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Abstract:

The photoelastic approach to model study is presented for an indeterminate structure. The appendix to
the thesis briefly contains the theory of light, stress, and photoelasticity that is involved in the solution
of the problem.

The design and construction of the apparatus is presented as well as the visual and quantitative
distribution of stresses acting at a section. The photoelastic stress results are compared with an
analytical solution.

A haunched-girder bant model was used in the investigation.' The results obtained by the two methods
mentioned were in close agreement at a section away from stress concentration. However, at a point
where stress concentration occurs, the photoelastic solution gave a much larger stress than the
analytical solution.
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. ABSTRACT -

The phototlastic approach to model study is presented for an indetér=
minate structure. The appendix to the thesis briefly contains bhe theory
of light, stress, and photoslasticity that 1s involved in the solubion of-
thé problem.. ‘

.The design and censtruction of the apparatus is presented as well as
the visual and guantitative distribution of stresses acting dt a section..
The photoelastic stress results are compared with an analyticel solution.

A heunchedwgirder bent model was used in the invesbigation. The
results obtained by the two methods mentioned were in close agreement ab
a section away from sbtress concentration. However, at a point where stress
concentration occurs, the photoslagbic solution gave a much larger stress
than the analytieal solublons




B
INTRODUCTION
Purpose - | -

The purpose of this thesis is to $§1ve a stabically indeﬁermiﬁﬁte
stress problem by photoslasticity. ‘The e:gperimental results are compared
wiﬁh an aﬁalytiﬂal golution. Before the photeelagticity selution could be
wade , i£ was heceésary to desigr ané bOnstrudt a suitable apparatus.

The development of a permanent acourate appargtugﬂwiﬂh & substantial

saving in money has been attempted.

I% is hoped that the photoelastlc apparatus W1ll permwt englneerlng

students,at Montana state Gollege to obtazn an 1ntroduction o pheto~

elautmc analys:.s° Senior and graduaﬁe students mav also u%e ﬁhe apparatug
for speciallzed study .
Impmrbance

anmples ox deﬁlgn problems whlch are beyond the scope of the analytlc

;methods the deslgner has at hms dlsposal are numerousa Througheut the Ayt

plane structure many members are 1mdetermlnate to several degrees, thereby

maklng an exact selutlon,&mpractlcalu The mathematical theory of elasbi~
clty also becomes hlghly dmfficult and tedious when baundarles angd 1oads
bec@ma irregulars, utre%s coneentratmons erglnate at sharp diseontinud-
ties such as‘filletsg holes; grooves, and -small 1rregular1t1es on the sur—
faec¢. Failure at.any point in the structure or maching may ulbinstely
cause complete failure, The true value of the stress conceéntrations may be

of such importance that it must be accurately detérmined.




. . =

The use of photoelastieity makes possible the solution of extremely . | -
complicated problems that cannot be:%easgnably approached by anyfmathéﬁ
matical sdluticd. Biperiments also shew thal aetual, stress digtributipn
is'nat always as computed by the theory of elasticiby,. This is due to
agsumptions that must be made concerning the appWiCation of external Yoads
and,the'behaviorﬂof internal sﬁraina Therefors ; the ecanomlcal and exach
- method of photoelasticity may be turned bo for a more complete under~
standlng of the internal stress condifions: By photoelastic abudles,
. v1sual as well as & duantitative golution ean be made,

'FweV1Quaswgnk N

There have been gtiress invesbigations made by photoelasticity foxia
considerable length of time, Professor B, 8, Goker and L. N, Filon of the
University of'Londonl'inbrédﬁcéd phdboelasticity to the engineeringlpréﬁ
fessions ‘They began thelr werk about 1900.. |

The sclutlon of problems by photmelastlclhy hag been advanced to the
po;nt that many laboratbries,are‘aapperﬁed'by grants irsmAvanlousﬂlndusa
frial coneerns, Refinément of m@déi maﬁerial has brought farﬂhfa resin
" that yields extréemsly aecurate resulbsy Thls resin i called Bakellte
and its. commerclal numbermng is BT~61~893, Earxy expepiments used model$

of glags, cellinloid, or gelatine -

yhe, foremost Aneridan engineers today in the phoboelasticity

T Goker, TG, and Filon, To i 1930 THeNTISH OF PROTORTASTICTTT,
Cambridge Fress, London. S o - :
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field i& Dre Max Hark Frocht®?>. The two.books by Pre Frocht provide
an excgllent background in the field.
| - APPARATUS DESTGN

The general arrvangement of the appsratus is sbmem;;hat uniferm in all
laboratories, -An understanding ‘of - the apparatus design requires a
knewledge of photoelagtic theory, dnd a briel synopsis of the theory will
be presented heves Appendik A predents a mére thorough explansbioms .

Behavior of ;Light

The most simple arrangement is c¢alled the plane setup and is ghown
in:ﬁ‘ig‘;tA-aE o 4 light wave coming from a light souree is passed through
‘a polarold lensev The polaroid lemse allows only waves vibrating in oue
plane to e_’éntinue‘a This wave next encounters the loaded model, The |
model material has the property of splitting the wave intd two waves,.
gach vibratiﬁg@amnel to one of the principal stress directions. These
two 'vzaves: next encounter the second palan@ié lﬁﬁse‘ and again are converted
into a single wave vibrating in one pland. .

The plane setﬁp-shﬂvm ‘the stress lineg in the loaded model and also
will be used to obbain the iséélinin liness . The purpose of isoclinic
lines is explained laters

For an evaluation of the magnitﬁde of the stresses exisbing in the
modél, the apparaius requives.refinement, The light source is Filtered

to allow for the passage of waves of oné color only, since the length of

T Erooht, . M. 19k PHOTORTASTICITY; VoL, 1, John Wiley & Sons, Inc.s
New York, '

3. Frocht, M. M. 3946 PHOTOELASTIGITY, Vol. 2, John Wiley & Sons, Inc.,
New Yorke. .
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the light wave is used in the stréss-opbic relationship. In-additien,
a .quirter-wave plate is placed ‘on éach side of the str'aés‘ed models The
'qﬁartemmve. blates retard the wave afbteér it has pasgged bhrough t‘ﬁe“
polaroid lens by § waves (See Pige 4<h) Such Light 48 réferrdd to as
- eiroilaily polerizeds - The stress patbern only is shéwn by 4 circularly
poldiized ‘setups ' -

With the twe setups mentioned; a wisual and Quaﬂbit’atir.\re solubion

“oan be mades -

. Lens end Lisht Soures

© o A ldght séurce manufactured for photodlastic purposes .was, purchased

! atb a dost of FhE0 z‘, This source {se¢e Fig. 1} consipbs of a mercury’ light
ilvminator, £¥lter for SLEL R, condensing dens, and .cdi}};im&zﬁin_g‘, Lense. - |
The light emitted is green apd is garé;llél 1o the longitudinal axis of the
lenses. The diameter of the Light £ield is 8% inches: Polaroid and
quarter-wave plates weée also purehased ab a total cost of {3k,  Thesé
four plates were slso 8% inches in diametér.

