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ABSTRACT

Inverse limit spaces occur often in dynamical systems, in particular, those
with unimodal bonding maps. Barge and Diamond showed uncountably many inde-
composable unimodal inverse limit spaces exist. We show that uncountably many
hereditarily decomposable unimodal inverse limit spaces exist by actually creating
two different uncountable collections of hereditarily decomposable unimodal inverse
limit spaces. Finally we consider how to expand upon these and combine them to
create even more unimodal inverse limit spaces.
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CHAPTER 1

INTRODUCTION

We begin by defining what we mean by the term inverse limit space. This
definition is general, but for most of this paper we will make a few restrictions that
will make it easier to visualize and think about the inverse limit spaces we will be
dealing with. For our definition, let 7 € {0,1,2,3,...} and let {X;}22; be a sequence
compact metric spaces each with metric d; such that for all z,y € X;, d;(z,y) < 1.
Also let {f;}32, be a sequence of continuous functions so that f; : X%H — X; (these

functions will be referred to as bonding maps). We define the inverse limit space of

{f:}, denoted 1(1_r_1_1{ fi}, to be the subset of [[;2, X; given by
l(lgl{fz} = {g = ((Eo,ﬂ’)l,xz,x?,, .. ) NS Xz and fi(.’Ei+1) = .’ﬂl}

with the metric defined to be d(z,y) = 32, W Another common notation used
in some manuscripts is (X;, f;). It can be shown that l(l_r_n{ fi} is a compact metric
space, and connected if each X; is connected. ([14], pg. 163). If we are repeating a
single bonding map, that is f; = f for all 4, we will use the notation l{iin f rather than
IEI{ fi}. We notice that the topology from our metric on the inverse limit space is
equivalent to the subspace topology inherited from the product topology on TT20 X

We define a continuum to be any compact, connected, metric space.

For this thesis, we are mostly interested in the case where X; = [a;,b;], a

compact interval in the real numbers, R , with the metric d;(z,y) = ;jf:i’z' for all
i € {0,1,2,...}. We say that the continuous bonding maps f; : X;;1 — X, are
unimodal if there is a critical value ¢; € X;, dividing X; into two subintervals, [a;, ¢;]

and [c;, b;], so that f; is monotone each subinterval. We allow ¢; = a; or ¢; = b;, thus
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we will also say that f; is unimodal if it monotone on all of X;. In some of thé proofs .
included in this thesis we may assume our bonding maps are strictly monotone on
each subinterval, but we will not require strict monotonicity here due to a result of
Morton Brown ([5], Theorem 3) stating that if we have functions f; and g; so that
fi(z)—g:(z) < ¢ for all z € X and for all 4, with ¢; converging to zero quickly enough,
then the inverse limit ‘spaces are homeomorphic. This, together with the fact that
any monotone function can be approximated by a strictly monotone function, means
we lose no generality in considering strictly monotone functions. We will refer to any
space as a unimodal continuum if it can be realized as, or is homeomorphic to, the
inverse limit space of unimodal bonding maps f; : X;11 — Xi..

In 1954, C.E. Capel ([7]) used inverse limit spaces to prove theoerms con- .
cerning Alexander—Kolmogoroff cohomology theory. Inverse limit spaces of one-
dimensional bonding maps are often attractors in dynamical systems. R.F. Williams
([16]) proved in 1967 that hyperbolic one-dimensional attractors are inverse limits
of maps on branched one manifolds. The same year, W.S. Mahavier ([9]) looked at
inverse limits on [0,1] with a single bonding map. Sam B. Nadler ([13],[14]) and
Dorothy S. Marsh ([10]) both created inverse limit spaces that we will later refer to
as generalized sin % spaces, but without using unimodal bonding maps.

Research of my advisor, Marcy Barge, along with coauthors Beverly Diamond
and Karen Brucks ([1], [3]), as well as the research of others, has shown that often the
inverse limit spaces that occur in dynamical systems are unimodal continua. For this
reason we are interested in what these unimodal continua “look” like, what properties
they have and how we can tell if a continuum is a unimodal continuum or not. Some
examples of unimodal continua include the “topologist’s sine curve” (Figure 1), the
“double topologist’s sine curve” with two limit bafs, one on each end (Figure 2), as

well as the Knaster continuum, also called the bucket handle continuum (Figure 3).




Figure 1: The Topologist’s Sine Curve

Figure 2: The Double Topologist’s Sine Curve

Figure 3: The Knaster Continuum

A continuum is said to be decomposable if it is the union of two proper sub-
continua, otherwise it is an indecomposable continuum. We say that a continuum is
hereditarily indecomposable provided each of its subcontinua is indecomposable and

a continuum is hereditarily decomposable if each of its subcontinua is decomposable.
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The Knaster bucket-handle continuum (Figure 3) is indecomposable (See [4]). One
can see that if we pick a point along the ray path component, but not the end point,
of the topologist’s sine curve and include everything to one side of that point as well
as the point itself in one set, while putting everything on the other side of the point
including the point itself in another set, the result is two proper subcontinua whose
union is the entire topologist’s sine curve (Figure 1). We could repeat this process on
each of these subcontinua, thus the curve is not only'decomposable, but hereditarily
decomposable. A similar procedure can be done on the double topologist’s sine curve
(Figure 2) by selecting a point on the middle (infinitely long) path component‘ and
proceeding as above. Hence the double topologist’s sine curve is also hereditarily
decomposable. Barge and Diamond [2] showed that there are uncountably many
(non-homeomorphic) indecomposable unimodal continua. In this thesis we will show
that there are uncountably many hereditarily decomposable unimodal continua by
constructing a class of uncountably many non-homeomorphic hereditarily decompos-

able unimodal continua.




CHAPTER 2

SOME PROPERTIES OF INVERSE LIMIT
SPACES AND UNIMODAL CONTINUA

Here we state a couple of elementary topology lemmas because they will be

referred to in the following pages. We then state and prove some well known basic

results concerning inverse limit spaces, followed by our first original theorem of this

dissertation.
Lemma 2.1 Let h: X — Y be a bijective continuous function. If X is compact and

Y is Hausdorff, then h is a homeomorphism.

Proof: See ([12] pg. 167) Q. E. D.

We recall here that all metric spaces are Hausdorff. Next denote the projection

mapping by m;, thus m;(z) = m; (2o, 1, T2, .. .) = ;.

Lemma 2.2 Let A be any space and let h be any function from A to im{f;}. Then
—

h is continuous if and only if m; 0 h: A — X; is continuous for all i € NU {0}.

Proof: The theorem in [12] (pg. 115) proves that h : A — [[:o, X; is contin-
uous if and only if m; o h : A — X; is continuous for all 1 € {0,1,2,...}. Then by
([12] pg. 107) we know that restricting the range of a function does not affect the

continuity of the function, thus the lemma holds. Q. E. D.

The next therem, along with it’s corollaries, and the lemma that follows them
are a compilation and contemporary restatement of results in [8], pages 215 through

220. The proofs are included here for completeness.
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Define fom : Xn = Xon BY fam = fin © frut1 © -0 fa © faoz for n = m+1
(and not defined otherwise). Let {nt} ©o and {m;}22, be any two sequences in NU{0}
such that 0 < ng < ny <ng < --- and 0 < myg < my < mp < ---. Also assume

fi Xip1 — X; and g; : Yy — Y] are continuous bonding maps.

Theorem 2.3 Suppose there exists the following commuting diagram with s; and t;

continuous maps:

fm,no f’n.z,n1 fns,nz

pS /ta,o\ /a,\ /z,m\

Then lim{ f;} is homeomorphic to lim{g;}.
— —

Proof: We warn the reader to pay close attention to the important but visually
subtle difference in the subscripting between z,,_; and z,,_, throughout this proof.

Let us define H : l(ﬂn{fz} — lgn{gi} by H(z) =y, where z = (0, 21,72, .- )
and y = (Yo, Y1, Y2, - - - ) With Ym, = #;(%n,,,). This does not specify all the coordinates
of y, but by specifying infinitely many of the coordinates, the point is uniquely
determined, because to find any y; if k& # m; for some 4, then pick the smallest 7 so
that m; > k and simply define yx, = g, x(Ym;). Now to show that y = H(z) € li_r{l{ gi},
if k # m,; for any %, again choose the smallest 4 so that m; > k. If k = m; — 1 then
96 (Wk+1) = Imi-1(Ymi) = Gmigmi—1(Ym:) = Gmih(Ym;) = yx from the definition of yx
above, otherwise we have gg(Yr+1) = gk(Grmsk+1(Yms)) = 6 © o1 0+ © Gy (Umi) =
9mik(Um;) = vx as desired. But for k = m;, we use the fact that our diagram
commutes t0 get g (Yr+1) = Grm; Ymit1) = Imi O Gmi+1°° * - Imiys -1 (Ymig) = Grmiya,m: ©
ti41(@niga) = 10 © frpuni(Tnssa) = 1i(Enin) = Ymi = Yp, that is gr(yesr) = yx in all

cases, 50 y € lim{g;}.
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Next we notice that ¢; o m,,,, = 7y, o H and since ; and 7,,,, are continuous,
T, 0 H is also. Now if k # m; for some 4, 70 H(Z) = Yk = g0 Gk+1°" * *OGmi—1(Ym;) =
Gk © Gk+1 © * * * © gm;—1 © ti(%n,;,,) Which is continuous as the composite of continuous
functions. In either case, m; o H is continuous for all &, therefore by Lemma 2.2, H
is continuous.

Let us now define G : I(El{gz} — lgl{ fi} by letting G(y) = z where z,, =
3i(Ym;) and zx = fp, k(Tn,;) for the smallest 7 so that n; > k. By similar arguments
to those given for H, we can see G is continuous also. Consider G o H(z). For any
fixed 4, if H(z) =Y, Ym; = ti(Tn;;,). Then our G function takes gy, to si(ym;) = Tn,
80 8;0t;(Tn;y,) = %n;- Thus G o H(z) is specified by n,,, > ;. Again, even though
not all coordinates have been specified, infinitely many have been, so G o H(z) is
completely determined, and since G o H(z) has z,, as coordinates, which are the
coordinates of z, Go H(z) = z, so G o H is the identity rﬁap. Similarly HoG(y) = y,

hence G is the inverse of H. Therefore H is a homeomorphism. @). E. D.

Corollary 2.1 Suppose {f:}2, and {g;}2y are sequences of bonding maps so that
fi: X1 = X, and g ' Yiu1 = Y; and there exists an N € NU {0} and anm € Z
where X; = Yiym and f; = Gixm for alli > N. Then l{in{fl} is homeomorphic to
lﬂl{gz}

Proof: Let {n;}32, be any sequence with N < ‘no <ng <ng<... and let
k; =n;+mforalli=0,1,2,..., thus X,,, = Y, and f,, = gx,. Consider the diagram
below:

f'"’l T80 fn2 sl fn3 2

VAV

k1 ko ks k3 ko
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The reader can quickly check that this diagram commutes. So by Theorem

2.3, lim{ f;} is homeomorphic to lim{g;}. Q. E. D.
— —

What this tells us is that if two sequences of bonding maps differ only in finitely
many positions, they have homeomorphic inverse limit spaces. We can also ignore or
remove the first finitely many bonding maps and get a homeomorphic inverse limit

space to the original inverse limit space.

