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ABSTRACT

Topological data analysis and, more specifically, persistent homology have received
significant attention as a method of describing the shape of complex data. Persistent
homology measures the persistence (i.e., “relative size”) of topological features such as
connected components, holes, voids, etc. as a space is filtered. The persistence is often
plotted in what is referred to as a persistence diagram. Persistence diagrams encode both
topological and geometric information about shapes. Moreover, certain parameterized
sets of persistence diagrams are sufficient for representing particular classes of shapes.
In other words, a set of persistence diagrams can be substituted for the shape. Shape
representation using persistence diagrams has shown promise in several learning and
classification tasks on shape data. However, choosing a sufficient parameterized set
of persistence diagrams is challenging. Previous solutions utilize exhaustive sampling
approaches based on assumptions on the geometry of the shape and algebraic results. We
consider the inverse problem of “reconstructing” the shape, using (augmented) persistence
diagrams. Developing algorithms for reconstruction provides an alternative method of
finding descriptors for representation that is optimized to minimize the number of diagrams
and time complexity. In this work, we provide deterministic algorithms for reconstructing
simplicial complexes in R? and discuss challenges in reconstruction using other topological
descriptors.

Shape reconstruction, and several other areas of research utilizing the persistence
diagram, are predisposed to generating large numbers of diagrams. As such, developing
efficient methods for searching in the space of persistence diagrams is also of great
importance. We consider the bottleneck distance in the space of persistence diagrams.
The bottleneck distance is used often in practice for comparing one diagram to another.
However, the cost of computing the bottleneck distance can grow prohibitive for large sets
of diagrams using a brute-force approach. We offer a data structure and algorithm for
identifying the approximate nearest neighbor (and approximate k-nearest neighbors) in the
space of persistence diagrams in less time than the brute-force approach for large sets of
diagrams.
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CHAPTER ONE

INTRODUCTION

As more data is digitalized, identifying and comparing shapes becomes increasingly
common. However, shape comparison is a notoriously complex problem, drawing attention
from several different fields; some approaches are summarized in the surveys [3,22,97].
Recently, topological data analysis (TDA), a field that focuses on studying the shape of
data, has introduced several new methods for shape comparison. TDA has proved itself
effective at identifying topological similarities and differences in data, as demonstrated in
projects focusing on research in cancer [39, 74, 88], neuroscience [59], biology [93, 100],
and road networks [2]. Moreover, tools in TDA are benefiting from techniques in other
fields, such as statistics [16,19,32,53,72,73,81,99].

A common theme in applications of TDA is using topological descriptors for
quantifying differences and similarities between data. Topology investigates the “shape”
of data and one important field in topology, used for algebraically describing shape,
is homology groups. Homology groups associate abelian groups to “holes” in data,
i.e., topological features that we colloquially call connected components, cycles, and n-
dimensional voids. Persistent homology summarizes complex data using a filtration to
describe the “size” of topological features. In this work, we focus on lower-star filtrations.
For data in RY, the lower-star filtration tracks topological features based on when they first
“appear” (are born) and “disappear” (die), referred to as the persistence of the feature, in
a particular direction. These features are plotted in the extended plane in what is referred
to as a persistence diagram (PD). The PD is a finite multiset of birth-death pairs along

with points on the diagonal (y = =z line) with infinite multiplicity for purposes related
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to computing distances between diagrams. Algorithms for computing PDs, such as the
one described in [48, §VII], may generate pairings associated with points that have zero
persistence (i.e., points that lie on the diagonal). We call the diagram an augmented
persistence diagram (APD) when we utilize these “on-diagonal”points, see Chapter 2 for a
more comprehensive overview.

Using PDs for shape representation is of particular interest, since the diagrams
encode important topological information in addition to geometric properties (such as
proximity or “heights”, depending on the filtration). As such, one increasingly popular
research objective is to represent a shape using topological descriptors that are sufficient
for differentiating between shapes [39, 40, 58, 64, 79, 100]. We refer to the problem of
finding these descriptors as the problem of shape representation. Turner et al. showed
that a transform, mapping a simplicial complex to a family of PDs (or Euler characteristic
curves (ECC)) parameterized by height filtrations, serves as a sufficient representation
for simplicial complexes in R? and R? [100]. In other words, two simplicial complexes
have identical transforms if only if they are are the same simplicial complex, i.e., the
parametrized sets of diagrams are sufficient for representing the shapes.

Ghrist et al. and Curry et al., independently, showed that a generalization of the
transform to R? is invertible (also proving sufficiency) [40,58]. Additionally, Curry et al.
showed that a finite subset of PDs (and ECCs) can be chosen to infer the entire transform
for simplicial complexes in R¢ [40]. Both results build on the idea of constructible
functions and the inversion formula of Schapira [94]. Betthauser proved similar statements
for cubical complexes [14]. Maria et al. also recently developed intrinsic topological
transforms that encode the intrinsic geometry of shapes and ignore their embedding [79].
These results prove that we can represent a shape using a finite set of topological
descriptors. Moreover, these approaches are being applied to important research problems

such as predicting clinical outcomes of Glioblastoma multiforme [39] and developing shape
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spaces [64]. However, there is still room to explore techniques for choosing a finite set of
descriptors that is reasonable in size and maintains the injectivity properties, and associated

discriminative properties, proven by [40, 58, 100].

1.1 Research Questions

We are interested in a sub-problem related to the invertability of the transform that
may offer insight into which directions to choose. When the transform was defined, Turner
et al. proved injectivity by reconstructing the shape with a constructive argument using an

infinite set of PDs [100, Theorem 3.1], motivating an interesting research question:

Research Question 1 (APD Shape Reconstruction). Can we develop efficient algorithms

to reconstruct simplicial complexes embedded in R® using APDs?

The importance of developing algorithms for reconstruction is realized by the
observation that a set of descriptors used to reconstruct a shape also differentiates the shape
from others and, hence, represents the shape. As such, we can work towards minimizing
the set of descriptors we generate for shape representation by developing reconstruction
algorithms for computing the inverse and using the resulting diagrams. While Curry et al.
developed a finite representation of the invertible transform for simplicial complexes [40],
algorithms for reconstruction are not readily available.

In 2018, we developed an algorithm, generating a quadratic number of APDs, for
reconstructing plane graphs in R? [11] that was motivated by the construction in the proof
of [100, Theorem 3.1]. We extended the results to embedded graphs in R¢ and, even more
recently, we provided an algorithm for reconstructing simplicial complexes in R? [12,56],
which is the focus of Chapter 3. While some of our algorithms implement a brute force
approach for reconstructing simplices, we have also developed more efficient methods

that utilize information about the shape gathered throughout the reconstruction process.
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For example, we developed an algorithm for reconstructing one-simplices that is output
sensitive, i.e., we can use information about existing one-simplices to optimize the number
of diagrams we generate [12]. We explore our results addressing Research Question 1 in
Sections 3.2-3.5.

While we focus our attention on the APD for reconstruction, we do note that there
exist several other topological descriptors. Many of these descriptors can be computed
efficiently or can be smoothed and used for machine learning tasks that require an inner
product structure. However, many of these descriptors encode less information about the

shape than the APD, motivating a second research question.

Research Question 2 (General Descriptor Reconstruction). What challenges arise when

reconstructing simplicial complexes using topological descriptors?

The augmentation of the PD helps in encoding additional geometric information about
vertices in the shape for reconstruction. For example, when an APD is generated using a
height filtration, we can infer vertex heights of a shape relative to the chosen direction
(see Section 2.5 for more details). However, for other descriptors, calculating the height
of a vertex is only possible for a very small window of directions. Work detailing these
challenges and exploring their prevalence is covered in Sections 3.6-3.5.

In Chapter 4, we shift our focus back to the PD. As more research focuses on the
use of PDs for representing shapes, the desire for searching for a nearest neighbor in a
large set of PDs has become more prevalent [2, 26,43, 64,76, 100]. The most common
methods of comparing PDs to one another is by computing the bottleneck and Wasserstein
between two diagrams. However, computing these distances is costly when comparing a
large set of diagrams (e.g., thousands or millions). For example, querying for the nearest
neighbor under the bottleneck distance in a set of n PDs, with at most m points per

diagram, takes O(nm'®logm) using a state of the art approach developed by Kerber et
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al. that utilizes k-d trees and geometric point matching (as opposed to combinatorial)
[68]. Researchers have explored alternative methods of representing size functions, i.e.,
functions that track connected components throughout a continuous function (such as
a height function) on a topological space [57], and extended these results to improve
the speed of comparing persistence diagrams using a complex vector representation of
the diagrams [44]. However, these approaches do not offer theoretical guarantees (i.e.,
approximation bounds) on the performance. Wang et al. provide stability results for
persistence diagrams using a polynomial representation [101]. However, the approach does
not offer lower-bounds on distances between the polynomials, limiting the applicability to

nearest neighbor queries. Thus, we pose another research question.

Research Question 3 (Searching Persistence Diagrams). Given a set of n PDs I" with at
most m points per diagram and a query diagram @), can we develop an efficient approach
for finding an approximate nearest neighbor(s) for ) in I' with bounds on the returned

diagrams in terms of the nearest neighbor(s)?

We explore this question further in Chapter 4, with our work from [51], and offer the
first theoretical guarantees on searching for approximate nearest neighbors in the space of
PDs. Specifically, we provide improved search time for the nearest neighbor and k-nearest
neighbors, for large values of n, proving that the returned diagrams are a constant factor

approximation, in terms of bottleneck distance, of the nearest (or k-nearest) neighbor.
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CHAPTER TWO

TDA BACKGROUND

Research in TDA often focuses on tracking and quantifying the magnitude of
topological features in data [2, 74, 88]. In this chapter, we introduce several definitions
and develop a framework for generating various descriptors that encode topological and
geometric information about data. For consistency, we follow many of Edelsbrunner’s
and Harer’s definitions closely [48]. In Chapter 3, we consider the problem of identifying
a set of topological descriptors that encode the geometric and topological properties of
a “shape”. Before venturing into these contributions, we make consistent our notion of

“shape” that is utilized in this dissertation.

2.1 Data Representation

In this dissertation, we represent shapes as simplicial complexes.

2.1.1 Simplicial Complexes

First, we introduce geometric building blocks called simplices, see [48, §II1.1]. A k-
simplex is a k-dimensional generalization of a triangle defined by k£ + 1 points, where the
k+ 1 points vy, vy, . . . , vy, are affinely independent, meaning that vy — v, vo — Vg, . . . Uy — Vg

are all linearly independent.

Definition 1 (Geometric Simplex). Let vy, v1, ..., v, € R be k + 1 affinely independent

points. A k-simplex is the convex hull of the points vy, vy, . . . U.

Affine independence is necessary to avoid degeneracies such as three collinear points
points defining a two-simplex (i.e., a flat triangle). We use simplices as components for

constructing shapes by carefully linking them with no improper intersections. For example,
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a one-simplex o is composed of two zero-simplices 7; and 7. We say that 7; and 7 are
faces of o, written 71 < 0 and 7» <X 0. In fact, for any k-simplex o, if 7 < o, then 7 is a

face of o.

Definition 2 (Geometric Simplicial Complex). A simplicial complex K C R? is a finite set

of simplices with the following properties:
1. Ifo e Kand 1T < 0, thenT € K.

2. Ifo,0 e KandoNo' # 0, thenoNo' € K

While abstract simplicial complexes are also well-defined without an embedding
(see [48, §III.1]), we focus our attention on the geometric form. If K C R is a simplical
complex, then we let K; denote the i-skeleton of K. For example, K are the zero-simplices
(vertices), K, are the one-simplices (edges), etc.. Moreover, we write n; = |K;| to
denote the number of i-simplices. If o € K and 7 <X o, then 7 is a face of ¢ and o
is a coface of 7. Common examples of simplicial complexes utilized in practice include
triangle meshes (see [96] for extensive examples and discussion), embedded graphs, and
point clouds. Furthermore, efficient data structures exist for for storing (and simplifying)
simplicial complexes [9,41]. De Floriani and Hui offer insight into the different classes
of data structures for simplicial complexes [42]. The availability and effectiveness of
data structures for simplicial complexes make them an attractive choice for representing

complex data.

2.1.2 Graphs

Throughout this work, we focus much of our attention on graphs. A graph is a
simplicial complex composed only of zero-simplices and one-simplices; we denote a
graph as G = (V, E), where V and E are the zero- and one-simplices, respectively.

When G C RY we say that G is an embedded graph. When d = 2 we refer to an
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embedded graph G as a plane graph. Note that plane graphs are planar graphs with a

specified embedding.

2.2 Simplicial Homology

Simplicial homology groups associate algebraic structure with connected compo-
nents, cycles, and higher-dimensional voids. We follow the definitions of homology
presented in [48, §VII.1] but note that there are several well-established texts on the
material, we recommend the following for further reading [48,62,87]. To define homology
groups, we first define a method of relating the i-simplices to their (¢ — 1)-dimensional
faces. Defining this relationship enables us to talk about “boundaries” and “cycles”. The

linear combinations of i-simplices of K form an i-chain

Ol:{ Z CLjO'j|CLj€ZQ}.

O']'E]Ki

For the sake of simplicity, we only consider coefficients in Z,, denoting the explicit
inclusion or exclusion of some o in the ¢-chain. The set of ¢-chains C; forms an abelian
group, called a chain group, with the operation of addition modulo two. Then, the boundary
of a i-simplex is
i
00 = Z[uo,...,dj, e U
j=0

where 1; denotes the exclusion of the simplex u; [48, §IV.1]. By excluding a single zero-
simplex at a time in the summation, we are summing the (i — 1)-dimensional simplices
that compose o. For example, consider the two simplex 7 with zero simplices vy, v1, Vs.
Following the definition of a boundary, we have dyo = [v1, vs] + [vg, v2] + [vg, v1], which

are exactly the edges of 7. Since the set of ¢-chains with modulo two addition is an abelian

group, we can also consider the boundary of i-chain (i.e., a sum of simplices) ¢ is the sum



of the boundaries of the faces of ¢,

@gzﬁ = Z ajaiaj.
gj [S)
The boundaries of i-chains form homomorphisms and we can define maps from C? to C~1,

relating chains to their respective boundaries:

Voo &y o Sy

Now, we return to the task at hand, identifying “cycles”. Let ¢ be an i-chain, we
call ¢ and i-cycle if 0 = 0, i.e., the (i — 1)-simplices bounding ¢ sum to zero with Z,
coefficients. We note that, intuitively, these are cycles because there are two copies of
each (¢ — 1)-bounding simplex which sum to zero in modulo two arithmetic. Again,
consider the boundary of the two-simplex 7 with vertices v, vy, v2; we recall from above
that the boundary map 0,7 = [v1, Vo] + [vo, V2] + [vo, v1]. If we evaluate the sum further, we
find that there are two copies of each vertex, making the sum zero in modulo two arithmetic.

We see that i-cycles lie in the kernel of 0;. We follow notation introduced in [48,
Page 80] and refer to this group of ¢-cycles as Z;. Next, we want to differentiate between
cycles and “boundaries”, i.e., cycles that bound a higher dimensional face, such as the
example with 7 above. Then, an i-boundary is a chain of i-simplices bounding an (i + 1)
simplex in K, i.e., elements of the image of ;1. Again, we follow the notation of [48,
Page 80] and denote the i-boundaries as B;. We note that B; is a normal subgroup of Z;,

which is a subgroup of C;. The quotient group
H; = Z/B,

is the i™ homology group. In words, this group represents the set of i-cycles that do
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not bound an (¢ + 1)-simplex. Furthermore, H; is a set of homology classes containing

homologous i-cycles with arbitrarily chosen representatives.

2.3 Filtrations

In order to measure the magnitude of the features described in the homology groups
for a simplicial complex K C R?, we formalize a method for considering the components
of K piece by piece and tracking topological and geometric changes as they occur. In
the context of this dissertation, filtrations provide a means of assigning an ordering to
different simplices. This ordering is critical for computing topological descriptors such
as persistence diagrams and Euler Characteristic Curves (described in Section 2.4 and
Section 2.6, respectively). Let

fTK—=R

be a function mapping simplices in K to the reals such thatif o < 7 € K, then f(0) < f(7).
For i € R, we also define an inverse f~' : R — K with K* = f~!(00,4] composed of
simplices o € K with f(o) < 7. Notice that K* is also a simplicial complex (referred to as
an subcomplex) because any simplex o included in K* has the property that f(7) < i for

all 7 < o. Then, f induces a sequence of subcomplexes

f=K°CK!'C...CK"=K,

referred to as a filtration and we may refer to f as a filter function.

One common filtration that we employ frequently in our work is the lower-star
filtration. We note that this version of the lower-star filtration is presented as described
in our previous work [11] but the definition we consider originates in [38,48]. Let S?!

be the d-dimensional unit sphere centered at the origin and let s € S%~! be a unit vector
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Figure 2.1: Example demonstrating the intuition behind a lower-star filtration on a
simplicial complex in direction (0, 1).

intersecting S~!; we define the lower-star filtration with respect to direction s in two steps.
First, we let Hy : K — R be defined for a simplex ¢ C K by H(0) = maxye, v - s,
where x - y is the inner (dot) product and measures height in the direction of unit
vector yy where both z and y are treated as vectors in R?. Then, for each j € R, the
subcomplex K’ := H !((—o0, j]) is composed of all simplices that lie entirely below or at
the height j, with respect to the direction s. Notice K C K7 for all i < j and K = K/
if no vertex has a height in the interval [i, j]. The sequence of all such subcomplexes,
indexed by R, is the lower-star filtration, an example is provided in Figure 2.1. However
we note, that with a finite simplicial complex there are a finite number of subcomplexes
which include new simplices, as such, the number of subcomplexes in H, for which we
need to store is finite. We also simplify notation and simply refer to the lower-star filtration
as H when the simplicial complex is clear from context. Since we limit our domain to

simplicial complexes, we may also refer to this filtration as a height filtration.

2.4 Persistence Diagrams

Persistent homology is a method of quantifying the magnitude of topological features
in a filtered space by tracking them in subcomplexes. We follow the definitions and
descriptions of persistent homology introduced in [48, §VIL.1]. Given a filtration on

a topological space, the i-th persistence diagram tracks the homology classes of the i-
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dimensional homology group across the different subcomplexes of the filtration. Moreover,
we can consider the i homology group of each subcomplex. The subcomplexes are
connected by inclusion maps, meaning that if a simplex ¢ € K? then ¢ also must be in K¢
for all p < ¢. As such, the inclusions in the filtration induce inclusions in the homology
groups that, in turn, induce homomorphisms between the " simplicial homology group

for K” and the ™ simplicial homology group of K? whenever p < ¢,
H;(K%) — Hy(K') — ... = Hy(K") = H(K).
We denote the homomorphism from H;(K?) to H;(K?) as
g Hy(KP) — H;(KY),

and can write

H;(K°) LN H; (K" LR H;(K") = H;(K).
In accordance with [48, Page 151], the i persistent homology groups are the images of the
homomorphisms H? = img!*?. We also define the i persistent Betti number 3! as the
rank of the simplicial homology group H™?. Intuitively, the i Betti number “counts” the
number of i-cycles that persist between K? and K9.

We utilize the concepts of persistent homology groups and persistent Betti numbers
to track homology classes between different subcomplexes in a filtration. The first index
for a homology class appears is referred to as the birth time of that class. When a class
in K’~! merges with another entering K’ then the class dies entering K. Moreover, we
see that H"? = H,;(KP) if p = ¢. For p < ¢, the homology group H!? contains homology

classes that are alive in K? and remain alive entering K?. When classes merge, we follow
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the Elder rule, which requires the homology class with the later birth time to merge into
the class with the earlier birth time. We note that birth or death times of a homology class
may be infinite. For example, consider a lower-star filtration on a simplicial complex with
a single connected component. In the zeroth homology group, we have a homology class
born at the height of the first vertex and this class will persist infinitely since it will never be
absorbed into another homology class due to the Elder rule. The persistence of a homology
class is the death time of the class, minus the birth time, and, intuitively, measures the
magnitude of particular homology classes.

To track the persistence of the homology classes, we plot their birth and death times
as points in the extended plane R (i.e., R? along with an explicit point at co). Since
two classes may appear and disappear in the same subcomplexes as one another, we count
each point in R with multiplicity equal to the number of classes that share the same birth
and death time. To count the multiplicity of a point (p, q) € R representative of classes
that are born in K” and die entering K9, we count the classes that are alive in K” that
die entering K?. However, this sum may count classes that are alive strictly before K”
and die entering K9, so we subtract these classes from our sum. Formally, we follow the
notation in [48, Page 152] and define, for i-dimensional persistent homology classes, the

multiplicity of each point (p, q) € R’ for p < qas

, q—1 , —1,q-1 —1,
W= (T ) = (T = ).

Thus, u?"? counts exactly the i-dimensional homology classes that are born in K” and die

entering K?. Moreover, we can consider these multisets of points for each value of ¢ € Z.

Definition 3 (Persistence Diagram). Let f be a real-valued filter function on a simplicial

complex K C R Let A denote the points along the y = x line. The i persistence

diagram, denoted D;(f) C EQ, is the multiset of points (b,d) for b < d, each with
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multiplicity u?’d along with points on the diagonal A with with infinite multiplicity.

Next, we describe one method of measuring distances between persistence diagrams.
Given persistence diagrams of arbitrary dimension D.(f) and D.(f’), we consider a
bijection ¢ : D.(f) — D.(f") between the points of D.(f) and the points of D.(f’). Recall
that both D.(f) and D.(f’) contain points along the y = z line with infinite multiplicity
and both diagrams contain a multiset of off-diagonal points. Thus, a bijection ¢ always
exists since we can always match a point p € D.(f) with ¢(p) € D.(f") where ¢(p) lies
on the y = x line. We measure the distance between p € D.(f) and ¢(p) € D.(f’) by the

distance between p and ¢(p), ||p — @(p)||oo-

Definition 4 (Bottleneck Distance). Let D.(f) and D.(f') be persistence diagrams. Let
the function ¢ : D.(f) — D.(f") be a bijection between the two diagrams. The bottleneck

distance between D.(f) and D.(f') is

dB(D-(f),D(f’)):igf sup |[p — &(p)loo:
peD.(f)

taken over all bijections ¢.

We include an example of the bottleneck distance between two diagrams in Figure 2.2.
In practice, computing the bottleneck distance relies on computing a perfect matching
between the points of two diagrams and minimizing the length of the longest edge in the
matching; see [48, §VIIL.4] and [68], which use results from graph matching [50,65,71,78].
Moreover, the space of persistence diagrams under the bottleneck distance is a metric space
(see discussion [48, §VIII.2] and [29,30]). However, the metric space is not complete [81].

Persistence diagrams (PD) are stable, i.e., small changes in the underlying real-valued
function f are reflected as small changes in the persistence diagram [37]. Moreover,

points near the diagonal often represent topological noise and points far from the diagonal
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Figure 2.2: An example of a bijection between diagrams D.(f) (the solid black points)
and D.(f") (the circles). Notice that D.(f) and D.(f") have a different number of off-
diagonal points. However, points in either diagram may match with the diagonal.

typically represent topological features that are significant in practice; research in statistics
has been conducted to separate “noise” from “signal” in persistence diagrams [53]. We
provide an example of the zeroth APD on a plane graph in Figure 2.3. We also note that
a persistence diagram can be represented as a set of half-open intervals (barcodes) in the
form of [b, d) as in [31,103].

For a more in-depth review of persistent homology (and persistence diagrams) we
refer the reader to [48, §VII]. Research into persistence continues, some recent areas of
interest include improving runtimes for computing persistence [20,83,85], developing tools
for computing persistence [1,10,52], and extending work into multidimensional persistence

modules [23,24,27,75,95].
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Figure 2.3: The zeroth augmented persistence diagram on a plane graph with height
filtration chosen in direction (0, 1) € S'. We follow connected components as they appear
in the filtration (birth times, emphasized using horizontal lines at vertex heights) and are
merged with other connected components (death times) in the diagram on the right side of
the figure. The two points in the diagram with infinite death time are representative of the
homology classes corresponding to the two different connected components.

2.5 Augmented Persistence Diagram

Next, we present a version of the persistence diagram that encodes additional
geometric information in the form of “on-diagonal points”. We refer to the descriptor as
an augmented persistence diagram (APD). We defined and leveraged a version of the APD
in our work in the past based on pairings from computing persistence [11, 12,56, 80], and
offer a formal definition for the APD here. First, we introduce a lemma relating simplices
being included in a filtration and the change in the resulting Betti numbers. We omit the

proof, but refer the reader to [48, pp. 120-121] for more details.

Lemma 1 (Adding a Simplex). Let k € Z>o. Let L C K be simplicial complexes that

differ by a single k-simplex. Then, exactly one of the following is true:
1. Bp(K) = Br(L) + 1,

2. Bpa(K) = Bre-1(L) — 1.
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Next, we define a filter function function that enables us to identify a correspondence
between simplices and points in a persistence diagram. Let K € R¢ be a simplicial complex
with n simplices. Let f : K — R be a filter function on K. Then, we define a corresponding
index filter function:

idy : K —{1,2,...,n},
such that for simplices 7,0 € K we have the following:
L. if f(o) < f(7), thenid¢(o) < ids(7),
2. if f(o) = f(7) and 0 < 7, thenid;(0) < ids(7).

Note that the choice of index filter is not unique and id; is a bijection. We consider the
filtration

{K* :=id; 1[0, 4] }7,.

Since, the subcomplex K’ \ K~! is a single simplex, the number of distinct subcomplexes
is equal to the total number of simplices in K. Moreover, we have that for any two distinct
simplices 7,0 € K, id;(7) # id¢(c). By Lemma 1, the filter function id; on a simplicial
complex results in all simplices being associated with birth or death event in the resulting
persistence diagrams. Thus, all birth-death pairings in D(id;) have positive persistence,

and the filter function id leads us to the following corollary.

Corollary 1 (Coordinate Bijection). Let K C R? be a simplicial complex. Let f : K — R
be filter function and id; be an index filter function corresponding total f. For k > 0, the
k-simplices of K are in one-to-one correspondence with the finite birth coordinates of the

points in Dy (idy) and the finite death coordinates in Dy_;(idy)

For reconstruction, this one-to-one correspondence is useful for identifying specific
simplices. As such, we introduce the augmented persistence diagram to encode this pairing

for general filter functions.
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Definition 5 (Augmented Persistence Diagram). Let R’ denote the extended plane and f a
filter function on a simplicial complex K C RY. Let id; be the index filter function defined

by f. Let
A= {(f(idf(b)% J(id (@) | (b.d) € Difidy),b < d}

and

B= {(f(z’dfl(b)), fid; () | (b,d) € Di(idy),b = d}.

The i augmented persistence diagram is the triple
EZ(f) - (A7 BJ A)?

where A is the multiset of points (x, x) with infinite multiplicity.

The first set A includes the off-diagonal points present in a persistence diagram, the
second set B, includes the points with equal birth and death times, and the third set A is the
diagonal with infinite multiplicity. A point in the i™ APD refers to a point in the set A U B,
ie., (b,d) € Di(f)isread (b,d) € AU B.

Intuitively, the the " APD is a PD that allows points (b, d) with b = d (i.e., on-
diagonal points). When we illustrate the i APD, as in Figure 2.3, we include both sets
and the diagonal to clearly differentiate between off- and on-diagonal points. Moreover,
thinking about the APD as a PD that allows points with zero persistence may be helpful
for those familiar with PDs. We often employ the lower-star filtration Hy, for s € S%1!,
and we write D;(s) when the context is clear. By Lemma 1, given an unknown simplicial
complex K and a lower-star filtration in direction s € S?!, we can define a one-to-one
correspondence between KK, and the birth coordinates in Dy (s).

The definition of the APD, along with Corollary 1, lead us to the following corollary,

yielding a method of counting simplices using birth-death events [56, Corollary 5].
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Corollary 2 (Simplex Count). Leti € N, ¢ € R with ¢ # 0, and s € S*"L. Then, the

number of i-dimensional simplices of K that have height c is:
{(a,b) € Di_1(s) | b=c} U{(a,b) € Dy(s) | a=c}|.

We bound the size of APDs when considering specific types of simplicial complexes.
For example, if G is a graph, then the maximum number of edges in G is ng(ng — 1)/2,
and so |E| = O(n?). In the case when G is a plane graph, | E| = O(ny) due to the planarity
of G. Furthermore, an APD has at least ny points from the vertices in G corresponding to
births in the zero-dimensional diagram. These observations yield the following corollary

(originating from our work [12, Corollary 2]) on the number of points in APDs for graphs.

Corollary 3 (Size of Augmented Persistence Diagrams). Let G be an embedded graph
with ng vertices and n, edges. Then, an augmented persistence diagram computed for G
has ©(ng + ny) = O(n?) points. When G is a plane graph, the augmented persistence
diagram has ©(n) points. In general, if K C R% i > 1, and s € S, then the augmented

persistence diagram D;(s) has O(niyt) = O(ngn;_,) points.

Moreover, we transform an APD into a PD by dropping the on-diagonal points. This

transformation enables us to extend the bottleneck distance to APDs.

Definition 6 (APD Bottleneck Distance). Let (A, B,A) and (A’, B',A) be augmented
persistence diagrams. Let D1 = AU A and D, = A’ U A, and observe that D, and
Dy are persistence diagrams. The bottleneck distance between (A, B, A) and (A', B', A)
is defined as

dB((A7 37 A)? (A/7 Bl? A)) = dB(Dh D2)

= inf sup [|p — ¢(p)|| o>
¢ peD,
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where ¢ ranges over all bijections between D and D..
Moreover, the bottleneck distance is a pseudometric in the space of APDs.

Corollary 4 (APD Pseudometric). The bottleneck distance in the space of APDs is a

pseudometric.