Hount Q,eé_»,ign

. The design and consbruction of 4 suitablé meunt for ﬁhe’ purchased
é‘qui;ﬁme;m ﬁésl.'necésgtséry; The commercisl metal mount costs approximately
$h50 I w-,;a;--s idegided & wooden mound. eeui}.d be subgtitubed witheut any
great losp. in-accuracy.  The botal cost of the wobden meount was $20 .
Figs 2'.give's the necessary data for the mounb construchbion. Select grade

oak was uged throughout, with the excepbion of the lens framés and they

T TRR POLARTZING TNSTRUMENT OOWPANY, 630 FiTth Averne, Wew York




*%

&

((&"™ , %%"!



"1
" + [T T -';n ’
B ? A& o /2 0 R
& 00+ . -
0 o
: Y0
N N . N
4 P 5 N " "
222772272 7
54 722 17 27
&
0,
% / 2
$
2
BB
v e ai23
. &
'$ %
y ¢ )+ & -
P 4 5
) |$ & 1 &

+5 D



were built from 3/8 inch plywood. Figs 1 is & photograph of the completed

apparatiis.

—Ax-
A

PROPERTINS AND PREPARATION OF MODBE

Photoelagbicity resin, commonly. called Bakelite, was used for the

modelﬂ,fﬂhree,sheéﬁsg apprioximately 6.t AL dne % % insywere obtained

for $1h.50 per sheets -The eommereial musbering of -the resin is B%él,%g;? .

Properties

According to Frﬁzhﬁég the following properties aré nedessdry for an

ideal photoglastic materisl:

B {

.(ﬁ)c
(g}

(a) -

(b)Y

{e)

(d}

(e} .

The material must be transparent. .
it must be easily machinable3ﬁd.prévenﬁ«éxeéss.builaing
cogtigs. -

il

The optical sensibivity st be high so styess Lines may be

. It must have the proper hardness ~- not oo byittle to cause

: maahining(diffieuiﬁie$=bﬁt'of'SHfficient hardness so thal

clamping during machining or other operations will not eause

digtortion or pérmanent stressess .

There mugt be an abgsence of undue optiesl or mechanical -

creeps:. -
Thers mush be freedom of initind stregses.

The material must be Lsétropics

6. Frocht, M. M. 12941 op. c¢ibey pe 328,

Lbhid.




(h)

(1)

(3

" Bekelite

preéents - Frocht

=10

Iinear stress-strain and lin@ar'streﬁs~fringe relationg
mush exisba |
- The material must have a high enough medulus of elasﬁiciﬁy
so that the modeld guffer small deformationy only and the
chape étays essentially consbant., .

iheme:must be & constancy of properties during mederate
changes in bYemperature and breatment.

The cost of thé‘materia1,mugt be noderate.
i$h0n@ of the most Ideal materidls with which to work at

7'presenﬁs the following physical properties of Bakelites

Its linear-stress rvelation holds till 6000 pel., and its stress-fringe .

relation holds to 7000 psi. The modulus of &lastieity is about 615,000

" piie The tensile strength ig 17,000 psis for a five minute Leading.

Poisson's ratio ig-0.365.

Preparatvion

FroehtB-givey the following chronological yules for bullding a models

(a)

(o)

1

R L
\ e, B

Trim the sealed or casgt edges of the plate and anneal if
necessaryl This necessity will be revealed by in%pection.
ig the polariscopé, -

ﬁtore‘%he,anneaied méteriél7fbr several mpnths ob years

before using. '+ Time seems to religve some of the inivial

gtresies.

7vo Ibidlg :@‘e
8_;‘0- Ibidq 5 'Po

506+
360




(e}
(ay
{e)
()
(g)
(h)

(1)

(3)
- Selvyt Cloths

(x)

(1)

=13
Gut a piece of material, a blank, slightly larger than that
ne¢essary for the overall dimensions of the model. |
Turn or mill the face of this blank 6 within 0,020 in.
of the desired thiekness:,
Examine this blank in the polariscopey using oil to increase
%he;tﬁanspavﬁncyo A&ditiqnal‘annaéling, if.reqpired by tﬁé
materialy should be deéne ab this stage.
Grind the blank to the desired thickness.
Rough Polish with felbt cloth aﬁd-jéweleré rouge.
Lay out the shape of the model on the TOugﬁly polished
blank, ‘
Gut with a scroll or saw to l/ié in, of the truée dimensions,
and machine with an end mill oy £ile to within 0,030 :'i_n;';
of the sﬁape a,. | B

Give the model its final polish with a washed and rinsed

Garefully machine the polished model to ity final dimen-

giens.

Jake investigation ¢r take loaded model pictures immediaﬁeiy -

after step k is completed,

The Bakelite sheet in its ¢rigina1 ghape was puﬁ'beﬁwé@n the crossed

“polarcid lenses to determine the condition of initial stress. There Were

severe edge sbtress conditions extending aboubt % in, into the plate, .These

original ghresses were appareﬁtly get up when ihe sheét was molded,




'-a-‘lhw

The edge siresses were remwed by trimming the % :an Ooff with & eoping
saw, . This cpezfation did not set up any permanent gtresses as the 'tempex"a-‘-‘
ture of the material was not changed a large amount.

The faint gitrsss lines existing in the plate proper were removed by
annealings. This process consisted of placing the material on a polid
sinooth glass surfgce angd placing it within un oven. By slowly changing
the heatb fri"oxﬁ 0 to 250 and batk to O degrees, the internal stresses were
removed. The process took four cycles to remove all the iratéitnal stresses,
eéch cycle vequiring about 12 hours.

' As guggésted by Frochl, nonupiformity in thieknesan' would disperse
mgfhp and ‘cause a Plurred stress pakberns The sheebs were not oif'.upi‘fbrm
‘thickness and wers ground t¢ a thickness +0.020 in..gaz Unless a labanxfa;.taw',“
hss a machine reseréred for plastic wéx"k Qniy, it i very difficulb to: .
approach ‘the requ:red limitatien b;y mlllmg. |

For this éxperiment a surface grinder was used t6 ghtain the required
' unifort thicknesss The Final ‘thickness varied %0.005 in. The only grinder
Maimabz‘];éa held alk s‘&ér&:k in place by a mgn,etié field. The n@ﬁﬁwmti@
Eakelrbe sheel roquired gome additional attachments to hold ite

Metal clips weye shaped to £it the ends of the plate and contaab the
magnetic field, It was, however, impossible 1o develop su:ﬁ'fi’eient» contact
area due to the Limited size of the magnetbic btable and this method was

abandonad,

Gy Lbid.y s 36Ls
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The next and most suceessful attempd resulied in glwing the Bakalﬁﬁe-'
to a cast irom block. Lepage's glue was used. It was guile difficui%
to obtain enough bond between the vast iron and the:Bakelite with the glues
This step in the model construction shonld hefihﬁesﬁigabed'furﬁherg

The sheet was hand polished until ell scpatches preoduced by the surs
‘faceﬂgrinder‘wﬁre'remmved¢‘ Eméry cloth of grades 240, 320, and 600 gave
& final surface cléar of all but the véry minmrbe marks. Grocus cloth of
grade WHB was first tried but it was nobt hard efiough to remove the
scrabchss, @arﬁeﬁ'paparjnwét or-ﬁryg-ﬁf grades 2/0 and M/® did not suc-
cessfully reméve the marks as it too was not hard encugh, |
. The model was cub out of the sheet & dw, iargexx‘- than true sizes The
Evérsiﬁe*dimeﬂsion was precauwtion dgainst: chipping-or other injury to the
model. -Séé:Fig«fh for the finished model.