Corollary 2.2 Suppose {fi}32, is a sequence of bonding maps so that f; : X1 — X;
and {n;}32, is any sequence of integers with 0 < ng < ny < ng < ---. If we let

9j = fn; © 410 frj420 - 0 fnj -1 then Ign{fz} is homeomorphic to l(iin{gj}.

Proof: Consider the following diagram:

X, 0 X,, 92,1 X,, - 93,2 X,
o Xy X

g1
0
y
X

’
K

n1,N0 n2,n1 ng,n2

Xpg ~——

Since g; = gj+1,5, again the reader can easily see that the diagram commutes,

thus by Theorem 2.3, lim{ f;} ~ lim{g,}. Q. E. D.
— —

Suppose that we are using a single bonding map, that is in our sequence of
bonding maps, f; = f for all 4. If we use the notation that f> = fo fo f then a

common application of the above corollary is to show that limf? ~ limf.
—— —

Lemma 2.4 Suppose {X;}2,is a sequence of spaces with X; = [as, b;] and {fi}2,
with fi + X;o1 — X; 15 a sequence of continuous unimodal bonding maps for i €

{0,1,2,...}. Thuslim{f;} is a unimodal continuum. Purther assume that lin{ fi} is
— ‘
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larger than a single point. Then l(El{ fi} is homeomorphic to Ign{gi} where {g;}2, is
a sequence of bonding maps such that g; : X;11 — X; are continuous unimodal onto
functions.

Proof: Let C, = ﬂ fn© fag1 0+ 0 frnyi(Xntir1). Since the composite of
continuous functions is coznztoinuous and the continuous image of a connected set is
itself connected, f, © fuy1 © <+ 0 fuyi(Xpnrir1) is connected for all 4. Similarly f, o
fra1 0+ 0 frori(Xnyis1) is compact as the continuous image of a compact set and
thus is closed. So C, is the nested intersection of closed connected nonempty sets,
thus C,, is closed, connected and nonempty ([12] pg. 170-171). Since C,, C X, C,, is
a closed bounded interval or a single point. Define f : Cpi1 = Cp by fir = falcui-
By the definition of C,, f, is onto.

Next we show that 1(i_r£1{fn} = l(ln{f;:} Let z = (o, %1, %2,...) € 1£n{f;},
then since C, C X, and f} = fulc..., it is clear z € l&n{ fn}. Thus, as sets,
I(El{ = c l&n{ fn}. Next suppose z € lin{ fn}, then for any n,' Tn = fo(@ny1) =
frno fari(@ns2) = ... = fo 0 far1 0+ 0 foyi(Tnyipr) for any ¢ > 0 and of course
Tntitl € Xntit1, SO Tp € mfn O fr1 0+ O frti(Xntiy1) = C, and because fr_; =
frotle,s Tn-1 = ;‘;_1(23,1)125(()) z € l(iEI{f;}. Thus as sets, l‘iin{fn} C l(iin{f;';} and
therefore lﬂl{ fo} = lin{ f*1 as sets, and sipce the metrics on 1{1_r£1{ fn} and l(gn{ &y
induce the same topology on this set, lin{ fn} = lgn{ [} as desired.

Because lin{ fn} = l(gn{ fX} is not just a single point, there exists an M €
N U {0} so that C, is a non-degenerate interval for all n > M, that is C, = [py, ¢x]
for p, < qn if n > M. So for n > M, define the function o, : C,, = X, by a,(z) =
ZZ_TZ:(x —Ppn) + @y, hence oy, (pn) = ap and a,(gn) = by. Also, oy, is an affine function
in R with positive slope so it is a continuous, strictly increasing, onto function, thus

-1

is a homeomorphism. Next let g, : Xp11 — X, be defined by g, = an o f; oy,

for n > M. So g, is continuous and onto as the composition of continuous, onto
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functions. Let {n;}2, be any sequence in NU {0} with M <ny <m; <np <... and
Consider the following diagram:

o — =1 , — F*
let S; = Oéni y and ‘tz = 0Cp,; © f’ni+1,ni'

* * *

9na,no Gnana Gns,ne
Xno an an > an -

So let us quickly check that this diagram commutes. Looking at any triangle

of it with C,,,, Cn, and X, at the corners, if we go from C,,,, to Cp,, passing

1417

through X,,, we get s; 0t; = ;! 0 o © morini = Jmipames Which is exact_ly what
we get going directly from C,,,, to Cy;. Checking a triangle with X, , X,, , and
C,, at the corners, going through Cy, we have ¢;_1 05; = ap,_, 0 fi. .. o, =

* * * * -1 _ * —1
Cn;_, © fni_l o fni_1+1 o fni_1+2 0= fni—l O, = Qn; OJp, ; OC, 41° Qn;_14+1 ©

f;:i—1+1‘o a;i];1+2 0+ 00p;-1° f’;:i""]. © a;il =0n;—19n;_14+1°" " " O9n;—1 = Gnyni_1s which
is the function going directly from X,, to X,, ,. Since all the maps on our diagram
are continuous, we use Lemma 2.3 to get that lim{g;} ~ lim{f}} = lim{f;}.
— — —
Notice that to create these g; functions we restricted the domain and range of
f; to get the f; functions and rescaled them with the affine homeomorphism «;, which

did nothing to change the fact that we have unimodal maps, hence g; is unimodal for

all 4, as desired. Q. E. D.

This next theorem is one we have recently proven and, although it will not be
used in the remainder of this thesis, it illustrates an important property all unimodal

continua must have.

Theorem 2.5 All unimodal continua must have a dense arc component.
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Proof: Suppose we have any unimodal continuum. If this continuum is a
single point, then we have a degenerate dense arc compbnent which is that point itself.
Otherwise the unimodal continuum is more than a single point and we can assume
that there exist a sequence of bonding maps {f;}2, with f; : X;+1 — X; which are
continuous unimodal and, by Lemma 2.4, we can also assume they are onto, so that
l(gn{ f:} is homeomorphic to our chosen unimodal continuum. Since f; is unimodal,
there is a critical point of f;, say ¢;11 € X;41. Because f; is onto, there is a subinterval
X1 C Xip with X3y = [aiq1, ci1] or Xy = [ciy1, biga] so that fi|X;«+1 c Xi — X
is one-to-one and onto. Define Cy = {z = (%o, 21, %2,...) € l(iin{fi} :x; € X} for

i > N} where N € NU{0}. Let C = | JCy. We will show that the set C is path
N>0
connected and dense in lim{f;}.
——

First, let us show C is path connected. Let z,y € C, then if z = (o, 1, T2, - - .)
and y = (Yo, ¥1,¥2,---), there exists an N; € NU {0} so z; € X for all i > N;.
Similarly, there is an N, € N U {0} such that y; € X} for all i > N,. Let N =
max{N1, N>}, thus z;,y; € X for alli > N and z,y € Cy. Now define the function

g+ Xi = Xy by g = (fi

xz,,)” " Also, let the functions p; : [0,1] — I for
k=0,1,2,... be defined by py(t) = tzy + (1 — t)yw and pyya(t) = gNM O gN4n—10
INin-2© -0 gn(pn(t)) for n = 1,2,3,... and pm(t) = fm © fmt1 © frmr2 00
fu_1(pn(t)) for m = 0,1,2,...,N — 1. Next let P : [0,1] — C be defined by

P(t) = (pO(t)’pl(t))p2(t)) e )

To see that P is a path from y to z, we notice that:

P(0) = (100(0),101(0)7172(0)7 .., on(0), . )= (po(O),pl(O),pz(O), e UNy )

=(foofio - o fn-a(yn), frofoo - o fn_i(yn), fao fso-- o fv_1(yn)s---

fN—l(yN)a YN, gN('yN)a gN41 9 gN(yN)a gN299gN+1 © gN(yN), ce )

= (Y0, Y1, -- - »Yn, (fv X;Hl)_l(?/N), (fN+1|X;:,+2)_1 o (filxwes) T n),---)
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But since y € C, (fvliy+1) 7" (n) = yn41 and (fvinlxs,,,,) 7 (UN4n) = Yvtnta
for n > 0, so P(0) = (Y0,¥1,--- YN, YN+1, YN+2,---) = Y. Since py(1) = zy, by a
similar argument, P(1) = z.
It is clear from the construction of P(t) that P(¢) € Cy for all N and thus
P(t) € C for all t. All that remains in the proof that P is a path is to show P is
continuous. Since P(t) = (po(t), p1(t), p2(%), ... ), moP(t) = p;(t) which is continuous.

Hence by Lemma 2.2, P is continuous and thus P is a path from y to z.

Next we will show C' is dense in lim{f,}. Suppose that z = (%o, z1,%2,...) €
(—.

=1
lim{f,} and let € > 0 be given. Since E oF converges, there is an M € N U{0} so that
(—_ i
i=0 _

Z§<e. Now let y = (Yo, Y1, %2, - .- ) be defined by y; = z; fori € {0,1,2,... ,M —
=M
1} and let y; = g; 0 gi—109i- 20 OgM+1OgM(mM 1) foriE{M M+1, M—I—2 -}

Then d .’12 y Z'mz yz Z |$z yz Z |xz yz Z Ixz — T 2]-1 <

=0 =M
M-1

; ; + Z 22 Z 21 < €. We notice that from the construction of y, y € Cs and
hence in C’ Thus the closure of the points of C is all of hm{ fn}, and therefore C' is

dense. Q). E. D.

Below is an example of a continuum that appears to be similar to Figures 1

and 2, but from Theorem 2.5 we know it is not a unimodal continua.

Figure 4: An Example of a Non-unimodal Continua
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CHAPTER 3

GENERALIZED sin—}; SPACES

In this chapter we start with bonding maps (that are not unimodal) with
certain general properties and show that their inverse limit spaces each are homeo-
morphic to a space that has many similarities to the “topologist’s sine curve” space.
Below are a couple of examples of what we mean by similar to the “topologist’s sine

curve” space.

Figure 5: An M Continuum

Figure 6: An MW Continuum

Let {¢n}22, be a sequence of continuous functions so that each ¢, : I — I,

with I = [0, 1], has the following properties:
(a) va(0) =0,

(b) ¢a(0,3)) = [0,1],

(¢) ¢n(z) ==, for all z € [,1],
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(d) there exists a real number 7, independent of ¢,, and point a, for each ¢, so

that

(i) 0<77§an<%7
(ii) ¢y is strictly increasing on [0, a,),
(iii) @nlan) =3

(iv) and @n(z) > % for all z € [an, 1].

