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(φ2), the current (j μ) associated with the scalar field, and the stress-energy tensor (Tμ ν) associated
with the scalar field are presented. The DeWitt-Schwinger point-splitting expansions in this thesis are
carried out until they reach terms of order m-2 for (Tμν), where m is the mass of the quantized field.
Presented here for the first time is an analytic approximation for (T μν) for a massive, quantized
charged scalar field in a general spacetime with a general electromagnetic field possessing U(1)
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CONVENTIONS

The sign conventions used in this thesis are those of Misner, Thorne, and Wheeler 

[I]. Natural units, where G = C = K = I are used throughout except where explicitly 

indicated. Derivatives are indicated as follows:

d ,
dx* 01 d" °r partial derivative .

V m or ;M covariant derivative

Vm-  ieAfj, or |M gauge covariant derivative.
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Abstract

The theory of DeWitt-Schwinger point-splitting is developed for a massive, charged 

quantized scalar field coupled to an electromagnetic field possessing U(I) symmetry 

in a general, four-dimensional spacetime. The infinite regularization counterterms 

required to renormalize the vacuum polarization (</>2), the current (j^) associated 

with the scalar field, and the stress-energy tensor (Ttiu) associated with the scalar 

field are presented. The DeWitt-Schwinger point-splitting expansions in this thesis 

are carried out until they reach terms of order m-2 for (Ttiu), where m  is the mass 

of the quantized field. Presented here for the first time is an analytic approximation 

for (Ttiu) for a massive, quantized charged scalar field in a general spacetime with a 

general electromagnetic field possessing U(I) symmetry.
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CHAPTER I

Introduction

The study of quantum fields in curved space follows the typical path in physics of 

moving from models that are initially simple and easier to understand to models that 

are more complicated but more physically realistic. Successive models build upon 

the knowledge gained in the study of previous models. The goal of this thesis is to 

build the theoretical foundation for the study of quantized charged scalar fields in 

a general four-dimensional spacetime which has an arbitrary electromagnetic field of 

[/(I) symmetry. The DeWitt-Schwinger point-splitting procedure [2] is developed for 

the case of the charged scalar field coupled to the electromagnetic field of the curved 

spacetime. The first set of the two major results derived here are the regularization 

counterterms for the vacuum expectation values (VEVs) for the vacuum polarization 

(02), the current (jv ), and the stress-energy tensor (Tw ) associated with the charged 

scalar field.

The DeWitt-Schwinger point-splitting procedure is known to be capable of yield­

ing analytic expressions that are approximations to both (</>2) and (Tliu). The DeWitt- 

Schwinger point-splitting expansions in this thesis are carried out until they reach 

terms of order m~2 for (Ttiu), where m  is the mass of the quantized field. Presented 

here for the first time is an analytic approximation for (Tliu) for a massive, quantized 

charged scalar field in a general spacetime with a general electromagnetic field possess­

ing U(I) symmetry. After subtracting the infinites of the stress-energy tensor, which 

are contained in the terms in the expansion proportional to non-negative powers of 

m, the remaining expression, proportional to m-2, serves as the “DeWitt-Schwinger
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approximation” to the actual renormalized value for This expression, along

with an analytic expression for {4>2) of order m~4, constitute the second of the two 

major results derived here.

The theory of DeWitt-Schwinger geodesic point-splitting began with the classic 

work of Schwinger [3]. Schwinger calculated the Green function G{x, x') associated 

with a fermion current produced by and external electromagnetic field,

where e is the charge of the fermion field and the 7^ are the Dirac matrices. He calcu­

lated the Green function by introducing a fictitious, non-quantum-mechanical Hilbert 

space in which calculations were performed [4]. This Hilbert space was constructed 

in 4 + !-dimensions, with the 4 familiar spacetime dimensions being supplemented 

by a fifth dimension identified as the proper time parameter s in this fictitious space. 

Working within this fictitious Hilbert space, Schwinger was able to isolate the diver­

gences that appeared in the quantum field integrals involved with the fermion field 

current, and use those divergences to renormalize the charge of the fermion current 

and the strength of the external field.

While Schwinger’s original work was performed in flat spacetime, DeWitt recog­

nized that Schwinger’s method could provide a way to isolate the diyergences that 

appeared in quantum field theory calculations in curved spacetime. Consider the 

semi classical Einstein-Maxwell field equations,

{^(x))  =  Iim ie G{x, x')\ ( I )

( 2)

and

(3)

Eqs.(2) and .(3) treat the gravitational and electromagnetic fields classically, while 

treating the sources for these fields quantum mechanically. It is well known that,
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when the transition is made from classical to quantized fields, infinities appear in 

the expectation values on the right hand sides of Eqs.(2)-(3) in both flat [5, 6, 7] 

and curved [8] spacetimes. These infinities can not be physical in the context of 

curved spacetime physics. For example, in non-gravitational physics, any infinities 

that appear in energy density calculations are considered to be “zero-point energies” 

and are summarily discarded. This rescaling of the zero point of energy in flat space 

does not change the physics and is allowed. However, in gravitational physics, all 

energy is a source of the gravitational field and thus a source of curvature. Zero- 

point energy, infinite or finite, may not be naively thrown away since doing so throws 

away a source of curvature and thus change the physics. Yet there must be a way to 

correctly remove any unphysical infinities from the theory.

The geodesic point-splitting regularization scheme developed by DeWitt [2, 4] is a 

fully covariant method whereby these unphysical infinities may be isolated, a process 

known as regularization. Then, in the process known as renormalization, the infinities 

are discarded by subtracting them from the unrenormalized field equations, leaving 

behind finite quantities that represent the physical universe. All of the quantities 

to be renormalized are VEVs constructed from products of the quantized field (f>(x) 

and its derivatives. Products such as (</>(a:)</>(a/)) have their two constituent quantum 

fields evaluated at two spacetime points, x and the nearby x'. This product is finite 

so long as the two points are separated in spacetime. The infinities will be shown to 

arise when these two spacetime points are brought together.

DeWitt based his scheme on the earlier proper-time method method used by 

Schwinger to calculate the Feynman Green function associated with a quantized 

fermion field. While there are other regularization methods, point-splitting has proven 

to be the most robust and trustworthy method of the lot [8]. This is because the point­

splitting procedure is well-developed for a general spacetime of arbitrary curvature.
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Although algebraically quite complicated, point-splitting works in every case, fully 

isolating all infinite quantities.

Other regularization methods do exist [9]. Pauli-Villars regularization [10] requires 

the introduction of fictitious fields whose own divergences are chosen to exactly cancel 

the divergences of the physical field. The number of these fields introduced is chosen 

according to the number of divergences the physical fields possess, and these fields are 

allowed to either commute or anti-commute depending on whether they are required 

to add to or subtract from the divergences in the stress-energy tensor of the physical 

field.

Dimensional regularization involves the continuation of quantum field calculations 

to non-integral spacetime dimensions. Physical parameters requiring renormalization 

are shown to have bare values proportional to (n—4)-1, where n is the dimension of the 

spacetime. This fact requires the introduction into the original physical Lagrangian 

terms proportional to bare coefficient of adiabatic order 4 that will serve to absorb 

the infinities. However, the renormalized quantities that result must have restrictions 

on their size in order to be consistent with observations [11, 12].

Adiabatic regularization has been used extensively in calculations of conformally 

flat spacetimes [13, 14]. In this method, the subtraction of infinite quantities is 

based on the adiabatic expansion of the modes of the quantized field. However, the 

subtractions necessary to renormalize the physical parameters are often too difficult 

to evaluate. This means that, while the infinities are isolated, they can not serve to 

renormalize the VEVs of interest such as (Tw ).

The technique of (-function regularization allows the effective Lagrangian to be 

written as a derivative of a (  function resembling RiemamTs ( function on the curved 

space [15]. This formal technique for regularizing the effective action uses a general­

ized ( function, ((%/), whose argument u must be analytically continued from regions
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where ((%/) converges into regions where ((is) does not converge. This is necessary 

since z/ = 0, a value for which the generalized (  function does not converge, is the 

value of interest in quantum field calculations.

Point-splitting was chosen for the purposes of this thesis for two main reasons. 

First, the major advantage that point-splitting possesses over these and any other 

known regularization schemes is that it is the most efficient method to use when 

computing actual values for the quantized fields instead of working with purely formal 

manipulations of the effective action of the theory. Second, by using point-splitting 

for the present calculations of a complex scalar field in curved space, a connection may 

be made with the previous work of Christensen in using the point-splitting procedure 

for regularization of the real scalar field in curved space [31, 30] . The results of this 

thesis will explicitly show that, if the charge of the complex scalar field is allowed to 

vanish, then the regularization counterterms presented here reduce exactly to those 

of Christensen.

After the point-splitting calculations have been performed and the infinities of 

the field equations are isolated then, in principle, they may be subtracted from the 

unrenormalized equations, leaving a finite remainder which contains the relevant phys­

ical information. In practice, the renormalized quantities are often too algebraically 

complicated to evaluate analytically in the case of general spacetimes. In the case 

of conformally invariant fields in conformally invariant spacetimes, the renormal­

ized quantities been evaluated analytically [16, 17, 13, 18]. These calculations have 

been performed by first renormalizing the Hadamard elementary function, (x, x'), 

from which the quantities (<j)2) and (Tliu) are constructed. The VEV (</>2) is directly 

proportional to (x, x') and is renormalized when G ^ \x ,  x') is renormalized. The 

stress-energy tensor (Tiiu) is constructed from (x, x') and its covariant derivatives. 

The presence of these derivatives requires a slight modification of the renormalization
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of {x, x'), yet these modifications in essence amount to carrying out certain power 

series expansions involving the two spacetime points x and the nearby x' to a higher 

order than when renormalizing G ^ \x ,  x').

Point-splitting renormalization calculations have been performed for specific space- 

times for both (</>2) and (Tliv) for the real scalar field. Candelas [19] computed a 

renormalized value for (<̂ 2), or (4>2)ren, for the massless scalar field in Boulware, 

Hartle-Hawking, and Unruh vacuum states in the region exterior to the horizon of a 

Schwarzschild black hole. Some of the components of (Tixv)ren were also renormalized. 

Frolov [20, 21] generalized the work of Candelas such that (4>2)ren for the massless 

field could be calculated on the event horizon of a Reissner-Nordstrom black hole 

and near the pole of the event horizon of a charged Kerr black hole. Candelas and 

Howard [22] calculated (4>2)ren for the Hartle-Hawking vacuum in the Schwarzschild 

spacetime in the region exterior to the horizon. Candelas and Jensen [23] analytically 

continued the calculation of (4>2)ren across the event horizon of a Schwarzschild black 

hole, giving an expression which is valid for a range Schwarzschild radial coordinate 

r. They numerically evaluated (4>2)ren for the range of r given by 0.5M < r  < 2M.

Following the work of the investigators mentioned above, Anderson [24] has de- 

cribed a method whereby (4>2)ren may be numerically computed for free scalar fields 

in a general static spherically symmetric spacetime. This method assumes the space- 

time is asymptotically flat for the purpose of defining initial conditions for the modes 

sums to be computed for the fields. The fields may be massive or massless, at zero or 

non-zero temperature, and the spacetime may have arbitrary curvature coupling £. 

This scheme is fully renormalized, and the computations may be carried to arbitrary 

numerical precision.

Renormalization calculations for (Tliv) in specific spacetimes have also been per­

formed. These calculations include the work by Howard and Candelas [25] wherein
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{Tl±u)ren was calculated for a massless, conformally invariant scalar field in a Hartle- 

Hawking vacuum state in a Schwarzschild spacetime. Their work allowed numerical 

computations of (Z^iy)ren in the region exterior to the event horizon and described 

methods for increasing the efficiency of the computations. Frolov and ZeFnikov 

[20, 26] calculated an approximate expression for ( T ^ ) ren for massive scalar, spinor, 

and vector fields in Ricci-flat spacetimes. This was done by calculating an approx­

imation for the effective action using the generalization of the DeWitt-Schwinger 

technique developed by Barvinsky and Vilkovisky [27]. Brown, Ottewill, and Page 

derived an analytic approximation for (Zw ) in conformal spacetimes using the one- 

loop effective action for massless, conformally invariant scalar, spinor, and vector 

fields on static Einstein spaces [28].

Building on the studies of (Tliv) above, Anderson, Hiscock, and Samuel [29] have 

recently decribed a method whereby (Tliv)ren may be calculated to arbitrary numer­

ical precision for a general static spherically symmetric spacetime. The scalar field 

can be massless or massive, in a zero temperature or non-zero temperature state, 

and the coupling £ to the scalar curvature can be arbitrary. While calculationally 

quite intensive, this method is very powerful since it provides a way of using a fully 

renormalized stress-energy tensor in quantum field theory calculations in these static 

spherically symmetric spacetimes.

These renormalization calculations rely on the regularization counterterms pre­

viously derived by Christensen [30, 31]. They use these counterterms to subtract 

infinities from the unrenormalized expressions for (02) and (Tflv), leaving behind fi­

nite remainders which correctly describe the physics. These subtractions have been 

performed for the specific spacetimes mentioned above and not for completely gen­

eral spacetimes. Also, all of these studies have been performed using uncharged fields. 

The first of the two major results of this thesis are the point-splitting regularization
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counterterms that will be required for the study of quantized charged scalar fields 

interacting with the electromagnetic fields that may be present in curved spacetimes.

The quantities (<̂>2), (7^), and (Tlllj) are constructed from the Hadamard elemen­

tary function, G ^ \x ,  x'): and its derivatives. The new feature present in this thesis 

is that these derivatives are now gauge covariant derivatives. As explained further at 

the end of this chapter, the coupling of the charged scalar field to the electromagnetic 

field of the curved spacetime will introduce new physics into the structure of and 

its derivatives. This new physics will not only modify the results of Christensen for 

a real scalar field, but will also be responsible for the generation of the current, (j^), 

associated with this charged scalar field.

The Hadamard elementary function is constructed from (4>(x)4>(x')) and is finite 

so long as the points x and x' in the argument of G ^ (x} x') are not coincident. The 

point-splitting scheme is actually an asymptotic expansion of the biscalar G ^ (X j Xt) 

in powers of the mass m  of the quantized field, an expansion known as a “DeWitt- 

Schwinger (DS) expansion.” The expansion of G ^  (x, x1) goes as,

G ^ lx ,  x') = A+2(a:, x')m2 +  A0(2;, x')m° +  A_2(a:, x')m~2 + . . . ,  (4)

where the An are coefficients constructed from curvature and electromagnetic tensors, 

and m  is the mass of the quantized field. Eq.(4) has been shown to contain infinities 

that arise when the points x and x' are brought together [30, 31, 8, 4]. These infinities 

have been shown to be contained in the first two terms of the right hand side of 

Eq.(4), or, in the terms proportional to nonnegative ppwers of m. These infinities 

may then be, in principle, subtracted from the unrenormalized expressions involving 

the charged quantized field, with the finite result containing real physical information. 

Unfortunately, these subtractions are difficult at best to evaluate analytically, as 

mentioned previously.

Fortunately, point-splitting provides a way out of this dilemma of difficult sub­



9

tractions, at least in the case of massive quantized fields. The magnitudes of the An 

depend directly on the strength of the curvature and electromagnetic fields of the 

spacetime since they are constructed from curvature and electromagnetic invariants. 

As the inverse power of m  becomes large, the An contain higher and higher derivatives 

of both the spacetime metric and electromagnetic field functions. Yet, since Eq.(4) is 

an asymptotic series for G ^ \x ,  x'), for some large value of n, the magnitude of the An 

becomes large when compared with the magnitude of the m~n. Beyond this value for 

n, the asymptotic expansion breaks down, and the series represention of (x, x') 

must be abandoned. Subtracting the infinite terms from the unrenormalized expres­

sion for G ^ i x yX1) leaves a series finite in length containing finite terms. The first 

few, or even the first one, of these terms may be kept as a “DeWitt-Schwinger approx­

imation” for the actual value of G^{x,x ') .  The accuracy of this approximation will 

depend on how large the mass m  of the field is chosen when compared to the mag­

nitude of the spacetime curvature invariants. Hereafter, the phrases “DS expansion” 

or “DS approximation” will refer to the large mass expansion of any quantity.

The point-splitting procedure is capable of yielding a DS approximation for both 

the vacuum polarization (</>2) (which is directly proportional to ) and the vacuum 

expectation value of the stress energy tensor (Tliv) (which is assembled from G ^  and 

its derivatives). Unfortunately, one major limitation of the point-splitting procedure 

is exposed whenever real particle production occurs. As will be shown in greater 

detail later, point-splitting is incapable of yielding either the imaginary part of the 

expansion of G ^  [2], or odd powers of m  in Eq.(4). These two limitations mean 

that point-splitting is incapable of yielding a DS approximation for the current of the 

quantized charged scalar field (j^).

This thesis calculates the regularization counterterms for the three VEVs (^2), 

(j^), and (Tliv). All of these will be derived for the case of a complex scalar field
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interacting with a classical background electromagnetic in a spacetime of arbitrary 

curvature. A scalar field is chosen in the present work in order to make a connection 

with the regularization work previously done by Christensen [30, 31] and for simplicity. 

The added complication of spin need not be considered since essentially no new physics 

is expected to arise when spin effects are considered.

