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ABSTRACT

In this thesis we study thermal transport in a two-dimensional system with coexisting
s- or d-wave Superconducting (SC) and Spin Density Wave (SDW) orders. We analyse the
nature of coexistence phase in a tight-binding square lattice with Q = (π, π) SDW ordering.
The electronic thermal conductivity is computed within the framework of the Boltzmann
kinetic theory, using Born approximation for the impurity scattering collision integral. We
describe the influence of the Fermi surface (FS) topology, the competition between the
SC and SDW order parameters, the presence or absence of zero energy excitations in the
coexistence phase, on the low temperature behavior of thermal conductivity of the various
paring states. We present qualitative analytical, and fully numerical results that show that
the heat transport signatures of various SC states emerging from collinear SDW order are
quite distinct, and depend on the symmetry properties of the SC order parameter under
translation by the SDW nesting vector Q. A combination of (π, π)-SDW and the dx2−y2

pairing state results in fully gapped excitations, whereas (π, π)-SDW co-existing with either
dxy or s-wave pairing states may always have gapless excitations. There appear special stable
Dirac nodal points that are not gapped by the SC order in the coexistence phase, resulting
in finite residual heat conductivity.
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INTRODUCTION

In this chapter we give a brief introduction to elemental superconductors and then move

on to describe superconducting materials that are at the forefront of current research. We

set up the motivation for the Thesis and give a brief outline of the main chapters that are

to follow.

Conventional Superconductors

The phenomenon of Superconductivity was discovered by Heike Kamerlingh Onnes

while conducting a series of low temperature experiments at the University of Leiden in 1911.

He found that below the transition temperature Tc = 4.2K, the resistance in a solid mercury

wire immersed in liquid helium suddenly vanished. He noted in his notebook, “ Mercury

has passed into a new state, which on account of its extraordinary electrical properties may

be called the superconductive state ” [91]. Since then most elements Fig. 1.1 have been

found to become superconducting at low temperatures. Superconductors also exhibit the

so called Meissner-Ochsenfeld-effect [34, 83] i.e. magnetic fields do not penetrate the bulk

of a superconductor. When a superconductor is cooled in a weak magnetic field, at the

transition temperature persistent currents arise on the surface and circulate so as to cancel

the flux density inside. Superconductors can be classified into two types, the so-called type-I

superconductors, where there the effects of fields strong enough to destroy superconductivity

depend on the shape of the sample. In the case of a long, thin cylinder or sheet placed

parallel to a uniform magnetic field Ha, everywhere along the surface the field is equal to

Ha see Fig. 1.2. Therefore superconductivity is destroyed when the applied field reaches

the critical value Hc. For other geometries like a sphere, field lines have a higher density
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Figure 1.1: Periodic Table of Superconducting elements from [17]

.

at the equator compared to the poles see Fig. 1.2. Far away from the sphere, where any

perturbations caused by it average out, the applied field Ha is lower than at the equator. A

natural question arises what happens when the equatorial field reaches the critical value Hc.

Clearly Ha at that moment is below Hc and therefore, the whole sphere cannot revert to the

normal state. On the other hand, the whole sphere is not permitted to be superconducting

either, because the field at the equator has already reached the critical value. This leads to a

coexistence of alternating superconducting and normal regions within the sphere called the

intermediate state. The intermediate state is expected whenever the applied field lies in the

range 1− n < Ha

Hc
< 1, where n is the demagnetizing factor and depends on the shape of the

sample, for example n = 1/3 for a sphere. The whole sphere transitions to the normal state

once the applied field Ha reaches the critical value Hc everywhere on the sphere.
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Figure 1.2: Contrast of exterior field pattern (a) thin cylinder or sheet placed parallel to a
uniform magnetic field and (b) a sphere in an uniform magnetic field from [90].

In type-II superconductors, there exists a lower critical field Hc1 above which the

magnetic flux lines can penetrate the bulk of the superconductor without destroying the

bulk superconductivity and an upper critical field Hc2 above which the superconductivity is

destroyed. Most elemental superconductors are of type-I, while most superconducting alloys

and compounds are of type-II.

Further in superconductors there exists an energy gap of size 2∆ for elementary

excitations, which can be observed directly and indirectly in many ways, for example the

exponential decrease with decreasing temperature of the thermal conductivity of a number

of superconductors below Tc/3 first found by Goodman in Tin [35].

In 1957, Bardeen, Cooper and Schrieffer formulated the correct microscopic theory

of superconductivity, reffered to as BCS theory [10]. Further extensions were made by

Bogololiubov [16], Gorkov [36] and Eliashberg [27, 28]. The BCS theory with the above

extensions could describe all superconductors known at the time.

According to the BCS theory, electrons overcome the Coulomb repulsion via the

exchange of phonons. This can be pictured in real space in the following manner: an
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electron moving through a lattice of positively charged ions displaces an ion and creates

a local excess of positive charge, which attracts the next passing electron. This retarded

attraction is possible because the atoms are much heavier than the electrons and therefore

move much slower. In momentum space, one electron emits a virtual phonon of momentum

h̄q which is absorbed by a second electron. This interaction is given by

Veff (q, ω) = |gqλ|2
1

ω2 − ω2
qλ

,

where q and ωqλ are the wavevector and energy of the phonon and gqλ is the electron-phonon

coupling matrix element. A negative Veff means a attractive interaction. In BCS theory

ωqλ is replaced by ωD the phononic Debye frequency and only electrons within ±kBT of the

Fermi surface are considered. Thus ω is always much smaller than ωD at temperatures

relevant to conventional superconductivity. The end result is a net attractive effective

interaction. Due to this interaction two electrons with opposite spin and momentum form

bound states, so-called Cooper pairs, which then build up a phase coherent condensate. The

new state is characterized by a gap function or order parameter ∆ which is non zero in the

superconducting state, only in the vicinity of the Fermi surface.

Unconventional Superconductors

Classification of the superconducting states are based on symmetry properties of the

order parameter ∆ which are related to the properties of the wave-function of the Cooper

pair. In the original BCS formulation the electrons comprising the Cooper pair are in a singlet

state having opposite spins. The spin part of the wave-function thus is antisymmetric with

respect to particle exchange. This requires the momentum dependent part of the wave-

function to be even, which can only happen if the orbital angular momentum (l) of the

pair wave-function is even. The gap function for singlet superconductors can be written
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as ∆(k) = iσyψ(k), [87], where the scalar valued function satisfies ψ(−k) = ψ(k). In the

original BCS theory, the angular momentum of the pair wave-function was taken to be

zero. Obviously this is not the only possibility, other pairing states are also feasible. For

superconductors with an inversion center, Cooper pairs can form either singlets with even

orbital angular momentum in s(l = 0), d(l = 2), . . states, or triplets with odd orbital

angular momentum, i.e. p(l = 1), f(l = 3) . . states. Therefore the functions ψ(k) can be

expressed as linear combinations of spherical harmonics [64]

ψl(k) =
l∑

m=−l

almYlm(k̂) for l = 0, 2, 4, ... (1.1)

In an isotropic system which is invariant under all spatial rotations (elements of group

SO(3)), the irreducible representations are labelled by the value of l and the 2l + 1

spherical harmonics with given orbital angular momentum l forms the basis of the irreducible

representation. Thus in isotropic systems the types of Cooper pairing are in one-to-

one correspondence with the irreducible representations of the group of three dimensional

rotations. In the case of crystals the superconducting states are classified by the subgroups

H ⊂ G that leave the superconducting order parameter ∆(k) invariant. The group G is

G = Gc × T × U(1). Here G contains the symmetry group of the crystal Gc, the operations

of time reversal T and gauge transformations U(1), we have assumed there is no spin-orbit

coupling [64]. The superconducting states in the crystal are in one to one correspondence

with the irreducible representations (IRs) Γ of G. An IR can be represented with a set of

basis functions ΦΓ
i (k) for 1 ≥ i ≤ dΓ, where dΓ is the IR’s dimension. Thus in the case of

crystals the expansion (1.1) becomes

ψl(k) =

dΓ∑
i=1

αiΦ
Γg

i (k̂) (1.2)



6

where αi are complex amplitudes for the components of the order parameter and the index

g denotes functions even in k̂. The conventional superconducting state has the full point

group symmetry of the crystal lattice , i.e it belongs to the identity representation A1g and is

determined by the class H = Gc×T . Unconventional superconductivity is realized whenever

H 6= Gc × T i.e they do not possess the full point group symmetry of the crystal lattice.

As an example the cuprate superconductors like La2 –xBaxCuO4 have crystal lattices

of tetragonal symmetry i.e. Gc = D4 × I where D4 = Cn, Un at n = 0, 1, 2, 3 comprises

of the rotations Cn along the ẑ axis by angles πn/2 and rotations Un by angle π about

the axes x̂ cos(πn
4

) + ŷ sin(πn
4

), I represents inversion symmetry. Experiments point to

the cuprates having an order parameter ∆(k̂) ∝ k̂2
x − k̂2

y. It is called the d−wave state

because its angular dependence can be accounted with spherical harmonics at l = 2. The

order parameter ∆(k̂) is not invariant under D4 × I but instead the symmetry group is

D4(D2)× I where D4(D2) =
{
C2k, U2k, e

iπC2k+1, e
iπU2k+1

}
at k = 0, 1. The phase eiπ = 1is

needed to compensate the sign change of the order parameter under rotations. In the

above discussion we have limited ourselves to singlet superconductors since this thesis we

only study singlet pairing states. The symmetry classification of triplet states follow along

similar lines and can be found in [64]. Unconventional superconductors also differ from

superconductors described by BCS theory in that, their pairing mechanism is not derived

from electron-phonon interaction [70]. Alternative paring mechanisms include the Kohn

Luttinger mechanism based on renormalized Coloumb interaction or mechanisms based on

spin fluctuation exchange, further details can be found in [57, 81, 87] .

Heavy Fermions

One of the first discovered families of unconventional superconductors were the heavy

Fermion materials, which started with the discovery [88] of the compound CeCu2Si2 in 1979.

In heavy fermion superconductors the f -electron derived bands yield effective masses up to
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anomaly. Even at zero field the superconducting transition is
slightly broader than at the maximum of Tc, �Tc � 60 mK;
it is associated to the change in the slope of dTc=dp. With
increasing magnetic field the transition broadens signifi-
cantly. In Fig. 7 we indicate the onset of the transition and
zero resistivity as function of magnetic field for p ¼ 2:6 and
2.8 GPa. The pressure dependence of the upper critical field
will be discussed below in detail.

4. Discussion

4.1 Pressure and field dependence in CeRhIn5
The ðp;T ;HÞ phase diagram of CeRhIn5 is extremely rich

(see Fig. 8). At p?c, the two critical temperatures TN and Tc

merge into one point. In a first approach the crossing point
looks like a bi-critical point: as function of pressure a direct
transition from AF to SC occurs. In the phase diagram in
Fig. 8 such direct transition corresponds to the vertical
hatched area, without the emergence of a AF+SC regime.
However, in a real experiment such a transition is difficult to
realize under pressure, inhomogeneities (in the pressure as
well as in the sample) may always impede such a ‘‘clear’’
phase diagram. Due to inhomogeneities an AF+SC regime
can appear; however, it would not be homogeneous and
phase separation into AF and SC parts is expected. Another
possibility is that p?c is a tetracritical point.27,28) Strong
support for this scenario comes from the homogeneous
character of the nuclear spin dynamics in the AF+SC
domain at low temperature (T < Tc).

15) In recent nuclear-
quadrupole-resonance (NQR) experiments the observation
of a tetra-critical point in zero magnetic field has been
reported and it has been suggested that a uniformly
homogeneous AF+SC phase exist below p?c. The uniformly
coexistence of AF and SC in this pressure range is also
followed from the fact that the NQR relaxation (1=T1)
is mono-exponential, independent on the investigated
In-site.15) This led to the suggestion that both, the anti-
ferromagnetic and the superconducting order parameter are
strongly coupled as it is proposed in the SO(5) theory.28,29)

However, the superconducting phase transition at Tc is at
least inhomogeneous below p?c, as with different experi-
mental probes different transition temperatures are detected.
The vertical hatched line describes then only the trend that

the AF+SC domain is highly non-symmetrical by respect to
p?c: AF needs to disappear just above p?c. From experimental
point of view it is very difficult to draw precisely the
AF+SC boundary.

For p < p?c � 2 GPa the ground state has an antiferro-
magnetic component. The superconducting phase transition
observed below p?c in the resistivity is not bulk in nature.
However zero resistivity has been observed at p ¼ 1:7 GPa
and the upper critical field determined by the resistivity is
rather large. The magnetic ordered state seems not to change
dramatically under high pressure. The magnetic (H–T) phase
diagram observed at p ¼ 1:7 GPa is qualitatively unchanged
in comparison to low pressure with the appearance of
different magnetic phases (see Fig. 3).

At zero pressure it has been shown in detailed
neutron scattering experiments, that the incommensurate
magnetic structure of phase AF I with an ordering
vector qic ¼ ð1=2; 1=2; 0:298Þ gets commensurable (phase
AF III) under magnetic field at low temperatures with
qc ¼ ð1=2; 1=2; 1=4Þ.26) Phase II at ambient pressure has
the same structure than the incommensurate phase AF I, but
the ordered moment is reduced. To identify the magnetic
structures under high pressure, neutron scattering or NMR
experiments are indispensable. However, up to now no
successful neutron scattering experiments have been per-
formed under application of magnetic field and high pressure
for CeRhIn5. No definite conclusion can be given on the
magnetic ordering vector under pressure in the different
phases. All neutron scattering experiments performed up
to now report an incommensurate ordering vector up to
1.7 GPa in zero magnetic field.30–32) In the most recent
neutron scattering experiments at 1.7 GPa qicð1:7GPaÞ ¼
ð1=2; 1=2; 0:4Þ has been observed in zero field at T ¼ 0:4 K
inside the superconducting state.32) Nevertheless, from our
transport measurements here and also from the ac calorim-

Fig. 7. (Color online) Field–temperature phase diagram of CeRhIn5 for

p ¼ 2:6 GPa (triangles) and 2.8 GPa (circles). Closed symbols mark the

onset of the transition, open symbols correspond to the temperature of

� ¼ 0. With increasing pressure the width of the superconducting

transition increases significantly to low temperatures.

Fig. 8. (Color online) Pressure–temperature phase diagram of CeRhIn5 in

zero magnetic field from ac calorimetry (circles),14) ac susceptibility

(triangles),12) and resistivity (this work, diamonds for TN and stars for Tc).

At low pressure the ground state is antiferromagnetic. Below p?c both,

antiferromagnetism (AF) and superconductivity (SC) coexists. At p?c the

AF is suppressed suddenly before the quantum critical point at pc is

reached under pressure. Above p?c a purely superconducting the ground

state appears in zero magnetic field. The dashed line gives the expected

pressure dependence of the Néel temperature in absence of super-

conductivity.

J. Phys. Soc. Jpn., Vol. 77, No. 11 G. KNEBEL et al.

114704-4

J. Phys. Soc. Jpn.
Downloaded from journals.jps.jp by Montana State Univ Bozeman on 10/22/21

Figure 1.3: T − P phase diagrams of CeRhIn5 in zero magnetic field from ac calorimetry
(circles), ac susceptibility (triangles), and resistivity (diamonds for TN and stars for Tc).
At low pressure the ground state is antiferromagnetic. Below p∗c , both antiferromagnetism
(AF) and superconductivity (SC) coexists. At p∗c the AF is suppressed suddenly before the
quantum critical point at pc is reached under pressure. Above p∗c a purely superconducting
ground state appears in zero magnetic field. The dashed line gives the expected pressure
dependence of the Néel temperature in absence of superconductivity. Taken from[51].

100 times the bare electron mass. The properties of the heavy fermion superconductors

include ferromagnetism, antiferromagnetism, and even coexistence of magnetism and

superconductivity. As an example for the variety of phases present in the heavy fermion

superconductors, the pressure-temperature phase diagram of CeRhIn5 is shown in Fig 1.3.

CeRhIn5 is antiferromagnetically ordered below TN = 3.8K at ambient pressure. It orders

in an incommensurate magnetic structure with an ordering vector Q = 1/2, 1/2, 0.297 (see

discussion of on spin density waves below). In zero magnetic field AF is suppressed rapidly

for pressures p > p∗c = 1.95 GPa and the ground state is superconducting with probably

d−wave symmetry [51]. At pc the antiferromagnetic transition temperatures (TN) and the
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superconducting transition temperatures (TC) become the same. When Tc > TN no long

range order magnetic order exists as large parts of the Fermi surface are gapped due to

onset of SC. Below p∗c i.e (Tn > Tc) antiferromagnetism and superconductivity coexist. The

nature of the superconducting state below p∗c is a matter of debate [50]. In these materials

superconductivity is believed to be mediated by magnetic interactions.

Cuprates

Figure 1.4: Schematic phase diagram of n- and p-type cuprates, taken from [6]. The bright
green colored area shows the extension of the antiferromagnetic phase in the case of no
coexistence of SC and AF. The grey colored area shows the region with coexistence of SC
and AF in the cuprates. Which of the these two scenarios is realized is not clearly known.