Proof. Since the bottleneck distance is a metric in the space of PDs, all of the metric
properties extend to the space of APDs, except for the identity of indescernibles. For
example, let z € R and consider the APD (), (x,x), A) with one on-diagonal point and
the APD (), 0, A) with zero points. Then, since (z, z) has persistence zero, the bottleneck

distance dg((0, (z,x), A), (0,0, A)) = 0 even though (0, (z,z), A) # (0,0, A). O

2.6 Euler Characteristic Curves

The Euler characteristic is an alternating sum of the number of k-dimensional faces
of simplicial complex K and denoted as the function y : K — Z. It serves as a
topological descriptor and, moreover, a homotopy invariant. In this paper, we define the
Euler characteristic in the context of simplicial complexes to maintain consistency. If

K C R?is a simplicial complex, then

X(K) =) (1) [Kil.

=0

Moreover, we can track the Euler characteristic over a filtered simplicial complex. We

adopt the following definition from [14].

Definition 7 (Euler Characteristic Curve). Let K C RY be a simplicial complex, and f be

a filter function on K. The Euler characteristic is the piecewise constant function

XfIR—)Z,
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where, for i € R, x4(i) is defined by

Xr i = x(fH (=00, i)

In this dissertation, the Euler characteristic curve (ECC) is often used to track the
Euler characteristic at each subcomplex of a lower-star filtration H, in direction s € S
Thus, when the context is clear, and we wish to consider the entire simplicial complex K,
we may simplify notation to y, or simplify call it the ECC in direction s. We can see an
example of an ECC in Figure 2.4. Since the ECC is a piecewise constant function, we can

also view the curve as a set of pairs

S(xr) = {([b, d), xr(b)) | there exists e > 0, x (i) = x¢(i + €) and any 7 € [b, d)}

Intuitively, this set contains the closed-open intervals for which the Euler characteristic
remains consistent in the filtration. Moreover, we assume our simplicial complexes are

finite and, as a result, the set of intervals is also finite.

|

| |
01 2 3 4
Euler Characteristic

Figure 2.4: The Euler characteristic curve on a plane graph with height filtration chosen
in direction (0,1) € S'. We track the Euler characteristic x over each subcomplex in the
filtration, plotting the values in the (rotated) diagram on the right.
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2.7 Augmented Euler Characteristic Curve

Next, we define an augmented version of the Euler characteristic curve in the same
way that we defined the APD. Let f : K — R be a filter function and recall the index
filter idy : K — Z, from Section 2.5. Then, we consider the interval representation of
an ECC, using the index filter, and generate a set of intervals representing the augmented

Euler characteristic curve (AECC).

Definition 8 (Augmented Euler Characteristic Curve). Let K C R be a simplicial
complex, and f be a filter function on K and 1 € R. Let idy be the index filter function

defined by f. The Augmented Euler characteristic is the function
X7 i x(fH (—o0,d]),

with interval representation

75 {([f@dfl(b),f<z'df1<d>>),><f<b>) [ bod) € s<xidf>}.

The primary difference between the AECC and the ECC is that the AECC may contain

empty intervals of the form

([6,0), x£(b))-

The inclusion of these intervals, like with the APD, enables us to establish a correspondence
between the values of the intervals in the AECC and the vertices in the simplicial complex.
Moreover, by Lemma 1, there is a one-to-one correspondence between the vertices and
interval values of y;q,. In other words, the AECC encodes vertex heights relative to a

particular filtration direction.
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CHAPTER THREE

RECONSTRUCTING SIMPLICIAL COMPLEXES

Shape representation and comparison has been a longstanding research problem in
the field of computer science. Many geometric approaches have been developed for the
purposes of shape comparison (see surveys [3, 15,22,97]). Additionally, topology-based
methods have received substantial attention; some focus on shape representation [11,12,15,
25,40,43], others focus on methods for general shape comparison [76,91, 100], and some
focus on developing comparison methods for specific problem domains [39,64]. Several of
these approaches utilize the persistence diagram (or augmented versions of the persistence
diagram) [11, 12, 40, 43, 64, 76, 91, 100]. In data where capturing information about
connectivity and density is valued, topological features are indispensable. For example,
research has been conducted using a topological transform (the smooth Euler characteristic
transform) on magnetic resonance images of Glioblastoma multiforme tumors [39], the
persistent homology transform on microCT scans of primate heel bones [100], and
persistence on porous materials [43].

We focus our attention on the persistent homology transform, a new technique
introduced by Turner et al. that is gaining popularity for shape representation [100]. The
transform maps a simplicial complex (in R? for d = 2, 3) to an uncountably infinite set of
PDs. Each PD is generated by a height filtration from a direction chosen intersecting S%.
As a result, we can think of the uncountably infinite set of PDs as being parameterized
by directions in SY~!. Curry et al. proved that there is a discrete representation of the of
the persistent homology transform for simplicial complexes in R? [40]. Furthermore, inde-
pendent, but simultaneous, research proved that many topological transforms are invertible

on simplicial complexes [40, 58] and on cubical complexes [14]. The parameterized set
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of persistence diagrams is sufficient for representating a shape, i.e., we can differentiate
between shapes using their respective parameterized sets.

However, for simplicial complexes in R?, current discrete representations of the
persistent homology transform are dependent on the local “flatness” (i.e., embedding)
of shapes [40]. Furthermore, the transforms described by Curry et al. [40] and Ghrist
et al. [58], while invertible, do not offer an explicit algorithm for reconstructing the
shape itself and the inversion method used by [14] is developed for voxel-based cubical
complexes. Turner et al. proved the sufficiency result in R? and R? using a constructive
argument but a formal algorithm has not yet been described for simplicial complexes
in R? [100]. Motivated by the construction introduced in [100, Theorem 3.1], we provide
an algorithm for reconstructing embedded graphs in R? (and later in R%) [11,12,56]. For a
more detailed look into the state of inverse problems in TDA see the survey by Oudot and
Solomon [90]. The problem of reconstruction of general interest because the resulting set
of descriptors used for reconstruction can also be used to differentiate the shape from other
shapes. As such, algorithms reducing descriptors used for reconstruction also reduces the
number of descriptors for representing the shape.

In this chapter, we work towards developing algorithms for reconstructing simplicial
complexes using finite sets of APDs. More generally, this chapter focuses on addressing
Research Question 1 using APDs. We also consider the problem of reconstruction using
other descriptors, offering insight into Research Question 2. The chapter is organized
as follows: we provide preliminaries and necessary background in in Section 3.1,
develop predicates for reconstructing simplices in Section 3.2, describe two algorithms
for reconstructing vertices in R? in Section 3.3, utilize predicates to identify edges in
Section 3.4, and generalize these techniques to simplices in R? in Section 3.5. These
sections address Research Question 1. We go on to discuss challenges in reconstruction

when using various descriptors in Section 3.6 and Section 3.7, addressing Research
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Question 2. We also experimentally investigate the prevalence of some of these challenges
in Section 3.8. Finally, we provide insights into the cost of failing to reconstruct some

simplices in particular classes of simplicial complexes in Section 3.9.

3.1 Preliminaries

In what follows, we consider simplicial complexes in K C RY, for d > 2. For vertices
and edges, we may let V = Ky and £ = K, in some circumstances in this chapter. We
denote the degree of a vertex v € K as deg(v). A k-simplex o € K, is uniquely identified
by k+1 vertices, which we denote by verts(c) = {vg, v1, . .., v }. Lete; be the i standard
unit basis vector in R%. That is, e; is a unit vector with the value zero as all its coordinates
but coordinate i and has the value one as its i coordinate. When we consider a vertex
v € R? we write the coordinates of v = (v?1,v@2, ... v(@d). We adopt our general

position assumption from [56].

Assumption 1 (General Position). For any two vertices v = (v, v® ... v and v' =
(v, 0@ 0 DY) embedded in RY and for all 1 < i < d, v # v%'; also, v,v'" are
not equidistant from the origin. Any set of d + 1 vertices are affinely independent. Finally,
no three points are collinear in the subspace R?> C R? spanned by the e, and e, standard

basis vectors.

The first assumption makes height filtrations on simplicial complexes in axis-parallel
directions (i.e., ¢; for i € {1,2,...,d}) easier, since no two vertices will lie at the same
height. The assumption that no two vertices are equidistant from the origin allows us to
apply an optional parabolic lifting map that preserves the first property if the maximum
simplex dimension in the complex is equal to d (see Definition 13). The assumption that
any d—+ 1 points are affinely independent ensures that we can choose initial, and subsequent,

directions to isolate simplices when developing predicates for simplex reconstruction.
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The final assumption provides a method of considering a subspace of R? where we can
efficiently reconstruct one-simplices. We note that, in practice, these general position
assumptions can be realized using well-studied perturbation techniques [21,49, 102].

Note that any set of k£ + 1 vertices X = {vg,vy,..., v} satisfying Assumption 1
has the property that span{v; — vg, vs — g, ..., Ux — vg} defines a k-dimensional affine
subspace of RY, denoted aff(X). Given a simplex o, we may use the notation aff(c) to
mean the affine space aff (verts(o)).

To highlight the relationship between the birth-death pairs in an APD and the
simplices in K, we define a structure (from our work [12, Definition 3], we include an
updated version from [56, Definition 6]) that will be used throughout the remainder of the
dissertation to talk about lower-star filtrations on K. This structure provides a method of

visualizing the problem and gives geometric intuition for several proofs that follow.

Definition 9 (Filtration Hyperplane). Let s € S~ be a unit vector, and let ¢ € R. We
define the filtration hyperplane at height ¢ as the (d — 1)-dimensional hyperplane, denoted
{(s,c), that passes through the point cs € R? and is perpendicular to s. We define the
closed half-spaces above and below this hyperplane by H' (s, c¢) and H*(s, c), respectively.
Given a finite set of vertices V. C R%, let f: V — R be the height function in direction s.

The filtration hyperplanes of V' are the set of hyperplanes

L(s, V) := {{(s, f(v)) }vev-

Figure 2.3 from Chapter 2 offers an example of filtration lines in R? corresponding to
the points in an APD. We note that all hyperplanes in (s, V') are parallel to each other and
perpendicular to the direction s. The hyperplane ¢(s, f(v)) defines all potential locations
for v. Since the births in the zero-dimensional diagram are in one-to-one correspondence

with the vertices of the simplex complex K by Lemma 1, a single diagram suffices to
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construct (s, V') and can be done in O(ny) time.

However, not all descriptors provide such a descriptive relationship to the simplices
in a complex (we pull the following results from our work [55]). For example, the ECC
does not always generate full sets of filtration hyperplanes. We see examples of this in
Figure 2.4 from Chapter 2, where some of the lines do not correspond to changes in the
ECC, these lines would not be included as filtration lines. As such, we refine our definition

of filtration hyperplanes (filtration lines in R?) for the ECC:

W(s, V) ={l(s,h) | Teo > 0Ve € (0,¢) : xs(h —€) # xs(h+€)}.

This set corresponds to the subset of vertices in the vertex set V' that are witnessed from s
through the ECC ;. As such, we refer to these lines as witness lines. Some examples of
situations in which vertices are not witnessed are if the vertex is included in the filtration
at the same time as an edge because the vertex being added will be canceled out by the
inclusion of the edge in the Euler characteristic value. Similarly, a vertex will not be
witnessed if included in the filtration at the same time as two edges and a two-simplex.
Furthermore, we note that a vertex v lying on a filtration line from s does not necessarily
imply that v is witnessed from s, i.e., it could lie on a witness line for another vertex if they
lie at the same height from s. This distinction between filtration hyperplanes and witness
lines is important because vertices which are not witnessed can not be reconstructed. We
realize this observation by noticing that we can not determine any coordinates for a vertex
without an associated witness line from a particular direction. This observation leads us to
the following lemma which proves that there exist simplicial complexes in R? for which

the ECC can not be used for reconstruction.

Lemma 2 (Witness Lines). There exist simplicial complexes K C R? and vertices v € K

such that the ECC does not witness v from any direction.
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Proof. Let K be any straight-line embedding of /{, meeting the requirements in Assump-
tion 1 and let each cycle bound a two-simplex (i.e., the complex has three two-simplices).
K is a convex polygon with a single interior vertex (i.e., on the boundary) v € K,. We prove
that there does not exist a s € S* such that v is witnessed by . Assume, for contradiction,
that there does exist a s € S! such that , witnesses v. We note that v is interior and from
any direction s € S*, there exists a v’ € K, such that s - v/ < s - v.

We consider the two possible scenarios for x at time s-v: the situation in which there
exists one vertex below v and the situation in which two vertices lie below v with respect
to direction s. If one vertex v € K lies below v then so does a single edge (v,v’) € K;.
Since K is a complete graph, the edge (v, v’) is included in the filtration at time s - v. The
inclusion of (v, v’) cancels out the inclusion of v in the Euler characteristic and x; does not
change at time s - v, a contradiction. Then, in the case where two vertices v',v” € K, lie
below v with respect to the direction s, we also have two edges and a two-simplex, included
at time s- v by the construction of K. Then, the single zero-simplex and two-simplex cancel

out the two one-simplices and Y does not change at time s - v, a contradiction. [

The presence of codimension zero simplices lead to the types of problems described in
Lemma 2. Oftentimes, these situations can be avoided with general position assumptions.
Next, we consider more general results that motivate the research in this chapter relating

filtered simplicial complexes and their respective diagrams.

3.1.1 Persistent Homology Transform

The persistent homology transform (PHT) was first introduced in 2014 [100]. Let
K C R? be a simplicial complex. When considering general dimensions, the PHT
considers a simplicial complex K € R¢ and the parameterized set of all directions
corresponding to unit vectors s € S?!. This uncountably infinite set of directions

correspond to an uncountably infinite set of persistence diagrams (one for each dimension),
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parametrized by the directions and resulting height filtrations.

Definition 10 (Persistent Homology Transform). Let K C R? be a simplicial complex.
Let S' be the unit sphere in R and D denote the space of persistence diagrams. The

persistent homology transform is a function

PHT(K) : S*! — D%,

where, for each s € S, the function maps

PHT(K) : s — D;(H,),

foralli e {0,1,...,d}.

3.1.2 Euler Characteristic Transform

Recently, Turner et al. and Crawford et al. investigated and utilized the Euler
Characteristic Transform (and Smooth Euler Characteristic Transform) [39, 100]. Like
persistence diagrams and the PHT, we can consider the ECCs and define an Euler
Characteristic Transform (ECT). Intuitively, we are considering a transform from a
simplicial complex to the space of ECCs where the set of ECCs generated is parameterized
by directions on S?~1. Each direction determines a filtration on the simplicial complex and

a resulting ECC.

Definition 11 (Euler Characteristic Transform). Let K C R? be a simplicial complex and

S9! be the unit sphere in R%. The Euler characteristic transform is a function

ECT(K) : S — Z¥,
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where, for each s € S, the function maps

ECT(K) : s — xs

3.1.3 Properties of the PHT and ECT

The PHT and ECT are injective when the domain is simplicial complexes in R? and
R3 by [100, Theorem 3.1 and Corollary 3.2]. In other words, we can differentiate between
two simplicial complexes using the PHT. The proof of injectivity uses a constructive
approach where it is shown that you can determine the simplices in a simplicial complex
using the diagrams of the PHT. Both transforms were also shown to be injective in R¢
by simultaneous, but independent, work (Curry et al. [40] and Ghrist et al. [58]) using an
inversion formula of Schapira [94] applied to the PHT and ECT. Furthermore, Curry et
al. went on to prove a finite bound on the number of directions necessary to represent
an unknown geometric simplicial complex K in R¢ from Euler characteristic curves,
i.e., using a finite subset of curves from ECT(K) [40]. First, the embedding for the
vertices of K are determined using an assumed lower bound ¢ on the local geometry
around any given vertex (discussed more in Section 3.7). The vertices are discovered by
generating topological summaries (i.e., Euler characteristic curves or persistence diagrams)
by choosing directions in S¢~! based on ¢ to ensure that the embedding of each vertex is
identified. Then, the (d—1)-dimensional sphere is stratified using hyperplanes that intersect
pairs of vertices. Directions from each stratum are sampled to generate a parameterized
set of Euler characteristic curves. Theorem 7.14 of [40] shows that this parameterized
set of Euler characteristic curves sufficiently represents K with a finite number of Euler
characteristic curves (or persistence diagrams). However, these bounds are dependent on
assumptions about the curvature of the complex and are exponential in the dimension.

While ECCs require only linear time to compute, we focus our attention on a variant
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of the PHT using APDs instead of PDs. APDs encode additional geometric information
that allows for bijections between points in the diagram and vertices in the complex,
permitting different algorithmic approaches to reconstruction. As such, we also introduce

the augmented persistent homology transform (APHT).

3.1.4 Augmented Persistent Homology Transform

Like with the PHT and ECT, we can also consider a transform mapping a simplicial
complex to a set of APDs parameterized by directions on the unit sphere. Each direction

determines a filtration on the simplicial complex and a resulting APD.

Definition 12 (Augmented Persistent Homology Transform). Let K C R? be a simplicial
complex. Let S™' be the unit sphere in R? and D denote the space of augmented

persistence diagrams. The augmented persistent homology transform is a function
APHT(K) : S*' — D,

where, for each s € S*1, the function maps
APHT(K) : s + D;(H,),

forallie€ {0,1,...,d}.

One of the major contributions of this dissertation is providing an algorithm for
reconstructing simplicial complexes in R? using a finite set of diagrams from the APHT.
By reconstructing the simplicial complex, we provide an inverse for the APHT, in the form
of an algorithm with time and diagram complexity analysis, and prove the injectivity of the
APHT, see Theorem 8. Next, we introduce an oracle that provides APDs for the purposes

of our reconstruction algorithms.
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3.1.5 Diagram Oracle

In this chapter, our focus is to develop algorithms for identifying finite representations
of the APHT. As such, we introduce our oracle from [56, Section 2.2] that, when
given a direction, a dimension, and a simplicial complex (which is often clear from the
context), returns an APD. The oracle framework makes it possible to accommodate various
implementations of generating APDs while making no explicit assumptions about the
runtime of computing a particular APD. The oracle is assumed to be a globally accessible

function for the remainder of the chapter.

Definition 13 (Oracle). For a simplicial complex K C R? and a direction s € S%},
operation Oracle(s) returns diagram D(s). Moreover, if a dimension i € 7. is specified,
the oracle Oracle;(s) returns D;(s) restricted to the i-dimensional points. ' We define

O©(I1) to be the time complexity of computing the diagram.

Our primary reconstruction algorithm (Algorithm 3.11) discovers simplices by
identifying wedges in which properties, extracted from APDs, differ. Unfortunately, one
cannot form the wedges around the d-simplices in R%. As such, for the remainder of this
work we assume that the highest dimensional simplex of unknown complex is k < d.
However, we also provide an alternative suggested workflow that integrates a parabolic lift
to apply this technique to simplicial complexes with x = d.

We define two simplicial maps for the optional parabolic lift. First, for simplicial
complex K in R? and vertex v € Ko withv = (v, v ... v(@), the lifting map £ is the
simplicial map induced by v + (v, v® ... 0@ v .v). Second, for simplicial complex
K’ in R and vertex v' € K|, the projection map &2 is the simplicial map induced by

omitting the (d 4 1)%-coordinate of v'.

! While, we can return different dimensions as separate diagrams, all persistence points computed from
a given direction are computed for one diagram. In particular, we sometimes request the zeroth and first
dimensions of a diagram and refer to them as separate diagrams. However, when calculating diagram
complexity, we count one diagram not two.
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For the unknown complex K, we define the lifting map Oracle;(s,?) that returns
APDs of .Z(K) and accepts directions in R4, If we choose to apply the lifting map, we
can reconstruct .Z’(K) with Algorithm 3.11 using Oracle;. As Z(Z(K)) = K, we can
then apply the projection map to the result of the reconstruction and output K. The lifting
map is not necessary when x < d and so we continue with the remainder of the work using

the standard oracle.

3.1.6 Contributions to Section 3.1

The preliminaries described in this section have developed significantly over the years
and pulled from papers [12,55, 56] with new concepts being added since the original work
that our group conducted on this problem in [11]. However, the primary contributions to
this section are the carefully selected properties in Assumption 1 as well as the idea and
definition of the oracle. Many of the properties included in Assumption 1 were developed
specifically for interesting degeneracies discovered through discussions between members
of the group. For a while, the problem stopping progress on this work was co-dimension
zero simplices and the idea of the oracle was presented by Samuel Micka. Samuel Micka
made an initial attempt at writing up Definition 13 which was updated by David L. Millman

and further refined by Samuel Micka.

3.2 Simplex Predicates

In this section, we develop the constructions and a predicate needed for reconstructing
simplicial complexes. We note that the results in this section originate from in our recent
work [56]. The predicate, presented in Algorithm 3.3, determines whether or not a set of
k + 1 zero-simplices is a k-simplex of the underlying simplicial complex. Before we are

able to introduce the predicate, we described several helper functions in Section 3.2.1.
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3.2.1 k-Indegree

The key piece of machinery we develop for determining whether a simplex exists is
the k-indegree of a simplex, which is the count of k-dimensional cofaces of a simplex o
below o in a particular direction. First, we introduce two preliminary lemmas which assist
with the Face Isolation operation described in Lemma 5 and Algorithm 3.1. The first lemma
allows us to pack additional points into the affine space defined by a set of vertices. We

describe this plane filling operation with Lemma 3.

Lemma 3 (Plane Filling). Let V' C R? be k affinely independent points with k < d, let
s € S be orthogonal to aff (V). We can produce d — k points V' in R such that s is

orthogonal to aff(V U V') and dim(aff (V UV")) = d — 1 in O(d®) time.

Proof. Label the k vertices of V' {vg,v1,...,v,_1} and define d x k matrix A such that
v; — v are the i columns for 0 < 7 < k — 1 and s is the k™ column. Creating A takes
©(kd) time. Let Q) be the basis vectors of the null space of A. We can compute these
vectors via a QR-decomposition using Gram-Schmidt in O(d?) time [98]. As the vertices in
V are affinely independent and s is orthogonal to aff (1), the dimension of the column space
of Ais k and so there are d — k vectors in () y. Label the vectors {qx, qx11, - - -, qa} and let
V' ={(qx+v0), (qrs1+v0), - - -, (ga+vo)}. Constructing V" takes time O(d?). Computing
the QR-decomposition dominates the algorithm, hence the running time is O(d?)

By our construction, dim(aff(V U V’)) = d — 1. To show that s is orthogonal to
aff(V U V"), it suffices to show that s - vy = s - v} for all v/ € V'. Indeed, since ¢; is

orthogonal to s, we have s - v = s (¢; +vg) = s - vp. O

To prove that the ordering of vertices in Algorithm 3.1 remains consistent, we

introduce Lemma 4 to assist in the proof of the properties in Lemma 5.
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Lemma 4 (e-Perturbation). Let sy, 52 € S be two directions and V- C R%. Letn = |V|.
If w € V such that for allv € V' \ {w} we have s, - w # s; - v, then we can compute an

€ > 0 such that

I.v-s;<w-s <= v-(81+¢€sy) <w-(s1+€s2)and

2. forallvy,vy € V:ifvy -8 < vy- Sy, thenvy - (81 + €S3) < vy - (S1 + €89)
in O(nlogn) time.

Proof. Let S be the set of line segments

S = {((O,x -s1), (Lo - (s1+ 52))}

zeV

Each line segment in S represents a linear interpolation between points (0,v - s;) and
(1,v - (s1 + s9)) corresponding the height of each v € V in directions s; and s; + so,
respectively. Moreover, we can interpret each point along the line segment between (0, v -
s1) and (1,v - (s; + s9)) as v - (s1 + €s2) for some € € [0, 1]. Let V' denote the vertices
of V' with unique heights in direction s;. Then, we want to identify an € > 0 such that
the ordering of the dot products of the vertices of V' with (s; + €s3) is consistent with
the ordering of the vertices of V' with the dot product of s;. It suffices to find the left
most intersection p in (0, 1] of the segments in S, denoted p'V), and then choose epsilon
to be smaller than p('). We can identify p") in (0, 1] using standard segment intersection
algorithms in O(nlogn) time [13, §2.2].

Lete = pM /2. Letv € V \ {w}. To show Part 1(=), assume that v - 51 < w - 8§
then, by our choice of €, v - (51 + €s2) < w - (s1 + €52), as required.

Letv € V \ {w}. To show Part 1 (<=), assume that v - (s; +€s3) < w- (1 +€32). We
recall that € was chosen such that no two lines in .S had crossed before ¢ in the z-direction,

and since v-s; # w-s;, we can replace e with zero and maintain the inequality v-s; < w-s;.
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The proof of Part 2, follows from the proof of Part 1 (=). Let vy,v5, € V. Assume
that vy -s; < vy-s; then, by our choice of €, v; - ($1+€59) < vo-(s1+€52), as required. Note

that the converse statement does not necessarily hold because v, - s; could equal v -s7. [

Now, we develop a method for choosing directions that “isolate” a face of a simplex.

The method for isolating simplices in Lemma 5 is described in Algorithm 3.1.

Lemma 5 (Face Isolation). Let K C R? be a simplicial complex. Let V C K be k vertices
with k < d, and let W C V. Let s € S%! be orthogonal to aff (V) and for v € V and
u € Ko\ V, s-v # s-u. Then, Algorithm 3.1 finds a direction s' € S*! such that there

exists a constant ¢ € R with the following properties:
1. ForallweW,s -w=-c
2. Ifve V\W, thens -v>c
3. No vertex in Ko \ W has height c in direction s'.
4. Ifve Ko\ Vandw e W, thens-v<s-w <= s -v<c
5. The runtime of finding such an s' is O(ny(d® + log ny)).

Proof. Algorithm 3.1, has an “early exit” in which we return s when V' = . Observe that
when s = &', Property 1 and Properties 3—4 are trivially true and Property 2 is vacuously
true. Next, we consider the more interesting path of the algorithm.

(Property 1) To show Property 1, it suffices to show that all vertices in W have the
same height in direction s’. At termination of algorithm, we return vector ' = s + €sp.
Recall that for any vy, vy € V, s-v; = s - vy. Furthermore, we note that sp is the normal to
hyperplane P. Therefore, for any points py, ps € P, sp - p1 = sp - po. Moreover, W C P,
so for all wy, wy € W, we have that hy (w1) = s'-wy = (s+e€sp)-w; = s-wy +€sp-wy =

S Wy + €sp - wy = hy(ws).
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(Property 2) Recall that aff (1) is orthogonal to s by definition and s’ by Property 1.
Thus, all vertices in W have the same height in direction s and s’. As such, it suffices
to show that for all verticesinv € W/ = V\Wandanyw € W, w-s < v-s". To
prove this claim, we introduce the following loop invariant: if P*is P entering iteration
i, then let the vector sp: be the normal to aff(P?). There are two choices for sp: and
we choose the one that has the property that spi - w < spi - v for any w € W and all
v € W'. It is true on initiation since W' is empty. Assume the invariant holds entering
iteration 4. We remove v from P* and replace it with v’ creating the new affine space Pi*!.
Furthermore, by construction, one of the two vectors spi+1 normal to aff (P”l) has the
property that v’ - spi+1 < v- Spi+1, S0 we choose spi+1 to satisfy the property. Next, assume,
for contradiction, that a point w’ € W lies below aff (P*™). Then, aff (P \ {v}) U {w'})
would have an a intersection point with ¢ in L nearer v than the argmin = chosen on
Line 12, a contradiction. Upon exiting the loop, we have that w - sp < v - sp by our
inductive assumption. Then, the € returned from Lemma 4 with arguments s, sp and,
(Ko \ V) U{w} for any w € W (since all vertices in IV have the same height in directions
s and sp) is positive. Then, since e > 0, w-s =v-s,and w - sp < v - sp, we have that
w-(s+esp) <v-(s+esp). Since s = s+ esp, the claim holds. The algorithm terminates
since |Kq| is finite.

(Property 3) Let v € K\ W and w € W and observe that € is chosen as in Lemma 4
with arguments s, sp, and (Ko \ V) U{w}. Then, by Lemma 4, since v - s # s - w, we have
v-s<w-s <= v-s <w-s'. Moreover, since v - s # w - s, we have that no vertices
in Ko \ V lie at height ¢ in direction s’. Finally, any v € V' \ W does not have height ¢ in
direction s’ by Property 2.

(Property 4) Let v € K, \ V and w € W. Let € be chosen as in Lemma 4 with
arguments s, sp, and (Ko \ V)U{w} for any w € W. Then, by Lemma 4, since v-s # s-w,

v-s<w-s <= v-(s+esp) < w-(s+ esp). Furthermore, s' = s + esp and since
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w - s = cforall w € W by Property 1, the condition holds for all v € K, \ V and any
weWw.

(Property 5) In Algorithm 3.1, Lines 1-2 returns s if V' = W. As |V| < d, checking
if the two sets are equal takes O(d?) time. Lines 34 initialize P, and by Lemma 3 take
O(d?). Line 6 initializes W, and W, by computing dot products with a subset of K, and
takes O(nod).

For each vertex in V' \ W we perform the loop on Lines 7-15. The loop is the crux of
the algorithm. At the beginning of each iteration, P defines a d — 1 dimensional hyperplane.
In the iteration, we remove a point v from P and find a new point that defines a hyperplane
with specific properties (shown in other parts of the proof). As the time for updating
hyperplane is dominated by Line 10, we will focus the analysis on that line. Label the
points of P on Line 9 as {pi,p2,...,pa—1}- Recall that any point ¢ on the hyperplane

defined by P U {z}, satisfies the equation

Y p@ o @1

pM p@ o @]
=0

pa—1V pa1® pa1@ 1

L @ N

NEURE) 41

Moreover, notice that the i coordinate of ¢ can be written parametrically as () (t) =

v 4 ts@). Thus, we can compute the intersection by solving for ¢ in the polynomial
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obtained by expanding by minors

n®Y  p® o op@ o1
pM p® o p@ ]
d
= ZK(’) (t)[Masri| + [Mas1,a41] = 0.
pd—l(l) pd—1(2) o pd_l(d) 1 i=1
M) A O |
(D) @) .0 D) 1

There are d + 1 minors each of size d. Using LU-decomposition, we can compute each
determinant in O(d?) time [98]. The resulting polynomial, that is linear in ¢, can be solved
in O(d) time. Thus, each intersection takes O(d*) time. We compute the intersection
at most once per vertex of K, therefore, Line 10 takes O(n0d4) time. Finally, we get our
running time by observing that we compute L once for each entry of V\W and |[V\W| < d.
Therefore Lines 7-15, takes O(ngd®) time.