Chapter 2 contains a discussion of the degree of divergence in QED will be pre­

sented. The relationship between the momentum space representations of VEVs and 

the geodesic separation of spacetime points x and X1 will be discussed. This discussion 

will show (x, x') (and equivalently to have an expected quadratic divergence 

in the spacetime separation distance \x — x'\ as the two points x and x' are brought 

together. The quantities (j^) and (Ttiv) will be shown to potentially contain cubic 

and quartic divergences, respectively, in the separation distance \x — x'\.

Chapter 3 begins with a discussion of the local structure of spacetime upon 

which point-splitting regularization depends crucially. A Hamilton-Jacobi analysis 

of geodesic motion in the presence of gravitational and electromagnetic fields will 

lead to the biscalar of the geodetic interval, a{x, x'). The biscalar <j (x , x') will be 

shown to be equal to one-half the square of the geodesic distance between the points 

x and and will be shown to carry information about the structure of spacetime 

along the geodesic between the two points. The Van Vleck-Morette determinant, 

symbolized D, arises in a discussion of caustic surfaces in curved spacetimes, and 

will be shown to place constraints on how the points x and x' are separated. Dif­

ferential equations that define Cr(XjXf) and D for the point-splitting procedure will 

be derived. The bivector of parallel transport, Q11vI will be shown as the means for 

conveying information from the nearby point x' back to the stationary point x. A 

differential equation involving Q11vI that is required for the point-splitting procedure 

will be derived.
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Chapter 4 presents a derivation of the geodesic point-splitting procedure using 

the quantities derived in Chapter 3. This chapter will start with Schwinger’s original 

proper time method of calculating the Feynman Green function, and end with the 

presentation of the DS expansion of . This will illustrate the need for and 

its derivatives to be rewritten in terms of local geometric quantities. The point­

splitting “recursion relations” derived by Christensen [30] are a set of differential 

equations that are used to construct G ^  and its derivatives. In this chapter, a 

derivation of the recursion relations of the familiar form presented by Christensen [30] 

will follow. The crucial new feature in this thesis is the presence of the electromagnetic 

gauge field. The original recursion relations will be cast into the gauge-invariant 

form necessary for calculating effects due to both the gauge and gravitational fields. 

The gravitational field emerged in Christensen’s work while solving the differential 

equations, or recursion relations, through the commutator of the covariant derivative

[V«, =  (5)

where Va is the covariant derivative, V fl is a purely geometric vector, and RtluaP is 

the Riemann tensor. In this thesis, the addition of the electromagnetic field requires 

the use of the gauge covariant derivative whose commutator is given by

[Va — ieAa, V1Q — ieAp\\V = ieFpaW, (6)

where IT is a scalar that explicitly depends on the gauge field, A a is the vector 

potential for the gauge field, and Fpa is the Maxwell tensor. The effects of this gauge 

field in quantum field theory calculations in curved spacetime is the heart of the 

present work.

Chapter 5 is devoted to solving the recursion relations in order to construct the 

expansion of Eq.(4). The recursion relations can not be solved analytically and so
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they must be iteratively solved order by order. This iterative process is detailed and 

a listing of the geometric quantities that form the An of Eq.(4) will be given.

In Chapter 6, the DS'point-splitting expansions for G^-\ ( jM), and [Tixv) will be 

given, with the divergent and finite parts of each clearly identified. These point­

splitting expansions will be asymptotic series as in Eq.(4). The expansions for all 

three VEVs will explicitly show that the divergent parts are proportional to non­

negative powers of m. The expansion for will include terms of order m~2 and 

m~4, and these terms may be used as a DS approximation to the true value for G ^  

as discussed above. This chapter will discuss why the coefficients Bn in the expansion 

for (jr),

(Jti) = B+2 (x,x ')m2 + Bo(x,x')m° + B_2(£, a/)m-2 +  . . . ,  (7)

vanish for all negative n. The DS approximations for {</>2) and (Tfiv) will be presented 

in their most general form as combinations of the electromagnetic and curvature 

tensors. Previous workers derived expressions for (02) and (Tfiv) for uncharged fields 

that contained only geometric terms. Here, the. contributions of the electromagnetic 

field to these expressions will be shown.

Chapter 7 will discuss the possible future use of this work in studying the evo­

lution of charged black hole interiors. The regularization counterterms presented 

here for (Jli) and (Tfxv) are a first step towards studies of both gravitational and 

electromagnetic backreation effects. Also, the use of the general DeWitt-Schwinger 

approximation presented here for (Tfxv) will be discussed.

The appendices following the Bibliography contain expressions which are too large 

to list in the body of this thesis. The equations in these appendices are quite long. 

So long, in fact, that there was no practical way to apply every simplification rule in 

order to write them in their most compact form. Rewriting or cancelling a few terms 

will make no difference in the physics contained in the longer expressions. These
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appendices are intended as an archive for the expressions derived in the DeWitt- 

Schwinger point-splitting procedure. Appendices A-E contain the coincidence limits 

of derivatives of the biscalars a{x,x'), A1Z2(^ V ), a0(x,x'), ai(x,x'),  and a2(x,x'). 

Appendix F contains the purely geometric regularization counterterms first derived 

by Christensen [30] that contribute to (Tliu)finite. In the interest of space, Chapter 6 

contains only those terms in the DS expansion of (Ttiu) which depend on the electro­

magnetic field. Appendix G contains the purely geometric terms of order m~2 term 

of the DS approximation of (Ttiu).
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CHAPTER 2

Degree of Divergence in Scalar QED

As mentioned in Chapter I, the biscalar (4>(x)4>(x')) has its two constituent quan­

tum fields evaluated at two spacetime points, x and the nearby x'. This is finite so

brought together. The so-called degree of divergence indicates whether the quanti­

ties {4>2)i (Jai), and (Tijlu) diverge logarithmically, linearly, etc., when the points are 

brought together. Quantities that have a logarithmic, linear, etc., degree of diver­

gence contain terms proportional to ln(|% —z'|), \x — x'\~l , etc. The DeWitt-Schwinger 

point-splitting procedure isolates the infinities which appear in (0(a:)</>(;r')) as 2/ —> x 

and in the VEVs of (<̂>2), (j^), and (Tfiu). This chapter discusses the origin and struc­

ture of these infinities using the familiar tool of the Fourier expansion of quantum 

field operators.

Relativistic quantum field theory calculations of VEVs of operators may be per­

formed by Fourier transforming to wavenumber space. It is known that infinities arise 

as the integration limits over the wavenumbers involved are extended to infinity. As 

an example of divergences appearing due to divergent integration over wavenumbers, 

consider the Wightman function,

long as the two points are separated in spacetime, but diverges as the two points are

G+(x,x') = (0 |^(z)^(i')|0), ( 8)

in flat space. The Fourier transform of the operator <f(x) is given by,

±{x) =  f  ^  [a(k)e-ik“xa + tf(k)eikaxa] , (9)



15

where ka is the wavenumber of the basis functions Cizikax*, ojj: = k0 ~  y k  - k +  m2, 

and the limits of integration extend from zero to infinity in each wavenumber integral. 

The action of the particle annihilation and creation operators on the vacuum state 

|0) is given by

fi(£)|0) =  0 , Ut (^)IO) =  |l(fc))part, (10)

where \l(k)}part is a state with one particle of wavenumber k. The action of the 

antiparticle annihilation and creation operators on the vacuum state |0) is given by

i>(i)|0) =  0 , 6t(£)|0) = . (11)

where \l(k))anti is a state with one antiparticle of wavenumber k. Substituting Eq.(9) 

into Eq.(8), and using Eqs.(10)-(11) along with the commutation relations,

=  [6(k),^(P)] =  P), (12)

gives

- ik ax a +ik'a x''

-iko.xa +ik'a x l<

(2ir)3v/2ws2ws,
(Pk <Pk'

(OIfi(^at (S)IO)

(OIfit (S)O(S)IO) + (O I^ (S -S )  |0>)

(2-r)V
- i k a x a +ik'a x 'a _  i f

2uk2u}k'
^ ( t - t ' ) ( 0|0)

=  / —  J (2n
0—ik a (xa —x a') (13)( 2 ^ 1  :

The last line is finite so long as the points x and x1 are not coincident. As the points 

x and x' are brought together, G+(x, x') diverges quadratically since G+(x, x') ~  

f  k dk ~  k2 &S k oo. This is where a direct correlation exists between point­

splitting and wavenumber space integrations. States with high wavenumbers, or high 

energy values, have short wavelengths. These short wavelength states are probing 

the spacetime at ever-decreasing length scales. As the wavenumbers diverge, the
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spacetime is probed to ever-decreasing length scales, and the vacuum self-energy 

diverges. Instead of investigating the behavior VEVs using divergent wavenumber 

integrations, point-splitting studies the behavior of VEVs explicitly in terms of small 

length scales.

It is straightforward to show that one and two derivatives of G+(x, x') give the 

cubic and quartic divergences

— G+($, x')~ J  k2 dk ~  k3, k —> oo,

k - t o o ,  ^ (14)

where spacetime indices have been suppressed for simplicity. It should be noted that 

G+(x, xf) is similar to the Hadamard elementary function G ^ ( x rx') in that they are 

both constructed from the VEV of products of the fields (f)(x) and <f>(xf).

While the above discussion of the divergences of the Wightman function is in flat 

space, it gives an intuitive picture of the physical origin of the divergences in quantum 

field theory. With (4>2), ( j11), and (Ttiu) being constructed from G ^  (x, x’) and its 

derivatives, it is possible to consider an analogy between the divergences of G+(x, x') 

and its derivatives and G^1\x^x ')  and its derivatives. For example, the stress-energy 

tensor (Ttiu) will be constructed from up to two derivatives of G^1\ x t x'). With the 

result of Eq.(14), the stress-energy tensor would potentially contain up to quartic 

divergences. This will be shown to be true. The current (j^) will be constructed 

from up to one derivatives of G ^  (x, x') and would potentially contain up to cubic 

divergences. However, (j11) will be shown to actually contain only a linear divergence.

While the above discussion provides a general framework within which to view the 

origin of the divergences in scalar QED, there exists a method for determining the 

specific degree of divergence for (</>2), (j^), and (Ttiu) individually. To calculate these 

degrees of divergence, it is necessary to consider the action functional for a complex
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scalar field coupled to the electromagnetic field in an arbitrary curved background

[ i] ;

= J  £  dV

=  - \  j  £  (~9)1/2 d4x

= - ^  /  [(Z W (D V  +  (m ' +  f a ) # *

(15)

(16) 

dAx l l7 )

where (j>{x) =  (<f>i(x) +  i^2(®)) is the complex scalar field, g is the determinant of

the metric Cjflll, Dfl =  (V fl — ieA^) is the gauge covariant derivative, is the classical 

electromagnetic vector potential, e is the coupling between the complex scalar and 

the electromagnetic fields, m  is the mass of the complex scalar field, f  is the scalar 

curvature coupling, and R  is the scalar curvature. The Lagrangian density £  may be 

rewritten in terms of interaction Lagrangians

(D # )(D # )*  +  (m" +  f a ) # *  -  -  V "

(V„ -  feA^MV + %eA")f + (m" + fa)#* -  j  V "
4

7 P P̂  I
-  UD*+, f }  -  {£>">, f } ' ]  A„ -  - A rAH*, f }  -  - F ^ -

= \{ 9 A ,  8 V }  + ^ m 2 + f }  +  / A f -  ^ A FA»{* / }

where = ' y  </)*} — { D # , </>*}*] is the scalar field current, and the anti­

commutators have arisen by symmetrizing with respect to the fields. Eq.(18) may be 

rewritten in terms of three interaction Lagrangian densities and the classical electro­

magnetic Lagrangian density;

C' =  -£/,1 + £/,2 + £/,3 +  &EM, (19)

where

£/,i =  g {^<6, <9^*} +  -(m 2 + f a ) # ,  0*} (20)
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is the interaction Lagrangian density for the scalar field in curved space studied by 

Christensen [30],

^ ,2  =  f  A , =  y  [{D"<& m  (2i)

is the interaction Lagrangian density for the scalar field current and the classical 

background electromagnetic field All,

e2 •
£ 1 ,3  =  — - ^ A tlA tl {<j>,cj>*} (22)

is the interaction Lagrangian density for the scalar field and classical background 

electromagnetic field, and

£ em  =  - ^ F flljF ixv (23)

is the Lagrangian density for the classical background electromagnetic field. Note 

that Eq.(21) is an interaction first order in the coupling constant e, while Eq.(22) is 

second order in e.

The three VEVs (</>2), ( jM), and [Tfjil,) arise from functional variation of Eq.(17) 

for the total action with respect to the the fields (jf, A ix, and Qfllj, respectively. The 

degree of divergence of each VEV may be predicted from analysis of the Feynman 

diagrams for the interaction Lagrangian density pertaining to each. For example, the 

total interaction Lagrangian density for the scalar field and the electromagnetic field 

is

=  -£/,2 +  £ j ,3- (24)

The first term gives rise to the three-point Feynman graph of Figure I, while the 

second term is the four-point graph.

In the 3-point diagram, there are two external scalar (boson) lines, one external 

photon line, and one vertex. For scalar QED, the degree of divergence D in four 

dimensions is given by [5]

D - A - P e -  Qe, (25)
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Figure I: Feynman diagrams for scalar field-photon interaction

where Pe and Qe are the number of external scalar and photon lines, respectively, 

in the Feynman diagrams for the interaction. The values D =  0,1,2, . . .  imply log­

arithmic, linear, quadratic, etc., divergences, while Z) < 0 implies the interaction is 

not divergent. DeWitt has pointed out for the generalized Yang-Mills field in the 

presence of the gravitational field that the simplest possible diagram will be the most 

divergent [2]. With the total interaction given by Eq.(24), the three-point graph will 

be the most divergent. Thus, the expected degree of divergence is D = I, a lin­

ear divergence. The direct correspondence between the degree of divergence in the 

wavenumber Fourier transforms of the operators ^_{x) and the dependence upon the 

splitting of points in spacetime indicates that, when all calculations of the VEV of 

the current (j^) are complete, the infinities should be proportional to \x —

The vacuum polarization (cf)2) for a real scalar field in curved space has well- 

known quadratic and logarithmic divergences as the split points x and x' are brought 

together [30]. The degree of this divergence should not change in the case of a 

complex scalar field since the complex field is constructed from the complex sum of 

two real scalar fields. Thus, {(j>4>*) =  (</>2) should also have a quadratic divergence. 

The interaction Lagrangian density of Eq.(20) gives rise to a two-point graph with 

a degree of divergence D = 2. This gives an expected quadratic divergence in full 

agreement with previous point-splitting results. With no gauge field contribution to 

this interaction, all of the divergences should be exactly the same as when no gauge 

field is present in the spacetime.
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The VEV of the stress-energy tensor in curved space has well-known quartic, 

quadratic, linear, and logarithmic divergences in the case of a real scalar held with 

no gauge held present [30],, According to DeWitt [2], the addition of the gauge held 

should contribute additional divergences within the existing logarithmic ones. These 

may be considered as arising from the Lagrangian density of Eq.(22) which has the 

logarithmic degree of divergence D = 0.

Point-splitting will be shown capable of isolating all of the divergences of (</>2)., 

(j^), and (T,iv) predicted above.
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CHAPTER 3

The Local Structure of Spacetime

The DeWitt-Schwinger geodesic point-splitting procedure depends crucially upon 

geometric quantities describing the local structure of spacetime. At the heart of 

point-splitting lies the idea of N-tensors [32, 33, 2, 31]. An N-tensor is simply a 

tensor that may be evaluated at more than one point in spacetime. For example, 

{4>2) =  {^>{x)(j){x')) is a biscalar constructed from the product of two scalars, with 

each individual scalar being evaluated at its own spacetime point. Another exam­

ple would be the bivector =  (^(z)<^'(a/)), where the derivative with

respect to x' does not affect the scalar <j){x), a scalar which is associated with the 

nearby point x. (Note how the prime on the derivative index indicates the spacetime 

point on which the derivative acts.) With derivatives being taken with respect to a 

particular spacetime point, all derivatives with respect to primed indices commute 

with all derivatives with respect to umprimed indices, and vice versa. In the present 

work, we will only be concerned with bitensors. More general quantities such as 

{(f)(x)4>(x')(f)(x")} will not arise.

A concept of importance associated with N-tensors is that of tensor weight [I]. 

Consider, for example, the familiar transformation involving volume elements in flat

space:

Pirn
dx°dxldx2dxz =  dix = ‘ —— (Px1

dx' (26)

(27)= ( - g Y /2d4x'

where \dxldx'\ is the Jacobian of the transformation from the coordinates {xa'} to 

the coordinates {$“}. The number of factors of \dx/dx'\ determines the weight of the
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density. Here, (fix' with a tensor density of weight +1 transforms like an ordinary 

tensor such that (—gY^d^x'  is an invariant volume element. Another example of ten­

sor weight involves the basis kets |%) such as those of Eqs.(10)-(11). These transform 

as densities of weight |  under coordinate transformations in At space [4]:

W) = ( - ^ )1/4k>- (28)

The most important biscalar for the point-splitting procedure is a{x,x'), the bis­

calar of the geodesic interval [2], which will be defined as one-half the square of the 

geodesic distance between the points x and x'. The biscalar o(x,x') contains in­

formation about the local structure of spacetime and arises from a Hamilton-Jacobi 

analysis of motion along geodesics.

