MONTANA

STATE UNIVERSITY

Generalized Dewitt-Schwinger point-splitting expansions for the charged scalar field in curved space
by Rhett Byron Herman

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy in
Physics

Montana State University

© Copyright by Rhett Byron Herman (1996)

Abstract:

The theory of DeWitt-Schwinger point-splitting is developed for a massive, charged quantized scalar
field coupled to an electromagnetic field possessing U(1) symmetry in a general, four-dimensional
spacetime. The infinite regularization counterterms required to renormalize the vacuum polarization
(92), the current (j 1) associated with the scalar field, and the stress-energy tensor (Tp v) associated
with the scalar field are presented. The DeWitt-Schwinger point-splitting expansions in this thesis are
carried out until they reach terms of order m-2 for (Tpv), where m is the mass of the quantized field.
Presented here for the first time is an analytic approximation for (T uv) for a massive, quantized
charged scalar field in a general spacetime with a general electromagnetic field possessing U(1)
symmetry.



GENERALIZED DEWITT-SCHWINGER POINT-SPLITTING
EXPANSIONS FOR THE CHARGED SCALAR FIELD IN CURVED
SPACE

by

Rhett Byron Herman

A thesis submitted in partial fulfillment
of the requirements for the degree

of

Doctor of Philosophy
in

Physics

MONTANA STATE UNIVERSITY
Bozeman, Montana

August, 1996




3)218

$h&



W T TR S S

1ii

STATEMENT OF PERMISSION TO USE

In presenting this thesis in partial fulfillment of the requirements for a doctoral
degree at Montana State University - Bozeman, T agree that the Library shall make
it available to borrowers under rules of the Library. I further agree that copying
of this thesis is allowable only for scholarly ‘purposes, consist‘ent’ with “fair use” as
prescribed in the U. S. Copyright Law. Requests for extensive copying or reproduction
of this thesis should be referred to University Microfilms International, 300 North Zeeb
Road, Ann Arbor, Michigan, 48106, to whom I have granted “the exclusive right to
reproduce ard distribute my dissertation in and from microform along with the non-
exclusive right to reproduce and distribute m); abstract in any format in whole or in

part.”

Signature ‘M/UN Qr M P/‘@Wl/én/)
Date P29




iv

ACKNOWLEDGMENTS

I wish to express my gratitude and appreciation to my advisor, William A. Hiscock,
for his guidance and support throughout the course of my years at Montana State
University. His guidance and feedback were invaluable during my years of research
and development in physics.

I would like to acknowledge thé other students in the Relativity Group at Montana
State Universify without whose continued help, feedback, and support I could not
have ﬁnishe& this work. Their input and criticisms were greatly appreciated and, in
no small Way, directly i‘esponsible for my continued career in physiés. I would like to
acknowledge the contributions of Professor Gregory Francis, who taught me how to
teach others about what I was leal."ning.

I am grateful for the support that I received during my year as a NASA Re-
search Fellow and during my two years as a DOE/ EPSCOR Graduate Trainee. The
work in this thesis was supported in pa,rf by the U. S. Department of Energy under
Cooperative Agreement No. DE-FC02-91ER75681, Amendment No. 002.

Finally, I would like to thank my wife, Kirsten Herman, for her continued sup-
port throughout the course of my research. Her patience and guidance provided thé
" strength that I, at times, could not muster. I would also like to acknowledge my chil-
dren, Jonathan and Aaron Herman, without whose humor, questions, and patience

gra,dua,te school would not have been such a fun experience.




v

TABLE OF CONTENTS

1. Introduction 1
2. Degree of Di{rergence in Scalar QED 14
3. The Local Structuie of Spacetime , . 21
4. DeWitt-Schwinger Geodesic Point-Splitting ‘ 31
5. Coincidence Limits and Covariant Expansions 43

6. DeWitt-Schwinger Point-Splitting Expansions of GV, (j#), and (T,,) 62

7. Concluding Remarks and Future Work | ‘ 73
BIBLIOGRAPHY = ‘ ' | 79
APPENDIX A: [0,,re0] and [0upreng] o 83
APPENDIX B: [AY2,,,..] and [AY2,,,..] 92
APPENDIX C: v[a’OIII"VPTK'] and [ao|ﬂyp75)\] 99
APPENDIX D: [ay,,,] and [a1o®,] - | - o 11
APPENDIX E: [ay),] and [ag,,] 124
APPENDIX F: 47%(T,,) finte . . 131

APPENDIX G: 47T2<T/.W>DS,purely geometric ‘ ‘ 136




vi

LIST OF FIGURES

Feynman diagrams for scalar field-photon interaction . .. .. .. .. 19
Geodesic connecting points z and z’ with tangent vector at each endpoint 25
Two of the infinite number of geodesics emanating from = that cross

atz” .. L. o .. 26

Penrose diagram for the Reissner-Nordstrom analytic extension . .. 75




Sy - e L TN S RS S S M- . | Ll L

vii

CONVENTIONS

The sign conventions used in this thesis are those of Misner, Thorne, and Wheeler
[1]. Natural units, where G = ¢ = A = 1 are used throughout except where explicitly

indicated. Derivatives are indicated as follows:

0 . o
—— or 0, or , partial derivative

Oxw

V,or,, covariant derivative

V. —ieA, or |, gauge covariant derivative.
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Abstract

Thé theofy. of DeWitt-Schwinger point-splitting is déveloped for a massive, charged‘
quantized scalar field coupled to an electromagnetic field possessing U(1) symmetry
in a generél, four-dimensional spacetime. The infinite regularization counterterms
required to renormalize the vacuum polarization (¢?), the current (7#) associated
with the scalar field, and the stress-energy tensor (T#*) associated with the scalar
field are presented. The DeWitt-Schwinger point-splitting expansions in this thesis
are carried out until they reach terms of order m~2 for (T'*), where m is the rﬁass
of the quantized field. Presented here for the first time is an‘ana,lytic approximation
for (T*) for a maésivé, quantized charged scalar field in a general spacetime with a

general electromagnetic field possessing U(1) symmetry.




CHAPTER 1

Introduction

The study of quantum fields in curved space follows the typical path in physics of
moving from models that are initially simple and easier to understand to models that
are more complicated but more physically realistic. Successive models bl.lﬂd upon
the knowledge gained in the study of previous models. The goal of this thesis is to
build the theoretical foundation for the study of quantized charged scalar fields in
a general four-dimensional spacetime which has an arbitrary electromagnetic field of
U(1) symmetry. The DeWitt-Schwinger point-splitting procedure [2] is developed for
the case of the charged scalar field coupled to the electromagnetic field of the curved
spacetime. The first set of the two major results derived here are the regularization
counterterms for the vacuum expectation values (VEVs) for the vacuum polarization
(¢?), the current (j#), and the stress-energy tensor (T**) associated with the charged
scalar field.

The DeWitt—Schvvinger point-splitting procedure is known to be capable of yield-
ing analytic expressions that are a,pproxima,tions to both (¢?) and (T*). The DeWitt-
Schwinger point-splitting expansions in this thesis are carried out until they reach
terms of order m™2 for (T*), where m is the mass of the quantized field. Presented
here for the first time is an analytic approximation for (T'*) for a massive, quantized
charged scalar field in a general spacetime with a general electromagnetic field possess-
ing U(1) symmetry. After subtracting the infinites of the stress-energy tensor, which
are contained in the terms in the expansion proportional to non-negative powers of

m, the remaining expression, proportional to m™2, serves as the “DeWitt-Schwinger
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approximation” to the actual renormalized value for (T#). This expression, along
with an analytic expression for ($?) of order m~*, constitute the second of the two
major results derived here.

The theory of DeWitt-Schwinger geodesic point-splitting began with the classic
work of Schwinger [3]. Schwinger calculated the Green function G(z,z’) associated
with a fermion current produced by and external electromagnetic field,

() = m e " Gla, )] 1)
where e is the charge of the fermion field and the y* are the Dirac matrices. He calcu-
lated the Green function by introducing a fictitious, non-quantum-mechanical Hilbert
space in which calculations were performed [4]. This Hilbert space was constructed
in 4 + 1-dimensions, with the 4 familiar spacetime dimensions being supplemented
by a fifth dimension identified as the proper time pafameter s in this fictitious space.
Working within this fictitious Hilbert space, Schwinger was able to isolaté the diver-
gences that appeared in the quantum field integrals involved with the fermion field
current, and use those divergences to renormalize the charge of the fermion current
and the strength of the external field. |

While Schwinger’s original work was performed in flat spacetime, DeWitt recog-
nized that Schwinger’s method could provide a way to isolate the diyergences that
appeared in quantum field theory calculations in curved spacetime. Consider the

semiclassical Einstein-Maxwell field equations,
Gy = 8m(Tyw), (2)

| and

., = 4n(54). ‘ _» (3)

Egs.(2) and .(3) treat the gravitational and electromagnetic fields classically, while

treating the sources for these fields quantum mechanically. It is well known that,
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when the transition is made from classical to quantized fields, infinities appear in
the expectation values on the right hand sides of Egs.(2)-(3) in both flat [5, 6, 7]
and curved [8] spacetimes. These infinities can not be physical in the context of
curved spacetime physics. For example, in non-gravitational physics, any infinities
that appear in energy density calculations are considered to be “zero-point energies”
and are summarily discarded. This rescaling of the zero point of energy in flat space
does not change the physics and is allowed. However, in gravitational physics, all
energy is a source of the gravitational field and thus a source of curvature. Zero-
point energy, infinite or finite, may not be naively thrown away since doing so throws
away a source of curvature and thus change the physics. Yet there must be a way to
correctly remove any unphysical infinities from the theory.

The geodésic point-splitting regularization scheme developed by DeWitt [2, 4] is a
fully covariant method whereby these unphysical infinities may be isolated, a process
known as regularization. Then, in the process known as renormalization, the infinities
are discarded by subtracting them from the unrenormalized field equations, leaving
behind finite quantities that represent the physical universe. All of the quantities
to be renormalized are VEVs constructed from products of the quantized field ¢(z)
and its derivatives. Prodl;cts such as (¢(z)@(z")) have their two constituent quantum
fields evaluated at two spacetime points, z and the nearby z’. This product is finite
so long as the two points are separated in spacetime. The infinities will be shown to
arise when these two spacetime points are brought together.

DeWitt b;,sed his scheme on the earlier proper-time method method used by
Schwinger to calculate the Feynman Green function associated with a quantized
fermion field. While there are other regularization methods, point-splitting has proven
to be the most robust and trustworthy method of the lot [8]- This is because the point-

splitting procedure is well-developed for a general spacetime of arbitrary curvature.




4
Although algebraically quite complicated, point-splitting works in every case, fully
isolating all infinite quantities. |

Other regularization ﬁethods do exist [9]. Pauli-Villars regularization [10] requires
the introduction of fictitious fields whose own divergences are chosen to exactly cancel
the divergences of the physical field. The number of these fields introduced is chosen
according to the number of divergences the physical fields possess, and these fields are
allowed to either commute or anti-commute depending on whether they are required
to add to or subtract from the divergences in the stress-energy tensor of the physical
field.

Dimensional regularization involves the continuation of quantum field calculations
to non—integll‘a,l spacetime dimensions. Physical parameters requiring renormalization
are shown to have bare values proportional to (n—4)“1‘, where n is the dimension of the
spacetime. This fact requires the introduction into the original physical Lagrangian
terms proportional to bare coefficient of adiabatic order 4 that will serve to absorb
the infinities. However, the renormalized quantities that result must have restrictions
on their size in order to be consistent with observations [11, 12].

Adiabatic regularization has been used extensively in calculations of conformally
flat spacetimes [13, 14]. In this method, the subtraction of infinite quantities is
based on the adiabatic expansion of the modes of the quantized field. However, the
subtractions necessary to renormalize the physical parameters are often too difficult
to evaluate. This means that, while the infinities are isolated, they can not serve to
renormalize the VEVs of interest such as (T#).

The technique of (-function regularization allows the effective Lagrangian to be
written as a aerivative of a { function resembling Riemann’s { function on the curved
space [15]. This formal technique for regularizing the effective action uses a general-

ized ¢ function, {(v), whose argument v must be analytically continued from regions
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where ((v) converges into regions where {(v) does not converge. This is necessary
since v = 0, a value for which the generalized ¢ functi‘on‘ does not converge, is thé
value of interest in quantum field calculations.

Point-splitting was chosen for the purposes of this thesis for two main reasons.
First, the major advantage that point-splitting possesses over these and any other
known regularization schemes is that it is the most efficient method to use when
computing actual values for the quantized fields instead of working with purely formal
manipulations of the effective action of the theory. Second, by using point-splitting
for the present calculations of a complex scalar field in curved space, a connection may
be made with the previous work of Christensen in using the point-splitting procedure
for regularization of the real scalar field in curved space [31, 30]. The results of this
thesis will explicitly show that, if the charge of the complex scalar field is allowed to
vanish, then the regularization counterterms presented here reduce exactly to those
of Christensen. |

After t‘hq point-splitting calculations have been performed and the infinities of
the field equations are isolated then, in principle, théy may be subtracted from the
unrenormalized equations, leaving a finite remainder which contains the relevant phys-
ical information. In practice, the renormalized quantities are often too algebraically
complicated to evaluate analytically in the case of general spacetimes. In the case
of conformally invariant fields in conformally invariant spacetimes, the renormal-
ized quantities been évalua,ted analytically [16, 17, 13, 18]. These calculations have
been performed by first renormalizing the Hadamard elementary function, G (z, z'),
from which the quantities (¢*) and (T),,) are constructed. The VEV (¢?) is directly
proportional to G)(z,2) and is renormalized when GM)(z,z') is renormalized. The
stress-energy tensor (T, ) is constructed from G®*)(z,2') and its covariant derivatives.

The presence of these derivatives requires a slight modification of the renormalization
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of G(l)(x, z'), yet these modifications in éssence amount to carrying out certain power
series expansions involving the two spacetime points z and the nearby 2’ to a higher
order than when renormalizing G)(z, z').

Point-splitting renormalization calculations have been performed for specific space-
times for both (¢?) and (7)) for the real scalar field. Candelas [19] computed a
renormalized value for .<¢2), or (¢*)ren, for the massless scalar field in Boulware,
Hartle-Hawking, and Unruh vacuum states in the region exterior to the horizon of a
Schwarzschild black hole. Some of the components of (T}, ),e, Were also renormalized.
Frolov [20, 21] generalized the work of Candelas such that (¢?),., for the massless
field could be calculated on the event horizon of a Reissner-Nordstrom black hole
and near the pole of the event horizon of a charged Kerr black hole. Candelas and
Howard [22] calculated (¢?),e, for the Hartle-Hawking vacuum in the Schwarzschild
spacetime in the region exterior to the horizon. Candelas and Jensen [23] analytically
continued the calculation of (¢?),., across the event horizon of a Schwarzschild black
hole, giving an expression which is valid for a range Schwarzschild radial coordinate
r. They numerically evaluated (¢?),., for the range of r given by 0.5M < r < 2M.

Following the work of the investigators mentioned above, Anderson [24] has de-
cribed a method whereby (¢?),., may be numerically computed for free scalar fields
in a general static spherically symmetric spa,cetime;. This method assumes the space-
time is asymptotically flat for the purpose of defining initial conditions for the modes
sums to be computed for the fields. The fields may be massive or massless, at zero or
non-zero temperature, and the spacetime may have arbitrary curvature coupling .
This scheme is fully renormalized, and the computations may be carried to arbitrary
numerical pfeéision.

Renormalization calculations for (T,,) in specific spacetimes have also been per-

formed. These calculations include the work by Howard and Candelas [25] wherein
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(Ty” )ren was calculated for a massless, conformally invariant scalar field in a Hartle-
Hawking vacuum state in a Schwarzschild spacetime. Their Work allowed numerical
computa,tion's of (T,,")ren in the region exterior to the event horizon and described
‘methods for increasing the efficiency of the computations. Frolov and Zel’nikov
[20, 26] calculated an approximate expression for (T,”),e, for massive scalar, spinor,
and vector fields in Ricci-flat spacetimes. This was done by calculating an approx-
imation for the effective action using the generalization of the DeWitt-Schwinger
technique developed by Barvinsky and Vilkovisky [27]. Brown, Ottewill, and Page
derived an analytic approximation for (T#) in conformal spacetimes using the one-
loop effective action for massless, conformally invariant scalar, spinor, and vector
fields on static Einstein spaces [28].

