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ABSTRACT

Early development of Drosophila melanogaster(fruit y) facilitated by the gap gene
network has been shown to be incredibly robust, and the same patterns emerge even
when the process is seriously disrupted. We investigate this robustness using a previously
developed computational framework called DSGRN (Dynamic Signatures Generated by
Regulatory Networks). Our mathematical innovations include the conceptual extension of
this established modeling technique to enable modeling of spatially monotone environmental
e ects, as well as the development of a collection of graph theoretic robustness scores for
network models. This allows us to rank order the robustness of network models of cellular
systems where each cell contains the same genetic network topology but operates under a
parameter regime that changes continuously from cell to cell. We demonstrate the power of
this method by comparing the robustness of two previously introduced network models of gap
gene expression along the anterior-posterior axis of the fruit y embryo, both to each other
and to a random sample of networks with same number of nodes and edges. We observe that
there is a substantial di erence in robustness scores between the two models. Our biological
insight is that random network topologies are in general capable of reproducing complex
patterns of expression, but that using measures of robustness to rank order networks permits
a large reduction in hypothesis space for highly conserved systems such as developmental
networks.
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CHAPTER ONE

INTRODUCTION

Molecular processes in cells are subject to substantial levels of noise caused by variability
in the number of enzymes and in other cellular machinery, as well as thermal noise that may
a ect enzymatic rates. In spite of facing this high inherent level of uncertainty, certain
macroscopic phenotypes of the cell are very predictable and robust. This is particularly
true for developmental programs, where the nal phenotype is very robust to even severe
perturbations. Understanding the principles of genetic network structure and a set of controls
that are responsible for this robustness have been at the center of interest for many years.

One of the best studied systems is the segmentation of tfizrosophila melanogaster
(fruit y) body plan during development. The segmentation is determined through gap,
pair-rule and segment-polarity genes. In this study, we focus on the regulation of the gap
geneshunchback (hb), giant (gt), Knappel (Kr) and knirps (kni) which comprise the gap gene
network and are responsible for establishing segmentation along the anterior-posterior (A-P)
axis of the embryo. Initial conditions for gap gene expression are given by maternal gradients
of the proteins Bicoid (Bcd) and Caudal (Cad), which are inherited by the embryo from the
mother and present in decreasing and increasing amounts along the anterior-posterior (A-P)
axis, respectively [19, 18].

This system has been modeled by several research groups [48, 25, 34, 19]. To explain
the experimental data, Verdet al. [48] assume that there are di erent subnetworks, called
ACDC dynamic modules, active in di erent regions along the A-P axis. They showed that
each module could reproduce the data observed in each particular region at the end of the

late stages of gap gene expression.
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In this thesis, we propose that a single network functioning at di erent parameter
values across spatial locations can explain the observed data at the end of late-stage gap
gene expression, in contrast to a sequence of distinct networks. In particular, we hypothesize
that the levels of maternal gradients Bcd and Cad provide di erent parameterizations for the
gap gene network, and that such a parameterized collection of copies of the same network is
responsible for the formation of the segmentation pattern. Apart from establishing if such a
model is capable of reproducing experimental data, we are also interested in the question of
robustness. How robust is such a t?

To answer these questions we developed a model to evaluate if a parameterized network
ts spatial experimental data, and we developed several network model robustness scores
that we use to quantify the robustness of that t. This model is computationally e cient
enough to be evaluated over hundreds of very large graphs representing network model
dynamical behavior. To accomplish this, we use the DSGRN (Dynamic Signatures Generated
by Regulatory Networks) [7, 11] approach previously used for assessing network model t
with time series data and use it to model spatial data. For a regulatory networRN , DSGRN
constructs a parameter graphP GpRN g which represents a nite decomposition of the
parameter space for an ODE model dRN , where paths inP GpRN grepresent a continuous
change of parameters in this ODE system. For each parameter nog® P GpRN g DSGRN
computes the summary of network dynamics from which one can extract a qualitative
description of the stable equilibria of the system. To match a network mod&N to spatial
data, we seek paths irP GpRN galong which the qualitative description of stable equilibria
matches experimentally observed expression levels of gene products. If such a path exists,
we say the networkRN is capable of reproducing the data.

To address the robustness question, for each netwoRN we study the shape of the
subgraph P of all such matching paths. We evaluate to what extent this subgraph has

bottlenecks (indicating the fragility of development at some spatial position), we score how
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many paths can leave the subgrapP without completing the developmental program, we
score how many paths can skip a segment, and we evaluate the overall siZé¢ at a subgraph

of the graph of all paths. We compute these scores for nearly 1000 network models that have
the same number of nodes (4) and edges (8) as two \canonical" network models. One of
them is the network that is the union of the three ACDC submodules proposed by Vet

al. [48]. The second network is a subnetwork consisting of stronger regulatory interactions
from the gap gene network derived by Vereét al. [47] using work by Ashyraliyevet al. [2].

The DSGRN approach to modeling network dynamics is an essential tool without which
evaluating the complete set of global dynamics of hundreds of networks with 4 nodes and
8 edges would not be possible. However, even with this approach, there are more paths in
P GpRN g that have to be examined than can be reasonable computed. We develop graph
constructions based on condensation graphs that allow the computation and handling of
these large sets.

Our analysis produces evidence suggesting that previously explored network models
and motifs tend to have higher robustness scores when compared to randomly generated
networks, indicating consistency of our results with previous work [48]. On the other hand,
more local features such as the number of positive loops, number of negative loops, or
number of negative edges does not seem to have a signi cant e ect on robustness scores.
Importantly, our work implies that particular features of network structure are capable of
imparting robustness independent of the speci ¢ genes involved, which suggests that network
structure itself may be subject to evolutionary pressure.

