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Abstract:
Inverse limit spaces occur often in dynamical systems, in particular, those with unimodal bonding
maps. Barge and Diamond showed uncountably many indecomposable unimodal inverse limit spaces
exist. We show that uncountably many hereditarily decomposable unimodal inverse limit spaces exist
by actually creating two different uncountable collections of hereditarily decomposable unimodal
inverse limit spaces. Finally we consider how to expand upon these and combine them to create even
more unimodal inverse limit spaces. 
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ABSTRACT

Inverse limit spaces occur often in dynamical systems, in particular, those 
with unimodal bonding maps. Barge and Diamond showed uncountably many inde­
composable unimodal inverse limit spaces exist. We show that uncountably many 
hereditarily decomposable unimodal inverse limit spaces exist by actually creating 
two different uncountable collections of hereditarily decomposable unimodal inverse 
limit spaces. Finally we consider how to expand upon these and combine them to 
create even more unimodal inverse limit spaces.
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CHAPTER I

IN T R O D U C T IO N

We begin by defining what we mean by the term inverse lim it space. This 

definition is general, but for most of this paper we will make a few restrictions that 

will make it easier to visualize and think about the inverse limit spaces we will be 

dealing with. For our definition, let * G {0 ,1, 2 ,3 ,. . .}  and let be a sequence

compact metric spaces each with metric di such that for all x ,y  E X i, di(x,y) < I. 

Also let {£}£„ be a sequence of continuous functions so that Ji : X i+i —> X i (these 

functions will be referred to as bonding maps). We define the inverse limit space of 

{fi}, denoted Iim(Zi), t°  be the subset of (I^o  ^  given by

Iim(Zi) =  (® =  (30,31, x2, X z,...)- .X i E X i and fi(x i+i) =  Xi]

with the metric defined to be d(x, y) =  Another common notation used

in some manuscripts is (Xi jJi). It can be shown that Iim(Zi) is a compact metric 

space, and connected if each X i is connected. ([14], pg. 163). If we are repeating a 

single bonding map, that is Zi — Z for all i, we will use the notation IimZ rather than 

Iim(Zi)- We notice that the topology from our metric on the inverse limit space is 

equivalent to the subspace topology inherited from the product topology on X i. 

We define a continuum  to be any compact, connected, metric space.

For this thesis, we are mostly interested in the case where X i =  Jai, &i], a 

compact interval in the real numbers, E  , with the metric di(x,y) — j ^ j  for all 

i E (0 , 1 ,2 , . . . ) .  We say that the continuous bonding maps Ji : X i+i -4- X i are 

unimodal if there is a critical value Ci E X i, dividing X i into two subintervals, [Oi, Ci] 

and [a, bi\, so that Ji is monotone each subinterval. We allow Ci =  a, or Ci =  &*, thus
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we will also say that fi is unimodal if it monotone on all of X i. In some of the proofs 

included in this thesis we may assume our bonding maps are strictly monotone on 

each subinterval, but we will not require strict monotonicity here due to a result of 

Morton Brown ([5], Theorem 3) stating that if we have functions Ji and Qi so that 

fi(x )—gi{x) < ei for all x e X i and for all i, with Ci converging to zero quickly enough, 

then the inverse limit spaces are homeomorphic. This, together with the fact that 

any monotone function can be approximated by a strictly monotone function, means 

we lose no generality in considering strictly monotone functions. We will refer to any 

space as a unimodal continuum  if it can be realized as, or is homeomorphic to, the 

inverse limit space of unimodal bonding maps fi : Xi+i —> X i.

In 1954, C.E. Capel ([7]) used inverse limit spaces to prove theoerms con­

cerning Alexander-Kolmogoroff cohomology theory. Inverse limit spaces of one­

dimensional bonding maps are often attractors in dynamical systems. R.F. Williams 

([16]) proved in 1967 that hyperbolic one-dimensional attractors are inverse limits 

of maps on branched one manifolds. The same year, W.S. Mahavier ([9]) looked at 

inverse limits on [0,1] with a single bonding map. Sam B. Nadler ([13],[14]) and 

Dorothy S. Marsh ([10]) both created inverse limit spaces that we will later refer to 

as generalized sin ^ spaces,, but without using unimodal bonding maps.

Research of my advisor, Marcy Barge, along with coauthors Beverly Diamond 

and Karen Brucks ([1], [3]), as well as the research of others, has shown that often the 

inverse limit spaces that occur in dynamical systems are unimodal continua. For this 

reason we are interested in what these unimodal continua “look” Iikei what properties 

they have and how we can tell if a continuum is a unimodal continuum or not. Some 

examples of unimodal continua include the “topologist’s sine curve” (Figure I), the 

“double topologist’s sine curve” with two limit bars, one on each end (Figure 2), as 

well as the Knaster continuum, also called the bucket handle continuum (Figure 3) .
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Figure I: The Topologist’s Sine Curve

Figure 2: The Double Topologist’s Sine Curve

Figure 3: The Knaster Continuum

A continuum is said to be decomposable if it is the union of two proper sub- 

continua, otherwise it is an indecomposable continuum. We say that a continuum is 

hereditarily indecomposable provided each of its subcontinua is indecomposable and 

a continuum is hereditarily decomposable if each of its subcontinua is decomposable.
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The Knaster bucket-handle continuum (Figure 3) is indecomposable (See [4]). One 

can see that if we pick a point along the ray path component, but not the end point, 

of the topologist’s sine curve and include everything to one side of that point as well 

as the point itself in one set, while putting everything on the other side of the point 

including the point itself in another set, the result is two proper subcontinua whose 

union is the entire topologist’s sine curve (Figure I). We could repeat this process on 

each of these subcontinua, thus the curve is not only decomposable, but hereditarily 

decomposable. A similar procedure can be done on the double topologist’s sine curve 

(Figure 2) by selecting a point on the middle (infinitely long) path component and 

proceeding as above. Hence the double topologist’s sine curve, is also hereditarily 

decomposable. Barge and Diamond [2] showed that there are uncountably many 

(non-homeomorphic) indecomposable unimodal continua. In this thesis we will show 

that there are uncountably many hereditarily decomposable unimodal continua by 

constructing a class of uncountably many non-homeomorphic hereditarily decompos­

able unimodal continua.
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C H A P T E R  2

SO M E P R O P E R T IE S  OF IN V E R SE  LIM IT 
SPACES A N D  UNIMODAL C O N T IN U A

Here we state a couple of elementary topology lemmas because they will be 

referred to in the following pages. We then state and prove some well known basic 

results concerning inverse limit spaces, followed by our first original theorem of this 

dissertation.

Lem m a 2.1 Let h : X  ^ - Y  be a bijective continuous function. I f  X  is compact and 

Y  is Hausdorff, then h is a homeomorphism.

Proof: See ([12] pg. 167) Q. E. D.

We recall here that all metric spaces are Hausdorff. Next denote the projection 

mapping by Tri, thus Tri (̂ c) =  Tri (^0, xi, x2, . . . )  = a%.

Lem m a 2.2 Let A be any space and let h be any function from A to Iim(Zi). Then 

h is continuous if and only if ni o h : A Xi is continuous for all i GNU  (0).

Proof: The theorem in [12] (pg. 115) proves that h : A is contin­

uous if and only if Tri o Zi : A -)■ Xi is continuous for all i G (0 ,1, 2, . . .}.  Then by 

([12] pg. 107) we know that restricting the range of a function does not affect the 

continuity of the function, thus the lemma holds. Q. E. D.

The next therem, along with it’s corollaries, and the lemma that follows them 

are a compilation and contemporary restatement of results in [8], pages 215 through 

220. The proofs are included here for completeness.
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Define fn,m '• X n  ̂X m by fn,m — fm  ° fm+1 0 " " ' ° fn —2 ° fn —1 TL ^  TH \ 

(and not defined otherwise). Let { n ^ a n d  {mi}^0 be any two sequences in MU {0} 

such that 0 < Tt0 < ni < n2 < • • • and 0 < m0 < mi < m2 < • • •. Also assume 

fi : X i+i —?► X i and Qi : Li are continuous bonding maps.

T heorem  2.3 Suppose there exists the following commuting diagram with Si and U 

continuous maps:

Then lim{/j} is homeomorphic to lim{^}.

Proof: We warn the reader to pay close attention to the important but visually 

subtle difference in the subscripting between xnk_i and Xnk^1 throughout this proof.

Let us define H  : Iim(Zi) Iim(^i) by H{x) =  y, where x  =  (x0, Xl jX2, . . . )  

and y — (yo, y i,y2, ■ ■ ■) with ymi =  ti(xn.+1). This does not specify all the coordinates 

of y, but by specifying infinitely many of the coordinates, the point is uniquely 

determined, because to find any yk if k ^  Tni for some i, then pick the smallest i so 

that Uii > k and simply define yk -  Pmuk(Umi)- Now to show that y -  H(x) 6 Hm(^i), 

if k ^  rrii for any i, again choose the smallest i so that m* > A. If k — mi — I then 

9k(yk+i) — 9mi—i(Vm-i) =  9mi,mi-i(ymi) = Hmi^(Hmi) — Hk from the definition of yk 

above, otherwise we have gk(yk+i) = gk(gmuk+i(ymi)) = 9k0 9k+i ° • • • o Pm^ 1(Vnii) = 

9nii,k(yrni) = Hk as desired. But for k — mi, we use the fact that our diagram 

commutes to get gk(yk+1) = PmAymi+l) = gmi ogmi+ l°-• ^ gmi+1-l(ymi+l) = gmi+umi0 

ti+i(xni+2) = ti ° /ni+i,n,(̂ 71,4-2) =  U(xni+i) — Hmi — Hki that is gk(yk+i) = yk in all 

cases, so y€. Iim(^i).
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Next we notice that U o Trrai+1 =  Trmi o H  and since and Trnj+1, are continuous, 

Trmi oS r is also. Now if k ±  Uii for some i, TrkoH (x) = yk = gkogk+i°-• -0Srmi-I(JZmi) = 

gk o gk+1 o ■■■ o gm._i o ti(xn.+1) which is continuous as the composite of continuous 

functions. In either case, tt̂  o  i f  is continuous for all k, therefore by Lemma 2.2, H  

is continuous.

Let us now define G : lim{^} —>■ lim{/%} by letting G(y) =  x  where xni — 

si(JZmi) and xk =  Jni^ n i) for the smallest i so that rii > k. By similar arguments 

to those given for H, we can see G is continuous also. Consider G o H (x). For any 

fixed i, if H(x) =  y, ymi =  ti{xni+1). Then our G function takes ymi to Si(JZmi) =  ^ni 

so Si o ti {xni+1) =  xn.. Thus G oH (x) is specified by xnt+1 i-> Xni. Again, even though 

not all coordinates have been specified, infinitely many have been, so G o H (x) is 

completely determined, and since G o H(x) has xni as coordinates, which are the 

coordinates of x, G oH (x) = x, so G o lf  is the identity map. Similarly U o G (y) =  y, 

hence G is the inverse of H . Therefore H  is a homeomorphism. Q. E. D .

C orollary 2.1 Suppose {fi}™0 and { g i} ^  are sequences of bonding maps so that 

fi : X i+i —> Xi and gi : Yi+i Yi and there exists an Al E N U {0} and an m e Z 

where X i =  Yi+rn and Ji = gi+m for all i > N . Then lim{/i} is homeomorphic to 

lim{gi}.

Proof: Let {ni}^.0 be any sequence with N  < n0 < ni < <■■ ■ and let

k{ — r^ + rn for all 2 =  0,1,2 , . . . ,  thus X ni = Yki and /„. =  gki. Consider the diagram 

below:
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The reader can quickly check that this diagram commutes. So by Theorem 

2.3, lim{/i} is homeomorphic to lim{^}. Q. E. D.

