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ABSTRACT

Let F' be a C"-diffeomorphism of a manifold M into itself with a saddle periodic
point p and the property that branches of the stable and unstable manifolds of p -
exhibit a homoclinic tangency. Then C"-close to F'is an F' such that each non-empty

relatively open set of the closure of the branch of the unstable manifold of p contains
‘homeomorphic copies of all chainable continua. A non-local result is also included to

illustrate that these chainable contmua are quite large in this closure




CHAPTER 1

INTRODUCTION -

Non-Hyperbolic Dynamics and Homoclinic Bifurcations

Tt has been the goal of many studies in dynamical systems to describe the asymp-
totic behavion of systems with non—ﬁrivial recurrence. Much of the progress toward
‘this end has bnen made in understanding hyperbolicity and has in many ways been
lirnited to hyperbolic systems. Hyperbolicity was first introduced by Anosov ([A]) in
his study of geodesic flows on negatively curved Riemannian manifolds. It was sub-
sequently used by Smale to study other systems with non-trivial recurrence, leading
to the study of Axiom A systems. It was hoped tnat these types of:systems would be
generic and thus an understanding of hyperbolicity might lead 1;,0 an understanding
of a generic system in the following sense. The recurrent sets for Axiom A systems,.
the hyperbolic basic sets, can bg modeled by subshifts of finite ty.pe_. Also, for a
‘hyperbolic system, one can create -a global mndel of the system and furthermore, this
model persistn for éyst_ems closn to the original.

For non-hyperbolic systems, rarely cnn' one vﬁnd such a gl'obal model. Unfortu-

nately, it seems hyperbolicity does not reign in the space' of diffeomorphisms, and
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éo it is important to understand the breakdown of hyperbolicity. For diffeomor-
phismsvof two-dimensional manifolds, this breakdowﬁ between hsrperbolicity aﬁd nén—
hyperbolicity has often beén linked to the f;)rmation of homoclinic tangencies.

The motivation for this work cofngs fl;om thé study of invariant sets of surface
' diﬂ‘eo;norphisms, specifically, the attractors. In particular, we are interest:ed in the‘
topology of these attrac£ors, since attractors give the forward asymptotic behavior of
certain open sets in the manifold under the diffeomOrpilism. Much is known .af_bout ,
| the structure of these sets when the system is hyperbolic, but very little is known in
.the non.-hyperbolic setting.

It is well known ([W]) that one—dimensiqnal hyperbolic attractors are everywhere
locally the product of a Cantor set apd an arc. One would suspect that non-hyperbolic
'attractors displaying rich dynamics might in fact lead to rich local topological struc-
ture. |

In this dissertation, we will show that the topology of certain invariant sets of-

diffeomorphisms exhibiting homoclinic tangencies must in fact be quite complex.
\ .

History

For a fixed point p, branches of the unstable and stable manifolds can create

homoclinic orbits, orbits which are asymptotic to p in both forward and backward
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Figure 1. Transverse intersection vs. tangency.

time. These take two forms, transverse homoclinic intersections and homoclinic tan-
‘gencies as depicted in Figure 1. In this dissertation we are concerned with homoclinic

tangencies.

Homoclinic orbits were first studied by Poincaré ([P]) around 1889 while investi-

¥

‘gating’the restricted 3-body problem. He was suprised by the apparent complexity
invo.lved in the dynamics when such orbits occur. Transverse homoclinic intersec-
tions were subsequently studied. by Birkhoff and later by Smale. In 1935, Birkhoff
([Bi]) showéd that a transversal homoclinic intersection is accumulated on by periodic
orbits, of arbitrarﬂy high periods. Thus, a map displaying a transverse homoclinic
intersection has an infinife number of periodic o'rbits. In the 1960’s, Smale ([Sm])
proved that a transverse homoclinic ori)ii; is contained in a hyperbolic set. This set
is a “horseshoe”,.in which the periodic orbits are dense. |
Homoclinic tangencies lead to an even more complicated scenario and have been
studied extensively. In particular, many people have studied the bifﬁrcation process
in the unfolding of a ho'moclinic tangency as a parameter evolves. This picture turns

out to be much more complex than one might expect. For example, it has been
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known for some time that a homociinic tangency is anlaccumulation point of other
homoclinic tangencies. Homoclinic tangencies have shown themselves in many appli—.'
cations as well. Théy were studie;i by Cartwright and Littlewood ([CL]) in 1945 While
considering the bifurcation process for highly non-linear forcéd Van der Pol equations.'

Me‘anwhile,‘ Gavrilov and Silnikov ([GS1]; [GSZ]) showed thaﬁ_there exists a se-
quence of saddle‘node bifurcations océurring arbitrarily clo;se to homoclinic tangency.
-Thus, there are an infinite number of bifurcations occurring in the formation of a
homoclinic tangency.

Newhouse ([Ne]) .;ﬁade perhaps the most startling discoveries about systems ex-
hibiting homoclinic tangency. Utilizing the concept of “thick” Cantor sets, he intro-
duced the concept of a'wild hyperbolic set. This is an invariant set iil’which tangencies |
persist for small enough perturbations. He then showed that arbitrarily close to f;j,
locally dissipative diffeomorphism with homoclinic taﬁgen_cy, there exists a diffeomor-
phism displaying the Newhouse Phenomenon, charaéterized by the existence of wild’
hyperbolic sets and the property that the diffeomorphism has infinitely many peri- -
odic sinks. In particular, there are regions in the parameter space where homoclinic
Itangency is ‘persis‘tent (for the extension to parameter space, see [R]) Newhouse also
found entire intervals of bifurcations in the parameter space.

Rec.:ently, Benedicks and Carleson ([BC]) have shoﬁrn the existence and abundance
of chaotic, tr'ansi'tive non-hyperbolic one-dimensional attractors near a systém with

homoclinic tangency. In particular, they developed a calculus for 2-dimensional maps
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near 1-dimensional maps for the Hénon family:

()—(5")
Y bx
" Mora and Viana ([MV]) obtained similar results applied to homoclinic bifurcations by
studying a generic unfolding é quadratic homoclinic tangency through one-parameter
families of locally dissipative surface diffeomorphisms. Their method Wé,S to show
that these families admit renormalizations which are Hénon-like and fhen use an
extension of the Benedick‘é—Carleson method applied to these maps. The results have
been generalized by Wang and Young ([WY]) to obtain checkable conditions on 2-
dimensional maps near 1-dimensional maps for these attractors to exist.

Under different assumptions, Palis and Takens ([PT]) have shown the abundance

of hyperbolicity, leading to the natural question: Of the Newhouse Phenomenon and

strange attractors, which is generic?
Results .

The above attractors of Benedicks z_m_d Carleson have the property that the at-
tractor is the closure of the unstable manifold for the periodic point near tangency.
This has led Barge to study the topology of the ciosure of the unstable manifold at ho-
moclinic tangency. In [B], he has shown that generically this sﬁace is globally an inde-
composable continuum; in particﬁlar, it contains uncouhtdbly many arc—cgmponents.

Still, locally these closures may be the product of a Cantor set and an arc, except
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at finitely many points (as maxiy computer pictures suggest). One would expect that .
the local structure is,.in fact, much more complicated.
A result along this line is found in [BD], where Barge and Diamond show th:;mt if
F is a C*-diffeomorphism of the plane with a hyperbolic fixed point p for which a
branch of the unstable manifold, W¥(p), has a same-sided quadratic tangency with
the stable manifold, apd if the eigenvalues‘o.f DF at p satisfy a generic non-resonance .

7

condition, theﬁ each non-empty relatively open set of CI(W(p)) COntains‘ a copy
of every continuum that can be written as _the inverse limit space of a sequence of
" unimodal bonding maps. Thus, “hooks” appeér densely in this_ closure; ljSO that not
only is the stiﬁcture not locally a Cantor set of arcs, but it is, in fact, nowhere such
a thing. |

In this dissertation, we will use the ferminology that a set which contains a
homeomorphic copy of éach elemént- of a class of continua, W, is universal with
respect to W, or simply W-universal. Thus the CI(W(p)) above is everywhere 1oc$,11y
univefsal with respect to unimodal continua.

The set of unimodal continua is a large class of continua. In 'particular, it is
ﬁncountable ([J]). But the result of [BD] leads to the natural question: How much
more complicated might these closures be? That is, could they contain even richer
stfucture s;cill? |

In this dissertation, we show that this is the case if we make a small perturbation

to our diffeomorphism at homoclinic tangency. The class of unimodal continua is
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contained in a larger class called chainable continua. We show that this closure can
_contain a homeomorphic copy of each element in this class. In particular, we ﬁill
be able to get complicated continua such as pseudoarcs, continua which are nowhere
homeomorphic to an arc. The main result Qf this dissertation is‘ stated as follows,
’Where C is used to denote the class of chainable continua:

THEOREM 1. Let F' be a Cr-diﬂeomor-phz'sm of a 2-manifold M with a locally
'_dz'ssz'patz've saddle periodic point p which ezhibits a homoclinic tangency. Thén, cr-
clo'se to F is a Jiﬁ”eomorphz’sm F such that o branch of the closure of the un‘stabZe
manifold, -C’l(Wj_‘(p)), is éverywhere locally C-universal.

'If p 15 a locally non-dissipative saddle, then the result above hold% for a branch of

the stable manifold.
Remark: For the case where r = 1, thé condition that p bé locally dissipative can
be omitted so as to obtain a slightly stronger result. In general, this is also the case
when the tangenc& is of order at least r. It will be noted why this is the case at the '.
beginning of Chapter 6 as well as in Remark 4.7.

In order to prove the above theorem, we will need to first prove the following
result:

| THEOREM 2. Let F' be a CT-diffeomorphism of a Z-ménifold M with a locally
diész’patz’ve saddle pefz'odz'c point p exhibiting a homoc-lz'm'c tangency. Then, C"-close

to F is a diffeomorphism F such that it has a saddle periodic point p (of higher period
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than p) with the closure of a branch of the unstable manifold of p, CLW(P)), bez'ﬁg_
everywhere locally C-universal. |

I]; p 18 a locally ‘non—dz'.ssz'pativé saddle, then the result above holds for a branch of |
the stable manifold.

: In fact, this new periodic point will have a period whicﬂ is a multiple of the period
" of p and furthermore, CUWE(H)) C CUW(p)). |

| Asiwas observed in [K], density results near homoclinic tangencies‘ can be placed
in fufther perspective by poting the Palis Conjecture ([PT],_Chapter 7, § 1, Conjecture
2), which has been recently shown for C*'-approximations in [PS]:

CONJECTﬁRE 1. If dim(M) = 2, then every C"-diffeomorphism f € Diff" (M)
can be approzimated by a diffeomorphism which is either (essentially) hyperbolic or
exhibits a homoclinic tangency. |

If this conjecture is true, then in‘the complement (in Diff" (M)) to the clo-
sure of the spé,ce qf hyperbolic diffeomorphisms, every diffeomorphism can be C"-
approximated by f,hose exhibiting the property of the main theor.em of this disserta-
tion.

