
An analytical model of the patello-femoral joint
by Jack Stephen Hagelin

A thesis submitted in partial fulfillment of the requirements for the degree of MASTER OF SCIENCE
* in Mechanical Engineering
Montana State University
© Copyright by Jack Stephen Hagelin (1978)

Abstract:
The intent of this research was to develop an analytical model of the human knee joint for the purpose
of aiding orthopedic surgeons in determining the optimum corrective operation to alleviate the
condition of recurrent patellar dislocation.

A kinematic model was developed defining the relative positions of the femur, tibia, and patella for all
angles of flexion. The patellar - surface was approximated by a cosine curve rotated through a specified
arc length and the patella was modeled as a cylinder. The assumption was made that the quadriceps
muscle group could be approximated by a single muscle in which the resultant force acting on the
patella was equivalent to the total muscle group. The accuracy of this model is contingent upon the
accurate determination of the proximal attachment for the effective quadriceps muscle.

Nineteen nonlinear simultaneous equations were developed to relate the nineteen unknown kinematic
parameters and were solved using Newton-Raphson's Method on the computer. The computer output is
in the form of a video display indicating the position of the patella in the patellar groove. Surgeons may
simulate operations on the computer model and determine visually the path of the Datella throughout
flexion. Trial operations are simulated until the desired patellar path is reached. 
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ABSTRACT

The i n t e n t  o f  t h i s  re sea rch  was to  develop an a n a l y t i c a l  model o f  
the  human knee j o i n t  f o r  the  purpose o f  a id in g  o r thoped ic  surgeons in 
de termining  the  optimum c o r r e c t i v e  ope ra t io n  to  a l l e v i a t e  the  cond i t ion  
o f  r e c u r r e n t  p a t e l l a r  d i s l o c a t i o n .

A kinematic  model was developed d e f in in g  the  r e l a t i v e  p o s i t i o n s  o f  
the  femur,  t i b i a ,  and p a t e l l a  f o r  a l l  angles  o f  f l e x i o n .  The p a t e l l a r  
su r fa ce  was approximated by a cosine  curve r o t a t e d  through a s p e c i f i e d  
a rc  leng th  and the  p a t e l l a  was modeled as a c y l in d e r .  The assumption 
was made t h a t  the  quadr iceps  muscle group could be approximated by a 
s i n g l e  muscle in which the  r e s u l t a n t  fo rce  a c t in g  on the  p a t e l l a  was;', 
e q u iv a l e n t  t o : the  t o t a l  muscle group. The accuracy o f  t h i s  model i s  
c o n t in g en t  upon the  accu ra te  de te rm ina t ion  o f  the  proximal a ttachment . 
f o r  the  e f f e c t i v e  quadr iceps  muscle.  -

Nineteen n o n l in e a r  simul taneous equa t ions  were developed to  r e l a t e  
the  n ine teen  unknown kinematic  parameters  and were solved u s i n g , Newton- 
Raphson's Method on the  computer. The computer ou tpu t  i s  in the  form 
o f  a video d i s p la y  in d i c a t i n g  the  p o s i t i o n  o f  the  p a t e l l a  i n ' t h e . p a t e l ­
l a r  groove. Surgeons may s im ula te  o p e ra t io n s  on the computer model and 
determine v i s u a l l y  the  path o f  the  p a t e l l a  throughout f l e x io n .  T r ia l  
o p e ra t io n s  a re  s im ula ted  u n t i l  the  d e s i r e d  p a t e l l a r  path i s  reached.,  ,



CHAPTER .1 .

INTRODUCTION

The i n t e n t  o f  t h i s  re s ea rc h  was to  develop an a n a l y t i c a l  model of  

th e  human knee j o i n t  f o r  the  purpose o f  a id in g  o r thoped ic  surgeons in 

dete rmin ing  the  optimum remedial  o p e ra t io n  f o r  r e c u r r e n t  p a t e l l a r  sub­

lu x a t io n .

Recurrent  d i s l o c a t i o n  o f  the  p a t e l l a  i s  p r im ar i ly  due to  an i r r e g ­

u l a r  geometrical  c o n f ig u ra t io n  in the  leg  anatomy. Since t h e r e  a re  a 

number o f  d i f f e r e n t  a b n o rm a l i t i e s  p o s s i b l e ,  t h e r e  a re  a l so  a number of  

o p e ra t iv e  techn iques  a v a i l a b l e  to  surgeons .  This r e s u l t s  in a degree 

o f  u n c e r t a in t y  in t h e i r  d e c i s i o n s ,  which in  tu rn  r e s u l t s  in an u n d e s i r ­

ab le  f a i l u r e  r a t e .

To reduce t h i s  f a i l u r e  r a t e ,  a model was d e s i r ed  which could p re ­

d i c t  the  e f f e c t  o f  each o f  the  d i f f e r e n t  o p e ra t io n s  performed. Surgeons 

could then s e l e c t  the  o p e ra t io n  which would, r e s u l t  in a d e s i r a b l e  fo rce  

p a t t e r n  and a cc e p tab le  p a t e l l a r  pa th .

To accomplish t h i s ,  a k inematic  model was developed which included 

parameters  f o r  l igament d i r e c t i o n s  and a d e s c r i p t i o n  o f  the  r e l a t i v e  .. 

p o s i t i o n s  o f  the  femur, t i b i a ,  and p a t e l l a .  The assumption was made 

t h a t  a t  any given angle  o f  f l e x i o n ,  t h e r e  i s  only one p o in t  on the  pa­

t e l l a  which i s  in  c o n ta c t  with the  femur. .  The r e s u l t  i s  a computer 

model which ou tpu ts  a video, d i s p l a y  i n d i c a t i n g  the  path  o f  the  p a t e l l a  

in  the  p a t e l l a r  groove through f l e x i o n .