We consider the inverse limit space of {¢,}%2,, denoted by ljr_n{wn}, and will use
the notation z = (¢, %1, %2,...) € l(iin{cpn} if on(Tpy1) = Zp- Define ¢, = min{z €
[0,3] : @n(z) = 1}. Since gon(%) = 1 and ¢, is strictly increasing on [0, a,] with
Onlon) = %, @n < € < 1. Notice that by our selection of a, and ¢, neither
(ag, a1, ag, ... ) nor (cg,c1,C2,...) isin 1(i£1{<pn}. The space l(iin{wn} is homeomorphic -
to a space similar to a “topologist’s sine curve” space, so we will soon label it as a
generalized sin % space. But first we state a well known theorem (without proof) and
a couple of lemmas that we will need later.

Consider a function 9 : [a,b] — [a,b], a < b and a,b € R . Divide [a, b] into
k distinct subintervals [a,p;] = [, [p1,p2] = I, [p2,ps] = Is,. .. , [Pk—1,0] = Ij, that
intersect at no more than their end points. Let us use a k X k transition matrix M
to encode information about 1. In matrix M, let the ij** entry, call it m;j, be either

0 or 1, if I; C 9(I;) then let m;; = 1 and let m;; = 0 otherwise.

Theorem 3.1 Foralln € N, let ¢, : [a,b] — [a,b], then let My, be a kX k transition
matriz of zeros and ones constructed as above from 1y,. If the ij™ entry of the matriz

product MoMi M, - - - M, is A, there are A subintervals, Ji, Ja, Js, ... , Jr, of I; so that

L Cipoprothgo---oyy(Jn) for m € {1,2,3,...,A} and J; N J; is at most one

point if 1 # 7.
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The above theorem is actually a compilation of two lemmas in [15]. For a
proof of the above theorem, one is referred to [15], Lemma 1.2, pg. 64 and Lemma
2.2 pg. 74 and related definitions on the pages in between these lemmas.

In the next lemma we assume the following: X is some metric space and, for
all n € NU {0}, R, is a subspace of X so that R, is homeomorphic to a compact
interval in R with positive length. Further assume that R, is a proper subset of R,
and p is a common endpoint of each R,. Let R = |J,5, Rn. Also let {n;}32; be a
sequence of integers such that 0 < ny <ngy <mz <..., aﬁd define {z;}32; to be any
sequence with z; € Ry, \ Ry,—1 for all i € N. We will also assume that R has the
property that the set of limit points from any such sequence {z;}$2; is disjoint from

R.

Lemma 3.2 If R and R, are as given above, R is homeomorphic to R . U {0}.

Proof: Recall that p is a common endpoint of all our R,. We know that
each R, is homeomorphic to a compact interval in R with positive length, so let
ho : [0,1] — Ry be a homeomorphism so that ho(0) = p. Next let Ay : [1,2] —
R;\ Ry be a homeomorphism with h;(1) = ho(1) and let hy : [2,3] — R\ Ry
be a homeomorphism with hy(2) = hy(2) and so on, thus in general we have h,, :
[n,n 4+ 1] = R, \ Ra_; is a homeomorphism with A,(n) = hy,_1(n). Let us show
that R = Ry U (Un21m), by showing mutual containment. First assume
zeR= UnZO R, so x € R, for some n. Since the R,’s are nested with R,_; C R,,
there exists an N € N U {0} so that z € Ry but £ ¢ Ry_;. If N = 0 then
z € Ry, otherwise N > 1 and z € Ry \ Ry-1 50 = € m, thus either way
z € Ry U (Ups: R,\R,_1) and R C Ry U (Unz1m)- Next assume z €
Ro U (Un>1 R, \ Ry_1). If z € Ry then z € R = |J,,5¢ Ry Otherwise z € R\ Rn1

for some n > 1. Recall that from the definition of set closure, R, \ R, is the
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intersection of all the closed sets containing R, \ R,—1, and since R, is a closed set
containing R,\Rp—1,z € R,s0z € R = UnZO R,,. Hence ROU(Un21 R, \R.,_1)CR
and therefore R = Ry U (U,>; R, \ Rnv).

Now let A : R . U {0} — R be defined by h(z) = h,(z) where z € [n,n + 1].
By the “pasting lemma” ([12], pg. 108) A is a continuous function. We also note
that h is a bijection by construction and since each h,, is bijective. To prove A is a
homeomorphism, we still need to show A~!: R — R U {0} is continuous. Consider
any sequence {y;}2, € R that converges to y € R. If we can show {h™(y;)}2,
converges to A~ (y) in R ;. U {0} then A~! is continuous ([12] pg. 128). There must
exist an N € NU {0} so that y and y; are in Ry for all ¢, for if this was not the case,
then there exists a subsequence {y;;}32; and natural numbers n; < ny < n3 < ...
so that y;; € Rn; \ Rn;—1. But {y;;}32; converges to y € R which contradicts the
hypothesis that such sequences have there limit points outside R. So there exists an
N such that y and y; are elements of Ry for all 4. Let us look at h|p ) : [0, N] —
U,I::ol R,. Because R, ~ [n,n + 1] for all n and the countable union of compact sets
is compact, hljp,n is a function between compact metric spaces that is continuous
and bijective since h is and we selected our range space to make it so. Thus by
Lemma 2.1, hlg ] is & homeomorphism and so {(hlp,n) " (%:)}21 = {7 ()}
must converge to (h|p,n) " (y) = h7'(y), so A" is continuous as desired.

Therefore h is a homeomorphism from R , U {0} onto R. Q. E. D.

We define a topological space X to be a generalized Sin% space if:

(a) X is compact and connected,

(b) X has two path components, one homeomorphic to a compact interval in R ,

and the other homeomorphic to R 4 U {0}, and
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(c) the non-compact path component is dense in X.
Lemma 3.3 The space l(iin{gon} is a generalized sin = space.

Proof: As mentioned in the first chapter, we know that l(iin{gon} is com-
pact and connected. Define a subset of l(gl{gon} by A = {z = (z0,21,%,...) €
l(iin{gon} : T, € [3,1] for all n}. Since ¢nliz1y(z) = =, elements of A have the
form (zo,zo,%o,...). Let h : A — [%,1] be equal to mg|a4, thus h is continu-
ous. Next let g : [3,1] — A be defined by g(z) = (z,2,%,...). fz € [3,1],
7, 0 g(z) = z for all n, so m, o g is the identity map and thus continuous. Hence
by Lemma. 2.2, g is continuous. Also, if z = (%o, Z1, Z2,...) = (Zo, To, Zo,.--) € A,
go h(z) = g(zo) = (%0, 0, To,...) =g and if z € [3,1], hog(z) = h(z,z,2,...) = =.
Therefore g = h~* and & is a homeomorphism from A to the interval [3,1] € R .

Next let B = (1<i£1{(pn}) \ A. Since l£n{¢n} is compact and connected, B is
not compact, otherwise A and B form a separation of 1(i£1{<pn}.

We now show l(iin{gon} is not path connected. Assume, by way of contradiction,
that v : [0,1] — 1<i£1{gon} is a path from 0 = (0,0,0,...) to i =(3,2,%,...), thus we
can write y(t) = (zo(t), 1(t), 22(t), ... ) where z,, : [0,1] — I is a continuous function
such that z,(0) = 0, z,(1) = § and, since v is a path in l(iLn{gon}, On(Tna1(t) = za(2),
for all n and ¢. Thus zo(t) = g 0 P10 Pa 0 -+ 0 Pu_1 0 Z,(t), for all t € [0,1] and all
neN.

Let M, be a transition matrix for ¢,. First let o = [0,3] and I; = [3,1].
Then, from our hypotheses about ¢,, we have ¢,(ly) = Iy U I} and @,(l1) = I;.

Notice we have the same transition matrix for all ¢, so let M,, = M where:
11
=[5 1]
We note that it is easy to show (by induction) that

MoMle---Mn_l——-M”:'[é 7}_’]
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So by Theorem 3.1, for any N* € N there exists subintervals Ji, Ja, Js, ... , Jy» of I
so that zo(Jn) = woo w10 @a 00 pNe_1(Ty(Jm)) D I for m = 1,2,3,... ,N*.
Hence there exists t,, s, € I such zy(t,) = % and zo(s,) = 1, also we can order these
either t; < 81 <ty < 8§93 < -+ < Sy1 <IyOr 81 <ty <8 <o < - <ty_1 <spyif

N*iseven and N = NT* + 1 or else, if N* is odd and N = N*2+1, T <81 <ty <8y <

o<ty < Sy Ors <t <8 <ty<---<ty<sy. The arguments are identical
regardless, so assume we have the case where t; < 51 <#y < 83 < -+ < sy-1 < ipn-.
Since N* was arbitrary, we can choose N as large as we need.

Because zg is continuous on [0,1], zy is uniformly continuous and there is a
§ > 0 so that if |t — s| < &, then |zo(t) — zo(s)| < ;. We choose N large enough
so that 2—1]7 < §. Then there must be a ¢, and s,,, where m is n — 1 or n, so that
|Sm — tn| < & but |zo(8m) — Zo(ts)| = |1 — 3| = 3 > §. This a contradiction, therefore
1<iin{gon} is not path connected.

It is clear that A, homeomorphic to [%, 1], is contained in a path component,
so we wish next to show that the only other path component is B, and that it is
homeomorphic to a ray. Recall we defined ¢, = min{z € [0,1] : p,(z) = 1}. Let
By =1z = (z0,21,22,...) € l(iin{fpn} g € [0,¢0)} and By = {z = (20,21, %2,...) €
1{i£1{<pn} : 71 € [0,¢;]} and continue like this to get the general form: By = {z =
(%o, T1,%a,...) € lgn{@n} : o € [0,¢]} then UkZOBk = {z = (29,21, %2,...) €
lim{in} : x € [0, cx] for some k}, but [0,¢x] C [0,1) and if z,, € [0,3) then )4y €
[0, ax) C [0, ¢k, 50 Ugso Br = {2 = (%0, 1,%2,...) € l(igl{gon} LTy € [0‘, %) for some
k} = (l(iin{gon}) \ A = B. Notice that since [0,¢c,] C [0,3), ¢n is strictly increasing
on [0, an), ¥n(an) = % and pn(z) > 5 for © € [ay, 1], it is the case that if z, € [0,¢,]
then z, has only one preimage, that is Tn11 = [@n] " (Zn) € [0, ant1) C [0, coy1]- So
in general we know that if z,, € [0, ¢,] then z,1 € [0, cp41]. Thus B, C Byyg for all

n € NU{0}. In addition we notice 0 = (0,0,0,...) is an endpoint of B, for all n.
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Next we show B,, is homeomorphic to a compact interval in R . Let A, : B, —
[0, ¢,] be defined as h,, = m,|g,, 50 h, is continuous. From the hypotheses about ¢,
on [0, an], ¥nljo,a,] 18 @ homeomorphism, so let v, = (¢nlo,e,]) ", thus if z, € [0, 3),
T, has only one preimage under ¢, and s0 Zp41 = V5 (%s). Define g, : [0,¢,] — B,
by gn(z) = (oo w10 -0pn1(z), pr0@s0 - 0Pn1(T), ..., ¥n-1(2), T, Tn(%), Yns1©
Y (Z), Ynt2 © Yn+1 © Yn(Z),...). Since ¢ and -y are continuous for all &, 7 o g,
is continuous for all k&, so by Lemma 2.2, g, is continuous. We quickly see that
P 0 gp(z) = = and g, o hu(z) = z, so hy* = g, and h, is a homeomorphism as
desired.