The Lagrangian describing the motion of a charged particle in combined external 

gravitational and electromagnetic fields is given by [34],

T I dx11 dxu
=  2 ^ "  dA dA

T eA
dx^

(29)

where Afi is the electromagnetic gauge field and e is the charge of the particle. The 

invariant interval is given by

ds2 =  g^dx^dx1' =  —dr2. (30)

Following Carter [34], we are free to choose the normalization constant, or mass m  of 

the particle moving along the geodesic, such that

SV
dafi dxv 
dX dX

'dr'
dX —m  = 1  — 1 =  constant. (31)

Given this normalization condition, the action for the motion of the particle becomes, 

for the parameter A along any curve afi(A),

I - C o ( X )
s =  r  L dx

Jx' (X’)
(32)
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(35)

(34)

(33)

The transition from Eq.(34) to Eq.(35) was made by requiring

(36)

showing cr^jx') must be defined as one-half of the square of the geodesic distance

It is not generally possible to write the right hand side of Eq.(36) in terms of 

metric functions and their derivatives. Doing so would require directly evaluating

and expressing the results in terms of metric functions and their derivatives. Then, 

one would have to solve the geodesic equations in order to also express (A — A') in 

terms of metric functions and their derivatives. Point-splitting will instead rely upon 

a differential equation for cr(x,x') that may be solved iteratively. This differential 

equation may be obtained by moving from the Lagrangian of Eq.(29) to a Hamiltonian 

study of geodesic motion. In the Hamiltonian formalism, the conjugate momenta and 

Hamiltonian are given by,

between x and x' in the limit that (A — A') is an infinitesimal quantity.

dA dA
(Ixft dxu

dX = constant(X — A') (37)

(38)

and,
/7 I

H = - L  = - g ^ - f  -  =A")(p" -  eA"). (39)

The Hamilton-Jacobi equation is given by [35, 34],

(40)
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Using
dS a{x,x')
3A "  (A -  Ag:' (41)

#2  <7,a(3,ag
ckc" (A -  A') (42)

the Hamilton-Jacobi equation becomes

I x>) ^ { x , x ' )
2 (A- A g  ( A - A g '  ^

where +eA^ — eA^ has been included to emphasize the explicit cancellation of the 

gauge field terms. Multiplying both sides by (A — Ag2, and defining a =  cr(z, x') gives,

^ = ^o-5V w4 =  (44)

where =  cr;A1. This differential equation will be used extensively in the point­

splitting procedure.

The result of Eq.(44) is very important. The insensitivity of the differential equa­

tion (44) to the presence of the gauge field demonstrates that the biscalar a(x,x') 

is a purely geometric quantity. The first covariant derivative of <r is a simple par­

tial derivative, requiring no gauge, A^, or Christoffel, Tpiiij, connections. Second and 

higher covariant derivatives will require Christoffel connections but no gauge connec­

tions. Like all other purely geometric quantities such as curvature tensors, etc., the 

only connections required for the covariant derivatives of cr(x, x') are the Christoffel 

connections. Point-splitting regularization in the presence of a gauge field requires 

careful identification of those quantities whose covariant derivatives will require not 

only the Christoffel connections but also the gauge connection A**.

The components on the right hand side of Eq.(44) may be given a physical mean­

ing. Consider the geodesic connecting the points x and x' of Figure 2.

The vector Ctm is a tangent to the curve at x, being the derivative of a scalar with

r(x-, x')
(A -  A')=

<Lp(2,3g

. (A -  aO
+ eA„ — eAt,
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Figure 2: Geodesic connecting points x and x' with tangent vector at each endpoint

respect to aA It has length equal to the arc length of the geodesic between x and x', 

and points in the direction x' —>■ x. An equation similar to Eq.(44) may be derived for 

Uai', the vector tangent at the other end of the geodesic and pointing in the direction 

x -> x':

cr(xj x') = -a*1'(TtlI — (t{x\  x). (45)

(Tti' is a vector tangent to the curve at a/, has length equal to the arc length of the 

geodesic between x and x', and points in the direction x —> x'.

The biscalar of the geodesic interval, tj{x, x'), describes the spacetime geometry 

along a geodesic between the separated points x and x'. Point-splitting requires these 

points to be separated by a unique geodesic so that <t (x , x') is a single-valued function 

of the points x and x'. In a general Riemannian manifold, the geodesics emanating 

from one spacetime point begin to overlap and cross one another at some distance 

from that point [2]. Consider the points x, x' , and x" and the two geodesics of Figure

3.

While there are an infinite number of geodesics emanating from the stationary 

point a, this diagram is only concerned with the two shown. These two are shown 

because the point x" is the nearest point where the geodesics emanating from x start 

to cross themselves. This diagram shows the points x and x" are not sufficiently
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Figure 3: Two of the infinite number of geodesics emanating from x that cross at x"

close in this spacetime for cr(x, x") to be a single-valued function. The point x' is 

closer to close enough such that no other geodesic coming from x connects to x \  

and thus (t{x , x') is a single-valued function as shown in Figure 3. The surface at 

which geodesics start to overlap is known as a caustic surface. It should be noted 

here that there are no caustic surfaces in flat spacetime. (An example of caustic 

surfaces occurring in two-dimensional space is the two-sphere. The infinite number 

of geodesics (great circles) emanating from the “north” pole cross themselves at the 

“south” pole of the two-sphere.) If the points x and xf are “sufficiently close,” caustic 

surfaces may be avoided. A way of quantifying the criterion of “sufficiently close” is 

provided by calculating the Van Vleck-Morette determinant [36, 37].

The Van Vleck-Morette determinant arises when considering how variation of the 

tangent vectors at x' relates to the single-valuedness of a(x, x”). A geodesic may be 

characterized either by its two endpoints {x^^x"'}, or by one of its endpoints along 

with the tangent vector at that endpoint, {x^', a^i}. This last characterization may 

not seem adequate to specify the geodesic at first glance, but it actually does. Con­

sider the geodesic of Figure 2. There are an infinite number of geodesics emanating 

from the point xr. However, only that geodesic which has <V'(z, x') as its tangent 

vector is the one that connects the point x' to the point x. Any other of the infinite 

number of tangent vectors at x' would specify a geodesic connecting x' to a point
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other than x.

The transformation from characterizing a geodesic by {3^, x u'} to {x^, cr„,} is given 

by the Jacobian,

d(<Tl/i , X p ' )

2""')
Oxfl d x rt‘ 
dx? d x p 
dXfx Qxrt

<9(gy)
= d e t(a^ /)1, (46)

where the fact that partials with respect to different coordinates commute has been

used. Variation of the tangent vector cr„, produces a corresponding change in the 

other endpoint at 3;

^  =  a(f",) =  a =  (47)

Inverting this gives the variation of the endpoint at x in terms of the variation of the 

tangent vector &r„/,

Sxp — —(—Uytliy/) 18<tui =  —(Z) 1a“/ )Scrui, (48)

where Dtiu/ = —CrixuI for a given x and and {D~liJ‘u') is the inverse of (-U ziiy/). 

Eq.(48) means that, when (D~lf“/ ) is zero for a given x and x1, variations of the 

tangent vector aui do not produce a corresponding change in the original endpoint 

of the geodesic located at x. Figure 3 illustrates an example wherein (D_1/il/) is 

zero. Variation of the tangent vector from the vector uf to the vector cr% at point 

x" changes from the upper geodesic between x and x" to the lower geodesic between 

these points. Yet both of these geodesics still have x as their other endpoint. Thus 

cr(x, x") is not single-valued, x" is not “sufficiently close” to x, and the point x" is 

not appropriate to choose for point-splitting.

With more than one geodesic emanating from x crossing at the point x", a caus­

tic surface has been found at x". This occurs if (Dztiy') -1 =  0, or, equivalently, 

det(D~lfll/) =  D-1 =  0. If Z)-1 =  0, then (W(Z)zily/) blows up. The Van Vleck- 

Morette determinant D is defined by

D(x,x ')  =  det(Z)zlly/). (49)
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Evidently, when the Van Vleck-Morette determinant diverges, a caustic surface has 

been found, and the points of chosen for geodesic point-splitting are not “sufficiently 

close.”

An important identity involving the Van Vleck-Morette determinant may be de­

rived from Eq.(44). Taking one covariant derivative with respect to the stationary 

point x a gives

ffict = =  . (50)

Taking one covariant derivative with respect to the nearby point x^' gives

crJorlG' — crJct/z/3,cr’̂  T CTiâ ttP' = Cr.apt^a'*1 T cr.^cr.^pi (51)

where the fact that covariant derivatives with respect to different spacetime points 

commute has been used. This may be rewritten as

Dapt =  Dapi-nO-’̂  +  D ̂ pt (T-Ji . (52)

Multiplying by (Z)a^ ) -1, and using tr In(A) =  In det(A) for any matrix A, gives

(D ^ ')-'D ^ , =  (D ^ )- :D ^ ,,^ ^  +  (D ^ ') -^ ^ ,m ^  (53)

. 4=  [tr.ln(T)ajg/)]^<t;ai +  5%cr;c/  (54)

4=  [lndet(Da ,̂)]^<T^ + cr.^ (55)

A= D -1DifiCT'*1 + D - 1Dcr.^ (56)

4==D-i(jr)r:P),p. (5?)

This has the form of a divergence equation for the vector a’*1. Eq.(57) may be rewritten 

in a more convenient form. First, note the action of the operator, cr*1- ^  on the scalar

Vtl f , v — (A-A')
dx*1 d f  
dX Oxfl (A -  A')

dX'
(58)
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This operator gives the change of a function along the geodesic parameterized by 

A, or, in essence, the change in the function as it is parallel transported along that 

geodesic. Also,

( V - A ) ^  =  ( Y - A ) I  ' (59)

gives the change of the f  when it is parallel transported in the opposite direction 

along the geodesic. Defining,

A ( x , x ' ) = g  1/2(x)D(x,x')g 1/2« ) , (60)

and using Eq.(58), Eq.(57) may now be rewritten in terms of the divergence of the

vector (Tp:

<7^=4 -  A - V ^ (61)

= 4 - A_1(A- y ) f (62)

. i  d A ( A - A ' )
A dX (63)

S
IIII (64)

where the transition to the last line was made by setting the parameter X1 = 0 . In

flat spacetime, there are no caustic surfaces, the Van Vleck-Morette determinant is 

zero, and this divergence is 4. If Z), and thus A, blows up, then there are an infinite 

number of geodesics emanating from the point x crossing at x', and there is a caustic 

surface at x'.

Finally, there is the matter how to interpret N-tensors having weight at a spacetime 

point that is not the stationary point x. For example, consider the vector Av' which 

is evaluated at the nearby point x'. A way is needed for the information contained in 

this vector to be conveyed to the stationary point x. This is a concept familiar in field 

theory in that Green functions accomplish such transport of information. Consider
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the flat space Klein-Gordon equation

(dada -  m 2)(j){x) = j(x), (65)

where dada is the flat space D’Alembertian and j (x)  is a source for the field (j){x). 

Solutions to Eq.(65) will be generated by [41]

the entity analogous to G(x,x') is g V , the bivector of parallel transport, defined by

where QljlvI takes the information at the nearby point x' and conveys it to the stationary 

point x.

An important property of QijvI may be demonstrated by using the operator of 

Eq.(58) to parallel transport Azi along a geodesic parameterized by A. Parallel trans­

port of A ij along the geodesic connecting the points x and x' requires

(66)

where is a solution to the homogeneous form of Eq.(65). The Green function 

G{x, x') takes information at x' and conveys it to the point x. In a general spacetime,

A" = (67)

CTpA lj-P =  0 (68)

and thus

TfAf lp = =  0. (69)

For this to be true for arbitrary crlf and A" requires

(70)

This equation will be needed for the point-splitting procedure.
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CHAPTER 4

DeW itt-Schwinger Geodesic Point-Splitting

The geodesic point-splitting scheme of DeWitt [2] was developed from Schwinger’s 

[3] original method of calculating the Feynman Green function Gf (x , x') associated 

with a quantum field. At the heart of Schwinger’s method lies the idea that the Feyn­

man Green function is determined by the differential operator of the gauge invariant 

wave equation. The wave equation for the charged complex scalar field is obtained 

by varying the action in Eq.(17) with respect to </>* and is given by

-  (m2 +  i R ) W )  = # | /  -  (ro2 + ££)<£ =  0. (71)

It will be shown that, once the Feynman Green function is determined, the Hadamard 

function G^-\x^x') will be determined. Then the DS point-splitting expansions for 

O7i); and (Till)  may be constructed from G'W and its derivatives. This chapter 

will detail the steps for obtaining a DeWitt-Schwinger expansion for G^1\ x ,  x') from 

Schwinger’s original proper time method.

The classical current for a charged scalar field is obtained by varying the action 

in Eq.(17) with respect to A fl and is given by

f  = =  1̂ie  {{D ^ , f }  -  { D ^ ,  f } " ] , (72)

where the braces {} denote the anticommutator. The components of the classical 

stress-energy tensor are given by,

i ( l  -  f l" }  +  i (2 f  -  I W W k , W ]

- w ' " ,  m

-  I i T R M r t  -  j m y w . r }  +  c.c\, (73)
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where c.c. denotes the complex conjugate of all of the previous terms. The anti­

commutators above arise from symmetrizing with respect to the fields 4> and cjf.

Consider now the transition from the classical form of {(j){x), to its quantized 

form in the point-splitting procedure. The functions (j){x) become the field operators 

0(z). The first field operator is moved to the nearby point x' and evaluated between 

the vacuum states (0| and |0). A similar expression is then obtained by taking the 

second field operator to the point x'. The two results are then averaged, yielding the 

biscalar Hadamard function G^\x^  $'), given by

(%)} -4- G{1\ x , x ' )  =  (74)

With this definition, the vacuum polarization is given by

(<£2) = Jim x')- (75)

Constructing the VEV of the current and stress-energy tensor will require not 

only G^\x,x')-,  but also gauge covariant derivatives of (x, x'). Remembering, 

that derivatives with respect to a spacetime point only act on functions of that point, 

it is straightforward to show the first few gauge covariant derivatives of (x, x') are

(76)

G W ' =  (C M *), ■f'-VW Io), (77)

G(1>l'“' =  (0|{^'“'(s),^ (* ')} |0 ), (78)

G<1>l^ =  (0 |{ ^ (s> 1< fl'V )} |0 ), (79)

(JO)Ibv =  (OIti(S)1̂ lliv(S1))IO)- (80)

In all of these, the unprimed and primed indices refer to differentiation with respect 

to the spacetime points x and x', respectively. Since G^)(x,x') is understood to be a
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biscalar, the argument of G^>{x,x') will hereafter often be dropped for brevity

in the long expressions to follow.

The expectation value of the current associated with the charged scalar field may 

be written using Eq.(72) and the definitions of Eqs.(76-(80) and is given by

( f  (s)) = Hm j  [(GW" +  Qimt,G W )  -  ( G ^  + g \ , G W ) * ]  . (81)

The bivector of parallel transport QflrI has been used to transport the information 

from the spacetime point x' back to the stationary point x. Note that the form 

of Eq.(81) guarantees that the current will be real. The expectation value of the 

stress-energy tensor may similarly be written in terms of G ^  and its derivatives as

I.(Ttw(X))= Iim Re
x'-+ x -  eXyVGW'"'" + SV G wl" ')  +  K -  ^ s - 1Sv GeiV

- J f ( G ei)I'*- +  s W /G M I-V )  +  I f s - ( G ei)I." + s\-S=,,'Gei>|TV) 

+ j f ( « -  -  jS - f l ) G ei) -  I m V - G ei)' . (82)

Eqs.(75)-(82) are divergent for the same reasons that the Wightman function 

G+ (tr, X 1)  of Eq.(13) is divergent. The Hadamard elementary function, G^1), is con­

structed from the VEV of the product of two fields in a manner similar to G+(x, x') 

as shown by Eqs.(74) and (13). Just as G+(x,x')  is quadratically divergent so, too, 

is x') quadratically divergent. By direct analogy with Eq.(14), one derivative

of G ^  will potentially have a cubic divergence, while two derivatives will potentially 

have a quartic divergence. Point-splitting will isolate these divergences in preparation 

for renormalizing Eqs.(75), (81), and (82).

Evaluating G ^  and its derivatives requires relating G ^  to the Feynman Green 

function Gf (x , x') = Gp- The Feynman Green function for the complex scalar field 

is given by the VEV of the time-ordered product of the field and its conjugate,

%GF(T,T') =  (0 |T ^ (a ;)f( /)] |0 )

=  (O|0(t -  t')(ji(x)(ji (x') +  Q(t' -  t)^*(x')^(x)\0),

(83)

(84)
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where

={o!’ < > ? ■  (85)
The Pauli-Jordan, or Schwinger function, G(x,x'), is given by the VEV of the com­

mutator of the field operators

iG(x,x') = (0|[^(x),^*(®/)].|0), (86)

The retarded and advanced Green functions are defined by

Gn(x,xr) =  —Q(t — t ,)Gr(x, x'), (87)

and

Ga (x , x') = 0 (t ' — t)G(x, x1). (88)

With these definitions, it is straightforward to derive the relationship

GF(x ,x f) =  G(x,x') -  ^ iG ^ \x ,x ' ) ,  (89)

where G(x,x') is one-half the sum of the advanced and retarded Green functions. 

This relation shows that, were the Feynman Green function known, its imaginary 

part would be the Hadamard function from which the DS point-splitting expansions 

for ( jM), and (Tw ) may be constructed. Determining the Feynman Green

function requires determining the action of the differential operator of Eq.(71) on the 

Feynman Green function. To do this, we now make the transition from coordinate 

space to Schwinger’s proper time space.