What this tells us is that if two sequences of bonding maps differ only in finitely 

many positions, they have homeomorphic inverse limit spaces. We can also ignore or 

remove the first finitely many bonding maps and get a homeomorphic inverse limit 

space to the original inverse limit space.

C orollary 2.2 Suppose {/i}£80 a sequence of bonding maps so that : X i+1 -> X i 

and {rjj}?20 is any sequence of integers with 0 < n0 < ni < n2 < • • •. I f  we let 

9j = Uj o  f nj+i o f n.+2 o  . . .  o / n.+1_! then Iim(A) is homeomorphic to hm{^}.

Proof: Consider the following diagram:

Since Qj =  Qj+ij, again the reader can easily see that the diagram commutes, 

thus by Theorem 2.3, Iim(A) — lim(%). Q. E. D.

Suppose that we are using a single bonding map, that is in our sequence of 

bonding maps, A =  /  f°r all i. If we use the notation that / 3 =  f  o f  o f  then a 

common application of the above corollary is to show that Iim /3 ~  lim/ .

Lem m a 2.4 Suppose (X j)^ 0is a sequence of spaces with X i = 6*] and (A)#o;

with A : X i+i -4 Xi is a sequence of continuous unimodal bonding maps for i G 

(0 ,1 ,2 , . . . ) .  Thus Iim(A) is a unimodal continuum. Further assume that Hm(A) is
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larger than a single point. Then is homeomorphic to Iimjyli) where {yi}“ 0

a sequence of bonding maps such that y% : X i+! —> Xi are continuous unimodal onto 

functions.

Proof: Let Cn = f ] f n o f n+1 o • ■ • o f n+i(Xn+i+1). Since the composite of
i>0

continuous functions is continuous and the continuous image of a connected set is 

itself connected, f n o f n+1 o • • • o f n+i(Xn+i+i) is connected for all i. Similarly f n o 

f n+i o • • • o f n+i(Xn+i+i) is compact as the continuous image of a compact set and 

thus is closed. So Cn is the nested intersection of closed connected nonempty sets, 

thus Cn is closed, connected and nonempty ([12] pg. 170-171). Since Cn C X n, Cn is 

a closed bounded interval or a single point. Define f* : Cn+i -> Cn by f* = / n|cn+v 

By the definition of Cn, f* is onto.

Next we show that Iimj/„} =  Iimj/*}. Let x =  (x0,Xi,X 2 , ■■■) € Iimj/*}, 

then since Cn C X n and f* = / n |c„+1, it is clear x G Iimj/„}. Thus, as sets, 

Ihnj/*} C Iimj/„}. Next suppose x G Iimj/ n), then for any n, xn = f n{xn+i) = 

fn  O fn+ i{xn+2) = ■■■ = f n ° fn +1 o • • • o f n+i(xn+i+i) for any % > 0 and of course 

xn+i+i G X n+i+1, so xn G P |/„  o f n+1 o • • • o f n+i{Xn+i+i) =  Cn and because =
i>0

fn -ihn , Xn-I = f n - i M  SO x E Umj/*). Thus as sets, lh n j/n} C Iimj/*} and 

therefore IimjZ71) =  Iim j/*) as sets, and since the metrics on IhnjZ71) and Iimj/*) 

induce the same topology on this set, IimjZ77) =  Iim j/*) as desired.

Because IimjZ77) — Iim j/*) is not just a single point, there exists an M G 

N U jO) so that Cn is a non-degenerate interval for all n > M, that is Cn =  \pn, qn] 

for P 77 < <7n if n > M. So for n >  M, define the function an : Cn X n by an(x) — 

^fE%f{x -P n) +  &n, hence an{pn) =  an and an(qn) — bn. Also, an is an afiine function 

in E  with positive slope so it is a continuous, strictly increasing, onto function, thus 

is a homeomorphism. Next let gn : Xn+1 —> X n be defined by gn = Cen 0 f* °  anh ,  

for n > M. So gn is continuous and onto as the composition of continuous, onto
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functions. Let { r i i} ^  be any sequence in NU {0} with M  < n0 < ni < n2 <■■ ■ and 

let Si = o:”1, and U =  Qfrai o f*i+un.. Consider the following diagram:

So let us quickly check that this diagram commutes. Looking at any triangle 

of it with

through X ni, we get Si Oti = Qfra/  o Qfrai o / ra.+lira. 

we get going directly from Cni+1 to Cni. Checking a triangle with X ni, X ni^1 and

ni+1, Cni and X ni at the corners, if we go from Cni+1 to Cni, passing

* =  f ni+uni, which is exactly what

Cni at the corners, going through Cni we have o Si = Qfrâ 1 o /*.)ra._1 o Qfra.1 =

O k i- I  O O / ^ - 1 + 1  °  °  °  ^  =  ( ^ - 1  °  / L i  °  ^ - 1 + 1  °  O k < - i+ l  O

fn i - i+ 1  °  a n l 1+2 ° • • • ° Oni-I ° Zrai-I ° Ora/  =  Qni - I  °  Qni - ^ l  0 Qni - I  =  Qm1Ui- ! , which

is the function going directly from X ni to X n^ 1. Since all the maps on our diagram 

are continuous, we use Lemma 2.3 to get that hm{#} ~  \u n { ff} =  lim{/j}.

Notice that to create these Qi functions we restricted the domain and range of 

Ji to get the f? functions and rescaled them with the affine homeomorphism Qfi, which 

did nothing to change the fact that we have unimodal maps, hence Qi is unimodal for 

all i, as desired. Q. E. D.

This next theorem is one we have recently proven and, although it will not be 

used in the remainder of this thesis, it illustrates an important property all unimodal 

continua must have.

T heorem  2.5 All unimodal continua must have a dense arc component.
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Proof: Suppose we have any unimodal continuum. If this continuum is a 

single point, then we have a degenerate dense arc component which is that point itself. 

Otherwise the unimodal continuum is more than a single point and we can assume 

that there exist a sequence of bonding maps {/j}” 0 with /* : X i+i —> X i which are 

continuous unimodal and, by Lemma 2.4, we can also assume they are onto, so that 

lim{/j} is homeomorphic to our chosen unimodal continuum. Since fa is unimodal, 

there is a critical point of fa, say ci+i G X i+i. Because fa is onto, there is a subinterval 

Xfa1 C X i+i with Xfa1 = [Oi+i, Ci+i] or Xfa1 = [ci+1, bi+1] so that fa\xt+1 ■ Xfa1 ->• Xi 

is one-to-one and onto. Define Cn =  {^ =  {xo,Xi,%2 , • • ■) G Iim(Zi) : xi G X* for 

i > N }  where N  e'M U {0}. Let C =  |^J CN. We will show that the set C is path
N>0

connected and dense in Iim(Zi)-

First, let us show C is path connected. Let x,y_E C, then Hx = (X0yX1, X2, . . . )  

and y = (yo,yi,y2 ,- ■ •), there exists an IVi G N U (0) so Xi G X* for all i > N 1. 

Similarly, there is an IV2 G N U (0) such that % E X* for all I > IV2. Let N  = 

max(IVi, IV2), thus Xi, yi G X* for all I > IV and x,y_e Cn . Now define the function 

Qi • Xji y X fa1 by Qi = ( fa lxu J -1. Also, let the functions pk : [0,1] ->• I  for 

k = 0 , l ,2 , . . .  be defined by pN(t) = tx N +  (I -  t)yN and pN+n(t) = gN+n 0 QN+n-i ° 

9N+n—2 O ••• O gN(pN (t)) for Tl =  1,2,3, . . .  and Pm(t) = f m o Zm+1 ° Zm+2 O • ■ • O 

Zzv-i(PwOt)) for m = 0,1,2, . . .  ,IV -  I. Next let P  : [0,1] ->■ C be defined by 

P(t) = (po{t),Pi(t),P2(t),-..).

To see that P  is a path from y to x, we notice that:

P(O) =  (po(0),Pi(O),p2(0),. .. ,Piv(O),...) =  (po(0),Pi(O),p2(0),. . . ,Pat, . . . )

=  (Z o  °  Z r °  ' 11 °  Z at- i ( P z v ) ,  Z i  °  / 2  °  • '  • °  Z zv- i ( p a t ) ,  Z2 0  Z s 0  • * ‘ 0  Z at- i ( p a t ) ,  • • • , 

Z at- i ( p a t ) , P at, P at( p a t ) , P at+ i  0  P at( P at) ,  P z v + 2  0  P at+ i  0  P at( P at) ,  ■ • • )

=  ( P o , P i ,  • • • , P at, ( Z atU ^ + 1) _ 1( p a t ) ,  ( Z at+ i U ^ +2)_1 0  ( Z atU w + 1 )  ^ P at) ,  ■ • • )
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But since y  G Cn , ( fN\xN+i) 1{Vn ) = Vn+i and (fN+n\x*N+n+1) 1(yN+n) =  Vn+u+i 

for n > 0, so P(O) =  (y0, y i , . . .  , yN, Un+i , Vn+2 , • • •) =  V- Since pN(l) = x N, by a 

similar argument, P (I) =  x.

It is clear from the construction of P(t) that P(t) G Cn for all N  and thus 

P  (it) G C for all t. All that remains in the proof that P  is a path is to show P  is 

continuous. Since P(t) = (po(t),pi(t),p2(t) , . . . ) ,  TTf0P (t) =  p^t) which is continuous. 

Hence by Lemma 2.2, P  is continuous and thus P  is a path from y_ to x.

Next we will show C is dense in lim{/n}. Suppose that x — (xq, x i ,x 2, . . . )  G
OO

lim{/n} and let e > 0 be given. Since ^
i—Q

1
2*

converges, there  is an  M  G N U{0} so th a t

OO ^
< e. Now let y =  (y0, y i , y 2, . . .) be  defined by for i G {0,1, 2, . . .  ,M-

i = M
1} and let #  =  Qi 0 0 ^ _ 2 0 • ■ • 0 gM+l 0  gM{xM-i) for i G {M, M +  I, M +  2, . . .  }.

Then d{x, y) =  ^  
2=0

M - I

E
2=0

k t -  y»J
2i + E

ki -

i=M

M - I

^ E
2=0

I^i ~  a?«l 
2* + E g

i = M

<

IW I Q UV uv ^

Xv 2̂  =  X /g l  < €' n0*̂ ce that from the construction of y , y G Cm and
2=0 i ~ M  i ~ M
hence in C. Thus the closure of the points of C is all of lim{/n}, and therefore C is 

dense. Q. E. D.

Below is an example of a continuum that appears to be similar to Figures I 

and 2, but from Theorem 2.5 we know it is not a unimodal continua.

Figure 4: An Example of a Non-unimodal Continua
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CHAPTER 3

G EN ER A LIZED  sin^ SPACES

In this chapter we start with bonding maps (that are not unimodal) with 

certain general properties and show that their inverse limit spaces each are homeo- 

morphic to a space that has many similarities to the “topologist’s sine curve” space. 

Below are a couple of examples of what we mean by similar to the “topologist’s sine 

curve” space.

Figure 5: An M  Continuum

Figure 6: An M W  Continuum

Let {y>ra}£L0 be a sequence of continuous functions so that each (pn : I  I, 

with I  — [0,1], has the following properties:

(a) ¥>„(0) =  0,

(b) <£n([0,1)) =  [0,1],

(c) (pn{x) = x, for all x  G [|, 1],
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(d) there exists a real number 77, independent of and point an for each (pn so 

that

(i) 0 < 77 < a„ < | ,

(ii) <pn is strictly increasing on [0, an],

(iii) lPnifln) =  I

(iv) and ipn{x) > |  for all x 6 [ara, I].