Building on the studies of (7},,) abéve, Anderson, Hiscock, and Samuel [29] have
recently decribed a method whereby (T, )ren may be calculated to arbitrary numer-
ical precision for a general static spherically symmetric spacetime. The scalar field
can be massless or massive, in a zero temperature or non-zero temperature state,
and the coubling € to the scalar curvature can be arbitrary. While calculationally
quite intensive, this method is very powerful since it provides a way of using a fully
renormalized stress-energy tensor in quantum field theory calculations in these static
spherically symmetric spacetimes.

These renormalization calculations rely on the regularization counterterms pre-
viously derived by Christensen [30, 31]. They use these counterterms to subtract
infinities from the unrenormalized expressions for (¢?) and (T,,), leaving behind fi-
nite remainders which correctly describe the physics. These subtractions have been
performed for the specific spacetimes mentioned above and not for completely gen-
eral spacetimes. Also, all of these studies have been performed using uncharged fields.

The first of the two major results of this thesis are the point-splitting regularization
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counterterms that will be required for the study of quantized charged scalar fields
interacting with the electromagnetic fields that may be present in curved spacetimes.

The quantities (¢?), (7#), and (T,,) are constructed from the Hadamard elemen-
tary function, G®(z, z"), anci its derivatives. The new feature present in this thesis
is that these derivatives are now gauge covariant derivatives. As explained further at
the end of this chapter, the coupling of the charged scalar field to the electromagnetic
field of the curved spacetime will introduce new physics into the structure of G®) and
its derivatives. T~his new physics will not only modify the results of Christensen for
a real scalar field, but will also be responsible for the generation of the current, (j#),
associated with this charged scalar field.

The Hadamard elementary function is constructed from (¢(z)é(z")) and is finite
so long as the points z and 2’ in the argument of G(l)(x, ') are not coincident. The
point-splitting scheme is actually an asymptotic expansion of the biscalar G(!)(z, ')
in powers of the mass m of the quantized field, an expansion known as a “DeWitt-

Schwinger (DS) expansion.” The expansion of GM)(z, z') goes as,
G (z,2") = Aya(z,2")m? + Ao(z,z")m® + A_s(z,z"Ym 2 + ..., (4)

where the A, are coeflicients constructed from curvature and electromagnetic tensors,
and m is the mass of the quantized field. Eq.(4) has been shown to contain infinities
that arise Wﬁen the points  and z’ are brought together [30, 31, 8, 4]. These infinities
have been shown to be contained in the first two terms of the right hand side of
Eq.(4), or, in the terms proportional to nonnegative powers of m. These infinities
may then be, in principle, subtracted from the unrenormalized expressions involving
the charged quantized field, with the finite result containing real physical information.
Unfortunately, these subtractions are difficult at best to evaluate analytically, as
mentioned previously.

Fortunately, point-splitting provides a way out of this dilemma of difficult sub-
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tractions, at least in the case of massive quantized fields. The magnitudes of the A4,
depend directly on the strength of the curvature and electromagnetic fields of the
spacetime since they are constructed from curvature and electromagnetic invariants.
As the inverse power of m becomes large, the A,, contain higher and higher derivatives
of both the spacetime metric and electromagnetic field functions. Yet, since Eq.(4) is
an asymptotic series for G()(z, z'), for some large value of n, the magnitude of the A4,
becomes large when compared with the magnitude of the m~". Beyond this value for
n, the asymptotic expansion breaks down, and the series represention of GV)(z, z)
must be abandoned. Subtracting the infinite terms from the unrenormalized expres-
sion for G)(z, ') leaves a series finite in length containing finite terms. The first
few, or even the first one, of these terms may be kept as a “DeWitt—SchWinger approx-
imation” for the actual value of GM)(z,2'). The accuracy of this approximation will
depend on how large the mass m of the field is chosen when compared to the mag-
nitude of the spacetime curvature invariants. Hereafter, the phrases “DS expansion”
or “DS approximation” will refer to the large mass expansion of any quantity.

The point-splitting procedure is capable of yielding a DS approximation for both
the vacuum polarization (¢?) (which is directly proportional to G()} and the vacuum
expectation value of the stress energy tensor (T),,) (which is assembled from G®) and
its derivatives). Unfortunately, one major limitation of the point—spiitting procedure
is exposed whenever real particle production occurs. As will be shown in greater
detail later, point-splitting is incapable of yielding either the imaginary part of the
expansion of GW [2], or odd powers of m in Eq.(4). These two limitations mean
that point-splitting is incapable of yielding a DS approximation for the current of the
quantized charged scalar field (j#).

This thesis calculates the regularization counterterms for the three VEVs (¢?),

(%), and (Ty,). All of these will be derived for the case of a complex scalar field
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interacting with a classical background electromagnetic in a spacetime of arbitrary
curvature. A scalar field is chosen in the present work in order to make a connection
with the regularization work previously done by Christensen [30, 31] and for simplicity.
The added complication of spin need not be considered since essentially no new physics
is expected to arise when spin effects are considered. |

Chapter 2 contains a discussion of the degree of divergence in QED will be pre-
sented. The relationship between the momentum space representations of VEVs and
the geodesic separation of spacetime points = and 2’ will be discussed. This discussion
will show G)(z, z’) (and equivalently ($%)) to have an expected quadratic divergence
in the spacetime separation distance [z — 2’| as the two points = and z’ are brought
together. The quantities (j#) and (T),,) will be shown to potentially contain cubic
and quartic divergences, respectively, in the separation distance |z — z'|.

Chapter 3 begins with a discussion of the local structure of spacetime upon
which point-splitting regularization depends crucially. A Hamilton-Jacobi analysis
of geodesic motion in the presence of gravitational and electromagnetic fields will
lead to the biscalar of the geodetic interval, o(z,z’). The biscalar o(z,z’) will be
shown t;) be equal to one-half the square of the geodesic distance between the points
z and 2’, and will be shown to carry information about the structure of spacetime
along the geodesic between the two points. The Van Vleck-Morette determinant,
symbolized D, arises in a discussion of caustic surfaces in curved spacetimes, and
will be shown to place constraints on how the points z and z’ are separated. Dif-
ferential equations that define o(z,z’) and D for the point-splitting procedure will
be derived. The bivector of parallel transport, g#,, will be shown as the means for
conveying information from the nearby point z’ back to the stationary point z. A
differential equation involving g*,s that is required for the point-splitting procedure

will be derived.
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Chapter 4 presents a derivation of the geodesic point-splitting procedure using
the quantities derived in Chapter 3. This chapter will start with Schwinger’s original
proper time method of calculating the Feynman Green function, and end with the
presentation of the DS expansion of G(). This will illustrate the need for G® and
its derivatives to be rewritten in terms of local geometric quantities. The point-
splitting “recursion relations” derived by Christensen [30] are a set of differential
equations that are used to construct GY) and its derivatives. In this chapter, a
derivation of the recursion relations of the familiar form presented by Christensen [30]
will follow. The crucial new feature in this thesis is the presence of the electromagnetic
gauge field. The oriﬂginal recursion relations will be cast into the gauge-invariant
form necessary for calculating effects due to both the gauge and gravitational fields.
The gravitational field emerged in Christensen’s work while solving the differential

equations, or recursion relations, through the commutator of the covariant derivative
[V, VgV = Rt o5V, (5)

where V, is the covariant derivative, V# is a purely geometric vector, and RF,.gs is
the Riemann tensor. In this thesis, the addition of the electromagnetic field requires

the use of the gauge covariant derivative whose commutator is given by

[V — i€Aq, Vg — ieAg]W = ieFgoW, (6)

where W is a scalar that explicitly depends on the gauge field, A, is the vector
potential for the gauge field, and Fg, is the Maxwell tensor. The effects of this gauge
field in quantum field theory calculations in curved spacetime is the heart of the

present work.

Chapter 5 is devoted to solving the recursion relations in order to construct the

expansion of Eq.(4). The recursion relations can not be solved analytically and so
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they must be iteratively solved order by order. This iterative process is detailed and
a listing of the geometric quantities that form the A, of Eq.(4) will be given.

In Chapter 6, the DS point-splitting expansions for G, (j#), and (T, ) will be
given, with the divergent and finite parts of each clearly identified. These point-
splitting expansions will be asymptotic series as in Eq.(4). The expansions for all
three VEVs will explicitly show that the divergent parts are proportional to non-
negative powers of m. The expansion for G will include terms of order m=2 and
m~*, and these terms may be used as a DS approximation to the true value for G
as discussed above. This chapter will discuss why the coeflicients B, in the expansion
for (5%),

(7#) = Bya(z,2")Ym® + Bo(z,z"Ym® + B_a(z,2"ym 2 + ..., (7)

vanish for all negative n. The DS approximations for (¢*) and (T, ) will be presented
in their most general form as combinations of the electromagnetic and curvature
tensors. Previous workers derived expressions for {(¢?) and (7}, ) for uncharged fields
that contained only geometric terms. Here, the contributions of the electromagnetic
field to these expressions will be shown.

Chapter 7 will discuss the possible future use of this work in studying the evo-
lution of charged black hole interiors. The regularization counterterms presented
here for (j#) and (T,,) are a first step towards studies of both gravitational and
electromagnétic backreation effects. Also, the use of the general DeWitt-Schwinger
approximation presented here for (7),,) will be discussed.

The appendices following the Bibliography contain expressions which are too large
to list in the body of this thesis. The equations in these appendices are quite long.
So long, in fact, that there was no practical way to apply every simplification rule in
order to write them in their most compact form. Rewriting or cancelling a few terms

will make no difference in the physics contained in the longer expressions. These

R |
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appendices are intended as an archive for the expressions derived in the DeWitt-
Schwinger p(;intfsplitting procedure. Appendices A-E contain the coincidence limits
of derivatives of the biscalars a(:z;., z'), Al/z(w,w'), do(:z:,:z;’), ar(z,2'), and as(z,z’).
Appendix F contains the purely geometric regularization counterterms first derived
by Christensen [30] that contribute to (T}, ) finite- In the interest of space, Chapter 6
contains only those terms in the DS expansion of (T}, ) which depend on the electro-

magnetic field. Appendix G contains the purely georﬁetric terms of order m™? term

of the DS approximation of (T;w>
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CHAPTER 2

Degree of Divergence in Scalar QED

As mentioned in Chapter 1, the biscalar (¢(z)¢(z’)) has its two constituent quan-
tum fields evaluated at two spacetime points, z and the nearby z’. This is finite so
long as the two points are separated in spacetime, but diverges as the two points are
brought together. The so-called degree of divergence indicates whether the quanti-
ties (¢?), (j*), and (T,) diverge logarithmically, linearly, etc., when the points are
brought together. Quantities that have a logarithmic, linear, etc., degree of diver-
gence contain terms proportional to In(|z—2'|), |z—2'|}, etc. The DeWitt-Schwinger
point-splitting procedure isolates the infinities which appear in (¢(z)d(z')) as 2’ — =
and in the VEVs of (¢?), (7#), and (T}, ). This chapter discusses the origin and struc-
ture of these infinities using the familiar tool of the Fourier expansion of quantum
field operators.

Relativistic quantum field theory calculations of VEVs of operators may be per-
formed by Fourier transforming to wavenumber space. It is known that infinities arise
as the integr'ation limits over the wavenumbers involved are extended to infinity. As
an example of divergences appearing due to divergent integration over wavenumbers,

consider the Wightman function,
G (z,2") = (0]g(=)4()10), (8)
in flaf space. The Fourier transform of the operator ¢(z) is given by,

e~ 1 Bi(k)e™e] (©)

&3k
é() = [ N [a(k)
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where k% is the wavenumber of the basis functions et?«* wp = ko = VEk-k —|— m2,
and the limits of integration extend from zero to infinity in each wavenumber integral.
The action of the particle annihilation and creation operators on the vacuum state
|0) is given by

a®Iy=0 ;&' B®0) = [1(R))sars (10)
where -Il(l_c‘))part. is a state with one particle of wavenumber k. The action of the

antiparticle annihilation and creation operators on the vacuum state |0) is given by

bRy =0 ,  BEO) = [1R))amss - (11)

where |1(7;;'))ant,- is a state with one antiparticle of wavenumber k. Substituting Eq.(9)

into Eq.(8), and using Eqs.(10)—(11) along with the commutation relations,
[a(R), al(R7)] = [b(F), B (")) = 8°(F — ), (12)

gives

3k &Pk
Gt (z,z)=
(=) /(27r)31/2w,-52w,;,

3 31 . ) . e . . ) . . .
=/ @ CREE_oitertsite [(ofal (F)a(R) ) + (016K — F)0)]
- | ,

)3%
3 3 1./ . o Ll ol 3
:/ ; &k &’k e~ thas+ikas"™ §3(1 _ 1)(0]0)
T

)31 [2w5 2wy,
—zku :z:“—:’v"‘l)
_/ (2m) 32w* ( - | (13)

The last line is finite so long as the points = and z’ are not coincident. As the points -

ks L (0] (R)a (F)]0)

z and z’ are brought together, G*(z,z’) diverges quadratically since G*(z,2') ~
[k dk ~ k* as k — oo. This is where a direct correlation exists between point-
splitting and wavenumber space integrations. States with high wavenumbers, or high
energy valués, have short wavelengths. These short wavelength states are probing

the spacetime at ever-decreasing length scales. As the wavenumbers diverge, the
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spacetime is probed to éver-decreasing length scales, and the vacuum self-energy
diverges. Instead of investigating the behavior VEVs using divergent wavenumber
integrations, point-splitting studies the behavior of VEVs explicitly in terms of small
length scales.
It is straightforward to show that one and two derivatives of G*(z,z’) give the
cubic and quartic divergences

_a._-l- 2 3
=G (a,3) fkdk K, k- oo,

62

0z2 (14)

55 G (@,0)~ [ B dk~ B, koo, .

where spacetime indices have been suppressed for simplicity. It should be noted that
G*(z,z) is similar to the Hadamard elementary function G®)(z, z') in that they are
both constructed from the VEV of products of the fields $(z) and $(z).

While the above discussion of the divergences of the Wightman function is in flat
space, it gives an intuitive picture of the physical origin of the diver.génces in quantum
field theory. With (¢?), (5#), and (T,,) being constructed from G (z,2’) and its
derivatives, it is possible to consider an analogy between the divergences of G*(z, z")
and its derivatives and G(!)(z, ') and its derivatives. For example, the stress-energy
tensor (T,,) will be constructed from up to two derivatives of GM)(z, z"). With the
result of Eq.(14), the stress-energy tensor would potentially contain up to quartic
divergences. This will be shown to be true. The current (j#) will be constructed
from up to one derivatives of G()(z,z') and would potentially contain up to cubic
divergences. However, (j#) will be shown to actually contain only a linear divergence.

While the above discussion provides a general framework within which to view the

origin of the divergences in scalar QED, there exists a method for determining the

specific degree of divergence for (¢?), (j#), and (T, ) individually. To calculate these

degrees of divergence, it is necessary to consider the action functional for a complex
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scalar field coupled to the electromagnetic field in an arbitrary curved background
[1];

Slpy Apy gu] = / cav 1)

—5/,6 (—9)'/? d*z (16)

1 ' 1

=5 [0 [(Dup)D )" + (m* + ER)SS" = 3 Fu ] die(17)

where ¢(z) = ﬁ (¢1(z) + ig2(2)) is the complex scalar field, g is the determinant of

the metric gy, D, = (V,—1eA,) is the gauge covariant derivative, A* is the classical

electromagnetic vector potential, e is the coupling between the complex scalar and

the electromagnetic fields, m is the mass of the complex scalar field, £ is the scalar

curvature coupling, and R is the scalar curvature. The Lagrangian density £ may be

rewritten in terms of interaction Lagrangians

£=[(Dud)(D*9) + (m + ER)G" — 1 Fy P

= (Vs — icABV* + ieA)g" + (m? + ER)B" — { Fuu ]
= 108,0°) + L’ + ER)(4, 6} + |
11D, ¢ — (D", 8V Ay — & 4,46, 67) = SE P
=20 6 + 5+ RN Y + A — S AL, ) — LB F(1S)
where j* = i [{D¢¢,¢*} — {D*¢,¢"}"] is the scalar field current, and the anti-
commutators have arisen by symmetrizing with respect to the fields. Eq.(18) may be

rewritten in terms of three interaction Lagrangian densities and the classical electro-

magnetic Lagrangian density;
L=L1i+Liz2+ Lis+ Leu, (19)

where

Lia = 10,96} + 5% + ER)(8,8°) @)
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is the interaction Lagrangian density for the scalar field in curved space studied by

. Christensen [30],
L1y =54, = o {D6, 6} - {D"4,6'Y] A, (21)

is the interaction Lagrangian density for the scalar field current j# and the classical

background electromagnetic field A4,

Lrs= —‘;A#Aﬂ{qs, #*} (22)

is the interaction Lagrangian density for the scalar field and classical background
electromagnetic field, and

1
£EM = _ZFquﬂy ‘(23)

is the Lagrangian density for the classical background electromagnetic field. Note
that Eq.(21) is an interaction first order in the coupling constant e, while Eq.(22) is
second order in e.