© From the rough model the exact size was achieved by hand filing. The
£iling opeération took considerable time but ﬁha_finishéd:modél had edges .
nearly perpendienlar to the faces and a stress-fres condition,

Tinal polishing of the moded by Belyyt cloth and:jewelers rougs was
aﬁﬁémpﬁéd”by'haﬁd*wiﬁheuﬁ'satisfacﬁory résultss The,SueéessAoﬂ,this‘sﬁép
calls for & firm polishing wheels This eperation, when' ¢ohpletedy .e’limﬁ@
nates all scrabches. .

" The moded (Fig. ) Had pin end conditicns. The diameterses thélhaies
fdr iﬁe piﬁs,w@re Gﬂlﬁ?ﬁ'ina The final diameter was obtained by starﬁing
with a.1/16 in. drilled hole and increasing it by 1/32 in. increments.

This gradual enlargement of the hole was precaution against chipping}tp;

*
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The photeelastic method of stress analysis is based upon thé discovery
that in a model of uniform thickness rhe frlnge order is constant at all
points at whlch the dlfferenc@ between principal stresses is constanti?,
This law ean-be expressed by the equabioni '
| n # ¢tp-q) . (1)

where n * fringe order

¢ ¥ congbant of matermal,and Light
.t = model thickhess
(p-q) = difference in principal stresses

- fhé fringe‘order ab any point can be determined from the stress pate
te?n¢ (Fig. 5); The dark lines ave fringeﬂﬁ eadh of which is a locus of
-péints at which the difference in principai stresses is aonsfanﬁ, Figz 5
shows™ the modél‘under a~cen¢entrateé center load of 58 1b. The fringe
ordgr is determined by counting the number of Stréss,lines or fringes that.
move through a given point as the load is gradually applied. In Figs 59‘
five stress lines may be counted at the column-girder intérsection whilé
actnally sevén lineg mayed,through this point during application of the
ida&R The sources oy points at Wwhich the étress lined first begin to form
are also best d@términed bY‘ebServatiﬂng _

The constent, ¢, which depénds on %Ee‘model material and light used,
is deﬁefmined by ealibration as shéwn 1a%er4‘ )

The term (p-q} is the differenee}béﬁween the'principal_étrassesq This
is the term that is o be evaluated, as 21l other parts of the equation

will be known,.

10, ngﬁs, Norman 0» and Frech'bj Max M. 1938 STRLNGTH OF MATLRIALag
The Ronald ?ress Companyg New‘rark, p, 378, :
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The nexb problem is to separate and evaluate p and g for the point
oy ﬁegtian‘mn&er-inVeaﬁigaﬁionw- But before this step ean be completed,
the mignitude and direction of the sﬁearing stregs ab the peint eor deotion
in quesﬁién must be knowns (See Appendix 6},

It can be shown that (see Appendix B),

szy = £33 5in off (2)
where 8xy is the shearing streds exisbing on a plane parallel

to the horizontal axis and 7 ix the angle between @ha‘xfaxis and . the maxi~
mpm pesitive principel stress. (See Appendix B)e It mush he rememberad
that no sheéring'streSses~exist on the planes ¢ontaining prineipsl stresses.
Qéee Fig, 16). The engle ¢ ab any point is determined from bhe isoclinic
lines shown in Figs. 6~15. For convenignce, ayeambcsiﬁe élot of the ten-
isoclinies is shown in Fige. 17 An isoclinic is a locus of points ab
which thére is equal inclination'ﬁf‘prinﬁipal'stre3ses,' & 10 degree'iso»
clinic denobtes that one principal stréss has its line of sction inclined
10 degrees from the x axis, T4 is now péssiﬁ}e to compute the horizontal
sheaping stress abt any polmb in the model. Fig. 18 shows thé vayiation
in § and peq valuess |

The direction of the shear sbreps can be deteérmined by the following
xﬁiellﬁ Fig, 18 shows an element with the prineipal strosses acting on
“bhe sideé and the'shear‘sﬁreas aching on the horizontal plane which is
under investigation. The direction of the angle betwsen a normal drawn to

the shear plane and the extended line of action of the algebraically

1, Frocht, W, Wy 191 op Gite, P- 25Zeq
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maximumn prineipal streds, assuming tension £o be -positive, determines
the direétinn of the shearing stress, If in turning the angle from thé
normal line 4o the extended maximun principal stress line a movement to
the right is made, the shear stregs will also be directed to-the riglltq
‘I-'he;:- separation of the pringipal spresses is obbained by glﬁaphiaai
means - (Se¢ Appendix ). This method invelves solving for the normal
étresses at a section and using the Ffollowing reiaﬁionéhipAbetween.griné

¢ipal stresses and normal stresses, (Sce Appendix B),

, Bng * Soy (St =

: Sny)?

3 M‘S»x«:vg * (3
' The normal stresvss"a%-any peinﬁg Sny and thg {see Figs 19) may4bé
evaluated Fram the known horizontal shear stress emsbing at that pomt

and a,known normal stress whlch is evaluat@d at a beundary. (5ee Appen—

dix ). The relationahip ig as fa11QWS“

Sny bnov - /[;~§Z‘&x L B ’ | (L

. where $ny = normal stress parallel to y axis at any point.
{gee Fig, 193
X  Snoy= known boundary sﬁress parallel to y éw.ls

‘iﬂ dx.= the algebraic sum of the change in. shear from
o¥ the houndary point to the pamb hemfc, evaluaised« :
' (Appruxa) Bee Appendix Gs'

The inbegral s salved by graphmﬂal meanslzﬂ. Thevﬁdllowiﬁg relabion-
ship is useds

J sy ~ prd ' (5!
a ;SV : (SXV)IZ:V' (Szy e approximately (5)

12 Ibld., Da 2630.
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The numerator is the difference in ghearing sﬁress of two pointsy
p and v, which lié o each side of the point being investigated, respec-
tively, The denominator is the vertical distance beﬁwé;n:ﬁhe two points -
b and r¢ The é%?%ﬁ: represents the slope of the Bxy éufve; if Sxy is -
‘ploﬁted as a funeﬁien of ¥, at the peint wider iﬁvéstiva%imnm' h
The solutlon of the 1ntegral 1nvdlvab SolV1ng for the shearmng
stresses on twe auxmliary liney which 1ie abpve and below the line urder
inves%igationx Lines B«B and 0-€ of Fig., 17 are the auxiliary lines and
“Line A-A is the line under investigabion.
Tquation l may now be writbens
8ny = Snoy = VngSXy ( §-—§-’;) %)
Knuwing.oné‘n@rmal Stress‘and.the shearing stress; the vemaining
normal gtregs may be found by
| Snx = Sny‘+'V(p~q)2 - Usxy? (7)

The stresses in the model were evaluated at sectlcn.AaA, Fige 175 .

