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The growth parameters of Leptothrix discophora SP-6 were quantified on the basis of
the steady-state concentrations and utilization rates of pyruvate, dissolved oxygen,
and concentration of microorganisms in a chemostat operated at 25 °C, pH 7.2, and
an agitation rate of 350 rpm. The results showed that the microbial growth was limited
by both pyruvate and dissolved oxygen. A combined growth kinetics model using Monod
growth kinetics for pyruvate and Tessier growth kinetics for oxygen showed the best
correlation with the experimental data when analyzed using an interactive multiple
substrate model. The growth kinetics parameters and the respective confidence limits,
estimated using the Monte Carlo simulation, were µmax ) 0.576 ( 0.021 h-1, KsMp )
38.81 ( 4.24 mg L-1, KsTo ) 0.39 ( 0.04 mg L-1, YX/p ) 0.150 (mg microorganism
mg-1 pyruvate), YX/o ) 1.24 (mg microorganism mg-1 oxygen), the maintenance factors
for pyruvate and oxygen were mp ) 0.129 (mg pyruvate consumed mg-1 microorganism
h-1) and mo ) 0.076 (mg oxygen consumed mg-1 microorganism h-1), respectively.

Introduction

Leptothrix discophora SP-6 is a member of the Sphaero-
tilus Leptothrix group, manganese- and iron-oxidizing
sheathed bacteria that thrive in iron- and manganese-
rich environments such as iron seeps, swamps, and
springs (Emerson and Ghiorse, 1992). Although Lepto-
thrix discophora are not pathogens, they are considered
a nuisance in water distribution systems because they
oxidize iron and manganese, cause color problems, and
in extreme cases clog water distribution conduits. In our
laboratory, we have been quantifying the metabolic
activity of biofilms of manganese-oxidizing bacteria and
their effect on microbially influenced corrosion (MIC),
specifically on pitting corrosion of stainless steels (Dick-
inson and Lewandowski, 1996; Dickinson et al., 1996;
Olesen et al., 2000a; Olesen et al., 2000b) using Lepto-
thrix discophora SP-6, which forms biofilms and oxidizes
Mn2+ to manganese oxides, as a model microorganism.
To construct the mathematical models of MIC caused by
manganese oxidizing bacteria we attempt to evaluate two
factors: (1) the growth kinetics of the microorganisms
involved, and (2) the rate of manganese oxide deposition
in biofilms deposited on metal surfaces. This paper deals
with the first factor, the growth kinetics of the model
manganese-oxidizing bacteria, Leptothrix discophora SP-
6.

The goal of this study was to represent the growth rate
of Leptothrix discophora SP-6 by a suitable mathematical
model and to calculate biokinetic parameters associated
with this model. To simplify calculating the growth
parameters from the chemostat data, researchers often
use a single substrate in the growth model. However, it
is well-known that the microbial growth rate often
depends on more than one substrate (Machado et al.,

1989; Beyenal and Tanyolac, 1997; Neeleman et al.,
2001). To take into account such a possibility, we oper-
ated a chemostat, quantified the steady-state growth
parameters based on the mass balances for pyruvate,
dissolved oxygen, and microorganisms and their respec-
tive concentrations, and used MATLAB programming to
estimate biokinetic parameters by testing whether single
or double substrate growth models predict the specific
growth rate better.

Materials and Methods
Microorganisms. Frozen stock culture of Leptothrix

discophora SP-6 (ATCC no. 51168) was obtained from the
American Type Culture Collection (ATCC), and the stock
cultures that we used were prepared by following the
procedures described in the ATCC catalog. As soon as a
frozen vial was received, it was placed in a deep freezer
(-70 °C). For propagation, the vial was thawed rapidly
by agitating in a 37 °C water bath. Then, the microor-
ganisms were transferred aseptically into a flask con-
taining 10 mL of the sterile ATCC no. 1917 broth (Table
1). The flask was incubated at 20 °C for 2-4 days, and
after the microbial growth had been detected, the content
of the flask was transferred to 100 mL of a fresh broth.
The cells were harvested in the early stationary phase
of growth (after 30-40 h) and pelleted by centrifugation
using sterile centrifuge tubes (50 mL each). The super-
natant was discarded, and the pellets were resuspended
in 100 mL of 5% sterile broth + 20% sterile glycerol.
Finally, 1-mL aliquots of the suspension were dispensed
into small sterile vials and stored at -70 °C. When
needed, they were removed, thawed in a 37 °C water
bath, and inoculated into fresh ATCC no. 1917 broth
medium.