We consider the inverse limit space of {<£>ra}£L0, denoted by hm{y>n}, and will use 

the notation x — (xq, . . . )  G lim{ ^ }  if Pn{xn+i) =  xn. Define cn =  min{% G

[0, |] : (x) =  1}. Since pn{\) =  5 and <pn is strictly increasing on [0, an] with

<pn(an) =  | ,  an < cn < Notice that by our selection of an and cn, neither 

(a0, a i, a2, . . . )  nor (c0, Ci , c2, . . . )  is in Iim(^n). The space lim{^n} is homeomorphic 

to a space similar to a “topologist’s sine curve” space, so we will soon label it as a 

generalized sin |  space. But first we state a well known theorem (without proof) and 

a couple of lemmas that we will need later.

Consider a function Vj : [&, b] —>■ [a, b], a < b and 0,6 G E . Divide [a, b] into 

k distinct subintervals [a,pi] =  A, [PiiPs] — h , \P2 ,P3] =  A, • • • , [Pfc-i, &] = A , that 

intersect at no more than their end points. Let us use a, k x k transition matrix M  

to encode information about ip. In matrix M, let the i j th entry, call it m^, be either 

0 or I, if Ii C ip {Ij) then let = I and let =  0 otherwise.

T heorem  3.1 For all n G N , let ipn : [a, b] -4 [a, b], then let Mn be a k x k  transition 

matrix of zeros and ones constructed as above from ipn. I f the i j th entry of the matrix 

product M0MiM2 • • • Mn is X, there are A subintervals, J 1, J2, J3, . . .  , J\, of Ii so that 

Ij C ipo 0  Ip1 0  ip2 0  ■■■ 0  IpniJm) for m  G {1,2,3, . . .  ,A} and J7 fl J 3- is at most one 

point if i ^  j .
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The above theorem is actually a compilation of two lemmas in [15]. For a 

proof of the above theorem, one is referred to [15], Lemma 1.2, pg. 64 and Lemma 

2.2 pg. 74 and related definitions on the pages in between these lemmas.

In the next lemma we assume the following: X  is some metric space and, for 

all n G N U {0}, R n is a subspace of X  so that Rn is homeomorphic to a compact 

interval in R with positive length. Further assume that Rn is a proper subset of i?re+i 

and p is a common endpoint of each Rn. Let R  =  Un>0R n- Also let { be a 

sequence of integers such that 0 < < n2 < n3 < . . . ,  and define to be any

sequence with G R ni \  R ni-I  for all i G N. We will also assume that R  has the 

property that the set of limit points from any such sequence is disjoint from

R.

Lem m a 3.2 I f  R  and Rn are as given above, R  is homeomorphic to R + U {0}.

Proof: Recall that p is  a common endpoint of all our R n. We know that 

each Rn is homeomorphic to a compact interval in R with positive length, so let 

h0 : [0,1] — Rq be a homeomorphism so that ho(0) — p. Next let h\ : [1,2] -> 

Ri \  R 0 be a homeomorphism with hi (I) =  ho (I) and let h2 : [2,3] —> R2 \  Ri 

be a homeomorphism with h2(2) =  hi (2) and so on, thus in general we have hn : 

[n,n +  ! ] —>■ R n \  R n- i  is a homeomorphism with hn(n) =  hra_i(n). Let us show 

that R =  R0 U (Un>i Rn \  Rn-i), by showing mutual containment. First assume 

x e R  — Un>o Rn so re G Rn for some n. Since the R^’s are nested with Rn-I C Rn, 

there exists an IV G N U {0} so that x  G R n but x ^ R n - i - If AT =  0 then 

x  G Ro, otherwise IV > I and x e Rn \  R n - i so x e Rn \  R n - i , thus either way 

a; G R0 U (Un>i R n \  Rn-i) and R C R0 U (Un>i Rn \  Rn-O- Next assume x G 

Ro U (Un>i Rn \  Rjv-O- If ^ G Ro then x <E R  = |J n>o Rn- Otherwise 3 G Rn \  Rn-I 

for some n > I. Recall that from the definition of set closure, Rn \  Rn-I  is the
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intersection of all the closed sets containing Rn \  Rn-I, and since Rn is a closed set 

containingR nXRn-I, x e Rn sox £ R  = |J n>0Rn. Hence i?0U(Ura> i Rn \  Rn-i) C R  

and therefore i2 =  i?0 U (Un>i Rn \  Rn-i)-

Now let h : E  + U {0} —> J? be defined by h(x) =  hn(x) where x £ [n, n +  I]. 

By the “pasting lemma” ([12], pg. 108) Zi is a continuous function. We also note 

that Zi is a bijection by construction and since each Zin is bijective. To prove Zi is a 

homeomorphism, we still need to show Zi-1 : E  —> R + U {0} is continuous. Consider 

any sequence { y i } ^  G R  that converges to y £ R. If we can show {Zi-1^ )} ? ^  

converges to h~1{y) in R + U {0} then Zi-1 is continuous ([12] pg. 128). There must 

exist an AZ G N U {0} so that y and yi are in R ^  for all i, for if this was not the case, 

then there exists a subsequence (t/ .̂ and natural numbers rq < n2 < n3 < ... 

so that Ijij £ R nj \  R nj-I- But converges to y £ R  which contradicts the

hypothesis that such sequences have there limit points outside R. So there exists an 

N  such that y and yi are elements of R n for all i. Let us look at Zi|[0)jv] : [0, N] —> 

Un=Q1 Rn- Because Rn ~  [n, n +  1] for all n and the countable union of compact sets 

is compact, Zi| [OiAr] is a function between compact metric spaces that is continuous 

and bijective since Zi is and we selected our range space to make it so. Thus by 

Lemma 2.1, Zi|[OiAr] is a homeomorphism and so {(Zi|[o,w])_1(2/i)}iSi =  (Zi-1Ui) 

must converge to (Zi|[o,jv])_1(y) =  h~l (y), so Zi-1 is continuous as desired.

Therefore Zi is a homeomorphism from R + U {0} onto R. Q. E. D.

We define a topological space X to be a generalized sin ^ space if:

(a) X  is compact and connected,

(b) X  has two path components, one homeomorphic to a compact interval in R , 

and the other homeomorphic to R + U {0}, and



17

(c) the non-compact path component is dense in X .

Lem m a 3.3 The space lim{<pn} is a generalized sin ^ space.

Proof: As mentioned in the first chapter, we know that Iim(^n) is com­

pact and connected. Define a subset of lim{y>n} by A = {x = (x0,Xi,X2 , . ■ G 

\\m{npn} : xn G [|,1] for all n}. Since Pn\{kti}{x) =  elements of A have the 

form (a;o,a:o,a:o,...). Let Zi : A ->■ [|,1] be equal to 7To|a, thus Zi is continu­

ous. Next let y : [|, 1] -> A be defined by g{x) = (x ,x ,x , . . . ) .  I f z  G 

TTn o g(x) = x  for all n, so TTn o 5 is the identity map and thus continuous. Hence 

by Lemma 2.2, g is continuous. Also, if x = (z0, aq, Z2, . . . )  =  (zo,z0, z0, . . . )  G A, 

5 0 Zi(z) =  g(x0) = (z0, z0, z0, . . . )  =  z and if z G [|, 1], Zi 0 g(z) =  Zi(z, z, z , . . . )  =  z. 

Therefore g = h~l and Zi is a homeomorphism from A to the interval [|, 1] G R .

Next let B  = (lim{<£>n}) \  A. Since lim{<pn} is compact and connected, B  is 

not compact, otherwise A and B  form a separation of lim{yra}.

We now show lim{<pn} is not path connected. Assume, by way of contradiction, 

that 7 : [0,1] —> lim{y>n} is a path from 0 =  (0,0,0, . . . )  to |  =  ( |,  thus we

can write 7  (Z) =  (z0(Z), Z1(Z), Z2 (Z), . . . )  where xn : [0,1] —̂ /  is a  continuous function 

such that zn(0) =  0, zn(l) =  |  and, since 7  is a path in hm{<pn}, (pn(xn+1(t)) = zn(Z), 

for all n and Z. Thus xo(t) = (p0 0  Ip1 0  ip2 0  0  yn_1 0 zn(Z), for all Z G [0,1] and all

n G N .

Let Mn be a transition matrix for (pn. First let /0 =  [0, |] and I1 =  [|,1]. 

Then, from our hypotheses about <pn, we have ^ n(Z0) =  /0 U J1 and Ipn(J1) =  J1. 

Notice we have the same transition matrix for all <pn so let Mn =  M  where:

I
0

We note that it is easy to show (by induction) that

-Mo-ZU1Af2 ■ ■ ■ Mn_i — M n
I n 
0 I



18

So by Theorem 3.1, for any N* £ N there exists subintervals J i , J2, Jg,. . .  , Jn* of J1 

so that Xo(Jm)- = ip0 o Ip1 o (p2 ° ■ ■ ■ o <pN*_i(xN* (Jm)) D /2 for m  =  I, 2, 3,. . .  , N*. 

Hence there exists tn, sn £ Ji such xo(tn) =  \  and rc0(sn) =  I, also we can order these 

either ti < si < £2 < $2 < • • • < sjv- i < £w or S1 < £i < S2 < £2 < • • • < tN-i < Sjv if 

iV* is even and iV =  ^ -  +  I or else, if N* is odd and N  =  £1 < si < £2 < S2 <

• • • < tN < Sn  or si < ti < s2 < t2 < ■ ■ ■ < tN < Sn - The arguments are identical 

regardless, so assume we have the case where £]. < S1 < £2 < s2 < • • • < sn- i < £w- 

Since N* was arbitrary, we can choose N  as large as we need.

Because Xq is continuous on [0,1], X0 is uniformly continuous and there is a 

5 > 0 so that if |£ -  s| < 5, then |a;o(£) -  a;0(s)| < We choose N  large enough 

so that 277 < <5. Then there must be a £n and sm, where m is n — I or n, so that 

|sm -  £n| < 5 but Iz0(Sm) -  z0(£n)| =  |1 - | |  =  | > j . This a contradiction, therefore 

lim{^n} is not path connected.

It is clear that A, homeomorphic to [|, 1], is contained in a path component, 

so we wish next to show that the only other path component is B, and that it is 

homeomorphic to a ray. Recall we defined cn =  min{z £ [0, |] : <pn(z) =  1}. Let 

B 0 = {x  =  (z 0, Z 1, z 2, . . . )  6 lnn{(pn} : Z 0 G [0, c0]} and B 1 = {x — (z0, Z1, z 2, . . . )  G 

lim{<pn} : Z 1 G [0, C1] )  and continue like this to get the general form: Bk = {x = 

( Z07Z l j Z 2 , . . . )  6  lim{^n} : xk G [0,cfc]} then Ufc>oBk =  =  ( Z0 j Z l j Z2 , . . . )  G

lim{<pn} : Z fc G [0, ck] for some k},  but [0, ck\ C [0, |)  and if xk G [0, |)  then Zfc+1 G 

[0, %)  C [0, Cfc], so Ufc>0 B k = {x = (Z0jZ1jZ2, . . . )  G hm{^n} : Z fc G [0, f)  for some 

k} = (lim{<pn}) \ A  = B. Notice that since [0, cn] C [0, |) ,  (pn is strictly increasing 

on [0, on], (pn(an) =  I and <pn(z) > |  for z G [on, 1], it is the case that if zn G [0„cn] 

then xn has only one preimage, that is zn+1 =  [<pn]_1(zn) G [0, on+1) C [0, cn+1]. So 

in general we know that if xn G [0, cn] then zn+1 G [0, cn+1]. Thus Bn C Bn+1 for all 

n G N U {0}. In addition we notice 0 =  (0,0,0, . . . )  is an endpoint of Bn for all n.
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Next we show Bn is homeomorphic to a compact interval in R . Let hn : Bn -> 

[0, cn] be defined as hn =  Trra]Bn, so hn is continuous. From the hypotheses about (pn 

on [0, an], I[Qiffllj] is a homeomorphism, so let 7„ =  thus if xn G [0, |) ,

xn has only one preimage under <pn and so xn+1 = rYn(Xn). Define gn : [0, cn] -> Bn

by =  (y)o o o  - "  o Vm-iW , yi o o  - - - o . . .  , W , 7mW , 7m+i<>

7mW,7m+2 ° 7ra+i o ^ ( x ) , . . . ) .  Since ipk and rJk are continuous for all k, TTk o gn 

is continuous for all k, so by Lemma 2.2, gn is continuous. We quickly see that 

hn o gn(x) — x  and gn o hn(x) =  x, so Iin1 — gn and hn is a homeomorphism as 

desired.

