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Abstract:

Scalar diffraction theory has been shown to produce accurate results in both the far-field (Fraunhofer)
and near-field (Fresnel) regions.7,8,11. The derivation of the theory leads to three possible results of
what is known as the obliquity factor. Light from a laser was allowed to shine through a small aperture
(circular hole). By investigating the appropriate region of the resulting patterns, it was hoped that the
proper obliquity factor could be discerned. Through this study, experimental results have indicated that
when the aperture becomes small enough, scalar diffraction theory fails to accurately predict the
location of the Fresnel patterns occurring in the (very) near-field region. Rather than verifying the
correct obliquity factor, this thesis provides an indication of the region where scalar diffraction theory
is no longer valid.
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ABSTRACT

Scalar diffraction theory has been shown to produce accurate results in both the
far-field (Fraunhofer) and near-field (Fresnel) regions.”®"' The derivation of the theory
leads to three possible results of what is known as the obliquity factor. Light from a
laser was allowed to shine through a small aperture (circular hole). By investigating the
appropriate region of the resulting patterns, it was hoped that the proper obliquity factor
could be discerned. Through this study, experimental results have indicated that when .
the aperture becomes small enough, scalar diffraction theory fails to accurately predict
the location of the Fresnel pattems occurring in the (very) near-field region. Rather than
verifying the correct obliquity factor, this thesis provides an indication of the region
where scalar diffraction theory is no longer valid.




CHAPTER 1
INTRODUCTION

The propagation of an electromagnetic wave past an opaque body casts an
intricate shadow made up of bright and.dark regions quite unlike mythﬁg one might
expect from the tenets of éeometrical optics.l This phenomenbn of diffraction
contradicted the extremely popular belief that light propagated as a ray in a single
direction. -The first docurhentatfion of diffraction was presented by Grixﬁaldi_, in a book
published two years after his death (1663).">* Over the next 100 years, substantial
evidence was found §upp9rti¥1g Grimaldi’s discoveries, however no regl_e%xplanation of
the observed phenomeﬂa was advanced.* Huygens, the firét proﬁonent of the wave
theory, seems to have been unaware of Grimaldi’s findings, as he would have relied on
them to support his ideas.> It was not u.ritil 1818, when Fresnel apflied both Huygens’
construction for _propagating a wave and the principle of interference to arrive at a
possible explanation for diffraction.? This combination was given a firm mathematical
basis by Kirchhoff in 1882, and ever since, the subject has been investigated by many

writers."™!

The phenomenon of diffraction, and the mathematics which support it, has been
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tested extensively over the past century.”*!" As with most practical problems, though,
typical solutions still involve some assumptions and approximations. The resulting
mathematics depends solely on what approach one takes to solve the problem and the
validity of the assumptions. Kirchhoff’s classical theory has been shown to work quite
well in describing the diffraction field when relative dimeqsions of the experiment are
much larger than the incident wavelength.”* However, the theory is often criticized, as
the solutions to his theory do not recover the assumed boundary conditions at the
diffracting aperture.’ Since Kirchhoff’s initial formulation in 1882, there have been two

other formulations for describing diffraction theory which do not encounter mathematical

difficulties. These are the formulations by Rayleigh and Sommerfeld, involving slight

alterations from Kirchho.ff’s_ theory. For a majority of the diffraction problems
encountered, the Kirchhoff formulation seems to be appropriate, as the mathematical
inconsistencies do not contribute to the final solution.>™®

Chapter‘ 2 gives a’ summary of the mathematical derivation which Kirchhoff
presented, and the subsequent additions given by Rayleigh and Sommerfeld. While the
phase relationships of the propagating wave remain the same in all of the derivations,
the obliquity factors differ. Recently, Kraus™'’ has studied the differences in the
obliquity factors in order to test the validity of each derivation. This experiment was'
conceived in an effort to determine which factor is indeed correct. The resulting area
of investigation provided interesting results.