In the last steps of the algorithm, Line 16 computes the normal to aff (P) by computing
determinants of d + 1 of size d (similar to above) in O(d*) time. Line 17 computes the
scaling of the sp in O(nglogny) by Lemma 4. As Lines 7-15 and Line 17 dominate the

computation, Algorithm 3.1 takes O(ng(d® + logny)) time. N

Next we develop a predicate that uses these isolated simplices to test for k-simplices.
Intuitively, we identify one-simplices by checking all pairs of zero-simplices with this
predicate, then identify all two-simplices by checking all triples of one-simplices, etc. using
a “bow tie” technique like the approach found in [11]. For this predicate to generalize for

reconstruction of higher-dimensional simplices, we provide the following definition:

Definition 14 (k-indegree for Simplex). Let K C R be a simplicial complex and o € K

be a j-simplex such that 0 < j < k < d. Let s € S*! be a direction perpendicular to
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Algorithm 3.1: FaceIsoDirection(V, W, s)
Input: V, a set of k vertices, I, a set of vertices with W C V', and s € Sd-1 orthogonal to aff (V')

Output: direction s satisfying Lemma 5 Properties 1-4
1: if V =W then
2: return s
3: V' < value returned from Lemma 3 with parameters V' and s
4 P~ VuVv’
s: W+ {}
6: Wi, W, < vertices in K \ V" above (below) aff(V') in direction s
7. forv € V' \ W do
8: ¢ < line through v perpendicular to aff(P)
9: P+ P\{v}
100 L+ {{naff(PU{z})|lz e W UW,UW}
11: Ly < {z € L|x is below v on (}
122 2’ «argming, v — 22
13: v (v+2')/2
14: P+ PU{v}
15 W« W uU{v}
16: sp < normal of aff(P) withw - sp < v-spforallw € Wandv € W'.

17: € < value from Lemma 4 with parameters s, sp, and (Ko \ V') U {w} for any w € W

s+esp

18: return s’ <
[|s+espll

aff (o). Then, the k-indegree of ¢ in direction s is the number of k-dimensional cofaces of

o that have the same height as o in direction s.

Since s is perpendicular to aff (o), all zero-simplices of o are at the same height in



Figure 3.1: The computation of the three-indegree of o = [vg, vy, v2] With respect to
direction s. Here, let s € S® be normal to aff(o) such that vs is below ¢ in direction s.
Note that only one three-simplex is a coface of o, the simplex defined by verts(c) U {vs}.
However, three faces of o have positive three-indegree; namely [vg, v1] and [v5] both have
three-indegree equal to one. Thus, we compute the three-indegree of o using an inclusion-
exclusion argument (3 — 1 — 1 = 1) described in (3.4).

direction s. However, as shown in Figure 3.1, not all k-simplices at this height contribute
to the k-indegree of . As such, we introduce the following lemma to prove that we can

isolate faces of a simplex and count their k-indegree independently of the original simplex.

Lemma 6 (Unique Face Isolation). Let k < d € N. Let K C R? be a simplicial complex.
Let T < 0 € K. Let s € S%! be orthogonal to aff (o) such that for all v € o and u € Ky \
verts(o), s-v # s-u. Let o' € K be a k-simplex at the same height as o in direction s. Then,
o’ contributes to the k-indegree of T in direction FaceIsoDirection(verts(o), verts(r), s)

ifand only if T = o N o’

Proof. Let s be the direction returned by FaceIsoDirection(verts(o), verts(7), s). Let
f: K—= R(f": K— R, respectively) be the filter function for direction s (¢’, respectively).
(=) Suppose that o’ contributes to the k-indegree of 7 in direction s’. By the definition
of k-indegree, 7 < ¢’. Since 7 < o by assumption, we have 7 < ¢ N ¢’. We must now
show that o N o’ < 7.
By contradiction, suppose that 0 N o’ & 7. Then, there exists a vertex v € o No’ such

that v ¢ 7. However, v € 0 N o', v € o \ verts(7). Therefore, s’ - v > ¢ by Property 2 of
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Algorithm 3.2: ComputeIndegree(o, s, k,T)
Input: 0 € K, s € S¥ ! such that 3¢ € R where v - s = ¢ for all v € o and for any

u € Ko, \verts(o), s - v # s - u, k € N such that £ > dim(o), table T for memoization
Output: the k-indegree for o
1: Dy_1(s), Di(s) < (k — 1)*t and k™ APDs from Oracle;_i(s) and Oracle(s)
2: ¢ < height of ¢ in direction s
3: numDeaths < number of deaths in D;_;(s) at height c
4: numBirths < number of births in Dj(s) at height ¢
5: doubleCounts < 0
6: for 7 < o in non-descending order by dimension do
7. if T'[r] was not computed yet then
8: s+ FaceIsoDirection(verts(o), verts(7), s)
9: T[r] < ComputeIndegree(T,s' k,T)
10:  doubleCounts < doubleCounts + T[]

11: return numDeaths 4+ numBirths — doubleCounts

Lemma 5, a contradiction to the claim that o’ contributes to the k-indegree of 7 in direction
s'. Therefore, o N o’ < 7 as required.

(<) Suppose that 7 = oNo’. Let s’ be the direction returned by FaceIsoDirection(o, T, s),
and let f': K — R be the filter function for direction s’. Since ¢’ is a k-simplex and 7 < ¢,

we can write: 7 = [vg, vy, ..., v;] and 0’ = [vg, vy, ..., v] where j < k and v; € K. Then,

Fo') = i '00) = o (e /0. () ) = mase  £7) s 7))
3.1)

Since ¢’ is at the same height as o in direction s and 7 < o, ¢’ is also at the same height as
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7 in direction s, meaning that f(v;) < f(7) forall 0 < ¢ <k. Since v; notin 7 for i > j, it
must also be the case that f(v;) < f(7). By Property 4 of Lemma 5, any vertex below 7 in

direction s is also below 7 in direction s'. Thus, f'(v;) < f'(7) forall j < i < k and

(1 00 < 70,

i=j i1
Hence, by Equation 3.1, f'(¢’) = f/(7). Since 7 < o', we have shown that ¢’

contributes to the k-indegree of 7. [

Note that Figure 3.1 is an example of a case where only one three-simplex contributes
to the three-indegree of the two-simplex in question.

Since Lemma 6 shows that a single diagram is not sufficient to compute the k-
indegree, we use an inclusion-exclusion style argument to compute the k-indegree in
Algorithm 3.2. Note 7' is a table used for memoization and the first time this algorithm is
called, we have not computed any entries of 7. We prove the correctness of this algorithm

in the following theorem:

Theorem 1 (Computing k-indegree). Let K C R? be a simplicial complex. Let o € K.
Let s € S%! be a direction such that 3c € R where v - s = c for all v € o and for any
u € Ko \ verts(o), s-v # s-u. Fork > dim(c), ComputeIndegree(o,s,k,-) returns

the k-indegree of o in direction s.

Proof. We prove the claim inductively on j = dim(K). For the base case (j = 0), letk > j
and consider the O-simplex [v]. We note that this base case is a generalization of [12,
Lemma 11]. Let f: K — R be the filter function for direction s. We note that, unlike
in [12, Lemma 11], we are only making an argument for the k-indegree at a single vertex
and not all vertices. As such, we can relax the requirement that no two vertices in KK, have

the same height in direction direction s and just require that no require that no vertex in
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Ko \ {v} has the same height in direction s as v. Thus, we have that k-indegree of o is

equal to the number of k-simplices that have height f(v), which, by Corollary 2, is:

I = {(@.b) € Dia(s) sit. b= f@)}] + [{(a.b) € Di(s) st a = F(0)})].
(3.2)
In Algorithm 3.2, notice that if o is a single vertex, we do not enter the loop that starts on
Line 6. Thus, the return value is exactly the number given in (3.2).
For the inductive assumption, let j > 0. We assume that Algorithm 3.2 returns the £’-
indegree of 7 in direction s, for all 7 € K; and all &' > j.
For the inductive step, let 0 € K;,,. Let £ > j + 1. Now, we compute the k-indegree
of o in direction s. Let f: K — R be the lower-star filtration for direction s. Using

Corollary 2, we know that the number of k-simplices with height f(o) in direction s is:
§ = |{(a,b) € Dy_1(s) s.t. b= f(o)}| +|{(a,b) € Dy(s) s.t.a= f(o)}|. (3.3)

Let F, denote this set of simplices, let o’ € F,, and let 7 < ¢. By Lemma 6, the k-
simplex o’ contributes to the k-indegree of 7 if and only if 7 = ¢ No’. Then, we can isolate
each face of 7 < ¢ and compute the k-indegree using (3.3) of 7 and subtract it from the
k-indegree of o. This will ensure that a coface of some face 7 < o will not contribute to

the k-indegree of 0. We formalize this idea with an equation for the k-indegree of o

5= 6, (3.4)

T<0

where 0, is the k-indegree of 7 in direction s’ returned from FaceIsoDirection(verts(o), verts(7), s).
In Algorithm 3.2, numDeaths+numBirths is equal to d, and the values ¢, are

computed in Line 9 of Algorithm 3.2. Thus, the return value matches (3.4). U
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The next lemma provides the runtime of Algorithm 3.2.

Theorem 2 (Algorithm 3.2 Complexity Bounds). Let K C R? be a simplicial complex. Let
o be an i-simplex in K for 0 < i < d and let k be a fixed integer 0 < k < d. Let s € S**
be a direction such that 3¢ € R where v-s = c for all v € o and for any u € K \ verts(o),

s-v # s - u. Then, the following properties hold:

1. ifi = 0and k = 1, then Algorithm 3.2 uses one diagram and runs in O(I1+n?) time.

2. Else, ifi > 0, then Algorithm 3.2, uses 2™ —1 diagrams and runs in O(2" (no(ng_1+

d® +logng) + I1 + 2%)) time.

Proof. If i+ = 0 and k£ = 1, then we prove Property 1. The loop is never entered and we
compute one diagram in time O(IT) and count O(n?) points in the diagram.

To prove Property 2, we focus our attention on the for loop that begins on Line 6
of Algorithm 3.2. In this loop, we iterate through the proper faces of o. The i-simplex
o has 27! — 2 faces so the loop iterates 27! — 2 times. However, when processing a
new simplex 7 < ¢ for the first time, we need to create the table entry 7'[7]. To compute
the entry, we get a new direction that will isolate 7 on Line 8 of Algorithm 3.2 and then
recursively call Algorithm 3.2 on Line 9. Since faces of ¢ are processed in non-descending
order, by the time we process 7, all of the faces of 7 (which are also faces of o and have
dimension less than dim(7)) have table entries. As a result, the recursive calls never go
more than one level deep. Since recursive calls are only made when iterating through
the faces of o, there are O(2"™") calls made on Line 9 of Algorithm 3.2. Each call gets
the k™ and (k — 1)* diagrams on Line 1 and counts the births and deaths on Lines 3—4
of Algorithm 3.2, taking O(ny_1n¢ + II) time. Then, since 7 < o, we iterate through
the O(2%) faces of 7, never entering the conditional on Line 7 of Algorithm 3.2, to sum
up the entries from 7 in time O(2%). Moreover, to make each recursive call, we also

call FaceIsoDirection(verts(o), verts(r), s) on Line 8 of Algorithm 3.2, which runs in
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52

81

Figure 3.2: A wedge (shaded in pink) centered at a k-simplex o (here, a single vertex) that
isolates v. In Theorem 3, we notice that the (k + 1)-indegrees for o in directions s; and s,
differ by one, indicating that verts(o) U {v} defines a simplex in K.

O(no(d® + log ng)) by Lemma 5. Summing these values, we arrive at the total runtime for
Algorithm 3.2 is O(2°"! (ng(ng—1 +d° +log ng) +1142")) for an i-simplex and 2°** — 1 new

APDs are generated, one for each recursive call and one for the initial £-below count. [

3.2.2 Simplex Predicate

Using the k-indegree, we are able to isolate and determine the presence of k-simplices
between two hyperplanes centered at a simplex. This idea is a generalization of the “bow
tie” technique used for identifying edges in [11]. The generalization of a bow tie is a

double-cone shaped region that contains exactly one vertex called a wedge; see Figure 3.2.

Definition 15 (Wedge). Let P C R? such that |P| < oo and aff(P) # R%. Let 51, s € S¥1
be orthogonal to aff (P). Let p,p’ € P and note that s1 -p = s1-p' and sq - p = so - p. The
wedge between s| and sy at P, and without loss of generality for any p € P, is the closure of

the symmetric difference between H*(s1, p) and H* (s, p), denoted H (s, p) ANH* (s, p).

Turner et al. also developed an approach that “rotates” around potential simplices,
watching for changes in the Betti number, to identify links in R? and R? in a constructive

proof of injectivity [100, Theorem 3.1]. However, the wedge we describe is able to utilize
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information from the APD, through the concept of k-indegree, and we provide deterministic
approaches for determining the wedges and using them for reconstruction in R

Next, before we develop our simplex predicate. We need a method of determining
an initial direction to test for our simplex. Specifically, in Algorithm 3.3 (Line 3) of
Section 3.2.2, we need to choose an initial direction s that is orthogonal to the k-plane

aff (o U {v}) but not orthogonal to any other subspace spanned by zero-simplices of K.

Lemma 7 (Orthogonal Vector and Full Set). Let K C R? be a simplicial complex with
zero-simplices Ko. Given a set of zero-simplices W = {wq, wy, ..., w,} C Kq for k < d,

we can find V C K and a direction s € S such that the following conditions are met;
1. WCV
2. Forallq e Ko\ V andv € V, we have s - q # s - v,
3. sis orthogonal to aff(V),
4. and |V| < d.
This s and V can be found in O(dng + d?) time.

Proof. We find s and V' constructively. First, choose s € S9! orthogonal to aff(1V)
(observe that this can be done using a single iteration of Grahm Schmidt orthogonalization).
This means that every w € W has height s - w = ¢ for a single constant ¢ € R. We define
W’ to be a set of vertices that is initially empty. Then, for every ¢ € K, \ W, we set
W’ = W’'U {q} whenever s - ¢ = c. Iterating through all such ¢ € K, \ W, we can then
define V' = W U W’. Observe that the first two parts are met immediately by construction.
To see that the third part is met, we observe that, since s - v; = cforall v;,v; € Vi # 7, it
must be that s - (v; —v;) = (s-v;) — (s-v;) = 0, i.e., s is orthogonal to aff (V") as required.

Part four is a consequence of the general position assumption (Assumption 1).
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The runtime of this procedure can be calculated as follows. Finding s takes one
iteration of the Grahm Schmidt algorithm, and thus takes O(d?) time [98]. Checking if
s-q = ctakes O(d) time, and is repeated for each of the vertices in K \ . Thus, the total

runtime is O(dng + d?), as desired. O

In Algorithm 3.3, we use our initial direction and the difference in indegree between

the two filtration hyperplanes (wedge) to test for the presence of a (k + 1)-simplex.

Theorem 3 (Correctness of Simplex Predicate). Let K C R be a simplicial complex, k €
N, 0 € Ki_1, and v € Ko\ verts(o). Then, Algorithm 3.3 returns True iff verts(c) U{v}
defines a k-simplex in K in time O(2%(no(nj_1 + d® +log ng) + I + 2571)) with 28+ — 2

diagrams.

Proof. Let ¥ = verts(o) U {v}. We are testing if ¥ defines a k-simplex in K. First,
we compute an initial direction s; using Lemma 7 in O(dng + d?) time. Since s’ may be
orthogonal to extra zero-simplices (in V/, but not in X)), we call FaceIsoDirection
with parameters V/, verts(X), and s, to get our initial direction s that guarantees that for all
v,v" € Ko\ verts(X) and all w, w’ € verts(X), s v # s-w,s-w=s-w,and s-v # s-v'.
Using Algorithm 3.1, let s; = FaceIsoDirection(3, verts(o), s), as in Figure 3.2. By
Properties 1 and 2 of Lemma 5, there exists ¢; € R such that all vertices of ¢ are at height ¢,
and v is above ¢; (in direction s;). Next, let s, = —FaceIsoDirection(X, verts(o), —s).
Note that we are negating s as well as the direction returned by FaceIsoDirection
(Algorithm 3.1). Again by Properties 1 and 2, there exists ¢, € R such that all vertices of
o are at height ¢, and v is above ¢y, in —s,. Thus, v ¢ H¥(s1,0) and v € H*(sy, o), which
means that v € W := H*¥(s;,0) AH*(s5,0).

Next, we show that v is the only vertex from K, \ verts(7) in W. Assume, for
contradiction, that there exists a vertex v’ € K\ X such that v’ € W. Then, ¢; < s;-v’ and

by Property 3 and Property 4 of Lemma 5, s - w < s -’ for all w € verts(7). Furthermore,
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¢y < —So-v" which, by Property 3 and Property 4 of Lemma 5, implies that —s-w < —s- v’
which simplifies to s - w > s - v’ for all w € verts(7), a contradiction. Therefore, v is the
only vertex in W, as required.

The previous two paragraphs show that v is the only vertex in the wedge W. We now
show that the k-indegree can be used to determine if > defines a simplex in K. Recall
that every k-dimensional coface of o must contain all of the vertices of o, plus exactly one
more. Since v ¢ HY¥(s;,0) and v € H*(sq,0), every simplex that contributes to the k-
indegree of o in direction s also contributes to the k-indegree of o in direction s;. In
addition, the only potential simplex contributing to the k-indegree of ¢ in direction s, that
does not contribute to the k-indegree in direction s; is the one defined by verts(o) and v.
Thus, Line 6 of Algorithm 3.3 returns True iff X defines a k-simplex.

We compute a direction normal to aff(7 U {v}) in O(dng + d?). Then, we call
Algorithm 3.1 three times, each costing O(ng(d® + logng)) time and computing no new
diagrams by Lemma 5. Finally, we compute the k-indegree from two directions, each
call taking time O (2 (ng(np_1 + d°® + logng) + II + 2)) and 2i*! — 1 diagrams by
Theorem 2. Moreover, we see that ¢ = k — 1 and we simplify our complexity to

O(2%(no(ng_1 + d°® +logng) + I + 2¥71)) time and 2(2% — 1) = 2! — 2 diagrams. [J

3.2.3 Contributions to Section 3.2

In Section 3.2, we have presented predicates that make it possible to detect a simplex
of arbitrary dimension, the results originally appeared in [56]. This idea was, initially, an
extension of the “wedge” formulation used in [11, 12]. However, Samuel Micka realized
that the notion of indegree did not naturally extend to higher dimensions by discovering
scenarios where extra simplices were counted in the computation. Samuel Micka found that
an inclusion-exclusion approach could be used to properly compute the indegree and made

initial attempts at providing an algorithm and proofs to support the idea. However, an error
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Algorithm 3.3: CheckSimplex(c,v)

Input: 0 € K1, avertex v € Kq \ verts(o)

Output: True if 0 U {v} € K, False otherwise

1:

2:

k < dimension of o + 1

V, s; < value returned from Lemma 7 with parameter W = verts(o) U {v}

. s < FaceIsoDirection(V,verts(o) U {v}, s;)

s1 < FaceIsoDirection(verts(o) U {v}, verts(o), s)
S9 <— —FaceIsoDirection(verts(o) U {v}, verts(o), —s)

return |ComputeIndegree(o,sy,k,|]) — ComputeIndegree(o, sq, k,[])| =1

was found by David L. Millman and Brittany Terese Fasy, who helped correct the problem.

Samuel Micka was deeply involved in proving the statements in this section, writing them

up, and refining them. The updated statements required some additional lemmas (such

as Lemma 7 and Lemma 3) which were primarily addressed by David L. Millman and

Anna Schenfisch. It should be noted that the predicates developed in this section were

the key to reconstruction in higher dimensions and this served as a bottleneck for moving

past embedded graphs for over a year. As such, developing the work in Section 3.2 was a

significant breakthrough in this research. We summarize more specific contributions from

Samuel Micka as follows and note that statements not listed here are statements that Samuel

Micka feels he did not make significant contributions to:

e Samuel Micka, David L. Millman, and Brittany Terese Fasy all worked closely
together on developng the theory for Lemma 5 to ensure that all of the properties
needed for the predicate would be provided by this lemma. Samuel Micka spent
significant time in this lemma formalizing the properites, removing/combining

properties, and refining proofs and statements after reviewer comments. It should be
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noted that the runtime for this lemma was determined primarily by David L. Millman.

e The theory for Lemma 6 was developed by the group with Brittany Terese Fasy
making an initial attempt at writing up the lemma and further revisions were made
by Samuel Micka. An error was found in the lemma by anonymous reviewers and

the proof was corrected by Samuel Micka.

e The theory for Theorem 1 was initially developed and written by Samuel Micka and
further refined by Brittany Terese Fasy using a new formulation of Lemma 6. The

proof was reviewed and refined by Samuel Micka.

e Theory for Theorem 2 was developed and written by Samuel Micka. Specifically,
Samuel Micka suggested the the idea of using memoization to simplify the proof of

complexity was wrote up the results.

e Theorem 3 was worked on primarily by Brittany Terese Fasy and Samuel Micka,
building on the previous lemmas to generalize the idea of a “wedge” to higher
dimensions. It should be noted that this idea has been around since we decided
to generalize to higher dimensions. However, it was not until the predicates in this

section were developed that we were able to formalize the idea.

3.3 Reconstructing Zero-Simplices

In this section, we consider the problem of reconstructing the zero-skeleton of a
simplicial complex using APDs returned from the Oracle. Specifically, given a simplicial
complex K embedded in R?, we will describe two algorithms which return K,. These
two algorithms trade off between diagram and time complexity and are described in
Section 3.3.2 and Section 3.3.3 respectively. First, we introduce proofs from our previous

work in [11] to assist with the proofs in Section 3.3.3.
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3.3.1 Previous Work in R?

In this section, we consider lemmas and theorems from our original work [11] that
offer a method of reconstructing V' = K of a simplicial complex K C R? which we build
on for higher dimensions. Some of these statements and proofs also appear (in an updated
form) in [12]. We include our proofs to offer insight into how the approach developed to

higher dimensions, i.e, in [12, 56]. First, we introduce [11, Lemma 3].

Lemma 8 (Vertex Existence Lemma). Let K be a simplicial complex with vertex set V of
size ng. Let s1,85 € S' be linearly independent and further suppose that 1.(s1,V) and
L(sq, V) each contain ng lines. Let A be the collection of vertices at the intersections of
lines in L(s1,V) UL(sy, V). Let s3 € S such that for all u,v € A, l3(u) = l3(v) <
u = v. Then, the following two statements hold true:

(Dv eV <« l3(v) € L(s3, V) and AN tz(v) = {v}

(2) Forall ¢ € L(s3,V), AN (.

Proof. First, we prove Part (1).

(=) Letv € V. Then, ¢;(v) € L(s;,V) and v € ¢;(v) for i = {1,2,3}. Hence,
l(v) N ly(v) N ls(v) = {v}, as desired.

(<) Assume, for the sake of contradiction, that /3(v) € L(s3, V') and ANl3(v) = {v},
yetv & V. Since l5(v) € L(s3, V) and v ¢ V, some other vertex © € V' must have height
Hy, (v). Since u € V, we know ¢;(u) € L(s;, V) fori € {1,2,3}. And, by (=) applied to
u, we know u € A. Since l5(u) = ¢3(v), both u and v are in A and on the line ¢3(v), but
u # v, which is a contradiction.

Next, we prove Part (2) of the lemma. Assume, for contradiction, that there exists
¢ € L(s3,V) suchthat AN{¢ = . As ¢ € L(s3,V), a vertex v € V exists such that

¢ = l5(v) and v lies on £. However, v € {;(v) N {3(v) C A, which is a contradiction. [
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Next, we explain how to pick a third direction (with the first two being e; and e5)
satisfying these properties so that we can determine vertex locations. This result comes

from our work [11, Lemma 4].

Lemma 9 (Vertex Localization). Let Ly and Ly be ng horizontal and ng vertical lines,
respectively. Let w (and h) be the largest (and smallest) distance between two lines of Ly
(and Ly, respectively). Let B be the smallest axis-aligned bounding box containing the
intersections of lines in Ly U Ly. For 0 < e < h, let s = (w, h — €). Any line parallel to s

can intersect at most one line of Ly in B.

Proof. Note that, by definition, s is a vector in the direction that is at a slightly smaller
angle than the diagonal of the box of size w by h. Assume, by contradiction, that a line
parallel to s may intersect two lines of Ly within B. Specifically, let /1, ¢, € Ly and let
(s be a line parallel to s such that the points ¢; N {5 = (x;,y;) for i = {1,2} are the two
such intersection points within B. Notice since the lines of Ly are horizontal and by the
definition of h, we observe that |y; — ya| > h. Let w’ = |x; — 24|, and observe v’ < w.

Since the slope of ¢, is (h — €)/w, we have |y; — y2| < h, which is a contradiction. O

Finally, combining the previous two lemmas, we describe a method for reconstructing
vertices in R? from [11, Theorem 5]. We add the word augmented to make the results

consistent with the rest of the work described in this dissertation.

Theorem 4 (Vertex Reconstruction). Let K be a plane graph. We can can compute the
coordinates of all ng vertices of K in O(nglognyg) time from three directional augmented

persistence diagrams.

Proof. Let s; = e; and s5 = ey, which are linearly independent. We compute the filtration
lines L(s;, V') for i = 1,2 in O(ng). By our general position assumption, no two vertices

of K share an z- or y-coordinate. Thus, the sets L(s;, V') and L(sy, V') each contain ng
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distinct lines. Let A be the set of intersection points of the lines in L(sy, V') and L(s2, V).
The next step is to identify a direction s3 such that each line in L(s3, V') intersects with
only one point A, so that we can use Lemma 8.

Let w (and h) be the greatest (and least) distance between two adjacent lines in
L(s1,V) (and L(sq, V), respectively). Let B be the smallest axis-aligned bounding box
containing A, and let s, = (w, %) By Lemma 9, any line parallel to s, will intersect at
most one line of (s, V') in B. Thus, we choose s3 € S that is perpendicular to s,. By the
second part of Lemma 8, we now have that each line in L(s3, V') intersects A. Thus, there
are ng intersections between LL(s2, V') and L(s3, V') in B, each of which also intersects with
L(s1,V).

The previous paragraph leads us to a simple algorithm for finding the third direction
and identifying all the triple intersections. In the analysis below, steps that do not mention a
number of diagrams, use no diagrams. First, we construct L.(s1, V') and L(s5, V) in O(ny)
time using two directional augmented persistence diagrams. Second, we sort the lines of
L(s1, V) and L(sy, V') by their z- and y-intercepts respectively in O(ng log ng) time. Third,
we find s3 by computing w and h from our sorted lines in O(ng) time. Fourth, we construct
L(s3, V) in O(n) time using one directional augmented persistence diagram. Fifth, we sort
the lines in L(s3, V') by their intersection with the leftmost line of L(s1, V') in O(ng log ng)
time. Finally, we compute coordinates of the ng vertices by intersecting the i-th line of
L(s2, V') with the i-th line of LL(s3, V') in O(no) time. (Observe, this last step works since
the vertices correspond to the ng intersections in 5, as described above).

Therefore, we use three directional augmented diagrams (two in the first step and one
in the fourth step) and O(nglogng) time (sorting of lines in the second and fifth steps) to

reconstruct the vertices. O]
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3.3.2 Minimizing Diagram Complexity

Here, we describe a method of reconstructing V = K, in R? using APDs from the
Oracle which minimizes diagram complexity at the cost of higher time complexity. The
results in this subsection were originally introduced in [12].

First, we present a lemma which enables us to identify points at which vertices lie.
Lemma 10 proves that we can choose a direction with n filtration hyperplanes in which

each of the hyperplanes intersect at least one potential vertex location.

Lemma 10 (Generalized Vertex Existence). Let K C RY be a straight-line embedded graph
in RY. Let 51,5, ...,54 be linearly independent directions in S*™' and further suppose
that L(s;, V') contains ny filtration hyperplanes for each i € {1,2,...,d}. Choosing one
hyperplane in each set IL(s;, V'), the intersection of these hyperplanes is a point. Let A
denote the set of nd such intersection points. Let s4.1 € S such that each a € A has a

unique height in direction sy, 1. Then, the following equality holds: V = L(sq441,V) N A.

Proof. We prove this equality in two steps. First, we prove V' C L(sq11,V) N A. Let
v € V. Then, fori € {1,2,...,d + 1}, there exists ¢;(v) € L(s;, V) such that v € £;(v).
Thus, v € N 4;(v), as was to be shown.

Next, we prove V' O L(sg.1, V) N A. Assume, for contradiction, that there exists a
filtration hyperplane ¢ € ILL(sqy1,V) such that AN ¢ = (. Since ¢ € L(sq.1,V), there
exists a vertex v € V such that { = {;,,(v) and v lies on . However, since V' C A from

above, v is in N, /;(v) = A, contradicting the hypothesis A N ¢ = (. O]

Next we describe a method for choosing a direction (Algorithm 3.4) which will enable

us to reconstruct the vertices. The correctness of Algorithm 3.4 is proven in Lemma 11.

Lemma 11 (Generalized Vertex Localization). Let K C R¢ be a simplicial complex.

Choosing one hyperplane in each set L(e;, V') for 1 < i < d, the intersection of these
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Algorithm 3.4: findDGMVertsDirection(L)
Input: L a list, where L; contains the heights of L(e;, V).

Output:Direction s € S?~! satisfying conditions of Lemma 11.

