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ABSTRACT

In fast-transcribing prokaryotic genes, like an rrn gene in Escherichia coli, many
RNA polymerases (RNAPs) transcribe the DNA simultaneously. Active elongation
of RNAPs is often interrupted by pauses, which has been observed to cause RNAP
traffic jams; yet some studies indicate that elongation seems to be faster in the
presence of multiple RNAPs than elongation by a single RNAP. We propose that
an interaction between RNAPs via the torque produced by RNAP on helically
twisted DNA can explain this apparent paradox. We have incorporated the torque
mechanism into a stochastic model and simulated transcription both with and without
torque. Simulation results illustrate that the torque causes shorter pause durations
and fewer collisions between polymerases. Our results suggest that the torsional
interaction of RNAPs is an important mechanism in maintaining fast transcription
times, and that transcription should be viewed as a cooperative group effort by
multiple polymerases. In an effort to further understand transcription, we investigate
the Brownian ratchet model for nucleotide translocation. We model elongation as
diffusive particle transport in a tilted periodic potential. To incorporate the RNAP
pauses, a second periodic potential is added to the first. We present a formula for the
mean escape time from a tilted, periodic potential composed of multiple periodic
functions as the product of the mean escape time from each individual periodic
function. This formula is extended to an arbitrary finite number of periodic functions.
Two examples using truncated Fourier series are presented and analyzed.
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INTRODUCTION

DNA stores the genetic information of all living organisms. DNA consists of a

series of building blocks called nucleotides, and each nucleotide is itself constructed

of a phosphate group, a sugar group, and one of four nitrogen bases: adenine (A),

thymine (T), guanine (G), and cytosine (C). It is the order of these bases that encodes

the differences in species and traits. DNA sequences are converted into proteins which

carry out most of the functions performed by organisms. The production of proteins,

when they are needed, is essential as it allows an organism to develop, reproduce,

adapt and survive.

The process of converting DNA into a protein has two phases: transcription

and translation. During transcription, an RNA polymerase (RNAP) reads the DNA

sequence and produces a strand of RNA by complementary base pairing. When an

RNAP reads T, it matches with A on the RNA strand, C matches with G, G matches

with C, and A matches with uracil (U), a different nitrogen base. Therefore RNA is

made up of a sequence of A’s, U’s, G’s, and C’s. The type of RNA that encodes a

protein is called messenger RNA (mRNA).

During translation, the mRNA is read by a ribosome to produce the protein.

Ribosomes are similar to RNAPs in that they read and build. The ribosome reads

the bases of the mRNA in groups of 3. The order of that sequence tells the ribosome

which amino acid, out of twenty options, will be next. This chain of amino acids is a

protein. A different sequence of amino acids would encode a different protein.

There are three main types of RNA: mRNA as mentioned above, ribosomal RNA

(rRNA), and transfer RNA (tRNA). The rRNA combines with a variety of proteins

to produce a ribosome, which will then be used for translation of the mRNA. The

tRNA brings the amino acids to the ribosome which chains them together to produce



2

the protein. Each of these RNAs are made during transcription. The type of RNA

that is produced depends on which section of DNA, is being read.

Regulation plays a large role in protein production. The ability of an organism to

adapt to its environment and to survive relates directly to the organism transcribing

enough of each type of RNA to effectively translate into the needed proteins. However

there is often not enough energy in a cell to allow the organism to produce a large

surplus of these necessary materials. In vitro, experimenters can provide “high growth

conditions” which means there is a surplus of food for an organism to convert to

energy as needed. In vivo, the growth conditions can vary, and this variation forces

an organism to perform a balancing act to produce enough, but not too much, of each

necessary item. Because protein production is such a vital and complicated process,

there are several regulatory networks in place.

In Eukaryotes, organisms whose cells have a nucleus, the DNA is transcribed

inside of the nucleus. The RNA produced by this transcription then needs to be moved

outside of the nucleus in order to be translated into a protein. There are regulatory

steps involved at each part of this process. Prokaryotes, organisms whose cells lack a

standard nucleus, perform both transcription and translation in the cytoplasm of the

cell, often simultaneously. Therefore regulation of gene expression for bacteria, such

as Escherichia coli (E. coli), happens largely during transcription [35,74].

The process of transcription has several important phases. First, an RNA

polymerase (RNAP) binds to a promoter sequence of a gene and initiates elongation.

Next, the RNAP elongates down the DNA making a single-stranded copy of RNA,

and finally terminates, releasing the nascent copy of RNA.

Elongation of RNAP along the DNA strand is not uniform, but is interrupted

by frequent pauses. There are at least three different types of pauses: backtracking

pauses, hairpin pauses, and ubiquitous pauses [26, 60]. Backtracking pauses, and
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hairpin pauses have been shown to have a higher probability of occurring during

transcription of specific sequences [22, 42, 44]. On the other hand, ubiquitous pauses

are thought to have no dependence on DNA sequence and are equally likely to occur

at any position along the DNA strand. These pauses are short (1 − 5 seconds) and

occur approximately every 100 base pairs (bp) on average [60]. It has been theorized

that ubiquitous pauses are caused by a restructuring of the polymerase [60], but the

exact cause remains an open question.

There has been substantial interest to understand the effect of the presence of

pauses on the average transcription time and therefore output of the RNA, for highly

transcribed genes. The presence of pauses may lead to traffic jams of RNAPs when

one polymerase stops, affecting the trailing polymerases [23, 24, 46]. According to

Klumpp et. al. [46], in their stochastic model, RNAPs experienced a 40% reduction

in the average elongation rate in dense traffic, amplifying the pause effect. This is

similar to the results of a PDE model studied in recent years [23, 24]. In less traffic,

the RNAPs in the model experienced only a 12% reduction of the average elongation

rate [46].

The behavior of simple statistical models is at odds with experimental observa-

tions of highly transcribed genes. A prototypical example of a highly transcribed

gene is an rrn operon in E. coli. The E. coli genome has seven rrn operons

whose transcription produces ribosomal RNA (rRNA) which provides a scaffold for

a ribosome [15, 16, 39]. During conditions of rapid growth there are as many as

70,000 ribosomes in a cell. To keep up with high demand for ribosomes, 90% of

transcription in fast growing E.coli produces rRNA and tRNA, and only 10% produces

mRNA [11]. As a result, there is a high density of RNAPs on all rrn operons and a high

transcription completion rate is imperative. Experimental measurements have shown

that approximately 31% of an rrn operon is covered by RNAPs (about 51 RNAPs) [25]
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during high growth conditions, which strongly suggest that the polymerases interact

either directly, or indirectly during transcription. This interaction appears to be

cooperative. In vivo and in vitro experiments have demonstrated that the presence

of multiple RNAPs in close proximity can assist in increasing the average elongation

rate. A trailing RNAP can help a paused RNAP to re-enter translocation, thereby

decreasing the delay caused by pauses [29]. The magnitude of the cooperativity

effect has not been firmly established. However, it is worth noting that the average

elongation rate of RNAPs on the rrn operon is 90 nucleotides per second (nt/s)

[15, 46, 70, 82, 83], which is about double the in vivo elongation velocity on protein

coding genes [12,46,57,68].

While the elegant paper of Epstein et. al. [29] firmly established the coopera-

tivity effect, it did not propose a mechanistic explanation for this phenomena. We

propose that the torsional force between the elongating RNAP and the DNA, caused

by the helical structure of the DNA, may provide the mechanical underpinning for

the interaction between elongating polymerases. The basis for our model is a set of

experimental measurements by Ma and co-authors [53]. Using in vitro single-molecule

experiments, they measure both the magnitude of torque exerted by elongating RNAP

on DNA, and the effect of supercoiled DNA on RNAP velocity, pause density and

pause duration.

In Chapter 2, we detail the incorporation of torque into a basic stochastic model,

named Elongation with Torque Assisted Motion (ETAM). A derivation of the torque

formula and how to calculate the torque between two RNAPs is discussed in detail.

Chapter 3 investigates several ways to fit the data published by Ma et. al. [53],

describes the numerical simulation of the ETAM model, and presents the results

of these simulation, which clearly show the cooperative effect of multiple RNAPs

transcribing simultaneously. Finally, in Chapter 4 we present a theoretical motivation
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for the motion of RNAPs by considering translocation of polymerases as diffusive

particle transport. Chapter 4 details an approach to modeling transcription with

pausing as an escape from a tilted periodic potential.
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A MECHANISTIC MODEL FOR COOPERATIVE BEHAVIOR OF

CO-TRANSCRIBING RNA POLYMERASES

We construct a model for transcription that substantially extends a basic

stochastic model referred to as a Totally Asymmetric Simple Exclusion Process

(TASEP). In the TASEP model each particle, representing an individual RNAP, hops

along the DNA strand at a uniform rate provided that the forward site is unoccupied.

In our model, Elongation with Torque Assisted Motion (ETAM), the rate of hopping

depends on the torque between the particle and its closest two neighboring particles.

The amount of torque is, in turn, the result of the relative motion of particles on the

DNA strand.

Our simulation results show that the torque-based interaction between RNAPs

results in a substantial cooperation effect between RNAPs. As a trailing RNAP

approaches a leading RNAP, the resulting torque increases the elongation rate and

reduces the likelihood of and duration of pauses by the leading RNAP. At the same

time, the elongation rate of the trailing polymerase decreases, while the likelihood and

duration of pauses increases. As a result of this interaction, the duration of pauses

decreases, and the average number of completed transcription occurrences increases

when compared to the behavior of the standard TASEP under similar conditions. The

effect of this interaction is not unlike that of autonomously driven and communicating

vehicles (“google” cars) on the road. By automatically adjusting velocity and helping

each other to maintain proper spacing and shorten pauses, the collective motion of

polymerases becomes more efficient with an average transcription time that is 37.5%

less than that of the TASEP model. In this sense, the RNAPs are collaborating in

order to transcribe the strand more efficiently than by simply traveling at a constant

rate.
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Both TASEP and our constructed model are coupled Poisson processes. The

first section of this chapter is devoted to the details of a basic Poisson process.

This information and more can be found in these two excellent stochastic modeling

books [79,88].

The Poisson Process

A Poisson process is an example of a continuous time Markov chain. The

distinguishing feature of a Markov chain is the Markov property which states that

the future state of a system depends only on the present state and not on the past.

Definition 2.0.1. A continuous time Markov chain with finite or countable state

space X is a family {Xt = X(t)}t≥0 of X -valued random variables such that for any

set of times ti < ti+1 where ti+1 = ti + si+1 and states xi ∈ X with t0 = 0,

P (X(tk+1) = xk+1|X(ti) = xi,∀ i ≤ k) = P (X(sk+1) = xk+1|X(0) = xk)

This means that the probability of being in state xk+1 after the current state

xk does not depend on how state xk was reached but is as if the current state is the

initial state. In other words, the chain is “memoryless”.

A particular example of a continuous time Markov chain is the Poisson process

which satisfies the above definition using the state space X = {0, 1, 2, . . . }. With this

state space, Poisson processes are often used to count the number of events that occur

in an interval of time. Formally, the definition of a Poisson process is as follows,

Definition 2.0.2 (Taylor, 1984). A Poisson process of intensity or rate λ > 0 is an

integer-valued stochastic process {X(t); t ≥ 0} for which
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(i) for any time points t0 = 0 < t1 < t2 < · · · < tn, the process increments

X(t1)−X(t0), X(t2)−X(t1), . . . , X(tn)−X(tn−1)

are independent random variables;

(ii) for s ≥ 0 and t > 0, the random variable X(s + t) − X(s) has the Poisson

distribution

P{X(s+ t)−X(s) = k} =
(λt)ke−λt

k!
for k = 0, 1, . . .

and

(iii) X(0) = 0.

The first piece of this definition demonstrates that the number of events that

occur in an interval of time is independent of the number of events that occur in any

other interval. This independence implies the Markov chain property and shows that

the Poisson process is a particular instance of a continuous time Markov chain. Let’s

consider the Poisson distribution in more detail.

The Poisson Distribution

Consider the formula for the Poisson distribution where X is a random variable

describing the number of events (successes) that occur in an interval,

P (X = k) =
e−λλk

k!
, λ > 0, k = 0, 1, 2, . . . (2.1)

which is derived from the binomial distribution. In order to understand this process

it is beneficial to see how the distribution is derived. Consider n Bernoulli trials
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X1, ..., Xn where each Xi is a random variable with values 1 with probability p = λ/n

or a 0 with probability 1 − p = 1 − λ/n where n is the number of trials, λ/n is the

probability of success, and λ is the expected value. The binomial distribution is

P (X = k) ≈
(
n

k

)(
λ

n

)k (
1− λ

n

)n−k
(2.2)

where 0 < λ < n, and k = 0, 1, 2, ..., n represents the number of successes.

We obtain the Poisson distribution as a limit of binomial distributions as

P (X = k) = lim
n→∞

(
n

k

)(
λ

n

)k (
1− λ

n

)n−k
, k = 0, 1, 2, ...

= lim
n→∞

n!

k!(n− k)!

(
λ

n

)k (
1− λ

n

)n−k
= lim

n→∞

n(n− 1) · ... · (n− k + 1)

nk

(
λk

k!

)(
1− λ

n

)n(
1− λ

n

)−k
=

(
λk

k!

)
lim
n→∞

n(n− 1) · ... · (n− k + 1)

nk
lim
n→∞

(
1− λ

n

)n
lim
n→∞

(
1− λ

n

)−k
=

(
λk

k!

)
· 1 · e−λ · 1

=
e−λλk

k!
k = 0, 1, 2, ...

(2.3)

which is the expression originally given by Equation (2.1). Here λ is the parameter

of the Poisson process. It represents the rate of occurrences in a unit time interval.

It also represents the expected value of the number of occurrences. To demonstrate
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this we calculate

E[X] =
∞∑
k=1

k
e−λλk

k!

=
∞∑
k=1

e−λλk

(k − 1)!

=λe−λ
∞∑
k=1

λk−1

(k − 1)!

=λe−λ
∞∑
k=0

λk

k!

=λe−λeλ

=λ.

(2.4)

If the events occur over intervals of length other than unit length, for instance

suppose the intervals are of length t, the rate of change is now λt and the mean

number of occurrences in a time interval of length t is λt. Hence the probability

becomes

P (Xt = k) =
e−λt(λt)k

k!
k = 0, 1, 2, ... (2.5)

Notice in this distribution, the probability that one event occurs in an interval of

length t, i.e. k = 1 in Equation (2.5), reduces to an exponential distribution. In fact,

the time between two consecutive events is exponentially distributed as described in

the following section.

Exponential Distribution

The Poisson distribution described in Equation (2.5) represents the probability

that k events happen in a time interval of length t. The probability that an event

occurs at a particular time is governed by an exponential distribution,

P (t) = λe−λt. (2.6)
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This time distribution is derived using the Poisson distribution with k = 1.

Using the exponential distribution we can calculate the average time between

events for a stochastic Poisson process. This is simply the expected value of our

inter-arrival time distribution. Since the inter-arrival times, T , have an exponential

distribution we can use the probability density function for this distribution, given

by Equation (2.6). Then

E[T ] =

∫ ∞
0

tP (t) dt

=

∫ ∞
0

tλe−λt dt

=− te−λt
∣∣∣∣∞
0

+

∫ ∞
0

e−λt dt IBP

=0− 1

λ
e−λt

∣∣∣∣∞
0

=
1

λ
.

(2.7)

Therefore the average time between events is

E[T ] =
1

λ
. (2.8)

Now that we have the exponential distribution for the time between events, we

describe how to simulate a Poisson process by generating the time of the next event.

Simulating Random Variables

The most common way to choose the time of the next event, governed by

an exponential distribution, is actually to generate a uniformly distributed random

number. While this may seem counterintuitive, the Inverse Distribution Method

provides everything needed to make this possible.
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Theorem 2.0.1 (Inverse Distribution Method). If U is a uniformly distributed

random variable on the interval [0,1], denoted U(0, 1), and F (·) is an invertible

cumulative distribution function (CDF), then X = F−1(U) has CDF F (·).

Proof. Consider

P (X ≤ x) = P (F−1(U) ≤ x). (2.9)

Since F is a CDF it is monotonically increasing and we can apply F to both sides of

the argument on the right hand side,

P (X ≤ x) = P (U ≤ F (x)). (2.10)

Now the right hand side of Equation (2.10) is the CDF for a uniform distribution,

denoted FU . Hence

P (X ≤ x) = FU(F (x)) = F (x) (2.11)

since FU(u) = u on a unit interval. Therefore X has the cumulative distribution

function F .

We can use the Inverse Distribution Method to simulate an exponential

distribution out of a uniform distribution which we will show as a corollary.

Corollary 2.0.1. If U ∼ U(0, 1) and λ > 0, then the random variable defined by

X = −1

λ
ln(U)

has an exponential distribution with parameter λ.

Proof. Consider X, an exponentially distributed random variable which has the

probability density function and CDF f(x) and F (x) respectively, given by the
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equations

f(x) = λe−λx, F (x) = 1− e−λx.

Inverting F leads to

F−1(u) = −1

λ
ln(1− u). (2.12)

Since both U and 1− U have U(0, 1) distribution,

X = −1

λ
ln(U)

which has exponential distribution by the Inverse Distribution Method.

Therefore to pick the time of the next event, a uniformly distributed random

number on [0,1] is generated. If the current time is ti, the next event occurs at

ti+1 = ti − 1
λ

ln(u).

General Introduction to Modeling Approach

We build our model ETAM (Elongation with Torque Assisted Motion) off of a

basic TASEP model, which we describe next.

TASEP Model

TASEP is a stochastic model that has been used to describe the process of both

transcription and translation [9, 14, 23, 45, 46, 71, 74, 85, 90]. In TASEP, a particle

representing an RNAP moves forward with a stochastic hopping motion with a mean

hopping rate β on a one-dimensional strand with a discrete and finite number of sites.

Particles cannot occupy the same site and therefore will cease active elongation if the

next site is occupied (we refer to this as a collision). Only when the next site is

vacated does elongation resume.
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The elongation of a particle represents a transition from one state to another,

where each state represents a nucleotide, and we model it as a Poisson process.

Each particle has an elongation rate β, to transition from its current state to the

translocated state and moves via its own Poisson process. However, as a result of the

collisions, where one RNAP cannot elongate because of the positioning of another, the

events are not independent of each other. In the case of DNA transcription, there are

multiple Poisson processes that are coupled with one another. This type of process

is referred to as a coupled Poisson Process.

Coupled Poisson processes can be simulated using a kinetic Monte Carlo

algorithm. This algorithm chooses the next event based on the transition rate for

each event (β for elongation using TASEP), with higher transition rates more likely

to be selected. An RNAP that cannot elongate due to a collision would have its

transition rate set to zero - which would eliminate the selection of an elongation

event for that RNAP. After an event is chosen, the time the event occurs is generated

next. The details of the kinetic Monte Carlo algorithm are provided in Algorithm

2.1 using rj as the transition rate for the jth particle. For the case of TASEP, rj is

equal to the constant β for all actively elongating particles, however we prefer to use

rj in the algorithm for the sake of the ETAM model where these transition rates are

variable as will be discussed in detail in the following section. It is important to note

that the time of the next event does not depend on which event is chosen. The time

of the next event is exponentially distributed with parameter RN , the cumulative rate

function for all transition rates.

We have implemented open boundary conditions for the TASEP model where

the particles enter the strand at a given rate and exit the strand once they reach the

opposite end. Specifically, a particle enters our simulation (initiates) with a rate of

(α ·β), and leaves the simulation (terminates) with a rate of (γ ·β). This is consistent
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1: Set time to t = 0 to initiate
2: List all transition rates rj, j = 1, . . . , N , from initial state to another state

3: Calculate cumulative rate function Ri =
i∑

j=1

rj

4: Generate u ∈ U(0, 1).

5: if
Ri−1

RN

< u <
Ri

RN

then

6: Chose event i with transition rate ri
7: Carry out event i
8: end if
9: Generate new u′ ∈ U(0, 1)

10: Calculate ∆t = − ln(u′)

RN
11: Update time t = t+ ∆t
12: Recalculate all rates altered due to transition
13: Repeat from step 3.

Algorithm 2.1: This algorithm is a general kinetic Monte Carlo process.

with a differential equation model for transcription proposed originally in the late

1960s [34]. Therefore α and γ are scalars that multiply the elongation rate to obtain

initiation and termination rates, respectively. After developing the particulars of

the TASEP model, we can now introduce the ETAM model and the specifics of the

derivation for this model.

ETAM Model

DNA double helix structure makes one full rotation in approximately 10.5 base

pairs [51]. RNAPs are large molecules that translocate along this twisted structure,

which places constraints on the mutual motion of DNA and RNAP. If the DNA

strand were fixed in space, an RNAP would have to rotate around DNA during

translocation. The size of the RNAP and the packed environment inside the cell

precludes this motion and a localized rotation of DNA has been observed [17, 40]. If

the DNA strand were free to rotate, it could spin along its long axis as it enters a
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stationary RNAP. However, if DNA is fixed upstream of the elongating RNAP and

the RNAP elongates without rotation, it applies torque to the DNA. This torque is

stored within the portion of the DNA strand between the fixed end and the RNAP,

and if the amount of torque is large enough, it can either preclude or facilitate the

forward motion of itself and its neighboring RNAP.

The effect of torque on DNA - RNAP interaction was experimentally quantified

in recent work of Ma et. al. [53] where a single-molecule optical trap experiment was

employed in order to measure the effect of twist in a DNA strand on transcribing

RNAP. In particular, they first applied a predetermined value of torque to a strand

of DNA and then measured the elongation rate, the pause frequency and the pause

duration of an RNAP elongating on the strand. Two types of twisting mechanisms are

used to describe the applied torque. The first is over-twisting, and it is characterized

by applying twist in a manner that shortens the length of the full rotation of the

helix (measured in base pairs). Likewise, a twist that increases the length of the

full rotation of the helix is termed under-twisting. Ma and collaborators observed

that over-twisting decreases the elongation rate of the RNAP and increases both the

likelihood and the duration of pauses. On the other hand, under-twisting was found

to increase the elongation rate and to decrease both the likelihood and the duration

of the pauses.

