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ABSTRACT

In a pulse amplitude modulation system, intersymbol interference is
the primary detriment to reliable high rate digital transmission over
narrow bandwidth high signal to noise ratio channels. The maximum 1ike-
T1ihood sequence estimator is a receiver structure designed for use under
intersymbol interference conditions. The objective of this thesis is to
develop and use an analysis technique for evaluating the performance of
the maximum 1ikelihood sequence estimator for linear channels with known
impulse responses. The performance criterion used is the fractional
difference in minimum euclidean weight due to intersymbol interference.
Discrete time signal models and .flow graph theory are used to develop
the analysis technique. :




I. INTRODUCTION
| In a pu]se amplitude modu]at1on system whenever the information .. -

rate, measured in-units of pulses per second (baud), is Targer than the
bandwidth of the transmission channel, intersymbol 1hteference may re- |
sult [1]. In other wcrds, the pulses overlap into adjecent ttme _slots
and may cause'an.erroneous decision at the receiver; This phenomenon
. is the primary deterrent to re]tab]e, high réte digital trenshissicn
over narrow béndwidth, high signa]-to-noise ratio channe]s;- Vcice-grade
telephone channels used for data transmission are typical eXamplesr

The objective of this thesis is to deve1op and use a technique for
analyzing the performance of the maximum 1ikelihood Seeuence estimator
[2] for Tlinear channels whose impulse response is longer than the source
symbol . separation. | | | |

Many receiver structures have_beeh discussed and developed [3,4,
5]. Probably the most talked about structure has been the optimum re-
ceiver structure--the one that makes symbol decisions based on thie
" entire received sequence [6]. This structure was not pursued however,
since maximum 1ikelihood ca]cu]at1ons increased exponent1a11y w1th se~
quence 1ength making hardware development too complex and difficult. As

an alternative to this overwhelming comp]exity prob]em, structures were

developed that made simple symbol- by symbo] dec1s1ons [4] The best
forms of these receiver structures were der1ved us1ng certa1n cr1ter1on
of opt1ma11ty, such as minimum probability of error, minimum probablity of

error with intersymbol interference forced to zero, and minimum mean-square




. 2

efror.‘ In every case these receiver structures turned out:to‘be a matcheﬁ
filter in cascade with a tapped delay line (transversal fi]tefé) £3].

Nonlinear receivers have also been looked at [6]. ‘Several obtimum
nonlinear stru;fdres have been deve1oped, bdf these turhéd'out‘tb be very
_comb]ex. This caused fhe experts to look at'suboptimé] ndn]ineaf recei-
vers such as decision feedback. These were far too complex ‘and difficuit
to analyze to justify their use. _

The most recent receiQer structure devised for channels jntroducing
- géussian noise and intersymbol interference is a maximumylikelihood se-
quence estimator of the entire received sequence [1]. Unlike past formu-
1ations of Tikelihood sequence estimators its complexity does not increase

L, where M is the size of

with séquenée 1eng£h; but is'proportiona1’to M
the input é]phabet and L is the 1eng£h of qhanné] 1mhu1se response in
_units of symbol separation. In fact:thig receiver can easily be imple-
mented and analyzed. |
Figure 1 is a block diagram of a P.A.M. channel with additive white
gaussian noise cascaded with the maximum 1ike]ihood seqqenée receiver.
The receiver consists of a linear filter cé11éd the whitened matched il-
ter, a sampler taking samples once every T seconds (symbol separatioﬁ),_.

and a nonlinear recursive algorithm called the Vitérbi Algorithm. From

‘ Figure 1 - ' o
| | i=N BRI .
s(t) = [ -x;h(t-iT) | (1)
i=0 S
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n(t) White Gaussién' Sample Once Every

‘ Noise T Seconds
X02% I
Channel . .
Viterbi
. 0= = w(-t) ——)o\—; —>0

h(t) s(t) r(t Z2¢(E) Algorithm

i=N Whitened Mat
b= LRI EL e g
1:

Figure 1. P.A.M. channel with white gaussian noise and the maximum
likelihood sequence receiver structure.

where

s(t) = output of channel whose impulse response is h(t)

x(t) = input sequence

T = input symbol separation

X; = (1 + 1)th symbol of the input sequence
The implementation of the whitened matched filter is quite simple.
Instead of having a bank of matched filters, one for every input symbol
sent, only one filter [w(-t)], with samples taken once every symbol in-
stant is necessary. This leaves the output samples with all the necessary
information making them a set of sufficient statistics for the estimation
of the transmitted sequence. In addition, the output sequence, Zgs 2y,
e Iy 4 L2 is a sequence of statistically independent, identically
distributed géussian random variables. This is necessary to insure the

simple and recursive property of the Viterbi algorithm.