I: h < o0

22w+ 0

3: fori € {1,2,...,d} do

4: H, = {hgi), hgi), cee thO)} + V@ sorted in ascending order
5. minTemp < minje{lg,,m,d}hy) - hyll
6: maxTemp < hgfg — hgi)

7:  if w < maxTemp then

8: W < maxTemp

9:  ifh > minTemp then

10: h <~ minTemp
11 h< 3h

d—117T
120 ¢ [—2,... =1 4]

13: return s < ﬁ

hyperplanes is a point. Let A denote the set of nd such intersection points. Then,
Algorithm 3.4 returns a direction s € S*~! such that each hyperplane in 1.(s, V) intersects

at most one of the nd points in A in ©(dnglogny) time.

Proof. Let L; = {hgi),hgi), . ,hg)} be the ordered set of heights of hyperplanes
in L(e;, V). Let w® = hgg — hgi); in other words, w(® is the largest distance between
any two hyperplanes in the set L(e;, V), and let w = maxj<;cqw®. Let h® =
min{hgi) — hgﬁl}?ﬁ; in other words, k(") is the smallest height difference between any

two (adjacent) hyperplanes in the set L(e;, V'), and let h = %minlgigd h(®. Then, we
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consider the hyperplane that intersects the origin and each point we; + (0, ... 0, dTh1> for
i€ {1,2,...,d—1}. Next, we choose a vector orthogonal to the hyperplane. Without loss

of generality, we choose

< 1 1 d—1>T
r=(——,...,—,—
w

and observe that (we; + (0,...,0, %)) -z = 0foreachi € {1,2,...,d — 1}. Finally, we
define s = ﬁ

We now show that s satisfies the claim that each hyperplane in L(s, V') intersects at
most one of the nd points in A and that we can find s in ©(dnglogng) time. Let p =
(P, p@ ... p@Yand ¢ = (¢, ¢?,. .., ¢'?) be points in A with p # ¢, and assume, for
contradiction, that they lie on the same hyperplane in L.(s, V'). Then, p - s = ¢ - s. By the

definition of dot product, we have the following equation (after multiplying s by ||x||):

d—1 d—1
T(p(d) ) Z —(p" —¢D) =0
i=1
Since % and w are positive numbers, we can rearrange this equality to obtain:
L d—1
@ _ ) = > @ _ @O 35

Recall that h = %minlgigd h; < %hd. Therefore, we know that 2k < hy < |p(d) —

q'Y|. Applying Equation 3.5 to this inequality, we obtain:

h d—1
op < 1t (@) _ 4
< o= ;(p q")
< (1) max (0~ )
~w(d—-1) 1<i<d-1
h

—Ww.
w

IA
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Thus, we have 2h < h, which is a contradiction when n > 2. For the case where n = 1,
the vertex is (hgl), hgz), e hgd)) and the (d + 1)st direction is not needed.

We analyze the complexity of computing w and h. For each direction e;, we perform
three steps. First, we sort the heights of L(e;, V') in ©(ng log ny) time. Second, we compute
w' in constant time (as it is the maximum value minus the minimum value of the heights).
Third, we compute 2() in ©(n) time. As there are d dimensions, computing the sets {w(®}
and {h)} takes ©(dnlogn) time. Computing w and h from the sets {w®} and {R} is
©(d) time. Thus, the bottleneck is sorting in each direction, which makes the total runtime

@(dno lOg no). ]

Equipped with the above method for finding a suitable (d + 1)* direction to locate
vertices in higher dimensions, we conclude this section with a theorem describing the

algorithm to compute the coordinates of the vertices of the original simplicial complex.

Algorithm 3.5: FindVerticesDGM()
Input: None (but makes calls to global Oracle for unknown simplicial complex)

Output: V' =K,
1: L+
2: fori € {1,2,...,d} do
3:  L; < heights of filtration hyperplanes in L(e;, V)
4: s < findDGMVertsDirection(L)
5. A < all nd intersection points of L(e;, V) fori € {1,2,...,no}
6: for { € L(s,V) do
7.  forpe Ado
8: if p € ¢ then
9: addpnN/ltoV

10: return V
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Theorem 5 (Higher-dimensional Vertex Reconstruction). Let K C R? be a simplicial
complex. We can can compute the coordinates of all ng vertices of K with Algorithm 3.5

using d + 1 directional augmented persistence diagrams in @(alngJrl + dII) time.

Proof. Let Oracle be the oracle that takes a direction s € S%~! and returns the Dy(s)
in O(IT) time. For i € {1,2,...d}, we use this oracle to obtain Dy(e;). Note that,
by Assumption 1 (General Position) and Corollary 3, for each of these directions, we have
exactly ng distinct filtration hyperplanes, in one-to-one correspondence with the vertices.
Note that, for a given direction e;, we store the filtration hyperplanes as a list of the
vertex heights. Choosing one hyperplane in each direction yields d pairwise orthogonal
hyperplanes; their intersection is a point in R¢ and this point is a potential vertex location.
In total, we have ng potential vertex locations, of which only ng are actual vertices. We
denote this set of nd potential vertex locations by A. By Corollary 3, Dy(s) has at least ng
points. Thus, computing these lists of vertex heights takes O(II + ng) time per dimension
on Line 3 to account for computing and listing the points of the APD.

Let s be chosen as in Lemma 11 in O(dnglogng) time. By Lemma 11, each
hyperplane ¢ (v) intersects at most one point in A for each v € V. Thus, by
Lemma 10, there are exactly ng distinct intersections between IL(s, V') and A, in one-to-one
correspondence with the n vertices of K.

Then, to identify vertex locations in R? we employ the following brute force
algorithm. We check each element v € A for intersections with any hyperplane ¢ €
LL(s, V'), this operation is seen on Line 8. Since |A| = nd and |LL(s, V)| = ng, we have nd ™!
checks that we must perform in the nested loops on Line 6 and Line 7, with each check
taking ©(d) time. Thus, the total time complexity of calculating V' from the d + 1 sets of
filtration hyperplanes is ©(dni*') and no additional diagrams are computed.

In total, this algorithm uses d + 1 directional diagrams. The time complexity of

constructing the d + 1 sets of filtration hyperplanes is ©(dnglogng + dIl + dny), and



60

an additional ©(dnd*") time to compute the actual vertex locations. Thus, the total time

complexity is ©(dnd ™! + dII). O

Algorithm 3.5 yields a method for reconstructing K, while minimizing the number
of diagrams used in the reconstruction. Next, we consider an alternative approach to
reconstructing Ky which uses a larger number of diagrams, but has a much smaller time

complexity in terms of n.

3.3.3 Minimizing Time Complexity

In this section, we introduce Algorithm 3.7, which provides an alternative means of
reconstructing K, which minimizes time complexity at the cost of diagram complexity.
Algorithm 3.7 starts by choosing an initial direction. This choice can be arbitrary, so
we choose the last cardinal direction, e;. Next, for each coordinate position ¢, we call
Algorithm 3.6 to find the i"™ coordinates of all vertices, denoted V), using only two APDs

specifically chosen for those coordinates. These results initially appeared in [56].

Lemma 12 (Two-Diagram Vertex Coordinate Localization). Let K C R? be a simplicial
complex for d > 2 and i € {1,2,...,d — 1}. If the d" coordinate of all vertices in
V = Ky are known, i.e., we have VP, then Algorithm 3.6 returns V') using two additional

directional augmented persistence diagrams in time ©(nglogng + II).

Proof. The main idea behind the correctness of Algorithm 3.6 is that the direction s €
S9! chosen on Line 6 maintains the vertex ordering as in direction e;. Then, we can
solve a single equation on Line 10 for the i coordinate of each vertex by intersecting
corresponding hyperplanes from L(e;, Ky) and LL(s, Kj).

We first examine the construction of s and show how it maintains the vertex ordering
from ey. In Line 2, we let h = %minjzgmno{vj(ff)l — vj(-d)}; in other words, A is half the

minimum distance between any two hyperplanes in L(ey4, Ky). Similarly, in Line 5, we let
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Algorithm 3.6: FindCoordinates(i, V@)
Input: i € Nsuch that 0 < i < d, V@ the d™ coordinate of all vertices

Output: V)
1: Hy < V@ sorted in ascending order

2 h < tminj_o ., {Halj — 1] — Halj]}

3: Dy(e;) < Oracleg(e;)

4: H; « births in Dy(e;) sorted in ascending order
5: w < smallest distance between elements of H;
6: s <+ normalized vector with —h as i™ coordinate, w as d™ coordinate, and zeros

elsewhere

7: Do(s) + Oracleg(s)

8: H, < births in Dy(s) sorted in ascending order
9: for j € {1,2,...,n0} do

10: o))« LwHylj] — Hj))

11: return V@

w be the maximum distance between hyperplanes in LL(e;, K). Then s is the normalized
vector with —h as its /™ coordinate, w as its d™ coordinate, and zeros elsewhere. We now
consider 7(s), m(eq), and 7(IL(s, Ko) U L(egq, Ko)), the projection of s, e4, and LL(s, Ky) U
L(eq, Kp) into the (e;, e4)-plane. By construction, the lines 7(IL(s, Ky)) are parallel to
(w, h) in the (e;, 4)-plane, and so by combining Lemma 9 and Lemma 8 as in the proof
of Theorem 4, 7(L(s, Ky)) intersect each of 7(IL(eg4, Ko)) in the same order. Furthermore,
since s has zero in all coordinates except 7 and d, the order is maintained in R¢ as well.
Now, we show how we can use this ordering to compute v(”). Assume that the
hyperplanes in LL(e4, K) and IL(s, K) are ordered by their heights in e, and s respectively

as in Line 1 and Line 8. Suppose, without loss of generality, that v is the j® vertex with
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respect to the ey direction. Then, v lies on the j™ hyperplane of L(e4, Ky) and the j™
hyperplane of IL(s, K;), meaning that v must lie in their intersection. To compute v(*), we
consider the equations of the two hyperplanes. Recall that the j® hyperplane in L(s, K;)
is the set of all points x = (z(),2® ... 2@) € R? at some height. Call this height c; .

Then, the j® hyperplane in IL(s, K;) is described by the equation

—ha® + wz® = Cjs- 3.6)

Let the height of the j™ hyperplane in L(eq4, Ko) be ¢;,. Then, the equation for that
height is

Cjeg =T €4 = AN 3.7

Combining Equations 3.6-3.7 and solving for z(*), we get

g 1
W = —(wejo, — ¢

h

Because v is in the intersection of these hyperplanes, vV = %(wcjve . — Cjs). Since
J was arbitrary, the same process works for all zero-simplices in K,. Thus, the for loop
on Line 9 computes the i™ coordinate of all zero-simplices and V() is returned on Line 11.
It takes ©(nglogng) time to sort the vertices on Line 1, Line 4, and Line 8 and
©(IT) time to compute the two diagrams on Line 3 and Line 7. All other operations in

Algorithm 3.6 take linear or constant time. Thus, the total runtime is ©(ng log n¢) and only

two APDs are generated on Line 3 and Line 7, as required. [

We are now ready to present Algorithm 3.7 for reconstructing all of the vertices of K.

Theorem 6 (Reconstructing Zero-Simplices). Let K C R? be a simplicial complex. Then,

Algorithm 3.7 reconstructs the vertex locations of all v € Ky using 2d — 1 diagrams in
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Algorithm 3.7: FindVerticesTIME()
Input:None (but makes calls to global Oracle for unknown simplicial complex)

Output: V = K,
1: Dy(eq) < Oracleg(eq)

2: V < list of n d-dimensional points, with all coordinates set to null

W

. V@ « birth times in Dy(eq)
4: for each 7 in dimensions 1 to d — 1 do
5 V® < FindCoordinates(i, V@)

6: return V
©(dnglogng + dII) time.

Proof. To prove the correctness of Algorithm 3.7, we define a loop invariant. We show
that at the start of iteration ¢ of the main loop of the algorithm (Lines 4-5), we know the
coordinates v, v ... v~ and v@ for all v € K,.

In the base case (iteration i = 1), we know only the d coordinate of each vertex and
the invariant is satisfied. Then, for 1 < & < d — 1, assume that we know all coordinates
for all v € Ky up to coordinate £ — 1 in iteration k — 1. Then, we show that the invariant
holds true for k as well. By Lemma 12, the call to Algorithm 3.6 on Line 5 returns V).
Furthermore, by the inductive assumption, we know all coordinates for each vertex up to
coordinate k — 1. Thus, after the k" iteration, we know all coordinates for each vertex up to
the k™ coordinate, as required. The algorithm terminates after (d — 1) iterations. Since the
loop invariant holds in the base case and in the inductive step, and the algorithm terminates,
the algorithm is correct.

Finding the d" coordinate of each vertex requires a single diagram, Dy(e,) on Line 1.

By Lemma 12, each call to Algorithm 3.6 generates two APDs and takes time © (ng log no+

IT). Algorithm 3.6 is called d — 1 times, generating a total of 1+2(d—1) = 2d — 1 diagrams
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and taking time ©(dng log ng + dII). O

Now, with two methods of reconstructing K, we move on to describe an efficient
algorithm for reconstructing K; in embedded graphs in Section 3.4 and then a general

reconstruction algorithm for simplicial complexes in Section 3.5.

3.3.4 Contributions to Section 3.3

In Section 3.3, we have presented two methods for reconstructing vertex locations
using APDs. Both ideas are generalized from the vertex reconstruction approaches and
conjectures in our previous work [11,12]. In a broad sense, the initial idea for the algorithm
prioritizing time-complexity in Section 3.3.3 was developed through discussions with the
research group and our two-dimensional approach in [11]. Many discussions were led
by Samuel Micka throughout the Fall of 2018 and included in the paper [56]. Samuel
Micka formalized the idea and initial write ups were done by Lucia Williams. Further
updates were made by Samuel Micka and others from the research group. The algorithm
prioritizing diagram complexity in Section 3.3.2 was an idea conjectured to be true by the
entire research group upon completing the submission of [11]. However, Samuel Micka,
assisted by discussions with Brittany Terese Fasy, formalized the idea, wrote the statements
and proofs, and revised the work found in Section 3.3.2 and [12]. Lucia Williams and Anna
Schenfisch helped with revisions and further discussions on later drafts of the statements
and proofs found in Section 3.3.2. We note that the contents of Section 3.3.1 come from

[11] and are included to add clarity to proofs in Section 3.3.3 and later in Section 3.6.

3.4 Reconstructing One-Simplices

In this section, we consider reconstructing the one-skeleton (or edges) of simplical
complexes. We may refer to the one-skeleton as embedded graphs without loss of

generality. We note that the results of this section follow primarily from the work found
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in [56]. Using one of the algorithms from Section 3.3, we reconstruct the vertices of an
unknown simplicial complex and assume that these are known apriori in the algorithms to
follow. Results for embedded graphs are stated in Corollary 5 and Corollary 7.

First, we note that an edge reconstruction algorithm for embedded graphs was
described in our research [12] with diagram complexity ng — ny. Here, we describe an
output sensitive algorithm, first introduced in our unpublished paper [56], with diagram
complexity O(n; logng). Intuitively, we use a hyperplane sweep in the e, direction where
events occur at vertices; thus, we may use the word “above (below)” as shorthand for
“above (below) with respect to the e; direction”. We discover edges incident to each vertex
v € V by determining regions where potential edges lie and logarithmically search the
region with information about edges already discovered below v.

The hyperplane sweep may be easier to visualize as a line sweep in R?. Many of our

descriptions utilize this tool, so we begin by defining a projection of K C R to R?:

Definition 16 (Projection to R?). For d > 2, let m: RY — R? be the projection onto the
first two coordinates; that is, w(x™", 2® . . 2@) = (V) 2?)). Note that the image of
7 is the plane spanned by e, and ey, and 7(x) is the orthogonal projection of x onto that

plane.

All operations for reconstruction are taking place in R?. However, the general
position ensures that deg(v) = deg(w(v)) and, moreover, that no three vertices are collinear
in 7(RY) by Assumption 1, so discussing edge reconstruction in 7(R?) is reasonable.

To keep track of regions containing edges incident to a vertex v, we introduce an edge
interval object eI, which contains an ordered list of vertices radially sorted cw about 7(v)
that are in the interval eI, denoted eI.V, and a count eI.count representing the number
of vertices in eI.V that are adjacent to v. Intuitively, the eI object allows us to determine

intervals where potential edges lie. Then, using information we know about edges below
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v, we split the wedges, efficiently searching for intervals containing exactly one vertex that
have a positive eI.count value. In order to search the edge interval in logarithmic time,
we define Algorithm 3.8 and use it to converge on these edge intervals containing a single
vertex with a count of one. We converge by searching intervals in a clockwise fashion
and may refer to vertices and intervals to the “left” as meaning they lie before the current

interval or split point in the clockwise ordering or to the “right” to mean that they lie after.

Algorithm 3.8: SplitInterval(v,el,E,,V,)

Input:v € Ky, edge interval eI, and E,, a list of known vertices adjacent to v sorted cw about 7 (v),

V., containing all vertices sorted cw around 7(v)
Output: edge intervals eI, and eI,.
1: split! < |eI.V.size()/2]
2: £ <« line in ey, ep-plane intersecting v, not intersecting any v € V,, and bisecting
el.V[split'], eI.V[split! + 1]
3: s < (* such that s - eI.V[split'] < s-eI.V[split' + 1] with zeros in all dimensions
larger than two
4: split < index of v’ in E, where v’ is the first vertex in E, with v’ - s < v - s
5. if split| is undefined then
6:  split) < E,.size() +1
7: Ej < E,[split
8: E < E,[: split — 1]
9: el;.count < ComputeIndegree(v,s,1,[]) — E.size()
10: eI,V < eI.V[: split']
11: el,.count « ComputeIndegree(v,—s,1,[]) — E}.size()
12: el,.V+ el.V[split! + 1]

13: return el el,
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Lemma 13 (Interval Splitting). Let K C R? be a simplicial complex, v € Ky a vertex,
and el an edge interval containing el.count unknown edges. Let V,, be the vertices of K,
ordered radially cw around w(v). Let eI.V be the sorted vertices from V, contained in el.
Let E, contain all known adjacent vertices v' from V,, i.e., (v,v") € K and v’ comes before
the vertices in eIV in the radial ordering of all vertices around 7w(v). Then, Algorithm 3.8
uses two diagrams and O(I1 + n?) time to split eI into two new edge intervals eI, and el,

with the properties:
1. eI, V+ eI,V =el.V(where+ denotes concatenation),
2. eI, V.size(), el,.V.size() < [M},

3. eIj.count = [{v/ € eI, V| (v,0') € Ky}

, and eI,.count = [{v/ € eI,.V |

(v,v") € Ky}

Proof. We first show Properties 1 and 2. Algorithm 3.8 first creates two vertex sets from
eI.V, one containing the first half up to and including index split! of eI.V (eI,) and
the other containing the second half (eI,) including index split" + 1 to the end of eI.V
(Lines 1-4). Thus, eI;.V + eI,.V = eI.V and Property 1 holds. Furthermore, by choice
of split point split’ as |eI.V.size()/2], eI;.V.size() = LMJ and eI, .V.size() =
[%’mo} proving Property 2.

We now prove Property 3 for eI, and note that the proof of eI, follows the same
argument. Assume ¢ is chosen as on Line 2 (we demonstrate how to choose ¢ at
the end of this proof). We observe that ¢ intersects v and partitions the vertices in
eI.V 4+ E,. We choose s orthogonal to ¢ (Line 3). By Theorem 1, the value returned from
ComputeIndegree(v, s, 1,-) counts all edges incident to v and below v - s in direction s.

This is exactly equal to the number of edges in eI, and the number of edges (v,v’) € E,

for which v' - s < v - s (the edges below ¢ in eV'). Thus, we can compute eI,.count by
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subtracting the number edges in E, that are counted in this k-indegree calculation. We find
the greatest index of any vertex on the right side of ¢ and in E, in Lines 4-6. Then, the set
of verticesbelow ¢ in E,,, denoted Eﬁ, is everything in E, after that index, as in Line 7.

We can now compute [{v' € eI,.V|(v,v") € K, }| as the k-indegree of v from direction
s minus the number of elements in Ef, , and we set eI,.count to that value on Line 9. Then,
Property 3 is satisfied. See Figure 3.3 for a demonstration of two calls to the algorithm.

By Theorem 2, the calls to ComputeIndegree(v, s, 1,-) and ComputeIndegree(v, —s, 1, )
each generate a single persistence diagram, so a total of two diagrams are used. Since v is
a zero-simplex, the runtime for each of these calls is O (IT + n%) Furthermore, searching for
the above and below split each take O(log ng) time.

Determining an ¢ with the property that ¢ only intersects v and bisects the wedges
can be done by binary searching for the first vertex v € V, \ eI.V in cw order that has a
line defined by v and v’ that splits eI.V[split'] and eI.V[split’ + 1]. If no such v’ exists
then ¢ can be set to the line intersecting v and the point midway between eI.V[split'] and
eI.V[split’ + 1] in constant time. Then, we consider the case where such a line between
v and v’ exists. We must find a suitable way to split eI.V[split'] and eI.V[split? + 1]
without intersecting any other vertices in V,, with our line /. If the line intersecting v
and V,[V,.indexO f(v') + 1] still falls between eI.V[split'] and eI.V[split! + 1], we
choose our ¢ to intersect the v and midway point between V,[V,.indexO f(v') + 1] and
v'. If the line intersecting v and V,[V,.indexOf(v') + 1]) does not split eI.V[split']
and eI.V[split! + 1], then we choose our line to intersect v and the midpoint between
eI.V[split'] and the orthgonal projection of eI.V[split'] onto the line intersecting v and
v’. Thus, computing ¢ can be done in log(ng) time, dominated by searching for a vertex
v' € V,\ eI.V that has a line bisecting eI.V[split'] and eI.V[split’ + 1]. Then, the total

complexity O(IT + n2). O

Now, we use Algorithm 3.8 to efficiently identify intervals that contain edges.
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Lemma 14 (Finding Edges Above a Vertex). Let v € K, be a vertex. If all edges (v,v') €
Ky withv'-es < v-eq are known then Algorithm 3.9 finds the set of (v,v') € Ky withv'-e5 >
v - €9 using O(deg(v)logng) augmented persistence diagrams in O(deg(v)logng (Il +

ng)) time.

Proof. Let V, be a list of vertices sorted radially cw around 7(v), beginning with the
vertex with smallest angle below the horizontal in the bottom-left quadrant. Throughout
Algorithm 3.9 we maintain a stack eIStack of edge intervals objects, which we think
of as holding potential adjacent vertices — vertices that may or may not participate in an
edge with v. Then, we define E, be the concatenation of all vertex lists of edge intervals
in eIStack in order. We denote the index of a vertex v’ in E; or V, as E,.index(v’) or
Vy.index(v'), respectively. Having defined E;, and V,, we now give a loop invariant to
prove the correctness of Algorithm 3.9. At the beginning of each iteration of the loop on

Line 6,

1. allv' € Ky adjacent to v with Vy.index(v') < Vy.index(eIStack.peek().V[1]) are in

E, (all edges to the left of the stack are known),

2. if vy, vy € Ep, and Ey.index(vy) < Ep.index(vg) then Vy.index(vi) < Vy.index(vs)

(the edge stack is cw-ordered),
3. all eI € eIStack have el.count > 0,
4. if (v,v") € Ky then v’ is exclusively in E, or E.

Initially, the stack contains only one edge interval object containing all vertices
above v (Lines 1-5) and E, contains all adjacent vertices below v (as input). Both are
ordered cw. Thus, all four invariants are satisfied. (In the case that there are no vertices

above v, eIStack is empty and the invariants are still trivially satisfied.)



70

Assume the invariant holds entering the i iteration of the loop on Line 6. We now
show that it holds entering the (i + 1)*. To begin i iteration, we pop an edge interval off
of eIStack into the variable eI on Line 7. We consider the case where eI contains only
one vertex and the case where it contains more than one vertex separately.

Suppose eI.V.size() is one, as in Line 16. By Property 3, eI.count > 0, and by
Lemma 13 eI.count gives the number of eI.V that participate in edges with v. Then, the
single vertex in eI.V must participate in an edge with v, so we add it to E, on Line 17. By
Property 1 and Property 2, E, contained all edges to the left of the stack at the beginning
of the iteration, and eI contained the farthest-left potential vertex. Thus, after adding v, E,
still contains all known vertices, and eI remains sorted, so both conditions are maintained.
No edge intervals are pushed onto eIStack so Property 3 holds trivially, and v is moved
from E; to E, so Property 4 holds.

Next, we consider the scenario on Line 8, where eI.V.size() > 1. We first split
el into two new edge intervals eI, (left) and eI, (right) on Line 9 using Algorithm 3.8.
Note that by Lemma 13, vertices in eI, and eI, are in sorted order, with vertices in eI,
coming before eI,. Algorithm 3.9 processes the right interval first, and then the left. If
el,.count > 0, then eI, contains a vertex adjacent to v and we push eI, onto eIStack
on Line 11. Since the stack was sorted before and we have only performed a single pop
operation, Property 1 remains true. Since Property 2 held at the beginning of the iteration,
and eI, holds vertices with indices larger than the vertices of eI, in V,, edge intervals in
eIStack remain sorted, and Property 2 is maintained. eI,.count > 0, so Property 3 holds
as well. If eI,.count = 0, we do nothing, and Properties 1-4 still hold. We then move on
to processing the left interval.

If eI,.count = eI,.V.size() = 1, then the single vertex in eI, forms an edge, and
we add the vertex to to E, (Line 13). Note that Properties 1-4 hold after this operation

by observing that indices of the vertices in eI, smaller than the indices of the vertices of
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eI, in V, and then applying the same argument outlined above when eI.V.size() equals
one. Moreover, note that if eI,.count = 0, we do nothing, and Properties 14 still hold.
Finally, if eI,.count > 1 then the edge interval has at least one edge and more than one
potential adjacent vertex in eI,.V. In this case, we push eI, onto eIStack on Line 15.
Since eIy.count > 1, Property 3 is maintained. Additionally, no vertices are added to E,
and all potential edges in the right and left intervals have been returned to eIStack, so
both Property 1 and Property 4 are true. And since Property 2 was true before and the left
interval comes before the right interval, it remains true. Thus, the invariant holds entering
the (i 4+ 1)* iteration, as required.

Next, we show that when the loop ends, we return the correct answer. If the loop
terminates, then eIStack is empty, which implies that E; is also empty. Then, Property 4
of the loop invariant implies that all adjacent vertices to v are in E,, which is returned on
Line 18.

Finally, we analyze the time complexity of the algorithm and the number of diagrams
it requires. The stack eIStack never is larger than deg(v) since it only stores edge intervals
with positive edge count by Property 3 of our invariant. Then, we start with an edge interval
with edge count O(n() and we decompose the interval into at most deg(v) edge intervals
with exactly one vertex each. Decomposing into an edge interval with a single edge and
vertex requires O(logng) calls to Algorithm 3.8 by Property 2 of Lemma 13. Thus, the
total number of iterations is O(deg(v) log ng), and the algorithm terminates. All operations
in the loop take constant time except the call to Algorithm 3.8, which runs in O(IT +
ng) time, so the total complexity is O(deg(v)logng(IT + n2)). Furthermore, each call
to Algorithm 3.8 requires two persistence diagrams, so the total number of persistence

diagrams generated is O(deg(v) log ng). O
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Algorithm 3.9: FindUpEdges(v, E,, V,)
Input: vertex v, list of edges (v,v’) € K; with v’ - e5 < v - e denoted E, sorted cw around 7(v),

V,, containing vertices ordered cw around 7(v)
Output: E,, the set of edges (v,v’) € K;
1: V4 <V, restricted to vertices above L (e, v)
2: el < [.(count = ComputeIndegree(—es,v,1,),V=V;)
3: eIStack < an empty stack of edge region objects
4: if eI.count > 0 then
5:  elIStack.push(eI)
6: while JeI € eIStack do
7. el « eIStack.pop()

8: ifel.V.size() > 1 then

9: ely, el, < SplitInterval(v,el,E,, V)
10: if eI,.count > 0 then

11: eIStack.push(el,)

12: if eI,.count = eI;.V.size() = 1 then

13: append eI,.V[1] to E,

14: else if eI,.count > O then

15: eIStack.push(ely)

16:  else

17: append eI.V[1] to E,

18: return E,
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Figure 3.3: Demonstration of two calls to Algorithm 3.8 for splitting edge intervals at a
vertex v within Algorithm 3.9. (a) For our first call, E, = {vs}, eI.count = 2, and eI.V =
(v4, v3, V2, v1). In other words, we know that [vg, v] € K; and that two of the four vertices
above v are adjacent to v. (b) Within Algorithm 3.8, we choose the direction s such that
exactly half of the vertices in eI are below v. We create an edge interval eI, corresponding
to the vertex set above ¢ and outside the shaded region, and (in Algorithm 3.9) push that
onto a stack to be processed later. We focus on the interval eI, that contains the vertices
below ¢ and not in the shaded box, eI.V = (v4,v3). Since two edges contribute to v’s
indegree in direction s and one of them is the edge [vs, v], we have eI.count = 2 — 1 =
1 (c). Next, we find a new direction s that splits eI,.V into two sets of size one. We
push the one above ¢ onto our stack, and notice that the wedge below ¢ and outside the
shaded region has exactly one vertex (eI.V = {v,}) and that vertex is incident to v since
el.count=2—-1=1.

See Figure 3.3 for an example of part of the execution of Algorithm 3.9. We now give

an efficient algorithm for edge reconstruction.

Theorem 7 (Edge Reconstruction). Let K C RY be a simplicial complex. Given the
locations of Ko, Algorithm 3.10 reconstructs K, using O(nq log ng) augmented persistence

diagrams in O(ny logno(I1 + n?)) time.

Proof. First, we prove that the Algorithm 3.10 finds all edges in K. In Line 2, we sort the
vertices by es-values. For 0 < 7 < ny, let v; be the jth vertex in Vigights. Our loop invariant
is that, after iteration j, we have identified all edges that have a vertex on or below v; with

respect to the e, direction. We initialize our edge set to be empty. Next, consider vertex
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v; 1n iteration j and assume that we know all edges with a vertex below v; with respect
to direction e;. To update the invariant, we must identify all edges above v; that have v;
as an endpoint, which is returned by FindUpEdges(v;, E,, V,,) (Algorithm 3.9) on Line 7.
Finally, the algorithm terminates because Vycignts 18 finite and Algorithm 3.9 terminates
during each iteration by Lemma 14.