To illustrate how these results can have an effect on the transcription of DNA

by multiple polymerases, consider three consecutive polymerases on a DNA strand

labeled as Pi−1, Pi and Pi+1 in Figure 2.1. This notation will be defined in detail in

the section titled Incorporating Torque into Model. With respect to the motion of Pi

along the strand, the RNAP represented by Pi−1 is referred to as the leading RNAP,

and the RNAP labeled Pi+1 is referred to as the trailing RNAP. If we assume that

individual RNAPs never move at exactly the same time, when Pi moves forward, both
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P P Pi+1 i i-1

Direction of motion of RNAPs

Free region that is covered by RNAP, but is free

to twist under force exerted by neighboring RNAPs.

Transcription Bubble = 17bp

Figure 2.1: Polymerases Pi−1, Pi, and Pi+1 in order on the DNA strand. When Pi
translocates, the DNA between Pi−1 and Pi will over-twist and the DNA between Pi
and Pi+1 will under-twist, increasing the elongation velocity of Pi−1 and Pi+1.

Pi−1 and Pi+1 provide anchors for the DNA strand. This movement imparts a torque

to the portion of the DNA strand between Pi−1 and Pi, as well as to the DNA strand

between Pi and Pi+1. The portion of the strand between Pi−1 and Pi will over-twist,

and the portion of the strand between Pi and Pi+1 will under-twist. Note that the

over-twist will increase the elongation rate of Pi−1 (i.e. Pi−1 receives a “push from the

back”) and under-twist will also increase elongation rate of Pi+1 (i.e. Pi+1 receives a

“pull from the front”). It is noted in a later section that both of these effects tend

to synchronize the motion of all three polymerases. The following section makes this

process more precise by deriving a mathematical expression for the amount of torque

that RNAP imparts to DNA during translocation.

Torque between RNAP and DNA DNA consists of two strands in a double

helix structure. In addition, DNA is a flexible structure that can experience bend.

A polymer’s bend-persistence length is a mechanical property that characterizes its

stiffness. For lengths less than the bend-persistence length, a polymer such as DNA,

will exhibit behavior similar to that of an elastic rod. The bend-persistence length
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of DNA is estimated to be 150 bp [58]. Therefore, on length scales shorter than

the persistence length, the DNA strand is comparable to an elastic rod. Since the

average distance between elongating polymerases on an rrn gene is 100 bp [89], it is

reasonable to assume that, on average, the force exerted by one elongating RNAP

on its neighbors occurs over a distance of approximately 100 bp. Since this distance

is within the persistence length reported in the literature, we assume that the local

behavior of the DNA strand connecting two adjacent RNAPs can be modeled as an

elastic rod. In addition, the footprint of an RNAP is approximately 35 bp, of which 17

bp is occupied by the transcription bubble [32]. As depicted in Figure 2.1, we assume

that the 17 bp where DNA is unwound inside of the RNAP are anchored and cannot

be twisted but the other 18 bp (we assume that these base pairs are partitioned into

9 bp on each side of the bubble) are free to twist under an appropriate force. In this

setting, we use classical elasticity theory to describe the interaction between DNA

and elongating polymerases.

The torque τ̂ stored in an elastic rod under torsion is

τ̂ = µ
πr4

2L
∆φ (2.13)

where r is the radius (≈ 1 nanometer (nm) for DNA [58]), µ is the shear modulus,

L is the length of the rod, and ∆φ is the angle of the total twist [30], see Figure

2.2. All quantities representing length are measured in base pairs and converted into

nanometers using the conversion 1 bp = 0.34 nm [58].

In the context of our model, there is some flexibility in how one associates

the length of the rod L with the distance between two neighboring polymerases as

shown in Figure 2.1. First note that Equation (2.13) indicates that the torque goes

to infinity as L → 0. In terms of our model, this would preclude direct contact
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between two polymerases. However, it has been observed experimentally [20] that

RNAPs periodically exhibit direct contact with their neighbors during transcription.

In addition, we recall that the footprint of elongating RNAP is approximately 35 bp,

of which 17 bp is occupied by the transcription bubble [32]. The 17 bp inside of the

transcription bubble cannot be twisted by an elongation force, but the remaining 18

bps are free to twist under an appropriate force. Therefore even when two RNAPs

are directly adjacent to each other (without any empty base pairs separating them),

there are still 18 bp between their corresponding transcription bubbles. Hence, we

define the length L in (2.13) to be the distance between the transcription bubbles

of adjacent RNAPs, where L has units of nucleotides. This also ensures that the

underlying mathematical quantity in Equation (2.13) remains bounded.

The shear modulus, µ, is calculated using the formula

µ =
Y

2(1 + ν)
(2.14)

where Y is Young’s modulus and ν is Poisson’s ratio [30]. The Poisson ratio of DNA

has been reported to be anywhere in the interval ν ∈ [−0.7, 0], for more details

see [7, 55, 56]. To calculate this parameter specifically we will follow the paper by

Manning et al [56]. Using the formula

ν = B/C − 1 (2.15)

where B is the bending modulus and C is the twisting modulus [56], we calculate

ν ≈ −0.5. Using these values for the Poisson ratio and Young’s modulus in (2.14),
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Table 2.1: Parameters used in calculation of torque.

Parameter Symbol Value Reference
Shear Modulus µ 300 pN/nm2 calculated using (2.14)

Young’s Modulus Y 300 MPa [58]
Poisson Ratio ν -0.5 calculated using (2.15)

Bending Modulus B 230 pN nm2 [56]
Twisting Modulus C 460 pN nm2 [56]

we have estimated the shear modulus for DNA to be

µ ≈ 300 pN/nm2.

We also simulated results using ν = 0 and ν = −0.25 and observed qualitatively

similar behavior. These parameters and their references can be found in Table 2.1.

Next we derive a mathematical equation which describes the relationship

between the length of the flexible segment of DNA strand between the transcription

bubbles of successive RNAPs and the amount of torque in that segment of DNA.

This segment of the strand is modeled using an elastic rod as sketched in Figure 2.2,

and the notation is made precise below. Because there are 10.5 base pairs in one full

helical rotation of DNA, the twist angle ∆φ in (2.13) is proportional to the change

in length ∆` as

∆φ =
2π

10.5
∆`. (2.16)

The torque between Pi−1 and Pi (see Figure 2.1) due to the accumulation of applied

torque is calculated by adding small increments of torque that correspond to motion

by one nucleotide as in Equation (2.16). This measure of torque is always done in

relation to the state of neutral twist of that segment of the strand. To be precise,

we consider the segment of DNA strand between Pi−1 and Pi as an elastic rod (see



21

Figure 2.1), and we assume that the DNA strand is in a state of neutral twist (not

over-twisted or under-twisted) at the time of initiation and so the torque is zero.

When the trailing RNAP (Pi) initiates, the distance between Pi and the nearest

leading RNAP (Pi−1) downstream (in the direction of elongation) is defined to be L0.

Assume that at some later time, the distance between Pi−1 and Pi is L. In order to

derive the total amount of torque stored in the rod at this instance, one notes that

the amount of torque between Pi−1 and Pi can be computed by treating the segment

of the strand as an elastic rod with an original length of L0 that has experienced

a twist corresponding to angle φ, with a resulting length of the rod denoted by L,

see Figure 2.2. The total torque is calculated by adding small increments of torque

that correspond to elongation by one nucleotide. Applying (2.16), one calculates the

∆li

li

l

ø

L₀ L 0

Figure 2.2: An elastic rod under torsion. The portion of the cylinder that is a dashed
line represents the original distance L0 and the current distance L. As the distances
decreases from L0 to L, the total amount of twist added to the rod is φ. The small
increment ∆`i represents a change in length due to RNAP motion by one nucleotide.

torque produced by elongation of Pi by one nucleotide at the position of nucleotide i
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to be

∆τi = µ
πr4

2`i
∆φi

= µ
πr4

2`i

(
2π

10.5
∆`i

)
.

In order to construct a model that is efficient for extensive and repeated simulation,

we use a continuous approximation of ∆τi by dτ , and lengths `i by s. The total torque

in a segment of DNA strand with initial length L0 and final length L is approximated

by

τ = τ(L) =

∫ L0

L

dτ =

∫ L0

L

µ
πr4

(
2π

10.5

)
2s

ds =
µπ2r4

10.5
ln(L0/L). (2.17)

Note that for L < L0 the DNA is over-twisted and the torque is positive, as in Figure

2.2. Conversely, if L > L0 the DNA is under-twisted and the torque is negative. These

correspond to the resisting and assisting torque found in [53]. If L = L0 the torque

is zero, since the DNA has the same length as when the trailing polymerase initiated

onto the DNA. With this formula for the torque between two neighboring RNAPs, we

next describe how this formula is used within the context of the stochastic elongation

model.

Incorporating Torque into Model We will number RNAPs by index i which

denotes the order of their initiation. The i-th polymerase will be characterized in

the model by three numbers

Pi = (ni, L0,i, Ti) (2.18)

where i represents a positive integer. This triple will be updated each time the RNAP

translocates along the strand. The term ni is an integer value denoting the furthest
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downstream nucleotide number occupied by the ith RNAP, while Ti is the time of

the next elongation of Pi. The calculation of this value is addressed in Chapter 3

in the section titled Incorporation of Pauses. Upon initiation of Pi onto the strand,

define L0,i to be the distance (measured in nucleotides) between the transcription

bubbles of Pi and that of its leading RNAP, Pi−1, at the time that Pi initiates

transcription. This distance is calculated and stored in the triplet for each RNAP.

When Pi initiates, the value of L0,i is fixed, however, this distance may be different for

each RNAP as its initiation occurs at a randomly generated time and is independent

of the distance traveled by any previously initiated RNAPs. We denote Li(t) to be

the distance between the transcription bubbles of Pi and its leading RNAP Pi−1 at

time t. This distance is computed by accessing the variables ni−1 and ni of Pi−1 and

Pi and measuring their difference. Using this distance, we can calculate the length of

the DNA strand that is free to twist by subtracting the length of the transcription

bubble, 17 nts. In other words,

Li = (ni−1 − ni)− 17. (2.19)

In order to quantify the role of the torque calculation, we begin by considering

elongation. First, suppose there are three RNAPs positioned on a segment of the

DNA strand, and denote these RNAPs as Pk, for k = i − 1, i, i + 1 as labelled in

Figure 2.1, and further suppose that Pi has just experienced elongation. The values

Li and Li+1 are calculated immediately following elongation. Using these distances,

as well as L0,i, and L0,i+1, the torque that Pi is currently experiencing is calculated

using Equation (2.17). Specifically, the torque has two components. The first is the

component that corresponds to the torque between Pi and Pi−1, denoted τ(Li), and

the torque between Pi and Pi+1, denoted by τ(Li+1). Define τi to be the total torque
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experienced by polymerase Pi. It is calculated as follows

τi = τ(Li)− τ(Li+1) =
µπ2r4

10.5

[
ln

(
L0,i

Li

)
− ln

(
L0,i+1

Li+1

)]
. (2.20)

Analogous, calculations are repeated for RNAPs Pi−1 and Pi+1, recalculating the

torque for all three RNAPs after translocation of Pi. It is important to note, the

calculations outlined in the previous paragraphs are only performed for the affected

RNAPs; the elongating RNAP and its neighboring RNAPs.

During transcription, RNAPs first experience initiation, and the measurement

of torque for initiation can be interpreted as a special case of the previous discussion.

Upon initiation of an RNAP, labeled Pi in Figure 2.1, the distance between Pi and its

leading RNAP, the quantity L0,i, is set. Upon initiation and subsequent elongation

of Pi, the torque behind this polymerase is zero until the next initiation. Once a

trailing RNAP, Pi here, has initiated onto the strand, the calculation of the torque τi

will have nonzero contributions from both neighbors of the polymerase.

We model RNAP termination as follows. Again referencing Figure 2.1, suppose

Pi−1 is the RNAP that is closest to the termination end of the DNA strand and

therefore will be the next polymerase to terminate. Prior to termination, the torque

measure τi−1 has a nonzero contribution only from τ(Li). That is, τi−1 = 0 − τ(Li).

Likewise, during this situation τi has contributions from both neighboring RNAPs as

long as Pi−1 is still transcribing the strand. Upon termination of Pi−1, the torque

downstream of Pi is zero, hence τi = 0− τ(Li+1). Since Pi is now the last RNAP on

the DNA strand, τi will be calculated as such until Pi itself terminates.

Physical Interpretation of Torque This formula for τi in (2.20) is based on the

total amount of both assisting and resisting torque that is experienced by polymerase
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Pi. Here we give some physical insights into the positioning of the RNAP relative

to each of its neighbors and its effect on the torque calculation. Recall that when

the distance Li is compared to the original distance L0,i, the DNA between them

can be either under-twisted, over-twisted or neutral. Over-twisting in front of an

RNAP provides a resisting torque, while over-twisting behind an RNAP provides an

assisting torque (“push from the back”). On the other hand, under-twisting in front of

an RNAP provides an assisting torque (“pull from the front”), while under-twisting

in back of an RNAP is a resisting torque. Examining Equation (2.20) for several

possible scenarios gives us insight into the influence of torque on movement of the

polymerase.

For the neutral case when L0,i = Li in Equation (2.20), τ(Li) is zero and there

is no contribution to τi from that component. The contribution to τi is similar for

the case of L0,i+1 = Li+1. Next we focus the discussion on the cases when τ(Li) and

τ(Li+1) are nonzero. There are four cases to consider which are depicted in Figure

2.3, scenarios (B) - (E) and are discussed below.

1. L0,i > Li and L0,i+1 > Li+1

The values of the two components of torque τi are τ(Li) > 0 and τ(Li+1) > 0.

A positive value of τ(Li) corresponds to a resisting torque being experienced by

polymerase Pi relative to the position of its leading RNAP. A positive value of

τ(Li+1) provides an assisting torque for Pi. Therefore the subtraction of τ(Li+1)

implies that τi < τ(Li). In other words, RNAP Pi+1 is assisting Pi to overcome

the resisting torque in front of it at its current position.

2. L0,i > Li and L0,i+1 < Li+1

The values of the two components of torque τi are τ(Li) > 0 and τ(Li+1) < 0.

These two factors indicate that the DNA between Pi and Pi−1 is over-twisted
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Figure 2.3: This figure depicts the four different cases of RNAP Pi−1, Pi, and Pi+1.
Figure 2.3A shows the three RNAPs with the original distances between them. Then
there are four different configurations; Figure 2.3B, L0,i > Li and L0,i+1 > Li+1,
Figure 2.3C, L0,i > Li and L0,i+1 < Li+1, Figure 2.3D, L0,i < Li and L0,i+1 > Li+1,
and Figure 2.3E, L0,i < Li and L0,i+1 < Li+1.

and the DNA between Pi+1 and Pi is under-twisted resulting in Pi experiencing

resisting torques from both sides. The negative value of τ(Li+1) is subtracted,

increasing the value of τi, therefore the subtraction of τ(Li+1) implies that

τi > τ(Li).
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3. L0,i < Li and L0,i+1 > Li+1

The values of the two components of torque τi are τ(Li) < 0 and τ(Li+1) > 0.

The DNA between Pi and Pi−1 is under-twisted and the DNA between Pi+1 and

Pi is over-twisted resulting in Pi experiencing and assisting torque from both

sides.

4. L0,i < Li and L0,i+1 < Li+1

The values of the two components of torque τi are τ(Li) < 0 and τ(Li+1) < 0.

The DNA between Pi and its neighboring RNAPs is under-twisted. This leads

to Pi experiencing an assisting torque from the front and a resisting torque from

behind.

Next, in Chapter 3, we discuss the effects of torque on transcriptional pauses,

specifically the ubiquitous pauses previously described. We will also detail the

specifics of the simulation and compare the results of the model with torque, ETAM,

versus the model without, TASEP.
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SIMULATION AND RESULTS OF ETAM

Recent single molecule experiments by Ma and co-authors [53] attempt to

advance our understanding of the relationship between the torque and the movement

of the RNAP. The data obtained in those experiments suggests a relationship between

torque and the elongation velocity of the RNAP. It has also been known for many

years that during elongation, RNAPs experience short, frequent pauses where active

elongation is stalled or arrested. Ma [53] also suggests that the nature of these pauses

is tied to the amount of torque that an RNAP is experiencing at a given moment of

time. The data reported in [53] was limited, as can be seen in Figures 3.1A - 3.1C, and

we explored various ways to develop accurate representations of these relationships

that could be used in a mathematical model. The following subsections give an

overview of various approaches to incorporating the data into the current model, and

simulation results using these different choices are discussed later.

Incorporating Experimental Data

In our model, we first fit the data from [53] to extract a functional relationship

between the torque experienced by an individual polymerase and its elongation

velocity, pause frequency and pause duration. Knowledge from various biological

experiments describing physical properties of DNA are used. For instance, the full

model employs a stall torque, a high torque value experienced by RNAPs where they

are unable to elongate, reported in [53] to be on average 11 pN·nm. At values close

to melting torque -10 pN·nm, the RNAPs would be experiencing a large amount of

assistance, therefore we assumed a high velocity with no pauses. While there are

many classes of functions to fit data, our goal was to fit the data using low order

polynomials. We use the notation V (τ) to denote the polynomial function used to
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describe the elongation velocity, F (τ) to denote the frequency of occurrence of a pause

as a function of torque, and D(τ) to denote the duration time of a given pause.

When constructing the function V (τ) describing the elongation velocity, we

assume that the velocity would decrease to 0 nt/s at the stall torque 11 pN·nm. To

impose a value of velocity when torque was -10 pN·nm, we assume the polymerases

would be traveling at rate that is significantly higher than V (0). This assumption

is due to the fact that negative torque is assisting torque which would aid efficient

elongation. A large amount of assisting torque would lead to extremely fast velocities.

For simplicity, we choose V (−10) = 45 nt/s, which is approximately twice the velocity

at a torque of 0 pN·nm. Using these two extra data points we had a good agreement

between the velocity data and a fifth order polynomial.

V (τ) = −0.0002τ 5 + 0.0008τ 4 + 0.0041τ 3 − 0.035τ 2 − 0.2166τ + 22.3574. (3.1)

In order to develop equations for pause frequency and pause duration, we made

assumptions that were consistent with the biology. At the stall torque we assume

the RNAPs will pause with probability 1. Incorporating this information into the

pause frequency function, an accurate fit is difficult to achieve using a single function

since the data increases very quickly to 1 at a torque value of 11 pN·nm. Using

an exponential fit severely underestimates the negative torque values, since the point

(11, 1) dominates the fitting procedure. For this reason, a piecewise defined quadratic

function is used to describe the functional relationship of the data.

F (τ) =


0.0001τ 2 + 0.0022τ + 0.0128 τ ≤ 7.5

0.0453τ 2 − 0.5621τ + 1.7032 τ > 7.5

(3.2)
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As the torque approaches the stall torque, the pause duration should increase

rapidly. RNAPs are able to reenter active elongation after reaching a stall torque

if the torque is alleviated but will stay in a pause if the torque remains at the stall

torque [53]. To capture both the rapid rise and infinite duration at 11 pN·nm, we

wanted a function with a vertical asymptote at the stall torque. In order to produce

the asymptotic behavior, we use a tangent function. For a torque of -10 pN·nm, we

impose a pause duration of 0 seconds.

D(τ) = 0.1914 tan((π/23)τ + 0.1469) + 0.5298 (3.3)

The original data from [53] and the curve fits can be seen in Figure 3.1. Figures

3.1A - 3.1C correspond to qualitatively realistic relationships between torque and the

parameters influencing the motion of a polymerase. The case of a zero value of torque

is considered to be the case of no resistance. When an RNAP experiences a resisting

torque, this corresponds to a positive torque value. The resulting elongation velocity

(see Figure 3.1A) decreases from that of the zero torque case so that elongation is

hampered. In addition, as the amount of torque increases, the velocity of the motion

decreases, and the forward motion of the RNAP is resisted.

Examining Figures 3.1B - 3.1C, both the pause frequency and pause durations

are strictly increasing functions of torque. Pauses are more likely to occur when the

polymerase experiences a resisting torque, and when a pause occurs, it is likely to be

longer in duration if the torque is resisting forward motion. The figures also reflect

the case that experiencing an assisting torque is associated with a large elongation

velocity along with small pause frequency and pause duration for an individual RNAP.
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(A) Velocity (B) Pause frequency

(C) Pause duration

Figure 3.1: The data published by Ma et. al. is presented (red dots) as well as the
curve fit to the data (black). The values that we choose based off of information from
biology are given for very high and very low torque values (green dots). The equation
for each curve can be found in Equations (3.1) - (3.3), respectively.

Fitting the Data Linearly

With limited data points, one may attempt a linear fit without using information

such as stall torque. In addition to simulations of the data fits explained above, we

also ran simulations using a piecewise linear curve fit. We will present the equations

in this section and discuss the results of these simulations in a later section Results

from the Linear Data Fit.

The data presented in [53] looks almost linear except for the highest torque

value of 7.5 pN·nm. Therefore we decided to fit each equation with two linear fits,
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one using the data points at -6 pN·nm and 5 pN·nm, the other uses the data points

at 5 pN·nm and 7.5 pN·nm. These equations are

V (τ) =


−0.2727τ + 22.3636 τ ≤ 5

−1.2τ + 27 τ ≥ 5

(3.4)

F (τ) =


0.002277τ + 0.013864 τ ≤ 5

0.004τ + 0.005 τ ≥ 5

(3.5)

D(τ) =


0.027273τ + 0.563636 τ ≤ 5

0.12τ + 0.1 τ ≥ 5

(3.6)

The data points and piecewise linear curve fits, as well as the nonlinear curve fits for

comparison purposes, can be found in Figure 3.2.