The next family of high temperature superconductors to be discovered were the

Cuprates in 1986 by by J. Bednorz and K. Müller [13], for which the won the Nobel prize in

1987. They found superconductivity in the La2 –xBaxCuO4 system with Tc ≈ 30K. Soon the

transition temperature tripled with the discovery of the YBCO system with Tc ≈ 90K [93].

The cuprate superconductors are based on ceramic perovskites and have a complex layered

structure. The important structural element common to all cuprates is the CuO2 layers which
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are separated by spacer layers containing other atoms. The spacer layer is called the charge

reservoir because dopant atoms are usually introduced there, rather than directly into the

CuO2 planes. Thus the spacer layers control the carrier concentration in the CuO2 planes.

The CuO2 planes are believed to be responsible for the formation of superconductivity in

the Cuprates. Therefore in theoretical treatments of the cuprates, usually only models of

the two-dimensional CuO2 layers are considered.

The properties of all cuprates are extremely sensitive to doping. Fig 1.4 shows the

general temperature-doping phase diagram of cuprates. One can see that without doping

both types of cuprates are antiferromagnetic Mott insulators with Néel temperatures TN ≈

250 − 300K. A Mott insulator is a material that is expected to be a metal as per the

predictions of conventional band theories, but instead turn out to be insulators (particularly

at low temperatures). In the case of cuprates, if we look at the parent compound La2CuO4,

simple electron counting finds that the copper must have valence +2 here, resulting in an

outer shell electron configuration 3d9. On the other hand Oxygen’s valence is −2, leading to

a closed shell configuration 2s22p6. Thus in the CuO2 planes there is one hole per unit cell,

and simple band theory would thus predict the system to be a metal. Instead La2CuO4 is

an antiferromagnetic insulator. This insulating behaviour is due to strong electron–electron

interactions, which are not considered in conventional band theory. Mott transition is a

transition from a metal to an insulator, driven by the strong interactions between electrons.

One of the simplest models that can capture the Mott transition is the Hubbard model [30].

In this thesis we do not try to model this insulating antiferromagnetic state.

Upon hole-doping the Néel temperature is rapidly falls and the antiferromagnetic phase

vanishes completely at about 5 percent of hole doping. At a hole doping of 0.16 an

unconventional superconducting phase is found. The maximal Tc is reached at a doping

level of 0.16, therefore this doping level is referred to as optimal while smaller and higher

hole-doping levels are called under-doped and over-doped, respectively. It is now well
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established that the superconducting phase on the hole-doped side of the phase diagram

is unconventional, with the superconducting order parameter having dx2−y2 symmetry [85].

In the over-doped region one finds the usual Fermi liquid behavior. At smaller dopings

below a temperature T ∗ , there exists the so called pseudo-gap region, i. e. the Fermi

surface is not simply gapped but folded back and forms a number of disconnected, but

closed Fermi pockets [9]. Such a behavior is expected to be realized in the presence of

a Spin(Charge) Density Wave [63]. Density waves are broken symmetry states of metals,

brought aoout by electron-phonon or by electron-electron interactions. The ground states

are the coherent superposition of electron-hole pairs, and, as the name implies, the charge

density or spin density is not uniform but displays a periodic spatial variation. The existence

of Density Waves are one possible explanation of the pseuo gap phase [65, 95]. The presence

of the pseudo-gap region above the under-doped side of the superconducting dome also

raises the question whether the order responsible for the pseudo-gap behavior persists in the

superconducting phase. There is a possibility that part of superconducting dome coexists

with some kind of Density Wave [18]. In this case the T ∗ -line in Fig 1.4 would not terminate

at Tc, but extend into the superconducting phase and terminate at zero temperature at a

doping level of about 0.19. However such a coexistence is still a matter of debate.

We now turn to the electron doped cuprates shown in the right panel of Fig 1.4. As in the

hole-doped case there is a superconducting phase around a doping level of about 0.16, but the

maximal Tc and the doping width of this phase are significantly smaller. There is no general

consensus on the symmetry of the superconducting order parameter. Some experimental

evidence indicate dx2−y2 symmetry as in the hole-doped cuprates, but s-wave symmetry is

also considered to be a possibility [6]. Furthermore, since the Tc and TN lines intersect

at non-zero temperatures there is the possibility of coexistence of antiferromagnetism and

superconductivity in the electron doped cuprates. There is quite a bit of experimental

evidence of superconductivity coexisting with Spin-Density Wave order [3, 6, 45, 53, 59,
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86, 94]. The overall situation in cuprates and in particular in electron doped cuprates is

complicated, for recent reviews look at [38, 77].

Iron based Superconductors

Figure 1.5: Doping-Temperature phase diagram of the iron pnictide superconductor
Ba(Fe1x Cox )2As2, taken from [76].

In 2008, a new class of superconductors was discovered [44] begining with the alloy

LaFeAsO0.89F0.11. These are the so called iron based superconductors. The iron pnictides

are quasi-two-dimensional layered materials containing FePn(Pn refers to pnictogen atom)

layers. They exhibit a complex phase diagram, containing phases with spin density wave

antiferromagnetism and superconductivity as well as the coexistence of both [72, 76]. As an

example the phase diagram of Ba(Fe1x Cox )2As2 is shown in Fig 1.5.
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Density Waves

Q = ( , )

a: perfectly nested FS

Q = ( , )

b: partially nested FS
Figure 1.6

There are two types of density waves that are relevant in superconducting materials,

Charge Density Waves (CDW) and Spin Density Waves (SDW). Charge density waves were

introduced by Peierls in 1930 [74]. He showed that a one dimensional electron system coupled

to a lattice is unstable with respect to the formation of a periodic modulation of the electron

density and an associated periodic distortion of the lattice [40] . A Spin-Density Wave (SDW)

is conceptually similar to a CDW and was introduced by Overhauser in 1962 [71]. In the case

of an SDW, the modulated density is the spin density, which results in antiferromagnetic

behavior of such a state [29]. Density waves form due to the existence of nesting vectors

in the materials’ Fermi surface (FS). The concept of a nesting vector is illustrated in the

Fig 1.6. A nested Fermi surface has parallel regions connected by a nesting vector Q. For

a perfectly nested Fermi Surface all points on the FS are connected by Q, whereas for an
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partially nested Fermi surface, only points belonging to the parallel parts of the FS (shown

by the orange shaded regions in Fig 1.6) are connected by Q. The real-space periodicity of

the resulting spin-density wave is given by 2π/Q. If the new periodicity is a rational fraction

or multiple of the lattice constant, the density wave is said to be commensurate, otherwise

the density wave is termed incommensurate.

In general due to an enhanced tendency of Fermi surface nesting CDW’s and SDW’s

form preferably in low dimensional materials. Examples for quasi one-dimensional materials

known to have a Charge Density Wave phase are NbSe3 and K0.3MoO3 [40]. Several quasi-2D

systems, including layered transition metal dichalcogenides [61], undergo Peierls transitions

to form quasi-2D CDWs. These result from multiple nesting wavevectors coupling different

flat regions of the Fermi surface [52]. The most prominent example of a SDW material is Cr

[29], which transitions from a paramagnetic to SDW state at a Néel temperature of 311K.

Cr is a body-centered cubic metal whose Fermi surface features many parallel boundaries

between electron pockets and is therefore susceptible to the nesting instability. Unlike in

a superconductor where electrons with opposite momentum and spin pair up, in density

waves the pairing takes place between electrons and holes with momentum differing by the

fixed momentum Q. The momentum Q is the momentum of the density modulation. If

this momentum is related to the reciprocal lattice vectors by a simple rational number, the

Density Wave is referred to as commensurate, otherwise as incommensurate. In this thesis

we will only consider commensurate Spin Density Waves.

Coexistence of Superconductivity and Spin Density waves

As discussed before the electronic phase diagrams of many highly correlated systems

are complex, with multiple broken symmetry phases appearing with similar ordering

temperatures as dopant concentration is varied over wide ranges. For example, in Fig 1.7

we see the that there is a proximate antiferromagnetic (AF) state in the schematic phase
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Figure 1.7: Schematic phase diagrams of Cuprates and Pnictides on electron or hole doping,
taken from [12]. Not all details/phases are shown.

diagrams of superconductors such as cuprates and iron pnictides [12]. Theoretically this

problem has been studied for several decades from a large number of different perspectives,

[8, 15, 23, 39, 43, 46, 47, 48, 54, 55, 56, 62, 65, 67, 68, 69, 73, 80, 92]. These studies all indicate

that the superconducting state emerging out of an antiferromagnetic background is highly

non-trivial. The presence of the SDW can influence the momentum dependence and nodal

structure of the gap [15, 43, 46, 80]. The structure and properties of the superconducting gap

in the presence of coexisting antiferromagnetic order is a rich problem and there are may

possibilities based on material specific models of cuprates, pnictides and heavy fermions.

One of the aims of this thesis to shed light on this topic by studying a very general model

that captures the essential physics of superconductivity coexisting with spin density wave

antiferromagnetic order and therefore is relevant to the materials mentioned above.

Motivation and Scope of the Thesis

As mentioned before the problem of superconductivity(SC) coexisting with antifer-

romagnetic(AF) order has been studied quite extensively. Early studies [8, 78] focused on

generalizing the Abrikosov-Gorkov theory for pairbreaking in superconductors due to a dilute
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concentration of magnetic impurities, to the case when the magnetic ions are present in a

large concentration or on a regular lattice. The case in which the magnetic ions undergo

a transition to an antiferromagnetic phase was considered and the strong influence of AF

on SC was explained through Fermi Surface(FS) nesting [78]. These studies were aimed at

explaining coexistence of AF and SC in compounds that contain a lattice of magnetic rare

earth ions [60]. The theory of coexistence of coexistence of SC and SDW’s, where both the

orders where treated on an equal footing under the mean field approximation, was worked out

by Machida and his collaborators in a series of papers in the 1980’s [46, 47, 54, 55, 56]. On the

basis of an imperfect-nesting-band model in two dimensions it was shown that anisotropic

pairing states can be categorized into two classes: less-competitive and competitive states

according to the combined symmetry of the SC order parameter (parity and translational

symmetry determined by the nesting vector). The materials of interest for these studies

were the heavy fermion superconductors. Based on the same mean field theory of

antiferromagnetic superconductors several authors also studied thermodynamics, impurity

and spin fluctuation effects [67, 68, 71]. It was shown that the temperature dependence of the

order parameter ∆(T ), specific heat C(T ) and the critical field Hc(T ) deviate markedly from

BCS theory. The interplay between anitiferromagnetism and superconductivity was studied

for specific heavy Fermion superconductors in particular CeCoIn5 in [48]. It was shown that

the near-perfect nesting of the quasiparticle pockets created by Zeeman pair-breaking near

the nodal regions creates the conditions for the antiferromagnetic instability even when the

normal state Fermi surface is not nested. In earlier studies [4, 42] it was shown that the

amplitude modulation of the superconducting order parameter, ∆(r), is essential and drives a

spin density wave(SDW). Studies concentrating on coexistence of SDW and SC in Cuprates

have also received attention. In [69] properties of a spin-density-wave antiferromagnetic

mean-field ground state with d−wave superconducting correlations was discussed, whereas

in [15] the perturbative stability of zero energy nodal points in the quasiparticle spectrum
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of d−wave superconductors in the presence of coexisting commensurate orders was studied.

Coexistence of SDW and SC in multiband metals like the Iron based superconductors have

also been investigated by several authors [43, 73, 80, 92]. These studies have focused on

elucidating the unconventional structure of the order parameter and the superconducting

phase diagram.

However, much less is known about thermal transport in superconductors with

coexisting SDW order. Previous studies with models specific to cuprates have shown [26, 82]

that, in d-wave superconductors heat transport by nodal quasiparticles shows an impurity-

independent, universal, limit at low temperatures [25, 37]. This is experimentally observed

in many materials [84, 89]. Therefore theoretical investigations of thermal transport in

“superconductor + density wave order” systems [15, 26, 82] have focused on the issue of

how the CDW or SDW order influences the T → 0 limit of thermal conductivity in dx2−y2

superconductors. These calculations indicated that the robustness of the universal limit of

thermal conductivity of dx2−y2 superconductors depends on direction of the ordering vector,

and the type of the coexisting order (CDW or SDW).

The transport calculations were carried out in 2D, within Kubo linear response theory

using the Green’s function technique, where impurity effects were included only through

non-self-consistent energy broadening parameter. The CDW or SDW were also incorporated

non-self-consistently, as an additional tunable small order on top of the SC state, and neither

the nature of the co-existence, nor its temperature dependence, was investigated. Another

study [19] looked at the changes in zero-temperature heat transport across continuous SC

to SC+SDW transition for dx2−y2 superconductor, employing the same non-self-consistent

treatments of impurities and SDW order, assumed to be controlled by doping. These

calculations show that thermal conductivity behaves very differently depending whether

emerging SDW is commensurate or incommensurate. For a commensurate SDW the SC

→ SC+SDW transition results in a gradual drop in thermal conductivity as a function
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of growing SDW order, whereas incommensurate SDW results in a sharp drop across the

transition [19].

As described above correlated electronic materials which exhibit unconventional super-

conductivity (SC), have phase diagrams that are intrinsically complex. Multiple distinct

broken-symmetry phases appear as parameters such as composition, pressure, and magnetic

field are varied. Our focus in this thesis has been on unconventional superconductors

(materials such as cuprates, iron pnictides, and heavy fermions) which have regions in their

phase diagrams where SC and SDW orders coexist. However, this is just the tip of the

iceberg, various other orders like charge-density wave (CDW), nematicity, pair-density wave

(PDW) and possibly other forms of symmetry-breaking order—also occur with comparable

onset temperatures in a wide range of material parameters [32]. It has become common

in literature to describe such ordering tendencies as “competing orders”. Even if we limit

ourselves to describing multiple coexisting orders at the level of the mean field approximation,

there are non trivial effects that come from the “intertwining” of these orders. In other

words the interplay of these multiple orders leads to new features that would be absent if

they operated independently of one another. One purpose of this thesis is to emphasize

the effects that arise from interplay of different orders, taking the coexistence SC and the

SDW orders as a case study. Previous studies on the coexistence of superconductivity(SC)

and antiferromagnetic(AF) order have not clearly addressed this aspect of the problem - in

particular the nature of the quasiparticle excitations in different coexistence states arising

from the interplay between the SDW order and SC paring states of s-wave, dx2−y2 and dxy

symmetry. We find that a combination of (π, π)-SDW and the dx2−y2 pairing state results

in fully gapped excitations, whereas (π, π)-SDW coexisting with either dxy or s-wave pairing

states may always have gapless excitations. There appear special stable Dirac nodal points

that are not gapped by the SC order in the coexistence phase. The existence of these Dirac

points has been reported for the first time in this thesis. Therefore we can see that the
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“intertwining” of SC and SDW orders can have a significant impact on the very nature of

the quasiparticle exciations of the system. This would in turn have a non trivial impact on

the thermodynamic and transport properties of such systems.

The study of thermal transport in superconductors with coexisting SDW order is an

important subject because, most unconventional superconductors have a nodal gap structure

i.e there exist points on the Fermi surface (FS) called nodes, where the superconducting gap

is zero. As the energy gap is small around the nodes, the nodal quasiparticles can be

easily excited and they dominate the heat transport properties of such superconductors.

Therefore the behaviour of the thermal conductivity is heavily influenced by the nature of

the low energy quasiparticles in the coexistence state. As a result thermal conductivity

measurements can reveal the gap structure of unconventional superconductors [58, 84].

Therefore in this thesis we look at the impact of the “intertwining” of SC and SDW orders

on the temperature behavior of the thermal conductivity of several paring states: s-wave,

dx2−y2 and dxy symmetry. The main focus of previous works [19, 25, 82] on thermal transport

in superconductors with coexisting SDW order has been the T = 0 limit investigation of

thermal conductivity when a phenomenologically introduced SDW state covers the nodes

of the dx2−y2 SC order parameter. In this thesis we investigate full temperature range

and microscopically evaluate co-existence of SDW and SC orders, with SC order appearing

out of SDW background. We also treat other SC pairing states, like s-wave or dxy orders

and self-consistently compute all order parameters, as well as the impurity scattering rates.

The different heat transport signatures of the various SC states emerging from the SDW

background is the main result of this thesis, which has not been addressed in any previous

work. As has been stated before, coexistent magnetic and superconducting states have been

discovered in cuprates, iron-based superconductors, and heavy-fermion superconductors,

therefore this theoretical study may be useful for identifying order parameter symmetry

of such compounds.
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Outline of the Thesis

The thesis is organized a follows In chapter 2 the the basic properties of the

superconducting state are summarized. The Bogoliubov quasiparticles and the particle-

hole symmetry of the mean field Hamiltonian is described. The self consistent equation for

the order parameter is derived using the Nambu Green’s function.

In chapter 3 the spin density wave is state is discussed. The discussion is along similar

lines as the previous chapter showing the unity of the methods used. The focus is again

on the Bogoliubov quasi particles and self consistent determination of the mean field order

parameter.

In chapter 4 thermal transport in normal metals, superconductors and spin density

wave metals is studied within the formalism of the the Boltzmann transport theory.

