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ABSTRACT

Various aspects of the numerical solution to the viscous Burgers’ equation via sinc
functions are presented. Discretization in the temporal domain using a sinc function
basis and a proof of convergence for the relatéd ﬁfst—order initial value problem is
given. The temporal problem is posed on the half-line, but the tfeatment also includes
a viable computational procedure for initial value problems on the entire real line.
The novelty of the solution of this initial value problem is that the computed solution
is globally defined. When the Reynoids number, a parameter of interest in Burgers’
equation, is large, boundary layer effects arise. A procedure for the efficient choice of
mesh size for these boundary layer problems which maintains the form of the discrete
,system is discussed. These temp'ora,l and spatial procedures are combined in a product

discretization method for Burgers’ equation.




CHAPTER 1

'_Int'roduction

Burgers’ equation

u(T, 1) — €Uy (z,t) + u(z, Hus(z,t) = g(z,t), a<z<b >0 _
aug(a,t) — apu(a,t) = 0, t>0 (1.1)
Brug(b,t) + Bou(b,t) = 0, t>0

u(z,0) = f(z), a<z<b

is' a nonlinear parabolic partial differential equation that can be used as a prototype
for the Navier—-Stokes equations. In this work, a numerical method for solving (1.1)
is discussed, developed, and implemented. The underlying idea in the numerical
solution to (1.1) is based .on the notion of a product method: the combination of a
method to handle the spatial discretization along with a method to carry out the
temporal discretization.

For the temporal discretization, fix £ = % in (1.1) to obtain an initial value

problem of the form

w'(t)
u(0) = f(&)

F(t,u(®), t>0 (12)

where

F(t,u(t)) = euge(%,t) — u(E, t)ug(Z, 1) + g(2,1)
In Chapter 2, a collocation procedure for

J) = fhuld), >0 - | (1.3)

w0) = 0




is developed. The linear transformation

v(t) = u(t) — exp(—1) (%)

can be used to transform (1.2) into the form (1.3). The work in Chapter 2 builds an
algorithm based on sinc functions that defines a global numerical solution to (1.3),
and a convergence proof for the method is given. This global numerical solution is in

sharp contrast to the well known finite difference and finite element procedures for

(1.3).
Since the sinc function
sin(7z) _
sinc(z) = { w0 E70 (1.4)
1, z=10

is defined on the entire real line, a convenient starting point for the development of a

collocation procedure for (1.3) is to consider
w(z) = f(z,u(z)), —-oo<z<o0 (1.5)
Jim u(@) = 0
The basis functions used throughout this work are derived from (1.4) by translation:

for each integer j and a mesh size h the sinc basis functions are defined on R by

 (sm[®e-m] -
Si(z) = [(%)(z = jh)]‘ , T#Jh . _ (1.6)
1, x = jh

If an approximate solution of the form

um(z) = ._Z—:l ¢;Si(x), m=2M (1.7)

is substituted into (1.5) then a collocation procedure is defined by evaluating the

result at the nodes z; = kh. This gives rise to the m = 2M equations

M-1 '
> ¢iSi(mr) = f@, um(zx), k=-M,...,M -1 (1.8)
=M |
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whose solution ¢;, j = —M,..., M — 1, defines the coefficients for the approximate
solution (1.7). In Chapter 2 this system of equations is written in matrix form and a,
thorough discussion of the matrix equation, including a proof of convergence of (1.8)
to the solution of (1.5), will be given. Fundamental to the convergence proof are the
known spectral properties of Toeplitz matrices. A discussion of these properties is also
included in Chapter 2. Having developed a metilod for (1.5), a conformal mapping is
used to address the problem (1.3). This conformal mapping maintains the Toeplitz
structure of the coefficient matrix and as a consequence the convergence proof need
not be repeated. Examples are included which illustrate the proven convergence rate.
Implementation issues arising from problems involving nonlinearities and nonzero
steady states are addressed. _

In Chapter 3 attention is turned to the spatial problem associated with (1.1),

which is obtained by fixing ¢ = £. Doing this, one obtains a boundary value problem

of the form

—u'(z) +p(z,w)u'(z) = f(z), a<z<b
aru'(a) — apu(a) = 0, ﬂ (1.9)

Pru'(b) + Bou(d) = 0

This nonlinear problem has received less attention both computationally and analyt-

ically than has the linear problem
—u"(z) + p(2)v (z) + ¢(x)u(z) = f(z), a<z<b
a1v'(a) — agu(a) = 0, (1.10)

Bl (b) + Bou(d) = 0

The use of sinc methods for differential equations originated with the work

[19], which announced the Sinc-Galerkin method for boundary value problems. Since
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that time a great deal of attention has been devoted to this spatial problem. A Sinc-
collocation procedure was implicated in [19] and was outlined in the review papér
[20]. This outline provided the motivation for the collocation method in [15] which -
addressed the eigenvalue computation for the radial Schrédinger equation. This work
was expanded to include other Sturm-Louiville eigenvalue problems associated with
(1.10) in [6]. The’same discretization as found in [6] was studied for the boundary
value problem (1.10) in [1]. These Sinc—collocation schemes a‘,nd. their relation to
Sinc-Galerkin schemes were explicitly sorted out for (1.10) in [13]. In [21], Stenger
shows his original Sinc—Galerkin scheme and the collocation scheme used in this thesis
are the same in the sense that they éonverge at the same rate.

In Chapter 3, a brigf review of Stenger’s Sinc—Galerkin procedure and conver-
gence theorem is given to identify the class of functions in which the sinc approxima-
tion can be expected to give an exponential convergence rate of the approximation to
the true solution of (1.10). Although the discrete systems for the Sinc-Galerkin and
Sinc—collocaﬁion methods are.different, an example indicating the parameter selec-
tions for the methods shows that they are numerically equivalent. If the nonlinearity
p(z,u) in (1.9) is replaced by a constant «, where & is large, the performance of the
numerical method deteriorates due to boundary layer effects. A review of the error
terms associated with the method, as undertaken in [4], yields a mesh selection that
é]lows one to maintain the accuracy despite the boundary layer. The nonlinearity in
(1.9) adds yet another numerical difficulty as seen by the introduction of a Hadamard
product in the resulting matrix system. A simple iterative scheme, as suggested in .
[13] and [21], naturally suggests itself as a solution method. It is numerica,liy demon-
strated that for moderately large values of &, this iterative procedure breaks down and
is abandoned in favor of Newton’s method. The combination of the breakdown of the

simple iterative procedure and the introduction of Newton’s method motivates the
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lengthy and important Example 3.5. The length of Example 3.5 is due to the entry
of a Hadamard product into the discretization, and the importance lies in the discus-
sion of the Jacobian calculation for Hadamard products, which is fundamental to the
discretization of nonlinear problems. It is shown that Newton’s method, combined
with an alternative mesh selection, maintains the accuracy of the Sinc—collocation
method for very large values of x. In the last section of Chapter 3 the radiation
_ boundary conditions are incorporated in (1.9) and the necessary modifications of the
approximation procedure are developed and implemented.

The final chapter assembles the work of Chapter 2 and Chapter 3 for a full
discretization of (1.1), leading to a nonlinear Sylvester equation. As was done in the
spatial domain, a sequence of simpler problems leading up to the discretization of
(1.1) is addressed. This begins with the heat equation subject to Dirichlet boundary
conditions which was addressed in [12] via a fully Sinc—Galerkin scheme. The choice
of weight function in these schemes does not allow one to address nonzero steady
states which is one of the goals of this thesis. The method developed in this thesis
can compute both zero and nonzero steady states. The method discussed in {2
adds an advective term to the heat equation and discusses the efficiency of solving
Sylvester equations. The Sylvester equation, its solvability, and a method of solution
are discussed for the discretization of the the linear problem. A method for tracking
steady state solutions gives rise to bordered matriceé in the Sylveste; equation for the
same problem.

When ;:onsidering the boundary layer effects in the partial differential equation
(e small), the same problems as those occurring in the boundary value problem of
Chapter 3 arise. A nonlinear Sylvestel-r equation appears and simplicity of computer
implementation dictates an iterative solution procedure. For moderately large € this

procedure works fine but comes at the expense of the inability of the procedure to
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compute solutions for small values of e. Use of the concatenation operator allows one
to view the nonlinear Sylvester system in a block structure. Each of the blocks in
this system is similar to that arising from the scalar problem discussed in Example
3.5. The Newton method given in Example 3.5 is used to outline a block iterative
procedure which could be used to solve the concatenated system. A similar point of
view was taken in [15] when dealing with linear elliptic equations. As advocated in
that work and supported here, these block calculations should be. done on a parallel
computing machine. This author does not underestimate this programming task, and

has therefore included an outline for the algorithm.




CHAPTER 2

Temporal Discretization

In this chapter, a Sinc—collocation method for the initial value problem

d’i‘if) = f@,ult)), t>a , | (2.1)

ula) = 0

is developed. A global approximation of the solution of (2.1), which is valid for

¢ € [a,b), is obtained using the sinc functions. These functions are derived from the

... sin(7z)
sinc(z) = { Tz 0 ° #0
1, z2=0

by translations. For each integer j and the mesh size A the sinc basis functions are

entire function

defined on R by
( sin[(F)(z - 5m)] ,
5@ = @m0 T (22)
‘ 1, x=3jh

The sinc functions form an intefpolatory set of functions. In other words, H

1, if j=k :
Sj(kh)=5§.2)={ 0 i ;#k . (2.3)

Since these basis functions are defined on the whole real line, a convenient starting
point is the constfuction of an approximation to the solution of the problem
du(z)
dz

mlixiloou(a;) = 0.

= f(z,u(z)), -o0<z <00 (2-4)
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The basis functions in (2.2) automatically satisfy the limiting condition in (2.4) so

that the assumed approximate solution

: M-1 ' ‘
U (z) = .;Mchj(a:) , m=2M (2.5)

has the same property. The most direct method for the determination of the error

includes the additional assumption

lim u(z) =0 . ) (2.6)

The assumed approximate solution (2.5) automatically satisfies (2.6) as well. Until
otherwise stated, it is assumed that the solution of (2.4) satisfies (2.6).
A collocation scheme is defined by substituting (2.5) into (2.4) and evaluating

the result at xx = kh, k = —M,..., M — 1. This gives the equation

%Iﬁj)a: —£(0) (2.7)

8

where the m x 1 vectors Z = [z_ar, .., Zy—1]’ and &= [c_ps, .. -, Car—a]t denote the
vectors of nodes and coefficients in (2.5), respectively. The coeflicient matrix in (2.7)

is obtained from the explicit values for the derivative of the sinc basis functions at

the nodes:
0, if 1=k
dsj(@ _ 55(1) _ _1_ (— )k—j b

dz R h

. (2.8)
Nz=z=kh ]C—'j ? lf'j#k

Collecting the numbers 6%), —M < j,k < M —1, leads to the definition of the m x m

skew-symmetric coefficient matrix in (2.7)

[0 -1 % —% _2M1—1 ]
1 0 -1 % 2Ml—2
Y = -3 1 0 =1 - -z : (2.9)
_2Ml—2 2Ml—3 1.0 -1
B 2Ml—1 _21\/}—2 2Ml—3 e 1 | 0 mxm
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The procedure then is to solve the system (2.7) for the m x 1 vector of coeflicients &in
(2.5). The discrete system in (2.7) can also be obtained via a Sinc—Galerkin procedure
as outlined in [13]. Furthermore, the sinc discretization of differential equations,
whether by Galerkin or collocation procedures, has been addressed by a number of
authors. In particular, Sinc-collocation procedures for the eigenvalue problem have
been addressed in [6], [15], and for the fwo—point boundary value problem in [1],
[17]. These proéedures, as well as an extensive summary of the properties of sinc
approximation, can be found in [21].