:wbich ig 1 1nw‘belowzthe intersection of the column and the haunch., The '
stress pattern, Fig. B, 1nd1cated that secbion A-A was free From the sbress
Iconeenbvablcn get up at the 1nLersectlon. Thls'sggtlon wag sel@cted aﬁ
the mathematical solution used does not.acdauntdin full far'étress c@ng“
¢enéraﬁibn; thereforey in.cﬂmparing the‘ghahcelaﬁﬁic,salutidn and the
mathematical solution a close aareement should be reached, _
The shear stresses at 0.1 ine intervals for sectibn BB and 0-C were
evaluaﬁed'im terms of fringes and ﬁeeafdéd'in.Fig; 18 and calumnsié'and.T |

of Table I, The.dis%ance between lines B-B and C-G is 0.1 ins
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sin 2¢f = oF sin 2ff; 4% = +0.13 4y = +0.1; Snx = Snox - ?is:;y(%; P = 260 psis

p = Snx ; Sny ,'VSWZ » (Brx ’“Sn:_»r} 5
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‘The B9 2 quamm:ws are shown in ir::,g. 18 and were taken from the sbress :
pattern of Fig, 5,

The expressilon for shearing stress in terms of fringes is davelolneé -

as followss

n = ct (p~q) _ - (x)
P~q % =3 = 28xypay (from eq. 2}
and
Sxy = &2 gin 20 (2}
'?bhereforée ' - \ ‘
‘Sxy 4 nF gin 2g | , ' (8)
n = auﬁ'lbevr “Dst’ fﬁihgeé ._ o
o F = constant = 5% : (9%
: # = angle between the maxitmm princ:.p?]e

shress and the ® axis

Tha term P was evaluated by using 2 Bakelite beam (Figy 20} tc which
pﬁra bending was a,ppl::_edﬁ The bean mus.i: be _made from the same pliece of
Bakelite used for the model, This elinminabes the pomsibility of & dif-
£ er.ence,»of ,se‘nsi%ivi'by that n}:‘ugh'{; exlsi:. ‘tf’e’zﬁlween‘ “c.jwa pieces of Eakeliﬁé.
The stress in the beam model may be solved aceurately by the beriding stress
formula, The frihges of the Loaded bban ere ghown in Fige 20, There are
thriee :f‘ringés-g, The applied moment was ‘9’.‘9 in. 1bs. and "‘th'g model waé
0,4000 in. deep and 0,238 in, thick .

The maximum flekure stiéss in the beam is

gellc 4 9.9 (@ozﬁﬂ) . & ’1;98 _ = 1560 psi,
T " s T sty T 00 psty

n¥ et {p-y) | : . | (1)
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3 % ¢ (D.238)(1560)5 ¢ = 000809

Pal oo 1 . 1
2t 2 (0.00809)(0,238) -~ ©,00308

= 260 psi, (9)

4 samp?@.e; calonlation for the shear stress db point 1, Fig., 18, sec.

BB, fqilowa anci' ig enterdd in Golumn 6, T—aMe I.

M nP gin 24 = 1»3(5‘)(511’1 6‘9)} 04136 ¥ (:ﬁm.nges}

The normal s’&‘,ress, Bney 5 parallel to the boundaty on the inside of the
colum is known o e éo;npmsswn due to the type of loading, At ﬁhis
poirﬁ; 'Ehé‘ nSrma‘l stress 15 a' p;;’cincipa_}l 'ss“c_aréss; Fig. 19, and iﬁﬁ maggni'bucie'
may be found as followss

= )

‘ & oy

l' 4

‘ T 2013 ' : : 3
Substituting 9 dinto 1

| pw%#

. pegeow | (10}
? , - 9= 0 at bounciary,
‘“'l‘hemfére s . ,

P& 2P < Snoy R 411y

gnoy = p & 2(3 15)/(260} - 1610 psi. conipression,
. (Gol. 12, Table I}

Sﬁax - O as only 51}1"858 ,x;raralle.t to the boundary can exist.
, (See Appendlx C)

Then
t Snx at point 1 = Snmc - 5 4 ‘?;ﬁqr (Ax) (6}

S»mc(l} = 0 - (*Qa 136 -, 90131} f).l = r.‘..e)tg‘@eag.yﬂnges
- (GQJ..,. 95 Tézk;ie N}
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Values of Snx were calculated in this menner for the 11 pointg
across Sec, A-A Knoming %he-snx values for the points, the Sny values
way be computed as followsx | . -
 Sny = Bnx = Wwﬁ;qlz * hﬁxy ' (73
‘Thus fny at point 1 = -0,005 - ‘V(2p5§§2 h(6.133)2
equ@QOE - 2,5& = @2?5&5 Fringes (fol. 10, Table L)

Suy was calcuiaﬁeé as'a$GVe for eaeh point deross Sécs-&aﬁu '

‘ Taﬁié i give' the complete solutlon La the normal streﬁs& éxiating
at 11 pclnﬁs acrosy &ec, ABis The mammmum ereqs oeeurs ab the 1na1de
edge of the calumn or palnt O and is equal to 1640 Pai, campre551on. The
magnitudes of the principal gbresses across the Sée. AwA_were,thvevaluated :
éxcept at poinis ﬂ‘and‘lﬁ where the. nermsl and principal gtresses are
equal, The d951gn of the part ticular section 1nvesb1wate&'woulé be based
upon the maxinm ﬂtressas‘whichvoecur at the edges,

?he stress at the inside intersection qf the column and givder was
also computed, as at this point the ﬁtreﬁs‘pattern; Tig. ¥, indieabes maxi~
mm stress concentrations Thié value will be compared,yith.ﬁﬁé mathemnatl-
cal solution to illustrate %he*inaeburacyAéf the mahhémgﬁicﬁl golution,
Seven fringes were observed ﬁDvP&$S'ﬁh?ngh_ﬁh€'éorn@fa Therefores
p = 2nf o (11)
= 2(7Y(260) = 3640 psis compression




=39
THE &ﬂAHYTIGA@ SOEUTION

The ervor 1mvolved Ln making a mabhematical solution for this problem
is. 1n~assumlng the pcsitxon of the penterline in the haunca of the girder
and,deﬁarmmnzng,where the girder actien B#Qpﬁ‘and,the<eolumﬂ action beging
(Bee Figs 21): For %hiafanalysis, it 48 agsumed that the éolumn sontinues
“bo the %bp;af‘%he'benﬁ‘cr is-iﬁ‘ﬁﬁ@ long and 2 b, wiéé«’lﬁt iﬁvalsa |

saumad that the qenterlzne of the haunch is 9 £b o abeve and,parallel o
the x-x axis of Flg, 2%:

The Column Analogy meﬁhe&lB iy applied to obtain an anglytical solu-
tion of ‘the prcbiemﬁ . This method is an extension of the Neutral Point
Analééle and the General Method of ﬁndéberminéte 5tructures13g
From the Neutral Point équations the following expression can be

developed to solve for the.inﬂétarminataxmbm@nﬁ§. '

MW= % %ﬁ%ﬁiyi%ﬁ‘éﬁg R ' .-(3‘;2)
A Ty Lyey .

W = g&g’é

~ﬁ%?x.%‘ E%ié

1yﬁx‘ 1§§§

yoE vertical diatance from ‘the centrmlﬂal P axis to
point undér invéstigations . .

des

:Msw

T3, Grinter; b. By ié?lﬁ 'Tﬁbeﬂz O SO0 wmms, b‘raﬁemms The Hachillon
0., New York, Vol. II.
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xgds
ywy 31

" & = herizontal distande from the centroidal y=y axis
ko the point uwnder investigatlon.