Lastly, Wé will show that the above theorems lead to non-local results. That is,
though our main theorem says that every -non-empty relatively open 'sﬁbset of the
closure of the unstablg manifold contains all chainé,ble continua, one might get the
impression that We-have.-onl&_ introduced tiny “wiggles” into our space. But in fact,

we have:
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THEOREM 3. The diffeomorphism E' of the conclusion of Theorem 1 can be con-
structed so that for any non-degenerate chainable continuum, X, any arc in W¥(p) can
be approzimated, with respect to the Hausdorff metric, by a continuum in Cl (ij(p))
which is homeomorphic to X.

- Thus, these continua aré quite large, and W}lf(p) itself can be approximateci bj o
subcontinua h(.)meomorphic tq any non-degenerate chainable continuum.‘ In parfic-
‘'ular, the Cl (Wﬁ (p)) is the Hausdorff limit of subcontinua homeomorphic with the

pseudoarc.

Structure of this Dissertation

This dissertation is organized in the following way. Chapter 2 gives a brief in-
troduction to continuum theory and inverse limit spaces. We then prove a theorem
which allows us to expresé chainable continua as inverse limit spaces using a finite
family of smooth bonding maps (Theorem 2.1). This chapter also provides two lem- .
mas and a theorem (from [Br]) which will be used to decide how two inverse limit
spaces relate to one another. Chapter 3 gives a brief outline of the proof of Theorem
2. Iﬁ Chaﬁter 4, we perform a series of per?:urbations on a diffeorhorphism exhibiting
a homoclinic tangency. In Chapter 5, we prove that the diffeomorphism obtained in
Chapter 4 exhibits the properties of the conclusion of Theofem 2. Next, m Chapter 6,

we use the construction of Theorem 2 to prove the main theorem of this dissertation,
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Theorem 1. And lastly, in Chaptér 7, we give an application of our main theorem

which provides for a non-local result.
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~ CHAPTER 2
HOMEOMORPHIC INVERSE LIMIT SYSTEMS

.In this chapter, we introduce some definitions and conventions which will be used
throughout tﬁis dissertation. We then turn to descfibing each chainable continua as
the inverse .limit space of interval maps (Theorem 2.1). Next, we examine conditions
under which two inverse limit spaces are homeoimorphic, state an extremely ‘useful
result of Brown, and end this chapter with an embedding iemma (Lemma 2.3) and a

homeomorphism lemma (Lemma 2.4) which will be needed in Chapter 5.
'\ ~ Continua

A continuum X is a non-empty compact connected metric space. A chainin X is
a noo-empty, finite, indexed collection, C = {Uy, ..., Uy}, each U; open in X, such that
U;NU; # 0 if and only if li — 7] < 1.. An e-chain is a chain C with the mesh(C) < €
(i.e. max{diam(U;)} < €). A continuum is said to be chainable if it is contained in

an e-chain for each e.

Sﬁppose that {X;}32, is a collection of compact metric spaces and for each i, fiy1 :

X;11 — X; is a continuous map, often referred to as a bonding map. The inverse
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limit space of {X;, f;}32, (or simply, of {f;}32,) is

Koo = {Q.Z (xo,il, -z € ]:[-X'b fir1(Tip1) = 24,0 > 0}

=0

and has metric d given by

degy) =" 91_(%_@/_)

=0

where for each i, d; is a metric for X; bounded by 1. It is well known that if each X
is a éontinuum', then X, is also (see, for example, [Na]). For each i, m; will denote

the restriction, to Xy, of the usual projection map from [2, X; into X;.

In this dissertation, a map is meant to be a continﬁoﬁs transformation. An
interval map is a map from the unit interval, I = [0,1], back iﬁto itself. Jolly and
Rogers. ([JR]) have shown that there are four interval maps such that each chain.able
continuum is homeomorphic to the in\;ers;é limit of i;lterval bonding maps, where
each bonding map is téken to be one of these four maps. Using a result of Jarnik and
Knichal(‘[JK]),' Cook -and Ingram ([CI}) .have reduced the number of bonding maps
to two. We state this result, but add the additional condition that the two maps.be
C*>-differentiable: | .

‘THEOREM 2.1. There exist map.é fo and fi, each C* and mappz'ng I to I, such
“that if X is any c}zainable continuum; X is homeomorphic to an inverse limit of
interval maps, with each map coming from { fo, fl} ,

PRrOOF. It is a well known fact that any chainable continuum, X, can be written

as the inverse limit of interval maps([F], [M]).
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We follow closely to {I], giving a brief outline of the proof, while making the
appropriate éhanges to achiéve the C“-diﬁ"erentiability. The space of all mappings
of I into itself is separable so there is a countable sequence of C*°-maps, {f;}icN, -
such that if f is a interval map and e > 0, there is an i such that ||f; — f||o :< €.
By an approximation theorem of Brown ([Br], see .Theorem 2.2 ;t)élow), there is a
subsequence {fy;}:;en such that X is homeomorphic _td the inverse limit space of
{I, fa:}ien- The goai is to éonstruct maps fo_and f1 so that each f; above can be
written as the composition of fo and fl. |
To that end, denote ) = [3,1], I = [}, 1], s = [, &], ... as a sequence of copies
of I with liﬂ Soli.p I, = {0}. For each i, let 5; > i> +4 and be large enough so that
M; < 22~2"~i=1 where M; is a bound on the Ci-norm of f; (the definition of this
norm is given in Chapter 4). Let J; = ZJITIi = I;y;;. Let fo be the hoﬁeomorphism of
I onto I, given by fo(z) = L. Let o I=I,f:I—1Iandy:I~1be defined
by a(z) = §,8(z) = 4z for z € [0, 1] and f(z) = 1 for z € [3,1] and y(z) = O for
z € [0,2] and y(z) = 2z — 1 for z € [},1]. Note that a(L;) = Iy, Bl = (ofr)™

and 7);, = f;'. Let fi be a C™®-extension to a map of [0,1] onto [, 1 + 5] which

places a “copy”. of & over Iy(that is, fi(z) = 2L for z € 1), a “copy” of B over Iy,
a “copy” of v over I3 and a scaled down “copy” of f; from I;,3 into J;g for all 4 € N.
In order to smoothly connect the function between the I; intervals, it may be

necessary for the range to dip below 0 or above 1 and extend our domain to slightly
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larger than 1. This is why we have extended I by adding the &-terms above. Then
one can check that f; = fi o (fy 0 fo)2 0 foo (f2o f2)H+20 fy o (f1 0 fo)i*2 0 fi.

Utilizing this fact, we define the sequence {g; : g; € {/f, fl}}ieN cofinal with f;.
That is, inductively, for each i, there exist j; such that f; = g;,_,410...0g;. Then
the inverse limit of {g;} is homeomorphic to the inverse limit of { f;} since the inverse
limit of cofinal sequénces are homeomorphic (See the Corollary 1.7.1 in [I]).

It remains to show that the above functions can be made C'°. Due to the choice

of I; and J;, fl is C*°-flat at zero. To see this, first note that:

IJi| B (22i—1)i—1 1 1
|Ii|i - 924; 924;—2i%—1 < 92i—1

— 0,

as ¢ — 00. Secondly, on I;, the kth derivative of fl is bounded above by

|Ji| 1J2| 1 2§;—2i2—i—1 __ 1
|L‘|kMi A Ifz'|iMi < gapi ’ =50

as ¢ — 00. Similarly, between I; and I;,;, we place a smooth function whose range
need not be bigger than [0, m], where the upper endpoint is the upper endpoint
of J;. The ratio of the range to the i-th power of the domain is then bounded above
by 2-@4=2") 5 0 as 4 — oo and thus the function f; is C®-flat at 0. Everywhere
else, this function is obviously C* due to our extensions, as is fo. Lastly, we rescale
the functions so that they map I to I while maintaining the relationship between f;,

_fo and fl . O
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Approximation Results

Suppose we have a sequence of maps, {f; : Xi = Xi—1}ien. We now wish to
consider the question: What conditions can we place on a sequence of maps, {g; : .
X; —) X;_1}ieN, S0 that the inverse limits of the two sequences are hémeomorphic?
A powerful résuit in this direction is an approximation t_heorem given by Brown in
[Br] as Theorem 3.

THEOREM 2.2. (Brown) Let S be the inverse limit of {X;, fi}32,, where X; afe
compqct métrz’c spaces. Fori > 2, let KZ be ;z nonempty collection of malps from X;
into X;_;. Suppose for each i > 2 and e > 6, ihefe is/g € K; such that || f; — gllo < e.
Then there is a sequence of g; where g; € K; and S is homeomorphic to t}ze inverse
limit of {X;, g,-};?_'i_l.

This tells us that the above sequence of f; determines a sequence of ¢; such that
as long as ||g; — fillo < €, for each i, then the inverse limit of the"pwo'sequences
are 'homeomorphic. We now ask the question: What conditions can- we- place on:
a sequence of maps f,;' and g;, where the f; and X; are not fixed, but rather are
inductively defined along with g; so that their inverse limit spaces are homeomorphic'?
The following two lemmas provide results in this direction, and will be needed in
Chapter 5.

The first, from Barge and Diamond ([BD]), will be useful in building particular
spaces as éubcontinua of Cl(W (;5)) It gives cpﬁaitions under which one inverse limit

“ space can be embedded into another. The second requires slightly stronger conditions
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on the spaces, but gives the conditions under which the spacés are homeomorphic. .
The proofs of these lemmas are identical with the exception that one must prove
additional requirements. of surjectivity and the existence of a continuous inverse for
the homeomorphism in the second. We therefdré use the first iemma to prove most
of the second. Given a sequence of maps {f, : Xn = Xn_1}neN, fin Will denote the
map f;0...0 fn : Xp — Xi—1 for n > 4, where f;; = fi.

LEMMA; 2.3. Let Gy : Xp = Xn_1 and g, : Yy — Vo1 be sequences of maps of |
éompa\ct metric spaces and in :'Yn — X, a sequence of embeddings. Ther¢ is a se-
quence of polsz'tz've-numbers {Kn}neNs With k, depending only on i, , Tty Ly -ees gn_l‘,
G, ey G, such that if |Gy 0t —in-10gnllo < Kn forn €N, the map 1 : Yoo = Xoo
d(;ﬁngd by (i(y))n = I}i_)r{.];Gn+1’n+k 0 inik(Untk) 15 o well-defined embedding.

Proor. We follow [BD] almost exactly. The proof is included here for corﬂplete—
ness. Let ;3 > 0 be arbiffrary, and, for i > 2, iet ~v; > 0 be émall enough so that if
|z — | < i, then |Gji-1(z) — Gju-1(2’)| < 5 for-all j such thaﬁ 1<j<i—1. We
will show that if |G, 0 %p — In—1 o.gnl < 4y for all n € N, then 7 is well-defined and
continuous. .