In this chapter it is shown that if the function f(z,u(z)) is continuously differ-
entiable and u(z) is in the appropriate class of functions for which sinc interpolation

is exponentially accurate, then there exists a unique solution € to (2.21) so that
2~ &l < KM? exp(—sV M) (2.10)

where @ = [u_ps,...,up—1]*. Furthermore, the error between the approximation

defined by (2.5) and the solution u(z) to (2.4) satisfies
lu — || < KM? exp(—6VM) (2.11)

where K,K and & are positive constants. The notation || || used throughout this

thesis denotes the discrete or continuous two norm. In the discrete case,

IR
HW=(Z%> |
k=1 -

where 4 is a vector of length n. In the continuous case,

}M=Qhwmﬁé,

where u(z) is a function defined on the interval (a,b). The proof of the estimate (2.11)
depends on, among other things, the spectrum of I}, and, in turn, on the Toeplitz

structure of I(). This spectral study is also carried out.
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The convergence proof which gives the order statement in (2.10) also applies to
problems on an interval (a,b) via the method of conformai mapping. The case of the
mapping z = Y(t) = In(¢), ¢ € (0, 00) is addressed in the ﬁnal section of this chapter.
‘The maiﬁ motivation for restricting to the half-line is for implementation in the
numerical solution of parabolic partial differential equations where the convergence
to an asymptotic state may be at a rational rate.

If the time domain is the half-line, the sinc basis functions in (2.2) are replaced

by
| sin[(r/R)(T(2) ~ ) _
5,010 = /W0 )] igﬁz . (2.12)
| , M

With this alteration the-approximation procedure is the same. Assume an approxi-

mate solution of (2.1) of the form
M-1
um(t) = > ¢S;joT(E), m=2M. (2.13)
j=—M
Substitute (2.13) into (2.1) and evaluate the result at the nodes ¢y = T~'(z;) for
k=—-M,...,M — 1. This leads to the equation

]. 1 - \
iz _p(L ‘
SIVe=-D ('r) F@E ) (2.14)

where, given a function g(¢) defined on the nodes ty, k = —M, ..., M —1, the notation
D(g) denotes a 2M x 2M (or m x m) diagonal matrix with the k** diagonal entry
given by g¢(t). One of the implementation conveniénces of this sinc procedure is
that the only alteration in (2.14) to the numericall procedure given in (2.7) is the
introduction of a diagonal matrix on the right-hand side. This procedure has the
same rate of convergence as the procedure for the real line. Another convenience in
the implementation of the method is that, in the case of using Newton’s method, the
Jacobian update is simply a diagonal matrix evaluation. The mgthod is implemented

in the last section of this chapter.

/’/!
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Collocation on R

In this section the convergence rate given in (2.10) is obtained for the problem

v'(z) = f(z,u(z)), —oco<z<o00 (2.15)
lim uw(z) = 0

T——0

The space of functions where the sinc approximate given by (2.5) yields an exponential
discretization error is given in the following definition.

Definition 2.1 The function u is in the space H2(Dy) where
Dy={z=z+1iy:0< |y <d}
if w is analytic in Dy and satisfies
d
[ e +ldy = 0al") , -0, 0<7<1
and

N2 (’LL, Dd)

Lli%l— (/_o:o lu(z + iy)lzdm‘) 1/2
" (/_o; lu(z — iy)|2d1:>1/2} oo

There are many properties of the sinc expansion of functions in the’ class
H?(Dy). A complete development is found in the text [21]. For the present work, the

following interpolation and quadrature theorems play a key role.

Theorem 2.2 Interpolation: Assume that the function u € H?(D;). Then for all

z € Dy,

o0

E(u,h)(2) = u(2)— Z u(kh)Sk(2) (2.16)

k=—o0

 sin(rz) [ (s —id)
T 2mi /—oo { (s — z—id~)sin(n(s — id~)/h)
L u(s +1d") } s
(s — z +id~) sin(n(s + id~)/h)
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and

|1 E(u, h)|| < % =0 (e"’fd/h) . (2.17)

Corollary 2.3 Assume that u € H?(D,) and there are positive constants o and K;

such that
lu(z)| < Ky exp(—afz]) zeR. | (2.18)
If the mesh selection
7d
h=yl—, | (2.19)

is made in the finite sinc expansion

M-1

Crn(w)(@) = Y u(z;)S;(z) (2.20)

j=—M

that interpolates u(z), then the error is bounded by

lu — Cn(u)|| < KoM exp(—VwdaM) . (2.21)

Theorem 2.4 Quadrature: Assume that u € H2(D,) is integrable, then

n = /O:OE(u,h)(:v)dm: /_ O:Ou(m)dm—h S u(kh)

- k==00

e~md/h /°° { u(s +id")e™/h (s —id")etre/h } s

2 . J-co | sin(w(s+14d~)/h) sin(w(s—id~)/h)
Furthermore,
NZ(’U, Dd)e_Wd/h —2rd/h .
< T = g . 2.22
< = santeamy ~ © G (2.22)

One obtains, upon differentiating (2.16), the identity

M-1
u'(z) — . ulih)Si(z) = > u(ih)S;(z) (2.23)
j=—M 141> M
=M
d [sin(mz) o u(s —1id™)
& l 210 J-co (5 — 2 — id™)sin(n(s —id~)/h)
u(s+id™)

ds|

(s — z +id~) sin(r(s + id~) /h)
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where the two terms on the right—hand side are called the truncation and the dis-
cretization errors, respectively. If the function u(z) lies in H2(D;) then it is shown

in [16] that

a [sin(w:t:) oo u(s —id™)
dr | 2w J-oco (8 — 1z — id~)sin(w(s — id~)/h)
B u(s +1id™) ds}
(s — z +id~)sin(n(s + id~) /h)
< % exp(—nd/h) . (2.24)

A short calculation gives the bound

15()] = seR. (2.25)

IdS i)
<o

There will be a need for a similar bound on the second derivativé of the sinc function

later in this work and so it is displayed here:

d_2 [sin(m:) 0 u(s —id™) .
dz? | 2mi o (s —z —1id~) sin(n(s — id~)/h)
B u(s +1d™) ]
(s —x+id~)sin(n(s +id~)/h)
< I; exp(—nd/h), - : (2.26)
and
| (z)] = dzjj; §”> =< ;:2, reR. (2.27)

Combining (2.25) with (2.18) gives the following bound on the truncation error:

3 winSi@)| < X GhSiE)| <5 2 lu(ih)]
[51>M li]>M _M+1 .
< B S Jexp(~agn)
j=M+1
Ky [ exp(—ah) exb(—an .
A (1—exp(—~ozh)> p(-alMh)
< K2 exp(—aMh) < — K4 exp( aMh) , (2.28)

ah
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where the fact thé,t

1 —exp(—ah) ~ ah
yields the first inequality in the last line of (2.28).

exp(—ah) <1

‘Collocation, when applied to the initial value problem (2.15), requires that
u'(z) = f(zk, u(zy)). Evaluating (2.23) at the nodes, and using the approximation

implied there, one gets the system
— 1 (]_)—; — = )
Np (%) = EIm T+ f(Z,4) . ' (2.29)

The inequalities in (2.24) and (2.28) show that the k™ component of (2.29) is bounded
by. |

K.
| Ny (ug)] < Tgexp (—7rd/h)—l.—%exp(—aMh)

< [f('\gx/M—FEL;M]e}'cp(—\/wdaM) ,

where the mesh selection A in (2.19) was used to obtain the second inequality. There- .

fore,

k=—M

VoM B, | N (1) |

' M-1 1/2
[Nm(@)]| = (Z INm(uk)|2>

IA

< KsM®?exp(—VmdaM) . ©(2.30)

Theorem 2.5 Assume that the function u € H?*(Dy), u solves (2.15), and v satisfies
(2.18). Further, assume that the function f(z,u) is conti,nuously differentiable and
that f, = Of/Ou is Lipschitz continuous with Lipschitz constant K. Then in a
sufficiently small ball about u(z), the function

M-1

un(z) = >, ¢iSi(z), (2.31)

j=—M
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where the coefficients are determined by solving the equation

1 I o
Na(@) = 102+ (7,8 =1, (2.32)
satisfies
lum — u]] < KeM? exp(—VrdaM) . ' (2.33)

The proof of Theorem 2.5 depends on the orthogonality of the sinc basis. To see
this, let @ = [u(z_a7), .- ., u(zar-1)]* be the vector of coefficients in the sinc expansion
(2.20). The equality of function and vector norms

l[ttm — Con ()| = [|€— 4
follows from the orthogonality of the sinc basis
| Si@sua) =0 j#k.

—o0

Hence, the triangle inequality takes the form
[tm —ull < {Jtm — Cn(w)]| + [|Cm(w) — |

= ||l&— ]| + |Cm(u) — ull

< ||g—4|| + KoM exp(~VwdaM) (2.34)
where the last inequality follows from (2.21). It remains to bound the error in the

coefficients ||¢— || which is addressed in the following two lemmas. These two lemmas

will then complete the proof of Theorem 2.5.

Lemma 2.6 Assume that the function u € H?(Dg4) and satisfies (2.18). Further,
assume that the function f(z,u) is continuouély differentiable and that f, = 8f/0u
is Lipschitz continuous with Lipschitz constant K. Then in a sufficiently small ball

about % there is a unique solution ¢ to (2.32) which satisfies the inequality

| — || < KsM*exp(—VmdaM) . : (2-35)
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"The idea of the proof is to use the Contraction Mapping Principle. This

argument requires an estimate on the norm of the inverse of the matrix

Lol = 11 + D(fu(#, T) | (2.36)

which, in turn, depends on the norm of the inverse of the matrix 7). This estimate

is obtained with the help of the following lemma.

Lemma 2.7 Let ie; be the pure imaginary eigenvalue of I{}), m = 2M, with smallest
positive imaginary part e;. Let D be an arbitrary m x m, real diagonal matrix. Then
o) 1y L 1)y-1 1
IIm" + D)7l < o =)l s < <2M . (2.37)
= cOs (2 Y +1) -

Since I} has real entries and is skew-symmetric, its eigenvalues are pure imaginary. .