The organization of the thesis is as follows. In Chapter 2, we provide enough background
on graph theory, D. melanogaster Markov chains, and multiple linear regression, for the
reader to obtain a solid understanding of modeling choices. This chapter also covers
all DSRGN background necessary to understand the DSGRN parameter graphG and

Morse graphs, which are the \dynamic signatures” of DSGRN describing network behavior.
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These are used in Chapter 4 to provide a mechanism for matching DSGRN predictions to
experimental spatial data, such as that seen iD. melanogasterdevelopment.

The interpretation of certain paths in PG as spatial expression patterns is presented
in Chapter 3. In Chapter 5, we introduce carefully constructed subgraphs ¢t G that
incorporate information about spatial gradients, such as the maternal gradients important
for proper segmentation of théd. melanogasterembryo. Particularly important is a subgraph
called the path graph. In Chapter 6, we quantify features of the path graph that permit us
to assess the robustness Bf. melanogasterdevelopment in terms of the breadth and quality
of the match between DSGRN predictions and experimental observations. In Chapter 7, we
apply these scores to nearly 1000 networks to compare robustness across network topology.
We conclude with a discussion in Chapter 8.

Work based on this thesis has been published, see [1]. All scripts and processed data
used to produce the gures and results in this manuscript can be found attps://github.

com/Eandreas1857/2023 GGN_Robustness
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CHAPTER TWO

BACKGROUND

This chapter introduces the necessary background material for understanding the
techniques developed in the presented work. Section 2.1 covers fundamental de nitions in
graph theory, progressing towards concepts such as strongly connected (path) components,
condensation graphs, Hasse diagrams, and regulatory networks. The importance of strongly
connected components lies in their role in graph theoretic methods developed in Chapter 5.
Similarly, understanding strongly connected path components and Hasse diagrams is crucial
for grasping the Morse graph of DSGRN, as detailed in Section 2.4. Regulatory networks
serve as the input for DSGRN and are vital in biological studies. The section concludes by
de ning feedback loops, which are an important feature of complex regulatory networks.

Section 2.2 provides enough background & melanogasterand the ACDC submodules
for the reader to obtain a solid understanding of the modeling choices made throughout
Chapters 3, 4, 5 and 6, as well as the di erence in modeling choices from earlier work.

Section 2.3 contains an overview of absorbing Markov chains and multiple linear
regression (MLR). Absorbing Markov chains contribute to our quanti cation of robustness
in Section 6.2, while multiple linear regression is applied in Chapter 7 to analyze the data
generated by our methods. The chapter concludes with an introduction to DSGRN, laying a
foundational understanding of the DSGRN parameter grapP G, which plays a crucial role
throughout Chapter 3. Throughout this document, bold text corresponds to terms actively

being de ned.



2.1 Graph Theory

Let G p V;Eqbe an ordered pair wheré/ is a nite set of vertices, called nodes, and
E is a nite set of edges between the nodes M. Specically, if E tt u;vu |u;v PVy,
where eachtu;vu PE is unordered, thenG is called anundirected graph . When E
tpu;vq | u;v P Vu, where eachpu;vg PE is ordered, thenG is called adirected graph .
Note in this case, we callu the source and v the target of the edgepu;vg Additionally,

|V| and |E| denote the number of nodes and edges of a gra@hrespectively.

De nition 2.1. A weighted directed graph G p V;E;Wqis a directed graph equipped
with a non-negative weightv;; assigned to each directed edge;v,q We organize weights

ina V] | V| weight matrix W r w;; s If ps;v,q RE, thenw;; 0.
A path inagraphG fromu PV to v PV is a sequence of edges

PU; U1G pUg; UG iiiPUn 15 UnG PUn; v PE
from u to v. We denote a path fromutovbyuN N v. A path is called acycle when
u v, and asimple cycle is a cycle with no repeated nodes or edges. A directed graph
is acyclic if it contains no cycles, including self-loops. An undirected graph is acyclic if it

doesn't contain a simple cycle.

De nition 2.2. A directed graphG p V;Eqis strongly connected if every pair of nodes
u;v PV has a directed path fromu to v and from v to u. A strongly connected subgrapHh

of G is said to bemaximal if there is no strongly connected subgrapH!”~ G with H ~
H'"” G. A maximal strongly connected subgraph is referred to assrongly connected
component . Singleton vertices that are not strongly connected to any other node are strongly
connected components that consist of that node and no edgesstidingly connected path

component is a strongly connected component that has at least one edge [29].
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De nition 2.3.  The condensation graph of a directed graphG is an acyclic graph where
each vertex represents a strongly connected component of the graph. An edge exists between
two distinct nodes in the condensation graph, say v, whenever there is a path from one
node in the strongly connected component representedbto a node in the strongly connected

component represented by.

Hasse diagrams and regulatory networks are special types of graphs particularly
important to our work. A Hasse diagram is a graphical representation of a nitgartially
ordered set (poset) that can be strict or non-strict. A non-strict poset is a setP, along

with the operation &, denoted bypP; rq, with following properties
" pa pforall pPP (re exivity)

" ifppr ppandp; @ po, thenpy p; (antisymmetry)

A

if pp= py and py  p; then p = s for all po; py; 2 PP (transitivity).
An object pP; q is called astrict poset if
" pe pforall pPP (irre exivity)

" po pyimpliespye poforall pg  p: PP (asymmetry)

A

ifpp prandp; p2thenpy, poforpg pr p PP (transitivity).