The three VEVs (¢?), (j#), and (T),,) arise from functional variation of Eq.(17)
for the total action with respect to the the fields ¢*, A and g,,, respectively. The
degree of divergence of each VEV may be predicted from analysis of the Feynman
diagrams for the interaction Lagrangian density pertaining to each. For example, the
total interaction Lagrangian density for the scalar field and the electromagnetic field
is

Loan =Lr2+ Lr3. (24)
The first term gives rise to the three—point Feynman graph of Figure 1, while the
second term is the four-inoint graph.

In the 3-point diagram, there are two externa,l‘s_ca,la,r (boson) lines, one external
photon line, and one vertex. For scalar QED., the degree of divergence D in four
dimensions is given by [5] -

D=4-P,—Q., (25)
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Figure 1: Feynman diagrams for scalar field-photon interaction

where P, and (). are the number of external scalar and photon lines, respectively,
in the Feynman diagrams for the interaction. The values D = 0,1,2,... imply log-
arithmic, linear, quadratic, etc., divergences, while D < 0 implies the interaction is
not divergent. DeWitt has pointed out for the generalized Yang-Mills field in the
presence of the gravitational field that the simplest possible diagram will be the most
divergent [2] With the total interaction given by Eq.(24), the three-point graph will
be the most divergent. Thus, the expected degree of divergence is D-= 1, a lin-
ear divergence. The direct correspondence between the degree of divergence in the
wavenumber Fourier transforms of the operators ¢(z) and the dependence upon the
splitting of points in spacetime indicates that, when all calculations of the VEV of
the current (j#) are complete, the infinities should be proportional to |z — z'| L.
The vacuum polarization (¢?) for a real scalar field in curved space has well-
known quadratic and logarithmic divergences as the split points z and z’ are brought
together [30]. The degree of this divergence should not change in the case of a
complex scalar field since the complex field is constructed from the complex sum of
two real scalar fields. Thus, (¢¢*) = (¢?) should also have a quadratic divergence.
The interaction Lagrangian density of Eq.(20) gives rise to a two-point graph with
a degree of divergence D = 2. This gives an expected quadratic divergence in full
agreement W.ith previous point-splitting results. With no gauge field contribution to
this interaction, all of the divergences should be exactly the same as when no gauge

field is present in the spacetime.
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The VEV of the stress-energy tensor in curved space has well-known quartic,
quadratic, linear, and logarithmic divergences in the case of a real scalar field with

no gauge field present [30]. According to DeWitt [2], the addition of the gauge field
should contribute a,dditioﬁal divergences within the existing logarithmic ones. These
may be considered as arising from the Lagrangian density of Eq.(22) which has the
logarithmic degree of divergence D = 0. | |

Point-splitting will be shown capable of isolating. all of the divergences of {¢?),

(7#), and (T,,) predicted above.
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CHAPTER 3

- The Local Structure of Spacetime

The DeWitt-Schwinger geodesic point-splitting procedure depends crucially upon
geometric quantities describing the local structure of spacetime. At the heart of
point-splitting lies the idea of N-tensors [32, 33, 2, 31]. An N-tensor is simﬁly a
tensor that may be evaluated at more than one point in spacetime. For example,
(%) = (¢p(z)P(2")) is a biscalar constructed from the product of two scalars, with
each individual scalar being evaluated at its own spacetime point. Another exam-
ple would be the bivector (¢(z)¢(z'))* = (p(x)¢* (x')), where the derivative with
respect to &' does not affect the scalar ¢(z), a scalar which is associated with the
nearby point z. (Note how the prime on the derivative index indicates the spacetime
point on which the derivative acts.) With derivatives being taken with respect to a
particular spacetime point, all derivatives with respect to primed indices commute
with all derivatives with respect to umprimed indices, and vice versa. In the present
work, we will only be concerned with bitensors. More general quantities such as
(p(x)d(z")p(2")) will not arise.

A concept of importance associated with N-tensors is that of tensor weight [1].

Consider, for example, the familiar transformation involving volume elements in flat

space:
dz%dztdz?dz® = d*z = @ d*z’ (26)
o 10x!
= (—g)x1/2d4a:', (27)

where [0z/dz/| is the Jacobian of the transformation from the coordinates {z*} to

the coordinates {#*}. The number of factors of |0z/dz’| determines the weight of the




22
density. Here, d*z’ with a tensor density of weight‘ +1 transforms like an ordinary
tensor such that (—g)'/2d*z’ is an invariant volume element. Another example of ten-
sor weight involves the basis kets |z) such as those of Egs.(10)~(11). These transform

as densities of weight 1 under coordinate transformations in flt space [4]:

') = (=9)!/*|z). | (28)

The most important biscalar for the point-splitting procedure is o(z, z’ ), the bis-
calar of the geodesic interval [2], which will be defined as one-half the square of the
geodesic distance between the points z and z’. The biscalar o(z,z') contains in-
formation about the local structure of spacetime and arises from a Hamilton-Jacobi
analysis of motion along geodesics.

The La,gfa,ngian describing the motion of a charged particle in combined external

gravitational and electromagnetic fields is given by [34],

1 dztdz¥ dz#

—2Iw T ax T
where A* is the electromagnetic gauge field and e is the charge of the particle. The

invariant interval is given by
ds® = g, dztdz” = —dr?. (30)

Following Carter [34], we are free to choose the normalization constant, or mass m of

the particle moving along the geodesic, such that

de* dz” (dr\? 9 ds\* : ‘
gﬁ“’?)\-j,\_ — (5) = _—m?= (a) = constant. (31)

Given this normalization condition, the action for the motion of the particle becomes,

for the parameter X along any curve z*(A),

T () ‘ S
o /:;’()\’) ‘ . (32)
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) °()  dzt
B L'(w d’\+e/m'(x) A (33)
_1(ds 2 dg#
( ) (A=X)te [ A (34)
_o(z,z") u ‘
=52 / Adz*, -~ (35)

The transition from Eq.(34) to Eq.(35) was made by requiring

o*(:c,:c')55<ds> CEPIE | (36)

showing o(z,2') must be defined as one-half of the square of the geodesic distance
between z and 2’ in the limit that (A — )') is an infinitesimal quantity.
It is not generally possible to write the right hand side of Eq.(36) in terms of

metric functions and their derivatives. Doing so would require directly evaluating

(1) dz# dx” ,
ds = z,(,\/)( ) / \[ G = NN dX = constant(A — X) (37)

and expressing the results in terms of metric functions and their derivatives. Then,
one would have to solve the geodesic equations in order to also express (A — X) in
terms of Iﬁetric functions and their derivatives. Point-splitting will instead rely upon
a differential equation for o(z,z’) that may be solved iteratively. This differential
equation may be obtained by méving from the Lagrangian of Eq.(29) to a Hamiltonian
study of geodesic motion. In the Hamiltonia,n‘formalism, the conjugate momeﬁta and

Hamiltonian are given by,

oL dz” ,
Pu= a(%) = Guw 57" X +eA, =m, + €Ay, (38)
and,
dz* 1 Y Y
H=p,—— d\ — L= §guv(pﬂ - eA“)(p —eA ) (39)

The Hamilton-Jacobi equation is given by [35, 34],

a5 0S5 1 a5 i)

—_ HA{r> __l“’__
o = HE 50 =597 (5 —edl(5

—eA,). (40)
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Using '
as _ o(z,2)
X - x - @)
and
95  ou(z,2) ‘
Oz - (/\ _ )\,) + eAaa (42)

the Hamilton-Jacobi equation becomes

o(z,z') 1 [ou(z,2z) otz,z') y
B (G e o] [ e e

_10,(2,2) 0*(a, ')

TIO—N) (=

(43)

where 4-eA* — eA* has been included to emphasize the explicit cancellation of the
gauge field terms. Multiplying both sides by (A—\’)2, and defining o = o(z, ) gives,
1 1

= —gtg = —gitg. =
o=-0"%, =<0, =

5 5 . %GI’LO'”, (44)
where o* = o*. This differential equation will be used extensively in the point-
splitting procedure

The result of Eq.(44) is very 1mportan‘t The insensitivity of the differential equa-
tion (44) to the presence of the gauge field demonstrates that the biscalar o(z, z')
is a purely geometric quantity. The first covariant derivative of ¢ is a simple par-
tial derivative, requiring no gauge, A*, or Christoffel, I'*,,,, connections. Second and
higher covariant derivatives will require Christoffel connections but no gauge connec-
tions. Like all other purely geometric quantities such as curvature tensors, etc., the
only connections required for the covariant derivatives of o(z,z’) are the Christoffel
connections. Point-splitting regularization in the presence of a gauge field requires
careful identification of those quantities whose covariant derivatives will require not
only the Christoffel connections but also the gauge connection A*.

The components on the right hand side of Eq.(44) may be given a physical mean-

ing. Consider the geodesic connecting the points z and z’ of Figure 2.

The vector o* is a tangent to the curve at z, being the derivative of a scalar with
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Figure 2: Geodesic connéctin oints z and z’ with tangent vector at each endpoint
g gp _  tang poi

respect to z#. It has length equal to the arc length of" the geodesic between z and z’,
and points in the direction £’ — z. An equatioﬁ similar to Eq.(44) may be derived for
o*, the vector tangent at the other end of the geodesic and pointing in the direction
z — '

o(z,z') = %a“laﬂz = o(z', z). (45)

o# is a vector tangent to the curve at z’, has length equal to the arc length of the
geodesic between z and z’, and points in the direction z — z'.

The biscalar of the geodesic interval, o(z, z'), describes the spacetime geometry
along a geodesic between the separated points z and z'. Point—sp'iitting requires these
pdints to be separated by a unique geodesic so that a(tac, z') is a single-valued function
of the points z and z’. In a general Riemannian manifold, the geodesics emanating
from one spacetime point bégin to overlap and cross one another at some distance
from.that point [2]. Consider the points z, 2, and z” and the two geodesics of Figure
3. |

While there are an infinite number of geodesics emanating from the stationary
point z, this’ diagram is only concerned with the two shown. These two are shown
because the point z” is the nearest point Whére the geodesics emanating from z start

to cross themselves. This diagram shows the points # and z" are not sufficiently
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Figure 3: Two of the infinite number of geodesics emanating from z that cross at z”

close in this spa,cefime for o(z,z") to be a singlg:—va,lued function. -The point z’ is
closer to z, close enough such that no other geodesic coming from z connects to z’,
and thus o(z,2’) is a single-valued function as shown in Figure 3. The surface at
which geodesics start to overlap is known as a caustic surface. It should be noted
here that there are no caustic surfaces in flat spacetime. (An ‘exa,mple of caustic
surfaces occurring in two-dimensional space' is the two-sphere. The infinite number
of geodesics (great circles) emanating from the “north” pole cross themselves at the
“south” pole of the two-sphere.) If the points  and z’ are “sufficiently close,” caustic
surfaces may be avoided. A way of qua;ntifying the criterion of “sufficiently close” is
prov.ide‘('i by calculating the Van Vleck-Morette determinant (36, 37]. |
The Van Vleck-Morette determinant arises when considering how variation of the
tangent vectors at z’ relates to the single-valuedness of o(z,2”). A geodesic may be
characterized either by its two endpoints {z¥,2”'}, or by one of its endpoints along
with the tangent vector at that endpoint, {z*',c,/}. This lést characterization may
not seem adequate to specify the geodesic at first glance, but it actually does. Con-
sider the geodesic of Figure 2. There are an infinite number of geodesics emanating
from the point . However, only that geodesic which has a“'(a_v,:v’) as its tangent
vector is the one that connects the point z’ to the-point z. Any other of the infinite

number of tangent vectors at z’ would specify a geodesic connecting z’' to a point
g g , g p
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other than z.
The transformation from characterizing a geodesic by {z*,z"'} to {z*, 0,/} is given

by the Jacobian,

8o, 9o,

doy,o”) |22 9(0,)
8(;1;#’, x'rl) - %iga,p: = 8(3:#) = det(O"l“,:)‘, (46)
zy Oz

where the fact that partials with respect to different coordinates commute has been
used. Variation of the tangent vector o, produces a corresponding change in the

other endpoint at z;

‘ AT 0 { Oo
50"1,/ = 5(0'1,,/) =4 ( ) = Do ( ) Szt = U,uu’éw“- (47)

Oz”' zk \ 0z¥'
Inverting this gives the variation of the endpoint at z in terms of the variation of the

tangent vector do,,
Szt = —(=ou) 60, = —(D7¥ Voo, (48)

where D, = —op for a given z and 2/, and (D~*') is the inverse of (—o ).
Eq.(48) means that, when (D~*') is zero for a given z and ', variations of the
tangent vector o,» do not produce a corresponding change in the original endpoint
of the geodesic located at z. Figure 3 illustrates an example wherein (D~'#') is
zero. Variation of the tangent vector from the vector of to the vector o} at point
z" changes from the upper geodesic between z and z” to the lower geodesic between
these points. Yet both of these geodesics still hz‘a,ve':z: as their other endpoint. Thus
o(z,2") is not single-valued, z” is not “sufﬁcienﬂy close” to z, and the point z” is
not appropriéte to choose for point-splitting.

With more than one geodesic emanating from z crossing at the point z”, a caus-
tic surface has been found at z”. This occurs if (D*')~' = 0, or, equivalently,
det(D~'*') = D' = 0. If D' = 0, then det(D,,) blows up. The Van Vleck-

Morette determinant D is defined by

D(z,z") = det(D,,). (49)
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Evidently, when the Van Vleck—Morette determinant diverges, a caustic surface has
been found, and the points of chosen for geodesic point-splitting are not “sufficiently
close.” |
An important identity involving the Van Vieck-Morette determinant may be de-
rived from Eq.(44). Taking one covariant derivative with respect to the stationary
point z® gives

O = Oypa 0 = 0yg,07. (50)

Taking one covariant derivative with respect to the nearby point z? gives
Tiap = Oapp0" + 05040 g1 = Orapuo™ + o0 oyup (51)

where the fact that covariant derivatives with respect to different spacetime points

commute has been used. This may be rewritten as
Dap = Dapripo™ + Dyproa”. (52)

Multiplying by (D**")~1, and using tr In(A) = In det(A) for any matrix A, gives

(D*¥) Dagr= (D) Dagryuo™ + (D**' ) Dy, (53)
. A=[trln(Dyg)]uo™* + 6% 400" ' (54)
4=[lndet(Dugr)] w0 + 0,,* (55)
4=D7'D,,0* + D' Do, (56)
4=D"Y(Do"),.. (57)

This has the form of a divergence equation for the vector o#*. Eq.(57) may be rewritten

in a more convenient form. First, note the action of the operator, 0‘“3% on the scalar
£ |
‘ dz df df

= A=V N an = O Mgy

(58)
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This operator gives the change of a function along the geodesic parameterized by
A, or, in essence, the change in the function as it is parallel transported along that

geodesic. Also, ‘ 4
dz¥ Of df

Uﬂlf,#’ =\ - A) dX Oz# (X~ A d

(59)

gives the change of the f when it is parallel transported in the opposite direction

along the geodesic. Defining,
Az, ') = g_1/2(:1:)D(:17,w')g_l/z(a:'), (60)

and using Eq.(58), Eq.(57) may now be rewritten in terms of the divergence of the

vector o*:

ot,=4 — ATloHA,, (61)
=4 - A7) -~ ,\')% (62)
_,_da0-Y)
=4 % fA (63

d(InA
T d(inn)’ (64)

where the transition to the last line was made by setting the parameter M = 0. In
flat spacetime, there are no caustic surfaces, the Van Vle;:k-Morette determinant is
zero, and this divergence is 4. If D, and thus A, blows ﬁp, then there are an infinite
number of geodesics emanating from the point z crossing at z’, and there is a caustic
surface at z'.