To see the first inequality, let ¥’ be a unit eigenvector of IM corresponding to the

eigenvalue ie;. For an arbitrary unit vector ' € cM

I+ DI = max (15 +D)Z, (15 + D)Z)
> (P + D)3, (I + D)v)
= (ie,T + D7, ies ¥ + D7)
= (iey7 + DY) (ie1¥ + DY)
= (61?5 T+ (ie1T) DI+ iexd DT+ FDDF

= es|? + [(ie1)* +ies]¥ *DT+ T *D*T > {es|?,

since e; and D are real. This implies that

e 1

IS + D)~ < el IO
and yields the ﬁrst'inequa,lity in (2.37). The proof of the second inequality in (2.37) ‘f o

is not so straightforward and follows as a consequence of the Toeplitz structure of the

matrix I3, A prdof of the last inequality in (2.37) follows the proof of Lemma 2.6.
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Proof of Lemma 2.6 Let B, (%) denote a ball of radius  in R?™ about %. Consider .

the fixed point problem

¢ = Fm(a
Fn(€) = &— L, [i]Nn(2) .

Lemma 2.7 shows that the function L;![#] in (2.36) exists and its norm is bounded
by

1o u]li—“ m +D(fu(@ ))]_1 < h(2M) = KeVM (2.38)

where the mesh size in (2.20) yields the last inequality. It follows that a fixed point
of Fp, gives a solution of (2.32). Let ¥ € B,.(%), then tiie calculation

| Fon(®) — @ = 19— @ = L @ Nw(@)]
- L2Yd] {Nm ) + ( /0 1 %Nm(tﬁ—i- (1- t)ﬂ’)dt) (7 - a)}
| L @] Now (@) ‘ (2.39)

+ || @] (/ L[] = 5 -Nin(t7+(1 — 1) ”’)dt) (-1

IA

follows from the Taylor polynomial for the function N, and the triangle inequality.
The first term following the last inequality in (2..39) can be bounded by the product
of the right-hand sides of (2.30) and (2.38).

Now consider bounding the second term following the last inequality on the

right—hand side of (2.39). Using the assumed Lipschitz continuity of f, leads to

LoVl ( / Linf] = 5 -Non(t7 -+ (1 - t)a’)dt) F—a

— |ezm () D(fu(f,ﬂ'))—fu(f,t17+(1—t)ﬁ)dt) (- )
< (LRl | (2.40)

Substituting (2.40) in the right hand side of (2.39) leads to the inequality

1Fn@ = < L2 (1N @]+ K
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< KeVM [(KuM??) exp(—v'mdaM) + hEKpr?|

< . K7 M? exp(—VwdaM) + VMK ;r? (2.41)

where (2.30) and (2.38) yield the second inequality. The quadratic inequality
K M? exp(—VrdaM) +VMEKpr? < r

is satisfied for all r € (rg,71), where

ro = O(M? exp(—VwdaM)) < 7 —0 (\/LM) : (2.42)

since M?exp(—vndaM) — 0 as M — oo. This shows that F,, maps B.(%) into

itself.

A

Next it is shown that on B,(%), for r sufficiently small, F,, is a contraction

mapping. Let & ¥ € B,(&), then

| Fn(@) — Frn(@)] = 1T — €= L' @] (Nm(9) — N () ||
= ||L; @] (Ln[E](T — @) — (Nin(¥) — Ne(@)) |
< NLRHE 1D { fu(@, ) (@ — &) - [f(&,9) — f(&, O} |
VOID{fu(a?,tﬁ+(1 — 8)il) — fu(B, T+ (1 - )E)} dt (T— D)

< K|\ LyHAE g -4l

= |z [l

where K is a Lipschitz constant for f,. From (2.38), (2.42) and
- o2hr K| LM = O(M? exp(—VardM))

it follows for sufficiently small r = O(M? exp(—vardM)) that F, is a contraction

. on B,(%) and Fp, has a uﬁique fixed point. This completes the proof of Lemma, 2.6.

In order to establish the invertability of the matrix I{), m = 2M in (2.9), it is

convenient to use the theorem of Otto Toeplitz [9].
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Theorem 2.8 Toeplitz Denote the Fourier coefficients of the real-valued function
f € LY —m,m) by

1 ks
fn / f(z)exp(—inz)dz, n=0,%£1,42,...

:% .

and define the m x m Toeplitz matrix of the function f by
L i fo o fma]
fa fo fii o fmea
Cn(f)=| f2 [ fo 7 fms : (2.43)

_f_r,.n,+1 f—2 f—l ];0 4 mxm

Denote the real eigenvalues of the Hermitian matrix Cr,(f) by {e]*}72,. If the function

has a minimum Ml and maximum Mu on |—m, |, then fOI’ every m
?
Ml<61 <€2 <'--<‘6m<Mu-

Further, if C,,(g) is the Toeplitz matrix of the real-valued function g € L'(—m,7) N

Clr, 7] and g(z) < f(z), then for all j,
it <e (2.44)

where {c]*}72, are the eigenvalues of Cin(g).

The role of the Toeplitz theorem in the present development follows. The.

Fourier coefficients of the function f(z) == are

fo = —%r—/_if(x)exp(—inx)daz

= 517; /:ra:exp(—z'na:)dx
0, if n=0
| Ecos(nm), if n#0

o [ 0, Hn=0
:Z(Sgl)zz{u_ln,ifnaéo ’
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so that upon comparing these coefficients with the entries of the matrix IO m=2M
in (2.9), one sees that for f(x) = z the Toeplitz matrix Cp,(f) = IM). The eigenvalues
of the real skew-symmetric matrix I occur in conjugate pairs {#iep}), and the

nonnegative real numbers, €', satisfy the inequality
—r<—ey<...<—e"'<el" <. Lep<7m. (2.45)

To see that zero is not in the above list, consider the function

. e—z’:z; i eim
9(a) =sin@) = -+ =,

whose Fourier coefficients are given by g.; = :l:% and g, = 0 if n # &1 so that the

Toeplitz matrix Cp,(g) is given by

0 -1 0 0 - 0
Sl 0o-1 0 0
10 1 0 ~-1-- 0
Cald=gt . . 0 . . (2.46)
0 0 -~ 1 0 -1
0 0 0 -+ 1 0}

The eigenvalues of the real skew—symmetric matrix iCp,(g) also occur in conjugate

pairs {:i:icgl}zl,"‘;l, m = 2M. The real numbers ¢’ are given by the explicit formula

M—-p+ 1z _
€y’ = Cos ([—ﬁ) p=12,...M

and are ordered by
O0< <P <... <<l (2.47)
The inequality g(z) = sin(z) < z = f(z) is satisfied on the interval [0, 7], so

that using (2.44) and (2.45) with (2.47) gives

M
in eM=e" > =
o, 6 =624 €08 (2M+1>
si il
1 U —
"\2eM 1)

1 .
— . 2.48
2M (2.48)

Y
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Hence, it follows that

1 1
I Y =— <
0= <
This completes the proof of Lemma, 2.7.
Due to the upper bound in (2.45) for the eigenvalues of the matrix I, the

spectral condition number of this matrix is

TOY = (IO (1(TL )L _ e T
w(In)) = 1’ | 1aa) ™l = o € —F7 57— -
€l 08 (2M_7|[1)

The following example clearly exposes the various parameter selections yielding
the mesh selection A in (2.19) and also illustrates the close connection of this method

with the method found in [21].

Example 2.9 The function
. 1
~ cosh(rz)

u(z) (2.49)

is analytic in a strip of width one (the poles of u(z) closest to the real line occur -
1

at z = —5) so that the domain of analyticity of this function is D 1. Further, this

function satisfies the inequality (2.18) with Ky = 2 and o = w and is the unique

solution to the problem

—7 sinh(7z)

u'(:z:) = —00 << 00 (2.50)

cosh?(m)

9;1_1)190011,(:1:) =0

The function in (2.49) satisfies the auxiliary assumption Lim u(z) = 0 so
that Theorem 2.5 applies. Hence, setting d = 1/2 and o = 7 leads to the mesh size
h =4/1/(2M). The coefficients {Cj};-\i__]M in (2.31) are obtained by solving the system

_ wsinh(nZ)
" cosh?(7)

1

EI,(,PE: —g(Z) (2.51)
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The second column in Table 1 displays the error between the solution at the nodes
and the coefficients
ERR(M)=|lg—¢| , (2.52)
which, due to the factor M? in (2.35) and the inequality in (2.34), represents the

dominant error contribution to ||u — ||

7.9514e-02
1.6165e-02
16 | 1.6267e-03
| 32 | 5.6978e-05
64 | 4.3819e-07
128 | 3.9179-10

M | ERR(M)
4
8

Table 1: Results for (2.50)

The development to this point has assumed that the solution of the initial
value problem (2.15) vanishes at infinity. This limiting assumption is removed by
appending an auxiliary basis function to the sinc expansion in (2.31). Define the

basis function

e:z:

wool®) = oo

and form the augmented approximate sinc solution

Um(z) = i ¢;S;(T) + er—1woeo(2) - (2.53)
j=—M

The additional basis function we(x) satisfies

) ) e’ 1, z— o0
lim we(z)= lim ——— =< ~
z—3o0 g—xoo g% - g7 7T

0, £— —0o0
and is included in the expé,nsion to allow nonzero boundary values of u, u(00) = Uco-

The change of variable

2() = () — tontoo () (2.54)
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transforms the problem

v(z) = f(z,u(z)), —co<z<00 (2.55)
Jim u(z) = 0
to the problem
V(Z) = f(2,0(@) + toooo(T)) — Useoo (), —00 <z <00 (2.56)
lim »(z) = 0. (2.57)

z—do0 -

If ug is known then the method defined by (2.32) determines the {¢;}}27}, in the

expansion
M-1

Un(@) = Y (@)

i=—M

and the result of Theorem 2.5 applies to the approximation of v(z) in (2.56) by um(z).
If %o is unknown, one approach which preserves the error of Theorem 2.6 is to replace

this unknown by cpr—1 in (2.54) and use the Quadrature Theorem 2.4 to write

(o) =0 = /o:o [f (2, v(2) + UooWoo (T)) — UeoWoo ()] dz

m [ 1@ s () + a1 @) — a0 (@) d

M-2

hk_ZM [f (@, & + Crr-10o0(Tk)) — Crr—10000 (k)] -

Q

Add this equation to the solution procedure to obtain the épproximate value for cM__L
Since the error in the quadrature theorem is the square of the error of interpolation,
this procedure introduces no more error then the error in the method defined by
(2.32).

Incorporating the above side condition in the approximate method to deter-
mine the coefficients in (2.56) is less convenient to implement than the following

approach. Directly substitute the augmented approximate sinc solution (2.53) into
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the differential equation (2.55) and evaluate this expansion at the m = 2M nodes

Ty, k=—M,...,0,... M — 1. This leads to the bordered matrix system

L [1 -1 S ' :
A= [—I(l) 1) l - w’oo] c= —-f(fl?,‘Twooé) . (258>

h mx(m—

The notation Igi(m_l) denotes a copy of I{) without the last column. In (2.58) the
vector ¢ = [c_p,...,Co,--.Car=2, Cr—1]" are the coefficients in (2.53). The approxi-

mate solution 1, is obtained from the transformation

G =Ty & ©(2.59)

o0

where the matrix T, is defined by

1 0 0 (woo)—;M
01 - 0 (Weo)_prp1
Tow = |0 0. 1 : (2.60)
0.0 - 1 (Woo)ps s
| 00 0 (woo)pr—1 |
Since the matrix 7;,  has the explicit inverse
i (woo)_pr
10 - __‘(wOO)M——l
‘ 01 - ___(woo)—Mj;l
(Woo)ar—1
Tow = |00 1 : , (2.61)
00 o1 —eu
(woi)M-l
(00 - 0 (Woo)ar—1

one may regard either the vector ¢ or @, as the unknown in (2.59).
The system in (2.58) is solved for the coefficients by applying Newton’s method

to the function

No(@d = AS+ f(#T0nd) . @)

If the maitrix A satisfies the conclusion of Lemma 2.7, then Theorem 2.5 applies to the
function N,,,(¢) so that the rate of convergence of the present method is also given by

(2.33). Although an argument Verifying the validity of Lemma 2.7 for the matrix A
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does not seem to be an immediate corollary of the a,rgumenf implying its validity for
I,(,f), the numerical results displayed in the next example provide compelling evidence

for a version of Lemma 2.7 with I{ replaced by the matrix A in (2.62).