The Viterbi algorithm was originally used to decode convolutional
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codes. Because of the similarity between a data fransmission channel
causing intersymbcl interference and a convolutional encoder the V{terbi
algorithm can be used for maximumhlike1ihood sequence estimation [1]. As
mentioned earlier, the algorithm gives 1likelihood ca]cu]ation with com-
plexity proportional to ML ML -1

To implement the a]gor1thm only compar-

isons and ML additions per received symbol are requ1red.' Also, .ML'] reg-

L-1 reg1sters for remem-

isters for remembering the surviving path and M
bering. the appropriate metrics are needed [7].
Much of the literature déa]ing with detection theory classifies a
receiver optimum when the probability of error is minimized [2, 3, 8, 9,
10]. For the maximum Tikelihood sequence estimator, a bound on fhe minimum
probability of error can be determ1ned by knowing the m}n1mum euc11dean
distance or weight of the output signal space. M1n1mum'enc1udean dis-
tance is the distance between the two closest signals or'sequences of the
~output signal space. If the channel causes intersymbol interference,
the minimum distance may become smaller. Some channels cause a larger
reduction in distance then others, hence, causing a larger %ncrease.in
probability of error. This decrease directly reduces the re]iabi]ity of
the system If it is known which channe]s y1e1d the smallest d1fferences
(percent reduction) then commun1cat1on systems can be dev1sed that prov1de
max imum re11ab111ty in the presence of 1ntersymbo] 1nterference and

add1t1ve white gaussian noise.

The performance criteria used is the fract1ona1 d1fference in. minimum
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euclidean weight. To determine this for each channel, ﬁinimum euclidean
weight with and wfthout intersymbol interference mdst be found. o

Associated with each channel impulse response there is a set of
error sfates that form nodes of a flow graph. These nodes are connected
in such a way'that a transiﬁion from one node to another deterﬁines é
single receiver output error event. Further, euclidean weight for each -
transition can be shown to be the square of a single output error event.
This might suggest using the flow graph to solve for minimum euclidean
weight by finding tﬁe shortest path from some initial node_fo a final node.
Indeed thi§ can be done and is deveioped and used-here in the forh of an
XDS Extended Fortran IV program as our performance analysis technique.

As a first step toward the flow graph, a mofe';omplete analysis of
the whitened, matched filter will be given. "Also, an.equivalent discrete-
time model of the P.A.M. channel and maximum 1ikelihood sequence receiver
will be presented. This will lead to qefinitions of input and output
errof events, state error events, euclidean weight, and then finally to

[}

minimum euclidean weight.




II. CHANNEL MODELS AND THE OPTIMUM RECEIVER

Reference to Figure 1 shows the output r(t) of the noisy channel to
be a sum df‘two'signals,‘white gaussian noise n(t) andlsigna1:s(t) given .
by (1).L It.is well known that detection of signals that are ]ﬁnear'com-
_ binations:of some set of baéis 31gnéls is aqbomp]ishéd using a bank of
filters each matched to a basis signal [8]. Since the signals of (1).
are time translations of h(t).(thg channel fimpulse respoﬁse), onfy one
filter matched to the channel with samples taken once every T seconds is
necessary. Letting a(t) repkésent the output of h(-t) (matched filter),

its samples fofm a sequence of numbers a(0),a(1), ..., a(k), Ve

a(N+L-~-1).
a(k) = f+:(tih(t-kf)dt K=0, 1, cons N+L =1
=N e 4o
=1 x, f h(t=1T)h(t-KT)dt + [ n(t)h(t-KT)dt (2)
i=0 | e ' -0

. Now, let ééch integral term of (2) be represented as

R_i = I+:(t;kT)h(£-iT)dt ‘f ' (3)

k=1

-00

and

1o | _
n = f n(t)h(t-kT)dt | _'(4)

-0

Equation (2) now has a discrete representation given by -

©a(k) =’20 xR 3 * Ny ;o _ (5)
i=0 - : _ L ,
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What can be said about the correlation of the noise samples given'by‘

(4)? To begin with, the input noise n(t) is white gau551an with auto-

2

corre]ation;function'&zs(r) where ¢© is the va]ue of the power over a

unit bandwidth. If the duration of h(t) is larger than the input symbol

separation, ife.g.if L > 1 where L is the smallest integer such that -
h(t) = 0 for t > LT then at least adJacent samples are correlated. To .

get an exact measure of .the correlation of the noise samp]es, their auto-

' correlation.coefficient must be determined. Teking the expected value

of the product nkn s 0<iand k 2N+ L -1, gives
E(n'nl) = o°R. . - (6)
N S MR S o : _ '

Referring to‘equation (3), it is evident that Rkai is nonzero for k-1<L
because of the bveriap. .Aisoka_T is/symmetrieai,‘i;e.;Rﬁ_j=‘Ri_k

It was mentioned earlier that the whitened, matched filter has the
property that its outbdt samples are statistically independent. This is

necessary to insure the simple and recursive nature of the Viterbi algor-

© ithm. But, equations (6) and (3) show that the noise samples ni are corr-

elated whenever L > 1; thenefore, the sampled outputs.of h(-t) are not

statistically independent Some whitening transformation must be per-
formed. From random variable theory 1t is:"known that a 11near transfor-
mation on a sequence of gau551an random variables is a]so gau551an Fur-
ther, if the sequence is statisticaliy dependent, then there is a linear

transformation that will produce a,statistica]]y-independent sequence.

o L - . . . .,




8
This is the final process performed by the whitened, matched filter and
is accdmp]ished.by a transversal filter (tapped delay line). ﬁiSCussion
of the transversal filter is postponed until the discrete time model is
introduced. | |
Recall from Figurell that the input to the channel i§ a sequence
of numbers, each separated from its adjaéeht neighbors by T seconds. As-
sociated with this seduence (or any time sequence of numbers) is a formal,
power series in D. This.series is called the D-transform of x(t) and is
given by
- i=N

x(D) =¥ xiDi | - (7)
i=0 _ .