Notice that if y =  (?/0, y i,y 2 ,---)  e  S n\B n_i then because y Bn^u y{ G [|, 1] 

for all i < n and since Vilfi1!]^) =  ?/o =  =  2/2 = • • • =  2/m-i, but y e Bn so

yi G [0, | )  for all i > n. Hence y_ =  (y0,2/o,2/o, • • • , 2/o,2/m,2/m+i, • • •)• Now suppose 

z =  1,2,3, . . .  and is a sequence of integers such that 0 < ni < n2 < n3 <

.. .  and is a sequence of elements of B  so that x? G B ni \  Bni- i  and let

% be a limit point of . Assume, by way of contradiction, that x e B  =

U71>o Bn, so there exists some W g NU {0} so that x G B n \  Bjv-I (where B0_i

is taken to be {}), thus x = (x0, X0, Xq,. ■ ■ , x0, xN, Xjv+!, . . . ) .  There also must be 

an f  G N so that if i > i*, Ui > N. Therefore if i > i*, then x2 G Bni \  Bnj_i 

and x =  (xq, x ,̂ Xg, • • • , ̂ jv, • • • , —i > , • ■ ■) (*̂ 0) ^o, ^o, ■ • • , , • • •) where

Xz0 G [|,1]. Since Xjv G [0, \) , Ixjv -  > 0, let e =  ^ n+P - Hence ii i > i* then
OO

Ui > N  and d(x,x1) =  ^ ~p- > ^jv2Z jv̂ > ^ 2 j v =  2 2̂%+̂ - =  2e > e. Therefore
j= 0

we have found an e > 0 such that for all i > i*, x2 is not in the e-ball about x, 

so at most finitely many elements of (X2) ^ 1 are in the e-ball, which contradicts the 

assumption that x is a limit point of {x}g^. Thus all the limits points of the sequence 

are outside of B. Therefore B and Bn satisfy all the hypotheses of Lemma 3.2, so B 

is homeomorphic to a ray.
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Then since B  =  (lim{<y9n}) \  A  and B  is path connected, not only is A in a 

path component, A  itself is the only other path component, besides B.

Next we show that B  is dense in lim {^}. Recall that every point of A  is 

of the form z  =  ( z , z , z , . . .)  where z E [|, I]. Since <pn([0, |]) =  [0,1], if z E ( |,  1], 

there exists an X 0 E [0, | )  such that cpn(x0) = z and if z = ^, then let X 0 — an, 

thus <pn{xo) — z  and a;o ^ [§,!]. Now consider the sequence {zl}?l0 defined by 

Zi — ( z , z , . . . , z, z, X0jXl lX2, . . . )  where x0 is in the (i + l) s* position and as before 

(Pi (x i+1) =  X i , hence Zi E hm{y?n}. Because ^ [5,1], A G B. Now to show {zl}?l0 

converges to z, let e > 0 be given. Therefore there is an TV E N so that < e,

so for i > N, d(z,z<) =  Ef=O1 ^  +  < 0 + E “ w i  < 0 + « = o  Hence

(A )iT 0 converges to z, as desired.

Whence lim{y>ra} is a generalized sin ^ space. Q. E . D.

For the next lemma we make another restriction on the sequence of cpn func­

tions. In addition to the properties (a)-(d) at the beginning of this chapter, assume

(e) (fin is monotone increasing on [0, cn].

Thus we can see <£n|[o,c„] = [0,1], with (fin(cn) = I  and fin\[a,cn\ is a  home- 

omorphism. Define (^n|[o,cn])-1 =  In ■ [0,1] [0, cn] and let T ipntk : [0,1] —>

Iim(^n) be defined by T Vntk{t) — (^0 0 0 0 ••• 0 (fik{t), 0 0 0 • • • 0

ipk{t),... , (fik(t),t, 7fc+2(*),7fc+2 0 7fc+3(t), . . .)• Notice that t is in the (k + l)s* posi­

tion.

Lem m a 3.4 For any fixed & E N U {0}, T ipntk is an embedding.

Proof: This amount to showing that T vntk : [0,1] —>■ Range(T1̂ilifc) is a home- 

omorphism. First let us show T ynifc is one-to one. Let x ,y  e  [0,1] so that Tynifc (z) =
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Yy,.,&(%/), that is * W  =  (^o o ^  o . . .  o y?i o ^  ° ° - - - ,

^ + 2(3;) , . . . )  =  (poo Pi " °W 2 /) ,y i  ° P 2 ° - - °  %%(!/),... ,yt(2/),%/,7t+2W,...) =

Yy>ro,fc(z/)- Therefore x = y since they both occupy the (k +  l ) st position.

Now because ipn and % are continuous for all n  and the compositions of 

continuous functions are continuous, irk 0  T Vntk is continuous so by Lemma 2.2, T Vri!k 

is continuous. Thus T ipnjIt is a bijective continuous function from compact space [0,1] 

onto its range, which is a subset of the metric space hm{^n}, so by Lemma 2.1, 

T ipnjk is a homeomorphism onto its range and is thus T tpnjk : [0,1] -4- lim{<pn} is an 

embedding. Q. E. D.
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CHAPTER 4

AN EXAMPLE: TWO DIFFERENT UNIMODAL 
GENERALIZED sin± CONTINUA

This chapter contains two examples of unimodal continua that are also gener­

alized sin i  spaces, referred to from here on as unimodal generalized sin ^ continua. 

We will see that these two examples of continua are not homeomorphic to each other.

Let us first look at some motivational material. Define /  : /  =  [0,1] —>• /  to 

be the continuous, piecewise linear, unimodal function:

A quick look at the sketch of the graph of / 2 below (Figure 8) indicates that f 2 

satisfies the assumptions (a)-(e) of our (pn functions in Chapter 2, so by Lemma 

3.3, Iim/ 2 is a generalized sin ^ space. The same thing goes for / 4 sketched below 

(Figure 9). In fact, lim / ~  Iim/2 ~  Iim /4 by Corollary 2.2. But / i s  a unimodal 

function, so lim /2 is a unimodal generalized sin |  continuum. It turns out that lim /2

is homeomorphic to the space illustrated in Figure 10 ([11]).

It occurred to us that perhaps a function similar to / 4, but with one of the 

two “spikes” shortened (see Figure 11), repeated as the only bonding map would 

yield a different inverse limit space than that of lim /2. The bonding map pictured in 

Figure 11 has an inverse limit space homeomorphic to the space illustrated in Figure 

12 (This will be clear from a later proof).

if O < rr < I 
if I < a; < I

We next consider f  ° f  = f 2 which is:

Ax if O < x < I
|  — 2x if % < x < ^
X i f  j < X < I
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I - / \  1 _- A. Z  I -

>2- - /  ^

/  ^
Z I I

/  ^
I I I

I f 4 I
I I 1

0 I I 0 I I 0 I II I
4 < 4  ;

Figure 7: Function /  Figure 8: Function/2 Figure 9: Function/4
■

Figure 10: A Visualization of lim /

Figure 11: Function g Figure 12: A Visualization of limy

But because we are interested in unimodal continua, we wish to find a few 

unimodal functions from T to 7 so that the composition of these unimodal functions 

will have a graph whose sketch looks like Figure 11. After many hours composing 

piecewise linear unimodal functions, we have succeeded.

Let u, v, and z be functions from I  onto I  defined by:
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u(x) =

v(x) —

z(x) =

I a; if O < a; < I

+  J if -f < ® < I

§ a: if O < a: < §

—a: +  y  if § <  ̂< I

fa; if O < a; < I

fa: +  I if 2  —  ^  —  I

We pause for a look at the sketches of the graphs of these functions.

Figure 13: Functions u, v and z

Now let:

g(x) — f  o u o v o z(x) — <

80 
9 - if 0 < a; < ^

VlVl+1

- I *  + I if Ti < * < 5

X if I  < a; < I.

Then Figure 11 is the sketch of the graph of g. If we let tau =  / ,  T4ra+1 =  u, T̂ n+2 =  

v and T4n4-S — z for M =  0, 1,2 , ,  then Iim(Ti) is a unimodal continuum, but
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Iim(Tj) ~  limy by Corollary 2.2. Since g also satisfies the assumptions (a)-(e) in 

Chapter 3, limy is a unimodal generalized sin )  continuum. We will show that Iim /2 

is not homeomorphic to limy.

For ease of notation, let X  =  limy and Y  =  Iim /2. Let A x  be the “limit 

bar” of X  which is formally defined as Ax  = {x = (xq, ah, t2, . . . )  e X  : Xi 6 [|, 1] 

for i =  0 ,1 ,2 ,...} . We define A y  to be the “limit bar” of Y, so Ay  =  (y =  

(y0, yi, t/2, • • •) G Y  : Ui E [ |, 1] for i =  0 ,1, 2 ,.. .  }. As mentioned in the previous 

chapter, points in A x  and A y  have the form (xo,x0,x 0, . . . ) .  Let B x  — X  \  Ax  

and B y  = Y  \  Ay, so that Ax  and A y  are each compact while Bx  and By  are 

non-compact rays.

Recall that we defined T vrojfc : [0,1] —>• lim{<yn} in the last chapter by T vrojfc(t) =  

[ ( P Q Og ) 1 O i p 2 O-  ■ ■ o  <pk [ t ) ,  W 1 O i p 2 O i p z O -  - - O i p k [ t ) ,  . . . , ( P k i t ) A ,  l k + 2  [ t ) , 7/C+2 °  l k + 3  [ t ) , ■■■) ,  

where =  (<yra|[o,cn])-1- Next we define y_k =  T gjfc( |) , for all k E N. Let us also 

adopt the notation |  =  ( |,  | ,  5, • • • )•

Let us take a closer look at the sketch of the graph of the functions y and f 2 

in Figures 14 and 15 below.

80 40 10

Figure 14: Details of y Figure 15: Details of / 2
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Lemma 4.1 The sequence { y k } k L o  converges to

Proof: Let e > 0 be given. There exists an iV G N so that ( X ^ at+2 zd < 

e. Note that y_k =  T ffifc(I) = (gk( \ ) ,gk~l { \ ) , . .. ,5(5), i Sf 1( I ) , ■• •) where 

Si =  sl[o,^]- But s ( | )  =  I so s fc =  (!,!>■•• ,5, Sf1(I), Sf2 (I),-. •)• Hence for 

A: > iV, if we let yk,i be the Ith coordinate of Sfc, then d(yk, | )  =  zl =

( E 1=O y )  +  ( E j=VH-I ^ F i1) < ° +  E 1=V+! W < 0 +  e =  e. Therefore s fc converges 

to Q. E. D.

Next let wk =  T j7jfc( ^ ) 5 for all A: G N .

Lemma 4.2 The sequence (SZfc) fĉ o converges to

Proof: Notice that s(&) =  |  and s ( |)  =  | ,  so wk = Tffjfc(^) =  (sfc(^ ),

S^1(A),- - -1 (̂&), &, sf X&), sf2(&), - - -) = (!>!»•■■ ,|,& ,sf1(^),si2(&), -)-
The rest of this proof is similar to the last proof. Q. E. D.

Let x k be defined by xk =  Tfljfc( ^ ) 5 for all A; G N  .