Example 2.10 In this example, the function

_ _exp(z)
u(z) = exp(z) +1
is a solution to
w'(z) = —u(z)?+g(x), —co<z<00 (2.63)
lim uw(z) = 0

T——00

provided g(z) = u(z). The coefficients ¢ in the approximation u,,(z) are found by

solving (2.62), which takes the form
" N(®) = AZ+ D (T, 8)?) — 9(&) =0 .

The matrix D ((Z.,,¢)*) is the diagonal matrix whose k** diagonal entry is given by
the square of the k** component of the vector T, ¢. This system is solved by Newton’s
method; the number of iterations n used in the calculations is recorded in Table 2.

As in the last example, the error of the method
ERR(M) = |[& — @) (2.64)

is displayed in the second column of Table 2.
To amplify the remarks preceding the opening of this example, the final two

columns in Table 2 compare the ratios

()1 A1)
o 1) 147
R((I3)7) Wi and R(A™) T

For this example the rank one change from the matrix I{*) to A has not, in magnitude, -

altered the norm in any significant manner. Indeed, since the matrix A in (2.62) is
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M | n | ERR(M) | RO [ RAD)
4 6 | 1.2284e-01 5.19e-01 6.71e-01
8 6 | 2.5326e-02 5.13e-01 6.02¢-01
16 | 7 | 2.6765e-03 5.09e-01 5.51e-01
32 | 8 | 9.7673¢-05 | 5.06e-01 | 5.23¢-01
64 | 9 | 7.7053e-07 | 5.03e-01 5.11e-01
128 | 10 | 6.9836e-10 | 5.02e-01 | 5.05¢-01

Table 2: Results for (2.63)

independent of the problem (it only depends on the choice of weo(x)), this comparison

remains the same for other initial value' problems.

Collocation on R

The procedure and the proof of convergence in the last section applies to the

problem

u(t) = f(tu)),
w(0) = 0

t>0

via the method of conformal mapping. Specifically, the map

is a conformal equivalence of the strip Dy in Definition 2.1 and the wedge

z="T(w) =4In(w), w=¢€"

Dw :.{w eC:w=re? |f|<d<n/2}.

(2.65)

(2.66)

The analogue of the space H?(Dy) for this domain is contained in the following defi-

nition.
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Definition 2.11 The function u(z) is in the space H%(Dyw) if v is analytic in Dy

and satisfies
d .
[ 1P lrdo = O(en(r)), 70,00, 0<a<1,

and

R
. T id
vl%%WAIF(w)dwl— Tli%r/r | F'(pe**)|dp < o0

R—o00

A sinc approximate solution of (2.65) takes the form
M-1 -
Un(t) = > ¢;Sjo0Y(t), m=2M , (2.67)
j=—M
where the basis functions for the half-line are defined by the composition
sin((r/h)L(¢) — 3]
[(w/R)Y(t) — 5h]

With this alteration, the derivation of the approximation procedure is the same as in

SjoX(t) =

(2.68)

the previous section. Substitute (2.67) into (2.65) and evaluate at the m = 2M sinc
nodes TY(zx) = t, = exp(kh), k = —M, ..., M — 1 to arrive at the discrete system
Liwz= _p (l) fED (2.69)
h™™ 1’ ’
The ounly difference between this, matrix equation and the one presented in (2.32) is
the diagonal matrix D().
The importance of the class of analytic functions in' Definition 2.11 lies in the

fact that if T'(w)u(w) € H?>(Dw) and there are positive constants o and K, so that

'IU(t)lSKlﬁ, t>0 , - ’(2.70)

then the sinc interpolant to w(t) also satisfies (2.21) and (2.23). Since v/(tx) =

f(te, u(tz)), it again follows that the error in the k' component of the function

' 1 1
No() = 190+ D (57) £(2,9)
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is bounded by

K. K.
| N (u)| < =2 exp(=md/h) + —= exp (—aMh) . 2.71
: h h? .
Finally, the mesh selection
| md
h=14/—
aM ’

when substituted into the right-hand side of (2.71), leads to the bound in (2.30) for
[ Nm(@)]] in (2.71).

Theorem 2.12 Assume that the function Y (w)u(w) € H*(Dy) and that the so-
lution u of (2.65) satisfies (2.70). Further, assume that the function f(t,u) is con-
tinuously differentiable and that f, =9 f/0u is Lipschitz continuous with Lip‘schitz
constant K. Then in a sufficiently small ball about u(t) there is a unique vector &

which provides the coefficients for up,(t) in (2.67) and uy(7) satisfies the inequality
|t — u|] < KM? exp(—VrdaM) . (2.72)

The ﬁroof follows from Lemma 2.6 and Lemma, 2.7 which remain valid with the stated
assumptions and due to the fact that the coefficient matrix in (2.69) remains the same
as in the previous section.

The assumed approximate solution um(t) in (2.67) has the property that
tlilv%lo um(t) = 0 so that the method can only be expected to approximate initial value
problems with the same proﬁe'rty. This limiting assumption is removed by appending
an auxiliary basis function to the sinc expansion in (2.67) and is discussed in the next -

example.
Example 2.13 Let 7 be a real parameter in the family of initial value problems

() = (1—yt)exp(—t), t>0 | (2.73)

u(0) = 0
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The solution is given by
u(t) = 1 — exp(—t) + v (exp(—t) + texp(—t) — 1)

and satisfies

lim u(t) = ueo =1—17

t—00

This example serves to illustrate that the procedure not only tracks a nonzero limiting
value (7 # 1) but also that the method still tracks a zero steady state (v = 1).

Add the basis function
. i

Weo(t) = —— (2.74)

to the sinc approximate (2.67) to obtain the approximate

M-=-2

un(®)= Y. ¢S50 T(H) +erroawe(t) . (2.75)

Substitute (2.75) into (2.65) and evaluate this result at the sinc nodes ¢, = exp(kh),

k=-M,...,M — 1. This yields the matrix system

o 1
AZ= kD (T) - (2.76)
where
1.4 @t
A= [Effni(m_l)l - ?%} : (2.77)
The approximate solution #,, is obtained from the transformation #,, = 7, ¢ The
coefficients ¢, k = —M, ..., M —1, are assembled in the m x 1 vector ¢ and the matrix
T = [Imx(m—l)l Cvoo] (278)

is the same as in (2.60) with we, replaced by (2.74). It is important that the system
(2.76) calculates the limiting value when v = 1, namely zero. For purposes of illus-
tration, the system without the augmented basis function, (2.69), has also been used.
The results of solving that system for the coefficients in (2.68) are given in Table 3
as well. If the bound on the inverse of A in (2.77) satisfies the conclusion of Lemma

2.7 then the results displayed in the above table are not specific to this example.
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Bordered | Unbordered

M | ERR(M) | ERR(M)
4 | 1.4419e-01 | 8.1682e-02
8 | 3.1887e-02 | 1.7142e-02
16 | 6.4556e-03 | 3.2712e-03
32 | 3.4783e-05 | 2.9180e-05
64 | 2.3802e-06 | 1.2030e-06
128 | 2.0902e-09 | 1.0572e-09

Table 3: Results using augmented and non—-augmented approxima’gion for the solution
of (2.73) with y =1

In the general case, the discretization of the problem (2.65) takes the form
" 1 -

AZ=-D (?> FET,.E) (2.79)

from which the coefficients in (2.75) are calculated and the approximation to the

solution at the nodes is given by um(tx) = ¢ + ca—1Weo(tx). In each of the following

examples Newton’s method is applied to the function

1 R
N(@) = 45+ D () £, Tou) (2.80)
The vector &° = T initializes the Newton iteration
grtl=grnygn | (2.81)
where the update §mis given by
— T(N)(E™E™ = Nu(@™) (2.82)
The Jacobian of (2.80) is .
TN, )(a):AH)(i)D Sr o)\ (2.83)
m X . au 3y L Weo Weo * .09

Note that, besides the exponential rate of convergence given by (2.72), the computa-
tion involved for the Jacobian of the nonlinear system involves little work. In fact,

from (2.83), the update of the Jacobian is simply a diagonal evaluation.
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Example 2.14 The initial value problem

24 4u+1

"y = — wrsurl

w(?) ( wra ) >0
u(0) = 0

has the solution

u(t) = 2 — 1/3 + exp(~t)

which tends to 2 — /3 at the exponential rate

u(t) = (2~ V3) — Oexp(—t)) as t— co-.

(2.84)

(2.85)

The results in Table 4 display the' number of Newton steps 7 in (2.81) and thé two-

norm error

ERR(M) = ||t — ]| -

M | n| ERR(M)
4 [472.2603¢-03
8 |5 2.9802e-03
16 | 5 | 2.6584e-04 |
32 | 51 7.6291e-06
64 | 6 | 4.2556e-08
128 | 6 | 2.0623e-12

Table 4: Results for (2.84)

A particularly useful application of the present procedure is in those initial

value problems where the convergence to the asymptotic state is only of a rational

rate. For example, an autonomous differential equation that has a non-hyperbolic

rest point. The sinc approximation to such solutions also assumes rational decay at

infinity so that the convergence estimate in (2.72) is maintained. This is illustrated

in the following example.




32

Example 2.15 For small positive parameters 3, the problem

u'(t) = Bl—w)? ¢>0
u(0) = 0
has the solution
Bt 1
t) = =1- .
u(?) Bt + 1 Bt + 1

The asymptotic behavior

: 1
u(t)—lrvE as t-— 00

(2.86)

(2.87)

shows the rational rate of approach to the asymptotic state. In particular, for small

B, this rate is quite slow compared to the rate of approach in the previous example

given by (2.85).