Chapter 3 describes the process of the experimental studies. As is often the case,

after the initial‘conceptualization, many refinements had to be made in order to obtain
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the required data. Throughout the process of development, other related areas of optics
were studied. These studies are presented as separate topics and can be found in the
appendices.

Chapter 4 presents the results of the experiment. The results go beyond the

' initiai goal of the project. Aside from testing the diffraction integral, an interesting area

of diffraction theory was exposed. The experiment was found to probe the region where
scalar diffraction theory itself is seemingly no longer valid. This occurs in areas close
to the diffracting aperture. In this region, vector diffraction theory is probably needed.
Several references dppear to indicate that scalar theory will start to fail in the region
being probed; however, no definite célculations have been done. . The results presented

here may give a point of reference as to where scalar diffraction theory will begin to fail.




CHAPTER 2
THEORY

After the discovery of diffraction, the evolution of a quantitative theory did not
start until Huygens’ principle was combined with wave interference. _Christian Huygens
hypothesized that as a wave propagates, each point along the wavefront acts as an
emitter of secondary sourcelets.® The sum of these secondary sourcelets represents the -
motion of the wave. Figure 1 shows a typical Huygens’ construction. By taking relativ'e
phases into account, Fresnel was able to acc;urately predict light distril;utions using this
wave construction method.

The problem of diffraction is that of light impinging on a screen with a specified
aperture. On the "shadow" _sidg of the screen, geometrical optics would predict.g cone
of light, governed by the properties of the light rays ‘which enter the aperture. However,
for a circular aperture, physical oBservations yield- a pattern of concentric rings. .
Kirchhoff’s derivation in 1882 was the first true mathematical explanation for these
rings. The derivation can be found in almost any basic optics book."** Appendix A
revie;vs the complete derivation of scalar diffraction theory, while the results are simply

presented in this chapter. Figure 2 shows the geometry to be used for the problem.
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in pathlength is an even number of half-wavelengths, all of the phases across the
wavefront cancel out ‘and there is a dark spot along the axis. One can obtain a black
spot by shining light through a hole! When the net difference in pathlength is an odd
number of half-wavelengths, there will be a bright spot. This effecf has been confirmed
in several experiments."**!"" When one of these distinctive patterns occurs, it is known
as a Fresnel pattern. The patterns are numbered according to the integer number m in
Figure 3. Utilizing the geometry of the problem one arrives at an expression for the

location of the Fresnel patterns as a function of the experiment’s geometry;

_Am?l4-a* - : . ‘ (2:4)

This is known as the Fresnel equation.

Chapter 3 describes the experiment which was done in an effort to test equations
(2:1) and (2:3). Following Kraus’ predictions, the appropriate geometry (aperture radius
a, beam radius p, and observation point r,) was investigated to find out which obliquity
" factor in equation (2:1) was indeed correct. Along the way, equation (2:3) was utilized
as the first test that scalar diffraction theory was indeed working. Comparing the
complicated intensi& patterns produced with theory (equation (2:1)) was done at Idaho-
National Engineering Laboratory. The comparison of the position data was much less
involved in term§ of computer time, so equation (2:3) served as the initial requirement

for testing the theory.




CHAPTER 3
EXPERIMENT

In typical experiments, one usually begihs with an initial concept of how the
experiment should work, and thg:n the apparatus is refined until the required precision
is attained. This experiment progressed in precisely tﬁat fashion. ‘Once it was realized
what sort of precision was needed, the proper instrumentation was procured aﬁd the data
was taken. Several additional studies were done in an effort to understand what factors
affected the precision of the experﬁnent. These studies included; Spherical Aberrations
(Appendices B and C) and Image Formation (Appendices D and E). As the studies
were completed, the eiperiment was altered to accommodate these new considerations.

The basic diffraction experiment is pictured in Figure 4. The nature of the
Fresnel diffréction required a coherent light source. A 5 mW helium-neon laser was
employed for this purpose. The beam was filtered to remove the unWmted spatial
"hoise”". The beam, prior to the spatial filter is scattered many times from dust particles |
inside of the laser cavity and in the air itsé:lf. These dust particles cause a distinct non-
uniformity to occur on the beam. The spatial filter focuses the béam through a small

pinhole. The event of focusing separates the desired beam from the unwanted noise.
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length to its diameter."*® This ratio, f/d, is called the f—’number of the system, and is
often denoted as f/#.