The inoculum was prepared as follows: 1 mL of frozen
stock culture of Leptothrix discophora SP-6 (ATCC no.
51168) was poured into an Erlenmeyer flask containing
100 mL of sterile growth media (A and B) prepared as
described in Table 1. The microorganisms were grown
in the Erlenmeyer flasks, without stirring, for 30-40 h
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at room temperature, and the chemostat was inoculated
with 200 mL of this culture.

Chemostat. The microorganisms were grown in a New
Brunswick (BioFlo 2000) chemostat with a 2-L working
volume and equipped with pH, agitation, and tempera-
ture controllers. The sensitivities of the control units were
0.1 unit, 0.1 °C, (1 rpm for pH, for temperature, and for
agitation rate, respectively. Prior to use, the chemostat
and the medium A (Table 1) were autoclaved for 30 min
at 121 °C. Then the medium B (Table 1) was aseptically
syringed into medium A using 0.2-µm filters (Corning,
431219). The pH was controlled by adding solutions of
0.2 N NaOH and 0.2 N H2SO4, when needed. The solution
in the chemostat was stirred by a double blade type
impeller at 350 rpm, and the stirring rate was optimized
(results not shown) using the specific oxygen uptake rate
as the criterion. We compared the specific oxygen uptake
rates measured at a fixed dilution rate (0.1 h-1) and at
different agitation rates (150, 250, 350, 450, and 550
rpm). We found that the optimum agitation rate was 350
rpm. At low agitation rates, Leptothrix discophora SP-6
aggregated, and at higher agitation rates it was mechani-
cally damaged. The steady-state dissolved oxygen con-
centrations measured at different dilution rates were
between 0.1 and 7.8 mg L-1. The dissolved oxygen
concentration was controlled by sparging the filtered air,
or filtered mixtures of the air + pure oxygen or air +
nitrogen in various proportions, depending on the needs,
at flow rates between 1 and 5 L h-1.

The chemostat was inoculated with the microorgan-
isms using 10% (volume of the inoculum/total working
volume of the chemostat) inoculum harvested during the
exponential growth phase from a batch culture flask.
Initially, the chemostat was run in a batch mode and
then in a continuous flow mode after the culture had
reached the exponential growth phase (usually after 30-
40 h). To reach the steady state, the chemostat was
operated for six or seven retention times and the exist-

ence of the steady state was verified by checking that
the absolute differences in effluent substrate concentra-
tions differed by less than 3 % in consecutive measure-
ments of corresponding retention times. The following
parameters were measured at steady state: dissolved
oxygen and microorganism concentrations, influent and
effluent pyruvate concentrations, oxygen consumption
rate, dilution rate, pH, and temperature. New steady
states were established by gradually increasing the
dilution rates to the desired levels, to the washout point.
The microbial culture was periodically examined for
contamination by plating on agar plates. We continuously
monitored biofilm formation on the reactor walls and,
when it was necessary, the reactor was shut off to clean
the biofilm and then restarted.

Analytical Methods. Pyruvate concentration was
determined using a Dionex (Sunnyvale, CA) ion chromo-
tograph (model DX 300) equipped with an autosampler
(25-µL sample loop), an IonPAC AS10 analytical column
(Dionex P/N 43118), an ion suppresser, a conductivity
detector, and Peaknet software. The eluant was 3.5 mM
potassium tetraborate with a flow rate of 1.0 mL min-1.
The retention time for pyruvate was 5.5 min. Before the
next injection, the column was washed for 3 min with
100 mM potassium tetraborate and returned to initial
conditions.

The microorganism concentration was determined us-
ing the Standard Volatile Solids Method (Eaton et al.,
1995).