ERR(M) ERR(M) ERR(M)
M | n B=.1 | n- - B=.01 n f=.001
4 | 6 1.3231e-01 | 4 2.8747e-01 | 3 4.9698¢-02
8 |9 1.9510e-02| 6 2.0021e-01 | 4 2.6669e-01 |
16 | 13 1.0601e-03 | 10 1.7213e-02 | 7 1.5763e-01
32 [ 18 1.8684e-05 |15 3.7626e-04 | 12 4.3506e-03
64 |26 5.8273e-08 | 23 1.8770e-06 | 20 2.1567e-05
128 | 37 1.1437e-11 | 34 1.1200e-09 | 31° 1.3027e-08
Table 5: Results for (2.86)

In Table 5 the error in the calculated solution of (2.86) is displayed for several |

values of 8. As one reads the table from left to right (decreasing (3), there are fewer

Newton steps computed to achieve the error due to the decreased.accuracy in the

computed solution. The reason for this decrease in accuracy can be traced to the

truncation error which is bounded by the second term on the right-hand side of

(2.71). For ¢ large, the inequality in (2.70) implies

1.
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As seen from (2.87), K; ~ 1/B. Hence, as 8 is decreasing, the constant K is
increasing. In these cases (a rational rate of approach to the asymptotic state) a
simple change in the definition of the mesh selection (2.73) produces an error bounded
by exp(—(6v/M)), where § < a. This alternative mesh selection, which defines a
. mesh reallocation, is also used in boundary layer problems and will be discussed and

developed in Chapter 3.
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CHAPTER 3
Spatial Discretization

Having disAcu'ssed a method for the temporal domain in Chapter 2, attention
is now turned toward a discretiza’.cion of the spatial operator. Both the Galerkin and
collocation methods are reviewed and discussed. Attention is given to the imple-
mentation of the two approaches when dealing with radiation boundary conditions,
resolution of steep fronts, and nonlinearities. ,

A Sinc-Galerkin procedure first developed By Stenger [19}.is reviewed with the

focus of attention on problems of the form

—u"(z) +p(z)u'(z) = f(z) , Oh< z<1

u(0)=u(l) = 0 . (3.1)

Numerous different approaches to this problem have been proposed in [3], [8], [10],
and [18]. '
In order to havé the sinc translates given by (2.2) defined on the interval (0, 1),

consider the conformal map

#(z) = En '(1 j z) . - (3.2)

This map carries the eye-shaped region

Dgz{z%u+iv:‘arg(lzj> ‘<d§g}

onto the infinite strip

o T
Ddz{w=x+zy:|y|<d§§}
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A Sinc-Galerkin or Sinc—collocation approximate solution of (3.1) takes the

form
N

un(z) = > cxSpod(zr) , m=M+N+1 . (3.3)
k=—M

For a Galerkin scheme, the coefficients {cy} in (3.3) are determined by orthogonalizing

‘the residual with respect to the basis functions
(—up +puy, — f,8;04) =0 , —M<j<N (3.4)
with the inner product given by

)= ' w(@)o(@)w(z)de (3.5)

where w(z) is, for the moment, an unspecified weight function.
Definition 3.1 The function u is in the space H?(Dg) if u is analytic in Dy and
satisfies

/ |F(w)dw| = O(jz]"), = — +o0, 0<a<]1 . (3.6)
Ho+L)

where L = {1y : |y| < d} and for v a simple closed contour in Dg
N%F,Dz)= lm / |F(w)dw| < 0. (3.7)
i Y—8DE Jy

Substituting (3.3) into (3.4) leads, after integrating by parts the terms involv--
ing derivatives of the dependent variable and choosing the weight function w(z) =
ﬁ to ensure fha,t the boundary terms vanish, to the discrete linear system

Agé=D (i) ;o ’ (3.8)
@2)’ |

where

1oLy (¢ (L (LY l‘ﬁ‘l
to= - on(Gna ) o (5 (5) +5(5) o

The matrix Ag is the matrix B in [21] on page 470 and is also found in [13] on page

166 using r = 1. A discussion of other choices for weight functions is found in {13].
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The one matrix that hasn’t been introduced yet in the above is I(?) which has the

entries

d> |
51(-2) = h2?& [Sj 0 ¢(z)]

—q? .
=0 J=k
=< 5 _1yk—i . 3.10
{%—%w (310)

with zj, = ¢~ (kh). Define I) = [(5](?] where m = M + N + 1 giving,

T2 g
2
L 2 . (3.11)
y

mXxXm

Solutions obtained from (3.9) then have the exponential convergence rate guaranteed

by the following theorem given in Chapter 7, Section 2.4 of [21].

Theorem 3.2 Assume that the functions pand fin

—u"(z) + p(z)u'(z) = f(z), 0<z<1

y(O)zu(l) =0

and the unique solution % are analytic in the simply connected domain Dg. Let ¢
be the conformal one-to-one map of Dy onto D, given in (3.2). Assume also that

f/4' € H*(Dg) and uF € H2(Dg) for each of
F=¢, (p/¢), p. (3.12)

Suppose there are positive constants K’a, K g @, and f so that

A

lu(z)| < { K.z, z € (0,1/2)

Ky(1—-2)8, z¢ [1/2,1). (3.13)
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If the {cx}i_,, in
N

’U,m(.’L‘) = Z Ct: Sk © ¢(-77)

k=—M
are determined by solving (3.9) then
v —unml| < KM exp(—aMh)
+ KpN exp(—LNh) (3.14)

+ KM% exp(—nd/h)

where K,, Kg, are constant multiples of K, and Kﬁ. These constants and K are
independent of M, N, and h. Balancing the exponential contributions of the fhree
terms on the right hand side of (3.14) yields the proper choices of & and N as

7Td 1/2 ’
h‘(W) ! N—[

o ,
- M . . (3.15
o] 029
These choices then yield the error statement

lv — up|| < KM532 exp(—(rdaM)'/?) (3.16)
where K is independent of M and h.

An outline of the proof proceeds as follows. If % is in H*(Dg) then the sinc
interpolant to u(z) satisfies (2.21). Moreover, its first derivative satisfies the bound
in (2.24) with a similar bound for the second derivative. Let ¢ be the unique solution
of (3.8), then the two-norm of the vector Ag@ — AgC, which corresponds to the

discretization error, is of the order A1/2 exp(—(rdaM)'?). From (3.8) it follows that

—ry

Agii — Agl = AG'E—D<(¢1,—)2>]” )

and hence

- & < |43l Ag — D (ﬁ) g (3.17)
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Stenger in [21] shows that ||A2AZG'|| is O(M?). Curiously, the proof of this order
statement depends upon considering a collocation scheme for (3.1).
“This collocation scheme can be developed by substituting (3.3) into (3.1).

Evaluating at the nodes z, £k = —M, ..., N, yields the system

-

AZ=F " (3.18)

where .
A=D((¢)?) Ac C(3.19)
and ‘ ‘
Bt S O BT A A B ) o0
Ac = = I+ -D <(¢,)2 ¢,> IS (3.20)

The matrix Ac is the matrix A in [21]. on page 468 and is the matrix C(0) in [13] on
page 171.

The matrices Ag and A¢ are quite similar, and in fact, this similarity is used
in -[21] to show that the solution of the linear system (3.18) yields an approximate
solution which satisfies (3.16). Thus, whether using a collocation or Galerkin pro-
cedure for (3.1), one obtains an approximation whose error satisfies (3.16). That, is,
h?||Ag'|| is also O(M?). The following example, which illustrates the similarity of
the two methods, records

ERR(M) = [
The error given by (3.16) is the difference in the functions while the error displayed in
the following tables is the difference in the coefficients. As in the discussion leading

to (2.34), the error in the coefficients provides the dominant contribution to the error.
Example 3.3 For a simple comparison of the Sinc-Galerkin and Sinc—collocation
methods, consider

— "+ m = sin(nz) + cos(rz)

u(0) = u(l)=0 , . (3.21)




39
which has as a true solution u(z) = L sin(rz). Sinc-collocation and Sinc-Galerkin
solutions are obtained by solving (3.18) and (3.8), respectively. The choices of d = 2
and o = f =1 leads to the mesh selection A = ﬁ as given by (3.15) and N = M.

The results in Table 6 indicate, as shown in [21], that these procedures are virtually

ERR(M)
M | Collocation | Galerkin
4 | 1.5526e-03 | 2.4501e-03
8 | 3.0255e-04 | 3.5012e-04
16 | 2.7151e-05 | 2.7835e-05
32 | 7.9038e-07 | 7.9165e-07
64 | 4.7922e-09 | 4.7925e-09

Table 6: Error in the approximation (3.4) where the coefficients are obtained from
(3.18) and (3.8) respectively

identical.

Boundary Layers

The study of Burgers’ equation leads one to consider parabolic partial differential
equations with large Reynolds numbers which éorresponds to € << 11in (1.1). That is
to say the ratio of the convective term to the diffusive term is large. In terms of the
scalar equation under consideration given by (3.1), this implies |p(z)u'(z)| > |uv"(z)|.
The manifestation of this inequality is geometrically seen in a boundary layer being
introduced into the function u. Analytically this is characterized by an abrupt change
in the derivative of the solution.
A standard method in numerical schemes to handle this abrupt change is to
allocate more computational nodes near the boundary layer. This idea, resulting in a
redistribution of the nodes, was developed in [4] by incorporating the boundary layer

effect into the parameter selections of the method. This redistribution is incorporated
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into the collocation procedure and the increased accuracy via the new mesh selection

is displayed in the following example

Example 3.4 For positive «, consider the model problem

—u'(z)+ ki (z) = Kk, O0<z<1 - (3.22)

w(0) =u(1) = 0.

This problem exhibits a boundary layer near z = 1 if k >> 1. The true solution to
this problem is given by

—-———e‘:‘f;:s)__ll. (3.23)

A finite element approach for this problem is discussed in [7]. Figure 1 displays

u(z) =2 —

. (3.23) for increasing values of . For £ = 1000 the solution graphically appears to be

discontinuous and not much different from & = 100 and is therefore not plotted. An

P N
2l — k=1 P
--------- k=10 A, !
---- k=100 Pt X
S = - 1
S - 1
— o
e 5
- N
o ///. .‘-I
0.0 0.2 04 0.6 0.8 1.0
T

Figure 1: True solution of (3..22) for k =1,10,100

-~

inspection of (3.23), or a Taylor series analysis of (3.22), shows that for £ near 1

uw(z) ~ k(1 — ) ' (3.24) |
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and for x near zero
u(z) & . (3.25)
This shows that a = f# = 1 are appropriate choices for exponents in (3.13). Desig-

nating h by h, and balancing the exponential contributions to the error yields the

“standard” choice for mesh size

rd \ M T
hs = (ﬁﬁ) = WoTk ' (3.26)

when using d = 7/2. In the balancing of the error terms in (3.14), the integers M and
N play interchangeable roles. Here, the selection 61‘ the mesh size h, is based on N
due to the boundary layer occurring at the right-hand end—point. Choosing N = M
yields an exponential convergence rate of exp(—Nh;) = ‘exp(~7rM). These choices
of M and N are independent of x, so that increasing values of x are not reflected in
the error statement. However, geometric considerations dictate that x should play a
role in the error analysis. From (3.25) K, ~ 1 but from (3.24) K3 ~ x so that a more
accurate error representation ensues.if k is factored from the Kg. To do this, rewrite

k as k = exp(6£n(10)). Now consider the exponential error contributions in (3.14) as
exp(—aMh), exp(—fNh+ 6fn(10)), and exp(—wd/‘h)

. Again, the goal is to balance the error contribution from these terms. Equating the

exponents in the last two terms, one finds a different h, dependent upon 6 and denoted

by hs, where

- 50n(10) ++/ (6;2;5\1[0))2 + 4mdfN > he 630, (3.27)

Substituting hs into exp(—BNk + 6£rn(10)) and equating this term with exp(—aMh)
leads to a balancing of the error terms if one defines

By §6n(10)

Ms = [a ohs

] , 6>0. (3.28)
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Note that the selection h6 has placed more sine nodes near the boundary
layer at z = | because hg > hs. From Figure | this is geometrically the correct thing
to do. Also, since > hs, a comparison of the error terms shows exp(—/3Nh) >
exp(—/3Nhg) so that a more accurate solution is expected. This increased accuracy

is displayed in Table 7. Implementing the new mesh selection hs in the collocation

0.0 0.2 0.4 0.6 0.8 10

Figure 2. Effect of new node placement for TV= 8 and k = 1000.

procedure requires only a change in the points at which the diagonal matrices of

(3.18) are evaluated.