7 is well-defined: Let y = (¥0,%1, .-.) € Yoo For k,1 2 1,

|Gt mtbrt © Intkbt Untkrt) — Gtk © Gtk (Unn)|
<|Gnt1n4ki © Untktl (yn+k+l) — Gpyipsktl-1° 73n+lc+l—1(yn+lc+l—1)|
+| Gt nrktit © bntkti-1Ynskri-1) = Gryiptrti—2 © brtkri—2 (Yn+i+i-2)]

+o lGn+1,n+k+1 0 intkt1(Untht1) — Grslntk © Intk (?Jn+k)|
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Lol 1
< z on-+k+j < on+k’
Jj=1

Then the sequence {Gpt1,n+x} is Cauchy for each n > 1, hence convergent, and
(i(y))n is well-defined. The fact that G ((2(y))n) = (2(y))n-1 is trivial and hence 7 is

well-defined.

7 is continuous: Let € > 0. Let & > 0 be chosen so that 2,2 € X, with |zy—Zn]| <

&' implies |z — £| < e. Choose k large enough so that sy < ¢'/3, and 6" > 0 so that

if |yn+k — Ov+x| < 6", then
|G -1,5+k © vk (Y) — Gruarvan 0 ivan(D)] < 6'/3.

Lastly, choose 6 > 0 so that if y,§ € Yo with |y — §| < 4, then |ynvix — x| < 6"

Then |y — §| < ¢ implies

i(y)n = 2P n] < 1@Y)x — Grnrk © ink(Yn+5)]
+ |GN a1+ © i (Ynk) — G, Nk © ik (Tne)|
F G sk Oine(uner) — G@N|
<d§/3+8/3+8/3=27
which in turn impliés |2(y) — %(§)| < e. Thus 7 is continuous.
. Before proving that the map is one-to-one, we prove the following claim:

Claim: Given § > 0 and n € N, there is a sequence v, x(0) > 0,k =n+1,n+2, ...,

and A, = A,(6) > 0 such that:

(i) Vnj depends only on 4,4, and Gj for j =n+1,..,k - 1 and
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(ii) ‘if |Grotg —ik-100x] < vn, kfor allk > n+1, and if m > n+1 and y, y' €Y, are

SUCh that ]Gn-!-.l,moim(y)_Gﬂ.+1,moim(y,)l < /\n7 then Ign+1,m(y)——gn+l,m(yl)l < 6

Proof of Claim: Let )\, > 0 be small enough so that if ly — 9| > 4, then
: ]zn(y) — i,y = 3M, (recall in is an embedding). Let vpnt1 = An/2. If both

|Gnt1 0 tp41 —in © Inti] < Unmir and |Gry1 0941 (y) — Gaga 0 z'n+1.(y,)| < Ap, then

lin, © Gnt1(¥) — %n © g1 (V)| < Jin © g1 (¥) — Grat © Gnt1(¥)]
+ |Gpt1 © tnyt (¥) = Gpa1 O'inga 73]
+ IGn+1 O int1 (y’) — %n © gnt1 (y’)l

< VUppa1+ An + Unntl < 3An,

S0 tha_i; |9n+1(¥) — gnr(¥)] < 6.

Continuing, for k > n+1, choose U small enough so that if |z — 2’| < vz, then |
NCpsrp-1(2)—Gn+ 1,k — 1(z")| < 52wy Now suppose that [Groir—ik—10gk| <
Un for k =n+1,...,m and |Grnt1,m 9%m(¥) — Grirmoim(¥')] < Xn for some m > n+2.

Then,

| ° Ins1m(y) — i O 9n+1,m(yl)l < |in © Gn41,m(y) — Gpy1 0 fng1 © Int2,m(Y)]
+ IGn+i o 'in+1 ° gn+2,m (y) - Gn+1 ° Gn+2 o ":n+2 d On+3,m (y)l
+ ..+ ‘IGn+1,m-1 o im—l © gm(y) - Gn+1,m © Zm(y)l

o

+ IGn+1,m o im(y) - Gn+1,m Olim (y’)]
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+ |Gns1,m © tm(Y') = Gpi1m—1 © tm-1 © g (V)]

'i" ot IGn+1,m—1 o Im—1 © gm(y’) — 1y O gn+l,m(y’)l

A A, A, - A, A,
< — —_ —_
R S A Sk 2 < B

Thus |gn41,m(¥) — Gn+1,m(Y") ll < & and so the claim is proved.
Continuing the proof of the lemma, let.60 =1 and x; = min{vyy, v,1(d)}. Choose
61‘ small enough so that. if ly—9 | < 61, then [g1(y) — g1(%") < 8o/2. Define ry =
ﬁin{fyz, 0,2 (60), v1,2(61)}. Let 6 be small enough so that if |y —y'| < 2, then |gs(y) —
92(y")] < 61/2 and |91,2(y)—12(9')| < do/4. Define 3 = min{1s, 105(60): 113(61); 23(82)}-
More generally, define kg1 = min{ye41, Vo,k+1(5o), vy Ut ,H‘_l(ék)} with nk small enough
so that if Iy Y| < kg, then 9k (V) — gi6(y)] < 2k—,:,— forall1 <1< k.

7 is one-to-one: Suppose i(y) = #(§). If y#y’, there is n such that y, # yy. Choose

and I > m large enough so that |Gpq1, ©

'm.—-'n.

m large enough so that |y, — y;| >
a(y) = Gma1y © (Y]] < Am = A (0m) of the claim. Then | gm+1,l(yl) - gm+1,l(y,)| <
O, from which it follo'yvs that Ig,;+1,mgm+1,l(yl) — GnimImt1,2(Y])| < 2m_n That is -
e — V4| < 522, a contradiction. Thus, 7 is one-to-one.

Lastly, pote that since 7y < Kg, 7 is well-defined and continuous. O

LEMMA 2.4. Let fr : Xp = Xp_1 and gn : Yy, — Yo_1 be sequences of maps of
compact metric spaces and hn_: Y, = X, a s.equence of homeomorphisms. There
is a sequence of positive numbers {En}neN; with €, depeﬁdz'ng only on ho, .oy Bp—1,

G ey Greis f1yeeey fr—1, Such that if ||fn © By — a1 0 gallo < €n for n €N, the map
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7: Yoo = Xoo defined .by ((y)a = 1611)1(1310 Jrt1,n+k © Pt (Yntr) @5 a well-defined homeo-
morphism. |

Proor. We_ note that 7 is well-defined, continuous and one-to-one by Lemma 2.3
abéve. Continuing as in the proof of that lemma: -

7 is onto: Suppose z = (%o, Z1,...) € Xeo. Let y be defined by yx = nlgilo Ok+1,n ©.
h;l(xn). Fix a k and n > 1 and let § be such that |y — §| < J implies |hk+m(y) -
herm(§)] < Vntr, where y; is' as in the broof of Lemma 2.3. Choose >1so that

|k = Grr1 kit © Pponss(Totntt)] < 6. Then,

|2k = et tn © Pt Wrktn)| = | Fostitnti(@rsntt) = Fosrben © Mitn(Yrtn)]
< | Frtrpnit (Trsntt) — Fottotn © Pitn © Grtrntitntl © Prpnsr (Crinsr)

+ | fot1,64n © Phtn © Grtnalptntt © Piopnpt(@hantt) = ferrftn © Prin(Yotn)|

1 1
9kt + 9k+n )

.

<

Thus, 75 = 1_1_)121o Jr+1,n © hn(yn) and therefore 7 is onto.
n .

A

7~1 is continuous: This follows from the fact that h is a continuous, one-to-one,

and onto map from a corﬁpact space to a Hausdorff space, and thus has a continuous
inverse. ‘ . | . | O
‘' Remark 2.5: Lemma 2.4 is really just a rephrasing of Theorem 2.2. As such an
alternate proof of Lemma 2.4 is t;) lnote that th’ere exists ¢ (depending only on previous

choices of maps) such inverse limit of {X;, fi};en is homeomorphic to that of {X;, hi_10

g; o hi'}eny by Theorem 2.2. But the latter is cofinal with the inverse limit of
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{Yu gzoh ohitien = Vi) g,}zeN and thus they are homeomorphic. For our purposes,
however, it is convenient to include this lemma as our maps and spaces will be deﬁned

inductively and thus it is difficult to cite Theorem 2.2 directly.
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CHAPTER 3
OUTLINE OF THE PROOF OF THEOREM 2

We now describe the idea Behind the proof of Theorem 2 ﬁhich will be d(;ne in
detail ir; subsequent chapters.

Key to this proof is the use of Lemma 2.3 Whiéh allows us to view inverse limits
.on intervals as interséctions. To see this, consider the inverse liﬁlit system determined
by the sequence {f;};cn. If we think of thiékening up each of the intervals of domain
to boxes, B;, with the interval being the lgft edge of the box, these functions induce
maps on Boxes which mimic f; in the sense that thé projection to the left edge agrees
with the original function. In particular, the following diagram r;-commutes (for ;

from the lemma) if the thickness of the boxes is chosen small enough:

SN | | e e

with the graph of f; pictured in Figure 2 to illustrate the induced map Glﬂ.
But since each G; is an embedding, the inverse limit space of {G;};cn is homeo-

morphic to (),en Gi(Bi). Thus Lemma 2.3 allows us to view the inverse limit of the
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AS

Figure 2. The graph of f; of the corhmuting diagram above.

fi’s as embedded in this intersection. We wﬂl use this technique of constructing boxes
to build continua in the closure of the unstable manifold of Theorem 2:
In Qhap£er 4, we begin with a C"-diffeomorphism, F, exhibiting a homoclinic - -
- tangency. All of our initial p'erturbations are geared toward constructing a linearized
heighborhood‘and toward the crucial step of creating a new periociic point which
‘exhibits an 7-th order tangency between a branch of its unstable and stable manifolds.
In a linearized neighborhood of this new periodic point we can make the s{:af)Ie and
unstable manifolds the z-axis and y-axis, respectivély. We find a point of tangené'y
on the u;c-axis, q = (gz,0), and a neighborhood V' in which we can express the segment
of the unstable manifold above the stable as the graph of y - (z — g;)™** as in Figure
3.
We intend to modify this segment of the unstable manifoid lying in V. Since
" our perturbations rﬁust be small up to o-rder T, it is irﬁbortant that.the tangency has
been changed to one of order r. The fact that the unstable manifold will bé coming -
into the stable C"-flat is what allows us to modif}‘r the unstable manifold as we desire
while affecting the C"-norm very little. In Chapter 4, we déscribe the modificaiton

and go into detail as to how to perform the perturbations to achieve the desired
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: q=(gs,0)

q= (qano)

Figure 4. Approiimating intervals with graphs of fo.