Dissolved oxygen concentration was monitored by the
Ingold dissolved oxygen probe, and pH was monitored
the Mettler Toledo pH electrodes, all integrated with the
chemostat (New Brunswick, BioFlo 2000).

The oxygen uptake rate was estimated using a proce-
dure described by Bandyopdhyay et al. (1967). Before
each measurement, the aeration was stopped and the gas
space in the chemostat was flushed with nitrogen to
remove oxygen and prevent reaeration. Immediately
after, the dissolved oxygen concentration in the reactor
was determined and recorded against time. The rate of
oxygen consumption, dSO/dt, determined as the slope of
the plot of oxygen concentration versus time at the linear
region, was equivalent to the oxygen uptake rate. The
specific oxygen uptake rate (SOUR) was determined by
dividing the oxygen uptake rate by the biomass concen-
tration (dSO/dt/X). We also tested the effect of oxygen
transfer from the liquid to the gas phase on SOUR by
replacing air with nitrogen in the headspace of the
chemostat and measuring dSO/dt at two gas flow rates,
0 and 10 L min-1, and found that this effect was
negligible.

Selecting the Growth Model and Estimating the
Kinetic Constants. According to Bailey and Ollis (1986),
when microbial growth is limited by more than one
substrate, three forms of multiple substrate growth
kinetics can be considered:

(1) an interactive or multiplicative form:

(2) an additive form:

(3) a noninteractive form:

Table 1. ATCC Culture 1917 MSVP for Leptothrix
discophora SP-6 (American Type Culture Collection
Catalog, 1992)

medium Aa

(NH4)2SO4 0.24 g
MgSO4‚7H2O 0.06 g
CaCl2‚2H2O 0.06 g
KH2PO4 0.02 g
Na2HPO4‚7H2O 0.06 g
HEPES buffer 2.383 g
distilled water to 984 mL

medium B
20% sodium pyruvate 5 mL
FeSO4 10 mM 1 mM
vitamin solution 1 mL

vitamin solution
biotin 20.0 mg
folic acid 20.0 mg
thiamine HCl 50.0 mg
D-(+)-calcium pantothenate 50.0 mg
vitamin B12 1.0 mg
riboflavin 50.0 mg
nicotinic acid 50.0 mg
pyridoxine HCl 100.0 mg
p-aminobenzoic acid 50.0 mg
distilled water to 1.0 L

a The pH of medium A was adjusted to 7.2 with NaOH or H2SO4.
Medium A was then autoclaved at 121 °C for 15 min (for 1 L
volume of the solution). After it cooled to approximately 50 °C,
filter-sterilized (0.2 µm sterile syringe filter, Corning, 431219)
medium B solutions were added into the autoclaved medium A
aseptically. HEPES is N-2-hydroxyethylpiperazine-N′-2-ethane-
sulfonic acid.

µ/µmax ) [µ(S1)] [µ(S2)] ... [µ(Si)] (1)

µ/µmax ) [µ(S1) + µ(S2) + ... + µ(Si)]/i (2)

µ/µmax ) µ(S1) or µ(S2) or ... or µ(Si) (3)
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On the basis of preliminary results, we selected pyru-
vate and oxygen as the substrates limiting microbial
growth in our chemostat (see Results and Discussion).
The additive form (eq 2) was not applicable because it
implied that the microorganisms would grow on either
of the limiting substrates, pyruvate or oxygen, which was
not the case. We demonstrated that microbial growth in
the chemostat was negligible in the absence of either
oxygen or pyruvate.

Many mathematical models describe microbial growth
rate as a function of single substrate concentration (see
Bailey and Ollis, 1986 for details). To develop multiple
substrate growth kinetics, these individual microbial
growth models are combined in a manner described by
eqs 1-3 (Shuler and Kargi, 1992). In this study, we
considered the following often used empirical expressions
describing single substrate growth models of suspended
microorganisms (Panikov, 1995):

For each steady state, the specific growth rate, µ, was
calculated as equal to dilution rate:

This expression, where the dilution rate and the growth
rate are numerically equal, is a cornerstone of the
chemostat theory. However, the dilution rate, D, in this
expression is an independent variable, set by the opera-
tor, while the growth rate, µ, is a dependent variable and

is affected by many factors including the substrate
concentration (Panikov, 1995). This distinction may pass
unnoticed when using single substrate growth kinetics
because for a single substrate concentration there is only
one growth rate. However, this distinction becomes
important where using multiple substrate growth kinet-
ics when the growth rate depends on more than one
variable. As a consequence, when using multiple sub-
strate growth kinetics it is possible to reach multiple
steady states by manipulating one substrate concentra-
tion and keeping the other substrate(s) concentration
constant (as demonstrated in Table 3).