The transition from classical to quantum fields is made by imposing the equal 

time commutation relations for the quantum operators <£($) and 7r(z) [49],

[7r(i,.*),7r(i,P)

=  0 

=  0

£(t,x),K(t,x') = iS3(x — x j .

(90)

(91)

(92)
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where 7r(£, x) is the canonically conjugate variable to <£(t, x) defined by

dC
^ =  (93)

where o:0 is a time (temporal) coordinate. Using Eqs.(90)-(92), along with Eq.(71) 

and dtQ{t — f )  = S(t — f ) ,  the action of the wave differential operator on Gf (x , x') 

may be shown to be

-(m 2  + fa)](3f.(:c, a') =  -J4(a -  s'), (94)

or

F (s )G f(s ,s ')  =  —84(x — s'), (95)

where F(x) =  Q1Z2IDljiDfl — (m2 +  £R)] operates with respect to the spacetime point 

x. Rewriting Eq.(95) as a matrix equation gives

/(2|F |a")(3l(ZF|2')^2'' =  -(%|1|3), (96)

where F_ and Gf are now matrix operators. Inserting two factors of I  =  Q-1Z4Q1Z4 

in Eq.(96) maintains the transformation properties of the bases |s) as in Eq.(28). 

Removing the projection operator, /  |s")(s"|d4s", along with the matrix elements 

( s | ( . . .)|s') a:llows the matrix equation (96) to be written as,

s ' w = - ( r l / ^ - . / 4 + i e i ) =*  r  e~ - d s = - / ;  e- m - ° )ds- w

In Eq.(97), the factor e-1—0 =  I has been explicitly added for clarity below, and the 

matrix operator £L is defined by

R = - ( Q - 1Z4FQ-1Z4 Fiel)  (98)

The infinitesimal +iel has been added to make this integral analytic in the upper 

half of the complex plane [2, 49]. Taking matrix elements of Eq.(97) and rearranging, 

yields,

Gf (x , x') = i J  g -1Z4(x)(x\e-i—(s- 0)\x,)g-1Z4^x,)ds. (99)
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The operator e~z—(s-°) was interpreted by Schwinger to act in a fictitious 4 +  1- 

dimensional Hilbert space where s is a proper time parameter. With the spacetime 

points x and. x' understood to be associated with points s and s', respectively, in this 

Hilbert space, the operator e —s is interpreted to act on the kets \x, s) as,

e - sIx0, s =  0) =  |x,s). (100)

The ket |x0, s = 0), which is associated with the spacetime point X0 and the proper 

time parameter s =  0, has been taken to the ket \x,s), which is associated with the 

spacetime point x and the proper time parameter s. Thus,

Gf (x , x f) = i g 1/4(x)(x,s\x',0)g 1/4(x')ds. (101)

The matrix element (x, s|x', 0) obeys a Schrodinger-Iike equation in both Hilbert space 

form,

i-~^(x,s\x', 0) = (x,s\H\x', 0), (102)

and coordinate space form,

. d
-K-{x,s\x', 0) = g l/4f:t')s 1/4(ic') Rm2 +  (R) -  -DjlZTl (z, s |z ', 0), (103)

where the infinitesimal factor +ze has been dropped for brevity. Also, the reader 

should take care not to confuse the factor g~1̂ 4i(x)g~1̂ 4(x') in this equation with 

the two factors g~1̂ 4(x) and P-1Z4(Xz) in Eq.(lOl). Keeping track of these factors is 

very important in this derivation! In Eq.(103), the operator p-1/4 to the right of the 

derivatives has been allowed to operate on the ket |xz, 0). Then, since [(m2 + £R) — 

DflD11 is chosen to operate with respect to the point x, the factor of p-1Z4(xz) may be 

moved to the left of the derivative operator. The boundary condition,

(x,0|xz, 0) = (x|xz) =  5(x — x1), (104)

is imposed in accordance with Eq.(95).
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At this point, solving either of the the Schrodinger-Iike equations exactly would 

completely determine Gp. Unfortunately, there is no known exact solution for Gp in 

a general spacetime, so an approximate solution is needed. This approximate solution 

is found by determining the action of the operator H_ in the proper time space of s.

To determine the action of the operator H_ in the 4 •+ !-dimension proper time 

space used by Schwinger [3], the operator Hi is rewritten in a flat space version where 

g~l/\ x )  =  I;

H = - F  = W,2! + TLflILli, (105)

In Eq.(105), vr̂  =  (Vai/* — eA^) is the conjugate momentum derivative operator. The 

position operator in this proper time space is given by X+. The commutation relations 

of Tr̂  and Xfl are given by

[XfljXu]. = 0, [xF,nu] = and = IeFfiuI, (106)

where F fiu =  (S11A u — duA tl) is the familiar electromagnetic field tensor. Using these 

commutation relations, the equations of motion for the operators x+ and Trfl are

do+
= i [KjXfl] =  2t+ , (107)

and
d+1

= r[Z,7r1 =  ZeFfiuKu -  IeduF fiuI. (108)

Now consider the case of zero electromagnetic fields, or F fiu =  0. The equations of 

motion become
d+1
ds 0 =4- Kfl[s) = TT̂ (O).

and

ĉ L  = 2^ f0 )  =  ^ ( 6) - ^ ( ° )
ds ~  W  s - 0

(109)

(HO)
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Taking the matrix element {x, s\H\x', 0) requires all # ( s )  be moved to the left of the

^ (0 ):

H - - i I I (^ < s) - ^ ( ° ) ) ( ^ ( s) - ^ ( 0 ) )
-  m l +  4 ^

=  m2l + (4s2)-1 ( ^ ( s ) ^ ( s )  -  2^ ( s)®a1(0) + Xfi(O)Xft(D)) +

(4s2)"1 ^ ( S ) 1Sai(O)] .

Using

[^ (S )1Sai(O)] =  [2s7r^(0) + S m(O)1Sai(O) 

and taking matrix elements of E q .(lll) yields

(XjSlIIlx', 0) =  m2 +  (4s2)"'1($^(s) — Xf

With Xti(S) and Xti(O) associated with the spacetime points x and a;', respectively, the 

coordinate space Schrodinger-Iike equation (103) now reads

( i n )

2s (—iŜ fj,) =  —Sis, (112)

On-I
)2 - y ]  (S,S|SZ,0). (113)

^ ( x ,s\x',0) = m2 +  (4s2) 1 (Xtl- X t1')2 -----
S J (S1Sl^1O)1 (114)

which is readily integrated to give

(S1Sjsz1O) = C§(x,x')s~2e zIm S ^  3 . (115)

Eq.(115) must behave as a delta function as s —> 0 according to Eq(104). This will 

be true so long as

Iim $ (s ,  s') =  I, (116)
x'-i-X

and
,-2 I „[Jfr]C s~ I e l 4s I d x = I. (117)

Eq.(116) is required to be true by definition. Eq.(117) then shows that C =  —i(4n)~2.

DeWitt used this flat space example, culminating in Eq-(IlS)1 to make an ansatz 

for the solution of Eq.(103), namely,

(*,s|x',0> =  ex?.
.O-(S1Sz) 2
i— ---------im s O(S1Sz1S)1 (118)
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where D(x, x') is the Van Vieck-Morette determinant. The unknown function f2(z, x', s) 

is yet to be determined, yet DeWitt [38] proposed the flat space solution suggests the 

boundary condition

Iim Q(x,x',s) = I, (119)ax—kc x y

in agreement with Eq.(116).

Geometric quantities are unaffected by the presence of the gauge field so no gauge 

field information can arise in the point-splitting procedure through the quantities 

<7(2:, x') and D*(x, x') in Eq.(118). The only way the gauge field can explicitly appear 

is through the unknown function D(z, 2 / ,  s), which carries information about the gauge 

field. Whenever derivatives of this function are taken, they must be gauge covariant 

derivatives which obey the commutation relation

f  (.x I x )|/w/ f  (-cS x )|y# =  IeFnvfix I ® ); (120)

where / ( 2 : ,  2 / )  is a function, that explicitly carries information about the gauge field.

Substituting Eq.(118) into Eq.(103), and using Eq.(57), yields a differential equa­

tion for 0(2;, xr)

i I t  +  = - ^ " 1/2(S 1/2f i ) j /  + £ m .  (121)

The function Vl is given the asymptotic series representation [2],

CO

Vlix, x') =  'Yf an{x, x'){is)n. (122)
0

This may be done, so long as the gravitational and electromagnetic fields, upon which 

the coefficients an(x,x') depend, are slowly varying over the infinitesimal distance 

between the points x and xf. Substituting Eq.(122) into Eq.(121), defining

A(XiXf) = g  1/2{x)D(x,x')g ^ ^ ( /) , (123)
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and equating like powers of s in the infinite series that result, yields the recursion 

relations which will be used to determine the o„:

and

Orl̂ oiM — 0,

VlfiCtn^ tl +  (n +  l)an+l = A 1/2(A1/2an) j /  -  ^Ran.

(124)

(125)

These relations are of the same form as those derived by Christensen [30]. The 

new feature here is that the presence of the gauge field requires that all deriva­

tives be gauge covariant when appropriate. As mentioned previously, objects such 

as cr;Ati/, A1/2̂ ,  R tivpy etc., will only require partial derivatives and the Christoffel 

connections in their covariant derivatives. Only the. coefficients an{x,x'), which carry 

information about the gauge field, will require the gauge connection, Aft, in addition 

to partial derivatives and the christoffel connections, in their derivatives are gauge 

covariant.

Substituting Eq.(122) and Eq.(118) into Eq.(lOl) yields

Gf {x , x')
A1/2
(47t)2 r

-2 -i\m2s—-%-s e
OO

S  an(x,x')(is)nds. (126)
71=0

Note how the two factors <7-1/4(;r) and have been grouped with the factor

Z)1/2(a:, x') to form /S}l2(x, x') defined in Eq.(123). The summation and integration 

may be exchanged, and Eq.(126) may be rewritten as

( m )

Using the identity [39]

_ J _  r  c- 2 c-i\™2s-%}dc -  m2 [ ( -2m2a)1/2]
(47r)2 Jo Stt (—2m2cr)1/2 ’

yields
A4/2 "Gf {x , x ) =  — — 2 ^ 0 ,

(—2m2cr)1/2 

3 V  m 2H[2) [(-2m 2(j)1/2]

71=0 dm2 (-^m 2Cr)1/2

(128)

(129)
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where H ^ \ x )  is the Hankel function of the second kind of order one;

H ^ \ x )  =  Ji(x) -  IY1(X). (130)

The Hankel function may be expanded in an asymptotic series in its small 

argument (—2m2cr)1/2,

Wi2H ^  [(—2m2(7)1/2j ]
(—2m2<j)1/2 

2m21

nr Vcr + it +

1 1  I
7 +  -h ^ (-m 2) + -/n((r +  te)

I 2m2er (2m2cr)2
% + ---- r + J  ,o  ̂ +

I 2m2cr Z I
L2 22 x 4 22 x 42 x 6

(2mV)2 ^  , I , I^  _  I  _
22 x 42 x 6 2 ^  6 ,(131)

where 7 is Euler’s constant and the infinitesimal +ie has been explicitly included. 

The differentiations and summations of Eq.(129) may be performed on this series. 

Using the identities,

I I
a + ie a

— i7r5(a) ln(<r +  ie) = In [<t| + Z7T0(—cr), (132)

allows the identification of the real and imaginary parts of the Feynman Green func­

tion Gf (x , x!). Using Eq.(89), the DeWitt-Schwinger point-splitting expansion for 

the biscalar G ^ (x ,  x') is obtained:

x

j ao(z, A  ^  +  m2(7 +  i  In |^m 2a-(a:, ^ )|)(1  +  ^ m 2cr(x, x') +  ■ ■ •)

~ \ m2 ~  ^ m2<7(x’xO +  ‘ '
r I I \ 1

-a i ( x , x ' )  (1 +  - \ n \ - r n 2a(x,x') \ )( l  +  - rn2a(x,x')  Y  ■ ■ ■) -  - m 2a(x,x')

Y a 2(x, x')ct(x , x') (7 +  ^ In \^m2a(x,  / ) | ) ( ^  +  ^rn2(t(x , s') +  ‘ ’ 0 “  ^ “  1

(133)

In this form, G ^  appears to have at least a quadratic divergence in the infinites­

imal separation <7̂  due to the presence of the term proportional to l/cr =  2/(aflafl).
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This is in agreement with the discussion of the degree of divergence of scalar QED. 

The task now is to determine the true form of the biscalars A1Z2(^aZ), a(x, x') and 

an(x, x') in Eq.,(133). With and (Ttiv)  being constructed from and its deriva­

tives, it will also be necessary to determine the form of derivatives of these biscalars.

As discussed in the next chapter, it will not be possible to exactly determine 

either the .biscalars appearing on the right hand side of Eq.(133), nor to exactly 

determine the derivatives of these biscalars. Yet we may construct approximations to 

the biscalars and their derivatives, or any bitensor, which will satisfy the requirements 

of the point-splitting procedure. As explained more fully at the beginning of the next 

chapter, each bitensor is expanded in a Taylor series about the stationary point x in 

terms of the infinitesimal separation vector <rM. This expansion is given by

%') =  aO^" (z) +  +  - - -, (134)

where the coefficients aCE""'(x), a l^" 'a(x) , . . . ,  are functions of the stationary point 

x only. The next chapter is devoted to evaluating these coefficients and construction 

of the expansions of all of the bitensors required by Eq.(133) and its derivatives.
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CHAPTER 5

Coincidence Limits and Covariant Expansions

The four coupled differential equations, Eqs.(44), (124), (125), and, (57), define 

the biscalars o-(z,z'), a0(a:,a;'), an(x,x'), and Dl/2{x,x'), respectively. If these dif­

ferential equations could be solved directly, then the DeWitt-Schwinger expansion, 

Eq.(133), for G ^ \ x ,  x') would be straightforward to compute. It would then be pos­

sible to take derivatives of the exact expression for and construct (j7*) and [Tliv). 

Unfortunately, these coupled, non-linear differential equations have not been solved 

exactly and another method for determining all of the bitensors required to construct 

G ^  and its derivatives must be employed. The method employed here is due to 

DeWitt [2] and was used by Christensen in his work to regularize the real scalar field 

[30]. This chapter follows these two authors closely, extending their work to include 

the terms in.the expansions of the biscalars due to the electromagnetic field.

The approach used by DeWitt and Christensen for constructing the bitensors 

needed for point-splitting regularization assumes the bitensors may all be written as 

a power series expansion using the geodesic separation vector <rM [30, 2],

^ '" ( a ,  T') =  GO""'^) +  o l^ "  « (z )^  +  +  - - -, (135)

as mentioned at the end of Chapter 4. This assumption for the form of the bitensors 

is reasonable in that they are functions of the infinitesimally separated points x and 

x'. The power series expansion may be continued to arbitrarily high powers of a° in 

order to achieve arbitrarily high precision when calculating the bitensors. Since all 

bitensors are known to be functions of the split points x and x', the explicit inclusion 

of the argument (x, x') will be dropped hereafter to simplify the long expressions
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to follow. Since all coefficients on the right hand side of Eq.(135) are known to be 

functions of the stationary point x, the explicit inclusion of the argument ($) will also 

be dropped.

Evaluating the coefficients of the power series expansion for the bitensors involves 

the idea of coincidence limits, defined by taking the limit a/ —> a; of bitensors. Synge’s 

bracket notation [32]

[a(x,x')\ =  Iim a(x,x'), (136)

will be used to simplify writing of the many limits needed. As the nearby point x' 

is brought together with the stationary point x, the geodesic distance between x and 

x' goes to zero. For example, since the vector =  <r;At has length is equal to the 

geodesic distance between the two points,

[o”̂ } =  0 =  [cr;A1],. (137)

Now consider the expansion for the second rank tensor Ofiy given by

=  a (T  +  O r V  +  - (138)

Taking the coincidence limit of Eq.(138) and using Eq.(137) will yield the first coef­

ficient of the expansion of a^",

M  =  o(T  aWv = [a^], (139)

where no coincidence limit brackets [ ] are used with a CE1' since it is known to be 

an explicit function of the stationary point x. This indicates that, knowing the 

first coefficient in the series for CLtiv requires knowing the coincidence limit of the 

bitensor [eE*']. This may seem like a circular line of reasoning, since it is necessary 

to know the coincidence limit of the bitensor in order to know the zeroth order (in 

<T) approximation for that very bitensor! Fortunately, the four differential equations
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for ar(x, x'), a0(x, x'), an(x, x'), and D1Z2̂ x, x') provide a way to determine all of the 

coincidence limits required to construct a series as in Eq.(135) for every bitensor 

needed for point-splitting.

To determine the required coincidence limits, recall the function

. A1/2(a;, a/) =  g~ll i{x)Dll2(x,x')g~ll\ x ' ) .  (140)

The differential equation for A1/2, Eq.(57), may be rewritten in the more convenient 

form

4A1/2 =  2A1/2;„criAt +  A 1Z2Cr^. (141)

The other three may remain in their original form,

<j(a;, a; ) =  — (142) 

C5aiOoiai =  O, (143)

and

C5aiOn+I]/. +  (n +  l)an+i =  A~1/2(A1/2an) | /  -  ^Ran. (144)

These differential equations may be solved iteratively for all needed coincidence limits. 

