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Abstract:
Various aspects of the numerical solution to the viscous Burgers’ equation via sinc functions are
presented. Discretization in the temporal domain using a sinc function basis and a proof of convergence
for the related first-order initial value problem is given. The temporal problem is posed on the half-line,
but the treatment also includes a viable computational procedure for initial value problems on the entire
real line. The novelty of the solution of this initial value problem is that the computed solution is
globally defined. When the Reynolds number, a parameter of interest in Burgers’ equation, is large,
boundary layer effects arise. A procedure for the efficient choice of mesh size for these boundary layer
problems which maintains the form of the discrete system is discussed. These temporal and spatial
procedures are combined in a product discretization method for Burgers’ equation. 
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ABSTRACT

Various aspects of the numerical solution to the viscous Burgers’ equation via sine 

functions are presented. Discretization in the temporal domain using a sine function 

basis and a proof of convergence for the related first-order initial value problem is 

given. The temporal problem is posed on the half-line, but the treatment also includes 

a viable computational procedure for initial value problems on the entire real line. 

The novelty of the solution of this initial value problem is that the computed solution 

is globally defined. When the Reynolds number, a parameter of interest in Burgers’ 

equation, is large, boundary layer effects arise. A procedure for the efficient choice of 

mesh size for these boundary layer problems which maintains the form of the discrete 

system is discussed. These temporal and spatial procedures are combined in a product 

discretization method for Burgers’ equation.
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CHAPTER I

In trod u ction

Burgers’ equation

ut(x, t) — euxx(x, t) +  u(x, t)ux(x, t) = g(x, t), a < x < b, t  > 0

aiiux(a,t) — aou(a,t) =  0, t > 0  (1.1)

Piux(b,t) + /30u(b, t) =  0, t > 0

u(x, 0) =  }{x), a < x < b

is' a nonlinear parabolic partial differential equation that can be used as a prototype 

for the Navier-Stokes equations. In this work, a numerical method for solving (1.1) 

is discussed, developed, and implemented. The underlying idea in the numerical 

solution to (1.1) is based on the notion of a product method: the combination of a 

method to handle the spatial discretization along with a method to carry out the 

temporal discretization.

For the temporal discretization, fix a: =  f  in (1.1) to obtain an initial value 

problem of the form

%'(() =  F ( ; ,%(;)), z > o (i.si)

-Ji(O) =  f (x)

where

F(t, u(t)) = euxx(x, t) -  u(x, t)ux(x, t) +  g(x, t) .

In Chapter 2, a collocation procedure for

u'(t) =  f(t ,u(t)),  £ > 0 -

ii(0) — 0

(1.3)
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is developed. The linear transformation

v(t) =  u(t) -  ex p (-t) /(f)

can be used to transform (1.2) into the form (1.3). The work in Chapter 2 builds an 

algorithm based on sine functions that defines a global numerical solution to (1.3), 

and a convergence proof for the method is given. This global numerical solution is in 

sharp contrast to the well known finite difference and finite element procedures for

(1.3).

Since the sine function
f Sin(Tra) _ ^  n

sinc(:r) =  \ ttz ’ X ^  (1-4)
( I, z =  0

is defined on the entire real line, a convenient starting point for the development of a 

collocation procedure for (1.3) is to consider

v!{x) =  f(x,u(x)),  —oo < z < oo (1.5)

Iim u(x) =  O .
2 —+OO X y

The basis functions used throughout this work are derived from (1.4) by translation: 

for each integer j  and a mesh size h the sine basis functions are defined on R by

sin [(Dix - J h)]

=  I [(%)(*-;&)].
i,

x ^ j h

x =  jh
( 1.6)

If an approximate solution of the form
M - I

um(x) = 53 ciSy(z), m =  2M (1.7)
j = - M

is substituted into (1.5) then a collocation procedure is defined by evaluating the 

result at the nodes xk =  kh. This gives rise to the m = 2M equations

M - I
53 CjSjixk) — f ( x ,u m(xk)), 

j ——M
k = —M , . . . ,  M — I (1.8)
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whose solution Cj, j  — —M , .. . , M  — I, defines the coefficients for the approximate 

solution (1.7). In Chapter 2 this system of equations is written in matrix form and a 

thorough discussion of the matrix equation, including a proof of convergence of (1.8) 

to the solution of (1.5), will be given. Fundamental to the convergence proof are the 

known spectral properties of Toeplitz matrices. A discussion of these properties is also 

included in Chapter 2. Having developed a method for (1.5), a conformal mapping is 

used to address the problem (1.3). This conformal mapping maintains the Toeplitz 

structure of the coefficient matrix and as a consequence the convergence proof need 

not be repeated. Examples are included which illustrate the proven convergence rate. 

Implementation issues arising from problems involving nonlinearities and nonzero 

steady states are addressed.

In Chapter 3 attention is turned to the spatial problem associated with (1.1), 

which is obtained by fixing t  — i. Doing this, one obtains a boundary value problem 

of the form

This nonlinear problem has received less attention both computationally and analyt­

ically than has the linear problem

U11(X) +  p(x, u)u'(x) — f(x), a < x <b  

CtiU1(Cb) — Qioti (a) =  0,

PiU1Q)) +  A)ti(&) =  0 .

(1.9)

— u" (x) + p(x)u'(x) + q(x)u(x) = f(x),  a < x < b

aiu'(a) — aQu(a) =  0, 

PiuQb) + Pou(b) — 0

(1.10)

The use of sine methods for differential equations originated with the work 

[19], which announced the Sinc-Galerkin method for boundary value problems. Since
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that time a great deal of attention has been devoted to this spatial problem. A Sine- 

collocation procedure was implicated in [19] and was outlined in the review paper 

[20]. This outline provided the motivation for the collocation method in [15] which 

addressed the eigenvalue computation for the radial Schrodinger equation. This work 

was expanded to include other Sturm-Louiville eigenvalue problems associated with 

(1.10) in [6]. The same discretization as found in [6] was studied for the boundary 

value problem (1.10) in [I]. These Sinc-collocation schemes and their relation to 

Sinc-Galerkin schemes were explicitly sorted out for (1.10) in [13]. In [21], Stenger 

shows his original Sinc-Galerkin scheme and the collocation scheme used in this thesis 

are the same in the sense that they converge at the same rate.

In Chapter 3, a brief review of Stenger’s Sinc-Galerkin procedure and conver­

gence theorem is given to identify the class of functions in which the sine approxima­

tion can be expected to give an exponential convergence rate of the approximation to 

the true solution of (1.10). Although the discrete systems for the Sinc-Galerkin and 

Sinc-collo cation methods are. different, an example indicating the parameter selec­

tions for the methods shows that they are numerically equivalent. If the nonlinearity 

p(x,u)  in (1.9) is replaced by a constant k, where k is large, the performance of the 

numerical method deteriorates due to boundary layer effects. A review of the error 

terms associated with the method, as undertaken .in [4], yields a mesh selection that 

allows one to maintain the accuracy despite the boundary layer. The nonlinearity in 

(1.9) adds yet another numerical difficulty as seen by the introduction of a Hadamard 

product in the resulting matrix system. A simple iterative scheme, as suggested in 

[13] and [21], naturally suggests itself as a solution method. It is numerically demon­

strated that for moderately large values of k, this iterative procedure breaks down and 

is abandoned in favor of Newton’s method. The combination of the breakdown of the 

simple iterative procedure and the introduction of Newton’s method motivates the
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lengthy and important Example 3.5. The length of Example 3.5 is due to the entry 

of a Hadamard product into the discretization, and the importance lies in the discus­

sion of the Jacobian calculation for Hadamard products, which is fundamental to the 

discretization of nonlinear problems. It is shown that Newton’s method, combined 

with an alternative mesh selection, maintains the accuracy of the Sinc-collocatibn 

method for very large values of re. In the last section of Chapter 3 the radiation 

boundary conditions are incorporated in (1.9) and the necessary modifications of the 

approximation procedure are developed and implemented.

The final chapter assembles the work of Chapter 2 and Chapter 3 for a full 

discretization of (1.1), leading to a nonlinear Sylvester equation. As was done in the 

spatial domain, a sequence of simpler problems leading up to the discretization of 

(1.1) is addressed. This begins with the heat equation subject to Dirichlet boundary 

conditions which was addressed in [12] via a fully Sinc-Galerkin scheme. The choice 

of weight function in these schemes does not allow one to address nonzero steady 

states which is one of the goals of this thesis. The method developed in this thesis 

can compute both zero and nonzero steady states. The method discussed in [2] 

adds an advective term to the heat equation and discusses the efficiency of solving 

Sylvester equations. The Sylvester equation, its solvability, and a method of solution 

are discussed for the discretization of the the linear problem. A method for tracking 

steady state solutions gives rise to bordered matrices in the Sylvester equation for the 

same problem.

When considering the boundary layer effects in the partial differential equation 

(e small), the same problems as those occurring in the boundary value problem of 

Chapter 3 arise. A nonlinear Sylvester equation appears and simplicity of computer 

implementation dictates an iterative solution procedure. For moderately large e this 

procedure works fine but comes at the expense of the inability of the procedure to
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compute solutions for small values of e. Use of the concatenation operator allows one 

to view the nonlinear Sylvester system in a block structure. Each of the blocks in 

this system is similar to that arising from the scalar problem discussed in Example 

3.5. The Newton method given in Example 3.5 is used to outline a block iterative 

procedure which could be used to solve the concatenated system. A similar point of 

view was taken in [15] when dealing with linear elliptic equations. As advocated in 

that work and supported here, these block calculations should be done on a parallel 

computing machine. This author does not underestimate this programming task, and 

has therefore included an outline for the algorithm.
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CHAPTER 2

T em poral D iscretiza tion

In this chapter, a Sinc-collocation method for the initial value problem

=  f(t,u(t)),  t > a (2.1)

u(a) =  0

is developed. A global approximation of the solution of (2.1), which is valid for 

t £ [a, &), is obtained using the sine functions. These functions are derived from the

entire function

sinc(z)
sin(7rz)

TTZ ’
I,

z f  0
z =  0

by translations. For each integer j  and the mesh size h the sine basis functions are

defined on R by
( sin [(f)0r -  jh)]

Sj(x ) — j [(DCr — jh)] ’ ^ (2-2)
[ I, , x = jh

The sine functions form an interpolatory set of functions. In other words,

Sj(kh) = 6 $ I - if j  = k 
0 , if j (2.3)

Since these basis functions are defined on the whole real line, a convenient starting 

point is the construction of an approximation to the solution of the problem

du(x)
dx

Iim u(x) 
£ — > —  00

f (x,u(x)),  -OO < X < CO

0.

(2.4)
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The basis functions in (2.2) automatically satisfy the limiting condition in (2.4) so 

that the assumed approximate solution
M - I

um(x) — 53 cjSj(x ) j m  =  2M (2.5)
j = —M

has the same property. The most direct method for the determination of the error 

includes the additional assumption

Iim u(x) =  0 .
x~*oo (2 .6)'

The assumed approximate solution (2.5) automatically satisfies (2.6) as well. Until 

otherwise stated, it is assumed that the solution of (2.4) satisfies (2.6).