Maintenance and Yield Factors. The maintenance
factor, mi, and the yield factor, YX/i, were calculated from
mass balances on the respective substrates (pyruvate or
oxygen) by rearranging the following equation:

Equation 9b is derived from eq 9a and allows the
plotting of (Sfp - Sp)/X versus 1/D; the slope of this plot
gives mp and the intercept gives 1/YX/p. Equation 9c is
also derived from eq 9a and it allows the plotting of
SOUR/D versus 1/D; the slope of this plot gives mo and
the intercept gives 1/YX/o.

Nonlinear Regression To Calculate Biokinetic
Parameters. We combined all possible biokinetic ex-
pressions in pairs, eqs 1 and 3 (25 combinations, see
Table 2), and used the direct search method (Lagarias
et al., 1998), which requires minimizing a predefined
objective function to estimate the biokinetic parameters
from experimental data. As the objective function, we
defined the sum of squares of differences (SSD) between

Table 2. Combined and Single Growth Models Were
Used to Find the Best Model, and the Corresponding
Biokinetic Coefficients

model
no.

multiple model
eq no.

single model
eq no. for pyruvate

single model
eq no. for oxygen

1 3
2 3 4
3 3 5
4 3 6
5 3 7
6 3 4
7 1 4 4
8 1 4 5
9 1 4 6

10 1 4 7
11 3 5
12 1 5 4
13 1 5 5
14 1 5 6
15 1 5 7
16 3 6
17 1 6 4
18 1 6 5
19 1 6 6
20 1 6 7
21 3 7
22 1 7 4
23 1 7 5
24 1 7 6
25 1 7 7

Monod: µ ) µmax

Si

KsMi + Si
(Monod, 1949) (4)

Tessier: µ ) µmax (1 - e-Si/KsTi) (Tessier, 1942) (5)

Moser: µ ) µmax (1 + KsMZiSi
-λi)-1 (Moser, 1958)

(6)

Contois: µ ) µmax

Si

BiX + Si
(Contois, 1959) (7)

µ ) D ) Q/V (8)

Table 3. Data Collected at Various Steady Statesa

D
(h-1)

X
(mg L-1)

SP
(mg L-1)

SO
(mg L-1) SOURb

0.029 87 2 5.7 0.0935
0.052 113 3.6 5.6 0.11
0.071 131 5.2 3.8 0.137
0.081 110 26.9 0.2 0.16
0.129 111 12.8 1.3 0.174
0.163 97 40.7 0.4 0.22
0.24 143 28.9 2.2 0.378
0.48 106 225 6.8 0.425
0.118 134 10.4 2.1 0.156
0.1 104 7.7 3.3 0.151
0.08 175 10.2 0.9 0.152
0.1 109 470 0.1 0.162
0.1 125 8.1 5.1 0.163
0.1 175 10.4 6 0.151
0.047 114 3.4 7.6 0.124
0.055 121 4.5 7.7 0.112
0.03 98 1.9 7.8 0.105
0.11 119 8.1 7.7 0.139
0.188 132 17.5 5.5 0.21
0.5 99 325 6.8 na
0.3 103 34.1 1.6 0.27
0.35 121 74 0.9 0.31
0.43 113 234 0.65 0.435
a The chemostat was operated at temperature ) 25 °C, pH )

7.2, agitation rate ) 350 rpm, SfP ) 1000 mg L-1, Sfn ) 65 mg
NH4

+ L-1. b mg oxygen mg-1 microorganism h-1.