As an example of this procedure, consider Eq.(142) for cr„ Since a is one-half the 

square of the geodesic distance between the points x and a/, it is evident that

[cr] = 0. (145)

One covariant derivative of Eq.(142) yields

,Pia =  C T ^  (146)

whose coincidence limit yields the trivial equation

■ [C5I  = 0 =  0. (147)
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Two covariant derivatives of Eq.(142) gives

whose coincidence limit yields the more useful equation

(148)

= o +

Eq.(149) implies that

k ; / ]  = 9J3-

The coincidence limit of three covariant derivatives of Eq.(142) yields

=  [(Trtap] +  [(T̂ a7] +  [CT;̂ 7]

=  [C7;a7/3J +  2[(7;0̂ 7]

=  [a'01̂  +  ^ 7a^o-^] +  2[(T;̂ 7]

=  3[cr;̂ 7],

(149)

(150)

(151)

(152)

and so

[cr;a/?7] =  0.

The Riemann tensor Rpryafi arises in Eq.(151) through the commutator of two covari­

ant derivatives of purely geometric quantities;

a'aryp = ^ apry + RpryafiGtil.

Using this same technique repeatedly gives [30, 31, 27]

=  o,

= QtlV,

K ,< r ] = 0 ,  '

[c ' ^ u p t] —  S tjfu p r  =  — - [ R ljpur  +  R ljT u p )  I

(153)

(154)

(155)

(156)

(157)
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— Shtluarp — ^ S tluar-P + S tl UTp-a +  S tiupa-T-),

[cr îzpTKA] — SQ'(MuprnX —
R / j,PUt ;k \  Rp.pvK,;r \  RppvX-,TK.

5 ~  5 5
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5
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R
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5

(158)

(159)

and so forth. Note that a semicolon has been used in Eqs.(154)-(159) to show that the 

derivatives are covariant derivatives and contain only Christoffel connections. While 

this procedure could continue indefinitely, it need continue in the present work only 

to the coincidence limit of eight derivatives of a. The limits [cr-pvprKXi] =  S l puprnX,, 

and [(J-̂ uprnXtn] =  SSpuprnXirl are listed in the Appendix to save space here. (It is 

also interesting to note that, after taking the covariant derivatives and subsequent 

coincidence limits for a, each new coincidence limit depends on knowing the limit 

two iterations before in the sequence. Thus, if one were inclined to calculate, say, the 

tenth limit, then it could be done without knowing the ninth!)

Evaluating the limits of Eq.(142) and its derivatives for [cr.pu], [<T-pup] , . . .  is not 

simply a good illustration of the iterative procedure. Each new iteration depends 

on previous iterations: Taking the limits of Eq.(141) and its derivatives requires
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the limits of <7 and its derivatives; taking the limits of Eq.(143) and its derivatives 

requires the limits of a, A1/2, and their derivatives; taking the limits of Eq.(144) and 

its1 derivatives requires the limits of cr, A1/2, a0, and their derivatives. As discussed 

later, it will be necessary to have the coincidence limits of eight derivatives of cr, six 

derivatives of A1/2, six derivatives of a0, four derivatives of U1, two derivatives of a2, 

and the simple coincidence limit a3. When [o3] is evaluated, the extent in number of 

each set of iterations will be discussed.

In order to proceed as above with the differential equation defining A1/2, Eq.(141), 

note that obtaining coincidence limits up to six derivatives of A1/2 will now involve 

the use of Eqs.(154)-(271). Consider the differential equation for Dafg/, Eq.(52),,

DafS1 — Daj3, ^  4" D̂ piCT̂ alx. ( 160)

Taking the coincidence limit gives

=  [a\Lip'\ W-,Oiil]

— 9 Ilf) 9 a*1

— 9 afs • (161)

Taking the coincidence limit of D(x,x') gives

[D(X) x )] — [det(Z)aij(Ji)] — det(gajg) — <7, (162)

while taking the coincidence limit of A1Z2(O), x') gives

[Aiz3J  =  0, (164)
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[Al/2;^] =  ^ R livi

[A1/2; ^ ]  -  - ( R f jliy-P +  Riyp.  ̂+  Rpfliiy),

[A1Z2î p7-] =

_S Q a  f i vp r | R f t r R up r R p p R u r  , R p u R p r  R a r R p u p  R a p R p u r 0i

8 36 + 36 +  36 72 72

(165)

(166)

R a r R p p u  R a u R u o r 01 R a o R u r u 0i R a u R u R a r  R u

R a p R p  u r  R a u R p 0  p r  R a u R u o r a  R a u R iOpj-̂ upr ^a P x Uu r  p
24

R a p R u a p r

24 . (167)

and the five- and six-derivative limits [A1Z2̂ iyprre] and [A1/2.piypTreA], which are listed 

in Appendix. B to save space here. Note how the four-, five- and six-derivative limits 

of A1Z2 depend on the six-, seven-, and eight-derivative limits of <7, illustrating how 

the n^-derivative limits of A1Z2 depends on the (n +. 2)</l-derivative limits of a.

For the limits of A-1/2 and its derivatives, first note that Eq.(163) may be squared 

to give

[A] =  I,

indicating

The relation

[Ai l Z2] =  [Ai l ] =  [A±d/2] =  1.

A1/2. J A - 1̂ 2Aiyi

(168)

(169)

(170)

along with its derivatives, indicates

[A;,] = [A1Z2iy] =  0,

[AiyJ  =  2[A1/2iyJ ,

[AiyyJ  = 2[A1Z2iyyJ ,

[AiyyyJ  =  2[A1Z2iyyyJ  +  2[A1Z2iyy [[A1Z2iyJ  +

2[A1/2lyy] [A1Z2iyJ  +  2[A1/2iy,l[A‘/2iyy].

(171)

(172)

(173)

(174)
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The relation

(175)

and its derivatives yield the coincidence limits

[A-1/2;„] =  0,

[A-1/2,„] =  - [A 1/2,.],

[A -1/2iw ] = -[AV=„„),

[A 172;̂ „j,t ] =  - [A 1̂ 2lflvfj1.] +

2[A1/V ][A 1/ V } +  2[A1/21„][A 1/2i„T] +  2[A1/2iflT][A1/2iv,]. (179)

(176)

(177)

(178)

Next, Eqs.(143)-(144) may be solved iteratively. The Riemann tensor appeared in 

Eq.(151) due to the commutator of the covariant derivative of purely geometric quan­

tities. The iterative technique for quantities that explicitly depend upon the gauge 

field is conceptually the same. The new feature now requires careful allowance for 

the commutator of the gauge covariant derivative that must be used with derivatives 

of a0 and the other an. This gauge commutation relation is defined by

and so forth, where the slash is used to indicate the gauge covariant derivative being 

applied to a0. Now recall the boundary condition

(180)

Differentiating Eq.(143) repeatedly gives

O-^a0Ill = 0,

cr̂ ctOlM +  ^ O o l /  =  0,

+  (7^00 ,/ +  =  0,

(181)

(182)

(183)

Iim Q,(x,x', s) = I. (184)
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In the limit 2/ —> s —̂ O and (l(x, x \  s) —̂ I. For these limits to hold, it must be

true that

K ] = I. (185)

Taking the coincidence limit of Eqs.(181)-(183), and using Eqs. (154)-(158) along 

with the commutation relation of the gauge covariant derivative, Eq.(180), yields (see 

Ref.[27] for the ones listed below),

and

t Il J3 ■ (186)

[°o|/zz/] — 2 ^eFPÛ (187)

[a0|Atyp] — -^^{Fpu-p + Fpp-̂u), (188)

[ao\iiupT] — ^ [FplVtPT +  Ffjtptiur + Ffj,T.up] [FpuFor T FppFur T FprFup]
ZG

+-^[FapS aupr +  FauS aprp +  FapS apru +  FarS appu]. (189)

The limits [ao\puprK] and [a0\pupTK\] are listed in Appendix C.

Now that the various coincidence limits involving a0 have been obtained, it is 

possible to indicate how to know how far to carry each iteration. To show this 

requires knowing the highest n value desired for the an. For example, in this thesis, 

the coincidence limit [a3] will be the highest term needed. Consider the limit of 

Eq.(144). This has an immediate coincidence limit

K +i] =  (n + I) 1 {[(A1/2a „ ) |/]  -  £R[a»}}

=  (» +  I ) ' :  {[A:/2, / ]  W  +  2[AV2,„][a!n +  [A '/2] ^ / ]  -  

=  (n +  l) 1 I ^  R[dn] +  I • (190)

Here, the limits of up to two derivatives of A1/2, [A1Z2jui,], and two derivatives of an 

were needed. As stated above, the two-derivative limit of A1Z2 will require knowing
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the four-derivative limit of a. All of these coincidence limits will require knowing 

many other coincidence limits. As a further example, the coincidence limit of one 

derivative of Eq.(144) is

[dn+Ha] — (n + 2) 1 I (^R.a[an] + R[an\â j + ~[aJ ^ R tia +  [Cin^ ^ (191)

Here, the limits of up to three derivatives of A1/2 and three derivatives of an were 

needed. Again, while this could continue endlessly, a pattern is emerging. It will 

be left as an exercise for the studious reader to verify the following statements are 

true with regard to the extent of number of each set of iterations of derivatives and 

subsequent coincidence limits:

o The limit [o3] requires knowing the limits of two derivatives of a2 and two 

derivatives of A1/2.

o The limit of two derivatives of [o2] requires knowing the limits of four derivatives 

of and four derivatives of A1/2.

o The limit of four derivatives of [eq] requires knowing the limits of six derivatives 

of Uq and six derivatives of A1/2.

o The limit of six derivatives of A1/2 requires knowing the limits of eight deriva­

tives of a.

Herein lies the source of the excruciating algebraic difficulty of the point-splitting 

procedure!

The iteration procedure continues by determining .[oq], which is obtained by setting 

n =  0 in the recursion relation Eq.(144). This gives

O-î cqi,, + cq =  A”1/2(A1/2a0) | /  -  £Ea0, (192)

with an immediate coincidence limit

(193)
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The limits of up to four derivatives of Eq.(144) with n =  0 gives

and the limits [a i^ ] , and [ai\^vpT] listed in the Appendix. The coincidence limits 

involving o2 are

with Ja2IzJ and [a2|^] listed in the Appendix. The final limit needed is Ja3], given by

Rz ■ R?i R3C2 R3Z3 IlR.,aR a
1296 72 +  12 6 + 5040
ZR.aR a e R ; * R a e2F aP’aF ^  2e2F a^ F a^

30 12 180 135
2e2T > i;7F ^  Ra^ R a^  RapnRa^  Raf3nRsa^ s

135 1440 480 560 +
I I A ^ 7, i i R aPls;aR e ^ 5’e RapiSieRa^ s'6 

10080 + 10080 +  1680 +

840 + 1680 +  840 +  180
l l ^ ; a a R e R ; aa R^Pl3a R;aapP 

180 +  6 +  1260 + 504
& R,aV R g p J al3- J F ap- J F aP C2R F at3F aP

60 + 630 60 72 ■
G2JRfFafFaf G2F a f , G 2FaP=^F=T jR,apE«f 

12 60 60 + 151200
fjR,apjR«f FaPi/AGf JtfZapiPf f% ft,pfPf

90 700 1080 +  180
19FaP ,/JP^ , fZaP^f=^^fP^ , G2FapF7=FfT , 43Fa/)J4°'FfT ,

I n o A A  "T i-rr\r\ T  7 OA H----------- T T T T - T  H

1 I 9P
[°i|J =  2^6 ~ +  ^rFua=", (194)

7 P I
{Fiia’av +  Fua'au) + —( -  — QRFliv, (195)

(196)

[40]

10800 700 180 226800
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JRfa=^fJTfTf
1575 180 1296 216 +

2 J L ^ f , / a " f ^  2 a = p ^ f:^ jrf^  2 a = ^ ,^ JT ^ f a=p^f,/ J T ^ f
1575 1575 +  1575 +  1575

^ F ^ a ^ f jT -rf^  4 i J 2 = p j ^ f ^ f  a J L ^ f J T T f  a fa= p ^ fjT T f
180 75600 +  3240 540 +

2a=p^f,/JT^f^ 2 a = p ^ f :^ a ^ f  a= ^J^fT af-r^
• 1575 +  1575 1890 +

4a= p^fjg ,^ -raf^  2a=p^fjg««(Taf=( jg=^J^fTaf^^
14175 + 14175 6300

2a=p7f a £y a f 5e 4 a = p ^ a ,^ fJT ^ <
14175 + 14175 (

Having obtained the coincidence limits of the many biscalars and their derivatives 

that arise in the point-splitting procedure, it is possible to construct the bitensor 

series expansion of Eq.(135) for each bitensor in the point-splitting expansion of (</>2), 

( jM) and (Ttiu). Evaluating the coefficients aO^"-", a P 1""=,. . .  of the bitensor power 

series expansion requires taking the coincidence limit »' -> re of Eq.(135) and its 

derivatives. For example, for the second rank bitensor Gtiv(XjXt), this yields,

aO"" =  ^ " ] ,  (1 9 8 )

ol'"= =  K".=] -  ofT',=, (199)

^ = P  =  K",=p] -  2ol'*'=,p -  o(r,=p, (2(10)

a ^ u a/3-y =  [a îu -,ap'y] ~  3a2Ati/=p;7 — S a l ttv a -^1  — ctO^;ap7, (201)

and so forth. The numeric factors on the right-hand side of Eqs.(198-201) arise 

due to symmetrization on the dummy indices a,j3, . . i n  Eq.(135). Terms such as 

n i y  JT=p7cTcrf o-T do not contribute due to this same symmetrization. Note that Gtiv 

could involve summations over primed indices such as Gtiv =  QtlaIgvp G^a' ^ , whose 

evaluation will be discussed next.

The expansions will have bitensors constructed by taking primed derivatives of 

the biscalars in G^1X As discussed at the end of Chapter 3, these bitensors must
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be parallel transported back to the stationary point x (see the form c 

Eq.(82)) in order to perform the expansion in Eq.(135). For example,

)f Eq.(81) and

^ V a iw' =  oO'1" +  GlltuaOa +  • • • . (202)

In order to evaluate the coincidence limits in Eqs.(198)-(201) for these primed deriva­

tives, a generalization by Christensen ,[30] of a theorem proved by Synge is used:

Tai-VnP11-PlnW'] Tai—anp["-p>n;ij], +  Ta1—anp,1—P̂n];P.‘> (203)

where T'Q,1...anJg1...|gm is any bitensor with equal weight at both x and 

coincidence limit and derivative coincidence limits exist. The relation

x' and whose

Igfî iaP-TaCr13 --- = O, (204)

which follows immediately from taking derivatives of Eq.(69), will also be used. As 

an example, consider g^T'gvp'a T̂'p'■ Quantities such as the second rank bi-tensor Ctfiu 

appear in the stress-energy tensor whenever two derivatives of are taken;

o"" =  +  . . .  . (205)

The coincidence limit of Eq.(205) gives

I^T '/yo '" ''''] =  a ( r , (206)

and thus the first coefficient of the series, aÔ ffi is given by

ClOpu = [a^u]. (207)

The coincidence limit of one derivative of Eq.(205) gives the next coefficient in the 

series for P' p'

=  -  aO"",,,

=  IfficZzv] -  aO^-a + [g^v’̂ p] terms,

— ~[a\â  ̂] + IfficZ \ u — oO^jq, +  terms,

=  [«|C^] -  IfficZT'1 -  [aWilT  +  ItiI a ] -  aO^jc +  l^ a ';^ ]  terms, (208)
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where the fact that, primed derivatives commute with unprimed derivatives has been 

used, and terms containing objects such as etc., have been grouped together

since they contribute nothing to the expansions due to (204). Note that derivatives 

of coincidence limits are always covariant since the coincidence limits of any quantity 

are constructed from local curvature and electromagnetic tensors, and such tensors 

are gauge invariant. Continuing this procedure gives

a p  — [[QttT1Qup 'a r̂  P )\ap] — a ^ ttu -,cxP — U ^ tlua t f  ~  0 , 1 ^ p ;cn

= K fH  -  KfH'" -  [(Zaf"]" 4- Kf]'"" -
- G l liuatf ~  aI ttupt,a +  Kcr'iaf] terms. (209)

As a specific example of Eq.(209), consider the expansion of g"pi(Jw ':

H V " =IsV""'] + Ov*"',,] -  IsV*"']i«) *“ + ■■■
= W - A W " '] + O v i  [*"'«] -  b v i i- t* 1" ’] -  y / j M , )  *“ + ' • •

=9", { - [ * " ]  4- M n +

(»V { - [* " .1  +  k V ]" }  -  S-P1O k " '!  -  s-p { [*"! +  k " ]"} ,,)  *“

+  • • •

= + (O)CTa + •••. (210)

The last issue to discuss before listing the bitensor expansions is the order to 

which the power series expansions must be carried in the separation vector oA For 

example, if we were only constructing Eq.(133) for G(1), we note that the biscalars 

A1/2 and oq multiply the l/cr =  2/(crAtcr/L1) term. This term diverges quadratically as 

Ctai -> 0 and thus the expansions for A1/2 and a0 must be carried out to second order 

in CTax. The rest of the an in G^1) need not proceed beyond the zeroth order term 

in the power series expansion Eq.(135) since they multiply terms that either diverge 

logarithmically or remain finite as the points x and x' are brought together,
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Constructing the DS point-splitting expansion for the current requires taking the 

derivatives of indicated by Eq.(81). We may use

aV- (211)

which is indicated directly from the construction of Figure 2. In Figure 2, the bivector 

of parallel transport y V  parallel transports the vector a^' from the point Xt(Xr) to 

the point %(A) along the geodesic connecting the two points. When at x, it remains 

a tangent vector with length equal to the geodesic distance between x and x '. Yet 

at x, is still pointed in the direction x' x while the original vector at x, is 

pointed in the direction x —> x'.

