposite sign, when
applied tblﬁll for flat space. It turns out that, at least
for the infinitesimal case, the combinations

k k k+1 ' ‘ ‘
B 2 vi1 +‘ Y22 , k=20,1,... (18.1)

w;ll leave H;; for flat space invariant. To determine the
B :
efficacy of B we need to determine two main features,

i.e., (i) what occurs for finite transformations“and (ii)
how are the other potentials affected. 1In order to discuss
these problems, a sketch of the procedure used in Paper'IV.

for the vacuum case will be given.
, o : k
. As a first step in investigating the B transforma-
: ' : mn
tion, we would naturally investigate its action on the N g

potentials [N.B. as we are now considering only a vacuum
spacetime, all the other potentials are zero]. When this

is done, by applyingEquation (3.1) of Paper II, one notices
Inn .

that certain linear combinations of the N reoccur, and

AB

a concision of notation would be gained by focusing atten-

tion on these combinations. Therefore, attention is now
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paid to the action of the B transformation on these new
combinations. It is noted that for flat space all of these
combinafions vanish and what is more, after the transfor-
mation is used, they will continue to vanish and further-

more, repeated iterations of this process ‘to achieve a

finite form will not alter this result. Thus, the partic~

ular. relation Hi; = 1, which holds for flat space, will
continue to hold in the transformed spacé, and no gauge or
coofdinate changes.will be required to maintain this |
property thereafter. @=As a consequence of the above, if .we
begin with a spacetime which is asymptotically.flét, then,.
éince'we may choose a gauge in which our particuiér linear
combinaﬁidns of potentials go to zero or,'at worst, a
constant at spatial infinity, it follows that the g trans-~
formation-wili presérve this property for the transformed‘
space. In'essence, the E transformation will preservé
asymptétic'flatﬁess.

An examination of the abqve combinations of
potentials reveals that the higher order [in m,n] groups
are fixed linear combinations of a small set of theée
potentials. . Surprisingl? enough, for the Zipoy-Voorhees

'metric,24’25

' ular case, one discovers that these relations are unchanged

of which the Schwarzschild metric is a partic-.
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- , k
by the infinitesimal action of B. Therefore, the entire
set of E transformations may be reduced to a small subset.
:In particular, for Schwarzschild, E has only two distinct
equations, é ohe, éhd higher ordef B's give'no new infor;
mation. ‘These equations may theﬁ be convertea to differ-
ential equations'and integrated to obtain the finite forms.
At the conclusion of this rather simple ﬁrocéss, one has
the transformed potentiéls for the new spacetime, which is
guaranteed to be asymptotically flat. From these potehtials
we may reconstruct the metric, i.e., using the relation
.between the Ernst potential and Hi:.

Given this overview, we will now consider this
précess as applied to spacetimes possessing Maxwell fields;,
“in particular,:the by‘ﬁow familiar, ReissneréNordstrom
solution.. A major difficulty we must watch out for is the
possibility that the necessary simplifying relations émong
the potentials, and also among the higher order g's, may
not be applicable. 1In that case the resulting set of
equations would be too large to manage. Furthermore, will
the relations that hold before the E transformation still
be valid after the transformation?

In order to incorporate an electromagnetic field

k mn

we must develdp the explicit action of B, not only on N g
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but also -on all the other potentials. Additionally, we -
,enforce two conditions‘upon these'pétentials.- First, we
must, as prgviously discussed, make sure that the potentials

are not inconsistent with the relations used to derive the

action of the group K°, i.e., Equations (13.2) - (13.4)
and_Equétions (13.20) - (13.23). This was accomplished in
the section on Double Generéting Functions. Secondly, we

must require that the appropriate-potentials vanish as
spatial.infinity is approached. As an initial step in
this direction, we used the Harrison transformation to

achieve the appropriate form for the electromagnetic poten—

tials.
k .
Action of the B Transformation
At this point let us begin to develop the equations
for the explication of the action if E. Fio? Equation |
+

(18.1) we see that the actions of y;; and Y., are required.
Using Equation (3.1) of Paper II, then we obtain

Xk mn . mn k m+k,n m,ntk k ms k-s,n

Y11:N 13 > Nyp+yinr( Nai+ Nia+ £ N2 Nai) (19-1) 
) : s=1 K
' , (19.2)
k- mn mn k+2 mk+2 On ml k+l1,n Kk m,s+l k+l-s,n
Y222 N1 > Niyj+ v 22( Nyg N33+ Njy N+ Zl- N, Ni1 ),
: S= .

S0,
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k mn mn m+k,n m,n+k m,k+2 On ml k+1,n

B: N3 > Nji1+B8{ Nz3+, Ny,+ N33 N3+#N;; N,
) (19.3)
k ms k-s,n k m,s+l k+l-s,n )
+ % N1, N3+ & Nia N;, }
s=1 s=1 .
Taking advantage of Equation (13.29) we may write
m+k+1l,n m,n+k+1 k+1 ms k-s+2,n k+1 ms k+l-s,n
Ni1 - Ni; +21i X M, L1 + P N2 Ni1
s=1 s=1
(19.4)
k+1 ms k+l-s,n
- Nn N; =0
s=1 .

If we incorporate Equation (19.4) into Equation (19.3), then

k mn mn m+k+1l,n mt+k,n m,n+k+1 m,n+k
B:N i1 » N +B{il Ni1 -1 N23]-1il Ni; +i Ni2]

On m,k+2 m,k+1 ml k+1l,n kn
"+N 11 Nyz+i Np2]+Ni11{ Npi1-iNo2gl

Xk m,s+l ms k+l-s,n k-s,n
+ % [ Npp+iN;.][ N33 -i Nzi]
s=1
k m,s+l k-s+1,n ml k+1,n
-2 I M Ly -2M; L; }
s=1
- mn mn mn
Similar results for N2, N1, and N, are given in
-Appendix K.
_ k mn
A comparison of the results for the B:DJAB shows

that a simplification may well occur if one looks at the
_ On 0,n~1 ’ :
combination N j;+i Nj,.
In fact, using Equation (19.5) and Equation (K.1)

from Appendix K, we find

(19.5)
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'k On 0,n-1 On 0,n-1 'O,n4k+1 0,n+k -
B:[Na+i N3] » [Ny +i Nypo]+8{-2i[ Njii; +i Ny.] -

k+l,n kn k+1,n+1 k,n-1
+if Nii—1i N »+i Ni, + N5l
01 k+1l,n kn k+1,n-1 k,n-1
+N 330 Npj—-iNg;+i Niz2 + N22]
0,k+2 0,k+1 On 0,n-1 (19.6)
+[ Ny;+i N3] [N3+i Nj2l

k 0,s+1 Os k+l-s,n k-s,n k+l-s,n-1 k-s,n-1
z

+ [ Ny +iN .11 N;; ~i Ny +i Ni», + Noo 1 -
s=1 ‘ ) . S
01  k+1,n k+l,n-1 k 0,s+1 k-s+1,n k-s+1,n-1
-2M,{ L; +#i 'L, 1-2 ¢ M; [ L; +i L. 11}
. . s= -

1 _ N
Making the appropriate definitions, i.e.,

"on 0,h-1

Ny, = Nt Nao : ‘ | (19.7)
mn m-1,n m,n-1 m-1,n-1
N = N 11-i N21+i N2+ N22‘ m Z 1 (19.8)
mn : .
mn "m,n—l :
Lmn = L+l Lo : . (19.9)
mn m,n¥1 . ' , . '
an = M;;-1 Mz | : (19.10)
mn )
Kmn ==K , . . (19.11)
then,
k : 01

BNy, + Ny +8{-2iNg 11 P Npa ot NNy 0o x42Non

’

(19.12)




100

S

K 01
+S£1N0,s+1NK+1—s,n—2D41Lk+1,n'
k 0,s+1
-2z M; L }
s=1 k-s+1,n .
Now
K k+2 ‘ (19.13)
Mo, s+1Mk+1-s,n T2 NosMk+2-5,n N0 Nke1,0 ™Mo, k+2N0n
and
01 . : '
Noiy = N 1+i : (19.14)

by Equation (13.25). Then, finally, using the fact that

mn

M, =0 for n <o ' : (19.15)
mn

IJA = Q for m,n = 0, ' (19.16)
we have

k _ k+2 - bl (19.17)
BiNgn » Nop*tB{=2iNg nyyir? ® NoeNk+2-s,072 % Mos™k-s+2,n’

: : k
The rest of the results for the action of B on the

quantities defined in Equations (19.8) - (19.11) are listed

in Equations (K.7) - (K.13) of Appendix K.