CHAPTER 2

ANALYTICAL MODEL

2.1 In t r o d u c t io n

The purpose o f  t h i s  re sea rch  was to  develop an a n a l y t i c a l  model o f  

th e  p a t e l l o-femoral j o i n t ,  a c c u r a t e ly  de f in in g  the  p o s i t i o n  o f  the  pa­

t e l l a  in  th e  j o i n t  f o r  a l l  angles  o f  f l e x i o n .

The kinematic  model developed in c o rp o ra te s  the  use o f  vec to r s  in 

d e f in in g  a l l  bone and l igament p o s i t i o n s .  A fo r ce  a n a l y s i s  i s  inc luded 

r e q u i r in g  the  p a t e l l a  to  be in s t a t i c  e q u i l ib r iu m  th roughout  f l e x io n .

2 .2  D e f in i t i o n  o f  Kinematic Model

Figure  I d e p ic t s  the  model used in t h i s  s tudy.  L i s te d  below i s  a 

d e s c r i p t i o n  o f  the  coo rd in a te  system and a l l  po in t s  in th e  model.

A r e c t a n g u l a r  coo rd in a te  system i s  used in t h i s  model as  def ined  in 

Figure  I - a .  Both the  l e f t  and r i g h t  knees in c o rp o ra te  a l e f t -h a n d e d  

c o o rd in a te  system. The Y-axis i s  the  a x i s  o f  r o t a t i o n  o f  the  t i b i a  

about  the  femur.  The .X-axis i s  p a r a l l e l  to  the  femoral s h a f t  and i s  

l o c a t ed  l a t e r a l l y  in the  same plane as the  t i b i a !  t u b e r o s i t y .  This ax i s  

i s  p o s i t i v e  in the  d i s t a l  d i r e c t i o n .  . The Z-axis  i s  p o s i t i v e  a n t e r i o r l y .

P o in t  1O1 i s  th e  o r i g i n  o f . t h e  coo rd in a te  system. Po in t  ' I '  i s  th e  

p o in t  o f  c o n ta c t  between th e  p a t e l l a  and th e  p a t e l l a r  s u r f a c e .  . (The gap 

shown in  Figure  1-b i s  due to  the  f a c t . t h a t  th e re  i s  a l a y e r  o f  c a r t i -  

1 edge between the  femur and the  p a t e l l a . ) The p a t e l l a r  su r f a ce  w i l l  

h e r e a f t e r  be r e f e r r e d  to  as th e  cam. ,P o in t  ' 2 '  i s  the  t i b i a !  t u b e r o s i t y .
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P a te l l a

Femur

P a t e l l a r
Surface Tibia

Tib ia !
Tuberos i ty

Figure  I . - - A n a ly t i c a l  model parameter d e f i n i t i o n
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th e  p o in t  o f  i n s e r t i o n  o f  the  Ligament P a t e l l a e ;  and p o in t  ' 3 '  i s  the  

p o in t  o f  o r i g i n  f o r  t h i s  l igam ent ,  lo c a ted  on the  d i s t a l  end o f  the  pa­

t e l l a .  Po in t  ' 4 '  i s  the  p o in t  o f  i n s e r t i o n  o f  the  quadr iceps  group, 

l o c a t ed  on the  proximal end o f  the  p a t e l l a ;  and p o in t  ' 5 '  i s  the  e f f e c ­

t i v e  p o in t  o f  o r i g i n  f o r  t h i s  muscle group, which, i s  to  be determined by 

th e  surgeon. Po in t s  ' 6 '  and ' I '  r e p r e s e n t  the  extreme p o in t s  on the 

i n f e r i o r  s u r f a c e  o f  th e  p a t e l l a  and a re  col in e a r  with p o in t  ' T .

All v e c to r s  a r e  de f ined  in terms o f  the  po in ts  l i s t e d  above. Note 

t h a t  v e c to r s  t  and f  r e p r e s e n t  the  d i r e c t i o n s  o f  the  p a t e l l a r  l igament 

and th e  quadr iceps  group r e s p e c t i v e l y . .

A number o f  assumptions  a re  in h e r e n t  in t h i s  model and w i l l  be d i s ­

cussed in  th e  fo l lowing  s e c t io n .

2 .3  Assumptions

The quadr iceps  group i s  made up o f  fo u r  muscles:  the  r e c tu s  femor-

i s ,  the  v a s tu s  l a t e r a l i s ,  th e  vas tu s  in te rm ed ius ,  and th e  vas tus  medi-.  

a l i s  ( see  Figure  2 - a ) .  All o f  th e se  have as t h e i r  i n s e r t i o n  the  p ro x i ­

mal end o f  the  p a t e l l a ,  bu t t h e i r  o r i g i n s  d i f f e r  g r e a t l y ,  ranging from 

th e  a n t e r i o r  i n f e r i o r  i l i a c  sp ine  f o r  th e  r e c tu s  fem or is ,  to  po in ts  a l l  

a long the  s h a f t  o f  th e  femur f o r  th e  v a s tu s  group. F igures  3-a through 

3-c i l l u s t r a t e  t h e se  proximal p o in t s  o f  a t tachment .  The assumption was 

made t h a t  t h e  quadr iceps  group could be approximated by a s in g l e  muscle 

with  i t s  proximal a t tachment  a t  th e  a p p r o p r i a t e  p o s i t i o n ,  as shown in
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Femur Vastus Intermedius

Vastus 
Medial i s

Vastus 
La te ra l  i s

Rectus
Femoris

Effective
yV/T I Muscle

P a t e l l a
P a t e l l a r
Ligament

(a) (b)

Figure  2 . - -Quadriceps  muscle group

(a) ac tua l
(b) modelled
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Vastus La te ra l  i s