\modiﬁcation. The process is to consider the maps of Theorem 2.i which generate
‘all chainable continua. We intend to place scaled graphs‘ of these two maps into the
segment of the unstable manifold above. We place an infinite number of “copies’; of
the graphs of each of these two maps with the ra{:io of their placement (as well as
the ratio of the heigh’ps to widths) of each such that the graphs of each map, under

the linearization of F, are dénsely mapped up the unstable manifold in the linearized
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neighborhood. That is, for any interval on the y-axis in the linearized neighborhood, -

a graph of either function can be made to approximate this interval (see Figure 4).

=
~——

\__\\~f"
Wo \'\~
| M ™ T
AN
b1 | \\

a1 | Wi

q=(g,0)

Figure 5. Thickening intervals to induce maps bn W;.

For any chainable continuum X , X 18 homeomorphic to an inverse limit space With
bonding maps, f;, chos‘en. from { foA, fl} Thus if W is an open set which intersects the
closure of the unstable manifold, we intend to show we can embed this inverse limit
space in this intersection.  We do this- by finding a box Wy = [0, o] x [ag, bo] in the
linearized neighborhood so that W, has the y-axis as the left edge as in Figure 5 and
so that Wy is eventually mapped into W under ouf diﬁeomorphiém. Then, vs;e can
place a scaled graph of f; in W, since f; is one of the two maps Whose graph is piaced
in the unstable manifold abqve. Then, we can find an interval on the y-axis [a1, by} so
that this interval is mapped by our difféomorphism to that segment of the‘ unstable

manifold which is the graph of f;. Then, there is a 7; so that Wi = [0,m1] x [a1, b1]
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embeds into W,. Furthermore, there is an induced map from [a1, b1] to [ao, bo] which
closely mimics f; and g co.mmutes with the map from W; to Wy under the appropriate
inclusion mappings, where g is from Lemma 2.3.

Continuing in this way, we get a sequence of embeddings fr(.)m Wit1 .into W;
and maps from [a;41,bi+1] tO [a;, bi] nﬁimicking fi which ; commutes._ Thus, the
inverse limit space vdetermined‘ by the f; sequence is embedded in Wy bjr Lemma
2.3. Furthermoré, the Hausdorff dis;tance of this inverse iimit space to the unstable
manifold is shown to go to zero. Under the diffeomorphism it is then mapped into the
. intersection of W with the closure of the unstable manifold. Thus, the intersection of
. W with the closure of the unstable manifold is C-universal. Since W was arbijcrary,

the closure of the unstable manifold is everywhere locally C-universal.
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CHAPTER 4

PERTURBATIONS FOR C"-DIFFEOMORPHISMS
EXHIBITING HOMPCLINIQ TANGENCY

We will c,;onsider an arbitrary Cr-difféomorphisrﬁ F exhibiting a homocliﬁic tan-
gency. In what follows, we will ass{lme a saddle point p exhibiting the fangency is
a fixed point of F' (that is, F/(p) = p), noting that we may simply repla,cé F by FF
for p of per’iod.P. We will also use the convention that a C"-perturbation is taken
to mean an arbitrarily small C™-perturbation. In this chapter, we perform a series of
Cr-perturbations on F' to obtain a new C"-diffeomorphism which will be shown (see

Chapter 5) to exhibilt the properties in ;:he conclusion of Theorem 2.
We begin this chapter by introducing some preliminary definitions and making

some initialiadjustmen‘ts'to .a Cr-diffeomorphism having a saddle fixed point and,

later, add in the condition that it exhibits a homoclinic tangency.
Preliminaries

Let f: U € R — R a C"-diffeomorphism. We will use d to mean the k-th deriva-
tive with respect to & or sometimes simply d* when the independent variable is under-

stood. The C"-norm of f will be taken to be  sup {|d*f(z)[}. For G: U CR* —

zeU,0<k<r
‘ o
R, we take the C"-norm of G to be ||G||, = sup {ma,x ——C(z, Z/)\}
© (ew)elogkgr FHI=E Ozridyd

Lastly for F: U € R? — R?, we take the C"-norm of F' = (F}, F3) to be max{||F1||-, || F2ll-}-
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DEFINITION 4.1. (Definition 2.1 in [GG]) Let X and Y be smooth mﬁnifolds, and

pin X. Suppose fy9:X — Y are smooth maps with f(p) = ¢ = g(p)-

(i) f has first order contact with g at p if (df ), = (dg), as mappings of T,X — T,Y".

(i) f‘has k-th order contact with g at p (for k E Nk > 1) if (df) : TX — TY
has (k — 1)-st order contact W.ith (dg) at every point in T,X: We write this as
f e g at p.

DEFINITION 4.2. AC" diffeomorphism'F of a closed 2-dimensional manifold with
saddle periodic poin£ p of period n is said to ezxhibit @ homoclinic tangency if a branch )
of the stable manifold, Wj_ (p), meets a branch of the unstable manifold, W} (pj, at a
point q diﬁ'erent from p and if there exists a neighborhood V of ¢ and C*-immersions

is and i, of (a,d) into V, sgch that
® ) =Tl) and in((e,8) = )
(ii) 45(§) = ¢ = 4, (§) for some § € R and
(iil) 45 has first order contact with i, af; g.

where T, is the arc-component of ¢ in W$(p) NV and T, is the 'arc-com'ponent of g
in W(p)nV.

If 4, ~y iy at § for C’“-i_mmefsions ﬁs and 4,, k¥ < r, then F is said to exhibit a
k-th order tangency.

The following lemma will be useful in that it will allow us to view homoclinic

tangencies in terms of normal forms (See the section on normal forms below).
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LEMMA 4.3. (Lemma 2.2 and Corollary 2.3 in [GG]) Let V be an open subset of
Rn contaim’ﬁg g. Let f,g:V — R™ be smooth mappings. Then f and g havé k-th
order contact at q if and only if the Taylor series expansions of f and g agree up to

. (and including) order k are identical at §.

Initial Perturbations and Coordinate Changes

Let F' be a C"-diffeomorphism of a 2-dimensional manifold M and let p be a
saddle fixed point with the eigenvalues of DF beihg oand u, 0 < |o] <1< |y
Then, we have the following definitions.

DEFINITION 4.4. The saddle ezponent of p is defined to be the number p(p, F') =

__iggm We call p a p-shrinking saddlé, where p = p(p, F). If p'is greater‘than some
k, then p is also said to be at least k-shrz’nkihg. If p>1 (ie. |op] < 1), pissaid to
be.a locally dissipative saddle.

DEFINITION 4.5. A saddle p is called non-resonant if p is irrational, that is, if for
any pair of integers n and m both not eqﬁal to zero, the number o”uy™ is different
from one. |

For F € Diffi" (M) as above, we apply a C"-perturbation to make F' a C* diffeo-
| morphism. If |ou| > 1, we replace F by F~!. Theorem 2 will then hold for the stable
manifold instead of the unstable. Also, we may C"-perturb if F' is resonant. Thus we

are left with a C, locally dissipative, non-resonant diffeomorphism. By the Stern-

berg linearization theorem ([St]), the new F is C"-linearizable in a neighborhood U of
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p and we.may choose coordinates so that inside U, the stable and unstable manifolds

coincide with the z-axis and y-axis, respectively. That is,
FlU("E7 y) = (0-337/1:?/)'

In this dissertation, we assume that 0 < ¢ < 1 < p, though the condition that the

eigenvalues are positive is certainly not necessary.

Normal Forms at a Point of Tangency

t

For an F as above with p exhibiting homoclinic tangency, we intend to Cr-ﬁert.urbl
»F so as to obtain a C"-diffeomorphism having the desired properties c_)f Theorem 2.
Here we describe normal forms for FV in alneighborhood of a poiﬁt of k-th order
tangency in the linearized neighborhood ‘U. Since all of our modifications will take

place in the linearized neighborhood U, we will assume we are working in R?,

AN

p ) aq= (1>0) W-f-(p)

Figure 6. The linearized neighborhood U. -
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In order to make calculations easier, we will assume that a point of k-t‘;h order
tangencyllr)etwqen W5 (p) and W(p) is at q = (1,0) € U and for some N, F~V(q) =
G=(0,1) € U (see Figure 6). We will also assume without loss of generality that, as
in the ﬁgure,‘ the directions of W“(p) and W*(p) égree at the point of tangency. Let
V,_V € U be neighborhoods of ¢ and §, respectively, so that I' = NV N{y- aa:z's})
is the first arc-connected component of W*(p)) in V. Define new coordinates inside
V as (Z,7) = (1 — x,@).' Then T is the graph of y = Cz**! + o(z**1),C # 0 (See
' Lemma 4.3).
Define new coordinates inside V as (%,9) = (z, y— 1). Then V and V can be

rescaled so that the map FN|y : (Z,§) — (Z,7) can be written as:

(f)ﬂ( ) TerI:I]L(ﬂv,}J)‘~ ~>,
g Cy++l + vZ + Hy(%,7)

where C,7 # 0 and at & = gj = 0 we have H; =5yﬁ1 =0and H, = 8, H, = 851512 =0
for1 <j<k.

) and then FN|y : (Z,7) — (£,9)

Qlw=

S8

We can again take coordinates (£,§) = ( ,

has the normal form:

Z\ F¥ 7+ H,; (‘%7 g) )
N L 4 W8 > R B
| (y> (y’““ -+ B + Ha(%,9)
where B =v/C and H; = —}:{—I,Hg = —}52-
T C
Remark 4.6: Lastly, we note that we may C*-perturb so that C; 7 > 0 and H(0,§) =

Hy(0,9) = 0in V. It will be assumed that this berturbation has been performed

whenever k = r, but not otherwise. When r is an odd number, the condition that
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C be positive forces the tangency to be same-sided. Such a perturbation of C' would

look much the same as the perturbation in Figure 7 below.

!

Creating a Same-Sided Quadratic Tange/ncy

It is necessary for our calculétions to make the homoclinic tangency of the above
’ F € Diff"(M) into one of order exactly r. The next two sections perform the per-
'fcurbations necessary to achieve this end. The creation of.a r-th order tangency from
a k-th order tangency for k < r has been done by Kaloshin ([K]). Thatitechniqu_e
will be discussed in the next section. In order to apply it, however, we must first
Cr-perturb our k-th order tangency above to a same-sided quadratic tangency. The
ability to do tilis falls into two cases:
Case 1: k > 1. Assume our diffeomorphism has a k-th order tangency for
k > 1. Then, the local component of the unstable manifold near g, [, is -the graph of
y = Ot + o(Z4+1), C # 0. We add a small ez? term with € > 0, s0 as to Iﬁake this

tangency same-sided (see Figure 7).

Figure 7. Changing higher order C < 0 to lower order ¢ > 0.