Notice that ify = (Yo,%1,%2,-.-) € Bp\Bn_1 then because y ¢ Bn-1,¥; € [%, 1]
for all 4 < n and since c,oil[%,l](x) =T, Y=Y =Y =" = Y1, DUt y € B, s0
y; € [0,%) for all ¢ > n. Hence y = (Yo,%0,Y0s- -+ Y0, Yn» Yn+t1,--- ). NOw suppose
i =1,2,3,... and {n;}2, is a sequence of integers such that 0 < n; < ny <n3z <

. and {z°}%, is a sequence of elements of B so that z' € By, \ By,—1 and let
z be a limit point of {z'}2,. Assume, by way of contradiction, that £ € B =
Unso Bn, S0 there exists some N € N U {0} so that z € By \ By-1 (where By_4
is taken to be {}), thus z = (%o, Zo, Zo, - - - , Zo, TN, TN+1,.- - ). Lhere also must be

* € N so that if i > 4%, n; > N. Therefore if i > 4*, then z* € B,, \ By,—1
and 2° = (zb,2%, 28, ..., 2%, ..., 2% 1,35 ,...) = (zh;ah, b, ... b, 2%,,...) where

lzn—3]

zh € [%,1]. Since zy € [0, L), lzy — 4] > 0, let € = Sxz#. Hence if 4 > ¢* then

_ _ _1
n; > N and d(z, z°) le’ )l lm” ol > Iwzxer = 2'";1}@“2' = 2¢ > €. Therefore

we have found an e > O such that for all 4 > 4*, z* is not in the e-ball about z,
so at most finitely many elements of {z'}$2; are in the e-ball, which contradicts the
assumption that z is a limit point of {z}$°;. Thus all the limits points of the sequence
are outside of B. Therefore B and B, satisfy all the hypotheses of Lemma 3.2, so B

is homeomorphic to a ray.
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Then since B = (1(1_I~n{<pn}) \ A and B is path connected, not only is A in a
path component, A itself is the only other path component, besides B.

Next we show that B is dense in 1(1_r_n{<,0n} Recall that every point of A is
of the form z = (2,2,2,...) where z € [%,1]. Since ¢,([0,3]) = [0,1], if z € (3, 1],
there exists an zo € [0,2) such that ¢n(zo) = z and if z = 4, then let zp = an,
thus ¢,(zo) = 2z and 7o ¢ [1,1]. Now consider the sequence {z°}2, defined by
2= (2,2,...,2, 2,Ty, T1, Ta, . .. ) Where g is in the (¢ + 1)* position and as before
wi(Ts41) = T, hence 2' € 1<iin{gon}. Because 7o ¢ [3,1], 2 € B. Now to show {2'}32,
converges to z, let ¢ > 0 be given. Therefore there is an N € N so that > " zin < €,
sofori> N, d(z,2) = Yoot 2 4 3o, =senl < g4 57 0 L < 0+e=e. Hence
{2'}%2, converges to z, as desired.

Whence lir_n{gon} is a generalized sin% space. Q. E. D.

For the next lemma we make another restriction on the sequence of ¢, func-

tions. In addition to the properties (a)-(d) at the beginning of this chapter, assume
(e) ¢, is monotone increasing on [0, ¢,).

Thus we can see @nljo,e,] = [0,1], with @n(c,) = 1 and @n|jo,c, is 2 home-
omorphism. Define (¢nljo,e,))™ = ¥n ¢ [0,1] — [0,¢y] and let Ty, 1 ¢ [0,1] —
lEl{wn} be defined by T, k(t) = (po o @10 @20 -0 @(t),p10pr0p30---0
0r(®), .. s 0r(t),t, Yesa(t), Yeta © Ver3(t), ... ). Notice that ¢ is in the (k + 1)** posi-

tion.
Lemma 3.4 For any fized k € NU{0}, Ty, & is an embedding.

Proof: This amount to showing that Y, s : [0,1] — Range(Y,, k) is a home-

omorphism. First let us show T, x is one-to one. Let z,y € [0, 1] so that T, x(z) =
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Ty (y), that is Ty, 4(z) = (00 010 0 @s(2), P10 @200 P(a), ..., ga(2), 7,
Te+2(2), ) = (poo@ro---opp(y), propzo- -0 r(y), -, Pr(): ¥, Tera(y), ) =
Yy, k(y). Therefore z =y since they both occupy the (k + 1)** position.

Now because ¢, and 7, are continuous for aﬂ n and the compositions of
continuous functions are continuous, 7 0 Y, x is continuous so by Lemma 2.2, Yo, «
is continuous. Thus T, x is a bijective continuous function from compact space [0, 1]
onto its range, which is a subset of the metric space l{iin{gpn}, so by Lemma 2.1,
Y, x is a homeomorphism onto its range and is thus T, 4 : [0,1] — l(iin{,cpn} is an

embedding. Q. E. D.
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CHAPTER 4

AN EXAMPLE: TWO DIFFERENT UNIMODAL
GENERALIZED sin% CONTINUA

This chapter contains two examples of unimodal continua that are also gener-
alized sini— spaces, referred to from here on as unimodal generalized sin% continua.
We will see that these two examples of continua are not homeomorphic to each other.

Let us first look at some motivational material. Define f : I = [0,1] = I to

be the continuous, piecewise linear, unimodal function:

2z ifo<z<i
_ ST
/() {g—x ifl<z<l
We next consider f o f = f2? which is:
4z fo<z<:
fPz)=4{ -2z if%gxgé

A quick look at the sketch of the graph of f? below (Figure 8) indicates that f?
satisfies the assumptions (a)-(e) of our ¢, functions in Chapter 2, so by Lemma
3.3, l‘gn f? is a generalized sin% space. The same thing goes for f* sketched below
(Figure 9). In fact, l(iin f =~ Ijr_n f? ~ l(iin f* by Corollary 2.2. But f is a unimodal
function, so IE f? is a unimodal generalized sin - continuum. It turns out that 1<i_r£1 f?
is homeomorphic to the space illustrated in Figure 10 ([11]).

It occurred to us that perhaps a function similar to f4, but with one of the
two “spikes” shortened (see Figure 11), repeated as the only bonding map would
yield a different inverse limit space than that of l(iin f2. The bonding map pictured in
Figure 11 has an inverse limit space homeomorphic to the'space illustrated in Figure

12 (This will be clear from a later proof).
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‘/2 1
f
0 1I :1
7z
Figure 7: Function f Figure 8: Function f? Figure 9: Function f*

Figure 10: A Visﬁalization of lim f
—

Figure 11: Function ¢ Figure 12: A Visualization of limg
(_—_.

But because we are interested in unimodal continua, we wish té find a few
unimodal functions from I to I so that the composition of these unimodal functions
will have a graph whose sketch looks like Figure 11. After many hours composing
piecewise linear unimodal functions, we have succeeded.

Let u,v, and z be functions from I onto I defined by:
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Figure 13: Functions u, v and 2
Now let:
] 9
40 3 9 9
—?Il?'i‘g 1f§6§:vgm
g(z) =fouovoz(lz)={ Fao—-; fgH<s<h
5 9 3 1
—3T+ 3 1fE§x§§
o1
. T 1f5§$§1

" Then Figure 11 is the sketch of the graph of g. If we let 7un = f, Tunt1 = U, Tant2 =

v and Typy3 = 2z for n = 0,1,2,..., then lim{r;} is a unimodal continuum, but
(_..
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1(1_121{73} o 1}319 by Corollary 2.2. Since g also satisfies the assumptions (a)-(e) in
Chapter 3, 1<iing is a unimodal generalized sin% continuum. We will show that 1<iin f2
is not homeomorphic to 1<iing.

For ease of notation, let X = lElg and ¥ = IE 2. Let Ax be the “limit
bar” of X which is formally defined as Ax = {z = (mo,‘:cl,azz,.. L) EX iz eli]
for ¢+ = 0,1,2,...}. We define Ay to be the “limit bar” of Y, so Ay = {y =
(Yo, ¥1,Y2,--.) €Y 1 y; € [,1] for 4 = 0,1,2,...}. As mentioned in the previous
chapter, points in Ax and Ay have the form (zg,%o,Zo,...). Let Bx = X \ Ax
and By = Y \ Ay, so that Ax and Ay are edch compact while Bx and By are
non-compact rays. |

Recall that we defined T, 5, : [0,1] — l{iin{gon} in the last chapter by T, x(t) =
(poopropao---0pk(t), prowaopso---0py(t), . .., Yi(t) 1, Ye+2(t), Yer20Vess(t), - - ),
where 1, = (@nljo,e,)) ™. Next we define y, = Tox(3), for all £ € N. Let us also
adopt the notation _%_ =(3,1,%,...).

Let us take a closer look at the sketch of the graph of the functions g and f?

in Figures 14 and 15 below.

| I |

| ]
0 9 9 3 1 1
80 40 10

Figure 14: Details of g Figure 15: Details of f2
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Lemma 4.1 The sequence {y, }32, converges to 1.

Proof: Let ¢ > 0 be given. There exists an N € N so that (32 y., 5) <
e. Note that y, = Tyu(2) = (¢*(2), B ,0(3), 167 (2),67(2), ) where
g1 = glp,g) But 9(3) = 50y, = (55500 (3),9°(3),---)- Hence for
k > N, if we let yz; be the 4y coordinate of y , then d(y,, %) = 3% [y’”;—,zl

1

1.1 1
r, 2) 4+ (N |y’°;1 ) <0+ Zz-N+1 5 < 0+ ¢ = €. Therefore y, converges

to . Q. E. D.

Next let wy, = Tgr(5), forallk e N .
Lemma 4.2 The sequence {w,}2, converges to ;.

Proof: Notice that g(Z) = 5 and 9(3) = 3,80 wy, = Tor(5) = (6°(5%),

gk_l(%)w" ’ 9(4&)7f_Oagfl(f_o)7gl_2(%),'--) = (%’%’ ’% 4i gl ( 0)’9;2(49_0)"“)'

The rest of this proof is similar to the last proof. Q. E. D

Let z;, be defined by z, = Tox(3), forall ke N.