Calculation of Potentials

It should, by now, be clear that while previoﬁsly

it was sufficient to focus attention on the explicit
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: n n
representations of HAB and ¢A’ we are no longer in such a
position and are required to find the actual representations
mn mn . k

of IQAB’ DdA,eth if we expect to carry out the B transfor-
mations in a specific case. If we return to Equations -
(14.17) - (14.20) and insert the generating functions

listed in Appendix J, we may then expand the ap?ropriate
‘double generating functions and select out the various
terms. Although the process is straightforward,’there is a
considerable amount of algebra involved, and even after much.
cancellation, the expressions retain considerable length,
e.g.,

irt (X-2tY) (2rX-Y) _ 2iB%rt (r-t)
S(r)s(t)n(xr)n(t) n(r)n(t) [1-4tr-n(r)n(t)]

irt [2XY+8trXY— (2X2+2Y?) (t+r)]
S(r)n(t) [s(t)n(xr)+S(r)n(t)]

+

itS(r) [RS(t)-X+2tY]
2(X+B)S(t)n(r)n(t)

o (20.1)
i(B%2-1)t[BS(t)-X+2tY] :

2 (X+B)s(t)n(t)

3Bt (2rY+8) [BS (£) -X+2tY]
2 (X+8)s(t)n(t)n(x)

irt (2tX-Y) (BS (x) -X+2rY)
S(r)s(t)n(xr)n(t)

where

n(t) = [1-4t21% | (20.2)




102

We note that M, and L say, may be expressed in

A A’
terms of generating functlons in a differential form
VL, = Di (r) ¥F,, () - Dz(r)§F t) . (20.3)
VM, = F (r)$D2(t> ~Fo, (1) ¥D1 (£) 1 (20.4)

These forms may then be 1ntegrated to obtain partlcular ;
expressions for Equatlons (14.18) and (14. 19), but only up
to an integration constant, of course. This constant w111
be a function of r,t and must be obtalned 1f one 1s going
to use L;, say, to obtain ﬁ?l. At flrst ‘'glance it may
appear that one is forced to use the full expressions,as
given by Equations (14.18) and (14.19), but this may entail
a considerable.amount of algebra. Fortunately, one may -
combine both approaches. If one sets X =Y = 0, then the
amount of algebra is considerably reduced. After performing
the integration inquuations (20.3) and (20.4), also'set
X =Y = 0. Equations (20.3) and (14.19) and Equations
(20.4) and (14.18) must be the same, and so, the approprif
ate constants of integration can be immediately determined;'
The results for MA’ Ly and K are given in Appena;x-i.
However, the situation may not be quite so compii—
cated after all. Equations (19.7) - (19.115 were useful in

k.
s1mpllfy1ng the notatlon for the B transformations, and. in-
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fact, their employment in conjunction with a specific metric _

will engender a considerable reduction in the amount of
algebra necessitated.
Let us relate the quantities in Equations (19;7) -

(19.11) to a set of generating functions:

‘N(r,t) = IN__r™P
mn
mn m-1,n m,n~1 m-1,n-1
= IN %08 Noyrt™4+i 0 Ni X t4% Ny, el
. (20.5)
= Nyp1(r,t)-irNyi(x,£)+itNy, (r,t) +rtN, (x,t)

._ m n ' s 3 . ' .
L(r,t) = ZLmnr t = Li(r,t)+itL, (r,t) : . . (2_0.6)
_ m, n ' . ' : '

M(r,t) = Zanr t5 = M;(r,t)-irM, (r,t) . (20.7)
R(r,t) = 3K r't" C (20.8)

Begin with Equation (14.17). This equation, in

cohjunction with Equation ( 20.5) may be written

N(r,t) = E_%E{-tF;l(r)[Fﬁ(t)ﬂtf?xz(t)’y

+2irtS, (r) [Sy (£) +itS, (£) ]

-2irt¢ZF*Zl(r)[sl(;y+its2(t)1

. % % X . X l‘
—2irté Sy (xr) [F7y (£) +1itF™, (£) ]

(20.9)
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~irt (H, +Ho ) F 2 l(r)fFX (t) +itF%, (£)1 .
ZX X% 1 2

FAiT (£4T) 42228 (1) [Sy (t) +itS, (£) ]

+itrF;2(r)[Fxl(t)+itFXz(t)]

2 *Z :
—2r7t¢,F o (r) [S1(t) +itS, (t)]
~2r2£4,87 (r) [FXy (£) +1tF%, (£) ]

—r t(HZX+HXZ) F 2, (r) [FXy (£) +itF5, (£) 1}

Making some natural definitions
RA(t)‘E 1(t)+ltFA2( ) - o : (29.10)1
Q(t) = S1+its, : ‘ (20.11) .°

then, after some algebra, we have

1 , X * .. *
N(r,t) = E:E{Zirt—tR (t)RX(r)+21rtQ(t)Q (r)
. *7 . * X *
—21rt¢ZQ(t)R (r)—21rt¢XR () (r) - (20.12)

irt(H )R (t)R (r)}

ZX XZ
The constant term has been changed from ir(t+r) to 2irt to

facilitate division by r-t. Furthermore,
.L(r,t) = Lyi+itL, = [r t]{ZiQ(r)[¢1R2(t)+¢2R1(t) -Q(t) 1
+[i(Hz1-Hyp) - E][Dl(r)Rz(t)+D2(r)R;(t)]

| : (20.13)
+2iH;1D3 (r) Ry (£)-21iH;2D; (r) Ry (E)
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+2iQ(t) [621Ds (£) +62D1 (r) 1)

M(r,t) = My-irM; = E% (2i0(t) [91Rs (r) +42R1 (£)-Q(r)]

+[i(Hz1-H1z) = 21[D1 (£)R, (r) +D5 (£) Ry (x) ]

: (20.14)
+2iH;ﬂ3ﬂt)R2(r)—2iH22D1(t)R1(r)

+2iQ(r) [¢1D2 (t)+¢2D1 (£) ]}

R(r;t) 3 - 3£ smic2io)o()

#2410 (£) [$1D5 (£) +62D1 (r) ]
| +210(r)-[#1Dz (£)+65D3 (£) ]
* #[4(Hz1-Hiz) = 2 [Dy (£) Dz (£)4D1 (£)Ds (x)]
+2i8,1D; (£)D; (£)-2iH,2D1 (£)Dy (0D} ,
where we‘have used ﬁhe fact that for thé'Reissner—Nordstfom
metric.ﬁl is real and R, and Q are imaginary..

Referring to Appendix J we find

Remember that some of the gauge conditions were.
-‘earlier chosen to make these quantities as simple as possi-

ble. Therefofe, one finally obtains

(20.15)

(£) = - ___-28t
Rl(t) = F11+ltF12'— (X+B)n(t) | -(20.416)‘
B . {2 . B2 ) 2ity |
Ry (£) = Fpi+itF,, = 1{32 1 n(t)] 15t (20.17)
wairar o son2(1. 1 )_ 2igB%tY " .
Q(t) = S;+itS; = igB [l n(t)] X+8)n(E) . .(20718)
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' _ =2irtB? [l-4rt-n(r)n(t)
N(rlt.) - (r-t) n(r)n(t) ]
2itp?3 _ 2itB(B?*-1)
X EIn(@n @ - (X+B)n(t) : (20-19)
o 4irtp’y

(X+B)n(r)n(t) .
Now we are finally in a position to look at the

various powers of r and t and pick off the appropriaté

Nmn’ an, Lmn’ and Kmn' From Equation (20.19) we find, for
example,
Y 2_1 n3 . o
N,, = -2iB(B*-1) , 2ig® _ 2iB (20.20)
X+8 X+B X+B

Once having obtained these specific quantities, we

need to discover, if possible, a basic set in terms of which

the others are linear combinations. Next, the action of the
'E on these basic relatiéns must be determined to see if we
can find a small enough set of unique equations that can be
solved. If so, we may then generate the new solution.

It is interesting to refer back to the vacuum case.

Paper IV gave the results for the F of the general Zipoy-

AB
Voorhees metric.24’2$ In that case we have
Ry(t) = ——E —qcw)a_®-p(e)a’1 (20.21)
.S (t) (X+1)
i § 8 |
Ry (t) = G[B_D(t)Az —B+C(t)A1 ] (20.22)
25 (t) (X-1) -
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where C and D contain the gauge freedom and

At = x—2tYisit) - - (20.23) .
. Bt = 1-2tZ5(t) . o o (20.24)
Then,
N(r,t) = = t)[ert[l+[§+i] R, (r) Rz (t)
+Dz[§§%]6R1(r)R1(t)] - (20.25)

-t (1-2r%) [Ry (X) Rz (£) +Ry (t)R2 (X)) 11 .
Wé may select C(t) = D(t). In this case’for flaf
space [§ = 0] .
Ry(t) = O | Ro(t) » -1 . ' .(20,26)
This implies
N(r,t) - 0 . - _ ) (20.27)

In other words all the Nmn would be zero. Furthérmore,

for 6§ = 0,
__t . - -
Fi1 = 510 (20.28)
., = & (20.29)
12 7 s(t) . ' )

Therefore, for flat space, but only for flat space,
n+l n
the condition i H 13 = H;,, which we previously wished to
use, is still consistent with Equations' (13.2) - (13.4) and

Equations (13.20) - (13.23). However, for 6>0, even in a.

vacuum, the above condition is not viable.
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k
B and Reissner-Nordstrom

Now we need to consider the results of the expan-

sions 'of N(r,t), M(x,t), L(r,t), and K(r,t). We will be

- looking fof a basic set of relationships from which the

others may be determined. In fact, we find

No,29+1 = %oyNo2

Nok+1,29 = PiyMez

Nok+1,29+1 = %kjNee

Nok,25+1 = OgNertByyNaz
2
No,25 =0
Nox,29 =9,
where
k J
and
2k| - (2k)!
k) [ki1*% .

We note that

5 2k tZk = [1—4t2]—;§ — n(t)"‘l
ki k

'Bkj

expansion of

(21.1)
(21.2)
(21.3)

(21.4)

(21.5)

(21.6)

(21.7).