Equation 12 resembles the modified Gordon-Rankine formulaih,fer
egcentric‘loaded celumﬁse The Gorden-Rankine formula is as followss

8= Pd@ Pe'c’ . , ‘ (13}

Il

??!“‘

Fr@_m the sﬁmiiari%.y Ye'bweern e@&a*ﬁiima 12 snd 13 ; “ohe Golumy Analagy
idéa‘is d@velopeé¢ The real benﬁ 1s trdnsfermed into an Analogeus Golumn
by the fbllowiﬁg‘relaﬁlmnﬁhmpsg See Tig. 22,
§ = Wi
P

woo

L

=T

ey

Fol = oy
if = ;Yﬁy
c¥ é'x '
-
BT
infinite, This locates the centroidal x~x%axis at the pins, The =y

The value of A for thls problem equals 1nfin¢ty a8 2 for a bin is.

axis may be located by inspection due bo symmetrys

 The evaluatieﬂ of the variaus-herms of equation 12 follow, These

T, Terson, By O, Bt Gok, I T Io0T TN T o WATERIALS, Jomm |
Wiley and uans, New‘rark.




‘vha**“
terms are for the Analogous (olumn.
Tyuy & ( M # ingrtia of column* + inertia of haunch segments o
+ ineptia of uniform dapbh of glrdef = 10(LY(2)(9)°
(0:296 + Q361 (13(2)(7.5)" , (0,36l : 0.l (1) (2)(6.5)° |

(0, a9h.+ 965891(11(2)(5 5)9 (05580’% 037&&)(1}(2}(&,5}2 +:

(1.000 : 0, THSF(LI(2)(3.5)° s {1}(6}

1620 + 37“«1 - 31; g 32‘1»3‘ + 26, & # 21,1+ 18 = 176;9 I(approxq}-
”Ix-:c (assumed 9 f't. to cenber lme of each segment of gwder}
| ;V s - :mertla of" colwnnv + inertia of hannch segments -
inertia of uniform depth of gipder = 2/3 (L¥€10Y3 # (6,66%(9}2 #
o, a18(9)2 ¥ 1a93k§9;2 * ~“,3,29(9);2 + Lo N2 + 6(9)2 =
666 + 53.5 & 66.2 + B3.9 » 107.8 + 1hl.m + 486 = 1605 (approx,)
W ﬁl}ds = gummation of swtwc momen’o btines area of each segment of

whm=PC6¢ﬂ%) P@SHA®)+P@5K6w}A

g (35) (L oah} + P (h 53(1.329) (5 5)(1,7u9} =

22,50 # D 9P % LGZP ¥ 24330 + l;°8lF s 31.‘21‘" (appmxn}

My e ™ % = ‘fioment of W of each gegment about the x-x axis #.
22;5@(9) + OLOP(9) + 1.02P(9) + 2.33P(9) + L.BIP(9) =
2020 + L, UP + 9.2P + 20, 93? + u3.3P = 279,80

yy = jﬂ as . ) (gymmetry) |

From equation’ 12, ﬁi at See. A-h (me, 22} is as followss




et [3L.2P 4 279.8P(6) 4 (0)(9)
o T1605 -

The flexure stress caused by this moment at Sec. A-A in the model
with P equal 46 58 lbs. is as follows:

Me . 3.0L8 (28)(0:5) - £ raw s
ST T Doy - ¢ 158 et

There 1s also direct stress at Sec. A-4 and is equal to

 3 = E . *‘.,,?9;‘3  = «126 psis compregsion

The total conbined stresses on ﬁhe edges of thé yeal colunn ave:

% 1585 - 126 = =171 psi, c omprBSSien inside + 159 Psmg-
: tension outside

The value of the stress at the inside intersection of the column
and girder was aldso compubed.

M = Mo o o 200P(7) o
IX-.-X ‘Tg—'l 5 L.22P

CEY -3 “i}ig(%g}§§;:§)j 126 = <1850 - 126 = ~1976 psi. con-
presgion
CONCLUSION

Upon completion of the thesis, several improvenerts to the laboratory -

apparatus become apparent. 4 universal loading framé should be con-

ﬁﬁruaiad. This would eliminate the present metheod of construching a-
ldading frame for each problem. Tt would he advanbtageous to inéarporate'
5?3§pprepria£a lenges so the image of the stressed model could bé‘projécﬁed‘

‘ ngn.a screen. Group étgdy'ﬁauld:mere easily be handled with the iﬁage

viewed on the $creen. 4 firm polishing wheel and a milling wachine would




gr@atiy rediice the time ia préparéhg’ﬁh@ model§ They would alse help

- reduce the error 1ntrodu¢ed by hand polighing,

The photoelasbic solutibn under the nost 1dea1 conditions is stlTl
-subject ﬁo seme errorg The modei matqrmal may not have all the prapertlesls
“that the 1dea1 maberial should h&veu There 1$,error in interpreting the
yhotagraphsg such ag evaluating the fraetiomtéf'fﬁiﬁg@ﬁseﬁ%@ﬁiﬂg'aﬁ a |
peint, br measﬁring.the'¢ angle féwm‘the igoéclinic lines, Brrors ave also
cauaed by 1ack"e£ perfect agreement with the llght theory, i.8., tae lenses
mav not be exactly parallels the_r optmc axis not exactly crcssed9 or the
madel may’ not Lntercept the light at exaatly a right anglee Therefor99 lt
mast be veménbered that . the results are not precise. However, as mentioned
earlier in the theisis, photoelasticity often gives a truer picture of in~
ternai stresses than~the.mathema§ical theory and it can save congiderable
time OH-Gxtréméhy'eompliéated éﬁresé prohlems;

| Using the photoeiastlc streﬁs ayalysis as a basis fov eemparlson,
Very close resulis were obtalned for the investigated semtlon. Elg. 23
shows the variation in stress as computed by the two methods. The Columm
Andlogy gave a maximum compressive stress that was 5@33% difierehirthan '
@bhaingd'by photoelasticity and. the maximum tensile stress values agreed.

- The mexdimum sireds values are the conbrolling points in design an&-theréw-
fore ape of the g:eatésh interest,’

It is thus seen that while pumerous sources of error existed, the

1T, Trooht, W, Wy "IOWL ops Gikss pe 303e
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#li6s.
- gomposite effect of such evrarg is well within the dccurasy of the acecepted
-engimeeying>design_calqulabianﬁm,' .