Finally, there is the matter how to interpret N-tensors having weight at a spacetime
point that is not the stationary point z. For example, consider the vector A¥ which
is evaluated at the nearby point z’. A way is needed for the information contained in
this vector to be conveyed to the stationary point z. This is a concept familiar in field

theory in that Green functions accomplish such transport of information. Consider
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the flat space Klein-Gordon equation

(8:0% = m*)g(e) = j(2), (65)

where 9,0 is the flat space D’Alembertian and j(z) is a source for the field ¢(z).

Solutions to 'Eq.(_65) will be generated by [41]

#(@) = #0(2) + [ Gla,a)i(a") &', (66)

where ¢(©) is a solution to the homogeneous form of Eq.(65). The Green function
G(z,z") takes information at 2’ and conveys it to the point z. In a general spacetime,

the entity analogous to G(z,2') is g*,s, the bivector of parallel transport, defined by
AP =g, AY (67)

where g* 1 ta_kes‘the infor_mation at the nearby point z’ and conveys it to the stationary
point z.

An important property of ¢g#,, may be demonstrated by using the operator of
Eq.(58) to parallel transport A* along a geodesic parameterized by . Parallel trans-

port of A* along the geodesic connecting the points z and z’ requires
o A¥,, =0, (68)

and thus

oPA¥,, = g#V’;pa;pAUI = 0. (69)

For this to be true for arbitrary o and A requires
o?g" e = 0. ‘ (70)

This equation will be needed for the point-splitting procedure.




31

CHAPTER 4

DeWitt-Schwinger Geodesic Point-Splitting

The geodesic point-splitting scheme of DeWitt [2] was developed from Schwinger’s
[3] original method of calculating the Feynman Green function Gr(z,2’) associated
with a quantum field. At the heart of Schwinger’s method lies the idea that the Feyn-
man Green function is determined by the differential operator of the gauge invariant
wave equation. The wave equation for the charged complex scalar field is obtained

by varying the action in Eq.(17) with respect to ¢* and is given by

g [DuD* — (m? + ER)|§(2) = ¢, — (m® + ER)$ = 0. (71)

It will be shown that, once the Feynman Green function is determined, the Hadamard
function GW(z,z") will be determined.‘ Then the DS point-splitting expansions for
(), (5*), and (T}, ) may be constructed from G!) and its derivatives. This chapter
will detail the steps for obtaining a DeWitt-Schwinger expansion for GM(z, ') from
Schwinger’s original proper time method.

The classical current for a charged scalar field is obtained by varying the action

in Eq.(17) with respect to A* and is given by

=, < Liclpre, 61 - (00,1, (72)

where the braces {} denote the anticommutator. The components of the classical

stress-energy tensor are given by,

171 | 1 1
T =3 |5 (= 28", ¥} + 526 = )6 {410, 4°)

'—.é{(ﬁlea ¢*} + é‘glw{¢|aaa ¢*}
1

LR = 3¢ R) 8}~ 1me (6,6} + e, (73)
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where c.c. denotes the complex conjugate of all of the previous terms. The anti-
commutators above arise from symmetrizing with respect to the fields ¢ and ¢*. |

Consider now the transition from the classical form of {é(z), ¢(z)} to its quantized
form in the point-splitting procedure. The functions ¢(z) become the field operators
¢(z). The first field operator is moved to the nearby point 2’ and evaluated between
the vacuum states (0| and |0). A similar expression is then obtained by taking the
second field operator to the point «’. The two results are then averaged, yielding the

biscalar Hadamard function GM)(z,z'), given by

{6(2), ¢*(2)} = GW(z, ') = (0{g(z), $(=)}10). (74)
With this deﬂnition, the vacuum polarization is given by

() = lim 26O (z, o). (75)

2=z 9

Constructing the VEV of the current and stress-energy tensor will require not
only GW(z,z’), but also gauge covariant derivatives of G()(z,2'). Remembering
that derivatives with respect to a spacetime point only act on functions of that point,

it is straightforward to show the first few gauge covariant derivatives of G()(z, z') are

GO = (0|{gh (), 8" (=")}0); | (76)
GO = (0]{¢(z), & ()}]0), (77)
GO = (0|{gl" (2), ¢* () }|0), (78)
GO = (0[{g(z), & (")}[0), (79)
and | .
GO = (0]{¢(z), g (z)}|0). (80)

In all of these, the unprimed and primed indices refer to differentiation with respect

to the spacetime points z and z/, respectively. Since G)(z, z') is understood to be a
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biscalar, the (z,z') argument of G)(z, 2') will hereafter often be dropped for brevity
in the long ekpressions to follow.

The expectation value of the current associated with the charged scalar field may

be written using Eq.(72) and the definitions of Eqgs.(76-(80) and is given by

(@) = Jim 7 (6% +9"607) = (G0 4 g2, GO)]. (s1)

z' =z
The bivector of parallel transport g#, has been used to transport the information
from the spacetime point 2’ back to the stationary point z. Note that the form
of Eq.(81) guarantees that the current will be real. The expectation value of the

stress-energy tensor may similarly be written in terms of G(Y) and its derivatives as

R 1 1 'y v ") 1 v oo
(T#(2)=Jim Be [ 55— (g GO + gy GO) 1 (¢ = g/ G,

!z 2

]. 1.1 1 Jmt At
_EE(G(l)Ifw + g“Tlg”p/G(l)IT ")+ ngw(G(l)laa + gaT,gaplG(l)lT 2
1 1
+%§(R‘“’ — 59" R)GY — Zng‘“’G(l)] . (82)

Egs.(75)-(82) are divergent for the same reasons that the Wightman function
G*(z,2") of Eq.(18) is divergent. The Hadamard elementary function, GO, is con-
structed from the VEV of the product of two fields in a manner similar to G*(z,z’)
as shown by Eqs.(74) and (13). Just as G*(z,z’) is quadratically divergent so, too,
is GM)(z, 2') quadratically divergent. By direct analogy with Eq.(14), one derivative
of GM will potentially have a cubic divergence, while two derivatives will potentially
have a quartic divergence. Point-splitting will isolate these divergences in preparation
for renormalizing Eqs.(75), (81), and (82). | '

Evaluating G() and its derivatives requires relating G) to the Feynman Green
function Gr(z,z’) = Gr. The Feynman Green function for the complex scalar field

is given by the VEV of the time-ordered product of the field and its conjugate,

1Gr(z,2')=(0|T[$(z)$"(=")]|0) | (83)
=(0/0(t — )¢(z)¢"(a") + O(t' — t)¢"(2')$(=)[0), (84)
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where

1, t>¢ .
Ot —1) = '{0, t'>t. (85)

The Pauli-Jordan, or Schwinger function, G(z, z'), is given By the VEV of the com-

mutator of the field operators ¢(z),

1G(z,2") = (0][¢(2), ¢*(=")]]0). (86)
The retarded and advanced Green functions are defined by

Gr(z,2') = —O(t — )Gz, 2"), ‘ (87)

and

Ga(e, o) = Ot — )Gz, 7). (88)

With these definitions, it is straightforward td derive the relationship
' — 1
Gr(z,2") = G(z,2') — EiG(l)(:v, '), (89)

where G(z,z') is one-half the sum of the advanced and retarded Green functions.
This relation shows that, were the Feynman Green function known, its imaginary
part would be the Hadamard function from vvhich“the DS point-splitting expansions
for (¢?), (5#), and (T") may be constructed. Determining the Feynman Green

function requires determining the action of the differential operator of Eq.(71) on the

Feynman Green function. To do this, we now make the transition from coordinate

space to Schwinger’s proper time space.
The transition from classical to quantum fields is made bjimposing the equal

time commutation relations for the quantum operators ¢(z) and z(z) [49],
[¢(t’ z), 8(t, z! ] =0 ‘ (90)
n(t, 2')| =0 " (91)

[6(t, 3), 2(t, )] =i6°(& — #), (92
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where 7(t, Z) is the canonically conjugate variable to $(¢, #) defined by .

)
~ 9(0o9)

m

= 0o, (93)

where z°

is.a time (temporal) coordinate. Using Eqs.(90)—(92), along with Eq.(71)
and 9;0(¢ — ') = 6(¢ — ¢'), the action of the wave differential operator on Gy (z,z’)

may be shown to be
gl/z[DﬂD“ — (m? + ¢R)|Gr(z,2") = =64z — z), (94)

or

F(2)Gr(z,2) = —8*(z — o), (95)

where F(z) = g/?[D,D* — (m? + £R)] operates with respect to the spacetime point

z. Rewriting Eq.(95) as a matrix equation gives
[ (elEle")a" Gals')d's" = —(el1la) (6)

where F' and Gy are now matrix operators. Inserting two factors of 1 = g~/4g'/4

in Eq.(96) maintains the transformation properties of the bases |z) as in Eq.(28).

Removing the projection operator, [ [z”)(z"|d*z", along with the matrix elements
(z](...)|=") allows the matrix equation (96) to be written as,

1 co co
Yag M4 = — / —iHsgo _ ; / —iH(s=0) 75
9/ °Grg (A Eg A 1 ieD) if e s=i e ds (97)

In Eq.(97), the factor e7*£% = 1 has been explicitly added for clarity below, and the

matrix operator H is defined by
H=—(g™Eg™ + iel) (98)

- The infinitesimal +iel has been added to make this integral analytic in the upper
half of the complex plane [2, 49]. Taking matrix elements of Eq.(97) and rearranging,

yields,

Grle,a) =i [ g™/4(@)(ale EE0 o) 42! ds. (99)
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The operator e™*2(=9 was interpreted by Schwinger to act in a fictitious 4 + 1-
dimensional Hilbert space where s is a proper time parameter. With the spacetime
points z and. 2’ understood to be associated with points s and ', respectively, in this
tHs

Hilbert space, the operator ¢**° is interpreted to act on the kets |z, s) as,‘

e|20,5 = 0) = |z, s). (100)

The ket |zo,s = 0), which is associated with the spacetime point zo and the proper
time parameter s = 0, has been taken to the ket |z, s), which is associated with the

spacetime point ¢ and the proper time parameter s. Thus,
Gr(z,z') = / g~z (, 5|, 0)g~ 4 (z")ds. (101)
0

The matrix element (z, s|z’, 0) obeys a Schrodinger-like equation in both Hilbert space

form,
iba—s(:z:,skv', 0) = (z, s|H|z',0), (102)
and coordinate space form,
. 0 _ - ‘ |
i (#,5]2',0) = g*(2)g7/4(e) [(m® + €R) — D,D*] (z, sle',0),  (103)

where the infinitesimal factor +i¢ has been .dropped for brevity. Also, the reader
should take care not to confuse the factor g=*/4(z)g~'/4(z') in this equation with
the two factors g~/4(z) and ¢~*/4(z’) in Eq.(101). Keeping track of these factors is
very important in this derivation! In Eq.(103), the operator g"l/ 4 to the right of the
derivatives has been allowed to operate on the ket |z’,0). Then, since [(m? + ¢R) —
D, D* is chosen to operate with respect to the point z, the factor of g=*/4(z') may be

moved to the left of the derivative operator. The boundary condition,
<.’B,.0‘|$’,0> = <$]$I> = 6(z — ml)a (104)

is imposed in accordance with Eq.(95).
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At this point, solving either of the the Schrédinger-like equations exactly would
completely determine Gr. Unfortunately, there is no known exact solution for Gz in
a general spaéet‘ime, so an approximate solution is needed. This approximate solution
is found by determining the action of the operator H in the proper time space of 5.

Td determine the action of the operator H in the 4 + 1-dimension proper time
space used by Schwinger [3], the opera,i';or H is rewritten in a flat space version where
g (@) =1

H

£ —u=

~F =m?l 4+, 7¥, (105)

In Eq.(105), w, = (V,/i—eA,) is the conjugate momentum derivative operator. The
position operator in this proper time space is given by z*. The commutation relations

of m, and z, are given by
2,21 =0, [g*1"]=:i0"1, and [r*,1*]=ieF*1, (106)

where F'*¥ = (0*A” — 0" A*) is the familiar electromagnetic field tensor. Using these

commutation relations, the equations of motion for the operators z* and x* are

u :
d—% =i[H,z"] = 2n*, (107)
and ‘
‘.dE# . “p uy : 2%
o = i H,n"] = 2eF*m, — ied, F*1. (108)

Now consider the case of zero electromagnetic fields, or F# = 0. The equations of

motion become

& 05 w(s) =1 (0). S a0y
and
B o) = 2120 ENGUR
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Taking the matrix element (:v', s|H|z',0) requires all z#(s) be moved to the left of the
z#(0): |

(z*(s) —2*(0))(zu(s) — £,(0))
452

=L+ (45%) (2(6)z,(s) — 22()z,(0) + 2*(0)2,(0)) +

(45°)7" [2#(5), 2,(0)] . (111)

H=m?] +

Using
[2"(5), 2,,(0)] = [257(0) + 2*(0), 2,(0)] = 25 (—ié¥,) = —8is, (112)
and taking matrix elements of Eq.(111) yields.

(z,s[H|z',0) = [m2 + (48*) 7 (z#(s) — z(0))* — %] (z,s|z’,0). (113)

With z#(s) and z#(0) associated with the spacetime points & and z’, respectively, the

coordinate space Schrodinger-like equation (103) now reads

Os

ii(w,,slw',O) = [mz + (4s?) Y z* — z*)? — %] (z,s|z’,0), (114)
. s
which is readily integrated to give

(z,s]z',0) = C@(w,m')s"z‘e—i[ (115)

Eq.(115) must behave as a delta function as s — 0 according to Eq(104). This will

be true so long as

-~ lim ®(z,2') =1, (116)

A
and
C s—z/e[%] dz = 1. ' (117)

Eq.(116) is required to be true by definition. Eq.(117) then shows that C = —i(47r)‘2_'
DeWitt used this flat space example, culminating in Eq.(115), to make an ansatz

for the solution of Eq.(103), namely,

i Di(z,z')

! e
<$,3|$ 7O> - (47[_)2 32‘

[i”(w’f"') —‘z‘m%] Oz,2',s), ~  (118)
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where D(z, z') is the Van Vleck-Morette determinant. The unknown function Qz, 2, s)
is yet to be determined, yet DeWitt [38] proposed the flat space solution suggests the
boundary condition

lim Q(z,2',s) = 1, " (119)

prare
in agreemeni; with Eq.(116).

Geometric quantities are unaffected by the presence of the gauge field so no gauge
field information can arise in the point-splitting procedure through the quantities
o(z,z’) and D%(:z:, z') in Eq.(118). The only way the gauge field can explicitly appear
is through the unknown function (z, #’, s), which carries information about the gauge
field. Whenever derivatives of this function are taken, they must be gauge covariant

derivatives which obey the commutation relation

flz, 2" — f(:z:‘, &) = 1eF,, f(z,2), (120)

where f(z,2’) is a function. that explicitly carries information about the gauge field.
Substituting Eq.(118) into Eq.(103), and using Eq.(57), yields a differential equa-
tion for Q(z, z")

;2 + 100 = —DM2(DM2Q) # 4 £RO. (121
s | s | Jue

The function Q is given the asymptotic series representation [2],
Qz,2") = an(z, ") (1s)". (122)
0 ‘

This may be done, so long as the gravitational and electromagnetic fields, upon which
the coefficients a,(z,z’') depend, are slowly varying over the infinitesimal distance

between the points z and . Substituting Eq.(122) into Eq.(121), defining

A(z,z') = g_l/z(m)‘D(w, m')g_l/z(w'), (123)
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and equa,tingr like powers of s in the in‘ﬁn‘ite‘ series that result, yields ‘thé recursion

relations which will be used to determine the a,:
ol aqp, =0, (124)

and

gty + (0 + 1)apgy = A“l/z(Al/zan)]#" — éRa,. (125)

These relations are of the same form as those derived by Christensen [30]. The
new feature here is that the presence of the gauge field requires that all deriva-
tives be gauge covariant when appropriate. As mentioned prev1ously, objects such
as o, A% Rirve etc., will only require partial derivatives aLnd the Christoffel
connections in their covariant derivatives. Only the coefficients a,(z,z"), which carry
information about the gauge field, will require the gauge connection, A¥, in addition
to partial derivatives and the christoffel connections, in their derivatives are gauge

covariant.