Chapters 2, 3, 4 are meant to provide the necessary background for chapter 5 where the

manuscript “Thermal transport in superconductors with coexisting spin density wave order”

by Sen Choudhury and Vorontsov -Phys. Rev. B 103, 104501 (2021) is reproduced.

In Chapter 6 the most important results are summarized.

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.103.104501
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THE SUPERCONDUCTING STATE

Bogoliubov Quasi-particles and Particle-Hole symmetry

In this section the quasi-particle method for superconductivity is reviewed. The aim is

to explain how the superconducting state can be described in terms of appropriately defined

quasi-particles.

The Mean-field Hamiltonian

The mean-field Hamiltonian that describes the superconducting state can be written in

the most general form as

H = H0 +HSC ,

H0 =
∑

k,s1,s2

ξs1,s2(k)c†ks1cks2 ,

HSC =
1

2

∑
k,s1,s2

∆s1,s2(k)
(
c†ks1c

†
−ks2 + h.c.

)
.

(2.1)

where cks(c
†
ks) is the annihilation(creation) operator of the electron with momentum k and

spin s, and ξs1,s2(k) is the band Hamiltonian which gives the momentum and spin dependent

band energy and can be viewed as a 2 × 2 matrix in spin space. The mean field order

parameter is given by

∆ss′(k) = −
∑

k′,s3,s4

gs,s′,s3,s4(k,k′)〈c−k′,s3ck′,s4〉 (2.2)

where gs,s′,s3,s4(k,k′) is the pairing interaction responsible for forming Cooper pairs.

We do not confine our analysis to any particular pairing mechanism, only requiring

gs,s′,s3,s4(k,k′) to satisfy the following conditions coming from the anti-symmetry of fermionic
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annihilation(creation) cks(c
†
ks) operators.

gs1,s2,s3,s4(k,k′) = −gs2,s1,s3,s4(−k,k′)

= −gs1,s2,s4,s3(k,−k′)

= gs4,s3,s2,s1(k,k′)

(2.3)

It is convenient to recast (2.1) into 4×4 matrix constructed from spin up-down and particle-

hole spaces

H =
1

2

∑
k,s1,s2

(
c†ks1 , c−ks1

)
H4×4(k)

 cks2

c†−k,s2


H4×4(k) =

 ξs1,s2(k) ∆s1,s2(k)

∆†s1,s2(−k) −ξTs1,s2(−k)


(2.4)

Note that the spin indices make ξs1,s2(k) and ∆s1,s2(k) to be 2 × 2 matrices in spin space,

thus

(
c†ks1 , cks1

)
is a four component vector

(
c†k↑, c

†
k↓, c−k↑, c−k↓

)
.

Particle-Hole Symmetry

The matrix form of the Hamiltonian (2.4) is anti-symmetric under the particle-hole

transformation

CH4×4(k)C−1 = −H4×4(−k) ,

C = τ1 ⊗ 1σK

(2.5)

The Pauli matrices σx,y,z and τ1,2,3 act on the spin up-down and particle-hole spaces

respectively. K is complex conjugation. Here one should keep in mind the relation

∆s1,s2(k) = −∆s2,s1(−k) coming from the Fermi statistics of cks and c†ks operators. The

mean-field Hamiltonian is diagonalized by the eigenvectors (us(k), v∗s(−k))T of the eigenvalue
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equation

H4×4(k)

 us(k)

v∗s(−k)

 = E(k)

 us(k)

v∗s(−k)

 (2.6)

Again

 us(k)

v∗s(−k)

 stands for the four component vector



u↑(k)

u↓(k)

v∗↑(−k)

v∗↓(−k)


in the full spin up-

down and particle-hole and spaces. Particle-hole symmetry imposes a relation between the

solutions of (2.6), namely using (2.5) one can rewrite (2.6) as

H4×4(k)

 vs(k)

u∗s(−k)

 = −E(−k)

 vs(k)

u∗s(−k)

 (2.7)

Therefore each eigenfunction

 us(k)

v∗s(−k)

 of the Hamiltonian (2.1) at energy E(k) > 0 has a

counterpart

 vs(k)

u∗s(−k)

 at −E(−k).

Diagonolization and Bogoliubov quasi-particles

In this subsection we describe the diagonalization of the Hamiltonian (2.1) in

considerable detail, since we use the same procedure in [21], which contains the main

findings of this thesis. In the following we consider H0 in (2.1) to be spin independent,

i.e. ξs1s2(k) = ξ(k)σ0 where σ0 is the identity matrix in spin up-down space. The matrix

(2.1) can be diagonalized by a unitary Bogoliubov transformation B(k) whose columns are
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the eigenvectors of the Hamiltonian matrix H(k)

H4×4(k)B̂(k) = B̂(k)Ê4×4(k) (2.8)

where

Ê4×4(k) =

Ê(k) 0

0 −Ê(−k)

 (2.9)

and

B̂4×4(k) =

 û(k) v̂(k)

v̂∗(−k) û∗(−k)

 (2.10)

with B(k)B†(k) = B†(k)B(k) = 1. The 2× 2 matrices Ê(k) are

Ê2×2(k) =

E1(k) 0

0 E2(k)

 (2.11)

To find the transformation B̂(k) we need more information about the structure of

the matrix ∆s1,s2(k). We consider ∆s1,s2(k) to be unitary , i.e the product ∆̂(k)∆̂†(k) is

proportional to the unit matrix σ0. Pairing in the singlet channel (∆̂singlet(k) = iσy∆(k),

∆(−k) = ∆(k)) satisfies the unitary condition since ∆̂singlet(k)∆̂†singlet(k) = |∆(k)|2σ0 where

|∆(k)|2 = 1
2
Tr[∆̂(k)∆̂†(k)], therefore we specialize to singlet pairing from now on. The

Bogoliubov transformation (2.8) gives two matrix equations

û(k)

(
Ê(k)− ξ(k)σ0

)
= ∆̂(k)v̂∗(−k)

v̂∗(−k)

(
Ê(k) + ξ(k)σ0

)
= ∆̂†(k)û(k)

(2.12)

Eliminating v∗(−k) from (2.12) and using the unitarity condition we arrive at the simple
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solution

Ê2(k) =

(
ξ2(k) + |∆(k)|2

)
σ0 (2.13)

Taking the trace of the above matrix equation we see that the spectrum is doubly degenerate

E1(k) = E2(k) =
√
ξ2(k) + |∆(k)|2 (2.14)

The û(k) and v̂(k) matrices comprising the Bogoliubov transformation can also be

determined from the eigenvalue problem

 ξ(k)σ0 iσy∆(k)

−iσy∆∗(k) −ξ(k)σ0


 us(k)

v∗s(−k)

 = E(k)

 us(k)

v∗s(−k)

 (2.15)

with the normalization condition

|us(k)|2 + |vs(k)|2 = 1 (2.16)

Again we have specialized to singlet pairing: ∆̂singlet(k) = iσy∆(k), ∆(−k) = ∆(k). In

terms of 4× 4 notation the equation (2.15) can be written as



ξ(k) 0 0 ∆(k)

0 ξ(k) −∆(k) 0

0 −∆∗(k) −ξ(k) 0

∆∗(k) 0 0 −ξ(k)





u↑(k)

u↓(k)

v∗↑(−k)

v∗↓(−k)


= E(k)



u↑(k)

u↓(k)

v∗↑(−k)

v∗↓(−k)


(2.17)

The diagonalization of the above 4× 4 matrix is equivalent to that of (1, 4) and (2, 3) sub-

matrices for particular spin orientations s = ±1(↑, ↓). The upper and lower signs correspond
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to the (1, 4) and (2, 3) sub-matrices corresponding to the two possible paring schemes of time

reversed electron states: (k, ↑) with (−k, ↓) and (k, ↓) with (−k, ↑) respectively,

 ξ(k) s∆(k)

s∆∗(k) −ξ(k)


 us(k)

v−s(k)

 = E(k)

 us(k)

v∗−s(−k)

 (2.18)

The eigenvalue equation is identical for both spin orientations s = ±1(↑, ↓), and is given by

(ξ(k)− E(k))(−ξ(k)− E(k))− |∆(k)|2 = 0 which yields a positive branch of the spectrum

E(k) =
√
ξ(k)2 + |∆(k)|2. The eigen-vectors can be easily determined from the second row

of either (2.18) and the normalization condition (2.16) to obtain

us(k) =
E(k) + ξ(k)√(

E(k) + ξ(k)

)2

+ |∆(k)|2
≡ u(k)

v−s(k) =
s∆∗(k)√(

E(k) + ξ(k)

)2

+ |∆(k)|2
≡ sv(k)

(2.19)

Now we have enough information to write the Bogoliubov transformation matrix B4×4(k)-

B4×4(k) =



u(k) 0 0 −v∗(k)

0 u(k) v∗(k) 0

0 −v(k) u(k) 0

v(k) 0 0 u(k)


=

 σ0u(k) −iσyv∗(k)

−iσyv(k) σ0u(k)

 (2.20)

The first two columns are the eigenvectors for the positive branch of the spectrum E(k) =√
ξ(k)2 + |∆(k)|2 for the two spin orientations. The last two columns are the eigenvectors

of the negative branch of the spectrum E(−k) = −
√
ξ(k)2 + |∆(k)|2 for the two spin

orientations. They are related by particle-hole symmetry as described before. Therefore

aks(a
†
ks) - the annihilation(creation) operators for the Bogoliubov quasi-particles in the
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superconducting state are defined as

 aks

a†−k,s

 =

 σ0u(k) −iσyv∗(k)

−iσyv(k) σ0u(k)


 cks′

c†−k,s′

 (2.21)

The Nambu Matrix Green’s Function

In this section we give a brief introduction to the Green’s function method [83] for

superconductivity. In the Nambu formalism one introduces the two vectors

Ψks =

 cks

c†−k−s

 ; Ψ†ks =
(
c†ks, c−k−s

)
(2.22)

Then the Hamiltonian (2.1) for each spin orientation s = ±1(↑, ↓) can be written as (we

have again assumed singlet pairing)

H(s) =
1

2

∑
k∈FBZ

Ψ†ksH
(s)
k Ψks

H(s)
k =

 ξ(k) s∆(k)

s∆∗(−k) −ξ(k)

 (2.23)

To keep things simple lets work with s = 1. We define the Nambu greens function to be the

following 2× 2 matrix,

Ĝ(k, τ)ab ≡

G↑↑(k, τ) F ∗↑↓(k, τ)

F↓↑(k, τ) G∗↓↓(k, τ)

 = −〈TΨks,a(τ)Ψ†ks,b(0)〉 (2.24)

The indices a, b represent the components of the nambu vector Ψ†ks =
(
c†k↑, c−k↓

)
. The

equation of motion of Ĝ(k, τ) in the frequency domain satisfies the following algebraic
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equation

Ĝ(k, ωn)ab ≡

G↑↑(k, ωn) F ∗↓↑(k, ωn)

F↓↑(k, ωn) G∗↓↓(k, ωn)

 = (iωn − Ĥk)−1
ab

=
1

(iωn)2 − E2
k

iωn + ξ(k) ∆(k)

∆∗(−k) iωn − ξ(k)


(2.25)

where as before E2
k = ξ2(k) + |∆(k)|2 and ωn = 2πT (n+ 1

2
) are the Matsubara frequencies.

The Green’s function can also be written in a manner which makes the poles explicit

Ĝ(k, ωn)ab =
1

(E(k)− iωn)

 u(k)2 u(k)v(k)

u(k)v(k) v(k)2


+

1

(−E(k)− iωn)

 v(k)2 −u(k)v(k)

−u(k)v(k) u(k)2


(2.26)

which shows that the Green’s function has poles at ±E(k).

Self-consistent determination of the order parameter ∆k

The self consistent equation that determines the temperature dependence of the order

parameter ∆(T ) can be derived from the above Nambu Green’s function. For the case of

singlet pairing, the mean field order parameter defined in (2.2) is given by

∆k =
∑
k′

g(k,k′)〈c−k′↓ck′↑〉 (2.27)
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The above equation can be written in therms of the Greens functions defined in (2.24),

∆k = −
∑
k′

g(k,k′)F ∗↓↑(k, τ = 0+) (2.28)
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Figure 2.1: Temperature dependence of ∆(T ) for a dx2−y2-wave superconductor

Writing F ∗↓↑(k, τ = 0+) as a Fourier transform with Matsubara frequencies ωn the above

equation is

∆k = −T
∑
k′

∑
ωn

g(k,k′)F ∗↓↑(k
′, ωn)

= T
∑
k′

∑
ωn

g(k,k′)
∆k′

ω2
n + E2

k′

(2.29)

We take the pairing interaction to be of the form g(k,k′) = gη(k)η(k′), η(k) being a

basis function compatible with the symmetry of the lattice and g is the effective attractive
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interaction. The above equation reduces to the following gap equation

1

g
= T

∑
k

∑
ωn

η2(k)

ω2
n + ξ2(k) + |∆(k)|2 (2.30)

The above equation has to be solved numerically. In Fig. 2.1 we show the solution for a dx2−y2-

wave superconductor for which η(k) = 1
2
(cos kx−cos ky). For the choice of ξ(k), we considered

the following tight binding dispersion relation ξ(k) = −t1(cos kx+cos ky)−t2 cos kx cos ky−µ

with t2/t1 = 10, µ = 0.
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THE SPIN DENSITY WAVE STATE

Bogoliubov Quasiparticles in the SDW state

In this section we briefly summarize the Bogoliubov quasiparticles in the SDW state.

The SDW instability occurs if there are parts of the Fermi surface that satisfies a nesting

condition- ξ(k + Q) = −ξ(k), where Q is the SDW ordering momentum. Geometrically

this means that there are parallel segments of the Fermi surface that are connected by the

ordering vector Q. The mean field Hamiltonian is given by

H = H0 +HSDW

H0 =
∑
k,σ

ξ(k)c†kσckσ,

HSDW =
1

2

∑
k,σ

σM
(
c†kσck+Qσ + h.c.

) (3.1)

The mean field order parameter M is defined by the following self consistent equation

M = −U
2

∑
k,σ

σ〈c†k+Qσckσ〉, (3.2)

where U is the repulsive on-site Coulomb interaction which leads to the SDW formation

[41]. In this thesis we consider a collinear sinusoidal SDW where the spatial magnetization

oscillates as m(r) = 2M ẑ cos(Q · r). We consider an inversion-symmetric dispersion relation,

ξ(k) = ξ(−k).

ξ(k) = −t1(cos kx + cos ky)− t2 cos kx cos ky − µ (3.3)

It describes the nearest neighbour (t1 > 0) and next-nearest neighbour (t2 > 0) hopping

on a 2D square lattice with lattice spacing a = 1. We set the chemical potential to zero,

and therefore for t2 > 0 the electron filling is slightly less than half. This results in a Fermi
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Figure 3.1: The solid red curve shows the shapes of the perfectly nested (left panel) and
partially nested (right panel) Fermi surfaces. The blue dotted square is the reduced brillouin
zone (RBZ) for Q = (π, π)-SDW ordering. When the FS is perfectly nested µ = 0 and t2 = 0
in our model (3.3), the SDW opens a gap along entire FS since the FS overlaps the RBZ
completely. When the FS is partially nested µ = 0 and t2/t1 = 0.2, only those parts of the
FS that overlap with the RBZ get gapped with M .

surface that is not perfectly nested and therefore potentially susceptible to SDW formation.

The perfect nesting limit is given by setting t2 = 0. We show the Fermi surfaces for t2 > 0

and t2 = 0 in Fig. 3.1. It is convenient to recast (3.1) into 2 × 2 matrix for each spin

orientation σ = ±1(↑, ↓)

H =
1

2

∑
k∈FBZ

σ

(
c†kσ, c

†
k+Qσ

)
Hσ

2×2(k)

 ckσ

ck+Q,σ


Hσ

2×2(k) =

ξ(k) σM

σM ξ(k + Q)


(3.4)

where where Φ†kσ =
(
c†kσ, c

†
k+Qσ

)
represents the Nambu vector. We have ‘folded’ the normal
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state band into the reduced Brillouin zone appropriate for the Q = (π, π)-SDW unit cell.

The 1/2 in front comes from the the k,k + Q doubling of the bands for the SDW. The

reduced anti-ferromagnetic Brillouin zone is defined by

RBZ = {(kx, ky)| |kx|+ |ky| ≤ π} (3.5)

It is given by the area inside the dotted blue diamond in the right panel of Fig 3.1

Using definitions ξ±k = 1
2
(ξk±ξk+Q) and Πk =

√
(ξ−k )2 +M2, the eigenvalues ofHσ

2×2(k)

can be written as

Eα(k) = ξ+
k + Πk , Eβ(k) = ξ+

k − Πk (3.6)

In Fig. 3.2 we show the structure of the two distinct (spin degenerate) quasiparticle bands

in the SDW phase when the FS is not perfectly nested, leaving a hole pocket Eβ(k) = 0

around (π, 0).