A collocation scheme is defined by substituting (2.5) into (2.4) and evaluating 

the result at xj. — kh, k =  —M , .. .  , M  — 1. This gives the equation

=  - /(£ ,5 )  , (2.7)

where the to x I vectors x = [x- m , • • - , z m - iY and c =  [c_m , • • •, cm- iY denote the 

vectors of nodes and coefficients in (2.5), respectively. The coefficient matrix in (2.7) 

is obtained from the explicit values for the derivative of the sine basis functions at 

the nodes:

dSj (x)

x=X}.=kh

o ,
(-I)*"'
k - j

if j  = k 

, if j  T^k
(2.8)

Collecting the numbers 6 $ ,  —M  < j , k  < M  — 1, leads to the definition of the to x to 

skew-symmetric coefficient matrix in (2.7)

41’ =

- I  

0 

I

i
2M—2 2M-Z

0

I

- I

_1
3 2 M - 1

2 M - 2

2M -3 (2.9)

2M —1 2 M -2  2M -Z I 0 m x m
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The procedure then is to solve the system (2.7) for the m x I vector of coefficients c in 

(2.5). The discrete system in (2.7) can also be obtained via a Sinc-Galerkin procedure 

as outlined in [13]. Furthermore, the sine discretization of differential equations, 

whether by Galerkin or collocation procedures, has been addressed by a number of 

authors. In particular, Sinc-collocation procedures for the eigenvalue problem have 

been addressed in [6], [15], and for the two-point boundary value problem in [1], 

[17]. These procedures, as well as an extensive summary of the properties of sine 

approximation, can be found in [21].

In this chapter it is shown that if the function f(x,u(x))  is continuously differ­

entiable and u(x) is in the appropriate class of functions for which sine interpolation 

is exponentially accurate, then there exists a unique solution c to (2.21) so that

\ \u -c \ \<  K M 2exp(-KVM)  , (2.10)

where u =  [u^ m , • ■ •, i]*- Furthermore, the error between the approximation

defined by (2.5) and the solution u(x) to (2.4) satisfies

IK -  um\\ < K M 2 exp(-K\/M ) , (2.11)

where K , K  and k are positive constants. The notation || || used throughout this 

thesis denotes the discrete or continuous two norm. In the discrete case,

f  n X 2
IKII=(X^i fc)

X f c = I  /  ••

where %i sa  vector of length n. In the continuous case,

IKII = ( /  K K ))2 dxj  ,

where u(x) is a function defined on the interval (a, b). The proof of the estimate (2.11) 

depends on, among other things, the spectrum of and, in turn, on the Toeplitz 

structure of /W. This spectral study is also carried out.
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The convergence proof which gives the order statement in (2.10) also applies to 

problems on an interval (a, b) via the method of conformal mapping. The case of the 

mapping x = T (t) = ln(t), t G (0, oo) is addressed in the final section of t his chapter. 

The main motivation for restricting to the half-line is for implementation in the 

numerical solution of parabolic partial differential equations where the convergence 

to an asymptotic state may be at a rational rate.

If the time domain is the half-line, the sine basis functions in (2.2) are replaced

by
sm [(7r/h)(T(t)-j/t)J

(2 .12)Sj o T(t) =  [(7r/h) (T (t) -  j h)]
I, T( t ) =J &

With this alteration the approximation procedure is the same. Assume an approxi­

mate solution of (2.1) of the form
M - I

um(t) =  ^2 Cj Sj O T(t) , m =  2M . (2.13)
J = - M

Substitute (2.13) into (2.1) and evaluate the result at the nodes =  T " 1̂ )  for 

k = —M , . . . ,  M  — I. This leads to the equation

(2.14)

where, given a function g(t) defined on the nodes k = —M , . . .  , M  —I, the notation 

T>(g) denotes a 2M x 2M (or m x m) diagonal matrix with the kth diagonal entry 

given by </(£*.). One of the implementation conveniences of this sine procedure is 

that the only alteration in (2.14) to the numerical procedure given in (2.7) is the 

introduction of a diagonal matrix on the right-hand side. This procedure has the 

same rate of convergence as the procedure for the real line. Another convenience in 

the implementation of the method is that, in the case of using Newton’s method, the 

Jacobian update is simply a diagonal matrix evaluation. The method is implemented 

in the last section of this chapter.
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C o lloca tion  on  R

In this section the convergence rate given in (2.10) is obtained for the problem

u'{x) =  f(x,u(x)),  —oo < x < oo (2.15)

Iim u(x) = O .
a —»—oo

The space of functions where the sine approximate given by (2.5) yields ah exponential 

discretization error is given in the following definition.

Definition 2.1 The function u is in the space H2(Vd) where

V d = {z = x + iy : O < \y\ < d}

if u is analytic in V d and satisfies

[  \u(x + iy)\dy = O(Ixly) , x  ±oo , O < 7 < I 
J —d

and

/  /-oo \  1/2
Af2(u,V d) =  Iim ( / \u(x + iy)\2dx)

, y —>d \ J — 0 0  J

Z ZOO \  1 / 2

+  y j  \u(x — iy ) \dx j  < 0 0 .

There are many properties of the sine expansion of functions in the class 

H 2(Vd). A complete development is found in the text [21]. For the present work, the 

following interpolation and quadrature theorems play a key role.

Theorem 2.2 Interpolation: Assume that the function u E H 2(Vd). Then for all

Z E % ,
' OO

E(u,h)(z)  =  u(z) -  ^2 u(kh)Sk(z) (2.16)

Sin(Trz)

u(z) -  u(kh)^k(z)
Ai=-OO

f00 /  it(s — id~)
2 Tri J —oo [ (s — z — id~) sin(7r(s — id~}/h)

«(a +  id") I ,
(s — z +  id~) sin(7r(s +  id~)Jb)
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and

m n , h ) \ \ <
M 2(u, 'Pd)
sinh(7rd/A) (2.17)

C orollary 2.3 Assume that u 6 H 2(Vd) and there are positive constants a  and K i 

such that

|zz(x)| < AT1 exp(—o;|x|) x € R . (2.18)

If the mesh selection

h - \ l a M  ’ ■ (2.19)

is made in the finite sine expansion
M-ICmWW= 13

j = —M
(2.20)

that interpolates u(x), then the error is bounded by

||zz — Cm(Zi)H < K 2M  exp(—VzrdoiM) .. (2.21)

T heorem  2.4 Q uadrature: Assume that u G H 2(Vd) is integrable, then

roo roo °°
rj = E(u,h)(x)dx = / u(x)dx — h 23 %(&̂ )

“'- 00 •/- 00 fc=-oo
e - ird/h  ,oo I  u (s  + id~)ems/h. u(s — id~)e~Z7rs/h I ^

2% . 7-oo (sin(7r(s +  id~)/h) sin(7r(s — id~)/h) J

Furthermore,

. 2 smh(xd//i) A t

One obtains, upon differentiating (2.16), the identity
M - I

/(% ) -  5 3  u t i h ) s j l x ) =  5 3  u ( j h ) s ' j ( x )
j = —M \ j \ > M

j = M

+
Sin(Trx)

' 2TTZ
xj r -r 7-, u(s — zd )

(s — x — zd_) sin(7r(s — id~) /  Zr)
tz(s +  zd )

(s — x +  zd_) sin(?r(g +  i d ~ ) / h )

(2.22)

(2.23)
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where the two terms on the right-hand side are called the truncation and the dis­

cretization errors, respectively. If the function u(x) lies in Ti2(Vd) then it is shown 

in [16] that

<

dx

(s
K 3
h

Sin(Trrr) u(s — id~)
2 «  7-oo (s — x — id~) sin(7r(s — id~)/h) 

u(s + id~) ^
- X jr id~) sin(7r(s + id~)/h)

exp(-7rdI/Zi) . (2.24)

A short calculation gives the bound

I^ W I =
dSj(x)

- 2 f t ’ * e R ' (2.25)

There will be a need for a similar bound on the second derivative of the sine function 

later in this work and so it is displayed here:

sin(Trrr) f 00 u(s — id~) ,(P_
dx2 2%i 7 - o o  (s — rr — id~) sin(Tr(s — id~)/h) 

u(s + id~)
(s — rr +  id~) s in (T r(s  + id~)/h) 

< exp(-Trd/h) , (2.26)

and
d2Sj(x)

dx2
< e R . (2.27)

Combining (2.25) with (2.18) gives the following bound on the truncation error:

2 ]  %(7b)^(rr)
\ j \>M

< 2 ]  k m ( x ) \  < r r  23 \uUh)\
\ j \>M j = M + l
ZZV CO

< T -  23 I exp (-Oljh)\
11 j = M + l

Ki f  exp(—orh) 
h \ l  — exp(—ah)i

exp(-aMh)

< exp(—aMh) < ^  exp(-aMh)  
aW tiz

(2.28)
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where the fact that
exp ( -ah)  ^  I

I — exp (—ah) ~ ah

yields the first inequality in the last line of (2.28).

Collocation, when applied to the initial value problem (2.15), requires that 

U1(Xk) = f ( x k,u(xk)). Evaluating (2.23) at the nodes, and using the approximation 

implied there, one gets the system

Nm(u) = ^ I ^ u  +f ( x , u )  . ' (2.29)

The inequalities in (2.24) and (2.28) show that the kth component of (2.29) is bounded 

by.

\Nm(uk)\ < exp ( - rKdJh) +  exp (—aMh)

< [/C VM + JT4Mj exp(—VtMoM) ,

where the mesh selection h in (2.19) was used to obtain the second inequality. There- . 

fore,

/  M - I  \  1Z2

=  E  |.A LK )|:
■ \ k = - M  J

< V2M max \Nm(uk)\

< JTsJkf*/2 exp(-V7rdaM) . ' (2.30)

T heorem  2.5 Assume that the function u G Ti2(Va), u solves (2.15), and u satisfies

(2.18). Further, assume that the function f (x ,u )  is continuously differentiable and 

that f u — d f / d u  is Lipschitz continuous with Lipschitz constant K k- Then in a 

sufficiently small ball about u(x), the function

M - I

Umfa) 53 i
J = - M

(2.31)



15

where the coefficients are determined by solving the equation

JV,n(c) EE I f W z + Z) =  () , (2.32)

satisfies

Wum — %|| < K 6M 2 exp(—VirdaM) . (2.33)

The proof of Theorem 2.5 depends on the orthogonality of the sine basis. To see 

this, let u — [u (x - m ), • • •, be the vector of coefficients in the sine expansion

(2.20). The equality of function and vector norms

Ĥ m Cm(u) Il =  Il̂  l̂l

follows from the orthogonality of the sine basis

/'O O  ,

/  Sj(x)Sk(x) = O j ^ k .
J —oo

Hence, the triangle inequality takes the form

Il^m ^ll ^  Ĥ m Cm{u) [| +  HCm(lU) u||

=  ||c — U\\ +  ||Cni(%) — t i | |

< ||c — ull +  K 2M  exp(^ VzTrdoM) , (2.34)

where the last inequality follows from (2.21). It remains to bound the error in the 

coefficients ||c—u|| which is addressed in the following two lemmas. These two lemmas 

will then complete the proof of Theorem 2.5.