Vastus 
Medial i s Vastus In te rmedius

Rectus Femoris

Figure  3 . - -Quadriceps  proximal muscle a t t a ch m en ts ,  (a)  femur - p o s t e r ­
i o r  view, (b) femur - a n t e r i o r  view, and (c) r i g h t  i l ium ,  
ischium, and pubis - l a t e r a l  s u r f a c e .
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Figure  2-b .  The e f f e c t i v e  proximal p o in t  o f  a t tachment i s  l e f t  as a 

v a r i a b l e  to  be determined by the  surgeon f o r  the  p a t i e n t  under c o n s i ­

d e r a t i o n .  For the  purposes o f  t h i s  s tudy ,  the  po in t  o f  a t tachment was 

chosen on the  a n t e r i o r  s id e  o f  the  femoral s h a f t ,  lo c a ted  approximate ly  

o n e - th i r d  the  l eng th  of  th e  femur from the  d i s t a l  end and s l i g h t l y  

l a t e r a l .  This p o in t  cor responds to  p o in t  ‘5' in the  model . I t  was a l so  

assumed t h a t  the  c e n t e r  o f  r o t a t i o n  o f  the  j o i n t  does no t  change with 

th e  angle  o f  f l e x i o n .  I t  i s  l e f t  to  the  surgeon to  a c c u r a t e l y  determine 

t h i s  p o in t  f o r  th e  p a t i e n t  in ques t ion .

The p a t e l l a  was modelled as a c y l in d e r  with  a r a d iu s  equal to the  

r a d iu s  o f  cu rv a tu re  o f  the  p o s t e r i o r  s id e  o f  the  p a t e l l a . .  This can be 

ob ta ined  e a s i l y  from a ' s u n r i s e - v i e w '  x - r a y .

2 .4  S o lu t ion

In g e n e r a l , th e  problem c o n s i s t s  o f  spec i fy in g  an angle  o f  f l e x io n  

and de termin ing the  p o s i t i o n  o f  the  p a t e l l a  r e l a t i v e  to  the  femur. The 

components o f  a l l  seven p o in t s  in the  model a re  unknown with the  excep­

t i o n  o f  p o in t  '5>, th e  y-component o f  point .  ' 2 ' ,  and th e  x-component o f  

p o in t  ' I ' .  Po in t  ' 5 '  i s  the  e f f e c t i v e  p o in t  o f  o r i g i n  f o r  the  q u ad r i ­

ceps group, which i s  determined by th e  surgeon. The v a lu e  o f  y^ c o r r e s ­

ponds to  th e  l a t e r a l  d isp lacement o f  the  i n s e r t i o n  p o in t  f o r  the  p a t e l ­

l a r  l igament  and i s  t h e r e f o r e ,  a con t ro l  v a r i a b l e  in th e  ope ra t io n  simu­

l a t i o n .  . There i s  a one- to -one  correspondence between a-j and th e . a n g l e
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o f  f l e x i o n ;  t h e r e f o r e ,  sp ec i fy in g  x-j i s  e q u iv a l en t  to  s p ec i fy in g  the  

angle  o f  f l e x i o n .  This le aves  a t o t a l  o f  s ix t e e n  unknowns as shown in 

Table I .  1

Table I . - - V a r i a b l e s

P t . unknown s p e c i f i e d

I *1 z I x I

2 X2 z2 y 2

3 x3 y 3 z3

4 x 4 y4 z4

5 X5 y 5 z5
6 *6 y 6 Z6

7 x? Y7 Z7

The f o r c e  a n a l y s i s ,  t o  be d i scussed  in more d e t a i l  l a t e r ,  inc ludes  

th e  two fo r c e s  e x e r ted  on the  p a t e l l a  by the  l ig am en ts ,  and a l so  a r e ­

s u l t a n t  fo rce  a c t i n g  on the  p a t e l l a  a t  the  p o in t  o f  c o n t a c t .  The d i r e c  

t i o n  o f  t h i s  r e s u l t a n t  f o r c e  i s  normal to  the  cam a t  th e  p o in t  o f  con­

t a c t .  ( I t  i s  assumed t h a t  t h e r e  a re  no t a n g e n t i a l  components o f  the  

r e s u l t a n t  f o r c e  due to  the. f a c t  t h a t  t h e r e  i s  e s s e n t i a l l y  no f r i c t i o n  

between the  p a t e l l a  and the  cam.) Since p o in t  ' 1 1 i s  unknown, the  

d i r e c t i o n  cos ines  o f  th e  normal f o r c e  a r e  a l s o  unknown, adding th re e  

more unknown to  the  problem: px$ p^,  and pz . There a r e  now n ine teen
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unknowns and hence,  n ine teen  equa t ions  a r e  necessa ry  to  ob ta in  a s o l u ­

t i o n .

F igures  4-a  and 4-b i l l u s t r a t e  the  r e l a t i o n s h i p  between the  th re e  

components o f  p o in t  ' I '  to  de sc r ib e  the  shape o f  the  cam. The two- 

dimensional curve in the  X-Z p lane ,  Sq , i s  approximated by the  r e l a t i o n ­

sh ip :

R0 = a90 + b

where: Rq i s  the  d i s t a n c e  from th e  o r i g i n  to  the  curve Sq , and Gq i s

the  angle  o f  the  R-axis with  the  X -a x i s ,  p o s i t i v e  coun te r -c lockw ise .

The c o n s ta n ts  a and b a re  obtained, e a s i l y  from x - r a y s .

To approximate the  shape o f  the  groove in the  cam, a cos ine  curve 

i s  used as shown in Figure  4-b .  The fo l lowing r e l a t i o n s h i p  r e s u l t s :

R ^ R0 + .5Dll-cos(.Try-|/P)]

where: R i s  th e  d i s t a n c e  from the  Y-axis  to  the  cam and y-j i s  the  y-

.component o f  p o in t  1T  o n . th e  cam. The c o n s ta n t  D i s  the  average depth 

o f  the  p a t e l l a r  groove, and P i s  o n e - h a l f  the  width o f  th e  groove, (one- 

h a l f  th e  per iod  o f  the  cos ine  cu rve) .