Lemma 4.3 The sequence {z;}32, converges to §=(§,%,5,---)-

Proof: Similar to the proof above, we quickly notice that g(3) = 2 and 9(3) =
)

%' Thus Ty = Tg,k‘(g?_z;) = (gk(%),gk—l(%)’?.” ,9(34)’34,911(% gl_ (3_4)7

8,3,...,3, 2, 971(Z),97%(5), - --) Then by an analogous proof to that of Lemma

4.1, z, converges to 3 € Ax. Q. E. D.

Next we state the pivotal theorem for this chapter.

Theorem 4.4 The space limg = X is not homeomorphic to the space imf? =Y
— —
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Proof: Assume, by way of contradiction, that X is homeomorphic to Y and
that A : X — Y is a homeomorphism. Recall that from the previous chapter and
the definition of Ax and By, the sets Ax and Bx are the arc components of X =
1{iing and similarly Ay and By are the arc components of ¥ = 1(}1_1’1 f2. Since h is a
homeomorphism, compact Ax maps to compact Ay and thus h(Bx) = By. Also.the
end points of Ax must map to the end points Ay, so without loss of generality, assume
h(3) =3 = (333 ---) € Ay and h(1) = 1 € Ay. Hence h(w)il; and h(y,);”
must converge to 3 € Ay. Since {5 € (g5,3) and Ty is an embedding, Tou(S) =24
lies on the ray Bx between wy, and y . Now then {h(w;)}32; and {h(y,)}32, converge
to 3, since {w,}g2; and {y }32, converge to 3 and h(3) = 3. Also {h(z;)}72,
converges to h(§) with 3 # h(3) # 1 . For notation, let h(w;) = (wi,0, We,1, Why2; - - -)
with analogous definitions for h(y, ) and h(z) and since {h(z;)}72; converges to h( i),
define h(i) = (20,0, Zo,1, Zo,2, - - - ), but since h(%) € Ay, h(i) = (0,0, To,1, %02y ---) =
(20,0, T0.0, Top, - - - ). Because h(j’z_) i, To0 # 3

Let € = min{gs, 5(|3 — zo,l), then there is an V € N so that d(3, h(wy)) <,
d(3,h(y,)) < eand d(h(}), h(zy)) < eforall k > N.

Next we will show that for any fixed & > N, there exists an m € N so that
|Wiem — Ykm| > % Suppose, by way of contradiction, that |wkm — Ykm| < 1—% for all
m € N . First we will show that wyo and yx are elements of [1,1]. If wgo € [0, 3)
then since the only preimage (under f2) of [0,1) is [0, ), we1 € [0, ), thus |3 —wes| >
73

is to say d(3, h(wy)) > €. But we selected IV so that d(3, h(wy)) < eforalln > N,

1 . 1_ 3
| = & and so d(}, h(wy)) = Y%, Bl > Bl > £ = 3 5 L > ¢ that

D=

therefore wy o ¢ [0, 1) and it must be that wgo € [3,1]. By a similar argument, we
know yxo € [3,1] also. However, since h(wy), h(y,) € By, there exists an i € N such
that wy,; € [0,2) and a j € N so that yg; € [0,3). Again since the only preimage of

[0,1)is [0,2), Weitn €[0,3) and ygsn € [0,5) for alln =0,1,2,... . Now let s* be
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the smallest integer so that wy;+ € [0, %) and let j* be the smallest integer so that
Yk, € [0,%). Thus wyge—1 and yx,j-—1 are in [, 1].

Now because f2(z) = z for z € [£,1], wg; = wpi— for 1 < i*, we get |5 —

Wie—1| = |5 — W] < Dimp —_21:”“' = d(%, h(wy)) < €. Therefore wg+—1 € [3, 3 +¢).
The preimage of [%, 1 +¢) under f?is [}, £+ £)U (3 — £, 5 +¢) and wy» € [0, 5) with
fz('wk,i*) = Wkgi*—1, S0 W, 4* € [%, % + 2) U (5 - '26-, %) Slmllarly Yk, 5* & [%, % + 2) U
(% - £, %) First, let us consider the case where * < j*. Then y« € [%, % +€) and

<3S ande< &, 50wk ¢ 13,5 +%5) Cl5 5+ ag) thus

we assumed |wg i+ — Y
wie € (5 — £,1) and then f2(wy) = Wkees1 € [0,3) which is the only preimage
[

0,2) D (3 — & 3)- Therefore, using the assumption that |wygq; —

under f2 of 5

Yot < 16, Ykir+1 & [% + ¢) and yer41 ¢ (% - 5,%) SO Yk,ir+1 € [%,% + 5
hence j* = i* + 1. By a analogous argument, if j7* < ¢*, then ¢* = j* 4+ 1 and
Yrjo41 € [0, 1) with wejeqr € [§, 5+ 5). If it is the case that ¢* = j*, then y,,
Wwige € [2, 149U (2 - £, 1) and ygep1, Weg1 € [0, 3). In any case, Wi 41, Yrirt1 €
[0, §+ 2) Now assume, without loss of generality, that wg 41 < Yr++1 and consider
T p2 o1 ([Whir1y Ygetr]). Since Yz peyq is an embedding, T gz e ([Weiet1, Yrie41])
is an arc in By with endpoints h(w,) and h(y,). But h(z;) is on that arc between
h(w,) and h(gk), SO T ir41 € [Whset1, Ynae41] C 10, % + %) and f? is strictly increasing
on [0,% + £) thus ki € f2([Whirt1, Ynir+1]) = [Whie k] C (5 — %55 +¢€) Then
we see that

F(zpp) = Thp—1 € [3,2 +€) and since f2(z) = z for z € [3,

1],
Tho = Tkir—1 € (5,3 +€). Also |zog — 2o < Doy lmoQ_—mkl = d(h(i) hzy)) < e.

Therefore |zop — 1| < |Zo,0 — Zk0| + [Zko — 3| < €€ = 2¢. But by the selection of ¢, -

e < %]% — %o/, 50 3€ < |—;— — Zop| < 2€, a clear contradiction. Hence must there exist
an m € NUO so that |wgm — Ykm| > 3 as desired.
Since wy; € 1,2 —¢) for ¢ < ¢* and yg; € [3, 5 —€) for ¢ < j*, it must be that

lwgs — Yril < € for 4 < min{i*, 7*} so m > min{s*, 7*}. Hence either wyn, € [0, %) or
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Ykm € [0, %) and |Wgm—Ykm| > 15—6. Without loss of generality, assume wgm < Yk m, SO
the diameter of the interval from wg,m t0 Ykm, denoted diam([wg,m, Yr,m)), is greater

than = and ypm < s +€ < 3+ 5 = %, therefore 1 € [wk,m,yk,m].‘ Define b, =

Trpd) = (PG Dy, 2O, 5 o) = ML L, &y ) where
% is in the (k4 1)* position. By a similar proof to that we have seen before, it can
be shown {b,}%2, converges to 1 = (1,1,1,...) € Ay. Since h is a homeomorphism
and we assumed A(1) = 1, {h7*(b),)}32, converges to 1 € Ax. Now for any fixed %,
because € [Wim, Yk,m), by is between h(w,) and h(y,) on the ray By, so h~'(b) is
beltween wy, and y, on the ray Bx. If we let A71(b,) = (b0, bk,1, bk2, . - - ), it must be
that by € [, 3] since Ty is an embedding and Ty x[, 3] is an arc from w to y,,
thus containing A1 (b,,). Because {h~'(b;)}32, converges to 1, there exists an | € N so

1

that d(h~1(b), 1) < 2 for all & > L. So |bro — 1] < 1020 Besrtl = d(h=2(3,),1) < &.
But the largest g(z) gets for z € [, 3] is 3, 50 brk-1 < 3 and since g(z) = z for
z € [3,1], b1 = bro < 3. That contradicts |bgo — 1| < .

Therefore h cannot be a homeomorphism and thus X = lgglg is not homeo-

morphic to Y = 1(iinf2. Q. E. D.

Thus we have seen that X and Y are two distinct examples of unimodal

generalized sin 2 continua.

We note here that X = limg is homeomorphic to the M-continuum discussed
(—._

by Sam Nadler in [13], however Nadler does not create it as a unimodal continuum.
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CHAPTER 5

AN UNCOUNTABLE COLLECTION

In this chapter we will construct a collection of unimodal generalized Sin%
continua for which uncountably many are non-homeomorphic with each other.

Let a = (agaias...) be an element of the uncountable set {0, 1}N (see [12],
pg. 50), that is g is an infinitely long string of 0’s and 1’s. Suppose we divide {0, 1}N
into equivalence classes. Let (agajas . ..) and (bobibs . ..) be in the same equivalence
class if and only if there exists a k¥ € Z and an N € Z* so that b, = a; for all
1 > N. Define C to be set of these equivalence classes.

Lemma 5.1 The set C is uncountable.

Proof: First we recognize that for any ﬁfced k, N can take on only countably
many values. Since k& must be an integer, for any given (apaias ... ), the equivalence
class of (apaias . ..) is a countable collectlion of countable sets, and thus is countable.
If we assume, by way of contradiction, that C' is countable, then {0, 1}N is the union
of countably many equivalence class, each with countably many elements, and hence
is countable. But we know {0, 1}N is uncountable. This contradiction proves that C

is an uncountable set. Q). E. D.

Use the functions g and f? that were defined in the last chapter and let g = ¢
and n; = f2, then let h; = 7,,. Thus h; : I — I is equal to g if a; = 0 and equal to
f%if a; = 1. So, by definition, l(igl{hi} is a unimodal generalized sinZ continuum.
Hence for each member of {0, 1}N there is a corresponding inverse limit space.

Now let @ = (apaaz...) and b = (bobibs...) be elements of {0, 1}N and let

lim{h;} correspond to g and lim{A}} correspond to b.
— —
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Theorem 5.2 The continuum I(En{hz} is homeomorphic to the continuum lim{h}}
—

if and only if a and b are in the same equivalence class of C'.

Proof: Let us start by assuming that there exists a k¥ € Z and N € Z* so that
bitrx = a; for all< > N. This could also be written as by s = an4; fori=0,1,2,....
~Therefore myy,,.; = Mayy: SO Aiipys = Anti- Now if we apply Corollary 2.1 we get
that l(iin{h;f‘} = 1+ir_n{hi}, as desired.