Lem m a 2.6 Assume that the function u E Ti2(Vd) and satisfies (2.18). Further, 

assume that the function f (x ,u )  is continuously differentiable and that f u =  d f / du  

is Lipschitz continuous with Lipschitz constant K l- Then in a sufficiently small ball 

about u there is a unique solution c to (2.32) which satisfies the inequality

l lc-ull < K 5M 2 exp(-V 7-irdaM) . (2.35)
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The idea of the proof is to use the Contraction Mapping Principle. This 

argument requires an estimate on the norm of the inverse of the matrix

Lrn[u} = j ^ I $ + V ( f u(x,u)) (2.36)

which, in turn, depends on the norm of the inverse of the matrix . This estimate 

is obtained with the help of the following lemma.

Lemma 2.7 Let i&i be the pure imaginary eigenvalue of 1 $ , m  =  2M, with smallest 

positive imaginary part Ci . Let T> be an arbitrary m x m, real diagonal matrix. Then

H(Jg) + P m  < )  = Il(JW)-1Il < A ,  T < ■ (2.37)■ 61 cosIffifiJ
Since has real entries and is skew-symmetric, its eigenvalues are pure imaginary. 

To see the first inequality, let u be a unit eigenvector of corresponding to the 

eigenvalue ^e1. For an arbitrary unit vector z G C 2m

IlXg1 + ®H2 = ' ((Jg1 + V)z, (Jg) + V)z)

> ((Jg) + V)v, (Jg) + V)v)

=' (ieiv +  Vv, ieiv + Vv)

=  (Ie1V + V v f i i e 1V + Vv)

=  IeiI2F *v + { ier f fVv  + Ie1V *V*v + v*V*Vv 

=  +  [W  +  W +  F "D2F >  jei|2 ,

since ei and V  are real. This implies that

IKXg1+ D r1Il S i ^ i  =  Il(Xg1)-1Il

and yields the first inequality in (2.37). The proof of the second inequality in (2.37) 

is not so straightforward and follows as a consequence of the Toeplitz structure of the 

matrix /W. A proof of the last inequality in (2.37) follows the proof of Lemma 2.6.
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P ro o f of Lem m a 2.6 Let Br(u) denote a ball of radius r in R2M about u. Consider . 

the fixed point problem

c =  Fm(c)

=  c -L ^ [g |A L (d ) .

Lemma 2.7 shows that the function Lm1 [u] in (2.36) exists and its norm is bounded 

by

K M I I  = - ^  +  D(A(Z,a))
-I

< h(2M) = K q̂ /M (2.38)

where the mesh size in (2.20) yields the last inequality. It follows that a fixed point 

of Fm gives a solution of (2.32). Let v 6 B r(u), then the calculation

11 Fm (y) -  u\[= HiT-u - L- 1MiVm(U)H

Nm(u) +  ^ — iVm (tiT +  (I  — t)u)dt^j (v — u)^m1M

< H L ^M A L ^II (2.39)

+ ^m1M ( j Q Lm[u] -  ^ N m (tV  +  (I -  t)u)dt \ ( V - U )

follows from the Taylor polynomial for the function Nm and the triangle inequality. 

The first term following the last inequality in (2.39) can be bounded by the product 

of the right-hand sides of (2.30) and (2.38).

Now consider bounding the second term following the last inequality on the 

right-hand side of (2.39). Using the assumed Lipschitz continuity of f u leads to

Fm M ( j Q Lm[u] — — Nm(tv + (I — t)u)dt \ (v — u)

Fm M / v  u)) -  f u(x, tv + (I —

< IILm1M F L r 2 .

v - u )

(2.40)

Substituting (2.40) in the right hand side of (2.39) leads to the inequality

IlfUiO-Sll < IVmMII (IIiVm(S)II+ f i r 2)
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< K qV m  ^ K i M z exp(— +  h K ir 2̂

< K 7M 2 exp(-V xTidaM) + \ /M K Lr2 (2.41)

where (2.30) and (2.38) yield the second inequality. The quadratic inequality

K 7M 2 exp (—VTrdcrM) +  V M K Lr2 < r

is satisfied for all r G (ro,ri), where

r0 — 0 ( M 2 exp(—VrdoM )) < n  = O I V m  ‘ (2.42)

since M 2 exp(—vVdoM) —> O as Ikf —» oo. This shows that T1m maps Br(u) into 

itself.

Next it is shown that on Br(u), for r sufiiciently small, Fm is a contraction 

mapping. Let c,v E Br (u), then

| |^ ( ^  -  f^(c)[| = ||if -  c -  L-i M (AL(if) -  AL(c)) H 

= K M  (LmM(if- %) -  (AL(if) -  AL(c))) H

< II^mMII | |2 ) { A ( ^ ^ ^ -  C) -  [/(^,if) -  y(f,c)]} Il

=  IIL-1MII V  { fu(x, M +  (I -  t)u) -  f u(x, tv + ( l - t ) c ) } d t ( v - ? )

< S r^ I IL -1MiI ,

where K 7t is a Lipschitz constant for f u. From (2.38), (2.42) and

2hrLTz, HL^1M Il =  ^ (M 2 exp (-VorrdM))

it follows for sufficiently small r — O(M2 exp(-VordM )) that Fm is a contraction 

on Br (u) and Fm has a unique fixed point. This completes the proof of Lemma 2.6.

In order to establish the invertability of the matrix l !£ \m  = 2M in (2.9), it is 

convenient to use the theorem of Otto Toeplitz [9].
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Theorem 2.8 Toeplitz Denote the Fourier coefficients of the real-valued function 

f  E T1(—7T, tt) by

I P7r
I n 7=TT f(x)exp(-inx)dx, n = 0 ,± 1 ,± 2 , . . .

Ztc J —tt

and define the m x m  Toeplitz matrix of the function /  by

Cm(Z)

Lf-

/o /l / 2 /m-1
/ - I /o / l f m —2
f - 2 / - I /O ••• f m —3 (2.43)

—m+1 ' * * f - 2  / - I / 0  . m x m

Denote the real eigenvalues of the Hermitian matrix Cm(f)  by If the function

f  has a minimum M i  and maximum M u on [—tt, tt], then for every m,

Further, if Cm(g) is the Toeplitz matrix of the real-valued function g G L1 (—tt, tt) Pi 

C[7r, tt] and g{x) < f (x),  then for all j,

(2.44)

where { c f } ^  are the eigenvalues of Cm(g).

The role of the Toeplitz theorem in the present development follows. The. 

Fourier coefficients of the function f (x)  — x are

I TL P7r
fn = TT f(x)exTp(-inx)dx 

Ztc J —tc
PTC

/ xexp(—inx)dx2
27T

_  ( O , if n =  O
— I  ^ cos (MTr) , if n ^  O

-c(i) ■ f O , if M =  O
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so that upon comparing these coefficients with the entries of the matrix m  =  2M 

in (2.9), one sees that for f (x)  =  x  the Toeplitz matrix Cm(J) = i l $ .  The eigenvalues 

of the real skew-symmetric matrix 1 $  occur in conjugate pairs {±ie™}%Li and the 

nonnegative real numbers, e™, satisfy the inequality

— TT < — < .. .  < -C1J  < e™ <  . . .  < < TT . (2.45)

To see that zero is not in the above list, consider the function

g(x) — sin(a;) =
2i + 2i ’

whose Fourier coefficients are given by g±i =  and =  0 if n ^  ±1 so that the 

Toeplitz matrix Cm(g) is given by

Cm(g)

!) I (I M
1 0 - 1 0  
0 I 0 —1

0
0
0

0 0 ••• I 0 - 1
0 0 0 ••• 1 0

(2.46)

The eigenvalues of the real skew-symmetric matrix iCm(g) also occur in conjugate 

pairs {±icJ}^L1,m  — 2M. The real numbers c™ are given by the explicit formula

J M  — p + IJttn
c™ = cos p =  1,2, . . .  M

2M + 1

and are ordered by

0 < c T < c ! r < . . . < C M < l .  (2.47)

The inequality g(x) =  sin(z) < x = f (x)  is satisfied on the interval [0, x], so 

that using (2.44) and (2.45) with (2.47) gives

min e( -1 e;"Sc” = cos ( m t i )

= sin (2(2M + 1) j

>
2M (2.48)
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Hence, it follows that

HC® 1II -  •e f  ~ c f

This completes the proof of Lemma 2.7.

Due to the upper bound in (2.45) for the eigenvalues of the matrix fffl, the 

spectral condition number of this matrix is

« ( &  = Iih11Ii I iu w -1Ii «  < TT

The following example clearly exposes the various parameter selections yielding 

the mesh selection h in (2.19) and also illustrates the close connection of this method 

with the method found in [21].

E xam ple 2.9 The function

%(z) COSh(TTz)
(2.49)

is analytic in a strip of width one (the poles of u(z) closest to the real line occur
±i

at z =  — ) so that the domain of analyticity of this function is V i . Further, this 

function satisfies the inequality (2.18) with K1 =  2 and a = ir and is the unique 

solution to the problem

-TT Sinh(Trz)
% (*̂ ) — i 2/ \cosh ( t t z ) 

Iim u(x) =  O .

oo <  z  <  oo (2.50)

The function in (2.49) satisfies the auxiliary assumption fim ^(z) =  O so 

that Theorem 2.5 applies. Hence, setting d =  1/2 and a = tv leads to the mesh size 

h — The coefficients {cj}fs}M in (2.31) are obtained by solving the system

Trsinh(Trz)
Cosh2(Trz)

(2.51)
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The second column in Table I displays the error between the solution at the nodes 

and the coefficients

ERR(M)  =  H1U -  c|| , (2.52)

which, due to the factor M 2 in (2.35) and the inequality in (2.34), represents the 

dominant error contribution to ||?i — tim|| .

M ERR(M)
4 7.9514e-02
8 1.6165e-02
16 1.6267e-03
32 5.6978&-05
64 4.3819e-07
128 3.9179e-10

Table I: Results for (2.50)

The development to this point has assumed that the solution of the initial 

value problem (2.15) vanishes at infinity. This limiting assumption is removed by 

appending an auxiliary basis function to the sine expansion in (2.31). Define the 

basis function

and form the augmented approximate sine solution
M —2

'U'm (•£■) =  ̂] cj S j ( x )  ffi CM—I^oo Ĉ) •
j = —M

(2.53)

The additional basis function Ui00(X) satisfies

Iim CV00 (a;) =  Iim -----------
£ —► ±00  x —>±oo g® +  6 ’ ^

I, x 
0, z -

OO

- O O

and is included in the expansion to allow nonzero boundary values of u ,  u ( o c )  =  U00. 