At the inside intersgetion of the column and girder; where gtress
'gbﬁcentratien$‘het‘acqeuﬁﬁed for by the column analegy ocecur; 3640 psi.
was.feundvbj'phatoaiéstieity”and enly'1976‘psi. was found by Columi -
Analogye This*diffefenee wasg hﬁ%j Therefore; in structures where stress’

éoncentrations-may be serious it seems wise to make a model analysiss
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APPENDIX &

Tidght Theory as it Pgrtaihs\tQ_?hqtoglasﬁiciﬁg

There arg several.theories advanced to explain light: The most useful
“theory to explain photoelasticity is the. light-wave thoory'S. . Some of the
méin prépéfties:of‘iight Qertaining‘ﬁéAghmtoalasﬁicity.will;bgzp&e@@nﬁéd@

h If a ligﬁt.souTCe ﬁauaily foﬁnd in uge is explained in terms of waves,
it must be imagined that the waves vibrate in all planaSjpaasing @hr§ugh
the point sourcet! , (See Fig, &-1). The'vibratiné particles do not travel
in the direction in which the wave is traveling bubt rather in a’dirécﬁiqn-
transverSe-to theldiregﬁién of‘proéagaﬁiﬁn@ ‘White‘1ightlcpngisﬁﬁuéf*waves
héviﬁg different iengthg‘andvampliﬁudeaqu‘A~ﬁe£ipite Wave'leﬂgﬁﬁ“ié.naede&
to make & quantitative result in photoslasbiecity; therefore,. the light
ig filtered to obtain 1igﬁt of one color or wave lengbh. | |

' Plaﬁaapaiarizéd light consists of 1iéht waves vibrating in one pline.
(See Fiéa:&»ﬁ?p The mosh commoil method used to obtain plano-polarized
- dight is ﬁc-pass lighﬁ'thﬁaugh,a commerical material called\pdiaraidm"

© A11 homogeneous’ ﬁranspareaﬁ bcdlea Have the eharagberistic of aliers
ing the path .of light when it lq @assed through them:« This phenomencn is
called single refgaaﬁlqﬁﬁ‘ It may be observed thab the origlamal pa%hvis-

deflected away from the perpendicular to the boundary of the m@ﬁium~whidh

T8y Fiexandsr, T, 1936 Pﬁwcmmsmclm, Rhode Isiand State (,olleg,e} i
CPe A3,

174 Robertson, John Kellock F.R.S, 6. 1935 TNTHODUCTION TO Pmsmn
‘ OPTICS, By VanNostrand Go., Inc,9 New York,
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i
is less denses Maberisls wsed in photeelagticity models are single
réfracting whéﬁ gngtregsed. _

Bouble refragtion of 1ight oceurs in gome bodles whén‘light is passed
‘tﬁrough '&hém,g This is considered ‘o mean =z light wave is split into two
paths within the bedy, for exdample, bhe behavior of light pasaed through
" & MWicol prism, = (Sée Fige A~3)s It may also mean a light wave ie splib
o two waves which &re in mutually perpendicular planes: but have the

seme path of propagations (See Fig. A-L)}.  The position of the optie
axis of the moterial will de%@rminé the type of double vefraction that will
bake places If plano-polarized light is passéd through a~doub1¢-re£ractiﬁg
body, the light smerging will also be pleno-polarived regerdless of the
'position of the opbic axis: |

_iThe'refrac%ing properties may be explained if a body is thought of
és consisting of particles fovming right angle rows to sach obther., (Ses.
Pig. A-3}. The spacing in ﬁﬁevvergical direction is larger than the .
spacing in the horizontal direction, If it is assumed that the perticles
previdawreéiaﬁanae b6 the passage of the waves, thegpartidleanfaﬁﬁheﬁ'
"apart will mope 'r.e'aéily- pass the waves bhan those closer togefher.

The phoﬁaelaéﬁicity moded, materi§1~whieh is hompgeneous and single
refracting when unstressed will assumeé déuble refracting charaetefisties
when stresseds The reason is eéxplained by thée separation of the particles
causing avdifférénce in reglgtance te‘ligh% pagsage in perpendicular
.piénesg ‘The‘apticléxig of %hn'médei @aterial ig it the plene of the model .

and will split the light wave inbo two waves in mutuslly perpendicular
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Sie
planes with each having the same path of propagations. (See Figs he5)s

When polarized waves-pass through a~hedyvan§ueach wave is split into -
%w§~waves in\mutually:perpemdicular-plamQS'and-wiﬁh_pne'wav@ retarﬂ@d‘anag
fourth of a wave %ength, %ha'bédy is aLQuarﬁérﬁwave‘plate; Photoeldatieity
= 'termineiogy calls this light eircula *1y-polam.zed., {Gee E_‘i.gp.-&éhj)lg}

If polarized monochyemabic Light is passed through a stpessged bedy,
the double‘refracticn;msnﬁioned previeusly will take places The Lo waves
in mutually perpendicular planés3may'bé out of phaseicr'one,retar&ed‘wiﬁh
fespect %o the others The amount of retardation will depend upon the ine .
vengity of-the stress ab the point of pmgsage of the -Llight, (See Figs A=5)

con BF thé mns%w@saed aobject iy viewed by eye when the quéct«isfbefweeﬁ
ﬁw&vcﬁassé&,pdiaroid‘lensé35.i% will be darks Upon apﬁlicaﬁi@n;of the
load to the object, light -and dark bands will appeais The iiggh*b bands arée
ﬁhé result of two waves which support each other and the dark bands may be
the regull of two waves being entirely oul of phase and Canﬁelling‘\each'
other, or it may be that the waves are in planes pérpendiewlar to the
S‘eco‘nd' pciardid optic axig. The re’barda'ﬁ-ana or difference in phase may be

expressed by the following: eqnatla 18

CRECly o T (a1
‘ ‘whe;;‘ei
R & the retardation of the wave '
¢ = a constant depending on the mateflal and 11ghh uqad
'L = the #stress condibion : .
t o=

bhe %nLckness of the materlal

18 a. Ale}{andel‘r, I‘f‘. Op ¢ Oit - ’ p - C“"E’ *
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To correlate the definitions'pres@nﬁeﬂ, the.path:ef a light wave
will ‘be follovwed through a plane phetqélasﬁic getup. {See Fig, A-%)s
The light is first filtered to cbbtain monochfomaﬁic Lights. This light
wave -1s passed ﬁhréughﬂt@e‘polarcid:lense-tm confine the vibrations to
aﬁe plane. fhellighb,nexi-@asses-thrnugh‘ﬁhe stressed. abjéct and undergoes
deﬁble'refractiona The ‘two nutually perpendicular planes are alse planes
é@*nte‘rla‘mﬁ.ng- %e igrineipal stregses: Ohecwave ig vebarded gzvi-th_ resﬁeé'iﬁ,-ﬁe&
another and the amourt of yetardation depends . upon the différence in_priﬁﬁ
cipal gtressess The, light next encounters the segond polaroid leng and |
only waves. oy c@mﬁonents of the waves.péral1e1 to the optic axis.of the
sacond 1ené'will.pas§@- There. will be some waves.whiqh-are perpendicular
.ﬁerthé.optic axis.of the second leng and henpg.néne of the naves-willipaSSx
This fdet is taken advantage of to plot-isoclinic Liness As 21l stressed.
@Qiﬂtﬁﬂcauﬁing‘wavesc%oﬂbﬁlparpﬁndiaulan o the qptic.axiﬁfef.ﬁha;segﬁnd
poiaroiﬂ léns‘&lsakhave principal siresses perpendicular. te;the optic axis
of the setond polaroid leng; a 1acuspa£isiﬁilar points may be plottedwl The
Losus. of points: are recorded to indicate the lines of principal streéées
ﬁ&ﬁing the gans plane. of inglindtions |

- To eliminate the isoelinic lines a modifieation is added te the plane
séiupi‘:ﬂ quar%arwanﬁ.p?aveA(ﬂxma-ﬂwh).la added‘en.eaﬁhlsldeﬁof the
| strassed model. Ubin& the same Tight wave as in the plane aetug? the 1ivht
emargmﬂg from the qnarter wave will be doublv'r@fracted w1th qne WaVe