Lem m a 4.3 The sequence (Zfc) fcL0 converges to § =  (§,§, | ,  •■• )■

Proof: Similar to the proof above, we quickly notice that s ( ^ )  =  f and s ( |)  =

| .  Thus Xk = Tltk(Ii ) =  (St (S ) , / " ‘ (h ), . . . .  9(h ), H. S f1(B), S l2(A). • ■ ■) = 

, I  It : + ' ( ! + f + ' l L ,  ■■■) Then by an analogous proof to that of Lemma 

4.1, xk converges to |  G  Ax- Q- E. D.

Next we state the pivotal theorem for this chapter.

T heorem  4.4 The space Iims = X  is not homeomorphic to the space Iim /2 =  Y.
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Proof: Assume, by way of contradiction, that X  is homeomorphic to Y  and 

that /i : AT —>• y  is a homeomorphism. Recall that from the previous chapter and 

the definition of A x  and B x , the sets Ax  and B x  are the arc components of A" =  

limp and similarly Ay and B y  are the arc components of Y =  Iim /2. Since h is a 

homeomorphism, compact Ax  maps to compact Ay and thus h(Bx ) — By. Also the 

end points of Ax  must map to the end points Ay, so without loss of generality, assume 

fr(§) =  I =  £ Ay and h(l) - I e  Ay. Hence h(wk)™=1 and h(yk)™=i

must converge to |  G Ay. Since g  G (^ , \)  and Tfljfc is an embedding, Tfljfc(^ )  = xk 

lies on the ray Bx  between wk and yk- Now then (Zr(^fc))fcI 1 and {h(yJ j kL1 converge 

to | ,  since {wk}f=i and Iy lJ tL 1 converge to |  and Zr(|) =  | .  Also (Zr(Zfc) ) ^ 1 

converges to Zr(|) with |  ^  Zr(|) ±  I . For notation, let Zr(mfc) =  (wfc,o, wfcji, rufcj2, • • •) 

with analogous definitions for h(y_J and h(xk) and since (Zt(Zfc) ) fcY1 converges to Zr(|), 

define Zt(|) =  (z0jo,z0ji , Z0j2, • • •)> but since Zr(J) G Ay, Zr(J) =  (z0,o,^o,1^0,2, ■ ■ ■) = 

(2̂ 0,0,2:0,0,2:0,0, • • •)■ Because Zr(J) ^  J , z0,o ^  \-

Let e =  m in(A ) i ( | l  — 2:0,01), then there is an A G N so that d ( |, h(wk)) < e, 

d ( |, Zr(Pfc)) < e and d(Zt(J), Zr(Zfe)) < e for all k >  N.

Next we will show that for any fixed k > N, there exists an nr G N so that 

IIVfc,m -  yk,m\ > Ye- Suppose, by way of contradiction, that |ivfc,m -  pfc,m] < §  for all 

to G N . First we will show that ivfcj0 and pfcj0 are elements of [|, I]. If ivfcj0 G [0, |)  

then since the only preimage (under / 2) of [0, |)  is [0, |) ,  Wktl G [0, |) ,  thus | |- r v fcjl| >

Il -  Il =  I and so d ( |, I i ( W t ) )  = E ” „ ^  ^  > I  =  A > H > <=-

is to say d ( |, h(wk)) > e .  But we selected A  so that d (|, h(wk)) < e for all n > N, 

therefore -Ivfcj0 ^ [0, | )  and it must be that Ivfcj0 G [|, I]. By a similar argument, we 

know pfcj0 G  [|, 1] also. However, since h(wk), Zr(pfc) G By, there exists an r G N such 

that ivfcji G  [0, \)  and a /  G  N so that pfcjfl G [0, \). Again since the only preimage of 

[0, | )  is [0, |) ,  wkti+n G  [0, |)  and pfcji+n G [0, | )  for all rr =  0 ,1,2 ,. . .  . Now let i* be
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the smallest integer so that Wk,i* 6 [0, |)  and let j* be the smallest integer so that 

Vkj* G [0, |) .  Thus Wfcli._i and are in [|, I].

Now because / 2(a;) =  a; for a; 6  [5 ,1], Wfĉ i =  for i < i*., we get | |  -

^fcli. _ i I =  | |  -  Wfc,o| <  T lZo 1̂ T -  =  d ( | ,  <  e- Therefore Wkjî 1 6  [ |,  |  +  e).

T he preim age of |  +  e) under / 2 is [ | ,  |  +  f ) U ( |  -  f , |  +  e) and  wkti* G [0, | )  w ith 

Z2 (Wjtji*) =  Wfcji*-!, so Wfcji. G [ |,  I  +  D  U ( 2  -  2 ’ 2 )- Sim ilarly %,;* E [ |,  |  +  f )  U 

( |  -  |) .  F irst, le t us consider th e  case where i* < j*. T hen ykji* G \  +  e) and

we assum ed Iwjtji* — yk̂ \ < ^  and e <  ^ ,  so Wfcji* ^  [ f , |  +  | )  C [ | ,  |  thus

Wjtji* G ( |  -  | ,  | )  and then  / 2 (Wfcji*) =  Wfcji*+! G [0, f )  which is th e  only preim age

under / 2 of [0, | )  D ( |  “  f ’ D- Therefore, using the assum ption th a t |wfcji*+i -  

yk,i*+i\ < Vk,i*+i £ [ | > 5  +  e) and  ^fcji*+! ^  ( |  -  f , | )  so Tyfcji*+! G [ | , |  +  f ) , 

hence j* =  Z* +  !. By a  analogous argum ent, if j* < i*, th en  i* = j* + I and 

yk,j*+i G  [0, | )  w ith  Wfcj.+i G [ |,  I  +  | ) .  If it is the  case th a t  i* =  j*, then Tyfcji*, 

Wfcji* G [ |)  I  D  ( 2  — I ’ 2 )  an^  Tyfc,i*+i) wfcji*+i G [0, | ) .  In any case, wfcji*+i, Tyfcji*+i G  

[0 ,1 +  | ) .  Now assume, w ithou t loss of generality, th a t wfcji*+i <  Tyfcji*+i and consider 

T / 2ji*+i([wfc)i*+i,Tyfcji*+i]). Since Tyzji*+! is- an em bedding, T y 2'ji*+1 ([wfcji*+i,Tyfcji*+i]) 

is an  arc in  By w ith  endpoints h(wk) and h ( w ). B u t h(xk) is on th a t arc between 

h(wk) and h(yk), so Xfcji.+1 G  [wfcji*+i, yfcji*+i] C [0, J +  f ) and f 2 is stric tly  increasing 

on [0 ,1 +  | )  thus Xfcji* G  / 2( |w fcji*+i,Tyfcji.+i]) — [wfcji*, Tyfcji*] C ( |  — |)  |  +  e) T hen 

Z 2( x fcji* )  =  Xfcji*_ i G  [ | ,  I  +  e )  and since / 2 (x) =  x for x G  [ |,1 ] ,  we see th a t

Xk,o =  ^fcjI*-! G [ | ,  I  +  e). Also |x 0j0 — x fcjoI <  ' 0̂ i ^  =  ^(^( f )?  ^fefc)) <  e-

Therefore |x0jo -  | |  <  |x0jo - X fcj0) +  |x fcj0 -  | |  <  e +  e =  2e. B u t by th e  selection of e, • 

e < | | |  — X0j0|, so Se <  | |  — X0j0I <  2e, a clear contradiction. Hence m ust there exist 

an m  G  N U 0 so th a t  |wfc>m -  Tyfcjm| >  ^  as desired.

Since Wfcji G [ | ,  |  -  e) for t <  t* and Tyfcji G [ | ,  |  -  e) for i  <  j * ,  it must be that 

Iwfcji -  Tyfcji] <  e for i <  minjZ*, j*} s o  m  >  m in{f, j*}. Hence either Wfcjm G [0, \)  or
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yk,m G [0, \)  and \wkim- y k,m\ > Without loss of generality, assume wk,m < yktm, so 

the diameter of the interval from wk,m to yk,m, denoted diam([rufc,m, Uk,m]), is greater 

than £  and yKm < |  +  e < |  +  ^  =  ^ ,  therefore \  G [wk,m,yk>m}. Define bk =

r̂ f2AD  =  ( (Z 2)^(I)= (Z2) ^ 1( I ) 5 • • • > / 2( l)> 4 ' A ' " ' )  ^  ( 1 , 1 , 1 , ----- , 4 ) 1 6 '  W here

I is in the (A: +  l ) s* position. By a similar proof to that we have seen before, it can 

be shown {&*,J-̂ L1 converges to I =  (I, I, I , . . . )  G Ay. Since h is a homeomorphism 

and we assumed h(l) = I, converges to I G Ax . Now for any fixed k,

because \  G  [wktm,yk>m}, kk is between h(wk) and h(yk) on the ray By, so h™1^ )  is 

between wk and yk on the ray Bx- If we let Ii^1(Bk) = (bkfi, bk,i, bk>2, . ■ ■ )> it must be 

that bk>k G  [^ , \] since T 5jfe is an embedding and T Sjfe[^ , \] is an arc from wk to y_k, 

thus containing h_1(6fe). Because {h-1(6fe)I fê i converges to I, there exists an Z G N so 

that d(h_1(&fe) ,l )  < ^  for all k > l .  So |6fej0 -  1| < =  d(h-1(6fe) ,l)  <

But the largest g(x) gets for x  G [^ , |] is | ,  so 6fejfe_i < |  and since =  a; for 

a; G [ |, 1], &fe)fe- i  =  Ztfej0 < I- That contradicts |Ztfej0 -  1| < T.

Therefore h cannot be a homeomorphism and thus X  =  limy is not homeo- 

morphic to F  =  Iim /2. Q. E. D.

Thus we have seen that X  and Y  are two distinct examples of unimodal 

generalized sin ^ continua.

We note here that X  =  limy is homeomorphic to the M-continuum discussed 

by Sam Nadler in [13], however Nadler does not create it as a unimodal continuum.
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CHAPTER 5

A N  U N C O U N TA B LE C O LLEC TIO N

In this chapter we will construct a collection of unimodal generalized sin  ̂

continua for which uncountably many are non-homeomorphic with each other.

Let a =  (a0a i<22 • • •) be an element of the uncountable set {0,1}^ (see [12], 

pg. 50), that is a is an infinitely long string of 0’s and 1’s. Suppose we divide {0,1}^ 

into equivalence classes. Let (Uodid2 . . . )  and (bobib2 . . . )  be in the same equivalence 

class if and only if there exists & k E Z  and an IV 6 Z+ so that =  d% for all 

i > N . Define C to be set of these equivalence classes.

Lemma 5.1 The set C is uncountable.

Proof: First we recognize that for any fixed k, N  can take on only countably 

many values. Since k must be an integer, for any given (Uodid2 ...),, the equivalence 

class of (doUid2 . . . )  is a countable collection of countable sets, and thus is countable. 

If we assume, by way of contradiction, that C is countable, then {0,1}^ is the union 

of countably many equivalence class, each with countably many elements, and hence 

is countable. But we know {0,1}^ is uncountable. This contradiction proves that C 

is an uncountable set. Q. E. D.

Use the functions g and f 2 that were defined in the last chapter and let 770 =  5 

and 771 =  / 2, then let = rjai. Thus hi : I  I  is equal to 5 if Ui =  0 and equal to 

/ 2 if u* =  I. So, by definition, Iim(Zzi) is a unimodal generalized sin )  continuum. 

Hence for each member of (0 ,1}^ there is a corresponding inverse limit space.

Now let a — (U0Uid2 . . . )  and b — (Z)0M 2 • • •) be elements of (0 ,1}^ and let 

Iim(Zzi) correspond to a and Iim(Zzi ) correspond to b.
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T heorem  5.2 The continuum is homeomorphic to the continuum

if and only if a and b are in the same equivalence class of C .