D(Sfi - Sei) )
µiX
YX/i

+ miX (9a)

(Sfp - Sp)
X

)
mp

D
+ 1

YX/p
(9b)

SOUR
D

)
mo

D
+ 1

YX/o
(9c)
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the experimentally measured specific growth rates and
the specific growth rates calculated by the mathematical
model

Specific growth rates used in the models (µmodel) were
calculated from different combinations of eqs 4-7 and
eqs 1 and 3, as shown in Table 2. SSD values calculated
for each combined model are given in Table 4.

The direct search method we used (Lagarias et al.,
1998) was available with the MATLAB software; we also
used the MATLAB programming to calculate the bioki-
netic parameters. The MATLAB program we developed
to select the best model and to estimate the biokinetic
coefficients is given in Appendix A. As a general rule,
the following restrictions were applied in the search: (1)
models that produced nonrealistic biokinetic coefficients
(values that were negative, extremely high, or signifi-
cantly out of range of biokinetic constants reported in
the literature) were rejected, and (2) if the model esti-
mates were not stable (i.e., it produced different bioki-
netic parameters for different but very close initial
estimates), the model was rejected as ill-conditioned. To
test if the model solution depended on the initial esti-
mates, we ran the program at least 20 times using
randomly generated initial estimates and found that the
solutions did not depend on initial estimates. All results
of the chemostat experiments, collected in Table 3, were
subjected to this procedure.

Selecting the Best Model and Running Sensitiv-
ity Analysis. The best multiple substrate growth model
was selected from among the different combinations of
eqs 4-7 (Table 2). Since several models yielded very close
SSD values, we used the Monte Carlo simulation to
determine confidence limits for the growth parameters
and then selected the model that provided the narrowest
confidence limits and lowest SSD. Looking for the best
kinetic equation, we tested the effects of oxygen and
pyruvate on the growth rate. However, there are other
substances that may affect the growth rate, ammonia or
micronutrients, for example, because metabolic reactions
can be impeded by the deficiency of various substances.
We tested the effect of ammonia on the growth rate of
Leptothtrix discophora and made sure that its concentra-
tion in the chemostat was above the level that could limit
the microbial growth. We could use ammonia as another
substance to control the microbial growth and develop
more complicated kinetic expressions. In principle, the
number of substrates in the multiple-substrate growth
kinetics does not have to be limited to two. Kinetic
expressions can include any number of substances that
the researcher believes are relevant; we used oxygen
because Leptothtrix discophora is an aerobic organism
and pyruvate because other sources indicated that this
substance is important for growing these microorganisms
(Emerson and Ghiorse, 1992; Zhang et al., 2002). This is
also shown in our groups’ previously published studies
(Dickinson and Lewandowski, 1996; Olesen et al.,
2000a,b).

To estimate the effect of measurement errors on the
calculated growth parameters, random data sets (similar
to those in Table 3) were generated using boot strapping
Monte Carlo (Press et al., 1992). The data were generated
by randomly changing the measured pyruvate concentra-
tion within the limits of (5%, dissolved oxygen concen-
tration within (1%, and the measured microorganism

concentration within (10%. The limits used in each case
are reasonable estimates of the experimental errors in
measuring the pyruvate, dissolved oxygen, and microor-
ganism concentrations. MATLAB’s random function was
also used to calculate the randomized errors from the
actual data set (Table 3). To find the confidence limits
for the biokinetic parameters, 1000 different randomly
generated hypothetical data sets, each one within the
estimated experimental errors, were used. Increasing the
number of simulations above 1000 did not significantly
change (up to four decimal figures) the calculated average
parameters or the standard deviation values.

Results and Discussion
The experimental data in Table 3 were used to esti-

mate growth parameters of Leptothrix discophora SP-6.
It was also verified experimentally that the growth of
Leptothrix discophora SP-6 in the absence of either
oxygen or pyruvate was negligible (results not shown), a
fact which was the basis for rejecting eq 2 as a possible
growth model. It was also verified that changing NH4

+

concentration in the feed from 5 to 150 mg/L did not affect
the effluent concentrations of pyruvate, oxygen, or mi-
croorganisms (results not shown). The results in Table 3
show that both pyruvate and oxygen concentrations
influenced the growth kinetics of Leptothrix discophora
SP-6. Therefore, the growth of Leptothrix discophora SP-6
should be represented by a kinetic model taking into
account double substrate limitation: pyruvate and oxy-
gen. The data in Table 3 show that for the same dilution
rate, 0.1 h-1, the steady-state microorganism and pyru-
vate concentrations depended on oxygen concentration
in the chemostat.