Simulation

We simulate the transcription process using a Kinetic Monte Carlo algorithm [84,

88] which is often used for simulation of coupled Poisson processes. First, we provide

an outline of the computations performed at each step of the simulation following

an elongation event. We describe how we incorporated the pauses and recorded

the collisions. We will also detail the basic structure and order of the simulation

algorithm.

Simulation Events

The simulations consist of a series of events that occur for each particle within the

system. These events are elongation and initiation. We assume that the time between
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(A) Piecewise linear velocity (B) Piecewise linear pause frequency

(C) Piecewise linear pause duration

Figure 3.2: The data published by Ma et. al. is presented (red dots) as well as the
piecewise linear curve fit to the data (green). The nonlinear curve fit is provided
(blue) with our imposed values (green dots) for comparison purposes. The equation
for each curve can be found in Equations (3.4) - (3.6), respectively.

two consecutive events for a given polymerase is exponentially distributed. Therefore,

given that an event for polymerase Pi just occurred, the amount of time that will

elapse prior to the next event for Pi has a probability distribution P (t) = λe−λt,

where λ > 0 is an arbitrary rate parameter. The expected value of an exponential

distribution is 1/λ, which means that, on average, the time between events is 1/λ

seconds. The greater the value of λ, the more quickly the next event occurs, while

events with smaller rate parameters will happen less frequently. Each of the two main

particle events has its own unique rate parameter. The first parameter of interest is
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related to elongation, and it is denoted by β, where β is the average rate at which

a single RNAP elongates from one base pair to the next on the DNA strand in the

absence of any pauses or collisions with other RNAPs. This parameter has units of

nucleotide per second. The basic elongation event has a rate parameter β, which

implies that an elongation will happen every 1/β seconds on average.

The second rate parameter that governs the basic transcription process is the

average initiation rate, λ = (α ∗ β), where α ∈ (0, 1] is a constant value and β is the

average elongation rate as described above. Here α is used to scale the elongation rate

to a lower value causing initiation events to happen less frequently, on average every

1/(α ∗ β) seconds. The value of α is fixed for each simulation. The incorporation

of pauses into the model is achieved through modifications made dynamically to the

elongation rate parameter. Next we describe the details of the simulation events, and

for each pause event, we describe the adjustments that are made to the various rate

parameters.

Incorporation of Pauses Continuing the notation used in previous sections,

suppose that an elongation event has occurred for Pi. Once the torques τi+1, τi, and

τi−1 are recalculated for RNAPs in Figure 2.1, these values are used to update both

the velocity and the pause frequency of all three RNAPs using Equations (3.1) and

(3.2) respectively. The velocity is used as the rate parameter, λ in the exponential

distribution defined above. Specifically, once τi, the torque experienced by Pi, is

calculated, the velocity and pause frequency, V (τi) and F (τi) are calculated using

Equations (3.1) and (3.2). The time of the next movement of Pi is now governed by

the probability distribution P (t) = V (τi)e
−V (τi)t with an expected value of 1/V (τi).

The time of next movement by the RNAP is drawn using this exponential distribution
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and recorded as Ti into the triple Pi. That is, from Equation (2.18), the variable Ti is

assigned by sampling this exponential distribution using the current value of V (τi).

The likelihood of Pi entering a pause depends on the pause frequency under the

calculated torque, F (τi), and once this quantity is calculated, a uniformly distributed

random number, u ∈ [0, 1] is drawn. If u ≥ F (τi), the RNAP continues the elongation

process. However, if u < F (τi), the RNAP enters a pause. When Pi enters a pause,

then the pause duration, D(τi), is computed using Equation (3.3). The velocity of

the RNAP is then reset to V (τi) = 1/D(τi), and the time of the next movement, Ti is

drawn based on this velocity in the same manner that was described in the preceding

paragraph. Therefore the expected value of the time of the next elongation for Pi is

1/V (τi) = D(τi). Note here that this duration is updated when a neighboring RNAP

translocates (because the value of τi changes when that motion occurs), therefore

the time of next elongation for the paused RNAP Pi is recalculated, and the pause

duration changes accordingly. The simulation scheme also monitors other pieces of

information that are crucial for our analysis, in particular the furthest downstream

nucleotide occupied by a paused RNAP (position) as well as both the start time and

the end time of each pause are recorded for a posteriori analysis purposes.

Incorporation of Collisions The other event that can affect elongation is a

collision event. As mentioned previously, a collision occurs when the trailing RNAP,

Pi must cease active elongation because the next nucleotide is already occupied by

the leading RNAP, Pi−1. Since RNAPs cannot overlap nucleotides, or “hop over”

each other as seen in specific cases with ribosomes during translation [41, 49, 86], Pi

will halt elongation until the next nucleotide is free. When a collision occurs, V (τi)

is set to zero and the time of next movement is not drawn until Pi is free to move.

Essentially, elongation of Pi is put on hold. This ensures that an elongation event
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for Pi, when it is directly behind Pi−1, will not be chosen for execution; therefore

no polymerases will overlap. When Pi−1 translocates, the rate of Pi is subsequently

updated, and the next time of elongation for Pi is drawn. We consider the end of the

collision to be when Pi translocates, as opposed to when the next nucleotide becomes

available. The position, start time and end time of each collision is also recorded for

later use in our analysis.

To summarize, upon elongation of Pi, the process given in Algorithm 3.2 is

performed for Pi and the neighboring RNAPs, Pi−1 and Pi+1. A flowchart detailing

the elongation process can be seen in Figure 3.3. The following subsections describe

how we can simplify the model to recover the standard TASAP model. We will the

use this TASAP model for comparison with the ETAM model. A discussion of the

parameters used for the numerical results is also presented below.

1: Li, Li+1 ← using ni−1, ni, ni+1

2: if Li = 0 then
3: V (τi) = 0
4: end if
5: τi ← using Li, Li+1, and L0,i, L0,i+1

6: V (τi), F (τi)← using τi
7: u← random(0, 1)
8: if u < F (τi) Pause then
9: D(τi)← using τi
10: V (τi) = 1/D(τi)
11: else
12: u ≥ F (τi) No Pause, Do not update V
13: end if
14: Ti ← V (τi)exp(−V (τi)t)

Algorithm 3.2: This algorithm occurs after the elongation of Pi.
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Figure 3.3: A flowchart for our simulation of the elongation process. RNAPs that
translocate follow the chart from elongation and continue in order depending on if
that RNAP experiences a collision or a pause. If a neighboring RNAP translocates,
updates for torque, velocity, and pause frequency are calculated for the affected
RNAPs starting with that block of the flowchart.

Remark. In order to calculate the transcription time of each RNAP, the time of

initiation and termination is recorded. If an RNAP initiates but does not complete

termination within the simulation time, then the initiation time is not saved, and only

the transcription times for the RNAPs that terminate during the time of simulation

are used for the subsequent analysis. While all pauses and collisions that occur

are recorded, for the analysis presented here we only include the information from

pauses and collisions that occur before the final recorded termination time during the

simulation.
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Comparison to TASEP

In order to compare the effect of the torque on the RNAP elongation, we will

compare ETAM model to the TASEP model which has the same stochastic structure

as ETAM, with the key exception that the torque effects are not included. In

particular, we use the same flowchart as in Figure 3.3 but the velocity, pause frequency,

and pause duration are all constant values that correspond to Equations (3.1), (3.2),

and (3.3) with τ = 0. This is equivalent to RNAPs experiencing zero torque for

the entire simulation. We use a constant velocity of β = V (0) which also gives a

constant initiation rate of α ·β. Since the RNAPs are elongating with a constant rate

of β and we have boundary conditions corresponding to initiation with rate α · β and

termination with rate γ · β, this simulation describes the typical TASEP simulation

described previously.

Pauses are simulated similarly to the pauses in ETAM. Since the torque value is

always zero, the velocity and pause frequency is V (0) and F (0) respectively. These

values are held constant throughout the simulation. As described before, upon

elongation a uniformly distributed random number, u, is drawn. If u < F (0) the

RNAP will experience a pause. The duration of the pause D(0) is employed to

recalculate the velocity as 1/D(0). Upon completion of the pause, the velocity is

reset to V (0), and the time of the next elongation calculated and stored.

Simulation Parameters

The two most important parameters governing the simulation events are the

average elongation rate, denoted by β and the scalar that affects the rate of initiation,

denoted by α. In the literature, β can vary from about 20 nt/s [53] up to about 90

nt/s [25] depending on several factors including the gene the RNAP is transcribing,

environmental conditions, and the specific structure of the gene [82,83]. The average
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elongation rate for RNAPs on an rrn operon gene has been shown experimentally

to be approximately 90 nt/s [15, 70, 82, 83]. Note that this is different from the data

calculated by Ma et. al. [53] where they measured the velocity for an RNAP under no

torque at approximately 22 bp/s. This measurement is consistent with single-molecule

experiments on certain E. coli gene sequences [2,80]. In order to simulate transcription

on an rrn operon, we multiply the velocity function described by Equation (3.1) by

an appropriate a scaling factor, K. The value of K is chosen so that an RNAP under

no torque travels at 90 nt/s, which gives K · V (0) = β = 90 nt/s. Therefore, when

drawing the next time for elongation of an RNAP, we use the exponential distribution

KV (τ)e−KV (τ)t, with the expected value (KV (τ))−1.

While mathematically, the initiation parameter α can be as high as 1, in reality

the values of α are much less than 1. Simulations were conducted using a variety of

initiation rates ranging from α = 0.0001, which corresponds to an initiation every

109 seconds on average, to α = 0.0115, which corresponds to an initiation every 1.6

seconds on average. According to the literature, an rrn operon has approximately

31% coverage of the DNA strand by RNAPs [25]. Accounting for this percentage

of coverage on a strand of DNA that is 5450 nts long occupied by RNAPs, each of

length 35 nts, corresponds to approximately 50 RNAPs on the strand at any given

time. Hence, the choice of the parameter range α ∈ [0.0001, 0.0115] is meant to mimic

conditions ranging from light coverage of the DNA strand to a density of RNAPs that

is beyond the experimentally observed conditions described above.

Results

In order to examine the effect of the torque on the transcription simulation

we compare several quantities of interest for both the ETAM and TASEP models.
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By comparing ETAM and TASEP, we isolate the effect of the torque mechanism.

We report the following quantities: the average transcription time, the average pause

duration, the average collision duration time, the number of pauses and collisions, and

the average transcriptional delay time experienced by an RNAP. Each of the above

quantities is calculated over a range of initiation rates α ∈ [0.0001, 0.0115] using 11

discrete values within this interval. For each value of α, we performed 50 simulations

of both ETAM and TASEP and ran the simulation for 10,000 seconds. In each of the

fifty simulations we record the start and end time of each RNAP transcription time,

and we also record both the beginning and the end time of each pause and collision.

When analyzing the results of our simulations, all of the data for each of the runs is

compiled and averaged together. The details of these computations and results are

given below.

Results from the Nonlinear Data Fit

For comparison purposes, we provide results for both the nonlinear data fit

discussed in the section Incorporating Experimental Data and the piecewise linear

data fit in detailed in the section Fitting the Data Linearly. The results for the

piecewise linear data fit are included to illustrate different behavior of models that

both fit the limited data well. Because the results of both data fits are vastly different

from one another, the following sections also illustrate both the value of and the need

for more data of the type given in [53], especially description of pause duration, pause

frequency and elongation velocity in the regions for extreme values of torque.

Average Number and Average Duration of Pauses In the TASEP model

simulations, each RNAP experienced, on average, 70 pauses with an average duration

of 0.55 seconds. These results were constant for the TASEP model over the entire
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range of initiation rates as seen for the magenta curves in Figure 3.4A and 3.4B

respectively. The constant results were expected since the pause frequency, F (0),

and pause duration, D(0), were constant throughout the TASEP simulations.

For the ETAM model, the average number of pauses experienced by an RNAP

varied significantly over the range of initiation rates included in the simulations. The

number of pauses increased monotonically from 202.69 for α = 0.0001 to 2169.32 for

α = 0.0115. This is a 970.3% increase over the range of initiation rates; moreover,

for the entire collection of these simulations, the average number of pauses was

consistently larger than that of the TASEP model, see Figure 3.4A. For the largest

value of α, RNAPs in ETAM experienced 2999% more pauses than RNAPs in TASEP.

This result is physically intuitive based on the construction of the ETAM model.

Recall that the pause frequency is a strictly increasing function of torque, see Figure

3.1B. If there are more RNAPs on a DNA strand, not only are those RNAPs more

likely to interact but the absolute value of the torque they experience is likely to

be larger since the distance between RNAPs is smaller, on average, for a strand

with a higher percentage of RNAP coverage. Therefore one would expect RNAPs to

experience more pauses in an environment with more coverage than they would in an

environment with less coverage.

An important and interesting observation that accompanies the preceding results

is the data for the average duration time of these transcriptional pauses. Our results

indicate that in the ETAM model, the average duration time of the pauses decreases

significantly for higher initiation rates, see Figure 3.4B. The duration time decreased

91.7% over the range of initiation rates, from 0.24 seconds when α = 0.0001 to 0.02

seconds when α = 0.0115. Note that the values of pause duration on the order of 0.02s

will not be detectable in the experiments, and so very likely the motion of polymerases

at these coverages will experience fewer observable pauses. At the highest value for α,
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the average pause duration time is 96.4% lower in ETAM than in TASEP. We propose

that the effects of the torque mechanism on the average duration time of pauses can

be summarized as follows. While an RNAP is more likely to pause in regimes with

higher initiation rates, the effects of torque, that is, the “push from the back” and

the “pull from the front,” are stronger when the neighboring elongating RNAPs are

closer to the paused RNAP. Therefore, the paused RNAP can be pushed or pulled

“out” of its pause state and into active elongation by means of these torsional effects

much more quickly than in a regime where the pause duration time is determined by

purely stochastic effects.

Number and Duration of Collisions We propose that the torque mechanism of

the ETAM model allows transcribing RNAPs to maintain their spacing relative to

their neighbors and to decrease the number of collisions (as described in the section

Incorporation of Collisions) that occur among polymerases. In order to investigate

this hypothesis, we monitor and record the average number of collisions that occur

and the time durations of those collisions for both the TASEP and the ETAM models.

The initial intuitive expectation is that one would observe an increase in the number

of collisions as the initiation rates increase (or as the percent of coverage increases).

That is, for a larger coverage of RNAPs on the DNA strand, collisions should become

more likely. Likewise, if there are very few RNAPs on the DNA simultaneously,

collisions are unlikely. As shown in Figure 3.4C, the data for the average number

of collisions behaves as expected. However, the number of collisions increases much

more rapidly in the case of the TASEP model than for the ETAM model. For the

highest initiation rate simulated, RNAPs in the TASEP model experienced 1026.5%

more collisions than RNAPs in the ETAM model. In particular, results show that

approximately 550 more collisions per RNAP occur within TASEP; we observe an
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(A) Average number of pauses per RNAP (B) Average pause duration

(C) Average number of collisions per
RNAP

(D) Average collision duration

Figure 3.4: Over increasing initiation rates determined by α, the pause and collision
results are presented for the ETAM model (blue triangles) and the TASEP model
(magenta). The number of pauses and collisions are presented as the averaged number
per RNAP. RNAPs in the ETAM model experience significantly fewer collisions and
shorter pause durations than their TASEP counterparts.

average of 53.18 collisions per RNAP in the ETAM model and an average of 599.09

collisions per RNAP in the TASEP model. For each of the models, the data sets

shown in Figure 3.4C were fit with a linear least squares model, and the average

number of collisions experienced by an RNAP has approximately linear growth over

the range of α values for both cases. The linear fits can be seen graphically in 3.5,
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and the equations for the lines Cτ (α) for ETAM and C(α) for TASEP are given by

Cτ (α) = 4609.65α

C(α) = 52175.4α

Computing a ratio of the slopes of these two lines, we observe that the number of

Figure 3.5: Linear fit for the average number of collisions experienced per RNAP.
The collisions in the results for TASEP (magenta) and compared to the linear fit
(magenta stars) and similarly for the ETAM results (blue and blue stars).

collisions for the ETAM results is growing at approximately 9% of the rate of the

number of collisions of the TASEP results.

Given that RNAPs in the TASEP model collide much more often, the average

duration time of each collision becomes very crucial. Figure 3.4D shows that for

the largest initiation rate, α = 0.0115, the average duration time of a collision is

significantly longer in TASEP, 0.104 seconds, than in ETAM, 0.011 seconds. We

believe these results indicate that the torque is contributing to RNAP’s ability to

maintain a degree of spacing and distance with their neighbors, thereby reducing the

number of collisions that occur for the ETAM case. In addition, when collisions occur

in the ETAM model, they tend to be very short. Figure 3.4D indicates that RNAPs
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in the TASEP model tend to experience collisions that last approximately five times

as long as those in the ETAM model. Moreover, this effect is consistent over the

entire range of initiation rates included in the study.

To summarize the inclusion of torque effects into the stochastic model seems

to allow the RNAPs to dynamically manage elongation velocity and spacing so as

to avoid collisions and traffic jams. While the RNAPs experienced more pauses in

the ETAM simulations, these pauses were significantly shorter in duration than those

of the TASEP simulations, with far fewer collisions and shorter collision durations.

Naturally, the preceding results lead to the main question of how torque affects the

average transcription time of the gene – arguably the most important question for

the gene’s survival and proliferation.

Average Transcription Time Experimental results from physicists and biologists

give an average transcription time for the rrn gene of approximately 60 seconds [25,60],

and in [25], the authors also assert that the rrn gene is, on average, approximately

31% covered. This corresponds to an average velocity of 90 nt/s. With the physical

parameters used for both the TASEP and ETAM model simulations, we attempt

to mimic the biological case of transcription of this gene. We now examine the

average transcription time per RNAP for each of the models. In order to obtain the

average transcription time per RNAP, the transcription time for each RNAP within

the simulation is recorded, and these values are averaged over all of the RNAPs with

successful transcriptions for each specific initiation rate. The results can be seen in

Figure 3.6A where data is presented for two situations. In addition to the simulations

for both TASEP and ETAM models with pauses, we also performed numerical

simulations for both models in the case of no pauses for comparison purposes. We

refer to the case without pauses as the “baseline” case for each model. While the
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RNAPs could still experience collisions for the baseline case, the number of collisions

was significantly lower, see the curves with the dotted lines in Figure 3.6A. This

baseline model allows us to calculate the transcription time for an RNAP without any

transcriptional delays caused by pauses, and we note that for both models, the average

transcription time is close to 60 seconds and agrees well with numbers reported in the

literature. For α = 0.0115, we see a 61.23 second transcription time for the baseline

TASEP model and slightly faster transcription time of 54.7 seconds for the baseline

ETAM model.

Examining the case where transcriptional pauses are introduced into each of the

models, we see very different effects, and these are shown in the solid curves of Figure

3.6A. For α = 0.0115, the average transcription time for TASEP is approximately

156.25 seconds, which for a DNA strand of 5450 nucleotides corresponds to an average

velocity of 34.88 nt/s. This rate is significantly lower than the 90 nt/s resulting from

an experimental average transcription time of 60 seconds for the rrn gene reported

in [25,60]. In contrast, for the ETAM model at α = 0.0115, the average transcription

time was approximately 97.73 seconds, which corresponds to an average velocity of

55.77 nt/s. This average velocity agrees much better with the experimental values.

We believe that the significant difference in average transcription times between the

two models is attributable to the many collisions and subsequent delays experienced

by RNAPs in the TASEP model. This is carefully quantified in the following section.

Average Transcriptional Delay One calculation of particular interest is the

average transcriptional delay experienced by an RNAP when it is subject to

transcriptional pausing. During the transcription process, an RNAP experiences both

pauses and collisions, each with a certain time duration. These interruptions cause

active elongation of the RNAP to cease until the RNAP is able to move again. The
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Table 3.1: Results for ETAM model: percent of the strand covered by polymerases,
average transcription time per RNAP(s), average collision delay per RNAP (s),
average pause delay per RNAP(s), and average total delay per RNAP (s).

α % Coverage Time Collision Delay Pause Delay Total Delay
0.0001 1.26 109.12 0.01 48.62 48.63
0.0004 3.42 124.44 0.03 64.70 64.73
0.0007 5.51 128.88 0.09 69.59 69.68
0.001 7.52 127.91 0.12 68.89 69.01
0.0025 14.88 115.36 0.21 57.12 57.33
0.004 20.55 108.04 0.29 50.17 50.46
0.0055 25.42 103.99 0.34 46.33 46.67
0.007 29.61 101.47 0.41 43.90 44.31
0.0085 33.31 99.85 0.48 42.31 42.79
0.01 36.81 98.59 0.53 41.08 41.61

0.0115 39.70 97.73 0.61 40.20 40.81

amount of time that an RNAP is unable to translocate contributes to the delay that

the RNAP experiences. To quantify this concept, we define the average total delay

to be sum of both the average delay due to pauses and the average delay due to

collisions. The average total delay is computed with the formula

Delaytotal = Delaypause + Delaycollision

= (ave # of pauses per RNAP) · (ave pause duration)

+ (ave # of collisions per RNAP) · (ave collision duration)

the results of which can be seen in Figure 3.6B. Specific values of the total delay over

the range of initiation rates for each of the ETAM and TASEP models can be found

in Tables 3.1 and 3.2, respectively. The average delay experienced by an RNAP in

the TASEP model increased from 38.52 seconds when α = 0.0001, to 100.61 seconds
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Table 3.2: Results for TASEP model: percent of the strand covered by polymerases,
average transcription time per RNAP(s), average collision delay per RNAP (s),
average pause delay per RNAP (s), and average total delay per RNAP (s).