At this point, the details of a leﬁs became extremely important. In order to study. - -
the e‘ffect‘s of aberrétions and f/# on the imaging system, a few side i)rojects were done.
Appendix B refers to a ;:omputer simulated study done on spherical aberrations. In this
study, an optical ray tracing program, called Beam 3 was used to simulate the focusing
of a beam. A measurement of aberration was made and this measurement was comi)ared
to what one would expect when focusing a real gaussian laser beam. Appendix C
addresses the festing of lenses for spherical aberration. An appropriate interferometer
was used as a §hnple device for observing spherical aberration. Appendix D discusses
a study of the dependence of the system’s' resolution on its entrance f#. According to
Fourier optics, the smaller the entrance f/# of a system, the better its resolution.
Appendix E presents the computer program which was used to emulate an imaging

system in accordance with Fourier optics. Through this program, comparisons between

R N

theory and experiment ‘could be made to indicate the entrance f/# of the systeih.“

" Another poésible explanation for the appearance of this edge vibration was that
light was being scattered fror;l the edge of the. aperture. The light would then enter the
aperture, where this scattered light interferes wiﬁ the incident wave to form the observed
pattern. The aperture used to obtain Figure 10.was simply a hole in a metal foil. 'fhe
method for making this hole was simply to have a laser "punch” 1t The process of
making a hole in a foil takes a very concentrated amount of energy. Since the metal was

melted in the prbcess of creating a hole, it would seem appropriate that the edges of the -

T p——y et
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aperture to be obtained was almost 13 microns in thickness. When the wavelength being

used in the experiment was .63 microns, this aperture would still be considered to be -

extremely thick. After a thorough investigation of foil apertures it was discovered that
a ﬁrocess did exist which allbwed a thin opaque substrate to be deposited on a glass
plate.

After some additional investigation, a company was found whicﬁ could provide
a custom made aperture plate, or "mask". This mask would consist of a chromium
deposit on a substrate of glass. The chromium deposit was to bé 400 - 700 angstroms
in thicknes? and have 5 apertures in its design. For reference, a 600 angstrom thick

deposit would have a thickness of A/10. Figure 13 shows the essential details of the

mask. In order to prevent unwanted reflections from the surfaces of the glass, both sides

of the mask received an anti-reflection coating. This coating was to have a reflectivity

of less than 0.1% per side of glass at normal incidence.

As the experiment developed, both the quality of the lens and the thickness of

the aperture were found to influence the results which coiild be obtained. A series of
lenses were investigated in order to solve the problem of the entrance f/# of the system.
Each lens which was investiga.ted héd two basic tests to pass. The first test was to
consider its entrance f/#. The second test was to observe how much aberration occurred
over the area of the lens. If there were aberrations over part of the lens, that part of the
lens could not be considered as contributing to the overallNIesolution of the S);stem."
Thus, the advertised f/# was not necessarily the diffraction 1imited entrance ff#.

Another consideration of the lenses to be investigated was the construction. At one
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assumed at the time that the radius of curvature of the beam would be slightly altered
by the propagation through the glass. This effect had to be accounted for, as the
position of each Fresnel pattern depends upon the radius of curvature of the incident
beam. In addition, a process for &e me'asurement of the radius of curvature was needed.
This was solved by the tranélation of the imaging system. It is known that the bearﬁ
originates from essentially a point source located within the spatial filter of the system.
By knowing the distance of separation between the spatial filter and the aperture, a
measurement of the radius of curvature could be made. This measurement was made
simply by imaging the spatial filter, then imaging the aperture and recording the
separation distance. Extracting thé radius of curvature from this information was done
in two separate ways. These two wéys are by simple geometry and by propagation
matrices. These methods are discussed in Appendix F.