Noting t h a t  R  ̂ -  x^ t  Z y  and cos 90 -  jc- | / (x^ t  z ^ ) 1^2 , the  su r face  

equa t ion  reduces  to :
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Z

R

Figure  4 . - - P a t e l l a r  su r face  model
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( x f ^ ) 172 = (a COS-1Cx1Z ( X f t z f ) I ^ j  + b] + .BDri-COS(Try1ZP)J.

I t  w i l l  be n ecessa ry ,  f o r  the  purpose o f  o p e ra t io n  s im u la t io n ,  to 

in t ro d u ce  an angle  o f  r o t a t i o n  about the  X-axis in to  t h i s  equa t ion .

This i s  accomplished using  a co o rd in a te  t ran s fo rm a t io n  with the  angle  of 

r o t a t i o n  being p o s i t i v e  in the  coun te r -c lockw ise  d i r e c t i o n .  This r e ­

s u l t s  in  th e  fo l lowing equat ion :

S1(X^y-J5Z1) B Ixf+Cz-jCose + y ^ i n e ) 2] 172 -

Ctrpfcos-1Ix1/  (X2-Kz1 cose + y ^ i n e ) 2)1/ 2]']-

. BDIl-cosIir(y1 Cose-Z1 s ine) /Pl]  - O  0 )

where: 9 i s  th e  angle  o f  r o t a t i o n ,  o = a ,  and p = b /a .

A second r e l a t i o n s h i p  i s  t h a t  the  normal v ec to r  to  the  cam a t  t h e .  

p o in t  o f  c o n ta c t  i s  the  g r a d i e n t  o f  the  su r f a ce  f u n c t i o n ,  S1 , a t  t h a t  

p o i n t .  This r e s u l t s  in  th e  fo l lowing th r e e  equa t ions :

Px ■" 95V axI ■ (2)

Py p 9Y a^l CS)

Pz -  SS1Zaz1 (4)

In the  computer program, th e se  d e r i v a t i v e s - a r e  a r r i v e d  a t  numerica l ly .
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I t  was assumed t h a t  the  p a t e l l a r  l igament does not s t r e t c h ,  and 

hence,  the  magnitude o f  v e c to r  t  i s  a c o n s t a n t .  This may be w r i t t e n  as :

Cx2-X3) 2 + (y 2 - y 3 ) 2 + C z 2-Z 3)2 = r 2 Cs)

where: r 3 i s  th e  leng th  o f  the  l igam ent ,  determined from x - r a y s .

Vectors  J  and t  have c o n s ta n t  magnitudes th roughout f l e x i o n .  This 

magnitude i s  approximated as o n e -h a l f  the  rad iu s  o f  the  p a t e l l a ,  hence:

(X3-X6 ) 2 + (y3-y 6 ) 2 +• ( Z 3- Z 6)2 = ( r / 2 ) 2 (6)

(X4- X 7)2 + (y4-y 7 ) 2 + Cz4 -Z7 ) 2; = ( r / 2 ) 2 (7)

where 4 i s  th e  r a d iu s  o f  the  p a t e l l a .

The sum o f  the  magnitudes o f  v e c to r s  ft and T i s  a c o n s ta n t  equaling 

th e  len g th  o f  the  p a t e l l a ,  Cp . ' Therefore :

(X6-X7)2 + (y6-y7)2 + (Z6-Z7)2 = Cp2 (8)

Based on the  assumption t h a t  the  c e n t e r  o f  r o t a t i o n  o f  the  t i b i a  

( p o in t  1O-1) remains s t a t i o n a r y ,  i t  can be s t a t e d  t h a t  the  d i s t a n c e  from 

th e  Y-axis to  th e  p o in t  o f  i n s e r t i o n  o f  the  p a t e l l a r  l igament  a lso  i s  a .  

f ix e d  c o n s t a n t  th roughout f l e x i o n .  This may Be w r i t t e n  a s :

Jx22 + z22 ^ r 22 . ' (91

The va lue  o f  r 2 , the  d i s t a n c e  from th e  Y-axis to  the  p o in t  o f  i n s e r t i o n
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o f  the  l igam ent ,  i s  ob ta ined  from the  fo llowing r e l a t i o n s h i p :

r9 -  ( r 9 2 -f 62 + Zr9 Scoso))1/ 2 ,
d -O *0

where r9 i s  the  d i s t a n c e  from the  Y-axis to  the  t i b i a !  t u b e r o s i t y ,  

which can be ob ta ined  from x - r a y s ;  6 i s  the  lo n g i tu d in a l  displacement o f  

the  p a t e l l a r  l igament along the  t i b i a !  s h a f t ,  measured p o s i t i v e l y  in the  

d i s t a l  d i r e c t i o n ;  and w i s  the  angle  between the  v e c to r  from the  o r i g i n  

to  the  t i b i a !  t u b e r o s i t y  and the  v e c t o r  p a r a l l e l  to  the  t i b i a !  s h a f t  

pass ing  through the  o r i g i n .  The v a r i a b l e  6 can be a d ju s t e d  to  s imula te  

the  o p e ra t iv e  techn ique  o f  d i s p la c in g  the  i n s e r t i o n  o f  the  p a t e l l a r  

l igament l o n g i t u d i n a l l y .

Four a d d i t i o n a l  equa t ions  a re  de r ived  from the  assumption t h a t  vec­

t o r s  J  and t  a re  p a r a l l e l  to  the  normal v ec to r  a t  th e  p o in t  o f  c o n ta c t .