Proof: Let us start by assuming that there exists a, k E Z  and N  E Z+ so that

bi+k =  Oi for all i>  N . This could also be written as bN+k+i — aN+i for i =  0 ,1, 2 ,----

Therefore ijbN+k+i = rjaN+i so h*N+k+i =  hN+i. Now if we apply Corollary 2.1 we get 

that lim{h|} =  Iim(Zti), as desired.

Next assume that Iim(Zii) ~  lim(Zi*). Let H  : Iim(Zii) -4- lim(Zi*} be a 

homeomorphism. If we define the “limit bars” of Iim(Zii) and lim( Zii ) as in the 

previous chapter, that is ^  =  (x0,x 0,x 0, . . . )  is in the limit bar for X0 G [|, 1], it must 

be that H  takes the limit bar of Iim(Zii) to the limit bar of Iim(Zit) and similarly 

the ray maps to the ray. Consider the sequence of points in Iim(Zii) defined by P1 =

(l,Pl,l,Pl,2,Pl,3, • • • )> P2 =  (1X 1,P2,2,P2,3,P2,4, ■■■•)> P3 = (I, I, I ,P3,3,P3,4,P3,5, • • ■ ) and 

so on, with the general term being Pj — (1,1,1,. .. , l ,p y ,p iii+i,p i)i+2, . . . )  where 

Pij < I for j  > i. Clearly (Pj) î 1 converges to I =  (1,1 ,1 ,.. .)  which is an endpoint 

of the limit bar of Hm(Zii). Similarly define q. =  . , gi;i, gi)i+i, giji+2, , . . . )  so

(% )^i converges to |  =  ( |,  the other endpoint of the limit bar of Iim(Zii).

So let ( C i )  be a sequence of points of the form (§, | ,  | , . . .  , | ,  ci}j, Cij+1, Cij+2, . . . ) .  

Note that since ^  < | ,  Cij+m is completely determined for m =  0 ,1 ,2 ,—  There 

may be none of these points Ci , a finite number of these points, or they may constitute 

an infinite sequence. If these points form an infinite sequence, ( C i ) i^ 1 converges to 

| .  Notice that since p (^ ) =  |  ^  / 2(^ ), each point of (C i )  corresponds a different 

function of Zii being equal to the function g, so an = 0. where n  is different for each 

different i.

We similarly define (^ i), (y.) and (Zi) to be sequences in Iim(Zii ) with Xi =

( I ) I ; ! ) ' ' '  ; I ;  *^1,1) •Z 'iji+ l; ' ' ' ))  P i ( 2 ’ 2 ’ 2 ’ " " " ’ 2 ’ P i,i+ 1 ) P i,i+ 2 ; • ■ • ) ^ n d  Zi

(I, I, I , . "  ZiJ, z i i i+ i ,  Zi>i+2, . . .) and further assume we number the points Ci
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and Zi so the larger the i, the closer we are to the limit bar. As before, it can be 

shown that { X j} ^  — > I G  lim{/z*}, — > ~ G hm{h*} and, if {zt} is an

infinite sequence, — > |  G lim{h|}.

— 6 — 5 —4 — 6 —5 —4

Figure 16: The Spaces lim{hj} and lim{h|}

It is possible that neither {Cj} nor [Zi] is an infinite sequence, in which case 

for some Ni G N , h, =  / 2 for z > N x, for if =  g, then we would get another 

Ci . Similarly there exists an A2 G N so that h* = f 1 for % > A2. Now let A  = 

max{Ai, A2} and let k = N2 -  N 1, so that Oi =  I for i > A  since =Hi = f 2 — r]i 

and also bi+k =  I for i > A  because r}bi+,k — h* = / 2 =  ?7i. Thus bi+k =  Gi for i>  N.

Next we consider the case where either [Ci ]  or { z j  is finite and the other is 

infinite. Without loss of generality, assume { c j is finite and (Zi) 1T 1 is infinite. From 

the form of the coordinates of Ci versus p., we know only finitely many of the bonding 

maps hi are equal to g, the rest are equal to / 2. Then Iim(Ai) is homeomorphic to 

Iim /2 by Lemma 2.1, thus we have Iim(Ai ) homeomorphic to Iim /2. However, since 

(Zi) lT i is infinite, Ai =  g for infinitely many %'s, we construct a proof very similar 

to the proof of Theorem 4.4 to show that Iim(Ai ) is not homeomorphic to Iim/ 2. 

So to do this, assume G is a homeomorphism from Ihn(Ai ) onto Ihn/2. Notate 

any arc in Iim(Af) from y_n through zm ending at y_n+1 by (yn,z m,yn+l) and look 

at G ((^ ,z ,n ,2 /^ )). Smce (y .)g i — » I and ( z j ^  — » (G(y.))Ti converges
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to an endpoint of the limit bar of Iim /2 and converges to something

other than an endpoint. Thus for increasingly large m, G({y_n) zm,y_n+1)) contains 

a point with the first several coordinates being the number I, so that (Ai) ^ 1 

converges to the opposite endpoint of the limit bar of Iim /2 from which (Gr(^j) I î 1 

converges. Then (Gr- 1(6i)} ^ 1 — Y I and G^1 ( 6m ) G {yn,z m,y n+l), but from the 

construction of Zi and the function g, we know that the first coordinate of every 

element of (2/ra,Zm, Z/n+1) must be smaller than | ,  so (Si) ^ i  cannot converge to I 

hence Iim /2 is not homeomorphic to Iim(Zii ). This is a clear contradiction, so it 

must not be the case that either (Ci) or (Zi) is finite and the other one is infinite.

Now let us assume both (Ci) î 1 and ( Z i ) i^ 1 are infinite sequences, that is they 

have infinitely many distinct points. Since i f  is a homeomorphism, ( i f -1 (Z j) î 1, 

[H -1Iy . ^ iI 1, and ( i f -1 (Z i ) all must converge to point on the limit bar of Iim(Zii).

Define z0 to be the limit point of [H -1 (Z^yiI 1 on the limit bar of Iim(Zii), and since 

endpoints must map to endpoints, Z 0 ^  I and z0 ±  | .  Next consider (Jf(Pi)) î 1, 

(Jf((Zj)) î 1, and (Jf(Ci)) l̂ 1 which must all converge in the limit bar of Iim(Zii ). Again 

if we let (Jf(Ci) ) ^ 1 — > C0 in the limit bar of Um(Zii ), C0 ^  I and C0 ^  | .  For now 

let po be the limit point of the sequence (Jf(Pj))^fi1 and similarly let qQ, x0 and pQ be 

limit points of (Jf((Zj)) i^ 1, [H -1 (Xi) ^ 1 and (J f -1^ j) ^ 1, respectively. Since Jf is 

a homeomorphism, each of these limits on an endpoint of the limit bar of the space 

the limit point is in. Let e > 0 be defined as follows:

e < § min(d(l, | ) , d ( |, | ) , d{l, z0), d ( |, z0), d(l, c0), d ( |, c0))

We let A"* G  N be large enough so that all points of the sequences we have labeled 

are within an e-ball of their limit point for all subscripts i>  N*. Choose n ,m >  N* 

so that for a given cm, G is the closest point of (gj) ifi1 to cm along the ray from Cin 

to the endpoint of the ray part of Iim(Zii), then qn+1 is the closest point of (g.)?^
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to cm along the open end of the ray. Notate the arc from 5 , through cm and ending 

at qn+l by (?n, cm, 9n+1). If we look at H{(gn,cm,qn+l)), we know that H {qJ  and 

H(qn+1) are within e of gQ, but H(cm) is not, it is within e of C0 . Thus if qQ =  I,

cm, £n+1)) must pass through y. for some i, but then € (gn, cm, gn+1).

Now if =  I then P0 = I and it must be that y0 =  I, so H - 1 ( y G (gn, cm,gn+1) 

and i J _1(yi) is within e of I, which contradicts the selection of qn, cm and g , thus 

it must be the case that =  |  G lim{h|}, pQ =  I  G lim{h.t}, =  |  G hm{hj} and 

go =  lim{hj}.

Now then, still considering H ((q^, cm, q )), we know that qn and gn+1 are

within e of I  and that cm is not within e of so H ({q^, cm, qn+l)): passes through 

either a point of call it xM or a point of labeled gM*. If M  (or M*)

is less than N*, choose a larger n and m  until we get xM ( or zM* ) so that M  > N  

(M* > N). Thus either we have an x ^  within e of I or there is a zM* within e of | .  

Since Xi converges to I, H -1 [Xi)  converges to I and M  > N*, so H ^1(Xm) is within 

e of I, but since x M G H ((qn, cm, qn+1)), H ^ (X m) G {gn, cm, q_n+1). However cm is 

the relative maximum of this arc, in other words cm is the point with the largest 

first coordinate, which is | ,  so x M cannot have a first coordinate larger than | ,  hence 

H~l [xM) cannot be arbitrarily close to I. Therefore it is zM* in H{{qn,cm,qn+^)) and 

both cm and z M*, by virtue of the first coordinate being |  and the first coordinate 

less than \  being relate to the bonding map g in the inverse limit space. Hence 

ham = h0 = g = hi — hi and bM* =  0 =  am. Let m — N  and k = M* -  m so 

bi+k = Oi for i = N.

This argument can then be repeated for cm+1. We know that the same k 

will work since cm+1 maps to z M*+l, for if it did not, we could consider an arc 

(yM, ZM*+i,yM+1) and the arc L T 1 ((pM, zM*+1,y_M+1)) and with an argument similar 

to above, arrive at a contradiction. Again repeat the argument for cm+2 and zM*+2,
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and so on. Therefore we have =  Oi for z > iV as desired. Q. E. D.

Define D  to be the collection of all inverse limit spaces lim{hj} of this form, 

that is, spaces using f 2 and g as the only bonding maps, applied in different combi­

nations.

C orollary 5.3 The set D contains uncountably many pairwise nonhomeomorphic 

spaces.

Proof: From the theorem above, there is a one to one correspondence between 

our set D  and the set C from Lemma 5.1. Q. E. D.

So we have created an uncountable set of unimodal generalized sin ^ continua.

The continua considered here are often called arc +  ray continua for obvious 

reasons. We wish to point out that Karen Brucks and Henk Bruin ([6]) have proven 

that there are uncountably many nonhomeomorphic unimodal inverse limit spaces 

that are non arc+ray continua.
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CHAPTER 6

A D IF F E R E N T  U N C O U N TA BLE C O LLEC TIO N

In previous chapters we created an uncountable collection of unimodal gener­

alized sin ^ continua. If we look at the visualizations of these continua, like Figure 

16, we could characterize the way we created this collection by saying we varied prox­

imity of the critical points of height |  relative to the limit bar. Here we define height 

to be the first coordinate of our point. In all these cases, the critical points all have 

heights of | ,  I  or I. In this chapter we develop an uncountable collection of unimodal 

generalized sin ^ continua by creating infinitely many different height critical points.

If all of the local extreme points that do not have a first coordinate of |  or 

I originate from the same side, say for example they start at the bottom and reach 

part way up, we will call the inverse limit space an M-continua. (We realize our 

figures show them looking more like a W  shape than an M, but our Figure 5 is 

homeomorphic to what Sam Nadler, [13], refers to as M-continua, so for consistency, 

we will call the ones we created in the last two chapters M-continua as well.) In 

the next chapter we consider how to create what Nadler refers to as MW-continua, 

where the critical points of heights between |  and I are originating from both sides 

(top and bottom). Refer back to Figure 6.

Let us start by letting (3 be any number in [|, |] and define the following 

functions parameterized by /3.