The mask helped to cure a problem which was mentioned earlier and caused an
additional problem to be dealt with. There had been an edge vibration which was only
partially explained. Part of the solution was the substitution of a new lens. But, the
mask was able to improve the system even more. Figure 15 shows the top-hat pattern
in its final state. As the aperture thickness was essentially zero, the small edge vibration
can be attributed to the size of the lens. As the lens is not infinite, it will not capture
all of the needed spatial frequencies, and the image will be left incomplete. However,
this image does show an improvement from the initial thick aperture.

The additional broblem which was caused by the mask arose from the chromium

substrate. Essentially the light which does not propagate through the aperture is reflected
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microns of travel at 150 volts applied. A high-frequency, 2 volt pulsed signal was
sufficient to eliminate the unwanted fringes.

Finally, useful experimental measurements could be made. The 250 micron
aperture was employed for this purpose. The system was zeroed and the separation
between the spatial filter and mask was measured. The optical system was scanned from
a distance of 5.128 mm away from the aperture up to a distance of 1.176 mm away from
the aperture. Along the way, the distinctive even number Fresnel patterns were obséwed
and recorded. The detection of the Fresnel patterns occurred when the central dark spot
produced the smallest voltage as measured by the oscilloscope. The even Fresnel
patterns numbered 6 through 20 were observed and recorded. The field pa;ttems were
sent to Idaho National Engineering Laboratory for comparison to the field equation. The
positions of the Fresnel patterns were also recordéd and compared to the I;redictions of
the Fresnel equation.

In order to investigate the 100 micron, 50 micron and 25 micron apertures, the
system had to be further refined. Instead of using the laser achromat as the initial lens
in the system, a microscope objective was used. The objective had a much smaller £4#
than the achromat, thus it gave a better resolution. The optics insidé the objective were
covered with a protective casing. In order to improve the imaging quality, this casing
was removed to expose more of the lens. Figure 16 shows the result of cutting away
the casing. The entrance f/# of the lens was now .65, a factor of 4 impr.ovement from
the laser achromat, as the achromat was found to be diffraction limited only to an f/# of

3. The improvement was confirmed both by the interferometer (Appéndix B) and by test
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CHAPTER 4
RESULTS

The results of the experiment will reflect comparisons between theory and
experiment based on the two equations given in Chapter 2. The initial purpose of the
éxperiment was to confirm which of the.obliquity factors in the field equation is the
correct obliquity factor. Kraus provided the comparisons for the field equation, as the
necessary computer programs for generating the field patterns were not available to the
author. The Fresnel equation comparisons were done at Montana State University with
the assistance 9f a ~__'rfesid'ent plotting program, as the equation itself is fairly simple.

In order .io.génefate the proper curves for comparisoﬂ, tile true size of each
aperture had to be known. The mask specifications called for 250 micron, 125 micror't,
50 micron, 25 micron and 12.5 micron diameter apertures. However, initial data/theory
combarisons for the fresnel equation seemed to indicate otherwise. The apertures were
apparently not the requested size. The sizes had to be confirmed to within a few percent
in order for the data to be’valild.

Several methods were employed to measure the size of each aperturé. The first

method was by utilizing a travelling microscope. However, only the 250 micron aperture
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could be measured in this fashion, as parallax and resolution problems greatly limited
the effort. The next instrument to measure the apertures was a Confocal Scanning Laser
. Microscope. This microscope advertised a much better resolution in addition to being
able to measure extremely small details. Again, though, there were details which could
not guarantee a distinct measurement. The final method to be tried, and the method to
work, was to utﬂize the USAF Test Target (Appendix D). Documentation of the line-
pair separations éccompanied the target. By magnifying several line pairs, an accurate
value of the magnification could bg obtained. Then by imaging each aperture on the
mask, the actual size of the aperture could be deduced from the magnificatibn and the
image size. The actual diameters of the apertures were found to be: 250 microns * 5
microné, 98.5 microns £ 1.97 microns, 48.7 microns + .97 microns and 22.6 microxlls +
453 microns (the 12.5 micron aperture was not measured). The error bars were obtained
from a 2% uncertainty in the magnification. Indeed the apertures were smaller than

requested.