(21.8)

(21.9)

is the coefficient of the r2k+1t23 term in the
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_%[rf][l—4rt—n(r)n(t)}
r-t n{t)n(r)

A table of values of Bkj is given in Equation (M.4)
in Appendix M. The relations for M, L, and K are givéﬁ'in
Appendix M also.

The actual values of the basic set are

i

No: = Ni2 4i32

218
X+B
ig?Y

i_l

4ig3

Ni1 = X+8

Naa

-4iB%*+

><

. +8
N22 = No2 = 0.
if we use the gauge selection of the section on
Particular Reissner-Nordstrom Generating Functiohs, the -
_siEuatidn.is mﬁqh'more complicated, e.g.,
Nip = 4iBi+81(62—1)
21iB

Noy = grgl2- 2(52 13-

. 2 _ K B , '
535%%§—ll -4ig?  (21.11)
2i8[2“2(52-1)]

Nos = X+8 3

The'critical issue is what occurs when we operaté
‘on the bési¢ relationg, e.g., Equations (21.1) - (21.6);

. with the E.transformation. Usihg‘Equatioh (19.17) and
Equation (XK.7) from Appendix K we find, for examp}é,_‘

B Ny, = N12+B{21(sz'N13)+N11N12+N12N02 2M11L12} . (21.12)
B No2 + No2+B{-2iNgos+No1N12+Ng2No2-2Moa1Li12}, (21.13)

Using Equation (21.10) and Appendix M, we,determine

(21.10) . .
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that the quantity in the brackets of Equation (21.12) is .- :

-88%(B*-1)Y . : . ,
equal to X+6  While the quantity in the brackets of
-— 2 —-— : )
Equation (21.13) is equal to —iﬁégg—ll, Notice that if we

go to a vacuum field, i.e., B + 1, then both of thése guan-
tities vanish. Also, we immediaﬁely see that the fortunate
situation that held for the vacuum situation doesn't apply
if electromagnetism is adaed. That is, the relations which
held for the vacuum case before the g transformation are
exactly maintained even after the transformation. If
electromagnetism is included, we see that the basic rela-
tions are broken by the g transformations and that, in
particular, constants no longer remain constant. |
Additionally, we notice that
%=N3ﬁ‘+ N34+%{2i(Nuu—Nas)+N31N14+N32N04‘2M31L14}
> N3u+6%{2i(N22—N13)+N11N12+N12N02—2M11L12} (21.14)
+é{31L22—3iL12N02} . |
So, using Equations (21.1) - (21.6), (21.10) and Appendix M;
we obtain |
BiNsy = 6BiN1y o - | (21.15)
But , | '
Wiy = 4Ny, . o (21.16)

0 N
Therefore, the B transformation also affects our basic set

of relations. Furthermore, although Ny; and L;, are-
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initially zero, they do not retain this characteristic after
a & transformation. Therefore, even Equation (21.15) holds
only to first order.

We see thaf our worst fears are being fealized. The
basic seét of relations is not maintained, constants do not.
remain constants, and thus, we are unable to reduce the
equation  to a. simple set of manageable units. .

k
Although in the vacuum situation the B repeat,

2 0

e.g., B = 48, perhaps we might still obtain a useable set o

1 2
relations if we consider B or B, say. A systematic approach

seems advisable at this point.

. 2p
For definiteness consider B:N0’2j+1. By Equation
(19.17)
2p - 2p 2p+2
B Ng, 2541 7 No, 25417 8 17230 5 (upsn)* I NorMap+a-r, 2541
(21.17)
2p+1 - :
-2 £ M, L o1}t
r=1 Or 2p+2-r,29+1° .

Regrouping the terms on the left side, based on the notation

used in Equations (21.1) - (21.6),

2p - 2p

BNy ay+1 ™~ No,2541 T8 17230 5 (5upe)
p+1
+r£1No,sz2(p+1—r),2j+1

(21.18)
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p
+r£0N0,2r+1N2(p—r)+1,2j+1
=2 L My orlo(p-r+l),25+1

r=0 _ ,

p.
-2 T }

; 0M0,2r+1L2(p—r)+1,2j+1

Using Equations (21.1) - (21.6) we have

2p .ZP
BNy :o541 * No,2941% B 1710 giperNoatoy oyqNoaNoa
+%No2N21 g o +%N12No2 g an..B
r=1 Or p+1 r,j r=1 Or ptl-r,j
b o (21.19)
+N°1N11r£0a0rap-r,j-;M°2L21r21u0r p-r+l,3
o p P
'L12M°2r21a0r8p—r+1 5 2M01L11r20a0r p-r ,j},'

Applying Equations (M.11) - (M.14) of Appendix M, we obtain

2p : 2p . Ooe1, 5
B :N0,2j+1 > NO,2j+1+B {—lu0,j+p+1N02+N02N0 1——L-J-2
2 (p+1) _ 2p
+%N02N2}[2 03 2dp+1,j]+N01N1;[2 an]
BRECLELEENE L ] - (21.20)

- -1
0,9+p+1 Pp+1,5 7 %p+1,

_%M02L21[22(9+1)u =20 -]—2M01L11[22pd

0372%+1, 3 03]

-M - -1
MOZLlZ[%(xO,j_*_p_i_l Bp+1’j 20¢p+1,j]} .
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S
_ : ‘ : 2p : )
Setting j = 0 we then have B :Ng;. Looking back at Equation

2p
"{(21.1) we see that B:N0,2j+1 should be compared with

2p

o B :Npi. And in fact,

03

2p : 2p
B :N0,2j+1 = Ol,oj B._:Nol

2p ' (21.21)

.- Bi%(@j,p+l—aolj+p+l)[“4iN02+N02N12-2¥02L12]'

-3 (B Y[Nolez—ZMolez]}

p+l, ] .

For odd k we may determine, in a similar manner,

2p+1 2p+1
B :N0,2j+l = qu B :Ng:

2p+l

+ B {%(aj (21.22)

,p+17%0, 3 +p+1]

[-4iNg 1 +Ng 1Ny 2-2Mo1L121} .
The other relations of this kind are given ekbl%gitly in
Appendix N. | -

An examipétipn of the akj reveals that, except.for
the trivial case, there are no values bf j and p which can
make the quantities in the bracket vanish. Note tha£ if
-the eléctréﬁagnetic field is removed, then Nﬁz,-Moz, and Mg 1
remain zero and also

~4iNo;+NoiN1, = 0 , . . (21.23)

SO




114
k .k :
B:N0,2j+l = Ol.OjB:Nol | ’ (21.24)

for all values of k.

'Unfortunately, a considerable effort was expénded

in a futile'attemptfto surmount these various difficulties..
T T ‘ R
The action of B and B on the potentials for (m;n) = 10 were

.examined in detail. There were a few rays of hopé. In
1 . ' . .
particular, under B both Ng2 and N2 remain zero. Never-

theléss, the other basic relations are not maintained, e.g.,
1 .1 1 ‘ . l
B:iNg3 = 2B:No1+B(-4iNg1+No1N12-2Mo1L12) . - (21.25)

We also considered the possibility that our basic

set of potentials should actually be broken intg two sepa-

rate parts; one part being a constant that the B wouldn't
. : o S

affect and the other part transforming under f. For

example, under Equation (21.2) we have Nopa1 25 = Bij;Q,
but
' 0 - 0

B:N2k+l,2j = (Xk-B:le’ l ’ ) (21.26)

: . 2 | k .
dropping terms that are zero before a B transformation.

Therefore, one might try

- N. o a2y :

N2k+1,2 = Oﬂk-ng Bjk(4ls ) ‘ (21.27)
: 2

as the basic relation. From Equation (21.10) we have

Ni» = 4ip? and for k = 0, § =1
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Ni2 = agiNi12-B10 (4iB?) = 4ip? ~ ‘ (21.28) -

as fequired. But also, by Equation (M.5) of Appendix M

= s 02y _ AiR2Y) — -‘2 .
N2k+1,2j uk.(418 ) Bjk(418 ) - Bkj(4;ﬁ ) . (21.29)
"This is our original equation. In addition,
0 0 0 L, 0 (21.30)
B:N2k+l,2j,= B: Gk-le “B:(Bjk4lB ) = dk-B=N12 ,
2 2

and this is, of coursé, Equation (21.26)._ This process
failed because Equation (21.30) contains the fatal flaw,
that it holds oﬁly if qﬁantitieS'which are zero before tﬁe
transformation remaiﬁ zero after its application. This is
not the case, ﬁﬁfortﬁnaﬁely.

" However, what about the é transformatiop for which
we noted that Ny, énd N,, remained zero before apd aftér
the transformation? An examination of, say, Equation
1 (21.25) reveals £hat the baéic relations also break down

. 1
under R, i.e.,

) e .
"'4iN01+N0 1N12—2M01L12 - 86 }25_8 1)Y ?l" 0 (21.31) '
Similar ideaé,_as writing

Noxt1,29 = PryBtox;

A+, .B (21.32)

and finding A and B, such that the equation holds before
) K ‘
and after a B transformation also failed.

In Paper VI another method of solution generétion
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is discussed. In Appendix O we outline the necessary mod-
- ifications for the inclusion of electromagnetism. Unlike
k ' ‘ ' L S

the B transformations, this new method is ‘not essentially

- more difficult if an electromagnetic field is included.




CHAPTER 10
SUMMARY

"Use simplicity to surmount complexity,% This is

the basic meésagé which forms the bedrock of solution
- éeneration.' In lénguage a physici;t would empiéy, we migh£
'éay; mbfé specifidallf:: "New solutions may be éenerated
from old éolﬁtions via-invariance'properties."