α % Coverage Time Collision Delay Pause Delay Total Delay
0.0001 1.21 99.02 0.40 38.12 38.52
0.0004 2.90 100.15 1.57 38.26 39.83
0.0007 4.55 101.23 2.71 38.30 41.01
0.001 6.20 102.27 3.95 38.26 42.21
0.0025 14.26 108.33 10.45 38.33 48.78
0.004 21.75 114.56 17.20 38.34 55.54
0.0055 29.05 121.54 24.72 38.41 63.13
0.007 36.08 129.00 32.82 38.41 71.23
0.0085 42.89 137.35 41.85 38.41 80.26
0.01 49.40 146.55 51.75 38.43 90.18

0.0115 55.26 156.25 62.14 38.47 100.61

(A) Average transcription time (B) Average delay per RNAP

Figure 3.6: Over increasing initiation rates α · β, we present our results for average
transcription time and average total delay per RNAP. The ETAM model (blue
triangles) and TASEP model (magenta) are both plotted for comparison. The dashed
lines represent baseline simulations with no pauses.

when α = 0.0115. Conversely for the ETAM model, the average delay decreased from

48.63 seconds to 40.82 seconds over the same range of initiation rates.
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For the ETAM model, the eventual decrease in delay values for increasing

initiation rates (and thus increasing coverage), is evidence to suggest that the

torque contributes to an increase in efficiency with multiple RNAPs transcribing

simultaneously. Moreover, the comparison of these two models allows us to the

observe that, in the TASEP model, the phenomena that drives the total delay is

that of the delays due to collisions (as opposed to the delays due to transcriptional

pauses experienced). Table 3.2 clearly demonstrates that, for the TASEP model, the

delays which the RNAPs experience due to pauses remains virtually constant over

the entire range of initiation parameters and that the increasing behavior of the total

delay is almost exclusively attributable to the delays due to collisions. In contrast,

Figure 3.4C and Table 3.1 demonstrate that the torque mechanism included in the

ETAM model prevents many collisions from happening, and it also decreases the

amount of delay that RNAPs incur from those few collisions that actually do occur.

This is especially apparent with the higher initiation rates. The torsional interaction

between RNAPs leads to far more efficient transcription, especially in the case of high

coverage of the DNA strand.

The torque provides a mechanism for the RNAPs to interact and cooperatively

prevent collisions from occurring. If an RNAP pauses, the trailing RNAP will slow

down and/or enter a pause with a much higher probability due to the increasing

torque applied to it as its elongation continues. The trailing RNAP will likely enter

a pause or it may push the leading RNAP into active elongation before a collision

occurs. The evidence of this interaction can be seen in the difference in the number

of collisions experienced per RNAP in the two models in Figure 3.4C.

The comparison of the ETAM and TASEP models allows us to propose that

torque is an important mechanism in regulation of transcription. Neighboring RNAPs

may interact with each other using torque to optimize their elongation efficiency as a
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group effort as opposed to an individual process as suggested in [29]. In this paper,

Epshtein et. al. show that transcription times are faster with multiple RNAPs as

opposed to a single molecule. Our ETAM simulations for α = 0.0001 had an average

transcription time per RNAP of 109 seconds, with an average time between initiations

of 109 seconds. This simulation was essentially transcription of a single molecule. The

average transcription time for α = 0.0115 decreased nearly 12 seconds from the lower

value of α. This is largely do to the paused RNAPs being pushed back into active

elongation by their neighboring polymerases, a phenomenon suggested by Epshtein

et. al..

Results from the Linear Data Fit

The small number of data points given in [53] require us to extrapolate in order to

characterize the relationships between the torque and the various physical quantities

(elongation velocity, pause frequency and pause duration) for the ETAM model in the

extreme cases where the torque values were near the melting or the stall cases, that

is, where the absolute value of the torque is large. For those two cases, the functional

relationships are constructed based on experimental biological data from [53] as well

as other literature. The previous section focused on that combination of information

to inform the mathematical model; however, the choices made for the functional

relationships were still somewhat arbitrary. The results of this section illustrate that

the choices made for the case of torque values near either melting or stall are very

crucial to the results of the mathematical model. The most important result shows

that the cooperative effect discussed in the previous section is observed for some

choices of data fit constructions but not for others. Hence, the results reported in

this section demonstrate the need for more experimental data over a larger range of

torque values in order to produce a realistic mathematical model.
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Though the average transcription time and total delay functions displayed for

the ETAM model in the previous section are largely concave up, the results are very

different when using the piecewise linear curve fit discussed in the section Fitting

the Data Linearly for ETAM simulations. With the piecewise linear fit, the average

transcription time and total delay have the same initial behavior as the nonlinear fit

but the results continue to increase and stay concave down for the duration of the

simulations. This can be seen in Figure 3.7.

(A) Average transcription time (B) Average delay per RNAP

Figure 3.7: Over increasing initiation rates α · β, we present our results for average
transcription time and average total delay per RNAP in the ETAM model. The
nonlinear model (blue triangles) and piecewise linear model (green dots), both detailed
in previous sections, are plotted for comparison.

For α = 0.0001 the average transcription time was approximately 108 seconds

with a total delay of 45 seconds. This increased over the range of α, with a final

average transcription time of 147 seconds and a delay of 78 seconds. This is a 36%

increase in transcription times and a 73% increase in total delay. If we compare

these to the values calculated for its nonlinear counterpart, we see that for the largest

value of α = 0.0115, a 50% increase in transcription time and a 91% increase in
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delay for the piecewise linear fit. While the result with the piecewise linear fit is

much closer to a 60 second average transcription time than TASEP, the cooperative

effect of the nonlinear fit from the previous section is diminished for this particular

choice of piecewise linear fit. The cooperative effect of the ETAM in the previous

section shows a decrease in transcription time as the coverage of the DNA strand

increases to biologically relevant situations, and that effect is dramatically different

than both the piecewise linear fit for ETAM and the TASEP case where transcription

time monotonically increases as the coverage of the DNA strand increases.

The Importance of the Pause Duration

Because of the drastic difference in results from a nonlinear fit to a piecewise

linear fit, we investigate which function or combination of functions drives the

difference. Below we explore several possible combinations of piecewise linear and

nonlinear data fit choices, and we find that the behavior is clearly being driven by the

pause duration function, specifically the pause duration for very low torque values

near the melting threshold, see Figure 3.8. This figure compares the results from

the nonlinear fit (Figure 3.1), and the piecewise linear fit (Figure 3.2) with two other

curves. The curve labeled “Nonlinear Left” are the results of the piecewise linear fit for

all functions except the pause duration. The pause duration instead is a combination

of the nonlinear fit from [-10,5] and the piecewise linear fit from [5,11]. Similarly

the curve labeled “Nonlinear Right” are the results for the nonlinear fit from [5,11]

and the piecewise linear fit from [-10,5] in the pause duration function. As you can

see, the results for the piecewise linear fit and the nonlinear right fit are qualitatively

similar. The most surprising are the results for the nonlinear left fit. For this curve

fit, under large values of α, the RNAPs experience nearly 60 second transcription
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(A) Average transcription time (B) Average delay per RNAP

Figure 3.8: In addition to the nonlinear fit (blue triangles) and the piecewise linear
fit (green dots), we also present our results for a piecewise linear fit except for the
pause duration on the interval [-10,5], “Nonlinear Left” (red stars), or on the interval
[5,10], “Nonlinear Right” (black stars).

times with virtually no delay. The reason for this difference in results can be seen as

we investigate the graph of pause duration for torque values near -10 pN·nm.

Figure 3.9 depicts the nonlinear pause duration and the piecewise linear pause

duration for torque values in the interval [-10,-5]. It’s important to note that

pause durations are not fixed, but are calculated upon entering a pause and then

recalculated when neighboring RNAPs elongate. However, when an RNAP is paused,

the recalculated pause duration will always be smaller than the original because it

is either being pulled from in front or pushed from behind by the elongation of a

neighbor. Therefore even if the original pause duration is large, the recalculated

pause duration is likely to be small, as evidenced by the extremely small average

pause durations in high coverage environments. Hence, the range of pause duration

values for the case of small torque is very important. In the case of the nonlinear
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Figure 3.9: The differences in the pause duration for the piecewise linear fit (green)
and the nonlinear fit (blue) at low torque values is highlighted here. This difference
accounts for the the very different results in average transcription time and average
total delay depicted in Figure 3.7.

data fit with low torque values, the pause duration can be set as low as zero, and the

RNAP is released from the pause state and is free to elongate. However for the case of

the piecewise linear data fit, the lowest pause duration possible is approximately 0.3

seconds. With the large amount of pauses experienced by an RNAP, the difference

in pause duration for low torque values is driving the difference in behavior between

the nonlinear and piecewise linear data fit.

To finish our discussion on pause duration we again consider Figure 3.8, we

would like to highlight the difference in the results of the “Nonlinear” data fit and the

“Nonlinear Left” data fit whose pause duration is linear for α ∈ [5,10] and nonlinear

for α ∈ [-10,5]. If the behavior of the results is driven by the pause duration for low

torque values, how do we account for this difference, as they have the same pause

duration for those torque values? This difference can be attributed to the pause

frequency function. Recall, the “Nonlinear Left” data fit has the piecewise linear

fit for velocity and pause frequency. The piecewise linear fit for large torque values

would give a pause frequency of 0.049 when the torque is 11 pN·nm, as opposed to a
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pause frequency of 1 for the nonlinear fit. The RNAPs will experience significantly

fewer pauses with the piecewise linear pause frequency, encountering on average 146

pauses when α = 0.0115, as opposed to 2169 pauses. Regardless of how short the

duration is, these minor interruptions in elongation can have a large effect on the

overall transcription time of an RNAP. With this in mind, we investigate how the

value of the pause frequency function when torque is 11 pN·nm can affect the results

of the model.

Different Pause Frequency Functions

As mentioned earlier, the choices for data fit in the cases of very high torque

values and very low torque values were somewhat arbitrary with the limited data

points. One choice which has proven to be crucial is to use a pause frequency of 1

when torque is 11 pN·nm, the approximate value for stall torque. Here we illustrate

the the impact of that choice on our results. Using the nonlinear data fit for pause

duration and velocity, as in Equations (3.3), and (3.1), we perform a set of calculations

for various choices for the function value when torque is 11 pN·nm. We continue to

fit the pause frequency function using quadratic functions similar to Equation (3.2);

however the value of the pause frequency function when the torque value is 11 pN·nm

is allowed to range over a variety of values smaller than 1 in order to compare the

results, see Figure 3.10. The values for pause frequency used when torque was 11

pN·nm are {0.2, 0.5, 0.6, 0.7, 0.8, 0.9}. We also report the results for the original

pause frequency function that takes on the value of 1 at the stall torque. Also included

are the results for the case where the pause frequency function data is fit with one

quadratic function which has a value of approximately 0.05 when at stall torque. The

average transcription time and total delay for all of these different choices for data

fit can be seen in Figures 3.11A and 3.11B respectively. Pause frequency increasing
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Figure 3.10: Pause frequency function where the value at the end point, 11 pN·nm
is raised. The data (red dots) is fit with one quadratic function up to 7.5 pN·nm.
A second quadratic function is used to fit the end point, with the exception of the
lowest function which is the original quadratic for the entire interval.

(A) Average transcription time (B) Average delay per RNAP

Figure 3.11: Over increasing initiation rates α · β, these results show average
transcription time and total delay over different fits of the pause frequency function.
The legend labels the pause frequency at the highest torque value.

to 0.05 and 0.2 have the fastest transcription times, both being very close to a 60

second transcription time and in the case of the lowest pause frequency, actually being

faster than a 60 second transcription time. These two pause frequency functions give
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Table 3.3: The average number of pauses per RNAP, average pause duration, and
average pause delay per RNAP due to pauses experiences per RNAP for the different
pause frequency functions. Frequency represents the value of the pause frequency
function when torque is 11 pN·nm. All of the data reported is for α = 0.0115.

Frequency # of Pauses Duration (s) Delay (s)
0.05 162 0.013 2.106
0.2 433 0.014 6.062
0.5 1013 0.016 16.208
0.6 1219 0.016 19.504
0.7 1443 0.017 24.531
0.8 1668 0.017 28.356
0.9 1909 0.018 34.362
1 2169 0.018 39.042

results that agree extremely well with experimental data for large values of α. If

we consider the difference in the average number of pauses per RNAP under these

different pause frequency functions, we can understand the difference in delay. Table

3.3 shows the average number of pauses per RNAP, average pause duration, and

the corresponding delay due to pauses for the difference pause frequencies, when

α = 0.0115. By examining the delay values in Table 3.3 and comparing these to

Figure 3.11B, we can see that the pause delay contributes to the vast majority of

the total delay each polymerase experiences. The pause delay is influenced mostly by

the number of pauses per polymerase which is a direct result of the pause frequency

function.

Another interesting result is the shift in behavior from frequency 0.5 to frequency

0.6. The results for lower frequency values are concave up over the range of α.

However with pause frequency up to 0.6 we begin to see a global maximum when

α = 0.0004. For pause frequency greater than or equal to 0.8 the global maximum

is when α = 0.0007. For values of α larger than 0.0007 the coverage of the DNA
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strand is large enough that the RNAPs feel a substantial effect from their neighboring

polymerases and begin to experience a cooperative effect. It is in this range that

while the polymerases experience more pauses, the decrease in the pause duration is

enough to shorten the total delay. We believe this is the range of initiation values

where the RNAPs are now close enough for the torsional interaction to push a paused

RNAP back into elongation, as proposed by Epshtein et. al. [29], substantially quicker

than they had been previously. As the values of α continue to increase from here,

this cooperation becomes even more pronounced. Regardless of pause frequency, the

overall cooperative behavior is clear by the decrease in delay and transcription times

for the larger coverages.

Mathematically, choosing a value for pause frequency close to 1 or equal to 1

when torque is 11 pN·nm is the natural choice as this is the stall torque. However,

if we want to fit our model to the experimental data, we would choose a pause

frequency close to 0.2. Here we have 30% coverage of the DNA strand with an

average transcription time of just under 62 seconds at the highest initiation rate.

This agrees very well with the results presented by Neuman et. al. [60]. In order

to properly tune our ETAM model, more data is necessary near the stall torque and

melting torque.

In order to determine, just how important accurate measurements near the stall

torque and the melting torque could be, we investigated the how often these torque

values were calculated over our range of α. Figure 3.12 depicts the number of times

each torque value is calculated in a simulation as a percentage out of the total number

of torque values that were computed, displayed as a histogram. We show the results

for both the baseline simulation (no pauses), and the pause simulation for α = 0.0001

(Figure 3.12A) and α = 0.0115 (Figure 3.12B). In these simulations, we counted the

number of times the torque values of 10 pN·nm and -10 pN·nm were computed and
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(A) α = 0.0001 (B) α = 0.0115

Figure 3.12: The percentage of times a torque value is calculated in a baseline (blue)
simulation and a pause (red) simulation is presented here as a histogram. The
histogram bars at -10 and 10 is the percentage that those values were computed.
Each of the other bars represents the percentage between (-10,-9], (-9,-8], etc., with
the exception of the bars at the label < 10. The histogram bars at < 10 represents
the percentage of torque values computed in (9,10).

plotted this percentage as histogram bars at -10 and 10 respectively. In between these

values we counted the number of times a torque value fell in the interval (-10,-9] and

plotted that percentage in the histogram bars at -9. The percentage of torque values

in (-9, -8] were plotted in the histogram bars at -8, and so on, up to the torque value

of 9. The percentage of values in the interval (9,10) were plotted under the label of

< 10. As you can see from Figure 3.12, for our lowest initiation rate (α = 0.0001)

computed a torque of 0 pN·nm approximately 50 percent of the time in the baseline

simulation and just under 40 percent for the pause simulation. This is to be expected

as many of the RNAPs for this value of α are transcribing as single molecules and

therefore would not generate torque values away from 0 pN·nm. For α = 0.0115, the

results are very different. The interaction between RNAPs causes the 0 pN·nm to be

computed only 10% of the time. The extreme values of -10 pN·nm and 10 pN·nm are

calculated the most. In the pause simulation -10 pN·nm is computed approximately

25% of the time and 10 pN·nm about 35% of the time. This high percentage is due
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to the fact that the RNAPs are very close together at this high density and therefore

the interactions between them are extremely strong. As a result, these torque values

and how we model the velocity, pause duration, and pause frequency at these values,

has a large impact on the ETAM results.

Discussion

By incorporating the torque mechanism into a basic TASEP model of transcrip-

tion we are able to see a cooperative effect among transcribing RNAPs. This effect

was noted experimentally in 2003 by Epshtein and Nudler [29]. At the time, the

mechanism causing this behavior was unclear. After the recent developments by Ma

et al [53], and results from our model simulations, we propose that the torsion on the

DNA caused by RNAP transcription is allowing the RNAPs to communicate with each

other in order to maintain proper spacing and to increase the rate of transcription.

The cooperation between RNAPs is clearly seen from the results of our stochastic

model, ETAM, which incorporates torque into a basic TASEP model. We compare

this model with the TASEP model to isolate the effect of the torque. There are

two results that clearly demonstrate this cooperative effect: the average number of

collisions each RNAP experiences and the average pause duration.

With a high initiation rate of RNAPs onto the DNA, each polymerase

experiences on average 550 fewer collisions with neighboring RNAP during the course

of transcription when the elongation is regulated by torque. This is a direct result

of the torque allowing the RNAPs to communicate with the polymerases that are

closest to them. During a simulation of TASEP, an RNAP will elongate until it

either pauses or is stopped because the next nucleotide downstream is occupied by a

paused polymerase. With ETAM, as an RNAP elongates close to a paused RNAP,
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the resisting torque experienced by the elongating RNAP makes it much more likely

to pause. At the same time, the paused RNAP experiences an assisting torque from

the elongating RNAP which can push out of a pause and into active elongation. This

interaction prevents an average of 550 extra collisions from occurring.

The average pause duration is the other quantity most affected by the torque.

With ETAM the pause duration is not a fixed quantity but can be dynamically

recalculated to account for the actions of neighboring RNAPs. Pause durations can be

shortened when the polymerases surrounding the paused RNAP elongate. Simulation

of ETAM produced on average 0.02 second pauses as opposed to 0.55 second pauses

simulated in TASEP.

When comparing the average transcription time per polymerase we see an even

more striking difference. The ETAM model shows polymerases experiencing an

average transcription time of 97.73 seconds as opposed to 156.25 seconds in TASEP.

This is a difference of nearly a minute! The delay a polymerase experiences as a result

of collisions and pauses has the largest effect on the overall transcription time. With

fewer collisions and shorter pause durations, the RNAPs simulated in ETAM have

significantly less delay resulting in far more efficient transcription.

As promising as these results are, they depend on how we fit limited data for

velocity, pause frequency, and pause duration into functions of torque. With a small

amount of data points available and no data for values near the stall torque and

melting torque, the functional modeled used for these functions at those end points is

somewhat arbitrary. These high and low values for torque are calculated quite often

with a high density of RNAPs on a DNA strand since the torsional interactions are so

strong. As a result, the results of ETAM depend on the choice of the these functions

of torque in the regions where no experimental data is currently available.
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As nanotechnology continues to improve, our hope is that data will become

available for velocity, pause duration, and pause frequency at both very low and very

high torque values. This will allow us to better fit our model to the data without

needing to make assumptions for the extreme cases. Even with the limited data, the

cooperation effect is evident in the ETAM results, with shorter transcription times

in the simulations for the range of high initiation rates. With more polymerases

transcribing DNA simultaneously, each RNAP experiences less delay than RNAPs

transcribing with a smaller amount of polymerases. Transcription should be viewed

as a group effort, with torsional interactions allowing all of the RNAPs to transcribe

more efficiently.
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BROWNIAN RATCHETS

RNAP elongation can be thought of as having two different phases: transloca-

tion, and pausing. During translocation, the RNAP moves forward one basepair while

adding one ribonucleotide triphosphate (NTP) to the nascent RNA chain [1,21]. The

order of these steps has been under debate in the past. One proposed model is the

power stroke model where the NTP binds to the RNA chain releasing pyrophosphate

which triggers translocation. However, it is now accepted that RNAPs act as a

Brownian ratchet, where RNAPs translocate as a result of thermal energy and this

movement is stabilized with the addition of NTP [1,5,6,21,36,37,50,75]. Specifically,

the RNAP oscillates between pre-translocated and post-translocated states until the

binding of NTP stabilizes the movement favoring forward motion [1, 21].

During elongation, RNAPs experience pauses: long pauses (> 25s), and short

ubiquitous pauses (< 25s). The long pauses belong to two different classes. The first

class is caused by hairpins in the nascent RNA. During a hairpin pause, the RNAP is

thought to remain in the pre-translocation state hindering further nucleotide addition

[81]. The second class of long pauses is backtracking pauses, thought to be caused by

weakness of the RNA-DNA hybrid in the transcription elongation complex [47, 62].

During backtracking pauses, the RNAP slides upstream on the DNA approximately

5 bp then recovers its original position [73]. Unlike the longer pauses, the origin

of short ubiquitous pauses is unknown. Some researchers believe they are due to a

rearrangement of the structure of the RNAP [4,61]. Others believe that a significant

portion of short pauses are due to backtracking [27]. Regardless of the origin, the

ubiquitous pauses are short in duration and occur approximately every 100 bp [61].

Since the elongation of RNAPs can be modeled as a Brownian ratchet, we have

decided to model both translocation and pausing in this manner.