Next, we analyze the running time of Algorithm 3.10. In Line 2, we sort the
vertices by their es-values in O(nglogng) time. In Line 3, for each v € K, we
radially order the vertices of Ky \ {v} around v in O(n?) time by Lemmas 1 and 2
of [82]. In Lines 4-7, we call Algorithm 3.9 once for each vertex. For each v € K,
each call takes O(deg(v)logng(IT + n?2)) time and summing over all vertices takes
O(ng max,cx, deg(v) log ng(IT + n?)). However, since no edge is checked at two different
vertices, we can amortize the cost to be O(n;logng(Il + n?)) time. Finally, we
analyze the number of diagrams used by Algorithm 3.10. Lines 2—-3 compute no new
diagrams. In Lines 4-7, similar to the time analaysis, for each v € K, Algorithm 3.9
uses O(deg(v)logng) diagrams and summing over all vertices generates O(n;logny)

diagrams. 0

Next, we explicitly describe the results for embedded graphs in R?. Recall, that the

number of diagrams used for edge reconstruction on embedded graphs in [12] was n2 — nq.

Corollary 5. Let G = (V, E) be an embedded graph in R%. The number of diagrams used

to reconstruct E is O(d 4 nq log ng).

Furthermore, if we limit the scope to plane graphs, then we are able to reconstruct

edges with a number of diagrams that is less than exponential in the ambient dimension.

Corollary 6. Let G = (V, E) be a plane graph in R The number of diagrams used to

reconstruct E is O(d + nglogng).
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Algorithm 3.10: FindEdges(K)
Input: K, a list of all vertices in K

Output: K, a list of all edges in K
1 Ky« {}
2: Vheights <— vertices ordered by heights of hyperplanes in L(e, Ko)
3: Viore <— all vertices sorted cw radially around all other vertices
4: for v in Vyeighes do
5: V., « vertices from V,,,; relative to v
6: E, <« v for (v,v') € K; sorted radially cw using Line 3
7:  Add edges from FindUpEdges(v, E,, V,) to K,

8: return K;

The proof falls out of Corollary 3, Theorem 6, and Theorem 7. Finally, Assumption 1
ensures that all points are in general position in the e; and e, plane, but does not ensure that

the immersion of the graph in the e; and e plane results in a plane graph.

Corollary 7. Let G = (V, E) be a graph immersed in the plane spanned by e, and es. The

number of diagrams used to reconstruct E is O(d + nylogng).

3.4.1 Contributions to Section 3.4

In Section 3.4, we have presented an algorithm for efficiently reconstructing edges for
embedded graphs. Initially, the ideas for this were formulated by Samuel Micka, Brittany
Terese Fasy, David L. Millman, Lucia Williams, and Anna Schenfisch in the Fall of 2018.
However, we did not meet our paper submission deadline and no further progress was
made until Fall 2019. When we returned to the work, Samuel Micka made substantial
efforts to correct errors, rewrite the statements and proofs, and rewrite the algorithms to

make them more concise and correct. Lucia Williams was critical in reviewing the content
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that Samuel Micka had added, correcting and simplifying several statements. After the
submission of the work in the Fall of 2019 [56], Samuel Micka came back through the
section, making several more updates for clarity and readability. Brittany Terese Fasy put
forward substantial efforts to make the section more readable with Figure 3.3 and some

additional explanations.
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3.5 Reconstructing k-Simplices

Combining the results from the previous subsections, we arrive at an algorithm to fully
reconstruct an embedded simplicial complex that was originally introduced in our work
[56]. Note that we utilize Algorithm 3.4 to reconstruct K, but point out that Algorithm 3.5

could be substituted to utilize fewer diagrams at the cost of time complexity.

Algorithm 3.11: ReconstructComplex()
Input: None (but makes calls to global Oracle for unknown simplicial complex)

Output: simplicial complex K
1: Ky « FindVerticesTIME()
2: K; < FindEdges(Ky)
3 K+ KoUK,
4: fori € {2,3,...,k} do

5: for o € Ki—l do

6: for v € K \ verts(o) do
7: if CheckSimplex(o, v) then
8: Kz < K, U (O' U {U})

9: return K,

Theorem 8 (Simplicial Complex Reconstruction). Let K be a simplicial complex in R?,
k be the dimension of the highest-dimensional simplex in K, ng be the number of zero-
simplices, and let n = max; n;. If K meets the assumptions made in Assumption 1, then
Algorithm 3.11 reconstructs K in O(knng2%(no(n + d° 4+ logng) + I + 257 1)) time using
O(knny2") APDs.

Proof. Algorithm 3.11 iterates through each (k—1)-simplex ¢ and checks whether o forms

a k-simplex with each v. By Theorem 3, Algorithm 3.3 (CheckSimplex(o,v)) determines
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if the simplex defined by o and v is present in /. Since we pass every potential k-simplex
to CheckSimplex(c,v), the algorithm finds all k-simplices.

Next, we analyze the runtime and number of diagrams. There are three nested loops.
The first loop on Lines 4-8 performs at most  iterations. The second loop on Lines 5-8
performs at most 7 iterations. The third loop on Lines 6-8 performs at most n iterations.
Inside the inner loop, Line 7 calls CheckSimplex(o,v), which for dimension k, takes
O(2%(no(ng_1 + d® +logng) + I+ 2F~1)) time and uses 2" — 2 diagrams by Theorem 3.
Thus, the algorithm takes O(knno2"(no(n + d® + logng) + II 4+ 2°71)) time and uses

O(knng2") diagrams. O

3.5.1 Contributions to Section 3.5

The content in Section 3.5 (originally appearing in [56]) was initially written by
Samuel Micka when he was working to combine the predicates developed in Section 3.2.
However, as Section 3.2 was updated, Section 3.5 also experienced changes. Lucia
Williams carefully read and critiqued the section. Finally, Samuel Micka and David L.
Millman came back to calculate time and diagram complexities when all of the predicates

in Section 3.2 were finished.



79

3.6 Challenges Using Non-Augmented Descriptors

With the ability to reconstruct simplicial complexes using APDs, we ask: are similar
constructions possible without augmentation? Or, using other topological descriptors? In
this section, we consider several challenges that arise when reconstructing K, when using
descriptors without augmentation, i.e., storing information about the height, relative to
a particular direction, of all vertices in the filtration. We already know that simplicial
complexes in R? cannot be reconstructed, without additional general position assumptions,
using the ECC by Lemma 2. As such, we consider the problem of reconstructing plane
graphs and focus on reconstructing the vertices. By focusing on plane graphs adhering to
Assumption 1, every vertex will be witnessed by some set of directions chosen from S¢~1.

We note that the results described here were published in [55].

3.6.1 Towards Vertex Reconstruction

We are interested in reconstructing a plane graph from ECCs from a constant number
of directions. While three directions was sufficient for reconstructing vertices using APDs,
ECCs contain less topological and less geometric information under many circumstances.
However, we observe the existence of a linear number of directions that allows to fully

reconstruct the vertices of a plane graph:

Proposition 1 (ECC Existence). Given a plane graph K = (V, E) with |V | = ny, there
exist 3ng directions, and corresponding ECCs, that can be used to reconstruct all vertices

nV.

Proof. Let v € V be a vertex in K. First, we show that each vertex is witnessed from
an infinite number of directions S'. If deg(v) = 0, v is witnessed from any direction for
which it lies on a unique witness line (So, for all but |V'| — 1 directions). If deg(v) = 1

with edge (v, v’) for some v' € V, then v is witnessed from an the infinite set of directions
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from which v" appears after v in the lower-star filtration, and v lies on a unique witness
line. If deg(v) > 1 with edges (v, v’) and (v,v") for v',v” € V, then v is witnessed from
any direction from which v’ and v” appear before v in the filtration and v lies on a unique
witness line. Thus, each vertex is witnessed from an infinite number of directions.

Let I, be the set of directions that witness v. We can choose any three directions
from [, and generate a unique three-way intersection at v. Now, we need to show that a
set of directions exist for each of the ng vertices such that no three-way intersections exist
at locations where a vertex is not located. In order to do this, we give the vertices some
arbitrary ordering vy, vs, . . ., Up,. Then, select vertices in ascending order. For the first, any
three directions in I, will give a three-way intersection of witness lines at v; and, because
I, contains infinite choices for directions and there are only a finite number of vertices,
these directions can be chosen to not create a three-way intersection at any location that
does not correspond to a vertex. Specifically, the first two distinct directions will not create
any three-way intersections. Moreover the third direction can be chosen from I, so that all
existing intersections (from the first two directions) are at unique heights.

For each successive vertex v;, there exist up to a total of 3iny witness lines. More
importantly, the number of witness line intersections is finite. Thus, there exist three
directions in I, such that none of the witness lines created by these directions intersect
existing intersections that do not correspond to vertex locations. For example, like in the
case with the third direction for vy, you can choose a direction in [, for which each existing
intersection point is at a unique height. Then, since only vertices can create new witness
lines, the lines added in this direction will not intersect any existing intersection points
except for those at vertices. Since the x- and y-coordinates of a vertex can be determined
using a three-way line intersection, we can see that there exist a set of 3n directions which
generates exactly n, three-way (or more) intersections of witness lines, in correspondence

with the locations of all ng vertices. O
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Figure 3.4: Scenario where a degree two vertex not witnessed by the directions e; and e,
can create a three-way line intersection where a vertex does not exist when a third direction
is chosen. This intersection is highlighted by a red circle in the image.

Remark 1. We note that a similar observation for vertex reconstruction for simplicial
complexes in R was made independently by Curry et al., where the authors provide a
method for determining vertex locations using assumptions about the geometry of complex

[40].

Then, attempting to use one of our techniques for vertex reconstruction (such as
[11]) seems promising for plane graph reconstruction using ECCs, i.e., we can define
a correspondence between three-way witness line intersections (from carefully chosen
directions) and vertices. However, Proposition 1 only proves the existence of such a set
of directions and does not provide an algorithm if the vertex locations are not known.
In fact, certain types of vertices introduce difficulties when developing a deterministic
approach for reconstruction with the ECC. For example, consider Figure 3.4. A degree
two vertex is not witnessed by any of the witness lines from the cardinal directions e,

—eq, €2, and —ey. As an alternative, we might ignore degree two vertices and attempt to
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Figure 3.5: Embedding of a plane graph where vertices v;, v,, and v are nearly collinear.
As the vertices approach collinear the region on S! containing directions which will witness
v grows arbitrarily small.

generate a correspondence between three-way intersections of witness lines and non-degree
two vertices. However, if we use the technique described in Theorem 4 to choose such a
direction, that direction may result in a witness line that causes a three-way intersection
not corresponding to a vertex as in Figure 3.4. In fact, when degree two vertices are
introduced to the plane graph, several problems arise. We discuss these problems in detail

in Section 3.6.2.

3.6.2 Degree Two Challenges

Degree two vertices introduce several complications in finding witness directions,
because degree two vertices can have an arbitrarily small region on S! from which they can
be witnessed. For example, in Figure 3.5 the vertices vy, v,, and v3 are nearly collinear. In
order to witness vy, we must choose directions from within the red region, where a decrease
or increase in the ECC will be observed. However, these these regions becomes arbitrarily

small as vy, v and v3 approach collinearity.
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Figure 3.6: Different scenarios of edge embeddings for degree two vertices. We consider
vy a degree two vertex when considering, exclusively, the sets of edges {(v1, v2), (v3,v2)},
{(v4,v2), (vs,v9)}, or {(vg,v2), (v7,v2)}. These three sets of edges highlight situations in
which v, can be witnessed in different ways.

Remark 2. We discuss this phenomenon seen in Figure 3.5 further in Section 3.7, but
note that these challenges were simultaneously and independently investigated by [40].
The local geometry (“flatness”) of simplices is related to the 6-observability discussed

in [40, Section 7].

As mentioned earlier, degree two vertices can also introduce additional ambiguities
when witnessing non-degree two vertices. Recall the example found in Figure 3.4 and the
discussion in Section 3.6.1.

Despite these difficulties, several situations exist in which degree two vertices can
be witnessed. The following propositions summarize these scenarios. For clarity, we
discuss quadrants as though v, is located at the origin. However, note that the following

propositions also apply to arrangements with similar orientations and angles.

Proposition 2 (Same Quadrant). If vy and vs lie in the same quadrant, such as the vertices
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vy and vy in Figure 3.6, then vy will be witnessed in ECCs from every one of the cardinal

directions.

Proof. If vy and v3 lie in the same quadrant, then v, and vs will appear before v, from
exactly one of the two x-axis parallel directions directions (—1,0) or (1,0) and before vy
in exactly one of the y-axis parallel directions (0, —1) or (0, 1). Let s; € {(0,1),(0,—1)}
and s2 € {(1,0),(—1,0)} be the directions that witness v; and vs before vo. x5, and xs,
will witness v, by seeing a decrease in the Euler Characteristic at the time that vy is first
included in the filtration. Then, —s; and —s, will witness v, before v; or vy. Since no other
edges with v as an endpoint exist, there will be an increase in y_5, and x_, at the time
that vy is first included in the filtration. Then, vy is witnessed from every cardinal direction,

as required. [

Proposition 3 (Neighboring Quadrants). If v, and vs lie in neighboring quadrants, such as
vertices vy and vs in Figure 3.6, then vy will be witnessed in ECCs from exactly two of the

four cardinal directions.

Proof. Recall that no two vertices share z- or y-coordinates, then any witness line from a
cardinal direction will be unique. Let s be the cardinal direction for which v; - s < vy - s
and v3 - § > vy - s and —s the cardinal direction chosen such that v3 - s < vy - s and
v1 - 8§ > vy - 5. Then, there is no change in Euler Characteristic at v, from either s or —s,
since v is added at the same time as (vq, vy) or (vg, v3), respectively. Now, let w and —w
be the remaining two cardinal directions, where w is the direction from which we include
v before vy or v3. Direction w witnesses vy because no edges are included at height v,
from that direction. Direction —w witnesses v, because both (vy, v9) and (vy, v3) are added

along with vy. Thus, v, is witnessed from exactly two of the four cardinal directions. [

Proposition 4 (Degree Two Bounded Angle). If angle((v1,v2), (v2,v3)) < § then vy will

be witnessed in ECCs from at least two of the four cardinal directions.
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Proof. If angle((vy, vz), (v2,v3)) < 7, then v; and v3 must lie in neighboring quadrants or
the same quadrant, since neither can lie on the boundary of a quadrant by assumption. If
they are in the same quadrant, Proposition 2 tells us that they must be seen from all four
cardinal directions. If they are in neighboring quadrants, Proposition 3 tells us that we can

witness v, with ECCs from exactly two of the four cardinal directions. 0

The above propositions show scenarios for which degree two vertices can be
witnessed using cardinal directions. However, degree two vertices pose particular problems
when the edges lie in non-neighboring quadrants, such as the edges (vg, v2) and (v7, v9) in
Figure 3.6 or (vy,vs) and (ve,v3) in Figure 3.5. Then, when a plane graph K does not
contain any degree two vertices, a constant number of ECCs can be used to determine the

embeddings of the vertices.

3.6.3 A Special Case

If a plane graph contains no degree two vertices, then reconstructing the vertices
poses fewer challenges. Let K denote a plane graph with vertex and edge sets V' and F
respectively. Recall from [11] that three way filtration line intersections from carefully
chosen directions correspond to a vertex location for plane graphs using persistence
diagrams. We show that this result still holds for reconstructing plane graphs using ECCs,
if they do not contain degree two vertices.

First, we provide a lemma that yields insight into how non-degree two vertices are

witnessed.

Lemma 15 (Linear Witness Lines). Let K be a plane graph in R? with vertices V such that
forallv € V, deg(v) # 2 and denote |V | = ng. Let { be a line in R? such that any line
parallel to { intersects at most one vertex in V. Let s € S' be chosen perpendicular to /.
Then,

W (s, V)UW(=s,V)| =no
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Proof. We show that each vertex is seen by at least one of s or —s. Let v € V' be a vertex
with deg(v) = 0. Then, v will correspond to (s, v) for any arbitrary direction s € S*
because x will always increase by at least one at time s - v. As such, v will be witnessed
by both s and —s.

Let v € V be a vertex with deg(v) = 1 and (v,v") € E for some v" € V. Then, if
s € S' is chosen such that s - v' < s - v, v will not result in a change in y,. However, s was
chosen such that no two vertices will be witnessed at the same time. As a result, no edge in
E can be parallel to £. Then, if s-v' < s- v then —s-v' > —s- v and an increase in y_; is
seen at time —s - v. This implies that v is witnessed by s or —s but not both.

Finally, if v € V is a vertex with deg(v) > 2, then we must consider two cases.
If, for s € S!, there exists exactly one edge (v,v’) € E such that s - v/ < s - v, then
there must exist at least two additional edges that will result in a decrease in y_, at time
—s - v. As such, v will be witnessed by at least one of the ECCs resulting from s or —s.
On the other hand, if, for s € S!, there exists either zero edges or more than one edge
that appear before v in the height filtration from s, then y will either increase (in the case
where no edges appear before v) or decrease (in the case where two or more edges appear
before v). Then, all non-degree two vertices result in a change in x, or xY_s and, as such,

(W (s, V)UW(=s,V)| = nyg, as required. O

By generalizing the results of Lemma 15, we introduce the the following Lemma to

generate n3 potential vertex locations in R?, where ny is the number of vertices.

Lemma 16 (Witness Line Intersections). Let K be a plane graph in R? with vertices

V. Recall the cardinal directions (0,1),(1,0),(0,—1),(—1,0) € S. Ifforallv € V,
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deg(v) # 2 then

(W ((0,1),V)UW((0,—1), V)| = ng, and

W((1,0), V) UW((~1,0),V)| = no.

Proof. By Lemma 15, if s is chosen such that no two vertices are intersected by a line
perpendicular to s, then W(s, V') U W(—s, V') will result in ny filtration lines. Recall that,
by Assumption 1, no two vertices in K share an x- or y-coordinate. Then, by Lemma 15,
[W((0,1),V) U W((0,-1),V)| = ng and |W((1,0),V) U W((-1,0),V)| = nog, as

required. [

Utilizing these ny horizontal and n, vertical witness lines, we are able to pick two
additional directions to generate three-way filtration line intersections using a technique

similar to the one described in Theorem 4. Then, the following theorem holds as well.

Theorem 9 (ECC Vertex Reconstruction). Let K = (V| E) be a plane graph with vertices
Vand |V| = ng. If for all v € V, deg(v) # 2, then the locations of all vertices can be

determined using six ECCs in O(nglogny) time.

Proof. Using Lemma 16 we construct ny horizontal and nq vertical lines corresponding to
vertices using four ECCs and we denote them Ly and Ly respectively. Then, we must
identify an additional two directions which will, together, generate an additional ny unique
witness lines and exactly ng three-way filtration line intersections. We choose these final
directions s3 € S! and —s3 using the method described in Theorem 4. We observe that,
by Lemma 8, no two vertices will be intersected by any single line perpendicular to ss.
Then, since each vertex will be witnessed by at least one of the ECCs from W(s3, V') or

W(—s3, V) by Lemma 15, these two directions will yield nq distinct filtration lines each of
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which will intersect exactly one two-way intersection between lines of Ly and Ly . Then,
Lemma 9 implies that these three-way intersections are the locations of the ng vertices in

V. The O(nglog ng) running time follows from the proof of Theorem 4. O

We note that, due to the challenges of reconstructing K,, we are not particularly
optimistic about reconstructing K with ECCs using similar approaches to the ones
described in Section 3.5. Next, in Section 3.7, we explore lower-bounds on the number

of various topological descriptors for reconstructing simplicial complexes.

3.6.4 Contributions to Section 3.6

In Section 3.6, we have presented several scenarios in which problems arise when
performing reconstruction with non-augmented descriptors. These results were published
in [55] and the authors worked on all aspects of the work at one point or another. As such,

we will attempt to highlight the contributions of Samuel Micka:

e Proposition 1 was initially developed by Samuel Micka, Lucia Williams, and Anna
Schenfisch. We also note that observations about “flatness” of simplices were

simultaneously developed in [40].

e The observation summarized in Figure 3.4 is a simplified version of an observation

made during discussions between David L. Millman and Samuel Micka.

e Proposition 1 led to observations about the difficulties of reconstructing degree two
vertices. Samuel Micka developed Proposition 2, Proposition 3, and Proposition 4
to offer insight into the specific problems related to degree two vertices. Several
discussions and critiques were carried out pertaining to these propositions amongst

the authors.
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e The lemmas and theorems in Section 3.6.3 were developed by Samuel Micka,
Lucia Williams, and Anna Schenfisch when it was realized that, without degree two

vertices, reconstruction was significantly simplified.

3.7 Lower-bounds on Reconstruction with Various Descriptors

In Section 3.6, we focused on degree two vertices and reconstructing plane graphs.
While we are demonstrating problems related to reconstructing simplicial complexes,
similar observations have been made when using other descriptors for representing
simplicial complexes as well. In general, this problem of “witnessing” vertices generalizes
to higher dimensions, as observed for simplicial complexes by Curry et al. and for cubical
complexes by Betthauser [14, 40]. Moreover, Betthauser proves lower-bounds on the
number of directions necessary for reconstructing cubical complexes using PDs generated
from height filtrations (see [14, Lemma 4.19]). However, we would like to investigate
similar questions in the space of simplicial complexes. Using ideas related to witnessing
simplices in simplicial complexes, Curry et al. were able to find a set of directions, along
with a decomposition of the unit sphere, sufficient for uniquely representing simplicial
complexes in R? that satisfy certain geometric assumptions. This sufficiency result
provides an upper-bound for the number of PDs and ECCs used for uniquely representing
a simplicial complex in R?. In this section, we explore definitions from [40], explaining
the sufficiency results. Then, we develop lower-bounds on the number of directions
necessary for reconstruction using the ECC (as well as an augmented version of the ECC),
marrying observations in reconstruction and representation. Furthermore, we demonstrate
that reconstructing particular simplicial complexes requires strictly fewer APDs than ECCs.
We note that the results described here initially appeared in [80] as preliminary results but
the full results will appear in [54].

First, we move away from the term witness and adapt the notion of Euler observable
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from Curry et al..

Definition 17 (Euler Observable: Def. 7.2 [40]). If K C R? is a simplicial complex and
v € K a vertex then v is Euler observable from a direction s € S~ if x, changes at height

s -v. For a set of directions D C S!, v is observed if it is Euler observable from any

s e D.
Curry et al. also introduce the useful notion of d-observability.

Definition 18 (5-observability: Def. 7.3 [40]). If K C R? is a simplicial complex and
v € K a vertex then v is §-observable if there exists a ball of directions B centered on S*~*

of radius ¢ such that x , changes at height s - v for all s € B.

Intuitively, this value of ¢ relates the “flatness” of a simplex and the region of S~ for
which that simplex is observed. This idea of flatness was explored briefly in Section 3.6.2
and we use this definition to formally relate the geometry of the simplicial complex and the
regions for which we can sample to observe each vertex. Curry et al. use this observation

to define a J-net which we limit to S~! and adapt here.

Definition 19 (§-net: Def. 7.6 [40]). Given S, a 6-net on S is a subset of points for

which balls of radius & centered at the points cover S,

Combining definitions, Curry et al. proved, independently of our work in Section 3.6,
that if all of the vertices of a simplicial complex K C R¢ are §-observable then a set of
ECCs or PDs generated from from enough directions in each of the balls of a §-net on S%~*
suffices to determine the vertices [40, Proposition 7.11 and Theorem 7.14]. With the vertex
locations, a stratification of the sphere is induced by the vertex locations, where a sample
from each stratum generates a sufficient set of parameterized descriptors to represent the
simplicial complex. [40, Theorem 7.14] is the first result proving a finite upper-bound on

the number of directions sufficient for representing a simplicial complex in R
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Our results complement the geometry-based upper-bounds of [40] by exploring lower-
bounds in terms of the number simplices, showing that when using ECCs (or an augmented
version of the ECC), strictly fewer APDs reconstruct particular simplicial complexes.
These lower-bounds also demonstrate examples where at least a linear number of ECCs
(and augmented versions of the ECC) are necessary to determine the shape. First, we piece

together the regions on the sphere for which a vertex is observable by an ECC.

Definition 20 (Observing Region). If K C R? is a simplicial complex and v € K a vertex,
then the observing region of v is O(v) C S! such that for every s € O(v), v is observed

from s and for any s' € ST\ O(v), v is not observed from s'.

Additionally, we note that reconstructing a simplicial complex requires that each

vertex is observed.

Observation 1. Let K C R? be an unknown simplicial complex and v € K be a vertex
with observing region O(v) C S, The vertex v can only be reconstructed using the ECC

if a direction s € O(v) is chosen.

To avoid problems where vertices are not observed from any direction, as in Lemma 2,
we focus our attention on plane graphs in R? satisfying Assumption 1 when proving lower-
bounds with the ECC. For a specific simplex, the observing region can be arbitrarily
small and, as a result, some vertices can only be reconstructed from very limited sets of
directions. As an example, the observing region for degree two vertices in plane graphs can
be arbitrarily small as they approach collinearity with their adjacent vertices. We formalize
this idea with the following lemma and note that this lemma is similar to an observation
made about observing a vertex in a two-simplex in [40, Example 7.4] but generalized to

degree two zero-simplices.
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Lemma 17 (Observing Region). Let K = (V, E) C R? be a plane graph. Letv € V be a

degree two vertex with adjacent vertices vy and v,. Let
Ri={seS" s -v<s-v,5 v <s-v}
and
Ry={seS" ' |s-vy>s-v,5 v >s v}
Then, the observing region for v is exactly O(v) = Ry U Ro.

Proof. Assume, for contradiction, that we were able to observe v using a direction s € S*
outside of Ry U Ry. If y, decreases at s - v, then s - v, < s-vand s - v, < s-v. However,
this only occurs when s € R;. Then, ys must increase at s - v. Since v has degree two, that
means that s- v, > s-vands-wv, > s-v. However, s-v, > s-vands-wv, > s-v when

s € R,. Then, s must lie in either R, or R on S, a contradiction. O

Next, we describe the construction of a plane graph for which strictly more ECCs are

necessary for reconstruction than APDs, see Figure 3.7 for an example.

Construction 1 (Lower-bound plane graph). We construct G = (V,E) C R? with V,
denoting the vertices V' sorted by x-coordinate and V), denoting the vertices V' sorted by

y-coordinate, as a plane graph satisfying the following properties.
1. ng > 1andodd.
2. G satisfies Assumption 1.
3. Forallv € V, the index of v is the same in V, and V,,.

4. Ifv; is the ith coordinate, then for all 1 < i < ng then (v;,v;11) € E and (v;_1,v;) €

E. The edge set E contains no other edges.
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Figure 3.7: Graph G meeting the constraints in Construction 1 which requires (n)
directions to observe every vertex using the ECC but only O(1) directions when using
the APD (see Theorem 10).

5. Ifvi,v; € Vy withi,j even and i # j, then the observing regions for v; and v; are

disjoint.

Figure 3.7 gives an example of a plane graph G meeting the requirements of
Construction 1. Then, using any plane graph G that meets the constraints in Construction 1,

we prove lower-bounds on the number of ECCs necessary for reconstruction.

Theorem 10. Let G = (V,E) C R? be any plane graph meeting the constraints in
Construction 1 with ny = |V|. G can be reconstructed with ©(1) APDs but requires

Q(?’Lo) ECCs.

Proof. The vertices in G meet the general position assumptions for [11, Theorem 5], by
Construction 1 Property 2, which provides a method for finding three APDs for determining
vertex locations. For the edges in (G, we generate constraints from the directions e; and
—e1. We note the diagram resulting from the height filtration from e; was already generated
when reconstructing vertex locations. Thus, we generate one additional diagram from —e;.

Then, we prove inductively that if we know V, we can reconstruct £ using four
diagrams for any value of ny. Since ng must be odd and strictly larger than one by

Property 1, we prove our base case ng = 3. Dy(e;) gives us that the edge (vi,v5) € E
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since the birth time of v, is equal to its death time and the only vertex with height less than
vy in direction e; is vy. Do(—ey) gives us that (vg,v3) € E for the same reason. Then,
since D, (e;) contains no cycles by Construction 1 Property 4, there must be no other edges
and F is reconstructed.

Assume that we can reconstruct the edges of a graph G with ng > 3 vertices. Then,
we prove that we can reconstruct G with ny + 2 vertices. Let G have ng + 2 vertices and
satisfy the requirements of Construction 1, Dy (e;) gives us that the edge (v, v,) € E since
the birth time of vy is equal to the death time and the only vertex with height less than
V9 1n direction e; is v; by Property 3. Furthermore, Eg(el) gives us that vertex v,,o2 has
degree one since only one death event occurs at height e; - v,,,42 and no birth events occur
in D (e1). Do(—ey) gives us that (v, 41, Vny42) € F for the same reason that (vy,vy) € E.
Furthermore, Do(—e;) gives us that vertex v; has degree one since only one death event
occurs at height —e; - v; and no birth events occur in 51(—61) at —e; - v1. Then, since
both v; and v,,,42 have degree one and we have identified both edges incident to those
vertices, we no longer need to consider any edges which could involve v; or vy, 42. Then,
our remaining vertex set V' \ {vy, v,,42} has size ng, which implies that we can reconstruct
the edges £\ {(v1,v2), (Ungt1, Uno12)} by our inductive assumption.