~ At the'ﬂéart.of both the generation of new solutiéns
- and the discovery-of the invariance properties of the com-.
bined Einstein-Maxwell equations'lies an infinite hierarchy
of'potentials. In this work we have attempted ?Q elucidate
tHe'éssential mathematical and physical charactéristics of
. the combined gra&itatibnal and electromagnetic ppfential
hierarchy, in genefai, and then iﬁ greater detail for‘spe;
cific cases. 'Moreover, we have seen that, although a methqd-
of solution genefation ﬁay be eminently viable for vacuum
solutions, the inclusion of an electromagnetic field may

render the method unworkable.
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Prolate spheroidal coordinates are defined by.

p = k(X?-1)7(1-¥?)* (a.1)
Z = kXY - ' (A.2)
or | |
X = 2 ((2+k) 2+p2) 2+ ((2-k) 2+p?) 7] (3.3)
Y = o[ ((2+K) 24p2) = ((2-K) 2+p?) 7] (B.4)

 where k is an afbitrafy cbnstant'which may be defined to
convert the resulf to a more familiar form.'

In fact, it is convenient to lét

k'= (m?-e?)? .. _ , (A.5)
In térms_of fadial and angular Schwarzschild coordinatés,
.we.may identify"

X = Eim . Y'= cos 0 . (A.6)

The gradienf and Laplacian operators are

V = 7—§E~27;[X(X2_1)% g% + Y (1-Y2) % g% - (A.7) .
X*-Y?%)™
‘Vz = -(_X—Z_}—{Y_z)—-[—s%{—(xz—l)% + %(1"Y2)'§8§] . ‘ (A°8)

We also need to know how the twist derivative will-look.
1f,

T s (;L G : o C(a.9)




then

SO
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- Therefore, .

and

1 ) 1 3
v (E— Y T H; gg) )
V= kK Ix(1-v?)* a—aY
: g (XZ_Y'Z);‘I"
. 1
VX = -[%zlr] Ty VX = [

Vp ; —$Z .

(A.10)

(A.11)

(A.12) -

(A.13)
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Ry = M, +2K¢,+H, ¢

What differential equation does RA obey?

Applying Equations (9.1) - (9.4) we obtain

?RA (HAX XA+2¢A¢ ¥ T X +2K§¢A+¢ S Ax

Exémine the-term.in brackets.

(B.1)

(B.2)

Equations (5.31), (5.33), and (5.35) may be combined to‘give

Hap = fap™ on ¢B+5ABK+1(¢AB+2AA3B)

'~ Thus,

Haxt XA+2¢A¢X

=2f (K—K*j+i(wAX+2

ax*eax 2RyBa)

X 1PXA

A
+2A BZ)

* 3
=2f_ +e_ (K-K )flEXA(w 7

AX"€ax
SO'

>

A
. Z
Consider y 7°

> 7 . > >
Vi, = Vbe1-Viao

Applidafion of Eéuaﬁion (5.29) gives

ngz = —pﬂlv(fZZfll_f122)

r

or using Equation (1.3)

VP, = 2¥p = -2¥z

. > X o Kk 7 7 Xz
VR, = 2fAX$¢ £(3K-K +i(*, +22 BZ))$¢A+¢-$HAX

(B. 3)

(B. 4)

(B.S)
(B.6)

(B.7)

(B.8)




where

So

Now -

so
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we have made use of Equation (A.13) from Appendix A.

pé, = -2z . | o (B.9)

- = X.. - o
K-K = ¢x¢ = 2i(A;B,~A;B;) -, ) . (B.10)
~22%B +igo¢X = 0 | (B.11)
77+ %% . - .1

Using Equation (B.9) and (B.11l) on the term in

brackets in Eguation (B.5) gives

3K-K +i(wzz+2AZBZ) = 2(K-i2) . (B.12)

Therefore, we mayrrewrite Equation (B.5)

BN 2£, Vo542 (K-12) Vo, +6" T, - (a3

Using the fact that

f XF _ 2

A Fxp = -p EAB (B714)

and applying the tilde operation, we have

Then,

fAX%RX = -2p2eAZ%¢Z+2(K—iZ)fAX$¢X+¢ZfAX%HXZ ~(B.15)

if we take advantage of our basic relations for ¢A

and HAB’ we pbta}n

~ip™ €, VR, ='2fAX§¢x+2(K~iz)§¢A+¢z§gAz - IR, (B.16)

by Equation (B.13).
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Therefore, R obeys the same equation as ¢A-and H

A

also note for future reference that

* * .
HpgtHypt2050y = 2fpy=21iey, 2

using Equations (B.4) and (B.11).

4

AB

We

(B.17)
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Prove that
| n+l n .
iH g = Hy, - - (Cc.1)
with an appropriéte choice of integration constants. We

begin with Equation (9.10)

__)'_n . . X n n ' n .
o i1 - i a—1 .=
VH,p = =ip” £, VH, -ip fA2WH1B+1p fA1WH2B (c.2)
Now,.
n+l n _ n+l n
V(i Hy; -Hi,) = -ip l[frzv(i Hyi -Hiz)l1
n+1 n (C.3)
+ip—l[f11%y(i Hz1 -H,,) ]
and
V(i Hay -Hyp) = —ip H[£,,V (i Hix ~Hi,p)] .
. n+l n "C'41
+ip'1[f21v(i Hz1-Hz2)] .
This implies that .
- n+l . n ) ‘ :
i Hll’ = H,, . . . (C.5)
if, and only if,
n+l n

i H,, = Hyy o . (C-6)
Using Equation (9.16) we have

n+l % * vn
VH pp = 1IH)p+H, 420,011 VH g
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‘*I'v’n
'_'l[HzA Hagt20,0 1VH g

in (.7)

+21IJ $¢A+1H2B$HA1

N,

1H1B$HA2

Therefore,'after some algebra,

n+2 n+l . n+l n
V(i Hyy - Hyp, ) = l[(H11+H11+2¢1¢1)$(l H, 4 —sz)]

- n+l n
“l[(H21+H12+2¢1¢2)$(l Hii1 -Hiz) ],

n+1, h . '
+i[ (i H21 _H22)$H11] - (€.8)
n+l, n,

-ifi H11 ‘H12)$H12]

In+l 1n
+2i[(i L1-L 2)Vo11]

n+2  n+l * * n+l n
V(i Hpy = H 22) = i[(Hy2+Hp14202¢1) V(i H 21 —Hap) ]

n+1 n
—1[(H22+H22+2¢2¢2)§(1 Hi: -Hiz)l

n+l, n ' _ : "
+i[ (1 H21 ‘H22)$H21] _ “(C.9)
n+l, n,

-i[(1 H11 “le)gsz]

1n+1 1n
#2i[ (1 L1-L2)V¢.1 .

Now,
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" 1n o '
VL, = o T ”v’H _ (C.10)

2B ¢2
SO

ln+l n+l n
. La -614 = ¢1[$( Hy1~Hz2) 1 o
. (C.11).
ok n+l N . - -
=03 [V(i Hyiy-Hiz)]

"Thus it follows from Equatlons (C.3), (C.4), (C.8), and
n+l n

(C.9) that if i HAl = HA2 for some value of n, then it

holds good for ‘all higher values also. In fact, it is easy

2 1

" to chose integration constants so that iHAl = HAz'for"

Reissner-Nordstrom while for the charged § = 2 Weyl solu-

L 3 2
. tion, the series begins at iH = H

Al A2°
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Consider the general second-order differential

equation _
g2 (X)277+gi(X) 2 +go (X)Z = 0 . " " (D,l)r:
Consulting a handbook on orthogonal.funqtioné,z}
we compile:the following table 6f solutions: |
Table 1
wo e, P (1.) 1 - x?
(2.0 @-0%asfe P o (2.) 1 - x?
(3§).-cn(“)kx) : S (3.) 1 - x?
o a-x)*e ) @y 1%
(5.) Py (X) x . (5.) 1 - x2
S1(X) - So(X)
(1.) B-a-(ot+p+2)X ‘ (1.) - n(n+ta+p+l)
(2.) a-g+t(at+tp-2)X ' . (2.) (n+l) (n+a+B)
 (3-).I-(2a+1)X o (3.) n(n+20)
(4.) (20-3)x | (4.) (n+1) (n+2a=1)
(5.) -2x. - | (5.) n(n+l)
Pﬁ(afs)tx) are the jacobi polynomials; Cn(aj(x) are

Gegenbauer polynomials, and<Pn(X) are the familiar Legendre
polynomials. Both the Jacobi and the Gegenbauer polynomi-

als can be expressed in terms of Legendre polynomials.
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n
The relevant expressions for the HAB are
(1,-1) _ (n+1 1. '
Py (x) = [2n+l](X 1) Pney X) =P, (XD (D-2).
(—1;1) _ [ n+1 1 '
. .Pn ) (X) = [2n+l] (X+l)[Pn+1(X)_Pn—1(2_<»-)] (D.3)
T (1,1) 2n 1 3
Pa-r )= ot o) P AP 0T (0.4
p_{~ 1)(X) = =B [P (X)-P__. (X)] (D.5)
n 2(2n+1) ""n+1 n-1 ‘
C o (0,2); | 2 1 ‘
Pn-1 (X) = Tnry en ity 1(X)+n?n+1(x’]
2p_(x) (D.6)
(x+1)2
(01_2) — n
Pn (X) = 272n31) Pnay XV +P, 4 (X) ] |
‘ (D.'7)
. P _q (X) . P_ (X) _
2(2n+1) T T 2
5) o ' - ~ |
c, P X)) =P (X) - (D.8)
(-%) _ 1 _ . |
Chal (X) = TiE:TT[Pn—l(X) Pn+l(X)] ‘ (D.??
(%) o, _ (n+2) (n+l) 1 _
C, X)) = (XZ=1) [Pn4z X)) =P, (X)1 (D.10)

n (2n+3)
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We will now outline a general method whereby