Figuréé 17 though 24 are field comparisons for the 250 micron aferture, even
Fresnel patterns 6-20. Overall, these fits are extremely good. Thefe seems t(l) be a few
variations in terms of the intensity of each pattern, however, this deviation can be
attributed to the fashion in whicﬁ the patterns were normalized. Aside from the
intensity, the patterns compare very well. The oyera]l shape is correct, and ever; the |
smaller details of the curves match quite well. The initial goal of the experiment was
to document whicﬁ obliquity factor from Chapter 2 was indeed correct. However, for

the 250 micron aperture, all three factors produce the identical theoretical result.
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The next comparison to be made was thai of the locations of the Fresnel patterns
as predicted by the Fresnel equation. The four larger apertures were utilized for this
experiment. Figures 25 through 29 show how well the Fresnel equation predicts the
pattern locations. In these figures, a slow breakdown appears to be occurring. In terms
of notation, the solid theoretical line is the theory from the measured aperture size. The
dotted lines arise from the error bar on the aperture size. The data points themselves
also have error bars, but if no error bar appears, then the error bar is smaller than the
physical size of the data point.

The results for the 250 micron aperture are extremely good. Even in the region
very close to the aperture, Figure 26, the theory and experiment agree to within the error
bar. In the plots conceming the other three apertures, a deviation is evident. This
deviation becomes even more pronounced for the smaller épertures. Finally, Figure 30
enables the respective apertures to all appear on the same graph. Except for at the far
left of the graph, the theory for all four apertures lies along the same line. The rglative
deviation between the four apertures is clear in this graph. While the 250 micron
aperture shows no significant deviation from the theory, the other three apertures show
a distinct difference between theory and exberiment.

A good question at this point would be "Why does the theory break down?". A
few references suggest the area in which the theory will begin to fail>* In chapter 5,
some of the basic ideas of the theory are presented and some questions' are posed.
Hopefully, ‘these results will prompt additional work to be done on the problem of

diffraction with small apertures.
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CHAPTER 5
DISCUSSION

In chapter 4 it was shown that for the 250 micron aperture, scalar diffraction
theory predicts accurate results. However, as the aperture size décreases, the theory
begins to fail as the observation point approaches the aperture. In an attempt to answer
the question as to why the theory may fail, the basis of the scalar theory must be
discussed. By understanding the asSumptions which lead to the decoupling of the
electric and magnetic fields, it will become evident that this experiment was probing an
area not intended for scalar theory.

In order to be consistent with Maxwell’s equations, the intensity at a point in the

diffraction field is related to the electric and magnetic fields by
I = S |<ExH>| (5:1)
4r ] ’

r

where E is the electric field, H is the magnetic field and c is the speed of light. 1t can
be shown? that with the appropriate assumptions, this intensity can be expressed as the

square of the modulus of a scalar field.
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I=C|U]? (5:2)

where C is a constant and U is a scalar wave function.

Note that the vectorial intensity is simply the Poynting vector. And, the poynting
vector in our problem is propégating away from and perpendicular to the plane of ‘the
aperture. By equating the intensity with the Poynting vector, the theory acknowledges
that all angles relative to the direction of propagation are té be small. One of the
appropriate assumptions which accompanies the change from a vector theory to a scalar
theory is indeed that all angles within the system are to be small? The Born and Wolf
optics text states that the angles involved are to be no rﬁore than 10 degrees in order for
this transformation to be valid.

By observing the data of the experiment, it is clear that the angles involved are
well over 10 degrees. For the 250 micron aperture, data was taken up to | diamete;
away from the aperture. This corresponds to angles nearer to 20 degrees. Meanwhile,
the other three apertures were probed to within one half of an aperture diameter. The
resulting angles there are above 40 degrees. As scalar theory depends explicitly on the
criterion that angles are less than 10 degrees, the area of observation is clearly outside
of the limits of scalar diffraction theory. This may be an indication that scalar theory
should not work.