Nonlinear terms

The study of Burgers’ equation naturally leads one to consider a method that is able
to accurately deal with the nonlinearity present in the spatial operator. The purpose

of this section is to consider the nonlinear term in

—eu"(x) + u(x)u\x) = /(z), O<z<I

u©) =ud - 0 . (3.29)
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x=10
N=M h ERR(M) | N | M; hs ERR(Mjs)
16 0.5553 | 7.6920e-04 || 16 | 13 | 0.6320 { 2.0958e-04 |
32 0.3926 | 2.2353e-05 || 32 { 27 | 0.4303 | 6.4953e-06
64 0.2776 | 1.3551e-07 || 64 | 57 | 0.2963 | 4.0627e-08
x = 100
16 0.5553 | 8.3838e-03 || 16 | 10 | 0.7176 | 7.4647e-04
32 0.3926 | 2.4577e-04 || 32 | 23 | 0.4712 | 1.9182e-05
64 0.2776 | 1.4905e-06 || 64 | 50 | 0.3160 | 1.2409e-07
x = 1000
16 0.5553 | 7.7689e-02 || 16 | 8 | 0.8117 | 2.6548e-03
32 0.3926 | 2.4753e-03 {| 32 | 19 [ 0.5152 | 6.0393e-05
64 0.2776 | 1.5040e-05 || 64 | 44 | 0.3368 | 4.0095e-07

Table 7: Comparison of old and new mesh selection

Substituting (3.3) into (3.29) and evaluating at the since nodes zx, k = —M,..., N,

leads to the system

AZ+ o (B =f (3.30)
where
_ -1 n2Y 7(2) 1 m y(1)
and

B==—"D($) 1Y
The notation &o (BZ) denotes the Hadamard, element by element, product of the

vectors ¢ and BE It is this product that motivates the following important example.

Example 3.5 Consider the problem
—eu(z) + u(z)u'(z) = f(:z:) (3.31)
w0 =ul) = 0

where f(x) is such that the true solution is given by

exp(z/e) — 1

= g1
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" This is the same true solution as was featured in the previous section.

A simple iterative procedure for solving (3.30) proceeds as follows. Given an
0

initial guess ¢ °,

grtl=—A"(e"oBE" - f) .

Table 8 illustrates how such a scheme fails to converge for relatively large values of e.
All runs are made with M = 32 and a stopping criteria of max; [|c}™ — ¢7|| < 107°.

Seeing that an iterative scheme will fail for e of interest, one turns to a different

e | ERR(M)
1.00 | 1.4453¢ — 06
0.80 | 1.8674e — 06
0.60 | 2.6195¢ — 06
0.40 | 4.2805¢ — 06
0.20 | 1.0018¢ — 05
0.10 | 2.2354¢ — 05 | 61
0.09 | 2.5113¢ — 05 | 128
1008 DNC |NA

N ot A S

Table 8: Failure of iterative solution to (3.30)

solution procedure for (3.30). Solving (3.30) requires finding a zero of F'(¢) where

—

F(28)= Aé+&oBé—f . (3.32)

Applying Newton’s method to (3.32) one finds that the Newton update, Ac, must

satisfy
AN+ o (BAQ) + Ao (BE) = —F(2)

This equation is not conveniently solvable for A¢. Consider the computation of the

Jacobian, J(G)(¢), of the Hadamard product

G(2) = (Ag) o (BY)
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where A and B are n x n matrices. This calculation can be readily seen by writing

(o) (30ue).

G(@) = (Ad) o (BE) = (:1 am’“)_ (ké bm)

() (Zo).

Let Gz(é’) = (E}Z:l aikck) (EZZI bikck), so that

out G in component form

&

0G; (¢ ” n
Gi©) _ aij (Z bik:ck:) + by; (Z aikck)
acj k=1 \k=1
Hence
a1 by
: Bos
9619 = a.ZJ o B¢+ .QJ o AC
6Cj :
Anj | bnj
Letting j run, yields the final result
J(@) (@) =Ao(BETH) +Bo(AZTY) . (3.33)

I

The iteration used for the solution of F(&) = 0 is
€n+1 —g" 4+ S'n
where & ™ is the solution to
—JFEE™ME"=F@E"

with
JE) @™ = A+ Ao (BETY) +Bo(AZTY)
Now N is taken to be 32 and n denotes the number of Newton iterations needed

to meet the stopping criteria of IIE || < 1078, The results are represented in Table
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ERR(M) | =
1.4453¢ — 06 | 1.0e + 00
2.2354¢ — 05 | 1.0e — 01
2.4581e — 04 | 1.0e — 02
2.4778¢ — 03 | 1.0 — 03
2.4524e — 02 | 1.0e — 04

e BN S NG

Table 9: Results when using (3.30)

"ERR(M) ¢
[ 1.4453¢ — 06 | 1.0 + 00
| 6.6636¢ — 06 | 1.0e — 01
1.9124e — 05 | 1.0e — 02
4.7141e — 05 | 1.0e — 03
1 9.3769¢ — 05 | 1.0e — 04

[ Y
ol N I IO

Table 10: Results when using (3.30) with hs; and M;

9 and can be compared with those of Table 7 to see that the nonlinearity has not
introduced any significant change in the accuracy of the computed solution. Table 10
reports the results when the modified mesh selection discussed in the previous section

is also incorporated.

Radiation Boundary Conditions

The appréximate in (3.3) is ill-equipped to handle derivative boundary conditions

contained in the problem
—u"(z) +pla)v'(z) = f(z), O0<z<1
apu(0) — ayu/(0) = 0 (3.34)
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since &[Sy, o #(z)] is undefined at z = 0,1. Additional boundary basis function were
used in [11] for these boundary conditions and are reviewed here. Define the boundary

basis functions wy and w; as cubic Hermite functions given by
wo(z) = apz(l — )% + a1 (27 + 1)(1 — )2

and
wi(z) = b1 (=22 + 3)z* + Fo(1 — z)z2.
These boundary basis functions interpolate the boundary conditions via the identities
LL)O(O) = as, w(’)(O) = Qy
wl(l) = bl, wi(l) = —bg
and
wo(l) = wy(1)=0
wl(O) = (Ui (O) = 0.

Weighting the sinc functions via Siq;%)ﬂ eliminates the derivative problem at z = 0,1

and defines the approximate

= c_pwo(z = c Sk © $(z) eywi (T
() = c_prwo )+k=§4+1 " () +ceywi(z) . (3.35)

Substitute (3.35) into (3.34) and evaluate at the nodes z; to find the discrete system

—

Apc=17f

where

Ap = [G-m | Ac | @n]

and A, is a m x (m — 2) copy of the matrix

=1 Lo (1Y ) o —_1>” (i>/>
h2D(¢)Ig+h?<¢(¢,> p)I,;HD((qy +p p
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The bordering columns are given by
' (@-a); = (—wg + pp) (35)

(@n); = (—wi + puwi)(z;).

The following problem illustrates collocation techniques forvhe'mdling derivative bound-
ary data and is Example 417 of {13] where a Galerkin procedure was us\ed. The error
statement of (3.16) does n(;t directly apply. However if 4(0) and w(1) are explicitly
known then the funcﬁon U, — w(0)wg — u(1)w; is in the class H%(Dg) in which case
the interpolation satisfies (2.21). Hence the error in the approximation of the true
solution by (3.35) will depend on bounding the norm of the inverse of the matrix
D (%) h*Ap.

Example 3.6 As in Example 2.10, this example is used to illustrate that the norm

of the inverse of the bordered matrix, as was the case for the matrix A¢ in (3.17), is

also O(M?). Consider

—u'(z) +wu'(z) = flz)
uw(0) = 0 (3.36)

pu(l) +u'(1) = 0,

where f(x) is such that the true solution is given by

p+1
(5 +p)exp(k) — p

u,(z) = (1 —exp(kz)) + =

and is displayed in Figure 3. Numerical results for x = 10 and p = 10 are displayed
in Table 11 and can be compared to those displayed in Table 7 of Example 3.4 for the
same k. There is no need for the modified hs due to the radiation boundary condition

at the right—hand end point. The final column reports the value

1\ .,y D (F)r245)7
—)hAB) ) =—%4p

i

R((D (
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0.8 T T T T T T T T

0.7F

0.5

0.3r .

0.1- d

Figure 3: True solution of (3.36) with p = 10, x = 10

M | ERR(M) | R(D (%) h*Ap)™Y)
4 | 1.3695€-02 1.332e-01
8 | 2.5597¢-03 9.115¢-02
16 | 2.0610e-04 6.567e-02
32 | 5.4906e-06 |  4.743e-02
64 | 3.1367¢-08 3.411e-02

Table 11: Collocation results for (3.36)
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- to numerically support the claim that the the bordered matrix is O(M?). For this

example, the error results are similar to the associated Dirichlet problem in Example

3.4 for £ = 10.
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CHAPTER 4
Burgers’ Equation

In this chapter, the results of Chapters 2 and 3 are combined to produce a

method for solving Burgers’ equation with radiation boundary conditions:

u(Z,1) — eugy(z,t) + u(z, Hug(z,t) = glz,t), 0<z <1, t>0

Oll’le(O,t> — aou(O,t = 0, i Z 0 (41)

Brug(L,) + fou(l,t) = 0, >0

= f(z), a<z<h

In Chapter 2 a discretization was developed for, among other things, the purpose of
the discretization of the time derivative in (4.1). As in the development in Chapter
3 the spatial discretization will be carried out via considering a sequence of simpler
problems. The heat equation with Dirichlet boundary conditions is considered first.
The discretization defines the Sylvester system which will be altered as the problems
build toward (4.1). The nonzero steady state problem for the heat equation with
Dirichlet boundary conditions will be addressed.” This will be followed by the intro-
duction of the nonlinear term and radiation boundary conditions. The nonlinear term
gives rise to a nonlinear Sylvester system for which simple iteration of the system is
used to solve for the matrix of coefficients. For small values of e this iterative solution
method breaks down and, in the final example, a block iterative technique for solv-
ing the nonlinear Sylvester system is suggested which incorporates the discussion in

Example 3.5 where a Newton scheme was developed for Hadamard matrix equations.
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The Heat Equation