Finally, we prove that (2(n) ECCs are necessary for reconstructing G. Each v; € Kq
for 1 <7 < ny with even 7 is degree two. Then, by Lemma 17 and Observation 1, each
v; requires a direction s € S?! that lies in the observing region for v; to be determined.
Furthermore, each v; has an observing region disjoint from any other v;, for 1 < j <
ng, where j is even and i # j, by Construction 1 Property 5. Then, there are ©(n)
disjoint observing region for degree two vertices and O(ng) directions must be used to
determine each vertex by Observation 1. Thus, we conclude that 2(n,) ECCs are necessary

for reconstructing G. [

Theorem 10 provides the first evidence that fewer APDs are required for certain
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simplicial complexes than ECCs. We can also consider the augmented version of the ECC
as well. Recall from Definition 8 that the AECC is an ECC augmented with intervals at
the height of each vertex in direction s. For s € S, we denote the AECC by ¥, (K).
This augmentation overcomes problems associated with missing degree two vertices and
reconstruction of the zero-skeleton of a simplicial complex is greatly simplified. However,
we show in Theorem 11 that strictly more AECCs are necessary for reconstruction in
certain situations than APDs. First, we make an observation about the requirements for

reconstructing two-simplices using the AECC.

Lemma 18. Let K C R? be a simplicial complex consisting of at least one two-simplex
o C K disjoint from the rest of K. Let the vertex set V of K be given as input. Let
v1, Ve, v3 € verts(o) be the vertices of 0. If Zvivyvs is the largest angle in the two-simplex,
then identifying o as a two simplex requires at least one AECC generated from a direction

s € S with ny filtration hyperplanes such that

s v1 < S-vgand s-v3 < S-Us.

Proof. Assume that we have determined that (vy,vy) € Kj, (vs,v3) € K, and that
(v1,v2,v3) is a connected component disjoint from the rest of K. Then, let s € St. We
simplify our notation by writing s satisfies [vy, vo, v3] to mean that s - v; < §- vy < § - V3.
Then, let s € S! be any direction not satisfying [vy, vs, vg] or [vs,v1, v2]. We have four
possible scenarios, all of which follow the same argument. As such, without loss of
generality, we consider [v1, ve, v3] and apply the same argument to [vs, va, V1], [U2, V1, V3],
[vg, U3, v1]. If s-v1 < s-vyand s- vy < $-v3 then we know that the AECC does not change
at height s - vy because (vq, v2) € K;. However, when the AECC does not change at height
s - v3, we can attribute this to (v, v3) € K; or, since we do not know if (vy,v3) € S!, it

could be that (v, v3) is also an element of K; and (vy, v2,v3) € Ky. Furthermore, notice
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that by assuming we have determined (v, v9) € Ky, (v9,v3) € Ky, and that (vq, v9, v3) is
a connected component disjoint from the rest of K, we have only reduced the number of
constraints that we must consider. Thus, if we can show that we must still sample a direction
satisfying [vy, vs, vo] Or U3, V1, Vo], even with this assumption, then the claim holds.

We know that ¢ is disjoint and none of the four scenarios described above (directions
satisfying [vy, vg, V3], [vs, U2, V1], [Va, V1, V3], OF [Vg,v3,v1]) determine if (vy,v3) € K; or
if (v1,v9,v3) € K,. However, we know that if we can determine (vy,v3) € K or
(v1,v9,v3) € Ky, the other is also implied. Then, the only remaining directions are s € St
satisfying [vy, v, ve] or [vs,v1,v5]. We can determine if (vi,v3) € K; using s € S!
satisfying [vy, v3, v9] (or [v3, vy, v5]) since the AECC will not change at s - v3 (or s - v7)
implying the edge (vy, v3) must exist since (vq, v9, v3) is disjoint. Moreover, (v, v3) € K4
implies that (v, v, v3) € Ky. Since we could not determine if (vy, vo,v3) € Ky using any
directions not satisfying [vy, vs, vo] or [v3, v1, V2], we need to sample a direction s € S* such

that s - v; < s5-wv9and s - v3 < s - V9, as required. O

Lemma 18 is similar to [40, Example 7.4] but generalizes the idea of observing a
zero-simplex with an ECC to identifying a two-simplex with an AECC. Next, we notice
that, for a two-simplex o composed of vertices vy, vo, and vs, with Zvjvavs as the largest
angle, identifying o is similar to observing v, as a degree two-vertex. In fact, one of the
sides of the observing region for v, is exactly the region we can sample directions from in
Lemma 18 that will observe the two-simplex. As such, when we speak about reconstructing
a two-simplex, we refer to the observing region for a two-simplex o, as the set of directions

s € St satisfying s - v; < s-vyand s - v3 < 5 - Vs.

Construction 2 (Lower-bound simplicial complex). We construct K C R? as a simplicial
complex, where V,, denotes the vertices of V' sorted by x-coordinate and V, denotes the

vertices of V' sorted by y-coordinate, with the following properties:
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1. K satisfies Assumption 1.
2. Kis has ny = =3 disjoint two-simplices and no additional simplices.

3. Any line parallel to e, intersects at most one two-simplex and any line parallel to e,

intersects at most one two-simplex.
4. Forallv € V the index of v is the same in V, and V.

5. The observing regions for any two two-simplices in K are disjoint.

We can see an example of a simplicial complex satisfying Construction 2 in
Figure 3.8. Next, we prove that simplicial complexes satisfying this construction require

strictly more AECCs for reconstruction than APD s.

Theorem 11. Let T' = (V, E) C R? be the simplicial complex described in Construction 2
with ng = |V|. If V is known, then T' can be reconstructed with ©(1) APDs but requires

Q(ng) AECCs.

Proof. First, we prove that we can reconstruct 7" with a constant number of APDs. We
prove this claim inductively on ny. For the base case, consider ny = 3. Let us choose e;
as a single direction and use the respective zeroth and first APDs to generate constraints.
Since there is only a single component with an infinite death time in the zeroth APDs by
Property 2 of Construction 2, we infer that the three known vertices (v;, v, v3) are a single
component. Furthermore, since there is a single on-diagonal point in the first APD from
direction s, we are able to determine that a cycle was born and immediately killed by a
two-simplex. As such, the complex must be a single two-simplex consisting of vertices vy,
Vs, and vs.

Assume that we can determine the simplicial complex for some value of ny > 3 that

is divisible by three. Next, we show that we can determine the simplicial complex for



98

no + 3. We choose directions ey, —eq, and e; and generate zeroth and first APD s in these
directions. In directions e; and e; we determine that vy, v, and v3 are a single connected
component and a two-simplex because, by Property 3 and Property 4 of Construction 2,
e1 - v3 and es - v3 are smaller than the height value for e; - v; or e - v; forany 3 <7 < ng+ 3.
Furthermore, by —e;, we know that v;, v5, and v3 are disconnected from the rest of the
complex by Property 4 of Construction 2. Thus, we have n, vertices remaining in the
unknown complex which we can reconstruct by the inductive hypothesis.

Next, we prove the Q(ng) AECCs are necessary to reconstruct 7. We see that each
two-simplex is disjoint from any other two-simplex and we know vertex locations, so by
Lemma 18, each two-simplex requires a direction sampled from a region in its observing
region to be detected. Then, since Property 5 of Construction 2 requires that each two-
simplex has a disjoint observing region, we need at least {2(n9) AECCs to determine the

two-simplices of 7', as required. [

Theorem 11 implies that there exist scenarios where the APD is preferable for
reconstruction over the ECC, even when augmented. Furthermore, Theorem 11 requires
that the vertex locations are known apriori, but we note that this is not necessary for
the APD since the vertex locations can be reconstructed using three diagrams by [11,
Theorem 5]. Thus, the entire complex can be reconstructed using a constraint based

approach and only four APDs.

Corollary 8. If T = (V,E) C R? is a simplicial complex satisfying the constraints of

Construction 2, then T' can be reconstructed with four APDs.

3.7.1 Contributions to Section 3.7

In Section 3.7, we formalized several of the ideas from Section 3.6 using terminology

adopted from [40] and adapted to prove lower bounds on the number of descriptors
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Figure 3.8: Example of a simplicial complex satisfying Construction 2. €(ng) directions
are necessary to reconstruct the simplicial complex using the AECC. Only ©(1) directions
are necessary for the APD to reconstruct the simplicial complex.

necessary to reconstruct certain classes of simplicial complexes. The work in this section
was initially submitted by Samuel Micka and David L. Millman as a Young Researchers
Forum extended abstract [80]. However, given the two-page limit, formal proofs were not
included but informal proofs had been completed prior to submission. As a result, Samuel
Micka adapted the notation of [40], updated the statements, developed constructions, and

proved the lower bounds claimed in [80] formally. The work is to appear in [54].

3.8 Experiments on Challenges in Reconstruction

In Section 3.7, we identified situations where the observing region of particular
vertices can be arbitrarily small in a theoretical setting. Recall that these observing
regions are important for reconstruction and representation alike. Here, we investigate
the distribution and size of observing regions, and other regions on the sphere useful for
reconstruction, in real (contours) and synthetic (random point cloud) data sets as well as
the effectiveness of uniform sampling techniques. We note that the work in this section is
to appear in [54]. With our experiments, we aim to identify the strength of the relationship
between our independent and dependent variables. To measure the goodness of fit of our

models, we use the mean squared error (MSE).
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First, we observe that the directions chosen from regions on S?~! for which vertex
orderings remain consistent in R? form a stratification of S%!. Here, each stratum
corresponds to an ordering for a specific (but not necessarily unique) set of vertices. Curry
et al. proved that it is possible to infer all PDs (or ECCs) in a strata if one direction from
the strata is chosen [40]. Thus, sampling from each strata is sufficient for recovering the
ECT or PHT. As such, investigating the strata sizes in data is important to determine the
effectiveness of techniques like uniform sampling directions for generating sets of PDs or
ECCs with height filtrations for shape representation. Intuitively, missing a stratum during
sampling could lead to lost information about the shape. Moreover, missing multiple strata
could result in missing an observing region and, as a result, failing to capture information
about entire simplices. For the sake of this work, we focus on a stratification in R? but
note that this generalizes naturally to higher dimensions. To identify strata boundaries for a
shape with ng vertices, we consider a stratification induced by directions for which vertices

change order in the filtration. We refer to this as the orthogonal stratification.

Definition 21. Let K C R? be a simplicial complex satisfying Assumption 1. Let E' be

equal to all ("Y' possible edges. Then, the orthogonal stratification is

{¢+ intersecting the origin | { intersects x,y for (z,y) € E'} NS

Remark 3. We note that this stratification is the two-dimensional version of the hyperplane

division and resulting stratification described in [40, Definition 5.13].

These orthogonal lines define strata boundaries for 2(”20) strata on S! where height
filtrations on the simplicial complex have a new vertex ordering. Certain strata boundaries
also contain (possibly overlapping) regions, where particular vertices are observed as

critical points in the height filtration, i.e, the observing regions.
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3.8.1 Data

In our experiments, we employed three types of data: random point clouds, the
MPEGT7 dataset [92], and a subset of the EMNIST data set (an extension of the MNIST
data set) [36]. 2

For the random (synthetic) data, we generated 100 point clouds for each value of £ in
{3, 5,10, 20, 30, 40, 50, 60, 70, 80, 90, 100}, where k represents the number of vertices. The
vertices had uniformly random coordinates generated from the random python package in
a 10.0 x 10.0 box in the plane for a total of 1200 point clouds.

Initially, for the MPEG?7 dataset, we started with 1400 images and, for the EMNIST
dataset, we chose the first 100 samples from each of the 62 classes. For both MPEG7 and
EMNIST data we followed similar data cleaning procedures to generate contours, SO we
describe them together. Contours are particularly appealing for our experiments because of
the presence of degree-two vertices and available algorithms for generating contours from
images. We computed the contours for MPEG7 and EMNIST images using python 2.7’s
cv?2 library’s threshold and findContours functions, with the threshold set to zero
for MPEG7 (using the BINARY thresholding method). The MPEG7 dataset is already
binary and the EMNIST is grey scale. As such, we sampled the first image from each
class of the EMNIST data set and used OTSU’s thresholding to determine an appropriate
threshold. We averaged the thresholds chosen for each of the 62 images for a final threshold
value for the EMNIST images of 102.951 (standard deviation of 7.631). We chose to fix a
constant threshold to ensure that the contours are generated similarly for each image.

To reduce the number of vertices and simplify the contours, we utilized a simple
approximation method (eliminating degenerate vertices). We further simplified each

contour by creating an approximate curve and eliminating all points within a certain € of

Data can be found at: https://github.com/lionux/stratification-data commit num-
ber 40a8c2d


https://github.com/lionux/stratification-data
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the approximate curve. With arcLength representing the length of the perimeter of each
contour, we set our € = .001 xarcLength (and later ¢ = .005* arcLength to see the effects
of coarser contours) of each contour using the cv2 approxPolyDP function [18] (i.e.,
the Douglas-Peucker algorithm [45]). We kept the contour with the longest perimeter for
each image and stored the contour as a geometric networkx graph [60] consisting of vertices
and undirected edges defining the contour. The contour approximation has different affects
on the EMNIST and MPEG7 data sets since the perimeters in MPEG7 are substantially
longer and the vertex sets much larger, but the primary goal of the approximations was to
reduce the input to a manageable size for our experiments. We note that these approximate
contours have several “nearly collinear” points removed, which affects the experiments.
Specifically, we expect that this approximation eliminates several especially small strata in
the stratification. As such, we test both € = .001 x arcLength and € = .005 x arcLength to
verify that trends in the data are consistent. We note that the change in € may not have an
affect on some contours, but our goal is to verify trends in the data set as a whole and not
necessarily for specific samples. For clarity, we denote the EMNIST data set (and MPEG7)
with € = .001xarcLength as EMNIST y; (and MPEG?7 9;) and the EMNIST data set (and
MPEG7) with € = .005 * arcLength as EMNIST (o5 (and MPEG7 5).

To ensure that no three points were collinear and that no two vertices shared an x-
or y-coordinate, we performed perturbations on the contour points in the EMNIST and
MPEGT7 data sets using a random uniform distribution with values chosen from the interval
[—.01,.01) from the python numpy library’s random. uni f orm function [89]. A random
value was added to each coordinate of each vertex. Small perturbations keep the data as
close to the original as possible while ensuring that we can adhere to general position
assumptions. However, for data, such as the EMNIST data set, where the coordinates are
all integer and in a 28 by 28 grid, these small perturbations can create very small stratum.

We note that such small perturbations may have an affect on our experiments, but choose
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Figure 3.9: From the MPEG7 (and EMNIST) data we extract the contours using a
binary thresholding method and a simple approximation. Then, we keep the longest
contour. In our experiments, we use their perimeters (arcLength) to further simplify
the approximation using the Douglas-Peucker algorithm [45] as implemented in cv2
approxPolyDP with € = .001 % arcLength (see left image) and € = .005 * arcLength
(see right image). As € increases, fewer vertices are included in the approximation.

to keep them small for consistency and to differentiate between random data, real data
with small integer coordinates (EMNIST), and real data with larger integer coordinates
(MPEG7). Sometimes when the curves are approximated, vertices are removed and the
graph self-intersects, as such we check each resulting contour to ensure that the points
define a simple polygon. If the contour fails to be a simple polygon, has points sharing
coordinates, or has three points that are collinear the sample is not considered in our
experiments. We also removed one MPEG7 image for having inverted colors. After
generating and cleaning the data, MPEG7 (y; had 1387 graphs, MNIST ((; had 5563 graphs,
MPEGT7 o5 had 1364 graphs, and MNIST 95 had 5751 graphs. All decimal values in this
section are rounded at three decimal positions. We include an example of the different

contour approximations in Figure 3.9.
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3.8.2 Smallest Stratum Size Distribution

In this experiment, we investigate the size of the smallest stratum m using the
stratification technique described in Definition 21 as the number of vertices n, increases.
We choose to log-transform the data to improve the fit of the linear models. Each point
in the plots has independent variable (x-value) log(ny) and response variable (y-value)
log(m), where m denotes the smallest stratum size, in radians, for that graph.

First, we consider the random data set. In this data set, we have 100 examples for each
number of vertices and we consider fitting a linear model with log(m) as the response and
log(ng) as the independent variable. A plot showing the resulting data and curve plotted
with ng on the z-axis and log(m) on the y-axis is shown in Figure 3.10(c). The line y =
co+ c1ng had coefficients ¢y = 3.175 and ¢; = —4.281. Since a log-log transformation was
used on the data, we interpret the coefficient ¢; as an exponent in the original function. The
MSE of the experiment was 1.492 and the adjusted R-squared value was 0.939, implying a
strong negative correlation between n, and the natural logarithm of the minimum stratum
size. We infer that the size of the log of the smallest stratum in the random data set appears
small, very quickly, as a function of the log of the number of vertices. And in the original
data set, we infer that the size of the smallest stratum decreases as ng increases and more
drastically for smaller values of ny.

For EMNIST g, we fit y = ¢y + 110 with response variable log(m) and independent
variable log(ng). The resulting curve had coefficients ¢y = —1.563 and ¢; = —3.600 and
can be seen fitted to the data in Figure 3.10(a). The MSE of the experiment was 1.694 and
the adjusted R-squared value was 0.432, implying a moderate negative correlation between
log(ng) and the natural logarithm of the minimum stratum size. As such, as the number of
vertices increases, we can expect to see smaller stratum appearing in the stratification with
more drastic changes being seen for smaller values of ny. We note that since the EMNIST

data set has small integer coordinate values, the perturbations chosen may have an affect on
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the size of the resulting stratum. Our goal is to demonstrate a negative correlation between
the variables and not necessarily to focus on the size of the stratum themselves. However,
an interesting research problem, left to future work, is to investigate various perturbation
techniques and their affects on stratum size.

Since the contour approximations remove vertices, it is natural to ask whether a
coarser approximation will yield a different correlation between m and ny. To test this,
we consider the data set EMNIST (5. The resulting model had coefficients ¢y = —1.598
and ¢; = —3.544 and can be seen fitted to the data in Figure 3.11(a). The MSE of
the experiment was 1.801 and the adjusted R-squared value was 0.210, implying a weak
negative correlation between log(ng) and the natural logarithm of the minimum stratum
size. The R-squared value still implies a weak negative correlation on EMNIST 95 and we
infer from the model that coarsening the approximation does not completely alleviate the
negative association between the variables, suggesting that the negative correlation (albeit
weaker) is still present in coarser data.

For the MPEG7 (; data, we fit our model using log(ng) as the independent variable
and log(m) as the response, plotting the results in Figure 3.10(b). The resulting model had
coefficients ¢y = —0.426 and ¢; = —3.648, an MSE of 2.032, and adjusted R-squared value
of 0.663, implying a moderate to strong negative correlation between log(ng) and log(m).
Moreover, we infer that as n( increases, we can expect m to shrink as well, with more
drastic changes for smaller values of ny. With larger integer coordinates in the MPEG7
data sets, we expect the perturbation size to affect the data less than the EMNIST data. But,
we still consider experiments with a coarser representation of the contours in our data. So,
we fit the MPEGT7 5 data, with a linear model using log(n,) as the independent variable
and log(m) as the response, plotting the results in Figure 3.11(b). The resulting line had
coefficients ¢y = —0.185 and ¢; = —3.535, an MSE of 2.375, and adjusted R-squared

value of 0.435, implying an moderate to weak negative correlation between log(ng) and
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log(m). Thus, like with the EMNIST data, we find a negative correlation between n, and

m and still find a negative correlation in the coarsened data.
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Figure 3.10: Log-log plot of the smallest stratum size versus the number of vertices for
Figure 3.10(a) EMNIST ;, Figure 3.10(b) MPEG?7 91, and Figure 3.10(c) random data
sets with a .001 epsilon contour approximation. As detailed in Section 3.8.1, all three data
sets are graphs embedded in R2. We infer from all three experiments, and the log scales,
that there is a negative correlation between the number of vertices and the smallest stratum
size.

3.8.3 Uniform Random Sampling

In Section 3.8.2 we saw that the size of strata induced by the exhaustive stratification
gets smaller as the number of vertices increases. However, due to the complexity of
determining directions for sampling a sufficient number of descriptors, some approaches
have utilized sampling evenly spaced directions for height filtrations [39, 100]. Then, we
ask, how effective are evenly spaced sampling techniques for sampling from each stratum?
Sampling from each stratum is important for satisfying the sufficiency conditions for
representation defined in [40, Theorem 7.14]. In this experiment, we sample 2! = 16384
samples uniformly spaced directions on S!. This number of samples is significantly larger
than the number used in practice, where 72 directions were evenly sampled over [0, 27]

in [39] and 64 directions were used in [100]. Our goal is to track the number of strata we
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Figure 3.11: Log-log plot of the smallest stratum size versus the number of vertices for
Figure 3.11(a) EMNIST 95 and Figure 3.11(b) MPEGT7 95 contours data sets. As detailed
in Section 3.8.1, both data sets embedded in R?. We infer from the two experiments, and
the log scales, that there is a weaker, but still negative correlation between the number of
vertices and the smallest stratum size, despite coarser contours.

miss (from an orthogonal stratification) using a uniform sampling approach as the number
of vertices increases. For a point cloud with n, vertices, we consider the total number
of strata from the orthogonal stratification approach from Definition 21 sampled using the
uniform sampling approach (referred to as hits) over the total number of strata N = 2 (”20)
To ensure that an adequate number of samples were taken to hit each strata, we only include
shapes from our data sets with fewer than 2("}?) = 5000 strata.

For the random data, our data set was reduced to 900 samples. We fit our model using
ny as the independent variable and % as the response, plotting the results in Figure 3.12(c).
Then, we fit a degree two polynomial to the data to correct for an uneven distribution in
the residuals seen when fitting a line to the data. The resulting model has coefficients ¢y =
0.956, c; = —1.347, and ¢3 = —0.315 and an MSE of 3.733711e — 05. Furthermore, the
adjusted R-squared error was 0.983, implying a very strong negative correlation between
ngy and % Thus, we infer that using uniform random sampling to hit each strata in the

random data set quickly loses effectiveness as the number of vertices increases.



108

For the EMNIST (4, data we considered 5543 samples, we fit our model using n as
the independent variable and % as the response, plotting the results in Figure 3.12(a).
The resulting model had coefficients ¢y = 1.018e + 00, ¢; = —6.275e — 03, an MSE of
0.001, and R-squared value of 0.806, implying a moderately strong negative correlation
between n( and % Thus, we infer that using uniform random sampling to hit each strata
in the EMNIST data set quickly loses effectiveness as the number of vertices increases.
Once again, since the contour approximations remove vertices, it is natural to ask whether
a coarser approximation yields a different correlation between m and ny? To test this, we
fit EMNIST o5 with 5751 samples using ng as the independent variable and % as the
response, plotting the results in Figure 3.13(a). The model had coefficients ¢y = 1.035e +
00, c; = —6.329e — 03, an MSE of 0.001, and R-squared value of 0.469, implying a
moderate negative correlation between ny and % The correlation grows weaker, but is
still negative, so the coarser approximation does not drastically affect our interpretation
of the results. As such, we suggest that uniform sampling will quickly lose effectiveness
as the number of vertices increases in the EMNIST data set. However, we also point out
that alternative perturbation techniques may yield different results. We imagine that larger
perturbations (and larger strata) may improve sampling accuracy.

For the MPEGT7 y; data, our data set was reduced to 521 samples, we fit our model
using n( as the independent variable and % as the response, plotting the results in
Figure 3.12(b). The resulting model had coefficients ¢y = 1.020, c; = —0.003, an MSE
of 0.003, and R-squared value of 0.410, implying a moderate negative correlation between
ngy and % We can infer that using uniform random sampling to hit each stratum in the
MPEGT7 data set loses effectiveness as the number of vertices increases. We test this, again,
against MPEG7 (o5 on 1364 samples by fitting a model using ng as the independent variable
and % as the response, plotting the results in Figure 3.13(b). The resulting model had

coefficients ¢y = 1.006, c; = —0.002, an MSE of 0.001, and R-squared value of 0.132,
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implying a very weak negative correlation between 7 and % However, we observe that
there are several outliers in the data, weakening the correlations in both models. While
these outliers may very well be a consequence of using real world image data, we are
interested in seeing how the models are affected by removing these points. When we
update the models to weight influential observations with a Cook’s distance of more than
5%‘1 for MPEG7 (y; and @ for MPEGT7 o5 to zero, we see the R-squared value increase
to 0.706 (cy = 1.034e + 00, ¢c; = —2.943e — 03, and MSE of 0.001) for the MPEG7 o1
data and 0.427 (¢ = 1.011e 4+ 00, ¢; = —1.665e — 03, and MSE of 0.0002) for the
MPEGT7 o5 data. The updated models consider 25 fewer samples from MPEG7 o9; and
33 fewer samples from MPEG?7 o5. The influential point threshold is chosen based on the
frequently recommended value of four over the number of observations (noted on [17, Page
266]). Thus, if we remove the influential observations, we can see a moderate to strong

negative correlation between the number of vertices and the number of strata missed using

evenly spaced samples.

3.8.4 Value of

Curry et al. use a method for determining vertex locations based on J-observability
(similar to Definition 18) [40, Definition 7.3]. The value of ¢ is related to a lower-bound
on the “flatness” of any simplex in the complex. Similarly, for reconstruction, we saw
several instances with degree two vertices where we were not able to reconstruct their
locations without sampling from somewhere inside of the observing region for that vertex.
In the case of graphs, the value of §, and the observing region in the case of degree
two vertices, is closely linked to the angle between any three adjacent vertices. In the
MPEG7 and EMNIST data sets, we store contours approximating the shapes at different
resolutions. Thus, to examine how the “flatness” of simplices varies in real-world data,

we consider the largest angle # (less than 7) between any three adjacent vertices in each
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Figure 3.12: Plot of the ratio of hit stratum over the total number of stratum versus
the number of vertices for Figure 3.12(a) EMNIST ((;, Figure 3.12(b) MPEG7 ((;, and
Figure 3.12(c) random graphs data sets using 16384 uniformly distributed directions from
S!. For the random data set, we fit a degree-two polynomial to the independent variable 7
to compensate for a parabolic distribution in the residual plot. As detailed in Section 3.8.1,
all three data sets are graphs embedded in R?. We infer that using uniform random sampling
to hit each stratum in the data sets loses effectiveness as the number of vertices increases.

shape and set 6 = m — 6. Here, we look at the smallest § value for each graph in the the
MPEGT7 yp1, MPEGT7 95, EMNIST (1, and EMNIST 95 data sets. Intuitively, we would
expect the value of the smallest ) to increase going from finer approximations (.001) to
coarser approximations (.005), but results in the EMNIST data set, surprisingly, do not
follow this trend.

For the EMNIST and MPEG7 data we consider the smallest 6 (computed as described
above) for each graph in both the .001 approximation and .005 approximation. We plot
these values as histograms in Figure 3.14. On the left side of Figure 3.14, we have
EMNIST (o5 at Figure 3.14(a) and MPEG7 o5 at Figure 3.14(c). The EMNIST o5 data
has a multimodal distribution, possibly due to the integer coordinates and small coordinate
perturbations. The smallest value of § in the EMNIST (5 data set was 0.141 radians while
the largest minimum § was 0.784. The smallest value for ¢ in the MPEG7 (o5 data set was

0.042 and the largest minimum ¢ was 2.323. A significant amount of variance is present in
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Figure 3.13: Plot of the ratio of hit stratum over the total number of stratum versus the
number of vertices for Figure 3.13(a) EMNIST (95 and Figure 3.13(b) MPEG7 o5 graphs
data sets using 16384 uniformly distributed directions from S'. As detailed in Section 3.8.1,
both sets are contours embedded in R?. We infer that using uniform sampling to hit each
stratum in the data sets loses effectiveness as the number of vertices increases.

the MPEG?7 data, in fact, the mean minimum 9 size for the MPEG7 o5 data set was 0.369
and the third quartile was only 0.389, implying substantial outliers and a heavy right skew.

Next, we consider the .001 approximations on the right side of Figure 3.14. We
plot EMNIST 9, at Figure 3.14(b) and MPEG7 (y; at Figure 3.14(d). Since the .001
approximations offer a finer contour approximation than the .005 data sets, we initially
expected to see the value of the smallest § for each sample decrease. For the MPEG7
data set, this is the case. The smallest ¢ value in MPEG7 oo; was 0.022, the average
minimum ¢ was 0.184, the third quartile was 0.200, and the largest minimum § was
2.087. While there are still outliers in the data, skewing the distribution right, we see
that the minimum value, the mean, and quartiles all decrease. This is consistent with
our expectations. However, when we consider the EMNIST ((; data set, we find differing
results. Specifically, we see the values of § in EMNIST (; generally increase compared
to the EMNIST (5 data set. In fact, the smallest minimum ¢§ value in EMNIST oy, was

0.750 radians, an increase from 0.141 radians in EMNIST o95. We suspect that this is
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Figure 3.14: Histograms showing the distribution of the minimum ¢ for each sample
(a variable lower-bounding how “flat” the local geometry of a simplex can be) on the
EMNIST and MPEG7 data sets. We see EMNIST (5 in Figure 3.14(a), EMNIST (o1
in Figure 3.14(b), MPEGT7 (5 in Figure 3.14(c), and MPEG7 ((; in Figure 3.14(d). We
expect to see J decrease at the .001 approximation verses the .005 approximation. This is
consistent with the data for MPEG7, but not EMNIST. We infer that coarsening the contour
approximation is not necessarily going to allow us to increase our assumed lower-bound on
the “flatness” of simplicies.
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Figure 3.15: Example of minimum ¢ increasing from 0.383 in the EMNIST g5 data set to
0.762 in the EMNIST ((; data set. Here, we see that vertices in the EMNIST y; sample with
larger values of ¢ are removed in the EMNIST (5 to simplify the contours. We speculate
that examples, like the one included here, are the cause of the larger ¢ values in EMNIST 0,
versus the EMNIST o5 data set. Moreover, we can also infer that attempting to increase
the assumed lower-bound on the “flatness” of simplices (i.e., d) by coarsening the contour
approximations is not effective on all data.

due to observations highlighted in Figure 3.15, where we see vertices in EMNIST ;
being removed that induced larger minimum ¢ values. This is likely due to the coarse
resolution of the images (i.e., 28 by 28 pixels). In general, this inconsistency implies that
coarsening the contour approximations may not be an effective method for increasing the
assumed lower-bound on simplex “flatness”, especially on cubical data. Thus, assumptions
about ¢ should be made based on specific data and may differ significantly, even between
approximations of the same shapes. As such, substantial parameter tuning should be

performed to determine an appropriate value for ¢.