Substituting Eq.(122) and Eq.(118) into Eq.(101) yields

AI/Z © [ ) 1] ) . .
: N — -2 _—i|m?s— (2, " nds. - (12
. Gr(z,z (4#)2/0 s"%e nX:%a (z,z")(is)"ds (126)

Note how the two factors g~1/4(z) and g~/#(2’) have been grouped with the factor
DY%(z,2") to form AY?(z,z') defined in Eq.(123). The summation and integration

may be exchanged, and Eq.(126) may be rewritten as

B Al/z o0 a n o0 -2 —i[mzs—l]
Gr(z,z') = () > an(z,2) <_8m2>’ /0 s"e slds. (127)

n=0

Using the identity [39]

| @ [r_ . 2 _\1/2
1 2 —z[m s———-] — ___7n_2H1 [( 2m 0') ] ' ‘
(47r)2/ s %e ds = 3r  (—2mie)iE (128)
yields h
Al/2 9 \" m2H1(2) ‘[(—2m20)1/2]‘
, —_—— —_—
GF(:E’ T ) - 87[' = n ( am2> (_:zmzo_)l/z ? (129)
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where H1(2)(a:) is the Hankel function of the second kind of order one;

H? () = Jy(z) ~ 1Y (o). (130)

The Hankel function Hl(z) may be expanded‘ in an asymptotic series in its small

argument (—2m?2o)/2,

(—2m20)1/2 T

m2H1(2) [(—-2m20')1/2] 1( 1

o+ 1€

1, 1 1 1 2m?c (2m?20)?
2 2{[ S in(Em?) + = : H_ ]
MG Fginle i st it e e ae T

1 2mPc 1 (2m20)? 1 1
i~ a (17 7) " mamas tate) — o)

where 7 is Euler’s constant and the infinitesimal +i¢ has been explicitly included.

The differentiations and summations of Eq.(129) may be performed on this series.
Using the identities,

1 1

Trie- o imé(o) , In(o +i€) = In|o| + irO(—0), (132)

allows the identification of the real and imaginary parts of the Feynman Green func-
tion Gr(z,z’). Using Eq.(89), the DeWitt-Schwinger point-splitting expansion for
the biscalar G)(z, z') is obtained:

AI/Z(w”x/)
G(l)(.’E,:U’) -= T X
ao(z,z') + m2(y + —1~1n Ilmza(x )1+ 1m2cr(zc z)+--)
N o (e, ) 272 ’ 4 T
—%m2 — %mza(m,w') +-- ]
n 1.1 / L o / L, / !
—ai(z,z) | (v + §ln |§m o(z,z")(1 + 3™m o(z,z')y+ ) — g™ o(z,z") —-- ]
! ' _1_ 1 2 / _1_ 1 2 N l . ]
+ay(z,2")o(z, z') [(fy—l— 2ln|2m a(m,w)[)(z-l— g™ o(z,z)+--) 1
1 1 o
-i-ﬁ[@(w;x') + -]+ 5od las(z,2") + -] +} (133)

In this form, G(!) appears to have at least a qua,dratic' divergence in the infinites-

imal separation o* due to the presence of the term proportional to 1/0 = 2/(o,0").

L]
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This is in agreement with the discussion of the degree of divergence of S(';a,lar QED.
The task now is to determine the true form of the biscalars AY/2(z,2’), o(z,z') and
an(z,2) in Eq.,(13.3). With (5#) and (T},,) being constructed from G*) and its deriva-
tives, it will also be necessary to determine the form of derivatives of these biscalars.

As discussed in the next chapter, it will not be possible to exactly determine
either the biscalars appearing on the right hand side 6f Eq.(133), nor to exactly
determine the derivé,tives of these biscalars. Yet we may construct approximations to
the biscalars and their derivatives, or any bitensor, which will satisfy the réquirements
of the point-splitting procedure. As explained more fully at the beginning of the next
chapter, each bitensor is expanded in a Taylor series about the stationary point z in

~ terms of the infinitesimal separation vector o#. This expansion is given by

1
auy...(w, iL'I) — aoﬂu---(w) + a]_l-"""'a(w)o'va + —2—'0,2””'"0,’3({17)0'010"6 +eey, (134)

where the coefficients a0#"(z), al*"4(z),. .., are functions of the stationary point

z only. The next chapter is devoted to evaluating these coefficients and construction

of the expansions of all of the bitensors required by Eq.(133) and its derivatives.
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CHAPTER 5

Coincidence Limits and Covariant Expansions

The four coupled differential equations, Egs.(44), (124), (125), and, (57), define
the biscalars o(z,2"), ao(z,z’), an(z,z’), and DY?*(z,2’), respectively. If these dif-
ferential equations could be solved directly, then the DeWitt-Schwinger expansion,
Eq.(133), for GO)(z, ' ) would be straightforward to compute. It would then be pos-
sible to take derivatives of the exact expression for G® and construct (s*) and (T},).
Unfortunately, these coupled, non-linear differential equations have not been solved
exactly énd another method for determining all of the bitensors required to construct
G®M and its derivatives must be employed. The method employed here is due to
DeWitt [2] and was used by Christe.ﬁsen in his work to regularize the real scalar field
[30]. This chapter follows these two authors closely, extending their work to include
the terms in the expansions of the biscalars due to the electromagnetic field.

The approach used by DeWitt and Christensen for constructing the bitensors
needed for point-splitting regularization assumes the bitensors may all be written as

a power series expansion using the geodesic separation vector o* [30, 2],

1
" (z,2") = a0 (2) + al* 4 (2)0® + ﬁaZ"”"’aﬁ(az)aaa +--, (135)

as mentioned at the end of Chapter 4. This assumption for the form of the bitensors
is reasonable in that they are functions of the infinitesimally separated points = and
z'. The power series expansion may be continued to arbitrarily high powers of o in
order to achieve arbitrarily high precision when calculating the bitensors. Since all
bitensors are known to be functions of the split points  and ', the explicit inclusion

of the argument (z,z") will be dropped hereafter to simplify the long expressions
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to follow. Since all coefficients on the right hand side of Eq.(135j are known to be
functions of the stationary point z, the explicit inclusion of the argument (z) will also
be dropped.
Evaluating the coeflicients of the power series expansion for the bitensors involves
the idea of coincidence limits, defined by taking the limit ' — x of bitensors. Synge’s
bracket notation [32]

[a(z,2)] = Jim a(a, ), (136)

will be used to simplify writing of the many limits needed. As the nearby point z’
is brought together with the stationary point z, the geodesic distance between z and
z' goes to zero. For example, since the vector o* = ¢ has length is equal to the

geodesic distance between the two points,
[0} =0 = [o},]. ' | (137)
Now consider the expansion for the second rank tensor a** given by

1
a*’ = a0* + al® 0% + §a2‘“’aﬁa°‘0 + ... (138)

Taking the coincidence limit of Eq.(138) and using Eq.(137) will yield the first coef-

ficient of the expansion of a*¥,
[a*] = a0*” = a0* = [a*"], (139)

where no coincidence limit brackets | | are used with a0*” since it is. known to be
an explicit function of the stationary point z. This indicates that, knowing the
first coeflicient in the series for ¢’ requires knowing the coincidence limit of the
bitensor [a‘“’. ]. This may seem like a circular line of reasoning, since it is necessary
to know the coincidence limit of the bitensor in order to know the zeroth order (in

o*) approximation for that very bitensor! Fortunately, the four differential equations
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for o(z, '), ao(z;2'), an(z,2’), and D**(z,z’) provide a way to determine all of the

coincidence- limits required to construct a series as in Eq.(135) for every bitensor

needed for point-splitting.

To determine the required coincidence limits, recall the function
AY(2,2) = g4 () DMz, 2 )g M), (140)

The differential equation for A'/2, Eq.(57), may be rewritten in the more convenient

form

4A1/2 — 2A1/2m0-;# + Al/zam".‘ . (141)

The other three may remain in their original form,

1. ‘
o(z,z')= 50’“a;u, (142)
o*ag),=0, (143)
and
* iy + (0 + Dapgs = AT2(AY24,),* — €Ra,. (144)

These differential equations may be solved iteratively for all needed coincidence limits.
As an example of this procedure, consider Eq.(142) for ¢. Since o is one-half the

square of the geodesic distance between the points = and z’ , it is evident that
[0] = 0. (145)
One covariant derivative of Eq.(142) yields

He1

o'% = o, (146)

whose coincidence limit yields the trivial equation

[0 = [o™]lo] = 0 =0. (147)
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Two covariant derivatives of Eq.(142) gives

jof . paf wa B
o’ —a_’ oy + 07" 0,,",

whose coincidence limit yields the more useful equation

Eq.(149) implies that

The coincidence limit of three covariant derivatives of Eq.(142) yields

[G;aﬁ] =0+ [0] [a;ﬂﬂ]‘

[a;uﬂ]‘ = guﬁ°

'[a;aﬁ'v]z [awaﬁ] + [a;ﬁaw]‘ + [a;aﬁv]

and so

Z[J;avﬁ]' + 2[0;0401]
:[a;aﬁ'y+ Rﬁw“a“‘] +2[a;aﬂ7]

~3o 7,

[o.;aﬂ"v] =0.

(148)

(149)

(150)

(151)

(152)

The Riemann tensor RP*®, arises in Eq.(151) through the commutator of two covari-

ant derivatives of purely geometric quantities;

oiB — By + Rﬁvo‘”a”‘.‘

Using this same technique repeatedly gives [30, 31, 2‘7]

o] =0,

[0';#1/] — gl-by,

(153)

(154)

(155)

(156)

(157)
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, 3
[a’“uom-p] = S5ﬂua7'p = Z(Sﬂuanp + S#urp;a + Sﬂupa;T)y (158)

[U;uuanA] = SGuupfmA =

_Ry.pu'r;ﬁ.)\ . Rp.pun;'r)\ _ Rupw\rrn _ Ry/rup;m\ _ R,u,‘rwe;p)\ R,u‘ru/\;pn

5 5 5 5 5 5
R/,Lnup;'r/\ . R/,mur;p/\ _ R/,Lnu)\;prr _ R,u)\up;'rﬁ. _ Ruz\u‘r;ph‘, _ R,u,)\un;p'r .
) ) 5 ) ) 5)
Sa,u,n/\Suap'r N Sa[LT/\SI/.apK _ SaanSVap)\ _ Saupz\Suarn
5 5 5 5 a
SananuaT)\ _ SO{,’.LPTSVah‘./\ n Sa;l.u)\'Spa'rn _ Sauuﬁ.sp‘a'r/\ _
) ) 5 )
Sa;wTSpanA _ Sap.upS'raﬁ,/\ _ Sa'rn}\Ruan _ Sapﬁ.)\R/,LauT .
) ) 5 )
Sap'r)\R/.Laun . SO{p‘T‘K.R[.LalI/\ . Saun/\R/.Lap'r . SauTARy.apﬁ. N
5) ) ) 5
Sau‘rnR/.gap/\ _ Saup)\Ryaﬂs N SaupK,R,uarr)\ _ Saup'rRuam\ _
5) ) ) )
Saun/\Ruap'r . Sawr/\Rua/m _ Sa,uTnRuap/\ . Saup)\Rua'rK. _
5) ) ) 5)
Sauanua'r/\ . Sa,up'rRuaK)\ . Suua)\RpaTn _ SuuaK.Rpa'r/\ _
purvatilp kA uvpallr g
- - (159)

and so forth. Note that a semicolon has been used in Eqs.(154)—(159) o show that the
derivatives are covariant derivatives and contai."n only Christoffel connections. While
this procedure could continue indefinitely, it need continue in the present work only
to the coincidence limit of eight derivatives of o. The limits [0,y prer] = STpprere
and {0,uuprerim] = S8uvprrrm are listed in the Appendix to save space here. (It is
also interesting to note that, after taking the covariant derivatives and subsequent
coincidence limits for o, each new coincidence limit depends on knowing the limit
two iterations before in the sequence. Thus, if one were inclined to calculate, say, the
tenth limit, then it could be done without knowing the ninth!)

Evaluating the limits of Eq.(142) and its derivatives for [c.,,], [0.4,],- . is not
simply a good illustration of the iterative procedure. Each new iteration depends

on previous iterations: Taking the limits of Eq.(141) and its derivatives requires
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the limits of o and its derivatives; taking the limits of Eq.(143) and its d‘eriva,tivés
requires the limits of o, A2 and their derivatives; taking the limits of Eq.(144) and
its' derivatives requires the limits of &, A2, 4, and their derivatives. As discussed
later, it will be necessary to have the coincidence limits of eight derivatives of o, six
derivatives of A'/2, six derivatives of ag, four derivatives of ay, two derivatives of as,
and the simple coincidence limit as. When [a3] is evaluated, the extent in numb;er of
each set of iterations will be discussed.

In order to proceed as above with the differential equation defining A2, Eq.(141),
note that obtaining coincidence limits up to six derivatives of Al/2 will now involve

the use of Eqs.(154)—(271). Consider the differential equation for Pag/, Eq.(52),
| " Do = Da;,;#a;“ + Dproo*. | (160)
Taking the coincidence limit gives
[Dag)=IDigl[oo"]
=[oupllo”]

=guﬁga”'

= Gap- | (161)
Taking the coincidence limit of D(z,2') gives
[D(z,2")] = [det(Dagpr)] = det(gap) = g, (162)
while taking the coi‘n.ciden-ce' limit of AY?(z, ") gives

[AY(a, @) = [97/4(2) D" (2, &")g7/*(2")] = [g~/*(2)][D**(z, 2")][g~/*(2")] = 1.
(163)

The coincidence limits of up to six derivatives of Eq.(141) yields

[AY2,] =1, | | (164)
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. ‘
[Al/zmv] = ERpua . (165)
1 ' .
[Al/z;uvp] = 1_2(RW;p + Rvmu + Rpu;u)a ‘ (166) ‘
[A1/2§uvp7] = _ '
_S6aa,u.'up‘7' + R/,LTRup + RupRUT + R,uVRpT _ Ra'rRﬂ.Vpa _ RapRp.l/'ra .
8 36 ‘ 36 36 72 72
RaTR;LLpua _ RauRp.p‘ra _ RapRp.'rua _ RauRu‘rpa _ Ra'rR/.L‘aup _
72 72 72 72 24
RapR,uQU'r _ RauRuap‘r _ RauRVp*ra _ RauRuTrpa _ RauRuapT (167)
24 24 72 72 ' 24 .

-and the five- and six-derivative limits [AY/2,,,,,.] and [AY 2. worra], Which are listed
in Appendix B to save space here. Note how the four-, five- and six-derivative limits
of A2 depend on the six-, seven-, and eight-derivative limits of o, illustrating how
the n'*-derivative limits of AY/? depends on the (n + 2)**-derivative limits of o.