3
alphabet; e.g., in the binary case, X; equals.1:ov.0. .D""can be thought

where x, is a symbol chosen at the transmitter fkbm’épmg;gredetermined

Jof as a delay operator representing iT units of delay.

Since the output sémp]es of h(-t) form a sequence with symbol sep-
aration T, it too has a D-transform. Equation (5) indicated that each
sample a(k) is a function of n& and the fir;t.k + 1 values for x, and
LT This looks as if the D-transform of the sequence a(0), a(}), cees
could be represented in terms of the D-transforms pf Xgo X7s sees Xy 3
nb, ni, ...,n&, and_the sequence whose coeffi;jents_are given by (3).
Now equatﬁon (5)‘H$§ terms représentihg'the coﬁVo]utioﬁ of ‘the coeffi;
cients x, and Ri.l Whenever two po]yn6m1a1s are mu1ti§1{ed, each term of

i
the product is the convolution of terms from each. Hence, -the D-transform
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of the samples a(k) can be expressed as _
a(D) = x(D)R(D) +n (D) ' ‘ (8)

where x(D) is the 1nput sequence transform, n (D) is the corre]ated noise
sample transform and R(D) is the transform of the sequence whose coeffj-
| _ cients are given by_(3). | o | _ _

. Notice, éqqation (3) is a function of the difference k-1. For ex-
ample, | |

R

+o0
, = f_w(t -9T)h(e-7T)dt

Foo
Ry_y = | h(£-3T)h(e-T)dt

- 00

Also, Rk i equals R _K? making the corresponding sequence symmetr1ca]
about the k-i origin. The number of coeff1c1ents in the sequence depends
on the amount of overlap, or the value of L. All totaled, there are -
2(L-1) + 1 nonzero terms having a D-transform. '
R(D) = § R.D' (9
i=1-L . b
_ The D-transform R(D) will be called the autocorrelation function or

the bu]se autocorre]atidn function. Since it contains 2L-1 nonzero
terms, it has 2L-2 complex roots. Since R(D) is symmetr1ca1 [R(D) =
R(D™ )] an inverse of a root is also a root,, Th1s makes it poss1b1e to
factor R(D) 1nto a product of polynomials, f(D) and f(D )

We are now in a pos1t1on to talk about the transversa] filter. This

filter, remember, must transform the correlated noise sequence n (D) into
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a white gaussian noise sequence. But the coeéfficients of (6) are just
those of (3) times the noise power per unit bandwidth (oz); therefore,

the pulse autocorrelatioh function of n'(D) is
T P a0
Rr (D) = o“R(D) = o“F(D)(D™") (10)

The white noise sequence must have a pulse autocorrelation function that

is a constant. Let .
n*(D) = n(D)F(d™) - (1)

where n(D) is our desired white noise sequence. Equation (8) now can be
written as

W) = KOy @@ ()

Passing the sequence a(D) through a filter with response f'](D'l) (trans-

versal filter) gives

2(0) = a(@)/F(07) = x@)F) #0(D) (13)

with pulee autbcorre]ation function for n(D) equal to.
: _._-. ] '] - 2 : l
ctn(o)n(@)] = L@ )] - oHE) - o2 (14)
£(D)F (D7) )

where 02 is a constant. Equation (13) te]}s us that the P.A.M. channel
and whitened, matched filter can be represented as a discrete time filter
with impulse response f(D) plus an additive white gadssian hdiSe sequence .

(see Figure 2);
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n(D) White Noise
Sequence

Input £(D)
Sequence e —>-0

x(D) y(D) = x(D)f(D) z(D)
Output Sequence

Figure 2. Discrete time model of P.A.M. system.

Nothing at this point has been said about the overall time response,
w(t). What kind of waveform is it? Does indeed the set of functions
witekTi o k = 0, T 5 is N+ L : 1,form an orthonormal basis, insuring
the samples Zps k=0,1, ..., N+ L -1 are a set of sufficient statistics
for estimating x(D)? These questions can be answered by looking at an-
other discrete time transformation, the chip D-transform.