64

RNAP translocation as a Brownian ratchet can be viewed as an example of a

one dimensional random walk [10, 38, 43]. We model RNAP motion as the motion

of a particle in a periodic potential that describes the energy that is both added

and subtracted during translocation with the translocated state being at the minima

of the potential, as described in [78]. RNAP motion is largely downstream on the

DNA strand with the rare upstream movement (as in backtracking pauses). In a

Brownian ratchet, a particle experiences symmetric Brownian motion which is then

stabilized in the preferred direction, as is the case with the addition of NTP for RNAP

translocation. This asymmetry can be achieved in a Brownian ratchet model by

employing an asymmetrical, periodic “ratchet” potential, such as a sawtooth potential

shown in Figure 4.1. With this potential, a particle is more likely to escape the “well”,

Figure 4.1: The sawtooth function is often employed in Brownian ratchets as it is an
excellent example of an asymmetrical, periodic potential, V (x).

or minima, to the right up the sloped ramp than it is to exit left over the “wall”. An

alternative to the asymmetrical potential that will still produce a preferred direction

of motion is to subtract a tilting force term from the potential [66]. In this case the
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potential is of the form

V (x) = U(x)− Fx (4.1)

where U(x) is periodic with period L and F is the tilting force. If F < 0 the force

would pull particles to the left and if F > 0 the force pulls particles to the right. In the

context of DNA, the RNAPs would drift upstream on DNA if F < 0, or downstream

on DNA if F > 0. In order to keep the potential arbitrary yet still maintain biased

(asymmetrical) motion, we choose to employ a tilted periodic potential.

Equation of Motion

The concept of a Brownian ratchet was first introduced in the early 1900s by

Smoluchowski and later developed by Feynman [30, 77]. Suppose there is a particle

that moves via a Brownian ratchet in one dimension with spatial coordinate x(t).

Newton’s law of motion then gives the formula

m
d2x(t)

dt2
+
dV (x)

dx
= −γ dx(t)

dt
+ ξ(t) (4.2)

where m is the mass of the particle, V (x) is a periodic potential with period L (i.e.

[V(x) = V(x+L)]), and γ is the friction coefficient. The variable ξ(t) is Gaussian

white noise which is an independent and identically distributed random variable with

a normal distribution and zero mean. For small systems where thermal fluctuations

are important, the motion is over-damped and inertia is negligible. Therefore an

excellent approximation to Equation (4.2) is to set the inertia force term, md2x(t)
dt2

, to

zero. Hence the model becomes

γ
dx(t)

dt
= −dV (x(t))

dx
+ ξ(t). (4.3)
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Using the tilted periodic potential in Equation (4.1), we rescale the force term and

the noise to omit the friction coefficient and arrive at our final equation for biased

motion of a Brownian particle

dx

dt
= − d

dx
(U(x)− Fx) +

√
2Dξ(t) (4.4)

with noise intensity, D. Often the parameter D is given by the Einstein relation [28],

D =
kβT

γ
(4.5)

where kβ is the Boltzmann constant, and T is temperature. This is consistent with

the derivation of Equation (4.4).

Since the equation (4.4) describes a stochastic process, different realizations of

ξ(t) will produce different solutions to equation (4.4). The collection of such solutions

is characterized by a probability density function, P (x, t|x0, t0), used to describe the

distribution of Brownian particles starting at position x0 at time t0. The notation

P (x, t|x0, t0), denotes the probability that the particle is located at the spatial position

x at time t, given that the particle started at position x0 at time t0. We will use

the notation P (x, t) when x0 = 0 and t0 = 0. The time evolution of a statistical

ensemble is captured by the time evolution of P (x, t) which satisfies the Fokker-

Planck equation [52,64,67]

∂tP (x, t) = ∂x(V
′(x) +D∂x)P (x, t) (4.6)

with initial and boundary conditions to be explained in the following section. While

the Fokker-Planck equation is not solvable in general, some key properties of this

evolution can be described by considering both drift and dispersion. In the case
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of biased motion, over time P (x, t) will drift in the direction of the bias and

spread (disperse) over many periods of the potential given in Equation (4.1). For

more information on the history of Brownian ratchets and the details of our model

derivation, please see the comprehensive review article [64].

Important Quantities for a Brownian Ratchet on a Periodic Potential with Drift

Transport of particles under a Brownian ratchet can be well described by three

main quantities: drift, dispersion, and efficiency. The drift is given by the mean

velocity of a particle,

v = lim
t→∞

〈x(t)− x(0)〉
t

(4.7)

where 〈·〉 denotes the mean value. Dispersion is characterized by the effective diffusion

coefficient,

Deff =
1

2
lim
t→∞

〈[x(t)− 〈x(t)〉]2〉
t

. (4.8)

Efficiency can be quantified by the Péclet number,

Pe =
vL

Deff

. (4.9)

A large Péclet number indicates a large mean velocity with a small effective diffusion,

resulting in efficient particle transport. Analysis of these three quantities is often the

focus of diffusion research.

In an elegant paper written by Lindner et. al. [52], the model for diffusion

transport in a tilted periodic potential and the corresponding Fokker-Planck equation,

Equations (4.4) and (4.6) respectively, are analyzed. While many papers have

addressed this problem [18,54,64–66], Lindner et. al. employed a different technique

by dividing the tilted potential into overlapping segments, and analyzing an escape
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from one of these segments. They then aggregated the process with an asymptotic

limit as t→∞. This approach allowed for succinct formulas and analysis.

Figure 4.2: The potential function V (x) is divided into overlapping segments of length
2L, here segment mi spans the interval [−L,L]. When a particle exits from either
end of the segment, it is placed at the position x = 0 of the neighboring segment.

First we describe the specific division of the potential into segments mi, depicted

in Figure 4.2. The potential V (x) = U(x)− Fx, where U(x) is periodic with period

L, can be divided into over-lapping segments of length 2L. An escape from one

segment is independent of all other segments. Therefore each segment can be analyzed

individually on the one dimensional spatial interval [−L,L]. Segments are constructed

with absorbing boundary conditions at the endpoints, ±L. When a particle reaches

either ±L of segment mi it is removed from that segment and placed at x = 0 of the

segment mi+1 if it exited right, or mi−1 if the exit was on the left. In this way they

reduced the problem to a Fokker-Planck equation, Equation (4.6), by prescribing the
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initial condition and boundary conditions

P (x, 0) = δ(x), P (−L, t) = P (L, t) = 0, (4.10)

where the initial condition is given by the dirac delta function, δ(x), with point source

at x = 0. The probability that a particle starts in a segment at x = 0 is one, and

the probability that the particle is still in the segment at x = ±L is zero. When the

particle reaches ±L it is now at the next segment’s location of x = 0 with probability

one. In this way, as described by the Fokker-Planck equation, the particles move over

the segments.

Moving throughout these segments can be thought of as a one dimensional

random walk. The net movement at time t, denoted nt, is therefore

nt =
Nt∑
i=1

Wi. (4.11)

This is a stochastic process with jumps left and right depicted as realizations of

Wi = {−1, 1} for each i = 1, 2, . . . , Nt with probabilities p− and p+ respectively. Nt

is the total number of jumps before time t. Since Wi is a random variable describing

a one dimensional random walk, we obtain the mean and variance

〈W 〉 = p+ − p−, 〈∆W 2〉 = 4p+p−. (4.12)

Hence the asymptotic mean and variance of nt are given by [19] as

〈nt〉 = E[Nt]〈W 〉 = (p+ − p−)
t

µ
(4.13)
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and

〈∆n2
t 〉 = E[Nt]var(W ) + var(Nt)E[W ]2 = 4p+p−

t

µ
+ (p+ − p−)2 tσ

2

µ3
(4.14)

In these equations µ and σ2 are the mean and variance of the escape time density,

and Equation (4.14) is given by the conditional variance identity. Using the Central

Limit Theorem, Nt is found asymptotically to have a normal distribution with mean

t/µ and variance σ2t/µ3.

The process nt allows us to approximate the spatial location as x(t) ≈ Lnt

with an uncertainty of ∆x = ±L at any time t. So for any time t, the position of

x(t) ∈ [Lnt − L,Lnt + L] with the specific position approximated as Lnt. Under the

limit as t→∞ the mean and variance of the particle position is

〈x(t)〉 = L(p+ − p−)
t

µ
, 〈∆x(t)2〉 = L2

(
4p+p−

t

µ
+ (p+ − p−)2 tσ

2

µ3

)
. (4.15)

Using Equation (4.15) with Equations (4.7), (4.8), and (4.9), as outlined in [52], we

arrive at our final equations

v = L
p+ − p−

µ
, (4.16)

Deff =
L2

2

(
1

µ
+

(p+ − p−)2

µ3
(σ2 − µ2)

)
, (4.17)

and

Pe = 2
p+ − p−

1− (1− σ2

µ2
)(p+ − p−)2

. (4.18)

In each of these equations, µ is of central importance and is therefore critical when

describing diffusive transport of Brownian particles.
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The last piece of these equations that needs to be addressed is to calculate µ

and σ2. These expressions can be computed, using the techniques outlined in [31], as

µ =
1

D
(

1 + e
−FL
D

) ∫ L

0

∫ x

x−L
e

V (x)
D e

−V (y)
D dy dx, (4.19)

and

σ2 =
2

D
(

1 + e−
FL
D

) ∫ L

0

∫ x

x−L
e

V (x)
D e

−V (y)
D

(
T1(y)− 1

2
µ

)
dy dx, (4.20)

where T1(x) is the mean first passage time of a particle starting at x. This expression

is

T1(x) =
1

D


(∫ x
−L Φ(y) dy

) ∫ L
x

∫ y
−L

Φ(y)
Φ(z)

dz dy −
(∫ L

x
Φ(y) dy

) ∫ x
−L

∫ y
−L

Φ(y)
Φ(z)

dz dy∫ L
−L Φ(y)dy


(4.21)

using the simplifying Φ(x) = e
V (x)
D for clarity. The derivations of these formulas are

detailed in Appendix A.

The focus of this chapter is µ, the mean escape time (MST) from a segment in

a tilted periodic potential. In this chapter, we add an arbitrary number of periodic

functions to the potential, referred to as a multi-periodic potential. These periodic

functions have decreasing periods L,L/N1, L/N2, . . . for Ni ≤ Ni+1 where each Ni ∈

N. Notice that for all of these periodic functions there exists a common period L.

A new formula is then derived for the MST, the original formula being given by

Equation (4.19). The derived formula expresses the total escape time as a function of

the MST of each individual periodic function in the potential. Two examples using

truncated Fourier series will be provided.
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Theorem for the Mean Escape Time

Now that all of the equations and background information have been outlined, we

proceed by constructing a new potential function which is a sum of periodic functions.

For the tilted, multi-periodic potential, we use

V (x) = U1(x, L/N1) + U2(x, L/N2) + · · ·+ Un(x, L/Nn) + Û(x, L)− Fx. (4.22)

The notation, Ui(x, L/Ni), denotes a periodic function with period L/Ni, where Ni ∈

N for all i. The function Û(x, L) is the periodic function with the largest period

L. All other periodic functions in Equation (4.22) have a period that divides L

and therefore each Ui(x, L/Ni) is also periodic with period L. Therefore U(x) =

U1(x, L/N1) + U2(x, L/N2) + · · ·+ Un(x, L/Nn) + Û(x, L) is periodic with period L.

To model RNAP transcription and pausing, we implement the tilted multi-

periodic potential

V (x) = U1(x, L/N) + U2(x, L)− Fx. (4.23)

The original motivation was for one potential to capture RNAP elongation, while the

other potential captures pausing. In this equation, we can express the translocation

of an RNAP one nucleotide at a time with U1(x, L/N). To describe the pauses we

add the periodic function U2(x, L). This potential is meant to represent a pause

every L nucleotides. For a visual representation of this multi-periodic potential see

Figure 4.3. Using a periodic potential to describe a specific fixed spatial location of

a pause does strip the RNAP model of the random aspect of pausing. While there

is a lot to explore from having a periodic pause, it is not as biologically relevant as

a stochastic pause model. However, it represents one step towards the integration

of experimental knowledge into a model framework. As reported in [61], on average
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Figure 4.3: The multi-periodic potential function V (x) = U1(x, L/N)+U2(x, L)−Fx
is provided here for reference. U1(x, L/N) provides most of the oscillatory nature of
this function, while U2(x, L) adds the higher amplitude wall that is more spaced out.

an RNAP pauses every 100 basepairs. Therefore using L = 100 basepairs for the

pause and L/N = 1 for translocation of one nucleotide, one could analyze a diffusion

model for elongation incorporating periodic pauses. While RNAP motion is the

motivation for this project, the investigation is mathematically worthwhile in its own

right regardless of the relevance to biology. As such for the remainder of this thesis,

the focus is on diffusive particle transport in general, as opposed to as a model for

DNA transcription specifically.

The MST out of a segment is of central importance in the analysis of diffusive

transport. Using results from [52], namely Equation (4.19), we have an expression

for the MST out of the segment spanning the interval [−L,L] with the potential

function V (x) = Û(x, L)−Fx. It stands to reason since several periodic functions are

added together in the potential, that µ should be influenced by all periodic functions
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contained in the potential. We develop a multiplicative formula for µ in terms of the

MST for each periodic function in the potential.

Let µi(1) be the MST for the periodic potential Vi(x) = Ui(x, 1) with no tilt

and period one, and let µ̂(L) be the MST for the tilted periodic potential V̂ (x) =

Û(x, L)− Fx.

Theorem 4.0.1. Suppose V (x) = U1(x, L/N1) + U2(x, L/N2) + · · ·+ Un(x, L/Nn) +

Û(x, L)− Fx is a C1[−L,L], tilted multi-periodic potential where Ni ∈ {2, 3, 4, . . . },

N1 ≤ N2 ≤ · · · ≤ Nn. Then

µ = (2D)nµ1(1)µ2(1) · ... · µn(1)µ̂(L) +O(L/N1) (4.24)

The proof for this theorem is provided in the following section. For the remainder

of this section we provide several lemmas that aid in the proof. First, we present a

theorem from [31] that shows the probability of escaping left or right is the same

regardless of the what the periodic potential looks like so long as the period L and

the tilt F are fixed.

Probability of Escaping Left or Right

The first thing to highlight, as it pertains to the multi-periodic potential in

Equation (4.22), is the probability of escaping. Specifically, the probability of exiting

to the right from position L, denoted by p+, and the probability of escaping left from

the position −L, p−, remain unchanged with the addition of more periodic functions.

The potential V (x) = Û(x, L)−Fx and the potential given in Equation (4.22) would

have the exact same probability of escaping right or left. The probability p− is related
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to the probability p+ through the equation

p− + p+ = 1, (4.25)

since a particle will leave the segment with probability one. Using formulas from [31],

another relationship between these probabilities is shown.

Theorem 4.0.2. Suppose V (x) = U(x, L)−Fx is a tilted periodic potential function.

Then

p+ = e
FL
D p−

Proof. Using well known formulas given in Section 5.2.8 of [31] and derived in

Appendix B, the probability of escaping the segment out of either ±L when beginning

at x = 0 is

p− =

∫ L
0
e

V (y)
D dy∫ L

−L e
V (y)
D dy

, p+ =

∫ 0

−L e
V (y)
D dy∫ L

−L e
V (y)
D dy

. (4.26)

Consider
∫ 0

−L e
V (x)
D dx under the change of variables y = x+ L. Then

∫ 0

−L
e

V (x)
D dx =

∫ L

0

e
V (y−L)

D dy

Now,

V (y − L) = U(y − L)− F (y − L) = U(y)− Fy + FL = V (y) + FL

since U is L periodic, therefore

∫ 0

−L
e

V (x)
D dx =

∫ L

0

e
V (y−L)

D dy

= e
FL
D

∫ L

0

e
V (y)
D dy



76

Hence ∫ 0

−L
e

V (x)
D dx = e

FL
D

∫ L

0

e
V (x)
D dx

Plugging this into Equation (4.26), we have

p+ =

∫ 0

−L e
V (y)
D dy∫ L

−L e
V (y)
D dy

=
e

FL
D

∫ L
0
e

V (y)
D dy∫ L

−L e
V (y)
D dy

= e
FL
D p−

Remark. In this theorem U(x, L) is an arbitrary function with period L. Therefore,

using formulas derived in [52], the potential function V (x) = U(x, L) − Fx has the

probability of escaping to the right or to the left, respectively as

p+ =
1

1 + e
−FL
D

(4.27)

and

p− =
e
−FL
D

1 + e
−FL
D

. (4.28)

Since the potential in Equation (4.22) has periodic function U1(x, L/N1)+U2(x, L/N2)+

· · ·+Un(x, L/Nn)+Û(x, L) with combined period L, the multi-periodic potential has the

same probability of escaping right or left, in Equation (4.27) and (4.28) respectively.

The proof of Theorem 4.0.1 employs the Weighted Mean Value Theorem for

Double Integrals. For the reader’s convenience, the statement of this theorem is

provided below.

Theorem 4.0.3 (Weighted Mean Value Theorem for Double Integrals). Let f and

g be continuous functions on a closed and bounded domain Ω. If g is positive then
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there exists a point (s0, t0) ∈ Ω such that

∫∫
Ω

f(x, y)g(x, y) dy dx = f(x0, y0)

∫∫
Ω

g(x, y) dy dx.

A proof of this theorem for single integrals is presented in [3].

There are a few simplifying notations we utilize throughout the remainder of

this chapter. First denote the domain of integration by Ω, where

Ω = {(x, y) | 0 ≤ x ≤ L, x− L ≤ y ≤ x}.

Often, Ω will be partitioned into several smaller parallelograms with height and width

L/N . This partitioned domain will be referred to as

Ωk,s = {(x, y) | (k− 1)L/N ≤ x ≤ kL/N, x−L+ (s− 1)L/N ≤ y ≤ x−L+ sL/N}

for each choice of (k, s), k = 1, . . . , N , s = 1, . . . , N , see Figure 4.4. We also employ

Ψ(x0, L) = e
V (x0(k,s))

D where we express the multi-periodic potential

V (x) = V (x) + Un(x, L/Nn)

by separating the potential with the shortest period. Hence

V (x) = U1(x, L/N1) + · · ·+ Un−1(x, L/Nn−1) + Û(x, L)− Fx. (4.29)

Now we provide a series of lemmas for use in the proof.

Lemma 4.0.1. Let V (x) = U1(x, L/N1) + U2(x, L/N2) + · · · + Un(x, L/Nn) +

Û(x, L) − Fx = V (x) + Un(x, L/Nn) be a tilted multi-periodic potential where
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Figure 4.4: The integration domain for µ segregated into N2 parallelograms each with
width L/N and height L/N .
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Ni ∈ {2, 3, 4, . . . }, N1 ≤ N2 ≤ · · · ≤ Nn and V (x) is C1[−L,L]. Then there exists a

point (x0(k, s), y0(k, s)) ∈ Ωk,s such that the MST given by equation (4.19) is

µ = µn(L/Nn)
2D

D
(

1 + e
−FL
D

) Nn∑
k=1

Nn∑
s=1

e
V (x0(k,s))

D e
−V (y0(k,s))

D . (4.30)

Proof. From equation (4.19), an expression for the MST from the tilted, multi-

periodic potential V (x) = V (x) + Un(x, L/Nn) is

µ =
1

D
(

1 + e
−FL
D

) ∫ L

0

∫ x

x−L
e

V (x)
D e

−V (y)
D e

Un(x,L/Nn)
D e

−Un(y,L/Nn)
D dy dx. (4.31)

Next divide domain Ω into subdomains Ωk,s as described above and shown in Figure

4.4. Then

µ =
1

D
(

1 + e
−FL
D

) Nn∑
k=1

Nn∑
s=1

∫∫
Ωk,s

e
V (x)
D

e
V (y)
D

e
Un(x,L/Nn)

D

e
Un(y,L/Nn)

D

dy dx. (4.32)

Using Theorem 4.0.3, for each (k, s) there exists a point (x0(k, s), y0(k, s)) ∈ Ωk,s

such that

µ =
1

D
(

1 + e
−FL
D

) Nn∑
k=1

Nn∑
s=1

Ψ(x0, L)

Ψ(y0, L)

∫∫
Ωk,s

e
Un(x, L

Nn )
D

e
Un(y, L

Nn )
D

dy dx. (4.33)

To transform the integral domain, we define a simple linear area preserving change

of variables Gk,s that maps arbitrary domain Ωk,s to the canonical domain Ω0, where

Ω0 = {(x, y) | 0 ≤ x ≤ L, x− L ≤ y ≤ x}. Specifically, this mapping is defined as

Gk,s : (x, y)→ (x− (k − 1)L/Nn, y − (s−Nn)L/Nn − (k − 1)L/Nn). (4.34)
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Multiplying and dividing by 2D,

µ =
2D

D
(

1 + e
−FL
D

) Nn∑
k=1

Nn∑
s=1

Ψ(x0, L)

Ψ(y0, L)

 1

2D

∫∫
Ω0

e
Un(x, L

Nn )
D

e
Un(y, L

Nn )
D

dy dx

 . (4.35)

In Equation (4.35), the term within the parentheses is the MST, µn(L/Nn), for the

periodic potential Un(x, L/Nn) given by Equation (4.19) with no tilt. Therefore

µ =
2Dµn(L/Nn)

D
(

1 + e
−FL
D

) Nn∑
k=1

Nn∑
s=1

Ψ(x0, L)

Ψ(y0, L)
. (4.36)

Lemma 4.0.2. Let the MST for the periodic potential V (x) = U(x, L/N) with period

L/N be µ(L/N). Then

µ(L/N) =

(
L

N

)2

µ(1). (4.37)

Proof. First recall

µ(L/N) =
1

2D

∫ L/N

0

∫ x

x−L/N
e

U(x,L/N)
D e

−U(y,L/N)
D dy dx. (4.38)

To change the period we substitute L/N by qL/N where q ∈ Q+. Hence,

µ(qL/N) =
1

2D

∫ qL/N

0

∫ x

x−qL/N
e

U(x,qL/N)
D e

−U(y,qL/N)
D dy dx. (4.39)

Now let’s return to Equation (4.38) under the change of variables X = qx, Y =

qy. To see how this change of variables affects a periodic function, let’s consider

a prototypical periodic function of period L/N , cos
(

2πNx
L

)
. Under the change of
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variables X = qx, we compute

cos

(
2πNx

L

)
= cos

(
2πNX

qL

)

which is periodic with period qL/N . Using this relationship for the periodic function

in Equation (4.38), we have

µ(L/N) =
1

2Dq2

∫ qL/N

0

∫ X

X−qL/N
e

U(X,qL/N)
D e

−U(Y,qL/N)
D dY dX. (4.40)

Then using Equations (4.39) and (4.40), we have

µ(qL/N) = q2µ(L/N) (4.41)

for any q ∈ Q+. Therefore from Equation (4.41),

µ(L/N) = (L/N)2µ(1) (4.42)

where

µ(1) =
1

2D

∫ 1

0

∫ x

x−1

e
U1(x,1)

D e
−U1(y,1)

D dy dx. (4.43)

Lemma 4.0.3. Let the multi-periodic potential be defined as in Lemma 4.0.1. Then

the difference, ε, between the double sum in Equation (4.30) and the double integral

for the MST of the multi-periodic potential V (x), i.e.