For the limits of A~'/2 and its derivatives, first note that Eq.(163) may be squared

to give
[A] =1, (168)
indicating
[AF ] = [AF] = [AT] = =1 (169)
The relation ' _
Al/z;u = %A_I/ZA;ua (170)
along with its derivatives, indicates
[A] = [Al/z;u] =0, ' (171)
Al = 2[AY2 ], (172
)l‘L 1,"' .
[A;#Vp] = 2[A1/2;uup]7 (173)

[Avpr] = 2[A1/2;uup7] + 2[A_1/2mu].[A1/2r;pT] +

2[A1/2;#p]_[A1/2;I/T] 4 Q[Al/z;m-] [A‘l/Z;up]. (174)
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The relation

- 1,
A2, = —7A 3/2A;H, , B (175)

‘and its derivatives yield the coincidence limits

[A72,] =0, ’ (176)
AT, = —[AY2,], (177)
AT2,,,] = —[AV2,]) - (178)
[AT2] = —[AY,,,.] + |

AN LNAY 14 2l AR LAY, 4 2[ A2, (179)

Next, Eqs.(143)-(144) may be solved iteratively. The Riemann tensor ‘appea,re(i in
Eq.(151) due to the commutator of the covariant derivative of purely geometric quan-
tities. The iterative technique for quantities that explicitly depend upon the gauge
field is conceptually the same. The new feature now requires careful allowance for
the commutator of the gauge covariant. derivative that must be used with derivatives

of ag and the other a,. This gauge commutation relation is defined by

Unjuy — )y = t€Fan. | 4 (180)

Differentiating Eq.(143) repeatedly gives

o¥ag, =0, _ (181)
o ag, + o*ag,” =0, (182)
o Pagy, + 0 ag),” 4 o dolu” + o*ag),”" =0, | (183)

and so forth, where the slash is used to indicate the gauge covariant derivative being

applied to ag. Now recall the boundary condition

!z

lim Q(z,2',s) = 1. B (184)
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In the limit 2’ — «, s — 0 and Q(=,2’,s) — 1. For these limits to hold, it must be
true that

[ao] = 1. | (185)

Taking the coincidence limit of Egs.(181)-(183), and using Eqs. (154)~(158) along -

with the commutation relation of the gauge covariant derivative, Eq.(180), yields (see

Ref.[27] for the ones listed below),

[aopu] =0, o | . (186)
[aop] = %éepw, (187)
[@ojune) = %z’e(F,w;,, + Fop), | (188)
and
[a0iser] = U Paspr & Fapr + Far] = S {Fus B+ FyFor + Fur )
PR + P + FapSurs + Far S (189)

" The limits [@ojuvprs] and [a0‘| uvpr)] are listed in Appendix C.

Now that the va;rious coincidence limits involving ao have been obtained, it is
possible to indicate how to know how far to carry each iteration. To show this
requires knowing the highest n value desired for the a,. For example, in this thesis,
the coincidence limit [a3] will be the highest term needed. Consider the limit of

Eq.(144). This has an immediate: coincidence limit
[ant1]=(n + 1) {[(AY?a,),] — £Ran]}
(n+ 1)~ {[AY2, ] en] + 2[AY2,][al] + [AY)[a,),4) — €RJan]}

=+ 1) {(5 ~ ) Bleal + a1} (190)

Here, the limits of up to two derivatives of A2 [A1/2, ], and two derivatives of a,

were needed. As stated above, the two-derivative limit of A'/? will require knowing
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the four-derivative limit of o. All of these coincidence limits will require knowing

many other coincidence limits. As a further example, the coincidence limit of one

derivative of Eq.(144) is

laniia] = (n+2)7 {(é — f) (Rialan] + Rlana]) + %[anlﬂ]Rm + [anl,ﬂa]} . (191)
Here, the limits of up to three derivatives of AY? and three derivatives of a, were
needed. Again, while this could continue endlessly, a pattern is emerging. It will
be left as an exercise for the studious reader to verify the following statements are
true with regard to the extent of number of each set of iterations of derivatives and
subsequent coincidence limits: |

o The limit [as] requires knowing the limits of two derivatives of a; and two

derivatives of A2,

o The limit of two derivatives of [a;] requires knowing the limits of four derivatives

of a; and four derivatives of A/2,

o The limit of four derivatives of [a;] requires knowing the limits of six derivatives

of ag and six derivatives of Al/2,
o The limit of six derivatives of A2 requires knowing the limits of eight deriva-
“tives of o.

Herein lies the source of the excruciating algebraic difficulty of the point-splitting
procedure!
The iteration procedure continues by detefmining ,[dl], which is obtained by setting

n = 0 in the recursion relation Eq.(144). This gives
o”‘allﬂ + a; = A—1/2(A1/2a0)|”u — fRao, (192)
with an immediate coincidence limit

[a1] = (% — é“) R. | (193)
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The limits of up to four derivatives of Eq.(144) with n = 0 gives

1.1 e |
[a'llu] = _( f)R,p. 6 Fua y (194)
1 104 Is4
[alluu] = 20 6) % + 60 Ruua -+ 90R 'B-Rauﬂy. 45 Rp.aR
ze,1

1
+§6Ra:3’)’ﬂRaﬁ7V - _FnaFVa - e

6 E(Fu “y+ F.o° ) + ( f)RF/w, (195)

and the limits [ay[.,,] and [@1)u,-] listed in the Appendix. The coincidence limits

involving as are

[az]——@RaﬁR + @R *P7 Rapas + 6(_ — )R,
1 1
+5(5 — 'R - EF"“’Fa (196)

with [ag),] and [a,),,] listed in the Appendix. The final limit needed is [as], given by
[40]

[as] = ‘
R® © R R R 1lR.R®
1206 72 T 12 776 T s0a0
fR;aR;a sz;aR;a ezFaﬁ;anﬂ” 262f’—'a,@ryFo‘ﬁw
30 12 180 B 135
26’ Fapyy 'V RapyB*P  RapyB*VF  Rap Rs*P73
135 1440 480 560
11R, g5 R PV 11 Ry pys' R Y585 R s, R2PYS3e .
10080 10080 1680
Raﬁw;eRaﬁ%;J Raﬁ'yﬁ;cRa’Yﬁ‘s;E Raﬁ’ys;cRavﬁe;J N RR;QO‘ B
840 1680 . ﬂ840 180
11RER..*  RER..* R  R.%s
180 T 6 T 1260 ' s02
§R;aaﬁﬁ Raﬁ;v’yaﬁ _ 62F&ﬁ;77FQﬂ _ 62RFaﬁFaﬁ +
60 630 60 72
e2R§FaﬁF°‘ﬁ eZFaﬁwﬁFa'y ezFaﬂ;ﬁ,yFa'y R;aﬁRa'B
12 B 60 B 60 151200
¢R.0pR*®  Rap,,'R*® RR.3R*® RER,pR*P
90 700 1080 180
19R,p,,°"R®"  Rop 6P’ R  €*FopF.,*R®" 43R.5R,*RP"
10800 T 700 180 226800

+
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Raﬁvé;eeRa'B’ys _ ezFaﬁF'yJRaﬁ’ys R-Rozﬁ'y5—1?-'0['6’7(s _ RfRaﬂ'yJRaﬁ76

1575 180 . 1296 216
2Rupy5:’ B*P¢ | 2Ropys® R*PY¢  2Rop.s R Rypys,t ROVES
1575 1575 1575 1575
ezFalgF,nga'Vﬁs 41RaﬁR75Ra'7ﬁ6 RRaﬁ,nga'YﬂJ RfRaﬁ,ngaﬁﬁs
180 B 75600 3240 - 540
2Ra,@75;55R°‘7ﬁE 2Raﬁ’ys;6€Ra'yﬁe RaﬂRyaeaRﬁ'ySE
1575 1575 B 1890 +
4RoprsRec® RP¢  2Rop,s R TRPC R, R, 5.2 RPYS
14175 14175 B 6300 B
2Raﬁ.y§R€aC'yRﬁc6€ 4Raﬁ,ng5CaﬁR’ysec (197)
14175 14175

Having obtained the coincidence limits of the many biscalars and their derivatives
that arise in the point-splitting procedure, it is possible to construct the bitensor
series expansion of Eq.(135) for each bitensor in the point-splitting expansion of (¢?),
(7#) and (T},,). Evaluating the coefficients 0¥, al* ", ... of the bitensor power
series expansion requires ‘taking the coincidence limit ' — z of Eq.(135) and its

derivatives. For example, for the second rank bitensor a*(z,z"), this yields,

a0 = [a"], | (198)

al? o =a",o] — al* 4, (199)
a2 o5 = [a" 0p) — 2a1% 4.5 — a0 4, (200)
ad" apy = [aw;aﬁw] — 302" opyy — 3a1* g5y — a0* 0, (201)

and so forth. The numeric factors on the right-hand side of Eqs.(198-201) arise
due to symmetrization on the dummy indices o, §,..., in Eq.(135). Terms such as
al?” ,5°,5,0%0Pa" do not contribute due to this same symmetrization. Note that a*”
could involve summations over primed indices such as a*” = gF,1g"gasl*? | whose
evaluation will be discussed next.

The expansions will have bitensors constructed by taking primed derivatives of

the biscalars in G(1). As discussed at the end of Chapter 3, these bitensors must
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be parallel transported back to the stationary point z (see the form of Eq.(81) and
Eq.(82)) in order to pérform the expansion in Eq.(135). For example,
G d = a0® 4 a1 o - | (202)
In order to evaluate the coincidence limits in Eqs.(198)—(201) for these primed deriva-
tives, a generalization by Christensen [30] of a theorem proved by Synge is used:
[Tal...anﬁ{...ﬁ;n;#l] = —[Tar--anﬁ{-"ﬁ,'n;ﬂl + [le'"anﬁ{'"ﬁ:n];#7 (203)‘

where Tq,...an8,.-8, 1S any bitensor with equal weight at both z and z’ and whose

coincidence limit and derivative coincidence limits exist. The relation
[g"1.0p..J0%F - =0, ) (204)
which follows immediately from taking derivatives of Eq.(69), will also be used. As

‘ . S gyt .. .
an example, consider g*,.g” »al™”'. Quantities such as the second rank bi-tensor a*”

appear in the stress-energy tensor whenever two derivatives of G(V) are taken;
a" = g* g’ pal™? = a0® + al® yo% 4 oo . (205)
The cdincidence limit of Eq.(205) gives
(g g” "] = a0, (206)
and thus the first coefficient of the series, a0#”, is given by
a0® = [a]. | (207)
The coincidence limit of one derivative of Eq.(205) gives the next coefficient in the
series for g*,1g¥ p/a|TI”I;
a1 o=[(¢"rg" pal™")ja] — a0
= [ala“'”'] — a0" o, + [g"o1.08] terms,
=—[a|a””l] + ‘[ala“l]’;” — ‘aO‘“’_;a + [9"51,0p] terms,

= [alam]‘ - [alall]m - [a|a“];" + [ala]”w —al? o + [gua’;aﬁ‘] terms, (208)
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where the fact that. primed derivatives commute with unprimed derivatives has been
used, and terms containing objects such as [g#,+,4], etc., have been grouped together
since they contribute nothing to the expansions due to (204). Note that derivatives
of coincidence limits are always covariant since the coincidence limits of any quantity
are construc£ed from local curvature and electromagnetic tensors, and such tensors

are gauge invariant. Continuing this procedure gives

a’zwaﬁ=‘[(g#7’gl/p’ah,pl)laﬁ] — a0 05 — al® o5 — al* g,
=[aas™] — [aag™]* — [aag™]” + [aap]™ — a0 4p

—al® a3 — al* o + [%1,ap] terms. (209)
As a specific example of Eq.(209), consider the expansion of g”,c#":

9w =g w1+ ([ w0 o] = [¢" p ™ 11a) 0% + -
At i S (P00 Co B P W oy P B P
=g" {=[o"] + [o*]°} +
(970 {=10a"] + [0a]} = ¢ malo™] = g7, {[0] + [6#]7},) 0
.

g 1 ()0 4. (210)

The last issue to discuss before listing the bitensor expansions is the order to
which the power series expansions must be carried in the separation vector o*. For
example, if we were only constructing Eq.(133) for G(Y), we note that the biscalars
A'Y? and ap multiply the 1/0 = 2/(0*0,) term. This term diverges quadratically as
o* — 0 and thus the expansions for A2 and ag must be carried out to second order
in o#. The rest of the a, in G*) need not proceed beyond the zeroth order term
in the power series expansion Eq.(135) since they multiply terms that either diverge

logarithmicaily or remain finite as the points z and z’ are brought together,
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Constructing the DS point-splitting expansion for the current requires taking the

derivatives of G(!) indicated by Eq.(81). We may use
g“’r’oﬂ-l = _a'ﬂa ‘ (211)

which is indicated directly from the construction of Figure 2. In Figure 2, the bivector
of parallel transport g, parallel transports the vector ¢* from the point z’ (M) to
the point z()) along the geodesic connecting the two points. When at z, it remains
a tangent vector with length equal to the geodesic distance between z and z’. Yet
at z, o* is still pointed in the direction z’ — = while the original vector at z, 0¥, is
pointed in the direction z — z’.

Using Eq.(211), Eq.(81) becomes

4n*(j*(z))=4" lim ’:4_6 {(gW 4 g,G0I") — (GOl 4 g GO
1

a2 el [l g l_-z_lz]
=4 acl}_rg4{[a+m(7+2ln|2mall) 5| X

[Al/Z(agll" + gl‘T,a0|T’) 4 CLO(AI/Z“"{' gl,,T'Al/z;,r/)]
1.1,
._(")’ + ‘2“1Il [2m o'l) X

[Al/z(all“ + g*ral™) + ay (AYE 4 g“T,Al/Z;T')]
1
2m?
_l__1_4 [Al/Z(a3|ﬂ + g“T:ag,lT') + a3(A1/2“‘ 4 guT,A1/2?T')] + ... }(212)

2m

+ [A1/2(a2|ll»‘_|_ 9“7'02171) +a2(A1/2;/,L + g“TIA1/2;T')]

where terms such as Al/%*goo have been dropped since they vanish in the limit
¢’ — z, and the semicolon and vertical bar have been used to indicate covariant and
gauge covariant differentiation, respectively. Eq.(212) shows that the power series
expansions for A2, ag, and their first derivatives must be carried to second order in
o* due to the 1/o term, while the expansions for a,, ay, ... and their first derivatives
need go no further than zeroth order. As discussed in Chapter 2, one derivative of G®)

would potentially have a cubic divergence. In the expansion of Eq.(212), the cubic
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terms that do arise after pefforming the differentiations of Eq.(81) immediately cancel
due to Eq.(211). There are still terms that are potentially quadratically divergent,
but, as will iae shown in the next chapter, these, too, will cancel, leaving (j*#) with
only a linearly divergent term. |
It is not necessary to list the full expression for the stress-energy tensor to see
how far it requires the power series expansions to be carried out. It is only useful to

examine the single term

A1/2a0 v 2A1/2a00?“a;’" A2g4gi0v Al‘/2aolvg;u AYZv g oim |
( o )= o3 B o2 - o .. o2 +oee, (213)
where
i\ | 200V g
(c7hHlw = —— (214)

has been used. Eq.(213) shows that, to construct (7)), it would be necessary to
carry the expansions of A2, aq and o to fourth orde;r in o#; AY%# and agl* must
be carried to third order; and A%#” and ao!® must be carried to second order. In
fact, these fourth order power series expansions are the lengthiest expansions that
will be needed. |

Without going through more analysis like the above, it is useful to simply list the A
expansions that will be needed for regularization of the expréssions for (%), (7#), and

(Tyv)- These expansions are

g = —ot (215)

’

. 1 1
ot = g" — gR“a”ﬁaaaﬁ -+ ER‘“,,["ﬁwo“"aﬁa7

1 1.
_(@Ruauﬁn& + ERpauﬁRp,yug)a'aa'ﬁa"yo"s + ey, (216)
! 1 1
g o =—g" — ER“aVﬁUaUﬁ + ER‘La"ﬁnaaaﬁa"
_iR”‘V: i LRP#R v o By 68 . . 9217
40 Lo ﬁ,’¥5+ 360 e ﬁ oY 6)0- g 0‘. g "I" ) ( )

Lt 1 1
glrg’ poi” =g — gR’La"ﬁaaoﬁ + ZR“QV@WJO‘U’BO""
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~( mR a6+ 7 Rpa“ﬁquys)Gaaﬂ0705+---, (218)
B

=1 a — — Ryp.,0°
—l— Rﬁaa 24R,@,70‘00'

1 o4
+(288 RopRys + %R o 8Rpyrs + %Raﬁr%)a oo’ + - ) (219)
1

1, 1
Az = "Rﬂao-a - _(2R ;B8 R ﬁ1u)o- ( Rﬂ iy 60

1
90 72 360t Lot 7)0 oPo 4., (220)
1

. 1
guT'AE’T = _ERﬂaaa + —(2R a;B8 + R ’“)o-ao-ﬁ + ( 40 RM o3Py

1 1
o5 Rop'y — oS B g Ropry — R ’Rop"y

60 90 72 3 ,
1 ‘ ,

-I-%R T Rppry)0%0P ™ 4 - (221)
AFBv _ %R“” -l"E(R“aw—i- R’ ,* — R™, )o_a

1 1 . .
H g B ias + —(Raﬁ"“’ + Bop™) — (R“a’”ﬁ +Rap) + 5 RaﬁR“”