Case 2: k=1and r > 1. A similar argument to what follows appears in [PT],

Chapter 3, §1, to show that generic unfoldings of tangencies produce more tangencies.
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There, however, the autho;s are not concerned with the question of the side on which
the tangency oceurs. Here we argue that it can be chosen to occur on either éide.
Suppose again t;.hat I is the graph of y = CZ2+0(%2) for C < 0. Consider 2 generic
unfoldin;g of this tangency by adding a e>0 term.to the second coordinate of the
normal form small enough so that the local component of the unstable manifold, rﬁ,
crosses the stable manifold twice and is of the “‘pall*abo'lic” form y = e+ CZ? + 0(5:2) .
Then there are two topologiéal pictures (depending on the sign of v in the normal form .
of the last section) for how the local compbnent of the stable mlanifold, [* must cross

the unstable near §. First, we will assume it is as in Figure 8(a), which corresponds

toy>0.
~_ o | T
1 . ™~
@ | O
AN BVAN
/ ¢ \re / ¢ \re

Figure 8. Two scenarios for unfolding a different-sided tahgency.

For a fixed €, let J be large enough so that that FZ7(I%) and T'% intersect at
“four points. As € approaches zero, the shape of F~J(I'%) persists since this “parabola”

depends C™ on €. For that same J, there exist two values, € and e, With F7(3)
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tangent to 'Y (for ¢ = 1,2) such that the tangenéies occur (;n different sides of
- T2, respectively. Two examples of these tangencies are given in Figure 9. Figure
9(a) and Figure 9(b) show these tan.genci_es when F~7(T?) is “shrinking” at a faster
rate than I'?. Figure 9(c) and Figu're 9(d) show these tangencies when the opposite
occurs.Other scenarios are possible, including entire intervals of tangency in the pa-
rameter space; but eventually a tangency must. present itself on the other side due to
‘the O’T—con;cinuify of the transition. We, of course, choose among €; and €, the one
| which causes a same-sided tangency of the unstable manifold with the x — azis in the
linearized neighborhood.

Thié argument can be -modiﬁed for the case where the 'relative positions of ']
and T'* are as in Figure 8(b), Whi(;h corresﬁonds to v < 0 in the normal form of the
last section. Only, in this case, it is even simpler since as e approaches zero, I'y must
pull through F:~7(T'%) as in Figure 10. This is because F, 7 (I'¥) is not affected on the

positive side of the stable manifold by changes in-e. That is, as € approaches zero,

'F~J(T%) persists in its crossing of the original T'% .

Constructing an r-th Order Tangency

Here we outline the te'chnique of Kaloshin in the creation of a r-th order tangency
from a k-th order tangency for k < r. This process is quite involved, so below we
merely give a brief outline of the steps involved. These steps are carried out in detail,

however, in [K]. We simply note that the initial conditions of his process are met by
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the perturbations in the beginning of this chapter, ti;e fact t1.1at our diffeomorphisnﬁ
is locally dissipative.at p as well as the fact that (;ur tangency is same-sided.
Remark 4.7: We note thatl we may skip this section for the case where r =1 since |
the tangency is already of -order C! by assumpt{on. The condition that our diffeo-
morphism be locally dissipative at p will not be needed since we vs}ill not be applying
the following technique in this case, which requires such a condition. This is of éourse
'true; in general; that is, we may orﬁit this step é,nd the locally dissipative cbndition if
the tangency is of order r élréaciy.

It should be noted that in actuality, fhe new tangency of order r, will noﬁ be a
tangency of the branches of the unstable and stable manifolds for the original fixed
point p above. This is the reason for the statement of Theorem 2, that é new periodic
point‘; exists with the property of the result. We therefore include this outline to give
the reader some idea of where this new '£ahgency occurs in relatidn to the old one. It
will also be necessary in proving the main result of this dissertation in Chapter 6 to
understand how this new tangency is formed. -

Ka.lo.shin’s technique relies on the normal fdrmé of the diffeomorphism near a
point of tangeﬁcy in the linearized neighborhood. Let ¢ and § be as above with
FN(§) = ¢ for some N. Alsb, let V and V, the_neighborhoc;ds of § and é, respectivel'y,
be as defined above. In V, one can place a sequence of rectanglés T, centered at
(1, ,u,‘”). sb that F*(T,) C V aé in Figure 11, T, can be chosen precisely (see [K]) so-

that F+¥(T,) forms a curvilinear rectangle in V. Moreover, as long as p is locally
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dissipative, T, and F™*¥(T,) form a horseshoe which has two periodic saddles of

period n + N. Let p, be the saddle with positive eigenvalues.

F(Tn) -

Frt+N (T%) W (p)

IR\ 11/ IT
\VZ2

Figure 11. Neighborhood of tangency in U.

We are now ready to outline Kaloshin’s technique in three steps. The first step
is a techniéal lemma, though the last two afford somé pictures which hint at the
technique. Again, these c‘alculations‘are kiuite involved, and the reader is referred to
[K] for detailed aﬁalysis. |

‘The first step. From the existence of a homoclinic tangen.cy of a locally dissipative
saddle, one deduces the existence (after a C"-perturbation) of a homoclinic tangency
of an at least k-shrinking saddle (see Definition 44 above), £ > r. This f.esult follows

from the following lemma and corollary.
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LEMMA 4.8. (Lemma 1 in [K]) For k > 1, consider a generic (k + 1)-parameter

unfoldz'ng of a k-th order homoclinic tangency:

(53) Filtny ( T + Hi(%,7) )
I Mo < . E o~ . ~ )
] Cgh+l + 3o il + 73 + Ha(Z,9)/

For an arbitrary set of real numbers {M;}e_, there ezists a seqﬂénce of parameters
{u(n) = (uo(n), ..., te(n)) }nen such that u(n) tends to 0 as n — oo and a sequence
. of change of variables Ry, : T,, — [—2,2] X [—2,2] such that the sequence of maps: .

{R, o F”(;';;V o R;'} converges to the 1-dimensional map

o
[T\ om Yy
— - .
(y> (y’““ 30, Miyz>

in, the C"-topology for every .

COROLLARY 4.9. (Corollary 2.4 in [K]). For k=1,M, = —2, and M; =0, by a
Or-perturbation of a C*-diffeomorphism F ea:hz'biting a quadratic (C') tangenéy, one
can create o C®-diffeomorphism F with a periodic saddle p exhibiting a homoclz;m"c
tangency and the eigenvalues of DFM |p are close to 4 dnd +0, respectively.

Here, 4 and 0 are the eigenvalues associated with the fixed point (2,2) of (z,y) —
(y,y%> — 2). The faltct that we can perturb to a diffeomorphism Whiéh exhibits homo-
clinic tangency is shown in -§ 6.3 of [PT]. Thus the saddle exponent can be made as
large as desired, so F' is at least k-shrinking.

The second step. From the existence of a homoclinic tangenéy of an at least k-
shrinking saddle, one creates a k-floor tower after a CT-perturbation. Before proving

this claim, we include the following definition.
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DEFINITION 4.10. (Definition 4 in [K]) A k-floor tower consists of k saddle peri-
odic points pi, ..., pr (of different periods) such that W, (p;) is tangent to Wlf,c(p“i)

for i =1,...,k — 1, and W (o) intersects Wy, (p1) transversally (Figure 12).

| W (1)

\ W*(p2)

p/ / W*(ps)

- W*(ps) - Ps

Figure 12. A 3-floor tower.

We describe the creation of the desired k-floor tower for tﬁe above saddie pictori-
ally, so that we may give the reader an idea of where it occurs. QOnsider the rectangles |
T,, above. One can choose a sﬁbsequence Ty, 50 that Ty,,,, and F7+V(T,.) intersect in
"a horseshoe-like way. Figure 13 shows this scenario. Also included in. this figure are
pieces 6f branches of the sfable and unstable manifolds for the saddle point p; of the
* horseshoes (72 _, Fmi+N)i(T;, ) as well as those for p;,;. Furthermore, detailed anal-
ysis shows that as long as the diffeomorphism is a,"c least k-shrinking, we can choose
these Ty, so that F™t¥(T,.) barely clears T, in its crossing for i = 1,0,k —1.

Thus, the branch of the unstable manifold of p; crossing the branch of the stable
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manifold of p;,; can be C"-perturbed to obtain a tangency an'dl so the k-floor tower

can be formed.

2 &
| \\\\ ///#/ | Ta.
I S S N/ / Tisn
P\ '

Figure 13. Forming of tower structure.

The third step. Frorﬁ the existence of a (k + 1)-floor tower, one shows that a C"-
perturbation can make a k-th order homoclinic tangency. This step ié done.induc'tively
_and has two different topological pictures: one for % being odd, and another for k
being even. Suppose one has a (k + 1);ﬂoor tower. It is desired to construct a 1-st
order tangency of W¥(p;) and W*(p;). One does this by perturbing W*(p) so that
a piece of it, 7o, “falls below” the stable manifold of pr41 as in Figure 14. Then this
pieée will follow W*(pr+1) under iterations to its transversal crossing with W*(py).
The perturbation can then be adjusted so that this piece is tangent to W*(py).

One can now ignore the (k + 1)-st floor in the tower aﬁd consider the new k-floor
structure. We will refer' to this structure as a k-floor quadratic tower ;co emphasize
that it differs from the normal towers in that W%(p;) does not intersect W*(p:)

transversally, but rather in a quadratic heteroclinic tangency.




Figure 14. Creating tangency of W*(px) with W*(p,).

One now proceeds inductively using the f'oll‘owing result. Suppose there are three
periodic points p;,p, and ps (ps possibly the same point as p;) suc}; that W% (p,)
has a (k — 1)-st order tangency with W?(p,) and so that W*(pz) has a tangency
with TW*(p3). We will see that a small perturbation creates a k-th order tangeﬁcy of
W*(p,) with W*(ps). Figure 15(a)-shows this for k even a'mdk the case in which ps is
the same po'in’; as p;. First, a perturbation is made so that a piece of W*¥(p,) falls
below W#(p;). Call this _pie(?e v as in the figure: Under iteration, v follows the fate of
W*(p2) so that it ends ﬁp néar the tangency z. Figure 15(b) shows tha;: there then
must be points ¢i and g at which v is tangent to the horizontal direction. Now, the

| perturbation can be adjusted so that ¢; and g, merge to the same point (see Figure
15(c)). Careful analysis shows that this point forms a k-th order tangency with the
horizontal direction. A small perturbatié?n pushes this tangency up so that it is a

tangency with W*(p;). A similar picture holds for £ odd.
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z [P1 W (p1)

W*(p1)

W (p2)

z We(p1) z  Wip)

O N Mawwe | (©

q2

‘Figure 15. Creating higher order tangencies for p; = ps and even k. -

We are now ready to describe hovs} to prove the claim. The original (k + 1)-floor
tower has been perturbed into a k-floor quadratic tovs‘/er. Using the above result
,inductiveiy, one may “push” W*(p;) down the unstable manifolds of the' periodic
_points so that W%(p,) has a (k—1)-st order tangency with W*(p;). Then, once again
applying the result with p; playing the role of the first and last periodic po:int,' we (pl.)
~can be perturbed to:have a k-th order tangency with W*(p;). This c;mbletes our
outline of Kaloshin’s technique. |
Rerﬁark 4.11: Though it is only necessary to form a‘(r + 1)-floor tower in order to
create a r-th order tangency, one can use a k-floor t;);iver' for any k > r to form su;:h '
a tangency. It will be coﬁvenient in Chapter 7 to choos_e k quite léarge. A
»Remark 4.12: The b.ranches of the sj:able and unstable ma;mifold which exhibit this
" new t~ang<’ancy are not thos_e from the original fixed point, but rather from a new

periodic point near the original fixed point. So once again, we replace some iterate
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of F' by F' to make this new periodic point a fixed point, and refer to this point as §.
We again refer to its eig;envalues~ as 0 < 0 < 1 < p, its C"-linearized neigh‘borhood as

U, and ¢ = (1,0),§ = (0,1) € U so that FN(g) =gq.