Let up : [0,1] -4- [0,1] be defined by:

- x  + 2p + l  if 2/3 < % < I

if 0 < % < 2/3
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and let Vp : [0,1] -> [0,1] be defined by:

if 0 < a; < /3

—£ +  /3 +  1 if /? < £ < I

and define ^  : [0,1] -+ [0,1] by:

In addition recall that we defined /  : [0,1] -+ [0,1] by:

2x if 0 < £ < ^
I £ if I < ® < I

Now let : [0,1] —» [0,1] be defined by gp = f  oupovpozp. One can see that 

the functions u, v, z and g from the previous chapters are exactly us, U|, z& and 

respectively, so refer to Figure 13 and 14 for sketches of the graphs of these functions 

for /3 =  | .  Figure 17 shows gp for /3 =  5, ^  and

A little investigation shows that x — ^ p  maps to /3 under Zp,, then /3 is a 

critical point of up and maps to I. The function up maps I to 2/3 and then /(2/3) = 

I  — 2/3 for /3 G [j, |]. Thus for (3 6  ( |,  | )  we get £ = is a critical point of gp 

leading to the local maximum of g (jz 2p) — § — 2/3, which is an element of ( |,  I). 

Examples of this are g i(g )  — =  |  and g i( \)  = §• We also notice that the

relative size of /3 is inversely proportional to the height of this local maximum, that 

is, as /3 gets larger, g p i^ p )  =  § — 2/3 becomes smaller.
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Figure 17. Function gp for Various Values of /3

Notice that ui and Zi are both the identity function and vi =  / ,  thus gi = f 2.
2 2 2 2

Also, it can be shown that limgi is homeomorphic to Iim /2, but for any value of 

f3 6 ( |,  | )  we see that Iimgi3 is homeomorphic to Iimg =  limg|. However if we let 

h = gi o ga and consider lim/i, we see the resulting inverse limit space is apparently 

different than (that is, not homeomorphic to) Iimg or Iim/2. See Figure 18 for a 

visualization of lim/i.

We wish to generalize this idea, but before we can prove such a result, we 

need the following definitions and lemmas. We define an undistinguished point
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x  on the limit bar of a generalized sin ^ continua to be a point x  that has an open 

neighborhood that is homeomorphic, with homeomorphism H, to the following subset 

of E2: ({0} U {~ : Tb G N}) x (—1,1). See Figure 19.

I T "■

Figure; 18. A Visualization of IimA

Figure 19. A Neighborhood of H  of Undistinguished Point x

If a point on the limit bar is not undistinguished, we will then naturally call it 

a distinguished point. Figures 20 and 21 show visualizations to which neighborhoods 

of a couple of types of distinguished points would be homeomorphic.

H(x) -

Figure 20. A Neighborhood of a Distinguished Point
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H(x)

Figure 21. A Neighborhood of an End Distinguished Point

Now let X  and Y  be generalized sin ^ continua and G : A" —>■ F  be a homeo- 

morphism.

Lemma 6.1 The homeomorphism G must take distinguished points of X  to distin­

guished points of Y.

Proof: Since G would naturally take open neighborhoods of undistinguished 

points to open neighborhoods of undistinguished points, distinguished points must 

map to distinguished points. Q. E. D .

Next suppose that 7 is a particular number chosen from ( |,  | )  and suppose 

that countably many more numbers are chosen from |] (we allow repeating of the 

same number). Let us label the number 7 and the other numbers as Po, Pi, 02, ■ ■ ■, 

in no particular order, but require that 7 be repeated infinitely many times in the 

sequence, that is j  — Pi for infinitely many i.

Now g^ has a critical point c =  ^4^ so y7(c) =  |  — 27. For ease of notation, 

let k = P1(C) =  ( |  -  27) G ( |,1 ). Then, similar to what we have seen before, 

k — ( k ,k ,k , . . . ) i s  the point on the limit bar of lim{%} that is the limit of points of 

the form .(k, &,&,... , &, c ,. . . )  where of course the number of Es before the c varies. 

The points of the form ( k ,k ,k , . .. ,k ,c , . . . )  are on the ray part of lim{%}.



41

Lemma 6.2 The point k is a distinguished point of

Proof: For any e > 0, consider the (open) e-ball about k. Since e > for 

some n E  N, consider the point ft* =  (ft, ft, ft,. . .  , ft, c ,. . . )  where c is in the mth 

position, and m > 2ra+1. Then the distance from ft* to ft is less than

^ & - f t  , V  I =n , 2^r . I _  I
2' 2' "h I - I  2n+1 V I /  2"

-i — n n— n  - L i  2 '  /

< e
i= 0  i= n + l  2

So ft* is in the e-ball about ft. But c is a critical point of Q1, so for a; in a small 

enough open neighborhood of c 6 [0,1], <?7 < ft, thus points along the line segment 

ft* is on, inside this e-ball are of the form (p ,p ,p ,... ,p ,q , . ..)  where g7(g) =  p, g is 

in the mth position and p < k. Therefore no point near ft* on the line segment ft* 

is on goes above ft (that is, has a first coordinate bigger than ft), and so the e-ball 

about ft cannot be homeomorphic to ({0} U {^ : n € N}) x (—1 ,1) which means ft is 

a distinguished point. Q. E. D.

We wish to mention here that if we only have finitely many other numbers, say 

m —I of them so that with 7 there is a total of m  numbers, labeled A>> # l> /?2> ■ ■ ■ , 

again in no particular order, and we define h = gp0 0  Qp1 0  gp2 0  ■ ■ • 0  gpm_1 and also 

define Pjrn — Po, Pjm+i =  Pi 1 Pjm+2 =  P2 , • • • , P(j+i)m—i — Pm—i j  — 1 ,2 ,3 ,..., 

then of course limfi ~  lim{%} by Corollary 2.2. Hence ft, defined similarly to the 

one above, is a distinguished point of limfi.

Now we will generalize our earlier idea. Let to, n E  N so that m ^  n and 

choose to distinct numbers Po, Pi, P2 , ■ ■ ■ , Pm-i from ( |,  |) .  Also, choose n numbers 

70,71,72, ■ • • , 7n—1 from ( |,  |) ,  where 7, ^  j j  ii i ^  j  but we will allow some of the 

7’s to be equal to some of the P's. Suppose fi — gp0 0  gp1 0  gp2 0  • ■ • 0  gpm_1 and

h*  —  9-yo 0  9 Jl 0  9 j2  0  ■ '  '  0  9 Jn - 1  ■

Lem m a 6.3 The space limfi is not homeomorphic to limfi*.
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Proof: First, we notice that both inverse limit spaces satisfy the conditions of 

being unimodal generalized sin ^ continua. Assume, without loss of generality, that 

m > n and further suppose, by way of contradiction, that Iimh is homeomorphic to 

limh* and that G is such a homeomorphism between these two spaces. For each i, 

Qpi has it’s own critical point, %  =  > 80 ^ t  Upi =  Qpi(Cpi). Let Izi be the point on

the limit bar of Iimh that is the limit of points of the form (&#, Upi, . . .  ,kp.,cp.,. . .) .  

Similarly, for each j , Qlj has a critical point Clj — with Ql j (Clj ) = k*. and let k* 

be the point on the limit bar to which the points (k* ,k * .,... , k*. ,Cl j , . . .) converge. 

Now since G is a homeomorphism, it must take end points of the limit bar of Iimh 

to end points of the limit bar of limh* as well as the other distinguished points Ici to 

the other distinguished points hj, but since m > n and G is one to one, there is at 

least one Jei that cannot map onto a h*, thus there is no homeomorphism from limh 

to limh*. Q. E. D.

Next consider if we used m  numbers from ( |, , |)  for both h and h*, for in­

stance, consider the distinct numbers /%, A , P2 , ■ ■ ■ , Pm-i and let p0, pi, p2,—  , pm-i  

be another m  numbers from ( |,  | )  so that pi /  pj for i ^  j .  Suppose, as before, that 

h =  Qpa 0  Qp1O gp2o - - -o Qpm̂  but now let h* =  gPo 0  gpi 0  gp2 0  ■ ■ ■ 0  ^ m_1. We are 

interested in what conditions are needed for limh to be homeomorphic to limh*. It 

turns out that if the order of the relative sizes of the /?’s and the p’s are the same up 

to a cycle of size m  they are homeomorphic. The next lemma clarifies this.

First define IT|{o,i ,2,... ,m-i} : {0 ,1 ,2 ,... , m — 1} —>• {0,1, 2 ,. . .  , m -  1} to be 

a reordering of the numbers zero through m -  I so that /?n(o) < Ai(I) < Ai(2), < <

Pu.(m-i)- Then let <7 : N —>■ {0,1 ,2 ,... , m -  1} be defined by a(i) = (i + l)(modm).

Lem m a 6.4 I f  there exists a h G N U {0} such that pu(ak(o)) < Pn(ak(i)) < Pn(ak(2)) < 

< Pu(ak(m-i)) then limh is homeomorphic to limh*.
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Proof: First let us create a sequence of points a0, O1, a 2, . . .  ,Om-I so that 

an{i) =  Pn(<rk(i)) for z =  0 ,1,2 ,. . .  , m —I. Thus it is then also true that On(O) < on(i) < 

Qfn(2) < < «n(m-i). Define h1 : [0,1] -> [0,1] by h1 = gao o gai o ga2 o ■ ■ ■ gam_1

Label the points of interest as in the diagram below, for * — 0 ,1, 2 ,.. .  , m — I. Thus 

for <7/3n(l) the smallest nonzero critical number is a,, so gpn(i)(ai) — I, followed by 

critical number 6, so that gpn(i){bi) — then Ci where gpn(i){ci) E ( | ,  I) and then 

critical numbers |  and I. The critical numbers of yQn(i) are labeled the same, except 

a superscript * being added to the lettered critical numbers to differentiate them.

Figure 22. The Functions gpn(i) and gQn(i)

Since the relative size of the parameter drawn from ( |,  | )  is inversely propor­

tional to the size of ki or k*, it is the case that Zcm-! < fcm_2 < • • • < Zc1 < Zc0 and 

< ^m-2 < ' "  < < Ag.

Let I  — [0,1] and define </?0 : /  -> /  so that v?0(0) = 0, t^o(|) =  5, ^o(Ao) =  Ag, 

</?0(l) =  I and (fo is a straight line connecting these points everywhere else in I. 

Since A0, Ag G (5 ,1) for all these cases, is strictly increasing and therefore a 

homeomorphism. For ease of notation, define subintervals of I  in the following way: 

For any fixed i and thus considering gpn(i), let Iifi =  [0, a,], Iiti = [(Ii, 6j], Ii^ = [h, Ci],
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I i , z  =  [ c i ,  5], /<,4 =  [|, Ai] and Zjj5 =  [Jsi , I]. Similarly, considering g an( i )  define J i f i  =  

[0,a|], JjiI =  Jj,2 =  [b*, c*], Jj,3 =  [c*, Jj,4 =  [2; ^*] an^ J;,5 =  [^i I]- Now

for any i G  Nu{0}, we define ^ i+i : /  ^  /  by letting ^ i+!It4i0 =  [Sranw k,a]"^°Vi°%nW 

and P i H - I l T i l l  =  [SanroU J " 1 0 iP i 0 Qpm V  then P i + l k a  =  [ S a n w U i l2] - 1  0 P i 0 Qpm ) a n d  

¥»*+1 Ilil8 =  Uanw U l3]-1 01S i0 Jsnw with P i + i | T 4l4 -  Uanw Uil4]-1 0 W 0 SSn(i) and lastU  

Pi+lUi.s =  Uanw Uil3] 1 0 Pi0 QPm)'
Next consider the diagram below:

I

I

Qpm )

Po

Qa:n(o)

I

I

Qpm ) Qpm )

Pi

Qan(i) »n(2)

I

I

We will soon show that p* is a homeomorphism for all i, and thus, from the way p* 

was created, we see the diagram commutes.