The matrix in (3.4) can be diagonalized by a unitary Bogoliubov transformation B(k)

whose columns are the eigenvectors of the Hamiltonian matrix Hσ
2×2(k)

Hσ
2×2(k)B̂σ(k) = B̂σ(k)Ê2×2(k) (3.7)

where

Ê2×2(k) =

Eα(k) 0

0 Eβ(k)

 (3.8)

and

B̂σ
2×2(k) =

 U(k) −σV(k)

σV(k) U(k)

 (3.9)
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Figure 3.2: The quasiparticle energies in the Brillouin zone along the path (0, 0) →
(π/2, π/2) → (π, 0) → (0, 0). The normal state band is depicted by the dashed magenta
curve. The two quasi-particle bands Eα,β in the SDW phase are depicted by orange and blue
curves respectively. The parameters are t2/t1 = 0.2,M/t1 = 0.2.

with B(k)B†(k) = B†(k)B(k) = 1. The expressions for u(k), v(k) are

U(k) =

√
1

2

(
1 +

ξ−k
Πk

)

V(k) =

√
1

2

(
1− ξ−k

Πk

) (3.10)

Therefore fks(f
†
ks) - the annihilation(creation) operators for the Bogoliubov quasi-particles

in the SDW state are defined as fkσ

fk+Q,σ

 =

 U(k) −σV(k)

σV(k) U(k)


 ckσ

ck+Q,σ

 (3.11)
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The Nambu Matrix Green’s Function

As in the superconducting case one introduces the two Nambu vectors

Φkσ =

 ckσ

ck+Qσ

 ; Φ†kσ =
(
c†kσ, c

†
k+Qσ

)
(3.12)

Then the Hamiltonian (3.1) for each spin orientation σ = ±1(↑, ↓) can be written as

H(σ) =
1

2

∑
k∈FBZ

Φ†kσH
(σ)
k Φkσ

H(σ)
k =

ξ(k) σM

σM ξ(k + Q)

 (3.13)

We define the Nambu Green’s function to be the following 2× 2 matrix,

Ĝ(k, τ)mn ≡

 G(k, τ) F (k, τ)

F (k + Q, τ) G(k + Q, τ)

 = −〈TΦkσ,m(τ)Φ†kσ,n(0)〉 (3.14)

The indices m,n denote the components of the Nambu vector Φ†kσ =
(
c†kσ, c

†
k+Qσ

)
. The

equation of motion of Ĝ(k, τ) in the frequency domain satisfies the following algebraic

equation

Ĝ(k, ωn)mn = (iωn − Ĥk)−1
mn

=
1(

iωn − ξ(k)

)(
iωn − ξ(k + Q)

)
−M2

iωn − ξ(k + Q) σM

σM iωn − ξ(k)


(3.15)
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where as before ωn = 2πT (n+ 1
2
) are the Matsubara frequencies. The Green’s function can

also be written in a manner which makes the poles explicit

Ĝ(k, ωn)mn =
1

(Eα(k)− iωn)

 U(k)2 σU(k)V(k)

σU(k)V(k) V(k)2


+

1

(Eβ(k)− iωn)

 V(k)2 −σU(k)V(k)

−σU(k)V(k) U(k)2


(3.16)

which shows that the Green’s function has poles at Eα(k) and Eβ(k).

The Self-consistent determination of order parameter M

The self consistent equation that determines the temperature dependence of the order

parameter M(T ) can be derived from the above Nambu Green’s function. The mean field

order parameter defined in (3.2) is given by

M = −U
2

∑
k,σ

σ〈c†k+Qσckσ〉 (3.17)

The above equation can be written in therms of the Greens functions defined in (3.14),

M = −U
2

∑
k,σ

σF †(k + Q, τ = 0+) (3.18)

Writing F †(k + Q, τ = 0+) as a Fourier transform with Matsubara frequencies ωn the
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Figure 3.3: Temperature dependence of M(T ) for a SDW metal.

above equation is

M = −UT
2

∑
k,σ

∑
ωn

σF †(k + Q, ωn)

=
UT

2

∑
k,σ

∑
ωn

σ2M

ω2
n + +ξ2(k) +M2

(3.19)

where as we have used ξ(k + Q) = −ξ(k), since the SDW gaps only those parts of the Fermi

surface where the nesting condition is obeyed. This simplifies to

1

U
= T

∑
k

∑
ωn

1

ω2
n + ξ2(k) +M2

(3.20)

The above equation has to be solved numerically and produces a similar profile like the pure

superconducting ∆(T ) as shown in Fig. 3.3.
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BOLTZMANN KINETICS

The Boltzmann Equation for Electrons

In this section we give a brief siscussion of the the Boltzmann kinetic equation for

electrons. Let’s consider an electron gas slightly out of equilibrium. We know that after

some time it will equilibrate. We introduce the distribution function f(k) which measures

the average number of electrons with wave vector k i.e the number density of electrons is

given by

n(r) = 2

∫
d3k

(2π)3
f(k) (4.1)

The factor of 2 comes from each spin orientation (↑, ↓). In order to describe the equilibration

process, we need the evolution equation for f(k). The equilibration happens due to collisions

and therefore the evolution equation can be written as

df(k)

dt
= Icoll[k] (4.2)

where Icoll(k) is the collision integral which incorporates the effect of collisions. The total

derivative on the right hand side can be written as a sum of partial derivatives, giving the

Boltzmann equation [64]

∂f(k)

∂t
+
∂E

∂k
∇f(k)−∇E

∂f(k)

∂k
= Icoll(k) (4.3)

The collision integral describes transitions between the states with different k due to

collisions. It can be specified if one knows the collision probability W (k,k′)- the probability

of a particle in a state with momentum k to scatter to a state with momentum k′. The

change of the distribution function induced by the collisions is
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decrease : −
∑
k′

W (k→ k′)f(k)[1− f(k′)]

increase :
∑
k′

W (k′ → k)f(k′)[1− f(k)]

(4.4)

The first term describes the scattering processes in which the electron leaves the state with

momentum k and scatters into a state of momentum k′, while the second one describes the

processes where an electron comes in to the state with momentum k after being scattered

out of a state with momentum k′. The factors [1−f(k)] takes account of the Pauli principle.

Therefore

Icoll[k] =
∑
k′

W (k′ → k)f(k′)[1− f(k)]−
∑
k′

W (k→ k′)f(k)[1− f(k′)] (4.5)

For any elastic scattering, the time reversal symmetry demands

W (k→ k′) = W (−k′ → −k) (4.6)

If in addition we have the inversion symmetry (in the first Born approximation we always

do) then

W (k→ k′) = W (−k′ → −k) = W (k′ → k) (4.7)

Therefore the collision integral becomes

Icoll[k] =
∑
k′

W (k→ k′)[f(k′)− f(k)] (4.8)

In this thesis we do not discuss what happens when there is no inversion symmetry.



39

This topic is discussed in [14]. The Boltzmann equation can be deduced from non-

quilibrium Green’s function theory. This is discussed in [49],[79]. There are several scattering

mechanisms that can contribute to transport processes. They are electron-phonon, electron-

electron and impurity scattering. As the superconducting transition temperatures are

much smaller than characteristic Debye temperatures for metals, electron-phonon scattering

becomes negligible at very low temperatures. The electron-electron scattering for energies

within kBT of the Fermi energy is relatively unimportant. This is because of a combination of

two requirements- Pauli exclusion principle and the conservation of energy and momentum,

see [7] for further details. Therefore scattering by impurities is the dominant collision

mechanism at low temperatures.

Impurity scattering

The Boltzmann equation becomes rather complicated if we have to compute W (k,k′)

beyond the Born approximation. Fortunately, the Born approximation is sufficient for many

problems (but not all). Under this approximation, the scattering probability for impurities

is

W (k,k′) =
2π

h̄
|〈k′|V̂imp|k〉|2δ(E(k)− E(k′))

=
2π

h̄
|V (k,k′)|2δ(E(k)− E(k′))

(4.9)

where V (k,k′) is the matrix elements of the impurity potential

V (r) =
∑
i

V(r−Ri) (4.10)
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which is the sum of the potentials V of the individual impurities between the Bloch states

1√
vol

eikruk(r) (4.11)

Substituting (4.10) into the expression for matrix elements we get,

V (k,k′) =
1

vol

∑
i

∫
V(r−Ri)e

i(k−k′)·ru∗k′(r)uk(r) dr3

=
1

vol

∑
i

ei(k−k
′)·Ri

∫
V(r)ei(k−k

′)·ru∗k′(r)uk(r) dr3

=
1

vol

∑
i

ei(k−k
′)·RiVkk′

(4.12)

Here we have assumed all the impurity atoms be of the same kind and their positions in the

primitive cells are equivalent. So we have shifted the origin of the frame of reference for each

cell by an appropriate lattice vector. Now we can calculate the scattering probability (4.9).

We get

W (k,k′) =
2π

h̄

1

vol
|Vk,k′|2δ(E(k)− E(k′))

∑
i,j

ei(k−k
′)·(Ri−Rj)

(4.13)

The last sum can be simplified because the positions of the impurities are random and the

distance between them is much greater than inter-atomic spacing a. So we can average over

their impurity positions and the only terms important are the ones with i = j (the others

oscillate strongly, their contribution being very small). As a result,

∑
i,j

ei(k−k′)·(Ri−Rj) = Nimp (4.14)
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where Nimp is the number of impurities. Finally, we get the following for the scattering

probability

W (k,k′) = nimp
2π

h̄
|Vk,k′ |2δ(E(k)− E(k′)) (4.15)

where we introduced the impurity concentration as ni = Nimp/vol

Linearized Boltzmann Equation and the Quasiparticle Relaxation Time

We follow the usual process of linearizing the left hand side of (4.3) in the presence

of a thermal gradient, by writing f(k) = f 0(k) + δf(k), where f 0(k) = 1
eE(k)/T +1

is the

equilibrium Fermi-Dirac distribution function. δf(k) is the deviation from the equilibrium

value caused by the presence of the stationary thermal gradient. The linearization yields

[64],

∂δf(k)

∂t
− E(k)v(k)

∇T

T

∂f 0(k)

∂E
= Icoll(k) (4.16)

The quasiparticle velocity is defined as

v(k) = ∇kE(k) (4.17)

For a stationary thermal gradient the first term is zero. The collision integrals in the case

of weak disorder is obtained my multiplying the contribution of a single impurity by their

concentration Nimp. Therefore (4.16) becomes

E(k)v(k)
∇T

T

∂f 0(k)

∂E
= −Nimp

∫
d3k′

(2π)3

[
W (k,k′)

(
δf(k′)− δf(k)

)]
(4.18)

We can rewrite (4.18) for δfn(k) as
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E(k)v(k)
∇T
T

∂f 0(k)

∂E
= −Nimp

[ ∫
d3k′

(2π)3

(
W (k,k′)δf(k′)

)]
+

(
1

τ(k)

)
δf(k) (4.19)

where we have defined the quasiparticle relaxation time as

τ−1(k) = Nimp

∫
d3k′

(2π)3
W (k,k′) (4.20)

The right hand side is odd under spatial inversion since v(−k) = −v(k), whereas the

quasiparticle relaxation time is even under spatial inversion τ−1(−k) = τ−1(k) due to

symmetry W (−k,−k′) = W (k,k′), which implies that δfn(k) is odd under k → −k. Thus

the first terms on the right in (4.19) are integrals of odd functions over a symmetric region

of integration and therefore go to zero:
[
. . .
]

= 0. Therefore

δf(k) = τ(k)E(k)v(k)
∇T
T

∂f 0
1 (k)

∂E1

(4.21)

The expression of the total heat current carried by the quasiparticles is given by

jE = 2

∫
d3k

(2π)3
E(k)v(k)δf(k) (4.22)

In the above expression we do the momentum integration over the Brillouin zone. The

factor of two takes care of the spin degeneracy. The thermal conductivity tensor is the

proportionality coefficient between the heat current and temperature gradient.

(jE)i = −κij∇jT (4.23)
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which results in the following expression for the thermal conductivity tensor,

(κ)ij = − 2

T

∫
d3k

(2π)3
E2(k)vi(k)vj(k)

∂f 0(k)

∂E
τ(k) (4.24)

where the quasiparticle τ(k) relaxation time is defined in (4.20).

Thermal Transport in Normal Metals

In a metal the energy of the quasiparticles measured from the chemical potential µ is

given by E(k) = ξ(k) = ε(k)−µ. Assume for simplicity that the dispersion ε(k) is quadratic,

ε(k) = h̄|k|2
2m

, i.e. the velocities are independent of the directions of k.

vi(k) = v(ε)k̂i (4.25)

The thermal conductivity given by (4.24) becomes

(κ)ij = − 2

T

∫
dΩk̂

4π
k̂ik̂j

∞∫
−µ

dεN(ε)(ε− µ)2v2(ε)
∂f 0(ε)

∂E
τ(ε) (4.26)

Changing from ε to ξ as the integration variable and recognizing that only quasiparticles

close to the Fermi surface participate in thermal transport, we get

(κ)ij = −2v2
F

3T 2
N(0)τF δij

∞∫
0

dξξ2 eξ/T

(eξ/T + 1)2

=
2v2

FT

3
N(0)τF δij

∞∫
0

dx
x2ex

(ex + 1)2

=
2v2

FT

3
N(0)τF δij

π2

6

(4.27)
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where N(0) = mkF
2π2h̄2 is the density of states at the Fermi level. The velocities are v(ε) ≈ vF k̂,

vF being the Fermi velocity. τF is the quasiparticle relaxation time due to scattering channels

close to the Fermi surface. Using the relation N(0)v2
F = 3n

m
, where n is the quasiparticle

density. Therefore we can write

(κ)ij =
nTπ2τF

3m
δij (4.28)

Thus in the normal state the thermal conductivity is linear in T . We now give a simple

expression for the quasiparticle relaxation time scattering rate (4.20) in the normal state

by considering the case of an isotropic scattering amplitude V(k,k′) = U = const. In this

simple case the scattering rate becomes

τ−1(k) = nimpU
2 2π

h̄

∫
d3k′

(2π)3
δ(ξ(k)− ξ(k′)) = nimpU

2 2π

h̄
N(ξk) (4.29)

where N(ξ) is the density of states for the normal metal. Therefore τF is given by

τ−1
F = nimpU

2 2π

h̄
N(0) (4.30)

where N(0) = mkF
2π2h̄2 is the density of states at the Fermi level.

Thermal Transport in Superconductors

The kinetic formulation was also first applied to explain the effects that conventional

superconductivity has on the thermal conductivity by Bardeen and collaborators [11, 33]. We

follow this method to show how the thermal conductivity of a superconductor is calculated

within the Boltzmann formulation. We start with the expression (4.24) for the thermal
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conductivity tensor specialized for a 2D system

(κ)ij = − 2

T

∫
d2k

(2π)2
E2(k)vi(k)vj(k)

∂f 0(k)

∂E
τ(k) (4.31)

In a superconductor we have a quasiparticle branch and a quasihole branch both of

which give identical contributions to the heat current. Therefore we only consider the

particle branch. Therefore in the superconducting state the quasiparticle dispersion is

E(k) =
√
ξ2(k) + |∆(k)|2 and the quasiparticle velocity is v(k) = ∇kE(k). The equilibrium

Fermi distribution is f 0
n(k) = 1

eEn(k)/T +1
. The quasiparticle relaxation time in the Born

approximation for an isotropic scattering U is [64].

τ−1(k) = NimpU
2 2π

h̄

∫
d2k′

(2π)2
|C(k,k′)|2δ(E(k)− E(k′)) (4.32)

where C(k,k′) contains the coherence factors coming from the Bogoliubov transformation

between the normal and ordered states. The coherence factors C(k,k′) can be computed

numerically, by first writing the impurity scattering Hamiltonian in the same Nambu basis

(2.22) as

Himp = U
∑
k,k′,s

c†k′scks

=
U

2

∑
k,k′∈FBZ

Ψ†k′sSabΨks

Sab =

1 0

0 −1


(4.33)

where the factor 1
2

comes from particle-hole doubling for SC. Upon performing the Bogoliubov

transformation (defined in (2.20) and (2.21)) on the Nambu vectors , for either spin
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orientations s = ±1(↑, ↓) , we get,

Himp =
U

2

∑
k,k′∈FBZ

A†k′aDab(k,k
′)Ak,b (4.34)

where A†k =
(
a†ks, a−ks

)
and the matrix D̂(k,k′) from which we get the coherence factors

D̂(k,k′) = B̂†(k′)ŜB̂(k) (4.35)

The k dependence in D̂(k,k′) comes from ∆(k) and ξ(k) through the eigenvectors of Ĥk.