Perturbations Involving the Unstable Manifold

We now turn i;o the business of C"-perturbing F'V. We will oniy modify F*V o.n

V. In fact we will only modify the §™** terr‘n'in the normal form abo%re. "That is, we
are modifying a segment of the unstable manifold so that in V, it is no longer the
graph of §"+! above the stable manifold, but rather the graph of some new function so
that we are altering the shape of the unstable manifold itself. The outline of Chapter
. 8 describes why this is desired. In this seétion, we will briefly outline the process
by which these modifications will be made and hint at the reasons for doing these
modifications. This c;utliné will beA directly followed by a section Which will provide
the details of this proceés and show 'tﬁat this is, in fa.ct., a small perturbation of F',
though the fact that this perturbation proves Theorem 2 will be shown in Chapter 5.
'We wish to make our mo_diﬁcatibns on the same side of the stable manifold as
the branch of tangency of the unstable manifold em;;nates from p. As was noted in
Remark 4.6, we can C’T;perturb so that the consta;,nt C in the normal form is positive.
This is a matter of convenience when r is even, since in this case, the ‘tangency is
also a crc;ssing and hence we can maké our rhodiﬁcatidns on either side of the stable

manifold. Tt is necessary, however, when r is odd, so that the tangency is same-sided.
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Since we are orﬂy modifying the one term in the normal form above, consider
| § = gt for j € [—8',8'] = my(V). Notice that this is the .equation for the graph
of the piece of the unstable manifold, T We intend to modify this segmént ‘of the
branch of the upsta.blg manifold by Vmaking it “wiggle” in a specific way. We will then
use bump functiogs to phase out this modification in V.

The modification of § = 7! will take place o‘n an interval [0, 6] where § is chosen
small enough so that for § € [0, 6], §™** is also appropriately small. We divide up the
interval [0, §] into suBinﬁervals with disjoint interior. These subintervals are comprised
of two infinite sequencés of intervals A, and A, the placement pf which alternates as

in Figure 16.

| | | | | | | -
OI IAiIAiI IAQIAQIA;L'A]_l&

Figure 16. The interval [0, d]. N

Next, we choose an number é (small and non-resonant with 4) and, on the g-axis,
blace a sequence of heights {oﬂ} This éequénce will also be fufthexj subdivided as
will be described below. Along with each of, we will aeﬁne an interval on the §-axis,
Q; such that o is the top edge of this interval (see Figure 17). Some consideration
will have to be given‘to the length of these intervals. The idea of the modification is
to place scaled “copies” of the graph of either of the .*two functions, fo and f from
Theorem 2.1 above the A; intervals. In particul;r, for:even i, define a new functi‘on

that maps A; to Q; by mapping A; to the unit interval, I, linearly, then I to I by fo,
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and then I to £ linéarly. Similarly, the same is done for f1 with i odd (see Figure-

17). Between the A;, over the A;, we connect the graph using bump functions as

can again be seen in Figure 17 where the ; have been drawn disjoint, though this

certainly not need be the case.

]
fi
-1
Qi1
, fo
az —_
| ] !
A A D Y

Figure 17. Placing graphs for ¢ even.

The purpose of placing the functions above these intervals is so that fo and fi

"in some sense are spread out densely throughout the unstable manifold. In order for

this to be the case, as will be seen in Chapter 5, a few conditions must be placed on

. Also, the ratio of the length of Q; to of must vary densely in (0,1). Thus, the

sequence of #'s is actually further subdivided into a sequence depending on m and n,

where m denotes what ratio is being used-and n denotes the nth occurrerice of that

particular ratio.
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In order for the above to be a small CT-perturbation, we must only do these
modifications for  greater than some Np. Lastly, we use this modification along with
a bump function to modify the normal form above. These steps will now be carried

out in detail.

Details of the Perturbation

| Before vs.re begin, we prove the following lemma, which will be useful later in
ggaranteeing our perturbations are small.
LEMMA 4.13. For f : U C R — R with ||f]|; < oo Let € > 0, and as, b; be'
sequences such that a;, b; — 0 and (5“:’)—, — 0 as i — co. Then there e:z:ists-'N such that
7> N implies that the CT-no;’m of a; f(t/b;) zs less than e.

~

PrOOF. Let K < oo be the C™-norm of f. But fo, 5, (t) = a;f(¢/b;) has d* fo; 5 (1) =

—(bi:i)—,;dk f(t/b;) for k > 1. Thus, let N be such that |b;| and |47 are both less than
¢/K for all i > N. Then for each k‘, l(T‘j)-,;l = 0) "5 | < loor| < e/K. O

First, we recall the notion of a bump function. Let f(t) = e/t for t > 0 and

f(@®)
+f(l—1)

Then ¢ is C* such that (0) = 0for t <0, ¢'(t) > 0 for 0 <t <1, and ¢(t) =1 for

F(#) =0 for t < 0. Then f is C* and positive for ¢ > 0. Let (%) = @)

t > 1. The graph of ¢ is shown in Figure 18. We will refer to a;@(t/b;) as ©q,p; (1)
We introduce a function ¥(%) = (1 + §)p(1 - %) on [-(,¢] C 72(V). Then ¥
is 0 and ¥(0) =1, ¥(F) =0for £ > (or £ < —(. Also U'(t) >0for -( <Z<0

and ¥'(¢) <0for 0<% <¢. Let M = max {|d*¥¥(%)|}. See Figure 19.

#€[~¢,¢]




47

0 1 ¢ rg

Figure 18. _Thé graph of o(t). ~ Figure 19. The graph of ¥(Z).

Let € > 0. Choose & < 2~ and § < 1 so that:

‘- .
(i) —LI o, 18 irrational, and .

.\‘

(ii) §™** is less than gz on [—4,d] in the C"-norm. (Later we will use the fact
that 553z < 537 since M > 1.)

‘We divide the interval [0,0] into subintervals in the following way. Let w =

I — /o and w; = (2¥/a)" " ow. These quantities are both positive since o< g

Let A, = ‘[5 — w1,6] and A; = [0 — 2w;,8 — wy]. In general, for ¢ > 1, we let
[5+wz 23 s Wny 6—2 30,7 wy] and A = [6—23 ) wn, 64w —2 3% _ wy].

Then ||As]] = ||As]] = w; and since 2{/a < 1,

gnAluznAn-z;wz_z;My»(sw 25w( (zﬂ> 5
Thus, [0,5]'.: (DAi>U<GAi).

We intend to placé “copies” of fo and fl from Theorem 2.1 over the A; varyin'g'
the ratios of the domain and ranges of these functions for use in Chapter 5. We begin
by considering the sequence {a?},, for o as above. We divide this sequence into two

sequences {a?}$2; and {a71}%,. Letting K = o™, A = o, we have the sequences
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{M}2, and {K X}, But, for each £, there exists n € N,m € N = NU{0} sucﬂ- tha£
£ =2™(2n — 1). We can then rewrite the sequencesAabove as {/\zm(2n—1)}nEN,meN =
{/\_2m(/\2h+1)n}neN,meN and {K Azm(Qn—l)}neN,meN = {K A~ (’\2m+1)n}nEN,mENa ?e"
spectivély, comprising the original sequence {a'}®,. We note that 135?;\—;:”;—1 is irra-'
tional. These représentat_ions of {‘ai oo will be "used in Chaptef 5. For now, 1tls
: only.necessary 'to note that for each 4, we can uniquely determine 4, m and n. In '
-particular, £ = i/2 if 4 is even, and E = (i +1)/2 if 4 is odd. But £ uniquely factors |
into 2™(2n — 1). Thus, m and n are determined once a choice of i is made.

Let {vm}_; be a countably dense collection'of numbers in (0,1). For i and m
as above, iet Q; = [oi(1 - Vm), o], noting that the dependence .on m can be dropped
since m depends oni. Let H;: Ay — I by H;(§) = g——(a——%—:’gﬂ"—) and H; : I —> ; by
Hi(z) = (&*vm)z + ai-(l — Um). Then, ||%]| = vme’ implies that 0 < ||Q]| < /. And

finally, we claim the following lemma:

ligA]
(wi)"

PROOF. ' " ’ Vo

LEMMA 4.14. For Q; and w; as above, =0 asi—o00.

1€21] % _ of _ Ya .0
(wi)r (2\1/&)ri—r.5rw7t - ori—r i=—1§T 7 - QrLGT )T i—)oo, )

O

Let i € N be an even number. Then, as ’above, for some. £, m, and n, we have
i =20 = 2™+ (2n — 1). We thus define ; : Agmti(ant) = Qami(an1) b$r §(7) = |
E2m+1(2n_1) o fQ ) fIzm+1(2n_1)(gj). We will refer to g; as jo; where the 0 is used to

indicate that we are rescaling fo and ¢ is assumed even. Similarly, when 4 is an odd
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integer, there are £, m, n with ¢ = 2 — 1 = 2™ (2n — 1) — 1. Thus, we define

Gi + Agmtian—1)—1 =+ Sam+i(2n-1)-1 by 5:(7) = Ham+1(an-1)-1 © fio ﬁ2m+1(2n-1)—1(?7),'

and, again, we refer to §; as §1; and assume % is odd.

il [l
(9" (we)¥

to zero as ¢ — oo by Lemma 4.13. Let Ny be such that for all even 1 2 Ny, o, has

— 0 and d* Gz = d* fo imply that the C™-norm of go; goes

Together

C"-norm less than 537. Similarly, for gi;, we may find N, such that for all odd 7 > NNy,
§1,; has C"-norm less than 53 Since |57 < 557 on [—4, 6], 'Hgo,i(ﬂ) - < 5
and.|524(5) = 77l < 5 on &

Let [d;, b) = A We place a C* bump function, ¢;, between A;_; and A; (that

is, on Ay) by ¢i(9) = [G1-a(B) — Gu(@)o(E%) + G:(a). Now, Igi-l(b() )ng(“z)l <

ol
(ws)" (wi)™
that for all i > N3, the C"-norms H[gz— (b) — §:(@) e (SE)|l, Il!?z'(&i)lln |11g: (@) —
Gioa(B)le(E22)

on Aw ”¢’Z(y) 1‘+1H7_ < M

= 0 by Lemma 4.14. Then by Lemma 4.13 we can find N3 such

|- and || g,(b )||- are each less than 75;. Then ||¢:(§)|]- < 537 so that

Lastly, we may connect the point (bi, o) to the point (4, oY by Y(9) = [1-——
p(= Z ot + (L3 )yTJr1 where b; is the endpoint of A;. Then, we may find Ny such
that, for i > Ny, & < gz, and thus || T(7) =7, = |1 go(%)](a -l <

27 (1 + M)||ef — gj’+1||r < 2T+1M(||ozillr + [FH|r) < 27 M gt is less than 5.
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Let Ny = inax'{Nh Ny, N3, N;}. Then, the function

(G0,y(#), for § € Ay, for i even, i > N

G (@), for j€ Ay, foriodd, i > Ny

G§) ={ (@), forgely,ix=N

TN, (:l:/), for § € [bNO, 5’]

\gr+l, forg e [_617 0] U [57 51]

is such that ||G(§) = §"+"|| is less than §7 on [—¢',6]. The function @ is C*°-smooth.