Equations (11.6) and (11.18) may be decoupled. We have

A2X _ .. A X .. A
G XVF 5 = (itVH o F B+21t(§¢ )Sg

ke X
ﬁsB-f¢X$F 5

(E.1)

(E.2)

Rewriting Egquation (Eil) by means of the inverse

matrices 1% ana G"IAB, we obtain

2
+itG™t i(%HZ1+2T1$¢Z)(¢Z-T2) i

B
2 C ype1X _ i,=1C. 2. X X 17 :
(VF KT —IltG X[ﬁH D+2($¢ )S,F 1 (E.3)
Let
T = g p-t2 (E.4)
D - °g D, .
then
C -1X  _ . -1C X X N "
(VF HETY = it6T! X[ﬁH,D+2($¢ )T,] (E.5)
Now ’
_ -12Z -12
VT, = (§SZ)F D+SZ$(F o) |
(E.6) -
— —lZ - -1Z X ...]_Y
"(352)? pSgF  (VES)Eo
Using Equations (E.2) and (E.5), we find
' T s am1X 2LD 2. 2 (¥
VI, = itG | Z(VH D+2(v¢ )TD)(cbX TX) (E.7) .
Setting D = 1, we obtain
o, .
Yy = iteTt , (VEZ 421, ¥0%) (91-T1)
- (E.8)
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It is clear that if we now look at the X and Y

component parts of Equation (E.8), we will have two inde-

pendent equations and thus may eliminate T,. This will .

leave an equation. involving only known quantities and T;.

For convenience let us define the following:
: ' B ; '; 2k
Al = ¢! 1®1+G 1 195

'_'1*_2*
A% = GT' 1¢14GTY 142

1 1
El = G_l 1$¢2—G_1 2$¢1
x2 - 2 1 -t -1t .
B2 = 2A2V¢1-2A'W¢,+G™% 1VH,1-G™% ,VHy, - (E.9)
B® = A2VH;:-A'VH,,
' 2 2
B = G_1-1$¢2‘G_1 2V
O 2 . ' 2
ES = G_l'.l—\-‘]»Hz]_—G_l Z_V*H]_]_ .
Then, having eliﬁinated T, from Equafion (E.8), we have
, 4 5 1. 4 5
Tl,X[ZTlB,Y+B Y] Tl,Y[leB X+B X]
i) 3 1 u'_ 1 "
+it{T,°[4B xB'y 4B vB %
2 1 15 _onl 5 2 n4% _an2 ph
+T,“[2B xB v 2B YB X+4B xB v 4B YB X]
' : ’ (E.10)
2 n5 _n2 RS 3 p4% _op3 nb
+T1 [B XB g;B‘YB X+2B.XB v 2B YB x]
3 5 _n3 nb
+(B 4B y~B° B X)}
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Once we have T then we return to Equatlon (E 5)
'and dlscover that we now know everythlng on the right-hand

side of the equation.

Define

. - A . ’ : .

Y = det (F B) ; . . (E.11)
then

F22 _F12 .
-1A 1 :
F? B = ?[ , (E.12)
."'F 1 Fll .

So, taking the trace of Equation (E.5), we have én_the
right-hand side

%[(ﬁFll)Fzg—<$F12)F21—(Wle)F12+<$FZg)F41]

_ 1 § 1“ 2 Y o2 vq L %

= 7[ [FP1F 2-F 2F"1]] = AN (E.13)

'Thé right—haﬂd side only contains known quanﬁities.
Therefbre, once having taken thg trace of Equation (E.5),
we may integrate the result and obtain y. This isithe
generalization of Eqﬁation (5.9) in Paper III.

For convenience we will define

nC, = iremrC VRS +2m Yo¥1 -  (B.14)
Then setting C =1, D=1and C=1,D =2 in Equgtion (ELS),
we obtaip

-

oynty =.(vF}1)Fzé“(§F12)F21 (E.155'




139

Yalz = ($F12)F11—($F11)F12 . - kE;lG)"

'Using Equations (E.16) and (E.11), we find

> VElL ., F2, >
ynty = Liy+F2,FY,]~ 1[Ynlz+($F11)F;z]
' Fll i F11 s
= _V*Fl-l—leﬁlz . . (E.17)
Fl, L.

If we corsider the X and Y components of Equation
(E.17), we have two independent equations and so le‘may be

eliminated, 1ea§ing‘us with an equation for F';.




APPENDIX F




I |

141
In this appendix we wish to derive an equation for

FlltDlj involving only Hii or ¢;.

Rewriting Equation (11,33) in characteristic form,

we have

ax o ay
ZEXT-1) 6y (+(1-2E2)9; 4  2E(L-Y7)9; - (1-2E2)9; 4

le .
ltnl[¢l,XH12,Y—¢1'YH12,X]+1tDz[¢1'YH11’X-¢1,XH11’Y] .

Now, combining terms

(F.1)

¢y, x9¥+ey yd -
T —
Zt(X 1)¢l X +(1- 2tZ)¢)1 X¢l Y+2t(l )¢1 v (1- 2tZ)(I)1 X¢l v
S o, _ a9; -2
;2 _ 2 i q1_v2 2 2572 i
260X =104 2y +(1-¥")0 2y 1 28 (P Vo2 Vo,
'using results from Appendix A. However,
Va-UB = 727—§77 (B B oA (B ) (F.3)
So, using Equations (F.2) and (F.3) we obtain
pdDy
it(XZ—YZ)[D1$¢1~%H12+D2§H11-v¢1] '
F.
a0, (F.4)
T 2t (x2-Y2)Voa Ve .
Equations (11.37) and (11.38) show that
VH11'$¢1 = 0. 7 . ‘ (F.S)
so,
e (F.6)

[D1$¢1'WH12] _‘va¢1°§¢1 .
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Now we need to rewrite the $¢1-vﬂié term. From
Equation (6.9), using the tilde operation, we have

VHy1 = —ip " £1,VHy +ip~£11VH,, . . (F.7)

What is the relatlon between H;, and H21. Using
Equation (8 16) we qulckly see that

. Hayp = H12f2K+l[w21—W12] : (F.8)
or
' , .o X _

Ho: =‘H12-2K+ll,() X . . - (F.9)
However, by'Equation (B.9) of Appendix B, we have

Ho1 = Hi,-2(K+iz) . - (F.10)
Therefore, rearranging terms,

VHy, = -ipf 2VHy1-0wVHy  +2V(K+12) . S (F.11)
Then, using Equation (F.5)

Vor-VHi, = —ipET Vg, VHy 142V, - VR+2iV014¥2 . (F.12)
Using Equation (11.39),

N * y . )

Vor+VK = ¢1V61-Vs . A(F.13)
Rewriting Equation (5.28) and using Equation (1.3), we see
that

Vo, = -ipf Wor-wVér , ' . (F.14)

thus, using Equation (11.39) again,

VoV, = —ipE™ Vi -Voy .  (F.15)
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Combining the results of Equation (F.12), (F.13),'
and (F.15) with Equation (A.13) from Appendix A, we may

write

| i . .
Vo1 +VHi, = ~ipf L [VH1,+2¢1V61]1 Ve, +2iVe,+Vp . (F.16)
' Part of this equation looks familiar, and a quick check
with the Ernst Equation shows why. So, using Equation

(6.20) we obtaln the simple result that

$¢1 WHIZ = =ipV ¢1+21$¢1 vp . (F,17)
:Combining Equations (F.6) and (F.16) we finally achieve

our goai

dDD1 - %V2¢1'—p‘1~v)¢1-_v}p]d¢ll . ' (F.18)
1 Vo1-Vo, . " .