The change of variable

v(x) — u(x) U00UJ00(X) (2.54)
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transforms the problem

% ' ( % )  =  - O O  <  Z  < 0 0  ( 2 . 55)

Iim u(x) =  O
>—CO

to the problem

X-

V1(X)

Iim v(x)

y(z, %;(%) +  ^oo^ooW) -  - 0 0  <  Z < 0 0  (2.56)

O . (2.57)

If U00 is known then the method defined by (2.32) determines the ( c , - in the 

expansion
M-I

rUjVn (%) — y ] cjSj(x)
j=-M

and the result of Theorem 2.5 applies to the approximation of v(x) in (2.56) by um(x). 

If U00 is unknown, one approach which preserves the error of Theorem 2.6 is to replace 

this unknown by cm- i in (2.54) and use the Quadrature Theorem 2.4 to write

roo
v(oo) =  O =  / [f(x, v(x) +  U00U0 0(X)) -  MooWoo(a;)] dx

J - O O
poo

~  / [f(x, ttm-l(z) +  CM-lUoo(x)) -  CM-lUoo(x)\ dx
J - C O

M —2
~  h ^  ̂ [ / (Xki Ck T C-M-l^oo(Xk)) ~ CM-IUJ00(Xh)  ̂ .

k=—M

Add this equation to the solution procedure to obtain the approximate value for Cm - i - 

Since the error in the quadrature theorem is the square of the error of interpolation, 

this procedure introduces no more error then the error in the method defined by

(2.32).

Incorporating the above side condition in the approximate method to deter­

mine the coefficients in (2.56) is less convenient to implement than the following 

approach. Directly substitute the augmented approximate sine solution (2.53) into
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the differential equation (2.55) and evaluate this expansion at the m — 2M  nodes 

Xk, k =  —M , ...  ,0 , . . .  M  — I. This leads to the bordered matrix system

Ac I j W
^  m  x  ( m - 1) C =  . (2.58)

The notation denotes a copy of i f f  without the last column. In (2.58) the

vector c =  [ c _ m ,  • . . , C o , . . .  cm- 2 , cm- i]* are the coefficients in (2.53). The approxi­

mate solution um is obtained from the transformation

u m  —  T 0JoaC (2.59)

where the matrix T01oa is defined by

CtJoo

I P • ' ■ 0 ((U00)^m
0 I  • • • 0 (w00)_ M+1

0 0. I ••• :
0 .0 ••• I (oj00)m_2
o  0 0 i ^ o o )  M - I

Since the matrix Tolaa has the explicit inverse

'  I 

0

O
 

r—
I O

 
O

( u c o ) _ M

( w ° o ) m - 1

(Woo)-M+!
( W o o ) m — I

r p — l  ___
-l OJoq 0 0 I * * *

( W o o ) m — 2  

( W o o ) m - I
0 0 • • • I

0 0 * * * 0 I

( W o o ) m — I

one may regard either the vector c or Um as the unknown in (2.59).

(2.60)

(2.61)

The system in (2.58) is solved for the coefficients by applying Newton’s method

to the function

JVm(c)=  Ac + /(Z,1L_Z) - (2.62)

If the matrix A  satisfies the conclusion of Lemma 2.7, then Theorem 2.5 applies to the 

function TVm (c) so that the rate of convergence of the present method is also given by 

(2.33). Although an argument verifying the validity of Lemma 2.7 for the matrix A
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does not seem to be an immediate corollary of the argument implying its validity for 

1 $ ,  the numerical results displayed in the next example provide compelling evidence 

for a version of Lemma 2.7 with i f f  replaced by the matrix A  in (2.62).

Exam ple 2.10 In this example, the function

exp (a;)
u(x) =

exp (a;) +  I

is a solution to

u'(x) = —u(x)2 +  g(x), —oo < a; < oo (2.63)

Iim u(x) = O
rc—*—oo

provided g(x) = u(x). The-coefficients c in the approximation um(x) are found by 

solving (2.62), which takes the form

' JVm(C) =  Ac +  2) ( ( ^ c ) ' )  -  ^(^) =  0 .

The matrix T> ((TL00C)2) is the diagonal matrix whose kth diagonal entry is given by 

the square of the k tk  component of the vector T ulooC. This system is solved by Newton’s 

method; the number of iterations n used in the calculations is recorded in Table 2. 

As in the last example, the error of the method

SiLR(M) =  IIw-WmII (2.64)

is displayed in the second column of Table 2.

To amplify the remarks preceding the opening of this example, the final two 

columns in Table 2 compare the ratios

I l W M  _  M -1"'
A ( W ) " 1) = 2M

and R(A  x)
2M

For this example the rank one change from the matrix 1 $  to A  has not, in magnitude, 

altered the norm in any significant manner. Indeed, since the matrix A in (2.62) is
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M n ERR(M) J i m 1) - 2) A(A-:)
4 6 1.2284e-01 5.19e-01 6.71e-01
8 6 2.5326e-02 5. ISe-Ol 6.02e-01
16 7 2.6765e-03 5.09e-01 5.51e-01
32 8 9.7673e-05 5.06e-01 5.23e-01
64 9 7.7053e-07 5.OSe-Ol 5.Ile-Ol
128 10 6.9836e-10 5.02e-01 5.05e-01

Table 2: Results for (2.63)

independent of the problem (it only depends bn the choice of U00(X)), this comparison 

remains the same for other initial value' problems.

C o llo ca tio n  on  Kf

The procedure and the proof of convergence in the last section applies to the 

problem

u'(t) = f(t,u(t)),  t >  0 (2.65)

%(0) =  0

via the method of conformal mapping. Specifically, the map

z = T(w) =  £n(w), w = ez

is a conformal equivalence of the strip Va in Definition 2.1 and the wedge

Vw = {w E fC: W — re**, \8\ < d < tt/2} . (2.66)

The analogue of the space H 2(Vd) for this domain is contained in the following defi­

nition.



27

D efinition 2.11 The function u(z) is in the space H 2(Vw) if u is analytic in V w 

and satisfies

T  = O(IM r)I"), r  O+, oo, O <  a < I,J—d

and

d x  Z |F(ra)‘iml= 1
H —>oo

A sine approximate solution of (2.65) takes the form

< oo

Aj"—I
um(t) = ^2 CjSj o T(t), m = 2M

j=—M
(2.67)

where the basis functions for the half-line are defined by the composition

O- _ Tffx _  sin[(7r//i)T(f) -  j h ]
^ o t w =  w h y m - m  '

(2.68)

With this alteration, the derivation of the approximation procedure is the same as in 

the previous section. Substitute (2.67) into (2.65) and evaluate at the m  =  2M sine 

nodes Y-1^fc) =  — exp(&Zi) ,k = —M , ...  , M  — 1 to arrive at the discrete system

(2.69)

The only difference between this,matrix equation and the one presented in (2.32) is 

the diagonal matrix V(^r).

The importance of the class of analytic functions in Definition 2.11 lies in the 

fact that if T'(w)u(w) 6 H 2(Vw ) and there are positive constants a  and Ki  so that

M < ) l < < > 0  ' ■ (2'70)

then the sine interpolant to u(t) also satisfies (2.21) and (2.23). Since u'(tk) =  

f(tk,u(tk)), it again follows that the error in the kth component of the function

N m ( u )  =  v  ( y i )  u )
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is bounded by

IMn(^)I < exp(-7rd//i) +  ^  exp (-oiMh) . (2.71)

Finally, the mesh selection

when substituted into the right-hand side of (2.71), leads to the bound in (2.30) for 

||iVm(tZ)|| in (2.71).

T heorem  2.12 Assume that the function T'(w)u{w) G Ti2(Vw) and that the so­

lution u of (2.65) satisfies (2.70). Further, assume that the function f ( t ,u )  is con­

tinuously differentiable and that f u =  d f fd u  is Lipschitz continuous with Lipschitz 

constant K l - Then in a sufficiently small ball about u(t) there is a unique vector c 

which provides the coefficients for %m(t) in (2.67) and U m (Jt) satisfies the inequality

\\um — u\\ < K M 2 exp(—VwdaM) . (2.72)

The proof follows from Lemma 2.6 and Lemma 2.7 which remain valid with the stated 

assumptions and due to the fact that the coefficient matrix in (2.69) remains the same 

as in the previous section.

The assumed approximate. solution Um(Z) in (2.67) has the property that 

Iim um(Z) =  0 so that the method can only be expected to approximate initial value
t —HX>

problems with the same property. This limiting assumption is removed by appending 

an auxiliary basis function to the sine expansion in (2.67) and is discussed in the next 

example.

Exam ple 2.13 Let 7 be a real parameter in the family of initial value problems

U z(Z) =  (I — 7Z) exp(—Z), Z > 0 (2.73)

. u (Q) =" 0
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The solution is given by

u{t) =  I -  exp(-t) +  7 (exp(-7) +  tex p (-t)  — I)

and satisfies

Iim u(t) = U00 =  1 —7
t—>oo

This example serves to illustrate that the procedure not only tracks a nonzero limiting 

value ( 7  I) but also that the method still tracks a zero steady state ( 7  =  I).

Add the basis function

WooW i + 1 (2 .7 4 )

to the sine approximate (2.67) to obtain the approximate
M—2

Um(i) =  Y l  ci s 3 0  x W + CAf-iWooW • ' (2.75)
j= - M

Substitute (2.75) into (2.65) and evaluate this result at the sine nodes =  exp(AA),

k — —M , . . .  , M  — I. This yields the matrix system

Ac = -hT> ^ - ) /W

where
1 di) (3L

(2 .7 6 )

(2 .7 7 )^ymx(Tn-I)I

The approximate solution um is obtained from the transformation um =  TWooc. The 

coefficients ck,k  — — M ,.. .  ,,M—I, are assembled in the m x I vector c and the matrix

T woa =  [im x(m —1)1 Woo] (2 .7 8 )

is the same as in (2.60) with U00 replaced by (2.74). It is important that the system 

(2.76) calculates the limiting value when 7 =  1, namely zero. For purposes of illus­

tration, the system without the augmented basis function, (2.69), has also been used. 

The results of solving that system for the coefficients in (2.68) are given in Table 3 

as well. If the bound on the inverse of A  in (2.77) satisfies the conclusion of Lemma 

2.7 then the results displayed in the above table are not specific to this example.



30

Bordered Unbordered
M ERR(M) ERR(M)
4 1.4419e-01 8.1682e-02
8 3.1887e-02 1.7142e-02
16 6.4556e-03 3.2712e-03
32 3.4783e-05 2.9180e-05
64 2.3802e-06 1.2030e-06
128 2.0902e-09 1.0572e-09

Table 3: Results using augmented and non-augmented approximation for the solution 
of (2.73) with 7 =  1

In the general case, the discretization of the problem (2.65) takes the form

Ac =  - V ? (2.79)

from which the coefficients in (2.75) are calculated and the approximation to the 

solution at the nodes is given by um(tk) = ck + Cm-IW00(£&). In each of the following 

examples Newton’s method is applied to the function

Mn(S) =  Ac +  X> j  /(C  TwooC) . (2.80)

The vector C0 =  I initializes the Newton iteration

d 71+1 =  c n +  5 n ,

where the update <5 n is given by

-  J ( M n ) ( S ^ " = M n ( c " )

(2.81)

(2.82)

The Jacobian of (2.80) is

J ( N m)(S) = A + v ( V ) V  TmillC)) T„„ . (2.83)

Note that, besides the exponential rate of convergence given by (2.72), the computa­

tion involved for the Jacobian of the nonlinear system involves little work. In fact, 

from (2.83), the update of the Jacobian is' simply a diagonal evaluation.
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Example 2.14 The initial value problem

%'(Z)

%(0 )

_  /  +  4^ +  I
V 2tt +  4

0

Z > 0 (2.84)

has the solution

u(t) = 2 — + exp(^t)

which tends to 2 — V3 at the exponential rate

u(t) =  (2 -  VS) -  0 (exp(-t)) as t oo-. (2.85)

The results in Table 4 display the number of Newton steps n  in (2.81) and the two- 

norm error

■ ERR(M) — IIiZm -  ?Z|| .