T h u s ,

*3 -  *6 pX
=3 -  =6 "  Pz

O o )

Z
^3 * /6  _ &  
=3 -  =6 "  Pz

-
c m

*4 " x7 _ Px 02 1
z4 " z7 Pz
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y 4 ~ ^ 7  _ Py 

z4 -  =7 "  Pz
03)

Vectors and t  a r e  req u i red  to  be col i n e a r  r e s u l t i n g  in the  fo l low ­

ing two equa t ions :

_ 7 ___ ZL _ I ~ 6
zy  -  z I "  z I -  z 6

y? - ^ i  ^ i  -  %
z 7 -  z I ~ z I -  z 6

0 4 )

0 5 )

I t  i s  r e q u i re d  t h a t  the  l i n e  6-1-7  l i e  in the  plane  tangen t  to  the  

cam a t  the  p o in t  of  c o n t a c t .  This may be s t a t e d  in th e  fo llowing equa­

t i o n :

Cx7 - X1Ipx + Cy7 - y-|)Py + Cz7 - Z1Jpz = o 0 6 )

The f i n a l  t h r e e  equa t ions  r e s u l t  from the  fo rce  ba lance  on the  pa­

t e l l a .  Figure  5 d e p i c t s  the  fo rce s  a c t i n g  on the  p a t e l l a ,  F1 and 

r e p r e s e n t  the  t e n s i l e  fo r c e s  ex e r ted  on the  p a t e l l a  by the  quadriceps  

group and the  p a t e l l a r  l igament r e s p e c t i v e l y .  The normal fo rce  ft i s  

th e  r e s u l t a n t  fo rce  between the  p a t e l l a  and the  femur a t  th e  p o in t  o f  

c o n t a c t .  These fo r ce s  a re  w r i t t e n  in  v e c to r  n o ta t io n  as  fo l lows :

=. Fj t  (Z5-Z4 )Cl
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Figure  5 . - -F re e  body diagram of p a t e l l a  

F2 = F2E(X2-X3 ) 1- + ( y 2- y 3 ) j  + ( z 2- z 3) k ]

N -  N[px i t  py j  t  p z k]

where F-j, F2 , and N a re  re -norm al ized  fo r ce  magnitudes.

The disp lacement  v e c to r s  R1 and R2 shown in Figure 5 may be w r i t ­

ten  a s :

= (X4-X 1 )T  + ( y 4- y 1 ) J + (Z4- Z 1 )Ic
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R2 = (X3- X 1 ) i  +  ( y g - y - j j j  + (Z3- Z 1 )R

I t  i s  req u i red  t h a t  the  p a t e l l a  be in s t a t i c  equ i l ib r iu m  th rough­

out f l e x i o n ,  t h e r e f o r e ,  the  sum of  the  fo rce s  in a l l  t h r e e  d i r e c t io n s  

and the  sum of  the  moments about a l l  t h r e e  axes must be zero .  Balancing 

the  fo rce s  y i e l d s  the  fo l lowing  m a t r ix  equat ion :

X5 - X 4  X2 - X 3 Px >i" 0

' / 5-^4  y 2~y 3 pY
< F2 > p < 0 L

z 5~z4 z2"z3 Pz N 0

For a s o lu t io n  to  e x i s t ,  the  d e te rm ina te  o f  the  c o e f f i c i e n t  matr ix  must 

equal zero ,  hence:

PxC(Zg-Z3) (yg-y^j-fyg-ysifzg-z^)] +

Py E(X2 -X3 ) ( Z 5- Z 4 ) - ( Z 2- Z 3 ) (X5-X4 ) J  + ( 1 7 )

PzE(Y2-Y3) U 5-X4)-(X2-X3)(Y5-Y4)J p 0

Balancing the  moments about a l l  t h r e e  axes y i e l d s  the  fo l lowing :

F-j ((y^-y-j.) (Xg-X4)1- U4-X1) (.Y5-Y4)] +

F2I  U 3^ 1) (X2 -X 3 H x 3 -X 1 Ky2-Y4)J - 0

F1E(X4-X 1) ( Z 5- Z 4 ) - ( Z 4- Z 1) ( X 5-X4 ) ]  + 

F2E(X3-X 1) ( Z 2- Z 3 ) - ( Z 3- Z 1) ( X 2-X3 ) J  = 0
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F1 [ ( Z 4- Z 1) (y5-y4 ) - Cy4-X1) Cz5 -Z4 )]  +

F2E(Z3-Z1) (Y2-^Mys-Vi Hz2~z3)J p 0
1

Combining the  f i r s t  two o f  th e se  equa t ions  r e s u l t s  in the  fo l lowing :

Cfy4 - ^ 1 ) (X5-X4 ) - C x 4-X1) Cy5 -Y4 I l I C x 3 -X 1 1(Z2- Z 3 ) - C z 3- Z 1 K x 2 -JC3 ) ]  -  

[ ( X 4 - X 1 ) ( Z 5 - Z 4 ) - ( Z 4 - Z 1 ) (X5-X4 )IE C y3-Y 1)(X 2-X3)-C x 3-X 1X y 2 -Y3 ) ]  = 0 (1 8 )

F i n a l l y ,  combining the  fo rce  and moment equa t ions  y i e l d s :  

CPz^x5"x4 ^ px t z5"z4 ^ ^ x3™x l ^ z2"z3 ^ t z3 - z i ) Cx2-X3 )]  -

[ P z ( X 2-X3 ) - P x ( Z 2- Z 3 ) I I ( X 4-X1 ) ( Z 5- Z 4 ) - ( Z 4- Z 1) ( X 5-X4 ) ]  F 0 (1 9 )

This s e t  o f  n ine teen  n o n l in e a r  simultaneous equa t ions  was solved 

us ing Newton-Raphson's  Method.on the  computer.