ε =

∣∣∣∣∣
∫∫

Ω

e
V (x)
D e

−V (y)
D dy dx−

Nn∑
k=1

Nn∑
s=1

Ψ(x0, L)

Ψ(y0, L)

(
L

Nn

)2
∣∣∣∣∣ (4.44)
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is on the order of O
(

L
Nn

)
.

Proof. In order to do an estimation of the error accrued, begin by looking at the error,

εk,s, over an arbitrary parallelogram Ωk,s. For simplicity the point (x0(k, s), y0(k, s))

is denoted as (x0, y0). The error for each Ωk,s is

εk,s =

∣∣∣∣∣
∫∫

Ωk,s

e
V (x)
D e

−V (y)
D dy dx− Ψ(x0, L)

Ψ(y0, L)

(
L

Nn

)2
∣∣∣∣∣ . (4.45)

The Taylor expansion of the integrand, f(x, y), in a neighborhood of (x0, y0) is

f(x, y) =
Ψ(x0, L)

Ψ(y0, L)
+
V
′
(a)

D

Ψ(a, L)

Ψ(b, L)
(x− x0)− V

′
(b)

D

Ψ(a, L)

Ψ(b, L)
(y − y0) (4.46)

where (a, b) is a specific point in the neighborhood of (x0, y0). Using the first order

Taylor expansion in the integral gives

εk,s =

∣∣∣∣∣
∫∫

Ωk,s

[
Ψ(x0, L)

Ψ(y0, L)
+
V
′
(a)

D

Ψ(a, L)

Ψ(b, L)
(x− x0)

−V
′
(b)

D

Ψ(a, L)

Ψ(b, L)
(y − y0)

]
dy dx− Ψ(x0, L)

Ψ(y0, L)

(
L

Nn

)2
∣∣∣∣∣ .

(4.47)

We replace (x−x0) by the upper bound L/Nn, and (y− y0) the upper bound 2L/Nn.

Using these bounds, integrating over Ωk,s gives the error estimation

εk,s ≤

∣∣∣∣∣
(
V
′
(a)

D

)
Ψ(a, L)

Ψ(b, L)

(
L

Nn

)(
L

Nn

)2

−

(
V
′
(b)

D

)
Ψ(a, L)

Ψ(b, L)

(
2L

Nn

)(
L

Nn

)2
∣∣∣∣∣ .
(4.48)

Simplifying this expression

εk,s ≤

∣∣∣∣∣Ψ(a, L)

Ψ(b, L)

(
L

Nn

)3
(
V
′
(a)

D
− 2V

′
(b)

D

)∣∣∣∣∣ . (4.49)
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Since V (x) is C1 on the compact set [0, L], V (x) is bounded and as mentioned in the

earlier section the derivative will also be bounded on [0, L]. Hence there exists a finite

constant C such that

C ≥

∣∣∣∣∣Ψ(a, L)

Ψ(b, L)

(
V
′
(a)

D
− 2V

′
(b)

D

)∣∣∣∣∣ . (4.50)

Hence from Equations (4.49) and (4.50), we have

εk,s ≤ C

(
L

Nn

)3

. (4.51)

Summing the error over the N2
n parallelograms we determine

ε ≤ C

(
L

Nn

)3

N2
n = C(L)2 L

Nn

= Ĉ
L

Nn

(4.52)

since L is fixed. Therefore the error is of the order L/Nn.

Now we prove Theorem 4.0.1.

Proof of Theorem 4.0.1

Proof. The proof is by induction. We begin with the case of n = 1. Suppose the

effective potential is given by

V (x) = U1(x, L/N) + Û(x, L)− Fx (4.53)

where N ∈ N.
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With our multi-periodic potential V (x), we can plug this into Equation (4.19)

and rearrange to get the MST

µ =
1

D
(

1 + e
−FL
D

) ∫ L

0

∫ x

x−L
e

Û(x,L)−Fx
D e

−(Û(y,L)−Fy)
D e

U1(x,L/N)
D e

−U1(y,L/N)
D dy dx. (4.54)

Now we segregate our integration domain, a parallelogram of width L and height L,

into N2 parallelograms of width L/N and height L/N , see Figure 4.4. According to

Lemma 4.0.1, for each (k, s) there exists a point (x0(k, s), y0(k, s)) ∈ Ωk,s such that

the MST in Equation (4.19) can be written as

µ = µ1(L/N)
2D

D
(

1 + e
−FL
D

) N∑
k=1

N∑
s=1

Ψ(x0, L)

Ψ(y0, L)
(4.55)

where Ψ(x0, L) = e
Û(x0(k,s),L)−Fx

D and µ1(L/N) is the MST of the potential U1(x, L/N)

with no tilt, i.e F = 0. By Lemma 4.0.2, we have from Equation (4.37),

µ1(L/N) = (L/N)2µ1(1). (4.56)

Hence the MST becomes

µ = µ1(1)
2D

D
(

1 + e
−FL
D

) N∑
k=1

N∑
s=1

Ψ(x0, L)

Ψ(y0, L)
(L/N)2. (4.57)

From here we would like to express µ in terms of the MST integral over the

domain Ω given by Equation (4.19), which would produce a small amount of error.

From Lemma 4.0.3, we compute this error to be on the order of O
(
L
N

)
. Returning
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to Equation (4.57) we have the MST

µ =2Dµ1(1)
1

D
(

1 + e
−FL
D

) ∫ L

0

∫ x

x−L
e

Û(x,L)−Fx
D e

−(Û(y,L)−Fy)
D dy dx+O(L/N)

=2Dµ1(1)µ̂(L) +O(L/N),

(4.58)

and the induction case of n = 1 is proven.

Suppose for the potential

V (x) = U1(x, L/N1) + U2(x, L/Nk) + · · ·+ UK(x, L/NK) + Û(x, L)− Fx (4.59)

we assume that the MST for this potential is

µ = (2D)Kµ1(1)µ2(1) · ... · µK(1)µ̂(L) +O(L/N1). (4.60)

To prove the case of n = K + 1 let the potential equal

V (x) =U1(x, L/N1) + · · ·+ UK(x, L/NK) + UK+1(x, L/NK+1) + Û(x, L)− Fx

=V (x) + UK+1(x, L/Nk).

(4.61)

Applying Lemma 4.0.1, there exists a point (x0(k, s), y0(k, s)) ∈ Ωk,s(L/NK+1) for

each (k, s) such that the MST can be expressed as

µ =
2DµK+1(L/NK+1)

D
(

1 + e
−FL
D

) NK+1∑
k=1

NK+1∑
s=1

Ψ(x0, L)

Ψ(y0, L)
. (4.62)

From Lemma 4.0.2,

µK+1(L/NK+1) =

(
L

NK+1

)2

µK+1(1). (4.63)
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Hence

µ =
2DµK+1(1)

D
(

1 + e
−FL
D

) NK+1∑
k=1

NK+1∑
s=1

Ψ(x0, L)

Ψ(y0, L)

(
L

NK+1

)2

. (4.64)

Next, we examine the error when comparing the double sum to the double integral.

By Lemma 4.0.2, the error is on the order of O
(

L
NK+1

)
Replacing the summation in

Equation (4.64) by the integral considered above, µ becomes,

µ = 2DµK+1(1)

 1

D
(

1 + e
−FL
D

) ∫ L

0

∫ x

x−L

e
V (x)
D

e
V (y)
D

dy dx

+O
(

L

NK+1

)
. (4.65)

From Equation (4.60), we have

µ =2DµK+1(1)

[
(2D)Kµ1(1)µ2(1) · ... · µK(1)µ̂(L) +O

(
L

N1

)]
+O

(
L

NK+1

)
(4.66)

from the induction assumption in the case of n = K. Multiplying this expression out

gives

µ =(2D)K+1µ1(1) · ... · µK(1)µK+1(1)µ̂(L) + 2DµK+1(1)O
(
L

N1

)
+O

(
L

NK+1

)
.

(4.67)

Consider theO
(
L
N1

)
term in the equation above. The specific formulation for µK+1(1)

is

µK+1(1) =
1

2D

∫ 1

0

∫ 1

x−1

e
UK+1(x,1)

D e
−UK+1(y,1)

D dy dx, (4.68)

where UK+1(x) and−UK+1(y) are continuous on a compact set and therefore bounded.

Hence 2DµK+1(1) is a finite constant that is independent of K and we can replace

2DµK+1(1)O
(
L
N1

)
with simply O

(
L
N1

)
. Finally O

(
L
N1

)
+O

(
L

NK+1

)
is of the order
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O
(
L
N1

)
which leads to the final equation

µ = (2D)(K+1)µ1(1)µ2(1) · ... · µK(1)µK+1(1)µ̂(L) +O
(
L

N1

)
. (4.69)

By induction, we have proven Theorem 4.0.1.

Fourier Series Application

It is common when using a periodic potential, to approximate the potential with

a truncated Fourier series approximation. Typically with a truncated Fourier series,

one can achieve a close approximation to the original potential assuming a sufficient

number of terms are present in the truncated series.

For a function f(x) that is periodic with period L on the interval [0, L], the

Fourier series representation of f(x) is

f(x) =
a0

2
+
∞∑
n=1

an cos

(
2πnx

L

)
+
∞∑
n=1

bn sin

(
2πnx

L

)
. (4.70)

This is a rewriting of the function f(x) using orthonormal basis functions,

√
2

L
cos

(
2πnx

L

)
,

√
2

L
sin

(
2πnx

L

)

for n ∈ N. The coefficients of the Fourier series are governed by the following

equations

a0 =
2

L

∫ L

0

f(x) dx, (4.71)

an =
2

L

∫ L

0

f(x) cos

(
2πnx

L

)
dx, (4.72)
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and

bn =
2

L

∫ L

0

f(x) sin

(
2πnx

L

)
dx. (4.73)

The most common Fourier series expansions are defined on the interval [−L,L], see

Appendix C for details on the transformation to the interval [0, L].

Given Equation (4.70), the truncated Fourier expansion is then

fN(x) =
a0

2
+

N∑
n=1

an cos

(
2πnx

L

)
+

N∑
n=1

bn sin

(
2πnx

L

)
. (4.74)

According to the Fourier Convergence Theorem, if f(x) and f ′(x) are piecewise

continuous the Fourier series is convergent and converges pointwise to f(x) for all

values x where f(x) is continuous. At points of discontinuity, x = x0, the Fourier

series converges to the average of the left and right limits of f(x) as x → x0. The

convergence of the Fourier series becomes uniform if we require that f(x) is continuous

with f ′(x) piecewise continuous [13]. The Fourier Convergence Theorem allows us

to look at a broad class of periodic functions without requiring C1, only piecewise

continuity of the function and its derivative.

In this section we are comparing several different MST calculations. For this

purpose, we introduce the following notation: the MST given by Equation (4.19)

of the original potential, and the truncated Fourier series potential, is denoted as

µ and µN respectively, while the multiplicative approximation of the MST given by

Equation (4.24) using the truncated Fourier series potential is denoted µ̃N . Given

the convergence of the truncated Fourier series to the original periodic function, a

theorem for the convergence of the MST for the truncated Fourier series potential,

µN , to the MST for the original potential, µ, is presented below.
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Theorem 4.0.4. Let f(x) be a continuous periodic function with a piecewise

continuous derivative, with x ∈ [−L,L]. If fN(x) represents the truncated Fourier

series approximation of f(x) given in Equation (4.74) then

lim
N→∞

µN = µ. (4.75)

Proof. Consider the difference between MSTs of the periodic potential f(x)−Fx and

the truncated Fourier series potential with N terms fN(x)− Fx both with period L,

|µ− µN | =
1

D
(

1 + e
−FL
D

)∣∣∣∣ ∫∫
Ω

e
f(x)−Fx

D

e
f(y)−Fy

D

dy dx−
∫∫

Ω

e
fN (x)−Fx

D

e
fN (y)−Fy

D

dy dx

∣∣∣∣
=C

∣∣∣∣ ∫∫
Ω

e
−Fx
D e

Fy
D

(
e

f(x)
D e

−f(y)
D − e

fN (x)

D e
−fN (y)

D

)
dy dx

∣∣∣∣
(4.76)

where Ω = {(x, y) | 0 ≤ x ≤ L, x− L ≤ y ≤ x} and C = 1

D

(
1+e

−FL
D

) . Factoring out

an e
fN (x)

D and an e
−f(y)

D , the error becomes

|µ− µN | =C
∣∣∣∣ ∫∫

Ω

e
−Fx
D e

Fy
D e

−f(y)
D e

fN (x)

D

(
e

f(x)−fN (x)

D − e
f(y)−fN (y)

D

)
dΩ

∣∣∣∣
=C

∣∣∣∣ ∫∫
Ω

e
fN (x)−Fx

D e
−(f(y)−Fy)

D

(
e

f(x)−fN (x)

D − e
f(y)−fN (y)

D

)
dΩ

∣∣∣∣ (4.77)

Since f(y) is continuous on a compact set, the quantity e
−(f(y)−Fy)

D is bounded, i.e.

e
−(f(y)−Fy)

D < M1 for all y ∈ Ω. Consider e
fN (x)−Fx

D . For each N , fN(x) is continuous

on the compact set [0, L] and is therefore bounded. Since f(x) is continuous with a

piecewise continuous derivative, by the Fourier Convergence Theorem fN(x) converges

uniformly to f(x) [13]. Every uniformly convergent sequence of bounded functions

is uniformly bounded [69], therefore, fN(x) is uniformly bounded and e
fN (x)−Fx

D is

uniformly bounded on [0, L]. Hence e
fN (x)−Fx

D < M2. Using this in Equation (4.77),
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we have

|µ− µN | < CM1M2

∣∣∣∣ ∫∫
Ω

(
e

f(x)−fN (x)

D − e
f(y)−fN (y)

D

)
dΩ

∣∣∣∣. (4.78)

Note, the function g(x) = e
f(x)−fN (x)

D is continuous on the compact set [0, L] and is

therefore uniformly continuous [59]. As a result of the uniform convergence of fN(x)

to f(x) and the uniform continuity of the function g(x) on [0, L], for any arbitrarily

small δ there exists an N such that for all n ≥ N ,

∣∣∣e f(x)−fn(x)
D − e

f(y)−fn(y)
D

∣∣∣ < δ

CM1M2L2
.

Therefore

|µ− µN | < cM1M2

∫∫
Ω

∣∣∣e f(x)−fn(x)
D − e

f(y)−fn(y)
D

∣∣∣ dΩ (4.79)

and

|µ− µN | <
δ

L2

∫∫
Ω

dΩ = δ. (4.80)

Since δ is arbitrary,

lim
N→∞

µN = lim
N→∞

C

∫∫
Ω

e
fN (x)−x

D e
−(fN (y)−Fy)

D dΩ = C

∫∫
Ω

e
f(x)−Fx

D e
−(f(y)−Fy)

D dΩ = µ

(4.81)

and the MST of the potential with the truncated Fourier series converges to the MST

of the potential with the original function f(x).

Given the convergence of µN to µ as N goes to infinity, ideally we would like to

quantify the error of the MST of the truncated series based on the number of terms,

N . While this may be done for the error given by the L2 norm [33], ||f − fN ||22, we

have not been able to do so using the error given by the difference |f−fN | as found in

Equation (4.78). In fact, as shown in [48] the Fourier series of a continuous function
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will converge, though it may converge arbitrary slowly. The Theorem from [48] is

presented below using T = R/2πZ to denote the real line mod 2π, and Sn(g, t) being

the first n terms of the Fourier expansion of the function g(t).

Theorem 4.0.5 (Körner, 1989). Given a decreasing sequence δ0, δ1, . . . , with δn → 0

as n → ∞ we can find a continuous function g : T → C with Sn(g, t) → g(t)

uniformly, but supt∈T |gn(t)− Sn(g, t)| ≥ δn for all n ≥ 0.

Although the difference of the exponentials is used in Equation (4.78), we are

not yet able to quantify the error in terms of N within the difference |f(x)− fN(x)|,

or implement the L2 norm into calculation of the error between µ and µN .

Remark. It is important to note that this proof for the convergence of the MSTs

only holds when the original function f(x) is continuous with a piecewise continuous

derivative. The convergence of the MSTs for a piecewise continuous f(x) is not proven

in this chapter and remains a question for future work.

We now examine the limit as N goes to infinity, and let us also examine what

occurs to Equation (4.24) under this limit. Rewriting Equation (4.24) as a product,

µ̃N becomes

µ̃N = (2D)N

(
N∏
i=1

µi(1)

)
µ̂(L) +O (L/N1) . (4.82)

Consider the form of an individual µi(1) given by

µi(1) =
1

2D

∫ 1

0

∫ x

x−1

e
Ui(x,1)

D e
−Ui(y,1)

D dy dx (4.83)

and now rewritten in the form

µi(1) =
ηi(1)

2D
(4.84)
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where ηi(1) represents the double integral in Equation (4.83). Then the MST becomes

µ̃N =(2D)N

(
N∏
i=1

ηi(1)

2D

)
µ̂(L) +O (L/N1)

=

(
N∏
i=1

ηi(1)

)
µ̂(L) +O (L/N1) .

(4.85)

Under the limit, the MST for infinitely many periodic functions in the tilted multi-

periodic potential is

µ̃ = lim
N→∞

µ̃N

= lim
N→∞

[(
N∏
i=1

ηi(1)

)
µ̂(L) +O (L/N1)

]

=

(
∞∏
i=1

ηi(1)

)
µ̂(L) +O (L/N1)

(4.86)

if the limit exists. Specifically what occurs in the infinite product, would depend on

the periodic functions used in the expression for ηi(1) and thus the value computed

as a result of the integral in Equation (4.83).

In the following two sections, we explore two examples of periodic potentials,

a quadratic wave and the square wave. We derive the Fourier series on [0, L]

for each and investigate the truncated series as the periodic function U(x) in the

potential V (x) = U(x) − Fx. Of particular interest is the MST, particularly

calculating the multiplicative approximation of the MST for the truncated Fourier

series potential using Equation (4.24). Employing Equation (4.24) can be particularly

advantageous where there is a large gap in Fourier series frequencies as is the case

in a periodic function U1(x, L) + U2(x, L/N) where N is quite large. This type of

multi-periodic potential is highly oscillatory over the interval [0, L] which makes a
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numerical integration for the MST in Equation (4.19) challenging, difficult, and often

inefficient. With N large, the O
(
L
N

)
error in Equation (4.24) is small, and the

numerical integration for the MST of the potential V (x) = U1(x, L) − Fx and the

potential V (x) = U2(x, 1) are both computed easily.

Quadratic Wave

We will begin with the quadratic function

f(x) = −
(
x− L

2

)2

(4.87)

on the interval [0, L]. The periodic function is the periodic extension

f(x) = −
(

(x− nL)− L

2

)2

, x ∈ [nL, (n+ 1)L], n ∈ N. (4.88)

Essentially, f(x) in Equation (4.87) becomes f(x−nL) on the interval [nL, (n+1)L].

We consider the tilted periodic potential

V (x) = U(x, L)− Fx (4.89)

where U(x, L) is the periodic extension given in Equation (4.88), and F = 0.2. The

graph of this potential on the interval [0, 3L] is shown in Figure 4.5.

Since f(x) is a continuous function, by the Fourier Convergence Theorem the

Fourier series converges uniformly to f(x) for all x. The Fourier series for f(x) is

given by

f(x) =
−L
12
−
∞∑
n=1

(
L

nπ

)2

cos

(
2πnx

L

)
, (4.90)
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Figure 4.5: The tilted potential function V (x) with F = 0.2 and U(x, L) as the
periodic extension given in Equation (4.88) on the interval [0, 3L].

see Appendix C for details. The truncated Fourier series has a finite sum as opposed

to an infinite sum

fN(x) =
−L
12
−

N∑
n=1

(
L

nπ

)2

cos

(
2πnx

L

)
. (4.91)

The error between the truncated Fourier series and the original function decreases

with the addition of more terms, see Figure 4.6.