3.8.5 Contributions to Section 3.8

The work in Section 3.8 started in Summer 2019 with Samuel Micka and undergradu-

ate Nicholas Dzomba under the advisement of Brittany Terese Fasy and David L. Millman.
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At the end of the Summer, Samuel Micka took over running experiments and finished
implementing several components of the framework. Samuel Micka generated the graphs,
simplified the contours of real-world data, ran the experiments described in this section,
and performed the analysis and interpretation of the results. The work described in this
section is to appear in [54]. Samuel Micka is also very grateful for his discussions with
Sally Slipher, Jordan Schupbach, and Stacey Hancock from the statistics department at

Montana State University.

3.9 The Cost of Missing Simplices

In Section 3.8, we illustrated that the value of ¢ is highly dependent on the data
and cleaning techniques. Moreover, in plane graphs, the smallest value of ¢ is linked
to the size of the smallest observing region of degree two vertex. This result, along
with the observations from Section 3.7, strengthens the argument for using APDs for
reconstructing entire simplicial complexes. However, in some situations, reconstructing
the entire complex may not be necessary, i.e., an approximate solution may suffice.
Approximate solutions will trade efficiency for some error in the reconstructed shape.
However, the amount of error remains an open question. In this section, we offer the
first results exploring bounds on the distance between a simplicial complex K and a
reconstructed simplicial complex K’ when all observing regions are not sampled. We note
that this work is to appear in [54].

Here, we provide a construction wherein a vertex is missed in reconstruction and
consider the Hausdorff distance between the reconstructed complex and the original
complex. We assume we have a graph G = (V, E') embedded in R? and a reconstructed

version of G denoted G’ = (V’, E’), also embedded in R?. We note that V' C V and



115

E" C V' x V'. Then, we define the Hausdorff distance between the two graphs as

dy(G,G") = max(sup inf d(z,z’), sup inf d(z', x)).

zeCG ' eG’ P a=ted zeG

In words, this is the largest minimum distance that a point (either a vertex or on an edge)

in G must travel to the nearest point in G’, or vice versa.

Construction 3 (Lower-bound plane graph). Let G = (V, E) C R? be a plane graph with

the following properties:

1. G satisfies Assumption 1,
2. V=A{v,v, v},

3. E={(v,v,),(v,0)},

4. and v is equidistant from v, and vy.

Then, we consider the Hausdorff distance between the original graph and the

reconstructed graph after missing the observing region for a single vertex.

Theorem 12. Let G = (V, E) be a plane graph satisfying the properties in Construction 3
with vertices v, v,.,v; € V as defined above. Let G' = (V' E') be a reconstruction of G
with vg, v, € V' after choosing a finite number of directions to generate ECCs from S'. Let
0 = min(ZLvvv,, Lv,vvy). Let € be the line intersecting v, and v, and p’ be the nearest

point on { to v. Then,

1. If no direction is chosen from the observing region of v and (v,,v,) & F', then

d(ve, vy.)

2sin (%)

dy(G,G") =
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2. If no direction is chosen from the observing region of v and (v,,vy) € E', then

d(ve, vy.)

dy(G,G" = ————~
(G, &) 2tan(g)

Proof. If a direction is never chosen in the observing region for v, then v is never observed.
Thus, v is not reconstructed and if G’ has an edge (v, v,) € E' then dy(v,G') =

dy(G,G") = 2o which is the distance of the projection of v to p’. Otherwise,

2tan (3)

if (vg,v,) ¢ E' then we recall that d(v,v,) = d(v,v,) by Property 4. As a result,

dy(v,G") =dy(G,G") = ;l(sfﬁz’é)) , which is the distance from v to either v, or ;. O

While examples satisfying Construction 3 are limited, we can generalize the idea to

graphs containing specific types of degree two vertices.

Construction 4 (Lower-bound plane graph). Let G = (V, E) C R? be a plane graph with

the following properties:

1. G satisfies Assumption 1,

2. G contains at least one degree two vertex v € V with adjacent vertices v,.,vy € V,
3. d(v,v,),d(v,ve) < d(v,v") for any other v € V for which v' # v, v,, vy,

4. and v is the only vertex in V' on one side of the line intersecting v, and v.

Theorem 13. Let G = (V, E) be a plane graph satisfying the properties in Construction 4
with vertices v,v,,v, € V as defined above. Let G' = (V'  E') be a reconstruction of
G after choosing a finite number of directions to generate ECCs from S'. Let { be the
line intersecting v, and v,. Let {* be the line orthogonal to { intersecting v, and vy =
(N 0. If no directions are sampled from the observing region of v, and (v,,v;) € E' then

d(U, Umt) S dH(G, G/)



117

Proof. First, we note that by Property 4, d(v,v.) < d(v,v.) where v, is a point on the
edge (v, v¢) and v is a point on any edge ¢’ € E’, ¢ # (v,,v¢). Then, if no directions
are sampled from the observing region of v and (v,,v,) € E’, we recall that v, and v, are
the nearest neighbors to v by Property 3 of Construction 4. Since (v,,v,) € E’ and the
nearest point on (v, vy) to v is vy, the three nearest points to v in G’ are v, v,., Or vy.
However, we observe that d(v, v;,:) < d(v,v,.),d(v,ve) by the triangle inequality. Thus,
dy(v,G") = d(v,vint) < du(G,G"), as required.

Moreover, if no directions are sampled from the observing region of v and (v,, vy) &
E’ then the nearest point to v in G’ is lower-bounded by d(v, v;,;) by Property 3 and

Property 4 of Construction 4. Then, d(v, vint) < dy(v,G") < dy(G,G’), as required. [

3.9.1 Contributions to Section 3.9

In Section 3.9 we have discussed the cost of missing vertices in particular classes
of simplicial complexes in terms of the distance between the original graph and the
reconstructed graph. The results in this section were motivated by discussions between
Samuel Micka, Brittany Terese Fasy, and David L. Millman and will appear in [54]. Samuel
Micka wrote the statements and proofs found above, but both Samuel Micka and Brittany
Terese Fasy conjecture that it may be possible to find examples that make the distance

between the graphs arbitrarily large.

3.10 Discussion

In this chapter, we have made progress towards addressing Research Question 1 using
APDs and Research Question 2 describing our work from [11, 12,54-56, 80]. Specifically,
Section 3.2, Section 3.3, Section 3.4, and Section 3.5 addressed open problems related
to Research Question 1. These algorithms provide deterministic methods of generating

APDs for the purposes of shape reconstruction. These approaches complement the
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work of [39, 40, 58], which focus on shape representation of simplicial complexes, the
work of [14], which investigates problems related to representation and reconstruction of
cubical complexes, and extends our work in [11, 12] by offering methods for generating
a parameterized set of APDs that can be used to reconstruct the embedding of a shape.
While APDs require more space to store than their non-augmented counterparts, this trade-
off may be viewed positively in situations where reconstruction is a desired task.

Naturally, the set of APDs that are generated from the algorithms in Sections 3.2-3.5
are sufficient for representing the original simplicial complex. However, an interesting
question that arises is whether or not the corresponding PDs (without the on-diagonal points
used in the APDs) are sufficient representations for the shape, or not? The conditions
for sufficiency highlighted in [40, Theorem 7.14] use a sample from each stratum from
the hyperplane decomposition of S~ (see [40, Definition 5.13]). Our approach does not
guarantee that we generate a diagram from each of these stratum. However, we conjecture
that the stratum we sample from are sufficient and that diagrams from stratum we miss
can be inferred using the information we already have. Specifically, we conjecture that the
strata we miss contain no new information about specific simplices because we knowingly
miss these strata based on prior knowledge. For example, we do not need to sample a
stratum to test for a two-simplex if we know that there are not enough one-simplices to
bound the face. We continue this discussion in future work at the end of this dissertation
(see Section 5.1).

In the rest of the chapter, we investigated the feasibility of applying these techniques
with other types of descriptors and explained several challenges in Sections 3.6-3.9. These
results offer insights into the difficulties related to Research Question 2 and encompass
results from [54,55,80]. Moreover, the results (particularly those in Section 3.7) strengthen
the argument for exhaustive sampling approaches for shape representation with descriptors

like the ECC, such as the methods described in [40]. Specifically, the exhaustive sampling
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approach in [40] determines the vertex set which is used to identify the stratum that
sufficiently determine the shape, and methods for improving this method, without strict
assumptions on the data or modifications to the descriptors, are not clear. Finally, to the best
of our knowledge, we provide the first lower-bounds on the distance between a complex and
the reconstructed complex resulting from not sampling from particular observing regions

in Section 3.9.
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CHAPTER FOUR

SEARCHING IN THE SPACE OF PERSISTENCE DIAGRAMS

The results in this chapter come from our work [51]. With research utilizing the
persistence diagram as a shape descriptor becoming more popular [2, 26,43, 64,76, 100],
solutions for searching large sets of PDs are becoming increasingly important. The problem
of nearest neighbor search was first posed in 1969 and is one of the most common types
of searching problems [84]. The nearest neighbor search problem asks: given a set of
objects .S and a query point ¢, can we compute a data structure to efficiently return the
nearest object to ¢ from the set S? In earlier formulations, the problem focused on points in
Euclidean space and low-dimensional domains. For this setting, the problem is well-solved
by first computing a search structure on the Voronoi diagram of the data points and then
performing point location queries for query points [47]. However, the complexity increases
exponentially as the dimension increases (known as the “curse of dimensionality”) [34]. To
overcome these challenges, researchers resort to approximate nearest neighbor search [8].
For points in RY, the problem of searching for approximate nearest neighbors has also been
well studied [28,61,77].

The problem of nearest neighbor search also expands beyond points in Euclidean
space. In 2002, Indyk considered the data to be a set of n polygonal curves (each
with at most m vertices) and the distance between two curves being the discrete Fréchet
distance. In particular, a data structure of exponential size was built so that an approximate
nearest neighbor query (with a factor O(log m + log log n)) can be done in O(m®™) log n)
time [66]. More recently, Driemel and Silvestri used locality-sensitive hashing to answer
near neighbor queries on polygonal curves (within a constant factor) in O(2*™4m logn)

time using O(2*™nlogn + nm) space (this bound is practical only for some m =
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O(logn)) [46].

In this chapter, we consider the problem of near-neighbor searching in the space of
persistence diagrams. We emphasize that, while Chapter 3 utilized augmented persistence
diagrams, in this chapter we focus our attention on persistence diagrams that are not
augmented. Specifically, we work towards addressing Research Question 3 and, once
again, note that the results and much of the discussion presented here are from [51].
Finding the exact nearest neighbor for a query diagram () in a set of n diagrams (where
any diagram has at most m points) can be done in O(nm!® log m) time using the algorithm
described in by Kerber et al. [68]. However, as n increases, the computation time can
become prohibitive. To address the expense, preliminary work by Kerber and Nigmetov
investigated a cover tree representation of the space of persistence diagrams, but do
not offer worst-case performance guarantees on searching due to the infinite doubling
dimension of persistence diagrams under the bottleneck distance [69]. To reduce the
complexity of comparing a query diagram to a set of diagrams, Di Fabio and Ferri
represented persistence diagrams as complex polynomials and compared the persistence
diagrams using complex vectors storing coefficients for the polynomials [44]. However,
the results are experimental and offer no performance guarantees on the distance between
two diagrams deemed to be close to one another by comparing the complex vectors [44].
Wang et al. extended the idea of converting persistence diagrams to complex vectors and
prove stability results of the vector representation [101]. Specifically, for two diagrams P

and (), the distance between the resulting vectors vp and vg has the following upper-bound:

VT

T
lvp — vglh < V2(1 + T)dw,l(R Q),

where dyy; denotes the 1-Wasserstein distance and o is a variance parameter [101, Theorem

1]. However, without a lower-bound on the distance, the result does not naturally extend to
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guaranteeing the distance between a returned diagram and the nearest neighbor. Mumey,
simultaneously, investigated determining approximate nearest neighbors in the space of
point sets [86], but in persistence diagrams, the inclusion of points on the diagonal with
infinite multiplicity introduces additional complexities.

The remainder of this chapter is organized as follows: we provide preliminaries and
necessary background in Section 4.1, develop a hashing scheme for approximating the
location of points in PDs in Section 4.2, provide approximation bounds on a data structure
and search technique for both the nearest neighbor and k-nearest neighbors using the
hashed diagrams in Section 4.3, discuss the exponential time complexity in Section 4.4,

and discuss the results in Section 4.5.

4.1 Preliminaries

In this section, we recall the definitions for persistence diagrams, bottleneck distance

and additional concepts used throughout this paper.

4.1.1 Bottleneck Distance

In this chapter, we are working in the space of persistence diagrams under the
bottleneck distance (see Definition 6). Recall that persistent homology tracks the birth
and death of the topological features (i.e., the connected components, tunnels, and higher-
dimensional ‘holes’) at multiple scales. Furthermore, a persistence diagram summarizes
this information by representing the birth and death times (b and d, respectively) of
homology generators as points (b, d) in the extended plane (see Definition 3). These birth
and death times correspond to the appearances and merging of topological features in a
filtered topological space. We simplify this representation by laying a grid over the diagram
(see Section 4.1.2) and snapping points in the diagram to points in the grid using the L.,

distance. Let D denote the diagonal (the line y = z) with points on D represented with
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infinite multiplicity. Notice that points with small persistence are close to the diagonal and
points with large persistence are far from the diagonal; in particular, the point (b, d) has
distance 3||d — b||o from D. In what follows, we set M, m > 0 and consider diagrams
with at most m off-diagonal points such that each off-diagonal point with finite coordinates
(a,b) satisfies |a| < M and |b] < M (we assume all points have finite birth times). We call

such persistence diagrams (M, m)-bounded; see Figure 4.1.

Death

Birth M

Figure 4.1: An example of an (M, 7)-bounded persistence diagram. Each point p =
(b,d) € P\D represents a topological feature—in particular, a homology generator. A point
that is close to the diagonal (i.e., has small persistence), cannot be easily distinguished from
topological noise. Standard persistence has points above the line y = x; however, extended
persistence allows points above or below the diagonal.

Given persistence diagrams P and (), recall from Definition 6 that the bottleneck

distance between them is:

dg(P,Q) = infsup [|[p — ¢(p)||
¢ peP

where the infimum is taken over all bijections ¢ : P — Q).
Next, we prove a property about the space DY, with the bottleneck metric known as

the doubling dimension. Following Clarkson’s definition of the doubling space [35]:
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Definition 22 (Doubling Dimension). Let X be a metric space with metric d. The space
X is said to be doubling if there exists a constant integer C' > 0 such that for every x € X
and any r > 0 the open ball B(x,r) can be covered by at most 2€ balls of radius 5. The

doubling constant of X is 2 and the doubling dimension of X is C.

Then, the following theorem highlights the problem with employing search ap-
proaches that depend on decomposing the search space, such as cover trees. We note that
similar observations were made about persistence diagrams (not (), m)-bounded) under

the bottleneck distance in [69, 70].

Theorem 14. The space of (M, m)-bounded persistence diagrams under the bottleneck

distance has infinite doubling dimension.

Proof. Assume, for contradiction, that there exists a constant C' such that for any positive
radius 7 and all P € DY, that B(P,r) can be covered by 2¢ balls of radius 5. Letr = %
and let P € Dy have exactly one point 3 from the diagonal. Let B be the region greater
than or equal to 3 but strictly less than r from the diagonal. Note that B can be decomposed
into % disjoint boxes with edge length Z, we denote this decomposition as B’. Let D be
the set of diagrams with m points, where each of the m points lie at the center of a different
box in B’. Each ) € D has m points lying at m of % = 2¢*+1m possible locations.
For any ), )" € D, where ) # Q" we observe that dg(P,Q) < r, dg(P,Q’) < r, and

dp(Q,Q") > 5. In other words, we must cover every diagram in ID but each requires a

separate open ball of radius 5. However,

20+1 2M
s (M=) =l
m m

a contradiction to the claim that B(P, r) can be covered by 2¢ balls of radius 5 ]
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4.1.2 Uniform Grid

A M bounded uniform grid in R? is a Cartesian grid with n? grid cells all contained
in the box [—M, M]? and is denoted L,,,. We include — M in the bounding box because
the coordinates of points in the persistence diagrams are not necessarily positive. Grid cells
are defined by four grid edges and four grid points. The grid parameter is the cell width of
each grid cell and is denoted § = 2M /7. Since we are working with persistence diagrams,
which may have points at oo, we include two additional one-dimensional grids to handle
points with a single infinite coordinate and one additional zero-dimensional grid cell to
handle points with two infinite coordinates. The complexity of the grid is the number of
grid cells: |L,| = n? + 2n + 1. For simplicity of exposition, we assume that no input
points lie on either grid edges or equidistant from any two grid points. Thus, nearest grid
points in the grid are unique, and every point has exactly four grid points defining the grid

cell containing it.

4.1.3 Contributions to Section 4.1

The content of Section 4.1 is primarily definitions. However, an important theorem
was proven to motivate the results in the following sections. Theorem 14 was discussed
by Samuel Micka, David L. Millman, and Brittany Terese Fasy at length after talks with
Michael Kerber and comments included in recent work [69,70]. The proof of the theorem
was ultimately written by Samuel Micka for the space of (M, m)-bounded persistence

under the bottleneck distance.

4.2 Generating and Searching Persistence Keys

In this section, we define a key function that maps a persistence diagram in DY} to a
vector in Z<,, where the exponent a depends on the complexity of the grid. Hence, as a

increases, the keys become more discerning. We order the diagrams using the dictionary
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order on Z%,, and store the keys in a multilevel data structure that supports binary search.
We note here that the hierarchical grid is adapted from approaches to locality-sensitive
hashing [61,63,67]. More recent general results on locality-sensitive can be found in [4-7,
33].

Let M,m > 0Oand n € Z,. Let P € DY} be a persistence diagram. We consider
the grid £,s,,. We then snap each off-diagonal point p € P\D to a grid point p; € Ly,
and count the multiplicity 7; for each grid point. The number of grid points from two-
dimensional grid cells is (7 + 1)2, the number of grid points from one-dimensional grid
cells is 2(n + 1), and there is a single zero dimensional grid cell with one point. We
note that while our key function was inspired by the hash function of [46] that ignored
multiplicities, we must count the multiplicity of duplicated grid points.

Recall from Section 4.1.2 that the grid parameter is § = 2M /7. We define our key

function x: Dy} x G — Z* by:

B(P. Latn) = D, Cane);

peP\D

where G denotes the set of all uniform grids, nn(p) maps each off-diagonal p € P to
the index of the nearest grid point and e; is the i*" standard basis vector in Z%, where
a= (n+1)*>+2(n+1)+1; see Figure 4.2 for an example. For simplicity of the proofs to
follow and so x is well-defined, we assume that no persistence point lies on a grid edge of
L, or equidistant to any two grid points. Of course, since many coordinates of (-, ) are
zero, we store it using a sparse vector representation; moreover, for the empty diagram D

(i.e., with no point but the line y = x), we notice that x(D, -) = 0.

Remark 4. This vector could also correspond to a product of prime numbers, where {o;}
. . . . ’Uj
is an ordered set of a prime numbers. Then, we have a unique integer || ; 0, for each

vector v = (v1, Vg, ...,0,) € Z* Doing so would put us in the more conventional setting,
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Figure 4.2: The key function snap-rounding each point of the input set to the nearest grid
point. Note that the actual rounding produced by the key function is denoted as a line from
each point to the corresponding grid point that it is rounded to.

where we have indices into a hash table instead of keys. However, we would then either
need to have a pre-generated list of a primes (which adds to our storage space) or must

account for computing the primes (which adds time complexity).

Suppose we snap-round P before applying «; a natural choice for rounding each
p € P would be to one of the (at most) four grid points defining the grid cell containing p.

Formally:

Definition 23 (Snap Sets and Canonical Ordering). Given a grid L with grid parameter 0,
let SNAP(P, L) denote the set of all possible snap-roundings of P obtained by allowing
each p € P to snap-round to one of the grid points within L., distance § of p, i.e.,
one of the grid points bounding the cell containing p. For example, points with finite
coordinates lie within O of four grid points, points with one infinite coordinate lie within o
of two grid points, and points with two infinite coordinates lie within ¢ of one grid point.
Let DELSNAP(P, L) denote the set of all snap-roundings of P obtained by additionally
allowing p € P distance less than or equal to O from the diagonal to be optionally deleted;

see Figure 4.3 for an example of points that are eligible for removal.
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Figure 4.3: An example demonstrating the thresholds where points near the diagonal may
be deleted. We consider diagrams P, () € D7} denoted with black and white points,
respectively. The two thresholds are shown as bands above the diagonal denoting distances
%5 and 0 from the diagonal. Removing all black points within the first threshold will

produce the diagram @ from (). Removing some subset of white points within the second
threshold may produce P, from P.

For the remainder of this chapter, without loss of generality, we only consider points
with four snap-roundings since points with an infinite coordinate value (or two infinite
coordinate values) follow the same argument as points with a finite death time that are not
too “near the diagonal”, but with fewer snap-roundings. Then, each point p € P, not lying
on a grid edge, can snap to the four grid points defining the grid cell containing p. As such,

we bound the number of snap-roundings for a fixed diagram:

Lemma 19 (Enumerating Keys). If P € D}, and if L is a uniform grid centered on
[—M, M)?, then the number of keys in SNAP(P, L) and DELSNAP(P, L) have the following

upper bounds:
e SNAP(P, L) has size O(2*™) = O(4™).

e DELSNAP(P, L) has size O((2% +1)™) = O(5™).



129

We are now almost ready to prove Theorem 15, which shows that a query diagram @)
collides with a snapping of diagram P if and only if P and () are close diagrams. (Note
that this ‘if and only if” statement uses asymmetric notions of close). We first prove a
simplified version in Lemma 20, where we consider the perfect matching problem in the
extended plane R’. In this case, the proof is made easier as the two diagrams necessarily
have the same number of points (as otherwise, a perfect matching is not possible). Then,
to prove Theorem 15, we delete points that are less than or equal to distance %5 of D in
the query diagram () and observe that some of these points could have been matched with

off-diagonal points in P with persistence up to, and including, %5 .

Lemma 20 (Collision without Diagonal Interference). Let P,(Q) C R be finite (M, m)-
bounded point clouds. Let ) € Z. and consider the grid L = Ly 2,. Let § denote the grid

parameter. Then,

1. if 3P, € SNAP(P, L) such that k(P., L) = k(Q, L), then dg(P,Q) < 25;
2. ifdg(P,Q) < %5, then 3P, € SNAP(P, L) such that k(P., L) = k(Q, L).

Proof. Recall from Section 4.1.2 that § = % and | L2, = (20)* + 2.

For the first part, let P, € SNAP(P, L) such that x(P,, L) = k(Q,L). Then, we
construct a matching M between P and () iteratively by peeling off pairs (p,q) € P X Q
that are mapped to the same grid point . By Lemma 19, we know that p was snap-rounded
to one of the four grid points within distance ¢ of p. Additionally, we know that ¢ was snap-
rounded to the closest grid point. Hence, we have d..(p, ¢) < ¢ and d(q, ) < %(5 . Thus,
by the triangle inequality, we have d(p, q) < J + %5 = %6 ; an example of this situation is
shown in Figure 4.4(a). Therefore, if x(P,, £) = x(Q, L), we have dp(P, Q) < 24.

To prove the second part, we assume that dg(P,Q) < 30. Recall that P and Q

have the same number of points and let M C P x () be a perfect matching that realizes
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(a) Scenario where in dw(p,q) a P, ex-  (b) Scenario where d(p,q) is just over

ists that snaps p and ¢ to £. Notice that %6 but p and ¢ do not snap to the same

doo(p, £) < & and des (g, ) < £6. grid point. Specifically, doo(p,¢) < § and
doo(q,0) > 30.

Figure 4.4: Illustration for the proof of Lemma 20 demonstrating the two boundary-case
scenarios, where two points are near one another with no snap-rounding, and where two
points are far from one another but snap-round to the same grid point.

the bottleneck distance. For each pair (p,q) € M, let {, be the grid point to which ¢
snaps in (g, L), as illustrated in Figure 4.4(b). Then, d.(q,¢;) < 30 because it is the
nearest point to ¢. Since dp(P, Q) < 36, we know that d..(p,q) < 16 and doo(p, {;) <
deo (P, @) + dso(q,¢,) < O by the triangle inequality which implies that p and ¢, lie in the
same grid cell. Thus, a snap-rounding of P exists such that each p is snapped to /,; we
denote this snap-rounding P,. Since |M| = |P| = |Q| and each pair in M share a grid
point in (@, £) and k(P., L), we conclude that x(Q, L) = (P, L). O

. . . ) .
The above lemma is restricted to matchings of points in R . Next, we generalize

Lemma 20, by allowing matchings to the diagonal. This is the central theorem of this paper.

Theorem 15 (Collisions between Diagrams). Let P, () € D};. Letn € Z, and consider
the grid L = Ly ,. Let  denote the grid parameter, and let @ be the diagram obtained

from ) by removing all points less than or equal to distance %5 from the diagonal. Then:
1. If 3P, € DELSNAP(P, L) such that r(P., L) = x(Q, L), then dg(P, Q) < 36.

2. Ifdp(P,Q) < L6, then 3P, € DELSNAP(P, L) such that k(P., L) = x(Q, L).
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Proof. Again, recall from Section 4.1.2 that § = 2% and [Lar05| = (217)* + 21.

We start with the first part. Let P, € DELSNAP(P, £) such that x(P,, £) = x(Q, £).
Then, each off-diagonal persistence point p € P is either snap-rounded to one of its
neighbors within distance 0 or deleted in order to obtain P,. Then, we construct a
matching M between P, and @ from Lemma 20 Part 1 with bottleneck cost at most %6 ;
next, we add to the matching M in order to extend the matching to a perfect matching
between P and () by considering unmatched points of () followed by unmatched points
of P. Notice that all deleted points of () are within %5 of the diagonal by construction.
Furthermore, all points in P\ P, must have been deleted by x, and hence are within § of
the diagonal. We add all of these pairs (i.e., between P\ P, and the diagonal, and between
Q\@ and the diagonal) to M, thus obtaining a perfect matching between P and () with
bottleneck cost at most 20.

We now prove the second part. Assume that dg(P, Q) < %(5 .Let M C Px(@bea
matching that realizes the bottleneck distance between P and (). We use this matching to
construct a diagram P, € DELSNAP(P, L) by choosing which points of P to snap-round
to grid points and which points to delete; see Figure 4.3 for an example of the points that
are eligible for removal during the snap-rounding. For each (p,q) € M with ¢ € @
we know that p ¢ D (recall that D denotes the diagonal) since dg(P, Q) < %6 . Letting
¢, be the closest grid point to ¢ (just as we did in Lemma 20), we snap-round p to /,
in P,. Next, we consider all (p,q) € M with ¢ ¢ Q (e., deo(q, D) < %5), where ¢
is snapped to the diagonal. We must show that we can also delete p when constructing

P, € DELSNAP(P, L), we know that
1

and so we choose to delete p since it is within § of D (¢ is deleted by the definition
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of @). Then, we have matched all points in @ with points in P and all points that
were deleted from () when obtaining @ had their corresponding points in P deleted
when constructing P,. Therefore, we have constructed a diagram P, € DELSNAP(P, £)

such that x(Q, £) = k(P L). O

Theorem 15 implies that diagrams with a small bottleneck distance relative to the
chosen ¢ value will have matching keys generated by the key function while diagrams
with a large bottleneck distance, relative to o, will not. Next, using Theorem 15, we
discuss a multi-level data structure that, for some query diagram (), supports searching

for approximate nearest neighbors in D7;.

4.2.1 Contributions to Section 4.2

In Section 4.2, we provided a key function for (M, m)-bounded persistence diagrams
and proved certain properties about the relationship between the bottleneck distance
between two diagrams and their corresponding keys. Discussions pertaining to this work
were initially motivated by [46] when Binhai Zhu, Brittany Terese Fasy, and David L.
Millman wondered if it were possible to apply similar techniques to persistence diagrams.
Samuel Micka, Binhai Zhu, Brittany Terese Fasy, David L. Millman, Xiaozhou He, and
Zhihui Liu developed much of the initial theory found in this section during Fall 2017. Most
of the writing was done by Samuel Micka, Brittany Terese Fasy, and David L. Millman with
frequent feedback and input from Binhai Zhu, Xiaozhou He, and Zhihui Liu. We also thank
Brendan Mumey for his discussions and input on the snapping methods for point clouds
(see [86]). Samuel Micka played a critical role in the proofs of Lemma 20, Theorem 15,

and refinements to the grid after anonymous reviewer comments.
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4.3 Approximate Nearest Neighbors

In Theorem 15, we saw that for a query diagram () and grid parameter ¢, the diagram
() shares a key with some diagram P ‘if and only if’ they are close, with respect to the
chosen scale d. To find the near-neighbor, we must select a  with the correct relationship
to dg(P, Q). The relationship presents two problems. First, how do we determine the
correct value for 9?7 Second, a single ¢ value would rarely be sufficient for all queries.

In this section, we build a multi-level data structure to support approximate nearest
neighbor queries in the space of persistence diagrams. Each level of the data structure
corresponds to a grid with a different resolution. In the previous section, we needed a
flexible notion for SNAP and DELSNAP, but in this section, the data structure level and grid
are dependent. So, we simplify notation. Recall that, as our persistence diagrams are all

(M, m)-bounded (i.e., in DY), all points lie in [—M, M]?. For i € Z>g, we define

[ ) EZ = £M72z‘+1

8; := 2M/2¢, that is, the grid parameter for £;
o x;(P):=k(P L)

e SNAP;(P) := SNAP(P, L;)

DELSNAP;(P) := DELSNAP(P, L;)

Definition 24 (Data Structure). Let I' C DY} be finite, let c > %, and let € be the minimum
bottleneck distance between any two diagrams in I'. Let 7 = [log((2M)/(ce))], then for
each integer i € {0, ..., 7}, we define A; = A;(I) to be the data structure that stores the
sorted list of keys {r;(P;)}.+.p, for each P, € DELSNAP;(P) and P € I'. With each key, we
store a list of distinct persistence diagrams from I which have a snap-rounding to that key,

and the number of distinct diagrams from I" which snap to the key. We note that a diagram
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with a given key can be found in time logarithmic in the number of distinct keys at that
level. We denote the array of the multi-level data structure as D, = D, (') := {A;}7_,. We

can access a given level in constant time.