M n ERR(M)
.4 4 2.2603e-03
8 5 2.9802e-03
16 5 2.6584e-04
32 5 7.6291e-06
64 6 4.2556e-08
128 6 2.0623e-12

Table 4: Results for (2.84)

A particularly useful application of the present procedure is in those initial 

value problems where the convergence to the asymptotic state is only of a rational 

rate. For example, an autonomous differential equation that has a non-hyperbolic 

rest point. The sine approximation to such solutions also assumes rational decay at 

infinity so that the convergence estimate in (2.72) is maintained. This is illustrated 

in the following example.
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E xam ple 2.15 For small positive parameters /?, the problem

%'(f) =  # (1 -%)%, Z > 0  (2.86)

%(0) =  0

has the solution

The asymptotic behavior

u{t) =
Pt + I P t+ 1  ‘

(2.87)

shows the rational rate of approach to the asymptotic state. In particular, for small 

(3, this rate is quite slow compared to the rate of approach in the previous example 

given by (2.85).

ERR(M) ERR(M) ERR(M )
M Ti 0 =  .1 n  ■ 0 =  .01 n  0 =  .001
4 6 1.323le-01 4 2.8747&-01 3 4.9698e-02
8 9 1.9510e-02 6 2.0021e-01 4 2.6669e-01
16 13 1.0601e-03 10 1.7213e-02 7 1.5763e-01
32 18 1.8684e-05 15 3.7626e-04 12 4.3506e-03
64 26 5.8273e-08 23 1.8770e-06 20 2.1567e-05
128 37 1.1437e-ll 34 1.1200e-09 31 1.3027e-08

Table 5: Results for (2.86)

In Table 5 the error in the calculated solution of (2.86) is displayed for several 

values of 0. As one reads the table from left to right (decreasing 0), there are fewer 

Newton steps computed to achieve the error due to the decreased, accuracy in the 

computed solution. The reason for this decrease in accuracy can. be traced to the 

truncation error which is bounded by the second term on the right-hand side of 

(2.71). For t large, the inequality in (2.70) implies
I ' ■

u(t) -  I ~  K 1-  .
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As seen from (2.87), Ki  ~  l/f3. Hence, as j3 is decreasing, the constant K x is 

increasing. In these cases (a rational rate of approach to the asymptotic state) a 

simple change in the definition of the mesh selection (2.73) produces an error bounded 

by exp(—(SvzM)), where 8 < a. This alternative mesh selection, which defines a 

mesh reallocation, is also used in boundary layer problems and will be discussed and 

developed in Chapter 3.
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C H A PT E R  3

Spatia l D iscretiza tion

Having discussed a method for the temporal domain in Chapter 2, attention 

is now turned toward a discretization of the spatial operator. Both the Galerkin and 

collocation methods are reviewed and discussed. Attention is given to the imple­

mentation of the two approaches when dealing with radiation boundary conditions, 

resolution of steep fronts, and nonlinearities.

A Sinc-Galerkin procedure first developed by Stenger [19] is reviewed with the 

focus of attention on problems of the form

—  u"(x) -iTlP(X)U1(X) =  f (x)  ,  0  <  r e  <  I

%(0) =  u,(l) =  0 . (3.1)

Numerous different approaches to this problem have been proposed in [3], [8], [10], 

and [18].

In order to have the sine translates given by (2.2) defined on the interval (0 ,1), 

consider the conformal map

<j>(z) = in  I I — z (3.2)

This map carries the eye-shaped region 

V e = = u + iv : arg
1 - z

< d <

Pd = jru = £ + : |t/| < d < I  j .

onto the infinite strip
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A Sinc-Galerkin or Sine-collocation approximate solution of (3.1) takes the

form
N

Um{x) =  53 ckSk O 4>{x) , m =  M +  A" +  I . (3.3)
k= —M

For a Galerkin scheme, the coefficients {ck} in (3.3) are determined by orthogonalizing 

the residual with respect to the basis functions

(~um +  Pum -  f,Sj°<i>) = 0 - M  < j  < N  (3.4)

with the inner product given by

(u, v) = u(x)v(x)w(x)dx (3.5)

where w(x) is, for the moment, an unspecified weight function.

D efinition 3.1 The function u is ,in the space Ti2(Ve ) if u is analytic in V e and 

satisfies

Z z \F(w)dw\ = 0(\x\a), x ±oo, 0,< a < I , (3.6)

where L  =  {iy : \y\ < d} and for 7 a simple closed contour in V e

N 2(FjV e )'= Iim [  \F(w)dw\ < 00. (3.7)-y^dVs

Substituting (3.3) into (3.4) leads, after integrating by parts the terms involv-' 

ing derivatives of the dependent variable and choosing the weight function w(x) = 

to ensure that the boundary terms vanish, to the discrete linear system

A q C =  V

where

A g
I

If
f  • 1 p

(^)2 4)') cj)' \4)'j

(3.8)

(3.9)

The matrix A a is the matrix B  in [21] on page 470 and is also found in [13] on page 

166 using r  =  I. A discussion of other choices for weight functions is found in [13].
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The one matrix that hasn’t been introduced yet in the above is 1 $  which has the 
entries

X = X k

3 = k 
{k—j)2 ’ 3 T1 k,

TVith % =  DeSne /W =  [g#] where m =  M +  JV +  i  ^ g ,

- f  2 f -2(-l)m~1 
( m — I ) 2

—2(—l)m~ 
(m—I)2 —2 n22 ^ id

3

(3.10)

(3 11)

Solutions obtained from (3.9) then have the exponential convergence rate guaranteed 

by the following theorem given in Chapter 7, Section 2.4 of [21].

T heorem  3.2 Assume that the functions p and f  in

-u"(x) +p{x)u'(x) = /(c ) , 0 < c < I

%(0) =  it(l) =  0

and the unique solution u are analytic in the simply connected domain V E. Let /  

be the conformal one-to-one map of V e onto V d given in (3.2). Assume also that 

n2(VE) and uF  e  H 2(Ve ) for each of

F  = <f>', (p/ft)', P-

Suppose there are positive constants Ka, K 13, a, and 0  so that

|%(c)| < TfaS*, IT E (0,1/2)
7%, (I - c / ,  CE [1/2,1).

(3.12)

(3.13)
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N

um(x) — ° ^ (a;)

are determined by solving (3.9) then

Ilti ~ um\\ < K aM exp(-aM h)

+ KpN &x$(-(3Nh)

+ K j M 5I2 exp(—Trd/h)

(3.14)

where K a, Kp, are constant multiples of K a and Kp. These constants and K 1 are 

independent of M, N,  and h. Balancing the exponential contributions of the three 

terms on the right hand side of (3.14) yields the proper choices of h and N  as

An outline of the proof proceeds as follows. If u is in TC2(Ve ) then the sine 

interpolant to u(x) satisfies (2.21). Moreover, its first derivative satisfies the bound 

in (2.24) with a similar bound for the second derivative. Let c be the unique solution 

of (3.8), then the two-norm of the vector AciZ -  A^c, which corresponds to the 

discretization error, is of the order M 1I2 ex p (-(W o M )^ ). From (3.8) it follows that

1/2

(3.15)

These choices then yield the error statement

Ik -^m ll < K M 5/2 exp(-(irdaM)1/2) (3.16)

where K  is independent of M  and h.

and hence

(3.17)
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Stenger in [21] shows that Wh2A ^1W is 0 ( M 2). Curiously, the proof of this order 

statement depends upon considering a collocation scheme for (3.1).

This collocation scheme can be developed by substituting (3.3) into (3.1). 

Evaluating at the nodes xk, k =  - M , . . . ,  TV, yields the system

J l Z = / -  (3T8)

where

A =  2) ((<p')2) v4c (3.19)

and

Ac =  +  I v  ( ( $ y  “  (3'20)

The matrix Ac  is the matrix A in [21] on page 468 and is the matrix C(O) in [13] on 

page 171.

The matrices Ac  and Ac  are quite similar, and in fact, this similarity is used 

in [21] to show that the solution of the linear system (3.18) yields an approximate 

solution which satisfies (3.16). Thus, whether using a collocation or Galerkin pro­

cedure for (3.1), one obtains an approximation whose error satisfies (3.16). That is, 

Zt2IIA^1H is also 0 ( M 2). The following example, which illustrates the similarity of 

the two methods, records

ERR(M) = \\ii -  ^  .

The error given by (3.16) is the difference in the functions while the error displayed in 

the following tables is the difference in the coefficients. As in the discussion leading 

to (2.34), the error in the coefficients provides the dominant contribution to the error.

E xam ple 3.3 For a simple comparison of the Sinc-Galerkin and Sinc-collocation 

methods, consider

— u "  +  it UL1 =  Sin(Trx) +  cos(Trx)

•u(O) =  T i(I )  =  0  , (3.21)
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which has as a true solution u{x) =  ^  Sin(Trrr). Sinc-collocation and Sinc-Galerkin 

solutions are obtained by solving (3.18) and (3.8), respectively. The choices of d =  f  

and a = P = I leads to the mesh selection h =  as given by (3.15) and N  — M. 

The results in Table 6 indicate, as shown in [21], that these procedures are virtually

ERR(M)
M Collocation Galerkin
4 1.5526e-03 2.4501e-03
8 3.0255e-04 3.5012e-04
16 2.7151e-05 2.7835e-05
32 7.9038e-07 7.9165e-07
64 4.7922e-09 4.7925e-09

Table 6: Error in the approximation (3.4) where the coefficients are obtained from 
(3.18) and (3.8) respectively

identical.

B o u n d a ry  L ayers

The study of Burgers’ equation leads one to consider parabolic partial differential 

equations with large Reynolds numbers which corresponds to e <K I in (1.1). That is 

to say the ratio of the convective term to the diffusive term is large. In terms of the 

scalar equation under consideration given by (3.1), this implies \p(x)u\x)\ »  \u"(x)\. 

The manifestation of this inequality is geometrically seen in a boundary layer being 

introduced into the function u. Analytically this is characterized by an abrupt change 

in the derivative of the solution.