A comparison of Equations'(11.32)-and (11.33) re-
veals. that if we had begun w1th Equations (11. 32), we would

have obtained

dF]_l - ;’Vz(bl p -V)-q)]_ _V)‘p] (F.]_g)
Fair $¢1 Vor -

Because of the duality of the equations, it is easy
‘to show, with Equations (11.30) and (11.31), using the same

procedure as above, that we could also write

dFy31 _

Fia

LV°H,q1-p~ ngl $D]

lel $H11

and

(F.zo)‘"
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dD; _ %VzHll_piIVHll°vp‘dHl
VHy,*VH1:

D, .(F.21)

We are not, of course, implying that F,; and D, are iden-

tical. They are not since their initial terms, H;; and

¢1, are different. Thé'above results only reflect the fact.

n n

. that HAB and ¢A obey the same différentiél equation.
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‘The generating functions, with full-gauge freedom,

for the Reissner-Nordstrom metric are

‘ Elljé Tif%yg[K(t)fx—2tY]+K1(t)S] (G.l)
Fi, = Tii%Tg[é(t)[x—2tY]+Ci(£)S]‘ | . (G.2)
Fop = - gg[K(t)§-(2K2(t)+zK1(t)£Y)SJ - :“(G.3)
Fao = mxlC(t) 0= (Co (£) +2C (£) £8Y) S] (G.4)
By = TX%%%E[E(£)[X;ZtY]+E1(t)S] ) (G,s)

D = - S=[E(t)o= (2E; (t) +2E1 (£)Y) S (G.6)

iEi(t)thY'__itE(t)qBY[ZtYfX] itEgt)qB[2tX;Yl

0 = iEs (t)+

Sy

+
X+B : (X+B) s : S (G.7)
S, = iR, (t) + iKi(£)tqBY | 2it’K(t)gBX _ itK(t)gBY (2tV+p)
X+B s - (X+B)s  (G.8)
_ c.(t) - Caft)gBY _ 2C(t)tgBX | C(t)QBY(2tY#B) (5.4
X+B s (x+8)s
where ‘ | ‘
| §2 = 1-4tXV+4t? (X2+Y2-1) o ~ (G.10)

0 = 1-2tY (X-B)-4t2 (XB+1-Y2) . (G.11)
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We wish to derive the relation given by Equation

(13.26). It seems clear that we should.begin with Equation :

'(13.20), so
m,n+2 m+l,n+l mll,n+l ml 0,n+l, '
K - K =2iK K -L, M (H.1)
and
m+1l,n+l m+2,n ' m+l,1 1n m+l,1 Ong :
K - K =2i K K- L, M7 . - (H.2)

Now from Equation (13.22) we have

- 0,n+1 In 01 1n 01 n

- . . .4
MX = MX+21MXK+1NXZ.¢ , (H.3)
and Equation (13.20) gives
Intl 2n 11 1n 11 Ong _
K = K+2iK K-L.M ' (H.4)
m+l,1 m2 ml 11 ml 0l, ,
K = K-2iK K+L, M~ . | (H.5) - -
Equétidn (13.21) gives
mil,1 m2  ml 11 ml 1,
Ly = Ly=2iK Ly-iL H"y (H.6)

Combining Equations (H.l) and (H.2) and inserting Equations
(H.3) - (H.4), we find, after some algebré, that

m,n+2 m+2,h . ml . 2n 1n m2 ml 1In, m2 On

K-- K. . =2i(K K+K K)-(L, MX+LXMX) . (H.7)

X

‘In the above we once used Equation (13.18).
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if we refer»back to Section 3 of Paper II, Qe‘findl‘.
the infinitesimal transfbrmatioﬁs of the_potentials for
which the ﬁarriéon transformation is but a spec;fic Caséﬂ:-
It is pqssible.td exponentiate some of these, as outlined
in Paper Ili and, 'in particular,  to acéuire the finite form
of.fhé aqtion of the Hérrison transformation. on all the
electromagnetic and gravitational botentials. As a cévéaf,

.k
. we note that the c,

infinitesimal transformations should be
summed s = 1,...,k on the first sum and s = 1,...,k~1 on

the second sum. This avoids producing any extra linear

terms.

As an example, we will now defive the fipite acti@p
‘of the Harrison trahsfqrmation on'%?l, 'As noteg'in Papef'
~II, we use éz = ¢ 'and set él = 0. .Theréfore; using Equation
'(3.2)~fr§m Paper fI, we obtain '

On' “on %01 On Oﬁ . _

M; - Mi+2ic M1M1~+cN 11 . (1.1)

. 1
From this we see that we also require the action of c, on
on '
N 11+

On ' On 401 On . ‘
N1 > N11+2iC MiN;i:;: . (I.2'),

"Then, building up the infinitesimal elements

On On x01 On On
M]_‘.‘)' M;+2ic My M;i;+cN 3,
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. | .
. x01 On On
+‘Zlc [M1[2:LC M1M1+cN11]]

21c* On ' | L
+ [Ml[ZlC (Ml) +CN 11)] : .(1.3)

*01 On
[210 MiNi:l

In fact,

On  On  4o1 On  On
My > Mi:+2ic M1 Mi1+c N,

’ 1 ) 01 201']. * On 01
+2![ 8(C) (M]_) M1+41C cN;; M,
% 01 On
+2ic ¢ N 11 M ;]
(I. 4)
On ' * On 01
[481(0 )3(M1)3M1—24(C ) CN11(M1)2

01 01 % ,01 0n
-24(C ) CM1N11+GC C N]_]_N]_]_]

+ ... .

One can soon realize that this is a series expansion of

" on On On _
M, > M;+c N ;1 . . ’ (I.5)
x0 1 x01

1-2ic M]_"iCC Ny .

In addition, we find
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On
Ny~
%01 %01
1-2ic M]_—iCC N i3

On
N]__l‘*

on . On+l On+l
Ni,=-ic (- 2Mi1+¢ N 43)
201 %01
1-2ic M;-icc N i1

On
Ni» >

'and, in general,-for‘all the p’otentials,23 under the

. Harrison transformation

(I.6)

(X.7)

(I.8)

(I.9)

(I.10)"

o icAQ .DQ. B
Q + AQ B +. ml ~0n
mn mn
A S
where
(mn © mn m,n-1- )
| K L‘l L,
‘ |mn- - mn m,n-1
an = M .N 1 Ni2
m-1,n - m-1,n m-1,n-1
- M, N 23 N 22
\ . J
*
(1 c ‘
A= |0 1 B = 'A+
*
(2ic icc
( 2
D =
' x01 "7 T ox01
A E.1—2J".c Mi-icc N3
'In addition we may also procure finite forms of the
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_ ) _ . : 0
.gauge action. From Paper II we find that c; produces the
electromagnetic gauge transformations. Therefore, setting

0 _ . ' : . ,
c2 = 0 and using Equation (3.2) of Paper 11, we obtain .

On - On 040N - .
.SAB + Nap 21cBMA . | ' (I.11)
Oh - .On O,n—l ‘
MA > MA_-cl ’ NA2 -, (I.l?)
' . . . ) N . ) R On ..
where we have employed the fact that k = 0 andIJB'= 0.
) ‘. . . -‘.. . . . * . 0 ‘
Iterating further, we have [remember that c, = 0]
. o o
On On 040N 2ic 1_0,n—l .
. NAB‘ > A ZchMA ——2—|——[-co NAZ] (‘I.:‘L3)

Therefore, the finite form of the eiectrOmagnetic gauge

transformation is

On On o*bn 0 %0 O,I};l o
N.g* N AB-'.ZJ.‘C‘B atiCpCr - Nps '..(I_.14) -
On On ¢ O0,n-1 )

MA > MA—cl NAZ . - (I.15)

| . We remarkfﬁhat'using Equations (i2.16), (13.18),
and (13.19) one séés that Equatidn.(I;ll) with A = B-; 1
and'Equation (f 12) with A = 1 are 1dentlcal to the gauge
.relations contained in Equatlons (7. 6) and (7 15) .
Using Equatlons (I.ll), (13.18), and (}3.19)-wé may

write

0% 040 C , . '
CHip > H11-2101¢1‘C101 . {I.16)
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Comparing this with Equation (16.18), we see that '

' the real c of the Harrison transformétipn is equivalent to
e .
ic, in the gauge transformation, thus,

¢ =icy .. - | o {1.17)
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" Defining
. . 5 ‘
ni(t) = (1-4t?%)7 (7.1)
S(t)? = 1;4tXY+4t2(X2+Y2—1) ;. ' (J.2).

. then the generating functions, in a form consistent with

the Harrison transformation, are:

t[X-2tY¥-(38S]

Fi1 =
(X+B)Sn
p,, = LIX-2t¥+8S] (7. 4)
(X+B)Sn
. . 2 -
S PNy Sy
| _ | - (3.5)
- A [1-2tY(X-B)-4t? (XB+1-¥?)] :
2sn
2
Fyour = E]:E{Bz—l— Eﬁ“]‘ %
' c ( (J.6)
+ —L [1-2tY (X-B)-4t2 (XB+1-Y?) ]
2t8n T

(7.3) -

2it2gpX _ itgBY (2tY+p)

S1 = igﬁi[l- 1]— itgp”y

2 n

(X+B8)n

Sn (X+B)sn (J.7)

_ 2tgBX | gBY (2tV+g)

. ) )
s, = %ﬁ;[14 %]_ qB’Y (J.8)
(X+8)n Sn ~ (X+B) sn
D, = —taB (3.9)
(X+B)n
. ’ --.‘2
b, - itgBY . ige [1 —1] ~(3.10)

\




Q

_ ity (B*-1)

(X+8)n

+

i

2

|
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2l
B2 (5 -1

1
)= 5

' (J..ll)
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N 1 2+B{~( Ni; +i N2 )f( Nj,+i Ni»

ml k+l,n kn On  m,k+2 m, k+1
+Ni11[ Ni2=-iN22]+Ni12[ Npi+i N3]

k m,s+l ms . k+l-s,n k—s,h
+ 2 [ Np;+iNi2][ N3o —-i Nyl
s=1

ml k+1,n k m,s+1 k-s+1,n
-2M, L, -2 % M; . L, 1}
s=1

mn m+k+2,n m+k+i,n m,n+k m,n+k+1
N:g1+B{-( Ny; =i Nz1 )+( Nzz-i N2

On m,k+2 m,k+1 ml - k+l,n kn
+iN1[-1 N+ NopJ+No3[ Npi~-iN,i]

k k+1;s,n 'k-s,n m,s+l ms
+ I 1 Nii -1 ‘N21][ N21+iN,»]
s=1

k m,5+1 k-s+1,n ml k+l,n
( M, Ly -2M, L; )}
s=1

mn m+k+2,n m+k+l,n' m,n+k+2 m,n
N ,+B{i (1 Ni2 + N2p )-i(-1i Noi1 +

On “m,k+2 m,;k+1 ml k+1l,n kn
+iN ;,[-1 Nyi+ Nyp]-iN3[i Ny2+N,z]

k ° m,s+l ms k-s,n k+l—s,ﬁ'
+ Z [-1i Na3+N ][ Nzo+i Nio T
s=1

k m,s+1 k-s+1,n ml k+l,n
-2 ( M, L, -2M, L, )}

(
s=1

- mn - m,n+k+2 m,n+k+1 m+k,n m+k+1,n:“

)