?etarded wave 1ength w&%h respect te the other. The vmhratlgn of the
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yartiales now will deseribeé _circulax{_ motioni?; The light under cireular
motlon will now pass through the principal stress plongs of the model
and emerge with cireular motion o:.c e;liptiéal motion. This motion is conw
verted into plano-polarized vibrations by the second % wive plate and
the gecond i;olairo—id plate analyzes as bei"biféé 4 fringe viewed from thié
setup is a locus of pointe along which the difference in principai strespes

iy consbamb .ol

' I9. Robertsom, Js K.  Ops Git.s De 3ihe.
20.. Frocht, M, M. 1941 ope« cibe, po 131.
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APPENDIE B

Stress I-‘Eel“a.tipns‘ as They 'Pexjtain to Ppgtoelgsﬁiciﬁy

In a prismatic bar loaded under a tension lead it is usually assumed -
that the stress parallel to the direction of the applied load on any cross

geeblon in the bar is equal to the Following expression., (See Fige Bel}s

Bang & e B s Fo o eFoosf ol
ba"a ai"ea “of ‘seéhion a,-a M/ws ﬁ Ax (-1}

where Ax is the avea perpendicular to the load.

}Z‘ '-._s;.
A= Lo . '. . ({E.Z,,

if Sx is the s,treS"s perpendicular to the section fx. Then,
Saeg = Sx 008 §5 : - (B-3)

. We see that Sa._,& is 2 maximmn when 525 = 0% and a ninimum when ,Gft = 900'
ua—-a mav be divided fmta Qompcnﬁan’cs, one parallel and one pez:‘pendmular te
section aa The camponam parallel o the sectw on is 'bcrmed ghear stress
and the component perpendlc*ular is known as the noxmal stress: (Bee Tlg,,;

B2}, The normal stress may be written:

1

8, = 8, _, o8 %= 5% cos @ cos f = 8x cos® Hy or

a

8q = Bg Lt cos 28 L (Bl

2
The shear:!.np‘ stress may e wrmtten. _

= $a—-a gin 20 = By sin # cos fé & ;a,; E%é‘ﬁ (B-S}

From the equatien Bl b can be sesn *Lhat Sp 18 ma;;lmum when ¢ =
and mininam when ¢ 99“ By smllar reaaonmg the maximam SS eccurs when '

;;6' = 459 and is minimn when 7 is, O? or 9@"
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By mking an isolated element from the tension speeimen, the fol-
10Wizﬁg fraﬂ.atﬁ.anship between normaif;; and shear stresses may be obbained. -

. (See Fig. B-3).

S = 8¢ cos® ff g =5, S0 2
84 = Sx cos? gt ' SL = 8y __a__g_sinez u

. If ‘the above expressions are added and_observing g v gt =900 or
Pt =909 ~ # and cos @ = gin @, the following equations resulbe
Sp * 5L = 8, cos? f + By cos® PV = Sy = Sy max. (Be6)

gin 2¢f = gin 2(90° « #) = sin (180° - 255} = gin 28

:
£

Ss é 5é I £8*7)

The following conclusions are fortheomingr:'
R The sum of the normal stre sss.ésr is constant and equal to |
S MmaxK. |
2, The ',‘shear:i'.ng stregses are of. eqi;al magnitude.
Consider a bar subjected to tensile forces in two perpgndicular
direcﬁidns\. (See Fig. B-~h), The foregcihg analogy may bez_ applied and

the following results obtained.

* Ay Sy By

Ag = hgp cos ¥ = A'BCE

Ay = Agp sin ff = AAVED

Aah = Ax . A:V 2 ARCD
, gos ¥ sin @ -
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Normal étressés‘nn:planelﬁﬁ-

Sh+ &' o= ?‘n = % cos® @ + % sin? ;é

Sp = Sy cos® g+ 8y sin® ¢ : (B~6)
Shear stresses on plane AB ,

,Sé‘. = % 'Sﬂ'a'gé sé-s; %;; Sllg 25?5

8L » Séﬁ‘(naticé oppoéite gigng}

Sg = 8y « sy Ex - Ty sin 24

iy &y 2 |
5g = ﬂﬁ}gﬂﬁx'san 26 (8-8)

When ﬁ is O° or 9@0 the normal stresses
“value and‘ﬁhe shear stress equa]s Zer0.

when #f = hS",

!
’

reach 2 maximum or minﬁﬁun

The maxlmum qhear stress oceurs

The narmal eresses shall;be called prlnclpal stresses and

the directions pr¢nc1pa1 stress dlrectlons when.ﬁ is 09 ar 9@0,

Investlgatlng a thin beam subgected bo a coplanar force system (see

Fig, B—S}, bn and 3g can be calculated vlnce SS, S s 8% and S" are known,

The forces acting on the three s1&es of the element are:

SnA s Sﬁ’Ac cosck -+ snab sineC  + %’“A sineC 4 SéAb e

Ao = by (areas marked on figure Bu5)
Sgha = S}'Ag slna< “Snﬁb coscC = 8L, eosol + 8SkAy gindC
8y = 8L = Sy Ay = Ay sinC Ay = A, cosec

Bp = Sr'z’ '005320_6 + 8 sin20< t Sxy gin 2L (B-9}
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Sg = Sgy (sin?oC = cog2.C) + §ﬁ~%;§ﬁl gin 2K (B-10)

The two equaﬁloas, B—9 and B»l@, gan be used o caleulate the normal
and shear stiressés at any*pmlnb in. the béam, 41 ‘the components B nﬂp and
Bxy are kndwn. The element previously considered may be seleoted 1n such
a mamer that Sxy-w1ll be zero. Solv¢ng equation B-10 with 8g equal to

zero, the folLQW1ng is ebtalnedq
ﬁgvfgggf‘ = & ﬁﬂnv2¢ (oC = ¢} : (B<11}

Tﬁis expression gives us two angles in which there will be zéro-
shear, The two directions are célled,principal stress‘directions and the
'normalvstressGS'aﬁé Qalied principal stresses. When the principal stresses.
are found, -one will be at.its‘maximumtﬁalue'andkgﬁe at its minimum values
If the x and y axis pf'Fig;,BwS are oriented to the principal stress direc-

tionshequatiqns B9 and B-10 reduce tos

By =P gos?d 8 %:q,sing,é _ . ' (Ble}
g = (p-d) sin 28 ‘ T (peas
V8 T : : CL --QB:}3)
'p# B q =8} (pand q ave the principal stressesy

®

]

angle measured ﬁpom,pfinoipal stress direétions
With the following equations, the principal dtresses may be cals

~culated if the Sﬁ, 517, and Syy values ave knoim for any element.