The transitive reduction  of an acyclic graphG p V;Eqis the unique subgraphH
pV; Elg with the smallest subset of edgeg!, E that satis es the condition that a path
uN N v exists inG if and only if a (possibly distinct) path u N N v exists inH.
Then a Hasse diagram of a posetP is formally de ned as the transitive reductionH of
the acyclic graphG p P;Eqwith a directed edgepu;vg PE foru vifandonlyifu wv.

A regulatory network is the main conceptual model of gene cell regulation in systems

biology. This structure expresses the molecular species that are controlled by other molecules
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and the type of the directed interactions between them. The molecular species are usually
proteins or mMRNA molecules. Formally, aegulatory network is a directed graph, denoted
RN p V;Eq whereV is the set of nodes and the edgds € V V t 1; 1u denote
interactions between the network nodes: the edgei;vj;1q P E indicates that v; is an
activator of v; (denoted byv; N v;), while the edgepvi;v;; 1q PE (denotedv; % v;),
indicates that v; is aninhibitor of v;. An ordered pairpv;;Vv;q PE represents eithen; N v,
orv; %v;. Informally, given v N v;, we would expect that wherv; has high (low) expression,
then v; has high (low) expression. Additionally, giverv; % v;, we would expect that when

v has high (low) expression, therv; has low (high) expressions.

De nition 2.4.  Given a regulatory networkRN p V;Eq a source of a nodey; is a node
v; such thatpvi;viq PE. A target of v; is a nodevy such thatpvj;wq PE. The set of

sources and targets of a nodg are given by

Spvjg: t vi | pvi;vigPEuU and Tpvjq: t v | pvj;viq PEU

Feedback within a regulatory network refers to a process where a subgraph of the
regulatory network has an output that also serves as an input to the same subgraph [30],
or when two (or more) subgraphs of the network are connected in such a way that each
subgraph in uences the other [51]. This feedback can either amplify its own production,
calledpositive feedback , or inhibit it, referred to as negative feedback [30, 51]. feedback
loop is a speci c type of feedback where the subgraph forms a cycle. When a feedback loop
has an odd number of repressing edges, it formsnagative feedback loop (NFL) and
when it has an even number of repressing edges (or none) it formgasitive feedback
loop (PFL) [30]. Positive feedback loops are generally more susceptible to disturbances
because perturbations to the network state are magni ed. Conversely, negative feedback has
been shown to promote stability in the network by diminishing the impact of perturbations

[4, 23, 51].



2.2 Drosophila Melanogaster

In this section, we rst introduce gap genes, maternal gradients, and anterior-posterior
patterning determined by these genes and gradients. Next, we describe the gap gene
regulatory network. The exact topology of this regulatory network is still under debate.

A major goal of this thesis is to compare di erent models of the gap gene network and
evaluate their robustness. We note one element common to all models is that gap gene
activity is partially determined by the presence of spatial protein gradients extending along

the developmental axis.

2.2.1 Anterior-Posterior (A-P) Patterning in Drosophila Melanogaster

Early development (i.e., development of the embryo) dd. melanogasterhas three main
stages, classi ed by the number of nuclear divisions called cycles: syncytial cleavage stage,
syncytial blastoderm stage, and gastrulation (see Figure 2.1(right)). During the syncytial
cleavage stage, the embryo undergoes nine nuclei divisions. By cycle 10, the nuclei have
transitioned into the syncytial blastoderm, where they layer the surface of the embryo. Cell
walls form between nuclei immediately at the end of the syncytial blastoderm stage (cycle
14A), creating a single layer of cells around the core of the embryo called thellular
blastoderm [12]. Cycle 14B marks the beginning of gastrulation; during this stage the
cell layer at the surface of the embryo moves and forms thregerm layers that shape
the exoskeleton and nervous system (ectoderm), the intestinal organs (endoderm) and the
remaining organs (mesoderm) [18, 12].

During the formation of the germ layers, the ectoderm and the mesoderm migrate
to the lower side {entral ) of the embryo, forming what is called thegerm band . The
germ band then undergoes germ band extension, where it extends to the bapkgterior )

region of the embryo and then wraps around to the topdorsal ) region of the embryo [12].
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During germ band extension, distinct segments begin to emerge from the heaohterior )

to the posterior of the embryo, where each segment is responsible for distinct portions of
the adult y. Segment determination occurs before gastrulation, the genes responsible for
this segmentation were found experimentally by inducing genetic mutations and describing
the resulting phenotypes [32, 13, 18]. These experiments resulted in the discovery of a class
of so-called gap genes whose knockouts cause entire segments along the anterior-posterior
(A-P) axis to be deleted. We focus on thérunk gap genes [18]hunchback(hb), giant (gt),
Knapple (Kr) and Knirps (kni), which play a central role in the formation of the middling

part of the A-P axis, namely between 35% and 75% egg length [25].

The trunk gap genes are, in part, regulated by maternal protein gradients, Bicoid (Bcd)
and Caudal (Cad) in addition to Nanos (Nos) and existing maternal Hb, the gene product
of hb. However, Nos has only been found to regulate maternal Hb, and while maternal Hb is
important in earlier stages of development, is mostly gone by cellularization [49, 17, 18, 13].
Therefore we will limit our discussion of maternal gradients to Bcd and Cad.