2 .5  Operat ion S im ula tion  ■

To be usefu l  to  surgeons ,  t h i s  model must i n c o rp o ra te  the  a b i l i t y

to  s im u la te  a spectrum o f  the  most common c o r r e c t i v e  o p e ra t io n s  in tended
.

to  a l l e v i a t e  the  c o n d i t io n  o f  r e c u r r e n t  p a t e l l a r  su b lu x a t io n .  Two 

o p e ra t io n s  a r e  s imula ted  in  t h i s  s tudy .  The f i r s t  i s  the  movement in 

th e  l a t e r a l  and lo n g i tu d in a l  d i r e c t i o n s  o f  the  i n s e r t i o n  p o in t  f o r  the  

p a t e l l a r  l igam ent .  These movements a re  accomplished.by a d ju s t i n g  the  

v a r i a b l e s  y 2 and 6 r e s p e c t i v e l y .  This  o p e ra t io n  i s  th e  most common as 

i t  i s  th e  e a s i e s t  to  perform, and has t h e . s h o r t e s t  recovery  t ime.  The 

second o p e ra t io n  i s  the  a x ia l  r o t a t i o n  o f  the  d i s t a l  end o f  the  femur.
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This has a much g r e a t e r  e f f e c t  than the  previous  o p e r a t io n ,  but has a 

much longe r  recovery  r a t e .  This o p e ra t io n  i s  accomplished by a d ju s t i n g  

the  v a r i a b l e  9 ,  which i s  the  angle  o f  r o t a t i o n  about the  X-axis. .



CHAPTER 3

RESULTS

3.1 In t ro d u c t io n

The fo rm ula t ion  o f  t h i s  model r e s u l t s  in a computer model o f  the  

Pa te llo-Femoral j o i n t .  The ou tpu t  i s  in the  form of  a v ideo d i sp lay  

i n d i c a t i n g  the  p o s i t i o n  o f  the  p a t e l l a  in the  X-Z and Y-Z p lanes .

Figure  6 i s  a sample o f  th e  ou tpu t  from a graphics  t e r m i n a l .

The f i g u r e  a t  the  top  i s  a mot ion view of  the  j o i n t  in the  X-Z 

plane  i l l u s t r a t i n g  the  X and Z components o f  the  k inematic  c o n f ig u ra t io n  

f o r  the  system. I t s  main purpose i s  to  i n d i c a t e  to  surgeons how high 

the  p a t e l l a  i s  r i d i n g  in the  cam. The f i g u r e  on the  r i g h t  i s  a view of  

the  cam in the  Y-Z plane in d i c a t i n g  the  path  o f  the  p a t e l l a  in the  

groove o f  the  cam.

3 .2  C om p a t ib i l i ty  o f  Model with X-ray .

Figure  7 i s  a f u l l  scale- view demonstra t ing  the  accuracy  o f  the  

model in  the  X-Z p lane .  The s o l i d  l i n e s  r e p r e s e n t  a c tu a l  .x-ray d a ta ,  

and th e  dashed l i n e s  r e p r e s e n t  the  model in c o rp o ra t in g  da ta  from the  

same x - r a y .  T h e /p o s i t io n  o f  the  modelled p a t e l l a  i s  the  c r i t i c a l  f a c t o r  

in  t h i s  view, and as shown, matches c l o s e l y  the  ac tua l  p o s i t i o n .

3 .3  S e n s i t i v i t y  o f  Model to  E f fec t ive !M usc le  P o s i t io n

More im por tan t  than the  p o s i t i o n  o f  th e  p a t e l l a  in  the  X-Z plane i s  

i t s  p o s i t i o n  in the  Y-Z p lane .  All o f  the  inpu t  da ta  f o r  t h i s  model i s
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Z

P a t e l l a r  Path

Figure  6 . --Actual video d i s p l a y  output



Actual

Model

Figure  / . - -Com par ison  of  model with  ac tua l  x - r a y  data
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f a i r l y  s t r a ig h t f o r w a r d  except f o r  the  e f f e c t i v e  quadriceps  group po in t  

o f  o r i g i n  U 5 ^y51Z5 ).  F igures  8-a  through 8-c  i n d i c a t e  the  s e n s i t i v i t y  

o f  the  p a t e l l a r  path to  t h i s  p o in t .

Figure  8-a demonstra tes  the  e f f e c t  o f  a l t e r i n g  the  x-component o f  

p o in t  ' 5 ' .  There i s  a s l i g h t  s h i f t  inward as Xg i s  in c re a se d .  The 

‘ general  shape and tendency o f  the  path does not change as Xg i s  changed, 

and hence,  the  s e l e c t i o n . o f  Xg i s  no t  a c r i t i c a l  f a c t o r  i f  i t  i s  chosen 

in  the  c o r r e c t  r a n g e ' (+  2 c e n t i m e te r s ) .

The y-component o f  p o in t  ' 5 '  i s  v a r i e d  in Figure  8-b .  I t  i s  e v i ­

den t  t h a t  t h i s  va lue  i s  c r i t i c a l l y  im por tan t  as the  whole path can be 

r a d i c a l l y  a f f e c t e d  in a f i f t e e n  c en t im e te r  range.  I t  i s  t h e r e f o r e  

. necessa ry  t h a t  a very a cc u ra te  value be used f o r  yg.  I t  i s  recommended 

t h a t  i t  be to  the  n e a r e s t  c en t im e te r .