In the definition above, the choice of ¢ and ¢ provides a point at which the diagrams
with the smallest bottleneck distance stop colliding and we can stop considering smaller
3

values of 4. In particular, we choose ¢ > 3, because the contrapositive of Theorem 15

Part 1 implies that if dg(P, Q) > 34;, then x;(P.) # £;(Q) for any P, € DELSNAP;(P).
Thus, we can guarantee that () will share a key with a representative of P, for each () close

enough to P.

Remark 5. For each level, each diagram has O(5™) snap-roundings and keys that can
each be generated in O(m) time. Comparing two keys to determine their relative order
requires O(m) time.

For each diagram at each level, we can determine the set of unique keys in O(m5™)
by sorting the O(5™) keys and removing duplicates. Finding the unique keys for n
diagrams takes O(nmb™). Sorting the keys at a given level for n diagrams takes
O(m(nb5™lognb™)) = O(m(nb™logn + n5™logbh™)) = O(m(nb5™logn + nb"m)) =
O(mn5™(logn + m)) time. Creating a list of diagrams for each unique key at a
given level requires O(nb™) time but this operation is asymptotically smaller than the
complexity of sorting the keys. Then, generating the data structure D, with T levels takes

O(7(mnb5™(log n + m)) time.

Next, we consider some properties of D, specifically, that collisions on a level of the
data structure with a fine resolution imply collisions between the same diagrams on levels
with coarser resolutions. To simplify notation, for () € Dy} and i € Z>(, we let QVZ be the
diagram obtained from () by removing all points less than or equal to distance %52- of the

diagonal.



135

Lemma 21 (Hierarchical Collision). Let I' C Dy} be finite. Let () € Dy, and P € T.
Let j € Z>o and let ij and @Z be the diagrams obtained from () by removing all points
less than or equal to distance %5]- (resp., %(2 ) of the diagonal. Suppose there exists P; €
DELSNAP;(P) such that k;(P;) = mj(@j) (i.e., P and Q) collide in level A;), then for any

i < j, there exists P, € DELSNAP;(P) such that r;(P;) = r;(Q;).

Proof. It suffices to prove that if P and () collide in A; then P and () collide in A;_;. From
Theorem 15 Part 1, since P; € DELSNAP;(P) and x;(P;) = mj(@j), a matching M exists
between P and @ such that V(p,q) € M, du(p,q) < 36;. We use this matching to find
P;_; € DELSNAP,_;(P) such that x;_1(P;_) = ;_1(Q;_1), which happens when there
exists a matching M’ C P x @ such that for each (p', ¢') € M, either do(p', () < 051,
where £, is the closest grid point to ¢, or max{d(p', D), 2d(q’, D)} < d;_1. Then, we show
that we can construct M’. We begin with M’ = (), and for each (p, q) € M we construct
one, or more, edges and add them to M. To construct each edge, we consider three cases:
CASE 1, where ¢ € D; CASE 2, where p € D; and CASE 3, where neither p nor ¢ are in D,
which has two subcases.

CASE 1 (¢ € D): Since (p,q) € M and ¢ € D, then p is within J,; of D. Since
d; = %5]-_1, we know that p lies at most %5j_1 from D and can be matched with D in a
matching corresponding to a collision at A;_; as well. Thus, we add (p, ¢) to M.

CASE 2 (p € D): Since (p,q) € M and p € D, then ¢ is within %53- of D. Then, g is
at most %53'*1 from D, and it can be matched with p € D in a matching corresponding to a
collision at A;_; as well. Thus, we add (p, ¢) to M’

CASE 3 (neither p nor q are in D in A;): By construction, in level A, points p and ¢
snap to the same grid point £, such that de(q, ¢;) < 36; and doo(p, () < 4;, since q is
snapped to the nearest grid point and p is snapped to one of the four nearest grid points.

SUBCASE 3a (d(q, D) < 36;-1). We add (7p(q), q) to M, since ¢ must be snap-

rounded to D in A;_;. In order to match p in M’, we show that p also has a snap-rounding
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to D in level A;_;. Since do(gq, D) < 36;-1, we know that either d({,, D) = 6; = 16,4
or d({y, D) = 16; = 16;_1. Since doo(p, {g) < 6; = 36;_1, the triangle inequality implies
that d(p, D) < 0,_1. Therefore, p can be deleted in the snap-rounding in A;_;, so we add
(p, 7p(p)) to M.

SUBCASE 3b (d(q, D) > %5]-_1). Let ¢, be the grid point in level A;_; to which ¢
snap-rounds. Since ¢ is more than %6j_1 from D, do (¢, E;) < %5j_1, which implies that
doo(p, 0) < 65 + %5j_1 < §;_; by the triangle inequality. Therefore, we can snap-round p
to (7 in A;_;. So, we add (p, ¢) to M.

Finally, we find P;_; € DELSNAP,_;(P) as follows: for every (p, ¢) € M’ such that
p is off-diagonal, we either (1) delete p if ¢ is on D, or (2) snap-round p to the grid point
in A;_; nearest to g. Therefore, we conclude that if P and @) collide at A;, then P and )

also collide at A;_;. O

To find a near neighbor to () in I', we determine the last level such that () collides
with an existing key in the data structure. However, first we must consider where the

nearest neighbor lies relative to this level.

Lemma 22 (Nearest Neighbor Bin). Let T, Q, and Q; be as defined in Lemma 21. Let Q;_»
be obtained from () by removing all points within %51-_2 of the diagonal. Let P™ € T' be
the nearest neighbor of () in ', with respect to the bottleneck distance between diagrams.

Let 1 be the largest index such that mz(éz) has a collision in A;. Then, there exists a snap-

rounding RTTQ S DELSNAPi,Q(Pnn> such that Iii,2<Pi7in2> = Iiz;g(@ifz).

Proof. Assume that P"" does not have a collision with f{i_g(@i_g). By the contrapositive
of Theorem 15 Part 2, 20; = %@_2 < dp(P™,Q). As @ collides with P in A;, by
Theorem 15 Part 1, dp(P, Q) < 26;. Combining the inequalities, we get dg(P, Q) < 36; <

20; < dg(P™, @), which implies that P"" is not the nearest neighbor, a contradiction. [
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Figure 4.5: Situation in which the nearest neighbor of diagram () is not in the lowest bin
that () has a collision in. Let query diagram () be composed of the single point ¢ and let

P, L € D}};, where P has one point p and L has one point [. We see that dg(P, Q) = % +é€

for some small constant €; and d(L, Q) = 3% — €, for some small constant ¢,. However,

only L and @ collide at level %, even though dz(P, Q) < dg(L, Q).

A result of Lemma 22 is that if ¢ is the largest index such that () has a collision in A,
then we can construct examples in which () does not collide with the nearest neighbor in
A;, see diagrams in Figure 4.5. Next, we show that any diagram colliding with @) in A; is

an approximate nearest neighbor.

Lemma 23 (Nearest Neighbor Approximation). Let I', (), and @Z be as defined in
Lemma 21. Let i be the largest index such that Iiz(@,) € A,;. Let P"™ € T be the nearest
neighbor of () in terms of bottleneck distance. The bottleneck distance between () and

every diagram of T with a key r;(Q;) in A; is a six-approximation of dg(P™, Q).

Proof. Let P € T and P, € DELSNAP;(P) such that x;,(P;) = lil(éz) In other words,
P, is a snap-rounding of P that collides with () at level <. By Lemma 22, P"" has a snap-
rounding in A; 5 colliding with (). And, by our assumption, as () has no collisions in
level i + 1, P™ may have its last collision with @) in A; 5, A; 1, or A;. To bound the

bottleneck distance, we must only consider the worst-case scenario, where dg(P"™", Q) is
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as small as possible and dg (P, Q)) is as large as possible. As P and () collide in level i, by
Theorem 15 Part 1, dg(P, Q) < %(5,-. And, by the contrapositive of Theorem 15 Part 2, if
the last collision of P and () is: in A;_», then §; = %51'—1 < dg(P™,Q);in A;_1, then

%@ < dg(P"™,Q); orin A;, then iéi = %@H < dg(P"™, Q). Therefore,

1 3 1
§5i+1 <dp(P"™,Q) < dp(P,Q) < 551' =6 <§5i+1) < 6(ds(P™,Q)),

which implies that every diagram P with a key in A; colliding with Rl(@) is a six-

approximation of the nearest neighbor of () in terms of bottleneck distance. [

The previous discussion implies that we can find an approximate nearest neighbor by
identifying the bin in the lowest level with a collision and picking any diagram in that bin.
Moreover, it tells us that we can find the true nearest neighbor by linearly searching for it
though all diagrams with a collision two levels up. Next, we prove that we can query for
an approximate kth nearest neighbor for £ > 1. First, we establish bounds on the location

of kth nearest neighbor, generalizing results from Lemma 22.

Lemma 24 (kth-NN Location Upper Bound). Let I', @), and @Z be as defined in Lemma 21.
Let P* € T be the kth nearest neighbor of Q) in T, with respect to the bottleneck distance
between diagrams. Let 1 be the largest index such that the number of distinct diagrams
with snap-roundings and keys equal to /@(@1) in A; is at least k. Then, there exists a

snap-rounding PF , € DELSNAP;_o(P*) such that r;_(PF ) = Kia(Qis).

Proof. Assume, for contradiction, that P* does not have a collision with ) in A;_,. By
the contrapositive of Theorem 15 Part 2, 20; = %61-,2 < dB(P’“,Q). Furthermore, by
Theorem 15 Part 1, if a diagram P € T collides with @ in A;, then dp(P,Q) < %&.
Since there are at least k collisions with () in A;, there must be k& diagrams with bottleneck

distance less than or equal to %(L- < 20; < dB(Pk , Q). The previous statement, however,
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is a contradiction to the claim that P* is the kth nearest neighbor of Q) with respect to

bottleneck distance. O]

Then, we also bound the number of levels with a finer grid resolution that the kth-

nearest neighbor can collide with a snap-rounding of the query diagram.

Lemma 25 (kth-NN Location Lower Bound). Let I', (), and @z be as defined in Lemma 21.
Let P* € T be the kth nearest neighbor of ) in T, with respect to the bottleneck distance
between diagrams. Let i be the largest index such that the number of distinct diagrams
with snap-roundings and keys equal to m(él) in A\; is at least k. Then, P* does not have a

snap-rounding and key colliding with @ in any A; such that j > i + 2.

Proof. If P* has a snap-rounding that collides with @ in any A, for j > i + 2 then it will
also have a snap-rounding colliding with ) in A;, 3 by Lemma 21. Therefore, it suffices
to show that P* does not collide with Q in A, 3. Then, suppose, by contradiction, that Pk
has a snap-rounding that collides with ) in A, 3. Then, by Theorem 15 Part 1, we know
that dp(P*,Q) < %5i+3 = gdiﬂ < %&H, which implies that at least k£ diagrams in I’
have distance at most %&-H from (). Furthermore, by Theorem 15 Part 2, we know that
all P € T such that dg(P,Q) < %(5i+1 collide with @) in A;,;. Hence, () has at least k

collisions in A;,;, which contradicts our choice of i. ]
Using Lemma 24 and Lemma 25, we bound levels for which P* can collide with @

Corollary 9 (kth-NN Location). Let I', ), and QVZ be as defined in Lemma 21. Let P* € T
be the kth nearest neighbor of (), with respect to the bottleneck distance between diagrams.
Let 1 be the largest index such that the number of distinct diagrams with snap-roundings
and keys equal to /{,(@Z) at A\; is at least k. Let j be the largest level in D, such that there
is a snap rounding and key of P* colliding with Q. Then, i —2 < j < i+ 2, i.e., P* must

have a snap-rounding in, at most, \; - and in, at least, \;_s.
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To find the kth nearest neighbor to () in I', we determine the last level of D, where ()

has at least £ collisions. The proof is a modification of the proof of Lemma 23.

Lemma 26 (kth-Nearest Neighbor Approximation). Let I', (), and @Z be as defined in
Lemma 21. Let k be a positive integer greater than one. Let P* € T be the kth nearest
neighbor of (), with respect to the bottleneck distance between diagrams. Let i be the
largest index such that the number of distinct diagrams with snap-roundings and keys equal

to k;(Q;) at A; is at least k. The bottleneck distance between ) and every diagram of T’

with a key /@(él) in A; is a 24-approximation of the dg(P*, Q).

Proof. Let P € T and P, € DELSNAP;(P) such that ;(P,) = x;(Q;). That is, P is one
of the k distinct diagrams that collide with () at level i. By Corollary 9, P has a collision
with Q in A; o, A;_1, A;, A1, or A; 5. To bound the bottleneck distance, we must only
consider the worst-case scenario, in which dg(P*, Q) is as small as possible and dp(P, Q)
is as large as possible. As P and () collide in level ¢, by Theorem 15 Part 1, dp(P, Q) < %(2.
And, by the contrapositive of Theorem 15 Part 2, for « € {—2,—1,...,2}, if the last
collision of P* and @ is in A, then 27279§; < dp(P*, Q). The distance is smallest

when o = 2, that is, 156; < dp(P*, Q). Therefore,

dp(P,Q) < g& =24 (1—165> < 24(dp(P*,Q)),

which implies that every diagram P with a key in A; colliding with /@(QV) is a 24-

approximation of the kth nearest neighbor of () in terms of bottleneck distance. [

Remark 6. The approximation factor is controlled by the last level where P* and Q collide.
So, while we do not propose an efficient test for identifying the last level, we observe that
in some cases, the approximation factor is much tighter. For example, if P* last collides

with Q) in A;_o, then for all P € T that collide with Q) in A;, dg(P,Q) < %dB(Pk, Q).
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We now identify approximate nearest neighbors for a query diagram.

Theorem 16 (Approximate Nearest Neighbor Query). Let I', Q), and @Z be as defined in
Lemma 21. Let n = |I'| and let D, be the multi-level structure described in Definition 24
with T levels. Then, the data structure D, is of size O(n5™7) and supports finding a six-

approximation of the nearest neighbor of Q in T in O((mlogn + m?)log 7) time.

Proof. We begin by describing how we can use the previous lemmas to organize and
search D,. Lemma 21 tells us that for i < j, x;(Q;) € A; then x;(Q;) € A; which
implies that I, can be ordered by i € {0,...,7}. Using the ordering, we can perform a
binary search to find the largest i such that ;(Q;) € A,. Every diagram with a key in A,
colliding with /@(@) is a six-approximation of the nearest neighbor of () by Lemma 23.

We begin by analyzing the space of I),. The structure contains 7 levels. For each
level, we store, in increasing order, the O(5™) snap-roundings for each of the n persistence
diagrams. So, the total space of D is O(n5"7).

Next, we consider the complexity of finding a six-approximation of the nearest
neighbor for (). Searching for the largest 7 such that mz(@z) € A, requires a binary search
through D, and another binary search through each A, that is encountered to search for a
collision.

The time for each search in A, is analyzed using three observations. First, generating
a key for Q, i.e., r;(Q;) takes O(mn) time. Second, comparing the keys of two diagrams
takes O(m) time. Third, let n = |['|, since each diagram has O(5™) hashes, each A;
has at most O(n5™) keys. Using these three observations, we get that searching A; takes
O(m+ mlog(n5™)). The search time can be simplified. Since, m log(n5™) = mlog(n) +
m?log(5), the search at each A; is O(m + mlog(n) + m?) = O(mlog(n) + m?) time.
Since we search O(log(7)) levels of D,, and the search at each level is O(m log(n) + m?),

the total query time is O((mlogn + m?)log 7). O
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Remark 7. We note that exponential search could replace binary search for both finding
the last \; where /@(@l) collides with another key as well as on each A\; € D,. If 1 is the
largest A; such that the snap-rounding of @ collides with another key, and y is the index

of the key in A; that collided with r;(Q;) then the query time becomes O(log i(mlog(7)).

Finally, we prove that this data structure can provide responses to queries request-
ing the k-nearest neighbors. Specifically, the k-nearest neighbors returned are a 24-

approximation of the £th nearest neighbor.

Corollary 10 (k-Nearest Neighbor Query). Let I', Q), and CNQZ be as defined in Lemma 21.
Let n = |T'| and let D, be the multi-level structure described in Definition 24 with T levels.
There exists a data structure of size O(n5™7) that supports finding k diagrams that are
each, in the worst case, a 24-approximation of the kth nearest neighbor of ) from I in
O((mlogn + m?* + km) log 7) time.

Proof. We begin by searching to find the largest i such that: x;(Q;) € A;, and the list
of diagrams at key mz(éz) is of at least length k. We can still utilize binary search to
traverse the levels of .. At each level, however, once a matching key is found, we
must determine if there are £ unique neighboring keys with the same value. Recall
that at each key, we stored the count of the number of unique diagrams. Thus, we can
determine the number of unique diagrams hashed to a particular key in constant time.
Then, searching each level A; takes time O(mlog(n) + m?) from Theorem 16. Once
the largest ¢ with k colliding diagrams is found, we return any % diagrams from the
list at £;(Q;). Any of these colliding diagrams will be a 24-approximation of the kth
nearest neighbor of () by Lemma 26. Finding & diagrams from the list at ml(@) takes
time O(k) time, so the total time complexity for searching and returning k& diagrams at a

particular level is O(m log(n) +m? + k), making the overall time complexity for searching

O((mlogn + m? + km)log 7). No modifications need to be made to D, to support these



143

queries so the space complexity remains the same from Theorem 16. [

4.3.1 Contributions to Section 4.3

In Section 4.3, we develop the data structure and searching methods used to return
approximate nearest neighbors and the k& approximate nearest neighbors to a query
persistence diagram. Since the formulation in Fall 2017, k-nearest neighbors results were
added over the year of 2018. Results continued to be refined until as recently as Fall 2019.

We summarize the specific contributions of Samuel Micka in the following list.

e Samuel Micka, David L. Millman, Brittany Terese Fasy, and Binhai Zhu developed
the data structure in Definition 24 with input and feedback from Xiaozhou He, and

Zhihui Liu.

e [LLemma 21 and Lemma 22 have seen several revisions. The initial proofs were written
by Samuel Micka, Brittany Terese Fasy, and David L. Millman and many revisions

have been made over the years by Samuel Micka.

e The example demonstrating that the nearest neighbor does not necessarily lie in the

last bin with a collision was an observation made by Samuel Micka (see Figure 4.5).

e Lemma 23 has been revised several times by Samuel Micka, David L. Millman, and
Brittany Terese Fasy with some errors being corrected over the years. We thank
Brendan Mumey for his discussions related to this lemma in particular. Observations
made by Brendan Mumey in [86] were particularly helpful in uncovering an error in

our own work.

e The lemmas and theorems related to the k-nearest neighbors were all written initially
by Samuel Micka. Further discussions between Samuel Micka, David L. Millman,
Brittany Terese Fasy, and Binhai Zhu led to additional revisions being made by

Samuel Micka.
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e Theorem 16 and Corollary 10 were written and revised over time by Samuel Micka,
David L. Millman, Brittany Terese Fasy, and Binhai Zhu with additional input and

feedback from Xiaozhou He, and Zhihui Liu.

4.4 Discussion on Space Complexity

While searching D, is logarithmic in the number of diagrams, the data structure
becomes very large when the diagrams have even a moderate number of points. For
example, with m = 15, we may have over 23* keys at a given level. In this section,
we discuss approaches intended to mitigate the size of the data structure and explain why
many become unrealistic in practice.

One way to reduce the size of each level is to “flip” the key generation and querying.
In particular, instead of generating many keys for each diagram in I', we compute one for
each diagram. Then, for a query diagram (), we compute and search O(5™) keys at each
level. This may be practical for scenarios in which diagrams in I' are large, but the query
diagrams are small. Moreover, since searching for a key is independent of the other keys,
searching in parallel follows naturally. Furthermore, this approach reduces the size of D,
from O(n5™7) to O(nmT). However, this trades exponential space for exponential search
time relative to the number of points in the diagram. Preliminary work on more complex
snapping schemes have shown that we can reduce the size of the data structure. While
the size is still exponential in m, some of the more promising schemes have been able
to reduce the expected size to O(2.6™) and increase the approximation factor to a larger
constant value. The next natural approach to pursue is probabilistic snap-rounding.

Consider generating a single key for each diagram in I' by snap-rounding each
diagram a single time at each grid resolution. If we randomly snap-round our query diagram
a polynomial number of times, we may never collide with a diagram with small bottleneck

distance since only one of the O(5™) snap-roundings may yield a match. Another approach
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is defining a match to be when a certain ratio of points collide. However, we can run
into situations where we return diagrams with exceptionally large bottleneck distance.
For example, consider a class of diagrams with %k off-diagonal points where for any two
diagrams « and (3 in this class, dg(«, () is large, but if a subset of k£ — 1 points from each
are considered, the bottleneck distance is small. Then, if we query with a diagram () in
which k£ — 1 points from () have a small bottleneck distance to £ — 1 points of any diagram
in the class we will return a match for every diagram. However, the actual bottleneck
distance between the query diagram and any diagram in this class can be arbitrarily large.
Finally, while our space complexity is exponential in diagram size, our queries do not
rely on probabilistic snap-roundings and the problems discussed above resulting from these
approaches. We conclude this discussion by offering an analysis of the complexity of our
data structure, in practice, relative to similar approaches used on polygonal curves from
[46] and demonstrate a substantial decrease in size. While we are comparing approaches
for different problem domains, our goal is to draw attention to the complexity related to
the number of points in the polygonal curves and diagrams to emphasize the challenges
related to reducing data structure size. Specifically, for a data structure, storing n curves
in R?, each with complexity at most m = 15, the constant factor approximation from [46]
requires O(2'%°nlogn + 15n) space; whereas, our approach to storing n diagrams with at
most 15 off-diagonal points requires O(n5'°7) space. However, we note that our approach
depends on the distribution of points in the diagrams which dictates the size of 7 while the

approach found in [46] is independent of the distribution of curves.

4.4.1 Contributions to Section 4.4

In Section 4.4 we discuss the exponential space complexity of our data structure
and compare the methodology to similar approaches in the literature. This discussion

was motivated by anonymous reviewer comments which were followed up by discussions
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between Binhai Zhu and Samuel Micka. Samuel Micka wrote the content of this section

and received feedback from Binhai Zhu, Brittany Terese Fasy, and David L. Millman.

4.5 Discussion

In this chapter, we have investigated the problem of near-neighbor search in the space
of PDs with our work from [51]. Specifically, we worked towards addressing Research
Question 3 and developed a solution to querying for approximate nearest neighbors and
the k-approximate nearest neighbors in the space of persistence diagrams. Our work was
motivated by locality-sensitive hashing approaches [4-7,33,61,63,67] and searching in the
space of polygonal curves [46,66]. We provided performance guarantees on the diagrams
returned, complementing experimental work on transforming persistence diagrams into
polynomials with complex coefficients for the purposes of searching [44]. Furthermore,
we provide a proof that the doubling dimension of (M, m)-bounded persistence diagrams
under the bottleneck distance is infinite, offering concrete evidence of observations from
[69, 70]. While the space complexity of our approach is exponential, we offer an
extensive evaluation of the approach, comparing it to similar methods to put the scope

into perspective.
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CHAPTER FIVE

SUMMARY AND FUTURE WORK

In this dissertation, we have described significant contributions to the problem spaces
of reconstructing shapes using topological descriptors and searching in the space of
persistence diagrams. We described algorithms for reconstructing embedded graphs (see
Section 3.3, Section 3.4, and [11, 12, 56]) and reconstructing simplicial complexes in R?
(see Section 3.2 and Section 3.5 and [56]). These algorithms offer novel approaches for
determining parameterized sets of augmented persistence diagrams for shape represen-
tation. Moreover, these algorithms are the first steps towards developing deterministic
approaches for minimizing the number of descriptors we need to represent shapes.
We also discussed challenges encountered when utilizing non-augmented topological
descriptors and implementing random sampling techniques for choosing directions to
generate descriptors from (see Sections 3.6-3.9 and [54, 55, 80]). These results justify
the use of augmented descriptors or exhaustive sampling approaches when using non-
augmented descriptors for reconstruction and reveal several additional research problems.

In the second part of the dissertation, we explored efficient methods for identifying
approximate nearest-neighbors in the space of persistence diagrams (see Chapter 4 and
[51]). We improve the runtime for determining approximate nearest neighbors in large sets
of diagrams by employing a snap-rounding approach that transforms each diagram into a
set of vectors, each approximating the original diagram. Then, we compare vectors, instead
of the diagrams, to search. Our approach provides the first approximation bounds, in terms
of the bottleneck distance to the nearest neighbor, on searching for approximate nearest
persistence diagrams. Moreover, we prove approximation bounds for diagrams we return

for both the nearest, and k™ nearest, neighbors, providing a new approach searching for
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neighbors in large databases of persistence diagrams.

5.1 Future Work

In the future, we would like to explore several avenues of potential work. First,
while we may have the ability to reconstruct simplicial complexes in R?, the diagram
and time complexities are exponential relative to the highest-dimensional simplex in the
complex. When reconstructing K; in Section 3.4, we were able to make our approach
for reconstruction sub-quadratic and output sensitive. The speed-up is a result of utilizing
information about edges that were already constructed to reduce the search time for new
edges in the complex. As such, we will explore the possibility generalizing these ideas to
higher dimensions and reducing the time and diagram complexity described in Section 3.5.

Recent work by Maria et al. defines an intrinsic transform on shapes [79]. This
transform encodes information about the intrinsic geometry, allowing it to effectively
ignore the embedding of the shape. The transform is particularly applicable in the
domain of shape comparison by overcoming challenges associated with shape alignment.
Furthermore, the authors provide stability results for the transform. An avenue for future
research may be developing algorithms for computing sets of descriptors for this transform.

Code for reconstructing plane graphs in R? using the approaches from our previous
work [11] has been made publicly available '. However, this approach does not include the
implementation of the general vertex reconstruction algorithms described in Section 3.3,
the faster algorithm for edge reconstruction in Section 3.4, or the general algorithm for
simplicial complex reconstruction described in Section 3.5. Implementing these algorithms
would provide researchers using topological descriptors as input into other algorithms (such

as [39,64,100]) a method for generating sets of APDs that reconstruct the shape.

'The code is available in a git repo hosted on GitHub: https://github.com/compTAG/
reconstruction.


https://github.com/compTAG/reconstruction
https://github.com/compTAG/reconstruction
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In our experiments, our real-world data came from the MPEG7 and EMNIST data
sets. However, both data sets are composed of images. When converting from image
(cubical) data to simplicial complexes, we used perturbations to meet our general position
assumptions. However, preliminary investigations lead us to believe that these small
perturbations may be contributing to results in stratum size and, as a result, uniform
sampling. As such, different perturbation techniques warrant further investigation. More
generally, investigating problems that arise when converting image data to simplicial
complexes, such as choosing contour approximations, for use with these transforms is also
interesting. We are also interested in running additional experiments on data sets stored as
simplicial complexes since the cubical structure of image data may be lurking variable.

One important distinction that we touched on Section 3.10 was between represen-
tation and reconstruction. In this dissertation, specifically, in Section 3.5, we provide an
algorithm for reconstructing simplicial complexes using augmented persistence diagrams.
However, if the on-diagonal points are ignored, then we are left with a set of PDs
parameterize by directions on the unit sphere. Thus, we ask, does the set of PDs, inferred
from APDs generated during reconstruction, sufficiently represent the simplicial complex

we reconstruct? To address this question, we introduce the following conjecture:

Conjecture 1. Let K, K' C R? be simplicial complexes. Let P, P' be the parameterized
sets of PDs generated when reconstructing K and K’ with Algorithm 3.11. Then, P = P’
if and only if K = K'.

As future work, we plan to prove Conjecture 1 as a theorem. This result would be
beneficial for problems related to shape comparison because we would offer an approach
that generates persistence diagrams that can be used for reconstruction and also for
representation. While we can use APDs for representation now, PDs are widely used and

distances for comparing PDs are well studied.
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In Section 3.7, we saw that reconstruction of particular classes of simplicial com-
plexes was possible using a constant number of APDs. The reconstruction was done
using a constraints based approach where certain directions yielded information that, when
combined with previously known constraints on the shape, allowed us to reconstruct the
complex. We are interested in exploring the idea of constraint based approaches in practice.
Specifically, we would like to generate constraints based on a set of APDs and use these
constraints in a constraint solving system such as python-constraint? or Gecode?
to see if the constraints can be resolved.

In Section 3.9, we saw two constructions that provide lower-bounds on the cost of
failing to reconstruct degree two vertices. However, we are not convinced that this lower-
bound is tight, in fact, we conjecture that there are classes of simplices which can produce
arbitrarily large distances between the original graph and a reconstructed graph missing
specific simplices. This problem is accessible for undergraduates with little to no prior
experience in TDA and, as such, will be investigated soon.

Chapter 4 provides the first solution to searching for approximate nearest neighbors
in the space of PDs with performance guarantees. However, the solution has not yet been
implemented. This framework will be useful for projects that generate large sets of PDs
and need to be able to search for nearest neighbors quickly. The implementation of this
data structure and searching algorithm are both goals for the near future. Furthermore, we
are considering extending the approach of [101] to a two-dimensional “grid” (a complex
vector quadratic in size) to see if our lower- and upper-bounds generalize into the space of
complex vectors. This extension could yield a persistence diagram representation that has

an inner-product space and enables approximate near-neighbor queries.

nttps://labix.org/python-constraint
Shttps://www.gecode.org/


https://labix.org/python-constraint
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