In conclusion, the experiment was initially éet up to find out which obliquit};
factor from equation 2:2 was the correct factor. However, as tﬁe experiment progressed,

requirements were set on the aperture size in order to determine the correct obliquity -
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factor. These requirements led to tﬁe investigation of an area where deviations from the
Fresnel equation, (2:4), were observed. Although the largest aperture to be investigated
in this experiment gave accurate results, the three other apertures gave distinct
deviations. The success of the largest aperture helped to reinfofce that the experimental -
procéess was sound. Investigations of the three smaller aperturés led to regions of interest

where it seems that scalar diffraction theory is invalid.
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APPENDIX A

DERIVATION OF SCALAR DIFFRACTION THEORY
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APPENDIX A
DERIVATION OF SCALAR DIFFRACTION THEORY

In the derivation of scalar diffraction theory'**, both the Kirchhoff and Rayleigh-
Sommerfeld formulations make certain bold assumptions about the nature of light. The
most important assumption is that the light behaves as a scalar wave. Only the scalar
amplitude and phase of one transverse component of the light is treated here.. This
approach clearly neglects the féct that the fields which compose the ligﬁt are coupled
through Maxwell’s equations. It has been shown, however, that this bold assuxﬁption
produces accurate results when: (1) the diffracting aperture is large compared to the

26 As was

wavelength and (2) the diffracted fields are observed far from the aperture.
shown in Chapter 3, the experiment which was performed starts to penetrate regions of
the diffracted field which do not obey these conditions. This appendix follows
Goodman’s derivation.® |

For a starting point of scalar theory. one of the components of the optical wave

is required to satisfy the scalar wave equation

Vlu—iiz’—%o | : (A:1)
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By representing the disturbance as a complex function

u(p)=UP)exp(-i2n vt +$(P))) | (A2)

where U(P) is the position dependent amplitude, and ¢(P) is the position dependent

phase, one arrives at the time independent Helmholtz equation

(V+kH)U=0 (A:3)

where k = 2nvic = 2n/\ and U is the complex function of position

U=U(P)exp(-id(P)) , : (A:4)

Calculation of the complex disturbance U(P) can be done with the assistance of
Green’s theorem. (From this point, the bar will be dropped for simplicity.) This
theorem states thét if U(P) and G(P) are any two complex-valued functions of position
and S is a closed surface surrounding a volume V, and-if U and G and their first and

second partial derivatives are single-valued and continuous on and within S, then

[f £ (GVU-UVG)dv=[ f (G%%—U%—g)ds | | (A:5)

The surface of integration is shown in Figure 31. By choosing an appropriate function

to represent G, one can arrive at the Kirchhoff and Rayleigh-Somimerfeld formulations

of diffraction theory.
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within the defined surface. To avoid the discontinuity at P,, a small spherical shell,
surface S, is inserted about the point P,. Green’s theorem is now applied to the volume

V" which lies between S and S, and the combined surface

§=8+8, o (A7)

where the normal directions are as indicated in Figure 31.

[}

The free-space Green’s function, being an expanding spherical wave, satisfies the

Helmbholtz equation

(V+kH)G=0 (A:8)

By substituting the two Helmholtz equations, (A:3) and (A:8), the left hand side of

Green'’s theorem, equation (A:5), is identically zero. The theorem reduces to

/ f (G—— U——)ds 0 | (A:9)

By taking the integral over each surface separately one finds

ff(G—*“U—)d? ff(G—-U—)ds - | (A:10)

Referring back to equation (A:6), the differential terms of the Green’s function at a point

P,on S as
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__ ikr)
oG =cos(,,,,m)(,-k__1_)M : (A:11)
on T'os To1

where cos(7,Fy;) is the cosine of the angle between the outward normal of the surface

and the vector joining P, to P,. For the case of P, on S, cos(#i,f,;)=-1 and the Green’s

function and its derivative become

ik 3G _explik .
G(Pl)___expg 8) and %:_ELPSL)(%—;]C) (A:[Z) )