The interaction of Bcd and Cad creates opposing gradients from anterior to posterior.
During egg development, Bcd proteins are concentrated at the anterior of the egg, while Cad
is uniformly spread throughout the egg. After fertilization, Bcd begins to di use, creating
a gradient of concentration decreasing from the anterior of the embryo to the posterior. A
repression of Bcd on Cad creates a smooth gradient of Cad that increases from anterior
to posterior [31, 40, 13]. These gradients impact thprotein expression patterns  of
the trunk gap gene proteins, which are regions along the A-P axis where each protein has
high or low concentration [31, 32, 13].Domain boundaries for a particular protein are
where the protein expression pattern is transitioning from high concentration to low or
vice versa. Domain boundaries sharpen during late-stage development (cycle 14A) of the
embryo (see Figure 2.1(right)), a process controlled by trunk gap genes rather than maternal

gradients [18]. Trunk gap gene regulation associated with the late-stage segmentation process
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Figure 2.1: (left) Early development of theD. melanogasterembryo. The numbers indicate
cleavage cycle. Figure from [18], reproduced/adapted with permission from jcs.biologists.org.
(right) Trunk gap gene expressions during each time class T1 through T8 during cycle 14A,
which shows gap gene domain boundaries sharpening. The light areas show the high protein
expression for each of the trunk gap genes along the A-P axis. The plots shown in the bottom
row shows the protein expression data for time classes T1 through T8. Figure from [18].

can be described by four maimegulatory mechanisms , as articulated by [18]:

1. Activation by maternal gradients Bcd and Cad maintain gap gene expression [31] as

domain boundaries sharpen.

2. Auto-activation: Many early models of the gap gene network showed that auto-
activation of each gene was essential [28], though more recently it has been shown
that auto-activation is not strictly essential as models have been able to reproduce the
data without auto-regulation [19, 34]. Experimentally,hb has the strongest evidence

for auto-activation [38, 19, 34].
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3. Strong repressive feedback between complementary gefidge strongest experimental
evidence for late-stage trunk gap gene regulation is between the phaly and kni, and
the pair kr and gt [19]. Both pairs exhibit mutual strong repression with each other,

called repressive feedback .

4. Regulation between non-complementary gene3here is also experimental evidence
that there are interactions between the other genes that are not complementary [19],
though the exact type, strength, and potential e ect of these interactions have only

been examined by mathematical models [18].

2.2.2 The Gap GeneRegulatory Network [48]

Though many models have been shown to faithfully replicate the protein expression
of the trunk gap genes [19, 48, 25, 34], we will focus our study on the gap gene network
as described in [48] and shown in Figure 2.2. Edges are color-coded according to their
source protein. Dotted lines indicate weak regulatory interaction while bold lines indicate
stronger regulatory interaction [48, 47]. We call thesaveak edges and strong edges,
respectively. We will make the reasonable assumption that strong edges are more likely
to be the dominating regulatory factors in the protein expression levels. The left panel in
Figure 2.2 is a regulatory network representation of the gap gene network while on the right
is a spatial representation, which shows the extent of protein expression along the A-P axis.

We hypothesize that a sequence of parameter changes representing the impact of Bcd
and Cad within a single network is capable of recapitulating the protein expression level
data (see Section 3.3 and Chapter 5). There is a solid biological argument for choosing
to model maternal gradients as a change in network parameters. In late-stage gap gene
regulation, at any point along the A-P axis, the maternal gradients are relatively constant.
That is, within a single nucleus there is not a signi cant change in the level of Bcd and Cad.

Therefore Bcd and Cad can be viewed as part of the environmental conditions of the nucleus
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Cad

Anterior Posterior

Figure 2.2: Gap gene network. (left) The gap gene network used in [48]. The edge widths
depict the strength of the interaction; dotted edges are the weakest interactions and the bold
edges are the strongest. (right) Simpli ed spatial representation of gene regulation from
anterior-posterior (A-P) position 35% to 75% for the gap gene network. The violet gradient
indicates the concentration of Bcd, and the cyan gradient indicates the concentration of Cad.
The horizontal extent of the boxes represents spatial positions with high late-stage protein
expression levels. Figure adapted from [48].

that help determine network parameters and not as active participants of the network, see

Figure 2.3(C).

2.2.3 ACDC Dynamic Modulesof the Gap GeneNetwork

During their study of the gap gene regulatory network in Figure 2.2(left), Veret al. [48]
partitioned a slightly reduced version of the spatial representation of the gap gene network
shown in Figure 2.2(right) into three subnetworks they described adynamic modules .
According to their de nition, a dynamic module of the gap gene regulatory network is a
subgroup of the genes that control protein expression in a region of the A-P axis. They
postulate that the A-P axis can be split into three regions, each of which has a single gene
that does not participate in network dynamics (i.e. is inactive) in that region. They assume
that between A-P positions 35-47% (region 1kni is inactive, between 49-59% (region )t
is inactive and between 61-75% (region 3)bis inactive, shown in Figure 2.3(A). Thus, they
create three dynamic modules (Figure 2.3(B)), all isomorphic to the ACDC signaling motif

[33], that are active in regions 1, 2 and 3, respectively. Veret al. [48] showed that these
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subnetworks were capable of reproducing the protein expression levels between 35-75% egg

length.
Region 1 Region 2 Region 3
A (w9 (D)
T i L o T
--.n. /.n.-- --.n. /.n.-- -1/:-
T @ T @@ T @@
Anterior Posterior Anterior Posterior Anterior Posterior

B g}
e '7‘
'i.'Zl. ."‘ .l:..f\ L=

ACDC1 ACDC2 ACDC3 FullConn

C
! (o) @ ‘l—. (o) @
/ {_/\ /
Q ‘ ‘ (k) ‘4.

embryo wall
nuclei layer

Anterior Posterior

Figure 2.3: (A) Identi cation of active nodes along spatial domains 35-47% (region 1), 49-
59% (region 2), and 61-75% (region 3) identi ed in Veret al [48]. (B) The ACDC modules 1,

2, and 3, assumed by [48] to be active in region 1, 2, and 3 respectively. The fully connected
(FullConn) network is a union of nodes and edges from the ACDC modules (without the self-
loops). Figure adapted from [48]. (C) Representation of a model utilizing a single network
to simulate protein expression levels within each nucleus, where the concentrations of Bcd
and Cad are treated as constants within a nucleus but may vary between di erent nuclei.