A standard method in numerical schemes to handle this abrupt change is to 

allocate more computational nodes near the boundary layer. This idea, resulting in a 

redistribution of the nodes, was developed in [4] by incorporating the boundary layer 

effect into the parameter selections of the method. This redistribution is incorporated
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into the collocation procedure and the increased accuracy via the new mesh selection

is displayed in the following example

E xam ple 3.4 For positive k, consider the model problem

— u"{x) +  ku'(x) = k, 0 < x < I (3.22)

ii(0) =  It(I) =  0.

This problem exhibits a boundary layer near rr =  I if k >>> I. The ,true solution to 

this problem is given by

u(x) =  x
exp (Ka;) — I

(3.23)
exp(/c) — I

A finite element approach for this problem is discussed in [7]. Figure I displays 

(3.23) for increasing values of n. For k = 1000 the solution graphically appears to be 

discontinuous and not much different from k =  100 and is therefore not plotted. An

Figure I; True solution of (3.22) for k =  1 ,10,100 

inspection of (3.23), or a Taylor series analysis of (3.22), shows that for x  near I

u(x)  fa k(1 — x) (3.24)



41

and for x  near zero

u{x) Pd x. (3.25)

This shows that a — P = I axe appropriate choices for exponents in (3.13). Desig­

nating h by hs and balancing the exponential contributions to the error yields the 

“standard” choice for mesh size

Ixs Trd \  1̂ '2 _  TT
W j  ~  V 2 N ’

(3.26)

when using d — tt/ 2. In the balancing of the error terms in (3.14), the integers M  and 

N  play interchangeable roles. Here, the selection of the mesh size hs is based on N  

due to the boundary layer occurring at the right-hand end-point. Choosing N - M  

yields an exponential convergence rate of exp(-JVTis) =  exp(—Try JV/2). These choices 

of M  and N  are independent of k, so that increasing values of k are not reflected in 

the error statement. However, geometric considerations dictate that k should play a 

role in the error analysis. From (3.25) K a w I but from (3.24) Kp ~  re so that a more 

accurate error representation ensues, if re is factored from the Kp. To do this, rewrite 

re as re =  exp(5ln(10)). Now consider the exponential error contributions in (3.14) as

exp(-aMh),  exp (—{3 N h  +  Mn(IO)), and exp(—vrd/h)

Again, the goal is to balance the error contribution from these terms. Equating the 

exponents in the last two terms, one finds a different h, dependent upon 8 and denoted 

by hs, where

<51ti(10) +  J  (Sin(IO))2 +  AndfiN
hs = ----  y \ 0\ r ----------—  > ^ s, 5 >  0. (3.27)

Substituting h5 into exp(-/JJVh +  Sln(IO)) and equating this term with exp(-aMh)  

leads to a balancing of the error terms if one defines

M6
S N _ S J a m
a Oihs , 6 >  0. (3.28)
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Note that the selection h6 has placed more sine nodes near the boundary

layer at z =  I because hg > hs. From Figure I this is geometrically the correct thing 

to do. Also, since > hs, a comparison of the error terms shows exp(—/3Nh) > 

exp(—/3Nhg) so that a more accurate solution is expected. This increased accuracy 

is displayed in Table 7. Implementing the new mesh selection hs in the collocation

s

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 2: Effect of new node placement for TV = 8 and k =  1000.

procedure requires only a change in the points at which the diagonal matrices of 

(3.18) are evaluated.

N o n lin ea r  term s

The study of Burgers’ equation naturally leads one to consider a method that is able 

to accurately deal with the nonlinearity present in the spatial operator. The purpose 

of this section is to consider the nonlinear term in

— eu"(x) + u(x)u\x)  =  /(z ) , 0 < z < I

u(0) =  u,(l) -  0 . (3.29)
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K, =  10

Il h ERR(M) N Ms hs ERR(M 6)
16 0.5553 7.6920e-04 16 13 0.6320 2.0958e-04
32 0.3926 2.2353e-05 32 27 0.4303 6.4953e-06
64 0.2776 1.3551e-07 64 57 0.2963 4.0627e-08

K == 100
16 0.5553 8.3838e-03 16 10 0.7176 7.4647e-04
32 0.3926 2.4577e-04 32 23 0.4712 1.9182e-05
64 0.2776 1.4905e-06 64 50 0.3160 1.24090-07

K = i—* SI
16 0.5553 7.7689e-02 16 8 0.8117 2.6548e-03
32 0.3926 2.4753e-03 32 19 0.5152 6.0393e-05
64 0.2776 1.5040e-05 64 44 0.3368 4.0095e-07

Table 7: Comparison of old and new mesh selection

Substituting (3.3) into (3.29) and evaluating at the since nodes k — —M , . . . ,  TV, 

leads to the system

Ac +  co (Be) =  /  (3.30)

where

and

A  =  e + ©  ((0')2) 4 2> +  i®  (0") /£> )

B = ^ V ( V )  W

The notation c o (Be) denotes the Hadamard, element by element, product of the 

vectors c and Be. It is this product that motivates the following important example. 

E xam ple 3.5 Consider the problem

—eu"(x) +  u(x)u'(x) — f(x)  

Ii(O) = %(!) = 0

(3.31)

where f (x )  is such that the true solution is given by

exp(a;/e) — I
u(x) = x  —

exp(l/e) — I
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This is the same true solution as was featured in the previous section.

A simple iterative procedure for solving (3.30) proceeds as follows. Given an 

initial guess c °,

c n+1 = - A - 1 ^cn O-Bcn - J )  .

Table 8 illustrates how such a scheme fails to converge for relatively large values of e. 

All runs are made with M  = 32 and a stopping criteria of max.,- \\cn+1 — cn\\ < IO-6. 

Seeing that an iterative scheme will fail for e of interest, one turns to a different

e ERR(M) n
1.00 1.4453e -  06 4
0,80 1.8674e -  06 5
0.60 2.6195e -  06 5
0.40 4.2805e -  06 7
0.20 1.0018e -  05 13
0.10 2.2354e -  05 61
0.09 2.5113e — 05 128
0.08 DNC NA

Table 8: Failure of iterative solution to (3.30)

solution procedure for (3.30). Solving (3.30) requires finding a zero of F(c) where

F(c) =  vic'd- co F fc -  /  . (3.32)

Applying Newton’s method to (3.32) one finds that the Newton update, Ac, must 

satisfy

AAc + co (BAc) + Aco (Be) = —F(c) .

This equation is not conveniently solvable for Ac. Consider the computation of the 

Jacobian, J(G)(F), of the Hadamard product

C(c) =  (Ac) o (Be)
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where A and B are ra x n matrices. This calculation can be readily seen by writing 

out G in component form

Gr(S) =  (Ac) o (Be) =

. 53 a^Ck 53 ĥ kCk
Vfc=I /  Vfc=i

153 a2fccfc 1 1 53 f̂cCfc ]
V fc=i /  V fc=i /

] QjTikCk 
Vfc=I /  Xfc=I /

'A ,  \
/  , QnkCk I

Let Q(S) =  (Efc=i &ifcCfc) (E L i îfcCfc), so that

^Q(S)
— & i j  ^53 ^ i k C k  J  T b i j  ( J 2  a i k C k

Hence

^G(S)
dej

aIj ' 6y -
a2j

o Be + faj

- anj : . bnj .

o Ac .

Letting j  run, yields the final result

J(G) (S) =  A o (Be T *) +  B o (Ac I *)
, A

The iteration used for the solution of B(S) =  0 is

Sn+1 =  5,n +  5 n

(3.33)

where <5 n is the solution to

-J (B )(c" )6 "  =  B(c")

with

J(B)(c") =  A +  A o (B cr* )  +  B o(A cr* )  .

Now N  is taken to be 32 and n denotes the number of Newton iterations needed 

to meet the stopping criteria of ||<5 n|| < IO-6. The results are represented in Table
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ERR(M) ' e n
1.4453e -  06 I.Oe T 00 4
2.2354e -  05 I.Oe — 01 5
2.4581e -  04 I.Oe -  02 7
2.47786 -  03 I.Oe -  03 8
2.4524e -  02 I.Oe -  04 11

Table 9: Results when using (3.30)

ERR(M) e n
1.4453e -  06 I. Oe +  00 4
6.6636e -  06 I.Oe — 01 5
1.9124e -  05 I.Oe — 02 7
4.7141e — 05 I.Oe — 03 13
9.3769e -  05 I.Oe -  04 16

Table 10: Results when using (3.30) with hs and Mg

9 and can be compared with those of Table 7 to see that the nonlinearity has not 

introduced any significant change in the accuracy of the computed solution. Table 10 

reports the results when the modified mesh selection discussed in the previous section 

is also incorporated.

R a d ia tio n  B o u n d a ry  C on d ition s

The approximate in (3.3) is ill-equipped to handle derivative boundary conditions 

contained in the problem

— u"(x) + p(x)u'(x) — f(x), 0 < x < I

CKô (O) — aiu!(0) — 0 (3.34)

Pou(I) + PiU1(I) = 0
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since ^  [S'k o (t)(x)\ is undefined at re =  0 ,1. Additional boundary basis function were 

used in [11] for these boundary conditions and are reviewed here. Define the boundary 

basis functions cv0 and U1 as cubic Hermite functions given by

Wo(re) — a0x(l  -  re)2 +  (%i(2rc +  1)(1 -  re)2

and

w i( r c )  — 6 i ( — 2rc +  3 )r e 2 +  /?o(l — rc)rc2 .

These boundary basis functions interpolate the boundary conditions via the identities

Wq(O) — Gi, Wq(O) =  Uq 

Wi (I) — &i, wi(l) =  —bo

and

^o(I) — ^o(-i) — 0 

W i ( O )  =  w [ ( 0 )  =  0 .