From the ordering of the A†k-vector, the coherence factor is given by

C(k,k′) = D11(k,k′)

|C(k,k′)|2 =
1

2

(
1 +

ξkξk′ −∆k∆k′

E(k)E(k′)

) (4.36)

Using (4.36) in (4.32) the quasiparticle relaxation time can be calculated. For both the s and

d wave superconductors, the ξkξk′ terms vanish after k′ integration in equation (4.32), due

to cancellation of positive and negative ξk′ contributions. This leaves for the s-wave state

τ−1(k) = τ−1
N

N(E(k))

N0

(
1− ∆2

E2(k)

)
for s− wave (4.37)

For the d-wave states also the ∆k∆k′ terms vanish on integrating over the directions of k′ in

equation (4.32), resulting in

τ−1(k) = τ−1
N

N(E(k))

N0

for dx2−y2 and dxy (4.38)

N(E(k)) denotes the density of SC states with energies E(k), and N0 being the normal

state density of states at the Fermi level. Using the above expressions for the quasiparticle
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relaxation times the thermal conductivity (4.24) can be calculated. Below we present some

numerical results [21] for a tight binding Fermi surface given by

ξ(k) = −t1(cos kx + cos ky)− t2 cos kx cos ky − µ (4.39)

In Fig. 4.1 the temperature profiles of the thermal conductivity for s-, dx2−y2- and dxy states

are shown. The thermal conductivity for the s -wave superconductor shows a sharp fall and

the well known exponential low-T behaviour [11] resulting from the gapping of the entire

Fermi surface by the SC order. The general behavior of κ(T )/T for the dxy and dx2−y2 states

can be explained explained on the basis of nodal quasiparticles, which dominate the heat

transport in the low - T regime, producing the finite residual κ/T . If the FS is circular κxx

is the same for the dxy and dx2−y2 states [5]. In the case of our anisotropic FS the two states

result in very different values of heat conductivity. The dx2−y2 pairing has nodes on flat parts

of the FS with large Fermi velocity and smaller DOS. By gapping the corners of the FS with

large DOS, the scattering rate is significantly reduced, producing longer-lived high-velocity

nodal quasiparticles that result in heat conductivity exceeding that of the normal state. The

dxy state, on the other hand, has nodes where Fermi velocity is small, resulting in much

lower κ/T .
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Figure 4.1: Thermal conductivity for SC states: s-, dx2−y2- and dxy-wave (dispersion
parameters t1/2πTC = 100, t2/2πTC = 10, µ = 0)

dx2 y2 ++ dxy

+

+

Figure 4.2: The solid red curve shows the shape of the FS for the above parameters, the
dashed blue lines are a schematic representation of the order parameter profiles for the dx2−y2

and dxy pairing states.
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Thermal Transport in a metal with a Spin Density Wave

The above method for calculating the thermal conductivity tensor can be generalized

to the case of an metal with a Spin Density Wave. We again consider a metal with 2D Fermi

surface defined by the dispersion (4.39). In the SDW state the total heat current is carried

by two quasiparticle branches with energies E1,2(k) = ξ+(k) ±
√

(ξ−(k))2 +M2, with the

definitions ξ±k = 1
2
(ξk± ξk+Q). The thermal conductivity tensor in this case is given by [21],

κij = (κ1)ij + (κ2)ij

(κ1)ij = − 2

T

∫
d2k

8π2
E2

1(k)v1i(k)v1j(k)
∂f 0

1 (k)

∂E1

(
1

τ11

+
1

τ12

)−1

(κ2)ij = − 2

T

∫
d2k

8π2
E2

2(k)v2i(k)v2j(k)
∂f 0

2 (k)

∂E2

(
1

τ22

+
1

τ21

)−1

(4.40)

In the above expression we integrate momentum over the FBZ, double-counting the states,

and therefore requires an extra factor of 2 in denominator: 2 × 4π2. The quasiparticle

velocities are vn(k) = ∇kEn(k) and the the equilibrium Fermi distribution is f 0
n(k) =

1
eEn(k)/T +1

. The quasiparticle relaxation times in the Born approximation are [21]

τ−1
nm(k) = Nimp

2π

h̄
U2

∫
d2k′

(2π)2
|Cnm(k,k′)|2δ(En(k)− Em(k′)) (4.41)

where C(k,k′) contains the coherence factors coming from the Bogoliubov transformation

between the normal and ordered states. The coherence factors Cnm(k,k′) are again computed
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by first writing the impurity scattering Hamiltonian in the same Nambu basis (3.12) as

Himp = U
∑
k,k′,σ

c†k′σckσ

=
U

2

∑
k,k′∈FBZ

Φ†k′σSabΦkσ

Sab =

1 0

0 1


(4.42)

where the factor 1
2

comes from (k,k + Q) doubling for the SDW. Upon performing the

Bogoliubov transformation defined in (3.11) for either spin orientations σ = ±1(↑, ↓) , we

get,

Himp =
U

2

∑
k,k′∈FBZ

F †k′aDab(k,k
′)Fk,b (4.43)

where F †k =
(
f †kσ, f

†
k+Qσ

)
and the matrix D̂(k,k′) from which we get the coherence factors

D̂(k,k′) = B̂†(k′)ŜB̂(k) (4.44)

The intra-band coherence factors are

C11(k,k′) = D11(k,k′) , C22(k,k′) = D22(k,k′),

and the inter-band coherence factors are

C12(k,k′) = D12(k,k′) , C21(k,k′) = D21(k,k′)
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The analytic expression for the coherence factors are given by,

|C11|2 = |C22|2 =
1

2

(
1 +

ξ−k ξ
−
k′ +M2

ΠkΠk′

)
, (4.45)

|C12|2 = |C21|2 =
1

2

(
1− ξ−k ξ

−
k′ +M2

ΠkΠk′

)
(4.46)

where Πk =
√

(ξ−k )2 +M2. In Fig. 4.3 we show thermal conductivities for a SDW metal.

When the FS is perfectly nested µ = 0 and t2 = 0 in our model (4.39), the SDW opens a

gap along entire FS (sketched in Fig. 4.4a) causing the sharp fall in the thermal conductivity

seen in Fig. 4.3. When the FS is partially nested µ = 0 and t2/t1 = 0.1 in our model (4.39),

a part of the FS gets gapped with M which is indicated by the regions shaded in orange

sketched in Fig. 4.4b. The thermal conductivity κ(T ) drops, but gets saturated at a finite

value due to the remaining FS, shown by the cyan lines, which gives a weaker-than-normal

metallic state.
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Figure 4.3: Thermal conductivity for a SDW metal (dispersion parameters for a perfectly
nested FS are t1/2πTSDW = 100, t2/2πTSDW = 0 and for a partially nested FS are
t1/2πTSDW = 100, t2/2πTSDW = 10 )
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Figure 4.4: The solid cyan curve shows the shapes of the partially nested and perfectly
nested Fermi Surfaces for the above parameters. The regions of the FS gapped by the SDW
order are shaded in orange.
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Thermal transport in superconductors with coexisting spin density wave order

Sourav Sen Choudhury and Anton B. Vorontsov
Department of Physics, Montana State University, Bozeman, Montana 59717, USA

(Received 14 November 2020; revised 21 January 2021; accepted 16 February 2021; published 1 March 2021)

We study thermal transport in a two-dimensional system with coexisting s- or d-wave superconducting (SC)
and spin density wave (SDW) orders. We analyze the nature of coexistence phase in a tight-binding square lattice
with Q = (π, π ) SDW ordering. The electronic thermal conductivity is computed within the framework of the
Boltzmann kinetic theory, using Born approximation for the impurity scattering collision integral. We describe
the influence of the Fermi surface (FS) topology, the competition between the SC and SDW order parameters,
and the presence or absence of zero energy excitations in the coexistence phase, on the low temperature behavior
of thermal conductivity of the various pairing states. We present qualitative analytical and fully numerical results
that show that the heat transport signatures of various SC states emerging from collinear SDW order are quite
distinct and depend on the symmetry properties of the SC order parameter under translation by the SDW nesting
vector Q. A combination of (π, π )-SDW and the dx2−y2 pairing state results in fully gapped excitations, whereas
(π, π )-SDW coexisting with either dxy or s-wave pairing states may always have gapless excitations. There
appear special stable Dirac nodal points that are not gapped by the SC order in the coexistence phase, resulting
in finite residual heat conductivity.

DOI: 10.1103/PhysRevB.103.104501

I. INTRODUCTION

In normal metals, at low temperatures transport proper-
ties are primarily determined by scattering of electrons by
impurities. The thermal conductivity κN (T ) has a linear T de-
pendence, which is well understood within the framework of
semiclassical transport theory based on the Boltzmann kinetic
equation [1]. The kinetic formulation was also successfully
used to explain the effects that conventional superconductivity
has on the thermal conductivity [2,3]. With the discoveries
of heavy fermion [4], cuprate [5–8], and iron based [9–11]
superconductors, new questions have arisen with regards to
the low temperature transport properties of superconductors.
The behavior of the thermal conductivity at low temperatures
for these unconventional superconductors is not at all like that
of the fully-gapped conventional type superconductors. One
reason is that most unconventional superconductors have a
nodal gap structure, i.e., there exist points on the Fermi surface
(FS), nodes, where the superconducting gap is zero. As the
energy gap is small around the nodes, the nodal quasiparticles
can be easily excited and they dominate the heat transport
properties of such superconductors. This problem has been
studied by a number of authors at various levels of complex-
ity [12–17], and thermal conductivity measurements became
a very useful probe of superconductivity as it can reveal the
gap structure of unconventional superconductors [18,19].

Another characteristic feature of many unconventional
superconductors is the proximity of magnetic and supercon-
ducting orders in these materials [20–24]. The electronic
phase diagrams of many highly correlated systems are com-
plex, with multiple broken symmetry phases appearing with
similar ordering temperatures as material properties, such as

dopant concentration, varied over wide ranges. For example,
there is a proximate antiferromagnetic (AF) state in the phase
diagrams of superconductors such as cuprates [22], iron pnic-
tides [24], and heavy fermion superconductors [21,23].

However much less is known about thermal transport in
superconductors with coexisting orders (spin-density wave
(SDW), charge-density wave (CDW)). Previous studies have
addressed mainly one aspect of the heat conductivity in co-
existing phases like superconducting (SC) and CDW or SC
and SDW [25,26], with cuprates as an application. In d-
wave superconductors heat transport by nodal quasiparticles
shows impurity-independent, universal, limit at low temper-
atures [16,17], seen in many materials [19,27]. Theoretical
investigations of thermal transport in “superconductor + den-
sity wave order” systems [25,26] attacked the issue of CDW
or SDW order influencing the T → 0 limit of thermal con-
ductivity by nodal quasiparticles in dx2−y2 superconductors,
in particular how the nodes get gapped by the additional
order. The transport calculations were carried out in 2D,
within Kubo linear response theory using Green’s function
technique, where impurity effects were included only through
non-self-consistent energy broadening parameter. The CDW
or SDW were also incorporated non-self-consistently, as an
additional tunable small order on top of the SC state, and
neither the nature of the coexistence, nor its temperature de-
pendence, was investigated. These calculations indicated that
the robustness of the universal limit of thermal conductivity
of dx2−y2 superconductors depends on the direction of the
ordering vector and the type of the coexisting order (CDW
or SDW). Additional order displaces the nodes in k space. For
example, the nodal quasiparticles become gapped by the SDW
once the d-SC nodes are separated by exactly the ordering Q

2469-9950/2021/103(10)/104501(13) 104501-1 ©2021 American Physical Society
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vector [26]. Another study [28] looked at the changes in zero-
temperature heat transport across continuous SC to SC+SDW
transition for dx2−y2 superconductor, employing the same
non-self-consistent treatments of impurities and SDW order,
assumed to be controlled by doping. These calculations show
that thermal conductivity behaves very differently depending
whether emerging SDW is commensurate or incommensurate.
For a commensurate SDW the SC → SC+SDW transition
results in a gradual drop in κ as a function of growing SDW
order, whereas incommensurate SDW results in a sharp drop
across the transition [28].

To complement previous studies and provide a different
approach, in this paper we look at the thermal transport prop-
erties of a number of different superconducting states in which
the SC order coexists with the antiferromagnetic spin density
wave (SDW) order in the full temperature range. For transport
calculation we use quasiparticle Boltzmann equation which
is physically more transparent than the Green’s function or
quasiclassical techniques. The goal is to understand the nature
of the different coexistence states arising from the interplay
between the SC and SDW order parameters and its impact
on the temperature behavior of the thermal conductivity of
several pairing states: s-wave, dx2−y2 , and dxy symmetry. The
choice of the d-wave states is motivated by the fact that it is a
prototypical unconventional pairing state, with sign-changing
order parameter and nodal quasiparticles, applicable to heavy
fermion and cuprate superconductors [6]. In this paper we
calculate the thermal conductivity in which scattering of
quasiparticles by nonmagnetic impurities is the dominant pro-
cess. Within Boltzmann theory, we only consider the case of
small phase shifts, i.e., the Born approximation for weak inter-
action of electrons with impurities. The impurity scattering is
the dominant mechanism at lower temperatures, and at higher
temperatures the scattering rates can be augmented to incor-
porate temperature-dependent inelastic scattering [29,30], to
reflect the growth of thermal conductivity below Tc, seen in,
e.g., CeCoIn5 [23], or UPt3 [31].

The organization of the paper is as follows. In Secs. II A–
II C, we discuss the model Hamiltonian, symmetries of the
SC order parameter, and the topology of the Fermi surface.
Self-consistent approach to determining coexisting SDW and
SC order parameters is presented in Sec. II E. Kinetic for-
malism is described in Sec. II F. Numerical results for heat
conductivity is discussed in Sec. III. Section IV is a brief
conclusion.

II. MODEL AND FORMALISM

A. Hamiltonian

For our model we start with a tight-binding normal state
Hamiltonian

H0 =
∑

k,σ=±1

ξ (k)c†
kσ ckσ , (1)

where

ξ (k) = −t1(cos kx + cos ky) − t2 cos kx cos ky − μ

is the inversion-symmetric dispersion relation, ξ (k) = ξ (−k).
It describes the nearest neighbor (t1 > 0) and next-nearest
neighbor (t2 > 0) hopping on a 2D square lattice with lattice

spacing a = 1. We set the chemical potential to zero, and
therefore for t2 > 0 the electron filling is slightly less than
half. This results in a Fermi surface that is not perfectly
nested and therefore potentially susceptible to coexistence of
SC and SDW order parameters. The perfect nesting limit is
given by setting t2 = 0. The coexistence of SC and SDW
orders in models of this type have been previously studied by
Machida [32–34]. We wish to look at heat transport in these
models across the SDW → SC transition. The full mean-field
Hamiltonian for a system with intertwined SC and SDW order
is given by [34]

H = H0 + HSDW + HSC,

HSDW = 1

2

∑
k,σ

σM(c†
kσ ck+Qσ + H.c.),

HSC = 1

2

∑
k,σ

σ�k(c†
kσ c†

−k−σ + H.c.). (2)

The mean field order parameters are defined by the following
self-consistent equations

M = −U

2

∑
k,σ

σ 〈c†
k+Qσ ckσ 〉,

(3)
�k = −

∑
k′

g(k, k′)〈c†
−k′,↓c†

k′,↑〉,

where U is the repulsive onsite Coulomb interaction
which leads to the SDW formation [35]. We consider a
collinear sinusoidal SDW with spatial magnetization m(r) =
2M ẑ cos(Q · r). The SDW couples electron states with par-
allel spins and momenta differing by the nesting vector Q,
i.e., (k ↑) with (k + Q ↑) and (k ↓) with (k + Q ↓) (this
is schematically represented by dashed lines in Fig. 1). As
for the SC pairing interaction, we consider the singlet chan-
nel and assume the interaction to be of the form g(k, k′) =
gη(k)η(k′), η(k) being a basis function compatible with the
square symmetry of the 2D lattice. The SC order parameter
combines time-reversed electron states with opposite mo-
menta and antiparallel spins, i.e., (−k ↓) with (k ↑) and
(−k − Q ↓) with (k + Q ↑) (this is schematically repre-
sented by dotted lines in Fig. 1). For our purposes we consider
the case where the pure SDW transition temperature TSDW is
greater than the pure SC transition temperature TC0, i.e., the
ratio

p = TC0

TSDW
< 1 .

B. Symmetry classes of the SC order parameters

The coexistence problem critically depends on the sym-
metry properties of the SC order parameter and also on the
topology of the FS. If we consider the case of a commen-
surate SDW with nesting vector Q = (π, π ), i.e., 2Q = G =
(2π, 2π )—the diagonal reciprocal lattice vectors for the 2D
square lattice—then the various SC pairing states can be
classified [36] based on the combined symmetry operations
of parity, �−k = ±�k (even or odd), and translation by
the nesting vector, �k+Q = ±�k (even or odd). The sym-
metry classification of the pairing states (�k = �η(k)) are
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FIG. 1. The FS of the normal state (solid red curve) and in the
SDW phase (cyan curve). The parameters are t2/t1 = 0.2, M/t1 =
0.1 (this value is taken for illustration purposes, the typical value in
the calculations are M/t1 ∼ 10−3). Q = (π, π ) is the nesting vector.
The dashed blue square indicates the boundary of the reduced Bril-
louin zone (RBZ).

summarized in Table I. This classification has important con-
sequences for the coexistence problem [34]: The SC states
in the (E, E) class are competitive with the SDW, whereas
states in the (E, O) class are less competitive with the SDW
and the two orders can naturally coexist. The difference in the
nature of the coexistence problem in these two distinct sym-
metry classes has an obvious impact on the thermal transport
properties of the system across the SDW→SC transition. One
of the aims of this paper is to establish the relation between
the nature of the SC-SDW coexistence and its signatures in
the electronic thermal transport.