One of the purposes of our study is to show that the decomposition into dynamic
modules is unnecessary to reproduce the data. To do so, consider the network constructed

as the union of nodes and edges from the three ACDC dynamical modules without the self-
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loops. We call this network the fully connected network (FullConn), see Figure 2.3. We
will evaluate this network using our methods to see if it can faithfully capture the protein

expression data, which we describe in Section 4.2.

2.3 Statistical Background

2.3.1 Absorbing Markov Chain

A Markov chain is a discrete stochastic process describing a possible sequence of
states where the probability of each state occurring depends only on the current state in the
process [35]. Formally, a Markov chain has a nite number of statas;u' , for n PN where

the probability of transitioning from state s;, to state s; , depends only on the current state

a consequence, a Markov chain can be represented byransition matrix  [45] W where
Iy is given by!; : ppsj|sigand
i1 (2.1)

for eachi 1;:::;n[45]. Anabsorbing state is a states; with ppsi|sig 1 and atransient
state is any state that isn't absorbing. Anabsorbing Markov chain  (AMC) is a Markov
chain where each state can reach an absorbing state in a nite number of steps [9, 45]. The
probabilities of transitioning from transition state s; to absorbing states; in an AMC can

be calculated from its transition matrix W [45]. The transition matrix W of an absorbing
Markov chain can be transformed to the canonical form

Qtthr
O ¢ Ity

w

wheret is the number of transient statesy is the number of absorbing states), ; is the
zero matrix andl, ., is the identity matrix [9, 45]. The matrix Q; ; describes the transitions

between transient states andR, , describes the transition from transient states to absorbing
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states. The probability of transition from transient states; to another transient states; in k
steps is given by theg;j q th entry of Q¥ [45]. Additionally, the expected number of times

a transient states; is visited froms; is the g;j q th entry of
8

N T Q“pl Qu 2.2)
k 1
whereN is called thefundamental matrix  of the absorbing Markov chain [45]. Lastly, the
d;j orth entry of the matrix

B NR (2.3)

gives the probability of transitioning from transition state s; to absorbing states; [45].

2.3.2 Multiple Linear Regression

The statistical techniqueMultiple Linear Regression  (MLR) is used to estimate the
linear relationship between a quantitative response variable (dependent variable) and two or
more predictor variables (independent variables), which can be a combination of quantitative
and categorical [16, 20, 21].

When a categorical predictor variable is used in a regression model, it is called a
factor , and the individual categories are calledevels of the factor [36]. Assume there are
p quantitative predictor variables andq categorical predictor variables related to a response
variable, with a random sample ofn observations (data points). For each observation
i 1;2;::n we lety; denote the response variable fdr, X; r Xi1; Xi2; :::;xipsT P RP denote
the quantitative predictor values, andC;y; Cy; ::;; Cq denote the categorical predictors, with
G I Gi;Gio; i Ggsdenoting the level of each factor observationbelongs to. Note that each

cj can be descriptive rather than numerical.

De nition 2.5. Consider a model with categorical predictoCy consisting of Aq;:::; Am,

levels and suppose there ame observations. Then we neethy 1 indicator variables

indicating what level observation  1;2;:::;n belongs to. Speci cally, suppos@,, is the
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baseline level, then for levgl 1;:::;my 1 the indicator variable for observation is given

by $
&0 ifiRA

ijpq ]
%1 ifi PA;:

If 1, Oforallj 1;::;mg 1then observation belongs to the baseline leval,, [36, 21].

Given the modeltraining set tpx;;c;yiq|i 1,2 ::; nu the MLR model assumes the

responsey; can be approximated by ahypothesis function h. x;;cq[36, 21] given by
P L4 M 1
h, Xi;cq: o i Xi klepq (2.4)

i1 k11
where

1.t pandtt eul ;U™ ! are the model parameters (usually called coe cients),
2. I pgdenotes the indicator variable for level of the categorical variableCy, and

3. my denotes the number of levels df.

Notice that we assume that the leveimy is the baseline level for allCy. By assumption,
yi h. p;cq "i, where"; is an error term accounting for the in uence ory; unexplained
by the predictor variablesx; and ¢.

Let g 1 hafglieAG i lm, 1g80S and « T 1 k2i i kpme 168 for K

1;:::;0. Then the hypothesis function can be written in matrix notation as

h X (2.5)

where

hp; ¢1q : 1 x7 hpld  lplg sils]
hpz; G0 > and x 1 x3 g lpRq | g2

hpxn; € : 1 %y lind o | qmd
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Note that X is called thedesign matrix . In general, the that solves equation (2.5) is not
unique. Instead, the goal is to nd that minimizes the ordinary least squares (OLS)
equation

n

Jpg € py Xdpy Xq (2.6)

i1
wheree py; hpi;cgoandy r yi; Yo, VaS [21, 20]. Note thate is called theresidual
of observationi. The solution of equation (2.6) is given by solving th@ormal equations
XTXq XTy

which can be derived fronr Jp q 0. This minimization problem has a unique solution,
provided that the columns of the design matrixX are linearly independent [21].