Weighting the sine functions via eliminates the derivative problem at re =  0 ,1

and defines the approximate

/  \  /  \  , V ^ 1  S k O( f ) ( x )
u m { x )  =  C - M ^ o ( r e )  +  2 L v  - - - - - - ^  c ^ W i ( r c )  . (3.35)

k = -M + l tP i x )

Substitute (3.35) into (3.34) and evaluate at the nodes Xj to find the discrete system

A b c = f

where

Ab — M I A c I Qwj

and Ac is a m x (m — 2) copy of the matrix

I r p W i "  +  ( f  (y ) - f) jS1 + D( ( y )
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The bordering columns are given by

(P-m )] — { loQ +  PujO)(xj)

— (“ wi + P wO (â i) •

The following problem illustrates collocation techniques for handling derivative bound-
■ '  v

ary data and is Example 4.17 of [13] where a Galerkin procedure was used. The error 

statement of (3.16) does not directly apply. However if «(0) and it(l) are explicitly 

known then the function um — u(0)uj0 — u(l)u>i is in the class H 2(Ve ) in which case 

the interpolation satisfies (2.21). Hence the error in the approximation of the true 

solution by (3.35) will depend on bounding the norm of the inverse of the matrix

Exam ple 3.6 As in Example 2.10, this example is used to illustrate that the norm 

of the inverse of the bordered matrix, as was the case for the matrix A q in (3.17), is 

also 0 ( M 2). Consider

-  u"(x) +  Ku'(pc) — f(x)

ti(0) =  0 (3.36)

Pii(I) +  V(I) =  0 ,

where f (x )  is such that the true solution is given by

P + 1Up(x) — (I — exp (/%%)) +  x
(k + p) exp (A) -  p

and is displayed in Figure 3. Numerical results for ft — 10 and p =  10 are displayed 

in Table 11 and can be compared to those displayed in Table 7 of Example 3.4 for the 

same ft. There is no need for the modified hg due to the radiation boundary condition 

at the right-hand end point. The final column reports the value

M 2
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Figure 3: True solution of (3.36) with p =  10, /c =  10

M ERR(M) R ( ( D O 1) V A b) - 1)
4 1.3695e-02 1.332e-01
8 2.5597e-03 9.115e-02
16 2.0610e-04 6.567e-02
32 5.4906e-06 4.743e-02
64 3.1367e-08 3.411e-02

Table 11: Collocation results for (3.36)



50

to numerically support the claim that the the bordered matrix is 0 ( M 2). For this 

example, the error results are similar to the associated Dirichlet problem in Example 

3.4 for K = 10.
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CHAPTER 4

B u rgers’ E quation

In this chapter, the results of Chapters 2 and 3 are combined to produce a 

method for solving Burgers’ equation with radiation boundary conditions:

ut{x, t) -  euxx(x, t) + u(x, t)ux(x, t) = g(x, t), 0 < % < I, t >  0

oeiux(0,t) -  a0u(p,t) =  0, t > 0 (4.1)

P1Ux(IJ)  + P0u(l,t)  =  0, t > 0

%(z, 0) =  , /(a;), a < % < 6.

In Chapter 2 a discretization was developed for, among other things, the purpose of 

the discretization of the time derivative in (4.1). As in the development in Chapter 

3 the spatial discretization will be carried out via considering a sequence of simpler 

problems. The heat equation with Dirichlet boundary conditions is considered first. 

The discretization defines the Sylvester system which will be altered as the problems 

build toward (4.1). The nonzero steady state problem for the heat equation with 

Dirichlet boundary conditions will be addressed. This will be followed by the intro­

duction of the nonlinear term and radiation boundary conditions. The nonlinear term 

gives rise to a nonlinear Sylvester system for which simple iteration of the system is 

used to solve for the matrix of coefficients. For small values of e this iterative solution 

method breaks down and, in the final example, a block iterative technique for solv­

ing the nonlinear Sylvester system is suggested which incorporates the discussion in 

Example 3.5 where a Newton scheme was developed for Hadamard matrix equations.
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T h e H ea t E q u ation

The first problem considered is the heat equation with zero initial and boundary data:

ut{x, t) -  uxx{x, t) =  g{x, t), 0 < x  <1, t > 0 ,

u(x, 0) =  0, 0 < £ < I, (4.2)

u(0,t) =  =  0, t > 0 .

The approximate solution

Nx N t

Um1Tntix, t) = 53 53 CijSi O^(X) Sj O Y{t) ,
i= —Mx j= —M t

where

TTi — Mx +  Nx T I

(4.3)

and

mt — Mt +  IV) +  I ,

is a product of the basis functions used in the temporal and spatial discretizations in 

Chapters 2 and 3, respectively. This form of the approximation was first used to solve 

(4.2) in [19] via a Galerkin procedure which involved a weighting of the approximation 

in the time domain. Following a similar approach, this problem was readdressed in 

[12] using a different weight function in the time domain. The reason for the weight 

function in the latter work was to guarantee the solvability of the resulting Sylvester 

equation. This weighting does not necessarily allow one to compute nonzero steady 

states. The collocation procedure developed in Chapter 2 and incorporated in this 

chapter for the temporal discretization of (4.1) handles both zero and nonzero steady 

states. In contrast to the work in [19] and [12], there is no weight function used in 

the temporal domain in the present development.
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Substituting (4.3) into (4.2) and evaluating at the sine nodes xk =

exp(kh)li ’ ^ =  Gxp(Zh) results in the Sylvester equation

where

and

(4 .4 )

(4 .5 )

B = ^ i S v m  , (4 .6 )

B s —  I m x m (4 .7 )

B t  —  I m tx m t (4 .8 )

The matrix A  is the same as was given in (3.19) with p =  0. The matrix B  is 

the transpose of the matrix given in Chapter 2 for the discretization of u'{t). The 

introduction of the matrices Ds and Dt are position holders for matrices that will 

arise when radiation boundary conditions and nonzero steady states are incorporated 

into the discretization. The matrix G is a m x matrix of point evaluations of the 

function g(x,t).

Solutions to a system of the form (4.4) are obtained in one of several ways. For 

this work, a simultaneous diagonalization procedure is implemented. Rewrite (4.4) 

as

DJ1AC  +  C B D ; 1 =  DJ1G D t1 . (4.9)

The fact that BD t 1 is diagonalizable follows from the following argument. Rewrite 

B  as

B = i/W D  ((T ') j) V  ( f r y )  

which in turn can be written as

B  = V  ( (T ')t )  (®  ( ( T p ) I /W P  ((T ') i)  } V  ((TOi ) .
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Since B  is skew-symmetric, so is the matrix within the braces, and therefore B  is 

diagonalizable.

The matrix is symmetric, negative definite and therefore diagonalizable 

via a similarity transformation. An argument similar to showing that B  is diagonal­

izable verifies that V  (((f)1)2) is diagonalizable. For h sufficiently small, one may 

view the addition of - V  ((f)") 1 $  as a perturbation of a diagonalizable matrix. While 

it has not been analytically shown, there is ample numerical evidence to indicate that 

A  is diagonalizable and in fact its eigenvalues lie in the left half-plane,

The solvability of (4.9) is guaranteed if no eigenvalue of B  coincides with the 

negative of any eigenvalue of A. The eigenvalues of B  are purely imaginary and 

numerical evidence shows that the eigenvalues of A  lie in the open left half-plane 

implying that the system (4.9) has a unique solution. The solution method proceeds 

as follows.

Assumed diagonalizability guarantees two nonsingular matrices P  and Q such

that

P - 1D J1A P  =  As

and

Q -1BDJ1Q = At

so that

A,C(% +  C ^As =  (Z# (4.10)

where

and

G ^ = P - 1DJ1GDJ1Q .

J(2) =  (4.11)
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Thus if the spectrums of the matrices are denoted by

a (Ds 1A^ =

and

<7 (bd;1) =

then (4.10) has the component solution

( 2)

cV = T T T T 7 T T '  - %  <  : <  % ,  - M , < i < N t.(Asji +  (At)j

Using (4.11), C is recovered from by

C =  f  .

(4.12)

The following example is meant to illustrate the accuracy of Sinc-collo cation when 

applied to the heat equation subject to Dirichlet boundary conditions.

E xam ple 4.1 Consider

ut(x,t) -  uxx(x,t) = g{x,t), 0 < a; < I, £ > 0

u(0,t) = u(l,t)  =  0, £ > 0 (4.13)

u(x, 0) =  0,0 < £ < I

where g(x, £) is such that the true solution is given by u(x, t) —t  exp(—£)z(l — x) and 

is pictured in Figure 4. For this example, and the ones to follow, the values of h and 

ht are taken to be the same. ERR(M, Mt) is defined as

ERR(M, Mt) — m a x . | (Xi, tj) u(xt, tj)\ 
v

and the numerical results are displayed in Table 12. These results indicate that the 

product method has maintained the exponential convergence rate that was seen in 

the temporal and spatial problems.
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M Mt Nt EAR(M, M,)
8 8 3 1.3128e-03
16 16 4 1.0695e-04
32 32 7 1.3912e-05
64 64 11 8.361 le-08

Table 12: Results for (4.13)

o.u

o.o&

Figure 4: True solution of (4.13)
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Problems of the form
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Utix, t) -  uxx(x, t) = g(x, t), 0 < x  < I, t > 0,

u(0,t) = u(l,t)  =  0, t > 0, (4.14)

u(x, 0) =  f ix ) ,  0 < x <1
\

require a change of variables. This can be accomplished by w(x,t) = u(x,t) —

exp(—t)f(x).  The following example displays the use of this transformation.

E xam ple 4.2 Consider

ut(x,t) —uxx(x,t) — 0, 0 < a; < I, t  > 0,

u(0, t) =  u (l,t)  =  0,. t > 0 (4.15)

u(x,0) = sin(7ra;), 0 < re < I

Applying the change of variables as noted above, one obtains

wt{x,i) — wxx(x,t) = g(x,t), 0 < % < I, ' t  > 0

w(0, t) = w(l, t) = 0, t > 0 (4.1.6)

w(x, 0) =  0, 0 < a: < I

where

g(x, t) =  exp(—t) ŝin(Trar) +  tt2 Cos(Trar) j

The true solution is given by u(x,t). =  exp(—tt2£) sin(Trar) and is displayed in Figure 

5. The results in Table 13 indicate the rapid convergence of the method.
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Figure 5: True solution of (4.15)

M Mt M E ##(M , M«)
8 8 3 4.3332e-03
16 16 4 9.0522e-04
32 32 7 2.4335e-05
64 64 11 3.0865e-06

Table 13: Results for (4.15)
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N o n zero  s tea d y  sta te s

In Chapter 2 an extra basis function was added to the approximation for the purpose 

of tracking the nonzero steady states, which for (4.3) takes the form.
Nx Nt—I

= 23 £  CijSi O (j)(x) Sj oT(t)  (4.17)
i=—Mx j = —Mt 

Nx
+  23 CimwooW#* o (̂%)

i=—Mx

where W00(t) =  Notice that upon fixing 2 as f  in (4.17) and denoting
Nx

Cj  = 23 0 ^(%), Mt < j < N t - l
i= —Mx

and

one can rewrite (4.17) as

Nx
CNt — 23 îNtSi O (j){x)

i=—Mx

Nt - I
Um,mt(x,t) = 53 CjS1j- O T(t) +  Cjvt IV00(t)

j=—Mt
which has the same form as (2.75).

Substituting (4.17) into (4.2) and evaluating at the nodes (%&, ^) leads to the 

Sylvester equation

ACDt +  DsCB = G (4.18)

where A  and Ds are given by (4.5) and (4.7) respectively. The additional basis 

function manifests itself in the introduction of a border on the temporal matrices B  

and Dt. The matrix Dt takes the form

I 0
0 ■ ’ ■

0

0 ••• 0 1 0  
. (W00)-Mt (Woo)-Mt+! ...........  (W00)Nt .
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and the explicit inverse is given by

I.
0

0 ' 0

0 I 0
i

Notice that Dt is a matrix built by evaluating the temporal basis functions at the sine 

nodes and is the transpose of Tuoo defined by (2.78). The matrix B is a copy of B  given 

by (4.6) with the last row replaced by the vector W 100. Simultaneous diagonalization of 

(4.18), after a multiplication on the right by the matrix Dt 1, is again used to solved 

for the coefficient matrix C. When dealing with problems requiring the addition of 

a temporal basis function to track nonzero steady states, the coeficient matrix C no 

longer is also the solution matrix on the sine nodes. The solution matrix U may be 

obtained from C via

Here, the matrix T  is obtained by evaluating the temporal basis on the sine nodes. 