C. Topology of the Fermi surface

In Fig. 1 we show the Fermi surface for our model. In the
normal state the FS is indicated by the solid red curve. The

TABLE I. The symmetry classification of the various pairing
states and the corresponding basis functions. First letter (E—even,
O—odd) corresponds to parity symmetry �−k = ±�k, and the sec-
ond letter is for SDW translations �k+Q = ±�k.

Symmetry class Pairing state SC basis function

I or (E, O) dx2−y2 η(k) = 1
2 (cos kx − cos ky)

II or (E, E) dxy s wave η(k) = sin kx sin ky η(k) = 1

SDW with the ordering vector Q = (π, π ) doubles the lattice
cell size reducing the Brillouin zone to the dotted blue square
(RBZ). For this SDW ordering all four flat sides of the normal
FS are nested, and become gapped, leaving zero energy excita-
tions only at the corners—the FS in the SDW state is indicated
by the solid cyan curve. As the SDW gap grows from zero
and reaches its maximum value the FS continuously shrinks
from the N1 − N2 section to the S1 − S2 section. Points N1 and
B denote location of the nodes of the dx2−y2 and dxy pairing
states, respectively, they are indicated by the magenta dots.
Since SDW gaps region around point N1, appearance of the
dx2−y2 SC gap completely removes the low-energy excitations.
In the case of the dxy pairing state the low-energy excitations
remain since the nodal line crosses Fermi pocket at point B,
which is not gapped by the SDW. Further, in the case of the
dxy- and s-wave pairing states, we show that unusual zero
energy excitations remain on the boundary of the RBZ near
points S1,2, even when the SC order starts to grow inside the
SDW state. The stability of these zero energy excitations is
related to the even symmetry of the dxy- and s-wave states
under translations by the nesting vector Q. We explain this
in more detail in the following section. The relative positions
of the nodes for the two d-wave pairing states, and the ex-
tra zero energy excitations in the coexistence phase of the
dxy state leads to their different thermal conductivity κ (T )
behavior.

D. Diagonalization of the model Hamiltonian

The more general form for Hamiltonian (2), correspond-
ing to SDW magnetization m(r) = Re(MQeiQr ) is an 8 × 8
matrix

H =1

4

∑
k∈FBZ

�
†
kHk,Q�kHk,Q =

⎛
⎜⎜⎜⎝

ξk �k(iσy)
−�∗

−k(iσy) −ξ−k

M∗
Qσ 0
0 −M∗

Qσ∗

MQσ 0
0 −MQσ∗

ξk+Q �k+Q(iσy)
−�∗

−k−Q(iσy) −ξ−k−Q

⎞
⎟⎟⎟⎠, (4)

where we ‘folded’ the normal state band into the reduced
Brillouin zone appropriate for the (π, π )-SDW unit cell. The
1/4 in front comes from the particle-hole doubling of the
bands for superconductivity and the k, k + Q doubling for
SDW. We do our analysis in the full Brillouin zone (FBZ)
primarily to take advantage of the particle-hole symmetry,
which simplifies the calculation of scattering rates in Sec. F.

The Nambu state vector is

�
†
k = (

c†
kα1

, c−kα2 , c†
k+Qα3

, c−k−Qα4

)
, α1,2,3,4 = ↑,↓.

Each outlined block represents a 4 × 4 matrix constructed
from spin up-down and particle-hole spaces, represented
by Pauli matrices σx,y,z and τ1,2,3 correspondingly. Di-
agonal blocks in the full matrix represent the ‘folded’
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superconducting bands, while off-diagonal 4 × 4 blocks ap-
pear as result of SDW mixing of the electron states with
momenta k and k + Q on ‘folded’ bands. With this ‘folded’
space we associate Pauli matrices ρ1,2,3. The Hamiltonian
is (anti)symmetric under particle-hole transformation by the
construction due to superconductivity doubling (K is complex
conjugation)

CHk,QC−1 = −H−k,−Q , C = 1ρ ⊗ τ1 ⊗ 1σ K. (5)

Also, while the time-reversal symmetry is definitely broken
in the SDW state, because transformation T = 1ρ ⊗ 1τ ⊗
(iσy)K reverses the magnetization direction M → −M, a
combination of time reversal and a ‘gauge’ transformation
ck+Q → −ck+Q, given by ρ3, can still be a symmetry

TπHk,QT −1
π = H−k,−Q , Tπ = ρ3 ⊗ 1τ ⊗ (iσy)K (6)

provided ξp = ξ−p, �∗
p = �p and M−Q = M∗

Q. (The gauge
transformation establishes an arbitrary phase ϕ between states
k and k + Q: ck+Q → eiϕck+Q, which results in a ‘slide’ of
the SDW profile m(r) ∝ Re(〈c†

k+Qck〉e−iQr ) : M cos(Q · r)
→ M cos(Q · r + ϕ), signifying arbitrariness of the coordi-
nate origin. Shift by half wavelength of SDW order, for ϕ =
π , reverses the magnetization direction, canceling the time
reversal.)

With real �k, M and inversion-symmetric ξk, both charge
conjugation and ‘time-gauge’ symmetries are present, so we
split the full Hamiltonian into two independent 4 × 4 blocks
for particular spin orientations σ = ±1(↑,↓),

H (σ ) = 1

4

∑
k∈FBZ

�
†
kσH(σ )

k �kσ

H(σ )
k =

⎛
⎜⎝

ξk σ�k σM 0
σ�−k −ξ−k 0 σM
σM 0 ξk+Q σ�k+Q

0 σM σ�−k−Q −ξ−k−Q

⎞
⎟⎠, (7)

where �
†
kσ = (c†

kσ , c−k−σ , c†
k+Qσ , c−k−Q−σ ) represents par-

tial Nambu vector. Hamiltonian (7) is diagonalized by the
Bogoliubov transformation

�kσ =

⎛
⎜⎜⎜⎝

ckσ

c†
−k−σ

ck+Qσ

c†
−k−Q−σ

⎞
⎟⎟⎟⎠ = B̂σ (k)

⎛
⎜⎜⎜⎝

a1k

a†
3k

a2k

a†
4k

⎞
⎟⎟⎟⎠ (8)

with the matrix B̂σ (k), whose columns are the eigenvectors of
the Hamiltonian matrix

H(σ )
k B̂σ (k) = B̂σ (k)Êσ (k) (9)

where

Êσ (k) =

⎛
⎜⎜⎜⎝

Eσ
1 (k) 0 0 0
0 −Ẽσ

1 (k) 0 0
0 0 Eσ

2 (k) 0
0 0 0 −Ẽσ

2 (k)

⎞
⎟⎟⎟⎠. (10)

The −σ spin sector is diagonalized in a similar way, and
we obtain another matrix B̂−σ (k), and the quasiparticle

creation-annihilation operators

�k−σ = B̂−σ (k)(a1′k, a†
3′k, a2′k, a†

4′k )T (11)

H(−σ )
k B̂−σ (k) = B̂−σ (k)Ê−σ (k). (12)

The two spin sectors are connected by the present sym-
metries. For example, the particle-hole transformation con-
nects CH(σ )

k C−1 = −H(−σ )
−k and we can identify Ẽσ

1,2(k) =
E−σ

1,2 (−k), relating eigenvectors B̂−σ (−k) = CB̂σ (k) and the
quasiparticle branches 3k = 1′(−k), 4k = 2′(−k), etc. The
time-reversal + gauge combination reduces distinct energy
levels further, by requiring Eσ

1,2(k) = E−σ
1,2 (−k), leaving just

two different energy values for four quasiparticle branches.
Using definitions ξ±

k = 1
2 (ξk ± ξk+Q) and �±

k = 1
2 (�k ±

�k+Q), these eigenvalues of Ĥk can be written as [37,38]

E2
1 (k) = 
k + 2�k, E2

2 (k) = 
k − 2�k


k = (ξ+
k )2 + (ξ−

k )2 + (�+
k )2 + (�−

k )2 + M2

�k = [(ξ+
k ξ−

k + �+
k �−

k )2+ M2((ξ+
k )2 + (�+

k )2)]
1
2 . (13)

In the pure SDW state (� = 0) we get E2
1,2(k) =

(ξ+
k ±

√
(ξ−

k )2 + M2)
2

and we assign specific roots to the SDW
branches as Eα,β = ξ+

k ±
√

(ξ−
k )2 + M2 (Greek indices refer to

signs α(+), β(−)). In Fig. 2(a) we show the structure of the
two distinct (spin degenerate) quasiparticle bands in the pure
SDW phase when the FS is not perfectly nested, leaving a hole
pocket Eβ (k) = 0 around (π, 0).

In the coexistence phase we specify eigenvalues (13) for
the two symmetry classes: I = (E, O) class (�+

k = 0, or
�k+Q = −�k) and II=(E, E) class (�−

k = 0, or �k+Q = �k),

E2
1,2; I,II = 
k ± 2�I,II

k , 
k = (ξ+
k )2+ (ξ−

k )2+ (�k )2+ M2

�I
k = [(ξ+

k ξ−
k )2 + M2(ξ+

k )2]
1
2

�II
k = [(ξ+

k ξ−
k )2 + M2((ξ+

k )2 + (�k )2)]
1
2 . (14)

These dispersion relations have distinctly different character-
istics. Spectrum of class I is completely gapped: The lowest
energy state

E2
2;I =[ξ+

k −
√

(ξ−
k )2 + M2]2 + �2

k (15)

can only be zero when both terms on the RHS are zero, i.e.,
when nodal lines of �k intersect Fermi surface in the SDW
state, which is impossible in this case. The quasiparticle bands
in SDW + dx2−y2 -SC state are shown in Fig. 2(b).

In the case of (E, E) class (II), the spectrum has symmetry
nodes on the SDW Fermi surface for dxy state. But there is also
an additional nodal point on the boundary of the RBZ (where
ξ−

k = 0) that is not removed by the SC order:

ξ−
k = 0 : E2;II = M −

√
(ξ+

k )2 + �2
k = 0 . (16)

The nodal point, given by condition ξ+
k = ξk =

√
M2 − �2

k, is
robust even in the SC state as long as �k < M. This point is
the base of a (anisotropic) Dirac cone, obvious in the inset of
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FIG. 2. The quasiparticle energies in the Brillouin zone along
the path (0, 0) → (π/2, π/2) → (π, 0) → (0, 0). The normal state
band is depicted by the dashed magenta curve. (a) The two bands
Eα,β , and their negatives, in the pure SDW phase; (b) the four quasi-
particle bands ±E1,2(k) in the coexisting phase dx2−y2 -SC and SDW;
(c) the four quasiparticle bands in the coexisting phase s-SC and
SDW. Insets show the zoomed low energy sector. In the SDW state
there remains a hole FS pocket around (π, 0). This remaining Fermi
surface is completely gapped by emerging dx2−y2 -SC order. In the
co-existing SDW and s-SC a Dirac nodal point remains on the bound-
ary of RBZ. The parameters used for illustration are t2/t1 = 0.2,
M/t1 = 0.1, and �/t1 = 0.05 (the characteristic computed values are
M/t1 ∼ �/t1 ∼ 10−3).

FIG. 3. Location of the extra nodes S′
1 on the boundary of the

RBZ in the coexisting SDW and s-SC states shown by the blue
crosses. They are the remnants of the FS points S1 in the pure
SDW state. The parameters used for illustration are t2/t1 = 0.2,
M/t1 = 0.1, and �/t1 = 0.05 (the characteristic computed values are
M/t1 ∼ �/t1 ∼ 10−3).

Fig. 2(c). In our model location of the extra node is given by

(kx, ky) = π

2
± arcsin

⎡
⎣

√
M2 − �2

k

t2

⎤
⎦

1/2

(17)

and at the corresponding symmetry points, as shown by the
blue crosses in Fig. 3.

As a final remark, we have diagonalized the full Hamil-
tonian (7) in the RBZ by computing the B̂σ (k) eigenvectors
numerically. The Hamiltonian can also be diagonalized by
a ‘two-step process’ which is sometimes employed in liter-
ature [39]. The methods are equivalent; we explain this in
Appendix.

E. Self-consistent equations for SC and SDW

We solve for the mean-fields M, � self-consistently, using
the Green’s function method [33]. In the reduced Brillouin
zone, the Green’s functions required to derive the self consis-
tent equations for �k are

〈Tτ c†
−k−σ (τ )c†

kσ (0)〉 , 〈Tτ c†
−k−Q−σ (τ )c†

k+Qσ (0)〉
and for M

〈Tτ ckσ (τ )c†
k+Qσ (0)〉 , 〈Tτ c†

−k−Q−σ (τ )c−k−σ (0)〉 .

They are all elements of the following bare Matsubara Green’s
function, which we define to be the following 4 × 4 matrix,

Ĝ(k, τ )ab = −〈T �kσ,a(τ )�†
kσ,b(0)〉, (18)

104501-5
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where the indices a, b represent the components of the partial
Nambu vector �

†
kσ,a = (c†

kσ , c−k−σ , c†
k+Qσ , c−k−Q−σ ). The

Green’s functions relevant for SC are contained in the diago-
nal blocks, whereas those relevant for the SDW are contained
in the off-diagonal blocks. To obtain them we use the fact that
Ĝ(k, ωn) satisfies the following Dyson equation

Ĝ(k, ωn) = (iωn−Ĥk )−1, (19)

where ωn = 2πT (n + 1
2 ) with integer n. Taking the pairing

interaction to be of the form g(k, k′) = gη(k)η(k′), calcu-
lating the relevant Green’s functions from the above Dyson
equation and substituting them into (3), we arrive at the
following self-consistent equations for the two symmetry
classes [33].

The (E, O) class: dx2−y2 with �k = 1
2�(cos kx − cos ky)

1

g
= T

Ec∑
ωn

∑
k∈FBZ

η2(k)

DI (ωn, k)

(
ω2

n + (ξ−
k )2 + (ξ+

k )2 + M2 + �2
k

)

1

U
= T

EB∑
ωn

∑
k∈FBZ

1

DI (ωn, k)

(
ω2

n + (ξ−
k )2 − (ξ+

k )2 + M2 + �2
k

)

DI (ωn, k) = (
ω2

n + (ξ−
k )2 + (ξ+

k )2 + �2
k + M2

) − 4(ξ+
k )2

(
(ξ−

k )2 + M2
))

= (
ω2

n + E2
1;I

)(
ω2

n + E2
2;I

)
. (20)

The (E, E) class: the isotropic s wave with �k = � and dxy with �k = � sin kx sin ky

1

g
= T

Ec∑
ωn

∑
k∈FBZ

η2(k)

DII (ωn, k)

(
ω2

n + (ξ−
k )2 + (ξ+

k )2 − M2 + �2
k

)

1

U
= T

EB∑
ωn

∑
k∈FBZ

1

DII (ωn, k)

(
ω2

n + (ξ−
k )2 − (ξ+

k )2 + M2 − �2
k

)

DII (ωn, k) = (
ω2

n + (ξ−
k )2 + (ξ+

k )2 + �2
k + M2

) − 4(ξ+
k )2((ξ−

k )2 + M2)) − 4�2
kM2 = (

ω2
n + E2

1;II

)(
ω2

n + E2
2;II

)
, (21)

where E1,2;I,II are the quasiparticle energies for symmetry
classes I and II, defined in (14). EC and EB are the SC cutoff
and the SDW cutoff energies, respectively.

Numerical solution of self-consistent equations

In the following, we solve the self-consistent equa-
tions (20) and (21) for band parameters t1/2πTSDW = 100,
t2/2πTSDW = 10, EC/2πTSDW = 30, and EB/2πTSDW = 60,
and eliminate interactions g and U , to obtain the temperature
dependence of the order parameters �(T ) and M(T ). For
perfect nesting with t2 = 0, SDW order gaps the entire FS.
This prohibits SC order to open up a gap anywhere on the FS
when TC0 < TSDW, and the superconductivity never appears
in this case. This is verified by numerically solving the self-
consistent equations (20) and (21) with t2 = 0. The result is
the usual BCS profile [35] for M(T ) and � = 0.

However, both SC and SDW orders can appear when we
go away from the perfect nesting limit. The nature of the
coexistence is very different for the (E, O) and (E, E) sym-
metry classes. Solutions of the self-consistent equations (20)
and (21) depend on the parameter p = TC0

TSDW
. We show the

order parameter profiles later, together with thermal conduc-
tivity results, in Sec. III and here summarize the main points.

For the (E, O) class of SDW+dx2−y2 -SC, one numerically
solves Eqs. (20). In this case SC can naturally coexist with
SDW, and in fact below TC the magnetization M is enhanced
compared to the pure SDW state. SC transition temperature
is also increased on the SDW background, TC > TC0, see

Figs. 6(a) and 6(c). The SDW→SDW+SC transition is al-
ways second order.

For states of (E, E) class the interplay is more complicated.
In Figs. 7(a) and 7(c) we show numerical solution of (21) for
the dxy pairing state. Depending on the value of TC0/TSDW the
SDW→SC transition can be either first or second order. For
relatively strong SC order, p = 0.5, the SC state completely
replaces SDW order via a first-order transition. For a lower
p = 0.35, SDW survives and allows for a smaller � order
to appear simultaneously through a second-order transition.
This competition comes with suppression of the supercon-
ducting transition temperature in the presence of the SDW
background, TC < TC0. Behavior for the isotropic s-wave state
is similar to the dxy case, Fig. 8.