Once the parameters are determined, the hypothesis function can be used for prediction.
However, the parameters can also be used to understand the relationship between the

predictor variables and the response. The parameters can be interpreted as follows [36];

o is the estimated mean of the response wheq@ 0 andi belong to all baseline levels,
giving
p ,q m}k 1
i Xij 0 and k‘lk‘pq 0:
i1 k 1°1
Each ; forj 1;:: pis the unit change in the estimated mean of the response for each one
unit increase inx; . Lastly, each | is the dierence in the estimated mean of the response
when an observation belongs to theth level of Cy for k 1, :::; g, after accounting for other
variables in the model.
For a simple example, suppose we have the training data as seen in Figure 2.4(left)
composed of a single quantitative variabl&, and a single categorical variabl€,; which has
three levels (shown by color). Looking at the data, we have the following observations. First,

it appears that there is a linear relation between the response and the predictor variable.

Second, it appears that the level o€, that an observation belongs to has an impact on the
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value of the response. Using a MLR model on this data can help determine if the second
observation is correct, assuming the rst observation is true. Assume level 3 (shown in red)

is the baseline ofC,, then the model is given by

hpi;cq o wXin ulufg  12lpg
with parameter 1 ag; 1; 11, 108 . Figure 2.4(right) shows a depiction of the hypothesized
linear relationship between the predictors and the response. Note how the baseline level's
linear t has an intercept of . Recall that g is the mean of the response when; 0 and
i is in the baseline level. The remaining lines depict the change in the mean of the response
when an observation belongs to either level 1 or 2. Furthermore, notice how these linear ts
are parallel linear lines with a slope of 1, this slope shows how the response changesxas
increases a single unit, regardless of what group an observation belongs to. This model is

sometimes called the parallel lines model.

Figure 2.4: Multiple linear regression example on generated sample data (left), with one
guantitative variable x; and one categorical variable with 3 levels shown in red (baseline),
blue and green (right).

Remark 2.1. There are other forms of the MLR model hypothesis equation, such as
equations that include interaction terms between the groups that allow for a change in the

slope for di erent groups [36, 21]. However, this is out of the scope of this thesis.
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Before getting into model assumptions, a few terms need to be introduced. Thean

squared error is given by

2 Jpq
n| |

where n is the number of observations in the training set and | : lengthp g Lety
ry1;Ys; 5 YaS' be the response variable and let % ! | vi denote the true response mean.

The coe cient of determination R2 [21] is given by
Jpq
Rz2 ° —“*
in 1Wi yq2

Note that R? is a measure of how wel} is explained by the predictor variables in the model.
An issue that can arise while training an MLR model is when an observation is

overly inuential . Consider H XpXTXq IXT, the diagonal elementsh; of H for

i 1,2;::;nis called theleverage of observationi [21]. Leverage is a measure of how far

away an observation is from the rest of the observations. Speci cally, when a point that

has high leverage is removed from the dataset there is a potential that it will cause large

changes to the parameter. Cook's distance measures the e ect on the parameter when

an observation is deleted. The Cook's distance of observatioms given by

Di ri22 hii
| Is? pL b
wherer; : g’)f—h are the standardized residuals [21]. Observations with both high

leverage and a high Cook’s distance are considered to inauential . An observation with
leverage ovel! {n is generally considered a high-leverage observation [21, 16]. An observation
with a Cook's distance between ® and 1 is considered to have moderate in uence, and
anything greater than 1 is considered high in uence [21, 16].

Recall that to guarantee a unique solution that minimizes the OLS equation, the
columns of the design matrixX must be linearly independent. However, having columns
that are close to being dependent is also a problem because it can lead to large coe cients

in the model. The termmulticolinearity  is used to describe a situation where the columns
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of X are either linearly dependent or close to being linearly dependent [21]. This can be
tested using a measure termed theariance in ation factor (VIF), which measures how
close to linearly dependent the columns of are. Let X4;:::;; X| | denote the columns ofX,

the VIF of column X; is given by
1
f; 1—Rf
for | 1,50 |, where Rj2 is the coe cient of determination using X; as the dependent
variable and X 1;::3; X; 1, Xj 1;::5; X | as the dependent variables [21]. X; is orthogonal
to the other columns of X, then Rj2 0 implying f; 1. When X; has a strong linear
relationship with at least one of the remaining columns oX then Rj2 1 showing that the
stronger the linear relationship, the largerf; becomes [21, 20]. It is generally accepted that
f;  5indicates no issue with multicollinearity betweerX; and the remaining columns oX
[20].
In a MLR model, it is assumed that there are no overly in uential observations in the

training set and that multicollinearity is not an issue among the predictor variables. In

addition to these, the following are also assumptions on the training set [21, 16, 20, 36]:

Linearity: the relationship between the predictor variables and the response variable

is linear.

Equal Variance: the size of the error in the prediction doesn't change across the values

of the independent variable.
Normality: the residuals follow a normal distribution.

Independence of observations: the values for the predictor variables for each observation

are obtained independently of each other.

In practical applications, the MLR model assumptions only need to be approximately

true, we now discuss verication tools and guidelines for assessing if the training set
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approximately satis es the assumptions. Linearity can be graphically veri ed by looking at
each predictor variable plotted against the response variable on a scatter plot and observing
if the relationship is approximately linear. Another way to test this assumption is to plot the
tted values hpx;; ¢ gagainst the residualsg . If the residuals appear to be randomly spread
out about 0, this suggests that the assumption that the relationship is linear is reasonable
[21, 16, 20, 36].