(K.1)

)

(K.2)

+k+1
Noo )

(K. 3)
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k mn m-1,n mn m-1l,n ' m+k%1,ﬁ m+k,n
Bza[Mi1-1i Mz ] » (Mi1-1 M, )+B{2i( M; -i M, )

m,n+k+1 m-1,n+k+1 k+l k-s+2,n ms m-1,s’
-i( . My -i M, )-2 & K . [M;-i M; ]
. s=1 '

On m,k+2 m-1,k+2 m,k+1 m-1,k+1 - :
+Mi1[ Nyp;-i° N3 +i Nji+ N2z | (K.4)

k m+l-s,n 'k—s{n m,s+l . m-1,s+1 ms m-1,s
| My =i M; J[ Npi-i+ Nyy +iN i+ Npp]

+

S

ml m-1,1 k+1,n kn
+[Ni11-1i N3] M;p -iM,]}

k mn m,n-1 - mn m,n-1 - m,n+k+1 m,n+k
B:[Ll'l'i Lo. ] ~» (L1+i Lo )+B{—21( L, +i L,Z )

m+k+1l,n m+k+1,n-1 k+l ms k-s+2,n k-s+2,n-1
+i ( L1 +1i ‘Lis )-2 % K ( L1 +i- - L, )
' s=1

m,k+1 1n Oon 1,n-1 0,n-1
+ L; [N313-iNsi+i N2+ Niusl

on  0,n-1 m,k+2 m, k+l ;
+[Ni1+i Ny2}[ Ly +i Lp ] (K.5).
ml 1n 1,n-1 On 0,n-1

+iL o[ Nyi+i Nya-iN g3+ Nyal

k ‘ms m,s-1 k+2-s,n k+l-s,n k+2-s,n-1

+ (L1+i 'Lz'-).( Ni3 -1 No1 +1i Njo
s=1 .
k+l-s,n-1
+ N, )}
k mn mn m+k+1,n m,n+k+1 k+1l ms k-s+2,n

B: K >~ K+B{i( K - K )-21I K K 5
| ' s=1 o . (K.6)
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k+2 ms. m,s—1 k+2;s,n k+l-s,n

+ L (L 1+4 Lo ) ( M, -i . M, )
s=1 "~ '

k

B:+Nmn # Nmn+8{21(Nm+k+1,n_Nm,n+k+l)
) K+l - ' . (K.7)
+ E Nmst+2—s,n_2 E Mmst—s+2,n}
s=1 : s=1
k k+1
Bilon * Mon*BmiMy nixe172 2 MogKk g4z, n |
- (K.8)
K+2 - -
+ § NOS k+2—s,n}
s=1 .
k
?szn - an+6{_le,n+k+1+2le+k+1,n
k+1 k42 (K.9)
—2 E Mmsz_—s+2,n+ E NmsMk+2—S,n}
s=1 s=1
k ’ k+1
B:I"On M LQn+B{_21L0,n+k+l_2silKOSpk—s+2,n ‘
' ’ (K.10)
k+2 :
+ 2 L, N }

S=1.Os k+g—s,n
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_k

B:Lmn M Lmn+B{_2le,n+k‘+l+le+k+l,n -
k+1 C k+2 (K.11)
-2 L K L + Z L N }
=1 Ms k—s+2,n.S=1 ms k+2-s,n
k- - : k+1
B:KOn + I-<0n+vB{_lK0,n+k+1_2.‘521K05Kk--s+2,n
' (K.12)
k+2 . , - :
* E LOsMk+2—s,n}
s=1 .
k- .
Bmen7+’Kmn+6{l(Km+k+1,n_Km,n+k+1)
- k+1- - k+2 , (K.13)
-2 I K_K ) LmSMk+2_s,n}

ms k—s+2,n s=1

s=1
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Defining
n(t) = [1-4t21% , ' : .(L.l)
then, the explicit fqrms for the double generating funétions

M, , LA,'and K are:

o B2 .  2Bry)
1tq8[82—1— - _
: ! n(r) n(x)j ; :
M, = _ . ‘1thS(r)
2(X+B)n(t) 2(X+B)n(xr)n(t)
. (L.2)
+ igB®tril-dtr-n(r)n(t)]
2n(r)n(t) (r-t)
; B2 2rYB
tgB|1-B%+ _
n(r) n(r) ,
M, = _ tgBsS (x)
- 2r (X+B8) n(t) 2r (X+B8)n(t)n(x)
- (L.3) .
_ gB’t[1-4rt-n(r)n(t)] : o
2n(r)n(t) (r-t)
L . . 8% _ 28ry
1t |8 _1 n(r) . n(r)
M']_--—ier =
(X+8)n(r) .
(L.4)
. igB’tr[l-4tr-n(r)n(t)]
(r-t)n(x)n(t)
L = igBR2try _ itrgBY[2t¥Y-X]
1 4
(X+8)n(x)n(t) (X+B)n(t)n(x)sS(t)
, itrqBl2tX-¥] _ itqgp’ . __itgp®

n(r)n(t)s(t)  2(X+B)n(r)n(t)  2(X+B)n(t)
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(L.5)

. __ itgB2[X-2tv]  _ _itgB?[X-2tY]
2(X+B)n(r)n(€)S(t) . 2(X+B)n (£)S (t)
, igB2rt (l-4rt-n(r)n(t)) |
© o 2n(x)n(t) (r-t)
L, = - gR’ry + ‘qBrY[ZﬁY-X]
(X+B)n(t)n(r)  (X+B)n(t)n(xr)s(t)
_ gBr[2tX-¥] _ . gB°® . g8 .
n(rin(t)s(t)  2X+BIn(t)n(r)  2(X+B)n(t)
o gB*(X-2tY) . _ gB*(X-2ty) (L..6)
2(X+B)n(tIn(r)s(t)  2(X+B)n(t)S(t)
, 9B’r{l-drt-n(rin(t)]
2n(xr)n(t) (r-t)
Ly+itL, = - —2ig8fyre . iq8’t
- (X+B8)n(r)n(t)  (X+B)n(t)
ige°t . (L.7)
(X+8)n(r)n(t)
+iqp? [;TEJ[(lf4rt-n(r)n(t))}
' - n(r)n(t)
K = - i(B;-l){rt] 1—4rt—n(r)n(t)]_ -t
r-t 2
) ) n(r)n(t) . ) (L.8)
. __iB(B’=1)t  _ iB(82-1)t , _ i(8-1)¥rt

C2(x+B)n(rIn(t)  2(X+BIn(t)  (X+B)n (r)n(t)
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My,25+1 = %p5Men

Mok,25 =0
Mok+1,25 = BxyMaz o (M.1)
Mok+1,2541 T %Mz

. a . . N
- . = K] ;
Mok, 25+1 7 Ma1tBy Mo

Lok, 25
Lak+1,29+41 = O3l o (M.2)

Lox+1,25 = Bkj

. =- ] .
Lox,29+41 = T2 RaitByglae

- .
Korp = -Kio = 3
qu.= KkO =0 : j.k > 1
Kok+1,25+1 = 82

| . (M. 3)
Kok+1,29 = PrjKez

Kox,29 = O
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Sy

- _KJ
Kok, 2541 = 72 F21tBysKa

3 10 35 126 -«

”Bkj.= (Boo ) Bor o] =. 1 A
' ’ ) : 1 4 15 56 @ 210 e«

Bio .

’ 2 9 36 140 540"°°

5 24 100 400 1575 «e««|(M.4)
14 70 300 1225 4900 «=-
42 216 945 3920 15876 -« --

0
0
0
0
0
0

A series of useful relationships among the Bkj and

akj'may be dgriyed.26

2'(51@:3’*63'18- = 95 o | | o ms)

"Bk’j+l+ej’k+l = Za#j o o (M,6)
B k+1 = %kk | (M. 7)
by = Wiy e
By = 2a0j—%ab,j+l (M.9)'
Blj = %adj¥%a0,j+l (M.10)
E OerOpy 5 =_229akj | e
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P

Lo, B - . =k .
r=0 XL P~X.,] k,J+p

P

- - 2p-1

ro ke, T TPkep, 52T oy
2 3 1
iogkrsp—r,j = T2Pap, 377P, 4

(M.12) .

(M.13)

(M. 14)




APPENDIX N




BNy, 29+1

2p
B Nox+1,25

2p
B Nop+1,29+1

'+%N2 2 [iOL

.a . 2p 2p .
- K1 B:N12+78{sz[%u
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o . 290 2p
—12 R :No1+ 8 {Nll[ZlOLk_*_p,j"'lOLp_I_l,'O(J,kj]
0,p+1%5 1%, j+p+1!