The first problem considered is the heat equation with zero initial and boundary data:

u(Z, 1) — ugr(z,t) = g(z,t), 0<z<1, t>0,
u(z,0) = 0, 0<z<I, (4.2)

u(0,t) = u(1,t)=0, t>0

The approximate solution

: N N
um,mt(xat) = Z Z cijSz' o ¢($) Sj 0 T(t) 3 (43)
i=— M j=—M;
where
m=M;+ N;+1
and

me=M,+ N, +1 ,

is a product of the basis functions used in the temporal and spatial discretizations in
Chapters 2 and 3, respectively. This form of the approximation was first used to solve
(4.2) in [19] via a Galerkin procedure which involved a weighting of the approximation
in the time domain. Following a similar approach, this problem was readdressed in
[12] using a different weight function in, the time domain. The reason for the weight
function in the latter work was to guarantee the solvability of the resulting Sylvester
equation. This weighting does not necessarily allow one to compute nonzero steady
states. The collocation procedure developed in Chapter 2 and incorporated in this

chapter for the temporal discretization of (4.1) handles both zero and nonzero steady |
states. In contrast to the work in [19} and [12], there is no weight function used in

the temporal domain in the present development.
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Substituting (4.3) into ‘(4.2) and evaluating at the sinc nodes (zx, %), 2 =
—2@kh)_ 4 — exp(lh) results in the Sylvester equation

exp(kh)+1?
ACD;+D,CB=G (4.4)
where
A= D(¢'2) 1 I 4 flbD ( (f;?) I,(,})} , (4.5)
B= EI(I)D(T) , (4.6)
Dy = Inxm (4.7)
and
Dy = Inym: - (4.8)

The matrix A is the same as was given in (3.19) with p = 0. The matrix B is
the transpose of the matrix given in Chapter 2 for the discretization of u'(t). The
introduction of the matrices Dy and D; are position holders for matrices that will
arise when radiation boundary conditions and nonzero steady states are incorporated
into the discretization. The matrix G is a m X m; matrix of point e;va,luations of the
function g(z,t).
Solutions to a system of the form (4.4) are obtained in one of several ways. For
this work, a simultaneous diagonalization procedure is implemented. Rewrite (4.4)
as
D;YAC + CBD;* = D;'GD; . | (4.9)
The fact that BD;* is diagonalizable follows from the following argument. Rewrite

B as
B=—10p ((r98) o (0?)

which in turn can be written as

p= (%) {p (02) Ligim () } o ()
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Since B is skew—symmetric, so is the matrix within the braces, and therefore B is
diagonalizable.

The matrix ;—21],(,3) is symmetric, negative definite and therefore diagonalizable
via a similarity ’transformation. An argumént sim'ilar to showing that B is diagonal-
izable verifies that D ((¢')?) 7712 is diagonalizable. For h sufficiently small, one may
view the addition of +D (¢") I{}) as a perturbation of a diagonalizable matrix. While
it has not been analytically shown, there is ample numerical evidence to indicate that
A is diagonalizable and in fact its eigenvalues lie in the left half-plane.

The solvability of (4.9) is guaranteed if no eigenvalue of B coincides with the
negative of any eigenvalue of A. The eigenvalues of B are purely imaginary and
numerical evidence shows that the eigenvalues of A lie in the open left half-plane
implying that the system (4.9) has a unique solution. The solution method proceeds
as follows.

Assumed diagonalizability guarantees two nonsingular matrices P and @) such

that
P‘le‘lAP = A,
and
Q7 'BD;1Q = A;
so that
ALC® 4 COp, = GO ‘ (4.10)
where
Cc® = P7CQ (4.11)
and

G® = P DIGDIQ
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Thus if the spectrums of the matrices are denoted by

o (D;1A> = {(As)i}i=_as,
and . |
o (BD;I) = {(/\t‘)j};y:t—Mt

then (4.10) has the component solution

(2)
£ 9ij

O I M <i<N, -M,<j<N, 412
PO Oy Mests e SMesgs e (1)

Using (4.11), C is recovered from C® by
C = PCOQ™!

The following example is meant to illustrate the accuracy of Sinc—collocation when .
applied to the heat equation subject to Dirichlet boundary conditions.

Example 4.1 Consider

u(z,t) — uge(z,t) = g(z,t), 0<z<1l, t>0
u(0,t) =u(l,t) = 0, t>0 (4.13)
w(z,0) = 0,0<z<1
where g(z,t) is such that the true solution is given by u(z,t) = t exp(—t)z(1—z) and

is pictured in Figure 4. For this example, and the ones to follow, the values of A and

hy are taken to be the same. ERR(M, M;) is defined as
ERR(Ma Mt) = mZ?JX -Iumﬂm (:122-, tj) - u(mi’ tj)‘

and the numerical results are displayed in Table 12. These results indicate that the
product method has maintained the exponential convergence rate that was seen in

the temporal and spatial problems.
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M Mt Nt EAR(M, M)
8 8 3 13128003
16 16 4  1.0695¢-04
2 32 7 1391205
64 64 11  8.361le-08

Table 12: Results for (4.13)

o.u
00&

Figure 4: True solution of (4.13)
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Problems of the form

u(2, 1) — Uge(z,8) = g(z,t), 0<z <1, ¢>0,
u(0,t) =u(l,t) = 0, ¢t>0, (4.14)

Wz,0) = f(z), 0<z<1

\

require a change of variables. This can be accomplished by w(z,t) = u(z,t) -

exp(—t) f(z). The following example displays the use of this transformation.

Example 4.2 Consider

u(z,t) — uge(z,t) = 0, 0<z <1, ¢t>0,
w(0,8) = u(l,£)=0, t>0 (4.15)
u(z,0) = sin(rz), 0<z<1

Applying the change of variables as noted above, one obtains

we(z,1) — Wee(z,t) = §(z,t), 0<2z<1, t>0
w(0,t) = w(l,t)=0, t>0 (4.16)
w(z,0) = 0, 0<z<1
where
§(z,t) = exp(—1) (sin(mv) + 2 (?os(m:))‘

The true solution is given by u(z,t) = exp(—=n?t)sin(rz) and is displayed in Figure

5. The results in Table 13 indicate the rapid convergence of the method.
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Figure 5. True solution of (4.15)

M Mt M E##(M, M
8 8 3 4333203
16 16 4  9.0522e-04
2 32 7  2.4335-05
64 64 11  3.0865¢-06

Table 13: Results for (4.15)
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Nonzero steady states

In Chapter 2 an extra basis function was added to the approximation for the purpose

of tracking the nonzero steady states, which for (4.3) takes the form,

Nz Nig—1

Umme (T,) = Z Z ¢ij5i © ¢(z) Sj 0 T(2) (4.17)

i=—M, J=—M;

Ny
+ ) cimwoe(t)Sio ¢(x)
i=—My

_t_

1~ Notice that upon fixing z as Z in (4.17) and denoting

where we(t) =

Ny
&= Y ciSiod(#), My<j<N,—1

=M,
and
Nz
e, = Y. cnSio ¢(2)
i=—M,
one can rewrite (4.17) as
Ng—1
j=—M;

which has the same form as (2.75).

Substituting (4.17) into (4.2) and e%raluating at the nodes (xk, t;) leads to the
Sylvester equation

ACD,+D,CB=G , (4.18)

where A and D, are given by (4.5) and (4.7) respectively. The additional basis

function manifests itself in the introduction of a border on the temporal matrices B

and D;. The matrix D; takes the form

1 0 0
0 . .
D; = :
0 e 0 1 0
| (Woo)=rty (Woo)otrr 0 (Woo)n,
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and the explicit inverse is given by

T 1. 0’ N
0 . .
Dt = : .. C. :
0 cee 0 1 0
—(‘UOO)-Mt —(woo)-—Mf+1 U 1
L (‘UOO)Nt (woo)Nt (ww)Nt i

Notice that D, is a matrix built by evaluaﬁng the temporal basis functions at the sinc
nodes and is the transpose of T, defined by (2.78). The matrix B is a copy of B given
by (4.6) with the last row rei)laced by the vector ', . Simultaneous diagonalization of
(4.18), after a multiplication on the right By the matrix D; ™, is again used to solved
for the coefficient matrix C. When dealing with problems requiring the addition of
a temporal basis function to traci& nonzero steady states, the coeficient matrix C no
longer is also the solution matrix on the sinc nodes. The solution matrix U may be
obtained from C via
U=CT

Here, the matrix T' is obtained by evaluating the temporal basis on the sinc nodes.
The following example illustrates how the additional basis function is used to track

a solution which does not decay to 0.

Example 4.3 Consider

u(T, 1) — Uge(2,t) = g(x,t),v 0<z<l, t>0
u(0,t) =u(l,t) = 0, ¢>0 o (4.19)

w(z,0) = 0, 0<z<1

with g(z,t) such that u(z,t) = (1 —exp(—t))z(1 — x). The true solution evolves to a
nonzero steady state and is pictured in Figure 6. The results, as displayed in Table
14, indicate that the amended Sinc-collocation method has accurately tracked the

solution as it evolves to the steady state.




Figure 6. True solution of (4.19)

M Mt Nt ERR(M, Mt)
4 4 2 4.8608e-03
8 8 4  17074e-03
16 16 8  8.6393e-05
2 32 16 1.2953¢-05

Table 14: Results for (4.19)



Radiation Boundary Conditions

As was evident in Chapter 3, a problem of the form

u(, 1) — uz(@,t) = g(z,t), 0<z <1, t>0,
" (0, i) +opu(0y,t) = 0, t>0
ﬂlum(l, t) — ﬂo’d(l, t) = 0, t> 0 - (420)‘

w(z,0) = f(z), 0<z<1

requires additional spatial basis functions to adequately resolve the radiation bound-

ary conditions. The approximation now takes the form

| Siod) o¢( )

un(z,t) = Y. Y. ¢

z_.——Mz—l—l j=—M; )

+ Z c_Mz,jwo(as)Sj o] T(t)

j=—M;

N
+ Z cn, jwi(x)S; o Y(t)

J=—M;:

S; 0 T (t) (4.21)

The corresponding matrix equation takes the form
ACD;+D,CB=G

where

A= [-6"| Amscim-2)| — "] (4.22)

- Lo+ Ip (o (L)) o —_1>”)
A= D(¢)IE +3D <¢ <¢,)>Im —|—D<<¢, ‘ (4.23)

with
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and
( wo(Z—nr,) 0 0 wi(Z-nr,) |
wo(T-pto41) oy w1 (T-pz,+1)
D,= | : 0 0 P : (4.24)
) ; . )
' (TNg—1)
wo(Tn,) 0 0 wilzy,) |

The construction'of the matrix D, is analogous to the construction of D; in the
previous section. That is, D, is obtained by evaluating the spatiél basis functions at
the sinc nodes. The matrices D; and B remain defined by (4.8) and (4.6), respectively.
The following example demonstrates how the additional b_asis functions are able to
accurately handle the derivative boundary conditions.