Modeling Growth Kinetics. Table 4 shows the
calculated biokinetic parameters and SSD (in descending
order) for the possible microbial growth models using
both interactive and noninteractive combinations of eqs
4-7. Model 8 has the minimum SSD, but models 13 and
23 give low SSD values as well. To select the best growth
model, the Monte Carlo simulation was used to determine
the confidence limits of the calculated parameters (Table
5). Table 5 shows biokinetic parameters for these three
models (8, 13, and 23), the SSD for the models, the
average SSD, and the standard deviations for the Monte
Carlo simulations. The average SSD for model 23 (0.132)
is higher than the SSD calculated from the experimental
data (0.0058), indicating that model 23 was sensitive to
experimental errors; therefore this model was rejected.
Models 8 and 13 showed average SSD values smaller
than those of model 23 and were thereby considered
better predictors of the experimental data. Because the
average SSD for model 8 (0.0183) and the standard
deviation for the Monte Carlo simulation (0.0069) were
smaller than those for model 13, we selected model 8,
Monod growth kinetics for pyruvate and Tessier growth
kinetics for oxygen, as the one that best described growth
of Leptothrix discophora SP-6 in the chemostat:

For the selected model, the biokinetic parameters are
µmax ) 0.576 ( 0.021 h-1, KsMp ) 38.81 ( 4.24 mg L-1,
and KsTo ) 0.390 ( 0.040 mg L-1. Figure 1 shows the
specific growth rates predicted from eq 11 against those
experimentally measured. The high correlation coefficient
(R2 ) 0.97) demonstrates that the selected growth model
accurately represents the growth of Leptothrix discophora
SP-6.

µ ) µmax

Sp

KsMp + Sp
(1 - e-So/KsTo) (11)

SSD ) ∑
i)1

N

(µexptl - µmodel)
2 (10)
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Although our analysis shows that model 8 has the
lowest SSD value, model 13 is not poor and can also be
used to describe the growth of Leptothrix discophora SP-
6. Model 23 has a very high average SSD value and was
rejected, while models 12, 15, 7, 22, 10, 25, and 17 all
have high SSDs and do not predict the specific growth
rates () dilution rate) in Table 3 as well as models 8 or
13.

Tessier’s Growth Model and Monod Half Rate
Constant. The coefficient KsT in the Tessier equation
should not be confused with the half rate coefficient KsM
in the Monod equation. Tessier (1942) developed his
equation hypothesizing that the dependence of specific
growth rate on the substrate concentration was propor-
tional to the difference between µ and µmax:

Equation 12, when integrated, gives the well-known
form of the Tessier equation (eq 5). To compare the
Tessier coefficient KsT with the Monod half rate coefficient
KsM, the half rate constant (substrate concentration for
which µ ) µmax/2) can be estimated from eq 12 and is
equal to KsT log 2 (Powell 1974). In our model KsTo ) 0.390
mg L-1 corresponds to the half rate constant for oxygen
in the Monod equation equal to KsMo ) 0.39 × log 2 )
0.237 mg L-1.

Maintenance Coefficients and Yield Factors. The
maintenance and yield factors for pyruvate and oxygen
were calculated from Figures 2 and 3 and eqs 9b and 9c:
YX/p ) 0.150 mg microorganism (mg pyruvate)-1, YX/o )
1.24 mg microorganism/mg oxygen, mp ) 0.129 mg
pyruvate consumed (mg microorganism)-1 h-1, and mo )
0.076 mg oxygen consumed (mg microorganism)-1 h-1.