The following example illustrates how the additional basis function is used to track 

a solution which does not decay to 0.

Exam ple 4.3 Consider

with g{x, t) such that u(x, f) =  (I -  exp(-t))z(l -  x). The true solution evolves to a 

nonzero steady state and is pictured in Figure 6. The results, as displayed in Table 

14, indicate that the amended Sinc-collocation method has accurately tracked the 

solution as it evolves to the steady state.

U =■ CT  .

ut(x,t) -  uxx(x,t) -  g{x,t), 0 < x  < I, f > 0

u(0,t) =  it(l,f) =  0, f > 0 (4.19)

u(x, 0) =  0, 0 < rc < I



Figure 6: True solution of (4.19)

M Mt Nt ERR(M, Mt)
4 4 2 4.8608e-03
8 8 4 1.7074e-03
16 16 8 8.6393e-05
32 32 16 1.2953e-05

Table 14: Results for (4.19)
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R a d ia tio n  B o u n d a ry  C on d ition s

As was evident in Chapter 3, a problem of the form

ut{x,t) -  uxx{x]t) =  g(x,t), 0 < rr < I, t > 0,

aiux(0,t) + a0u(0,t) =  0, t > 0

P1Ux(I i I ) -'Pou(l,t) =  0, t > 0  (4.20)'

u(x, 0) =  f (x),  0 < £ < I

requires additional spatial basis functions to adequately resolve the radiation bound­

ary conditions. The approximation now takes the form

N x - I  N t o .  0  A ( r \

um(x,t) = J2 J2 cH o t ^) (4.21)
i= ~M x+ \ j = - M t cP yx )

Ni
+  C-M.jWo(£)SjoT(t)

O = - M t

N t

+  Z ) O T(() .
O = - M t

The corresponding matrix equation takes the form

• ■ ACDt +  DsCB  =  G

where

with

A  — [—<£o,/|Amx(m_2)| — uq"]

A  = W v W ) 1!?  +  (■#' ( ^ ) ) +® ( ( t 1)

(4.22)

(4.23)
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and

WoOC-Ms) O O Wl(X-Ma)
WlCx-Mx+l)

O ! .
Wo(X-Mx+l) ^(a;_ ^ +1)

: O (4.24)

W0(Xffa) O O '  OJ1( X jyx )

The construction of the matrix Ds is analogous to the construction of Dt in the 

previous section. That is, Ds is obtained by evaluating the spatial basis functions at 

the sine nodes. The matrices Dt and B  remain defined by (4.8) and (4.6), respectively. 

The following example demonstrates how the additional basis functions are able to 

accurately handle the derivative boundary conditions.

E xam ple 4.4 Consider the problem

ut(x,t) — uxx(x,t) = g(x,t), 0 < x < l ,  t > 0

This example was introduced as Example 6.4 of [13] where a Sinc-Galerkin procedure 

was used to obtain similar results. The true solution is illustrated in Figure 7 and 

the results are given in Table 15.

2ux(0,t) — 314(0, t) = 0, t > 0 ■

ux( l , t )+  2u(l,t) =  0, t > 0

u(x, 0) =  0, 0 < x < I

(4.25)

where the function g(x, t) is such that the true solution is given by
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x o o t

6

Figure 7: True solution of (4.25)

Mx Mt Nt ERR(M , Mt)
4 4 2 1.1765e-01
8 8 3 5.8124e-03

16 16 4 1.4190e-03
32 32 7 1.0291e-04

Table 15: Results for (4.25)
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B u r g e r s ’ E q u a tio n  w ith  R a d ia tio n  B o u n d a ry  C on d ition s

Having covered radiation boundary conditions, attention is now turned to

ut(x, t) — euxx(x, t) +  u(x, t)ux(x, t) = g(x, t), 0 < x < I, t > 0

aiux(0,t) -  aou(0,t) =  0, t > 0

Piux(l,t)  + p0u(l,t)  =  0, t > 0 (4.26)

u(x, 0) =  0, 0 < x < I.

In the case that u(x, 0) ^  0, one can make the transformation used for (4.14) to 

give homogeneous initial data. Collocation applied to (4.26) leads to the nonlinear 

equation

&ACA +  DaCB +  (DaCDJ o (fVCD,) =  (3 , (4.27)

where

#  =  [w6|#mx(m-2)|wf] (4.28)

and

= t 1” 1 _  v  ( ( J t )  ' ■ (4 '26)

The following example illustrates that the introduction of a nonlinearity does not 

deteriorate the accuracy of the Sinc-collocation method.

E xam ple 4.5 As an example, consider solving

ut(x,t) -  uxx(x ,t)+  u(x,t)ux(x,t) =  g(x,t), 0 < x < I, t > 0

2%s(0,t)-3%s(0,Z) =  0, t > 0  (4.30)

ux( l , t ) +  2ux(l,t)  =  0, t > 0

u(x, 0) =  0, 0 < x < I
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where g(x,t) is such that the true solution is given by

u(x, t) = — X2̂ j (t exp (a; — t))

This is similar to Example 6.4 of [13], but the problem addressed in this case is 

nonlinear. The computations displayed in Table 16 correspond to e =  I in (4.26) and 

were obtained by solving (4.27) as follows.

= G -  (ATCDt) o (CD,) .

These results show that the collocation procedure defined by (4.27) yields a solution

Mx Mt Nt ERR(M , Mt) n
4 4 2 1.1629e-01 9
8 8 3 5.7964e-03 8
16 16 4 1.4012e-03 8
32 32 7 1.0303e-04 9

Table 16: Results for (4.30)

whose error is almost identical to that in the linear case. That is to say the nonlinear 

terms remain well approximated by the Sinc-collocation procedure.

The computational issues associated with decreasing e in problem (4.26) are 

conveniently illustrated by considering Burgers’ equation with Dirichlet boundary 

conditions. So let ozi =  /?i =  0 in (4.26) to get

ut(x, t) -  euxx(x, t) + u(x, t)ux(x, t) = g(x, t)., 0 < z < I, t > 0

u(0,t) = u(l,t)  =  0, f > 0 (4.31)

u(x, 0) =  0, 0 < x < I . 1

Due to the Dirichlet boundary conditions, the discrete system takes the form of (4.27) 

without the borders corresponding to the radiation boundary conditions. That is

eAC +  CD +  G o (#G ) =  G (4.32)
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where

N  = ^ v ( 4 , ' ) i m  .
<

This is the discrete partial differential equation analog of (3.30) where the first two 

terms correspond to the linear part. As was suggested in the discussion following 

(3.30), and as was illustrated in the previous example, a simple iterative method 

takes the form

=  . (4.33)

. This method was discussed for the scalar problem (3.30) and is implemented in the 

following example. The gain made by using this iteration method comes at the 

expense of not being able to handle small values of the parameter e. .This statement 

and a proposed remedy is the subject of the closing example.

E xam ple 4.6 The partial differential equation corresponding to (3.29) takes the 

form

ut{x, t) -  euxx(x, t) +  u(x, t)ux(x, t) = . g(x, t), 0 < z < I, t>  0

u(Q,t) =  u(l,t)  =  0, t  > 0 (4.34)

%(%, 0) =  0, 0 < % <  ,1

where g(x,t) is such that

u{x,t) — texp(—t) x —
exp (Krc) — I I

K = -
eexp(K) — I

It is first illustrated that the iteration (4.33) breaks down as e decreases. Take an 

initial guess (7° in (4.33) and define the stopping criteria for the iteration as

max ICg+1 - C g K  ItT6 .

If the iteration (4.33) is run with e smaller than 0.01, the iteration does not seem to



68

e =  0.5 e =  0.1
M x M t N t E R R ( M ,  M t ) n M x M t N t E R R ( M ,  M t ) n

4 4 2 1.3916e-02 4 4 4 2 5.2777e-02 10
8 8 3 1.0403e-03 4 8 8 3 3.0927e-03 9
16 16 4 1.46036-4)4 4 16 16 4 7.6728e-04 9
32 32 7 1.3911e-05 5 32 32 7 3.9052e-05 9
64 64 11 9.4282e-08 5 64 ' 64 11 3.4812e-07 . 9

e =  0.05 e =  0.01
M= M t N t E R R ( M ,  M t ) n M s M t N t . E R R ( M ,  M t ) n

4 4 2 6.9230e-02 18 4 4 2 DNC NA
8 8 3 6.5186e-03 14 8 8 3 DNC NA
16 16 4 1.0474e-03 13 16 16 4 3.1402e-03 531
32 32 7 4.5009e-05 13 32 32 7 9.0600e-05 128
64 64 11 4.3086e-07 13 64 64 11 5.7906e-07 64

Table 17: Results for (4.34)

converge. This is similar to the scenario of Example 3.5 where the iteration scheme 

failed to converge for e smaller than 0.08. A Newton procedure was developed for ma­

trix systems involving a Hadamard product. Newton’s method remedied the inability 

of the simple iterative scheme to handle small values of e. Whereas the derivative of 

the function F  in (3.32) was straightforward to compute, the formula for the Jacobian 

of the map F  required the calculations following (3.32). It was finding this Jacobian 

that provided the effective algorithm for small values of e.

Developing Newton’s method for the solution of

F(C) = eAC + CJB + Cl o (JVC) -  (7 = 0

yielding a matrix C which is the solution to (4.32) is most conveniently recorded with 

the help of the concatenation operator. For matrices, the concatenation operator 

co(C), where C is an m x. mt matrix, stacks the columns of C one upon the other 

beginning with the first into the mmt x I vector. The important property of the con­

catenation operator with respect to matrix multiplications for the present application
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is the identity

=  ( 7 ^ 0  A )co(C )

where <g> is the standard Kronecker product. A discussion of the Kronecker product 

can be found in [5]. Applying the concatenation to the function F(C) gives

c o (F (C )) =  { e f  8, A  +  8  7} c o (c )  +  co(C  o N C ) -  co(C ) (4.35)

which is a large (mmt x Tarnt) sparse system. Concatenation of the nonlinear term 

yields

co(A T C oC ) =  co ( [A C i, A C g, - - - , % ]  o c )

=  co ( [A &  o C l, AC^ o C^, . . . ,  A C »  o C^])  (4.36)

where NCj denotes multiplication of the j th column of C by the matrix N. Notice 

that the concatenation has decoupled the nonlinearity in (4.32) so that the algebraic 

system (4.36) is amenable to a block solution procedure. In particular, the pth block 

is the equation

mt
eACp +  bp-pCp +  (NCp) o Cp — Gp — bjPCj ,

j=i

which is similar to (3-32). In each block, the Newton iteration defined for the scalar 

problem following (3.33) directly applies once an initial matrix C has been selected. 

This author does not underestimate the challenge of implementing such a procedure, 

but as was the case for the block method advocated for linear elliptic equations in

[14], valid numerical computation is best done in a parallel environment due to the 

structure and size of the problem.
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