1

1
© py wpyrT
+— 36 RO RY g 360 —R R,,O,Tﬁ

90
1 T 14 TV 1 T v TV -
+ﬁ(R"a “Ry" v+ R o™ Ryt rp) + @(R”a “R:"pp + R o™ R:* )

11 |
+350 Beo (B 5 + B p)lo%0” +oe, (222)
1

v, %;up’:__ W~ (RMY — RV M — R™ )o® +[— —R™ .,
g9 A 6R +12(Ra R, R¥ o) + [ 40R

1 1
g™ - IRV % QRY j#g5) — pv
+60Rﬁ + 55 (2R aig” — BRYG” 5 + 2R o) 721?, R

__;LV v pu oo T » Y ___#pw
36R o 180(R olofs—11R Raﬁ) R Rpurp

1
— g R B+ By ) — ap(RPﬁMmRW Nooof 4o, (223)
1 1

g g AT = TR — S (RSP 4 R 4 B 0)o

1 . .
s B+ 5o (Rag™ + Rag™®) — —<R“ o+ Rag”)

A5 (Rraa + B a) +
11
360

N

A

Raﬂ ;“7

+a7 RPM aBppry + 75 R oBlpy +

R Rﬁv

s (BB + B, Rw) o5

pv R“ v
72Ra,gR +36 R’g

(R“ Ruapﬁ + RY R“ap,@) 1 meaTﬂ(RupyT + Rvmﬂ)
(R" "R, + R°a™ Ry rp) + RPSTM R g + RP ™ R:* p)

180 180(
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1

~ 355 Ber (B g + B*5)l0%0% + -, (224)
ao =1, B % (225)
agl = EF“aa"‘ — EF” s0%? 4 2 (P + FpuRlg2,)0% 0" .., (226)
g ragl” = %F“aaa - %F“a;ﬁaaoﬁ + Z.—6(3}7'“‘0[“3,7 + FpoR¥5%.)0%0Po 4 - .- (227)

. 2
ao" = —Z—eF’“’ —(F“ Y F oo +[ (ot + B ") — S F By

(F “RYs+ F "R“apﬁ) = pa(Rupuﬁ + RvPH )]aaaﬁ 4o (228)
F®. 4 F# W —— ", {7
6( o+ )a + (= F,ﬁ‘|‘12F 0
2
—%Fa#Fﬂ" + ﬂ(3FpﬂR"aPﬁ ~F ”Rﬂa"ﬁ) + F,,O,R”"“ )o%of 4 -+, (229)

ng'aolﬂp = ——2—F’“’ +

v Ity e te 0 o 3ze v Y
guTlg p/aol P =5Fﬂ '—(Fua’ +F a1u) [_(Fuﬂ +F n@lL)

——F o Fg” +

4
326}7 R#Y vor \\] ¢ ﬁ . |
PR+ B0 o, ~ (230)

“(FR. 5+ F ”R“a”ﬂ)

01 = (5~ OB+ (3G ~ O+ g Fap)o® + (g5 Rup s
1 1 1 1

— RPT R PTH -
+180R Rpaq-ﬁ ‘|‘ 120 Raﬁ,p + 180 Rp‘rﬁ,aR B8 + (40 6§)R;01,3
‘ o2
e o ' .
_‘EFpa;pﬁ 12F Fpﬁ)a o? + ey ’ ‘ (231)
a"* = (_ — §)R* -I- - F””,,, + (——R R, + goRerﬂpaT
1 ‘ 1
_|_90 Ry R + 60 —R¥.," + (f _ —)R b __(Fpa,pu F*00)
1 ,
z; (5 - QR0 4 -, (232)
! . '6
g* T’al ( f)R’” - %Fp#;p
—I—(lR“ R, _iRpTRu __l_R rRPTE ——R"
45 paT g PR “ 60
3 q" ie iop oL ze 1 TR
(6 - _)R + E(F = F0a) + (_ - f)RF o)+, (233)
1
lwv _ _ = pu pvp pT DUV 1 PPTRY = wy  p
a1 45R R +9 RTR T+90RPMR —I— R i
1 1e,1
- — 1/-“/ 122144 vipl YIAY
+(20 §)R 12 (F + F,V#8) + ( — §)RF
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82 .
SR, ‘ e
g p,allﬁp _RM Rup _ _RPTR# v_ ‘_ iR LR _1_R;w. Py l(l — £} R
90~ 7" 60" ¥ 65
' - " ie 1 e?
+-—(F’“p F,rier) — ( ~ ) RF™ + };fﬁ#ﬁw"*-“-, (235)
1
boLav Ip=__Ru vp oT DUV BRPTEY 4 DUy p
g'rg p o B +90R'R T*&mRW”R T 5o
1 1 ‘
+(%—§ )Ruu__(Fu,pV FVpﬂ)+Ze(__§)RFuV
2 )
—%F,,“F”” N (236)
and
1 1.1 11 ,
PTEA T (= _ p P Z(Z _ 52 p2
ag = 180(R Ryrir — R Rm)—l-6(5 R, +2 5 )R
2
€ pT 4L
— 5 P (237)

A semicolon has been used for all of the derivatives on the right hand sides of
Eqs.(215)—(237) since all of these terms are gauge invariant and thus do not need
the connection A* in their derivatives. The expansions with either two unprimed or

two primed derivatives have been symmetrized according to,
1 L ‘ ' .
_MW=§@W+MW+XW@, (238)

where x*’ = ieF'* for the a, and x*” = 0 for the other biscalars. This ensures the
expansions of Eqs.(215)-(237) obey the commutation relations of both the covari-
ant and gauge covarlant derivatives.” Note that quantities such as g, (c~1)*" may
only have their numerators expanded using Eqs.(215)—(237) since they diverge in the

coincidence limit necessary for applying the expansion iterations in Egs.(198)—(201):
g"p:(a‘l);“pl =g”p:(20_30;“0;p' _ 0—‘2U;up')
=20 3g#g" — q‘z(—g‘“’ — ) (239)

These expansions will be used in the next chapter to regularize (¢?), (j”), and

(Tow)-
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CHAPTER 6

DeWitt-Schwinger Point;Splitting Expansions of
G, (j#), and (1))

The DeWitt-Schwinger point-splitting procedure is able to completely regularize
the expressions for (¢?), (%), and (T,,) as mentioned in Chapter 1. This has been
proven in more general terms elsewhere using an analysis of the effective action of
gravitational theory [8]. In this chapter, however, the divergences of each expression
will be identified explicitly by identifying terms that diverge as the distance |z — /|
goes to éero. The divergent terms will be shown to be proportional to non-negative
powers of m in the DS point-splitting expansions for (¢?), (5#), and (T}, ), where m
is the mass of the quantized field. This chapter also details how DeWitt-Schwinger
approximations for (¢?) and (T),) are obtained. The point-splitting procedure will
be shown incapable of yielding a DeWitt-Schwinger expansion for (j#).

The vacuum polarization as given by Eq.(75) is

(#) = lim £GV(z,2) (240)

=z P

and is thus regularized along with G(). Substituting the expansions in Eqs.(215)-

(237) for the biscalars into Eq.(133) and collecting terms of like powers of o* yields,

4GV (2,0') = —— + [m? — (c ~ ORIy + 5 In | gm?(0%0,)]

2
(apap)

1 , 1 o%oP [ag] [@s] <1>
it GR""(apa,,) T omz T oms T me), (24

where the explicit expressions for [a;] and [as] have not been included here for brevity,

and the points & and z’ are not coincident. The terms of ¥(m?) and ¥(m?) are the same
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as those derived by Christensen for a real scalar field. Eq.(241) explicitly shows terms
that diverge quadratically and logarithmically as o* — 0. The quadratic divergence

was predicted in the discussion of the degree of divergence in Chapter 2. Eq.(241)

a%F
(0Pop)

also contains two types of finite terms; one, %Ra,@ depending on the direction

of the point-splitting vector o#, and another, —%mz, independent of the direction of
o#. The terms proportional to non-negative powers of m come from the power series
expansions of [ag] and [a;] and have been shown to be sufficient to regularize G
8, 2, 4].

The agreement of the regularization terms in Eq.(241) with Christensen’s origi-
nal result is to be expected. The complex scalar field is constructed from two real
fields according to ¢(z) = % (¢1(z) + i¢a(z)). From the form of the Hadamard func-
tion Eq.(74), it is evident that G(I)‘diuergent for the complex scalar field will be the
sum of G(l)diyergent for two real scalar fields. Thus both contain the same quadratic
and logarithmic divergences, and the same direction-dependent (o#-dependent) and
direction-independent terms.

The terms in Eq.(241) proportional to m~%,m™,... remain finite as o* — 0.
The DeWitt-Schwinger point-splitting expansion contains both divergent and finite
term. The rénorma,lized DS approximation, Gg?g,,,en, is formed by subtracting terms
proportional to non-negative powers of m in Eq.(241). Eq.(241) shows that the first
few terms, or even the first term, in this series may be taken as a DS approximation
to the exact value for G(!) so long as the mass m of the quantized field is large
when compared to the curvature terms contained in [dz], [as], etc. Thus, the DS

1
m

“approxima,tion to G to o (—4) is given by

1r2ch) [az] + [as]

DS,renNﬁ 9md
L
2m? 180

1 1.1
of aByé (= _ o
R Raﬁ+—180R Ropys + 6,(5 | E)R.o
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11 2 5
+5(5 —O°R - %F“ﬁFaﬁJ yool (242)

where [ag] is given by Eq.(197).

The gauge field first arises in the DS expansion of G() through the [a,] term. This
may have been predicted for several reasons. Moving briefly to units where c =% = 1
but G # 1, GW) is a second order quantity with units (length)=2. The DS point-
splitting procedure is an asymptotic expansion in inverse powers of m? and the scalar
wave equation, Eq.(71), shows m? to have units (length)~2. Thus, the coefficient A,

in the DS expansion for G,
GO (z,2') = Aoz, 2)m? + Ao(z,z"Ym® + A_y(z,z"Ym™2 + ..., (243)

must havé units (length)®, Aio must have units (length)=2, A_, must have units
(length)™, and so forth.

The gauge field arises in the point-splitting procedure through the gauge commu-
tation relation

Gnluy — Qnjyy = 1€Fan. (244)

The sign of the charge e of the field can not change the physics of G1), so no odd power
of e may appear in any VEVs. This indicates the VEVs (returning to units where G =
1) may only contain (eF)? (eF)4,..., which have units (length)™, (length)™3,....
Thus, (eF')? may only appear in the coefficient of m~2 of G\), or in [ay); (eF)* may
only appear in the coefficient of m™, or [a4]; and so forth. The (eF)? term in [ay] is
in agreement with the earlier results of DeWitt [38].

We ﬁay also count units to see where to expect cross terms involving the electro-
magnetic and gravitational fields to appear. For example, R(eF')? has units (length)™®
and would first appear in the coefficient of m™*, or in [as]. Eq.(197) shows this to
be true. In fact, each of the terms in the DS point-splitting expansion for G!) may

have been predicted from power counting. It must be left for point-splitting or some
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other procedure to supply the numerical coefficierits (which may be 0) for each of
these terms. Davies, et al [18], constructed the stress-energy tensor of a conformally
invariant scalar field in a conformally invariant spacetime using such power counting
together with known constraints on the components.

Turning now to the current, the appropriate expansions from Eqs.(215)-(237) are
substituted into Eq.(212) and like powers of o* are collected. This isolates the terms
in (%) which will diverge linearly and those which will remain finite as the points are

brought together:
L 2o F #
4n? (ora,) ’

(jﬂh(m) xl»linear = (245)

and
1 e2aaaﬁF“a;ﬁ
42 (20%0,)

(7%(z, 2")) finite = (246)

Eqs.(245)—(246) are proportional to m®, a non-negative power of m, and were con-
structed from the coincidence limits of ap and a; and their derivatives. The linear
term agrees with the prediction of Cha,p’hcer 2 when the degree of divergence of the
scalar field current was discussed. These two terms suffice to regularize ( ]“)

The current is independent of the sign of the charge carrier having electromagnetic
terms proportional to e¥. One factor of e in the current is explicit in Eq.(81). The
other factor comes from the derivation of the expansions of G(1)1*, etc. This originates
with the gauge commutation relation, Eq.(180), and is seen to carry one factor of eF
through to fhe first derivative expansions of the a, in Eqs.(215)-(237). The current
is a third order quantity with units of (length)™3. By counting powers, the linearly
diverging term would thus require one factor of the second order eF, while the finite
term would require the third order derivative of eF. Eqs. (245) and (246) are thus
in the only possible form and, aside from numerical factors, could have been deduced
immediately from simple power counting;

The divergence of Eqs.(245) and (246) must be taken in order to verify that the
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point-splitting procedure does not violate the conservation of current.‘ Naively taking
the divérgeﬁce of the current with respect to only z* and not z'* would give the
wrong result since the separation ;/ector o#(z,z"), which depends‘on both z* and z’*,
is contained within the regularization counterterms of (7#). The correct procedure
for verifying current conservation requires evaluating the divergence of the classical
current within the point-splitting regime whereby the. derivatives with respect to the
two spacetime points are symmetrized. Starting from the definition of the VEV of

the current

(J#> — lim E[ (G(l)lmu + g#T,G(l)I’TI) — C.C.], (247)

'z

the two derivatives are taken and the result is symmetrized, g'iving‘

)= "D+ (# ]

im %[G“)'“u +2¢*7 GO 4 g1 guy GO — c-c-]- (248)

This may be seen to vanish to all orders by using the expansions in Eqs.(215)—(237),
ensuring that the current is a conserved quantity.

It is also interesting to examine the divergence of the classical current,
3% = ie[(D*¢)¢" — (D" $)"];,, (249)
within the p'()int—splitting regime. Eq.(249) may be written as,
W te D. D:b. &Y — {D. D* s _ € T *1 _ [l **] 250
=5 UDuD"$,6"} = {DuD*$, '} = o [{#", ) — {#¥,, 6)] . (250)

Making the transition from classical to quantum fields and applying the point-splitting
procedure to the right-hand-side of Eq.(250) yields

. . 1e o
(l“;li‘(x)> = :E'II_IP&,Z[ (G(l)lﬂ'u +g#T,g“pIG_I(1)| p) _

(G, + g* g GOF) ). (251)
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This, too, may be seen to vanish to all orders by using the expansions in Eqs.(215)—
(237).
The point-splitting procedure can not yield a DS approximation for (s#). This

may be seen by examining the terms proportional to negative powers of m in Eq.(212);

: e 1 . _ .,
<.7M>DS,ren ~ Z{ w [Al/z(GZI“ + g”rlale ) + ag(Al/Z’“ + gl‘T,Al/za”' )] +

1

o [AI'/2(G3I# + gp.T,a3|fr’) + GB(AI/Z;# + gMT,A1/2;T')] + ... } ‘

(252)

Since (j#) is exi)licitly proportional to %, the only way for Eq.(212) to yield a DS ap-
proximation 'is for complex terms to be present inside the curly brackets of Eq.(252).
This does not happen for several reasons. First, any complex terms in the biten-
sor expansion of Eq.(135) must arise due to the commutation relation of the gauge
covariant derivative. The purely geometric quantities AY2# and Al/2# will not re-
quire gauge covariant derivatives and thus will have power series expansions that
are purely real. This is seen in Eqs.(220)—(221). Second, the zeroth order terms in
the power series expansions for ay and as are the coincidence limits [a2] and [as],
as indicated by Eq.(198). Eqs.(196)—(197) show that these limits are real. Finally,
applying Christensen’s generalization of Synge’s Theorem to the zeroth dfder power

. o . . ! .
series expansions for the combination a,* + g*.1a,!" gives

ant + g r10nl" = [aa] + (= [2n] + [n]") + 9 (o)

=[an]" +9 (). (253)

Since the coincidence limits of the a, are real, this, too, is real. Thus, the real part
of the right hand side of Eq.(252) is zero, and point-splitting can not yield a DS
approximation for the current associated with a charged scalar field.