Using Eq.(211), Eq.(81) becomes

47r2(j ,"(x))=47r2 Iim ^  + ^ 7. / +  g11 t'G ^ t'Y '\

ie
=47f2J^ iH + m 2 7̂  + l̂n Î m2crD

[Ai/2(oo'" +  +  oo(Ax/ 2̂  +  ^ , A ^ ' )

- ( 7  + ^ ln  \^m 2cr\) x

[Ax/2( o /  +  +  ^ ( A 1/2̂  +  QfirlA 1̂ ' ) ]

+ 2 ^  , +  +  ^ ( A ^  +  ^ A ' / 2̂ )]

+  2&  +  ^ (A V 2'" 4. / , , A x/2:"')] +  - - - 1 (^12)

where terms such as A1Z2̂ a0Cr have been dropped since they vanish in the limit 

xr —>■ x, and the semicolon and vertical bar have been used to indicate covariant and 

gauge covariant differentiation, respectively. Eq.(212) shows that the power series 

expansions for A1/2, a0, and their first derivatives must be carried to second order in 

crp due to the Ifcr term, while the expansions for cq, O2, . . .  and their first derivatives 

need go no further than zeroth order. As discussed in Chapter 2, one derivative of 

would potentially have a cubic divergence. In the expansion of Eq.(212), the cubic
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terms that do arise after performing the differentiations of Eq.(81) immediately cancel 

due to Eq.(211). There are still terms that are potentially quadratically divergent, 

but, as will be shown in the next chapter, these, too, will cancel, leaving (7̂ ) with 

only a linearly divergent term.

It is not necessary to list the full expression for the stress-energy tensor to see 

how far it requires the power series expansions to be carried out. It is only useful to 

examine the single term

z A1Z2Uoqwy 2A1/2a0cr:/V ;i' A 1Z2U0O-̂ t' A 1Z2U0Izy o-!A1 AZZ2SzyU0O-̂
I I  ) ~  1 5 ---------- 5 :-------—----------------5--------1-10-3

where

(o--1) ^  =
2o-ŝ (j;zy

, (213)

(214)Ô  a*

has been used. Eq.(213) shows that, to construct (Twy), it would be necessary to 

carry the expansions of A1/2, u0 and O^zy to fourth order in a'1] A1Z2=̂t and U0̂  must 

be carried to third order; and A1Z2iztzy and U0Iztzy must be carried to second order. In 

fact, these fourth order power series expansions are the lengthiest expansions that 

will be needed.

Without going through more analysis like the above, it is useful to simply list the 

expansions that will be needed for regularization of the expressions for (</>2), (Jzt), and 

(Tliu). These expansions are

PzVt7ST' = (215)

f " "  = g "  -  V „ > V  +

— (-^ R tlavPrtS +  tJLflR/,yV o'-!Ji + • • ■, (216)

g\,CT-"' = . - < r  -  ^R tta*pa*^  +  ^ R tta" ^

- ( ^ R ttavPlaS +  - R ttattPRryvS K ^ a f + . . . ,

Sttr,SvftR r v  =  Sttv

(217)
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(218)

(219)

( 220)

(221)

+IiSi r W + + V ) - + BTcTll) + - R cfR11"
+^BTcBT0+ ^ (J T fBTSe +BT'BrSA + ^R r^R ^ fi

" r M  +  +  R TS-R ,* 0 )

+ -RpW ) ] ^  +  -  ■, . (222)

!!",'A="' = - if f "  + i(ffV " -  f f .1" -  /r",,)^- + [ -  ^ B T iaf.

+ ^ B c ^  +  ^ ( 2 f f % /  -  5R"„% +  2 « " « ^ )  -  ^ J W f f "

- ^ R f cR"f  ~  ^ ( f f p f f V / ,  -  l lA % f f /« )  -  .

- i f f „ " ( f l / rf +  B / t„) -  i j / M f i V " '  +  1 0 ff“V )I ^ ° ^  +  • • •, (223)

g \,g " e, A l ^ '  =  i f f "  -  i ( f f . "  + ffV * +  A ""..)ff

+  i ( W "  +  V " )  -  i ( f f W "  +  f f « / )

+ i ( f f « ’"6 +  ffV 'g )  +  i f f f l f f "  +  i f f  ̂ f f 6 

- i i ( f f  Pf f  o'/i +  f f p f f /D )  +  i j B ^ f f f ^ "  +  f f « " )  ■

+ R'S'R/rg) + i-tfiV -ff",^ + ff«""ff'^)

~ ( ( j^ f f a W l +  i^ f fc W ^ -r  1W 0W trW  -)---- ,

A ^ = I  +  - R c f I r a T 3 -  — - f f l/j;-,.<7c'VT',> 7

288 ^"'"^"' +  3qqRP°TPr Ptts +  H------,

A ' 1"  =  i f f  -  i ( 2 f f ^  -  +  ( i f f  -  i f f / %

^90 ^ m'T"^>7'/' r7 +  72 T  pR-Pr +  JaTcV1V" J-----,

s V - A i = +  =  - I f f a 0 --  +  i ( 2 f f V , „  +  R a l T y T 3 +  ( - i f f  , ^ 7

+gQ ffo 'V  -  ^ jR pp3cRpf TT -  j j  RTcRfc  + - ^ R c Rpf pT 

A i ' " "  =  i f f "  +  i ( f f V "  +  f f . ' "  -  f f ‘" „ K
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I

360 4- 4- 5

cto — 15
I Z r  fI P 'i P

aO1" =  -^F11aVa ~ — Ftxol-Paaap 4- - ( F zzailQ7 + FpaRtxPp̂ a aapa1 -|----

^T'Oo^' =  -  ^F"a.p<r"</ 4- ^(SF"*,P7 +  F ^ a ^ c r " ; / ^  +  -

ze
6

+ ^ ( F ^ R ^ ' d + F / R “a%) -  + R ^ g ) } ^ ^  +  . . . ,

S",'«0|W' =  - f - F '"  + f  ( F ^ ic, +  F ^ a +
2 .

- j F , " F /  +  ^ ( 3 F / B " ^  -  F / f i V o )  + +  • •

O0It '"' =  |F " "  +  ^ (F -V -  +  F ' . '^ o "  +  [ ^ ( F Z , /  +  F ^ i/ )

ie
- ^ F ^ 4 - ^ ( F / A V / ,  +  F / ^ / p )

4-— F p . ^ p  4- a^p))]cr«crP +  - ,

0i = ( g -  0 R + (_ 2^6 _  ^ R;a + ~q FPa^ cra +  ( - ^ r VprpP

^gQRP Rp<xrp 4- ^O FocP'pP 180RpTKaRP P ™*" ( 4 Q — gC)F;ap
?> p2

- ^ F pa.pp -  — FpaFpp)a0lals 4---- ,

°i'" =  ^  -  f )# *  +
I I 1 1  7>

+  - ( f  -  -)E '%  +  - ( F , . ' ^  -  F " \,a )
jP I

4-^"(g -  O -F F ^cr"  4- • • •,

»"t- i |t ' =  5 ( 5  -  O fli" -  ^ F " , ,

+ ( ^ i F 0-R'. -  ^  RptR " ,^  -  ^ R ^ / R ^ ' .  -  ^ R - V
I 3 ?V jp I

+ 3 « - 5 5 IR". + i j t v - F 'V ) + y(g - O R F \K  + ...,

Oi1'1' = -^R%R" + ^R"R"/t + Re™* Rptki* + i j r - /
T l  7 p 7 P' I

+(20 "  3^ ^ " "  +  12

(224)

(225)

(226)

.,(227)

(228)'

, (229)

(230)

(231)

(232)

(233)
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- - ^ F ptlF pl' +  • • •, (234)

SrV o i lw ' =  -  ^ R V r  -  ^ R rrS R " "  -  - R r /  +  -  O-Ri" -

(235)

(236)

(237)

A semicolon has been used for all of the derivatives on the right hand sides of 

Eqs.(215)-(237) since all of these terms are gauge invariant and thus do not need 

the connection A fi in their derivatives. The expansions with either two unprimed or 

two primed derivatives have been symmetrized according to,

o!"" =  x^o), (238)

where = ieF111' for the an and Xliu — 0 for the other biscalars. This ensures the 

expansions of Eqs.(215)-(237) obey the commutation relations of both the covari­

ant and gauge covariant derivatives.' Note that quantities such as g" may 

only have their numerators expanded using Eqs.(215)-(237) since they diverge in the 

coincidence limit necessary for applying the expansion iterations in Eqs.(198)-(201):

=  -2<r-W "  -  ------). (239)

These expansions will be used in the next chapter to regularize (<̂2), (Jfi), and

UU U O

i e , I

Q11T1Q p'Qi |tV =  +  ^ R rrZ R """  + ^ R " f  P 
-,P

1 1  ie ip I
+ ( 20 -  + R / 1" )  +  7 ( 5  -  ORR1

- y f / R " "  +  ---,

and 

«2 = ^ (R - -1Rrrd -  BTRfr) + | ( i  -  ORi/  + i ( i  -  O2R2

-IsR-R"+
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CHAPTER 6

DeW itt-Schwinger Point-Splitting Expansions of
G (1 ) ,  O v ) ,  a n d  (T11J)

The DeWitt-Schwinger point-splitting procedure is able to completely regularize 

the expressions for (j^), and (Tiuiy) as mentioned in Chapter I. This has been 

proven in more general terms elsewhere using an analysis of the effective action of 

gravitational theory [8]. In this chapter, however, the divergences of each expression 

will be identified explicitly by identifying terms that diverge as the distance \x — x'\ 

goes to zero. The divergent terms will be shown to be proportional to non-negative 

powers of m  in the DS point-splitting expansions for (</>2), (j^), and (Tuiy), where m 

is the mass of the quantized field. This chapter also details how DeWitt-Schwinger 

approximations for (<̂>2) and (Tuiy) are obtained. The point-splitting procedure will 

be shown incapable of yielding a DeWitt-Schwinger expansion for ( jM).

The vacuum polarization as given by Eq.(75) is

and is thus regularized along with G^1X Substituting the expansions in Eqs.(215)- 

(237) for the biscalars into Eq.(133) and collecting terms of like powers of cr̂  yields,

(<£2) = Iim \ g {1\ x , x') (240)

Att?G{1){x , x ') = + [m2 - ( ^ -  6 ) %  + ^ In ^ r n 2(apap)\]

(241)

where the explicit expressions for [o2] and [a3] have not been included here for brevity, 

and the points x and x' are not coincident. The terms of d(m2) and t9(m°) are the same
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as those derived by Christensen for a real scalar field. Eq.(241) explicitly shows terms 

that diverge quadratically and logarithmically as -> 0. The quadratic divergence 

was predicted in the discussion of the degree of divergence in Chapter 2. Eq.(241) 

also contains two types of finite terms; one, | Ec t j 5 depending on the direction 

of the point-splitting vector cd\ and another, - | m 2, independent of the direction of 

cA The terms proportional to non-negative powers of m  come from the power series 

expansions of [ a 0 ] and [(Z1] and have been shown to be sufficient to regularize 

[8,2,4]-

The agreement of the regularization terms in Eq.(241) with Christensen’s origi­

nal result is to be expected. The complex scalar field is constructed from two real 

fields according to (j){x) =  +  ^ ( z ) ) .  From the form of the Hadamard func­

tion Eq.(74), it is evident that G^divergent for the complex scalar field will be the 

sum of divergent for two real scalar fields. Thus both contain the same quadratic 

and logarithmic divergences, and the same direction-dependent (a^-dependent) and 

direction-independent terms.

The terms in Eq.(241) proportional to m~2, m ~4, . . .  remain finite as a11 —»■ 0. 

The DeWitt-Schwinger point-splitting expansion contains both divergent and finite 

term. The renormalized DS approximation, Gpi3ren, is formed by subtracting terms 

proportional to non-negative powers of m  in Eq.(241). Eq.(241) shows that the first 

few terms, or even the first term, in this series may be taken as a DS approximation 

to the exact value for G^li so long as the mass m  of the quantized field is large 

when compared to the curvature terms contained in [«2], [«3], etc. Thus, the DS 

approximation to G^li to d (^ 4) is given by

GDS,rm ~  2m2
I

1 [«s]
2m4

r 1
2m2 [ 180 6 '5
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+ i ( 5 - O 2fl2 + [&3]
2m4 (242)

where [a3] is given by Eq.(197).

The gauge field first arises in the DS expansion of G^> through the [a2] term. This 

may have been predicted for several reasons. Moving briefly to units where c =  ft =  I 

but G ^  I, G ^  is a second order quantity with units (length)-2. The DS point­

splitting procedure is an asymptotic expansion in inverse powers of m2 and the scalar 

wave equation, Eq.(71), shows m 2 to have units (length)-2. Thus, the coefficient A+2 

in the DS expansion for G ^ \

G ^ (x, x') = A+2($, x')m 2 +  A0(x, x')m 0 +  A_2(x, x')m  2 +  . . . ,  (243)

must have units (length)0, A+0 must have units (length)-2, A_2 must have units 

(length)- *, and so forth.

The gauge field arises in the point-splitting procedure through the gauge commu­

tation relation

— IcF/ivOin. (244)

The sign of the charge e of the field can not change the physics of G ^ \  so no odd power 

of e may appear in any VEVs. This indicates the VEVs (returning to units where G =

I) may only contain (eF)2, (eF)4, . . . ,  which have units (length)-4, (length)-8, __

Thus, (eF)2 may only appear in the coefficient of m -2 of G ^ , or in [a2]; (eF)4 may 

only appear in the coefficient of m~6, or [a4]; and so forth. The (eF)2 term in [<z2] is 

in agreement with the earlier results of DeWitt ,[38].

We may also count units to see where to expect cross terms involving the electro­

magnetic and gravitational fields to appear. For example, R(eF)2 has units (length)-6 

and would first appear in the coefficient of m -4, or in [o3]. Eq.(197) shows this to 

be true. In fact, each of the terms in the DS point-splitting expansion for may 

have been predicted from power counting. It must be left for point-splitting or some
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other procedure to supply the numerical coefficients (which may be 0) for each of 

these terms. Davies,, et al [18], constructed the stress-energy tensor of a conformally 

invariant scalar field in a conformally invariant spacetime using such power counting 

together with known constraints on the components.

Turning now to the current, the appropriate expansions from Eqs.(215)-(237) are 

substituted into Eq.(212) and like powers of a1* are collected. This isolates the terms 

in (jf )̂ which will diverge linearly and those which will remain finite as the points are 

brought together:

structed from the coincidence limits of a0 and O1 and their derivatives. The linear 

term agrees with the prediction of Chapter 2 when the degree of divergence of the 

scalar field current was discussed. These two terms suffice to regularize ( jM).

The current is independent of the sign of the charge carrier having electromagnetic 

terms proportional to e2. One factor of e in the current is explicit in Eq.(81). The 

other factor comes from the derivation of the expansions of Gr(I)^, etc. This originates 

with the gauge commutation relation, Eq.(180), and is seen to carry one factor of eF 

through to the first derivative expansions of the an in Eqs.(215)-(237). The current 

is a third order quantity with units of (length)-3. By counting powers, the linearly 

diverging term would thus require one factor of the second order eF, while the finite 

term would require the third order derivative of eF. Eqs. (245) and (246) are thus 

in the only possible form and, aside from numerical factors, could have been deduced 

immediately from simple power counting.

The divergence of Eqs.(245) and (246) must be taken in order to verify that the

(245)

and

(246)

Eqs.(245)-(246) are proportional to m°, a non-negative power of m, and were con­
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point-splitting procedure does not violate the conservation of current. Naively taking 

the divergence of the current with respect to only x01 and not x ,a would give the 

wrong result since the separation vector cr^(z, x'), which depends on both xa and xla: 

is contained within the regularization counterterms of (Jfi). The correct procedure 

for verifying current conservation requires evaluating the divergence of the classical 

current within the point-splitting regime whereby the. derivatives with respect to the 

two spacetime points are symmetrized. Starting from the definition of the VEV of 

the current

O'") = Jim J  f (GflIlm* + /,.G flHr') -  c.c. (247)

the two derivatives are taken and the result is symmetrized, giving,

u>( n * = |  [ < / > » + ( / w

+  2 ^ ' +  4 % , & u „ ( 3 ( i ) ^ '  _  e  g .= I i m ^x’-tx 8 (248)

This may be seen to vanish to all orders by using the expansions in Eqs.(215)-(237), 

ensuring that the current is a conserved quantity.

It is also interesting to examine the divergence of the classical current,

= i e H D ^ r  -  (249)

within the point-splitting regime. Eq.(249) may be written as,

/=, = f  < n -{ a s -a /}*] = f  [# '"„/}  -  • (250)

Making the transition from classical to quantum fields and applying the point-splitting 

procedure to the right-hand-side of Eq.(250) yields

Hli-Ax )) = Jim ((3(1)|MAt +  ^ t'5'w'(3(1)|tV') -

( 251)
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This, too, may be seen to vanish to all orders by using the expansions in Eqs.(215)-

(237).