Letting € become very small, we write

([ U _1y3 1 ame?y OUPy exptike) _y;p expke) 1y
5, on oOn on € £ ) (A:13)

= -4nU(Py)
e-0

Substitution of this result into equation A-10 yields

Ui[_ex_p(_”"_m)]}ds (A:ld)

exp(ikrm)] B
r on Tos

U(Po)=21;f£{%g[

01

This result is formally called the integral theorem of Helmholtz and Kirchhoff.

Nanely, it allows one to express the field at any point P, in terms of the values of the
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chosen. The surface should reflect the geometry of the problem as much as possible
without neglecting the important aspects of the problem. Kirchhoff chose the surface
S to consist of 2 parts as shown in Figure 32. The two parts consist of a plane surface.
S,, which lies directly behind the diffracting screen, and a large spherical surface away
from the screen, S,. The sphere has a radius R centered at P,. Equation (A:14) will

appear as

1 f f {aU exp(zkrm)

8, Sz To1

[ ex_ _p(ikr__m) Jds (A:14b)

UPY=; Eaﬁ

To1

As with most problems of this geometry. it would be favorable for the contribution from
the spherical shell to be exactly zero.
The free space green’s function about the point P, behaves as I/R.

Differentiating the Green’s function

%g=(ik—%)35%(—;@aikG (for large B) (A:15)

and inserting the result into the S, part of equation (A:14b), the contribution to the field

at P, by the spherical shell, as R becomes large. is.

[[16 Y -vrads=[6( 22 -ikt)Rdo (A:16)
s, dn ,  on : :
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The quantity GR is finite (and equals exp(ikR)) over the entire boundary. The integral

over S, will vanish provided that U satisfies

tim REY-ikt)-0 (A:17)
R—o an

This requirement is known as the Sommerfeld Radiation condition. Provided that the
disturbance U vanishes as fast as a diverging sphefical wave, equation (A:17) will hold
and the contribution from S, will be identically zero.

Now, the integral theorem can be expressed solely in terms of the field in the

plane of the aperture.

1 0,3V, ,,8G ' ,
U=~ f sf, (5, G-V ds (A:18)

Since the screen is opaque, it would seem reasonable that the field at P, would consist
entirely due to the disturbance which propagates through the aperture. The area of the
aperture is denoted as X. Kirchhoff adopted the following conditions:

1. Across the surface X, the field distribution U and its derivative dU/dn are
the same as they would be in the absence of the screen.

2. Over the portion of S, which lies in the geometrical shadow of the screen;
the field distribution U and its derivative dU/dn are identically zero.

These two conditions are known as the Kirchhoff boundary conditions. Rather than
expressing the integral over the entire aperture plane, the Kirchhoff boundary conditions

allow the integral to be expressed as an integral over the aperture itself
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oG P k
( )—cos(n rm)( k——l—)——-—exP(l o)
o Tor ‘ A:20
explikr,,) (A2

sikcos(n,r, 1)
Tor

Assuming that the aperture is illuminated by a point source at the point P,, such that

Aexp(ikr,,)

U(P 1)_ (A:2])

T

and assuming that the same type of approximation as made in eqdation A:20 is valid,

the resulting field at the point P, becomes

U(Py=2

4 f f explik(ry, +ro;)1 [cos(i,ry,) ~cos(,7,,) s - (A22)

o1 2

Equation (A:22) is known as the Kirchhoff diffraction formula. The value of . .

the integral depends explicitly on the phase relationships which exist from the aperture
plane to the point of observation. This can also be viewed as a superposition of
secondary sourcelets emitting waves from the plane of the aperture. Note that the cosine
terms 1/2(cos(fi,Fy;)-cos(i,Fp;)) act to modify the amplitude of these seco;idary sourcelets.

This term is known as the obliquity factor. In essence, this factor allows the wave to











































































































