Think of the response h(t) as a sum of L mutually exclusive chips
hy(t), 0 < i <L =1, where h;(t) = h(t + iT) for 0 <t < T and zero else-

i

where,
i=L-1
h(t) = Z hi(t-iT) (15)
i=0

Now take the D-transform of the chip sequence, i = 0, 1, ..., L - 1,
- i=L-1 j
h(D,t) = § hi(t)D (16)
i=0

The function h(D,t) is called the chip D-transform of h(t).
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The function f(D']) is a polynomial in p~!

of degree L - 1. If the
division 1/ f(D'T) is carried out, what results is po;sﬁb]y’an infinité‘~
time'seduence. Remember, (Figure 1) the input sequenée XQs x],'.;., had"
continuous time representation x(t) ;Tzzxic(t-iT). Likewise, tﬂe_tréns—

: j= S :
~ versal filtef sequences. can be generally represented.in terms of a  :
weighted sum of dirac delta function time trans]atidns. |

glt) =dg8(t-iT) ()
‘ : 1=Q N T
where g(t) 15.1ts impulse response.
Since g(t) 5$ a time function; it has a chiplD—trahsform.
Eéch'chip gi(t)'is a weightgd delta function, gia(t). ,Therefbre -

g(0,0) = gae0l = gDeft) . ()

- . \

and also.

x(D,t) = x(D)s(t). - (19)

Now the whifened, matched filter is represented in terﬁs of a matched
filter h(-t) [chip D-transform h(D-],t)]'in cascade with a transversal fil-
tef g(D) = ff1(D‘]).' What is the chip D-transform of w(-t)? Note, that
h(D,t) and g(D,t) are functions of both D and T, therefore, |

-1

w(,5) = (0,64 (0,8) = h(D™T,E)%8(t)g(D)

0, 0g() = ho ey (20).
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A similar deveiopment shows that for the output Qignai s(t) of tHé chén- |
nel, " | A
s(D,t) = h(D,t)x(D) | ()
Equation (9) gives the.pulse autocorrelation function of h(t) where the
coefficients are given by (3). R(D) has another representation in terms
of the chip D-transform h(D,t): ' |
. " S | :
R(D) = f_or:(n t)h(D7 ,t)dt | o (22)
- How about the orthonormality of-w(t) or w(D,t)? Does the set w(t-kT),

k=05 ..., N+ L -1, represent an orthonormal basis? Let's 106k at the

pulse autocorrelation function of w(t). From (22) and (20),.

L [ -1 _ Pn(0,t)h(07,t)

: D) = D, D ",t)dt = d 23

’Rw() [g( (0™, t)dt jo o (23)
‘ —R@—— =1 o (23)
£(D)F(D h '

RW(D) = 1 indicating the set w(t-kT), k = 0, ..., N+ L - 1, is ofthonor-

mal, therefore that the samples Zs k=0,1, ..., N+ L -1, are a set of
sufficient stat1st1cs for the estimation of x(D)'

The wh1tened matched filter now cons1sts of a matched f11ter h( t),
in cascade with a transversa]if11ter, f']( ) (see’F1gure 3) w1th a chip

D-transform w(D,t) given by (20).
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n(t) White Gaussian

Noise
T
XgoXq h(t) > h(-t) g ey l >0
s(t) r(t) at) /1 | f(0 T 2qi2!
Channel " Matched  2(0),a(1) Transversal
Filter Filter

Figure 3. P.A.M. channel with white gaussian noise, filter matched to
h(t), and transversal filter with discrete time response

17§00 Y).

To gain deeper insight into the communication system illustrated by

Figure 3, let's work through a running example. Let's assume the trans-

mission channel has an impulse response given by the flat pulse of Figure

4(a). Also, let's consider the case where the symbols to be transmitted

are binary. Specifically, consider an input sequence X =

Xy = 0, X3 = 1, and x, = 1. Therefore, from (15)

s(t) = h(t) + h(t-1) + h(t-3) + h(t-4)

The channel can be thought of as a three-stage shift register and an adder

(Figure 5).

s Xp % 1,
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Y R B
0 } } I } b
0 1 2 3 4 5 6 7 8
(a)
h(t']) 2 +
e
0 } } } }
G 2 3 4 5 6 7 8
(b) 3
h(t-3) 2 +
;i ’
0 e 5 1 1 +
0 1 2 3 4 5 6 7 8
(c) t
h(t-4) 2
] o l
0 t :
0 1 2 3 4 5 6 7 8
(d) t
${t) “ 2k
‘| s conmadi]
0 3 4 b } 4 . + ]
0 1 2 3 4 5 6 7 8
(e) t

Figure 4. Channel response to (a) X = 1, (b) X] = 15 (c) Xq = 13
(d)=x4]= 1 and (e) X = ) X] = ¢ Xp = 0, Xg = 1"and

X4




16

| R P

w | +

L
>

Vi 2 2:2.959

| Figure 5. Convolutional encoder equivalent to the flat top pulse channel.