To frame the truncated Fourier series in the context of a tilted multi-periodic

potential consider

V (x) = −
N∑
n=2

(
L

nπ

)2

cos

(
2πnx

L

)
+

(
−L
12
−
(
L

π

)2

cos

(
2πx

L

))
− Fx. (4.92)
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Figure 4.6: The truncated Fourier series, fN(x) approaches the original function,
f(x), with each new term added. The original function (black) is shown compared to
the Fourier series with one term, f1(x) (green stars). Another term is added until we
consider the Fourier series with five terms, f5(x) (red dashes).
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The function with the largest period which corresponds to the first term in Equation

(4.91) is removed from the series and labeled Û(x, L)

Û(x, L) =

(
−L
12
−
(
L

π

)2

cos

(
2πx

L

))
. (4.93)

Each periodic function with a smaller potential remains in the summation, that is,

V (x) =
N∑
i=2

Ui−1(x, Li) + Û(x, L)− Fx (4.94)

where

Ui−1(x, L/i) = −
(
L

iπ

)2

cos

(
2πix

L

)
, i = 2, 3, . . . , N. (4.95)

Using the multiplicative approximation from Theorem 4.0.1 we calculate

µ̃N = (2D)(N−1)µ1(1)µ2(1) · ... · µN−1(1)µ̂(L) +O(L/2). (4.96)

The MST for this example can be calculated three different ways, as µ, µN , and

µ̃N . For all three calculations we used the parameters D = 2 and L = 1. The results

of all three, for increasing values of N are given in Figure 4.7. Notice, in Figure 4.7,

µ̃N appears to be identical to µN . This is because the difference between the two

results is calculated to be on the order of 10−8, which is quite a bit smaller than the

O
(

1
2

)
computed in Equation (4.96). This difference is invisible in the figure. Now if

we shift our attention to µ we see a noticeable difference. This difference µ and µN is

0.051734 for the truncated function with one term and decreases to 0.051707 for the

truncated function with twenty terms. From Theorem 4.0.4, the error will approach

zero as the number of terms in the truncated series, N , approaches infinity though

the speed of that convergence is unknown.
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Figure 4.7: The MST for the original quadratic potential, µ, and the Fourier series
µN are shown in red and black dashes respectively. The MST for the Fourier series
calculated with Equation (4.96), µ̃N is displayed with blue stars.
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Figure 4.8: The MST for the original quadratic potential µ, and the Fourier series
µN are shown in red and black dashes respectively. The MST for the Fourier series
calculated with Equation (4.96), µ̃N , is displayed with blue stars. This figure shows
the results for different values of D with N = 20 as a fixed quantity.

Next consider the MST for a fixed N = 20 with different values of the noise

intensity D. From our discussion of the error estimate, O
(
L
N1

)
, in the proof for

Lemma 4.0.3, we derived Equation (4.50) for the finite constant C. From Equation

(4.50) it is expected that the error would increase as D decreases. The results of these

calculations are displayed in Figure 4.8. The difference in µN and µ̃N for D = 0.5

is on the order of 10−5. This quantity increases to 10−2 for D = 0.1 (not pictured

in Figure 4.8) however µ, for D = 0.1 is 997 seconds. While the difference between

µ and µN does increase dramatically for small values of D, µ̃N remains close to µN .

The difference between µ and µN is also expected to increase as D decreases, from

our proof of Theorem 4.0.4. While µN → µ as N →∞ from Theorem 4.0.4, |µ−µN |
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will take more terms to go to zero for each smaller value of D. As we are holding

N = 20 fixed, the error will continue to increase as D decreases.

For values of D > 1, Equation (4.96) provides excellent agreement to Equation

(4.19). From here we will look at another example that is not as well behaved as a

continuous function.

Square Wave Consider a square wave given by

f(x) = 2

[
H

(
2x

L

)
−H

(
2x

L
− 1

)]
− 1 (4.97)

with the same periodic extension f(x− nL) as discussed in the previous section. In

this equation, H(x) is the Heaviside step function

H(x) =


0 x < 0

1/2 x = 0

1 x > 0

. (4.98)

Therefore f(x) may also be written as a piecewise function,

f(x) =



0 x < 0

1/2 x = 0

1 0 < x < L/2

0 x = L/2

−1 L/2 < x < L

. (4.99)



100

Figure 4.9: The tilted potential function V (x) with F = 0.95 and U(x, L) as the
periodic extension of the square wave in Equation (4.97) on the interval [0, 3L].

The potential function V (x) for the square wave is then

V (x) = U(x, L)− Fx (4.100)

where U(x, L) is the periodic extension of Equation (4.97), and F = 0.95. The graph

of this potential on the interval [0, 3L] can be seen in Figure 4.9.

The square wave function is not everywhere continuous or differentiable as there

are jump discontinuities at x = nL/2 for n ∈ N. It is however piecewise continuous,

hence the Fourier Convergence Theorem applies and we can look at the Fourier series

for the square wave as derived in Appendix C. This Fourier series is as follows

f(x) =
∞∑
n=1

4

π(2n− 1)
sin

(
2π(2n− 1)x

L

)
. (4.101)
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Figure 4.10: The truncated Fourier series approaches the original square wave function
with each new term added. The original function, f(x)(black), is shown compared to
the Fourier series with one term, f1(x) (green dashes). Another term is added until
we consider the Fourier series with five terms, f5(x) (red dashes).

The truncated Fourier series is a finite sum

fN(x) =
N∑
n=1

4

π(2n− 1)
sin

(
2π(2n− 1)x

L

)
. (4.102)

The difference between the truncated Fourier series and the original function can be

observed from the plot of each in Figure 4.10.

Notice from Figure 4.10, we do not have the close agreement between the

truncated Fourier series and the original function at five terms as we had in the

previous example. This is a direct result of the jump discontinuities explained

by Gibbs phenomenon [34, 87]. To briefly summarize Gibbs phenomenon, the

truncated Fourier series will overshoot the original function at jump discontinuities.

Furthermore, this discrepancy persists for increasing values of N . The overshoot
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will approach a finite value in the limit as N goes to infinity. This discrepancy is

important to keep in mind in this example as we would expect higher error values

between the MST of the original square wave and its truncated Fourier series than

we would experience with a continuous function.

Now consider the truncated Fourier series in the context of the tilted periodic

potential,

V (x) =
N∑
n=2

4

π(2n− 1)
sin

(
2π(2n− 1)x

L

)
+

4

π
sin

(
2πx

L

)
− Fx. (4.103)

The first term is removed from the summation as before for Û(x, L), the function

with the largest period,

Û(x, L) =
4

π
sin

(
2πx

L

)
. (4.104)

The periodic functions with smaller potentials are in the summation,

Ui−1(x, L/(2i− 1)) =
4

π(2i− 1)
sin

(
2π(2i− 1)x

L

)
, i = 2, 3, . . . , N. (4.105)

To be clear, even though the original function f(x) is not C1, the truncated

Fourier series is a finite number of well behaved sine functions. Therefore the

truncated Fourier series is not only C1 but is in fact analytic, making V (x) infinitely

differentiable. Since our assumptions are satisfied we may use our result from Theorem

4.0.1, to calculate the MST as in Equation (4.96).

Once again using the parameters D = 2 and L = 1, the results of all three

calculations, for increasing values of N are given Figure 4.11. The results for the

potential in Equation (4.96) in Figure 4.7 are again very close. The difference is on

the order of 10−3. Even the difference between µ and µN is on average 0.0576 for

N = 1 and decreased to 0.0453 for N = 20. The differences begin to emerge when
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Figure 4.11: The MST for the original square wave potential, µ, and the Fourier
series, µN , are shown in red and black dashes respectively. The MST for the Fourier
series calculated with Equation (4.96), µ̃N is displayed with blue stars.
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(A) The results for decreasing values of
D.

(B) For clarity D = 0.75 and D = 1 are
plotted here.

Figure 4.12: The MST for the original quadratic potential µ and the Fourier series
µN , are shown in red and black dashes respectively. The MST for the Fourier series
calculated with Equation (4.96) µ̃N , is displayed with blue stars. This figure shows
the results for different values of D with N = 20 as a fixed quantity.

considering different values of the noise intensity D for N = 20 fixed. These results

are shown in Figure 4.12. Since the lower values of D are difficult to see in Figure

4.12A, a plot of the two lowest values of D is provided in Figure 4.12B. For D = 0.75,

µ is approximately 2.98 seconds, and µN is 2.34 seconds, while µ̃N is 2.71 seconds.

This difference continues to increase for lower values of D.

Again we reiterate that µN and µ̃N have excellent agreement, especially for

D ≥ 1. For values of D ∈ [0, 1) the MST calculations begin to diverge from each

other for a fixed value of N .

Noise Intensity D for DNA Transcription

The parameter D, the noise intensity described in Equation (4.5), is clearly an

important quantity in diffusive transport models. One of the difficulties of employing
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a diffusive transport model for DNA transcription is approximating the correct

parameter value for D. This parameter is an inherent quantity of the RNAP and

many of the other estimated parameters when tuning the model depend on the value

of D. The Boltzmann constant, kβT , is found experimentally to be 4.1 pN·nm [53,58].

The friction coefficient, γ, is given by the sum of the rotational and translational

friction. By approximating the enzyme as a sphere of radius R, approximately 6.5

nm [63], we have

γ = 6πηR +

(
2π

10BP

)2

8πηR3 (4.106)

as developed in [72] where η is the viscosity of the medium, typically water, which is

estimated to be 10−9 pN·s/nm2, and BP is the distance between basepairs, i.e. 0.34

nm. Therefore, according to Equation (4.106), γ =2.4× 10−5 pN·s/nm. Using these

values for kβT and γ, we calculate D to be approximately 1.7 × 105 nm2/s, which

agrees with the experimental value of 1.5 × 105 nm2/s from [76] and is close to the

one dimensional noise intensity for a lac repressor protein moving along DNA, 3×105

nm2/s [8]. Converting D from nanometers into nucleotides,

D = 1.7× 105nm2/s× 1nt2

0.342nm2
= 1.47× 106nt2/s. (4.107)

This value of D is very large as the units for D are in terms of nucleotides and

seconds. One possibility is to use this value of D in the diffusive transport model

with the period L/N = 1 nucleotide for translocation and a pause period L = 100

nucleotides [61]. The other possibility is to scale the value of D to change the units

from nucleotides into a different measurement length. For instance, the value of D

given in nucleotides in Equation (4.107), can be changed in to centimeters,

D = 1.7× 10−9cm2/s. (4.108)



106

This is an extremely small value of D and the periods for translocation, L/N , and

pausing, L, would be scaled accordingly in the model to reflect nucleotide values

expressed in centimeters. According to preliminary calculations, scaling D, L/N and

L to be in centimeters instead of nucleotides maintains excellent agreement between µ

in Equation (4.19) and the multiplicative approximation in Equation (4.24). However,

the MST calculated by these formulas should remain fixed regardless of the units and

in our preliminary investigation, the MST varied under scaling. More investigation

is needed on how to properly scale the parameters in the MST calculations to model

DNA transcription, and nondimensionalization will be explored.

Discussion

Diffusive transport in a tilted periodic potential, V (x), is characterized by three

important quantities: drift velocity, effective diffusion, and the Péclet number. The

equations for each can be found in Equation (4.16), (4.17) and (4.18) respectively.

There are two quantities that are common in each equation, the probability of leaving

a segment on the left and right, p− and p+ respectively, and the MST, µ. We examined

both of these quantities in this chapter.

The focus of our analysis has been the effect on the MST when adding functions

to the periodic potential, without changing the period of the function. For V (x) =

U(x) − Fx with U(x) periodic with period L, we have shown the the probability of

escaping a segment on the right or the left is unchanged with the addition of more

periodic functions so long as the period of U(x) is fixed. The escape probability does

depend on the tilt parameter F and the main period L, as well as the parameter D.

Two different potential functions, V1(x) = U(x, L)− Fx, and V2(x) = U1(x, L/N1) +

· · ·+Un(x, L/Nn)+(̂U)(x, L)−Fx, using the same parameters F , L, and D, have the
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same probability of escaping right and left. However, the MST for V1(x) and V2(x)

would be altered.

The MST calculated by Equation (4.19), (and derived in Appendix A), depends

explicitly on the function U(x) and how it changes with the addition of subsequent

periodic functions. For example, if V1(x) = U1(x, L) − Fx and V2(x) = U1(x, L) +

U2(x, L/N)−Fx have the same probability of escape for N ∈ N, but a different MST

even though the period remains the same. We derived an expression for the MST of

a tilted periodic potential composed of several periodic functions, in terms of each of

the periodic functions. This formula given by Equation (4.24) in Theorem 4.0.1 is

not limited to two functions, but is valid for any finite number of periodic functions.

Theorem 4.0.1 is easily proven with induction.

One very clear application for Equation (4.24) is for Fourier series as shown by

our two examples. For the range of noise intensity D ≥ 1 there is excellent agreement

between the two MST estimates, µN and the multiplicative approximation of µN , even

with a highly oscillatory potential as is produced by the Fourier series of a function

with jump discontinuities. Though we have not explicitly analyzed the error between

the MST of a function and its truncated Fourier series, convergence of the MST of

the Fourier series was proven for continuous functions. Quantifying the error of the

MST for the truncated Fourier series as well as proving convergence of the MST for

Fourier series of piecewise continuous functions will be of primary interest for future

work.
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CONCLUSION

DNA transcription is a complicated process with several aspects that remain

under investigation by researchers. Some examples include interactions of RNAPs,

and specific mechanisms for movement of polymerases. Even RNAP translocation

of one basepair involves several steps that could be studied in minute detail. With

newer technological advances, more is known about transcription than ever before.

The challenge for mathematicians is to incorporate new information into models

for transcription that more accurately reflect what is occurring biologically. This

thesis investigates the mathematical modeling of two recent breakthroughs in DNA

transcription.

In 2003, it was discovered that RNAPs cooperate with each other during

transcription. Polymerases experience faster transcription times with multiple

RNAPs reading a gene simultaneously than when compared to single molecule

transcription [29]. Throughout the next decade researchers found that RNAPs

introduce torsion into a DNA strand as they translocate. Then in 2013, Ma et.

al. published experimental results that quantified this torque with actual data [53].

To incorporate interactions of RNAPs during transcription, we added this torque data

to a basic TASEP (Totally Asymmetric Single Exclusion Process) model. This new

model is referred to as ETAM (Elongation with Torque Assisted Motion). The torque

allows RNAPs to communicate with each other during transcription and maintain a

degree of spacing and separation throughout the transcription process. With the

influence of torque on velocity, pause frequency and pause duration, as published

in [53], we are able to simulate faster transcription times that are more biologically

realistic than the transcription times obtained using the basic TASEP model. The

faster transcription times are a direct result of the torque governing the interactions
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between RNAPs. The RNAPs are able to avoid hundreds of collisions and experience

significantly shorter pause durations on average. Both of these results consequently

led to less average delay experienced per RNAP during transcription.

While we are encouraged by the results of ETAM, we would like to develop

the model further. We make some assumptions with respect to how best to fit the

data that greatly influence the model’s behavior. In other words, our results are not

robust under changes to this data fit. With limited data available at this time, some

assumptions are necessary. However we are confident that more data will become

available as nanotechnology continues to improve.

Another relatively new development in DNA transcription is the differentiation

between the power stroke model for RNAP translocation and the Brownian ratchet

model. Nanotechnology allowed researchers to investigate the specific movements of

RNAPs and most researchers now agree that RNAP translocation is an example of

a Brownian ratchet. Specifically, a polymerase will move back and forth from a pre-

translocation state and a post-translocation state several times before stabilizing one

nucleotide downstream. The RNAP uses its own thermal energy to produce these

oscillations in an example of Brownian motion.

We were inspired to explore RNAP elongation and pausing further by using

equations detailed by Lindner et. al. [52]. By adding two periodic functions together

in a tilted periodic potential, it is shown that one can model translocation with one

function and pausing with the other. Tilted periodic potentials are used often in

diffusive particle transport and have become an interesting research topic in physics

over the past 20 years. While modeling DNA transcription and pausing is the

inspiration for our focus on diffusive transport, we have been focused largely on

the addition of potentials and its effect on the mean escape time of a particle from

a potential segment. To this end we derived a formula for mean escape time that
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explicitly incorporates the mean escape time of each individual periodic function in

the potential. While this formula has a lot of applications in a variety of fields, we are

excited about the application in Fourier series as mentioned in two such examples.

While we were able to prove the validity of our mean escape time formula for

any finite number of functions, investigating the error between the mean escape time

of a periodic function and the function’s truncated Fourier series is desired. One

future challenge will be to research the quantification of the error as a function of the

number of terms in the series, especially if the original periodic function is piecewise

continuous as opposed to C1. These are interesting challenges yet to be addressed in

the field of diffusive transport.
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There are three escape time quantities that we will derive. The mean escape

time, µ, is the average time it takes a particle to escape a segment. The variance of

the escape time, σ2, indicates how far the values of escape time are from the mean.

With a small variance the values of escape time are very close to the mean, a larger

variance indicates that the escape time values are spread out from the mean. The

third escape time quantity is the mean first passage time. This quantity is a function

of the starting position of the particle in the segment and calculates how long on

average the particle takes to escape the segment.

Mean First Passage Time

We will begin by deriving T1(x) which represents the mean first passage time of

a particle beginning in the segment mi at position x and exiting the segment through

either the right end L or the left end −L, see Figure 4.2. The segment has absorbing

boundary conditions as discussed in Chapter 4, therefore the particle is removed from

mi when it reaches either end. Let the probability that the particle is at x′ at time t

given that it started at x at time t = 0 be denoted as a C1 function of x′, p(x′, t|x, 0).

Then the probability that the particle is still in the segment mi at time t is given by

∫ L

−L
p(x′, t|x, 0) dx′ ≡ G(x, t). (A.1)

Suppose the time that the particle leaves mi is T . We can rewrite Equation (A.1) as

Prob(T ≥ t) =

∫ L

−L
p(x′, t|x, 0) dx = G(x, t) (A.2)
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Rewriting the Fokker-Planck equation (FPE) given by Equation (4.6) using the

conditional probability p(x′, t|x, 0), we have

∂tp(x
′, t|x, 0) = Lxp(x′, t|x, 0) (A.3)

where Lxp(x′, t|x, 0) = ∂x(V
′(x)p(x′, t|x, 0)) +D∂2

x(p(x
′, t|x, 0)). The domain of Lx is

Dom(Lx) = {p ∈ C2(−L,L) | p(−L) = p(L) = 0}

since the probability of being in the segment at the endpoints is 0. Equation (A.3),

often referred to as the backward FPE, has the initial condition

p(x′, 0|x, 0) = δ(x− x′).

Since G(x, t) is the probability that the particle is in segment mi at time t, the

probability of escaping by time t is 1−G(x, t). The rate of change of 1−G(x, t) at

a fixed time T , gives the distribution function for the first passage time

g(x, T ) = −∂G(x, T )

∂T
= −

∫ L

−L

∂p(x′, T |x, 0)

∂T
dx′. (A.4)

Hence the formula for the mean first passage time is

T1(x) =

∫ ∞
0

tg(x, t) dt

=−
∫ ∞

0

t

∫ L

−L

∂p(x′, t|x, 0)

∂t
dx′ dt

=−
∫ L

−L

∫ ∞
0

t
∂p(x′, t|x, 0)

∂t
dt dx′,

(A.5)
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we exchange the order of integration because the mean first passage time is a finite

number and therefore the integrals are convergent. Integration by parts gives

T1(x) =

∫ L

−L

∫ ∞
0

p(x′, t|x, 0) dt dx′ =

∫ L

−L
p1 dx

′ where p1 =
∫∞

0
p(x′, t|x, 0) dt

(A.6)

since limt→0 tp(x
′, t|x, 0) = 0 and limt→∞ tp(x

′, t|x, 0) = 0. The boundary conditions

for T1(x) are

T1(−L) = T1(L) = 0 (A.7)

since a particle starting at an endpoint would exit at t = 0, a result of the absorbing

boundary conditions of the segment. By integrating Equation (A.3) over all time,

and noting p(x′,∞|x, 0) = 0, we can derive a differential equation for p1,

∫ ∞
0

∂tp(x
′, t|x, 0) dt =

∫ ∞
0

(∂x(V
′(x)p(x′, t|x, 0)) +D∂2

xp(x
′, t|x, 0)) dt.

Since p(x′, t|x, 0) is C1, we can exchange the order of integration and differentiation,

− p(x′, 0|x, 0) = ∂x(V
′(x)p1) +D∂2

xp1. (A.8)

Which corresponds to the equation

− δ(x− x′) = Lxp1 (A.9)

We can express Equation (A.8) as a differential equation for T1 by using the adjoint

operator L†x of Lx. This will allow us to solve for T1(x).
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The adjoint operator, L†, is defined by the property

∫ L

−L
u(Lv) dx =

∫ L

−L
(L†u)v dx (A.10)

for any functions u(x) and v(x) which are zero at the boundaries. First, we apply the

inverse operator to Equation (A.9) to get

p1 = −L−1
x δ(x− x′).

By plugging this into (A.6), we get

T1(x) = −
∫ L

−L
L−1
x δ(x− x′) dx′ (A.11)

This is the adjoint property in Equation (A.10) when u(x) = 1 and v(x) = δ(x− x′).

Therefore,

T1(x) = −
∫ L

−L
(L−†x 1)δ(x− x′) dx′ = −L−†x (1) (A.12)

and T1(x) is a solution to the differential equation L†xT1(x) = −1.

To calculate the expression for the adjoint operator, we use Equation (A.10) and

integrate by parts twice,

∫ L

−L
u(Lxv) dx =

∫ L

−L
u(∂x(V

′(x)v) +D∂2
xv) dx

= −
∫ L

−L
(∂x(u)V ′(x)v +D∂x(u)∂x(v)) dx

=

∫ L

−L
(−V ′(x)∂x(u)v +D∂2

x(u)v) dx

=

∫ L

−L
(L†xu)v dx
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Hence, the adjoint operator is

L†x = −V ′(x)∂x +D∂2
x. (A.13)

Employing Equations (A.12) and (A.13) the expression for the differential equation

of the mean first passage time as

L†xT1(x) = −V ′(x)∂xT1(x) +D∂2
xT1(x) = −1. (A.14)

We redefine T1(x) = T (x) for simplicity.