We are now ready to modify FV . Let FN be deﬁﬁed by
(i>£g( §+ Hy(%,9) )
§)" \U@)G(H) - g+ + i+ + BE + Ha(5,9))°

on'f/ and let NV = FN otherwise. Then the C"-norm |FN—FN||, = ||(0, \If(a”:)(G(gj)—
T < M () =

Also, we note that on 'V, we simply have

ONev (¥

| (y)H(Gijy))
so that the first arc-connected component of the unstable manifold in V' is the graph
| olfaG’. | |

In Chapter 5, we will refer to the segment of the unstable manifold d_e_ﬁnegl by
PN ({0} x A;) as . |
. Remark 4.15: We note that we have modified not FN_ but rather some further
iterate of F'N. In particular, we have modified FF?¥, where P is the period of ou£
original saddle p; @ is the pe‘riod of our new periodic point using Kaloshin’s technique
~ as described in that section of this chapter above; z;md N is the iterate that maps 17
to V. However, we can adjust tﬁe size of V and V so thaf {Fi(V) };-D__%N are disjoint.

Then, F'N above can be written so that it truly is a Cr-perturbation of F.
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CHAPTER 5.

SUBCONTINUA OF THE CLOSURE OF THE UNSTABLE
MANIFOLD FOR A PERTURBED SYSTEM

In this chapter we prove Theorem 2 of the introductio‘n.‘Speciﬁcally, we show the
C"-diffeomorphism, F, obté.ined :in Chapter 4 has the property that homepmorphic
copies of all chainable continua exist in every relati.v.ely open set in ’ghe closure of a
bra.mch of the unstable manifold of a saddle periodic point of this diffeomorphism.-
We continue using the notation an(i conventions of Cﬂap’cer 4.

Let W be any open set 'in M such. that W[ Cl(W¥(D)) # 0: Then there exists a
small enough 7o > 0 and an interval [ag, b] C [0, 1] such that FNo ([0, mo] % [a0, bo)) € W
for some Ny. We shall denote [0, 7] % [a, bo) by Wo. | |

Let X be a chainable continuum. Then, ietting { fo, fl} be the colle;tion ‘g.iven
in Theorem 2.1 and used in Chapter 4, X is homeomorphic to the inverse‘ limit of
{I, f;}, where each f; € { fo, fi}. In other words, for all 4, f; is either fyor A We _
intend to find a homeomorphic copy of X in Wy CH{WE(P))-

We will recursively define intervals [a;, b;] and maps g; : [a;, bs) — [@i_1,b;—1] such
that the inverse limit of {[a;, b;], g;} is homeomorphic to the inverse limit of {1, f;}-
We will then show that the inverse limit of {[ai, bs), 9:} is embedded iﬁto closure of

the unsfabl/e manifold. To this end, we Wﬂl need the following lemma which allows

us to place the [a;, b;] densely in [0, 1] under iterates of .
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LEMMA 5.1. (Lemma 2.4 zn [BD)) Suppose that z, € RT and 2L o with

0 < o < 1. Suppose further that p > 1 is such that i—ﬁ%‘; 18 irrational. Then the~ set
'S = {U"Tn}mneN s dense in RY.

PROOF. We proceed as in [BD]. The set S is dense in.R" if and only if log S =
{mlog u + 108 Tn}mneN s dense in R, which holds if and only if - logS {m +
lfog";f }m neN is dense in R. Write 2, as c,0™. Since 22 — o, % — 1, and log cpyn —

‘log cn — 0.
Now m + l{’fﬁ =m+ nﬂf; + 1—‘;%% ‘Since {—gﬁ is irrational, f(:z:) =1z+ Eg; is

the lift of an irrational rotation of the circle, and {m + ni%g‘%}m,neN is dense in R. In
fact, given € > 0, there is N such that {m + 2 T e cn<kN, meN is €/2-dense in R for
each k € N. If k is large enough so that ll"fg—cﬁ varies by less that €/2 as n varies from
k to k+ N, then {m + ”Tcﬁﬁ + %g;f}ksngk-‘l-N,meN is e-dense in R. Thus - log S is
e-dense in R for every € > 0 and S is dense in R. (W

‘Turning back to our inductive definitions, suppose lai, b:], gi + [as, b;] = [ai—a, b;—1],
hi, N; and 7; have been chosen for_ 0 < i< j so that
(i) h [ai, b;] — I is the linear stretching hs(y) = £,
(i) |hio1 0 gs(y) — fi 0.hi(y)] < & for y € [as, bi] and

(i) FM ([0, 7] X [as,bi]) C [0, 1] X [ai1, bica]

We need to define @11, bj+1]; gj+1, A1, Njt1 and 7541 so that the above conditions

hold for ¢ =7 + 1.
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Without loss of genera;lity, we may assume fjq1 = fo. In this chapter, we Wiil use
many conventions from Chapter 4; in par’;;icular, we refer the reader to the deﬁnitioﬁs
of A, (5; A\ Ty, H;, I:Ii? and v, of the last section of that chapter. We bggin by
recalling that {vm}oo, is dense in (0, 1). Choose a subsequence {¥m. }2eN from our
collection above so that by, — (b; — ajj from below as z — oo. We relabel {vp, }
" simply {¥m} in order to avoid excessive use of indices. Then, for each m, there exist ’

27n+1

sequences of {ny} and a {l;} such that pkA=2" (A )nk —+ b; from below as k — oo
by Lemma 5.1, where A and n are as in Chapter 4. These sequences can also be

chosen so that ulk)\‘zm()\QmH)“k — bV, > a;j (since b;Um approaches its limit from -

below) and so that o448 < 7;.

__A2m+1 (2n—1)

S, bJ
- a;
ot b:; .
+ a} ’ .
\/F@—n

q

Figure 20. Defining maps into [a;, b;].
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We will now define intervals [a;, b;] C [0, 1] and maps g : [éx, b] — [a;,b;] which
will be candidates for [a;.11,b;41] and gj41, respectively. For each k, let [, bs] be such

that there is an integer i, for which p™[dy, Bk] = Agm+1(3n,—1) a5 defined in Chapter

4. Therefore, Ft({0} x [ak,bk]) = F2m+1(2nk_1) = N ({O} X A2m+1(2nk_1)) where

—ag

t, = 1 + IN. We then define By : [k, bk] — I by the linear stretching hk(y) bk a
- k

We now define our candidate maps g; on [k, bk] by G (y) pte oy 0 Ftk((O y)). By

‘the construction of T; in Chapter 4, this implies that gi(y) = peH; o fo o Hy(umz),

where 7 = 2™t (2ng, — 1). Let [Zmpny, Zmn,] = Dom+in,—1)-

Remark 5.2: The range of ji, namely -
Qg amgt) = (A2 (7 ) (1 = wi), X7 (7))
_is in [ay, b;], since P2 (A2 < by and e A2 ()L = vm) >
lk/\"zm A2 Yme — by, > a;. Therefore, gy : &, bs] — [a4,b;] and furthermore we
© 3 J
claim the following two lemmas.
; . . ) Iy 7. ,. il =
LeEMMA 5.3. Forally €I, 171}1_1)%0klﬂrf}c|hJ o wrHy(y) —y| =0.
'PROOF.

Ih; 0 ult Hi(y) — y] = [y (a2 (F PPhumy + e X" (X7 ) % (1 = vm) — 9]

b A2 (A2 Yre g 4 e X2 ( AT (1 — vyy) — @

= b-——a,j —Y
b1/my+b(1——1/m)——aJ \
-y
k——)oo b — a4 _
. (b; — a;)y —yl =0
m—»o0 bj—aj )
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Lemma 5.4. lim lim |hj 0 gu(y) — fo o Pu(y)] = 0.

Proor. We first note that

3 PEY — 2Zm, oty — e y—dr g
Hy(uy) = 57— = YTE T = 2T = u(y).
Zmn, — Zmpy, PTRby — UGy by — O

Then for y € [d, by,

lim lim [h; o gk(y) — fo o bu(y)l = lim Jim [R; 0 e H; 0 foy o hu(y) — foo hu(y)] =0,

m—roo

Ey Lemma 5.3. | i O

’fhus, let €;41 > 0 be as in Lemma 2.4 so that it depends on only f;, g; and h;
for 1 < z"g j and h(;. We can choose m; and a k; 50 that the following‘diagram
ej+1-comﬁ1utes:

I <—f—°— I

b

[a, bs] S (65, b |
We define [aj11, bj+1] = [&kj; Bkj], hjy1 = ﬁkj and gj+1. = Gk;- Then condition (i1) of
our induction hypothesis is met by Lemrﬁa 5.4. |
Let %41 be as in Lemma 2.3 (tha£ is, it depends only on the previously defined

maps). Letting Nj-l-'l = t; + Ly, Wé take 7;41 small enough so that:
(%) FNi+1([0,m541] X [@541, bj4a]) € [0, my] X [ by,
() [P (z,5) — FY551(0,9)|'< Ryan for all (7,9) € [0,m41] X [a543,byea] and

(***) IFNI—}-".—.‘-N].-*.I (I7 y)—FN1+'..+Nj+1 (0’ y)l < _7_}-—1 fOI' all (CC, y) € [0, "7j+1] X [a‘j+1a bj+l]‘
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We note that all of the above argﬁments follow from. the continuity of F' and thus
condition (iii) of our indﬁction hypothesis is met by condition (). Conditions ()
and (% % ¥) will guarantee that the continuum X can be embedded in the closure of
the unstable manifold.

Therefore, we have inductively constructed intervals |a;, b;] and maps g; : [a;, b;] —
[@;—1, b;i—1], such that, for each i, |hi19:(y) — fiﬁi(y)l < eZ for all n > i. By .Lemma
‘2.4, the inverse limit spacé of {[a;, bi], ¢} is homeomorphic to the inverse limit spacé
of {I, f;}, which is in‘turn homeomorphic to the cortinuum X.