F. Kinetic method for heat conductivity

We use the Boltzmann kinetic-equation approach to calcu-
late the thermal conductivity for the system with intertwined
orders. This method was widely used to compute thermal con-
ductivity, both in s-wave superconductor [2,3], as well as in
unconventional superconductors [12,40–42], and for quantum
critical systems [43–45]. We begin with the expression of the
total heat current carried by the quasiparticles

jE = 2
2∑

n=1

jn = 2
2∑

n=1

∫
d2k

8π2
En(k)vn(k) fn(k). (22)

In the above expression we integrate momentum over the
FBZ, double counting the states, and therefore require an extra
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factor of 2 in the denominator: 2 × 4π2. The sum is over
the two quasiparticle branches with distinct energies E1 and
E2 (as given in (13)) and fn(k) is the distribution function
of the respective quasiparticle branches. The factor of two
takes care of the spin degeneracy of each branch. The thermal
conductivity tensor is the proportionality coefficient between
the heat current and temperature gradient.

(jE )i = −κi j∇ jT (23)

The quasiparticle distribution function fn(k) satisfies the
Boltzmann equation

∂ fn(k)

∂t
+ ∂En

∂k
∇ fn − ∇En

∂ fn(k)

∂k
= Icoll

n (k), (24)

Icoll
n (k) being the collision integral. We follow the usual pro-

cess of linearizing the left hand side of (24) by writing fn(k) =

f 0
n (k) + δ fn(k), where f 0

n (k) = 1
eEn (k)/T +1 is the equilibrium

Fermi-Dirac distribution function. δ fn(k) is the deviation
from the equilibrium value caused by the presence of the
stationary thermal gradient. The linearization yields [40]

∂δ fn(k)

∂t
− En(k)vn(k)

∇T

T

∂ f 0
n (k)

∂En
= Icoll

n (k). (25)

The quasiparticle velocity is defined as

vn(k) = ∇kEn(k). (26)

For a stationary thermal gradient the first term is zero. We now
look at the right hand side; the collision integrals in the case
of weak disorder are obtained by multiplying the contribution
of a single impurity by their concentration Nimp:

Icoll
1 (k) = Nimp

∫
d2k′

(2π )2
[W11(k, k′)(δ f1(k′) − δ f1(k)) + W12(k, k′)(δ f2(k′) − δ f1(k))]

Icoll
2 (k) = Nimp

∫
d2k′

(2π )2
[W22(k, k′)(δ f2(k′) − δ f2(k)) + W21(k, k′)(δ f1(k′) − δ f2(k))], (27)

where Wnm(k, k′) is the rate of elastic scattering between the quasiparticle branches n and m in the FBZ. Therefore we have two
coupled kinetic equations for δ f1(k) and δ f2(k). We can rewrite (25) for δ fn(k) as

E1(k)v1(k)
∇T

T

∂ f 0
1 (k)

∂E1
= −Nimp

[ ∫
d2k′

(2π )2
(W11(k, k′)δ f1(k′) + W12(k, k′)δ f2(k′))

]
+

(
1

τ11
+ 1

τ12

)
δ f1(k)

E2(k)v2(k)
∇T

T

∂ f 0
2 (k)

∂E2
= −Nimp

[ ∫
d2k′

(2π )2
(W22(k, k′)δ f1(k′) + W21(k, k′)δ f2(k′))

]
+

(
1

τ22
+ 1

τ21

)
δ f2(k) (28)

where we have defined the quasiparticle relaxation time as

τ−1
nm (k) = Nimp

∫
d2k′

(2π )2
Wnm(k, k′). (29)

The above equations are decoupled by the usual symmetry argument [12,40]. The driving term is odd under spatial inversion since
v(−k) = −v(k), whereas the quasiparticle relaxation time is even under spatial inversion τ−1

nm (−k) = τ−1
nm (k) due to symmetry

Wnm(−k,−k′) = Wnm(k, k′), which implies that δ fn(k) is odd under k → −k. Thus the first terms on the right in (28) are
integrals of odd functions over a symmetric region of integration and therefore go to zero: [ . . . ] = 0, which represents vanishing
vertex corrections. Thus the heat current carried by the quasiparticle branches with energies E1,2(k) are

(j1)i =
∫

d2k

8π2
E2

1 (k)v1i(k)v1 j (k)
∇ jT

T

∂ f 0
1 (k)

∂E1

(
1

τ11
+ 1

τ12

)−1

(j2)i =
∫

d2k

8π2
E2

2 (k)v2i(k)v2 j (k)
∇ jT

T

∂ f 0
2 (k)

∂E2

(
1

τ22
+ 1

τ21

)−1

(30)

which results in the following expression for the thermal conductivity tensor,

κi j = (κ1)i j + (κ2)i j

(κ1)i j = − 2

T

∫
d2k

8π2
E2

1 (k)v1i(k)v1 j (k)
∂ f 0

1 (k)

∂E1

(
1

τ11
+ 1

τ12

)−1

(κ2)i j = − 2

T

∫
d2k

8π2
E2

2 (k)v2i(k)v2 j (k)
∂ f 0

2 (k)

∂E2

(
1

τ22
+ 1

τ21

)−1

. (31)

The expression for the scattering rate in the Born limit is given by

Wnm(k, k′) = 2π

h̄
|〈k′, n|Himp|k, m〉|2δ(En(k) − Em(k′)) = 2π

h̄
|V (k, k′)|2|Cnm(k, k′)|2δ(En(k) − Em(k′)). (32)
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FIG. 4. Schematic representation of the various scattering pro-
cesses in the full BZ. The band structure is along the path (0, 0) →
(π, π ) → (π, 0) → (0, 0). The dashed blue and green horizon-
tal lines represent intraband scattering processes; the dash-dotted
black horizontal lines represent interband scattering processes.
The parameters used for illustration are t2/t1 = 0.2, M/t1 = 0.35,
and �/t1 = 0.2.

The quasiparticle state with momentum k and energy E1(k)
is defined as |k, 1〉 = a†

1k|0〉. Similarly the quasiparticle
state with momentum k and energy E2(k) is defined as
|k, 2〉 = a†

2k|0〉. |0〉 is the vacuum state with no quasiparticles.
〈k′, n|Himp|k, m〉 is the amplitude for a single impurity to
scatter from the particle state k with energy Em(k) to the
state k′ with energy En(k′). The matrix Cnm(k, k′) contains the
coherence factors coming from the Bogoliubov transforma-
tion between the normal and ordered states. In the following
we consider the case of an isotropic scattering amplitude
V (k, k′) = V = const. Therefore the expression (29) for the
quasiparticle lifetimes becomes

τ−1
nm (k)

= NimpV
2 2π

h̄

∫
d2k′

(2π )2
|Cnm(k, k′)|2δ(En(k)− Em(k′)).

(33)

We evaluate the momentum integral (33) numerically us-
ing the high precision sampling method [46]. Using τ−1

nm (k)
from (33) we numerically evaluate the momentum integrals
in (31) over the FBZ, see Fig. 4. We also numerically compute
the values for τ−1

nm (k) and κ (T ) in the normal state, by setting
� = 0 and M = 0 in equations (33) and (31), respectively,
and eliminating the unknown NimpV 2 in favor of normal state
relaxation time τN that only appears in κN (T ). We assume τ−1

N
is small enough and neglect order parameter suppression by
impurities. The matrix of coherence factors Cnm(k, k′) is also
computed numerically, by first writing the impurity scattering
Hamiltonian in the same Nambu basis as (7)

Himp = V
∑

k,k′,σ

c†
k′σ ckσ

= V

4

∑
k,k′∈FBZ

�
†
k′σ,aSab�kσ,b

FIG. 5. Thermal conductivity for pure SC states: s-, dx2−y2 - and
dxy-wave (dispersion parameters t1/2πTC = 100, t2/2πTC = 10), or
for pure SDW state in perfectly nested regime (t1/2πTSDW = 100,
t2/2πTSDW = 0).

Sab =

⎛
⎜⎝

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

⎞
⎟⎠, (34)

where the factor 1
4 comes from both particle-hole doubling

for SC and (k, k + Q) doubling for SDW in the FBZ. Upon
performing the Bogoliubov transformation (8) on the Nambu
vectors, we get

Himp = V

4

∑
k,k′∈FBZ

A†
k′aDab(k, k′)Ak,b, (35)

where A†
k = (a†

1k, a3k, a†
2k, a4k ) and the matrix D̂(k, k′) from

which we get the coherence factors

D̂(k, k′) = B̂†
σ (k′)ŜB̂σ (k). (36)

The k dependence in D̂(k, k′) comes from �(k) and ξ (k)
through the eigenvectors of Ĥk, and since we artificially
quadruple our bands we only include physically available
in-band scattering, so Sab is diagonal. From the ordering of
the A†

k vector, the intraband coherence factors

C11(k, k′) = D11(k, k′), C22(k, k′) = D33(k, k′),

and interband

C12(k, k′) = D13(k, k′), C21(k, k′) = D31(k, k′),

all for scattering inside the FBZ, as shown in Fig. 4.

III. NUMERICAL RESULTS AND DISCUSSION

We begin our discussion by first calculating thermal con-
ductivity of the pure SC or SDW states for our tight binding
model. For various pairing, s-, dx2−y2 -, and dxy-wave, the val-
ues of �(T ) are obtained by self consistently solving the weak
coupling gap equation and neglecting Tc suppression by impu-
rities. The numerical results for κxx are shown in Fig. 5. We see
the characteristic exponential fall in the thermal conductivity
for the isotropic fully-gapped s-wave superconductor [2,3].
The general behavior of κ (T )/T for the dxy and dx2−y2 states
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also agrees with earlier calculations [12,17], where the low-T
regime is dominated by the nodal quasiparticles, producing
the finite residual κ/T . However, while for circular FS κxx

is the same for the dxy and dx2−y2 states, in the case of our
anisotropic FS the two symmetries result in very different
values of heat conductivity. The dx2−y2 pairing has nodes on
flat parts of the FS with large Fermi velocity and smaller
DOS. By gapping the corners of the FS with large DOS, the
scattering rate is significantly reduced, producing longer-lived
high-velocity nodal quasiparticles that result in heat conduc-
tivity exceeding that of the normal state. The dxy state, on the
other hand, has nodes where Fermi velocity is small, resulting
in much lower κ/T .

For completeness, we note that for strong scattering centers
one has to go beyond Born approximation to explain exper-
imental data in cuprates and heavy fermions [12,47]. Also,
quasiparticle Boltzmann approach fails at low temperatures
when low-energy quasiparticles cannot be well established
due to impurity broadening [12].

We also show thermal conductivity for pure SDW state
when the Fermi surface is nested perfectly, i.e., μ = 0 and
t2 = 0 in our model. The SDW opens a gap along the entire
FS. The sharp fall in the thermal conductivity seen in Fig. 5 is
often seen in thermal conductivity experiments on spin density
wave antiferromagnets [48–50].

The difference between slopes of κ (T ) just below the tran-
sition temperature for s-, d-wave superconductors and SDW
can be explained by the difference in coherence factors. For a
singlet superconductor,

∣∣CSC
11

∣∣2 = 1

2

(
1 + ξkξk′ − �k�k′

E1(k)E2(k′)

)
, (37)

∣∣CSC
22

∣∣2 = 1

2

(
1 + ξk+Qξk′+Q − �k+Q�k′+Q

E2(k)E2(k′)

)
(38)

∣∣CSC
12

∣∣2 = ∣∣CSC
21

∣∣2 = 0 (39)

with E1(k) =
√

(ξk )2 + �2
k and E2(k) =

√
(ξk+Q)2 + �2

k+Q be-
ing the two branches that together count the states of the
superconductor in the full BZ. For the SDW state

∣∣CSDW
11

∣∣2 = ∣∣CSDW
22

∣∣2 = 1

2

(
1 + ξ−

k ξ−
k′ + M2

�k�k′

)
, (40)

∣∣CSDW
12

∣∣2 = ∣∣CSDW
21

∣∣2 = 1

2

(
1 − ξ−

k ξ−
k′ + M2

�k�k′

)
, (41)

�k =
√

(ξ−
k )2 + M2. For both the s and d wave super-

conductors, the ξkξk′ terms vanish after k′ integration in
equation (33), due to cancellation of positive and negative
ξk′ contributions. This leaves τ−1

11 (k) = τ−1
N

N (E1(k))
N0

(1 − �2

E2
1 (k)

)

and τ−1
22 (k) = τ−1

N
N (E2(k))

N0
(1 − �2

E2
2 (k)

) for the s-wave case. For
the d-wave states also the �k�k′ terms vanish on integrat-
ing over the directions of k′ in equation (33), resulting in
τ−1

11 (k) = τ−1
N

N (E1(k))
N0

and τ−1
22 (k) = τ−1

N
N (E2(k))

N0
for the d-

wave states. N (E1,2(k)) denotes the density of SC states
with energies E1,2(k), and N0 being the normal density of
states at the Fermi level. For a SDW with a perfectly nested
FS, ξk+Q = −ξk, so ξ+

k = 0 and ξ−
k = ξk. Thus Eα (k) = �k

and Eβ (k) = −�k. Again, terms ξ−
k ξ−

k′ will drop out un-
der the k′ integration in equation (33), leaving τ−1

11 (k) =
τ−1

N
N (Eα (k))

N0
(1 + M2

E2
α (k) ) and τ−1

22 (k) = τ−1
N

N (Eβ (k))
N0

(1 + M2

E2
β (k)

).

For perfectly nested FS the two bands do not overlap in energy
and thus there is no interband scattering, τ−1

12 (k) = τ−1
21 (k) =

0. N (Eα,β (k)) once again denotes the density of SDW quasi-
particle states with energy Eα,β (k).

Comparing the coherence factors for various states, one can
notice that the effective relaxation times in equation (31) have
this hierarchy near their transition temperatures

τSDW < τd < τs

resulting in the observed different slopes in Fig. 5. Finally,
we note that the difference in signs inside coherence factors
for fully gapped s-SC (1 − �2/E2) and SDW (1 + M2/E2),
comes from the particle-hole difference in the impurity scat-
tering matrix, SSC

ab ∝ diag(1,−1) vs SSDW
ab ∝ diag(1, 1).

A. The (E, O) class

We now turn to the discussion of the pairing states
belonging to the various symmetry classes. For all cases
below the parameters used for FS are t1/2πTSDW = 100,
t2/2πTSDW = 10.

The dx2−y2 pairing state which belongs to the (E, O) sym-
metry class is not competitive with the SDW, and below TC the
SC order enhances the SDW order, as shown in Fig. 6. The
temperature dependence of the self-consistently determined
order parameters �(T ) and M(T ), and of the thermal conduc-
tivity, are presented for two values of the parameter

p = TC0

TSDW
,

where TC0 is the transition temperature of the SC order in the
absence of the SDW and TSDW is the transition temperature of
the SDW in the absence of the SC. The dx2−y2 pairing state
coexists with the SDW order for all values of p. Further, the
transition temperature of the SC is enhanced in the presence
of the SDW. The onset of the SDW gaps the nested flat parts of
the FS (orange shaded regions in the inset of Fig. 6(b)) leading
to a weaker metallic state (remaining Fermi surface shown
by cyan curves in the inset), causing the gradual fall in the
thermal conductivity for TC < T < TSDW, seen in Figs. 6(b)
and 6(d). The nodes of the dx2−y2 pairing state appear under
the SDW gap on nested FS parts and thus do not result in
any low-energy excitations. The sharp fall of the thermal
conductivity for T < TC , and exponential low-T behavior, is
characteristic of the fully gapped FS [2,3] due to the simulta-
neous coexistence of the SDW and SC orders. Notice that the
heat conductivity shows a kink at the coexistence transition.

B. The (E, E ) class

The dxy-wave and the isotropic s-wave SC pairing states
belong to the (E, E) symmetry class. Behavior of these states,
and their signatures in thermal transport, are quite different
from those for the (E, O) symmetry class.

We begin by discussing the dxy pairing state in order to
contrast its behavior with the dx2−y2 pairing state. This state
does not coexist with the SDW order for all values of relative
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FIG. 6. Coexistence of SDW and dx2−y2 -SC in (E, O) class. (a),
(b) temperature dependence of SDW and SC order parameters and
thermal conductivity for p = 0.5; (b), (d) same for p = 0.35. Inset in
(b) shows FS, dx2−y2 nodal lines, and the SDW-gapped regions. Ther-
mal conductivity in the co-existence phase is shown by the dotted
blue curve, and by the black dashed curve in a purely SDW phase.
The normal state thermal conductivity is T-linear κN (T )=const × T .

temperatures p. In Fig. 7(a) we show that for p = 0.5 the
SC state appears through a first order phase transition, com-
pletely replacing SDW order, whereas for p = 0.35 it appears
through a second order phase transition, and both SC and
SDW order parameters are present (Fig. 7(c)). However, the
(E, E) SC states compete with SDW, resulting in suppression
of the magnetic order at temperatures below TC , which itself is
reduced.