Equal variance can be veri ed using a plot of the tted valueshpx;; ¢gand the square
root of the standardized residuals; (called the scale-location plot). In this plot, an evenly
spaced band following some identi ed curve indicates that the equal variance assumption is
approximately satis ed [21, 16, 20, 36]. Furthermore, a normal quantile-quantile (QQ) plot
serves as a method to evaluate if the residuals are normally distributed. This is achieved by
plotting the quantiles of the residuals from the training set against the theoretical quantiles
expected for normally distributed residuals. If the plotted points generally follow the diagonal
line, it is inferred that the training set residuals follow a normal distribution [21, 16, 36].

Lastly, a MLR model requires that the observations are independent from each other
[36]. As an example of data that could have an independence issue, suppose data are collected
on temperature at di erent weather stations. Further, suppose two of those stations, say A
and B, are located in the same city. Then the readings at station A are likely to be similar
to those of station B, indicating these observations are dependent because readings at one
station can be predicted from the other. Independence of observations can be veri ed by
considering the sources of the data, or by inspecting a plot of the residuals against some
variable that might be related to the dependency of observations, such as time, location, or
even the order in which observations were collected. Any patterns or trends in the plot can

suggest a violation of the independence assumption.
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2.4 DSGRN

In this section, we discuss a modeling approach called DSGRN (Dynamic Signatures
Generated by Regulatory Networks) [7] that captures networks dynamics across global
parameter space. The structures that will be especially important are thparameter
graph constructed from factor graphs (Section 2.4.2) and theMorse graph capturing

the dynamics at each DSGRN parameter (Section 2.4.4).

2.4.1 Switching Systems

We associate to a regulatory networkRN  p V;Eq with |V| M a system of
M ordinary di erential equations (ODEs) with piecewise constant nonlinearities called a
switching system [14, 15, 43, 44, 42, 8, 39]. With a slight abuse of notation in the interest
of clarity, we usey; to denote either a node iV or the corresponding variable in a dynamical

system that evolves according to

9 ivi g ) LM (2.7)
where ; j Ois the decay rate ofj and ;pvqis a product of sums of step functions;; pviq
for eachv; P Spy; qgiven by $

&l v
pi g, (2.8)
%Uj;i if Vii i
if v N v and $
&l ifvii g
g, (2.9)
Pu ifvi

if vi %v;. Herel;; and u;; and are called the lower (low) and upper (high) level of e ect
of nodev; on nodev;, where 0 Ij; Ui . The threshold 0 j; for nodev; is where the

e ect on target v; of the regulator nodev; switches. We assume that the values of;; for
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any nodev; are distinct. Suppose there aré sources ofv;, |Spy;q| K, where the nodes
Vi,; 11, V. are activators ofv; and the nodesv;. ;:::; Vi, are inhibitors of v;. Then for the

IEEERE

computations in this thesis we choose the expression

ivg poopvi,q i vi.qq pvi. ,q i, G (2.10)
This form, often used in switching systems [14, 43, 42], was motivated by the fact
that transcriptional activators often act additively and that the transcriptional repressors
physically block transcription initiation. This choice is not conceptually necessary but is

currently implemented in the DSGRN software [11]. See Figure 2.5(a,b) for an example of

an RN and its associated switching system.

2.4.2 Factor Graph and DSGRN Parameter Graph

The valuest j;;l;; ; u;; uare non-negative parameters of system (2.7), where we assume
decay rates of 1 for simplicity. Traditionally, to characterize the behavior of the ODE
system over parameter space, a (necessarily sparse) parameter sampling would be performed.
DSGRN takes a dierent approach and divides parameter space into a nite number of
regions de ned by inequalities, and evaluates coarse but informative signatures of dynamic
behaviors of the network that are invariant within each region [7]. Since the number of
regions is nite, it is in principle possible to compute these coarse signatures over all of
parameter space for a switching system associated RN , although the number of regions
grows combinatorially and exhaustive computations become rapidly intractable. In this
section, we introduce the inequalities that de ne DSGRN parameter regions and arrange
them into a parameter graph that re ects region adjacency in the parameter space.

To do so, we de neorder parameters and logic parameters . For a nodev with
|Tpvq| target nodes, and thereforel T pvq| thresholds, one for eachy P Tpvg an order
parameter de nes an ordering of these thresholds. A logic parameter de nes how the nite

collection of possible inputs to node is related to the |T pvq| thresholds ofv.
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Figure 2.5: (a) TheRN . (b) ODEs with decay rates ; > 1 associated with (a). (c)

A choice of DSGRN parameter wherav, p l;1;l2GW, p lig;Ui2gWs  p uig;li2g and

W, pu.;u2qfori 1,2, see Section 2.4.2 for more details. (d) List of target points for
each domaink- of the phase space in (e). Note the colors of the TR( match the color

of the vertex of the domain where that target point falls.(e) Phase space decomposition
into the nine domains by thresholds 1.1; 1.2; 22 and ,;. Each domain is represented by a
circular vertex inside the domain. Arrows are the depiction of the direction of trajectories of
a switching ODE system model in (b). The choice of DSGRN parameter is depicted above
and to the right of phase space. For example, we hawe | .1, since domainsk;, kg and kg

are all above ,.; we write w; above these. The vertices and arrows form the state transition
graph. See Section 2.4.3 for details. (f) The Morse graph (below) is associated with the state
transition graph in (e) and the strongly path connected components, or Morse nodes, are
associated with each node of the Morse graph (above), where the strongly connected path
components are associated to domairks; ks; ks; ke; k; and kg in phase space and the edges
are reachability conditions.
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De nition 2.6. Letv; PV be a node inRN with source nodesSpvjq t Vs ;:::;Vs U
and target nodesTpvijq tvi;:::;vi;u The thresholds associated witly; are
t i::00 ir5U An order parameter for v, is a bijective map ; : ; Nt 0;1;:::;|Tpvq