The point-splitting procedure can not yield a DS approximation for (j^). This 

may be seen by examining the terms proportional to negative powers of m  in Eq.(212);

2 ^ 1  [Aiy2Ca3I" + + a1!A,/2:,‘ + 9«,. A1'-2̂ ')] +■.•}.

(252)

Since (Jli) is explicitly proportional to j ,  the only way for Eq.(212) to yield a DS ap­

proximation is for complex terms to be present inside the curly brackets of Eq.(252). 

This does not happen for several reasons. First, any complex terms in the biten­

sor expansion of Eq.(135) must arise due to the commutation relation of the gauge 

covariant derivative. The purely geometric quantities and A1/2̂ ' will not re­

quire gauge covariant derivatives and thus will have power series expansions that 

are purely real. This is seen in Eqs.(220)-(221). Second, the zeroth order terms in 

the power series expansions for a2 and a3 are the coincidence limits [a2] and [a3], 

as indicated by Eq.(198). Eqs.(196)-(197) show that these limits are real. Finally, 

applying Christensen’s generalization of Synge’s Theorem to the zeroth order power 

series expansions for the combination + QtirIaJr' gives

a J *1 +  S fiT i a J r  =  [a J fi  ̂ T  ( — [ a n ^ ]  +  \ d j ^ )  +  ( c ^ )

= K ] 1̂ + i? ((j^). (253)

Since the coincidence limits of the an are real, this, too, is real. Thus, the real part 

of the right hand side of Eq.(252) is zero, and point-splitting can not yield a DS 

approximation for the current associated with a charged scalar field.

Now consider the stress-energy tensor. The second derivatives G ^ fiv, G ^ li''', G ^ liu' , 

and may be formed by differentiating Eq.(133). These are then used to form
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the components of the stress-energy tensor of Eq.(82). Substituting the expansions 

from Eqs.(215)-(237), and collecting like powers of cr̂ , yields the following expres­

sions, with the points split,

I I
(Tfllj)qUartic-

(Tfiu)qUadratic'-

^ - 4
CThiCT

27T2 ((jP/Jp)2 
I I %

47r2 (O-Pap)

(254)

' s T  -  2

I
(aPap) J

aola^alia1'
- I r ^  (V v tY  -  2m‘ 9 ^ - 2

P r r vo H a
(255)

47T2
I

TaIrP n't

(R“- -  -Rg*").,
12x"  4 “ " A“ (ir»a,)

, I f __  ,, _ ...  CTlxCTh(J1Ta  rr@ rr'y

+ \ r4 3 ^ - 2
P n va Ha

I D (TaCTl3 (T7
" 1 2 ^

aP’aP n v
^ - 4 (aPap) (256)

( T flu) I o g a r i t h m i c - - ^ Y i  +  - /n |-Zn2(CTplTp) |] X

^ ( B f V R rr -  î R V R rrgV )  _  1(1  _  f) ^ ( R V  -  ^R gV )

-  W or ^  ~  -  W 0r ^

- | ( |  -  O 2 -  R (R v  -  jH s'" ') -  H / s T

- ^ m V '  -  +  ^ " F trF, (257)

and
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(258)

For brevity, only the terms due to the electromagnetic field are included in Eq.(258). 

The terms (T^u)JinHe have been previously calculated by Christensen and may be 

found in Ref.[30]. Also, (Tljju)JinHe is listed in a less compact form than that used by 

Christensen in Appendix F. Comparing these two expressions for (Ttju)Jinite shows 

how much work is involved in simplifying tremendously long tensor expressions. How­

ever, both expressions are entirely equivalent in the physical information they contain. 

Eqs.(254)-(258) are constructed from the coincidence limits of a0, 01 and a2 and their 

derivatives and are sufficient to completely regularize (Tliu) [8].

The structure of the electromagnetic contribution to the regularization terms for 

the stress-energy tensor may be deduced in the manner as for and ( j11). They 

must be independent of the sign of the charge and thus proportional to e2. There 

are no explicit factors of e in Eq.(82), so they must arise in the derivations of the 

expansions of G(I)1̂ ,  etc., by virtue of the gauge commutator. The simplest term 

expected is the fourth order (eF)2, which has units (length)-4 when c = h — I but 

G /  I. The fourth order stress-energy tensor would only allow such a term to be 

present in the logarithmic regularization term. This is in agreement with DeWitFs 

result for the generalized Yang-Mills field [4, 38]. The two possible fourth order 

combinations of the gravitational and electromagnetic field tensors are QtjuC2F prFpr 

and e2F ptJFpu. The point-splitting procedure yields the numerical factors for these

terms.
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The point-splitting procedure yields a DS approximation for the stress-energy 

tensor and is given symbolically by

Att2( T ixv) k ,  ̂ ^  [Qfxvg a p ^ 13 -  g v -  P V h 2la^)

(«2 +  g ^ ^ g u/3>O2 â 13 ) +  ^g txv (a 2\aa +  g pa'gPgia201'13'')

■ ̂  ({-s) (ĵ - M l +Kii)' (259)
where terms such as A1/2^  and A1/2̂  have been substituted for using Eqs.(215)- 

(237), and where Newton’s constant (7 =  1 once more. Many terms that could 

possibly arise from differentiation of have power series expansions that are of 

order cr̂  or greater, so they contribute nothing to (Ttxv). Eq.(259) has been written 

to show how (Ttxv) will depend on the coincidence limits of a2 and its derivatives. 

Consider the power series expansion for the bitensors

s') =  a (r-(:r) +  +  '"' - (260)

There are no negative powers of a11 Eq.(259), so only the first term in the series of 

Eq.(260), aO^'"(z), is needed. This term is given by the coincidence limit of the 

bitensor of interest. For example, the expansion for U2t̂xv contains only one term and 

is given by

CtJtxv =  IaJtxv]. (261)

The expansion for pV pV & 2^ '  more complicated but also is built from one coin­

cidence limit involving primed derivatives;

. = - [ % M + W ' r

=W ""] -  W T  -  W l i" + M i""- (262)

As discussed previously, both of these expressions must be symmetrized in their in­

dices according to Eq.(238) before substitution into Eq.(259) for the stress-energy
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tensor. Finally, using Eqs.(260), (198), and (203) to construct the zeroth order terms 

in the expansions of a? and its derivatives yields the DS approximation to the stress- 

energy tensor (Ttiu)J0Stren,

4 ? ^ ren #  (2 6 3 )

In Eq.(263), ^ 2(Tfiu)DstEM are the terms which depend on the electromagnetic field 

and are given by

4 TT  ̂( T f iu ) D S tE M  =

C2F afi^ F  Pu'P C2F a^ fi F a^ u C2ZtF aP fi F aP'u e2F ap v F afi^
144m2 120m2 24m2 720m2

C2F aP flF au^  C2F afiP F au^  e2F ap aF pfi'u C2F aP aF ^ fi
720m2 +  180m2 + 720m2 +  720m2

l l e ^ ^ : ^ E ^
2880m2 48m2 2880m2 + 48m2

1440m2 1440m2 + 320m2 + 320m2 +
C2R F afiF au C2RZtF afiF au C2F aPauF l3ti i C2F au^p F l3ti

144m2 24m2 960m2 +  192m2

960m2 +  192m2 480m2 + 240m2 +

720m2 720m2 +  720m2 360m2 +
C2Fgp,^  F al3 Qfiu C2ZtFgp-J F al3 Qfiu C2RFqpFa^gfiu C2RZFaPFal3Qfiu

1440m2 45m2 192m2 24m2
e ^ ^ F ^ F ^ "  e ^ F ^ ^ ^ F ^ y  e ^ F ^ ^ « F ^ y  e ^ F ^ '^ F ^ y

24m2 1440m2 + 720m2 +  160m2
C2ZFaP a1 F ^ g fiu C2F afiFpuR al3 C2F q p F ^g fiu R ^  C2ZFgpF1 aQfiuR ^  

80m2 480m2 480m2 240m2
C2FqpFauRl3fi C2FqpFafiRl3u C2FqpFaf3R fiu C2ZFapF al3Rtiu 

2880m2 • 2880m2 +  288m2 48m2
. F ^ "  e2̂ F a /? F ^ ^ F " ^ ' e ^ F .^ F / F '^ ' '  e^Fa^F^^F"^^"
480m2 240m2 + 480m2 +  480m2

^ F a g F y ^ F " ^ ^  e ^ F a ^ F ^ ^ F " ^ ^  e ^ F a ^ F /F = ^ "  e^Fa^F^^F^^"
480m2 240m2 +  480m2 +  480m2

C2 F q p F 1 a R f3 f i iu

360m2 (264)

The expression ^ 2( T fiu) D s tVureiy geometric represents the 361 purely geometric terms
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oi Att2[T^v)Ds\ren which are listed in Appendix G. Eq.(264) includes terms which are 

purely electromagnetic and terms which have both electromagnetic and geometric 

parts. The purely electromagnetic terms will not disappear in flat space and thus 

may be used for studies of quantum field effects in flat space. It should be empha­

sized here that this result is for a general four-dimensional spacetime with a general 

electromagnetic field possessing U(I) symmetry.

The DeWitt-Schwinger regularization counterterms of Eqs.(241), (245)-(246), and 

(254)-(258) are the first set of major results of this thesis. The DS approximations 

GiDS1Ten (or> equivalently, (<j>2)DS,ren) and ( T ^ ) ds,ren of Eqs.(242) and (264) constitute 

the second group of major results of this thesis.
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CHAPTER 7

Concluding Remarks and Future Work

One of the two major results of this thesis was the calculation of the DeWitt- 

Schwinger regularization counterterms for the three VEVs (</>2), (j^), and (Tuiy) for a 

charged scalar field coupled to the electromagnetic field of general four-dimensional 

spacetimes. These results are found in Eqs.(241), (245)-(246), and (254)-(258). 

These terms' are sufficient to completely regularize the expressions for (02), (Jfi), 

and (Taiu). The DeWitt-Schwinger approximations for G^3ren (or, equivalently, 

(ĉ 2)DStTen) and (Tfiv)DstTen are found in Eqs.(242) and (264) and constitute the sec­

ond group of major results of this thesis. The applications of these two sets of results 

are discussed briefly in this chapter.

The second set of major results have more immediate applications than the reg­

ularization counterterms. Presented here for the first time is an analytic expres­

sion for an approximation to (Tfiv) for a quantized, charged massive scalar field. 

This approximation was derived for a general four-dimensional spacetime with a gen­

eral electromagnetic field possessing U(I) symmetry. This arose from carrying the 

DeWitt-Schwinger geodesic point-splitting expansions for the asymptotic series for 

(Tfiv) out to order m~2. The completely general expression for (Tfiv) does not have 

to be restricted to a spacetime having any particular symmetries.

The analytic approximation for (Tfiv) of Frolov and Zel’nikov [26] was restricted 

to the case of Ricci-flat spacetimes. Brown, Ottewill, and Page [28] derived an an­

alytic approximation for (Tfiv) for conformally invariant massless scalar, spinor, and 

vector fields on static Einstein spacetimes. In neither of these works was there an 

electromagnetic field present. This new expression is a generalized version of this
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prior work, with potential applications too numerous to fully mention here. However, 

an immediate application of concern to this author is described next.

tions that will allow a full quantum electrodynamic (QED) study of the evolution of 

realistic initial conditions in charged black hole spacetimes. The evolution of these 

initial conditions will help answer the question of what is true interior structure of 

charged black hole spacetimes. Consider the Reissner-Nordstrom spacetime, with a 

line element given by

In this line element, M  is the mass as determined by Keplerian orbits in the large 

r, or nearly Newtonian limit, and Q is the charge enclosed by a Gaussian sphere 

surrounding the black hole. The analytic extension of the Reissner-Nordstrom solu­

tion extends across two horizons located at the two radii r± given by the solution to 

9 t t  =  0:

The Reissner-Nordstrbm solution has a Penrose spacetime diagram shown in Figure 

4. This diagram shows features in the Reissner-Nordstrbm spacetime quite different 

from those in the Schwarzschild spacetime, including the presence of the two horizons, 

timelike singularities, and an apparent tunnel to other asymptotically flat spacetimes.

Surfaces of constant (t, 6, (f) in the Reissner-Nordstrbm spacetime have the line 

element

With r > r+ or r  < r_ in Regions I and III, respectively, ds2 > O and r is a spatial 

coordinate. Between the horizons in Region II, r_ < r < r+, ds2 < 0, and r is

The first set of results of this thesis will serve to renormalize the dynamical equa-

(265)

(266)

(267)
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r  = Oi r — 0

Figure 4: Penrose diagram for the Reissner-Nordstrom analytic extension

a temporal coordinate. In this region, dynamical evolution equations may assume a 

fortuitous form for two reasons. First, the future for all particles is towards decreasing 

r. Second, the spherical symmetry of the entire spacetime, and the fact that (d/dt) 

is a Killing vector, ensure that every point on each spacelike slice of constant r 

is equivalent with respect to the coordinates Thus, dynamical evolution

equations in Region II assume the form of ordinary differential equations in r when 

these equations are restricted to the case of spherically symmetric solutions.

The inner horizons at r_ are Cauchy horizons for Region II. To the future of r_, 

initial conditions defined on a spacetime slice may be propagated into the future.
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However, the presence of the timelike singularities prevents the information propa­

gated from these initial conditions into the future from completely determining the 

causal structure of the spacetime. For example, a spacelike slice may be chosen that 

connects Region IV to Region III, terminating on the two singularities. Initial con­

ditions on this slice may be evolved some distance into the future, resulting in a new 

set of conditions determined on a new spacetime slice. However, without knowing the 

boundary conditions at, say, the right hand singularity, then anything could possibly 

come out of that singularity. This new information would make a contribution to 

the spacetime structure on the new spacetime slice, and this contribution would be 

distinct from the spacetime structure that evolved from the initial conditions.

The right hand Cauchy horizon in the Reissner-Nordstrom interior has been shown 

to be both classically [42, 43, 44, 45, 46, 47] and quantum mechanically unstable 

[48, 49, 50]. Uncharged fields have been defined on in Region I of the Reissner- 

Nordstrom spacetime and evolved into the future beyond the Cauchy horizon. As the 

fields evolve across r_, the stress energy tensor diverges and thus the gravitational 

backreaction diverges. This divergence leads to the Cauchy horizon becoming a cur­

vature singularity, via the so-called “mass inflation” process [51, 52]. It is, however, 

somewhat unclear whether this singularity is sufficiently strong to act as a true “edge” 

to the spacetime, enforcing strong cosmic censorship [53, 54].

The studies of Cauchy horizon instability have been performed in great detail, 

yet they have not dealt with the underlying electromagnetic field which is ultimately 

responsible for the formation of the exotic interior structures. Uncharged quantized 

fields may cause a gravitational backreaction, but they can not cause an electromag­

netic backreaction since they do not possess their own electromagnetic field which 

will superpose on the electromagnetic field of the charged black hole spacetime. Only 

by evolving charged fields can the classical electromagnetic field of the Reissner-
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Nordstrom black hole spacetime or general charged black hole spacetimes be changed.

The electric field of the Reissner-Nordstrom spacetime can serve as a source of 

charged pair creation and vacuum polarization. These effects will introduce a new, 

dynamical element to charged black hole spacetimes. The goal of this thesis has been 

to build the theoretical foundation for treating quantized charged scalar fields in a 

general curved spacetime containing an arbitrary classical electromagnetic field. The 

regularization counterterms for (y )  and (Tuiy) were derived in order to renormalize 

realistic source terms for the full semiclassical Einstein-Maxwell field equations,

Gfpy = Sn-(Tpy) 4- gn-T̂ ar̂  (268)

and

=  4,r(y). (269)

Eqs.(268)-(269) will be used by the author to study the causal structure of charged 

black hole spacetimes. These are the dynamical evolution equations which will al­

low initial conditions for realistic black holes to be set on some spacetime slice and 

evolved into the future. Using these equations, initial conditions may be evolved from 

an initial spacelike hypersurface into the future of the spacetime. This will be the 

foundation for determining the causal structure of the interiors of physically realistic 

charged black holes. Determining this causal structure will address the question of 

whether or not these black hole interiors contain exotic structures such as those in 

the Reissner-Nordstrom analytic extension.

As discussed above, the evolution equations for the region between the horizons 

of the Reissner-Nordstrdm spacetime may assume the form of ordinary differential 

equations when restricting to the case of spherically symmetric solutions. These 

spherically symmetric solutions, along with the fact that this interior region is an 

anisotropic cosmology, will allow the method described by Anderson, Hiscock, and
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Samuel for computing VEVs in static spherically symmetric spacetimes to be applied 

to dynamical studies of this region. Future work by the author will include applying 

their method to construct the current, (j^), associated with the charged scalar field 

for these static spherically symmetric spacetimes. This current will serve as a source 

for the electromagnetic field in Eq.(269). Using the analytic expression for (T ^) as 

a source in Eq.(268) will provide a means to address the question of the true interior 

structure of charged black hole spacetimes.
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24(7% 288(7% +  180(7 ^
g»gvRaf3R ap g ^ R afiRap gagp g ^  R0 1 RFt^

1440a- 1440 +  360(7
f ( 7 c O - Y V # ^  ^a-^Ac^A^" o^^Ac^A^"

180(7 360cr 360(7 +
m^A"" a-^^Ac^A"" f^^^A c^A ""

24 144a- +  24a-
o-^o-^A^Ac^" f ^ A ^ A e , ; /  ^o-^o-^o-^^A c^f

720(7 720(7 720(7%
(7 « (7 Y V A c 7p, f(7«(7Y"A^^Ac^6 O ^^A ^A c^^" ,

1440(7 72(7 . . 720o +
O -^ W A c 7/  a -^ A ^ ^ A c^ "  ^ ^ A ^ ^ A c ^ "

144a- 720(7 + 144o
(g agpg ^R ? s Ra5f3l I  g° gp g ^  R1* Ras^  jg agpg ^  R y5 RaSf?