The results of our measurements are in agreement
with the results published by others. Emerson and

Table 4. Growth Models, Biokinetic Parameters, and SSDa

multiple
model
eq no.

model
no.

single model
eq no. for
pyruvate

single model
eq no. for
oxygen

µmax
(h-1)

K(p)
(mg L-1)

K(o)
(mg L-1) λP λO BP

b BO
c SSD

1 8 4 5 0.5763 38.9829 0.3944 0.0054
1 13 5 5 0.5007 40.6310 0.4269 0.0056
1 23 7 5 0.5622 0.4106 0.2995 0.0058
1 12 5 4 0.5321 38.0799 0.2967 0.0110
1 15 5 7 0.5316 37.4906 0.0027 0.0121
1 7 4 4 0.6057 36.2021 0.2731 0.0142
1 22 7 4 0.5929 0.2874 0.2781 0.0145
1 10 4 7 0.6031 35.3772 0.0025 0.0152
1 25 7 7 0.5894 0.2739 0.0026 0.0172
1 17 6 4 0.5442 192.2085 0.3283 34.5957 0.0203
3 11 5 0.3742 34.4625 0.1404
3 6 4 0.4055 26.6233 0.1473
3 21 7 0.3964 0.2089 0.1509
1 14 5 6 0.4900 37.4601 67.4615 23.4690 0.3582
1 9 4 6 0.5587 35.8746 96.2865 24.5351 0.3585
1 24 7 6 0.5464 162.5678 214.3115 0.2862 0.3587
1 19 6 6 0.5418 43.3277 53.7801 1.0818 68.3582 0.3587
3 3 5 0.1738 0.1422 0.4526
1 18 6 5 0.1738 8.2754 0.1422 35.6069 0.4526
3 5 7 0.1735 0.0003 0.4592
1 20 6 7 0.1735 177.0147 128.8711 0.0003 0.4592
3 2 4 0.1728 0.0303 0.4596
3 1 0.1676 0.4622
3 16 6 0.1676 72.6072 47.9024 0.4622
3 4 6 0.1558 24.5984 42.5332 0.6948

a First column shows the type of the model used in the simulation (see eqs 1-3). The third and fourth columns show the equations we
combined to assemble the double substrate kinetic expressions. The results are presented in ascending order of SSD. K(p), column 6,
refers to KsMp, KsTp, KsMZp, and K(o), column 7, refers to KsMo, KsTo, KsMZo. b mg pyruvate mg-1 microorganism. c mg oxygen mg-1

microorganism.

Table 5. Models That Give the Best SSDa

µmax
(h-1)

KsMp
(mg L-1)

KsTp
(mg L-1)

KsTo
(mg L-1) BP

b SSD

Model no. 8
Pyruvate: 4 Oxygen: 5

parameters from original data 0.5763 38.9829 0.3944 0.0054
av from simulated data 0.5758 38.8105 0.3903 0.0183
SD from simulated data 0.0212 4.4241 0.0390 0.0061

Model no. 13
Pyruvate: 5 Oxygen: 5

parameters from original data 0.5007 40.6310 0.4269 0.0056
av from simulated data 0.4988 40.7680 0.4189 0.0194
SD from simulated data 0.0072 3.9905 0.0424 0.0063

Model no. 23
Pyruvate: 7 Oxygen: 5

parameters from original data 0.5622 0.4106 1.2201 0.0058
av from simulated data 0.4796 0.3389 1.1303 0.1320
SD from simulated data 0.0790 0.0996 0.5624 0.0600

a The biokinetic parameters were calculated for experimental data and for simulated data sets. b mg pyruvate mg-1 microorganism.

dµ
dSi

) 1
KsT

(µmax - µ) (12)
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Ghiorse (1992) grew Leptothrix discophora SP-6 in MSVP
and in PYG (peptone, yeast extract, glucose) media
shaken at 150 rpm at 25 °C. They reported a maximum
specific growth rate of 0.5 h-1 in both media, which is
close to the maximum specific growth rate, 0.576 h-1,
estimated using our procedure. We could not find the
yield coefficients for Leptothrix discophora SP-6 in the
literature. However, the measured yield coefficients for
pyruvate (YX/p ) 0.150) and oxygen (YX/o ) 1.24) are in
the limits reported in the literature for other microorgan-
isms grown on different carbon sources between 0.18 and
1.01 g g-1 and between 0.17 and 1.5 g/g for oxygen (Bailey
and Ollis, 1986; Shuler and Kargi,1992).