The change in the  p a t e l l a r  path  with a fo u r  cen t im e te r  change in Zg 

. i s  shown in  Figure  8 -c .  This va lue  i s  not as c r i t i c a l  as yg ,  but should 

be found to  the  n e a r e s t  2 c en t im e te r s . ,

; 3 .4  Operat ion S im ula tion

Figures  9-a through 9 - f  demonst ra te  the  e f f e c t  o f . a  s e r i e s  of 

o p e ra t io n s  performed on th e  model as an example o f  the  procedure  to  be 

used by th e  surgeon and does not r e p r e s e n t  an ac tua l  p a t i e n t .  In t h i s  /  

c a s e ,  p o in t  f i v e  i s  ( - 1 5 , 7 . 5 , 5 . )  in  th e  u n i t s  o f  c e n t i m e te r s .  This 

r e p r e s e n t s  a r i g h t  l e g ,  t h e r e f o r e ,  the  l e f t  s id e  o f  the  groove in the
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Z Z

y
*5 = - 8 -0

y

y5 = 7.5

y

Xg = -10 .0

y

y 5 = 0 .0

y

Xg = -15.0
y

y5 = -7.5

(a) (b)

Figure  8 . - - S e n s i t i v i t y  o f  p a t e l l a r  path  to  e f f e c t i v e  quadr iceps  o r ig i n

(a) X-component (y5=7.5;Zg=5.0)

(b) Y-component (xg^- lS .  *,Zgs5.0)
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Z

Z5 -  3 .0

y -------------------------

Figure

Z

Z5 = 7 .0

y

(c)

. - -Cont inued

(c) Z-component (x5= - 1 5 . ; y 5=7.5)

\
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Z

0 = .3
6 = 0 .

Figure  9 . --Sample run o f  o p e ra t io n  s im u la t ion
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Figure  9 .- -Continued
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Figure 9 .- -Continued
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f ig u r e s  i s  th e  l a t e r a l  s id e .

Figure  9-a r e p r e s e n t s  the  h ypo the t ica l  p a t i e n t ' s  co n d i t io n  before  

o p e ra t io n s  a re  performed. Notice t h a t  the  l a t e r a l  s id e  o f  the  groove is  

a lmost f l a t  and the  path  i s  halfway up the  l a t e r a l  condyle .  This con­

f i g u r a t i o n  would conce ivab ly  r e q u i r e  only  a small e x te rn a l  l a t e r a l  fo rce  

to  d i s l o c a t e  the  p a t e l l a ,  and an o p e ra t io n  would probably be recommended.

The medial d isp lacement  of  the  p a t e l l a r  l igament i s  the  e a s i e s t  

o p e ra t io n  to  perform and should t h e r e f o r e  be the  f i r s t  o p e ra t io n  simu­

l a t e d  on th e  program. Figure  9-b r e p r e s e n t s  the  path  a f t e r  the  l igament 

has been d i sp la ce d  two cen t im e te rs  m e d ia l ly .  This brought the  path much 

c l o s e r  to  the  c e n t e r  of  the  groove. Moving the  l igament an a d d i t io n a l  . 

c en t im e te r  m ed ia l ly  b r ings  the  path even c l o s e r  to  the  c e n t e r  o f  the  . 

groove as shown in  Figure  9-c .  In many in s t a n c e s ,  surgeons a re  tempted - 

to  s top  a t  t h i s  p o in t  s ince  the.  l igament cannot be d i sp la ce d  f u r t h e r  

m e d ia l l y ,  and the  only a l t e r n a t i v e  i s  to  t w i s t  the  femur.  The r o t a t i o n  

o f  th e  femur i s  a major  o p e ra t io n  and i s  u s u a l ly  avoided i f  a t  a l l  

p o s s i b l e .  However, in  t h i s  c a se ,  the  l a t e r a l  condyle i s  r a d i c a l l y  low, 

and a l a r g e  enough l a t e r a l  fo rce  could s t i l l  d i s l o c a t e  the  p a t e l l a .

Hence, th e  r o t a t i o n  o f  the  femur i s  probably  necessary  in  t h i s  case .

With the  l igament r e tu rn e d  to  i t s  o r i g i n a l  p o s i t i o n .  Figure  9-d 

demonstra tes  a r o t a t i o n  o f  the  femur, by .2 rad ians  (approximate ly  11 

d e g re e s ) .  This d id  no t  improve r a d i c a l l y  the  path from Figure  9-a and 

i t  i s  t h e r e f o r e  concluded t h a t  an o p e ra t io n  in v o lv in g .b o th  the  d i s p l a c e -
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merit o f  the  l igament and the  ax ia l  r o t a t i o n  o f  the  femur i s  necessary .

Ro ta t ing  the  femur .3 rad ians  (about 17 degrees]  and d i s p la c in g  the  

l igament 3.54  cen t im e te r s  (1 .4  inches)  m e d ia l ly  r e s u l t s  in Figure  9-e .  

The l a t e r a l  condyle i s  now even with the  medial  condyle ,  and provides  a 

s a t i s f a c t o r y  r i s e  on the  l a t e r a l  s i d e .  The path i s  f a i r l y  c lo se  to  the  

c e n t e r  o f  the  groove, and th e  p a t e l l a  would r e q u i r e  a much g r e a t e r  fo rce  

t o  d i s l o c a t e .  Figure  9-e  t h e r e f o r e  would r e p r e s e n t  the  f i n a l  s t a t e  

a f t e r  th e  i n d i c a te d  o p e ra t io n .

Figure  9 - f  shows a path  which i s  c l o s e r  to  the  c e n t e r  than Figure 

9 - e ,  y e t  i s  an u n d e s i r a b le  c o n f ig u r a t io n .  In t h i s  f i g u r e ,  the  l igament 

a t tachment  i s  moved two c en t im e te r s  proxim ally  and would t h e r e f o r e  

l e s s e n  the  t e n s io n  in the  l igaments  r e q u i r in g  a sm a l le r  l a t e r a l  fo rce  to 

d i s l o c a t e  the  p a t e l l a .

I t  should be noted t h a t  the  w r i t e r  i s  an eng ineer  and i s  th e r e f o r e  

w r i t i n g  from t h a t  p e r s p e c t iv e .  The above sample run may have implied 

conc lus ions  which surgeons would no t  r each .  I t  should a l s o  be s t a t e d  

t h a t  i f  t h i s  model i n d i c a t e s  an o p e ra t io n  t h a t  i s  r a d i c a l l y  d i f f e r e n t  

from what a surgeon would have done o th e rw ise ,  then f u r t h e r  i n y e s t ig a -  

' t i o n  i s  recommended.