'We will riow show that the continuum X is embedded in W Cl (W2(p)). Let
W; =[0,m:] % [as, b;] and G; = F’N"|Wi : W; — Wi_1. Then, the n-th square of the
following diagram 7, commutes:

Wo ('—G—‘ W1 £ tee Wn_]_ (————G Wn —
1 n

A

Tiﬂ Til. | T Tz'n_l Tin
[ao,Bo] +—— [a1,b1] < veed [an-1,bn-1] +— [@n,bn] +— -

g1 gn

It then follows, f'rom' Lemma 2.3 that 7 embeds the inverse limit space of {[a;, b;], 9:}
into that of {W;, G;}. Furthermore, since Gy, is itself an embedding for each n, the
invérse limit space of {Wz, G;} is homeomorphic with (N dl 0 ...0 Gu(Wy) C Wh.
Also, the Hausdorff distance (see Definition 7.1) between Gy o ... o Gn(Wh) aﬁd
Gy 0 ... 0 Gp({0} x [an,bs]) goes to 0 as n — oo (by condition (***) above) and
(0 X [am, ba] © W2(F) togethor imply (e Gi © - © Ga(Ws) C CI(WE(#). Thus,

FNo(M,enG1 0.:0 Gn(W,)) C V(N CLW2(H)) contains a homeomorphic copy of X.
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CHAPTER 6

PROOF OF THE MAIN RESULT

We now pﬁsh the construcf;ion'of Theorem 2 further in order to prove the méin
result of this dissertation, Theorem 1. We note that for a C’l—diﬂ';aomorphism this is
not necessar.y as the perturbation td a new .periodic point done in Chapter 4 need
not be'pel.éformed since p already displays a C'-tangency by assumption and, so, the
conclus'ion of Theorem 1 is 'already met without the conditi'on of local dissipation
at- p being used: For higher. order diffeomorphisms with periodic point p exhibiting
homoclinic tangency, we begin by perforr_niﬁg the perturbations of Theorem 2 to
obtain a new diffeomorphism F, with periodic point p; in a neighborhood V3 of

g such that the closure of a branch of the unstable manifold of p; is everywhere

locally C-universal. Here, ¢ is as in Chapter 4, a point of tangency in the linearized

neighborhood U of p.

By the construction of this pl, howeve;r, the perturbations involved are bounded
away from g. We choose a'neighb(.)rhood V, of g such that F' and F; do not differ on the
preimage of Va and CI(WE(p1)) N Vz‘ = (). We therefore take this new diffeomorphism
F and use the same construction to obtain a new diffeomorphism F with periodic
point py éuch that the closure of a branch of its unstable manifold is everywhere locally

C-universal as in Figure 21. We may choose p; close enough to ¢ so that CI(W£ (p2))
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is in V5. We may continue this process, forming a new diffeomorphism, F, with a.

sequence of periodic points and everywhere locally C-universal sets {CIWE(p:))}32;.

b
s , :
@ ' . Wi / -
“do Wi(p2)
Ca |-
q

Figure 21. Construction of W*(p;) and W*(ps).

By construction, each of these Cl (Wj_‘(pz)) is formed using a (r + 1)-floor tower
constructed using the boxes T, each centered at the bo_int (1, u~™). Thus for each
i, the.iriterval [ci, di] = my(CU(WZ(p;))) is approximately ,Lf”(l — p~+1) in length
after perturbation. In li)articular, d; — ¢; > d;(1 — p~1) which implies p~'d; > ¢;.

Thus, suppose W is an open set iﬁ R2_such that W N Cl(W(p)) ';é f. Let
S =10,9] x [a,b] be sucﬁ that F7(S) C W. Then, we claim for any ¢ large enough,
fhere exists a J such that F/(Cl(W(p;))) N int(S) # 0. To see this, let k be the
largest integer such that p~*a > d;. Then p~(F+Yg > p~1d; > ¢ but d; > p~**a
. by choice of k so that [a, b]Nc;, d;] # 0. The claim has thus been shown with J = k+1

and i large enough so that 0”q < . This means Fi+J(CI(Wi(p:))) N W # 0.
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To complete the proof, we use the following well known fact often called the A-
lemma or inclination lemma (see, for examplé, [PT], Appendix 1, Theorem 2). The
form stated: here more closely fits our setting.

LEMMA 6.1; Let Fh : M — M be a Ck-diffeomorphism, k > 1, with a hyperbolic
fized point p. Let Y C M be a C*-submanifold such that dim(Y) =dim(W*(p))
~and Y has a point of tfansversal intersection wzth W#(p), then F™(Y) converges to

WH(p) in the followz'hg sense. For each n, one can 'choosye disks Dp C F™(Y) so that
JEEQ Dn.= D wher; D is a disk neighborhood of p in W*(p). |
A consequence of this is thai'; Cl(W(p;)) € CH{Wi(p)), since Wi(p) intersects

W?*(p;) transversally for any i. Therefore, W N CI(W(p)) contains a homeomorphic

copy of each chainable continuum and Cl(W¥(p)) is everywhere locally C-universal.
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CHAPTER 7 °
APPLICATION: A NON-LOCAL RESULT

In order to prove the non-local result Theorem 3, we must be more careful in our
construction of the everywhere locally C-universal sets C1(W*(p;)) defined in Chapter -
6 above. It was noted in Remari( 4.11 that the towers used in the formation of these
sets could be relatively quite large. Below we Will inductively construct W¥(p;) with
additional properties to those of Chapter 6 relating to the size of thgse structures.
Before proceeding, we give some definitions relating to the distance between continua
which have been expressed specific to R?, but) are certainly generalizable. For more
on Hausdorff metrics, see [Na].

DEFINITION 7.1. If Ais a continﬁum embedded in U C R?, define:
NE(TA) ={zeU:|z-a <efors§mea€A}.
Then, for each pair of continua so embedded, define the Hausdorff ﬁaetric to be:
dH(A, B) =inf{e¢: A C N(B) and B C N¢(A)}.

Proceeding with the construction, let ¢; be a sequence of real numbers converging
to zero. Let Fy and Wi(p1) be as in Chapter 6. For convenience, we will denote
W(p1) by Ay Let 6 = (m)aux 7z(z,y). Let j; be large enough so that 01§ < €.

T,y)EN

Finally, let [a1, b1] = my (F7t (Alj N U), where U is the linearized neighborhood of p.

We now inductively construct A;.
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For 1 < i < m, assume A; = W¥(p;) and j; have been defined so that:
(i) 0%d < ¢; and
(11) [,u,“lai_l, bi—l] C [ai, bz] = Ty (Fji (Az) N U)

Let J be large enough so that 0’6 < €. We must define 7, and A, so that
the second céndition of the induction hypothesis holds. To do this, it is necessary to
understand how A,, is formed in Chapter 4. As was noted in Remafk 4.11, one must
h;we a (r + 1)-floor tower in order to perturb to a 7;-th order tange;ncy, la, necessary

“step for r > 1. However, as was also noted, one is not restricted in using a tower of
exlactly (r + 1) floors and can instead use a k-floor tower structuf_e for any k£ > r.

Since these towers were formed by using the rectangles T, and since each T,
is centered at (1, ™), this implies that a k-floor tower formed using the rectangles
Ty s - Ty, is approximately of height p=™ (1 — p™~"). In particular, after perturba-
tion the resulting A, can be such that the length of the interval [cm, dm] = 7y(Am) can
‘be made so that dp, — ¢ > d,,;(l — ) for any ! by choosing & above appropriately
large. That is, large [ forces cp, to be quite small;

‘Thus, we may choose j,, > J and [ large enough so that wmdy, > by and
ey < plam—1 so that the sec;)nd condition of our hypothesis is met. Then we
have the following lemma. |

LEMMA 7.2. Each arc in W¥(p) can be approzimated by an arc in A, for some

1, in the Hausdorff metric.
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PRobF. Let B be an arc in W} (p). Then there exists an interval, [a,b] on the
y-axis in U which is a preimage of § with b < b1‘ for b; as above. Let € > 0. Then,
there exists an 4 such that [a,b] C m,(F#(A;) NU) and 7, (F%(A;) ﬂ.U) c [o, e]-.

A; is arc-connected since it is, in actuality, an arc and hence ‘there exits an arc,
~, in ([0, € x [a, b)) N(F%(As)) such that my(7y) = [a,b]. Since € was arbitrary, the
forward image of  can be made as close fo B as desired. o ' O

Lastly, we have the following proposition.

PROPOSITION 7.3. For each i and any non-degenerate ch-ainable contifzuum X,
any arc zn A; can be approximated by a conéinuum in C’Z(AZ) homeomorphic to X in
the sense of the Hausdorff metric.

PROOF-‘. We will be working in Uj, the linearized neighborhood around p;, and
refering to the construction of Chapter 5. Let § be an arc in A; and X be a non-
degenerate chainable continuum. Then, there exists an interval [a,b] C [0,1] on the
y-aﬁs in U; which is the preimage of (. fn Chapter 5, we described a method for
placing a continuum Y homeomorphic to X in ([0, ] ><. [a,b]) NCI(A;) for any e. This
process utilized the fact that X could be v.vritten as an inverse limit space of {f;}32,
with bonding maps chosen from {fj, fl} If thése maps were onto, then we would be
done, as Y would stretch the length of the interval [a, b]. Unfoftunately, this is not
the case. Therefore we must choose a la“rger interval [c,d] containing [a, b} and use
the same process to place a homeomorphic copy of X in ([0, e] x [e,d]) N Cl(A;) so

that its projection to the y-axis is approximately [a, b].
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In order to achieve such wan interval, first let Ji, = fio... 0 fo(I). The {J;n}32,
forms a nested sequence of intervals for each ¢ such that (),cy Ji is itself a non-
degenerate interval for large enough . To see this, suppose that for all M there exits
an 1 > M such that this intersection is juét a point. Then, the inversg limit space
itse}f would be just a i)oint, and, hence, degenerate. Thus, choose M large enough so
that the above intersection is an interval for all 4 > M. Let [, 8] = ey atn-

‘We rewrite the continuum X as the inverse limit of {f;}$2,,. This can be done
since clearly {f;}2,, and {f;}$, are cofinal and hence homeomorphic (see Corollary
1.7.1 in [1]). |

Then, for any interval [c, d] as- ,ab-ove, the interval [le, 5] = my(Y) is such that its‘
plaéement in [c, d] is approximately the same as the placement of [a, 5] in I. Specifi-
cally, the ratios % and % can be made as close to @ and 5, respectively, as desired.
Thus, choose an interval [c,d] so that [a,] is close enough to [a, )] for it to be the.
case that every point in {0} X [a, b] is within € of Y and vice-versa. O

Together Propositioh 7.3 and Lemma. 7.2 along with the fact that Cl(A;) C
Cl(W%(p)) imply Theorem 3. Thus, the continua in the Cl(W(p)) are quite large

and hence this closure can be thought of as globally topologically complex as well as

locally.
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