‘ White gaussian noise is added to the signal, r(t) = s(t) + n(t). We now

From equations (2) and (4)

want to estimate the transmitted sequence.

where

. J+ (t)h(t)dt =3 +2 =5
I

a(k) = s& + n&

+o0
: [_E(t-iT)h(t-kT)dt

- 00

400

n
(o)}

h(t)h(t-1)dt = 2 + 3 + 1

[

+c0
Tik 2 ARk o m

(t)h(t-2)d

+oo
h(t)h(t-3)dt

n
(o)}

1iki3 *i g

0
.
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400
s(t)h(t-4)dt = 2 + 3

1;4
glim x.f 5
4 Hk

Now, take the D-transform according to (7),

s'(D) = 5 + 6D + 6D% + 603 + 50%

But from (8)
s'(D) = x(D)R(D)

Let's try finding R(D) by using the above expression x(D)R(D). The input

sequence is 1 1 01 1, so its D-transform is

x(D) =1 +D + 03+ p*

We can solve for R(D) using one of two methods, either by (22) or (9).
Let's try both. To use (22) we must solve for the chip D-transform

h(D,t). From (15)
h(t) = ho(t) + h](t-l) + h2(t-2)

where hi(t) is given by Figure 6.

h: (t)T

Jid

0 ¢
0 1 2 3 t

Figure 6. Chip function for i = 0, 1, and 2.

Lo e e TN
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Now, applying the definition of the chip D-transform (16)
1(D,t) = hy(t) + hy(£)D + hy(£)D%
= h 2y .
= 1,(-t) (1 +D+0D%)

‘Let's solve for R(D) using both methods.

1. From (22) :
R0 = [n(0,0)n(07 )t
0
='(1 + D+ Dz)(1 + 07+ D’z)jhf (t)dt
R(D) = 02 + 2071 + 3 + 20 + D2

(1+0 +02)(1 + 07 + 079 = f(b)f(b'?)

2, From (3) and (9)
| 3

- ' _ 2 . =’.
R0 = R0 = fg (t)dt = 3
. 2 ’
R, = R, = [h(t)h(t+1)dt = 2 )
1 -1 0 ,
Y
. R, =R, = [h(t)h(t+2)dt = 1
2 "‘2 0
hence . ;
| R(D) = 102 + 207 2.

+ 3D+ 2D + 1D

Now s'(D) is
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5

4 b

s(D) = x(D)R(D) = D2 + 307! + 5 + 6D - 6D% + 6D + 3D

{

Notice the extra terms ih s(D). Multiplication of R(D) and x(D) implies
convolution of the time sequences. This assumes sampling started at
minus infinity and terﬁinéted at plus infinity. But, the input sequence
s(D) stated at time k = 0 and ended at time k = 4, so, only those terms
where, k = 0, ..., 4 of s(D) need to be remembered.

Now, let's look at the waveform

h(D,t) . hi(t)(l + D+ Dz)

w(D,t) = —— = h.(t)
(D) 14D +D |

This imp1ies.that w(t) = hi(t).

Next, let's find the samples z, for k = 0, ...,.6.

. .
zk=Jv1nwu=mdt

-

= J+Es(t) + n(t)Iw(t-k)dt |

-00

The signal portions of Zp» k=0, ...s 6, are

+o0
zé = J s(t)hi(t-k)dt

-0

=1 o = 1 = (- = 9 = =
Z'O = ]"Z-l " 2’ 22 2’ 23 2’ 24 2, 25 2’ 26 1 .

Now, refer to the discrete time model of Figure 2 where
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y(D) -x(b)f(D)

(‘]+D+D'3+D4)('I+D+D2)

b 4+ 205 4 108

1+ 20+ 20% + 20% + 2D
Notice, this is the D-transfofm of the signal portions of s k = 0, ...,.6;

The Viterbi algorithm requires the samples Z,s k=0, Ty v0es 6,
be statistically independent gaussian rendom variables. Since only the
noise portions of the samples are random, let's look at their autocorrela-

tion coefficient.

-00

. oo ptoo e .
Emy) - jJ (E)n(s Itk w(s-i)dtds

Foo +w2 " o S :
J f o 8(t-s)w(t-k)w(s~j)dtds

w00 =00

E(nknj? =0; k#3J

+c0 ’ |
02 I h?(t-j)dt ='02

s k=]

Hence, the noise sequence is independent (white).




II1. PEﬁFORMANCE ANALYSIS

Comparison of the output sequence y(D) and input sequénce x(D) sug- '
-gests that the flat-top pulse with L = 3T éreates severe intersymbol
interference. How severe is the intersymbol intérferencé.‘what fraction=+
al reduction in the minimum euclidean weight does the flat-top pulse pro-
duce? This QUestion leads directTy to the definition of an error evént
E and its euclidean weight d2(E). | | o

‘Let's assume that the P.A.M. transmitter sends the sequenée

Xg = 1s Xy =15 %5 = 0,7%5 = 1, x4‘= 1 |

but, the receiver estimates the transmitted sequence as

Xg = 1, Xy = 0, Xo = 1, X3 =1, Xq = 1

These sequences have D-transforms

x(D) =1 +D+D° + 0

and .
x(D) = 1 + D% + D3 + D%, .