Next assume that h(_r_n{hz} ~ I(El{h:‘} Let H : l(an{hz} — lin{h;‘} be a
homeomorphism. If we define the “limit bars” of lgr_n{hz} and l(i_n_l{h;"} as in the
previous chapter, that is = (2o, %o, Zo, . . . ) is in the limit bar for zo € (3, 1], it must
be that H takes the limit bar of l‘iin{hz-} to the limit bar of l(iLn{hf} and similarly
the ray maps to the ray. Consider the sequence of points in 1(i£1{hi} defined by p, =
(L, 1,1, P1,2, P13, -+ )5 Py = (1,1, D22, D23, D24 - - - )y Py = (1,1, 1, 03,3, 3,4, P35, - - ) and
so on, with the general term being p. = (1,1,1,...,1,pig, Piit1, Pisit2,---) Where
i < 5 for j > 4. Clearly {p .}, converges to 1L = (1,1,1,...) which is an endpoint
of the limit bar of En{hz} Similarly define g, = (3,3 50+ » Qigis Gisick1, Gigit2s > - - - ) SO

{g:}$2, converges to 2=1(3,3,%,-..), the other endpoint of the limit bar of lim{h;}.
£ —

So let {¢;} be a sequence of points of the form (3,2,2,...,2, % ¢, ¢; i41, Cijga, - - - )-

Note that since 2 < 2, ¢;jym is completely determined for m = 0,1,2,.... There
may be none of these points ¢;, a finite number of these points, or they may constitute
an infinite sequence. If these points form an infinite sequence, {¢;}$2; converges to
i. Notice that since g(&) = 3 # f2(£), each point of {¢;} corresponds a different
function of h; being equal to the function g, so a, = 0 where n is different for each
different 1.

We similarly define {z;}, {y,} and {z;} to be sequences in l(igl{h,;‘} with z; =

(111 1 _
yoees L Ty Tiga1, Tignas - -+ ), Y, = (5, 31930 9 5 Yiis Yiyi+ls Yisit2r - - .)and z; =

—~
}—l
—_
—t

(8,2,%,...,%, 2, 2, %41, %42, .. .) and further assume we number the points ¢;




32
and z; so the larger the ¢, the closer we are to the limit bar. As before, it can be
shown that {z,}2; — 1 € lim{A}}, {y.}2;, — 3 € 1(i_r_n{h;k} and, if {z;} is an
— =1 A

infinite sequence, {2;}%2, — 3 € 1(1_r£1{h;*}

{—

Yeds 24 23 %y Y

Figure 16: The Spaces lim{h;} and lim{h}}
— —

It is possible that neither {¢;} nor {z;} is an infinite sequence, in which case
for some Ny € N, h; = f2 for i > Ny, for if h; = g, then we would get another
¢;. Similarly there exists an Ny € N so that hf = f2 for ¢ > N,. Now let N =
max{Ny, Ny} and let k = N, — Ny, so that a; = 1 for ¢ > N since 7o, = h; = f2 =1
and also b, = 1 for 1 > N because n,,, = h; = f? =mn. Thus b;yx = a; for i > N.

Next we consider the case where either {¢;} or {z;} is finite and the other is
infinite. Without loss of generality, assume {¢;} is finite and {z;}2, is infinite. From
the form of the coordinates of ¢; versus p,, we know only finitely many of the bonding
maps h; are equal to g, the rest are equal to f2. Then li@{hi} is homeomorphic to
l(iﬁl f? by Lemma 2.1, thus we have l(iLn{h;*} homeomorphic to l(iEl f2. However, since
{z,}%2, is infinite, h} = g for infinitely many ’s, we construct a proof very similar
to the proof of Theorem 4.4 to show that 1£n{h}‘} is not homeomorphic to l(iin i
So to do this, assume G is a homeomorphism from 1(i£1{h;‘} onto l(iin f2. Notate

any arc in l(iin{hf} from y  through z,, ending at y by (gﬂ,gm,gnﬂ) and look

at G((Y,, Zm: Y,,.,))- Since {y,}2, — _%_ and {z;}, — i, {G(y,)}2, converges
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to an endpoint of the limit bar of l(in f? and {G(z;)}2, converges to something
other than an endpoint. Thus for increasingly large m, G((gn, gm,gnH)) contains
a point b, with the first several coordinates being the number 1, so that {b;}2,
converges to the opposite endpomt of the limit bar of hm f? from which {G(y )12
converges. Then {G71(};)}®; — 1 and G7(b,,) € (gn,_m,gnﬂ), but from the
construction of z;, and the function g; we know that the first coordinate of every
element of (y,,2m,y,,,,) must be smaller than 2, so {b;}2; cannot converge to 1
hence 1(i£1f2 is not homeomorphic to 1<i£1{h;*}. This is a clear contradiction, so it
must not be the case that either {¢;} or {z;} is finite and the other one is infinite.

Now let us assume both {¢;}2, and {z;}$2; are infinite sequences, that is they
have infinitely many d1st1nct points. Since H is a homeomorphism, {H(z;)};,
{H '(y,) 21, and {H"(z;)}2; all must converge to point on the limit bar of 11m{h }.
Define 2, to be the limit point of {H~ 1(2;)}%2, on the limit bar of hm{hi}, and since
endpoints must map to endpoints, z, # 1 and z, # 1. Next consider {H(p )21
{H(g,)}2;, and {H(g;)}2, which must all converge in the limit bar of 1(1_r£1{h:‘} Again
if we let {H(c;)}2; — ¢, in the limit bar of l(iin{h;‘}, ¢ # 1 and ¢y # 3. For now
let p, be the limit point of the sequence, {H (p) f21 and similarly let ¢, 2, and y, be
limit points of {H(g,)}{21, {H~ Yz;)}2, and {H My ) }%21, respectively. Since H is

a homeomorphism, each of these limits on an endpoint of the limit bar of the space

the limit point is in. Let ¢ > 0 be defined as follows:

< %mln{d(l) %) d(i _%_) d(laﬁo) d(i) EO)’d(l, QO),d(i) QO)}

We let N* € N be large enough so that all points of the sequences we have labeled
are within an e-ball of their limit point for all subscripts ¢ > N*. Choose n,m > N*
so that for a given ¢, ¢_ is the closest point of {gi}ggl to ¢, along the ray from c,,

to the endpoint of the ray part of l(iin{hi}, then ¢ is the closest point of {g,}{2,
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to ¢, along the open end of the ray. Notate the arc from q, through ¢, and ending
at g, by <Qn’§m"ln+1>' If we look at H((gn,_c_m,gnﬂ)), we know that H(g ) and

H(g_,.) are within € of g, but H(g,) is not, it is within € of ¢,. Thus if ¢; = 1,

gn+1
H((g,,Cm>4,,,)) must pass through y, for some 7, but then H(y,) € <gn’9m’gn+1>'
Now if g, = 1 then p, = 5 and it must be that y, = 1, s0 H™'(y,) € (2, Cm> 4 p1)

and H~'(y;) is within € of 1, which contradicts the selection of 4. Cm and Qir thus
it must be the case that ¢, = i € ljr_n{hf}, p,=1¢€ l(iin{h;f‘}, Y, = _%_ € 1+1r_n{hz} and
Lo = lin{hz}

Now then, still considering H({g_,cm. q, +1)), we know that ¢ and ¢, are

within € of i and that ¢, is not within € of _%_, so H({g, )) passes through

»Ems D yr
either a point of {z;}32,, call it z,, or a point of {#}2;, labeled z).. If M (or M*)
is less than N*, choose a larger n and m until we get z;; (or 2, ) so that M > N
(M* > N). Thus either we have an z,, within € of 1 or there is a z),. within € of 3,
Since z; converges to 1, H1(z;) converges to 1 and M > N*, so H™*(z,,) is within

€ of 1, but since 2y € H({g,,Cm>4,,1)); H™Y(zy) € {4, Cm1 4,,,,)- However ¢, is
the relative maximum of this arc, in other words ¢, is the point with the largest
first coordinate, which is %, so z,, cannot have a first coordinate larger than %, hence
H~'(z,,) cannot be arbitrarily close to 1. Therefore it is 23+ in H({g,,, ¢m,q,,,,)) and
both ¢, and z,., by virtue of the first coordinate being 3 and the first coordinate
less than % being %, relate to the bonding map g in the inverse limit space. Hence
Pom = ho = g =hg =h; , and by» = 0 = . Let m = N and k = M* —m so
birk = a; fori = N.

This argument can then be repeated for c,.;. We know that the same &
will work since ¢,,,; maps to zyp,q, for if it did not, we could consider an arc

Y. s Zaral, Y and the arc HY((y ., Zapen1, ¥ and with an argument similar
LA VEES VAR S XR-4 VAR LM EM D I g

to above, arrive at a contradiction. Again repeat the argument for ¢, ., and z. s,
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and so on. Therefore we have b, = a; for ¢ > N as desired. Q. E. D.

Define D to be the collection of all inverse limit spaces Igl{hi} of this form,
that is, spaces using f2 and g as the only bonding maps, applied in different combi-

nations.

Corollary 5.3 The set D contains uncountably many pairwise nonhomeomorphic

spaces.

Proof: From the theorem above, there is a one to one correspondence between

our set D and the set C' from Lemma 5.1. Q). E. D.

So we have created an uncountable set of unimodal generalized sin% continua.
The continua considered here are often called arc + ray continua for obvious
reasons. We wish to point out that Karen Brucks and Henk Bruin (][6]) have proven
that there are uncountably many nonhomeomorphic unimodal inverse limit spaces

that are non arc-+ray continua.
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CHAPTER 6

A DIFFERENT UNCOUNTABLE COLLECTION

In previous chapters we created an uncountable collection of unimodal gener-
alized sin% continua. If we look at the visualizations of these continua, like Figure
16, we could characterize the way we created this collection by saying we varied prox-
imity of the critical points of height % relative to the limit bar. Here we define height
to be the first coordinate of our point. In all these cases, the critical points all have
heights of %, % or 1. In this chapter we develop an uncountable collection of unimodal
generalized sin % continua by creating infinitely many different height critical points.

If all of the local extreme points that do not have a first coordinate of % or
1 originate from the same side, say for example they start at the bottom and reach
part way up, we will call the inverse limit space an M-continua. (We realize our
figures show them looking more like a W shape than an M, but our Figure 5 is
homeomorphic to what Sam Nadler, [13], refers to as M-continua, so for consistency,
we will call the ones we created in the last two chapters M-continua as well.) In
the next chapter we consider how to create what Nadler refers to as MW -continua,
where the critical points of heights between % and 1 are originating from both sides
(top and bottom). Refer back to Figure 6.

Let us start by letting 8 be any number in [f,3] and define the following
functions parameterized by .

Let ug : [0,1] — [0, 1] be defined by:

ﬁx if0<z<28
ug(z) = ,
—z+260+1 if28<z<1
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and let vg : [0,1] — [0, 1] be defined by:

%a: if0<xs<p
vg(x) = .
—z+p0+1 ff<z<1
and define zg : [0,1] — [0, 1] by:
(2 —-20)z f0<z<3i

zp(z) = {

In addition recall that we defined f:[0,1] — [0, 1] by

{

Now let gg : [0,1] — [0, 1] be defined by gg = fougowvgozg. One can see that

26z —28+1 if 1<z <

if
if

2z

3 _
5 — %

/(=)

=N

0
1
2

IAIA
IAIA

HA
Z

the functions u, v, z and g from the previous chapters are exactly u 3, U3, 28 and gs
respectively, so refer to Figure 13 and 14 for sketches of the graphs of these functions

and 7.

for g = Flgure 17 shows g4 for § =

4’ 3’ 16

A little investigation shows that z = m maps to § under zg, then 3 is a

critical point of vs and maps to 1. The function ug maps 1 to 23 and then f(28) =
3 2B for B € [$,3]. Thus for B € (;,5) we get z = 2ﬂ2ﬁ is a critical point of gg
1).