'Xl
.p-a.;--..—-«n' B S Sz Bl S {B=ll)

: Y P . ¥4 C .
‘.V g2+ (ﬁniqﬁii&lu (B~153
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Equations E‘-—lh and B~15 will be proven by the Mohr circle. . (See
Flg. Baéﬁg The h@rizontal axis rapreSenﬁs princiwal gtresses at a2 parbi-
cular poinif P = ab ana'q'= va e Th@ vertlcal axis repxesenns shear
stresses., Llne ab reprﬁsenns p = Qe The disbances od and of repreaent
54 and S4' aﬁﬁ:mg on “bwe mght-—angled planes. The lines de and i‘g are 'bhe
sheay streéses Sxy-a¢ting on these planes°

P

of & ac + of ”’&n§u~ + (cg}(cos 20y

Bl =R29.2=8co50g  (8-16)

which reduess bod

S" =p c052 ﬁ * q gin® ﬁ - (B~17)_
cg = B&Efgﬁ gf = cg sin 2¢

$in.2ﬁ._- S (B-18) ..

g.f'f-rSW'FP;q “’
- Jiee? + i mgesy . oof = BAL=S

It is seen that

ab = oc.*'cb

EH
o]
(2
3=
Q@
feie]
&
o
i
ko

which gives ug

p = Sk BN
. e

),.
=
93
P
=%
¥
¥
)
e
B
o
N
et

alsor
0a’'= 0C = ca =06 = Cf

thevefores.

(B-20)
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By adding the above two expressions for principal stresses & proof
is obteined showing the sum of the principal stresses are always equal to
the sum c_af “the normal éhressés. org '

By E8Y Aprag
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APPEMDIX. C

Photoelastic Analysis of Stresses
Thers are several methods developed on the determination of stresses
by phoﬁéélastieiﬁy. The mebhod used in this thesis is called the Shear
Difﬂérenﬁe Sglutieﬁ31¢ It makes use of the stress epbic law and the igow
clinié lines in the modél. -
The first pertion of the solubion is to solve for the difference in
principal stresses by bthe stress optic law., The stress optic law is (See

Appendix Al

%

n=ot (p=gq} - | | (4-1}

- the retardation or fringe\ofder

i

n
¢ = & ponstant depending upon ‘the matérial and light source used
't # thickness of the mdﬁell
(p ~ q} = the difference between the principal stresses
The fetardation‘ef light is an‘indication of sbress intensitya The
difference in prinecipal stress may be of such a magnitude that it causes
the light waves emitted from the model to be out of phase ‘one wave length
or some e&en mltiple of one wave léngth. This will cause complete dark-
ness ab that particular stressed paint in the model,
For an exanple, consider a bgam having pure bending applied for a
1@§d@ The stress ab the exbreme fibers will be maximum and at the ﬁeuiva1 4.

axis zero, {(Ses Fig, CG=l}. Between 'the two extremes there.ils a straight

BI. Frocht, M, M, 1901 Obs Oites Pe 252.




3

& E 3&(
D( @



566

Yline variabion of shress. If the.beam is placed in monﬁchrématim cir-
cularly polarized light,; there wili be fringeq or alternating dark and
light bands of golor between thﬁ neutral axis and the edges of the beamn
(&eo g, G~1}s The dark bends or frmnges are a lqaus ef‘palnts at which
the difference between the pfﬁHClpal.“Lres%eq is caﬂstanb. The fringe is
also a loaus of polmﬁs of equal maxinum shear stresses. (See Appendix B}.

If the model is loaded in monbehromatic circularly polarized.light
and & picture is taken of the friqges~or stress ﬁaﬁterny the Qifférenéa I
between the.principal sbresses may be found by equation A-l. Aﬂéilable _
data Will give us the constant of the material and Light and the thickness
of the model can be méasured.

The next step is 1o separate the principal stresses. This~is'QCQSMa
plished in §art.by a graphiecal solubions Usually the Variaﬁion'in prine
eipal'streﬁéss ig réquired for a definite crass'sectimn in thé‘modél‘ The
Shear Diffevence aolﬂtlﬁn ealls for cemputing the shear suresse$ on.paral-
lel Lines a small distance apart. These lines are La aith@r slde of the
original line under investigatiﬁﬁ@ The shear stresses ave found by tha
following squsbion (See Appendix B)i. - |

Sy = Bpfenzd o (B-13)

E~§#2~= the Qifference in principal stressas-found‘by*eQuatioﬁfAél
# = the angle the maximum principal stress makes with the x axis
In order 1o flnd ¢, isoclinic lines are vsed, An isoclinic is a locus

of pomnts along which the prlnclpal-smresses have paraliel, directionsg and




P
are of eonstaﬁt»magnitudewgz (See Pigy 6e2) -

If the loaded model is placed %etWEen erogged polaroid lenses;-dark
lines will be seen in the models When the crossed lenses _aré.r‘oﬁatedg some
of the dark‘iineé‘ei isoclinics will appear to rotate. The Lines which
rotate are the issclinic lines, (See Appendix Al). 1 |

By rotating the . two erogsed lenses threugh 0°, 1@9, 20%, ete., a
gyzten éfvisocliﬁics may -be pléttéd;_ The angles ave correlated with the
‘op’o'ic axes of the letses. With the lenses, crossed, the x axis is marked -
to correspond to the optic axis of the first lens and this axis is used as
¥:) referenee for meaasuring @ The ghear gtresses may now be ealeulated for
any po:mt. : |

An e;xpx“essmn will ‘be developad rélating the normal and shedr stresses
'at ‘B poinb, -Onee thé normal abx'e_,saes are found, the pr;.ncmyal stre_sses'
“.can be evaluat,e‘dg (See Appendix BY. .

The relationship between normal and shearing stresses fol 1ows CSee
Pigy G=3)s 23

Neglecbmg “ahe width Fx =0

(%*H¢®@~www@whim®m~%ﬁx

which reduces , fbo:

988 4 O8xy = 0 .
EL # ag*;v a | (o=1)

FyEoo I .

R D A P —
23+ ‘Alexander, W. op. cit., p. 0~21.
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CSH i n dy djﬁ i grxlidx i (8’%7 - ,...t..xg.gi r dx) dy P Skyd;y =

which redu¢es'tgg [ ' T

S FEegEe e
Integra'bnng bei;ween 'hhe 11miﬁa 0 to £ o S .
S = Sho ﬁ) ax o {Gw;?i}'

B = the normal stress ab ;nj pamnt be;ween the ;1m1%s 0 ﬁ;.y

pardllel to the y axis.

N.z

i

&‘é '’ the known normal sbress at same paznt in bhe model and it
is parullel to the ¥y axis.

/{f - dy # the summation in the y direction of the variation in -
~the shearlng stress in Uhe x directlan.

Terms in equatlon ﬂwB ‘have equ¢val@nﬁ maanlngs, S' and S‘ are
streﬁs@ﬁ Whlch may be. fqunﬁ at a- fres bounﬂary'whera ane ef‘the prmncmpal

-stresses and ﬁhe Sh@arlng Strﬁss dlsappear-

The 1ﬂtegra1 m:L:L be sdlved graphlcally“‘?“

RS
-;—-f@t =

| Sxyh and fypp are shears that exist at two points a small distance A x

d: » approximately

K

\, . apart. (Eee'?ig. G;h}u A& line Jelning the two points is psrallel to the
| % axis. To meke a summation of +the dlfferenees in héars, the shearlng '

| stress is found far.several points on lineg thiough points A and B both

‘ ' 2R, Trocht, M. W I9KL 0D+ Gits; Be 263




.. e O
parallel 4o the y axiss .

For corresponding points on the Lines 4§ﬂ ngy be comppted. Knowing
these values the . following snep may b made :

aax dy é‘“""‘m Ay (appfoxa} o (C=5)

The prmcipal s’cresses are found by CSee ﬁpinendix ”B))

p = Sﬁ Z Sff

Ry

(B-19820)
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