respectively. Now, taking the difference between the actué]htransmitted

sequence and the estimated sequence gives the input error sequence

XO-.XO=09 X-I -X'I=+]9 XZ-XZ ="'-l, XB-X3=.09 X4-X4=0

wfth D-transform

E (D)

A . ~ . I.A ' t\ “"‘ ’ 4
X (xolh xo)DQ + (x1 f x])DT +.(x2 = xz)D + (x3‘- 33 +'(x4 - k4)D

0+0D - D%+ o0D° + oot

~

‘(1 - D) = x(D) - x(D)
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If the receiver made a wrong estimate of x(D), what about its estimate of
y(D) [&(D)]? From Figure 2
| y(D) = £(D)x(D) | (25)

" hence

Iy

¥(0) = £(D)X(D) T e

The difference between y(D) and §(D) is

£ (D) = y(0) - J(D)

FOIX(D) - XDV = FDIE(D) - 0 - (@)

Let's Took at E&(D) for the flat top pulse [f(D) = 1 +D +'DZJ and input

error sequence D - Dz:

£,(0) = (1 + 0+ 02)(1 - D)

D - D* = y(D) - y(D)

Consider the two sequences whose D-transforms are_y(D)”ano &(D). Each .
is a oossib]e ouput vector contained in the output vector space. The dis-
tance between the two vectors is just the euc11dean d1stance (the square
root of the sum of the squares of the d1fference in each component) The
euc11dean we1ght is JUSt the square of this. 'But,. Ey(D) is a ‘polynomial
in D whose coeff1c1ents are the d1fferences of the components of y(D) and

(D), therefore, the euclidean we1ght is just the sum of the_squares of
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the components of Ey(D), and given as

d2(E) = | E§_ T (28)
o3 Y3 : ‘

Equation (28) can be obtained by another method. Consider fhe poly~

nomial
- Yo -1 -1
Ey(D)Ey(D 1) EX(D)f(D)f(D )EX(D )
_ -1 |
= EX(D)R(D)EX(D ) (29)
The D0 coefficient of this polynomial is given by (28), hence

d%(E) = [Ey(D)Ey(D'1)]0 f a- (30)

Let's determine the euclidean weight of our. running example. Apply-
ing (28), we have
' dz(E) =1+1=2
Is this the smallest euclidean weight possible with the flat top pulse?
Let's 1ook at the euclidean weight of the flat top pulse for several
other input error sequences and see.
Let's first try single errors

1. A single error e
E (D) = 0%, 0 < k<

E (D) = +DM(1 ¥ D+ 0%) -




Sl
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a?(€) = L1+ D + D) (™)) (1 + 07T+ D7R)],

.= [R(D)]0 =3

-k

Notice, since‘(jpk)(ip'.) = +1, dz(E) is independent of ovéra]T delay and

sign. From example (1) above, we know single errors do not give smalier

euclidean weights. So, let's tkyﬂsome more double error patterns.

2.

Ex(D) =1=D

E,(D) = (1= D)(1 +D+0%) =1 -0°

d2(E) =1 +1 =2

2 3

Ex(D) =D -D

E (D) = D?(

3
MOREREEY

d2(E) = [(1 e A

0

As for the single errors, for double errors.dz(E), is 1ndependent of over-

all delay.

4.

k

E(D) =1 +0D 1<k<N
5w)=u+nﬁu+b+0%
S+ 0%+ 0K+ D 4 pH2
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k=1
d¥E)=1+22+22+1 =10
k=2

dP(E) =1 +1+2% 1+1=8

dP(E)=1+1+1+1+1+1=6

. E(0) =1 - 0" 2k
£,(D) = (1 - D901 + D + D7)
=14+0D+ Dz;_ pk - pk*l . pkt2
k=2 |

dz(E) =T +1+14+1=4.

k'>'3
GC(E)=1+1+1+1+1+1=6

Let's try some triple errors.
6. . E(D)=1-D+0° ’

-_X
E,(D) =1 + 0%+t

(E)=1+1+1=3
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Ex([))=1+D+D2
2. _ -
d°(E) =1 +4+9+4+1=19
=1 -p. p2
EXA(’D‘)—1 D-D

d2(E) = 7




IV. ANALYSIS USING FLOW GRAPHS
From the examples given, we can guess'thet maybe uz(E) = 2, where .
EX(D) =.bk(1 - D), is the minimum euclidean weight for the flat top. pulse.
But, we need a more reliable method that will always give the minimum
euclidean weight for an arbitrary h(t) or f(D). One such method‘is to
find the shortest path—through a flow graph representing the euclidean

weight distribution of the output error sequences.

Ey(D) = E, (D)F(D)

Let s take a look at the ith coeff1c1ent of E (D) i=0,1,

y1’
vies N+ L - 1. Each such coefficient of the -product of E. (D) 1s given
as
=7 E f - (31)
Yi. k=0 Xk K
where

CL-1difL-T<d
m o= {
i L=

What we need is a flow graph such that a part1cu1ar path through the
graph will g1ve us the coefficients of a part1cu1ar output error se-
quence.