L =35 s+l
+4N22N12[%ak,j+p+l %GOjak,p+l akQ§p+1rj] ‘
(N.1)

+;?N11N12[_ak+p,j+%ap+l,0akj]'

- - 1
Mzl [0, 5 20%3%1, 0]

- 1 ~%0, -
%Mzlez[zak,j+p+l 2a0jak,p+l quBp+1:j)}

! ,
k+p+1,3” 2%k3%p+1,0]

2

+Nll[—Zluk,j+p+lakja0,p+l]

+N;2Ng 2 [H0 1

-
03P%, p+17%% 3%, p+1
1 (N.2)

- = =1 1
WazNa2 [= goy 000, 57%8 p41%03 4%, p+1%k 5]

. L
+N11N12[;':’ak’j+p 4akju0,p+l]

. . |
- T Y L
2¥12L22[ 8%k +p+1 7 4Bk,p+la0j+4dolp+lakj]

%0 13

-2M1:L, 2 (%0 0,p+1ukj

k,j+p

2p o :
= Ol,k] &) :N, 1+B{N21[lak+p+1'j—lap+l!gukj]
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a2 [286y 001, 57288y gype1tiongy o%]

k0

+N12N0 1 [aojBk,p‘*'l— 2

o,p+1akj]

N.
Ni1sNp;y (N.3)

' Lo - ‘ ,
41, 57 B, pr1 %05 T p+1, 0% 5 )

+Ni%

2 1 -
=By hp+1, 37%B%, 34p+1 7P, p+1%05 ]
. 7

— -1 - '
Mi2Loa [=%00  orq ;57 Bk, p+1%05 " %+1, 0%

‘2M12L1é[—%5 ]

. 1 - T
k+p+l,j+28k,j+p+1 Bk,p+l(?LOj

. - N . 2
2?. . Qas 2P 2p

BNy g = —%1- B :Noo+ B { %o

~ %
0,5+p %%5,p+1! ~.0)

X[~=4iNg1+Ng1N12-2Mg1L12]}

2p Oy 2p . 2p ' , -
B:NZk 29 = T2 B :Nao+ B {01 [2iNy2-%N12"+M; L1 2]
r . .

o (N.5)
+02[‘iN;1+%N21N12’%M21L12]}
where

o, = B S I +ha. .a ‘ '
L k+p,3 "k,3+p 4 kj 0,p+tl k3 0,p+2 - " (N.6) "

= - L,
92 = O S4p %%ki%,p+1 , | (N.7)
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2p+1 ' a, . 2p+l
’ o] ' = —J—k : ]
Mok, 2541 2 B N2y
2p : .
+8.{iNs1 (o %, p+1%3’

k+p+1,3 %, 3+p+1” “p+2,0%3"
- p)
. . - - ;, .
: 2

L )
03Pk, p+1%0,p+1 kg T

+N;,Ngy [
: 2

O,p+2akj]
. -
N2 N Doy 041 %% 4p+1, 37 %Pk, p+1%07
| (N.8)
- Y
%“kjao,p+1+““p+2,0“kjl

21_1Lp . - : —; ' :
W2 [Byipan, 5758, 34pe1 720k, pra %03

- " - -3 L
2M, 1L, [%uk,j+p+1 %uk+p+l | 2Bk,p+1a03 ’

]

Lo

-1
20LO,p+lOij'+

p+2,0%%3

—2M12L12[—%Bk+p+l’j+%6k,j+p+l—%8klp+luoj]}

2p+1 ' oy s 2p+l
. = —}il ( .
B tNoyi1,25 7 B Ni

2p+1
+ B {[2iNya-%N;,%+M;,L12]

(N.9)
xByip+1,37 Bk, 34p+17%, p+1%3 . i

L
+2a0'p+2akj]}
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2p+1 " : 2p+l

B Nppi1,29+41 T %5 B Nua

2p+1 - (N.10) .

OB o, 3%, jepra)

X (2iN11~%Ny Ny +My2L11) )

2p+1 S 2p+l
. -~ _03 .
B Ng,25 = 27 B No
. 2p+l .
+ B {(Ng2Ny2~2Mo2L12) .
(N.11)
- o -1
x (8%, 4p+175%5, pr2 %, pr1 T 0paa, 5
. .a " - ;/ .
+lN02[ 0!',0,j+p+1+20(,j’p+2]} i
2p+l . 0, . 2p+l
) - k] T, 7.
B 'N2k,2j' Z B N2>
2p+1.
.+ B {(szlefZMlszz)
. 1 . ' 1 . . .
frost - = -1
X (8%, j+p+1” 8%k+p+l,i *%k0Pp+1, ]
1 (N.12)

~%00 58y pr1t B%5%, pe1)

: 2 : Z .
+lN22[2(°‘k+p+1,j ak,j+p+l)]

+ uk'aO,PTl'

+N12N°2[%Bk,p+la0j
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- §aquo,p+1

1}
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In this appendix we will.'sketch a method which,
k * . .

unlike the B transformation, can be applied when electro--
magnetism is inclﬁded.. | |
| A particular problem with the E transformation‘was
_that ité action on one potential coupled the original |

, pétential to many others.  Is it possible to avoid this

'difficulty? Returning to Equation (19.2), we notice some-
k mn

thing promising.z.7 The action of y;2 on N;; only involves
' mn _ k
combinations of the Ni1:. Furthermore, the action of vz
mn : ' ' : '
on M; is
k mn mn k k ms k-s,n

Y22t M1 > Maityao I N33 Mi- . 7 (0.1)
. - os=1 :
On “0On o
As M, and N ;: give us the necessary information

~ to construct the metric, we see that we are dealing with,

the appropriate potentials.

. k
Another difference from the B method is that an
. ‘ -k , o .
infinite number of the yj3,'s will be used, i.e., consider a
. ‘ , - X .
transformation 6f the form I apYaz where the a, are con-
- k=0 ‘
stants.
So,
_mn mn o0 k ms k¥s,n . :
Nii > Nua+ 2@ 2 Nyy Nya, , (0.2)
. - k=0 Ts=1 : '
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mn mn o
M > M+ % ak
k=0 s

ms k-s,n : -
Ni1 M; - (0.3)
1

I~

Now consider the infinite dimensional matrices:

( 01 02 3
N = (0 N 13 N, ce
- 11 12
0' Nll Nll ‘e o o ) . ) .
, 21 22 ' - ' (0.4) -
0. Ni13 N s o
( 01 02 3
M = 0 Ml Ml e
11 12
0 Ml Ml LY .
21 22 : (0.5)
0 M]_ M]_ e .
A = ag a\ LY

-laa az e ' - (0-6)

.In matrix form we may write Equations-(O.Z)-and (0.3) aé-
N > NHNAN | . (0.7)
M -+ M+MAN . _ (0.8)
Convertiﬁg the above two équations to differentiéllform we

obtaiﬁ




179 -

an()

Sgr = NO)AN () ' - . (0.9)
am(n) : .
o= M(A?AN(A) N _ (0.10) 

Upon integration, we have, where I is the identity matrix,

N()\)'=m A - o . - (O.ll).
M()\) = T:%Kﬁ : (0.12)

So, for N” and M~ being the final transformed potential

matrices, then

| MY o= e - . (0.14)
Then
N°-N = N'AN . . . , (0.15)

M"-M' = M'AN .. - (0.16)
In terms of components,

mn .. mn . ms Sr rn.

Nj3 -Nyz= & Niji1A Ny, _ (0.17)
. s,r : .
mn. mn . ms Sr rn.- o
M; -M, = z 4N11 A. My (0.18)
- S,r ‘

At this juncture we apply the generating function
concept again. _Td facilitate this, define

-ars = yurus ' . Co - (0.19)




180

'then

mn. o mn o " ms I :
L Nyiyrt'=-2 N ;;rt = ZNllr Yu u Nlltn (0,20)
mn mn mn ' '
rs
mn.. mn ms rm. ’
M- Mar™” = 5 N MyeSut R (0.21)
mn mn '’ mn ‘ : .
. M rs M .
Therefore,
- : ms m s rﬂ,.r a
N;;(r,t)=-N33(r,t) = yZ (Ni;r u’)(N uth)
: ’ mn _
rs : ' (0.22)
= yN,; (r,u)Ny; (u,t) .
Likewise, .
Ml (r,t)—Ml‘(r,t‘) = YNll(rru)M (ult) . (0-23)
so,
Nyi(r,t) = Nyg(r,t) + Ml o8) G oy
" 1~yNi; (u,u) _
My (r,t) = My (r,t) + Naalr,uM (u,t) (0.25)

1-yNi; (u,u)

Only algebraic manipulations remain as, fortuitous-

ly, we have previously calculated the appropriate generatind“

functions Ny, [see Equation (20.1)] and M, [see Equatidn"
(L.2) of Appendix LJ.
- The amount of algébrairemaining is considerable, but

as it is dnly algebra, the generation of new solutions

_—
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could be turned over to an algebraic computer progfam.




€ UNWERSYYY L!BﬁARKES

T

3 1762 10010

rn——

D378 Jones, Thaddeus C

J726 Gravitational and

cop.2 electromagnetic poten-
tials of the stationary
Einstein-Maxwell field
equations

DATE ISSUED TO

,Plr b Fe IDf«g %}' -

peal Lo g

cop, 2