CHAPTER 4

SUMMARY

4.1 In t r o d u c t io n

The purpose o f  t h i s  re sea rch  was to  develop a mathematical  model o f  

th e  Pate l lo-Femoral  j o i n t .  . The model was developed with a view to  a i d ­

ing surgeons in determing the  optimum o p e ra t io n  to  a l l e v i a t e  the  cond i­

t i o n  o f  r e c u r r e n t  p a t e l l a r  d i s l o c a t i o n .

• Vectors were used to  r e p r e s e n t  the  p o s i t i o n s  o f  the  femur,  t i b i a ,  

p a t e l l a ,  quadr iceps  group, and the  p a t e l l a r  l igament .  A s e t  o f  n ine teen  

n o n l in e a r  simultaneous equa t ions  were genera ted  r e l a t i n g  the  n ine teen  

unknowns. These equa t ions  were solved using Newton-Raphson1s Method on 

th e  computer,  r e s u l t i n g  in an a n a l y t i c a l  model o f  the  knee j o i n t  with 

th e  a b i l i t y  to  s im ula te  su rg ic a l  o p e ra t io n s .

The o u tp u t  i s  in the  form o f  a video d i s p la y  i n d i c a t i n g  the  path of  

th e  p a t e l l a  in the  j o i n t  throughout f l e x i o n .  Simulated o p e ra t io n s  a re  

performed on the  model u n t i l  the  d e s i r e d  p a t e l l a r  pa th  i s  reached.

4 .2  Recommendations

This.model a c c u r a t e ly  de f in e s  the  p o s i t i o n  o f . t h e  p a t e l l a  in the  

j o i n t  with the  assumption t h a t  the  quadr iceps  group e f f e c t i v e  proximal 

a t tachment  can be l o c a t ed  a c c u r a t e ly .  Following a re  recommendations 

which would r e s u l t  in a more acc u ra te  model.

. The major assumption used in th e  model i s  the  approximation of  the  

quadr iceps  group with  a o n e -s t rand  m u s c l e . . This r e q u i r e s  the  dete rmina­
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t i o n  o f  an e f f e c t i v e  p o in t  o f  o r i g i n .  In th e  c u r r e n t  model, t h i s  value 

i s  in p u t  by the  surgeon and remains f ix e d  f o r  a l l  angles  o f  f l e x io n .  

There a re  two problems in h e re n t  with t h i s  assumption.  One i s  t h a t  t h i s  

e f f e c t i v e  p o in t  o f  o r i g i n  i s  d i f f i c u l t  to  determine a c c u r a t e l y ,  and the  

second i s  t h a t  t h i s  p o in t  changes as the  f l e x io n  angle  changes .  In 

view o f  t h i s ,  two recommendations a re  made.

1. An a cc u ra te  r e l a t i o n s h i p  should be developed between the  e f f e c t i v e  

p o in t  o f  o r ig i n  and the  angle  o f  f l e x i o n .

2. The second recommendation supercedes  the  f i r s t .  Vectors  should be 

inco rpo ra ted  in the  model to  r e p r e s e n t  a l l  fou r  muscles  in the  

quadr iceps  group. This would add no new unknowns to  the  problem, ■ 

enab l ing  the  same b as ic  program to  be u s e d , b u t  would a l t e r  the  

fo rce  a n a ly s i s  and thus  Equations (17) through (19) would change.

I t  would s t i l l  be necessa ry  to  dete rmine  the  e f f e c t i v e  p o in t  of 

o r i g i n  f o r  each o f  the  fo u r  muscles ,  but t h i s  i s  no t  n ea r ly  as 

d i f f i c u l t  as de te rmin ing the  e f f e c t i v e  o r i g i n  f o r  th e  t o t a l  group.

3.  ' The magnitudes o f  vec to r s  J  and. t. were assumed to  be o n e -h a l f  the
Z  ■ '

r a d iu s  o f  the  c y l i n d r i c a l  p a t e l l a  f o r  a l l  p a t i e n t s .  This i s  not 

n e c e s s a r i l y  t r u e  and th e se  va lues  could be i n p u t . v a r i a b l e s  e a s i l y  

. ob ta ined  from x - r a y s .  This would r e q u i r e  a l t e r i n g  Equations (6) 

and (7 ) .

4.  The f i n a l  recommendation i s  to  in c o rp o ra te  a v a r i a b l e  in the  opera ­

t i o n  s im u la t io n  to  r e p r e s e n t  th e  movement o f  the  p a t e l l a r  l igament
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in  th e  d i r e c t i o n  normal to  the  t i b i a !  s h a f t .  As i t  now s t a n d s ,  the  

model only allows f o r  movements in the  l a t e r a l  and lo n g i tu d in a l  ■ 

d i r e c t i o n s .  The a n t e r i o r  s id e  o f  the  t i b i a !  s h a f t  i s  V-shaped, and 

hence,  a pure ly  l a t e r a l  d isp lacement  i s  not r e a l i s t i c .



APPENDIX I

PROGRAM KNEEPLOT FLOW CHART 

,S t a r t )

/ Input 0 , 6 , y 2 /■

Function D e f in i t io n

/  Input X-ray Data /

— ^  Do M = to  1 0 0 ) -

\  P lo t  Total S o l u t i o n y

-------------  — - ( ^End^)

C alcu la te  
I n i t i a l  Guess

- ( do X1 - to

V ar iab les  = Guess

C a lcu la t e  . 
C o e f f i c i e n t  Matrix 

Vector Matrix

Increment V ar iab les  Call Simult

----------------- ^2-<ẑ nvergence?x >-^

Guess = Las t  Solu t ion

S to re  Solu t ion
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