Conclusions
(1) A double-substrate model, using Monod growth

kinetics for pyruvate and Tessier growth kinetics for

oxygen, has a high correlation with the chemostat data.
Using this kinetic model, we calculated the following
growth parameters for Leptothrix discophora SP-6: µmax
) 0.576 ( 0.021 h-1, KsMp ) 38.81 ( 4.24 mg L-1, KsTo )
0.390 ( 0.040 mg L-1, YX/p ) 0.150 (mg microorganism/
mg pyruvate), YX/o ) 1.24 (mg microorganism (mg
oxygen)-1), mp ) 0.129 mg pyruvate consumed (mg
microorganism)-1 h-1, and mo ) 0.076 mg oxygen con-
sumed (mg microorganism)-1 h-1.

(2) We have developed an algorithm to estimate bio-
kinetic parameters. This algorithm can be modified and
used to predict biokinetic parameters from a variety of
microbial species grown in chemostats. We hope that
making this algorithm available may stimulate more
frequent use of multiple microbial growth kinetics to
describe the growth of different microorganisms.
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Notation
Bi constant in Contois model for substrate i (mg

substrate/mg microorganism)
D dilution rate (h-1)
KsMi Monod half saturation constant for substrate i

(mg L-1)
KsTi Tessier saturation constant for substrate i (mg

L-1)
KsMZi Moser constant for substrate i (mg L-1)
mi maintenance factor for limiting substrate i (mg

microorganism (mg substrate i)-1)
N number of experiments (integer)
Q volumetric flow rate (L h-1)
Sei substrate concentration in effluent stream (mg

L-1)
Sfi concentration of substrate i in influent stream

(mg L-1)
Si concentration of substrate i (mg L-1)
SOUR specific oxygen uptake rate (mg oxygen (mg

microorganism)-1 h-1)
SSD sum of squares of difference
V reactor volume (L)
X microorganism concentration in chemostat (mg

L-1)
YX/i yield coefficient for limiting substrate i (mg

microorganism (mg limiting substrate)-1)

Greek letters

λi Moser coefficient for substrate i
µ specific microbial growth rate (h-1)
µi specific microbial growth rate for the limiting

substrate i (h-1)
µmax maximum microbial specific growth rate (h-1)
µexptl experimentally determined microbial specific

growth rate (µ ) Q/V) (h-1).
µmodel specific microbial growth rate predicted from the

models (h-1)

Figure 1. The specific growth rates, predicted from eq 11
versus experimentally measured.

Figure 2. (Sfp - Sp)/X versus 1/D for pyruvate. The slope of
the line gives mp and the intercept gives 1/YX/p.

Figure 3. SOUR/D versus 1/D. The slope of the line gives mo
and the intercept gives 1/YX/o.
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Subscripts

i substrate
n NH4

+

p pyruvate
o oxygen

Appendix A

The MATLAB code is presented in Charts 1 and 2 and
consists of two files. The MATLAB script file is used to
test all of the models presented in Table 1 and to
calculate biokinetic parameters for these models. To
calculate biokinetic parameters for a model we used

Chart 1. MATLAB Script File
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MATLAB’s random function generator to produce initial
estimates (line 34). Also, we added a loop to run the
program for different initial estimates (line 33). The
optimum biokinetic parameters that give a minimum
SSD (eq 10) are calculated using the fminsearh function
(line 37) by selecting parameters (biokinetic coefficients)
and sending them to the double_engine function. The
double_engine function uses these parameters to calcu-
late SSD (eq 10). Depending on the SSD values, the
fminsearh procedure simulates biokinetic parameters
until it finds the biokinetic parameters that give the

minimum SSD (Lagarias et al., 1998). We found the
default MATLAB values satisfactory to limit convergence
of the predicted parameters. Although we have numbered
lines to document the code, it is not necessary for the
MATLAB programs.
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