360(7 1440(7 60o-
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720a-2 720a-2 360<72
a-=^cr'Ya-^g& ,^'' a -« a -^ a - " A ,^ ^ "  a -« a - ^ ^ a - ^ A y ^ ^ f

120a-2 120a-2 1440a2 +
7^aagPg^a6QllljH teR c/ pS ^  m 2g agPRatJ‘plJ R g agPRaflplJ

■ 360a-2 24a- 144a
m ^ a 'a ^ A .^ "  ^ a " a ^ & ,^ "  ^ a ^ T L Y

4a 12a +  4a +
a « a ^ ^ A . \ ^  ^ a"a ^ E ^ 7 L ^ "  7 a= a^E ^& ,^"

1440a 480a 480a +
7 ^ a « a ^ ^ ^ & ,^ "  a « a ^ A /7 L \"

160a 1440a 480a
7 g agP RprtRgljrytl 7 j g a gP Rp1R alĵ  i g ag P g ^ R ? sR p ^

480a +  160a +  360a
^ga gP Qtilj R aLys RprySe ^ g P g tjlj R a\ s Rpry/  g a g" R a5 Pry R p ^

360a 360a 720a
g ag tl R as Pry RprySlj ^ g P g tilj R as/ R p J e g agP Qtilj Rgry SeRprŷ

720a 360a +  360a
{g*  gP Qtilj Rgry ScRpry56 ^ g P R g S rylj Rpry811 g a gP R 0/ sv R p ^ li

120a 360a 360a +
^ g P R g rySuRpry511 _  f r agPR aŜ tlRprySv _  g agPRgrySfiRprySv

360a 360a 360a +
^ g P R g ryStj-RprySv g agP Qtiv R y8 R p s ^  ^ g g P g tilj R y8 Rp Srya

360a +  720a 360a
a « a ^ a ^ a " ^ / ^ ^ ^ '  a ^ a ^ a ^ a ^ '/ A ^ ^ '

1080a2 1080a2 360a2
aC afa-Y a"# //# /,;-/ a ^ a ^ a ^ a ^ ^ '^ ^ g  a » a Y " ^ ^ ^ ^ ^ g

360a2 720a2 720a +
^gagPQtivRqcry8Rpcry5 a ^ P g rya 8QtivR 56R p i g agPgryg 8g tiVR stRperya '

360a 720a2 +  360a2
^ a « a ^ a ^ a Y ^ ^ '^ ^  a « a ^ a ^ a Y ^ ' ^ ^ ^  ^ a ^ a ^ a Y ^ '^ ^ ^ - y "

540a2 360a2 +  180a2
a "a f  T L T E / /

360a 360a +  360a
£ga gP R aSryti Rp8 ̂ v g a gP R a1 Sti Rp8 ̂ v &<* gP Rgry Sti Rps J

360a 360a 360a
£ga gP Qtiu R a / 5 Rpery5 ^ g P g tilj Rgry J  R p^ 5 ISaqgPgry a 5 Qtilj R s ,Rperŷ

360a 360a +  1440a2
7^gggPgrygSgtilJRseRperya Caa gP Qtilj R aeSry Rpery5 g agP Qtilj R arySeRpery5

360a2 360a 360a +
^ g P 9tiljRgrySeRperyS ^ g P g tiljRgerySRperyS ^ g g P g tilj Rpery8 R yS /

120a 360a +360a 360a
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R aep5 R y5^  <TacrP a 1 a 1* R 01 ZpsRySeu o a a? O-Io sOij-Ou R aripeRytSri
1080<72 1080a2 360a3 +

OaQpQ-iOsQliuRavpeRyts  ̂ _  ZoaoPQ1 QsQliuRavpeRytSn _  QraQ p Q sQijuRpvaeR^tSn
720a2 540a2 1080a2 +

^ a ^ a ^ a Y " ^ ^ ^ ^ ' '  ^ a ^ a ^ a V ^ = / ^ = ^  ^ a ^ a ^ a Y " ^ ^ ^ ' ^
540a2 +  180a2 +  90a2

7 OaQPo1  os Qliu RatpvRneSn IUcraOPorIos9 ljuRatpvRyeSn a " a ^ a ^ a ^ ^ % ^ f
1440a2 360a2 1080a2 +

T a ^ a ^ ^ / A y ' ^  l l ^ a ^ a - z a ^ ^ ^ ' /  a ^ a ^ a ^ ^ ^ ^ ' f "
720a2 360a2 1080a2

90a2 540a2 +  144a2
ZPaOpO1Ps R apRyliSu ZoaQpRasp1Ryljsu (OaQpRaSp1R yusi1

24a2 360a 360a
a ^ a ^ a V ^ / ? ^ = ^ ^ "  ^ a ^ a ^ a ^ a ^ ^ ^ ^ ^ ^ "  a ^ a ^ a ^ a V ^ ^ 'W /

1080a2 +  540a2 , +  1080a2
ZoaPPo1 Q5QliuRpvS R 5nCa _  OaQPRa^psRsliiu ZvaVpRaTPsR s ^ v _

540a2 360a + 360a
oaoPRaiPsRsulli ZvaVpR a ^ sRsuitl (TtiOuRapisR aprys 

360a 360a 1440a
QtiuRapi5R a p l5  QaQPgliuRptlSRaeis ZvgVpQtiu R ^ s R acns 

1440 720a + 360a
QaQu Ra5p iRPisti QaQliRaSp iRPisu

720a 720a (280)
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A P P E N D I X  G

(^Tfj,p)DS^purely geometric
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(T }D S,ren,purely geom etric
I

K tlR v CRttK v TC2R 11R v C3 K tlR u
576 _  36 +  48 4

sg^a^"'"
26880 360 13440 + 80640

23^a"^^"^ 59A,a^"^
384 13440 +  80640 +  80640
a^"'" 19uRa^^"^ ISAiaB'"'^
384 + 40320 13440 + 192

2 9 ^ , 2 9B, a ^^"^
80640 640 80640 +  640

2880 13440 2880 + 13440 +
Aa"^Ay/)^^

5376 +  5376 + 8960 +  8960 +

26880 3840 4480 26880 +

26880 +  60480 360 + 6048 +
19uR a^f:^^;"

6048 3360 +  60480 + 6048 +

6048 3360 16128 + 16128
11& ,^^A«^^ Aa/?/y";^^'^ ISEa^^B"^^

3360 40320 3360 80640
ISA aP ry#*^^  , , -Ra/,-?;:"#^":"

4--------- %̂7%---------1---80640 6912

3840
AlR CRtiv

1440
RCRa^ au 

160 . 
RCRtiu-^a 

240
29R.aavtl

+

+

6912
RC2R tiv RC3R tiu

8 4
R R avIatl RCRav;atl 

+

+ caP̂ S
6912
$a JjPvmS

3840 
J W " "

960
R R ttv.

+

960 
29a,a""" 

20160

160 1440 +

CR, ativ

120 +
afii/

aufi

20160 
Ĉtp'

+ 6 % O i V p lap
48
■,apnv

+

+

120 48
J L " '" / " +

1680
R ",/""

+

Roi0̂ a Rp tl̂ u 
6912 +

T R R ttv 
2880

1680 10080 1680 10080
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1680 3360 +  3456 864 +
H S  CalarR3^ g tiu ScalarR3^ g tiu S lR iaR ^g tiu 27 ̂ R iaR a g ^

288 12 80640 + 2240
i 7 f a , „ a y

192 16 2688 +  560
e  R iaRf*?* g v  R ^ R ^ g ' 11' j R ^ R ^ g ^  RafiriRsa^ s g ^

480 2880 480 +  8960
IjRa P-^Rsal3ry ̂ gliu RaMs'a R ^ g tiv IR a^ r a RJh s* g1”

4480 241920 120960 +

241920 120960 120960 +
n t j R g p ^ R ^ ^ g ^  Rgpl 8-,eRa M g ^  C Ra P ^eR a 0ryês

12096 60480 + 30240
Rgp1 S-^Rary 135'^gtiv t R a p ^ e R ^ ^ g ^  Rgp1 SieRaryl3e'6 g'1''

120960 + 60480 60480 +
ZRgp1 S-^Raryl3e-'8 g'1" RR;gag ^  r R j R ^ g ^

30240 5760 ' 1440
5RZ2 R.gag^u RZ5 R -^ g liu RRgp’aPg ^

96 + 6 + 960
R Z R g p ^g lllj RZ2R a p ^ g yiv ISR ia 01 P^gtiu 

120 +  80 10080 +
UZRlCa P^gliv 7 Z2 R-,aa Pt̂ gyilj i?a/?;77aV y

1008 240 10080 +
ZRaP-Jap g11" Ra Pia1rŷ gyilj ZR*p'a ̂ g yiv

5040 +  1680 840 +
RcPiapJ g yuj ZRap'aP J g yllj ISRaJ uRaI3

1680 840 44800 +
I l T L " ; / ^

720 44800 +  720 720

720 6300 +  172800 3600 +
7 ^ % ^ " ^ ^  1 7 A ,« ^ 7 r ^  1 7 3 ^ « ^ ^ ^

172800 +  12600 25200 +
Z 2 R i a P g yj-u R a p  2 9 R a p iJ g t lu R ° ‘(3 I o S Z R g p J g 111j R ai3 

120 +  720 67200
R g t i u R g p R a p  R Z g yiuR g p R a p  R Z 2 9 yjuR g p R a p

2880 + 360 360 +
l l j L ^ / ^ " A ^

120960 + 120960 12600 12600

57600
2 6 S R a p ' , p 1 g tlu  R ary

+

+

28800 201600
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2 6 3 e / ^ V “^  W Raf3̂ ps Qtiv R a^ 29{Raf3̂ 5g ^ R ^
100800 720 201600

1400 +  720 +  2800 +  2100
a , a W

50400 50400 1400 + 720 +

2800 2100 50400 50400 +
E"" 43^7L^Ay»A^

1080 180 +  604800
4 3 ^ 7 2 « ^ " ^  177L";^^" 597L " ^ ^ "

302400 +  201600 + 201600 +
ITRaIx-PaR ^  59Rafl’ap R ^  ITRapR aI1R ^

201600 + 201600 43200
R 2Rtiu R 2^Riiu R 2Z2 Riiu R 2Z3 Rixu
1728 +  96 16 + 8

R-CtaRfiu IlZR-CtaRixu Z2R-,CtaRtlix
720 +  720 24 +

4320 720 +  151200
237L^f'^7g«^( ^7L^f:^7Z=^^ 137^^",^72«^'

720 151200 720 302400
IS T L p /ia W ^  T L ^ ,/7 ^ ^ ^

302400 17280 17280 +
RaM S^gtlljRapis IZZRaMS^ Qtxv Ra^ s Rgfiu RapisR a ^ 5

151200 +  9450 +  3456
RZgtxvRaMsRa p i 5  RZ2 g ^  RaMsRa p l 5  R txuRaM8Rapis

432 +  480 4320 +

720 +  6480 + 6480 +
STRap^s-JgtiuRapie ZTZRaMs-JgtxvRaplt ZTRap^ 5CgtxvR ap10

302400 151200 +  302400

151200 +  7200 302400
7L%;/7^^T" 7L^,^7^^" 537L^f'^72«^"

12600 4200 + 7200 + 1209600

12600 + 3600 2880 +
RZRaMtxRapiv RctMS^egtxvRap5e Z R a p ^e g txvRap5e

480 +  11520 5760
, 2 7 L p 'y W / # '^  ,
I---------- 7-7TZZ------------------ TTTZT--------H11340 14175 11520
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5 3 ^ " ,
151200 151200 604800 +  604800

6 1 ^ ^ , ^ ^ ^ ^ '
6300 6300 +  201600

SltjRap. , ^  Ra^ 5 Rql3lS-ZgliuRa^ 8
100800 151200 75600

201600 +  100800 +  8640

1080 720 32400 +
IZRoims, /Q livR ail3t IZiRaMS-JgllljR a^ e m  R q p ^ e g liuR aipc

75600 37800 1209600 +

604800 + 720 + 10080 +
5 3 a « ^ : ^ a « ^  i3 a « p /,/ a * ^  ig ia c ^ a y ^ a ^

1209600 25200 + 604800
a a cp /a * -? ^  a ^ a a ^ ^ ^ ^ "  11^^,^^^^^"

4320 +  720 +  720 +
a^^^a^^" 7a»^f:^a"^'' i9ia.^ay"a^^"

10080 + 34560 + 604800 . +
i 9 a .% ,^ a « ^  a ^ ^ a ^ /a ^ '^

100800 +  100800 6480
a ^ ^ a ^ /a ^ ^

6480 28350 + 11340

5040 12600 12600 5040
a c /p ^ W P "  a^p^^/a^^" a a p / ^ a ^

12600 12600 6300 6300
i s a ^ ^ a " ^ "  a^p^^i/a=^" a^p^^^^a"^"

172800 6300 6300 +
RaMS;e5 Stiu R ae0iy j R a M S - J g ^ R ^  28ZRaMS-'5€g ^ R a^

6300 3150 1209600 +
2%ZtRC'MS’s ̂ vR ae0'1 l l R aMS. / g ^ R a^ s I l j R aMs-Zgtllj Rae^s 

604800 100800 + 50400 +
43a .p ^ g^ ,^ a«^ ' 43^ a«p ^ f^ ^ a«^ ' sa^p^^a""^

1209600 604800 +  44800
23a." ,p^a«^  101^ / " # * ^  a « p ^ \ /a « ^  a ." p ^ ,/a « ^

50400 1209600 8400 12600
a a p / : w f *  a,«pa^^" ^ ; a p a « ^  a ^ a " ^ "

6300 1800 + 360 4200
a a ^ a * ^ "

2160 +
RZRa0 RaV0''

360 720
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12600 12600 100800
J L p J Lf ^ f ^ ^ ^ " JLf^f:^J^^" 3 JLf=-X̂  Jg""^

10080 6300 6300 + 44800
23JL";f-yJ^^ _  JLf^",/J ^ " ^  J L ^ ; / ^ " ^  JL fZ = T W ^  

50400 8400 12600 6300
R-^Raijptl CR-^Raiypti 29RapyS’̂ Ra^ s Rg^./R*'"'8

1800 360 720 12600
JL p /'^ JZ""  ̂ S lJ L f ; /^ ^ "  JLf'^J^^"

12600 100800 10080
/" J L fJ L ^ 'A ^ ^  ^ JL pJL f^ JZ ^ f' 2JLp/JL/''JZP'?a=

5040 +  2520 14175

4725 +  9450 +  25200
J L ^ ^ fA ^ ^  J L ^ p - y / # ^  iiJL p JL f'" '^ ^

25200 +  4725 60480
J L p J t / /J # ^  JLp^"'"^^^ JL^p-y^fA^^

12600 + 25200 25200 +
JL "J2p ^ /A ^  H J L p J L ^ ^ "  JLp^^JL^""^^'

4725 60480 28350
J L p /JL=ZJZ^ ISUL^p-y/JZ^^" JLpJL"^^^"

9450 453600 + 4725
151JL"JZp^/JZ^^ 121p^ JLp^f 1 2 1 ^  JLp̂ yg JZ,/^ JẐ "̂

453600 907200 +  453600
^ JL p ^ fJZe'/JZ^'"' ^JZ«p^JZ,"/JZ^^" JLp^fJZ,^"JZ^'^

6300 3150 + 18900 +
JLp^JZ,"^JZ^'^ ^ J L p J L f / ^ ^  ^ " J L p J L f^ ^ ^ '

28350 16800 +  8400 +
13JLp.y;JZ/=''JZf^ ^JLp^fJZ^^JZ^''" 2^JLp?fJZ,/^JZ^^" 

37800 +  4725 4725 +
JL^^JL^T^JZ^'  ̂ JLp^gJZ,"^JZ '̂  ̂ JLp-y^^^^JZ^^"

9450 11340 11340
Raf3isReâ Rprtse ĝtiuRaplSR â Rprtu 47JLp^f^"JZ^^'

18900 9450 302400
JL p /:" ;JZ ^  H J L p J L ^ " ^ ^  2 3 J L p J L °'/^ ^

25200 50400 + 60480 +
ISJLfi-y^JZ^^" JLp'\JZ^^ JLp-yf^'JZ^^"

100800 +  8400 12600 +
19JLpJL"^^" JLp f̂JZ,^"JZ^^  ̂ 47JLp^f"'''JZ^^'

75600 9450 302400
Lp^^^fJZ^^' , 23JL pJL °'/JZ ^^ I S J L p i / J Z ^

H---------------------------1------- --------------- h25200 60480 100800
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8400 12600 +  9450

4725 4050 8100 +

4050 129600 64800 +
i ia ^ ^ A y V ^ r^ "  a . ^ a , ^ ^ " ' '

4725 56700 3780
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