From (31), the state error,

CE. =(E, LE y..,E ) . (32)
5 X1 %§-2 ML

can be defined. ‘Knowing‘two successive states ES and’ES' ", we can find
. i Yi+]

the output coefficient Ey‘. If we let each node of the graph be a
. i ol .
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possib]e.state Esi’ then passing thrqugh it'amounts.to starting at
node E_ and progressing sequentially through to node E ... Each
%0 : : SNHL-T

1ink between the state E, and E_ has assigned to it E.°

s T s therefore,
7 i+l i ,

summing the Ey?'s for each path will give the euc]idéan weight of that
i ‘ :

path.
For a binary input alphabet, which is assumed throughout the entire
paber, each element of a state takes one of three possible values

. ~ 1 .
E. =X, = X, ={ 0 : - (33)
X k k- -1 | .

L-1

This means there are 3 different, states of the graph. To insure that

all nonzerd'coefficiehts of Ey(D) are determined, the fiﬁa1'hode must be
L-1

A}

the all zero state. This makes a graph of 3 + 1 nodés; the initial

and final nodes being the all zero state.
Since, transition through the graph is done sequentially, 1inks

from nodes with state (32) must go only to nodes- with state

1

€ = (E L E_ ... B ) (30)

But, state (34) contains L-2 elements that are also contained in state

(32). The only element of (34) that is not contained in (32) is E, -

PR b

Since it takes on only three values, there are three links leaving each =

node and three 1inksfgoing to each node. Now since we are interested
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only in nonzero dz(E) values, there is no 1ink from the initial node to

the final node; hence, there are only two links leaving the initial
node and two links going to the final node.

To see what this flow graph looks like, let's construct it for the

2

flat top pulse with discrete impulse response f(D) = 1 + D + D°. Since

L = 3, there are 10 nodes composing the graph (see Figure 7).

By in-
spection we see that two shortest paths through the graph are

1 0
OO+ O-®
Cmin=1+0+0+1

y ©

Y —

Input error 00, -1 100

sequence
and
N AT e
0 0})—> 10 > -1,1 > G-1 » <EiED
GU Nats N
2

dmin=1+0+0+1=2

Input error 001, -1 00

sequence
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Look at the two Toops shown below in Figure 8.

Figure 8. Closed loop paths adding zero weight.

We can travel around these paths any number of times and not add weight.
A1l paths containing these loops have dz(E) = 2, corresponding to mini-
mum distance paths.

The flow graph is redrawn with all except minimum distance routes

deleted (Figure 9).

Figure 9. Flow graph with minimum distance paths only.
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Using a flow graph, we are able to find the.minihum distance‘for a
given discrete impulse response (D). But, this still .does not tell us -
how severe the intersymbol interference is. We ﬁeed'to'find d? min when
there is no intersymbol interference. Then the.fraétiona1 difference in
minimum euclidean weigﬁt can be found. Consider the ¢ase.wHere oh1y a
single symbol Xy is:transmitted. The whitened, matched'fflter would have
to process only one pulse, so there would be no intersymbol 1nterference.‘
Since we are assuming a binary alphabet, there are only two fnput sequen-

. ces possible

and

If the transmitter sends x](D), but the receiver estimates X(D) to be
§(D) = xz(D) insteéd, then .
E, (D) = x(D) = X(D) = (D) = x{(D) = DX

therefore,
E (D) = D*F(D)
y

and | , ' . .
" a&(e) = e ko, = eI,

i=L-1
£2

. i=0 .

(35)
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Equation (35) would not change if instead thé transmitter sent a 0 and
the receiver made a wrong decision. Since (35) is true for all of the
nonzero E (D), it is the minimum euclidean we1ght w1th no 1ntersymb01
1nterference | ‘
Let's find,dzmin with no_intersymbo] interférénce.for the flat
2

“top pulse, f(D) =1 + D+ D°. Using (35)

- d%min = [(1 +D+ DZ)U # D! + D'Z)]0

[+ 207 + 3+ 20+ 1],

=3

L

This is the same result obtained with a single input error sequeﬁte with
intersymbol interference (Examp]e 1). _
2

What is the fractional difference in d min due to intersymbol in-

.terference w1th the flat top pulse? Us1ng (35) and d2m1n 1 =2 (inter-
symbol 1nterference), ’ _ '
3-2

(dzmin - d%nin I)/dzmin === o

= .333 ...

This says that the flat top pulse reduces the minimum euclidean weight
by one-third. o |

Generalizing-the above for an arbitrary f(D) gives the fractional

difference
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fd = (d%min - dmin 1)/d%min R (36)

where

dzmin

~minimum euclidean weight without intersymbol interference.
dzmin;I = minimum euclidean weight with intersymbol interference.