Now we need to solve

T ′′ +
−V ′(x)

D
T ′ = − 1

D
. (A.15)

Let the integrating factor ψ(x) = e
−V (x)

D , so ψ′(x) = −V ′(x)
D
e
−V (x)

D . This implies

ψ′(x)/ψ(x) = −V ′(x)
D

. Therefore Equation (A.15) becomes

T ′′ +
ψ′(x)

ψ(x)
T ′ = − 1

D
. (A.16)

Multiplying through by ψ(x), we have

ψ(x)T ′′ + ψ′(x)T ′ =
d

dx
(ψ(x)T ′) = −ψ(x)

D
(A.17)
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Integrate both sides of Equation (A.17)

∫ x

−L

d

dx
(ψ(y)T ′) dy =

∫ x

−L
−ψ(y)

D
dy

ψ(x)T ′(x)− ψ(−L)T ′(−L) = − 1

D

∫ x

−L
ψ(y) dy

T ′(x) =
ψ(−L)T ′(−L)

ψ(x)
−
− 1
D

∫ x
−L ψ(y) dy

ψ(x)

Integrating one more time gives,

T (x)− T (−L) = ψ(−L)T ′(−L)

∫ x

−L

1

ψ(y)
dy − 1

D

∫ x

−L

∫ y

−L

ψ(z)

ψ(y)
dz dy (A.18)

where T (−L) = 0 by Equation (A.7). We can use Equation (A.7) and Equation

(A.18) to solve for T ′(−L) as well. Substituting x = L into Equation (A.18) we have

T (L) = 0 = ψ(−L)T ′(−L)

∫ L

−L

1

ψ(y)
dy − 1

D

∫ L

−L

∫ y

−L

ψ(z)

ψ(y)
dz dy (A.19)

Therefore

T ′(−L) =

1
D

∫ L
−L

∫ y
−L

ψ(z)
ψ(y)

dz dy

ψ(−L)
∫ L
−L

1
ψ(y)

dy
.
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Plugging this into Equation (A.18), we have

T (x) = ψ(−L)

1
D

∫ L
−L

∫ y
−L

ψ(z)
ψ(y)

dz dy

ψ(−L)
∫ L
−L

1
ψ(y)

dy

∫ x

−L

1

ψ(y)
dy − 1

D

∫ x

−L

∫ y

−L

ψ(z)

ψ(y)
dz dy

=
1

D


(∫ x
−L

1
ψ(y)

dy
) ∫ L
−L

∫ y
−L

ψ(z)
ψ(y)

dz dy −
(∫ L
−L

1
ψ(y)

dy
) ∫ x
−L

∫ y
−L

ψ(z)
ψ(y)

dz dy∫ L
−L

1
ψ(y)

dy


=

1

D


(∫ x
−L

1
ψ(y)

dy
)(∫ x

−L

∫ y
−L

ψ(z)
ψ(y)

dz dy +
∫ L
x

∫ y
−L

ψ(z)
ψ(y)

dz dy
)

∫ L
−L

1
ψ(y)

dy

−

(∫ x
−L

1
ψ(y)

dy +
∫ L
x

1
ψ(y)

dy
) ∫ x
−L

∫ y
−L

ψ(z)
ψ(y)

dz dy∫ L
−L

1
ψ(y)

dy


=

1

D


(∫ x
−L

1
ψ(y)

dy
) ∫ L

x

∫ y
−L

ψ(z)
ψ(y)

dz dy −
(∫ L

x
1

ψ(y)
dy
) ∫ x
−L

∫ y
−L

ψ(z)
ψ(y)

dz dy∫ L
−L

1
ψ(y)

dy



Letting Φ(x) = e
V (x)
D = 1

ψ(x)
, we arrive at Equation (4.21)

T1(x) =
1

D


(∫ x
−L Φ(y) dy

) ∫ L
x

∫ y
−L

Φ(y)
Φ(z)

dz dy −
(∫ L

x
Φ(y) dy

) ∫ x
−L

∫ y
−L

Φ(y)
Φ(z)

dz dy∫ L
−L Φ(y)dy

 .
(A.20)

Mean Escape Time

Now that we know the formula for the mean first passage time we can use it

to calculate the mean escape time (MST). T1(x) the mean first passage time, is the

average amount of time it takes to escape from the segment given that the particle

was located at position x at time t = 0. Aside from the particle’s first escape, each

subsequent segment will have the particle starting at position x = 0 of that segment.

Position x = 0 is where a particle is inserted into the next segment after it reaches the
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boundary of the segment that the particle was in previously. Given that the particle

will always start at x = 0 in every subsequent segment, we compute the MST as

T1(0), the mean first passage time given the starting position of the particle is x = 0.

Plugging x = 0 into T1(x), we compute

µ = T1(0) =

(∫ 0

−L Φ(y) dy
) ∫ L

0

∫ y
−L

Φ(y)
Φ(z)

dz dy −
(∫ L

0
Φ(y) dy

) ∫ 0

−L

∫ y
−L

Φ(y)
Φ(z)

dz dy

D
∫ L
−L Φ(y) dy

(A.21)

Recall that Φ(x) = eV (x)/D, where V (x) = U(x) − Fx and U(x) is L periodic. Let

y ∈ [−L, 0] and x ∈ [0, L] with the relationship

x = y + L. (A.22)

Then

V (x) = V (y + L)

= U(y + L)− Fy − FL

= U(y)− Fy − FL

= V (y)− FL.

Hence,

V (y) = V (x) + FL (A.23)
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Using this relationship, we have

∫ 0

−L
e

V (y)
D dy =

∫ L

0

e
V (x)+FL

D dx

=

∫ L

0

e
V (x)
D e

FL
D dx

= e
FL
D

∫ L

0

e
V (x)
D dx

=
1

e
−FL
D

∫ L

0

e
V (x)
D dx

=
1

e
−FL
D

∫ L

0

e
V (y)
D dy

Employing this in Equation A.21 gives,

µ =
1

D

(
1

e
−FL
D

∫ L
0

Φ(y) dy
) ∫ L

0

∫ y
−L

Φ(y)
Φ(z)

dz dy −
(∫ L

0
Φ(y) dy

) ∫ 0

−L

∫ y
−L

Φ(y)
Φ(z)

dz dy∫ L
−L Φ(y) dy

=
1

D

( ∫ L
0

Φ(y) dy∫ L
−L Φ(y) dy

)(
1

e
−FL
D

∫ L

0

∫ y

−L

Φ(y)

Φ(z)
dz dy −

∫ 0

−L

∫ y

−L

Φ(y)

Φ(z)
dz dy

)

Note:

∫ L
0

Φ(y) dy∫ L
−L Φ(y) dy

=

∫ L
0

Φ(y) dy∫ 0

−L Φ(y) dy +
∫ L

0
Φ(y) dy

=

∫ L
0

Φ(y) dy
1

e
−FL
D

∫ L
0

Φ(y) dy +
∫ L

0
Φ(y) dy

=
1

1 + 1

e
−FL
D

=
e
−FL
D

1 + e
−FL
D
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Plugging this back into µ, we have,

µ =
e
−FL
D

D
(

1 + e
−FL
D

) ( 1

e
−FL
D

∫ L

0

∫ y

−L

Φ(y)

Φ(z)
dz dy −

∫ 0

−L

∫ y

−L

Φ(y)

Φ(z)
dz dy

)
. (A.24)

Employing our change of variables in Equation (A.22) to the second double integral

in Equation (A.24),

∫ 0

−L

∫ y

−L

Φ(y)

Φ(z)
dz dy =

1

e
−FL
D

∫ L

0

∫ x−L

−L

Φ(x)

Φ(z)
dz dx =

1

e
−FL
D

∫ L

0

∫ y−L

−L

Φ(y)

Φ(z)
dz dy.

Going back to Equation (A.24) to substitute this expression, we have

µ =
e
−FL
D

D
(

1 + e
−FL
D

) ( 1

e
−FL
D

∫ L

0

∫ y

−L

Φ(y)

Φ(z)
dz dy − 1

e
−FL
D

∫ L

0

∫ y−L

−L

Φ(y)

Φ(z)
dz dy

)

=
1

D
(

1 + e
−FL
D

) ∫ L

0

∫ y

y−L

Φ(y)

Φ(z)
dz dy

Therefore, we have derived Equation (4.19),

µ =
1

D
(

1 + e
−FL
D

) ∫ L

0

∫ x

x−L

Φ(x)

Φ(y)
dy dx. (A.25)

Variance of the Escape Time

The derivation for the escape time variance follows extremely closely to the

derivation for both the mean first passage time and the MST, detailed in the above

sections. For this reason, several of the details will be left out of this derivation. To

calculate the escape time variance we will begin with Equation (4.20) and rewrite it
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to a different form.

σ2 =
2

D
(

1 + e−
FL
D

) (∫ L

0

∫ x

x−L

e
V (x)
D

e
V (y)
D

T1(y) dy dx−
∫ L

0

∫ x

x−L

e
V (x)
D

e
V (y)
D

1

2
µ dy dx

)

=
2

D
(

1 + e−
FL
D

) ∫ L

0

∫ x

x−L
e

V (x)
D e

−V (y)
D T1(y) dy dx

−µ 1

D
(

1 + e−
FL
D

) ∫ L

0

∫ x

x−L
e

V (x)
D e

−V (y)
D dy dx

Using Equation (A.25), we have

σ2 =
2

D
(

1 + e−
FL
D

) ∫ L

0

∫ x

x−L
e

V (x)
D e

−V (y)
D T1(y) dx dy − µ2. (A.26)

This is the equation that we will derive.

The equation for the variance in terms of the mean is

σ2 = 〈T 2〉 − µ2. (A.27)

So we need to show

〈T 2〉 = T2(0) =
2

D
(

1 + e−
FL
D

) ∫ L

0

∫ x

x−L
e

V (x)
D e

−V (y)
D T1(y) dx dy (A.28)

where

T2(x) =

∫ ∞
0

t2g(x, t) dt (A.29)

Using Equation (A.4),

T2(x) = −
∫ ∞

0

t2∂tG(x, t) dt
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which following integration by parts, we have

T2(x) = 2

∫ ∞
0

tG(x, t) dt (A.30)

since limt→0 t
2G(x, t) = 0 and limt→∞ t

2G(x, t) = 0. Since G(−L, t) = G(L, t) = 0 we

have T2(−L) = T2(L) = 0. Using G(x, t) in the FPE with the adjoint operator, we

have the formula

∂tG(x, t) = −V ′(x)∂xG(x, t) +D∂2
xG(x, t).

Multiplying by t and integrating over all time, gives us

∫ ∞
0

t∂tG(x, t) dt = −V ′(x)∂x

∫ ∞
0

tG(x, t) dt+D∂2
x

∫ ∞
0

tG(x, t) dt.

From Equation (A.5) we know
∫∞

0
t∂tG(x, t) dt = −T1(x) so our formula becomes

−T1(x) = −V ′(x)∂x
1

2
T2(x) +D∂2

x

1

2
T2(x)

−2T1(x) = −V ′(x)∂xT2(x) +D∂2
xT2(x)

Now that we have a differential equation for T2(x), the derivation follows exactly

as for T1(x) beginning from Equation (A.15). Omitting these details we arrive at the

formula

T2(x) =
2

D


(∫ x
−L Φ(y) dy

) ∫ L
x

∫ y
−L

Φ(y)T1(z)
Φ(z)

dz dy∫ L
−L Φ(y)dy

−

(∫ L
x

Φ(y) dy
) ∫ x
−L

∫ y
−L

Φ(y)T1(z)
Φ(z)

dz dy∫ L
−L Φ(y)dy

 .
(A.31)
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From here we can plug in x = 0 and follow exactly the derivation for µ detailed above.

We calculate

〈T 2〉 =
2

D
(

1 + e−
FL
D

) ∫ L

0

∫ x

x−L

Φ(x)T1(y)

Φ(y)
dy dx (A.32)

which is what we wanted to show in Equation (A.28). Therefore we have derived the

expression for σ2 given by Equation (4.20).
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APPENDIX B

DERIVATION FOR THE PROBABILITIES OF ESCAPE



135

Here we derive the probability that a particle escapes a potential segment, see

Figure 4.2, through the right boundary L, or the left boundary −L. We denote the

probability of escaping through L when a particle begins at location x at time t = 0,

p+(x), and the probability of escaping left as p−(x).

Consider the probability current J(x, t) defined using the FPE as

∂tp(x, t) + ∂xJ(x, t) = ∂tp(x, t) + ∂x [−(V ′(x)p(x′, t|x, 0) +D∂xp(x
′, t|x, 0))] = 0.

The total probability that the particle exits through x = L after time t is given by the

time integral of the probability current at x = L, J(L, t|x, 0), given that the particle

is located at x at time t = 0. This quantity is

gL(x, t) =

∫ ∞
t

J(L, t′|x, 0) dt′.

Therefore p+(x) = gL(x, 0). Since J(L, t′|x, 0) satisfies the backward FPE (explained

in Appendix A), using the adjoint operator, we have

−V ′(x)∂xgL(x, t) +D∂2
xgL(x, t) =

∫ ∞
t

∂t′J(L, t′|x, 0) dt′

=− J(L, t|x, 0)

=− ∂tgL(x, t).

(B.1)

In order to derive a formula for p+(x) we would like to use Equation (B.1) to derive

an ordinary differential equation for p+(x). Hence we take t → 0 on both sides of

Equation (B.1). Please notice that J(L, 0|x, 0) = 0 for x 6= L. Therefore in the limit
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we calculate

lim
t→0

(−V ′(x)∂xgL(x, t) +D∂2
xgL(x, t)) = lim

t→0
(−∂tgL(x, t))

−V ′(x)∂xp+(x) +D∂2
xp+(x) =− J(L, 0|x, 0)

=0.

(B.2)

The boundary value problem describing p+(x) becomes

p′′+(x)− V ′(x)

D
p′+(x) = 0 (B.3)

with the boundary conditions

p+(L) = 1, p+(−L) = 0. (B.4)

Let ψ(x) = e
−V (x)

D which gives the derivative ψ′(x) = −V ′(x)
D

e
−V (x)

D = −V ′(x)
D

φ(x).

Multiplying Equation (B.3) on both sides by ψ(x) we compute

ψ(x)p′′+(x) + ψ′(x)p′+(x) = 0

∂x[ψ(x)p′+(x)] = 0.

Integrating both sides leads to

∫ L

x

∂z[ψ(z)p′+(z)] dz = 0

ψ(L)p′+(L)− ψ(x)p′+(x) = 0
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From here we are able to solve for p′+(x)

p′+(x) =
ψ(L)p′+(L)

ψ(x)
. (B.5)

Integrating Equation (B.5) gives

∫ L

x

p′+(x′) dx′ =

∫ L

x

ψ(L)p′+(L)

ψ(x′)
dx′

p+(L)− p+(x) =ψ(L)p′+(L)

∫ L

x

1

ψ(y)
dy.

(B.6)

We solve Equation (B.6) for p+(x)

p+(x) = 1− ψ(L)p′+(L)

∫ L

x

1

ψ(y)
dy. (B.7)

Plugging in x = −L, we calculate

p+(−L) = 0 = 1− ψ(L)p′+(L)

∫ L

−L

1

ψ(y)
dy,

hence

ψ(L)π′L(L) =
1∫ L

−L
1

ψ(y)
dy
.

Using this in Equation (B.7),

p+(x) = 1− 1∫ L
−L

1
ψ(y)

dy

∫ L

x

1

ψ(y)
dy.

Combining with a common denominator and simplifying

p+(x) =

∫ x
−L

1
ψ(y)

dy∫ L
−L

1
ψ(y)

dy
.
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Finally, since π−L(x) = 1− p+(x) we compute the remaining probability

p−(x) =

∫ L
x

1
ψ(y)

dy∫ L
−L

1
ψ(y)

dy
.
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APPENDIX C

FOURIER SERIES DERIVATIONS
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The Fourier series for two periodic functions with period L on the interval [0, L]

were used as examples in Chapter 4. In this appendix, we include the details of the

computation of the Fourier series for each function. Before providing these details,

first we derive the Fourier series expansion on the interval [0, L] given by Equation

(4.70) with coefficients in Equations (4.71), (4.72), and (4.73).

The most common interval for a Fourier expansion to be defined on is [−L,L].

This expansion is given by the following equation

f(x) =
a0

2
+
∞∑
n=1

an cos
(nπx
L

)
+
∞∑
n=1

bn sin
(nπx
L

)
(C.1)

with coefficients

a0 =
1

L

∫ L

−L
f(x) dx, (C.2)

an =
1

L

∫ L

−L
f(x) cos

(nπx
L

)
dx, (C.3)

and

bn =
1

L

∫ L

−L
f(x) sin

(nπx
L

)
dx. (C.4)

To change this expansion on the interval [−L,L] to the Fourier expansion on the

interval [0, L], apply a change of variables x′ = x+L
2

where x ∈ [−L,L] and x′ ∈ [0, L].

Consider the basis functions cos
(
nπx
L

)
and sin

(
nπx
L

)
under this transformation,

cos
(nπx
L

)
= cos

(
nπ(2x′ − L)

L

)
= cos

(
2nπx′

L
− nπ

)
= cos

(
2nπx′

L

)
cos(nπ) + sin

(
2nπx′

L

)
sin(nπ)

=(−1)n cos

(
2nπx′

L

)
(C.5)
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and

sin
(nπx
L

)
= sin

(
nπ(2x′ − L)

L

)
= sin

(
2nπx′

L
− nπ

)
= sin

(
2nπx′

L

)
cos(nπ)− cos

(
2nπx′

L

)
sin(nπ)

=(−1)n sin

(
2nπx′

L

)
.

(C.6)

Using this in Equation (C.1), the Fourier expansion on [0, L] is

f(x′) =
a′0
2

+
∞∑
n=1

(−1)na′n cos

(
2nπx′

L

)
+
∞∑
n=1

(−1)nb′n sin

(
2nπx′

L

)
. (C.7)

Now the coefficients are calculated under the change of variables

a′0 =
2

L

∫ L

0

f(x′) dx′, (C.8)

a′n =
2(−1)n

L

∫ L

0

f(x′) cos

(
2nπx′

L

)
dx′, (C.9)

and

b′n =
2(−1)n

L

∫ L

0

f(x′) sin

(
2nπx′

L

)
dx′. (C.10)

Substituting these coefficients into Equation (C.7), the (−1)n terms in the sum and

the coefficients cancel giving the expansion and coefficients originally presented in

Chapter 4 as Equations (4.70), (4.71), (4.72), and (4.73). The remainder of this

appendix is used to calculate the specific Fourier series expansion for the quadratic

wave and square wave as defined in Chapter 4.
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Quadratic Wave

We derive the Fourier series of the function

f(x) = −
(
x− L

2

)2

.

We begin with a0 using Equation (4.71),

a0 =
2

L

∫ L

0

−
(
x− L

2

)2

dx

=
2

L

[
−
(
x− L

2

)3

3

∣∣∣∣L
0

]

=
2

L

[
−
(
L
2

)3

3
−
−
(−L

2

)3

3

]

=
−2

L

(
L3

12

)
= −L

2

6
.

Using Equation (4.72) we calculate an with several integration by parts,

an =
2

L

∫ L

0

−
(
x− L

2

)2

cos

(
2πnx

L

)
dx.

With the first integration by parts,

an =
−2

L

[(
x− L

2

)2
L

2πn
sin

(
2πnx

L

)∣∣∣∣L
0

− L

πn

∫ L

0

(
x− L

2

)
sin

(
2πnx

L

)
dx

]
.
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The first term is zero, and we integrate the second term by parts again,

an =
2

πn

[(
x− L

2

)
−L
2πn

cos

(
2πnx

L

)∣∣∣∣L
0

+
L

2πn

∫ L

0

cos

(
2πnx

L

)
dx

]
.

The integral in the second term is zero. Evaluating the first term,

an =
−L

(πn)2

[
L

2
+
L

2

]
= −

(
L

πn

)2

.

Finally we calculate bn with Equation (4.73),

bn =
2

L

∫ L

0

−
(
x− L

2

)2

sin

(
2πnx

L

)
dx.

The first integration by parts gives,

bn =
−2

L

[(
x− L

2

)2 −L
2πn

cos

(
2πnx

L

)∣∣∣∣L
0

+
L

πn

∫ L

0

(
x− L

2

)
cos

(
2πnx

L

)
dx

]
.

Again, the first term is zero, and we integrate the second term by parts,

bn =
−2

πn

[(
x− L

2

)
L

2πn
sin

(
2πnx

L

)∣∣∣∣L
0

− L

2πn

∫ L

0

sin

(
2πnx

L

)]
.
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The first term is zero. Evaluating the second integral,

bn =
−L

(πn)2

[
L

2πn
cos

(
2πnx

L

)∣∣∣∣L
0

]
= 0.

With these coefficients, using Equation (4.70), we have the Fourier series given by

Equation (4.90),

f(x) =
−L2

12
−
∞∑
n=1

(
L

πn

)2

cos

(
2πnx

L

)
. (C.11)

Square Wave

Now we will derive the Fourier series for the square wave given by Equation

(4.97),

f(x) = 2

[
H

(
2x

L

)
−H

(
2x

L
− 1

)]
− 1.

As before, we begin with a0 using Equation (4.71),

a0 =
2

L

∫ L

0

(
2

[
H

(
2x

L

)
−H

(
2x

L
− 1

)]
− 1

)
dx

=
2

L

[∫ L
2

0

1 dx−
∫ L

L
2

1 dx

]
.

Evaluating these integrals,

a0 =
2

L

[
L

2
− L

2

]
= 0.
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Using Equation (4.72), we calculated an,

an =
2

L

[∫ L
2

0

cos

(
2πnx

L

)
dx−

∫ L

L
2

cos

(
2πnx

L
dx

)]

=
2

L

[
L

2πn
sin

(
2πnx

L

)∣∣∣∣L2
0

− L

2πn
sin

(
2πnx

L

)∣∣∣∣L
L
2

]
= 0.

Finally, we calculate the last coefficient bn using Equation (4.73),

bn =
2

L

[∫ L
2

0

sin

(
2πnx

L

)
dx−

∫ L

L
2

sin

(
2πnx

L
dx

)]

=
2

L

[
−L
2πn

cos

(
2πnx

L

)∣∣∣∣L2
0

+
L

2πn
cos

(
2πnx

L

)∣∣∣∣L
L
2

]
=

2

πn
[1− cos(πn)] .

Therefore

bn =


0 n even

4
πn

n odd

.

Putting together these coefficients, we have the Fourier series given in Equation

(4.101),

f(x) =
∞∑
n=1

4

π(2n− 1)
sin

(
2π(2n− 1)x

L

)
. (C.12)
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