3. We also notice that the

leading to the local maximum of g(55; 2ﬂ) = 2 _ 20, which is an element of (3,

Examples of this are 93(13_0) = g(Z

%) = § and g%&) -

relative size of § is inversely proportional to the height of this local maximum, that

is, as [ gets larger, gs(5555 2ﬂ) = 2 — 2(3 becomes smaller.
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Figure 17. Function gp for Various Values of /3

Notice that ui2 and Zzi are both the identity function and vzi =/, thus gzi =f2
Also, it can be shown that limgi is homeomorphic to lim/2, but for any value of
36 (], |) we see that limgi3is homeomorphic to limg = limg|. However if we let
h = gi oga and consider lim/i, we see the resulting inverse limit space is apparently
different than (that is, not homeomorphic to) limg or lim/2. See Figure 18 for a
visualization of lim/i.

We wish to generalize this idea, but before we can prove such a result, we

need the following definitions and lemmas. We define an undistinguished point
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z on the limit bar of a generalized sin% continua to be a point z that has an open

neighborhood that is homeomorphic, with homeomorphism H, to the following subset

of R* ({0} U {L:n eN}) x (—1,1). See Figure 19.

Figure 18. A Visualization of limh
(—.

H(x)

Ll Ly N L L L L

Figure 19. A Neighborhood of H of Undistinguished Point z

If a point on the limit bar is not undistinguished, we will then naturally call it
a distinguished point. Figures 20 and 21 show visualizations to which neighborhoods

of a couple of types of distinguished points would be homeomorphic.

H(x)

NN NP N L

Figure 20. A Neighborhood of a Distinguished Point
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A A

Figure 21. A Neighborhood of an End Distinguished Point

Now let X and Y be generalized sin;lc- continua and G : X — Y be a homeo-

morphism.

Lemma 6.1 The homeomorphism G must take distinguished points of X to distin-

guished points of Y.

Proof: Since G would naturally take open neighborhoods of undistinguished
points to open neighborhoods of undistinguished points, distinguished points must

map to distinguished points. Q. E. D.

Next suppose that 7 is a particular number chosen from (3, 3) and suppose
that countably many more numbers are chosen from [%, % (we allow repeating of the
same number). Let us label the number v and the other numbers as 5y, 61, Ba, - - -,
in no particular order, but require that  be repeated infinitely many times in the
sequence, that is v = f; for infinitely many <.

Now g, has a critical point ¢ = -2—:7% 50 g,(c) = 3 — 2. For ease of notation,

let k = g,(c) = (3 —27) € (5,1). Then, similar to what we have seen before,

k= (k,k,k,...) is the point on the limit bar of ljin{gﬂi} that is the limit of points of

the form (k,k,k,... ,k,c,...) where of course the number of £’s before the c varies.

The points of the form (k, k,k, ... ,k,c,...) are on the ray part of li;n{gﬁi}.
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Lemma 6.2 The point k is a distinguished point of lim{gg, }.
—

Proof: For any € > 0, consider the (open) e-ball about k. Since € > 5= for
some n € N, consider the point k* = (k,k,%,...,k,c,...) where c is in the m'®
position, and m > 2**!. Then the distance from k* to k is less than

" k—k =1 ST 1 (2 1
> % +Z§—0+1_%—W<z>—2—n<€

=0 i=n-+1

So k" is in the e-ball about k. But ¢ is a critical point of g,, so for z in a small
enough open neighborhood of ¢ € [0,1], gy < k, thus points along the line segment
k* is on, inside this e-ball are of the form (p,p,p,...,p,q,...) where g,(¢) =p, ¢ is
in the m*™ position and p < k. Therefore no point near k* on the line segment £*
is on goes above k (that is, has a first coordinate bigger than k), and so the e-ball
about k cannot be homeomorphic to ({0} U {+ : n € N}) x (—1,1) which means k is

a distinguished point. (). E. D.

We wish to mention here that if we only have finitely many other numbers, say
m~—1 of them so that with y there is a total of m numbers, labeled Gy, 81, Bo, - - - , Bm—1,
again in no particular order, and we define h = 980 © 98, © 9B, © *** © gp,,_, and also
define Bjm = Bo, Bim+1 = Bi; Bjms2 = B2, -+, B+ym-1 = Bm—1 for 7 =1,2,3,...,
then of course l(iglh ~ ].El{gﬁi} by Corollary 2.2. Hence k, defined similarly to the
one above, is a distinguished point of l(iglh.

Now we will generalize our earlier idea. Let m,n € N so that m # n and
choose m distinct numbers Gy, 81, B2, - - - , Bn—1 from ( ,%) Also, choose n numbers

11

1
1
Y0s V1, V25 - - - » ¥n—1 from (3,5), where ; # ; if i # j but we will allow some of the

v's to be equal to some of the B’s. Suppose h = gg, © gs, © g, © *** © gg,,_, and

B =Gy O gy ©Gyz ©*** O Gy

Lemma 6.3 The space limh is not homeomorphic to l(ith*.
(—
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Proof: First, we notice that both inverse limit spaces satisfy the conditions of
being unimodal generalized sin% continua. Assume, without loss of generality, that
m > n and further suppose, by way of contradiction, that limh is homeomorphic to

—

limh* and that G is such a homeomorphism between these two spaces. For each 1,
—

gp; has it’s own critical point, cg, = 5* 2ﬁ , 50 let kg, = gp,(cp;). Let k; be the point on
the limit bar of limh that is the limit of points of the form (kg,, kg;, ... , kg, cs;,-- - )-
F

(cy;) =k, and let k;

Similarly, for each j, g,, has a critical point ¢,; = 2_”;

be the point on the limit bar to which the points (k; ,k:‘; yeen ,ki; 3 Copjy - .) converge.

Now since G is a homeomorphism, it must take end points of the limit bar of limh

“—

to end points of the limit bar of limh* as well as the other distinguished points k; to
— .
the other distinguished points &}, but since m > n and G is one to ome, there is at
least one k, that cannot map onto a E;f, thus there is no homeomorphism from limh
(—

to limh*. @. E. D.
.<_

Next consider if we used m numbers from (7, 3) for both h and h*, for in-
stance, consider the distinct numbers Gy, 81, B2, - - - , Bm—1 and let pg, p1, P2, - 5 Pm—~1
be another m numbers from (1 i 2) so that p; # p; for i # 5. Suppose, as before, that
h=gs ©gp ©9s, ©"*°gp,_, but now let h* = g,, 09, 095,00 gp,_,. We are
interested in what conditions are needed for l(iglh to be homeomorphic to 1<i_r£1h*. It
turns out that if the order of the relative sizes of the #’s and the p’s are the same up
to a cycle of size m they are homeomorphic. The next lemma clarifies this.

First define Ilj{o,1,2,... m—13 : {0,1,2,... ,m =1} = {0,1,2,... ,m — 1} to be
a reordering of the numbers zero through m — 1 so that fr() < By < Pue) < -- <

Bit(m—1)- Then let o : N —{0,1,2,... ,m — 1} be defined by o() = (¢ + 1)(modm).

Lemma 6.4 If there exists a k € NU{0} such that pr)) < Pr(erq)) < Pk @) <

+ < Pri(ok(m—1)) then l(ilnh 18 homeomorphic to l£nh*.
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Proof: First let us create a sequence of points a0,01,a2,... ,Om1 so that
an{) = P(<k(@@) forz= 0,1,2,... ,m—. Thus it isthen also true that On(@Q < on(i) <
Q@2 < < «n(m-i). Define h1:[0,1] -> [0,1] by h1l= gao 0 gai 0 ga2 0 mmmyam 1

Label the points of interest as in the diagram below, for *—0,1,2,... ,m —I. Thus
for &3v(l) the smallest nonzero critical number is a,, so gpn(i)(ai) — I, followed by
critical number 6, so that gpn(i){bi) —  then c where gpn(i){ci) E (|, I) and then

critical numbers | and 1. The critical numbers of yQ(i) are labeled the same, except

a superscript * being added to the lettered critical numbers to differentiate them.

Figure 22. The Functions gpn(i) and gQn(i)

Since the relative size of the parameter drawn from (|, |) is inversely propor-

tional to the size of ki or k*, it is the case that Zn! < fim 2 < eee < A1 < ) and
<M2<'" < < Ag

Let | —[0,1] and define €0 :/ ->/ so that vO(0) = 0, t*o(|) = 5, "o(A0) = Ag,

40(1) = | and (fo is a straight line connecting these points everywhere else in I.

Since A0, A9 G (5,1) for all these cases, is strictly increasing and therefore a

homeomorphism. For ease of notation, define subintervals of | in the following way:

For any fixed 1 and thus considering gpn(i), let lifi = [0, a,], liti = [(ii, 6]], 1i* = [h, d],
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Lz =[ci, %), Lia =[5, k) and L5 = [k;, 1]. Similarly, considering ga,, define J;o =
[0,az], Jix = [a}, b)), Jip = [V}, ¢], Jig = [}, 3], Jia =[5, k7] and J;5 = [k}, 1]. Now
for any ¢ € NU{0}, we define @;4, : T — I by letting 0iyalr, o = [Jamg ol " 0%i098ng
and @is1|n, = [Gone lia] ™ © ©i © 9pngy then Yinalr, = [Gang 7217 © i © 9oy, and
Vir1ln; = [gan(i) I‘Ji,s]_l O 0 © Gpy;y With Giriln = [gal'l(i) |Ji,4]_1 © ¢; © gy, and lastly
€0i+1|1,-,5 = '[gan(i) |Ji,5]_1 © ¥4 © Gy

Next consider the diagram below:

9Buqo) T 9By T 9Bn(2)

I =

o ©1 w2 ©3

gan(o) gal‘l(l) gan(z)
I I

b~

We will soon show that ¢; is a homeomorphism for all 7, and thus, from the way ¢;
was created, we see the diagram commutes.

We will show @; is a homeomorphism for all < by induction. We already have
seen that g is a homeomorphism. So now assume that for some fixed 4 € NU {0},
©; is & homeomorphism, we wish to show ;1 is therefore a homeomorphism. Since

I is compact and Hausdorff, we need only show ;4 : I — I is a continuous bijective

1

o}

function (See Lemma 2.1). For any n = 0,1,2,3,4, 5, we see ¥i1lr,,, = [Jag 5.~

i © 98y = [Gang sl " © ¥i © Gpye 1. 18 the composite of homeomorphisms and
hence is continuous. Also we notice ¢;.; is well defined for each of the (overlapping)
endpoints of these subintervals and therefore ¢;; must be continuous.