Example 4.4 Consider the problem

u(,) — Uga(z,8) = g(z,8), 0<z<1, t>0
2u,(0,8) —3u(0,8) = 0, £>0 (4.25)
up(1,8) +2u(1,8) = 0, t>0

u(z,0) = 0, 0<z<1
where the function g(x,t) is such that the true solution is given by
‘ . 2
u(z,t) = <1 +5e— 3 ) (texp(z — t))

This example was introduced as Example 6.4 of [13] Wheye a Sinc—Galerkin procedure
was used to obtain similar results. The true solution is illustrated in Figure 7 and

the results are given in Table 15.
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Figure 7: True solution of (4.25)

M, | M; | N; | ERR(M, M)
4 4| 2| 1.1765e-01
8| 8| 3| 5.8124e-03
16| 16| 4| 1.4190e-03
320 32| 7| 1.0291e-04

Table 15: Results for (4.25)
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Burgers’ Equation with Radiation Boundary Conditions

Having covered radiation boundary conditions, attention is now turned to

ut(z,t) — €Ugq(z,t) + u(m,t)uxtx,t) = g(z,t), 0<z<l, t>0
a1tz (0,t) — apu(0,8) = 0, t>0

w(z,0) = 0, 0<z<1

In the case that u(z,0) # 0, one can make the transformation used for (4.14) to '

give homogeneous initial data. Collocation applied to (4.26) leads to the nonlinear

equation ‘
¢ACD, + D,CB + (D,CDy) o (NCD,) = G, o (4.27)
where
j\f\ = [%[me(m—Z)l"Ji] ' (428)
and
F=Zto_p( L) (4.29)
ho™ (¢) '

The following example illustrates that the introduction of a nonlinearity does not
deteriorate the accuracy of the Sinc—collocation method.

Example 4.5 As an example, consider solving

(T, 1) — Uz (2, ) + u(z, Dus(z,t) = g(z,t), 0<z<1, t>0
2us(0,8) — 3ug(0,8) = 0, t>0 (4.30)
up(1,) + 2uy(1,8) = 0, >0

u(@,0) = 0, 0<z<1
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where g(z,t) is such that the true solution is given by
1
u(z,t) = (1 +oT - $2> (texp(z — 1))

This is similar to Example 6.4 of [13], but the problem addressed in this case is
nonlinear. The computations displayed in Table 16 correspond to € = 1 in (4.26) and

were obtained by solving (4.27) as follows.
AC™1D, + D,C™'B = G — (NC™Dy) o (C™Dy)

These results show that the collocation procedure defined by (4.27) yields a solution

Ma: Mt Nt ERR(M, Mt) n

4 4 | 2 1.1629¢-01 | 9

8 | 8 13 5.7964e-03 | 8|
16 | 16 | 4 1.4012e-03 | 8

32 132 7 1.0303e-04 | 9

Table 16: Results for (4.30)

whose error is almost identical to that in the linear case. That is to say the nonlinear

terms remain well approximated by the Sinc—collocation procedure.

The computational issues associated with decreasing € in problem (4.26) are
conveniently illustrated by considering Burgers’ equation with Dirichlet boundary
conditions. So let oy = f; = 0 in (4.26) to get

(T, 1) — €Uy (z, ) + u(z, Dug(z,t) = glz,t), 0<z <1, t>0
2(0,t) =u(l,¢) = 0, t>0 . - (4.31)
u(z,0) = 0, 0<z<1 . '
Due to the Dirichlet boundary conditions, the discrete system takes the form of (4.27)

without the borders corresponding to the radiation boundary conditions. That is

€AC+CB +Co (NC) =G (4.32)
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where
N = Z2D(g) 1)
Thié is the discrete partial differential equat(ion analog of (3.30) where the first two
terms correspond to the linear part. As was su.gg.ested in the discussion following
(3.30), and as was illustrated in the previous example, a simple iterative method

takes the form

eAC™ +C"MB =G~ C" o (NC™) . (4.33)

. This method was discussed for the scalar problem (3.30) and is impleménted in the
following example. The gain made by using this iteration method comes at the
expense of not being able to handle small values of the parameter ¢..This statement

and a proposed remedy is the subject of the closing example.

Example 4.6 The partial differential equation corresponding to (3.29) takes the

form

us(T, 1) — €Uge(z,t) + ulz, t)ug(z,t) = g(z,t), 0<z<l, t>0
w(0,8) =u(l,t) = 0, t>0 (4.34)
u(z,0) = 0, 0<z<1

where g(z,t) is such that .

exp(mc)—l}’ 1

u(z,t) = texp(—t) [z ~ exp(s) — 1 K=

It is first illustrated that the iteration (4.33) breaks down as ¢ decreases. Take an

initial guess C? in (4.33) and define the stopping criteria for the iteration as
+1 ~6
mi?x|0fj — C| <10

If the iteration (4.33) is run with € smaller than 0.01, the iteration does not seem to
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e=0.5 e=0.1
Mm Mt Nt ERR(M, Mt) T Mm Mt : Nt ERR(M, Mt) n
4 4 | 2 | 1.3916e-02 4 4 41 2 5.2777e-02 10
8 8 | 3 1.0403e-03 4 8 8 13 3.0927e-03 9
16 | 16 | 4 1.4603e-04 4 |16 [ 16 | 4 7.6728e-04 9
32 132 | 7 1.3911e-05 o 132 132 7 3.9052e-05 9
64 | 64 | 11 | 9.4282¢-08 5 | 64 ] 64 | 11| 3.4812e-07 |. 9
e =0.05 e=0.01
M, | M, | N, [ ERR(M,My) | n | My | M; | N; | ERR(M, M) | n
4 4 | 2 6.9230e-02 |18 4 | 4 | 2 DNC NA
8 8 13 6.5186e-03 |14 || 8 8 |3 DNC NA
16 | 16 | 4 1.0474e-03 |13 || 16 | 16 | 4 3.1402e-03 | 531
32 1321 7 4.5009e-05 (131 32 |32 | 7 9.0600e-05 | 128
64 | 64 | 11 | 4.3086e-07 |13 | 64 | 64 | 11 | 5.7906e-07 64

Table 17: Results for (4.34)

converge. This is similar to the scenario of Example 3.5 where the iteration scheme
failed to converge for € smaller than 0.08. A Newton procedure was developed for ma!—
trix systems involving a Hadamard product. Newton’s method remedied the inability
of the simple iterative scheme to handle small values of e. Whereas the derivative of
the function F' in (3.32) was straightforward to compute, the formula for the Jacobian
of the map F required the calculations following (3.32). It was finding this Jacobian
that provided the effective algorithm for smali values of e.

Develdping Newton’s method for the solution of
F(C) =eAC+CB+Co(JYC)~G=0

yielding a matrix C which is the solution to (4.32) is most conveniently recorded with
the help of the concatenaﬁon operator. For matrices, the concatenation operatgr .
co(C), where C is an m x m, matrix, stacks the columns of C' one upon the other
beginning with the first into the mm, x I vector. The important property of the con-

catenation operator with respect to matrix multiplications for the present application -
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is the identity

co(ACI) = (I* ® A)co(C)

where ® is the standard Kronecker product. A discussion of the Kronecker product

can be found in [5]. Applying the concatenation to the function F(C) gives
co(F(C)) = {el ® A+ BT ® I} co(C) + co(C o NC) — co(G) (4.35)

which is a large (mm; X mm;) sparse system. Concatenation of the nonlinear term

yields

co(NCoC) = co ([NO_'},NC_"Z, .. .,NC_"n], o C)

= e ([NC oG NCyoCh,...,NCy o0 Cy)) (4.36)

where N @ d’énotes multiplication of the 7% column of C b3.r the matrii N. Notice
that the concatenation has decoupled the nonlinearity in (4.32) so that the algebraic
system (4.36) is amenable to a block solution procedure. In particular, the p™ block
is the equation
€AC, + by + (NCy) 0 Gy = Gy — 3ob3,C
D

which is similar to (3.32). In each block, the Newton iteration defined for the scalar
problem following (3.33) directly applies once.a,n initial matrix C has been selected.
This author does not underestimate the challenge of implementing such a procedure,
but as was the case for the block method advocated for linear elliptic equations in

[14], valid numerical computation is best done in a parallel environment due to the

+ structure and size of the problem.




70

REFERENCES CITED

[1] B. Bialecki. Sinc-collocation methods for two-point boundary value problems.
IMA J. Numer. Anal., 11:357-375, 1991.

[2] K. L. Bowers, T. S. Carlson, and J. Lund. Advection—diffusion equations: Tem-
poral sinc methods. to appear in Numerical Methods for Partial Differential
Equations, 1995.

[3] G. F. Carey and A. Pardhanani. Multigrid solution and grid redistribution for
convection-diffusion. Internat. J. Numer. Methods Engrg., 27:655-664, 1989.

[4] T. S. Carlson, J. Lund, and K. L. Bowers. The Sinc—Galerkin method for con-
vection dominated transport. In K. Bowers and J. Lund, editors, Computation
and Control III. Birkhduser, Boston, 1993.

[5] P. J. Davis. Circulant Matrices. John Wiley & Sons, Inc., New York, 1979.

[6] N. Eggert, M. Jarratt, and J. Lund. Sinc function computation of the eigenvalues
of Sturm-Liouville problems. J.' Comput. Phys., 69(1):209-229, 1987.

[7] C. A. J. Fletcher. Computational Galerkin Methods. Springer-Verlag, New York,
1984.

[8] J. Freund and E.-M. Salonen. A logic for simple Petrov-Galerkin weighting
functions. Internat. J. Numer. Methods Engrg., 34:8056-822, 1992.

[9] U. Grenander and G. Szegd. Toeplitz Forms and Their Applications. Chelsea
Publishing Co., New York, 2nd edition, 1984.

[10] C. 1. Giinther. Conservative versions of the locally exact consistent upwind
scheme of second order (LECUSSO- scheme) Internat. J. Numer. Methods En-
grg., 34:793-804, 1992.

[11] M. Jarratt. Eigenvalue approx1mat10ns for numerical observability problems. In
K. Bowers and J. Lund, editors, C’omputatzon and Control II, pages 173-185.
Birkh&user, Boston, 1991.

[12] D. L. Lewis, J. Lund, and K. L. Bowers. The space-time Sinc-Galerkin method
for parabolic problems. Internat. J. Numer. Methods Engrg., 24(9):1629-1644,
1987.




[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

71

J. Lund and K. L.‘ Bowers. Sinc Methods for Quadrature and Differential Equa- -
tions. SIAM, Philadelphia, 1992.

J. Lund, K. L. Bowers, and K. M. McArthur. Symmetrization of the Sinc-
Galerkin method with block techniques for elliptic equations. IMA J. Numer.
Anal., 9(1):29-46, 1989.

J. Lund and B. V. Riley. A sinc-collocation method for the computation of the
eigenvalues of the radial Schrédinger equation. IMA J. Numer. Anal., 4:83-98,
1984.

L. Lundin and F. Stenger. Cardinal type approximations of a function and its
derivatives. SIAM J. Math. Anal., 10:139-160, 1979.

K. M. McArthur. A collocative variation of the Sinc-Galerkin method for second
order boundary value problems. In K. Bowers and J. Lund, editors, Computation
and Control, pages 253-261. Birkh&user, Boston, 1989.

E. Pardo and D. C. Weckman. A fixed grid finite element technique for mod-
elling phase change in-steady-state conduction-advection problems. Internat. J.
Numer. Methods Engrg., 29:969-984, 1990.

F. Stenger. A Sinc-Galerkin method of solution of boundary value problems.
Math. Comp., 33:85-109, 1979.

F. Stenger. Numerical methods based on Whittaker cardinal, or sinc functions.
SIAM Rev., 23(2):165-224, 1981.

F. Stenger. Numerical Methods Based on Sinc aﬁd Analytic Functions. Springer-
Verlag, New York, 1993.