We will show ipi is a homeomorphism for all i by induction. We already have 

seen that p0 is a homeomorphism. So now assume that for some fixed i E N U {0}, 

Pi is a homeomorphism, we wish to show pj+i is therefore a homeomorphism. Since 

I  is compact and Hausdorff, we need only show pi+i : / —>■/ is a continuous bijective 

function (See Lemma 2.1). For any n =  0 ,1,2,3,4,5, we see P m U in — UanwU1J -10 

Pi 0  QPm) = UanwU J -1 0 P i 0  Qpm )\h,n is the composite of homeomorphisms and 

hence is continuous. Also we notice pi+i is well defined for each of the (overlapping) 

endpoints of these subintervals and therefore pi+i must be continuous.

Choose a point y in the range of pj+i. Then y must be in at least one 

subinterval of / ,  say Jii7l. Let x = UftiroU1J -1 0 P ^  0 Janro(l/) thus Pi+rU) =

Uanw U4,J"lo ^ ° ^ n roW  =  Uanro J

as desired, so pj+i is onto.
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To show ipi+1 is one-to-one, suppose ipi+i{x) =  (pi+i(z). So ipi+i(x) = ipi+i{z) G 

Jjj7l for some particular n, but by the definition of (fi+i, it must be that x ,z  E Iii7l 

thus equivalently we get ipi+i{x) = o ^  o (x) =  [Panw l^n]”1 otPi0

=  # + lW '

but [̂ anw I Vi and ^ nwUj71 are homeomorphisms, hence x =  z

Therefore y>i+i is a homeomorphism and by mathematical induction, this 

proves (fi is a homeomorphism for all i.

Define H  : Iimh ->• Iimh1 by H (xq, x i ,X2 , . . . )  =  (^oW ),Vi(^i), ^2(^2), • • • )• 

Then H  inherits the properties of being a homeomorphism from the coordinate func­

tions, hence Iimh is homeomorphic to Iimh1.

Now to show that Iimh1 is homeomorphic to Iimh*, we look at both as inverse 

limit spaces of the gp functions and realize they are the same except one is missing 

the first finite number of terms of the other, so we apply Corollary 2.1. Therefore 

Iimh is homeomorphic to limh*. Q. E. D.

Let L be the subset of points of product space H ^0R of the form (x ,x ,x , . . . )  

where x G [§, I]. One can see that L is homeomorphic to the interval [|, 1] by defining 

the homeomorphism H  : [|,1] —*■ L by H(x) = (x ,x ,x , . . . ) .  The proof that H  is 

a homeomorphism is similar to a portion of the proof of Lemma 3.3, and is left to 

the interested reader. Next let C be any countable subset of L. We will now create 

an inverse limit space, using the gp functions, that has every point of C and every 

accumulation point of C along with |  and I as a distinguished point.

Now for i = 0 , 1 , 2 , . . . ,  let X i =  ( X i , X i , X i , . . . )  G C,  then there exists a 

P i G [|, | ]  so that gp t has a critical number Ci = and g Pi (Ci ) =  X i . If C is of 

finite cardinality n, let y, =  A(modn) for i E N. If C is infinitely countable, consider 

the sequence (O7-J-̂ L0 =  (0 ,0 ,1,0 ,1,2 ,0 ,1 ,2 ,3 ,0 ,1,2 ,3 ,4 ,...) . Define by qy =  Paj 

for j  G N U {0}.
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Lem m a 6.5 I f  the point p = (p,p ,p , . . .)  G L is an accumulation point of distin­

guished points, p is also a distinguished point.

Proof: If p were an undistinguished point, then every point in an open neigh­

borhood of p would also have to be an Undistinguished point, but p is an accumulation 

point of distinguished points so that cannot happen. Q. E. D.

T heorem  6.6 The points of C along with the set of accumulation points of C and 

{ |,  1} are the only distinguished points of lim{(/7j}.

Proof: Clearly since |  and I are end points of the limit bar, they cannot be 

mapped by a homeomorphism to a point in an open segment, so they are distinguished 

points.

Next choose any Zci G C. Then there is critical number Ci G /  of so that 

y7. (Ci) = hi. Hence by Lemma 6.2, Jzi is a distinguished point of lim{y7j}. Then from 

Lemma 6.5, every accumulation point of distinguished points is also a distinguished 

point.

Now to show they are the only distinguished points of lim{<?7j.}. Suppose that 

p =  (p ,p ,p ,. . . )  G L \C 'U { |, 1}). Recall also that Iim(^7y) is a unimodal generalized 

sin ^ continua, so it consists of a ray winding down onto a limit bar. There must 

be an (open) e-ball about p so that the e-ball does not intersect C. But this means 

that no element in that e-ball about p has a first coordinate that is a local extreme 

value of some gl5. So every open line segment in e-ball about p has points with first 

element both above and below p, so they can contribute elements to a sequence that 

converges to points on L in the e-ball about p that are above or below p. Hence p 

is an undistinguished point of lim{p^.}. Therefore the only distinguished points of 

Iim(P7y) are the points of the closure of C along with \  and I. Q. E. D.
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Now let K  be any closed subset of 1] that contains both |  and I. Let 

K  = { ( x ,x ,x , . . . )  : x e K }  C L. Then there exists a finite or countably infinite set 

C C L so that the closure of C is TT and also, by the above theorem, a corresponding 

unimodal generalized sin ^ continua, call it X K, with the distinguished points of X k 

on L  being precisely the points of K_.

We will now use the notation of a homeomorphic pair. If A  and A' are sets in 

a topological space with B  and B' subsets of A and A' respectively, then (A, B) is 

homeomorphic to (A', B') if and only if there is a homeomorphism from A to A! that 

takes B  homeomorphically onto B'.

Theorem 6.7 Let K  and K ’ be two closed subsets of [|, 1], each containing |  and I. 

I f X k  and X k ' are homeomorphic then ([|, 1\,K) and ([|, 1], are homeomorphic 

pairs.

Proof: Suppose the contradiction, that X k is homeomorphic to X k ' and 

F  : X k  —> X K: is such a homeomorphism. Then F  maps the limit bar of X k to the 

limit bar of X Ki and maps K_to K f. But since K  is homeomorphic to K_, K ' to Kf and 

[|, 1] to both the limit bars of X k and X Ki, we would get ([|, 1], K) homeomorphic 

to ([|, 1], K '), a clear contradiction. Q. E. D.

Since there are uncountably many pairwise nonhomeomorphic closed subsets, 

K, of [|, 1] containing both \  and I, using the contrapositive of the above theorem, 

we get that the set of unimodal generalized sin I  continua, X k , is an uncountable

collection.
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CHAPTER 7

SO M E M W  C O N T IN U A A ND C O N JE C T U R E S

In the previous chapter we looked at a parameterized function gp, which was 

the composition of parameterized functions up, vp, Zp and the function / .  After 

looking at the sketches of the graphs of gp for several values of parameter (5 chosen 

from [|, |], one may ask “What does gp look like for other values of /3?” So next we 

will consider gp for /3 6 [|, |) .  Figure 23 has some examples of sketches of the graphs 

of gp with /9 =  We see that for /3 G ( |,  \), the critical point that has height

in ( |,  I) is a local minimum, not a local maximum as was the case for /3 G ( |,  |) .  

Also, we notice that gp satisfies the conditions to be used as a bonding map to form 

a unimodal generalized sin ^ continuum.

In this chapter we state several conjectures, which we believe to be true, with 

some of the proofs being very similar to those we have already established, but we 

leave them here as conjectures, to be proven in future work.

If we let (3 G ( |,  \)  and 7 G ( |,  |)  and let h — gp 0  g7, which has a local 

maximum and a local minimum with heights in (§, I) as well as local maximums and 

a local minimums with heights of |  and I and is the identity function on [|, 1], then 

the resulting inverse limit space Iimh is a unimodal generalized sin |  continuum.

Conjecture 7.1 The inverse limit space Iimh is not homeomorphic to any element 

of either of the uncountable collections in Chapter 5 or Chapter 6.

Next, let us further suppose that if kp is the local maximum of gp which is in 

(1,1) and Ai7 is the local minimum of Q1 that is in (I, I), then /3 and 7 were chosen
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so that kp < Zc7. Now choose a  E  ( |,  | )  and p E  ( |,  |)  so that ka > kp, where ka is 

the local maximum of ga which is in ( |,  I) and kp is the local minimum of gp which 

is in ( |,  I). Let h *  =  gQogp. Also choose 77 E  ( |,  |)  and t  E  ( |,  | )  such that Zcr, =  kT, 

with Ze77 and kT defined in conjunction with g  ̂ and gT, similar to kg and Ze7 above. 

Define Zr1 = g ^0 gT-

Figure 2 3 .  The Function gp for /3 E  [ | ,  | )
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C onjecture  7.2 The continuum IimA is not homeomorphic to IimA* nor IimA1. Sim­

ilarly, IimA* is not homeomorphic to IimA1.

See Figure 24 to compare visualizations of these three continua. The sketches 

in E 2 represented by Figure 24 are each homeomorphic to the indicated continuum.

Figure 24. Top: IimA, center: IimA*, bottom: IimA1

Using ideas from the last chapter, classify distinguished points of inverse limit 

spaces constructed from bonding maps gp where (3 G [|, |] into two classes: Class 

A, which is the set of distinguished points that are the limit points of the points 

. , A, c, . . . )  where (c, ga(c)) = (c, k) is a local maximum of ga with a  G [\, |], 

with the bonding map ga being repeated infinitely many times and the limit points 

of these distinguished points unioned with { |, 1}, and; Class B, which is the set 

of distinguished points that are the limit points of the points (A, A, A,.. .  , A, c, . . . )
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where (c,g7(c)) = (c,k) with 7 G [|, \] with the bonding map Q1 being repeated 

infinitely many times and the limit points of these distinguished points unioned with 

Notice that a point may have more than one classification. Let K  and 

K* be any two (not necessarily distinct) closed subsets of [|, 1] containing |  and 

I. Let K_ =  { ( k ,k ,k , . . . )  E L : k £ K }  with a similar definition for K_*. Then, 

using techniques like those in Chapter 5, we can create a unimodal generalized sin ^ 

continuum, call it X k ,k *, using the gp function so that K_ is the set of Class A 

distinguished points of X k ,k * and K_* is the set of Class B distinguished points of 

X k ,k *-

Let us also extend our definition of a homeomorphic pair. Let A, B  and C be 

sets so that B  C A  and C C A. Similarly define A', B 1 and C  as sets with B' and C  

subsets of A!. We will say (A, {B, C}) is homeomorphic to (A'{B', C'}) if and only if 

there is a homeomorphism from A onto A' that takes B  homeomorphically onto B' 

and C homeomorphically onto C .

Now using K i, K{, K 2, K% to be sets of the form K  and K* above, and so on, 

we present our final theorem.

T heorem  7.1 I fX K ltKi is homeomorphic to X k2tK% then ([^,l],{K i,K *}) is home­

omorphic with ([J, 1], {K 2, K%}) or ([|, 1], {K%, K 2]).

Proof: This theorem is a generalization of Theorem 6.7, and the proof is 

analogous to that proof. Q. E. D.

Thus the collection of all possible nonhomeomorphic unimodal continua X k ,k * 

is uncountable, and contains the collection X k  we created in Chapter 6.

In conclusion, in Chapter 5 we created an uncountable collection of nonhome­

omorphic unimodal generalized sin I  continua by varying the proximity of critical
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points of height |  relative to the limit bar, and in Chapter 6 we developed an un­

countable collection of nonhomeomorphic unimodal generalized sin ^ continua by 

varying the heights of the distinguished points, with Chapter 7 just adding the the 

possibility of distinguished points coming from local maximums and local minimums 

on the ray. Future work will involve combining these techniques to create a collection 

that would include each of those collections as sub collections.
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