Expression (36) is the criterion that will be used to compare the per-
. formance of our maximum 1ikelihood sequence receiver for several channet
impulse responses. Its performance can also be eva]uated by compar1ng
the upper bounds: on the minimum probab111ty of error. 'The 1nterested
reader is referred to reference [2]. 8 ‘
The impulse response given as a running examo1e'was-for the casen.
L =2. What abo;t when L is greater than 3? Will a nfinimum distance
path through theﬂf1ow graph be as easy to find? If L L 4, that means
the number of nodes in the graph 1s twenty-eight. For L = 5, there are

82 nodes. As L becomes 1arger, the graph grows exponent1a11y as

3L'] + 1, makingsthe determination of a minimum distance path increasing-
ly difficult Th1s makes it necessary to .use computen programm1ng to
find the m1n1mum‘d1stance path.

It was ment1oned at the beg1nn1ng of this paper that its objective
is to deve]op a techn1que for analyz1ng the performance of the max imum

" 1ikelihood sequence estimator for known channe]s. The low graph analysis.
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- was introduced as-a part of this objective. To make the flow graph anal- -
ysis useful for arbitrary values of L, an XDS. Extended Fortran IV conputer
program Nas been written that sets up the graph‘and finds a.mfnihum dis=
tance path through it -for arbifrary L and f(D) pairs (channe]‘impUTse
. responses). ‘ |

The minimum distance path.finder portion of,tha program uses an al=-
gorithm'introduced by W. E. Dijkstra for determining shorfest baths
througn a graph [11, 12]. Let's take a ook at this algorithm and use
it to find the minimum distance for our running examp]e.

This particular shorteSt:path algorithm finds the shortest rnute
from a given starting node, N to some other given node Nf in the graphs;
- It accomplishes this by f1nd1ng the shortest path from this node to all
other nodes N of the graph. The reason for do1ng this is that any node
Nk may be an intermediate node on the shortest path from N, to Nf. If
there is more than one shortest path from N,S to Ni’ i# s'a]gofithm
deletes all bNt one. The resulting graph, after all deletions
is a tree with N - 1 (N is fhe number of_nodes in the flow graph) Tinks
L(i,d) (L(i,3) is the path from Ni to Nj with no other nodes on that
‘path). Each Tink L(i,j) is the shortest 1ink between N and N

As mentioned above, the algorithm bu11ds a tree wh1ch conta1ns
shortest paths from the starting node'N to a1140ther nodes. At the be-
. g1nn1ng, there are no links of the tree so all 11nks are nontree Tinks.,

The algorithm then attempts to increase the number of tree links until
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there are N - 1 1in number.
To begin, 1eﬁ LSk be the actual shortest distance from NS to Nk and
.1et L;k be the shortest‘distance from NS to Nk using tree links and at
least one:nonfr‘ee.h‘nkT If the path from NS to Nk needs more,thn one
nontree Tink then L., = «. Now, if L(f,k) is the 1ink between N; and
Nk where Ni is contained‘in thg tree, then it has a distance 0 5-dik < o,
If there is no Tink between N{ and Ny then dik = «, Also, if node Ny
is a neighboring node of the exjsting tree, whose nodes are designated
Ni’ then 0 :—dik < ». The algorithm then examines all neighboring nodes
of the tree, and for each determines the minimum L;k for all N,:
L "= m:fn(Lsi *dg) - @
It then determines the:minimum Ly, for é]]‘Nk’
wemhLe 38

and mékes this node Np a tree node with distance

N S :
Lsp B Lsp Lei * dip , - (39)

Link L(i,p) now becomes a new tree link with distance dip'
Each time equations (37) through (39) are executed, a new 1ink is

added to the tree. This means that we musf_fg;é]éy]ate~L;k,for all

neigHboring nodes of the new free. To do this, Wé igok at all nodes'

If L!

neighboring N and compare L;k determined ear]ier'with_Ls +d sk '

p pi’

. 1 -
i the new L;k becomes Lsp +: dpi' If Lsk-1s

Y

o. . +'
is lqrger.than‘Lsp .dp
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smaller no changé is made. This operation is‘indicated by"l

;k = mi",(Fsk’ LSp f dpk) o f‘,“ -~ (40)-

The above algorithm is summarized uéing.the following steps.-’

I.

Tg start,.NS is the on1y.node of the tree so Lék = dsk and LSS

= 0.

“II." The minimum of all L;& is found,-L; = min L'sk’ apd‘L(i;p) is

III.

v,

V.

Pk

LI ,'.

made a new tree 1ink, LSp = lsp

The number of Tinks of the tree is compared with N - 1. If it
becomes equal to thiglvalue the algorithm is terminated..

_ . \ . IR ' . .+ ’
Re-examine each L., found. Let.Lsk‘ 'm1n (Lsk’ LSp
dpk).

Return to Step II.

To carry out the above algorithm, each node, N is given a label

(L,i).

L is either L, or L, depending on whether N, is a tree node or

a nontree node. The last node on the shortest path'from N to Ny is

designated as 1.

Let's use the above algorithm to find dZmin with the flow graph of

the flat top pulse. Its graph is redrawn hefe as Figure 10. Each node

has been given a designation Ni’ i=1, 25 «uuy 10,

To begin, the tree contains only one node N1 and no tree links. The

single node'N.l has two neighbors N4 and N?.' We givé them temporary-labels






























































