Choose a point 4 in the range of ¢;11. Then y must be in at least one

subinterval of I, say Jin. Let £ = [gpyqln.]7" © i © Gang, (¥) thus @ini(z) =

[gdn(i) Ji,n] ~logp;o 9Bnq (z) = [gan(i)‘lJi,n] “tog;o 9By © [gﬂn(i)

as desired, 5o ;.1 is onto.

Ii,n]_lo(:oi_logan(i) )=y
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To show (p;41 is one-to-one, suppose ©;+1(2) = Yi+1(2). S0 Yi1(2) = wir1(2) €

Jin for some particular n, but by the definition of ¢;y1, it must be that z,2 € [,

thus equivalently we get ©;11(%) = [gagg, l7i.] " © 93 © gpyg, () = 2 A NPT
by 115 () = [Ganey [ 73,n] 7 © 03 © Gy |1 (2) =[Gy | 1,07 © 03 © Gy (2) = ina(2),
but [Gag l7:.] 7" @i and ggy, | Ii,n{ are homeomorphisms, hence z = z

Therefore ;1 is a homeomorphism and by mathematical induction, this
proves ; is a homeomorphism for all s.

Define H : limh — l(iElhl by H(zg,T1,Zs,---) = (©o(Z0),01(21), pa(22),. .. ).
Then H inherits the properties of being a homeomorphism from the coordinate func-
tions, hence limh is homeomorphic to limh’.

— s

Now to show that I(i_n_lhl is homeomorphic to l(i_rzlh*, we look at both as inverse

limit spaces of the gg functions and realize they are the same except one is missing

the first finite number of terms of the other, so we apply Corollary 2.1. Therefore

limh is homeomorphic to limh*. Q. E. D.
— —

Let L be the subset of points of product space IR of the form (z,z,z,...)
where 7 € [%,1]. One can see that L is homeomorphic to the interval 2, 1] by defining
the homeomorphism H : [3,1] — L by H(z) = (a:,.a:,:v, ...). The proof that H is
a homeomorphism is similar to a portion of the proof of Lemma 3.3, and is left to
the interested reader. Next let C be any countable subset of L. We will now create
an inverse limit space, using the gz functions, that has every point of C' and every

accumulation point of C along with 7 and 1 as a distinguished point.

Now for 4 = 0,1,2,..., let 3, = (%;,%s,2;,...) € C, then there exists a
B; € [1, %] so that gp, has a critical number ¢; = 52z and gp,(c;) = mi. If C is of

finite cardinality n, let ; = Bimoan) for ¢ € N. If C' is infinitely countable, consider
the sequence {a;}32, = (0,0,1,0,1,2,0,1,2,3,0,1,2,3,4,...). Define v; by v; = s,
for j e NU{0}. -
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Lemma 6.5 If the point p = (p,p,p,...) € L is an accumulation point of distin-

guished points, p is also a distinguished point.

Proof: If p were an undistinguished point, then every point in an open neigh-
borhood of p would also have to be an undistinguished point, but p is an accumulation

point of distinguished points so that cannot happen. Q. E. D.

Theorem 6.6 The points of C along with the set of accumulation points of C' and

{3,1} are the only distinguished points of lim{g,,}.
£ —

Proof: Clearly since % and 1 are end points of the limit bar, they cannot be
mapped by a homeomorphism to a point in an open segment, so they are distinguished
points. |

Next choose any k; € C. Then there is critical number ¢; € I of g,; so that
9n;(ci) = k;. Hence by Lemma 6.2, k; is a distinguished point of 1+1_r£1{ gy; }- Then from
Lemma 6.5, every accumulation point of distinguished points is also a distinguished
point.

Now to show they are the only distinguished points of l;iin{g%.}. Suppose that

p=(p,p,p,...) € L\CU{3},1}). Recall also that 1<i_r£1{gn,j} is a unimodal generalized

sin% continua, so it consists of a ray winding down onto a limit bar. There must
be an (open) e-ball about p so that the e-ball does not intersect C'. But this means
that no element in that e-ball about p has a first coordinate that is a local extreme
value of some g,.. So every open line segment in e-ball about p has points with first
element both above and below p, so they can contribute elements to a sequence that
converges to points on L in the e-ball about p that are above or‘below p. Hence p
is an undistinguished point of 1(i_r_n{g7j}. Therefore the only distinguished points of

lim{g,, } are the points of the closure of C' along with tand 1. Q. E. D.
— 2
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Now let K be any closed subset of [2,1] that contains both 7 and 1. Let
K={(z,z,z,...) : x € K} C L. Then there exists a finite or countably infinite set
C C L so that the closure of C is K and also, by the above theorem, a corresponding
unimodal generalized sin% continua, call it X, with the distinguished points of Xx
on L being precisely the points of K.

We will now use the notation of a homeomorphic pair. If A and A’ are sets in

a topological space with B and B’ subsets of A and A’ respectively, then (A, B) is

homeomorphic to (A’, B') if and only if there is a homeomorphism from A to A’ that

takes B homeomorphically onto B'.

Theorem 6.7 Let K and K’ be two closed subsets of [%, 1], each containing % and 1.
If Xx and Xy are homeomorphic then ([3,1], K) and ([3,1], K') are homeomorphic

DPAATS.

Proof: Suppose the contradiction, that Xx is homeomorphic to Xg» and
F: Xg — Xk is such a homeomorphism. Then F' maps the limit bar of Xg to the
limit bar of Xz and maps K to K ’. But since K is homeomorphic to K, K’ to K’ and
[£,1] to both the limit bars of Xx and Xk, we would get ([3, 1], K) homeomorphic

to ([3,1], K"), a clear contradiction. Q. E. D.

Since there are uncountably many pairwise nonhomeomorphic closed subsets,
K, of [%, 1] containing both % and 1, using the contrapositive of the above theorem,
we get that the set of unimodal generalized sin% continua, X, is an uncountable

collection.
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CHAPTER 7

SOME MW CONTINUA AND CONJECTURES

In the previous chapter we looked at a parameterized function g, which was
the composition of parameterized functions ug, vg, 23 and the function f. After
looking at the sketches of the graphs of g for several values of parameter 3 chosen
from [%, %], one may ask “What does gz look like for other values of 87" So next we
will consider gg for 8 € [%, %) Figure 23 has some examples of sketches of the graphs
of gg with 8 =%, 3,1, 1. We see that for 8 € (3, 7), the critical point that has height

1

1,1) is a local minimum, not a local maximum as was the case for § € (3,3)-

in D2
Also, we notice that gg satisfies the conditions to be used as a bonding map to form
a unimodal generalized sin L continuum.

In this chapter we state several conjectures, which we believe to be true, with
some of the proofs being very similar to those we have already established, but we
leave them here as conjectures, to be proven in future work.

If we let § € (3,3) and v € (5, 3) and let h = gg o g,, which has a local

maximum and a local minimum with heights in (3, 1) as well as local maximums and
a local minimums with heights of  and 1 and is the identity function on [3,1], then

the resulting inverse limit space limh is a unimodal generalized sin % continuum.
(__.

Conjecture 7.1 The inverse limit space limh is not homeomorphic to any element
.(_

of either of the uncountable collections in Chapter 5 or Chapter 6.

Next, let us further suppose that if kg is the local maximum of gz which is in

(1,1) and &, is the local minimum of g, that is in (5,1), then § and -y were chosen
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so that kp < &7. Now choose a E (|, |) and pE (], |) so that ka > kp, where ka is
the local maximum of ga which is in (|, I) and kp is the local minimum of gp which
isin (|, ). Let n~ = gQogp. Also choose 7 E (|, |) and « E (|, |) such that &, = KT,
with £&7and KT defined in conjunction with g" and gT, similar to kg and £ above.

Define 41 = g”~0gT-

Figure 23. The Function gp for BE [|, |)
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Conjecture 7.2 The continuum limh is not homeomorphic to limh* nor limh'. Sim-
— — —

ilarly, limh* is not homeomorphic to limh!.
+— —

See Figure 24 to compare visualizations of these three continua. The sketches

in R? represented by Figure 24 are each homeomorphic to the indicated continuum.

Figure 24. Top: limh, center: limh*, bottom: limh!
— — —

Using ideas from the last chapter, classify distinguished points of inverse limit
spaces constructed from bonding maps gs where § € [%, %] into two classes: Class
A, which is the set of distinguished points that are the limit points of the points
(k,k,k,...,k,c,...) where (c, ga(c)) = (¢, k) is a local maximum of g, with & € [§, 3],
with the bonding map g, being repeated infinitely many times and the limit points
of these distinguished points unioned with {_%_, 1}, and; Class B, which is the set

of distinguished points that are the limit points of the points (k,k,k,... ,k,c,...)




Lldl,

o1

where (c, g,(c)) = (¢, k) with v € [},1] with the bonding map g, being repeated
infinitely many times and the limit. points of these distinguished points unioned with
{é, 1}. Notice that a point may have more than one classification. Let K and
K* be any two (not necessarily distinct) closed subsets of [3,1] containing 7 and
1. Let K = {(k,k,k,...) € L : k € K} with a similar definition for K*. Then,
using techniques like those in Chapter 5, we can create a unimodal generalized sin%
continuum, call it Xg g+, using the gz function so that K is the set of Class A
distinguished points of Xg x+ and K* is the set of Class B distinguished points of
Xg K+

Let us also extend our definition of a homeomorphic pair. Let A, B and C be
sets so that B C 4 and C C A. Similarly define A’, B’ and C’ as sets with B’ and C’
subsets of A’. We will say (A, {B, C}) is homeomorphic to (A'{B’,C'}) if and only if
there is a homeomorphism from A onto A’ that takes B homeomorphically onto B’
and C homeomorphically onto C'.

Now using K, K7, K3, K5 to be sets of the form K and K™ above, and so on,

we present our final theorem.

Theorem 7.1 If Xk, x» is homeomorphic to X, x; then ([5,1], {K1, K{}) is home-
omorphic with ([, 1], {Ka, K3}) or ([3, 1], { K3, Ka}).

Proof: This theorem is a generalization of Theorem 6.7, and the proof is

analogous to that proof. Q). E. D.

Thus the collection of all possible nonhomeomorphic unimodal continua X .
is uncountable, and contains the collection X we created in Chapter 6.
In conclusion, in Chapter 5 we created an uncountable collection of nonhome-

omorphic unimodal generalized sin% continua by varying the proximity of critical
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points of height % relative to the limit bar, and in Chapter 6 we developed an un-
countable collection of nonhomeomorphic unimodal generalized sin% continua by
varying the heights of the distinguished points, with Chapter 7 just adding the the
possibility of distinguished points coming from local maximums and local minimums
on the ray. Future work will involve combining these techniques to create a collection

that would include each of those collections as subcollections.
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