In the case of the first order phase transition Fig. 7(a), the
system goes from a weak metallic phase to a purely supercon-
ducting phase. The SDW order M, that gaps only the nested
parts of the Fermi surface, is replaced at T = 0.49TSDW with
SC gap �, that covers more of the Fermi surface, and thus
can have a lower value of the free energy, even at a smaller
magnitude of the SC gap. This results in a sharp increase in
the thermal conductivity. Behavior of the thermal conductivity
for T < TC in this case is the same as that of the dxy pairing
state in the absence of the SDW. The dashed red curve is the
appropriately scaled thermal conductivity in the pure SC state,
from Fig. 5.

When the SC and SDW order can coexist, e.g., for the
case of p = 0.35 shown in Figs. 7(c) and 7(d), behavior of
thermal transport is very unusual. Below TSDW, a part of the
FS gets gapped with M, indicated by the shaded orange in
the sketch in the inset of 7(d). κ (T ) drops, but gets saturated
at a finite value due to the remaining FS, shown by the cyan
lines, which gives a weaker-than-normal metallic state that we
denote as SDW-metallic state. One expects that at the onset of
dxy order with symmetry nodes (magenta dots) on this FS, the
heat conductivity would show a somewhat similar behavior
to the one for the pure SC state, as in Fig. 5. This is indeed
the case, as can be seen in 7(d). The only quantitative differ-
ence is due to appearance of the extra nonsymmetry nodes
in the SDW+SC state, discussed in Sec. II D. They arise near
the SDW-gapped region, and marked as the blue crosses in the
sketch. Since the excitation gap collapses in both symmetry
node and the extra node, the SC order parameter �k, although
growing in amplitude below TC , does not efficiently gap the
FS between the nodes, resulting in a more gradual reduction of
κ (T )/κN (T ) below TC . In the low temperature limit the extra
nodes result in relative enhancement of the residual thermal
conductivity.

Fully gapped s-wave state shows similar coexistence pat-
tern: it fully replaces SDW order for strong SC pairing,
resulting in a sudden jump of physical observables, Figs. 8(a)
and 8(b). For p = 0.35, the s-wave SC state appears through
a second order phase transition, resulting in SDW+SC co-
existence, Fig. 8(c). At TC the emerging SC order gaps the
SDW-metallic state resulting in a suppression of κ . Again, the
gapless excitations in the additional nodes (blue cross marks
in the inset of Fig. 8(d)), at low temperatures result in finite
thermal conductivity, eliminating the exponential character of
the fully-gapped s-wave heat transport.

IV. CONCLUSION

We have considered a single-band electronic system
where spin-singlet superconducting order can appear inside
a collinear spin-density-wave phase, at the mean-field level. It
is based on a tight-binding model on a square lattice with a
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FIG. 7. Same as in Fig. 6 but for interplay of SDW and dxy-SC
in (E, E) class. (a), (b) for p = 0.5 the SDW and SC states do not
coexist, switching through a first order transition. Heat conductivity
makes a jump reflecting � < M relation. (c), (d) Coexistence regime,
p = 0.35; thermal conductivity in the SDW+SC phase behaves sig-
nificantly different from the pure dxy-SC. Inset in (d) shows the
dxy-symmetry nodes (magenta circles) and extra nodes (blue crosses)
relative to the FS in k space. See text for details.

FIG. 8. Interplay of SDW and s-SC (a), (b) temperature depen-
dence of M,�, and thermal conductivity when TC0/TSDW = 0.5.
The SDW and SC states do not coexist, similarly to the dxy case.
(c), (d) Coexistence is possible for lower TC0/TSDW = 0.35; thermal
conductivity at low temperatures reaches a finite value due to the
emergent nodes, shown by the blue crosses in the inset of (d). See
text for details.
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commensurate SDW with ordering vector Q = (π, π ). Coex-
istence of the SC and SDW orders is controlled by selecting a
band structure with a Fermi surface, such that only a part of it
is nested supporting SDW order, leaving the other part for SC.
The amplitudes of the SC and SDW orders were determined
self-consistently at all temperatures.

The nature of the coexisting phase depends, most impor-
tantly, on the properties of the SC order parameter connected
by the nesting vector Q. If the SDW order mixes up pairs
with �k+Q = −�k, as is the case for the dx2−y2 SC symmetry,
the two orders attract each other and naturally coexist [34].
Mixing states with �k+Q = �k (dxy- or s-wave) results in
competition of SDW and SC, although they can still co-
exist for weak enough SC state arising inside the SDW
phase.

One of the most interesting differences between the two
versions of SC+SDW mixture is the spectrum of low-energy
excitations. For SDW+dx2−y2 the nodes of the SC order
appear on the nested parts of the FS and thus appear un-
der the SDW gap, resulting in the fully gapped system.
On the other hand, in SDW+dxy the symmetry-protected
SC nodes appear on the non-nested part of the Fermi sur-
face. In addition to those, we found an additional set of
robust nodes, appearing on the boundary of the folded Bril-
louin zone. These nodes are the remnants of the SDW-state
Fermi surface and exist even in the s-wave superconducting
state. They form an anisotropic Dirac cone of low-energy
excitations.

Temperature dependence of the electronic heat conductiv-
ity in the SDW+SC system was computed using Boltzmann
transport equation method, where the impurity scattering col-
lision integral and quasiparticle lifetime were determined (in
Born limit) from the correct coherence factors of the coex-
istence phase. Our numerical analysis shows that there are
significant differences in the thermal conductivity behavior
that are determined by the symmetry of the order parame-
ter, FS topology, and the nodal structure of the coexistence
phase.

For the SDW+dx2−y2 combination, the nodal structure of
SC order parameter is immersed under the SDW gap produc-
ing only gapped excitations that result in the rapid drop of
the thermal conductivity below the second-order coexistence
transition and typical exponentially-small residual κ (T )/T .
On the other hand, in the SDW+s, dxy system, the two orders
may completely avoid each other, resulting in the trivial first-
order jump in heat conductivity. However, the most interesting
situation arises when SC does not replace SDW completely at
low temperature, and they coexist. The nodal quasiparticles
are preserved in this case, and even new Dirac-like excitations
appear in both dxy and s-wave systems. These low-energy
excitations lead to a finite residual κ/T in the T → 0 limit
for both the SDW+s, dxy systems.
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APPENDIX: TWO-STEP DIAGONALIZATION

We wish to clarify certain aspects of the diagonalization
procedure that we have employed in this paper and compare
it with previous work done on similar models by several
authors [39]. We have diagonalized the full mean field Hamil-
tonian Ĥ(k) in (7) using a unitary Bogoliubov transformation
B̂(k) by numerically computing eigenvectors in the RBZ. In
literature a ‘two-step’ procedure is often employed to diag-
onalize the model Hamiltonian (7), which yields identical
results to our case, provided all pairing terms are properly
accounted for. Step one of the two-step process involves diag-
onalizing the first two terms in (2) via a unitary transformation
by introducing new quasiparticle operators αk, βk for the
two SDW bands with dispersions Eα,β

k = ξ+
k ±

√
(ξ−

k )2 + M2.
Namely the first two terms in the Hamiltonian are written as

H0 + HSDW =
∑

σ

∑
k∈RBZ

ψ
†
kih1ki jψk j

h1ki j =
(

ξk sgn(σ )M
sgn(σ )M ξk+Q

)
, (A1)

where ψ
†
ki = (c†

kσ , c†
k+Qσ ) defines the Nambu basis. The

above Hamiltonian is then diagonalized using the following
Bogoliubov transformation

ckσ = ukαkσ − sgn(σ )vkβkσ

ck+Qσ = sgn(σ )vkαkσ + ukβkσ , (A2)

where uk =
√

1
2 (1 + ξ−

k
�k

), vk =
√

1
2 (1 − ξ−

k
�k

) with �k =√
(ξ−

k )2 + M2. The diagonalization reduces (A1) to

H0 + HSDW =
∑

k ∈ RBZ
σ

Eα
k α

†
kσαkσ + Eβ

k β
†
kσ βkσ . (A3)

In step two, the same unitary transformation (A2) is applied to
the superconducting term HSC in (2), which when combined
with (A3), results in the following mean field Hamiltonian

H0 + HSDW + HSC = 1

2

∑
k∈RBZ

γ
†
kihki jγk j

hki j =

⎛
⎜⎜⎜⎜⎝

Eα
k �α

k 0 �
αβ

k

�α
k −Eα

k −�
αβ

k 0

0 −�
αβ

k Eβ

k �
β

k

�
αβ

k 0 �
β

k −Eβ

k

⎞
⎟⎟⎟⎟⎠,

(A4)

where γ
†
ki = (α†

k↑, α−k↓, β
†
k↑, β−k↓) defines the Nambu basis.

The superconducting order parameters dressed by the SDW
coherence factors are given by �α

k = u2
k�k − v2

k�k+Q, �
β

k =
u2

k�k+Q − v2
k�k, and �

αβ

k = ukvk(�k + �k+Q). If one ne-
glects the off-diagonal blocks in the above Hamiltonian, i.e.,
interband pairing terms of the form 〈α†

k↑β
†
−k↓〉 etc., then (A4)

can be diagonalized by two independent Bogoliubov trans-
formations which yield the energy dispersions [39] Eγ

k =√
(Eγ

k )2 + (�γ

k )2 where γ = (α, β ). We do not neglect the
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interband pairing terms of the form 〈α†
k↑β

†
−k↓〉 when diago-

nalizing (A4). If we diagonalize (A4) keeping the off diagonal
terms [51], we get the following dispersion relation

E2
1,2 = 1

2 (�k ± �k )

�k = [(
Eα

k

)2 + (
Eβ

k

)2 + (
�α

k

)2 + (
�

β

k

)2 + 2�
αβ

k

]

�k = [
�2

k − 4
((

Eβ

k

)2(
�α

k

)2 + 2Eα
k Eβ

k

(
�

αβ

k

)2

+ ((
�

αβ

k

)2 + �α
k�

β

k

)2 + (
Eα

k

)2((
Eβ

k

)2 + (
�

β

k

)2))] 1
2 .

(A5)

Upon substituting the expressions for �α
k,�

β

k ,�
αβ

k , Eα
k , and

Eβ

k , one recovers the eigenvalues given in (13).
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CONCLUSION

In this thesis the problem of coexistence of Spin Density Waves and singlet supercon-

ductivity was studied. We considered a single-band electronic system where spin-singlet

Superconducting order can appear inside a collinear Spin-density-wave phase. We treat

both the orders on the same footing within the mean-field approximation. It is based on

a tight-binding model on a square lattice with a commensurate SDW with ordering vector

Q = (π, π). Coexistence of the SC and SDW orders is controlled by selecting a band structure

with a Fermi surface, such that only a part of it is nested supporting SDW order, leaving

the other part for SC.

Firstly the the SC states were classified based on the the combined symmetry operations

of parity: ∆−k = ±∆k (even or odd) and translation by the nesting vector: ∆k+Q = ±∆k

(even or odd). Then the self consistent gap equations were derived under the assumption

that the pure SDW transition temperature TSDW is greater than the pure SC transition

temperature TC0 and then solved numerically. It was found that the symmetry classification

has important consequences for the coexistence problem: If the SDW order mixes up pairs

with ∆k+Q = −∆k, as is the case for the dx2−y2 SC symmetry, the two orders cooperate with

each other and naturally coexist. On the other hand mixing states with ∆k+Q = ∆k as in

the case of dxy- or s-wave, results in competition of SDW and SC, although they can still

coexist for weak enough SC state arising inside the SDW phase.

Then the nature of the low energy excitations in the coexistence phase for the s- or

d-wave SC states were analysed in detail. It was found that a combination of (π, π)-SDW

and the dx2−y2 pairing state results in fully gapped excitations. This is because the nodes of

the SC order appear on the nested parts of the FS and thus appear under the SDW gap. On

the other hand, in SDW+dxy the usual SC nodes appear on the non-nested part the Fermi

surface and thus are not gapped by the SDW order. In addition to those, it was shown that
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there are additional set of robust nodes, appearing on the boundary of the folded Brillouin

zone. These nodes are the remnants of the SDW-state Fermi surface which are not gapped by

the SC order and exist even in the s-wave superconducting state. They form an anisotropic

Dirac cone of low-energy excitations.

Then the elctronic thermal conductivity was calculated within the framework of the

Boltzmann kinetic theory, using Born approximation for the impurity scattering collision

integral. It was found that the heat transport signatures of various SC states emerging

from collinear SDW order are quite distinct. The dx2−y2 pairing state, where the Fermi

surface is fully gapped results in a sharp fall of the thermal conductivity for T < TC and an

exponential low-T behaviour. In the case of dxy or s-wave pairing states, Dirac like excitations

are present and hence lead to a finite residual thermal conductivity in the T → 0 limit. The

main result of the thesis is the different heat transport signatures of the various SC states

emerging from the SDW background. As has been stated before, coexistent magnetic and

superconducting states have been discovered in cuprates, iron-based superconductors, and

heavy-fermion superconductors, therefore this theoretical study may be useful for identifying

order parameter symmetry of such compounds.

One of the aims of this thesis was to emphasize the effects that arise from interplay of

different orders, taking the coexistence SC and the SDW orders as a case study. Obviously

one can study along similar lines, the interplay of other orders like nematicity [20, 31] relevant

to iron based superconductors [22] and pair-density waves [2, 24] which may be relevant to

the the Q- phase [1] of CeCoIn5. It would be interesting to see if the heat transport signatures

of various SC states emerging from such orders have any special characteristic features. One

of the drawbacks of our calculation is that for strong scattering centers one has to go beyond

Born approximation [5, 75] to explain experimental data in cuprates and heavy fermions.

The Boltzmann approach fails at low temperatures when low-energy quasiparticles cannot be

well established due to impurity broadening [75]. As the energy states relevant to studying
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transport phenomena lie within a thin shell around the Fermi surface, one can use the

quasi-classical technique [37, 66] and derive quantum kinetic equations [79] to study thermal

transport beyond the Boltzmann semi-classical method. It would be possible if the such a

theory can be worked out, to study effects beyond the Born approximation, especially the

unitary limit of resonant scattering [37].
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Superconductivity in the presence of strong pauli paramagnetism:CeCu2Si2. Phys. Rev.
Lett., 43:1892–1896, Dec 1979.

[89] X. F. Sun, S. Ono, X. Zhao, Z. Q. Pang, Yasushi Abe, and Yoichi Ando. Doping dependence
of phonon and quasiparticle heat transport of pure and dy-doped Bi2Sr2CaCu2O8+δ single
crystals. Phys. Rev. B, 77:094515, Mar 2008.

[90] Michael Tinkham. Introduction to Superconductivity. Dover Publications, 2nd edition, 2004.

[91] Dirk van Delft and Peter Kes. The discovery of superconductivity. Physics Today, 63(9):38–
43, 2010.

[92] A. B. Vorontsov, M. G. Vavilov, and A. V. Chubukov. Superconductivity and spin-density
waves in multiband metals. Phys. Rev. B, 81:174538, May 2010.

[93] M. K. Wu, J. R. Ashburn, C. J. Torng, P. H. Hor, R. L. Meng, L. Gao, Z. J. Huang, Y. Q.
Wang, and C. W. Chu. Superconductivity at 93 k in a new mixed-phase y-ba-cu-o compound
system at ambient pressure. Phys. Rev. Lett., 58:908–910, Mar 1987.

[94] W. Yu, J. S. Higgins, P. Bach, and R. L. Greene. Transport evidence of a magnetic
quantum phase transition in electron-doped high-temperature superconductors. Phys. Rev.
B, 76:020503, Jul 2007.

[95] Yubo Zhang, Christopher Lane, James W. Furness, Bernardo Barbiellini, John P. Perdew,
Robert S. Markiewicz, Arun Bansil, and Jianwei Sun. Competing stripe and magnetic phases
in the cuprates from first principles. Proceedings of the National Academy of Sciences,
117(1):68–72, 2020.


	Titlepage
	Copyright
	Dedication
	Acknowledgements

	Table of Contents
	List of Tables
	List of Figures
	List of Algorithms
	Abstract
	Chapter 1 — Introduction
	Conventional Superconductors
	Unconventional Superconductors
	Density Waves
	Coexistence of Superconductivity and Spin Density waves 
	Motivation and Scope of the Thesis
	Outline of the Thesis

	Chapter 2 — The Superconducting State
	Bogoliubov Quasi-particles and Particle-Hole symmetry
	The Nambu Matrix Green's Function
	Self-consistent determination of the order parameter k

	Chapter 3 — The Spin Density Wave State
	Bogoliubov Quasiparticles in the SDW state
	The Nambu Matrix Green's Function 
	The Self-consistent determination of order parameter M 

	Chapter 4 — Boltzmann Kinetics
	The Boltzmann Equation for Electrons
	Impurity scattering
	Linearized Boltzmann Equation and the Quasiparticle Relaxation Time 
	Thermal Transport in Normal Metals
	Thermal Transport in Superconductors
	Thermal Transport in a metal with a Spin Density Wave

	Chapter 5 — Thermal Transport in Superconductors with coexisting Spin Density Wave Order
	Contribution of Authors and Co-Authors
	Manuscript Information

	Chapter 6 — Conclusion
	References Cited