Now consider the stress-energy tensor. The second derivatives GWIw, GOIsY Q@)

and GM¥Y may be formed by differentiating Eq.(133). These are then used to form
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the components of the stress-energy tensor of Eq.(82). Substituting the expansions
from Egs.(215)-(237), and collecting like powers of o*, yields the following expres-

sions, with the points split,

1 1 ‘ oto? '
Y wartic =m0 T o b — 4 5 254
T dasertc = 5 (arar)e g el (254)

1 _1 x[%(R“aor”—FR”aa“) z

4 (oroy) (or0,)

1 I T N
—(g—f){R —23[9 2 }

(0r0,)
F2(g" R — RPo) 20
7 ee (0¢0,)
2 ocPota? 1

R _ I | g 9 0 (255)
T3l (0r0,)? 2™ |9 (020,)]| |’ -

1 1 y Y
[_ E(Rﬂag"ﬁ + R"29"s — — Rapg™);

o1

(T#U > quadratic =

™ inear — T, o
(T n 472

1 o

_Rglw).

4 “ (al’ap)

—(% - f){( o5 — Rapg" )n(a_p&’)—

Ip 0% |w_qgo@ il (1_ 2{§R. il *‘"}
+4R;a(0pap) [g 2(0pap)}}+(6 é) 4 ,a(apo'p)g

1 oc%Por [ oka? | |
i w— | g*¥ — 4 : 256
Pt ot |7 = 4] (250)

1 1.1
slr + 5nlgm?(0%0,)]) %
[60<RPWR,W——R”RPT ) -3 5)[ (R -
bhmer - Lpe L L Lo
120 » 180
1

R R

1
—(R* —
12(R

(Tw/)logarithmic =

2’

2 2
_lm‘lg/w e_pquPV_l_ €

_ ;w pT (2
8 12 i F’”}’ o (257)

‘and
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c*cPEF Bry

e? [ oto¥

T tinste ={T"") tinite
(T) pinite= (T") finse +47r2“12(a/’0p)2

1
— (st By a, v B e
+12(0"0p)(a o FP Fg” + o%c¥ F,F Fgt)

(€ — Z) 0%cPF P g +

1
(090,)

5 vV (a4 '
(ma,,) (€ = 57)9" "o Fu Epy

_% (g“" 2(02 ,,)) FeeF, ﬁ+z9< )] o (259)

For brevity, only the terms due to the electromagnetic field are included in Eq.(258).

The terms (T™) finite have been previously calculated by Christensen and may be
found in Ref.[30]. Also, (T)tinis. is listed in a less compact form than that used by
Christensen in Appendix F. Comparing these two expressions for (T#") finise shows
how much work is involved in simplifying tremendously long tensor expressions. How-
ever, both expressions are entirely equivalent in the physical information they contain.
Eqgs.(254)—(258) are constructed from the coincidence limits of ag, a1 and a, and their
derivatives and are sufficient to completely regularize (T*") [8].

The structure of the electromégnetic contribution to the regularization terms for
the stress-energy tensor may be deduced in the manner as for G) and (j#). They
must be independent of the sign of the charge and thus proportional to e®>. There
are no explicit factors of e in Eq.(82), so they must arise in the derivations of the
expansions of G(1)#*, etc., by virtue of the gauge commutator. The simplest term
expected is the fourth order (eF")?, which has units (length)™* when ¢ = % = 1 but
G # 1. The fourth order stress-energy tensor would only allow such a term to be
present in the logarithmic regularization term. This is in agreement with DeWitt’s
result for the generalized Yang-Mills field [4, 38]. The two possible fourth order
combinations of the gravitational and electromagnetic field tensors are g*/e?F*"F,,
and e?FP“F,”. The point-splitting procedure yields the numerical factors for these

terms.
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The point-splitting procedure yields a DS approximation for the stress-energy

tensor and is given symbolically by
Y S WL | P W B! _ v B e ety
I RS 63, (9" gua2*® = g g’ = g¥oray)™)
—£ (02““’ + g“arg”ﬁ/azla,lﬂl) + Eg* (a2|a°‘ + gpa/gpﬁ'/aza'ﬁl> _
1 3 : 1 o
— — 1 A 71 7 =
wE (e -ted]ead). oo

where terms such as A'/%* and A/%#” have been substituted for using Egs.(215)-

(237), and where Newton’s constant G = 1 once more. Many terms that could
possibly arise from differentiation of G have power series expansions that are of
order o* or greater, so they contribute nothing to (7). Eq.(259) has been written
to show how (‘T‘“’) will dépenci on the coincidence limi‘ts'of az and its derivatives.

Consider the power series expansion for the bitensors

1
o (z,2') = a0 (z) + al®" o(z)0® + 5@2"""'aﬁ(x)0‘°‘0ﬁ +---. (260)

There are no negative powers of o Eq.(259), so only the first term in the series of
Eq.(260), aOI“”'"(:v), is needed. This term is given by the coincidence limit of the
bitensor of interest. For example, thé expansion for a,!* contains only o:ne term and
is given by | |

as™ = [ag*]. (261)
The expansibn for g;‘a/g”ﬁ/aﬂ""ﬁ' is more complicated but also is built from one coin-

cidence limit involving primed derivatives;

|alﬁl lalﬂl]

= [g#algyﬁfaq
- __[azlvu’] -+ [azl"l];”

=[aa*] — [ag* — [ag]" + {aa). (262)

9"« 9" praz

As discussed previously, both of these expressions must be symmetrized in their in-

dices according to Eq.(238) before substitution into Eq.(259) for the stress-energy
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tensor. Finally, using Egs.(260), (198), and (203) to construct the zeroth order terms
in the expansions of a; and its derivatives yields the DS approximation to the stress-

energy tensor (T“"’ ) DS,ren
47r2<le>‘DS,ren ~ 47r2<le>DS,EM + 4772<TuV)DS,purely geometric. (263)

In Eq.(263), 47*(T*")ps,gu are the terms which depend on the electromagnetic field

and are given by

472 (T*" Vps.ermr =
ezFa”;“Fﬁ”?ﬁ ezFaﬁ;“Faﬁ;” eszaﬁ”‘F“ﬁ;” ezFaﬁ;”Fa“;ﬁ
144m2?  120m2 24m? O T20m2
EF ot FoviB 2R b o rovif e?Fopgi®FPrv @2 F ,5ic FAvik
720m? 180m? 720m? 720m?
112 F o FoP X F (g# FoP  11€2F 5" FP e2EF o 5" FOP
2880m? 48m2  2880m2 48m2
ezFa“;gyFaﬁ _ 62Fa”;ﬁ“Faﬁ e?FaV;ﬁﬁFa“ ‘ 62Fa”; B prav n
1440m? 1440m? 320m? 320m?
ERFFF*  REFFFY  e2F g%V FPr  g2F Vio, u
144m? 24m2  960m? 192m?
62Faﬁ;anpﬁv e2Fa“?°‘ﬁFﬂ” ~ e2paﬂ;apvﬁwgw eszaﬁ;“Fqﬁ”g“” 4
960m2 | 192m?2 480m? 240m?
ezFaﬁ;'yFaﬁng _ 1762§Faﬁ;wFaﬁWgW ezFaﬁ;'vFa%ﬂglw _ eszaﬁ;'yFa'y;ﬁgw 4
. 720m? 720m? 720m? 360m?2
PFapy P0G PFopy g  PRFpF g™  FREF,Fog
1440m? 45m? 192m?2 24m?2
e REPFop F*P g _ &’ Fopy® FPYgH *€F apiy FP g™ e Fog s FP1g™ _
24m?2 1440m?2 720m?2 160m?2
EF g% FP7gH  2F FFgR*P  €2F 5 F. “g* RPY 3 e2(F o5 F. 2 g RPY B
80m?2 | 480m? ‘ 480m?2 240m?
e?FogF*RP*  ?F g F**RP*  ?F g FPR* e’ F o F*P RPY
2880m? . 2880m? 288m?  48m?
e?FopF 59" ROPYS  2£F 5 F 59" ROPYS e?FopF.Y R*P1E  F oF. FRPvY B
480m? 240m?2 480m?2 480m?2
& FapF 59" R 2EF opF 159" R*PS  €2F (s F.YR¥P#  @2F 5 F #RVBY _
480m2 240m? 480m2 480m?
e2F g F.,> RPF Y
360m? (264)

The expression 47%(T™ ) pgpurely geometric Te€presents the 361 purely geometric terms
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of 47%(T")ps.ren Which are listed in Appendix G. Eq.(264) includes terms which are
purely electromagnetic and terms which have both electrorﬁagﬁetic and geometric
parts. The purely electromagnetic terms will not disappear in flat space and thus
may be used for studies of quantum field effects in flat space. Tt should be empha-
sized here that this result is for a general four-dimensional spacetime with a general
electromagnetic field possessing U(1) symmetry.

ThevDeWitt—SchWinger regularization counterterms of Eqs.(241), (245)~(246), and
(254)—(258) are the first set of major results of this thesis. The DS approximations
Gg)s,ren (or, equivalently, (¢?) ps;ren) and (T#) ps,ren of Eqs.(242) and (264) constitute

the second group of major results of this thesis.
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CHAPTER 7

Concluding Remarks and Future Work

One of the two major results of this thesis was the calculation of the DeWitt-
Schwinger regularization counterterms for the three VEVs (4?), (#), and (T,,) for a
charged scalar field coupled to the electromagnetic field of general foull—dimensional
spacetimes. These results are found in Eqs.(241), (245)-(246), and (254)—(258).
These terms are sufficient to completely regularize the expressions for (¢?), (j#),
and (T,,). The DeWitt-Schwinger approximations for Ggéren (or, equivalently,
(#*)ps,ren) and (T™)pg ren are found in Eqs.(242) and (264) and constitute the sec-
ond group of major results of this thesis. The applications of these two sets of results
are discussed briefly in this chapter.

The second set of major results have more immediate applications than the reg-
ularization counterterms. Presented here for the first time is an analytic expres-
sion for an approximation to (I*) for a quantized, charged massive scalar field.
This approximation was derived for a general four-dimensional spacetime with a gen-
eral electroﬁagnetic field possessing U(1) symmetry. This arose from carrying the
DeWitt-Schwinger geodesic point-splitting expansions for the ‘asymptotic series for
(T*") out to order m~2. The completely general expression for (T#) does not have
to be restricted to a spacetime having any particular symmetries.

The analytic approximation for (T} of Frolov and Zel’nikov [26] was restricted
to the case of Ricci-flat spacetimes. Brown, Ottewill, and Page [28] derived an an-
alytic approximation for (T*) for confofmally invariant massless scalar, spinor, and
vector fields on static Einstein spacetimes. In neither of these works was there an

electromagnetic field present. This new expression is a generalized version of this
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prior work, with potential applications too numerous to fully mention here. However,
" an immediate application of concern to this author is described next.

The first set of results of this thesis will serve to renormalize the dynamical equa-
tions that will allow a full quantum electrodynamic (QED) study of the evolution of
realistic initial conditions in charged black hole spacetimes. The evolution of these
initial conditions will help answer the question of what is true interior structure of
charged black hole spacetimes. Consider the Reissner-Nordstrom spacetime, with a
line element given by

ds® = — (1 _M Q—:) dt® + (1 _M Q-;) B dr® + r* (d6? + sin®(6)dg?) .
T r r r

(265)
In this line element, M is the mass as determined by Keplerian orbits in the large
r, or nearly Newtonian limit, and @ is the charge enclosed by a Gaussian sphére
surrounding 'the black hole. The analytic extension of the Reissner-Nordstrém solu-
tion extends across two horizons located at the two radii r1. given by the solution to
gt = 0:

2
re =M+ M 1—%. (266)

The Reissner-Nordstrém solution has a Penrose spacetime diagram shown in Figure
4. This diagram shows features in the Reissner-Nordstrom spacetime quite different
from those in the Schwarzschild spacetime, including the presence of the two horizons,

timelike singularities, and an apparent tunnel to other asymptotically flat spacetimes.

Surfaces of constant (¢,8,¢) in the Reissner-Nordstrom spacetime have the line
element ,

ds? = (1 _EM Q—2>_1 dr?, (267)

With r > ry. or r < r_ in Regions I and III, respectively, ds* > 0 and r is a spatial

coordinate. Between the horizons in Region II, r_ < r < ry, ds? < 0, and r is
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However, the presence of the timelike singularities prevents the information propa-
gated from these initial conditions into the future from completely determining the
causal structure of the spacetime. For example, a spacelike slice may be chosen that
coﬁnects Region IV to Region III, terminating on the two singula,ritiés. Initial con-
ditions on this slice may be evolved some distance into the future, resulting in a new
set of conditions determined on a new spacetime slice. However, without knowing the
boundary conditions at, say, the right hand singularity, then anything could possibly
come out of that singularity. This new information would make a contribution to
the spacetime structure on the new spacetime slice, and this contribution would be
distinct from the spacetime structure that evolved from the initial conditions.

The right hand Cauchy horizon in the Reissner-Nordstrom interior has been shown
to be both classically (42, 43, 44, 45, 46, 47] and quantum mechanically unstable
[48, 49, 50]. Uncharged fields have been defined on in Region I of the Reissner-
Nordstrom spacetime and evolved into the future beyond the Cauchy horizon. As the
fields evolve across r_, the stress energy tensor diverges and thus the gravitational
backreaction diverges. This divergence leads to the Cauchy horizon becoming a cur-
vature singularity, via the so-called “mass inflation” process [51, 52]. It is, however,
somewhat unclear whether this singularity is sufﬁciently‘strong to act as a true “edge”
to the spacetime, enforcing strong cosmic censorship [53, 54].

The studies of Cauchy horizon instability have been performed in great (ieta,il,
yet they have not dealt with the underlying electromagnetic field which is ultimately
responsible for the formation of the exotic interior structures. Uncharged quantized
fields may cause a gravitational Backreaction, but they can not cause an electromag-
netic backré;action since they do not possess their own electromagnetic field which
will superpose on the electromagnetic field of the charged black hole spacetime. Only

by evolving charged fields can the classical electromagnetic field of the Reissner-
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N ordstr('im‘b.l‘ack hoie spacetime or general charged black hole spacetimes be changed.

The electric field of the Reissner-Nordstréom spacetime can serve as a source of
charged pair creation and vacuum polarization. These effects will introduce a new,
dynamical element to charged black hole spacetimes. The goal of this thesis has been
to build the theoretical foundation for treating quantized charged scalar fields in a
general curved spacetime containing an arbitrary classical electromagnetic field. The
regularization counterterms for (j#) and (T, ) were derived in order to renormalize

realistic source terms for the full semiclassical Einstein-Maxwell field equations,

G = 8n(T,,) + 8nTEM ‘ (268)

py o

and

e, _ 47r(j“). (269)

1

Egs.(268)—(269) will be used by the author to study the causal structure of charged
black hole spacetimes. These are the dynamical evolution equations which will al-
low initial conditions for realistic black holes to be set on some spacetime slice and
evolved into the future. Using these equations, initial conditions may be evolved from
an initial spacelike hypersurface into the future of the spacetime. This will be the
foundation for determining the causal structure of the interiors of physically realistic
charged black holes. Determining this causal structure will addfess the question of
whether or not these black hole interiors contain exotic structures such as those in
the Reissner-Nordstrém analytic extension.

As discussed above, the evolution equations for the region between the horizons
of the Reissner-Nordstrom spacetime may assume the form of ordinary differential
equations when restricting to the case of spherically symmetric solﬁtions. These
spherically symmetric solutions, along with the fact that this interior region is an

anisotropic cosmology, will allow the method described by Anderson, Hiscock, and
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Samuel for computing VEVs in static spherically symmetric spacetimes to be applied
to dynamical studies of this region. Future work by the author will include applying
their method to construct the current, (j#), associated with the charged scalar field
for these static spherically symmetric spacetimes. This current will serve as a source
for the electromagnetic field in Eq.(269).‘ Using the a,nal.ytic expression for (T*") as
a source in Eq.(268) will provide a ﬁleans t‘o addréss the question of the true interior

structure of charged black hole spacetimes.
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Coincidence limits [AY2, ] and [AY2. 1]
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