1u that induces a total ordering of the thresholds associateda We call O; the set of all
order parameters for vertexy;.
Let

Rj t ljs;;Ugs,U t lisy s Uise U

be a lattice of inputs to the node; under the product order induced by

lis, Us, forall scPSpvq (2.11)

X; t 0;1;:::;|Tpviglube the set of Tpvjgq| 1 integers that enumerates the intervals between

the thresholds. Alogic parameter ; for v, is a map ; : Rj N X;, which satis es
w  wh jpvga jpig
i.e. it is monotone. We callL; the set of all logic parameters for vertex;. A factor

parameter for a nodev; PV isapairp : p j; jqPL; 0.

The setR; contains all the possible input values into a nodg; and the map ; inserts
the inputs between the thresholds. If jpyvg m then we sayw is abovem thresholds.
We chose to reuse the relation symbol on R; to facilitate the following simpli cation of
notation: we will write w  ;; when jpvg  jpi; g although the spacesR; and ; are
not strictly comparable.

See Table 2.1 for example parameters for nogein Figure 2.5, which has two in-edges

and two out-edges. The lattice of inputs

Ri t l1g;upau t 1o urou P 1o 112G @115 Us2G PU11; 11:2G PU1.1; U12QU
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logic parameter logic parameter inequality description
Vg 0 apwzg O apwzd O apwzg O wi t Wiwiuo o wp o a2
iwiq 0 apwzq O apvig Loapazg 2 wp Wy g W12 W
iwiq 0 apwzq 2 apvig Loapvig 2| wpoun W31 W3 W
Table 2.1: Logic parameter examples (left) and corresponding inequality descriptions (right)

for a network node with two in-edges and two out-edges and order parametefp ;.1q
0, 1p12q 1.

is partially ordered fdi1.1;1120  tp l1.1;U12G pur1; 112U pusg; UsoQq With respect to the
product order. The out-edges have thresholds.; and ;., with the set of order parameters

O, consisting of two functions

O; tp 1P1d O 1p120 1Gp P20 O 7p11q 1y
while the set of logic parameters is the set of functions : R, N t 0; 1;2u. Select without
loss one of the two order parameters; : 1 which we interpret as 1.1 1:2: Using the
notation wi P ly;lioGWE  plig;UaGWE  p ugg;lioG andwi  p ugg; Usog we list in
Table 2.1 three logic parameters with the corresponding description in terms of inequalities.
While Table 2.1 only shows 3 logic parameters for our example, there are 20 in total. Hence,

[IL; Oy 40, showingv,; has 40 factor parameters.

Remark 2.2. In the special case wherTpy;q| O, i.e. nodev; has no out-edges, DSGRN
assumes tha; still can attain high and low levels of expression. To implement this, a \ghost"

threshold is assigned, and the parameters fgr are taken to be the same as jTpv;q| 1.
The set of factor parameters for a network node can be represented as a graph.

De nition 2.7. Given aRN p V;Eq the factor graph F; p V;E;qfor a regulatory
nodev; PV is an undirected graph with a nodgy PV, for each factor parameter ofyv

and edges between nodes whenever there is a single inequality change between two factor
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parameters; i.e., there is an edge betwegr]; jgandpf; [qif exactly one of the following

is satis ed:

1. (Logical adjacency) ji|d q jkri gqfor I PR; except for exactly oné PR;, in which

case
,—ild q jklj q 1
and ]Iplmqu Jkplmx]qforall im;j P j’Or
2. (Order adjacency) j‘ j" and there exists exactly one set of integessm; n such that

ipg s 1forall! PR, Ipiyq fpiyqfor” m;nand
jipim:jq S; }Pin;jq s 1
jkpim;jq s 1 }(pin;jq S:

The factor graph of nodev; from Figure 2.5 can be seen in Figure 2.6. Note that this
graph has all 40 factor parameters, where the order parameter is depicted above the nodes
and the logic parameter is encoded in the labels, where a lalaélcdcorresponds to the logic
parameter with pnvig  a, 1pnv2g b, ipvsg ¢, and ;pwvsq  d. Logical adjacencies are
shown as black edges and order adjacencies are shown as red edges.

Order adjacencies exist only betweesubfactor graphs , or isomorphic subgraphs of a
factor graph that contain only logical adjacencies. For a regulatory nodg PV, the order
parameters | P O; are related by a group of permutations |rp, o, that permute threshold
labels. As a consequence, for each factor parameperP V; with a threshold order | there
are |Tpvjq} parametersp , P |1y, q, Where threshold labels are permuted by. Therefore,
each factor graph contains a collection dfT py; gl subfactor graphs. An example of this can
be seen in the Figure 2.6 factor graph, which has two subfactor graphs.

A DSGRN parameter is the choice of one factor parameter for eacli P V.

Figure 2.5(c) shows an example of a DSGRN parameter for the RN shown in (a). Figure 2.7
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11 1,2 1,2 1.1
2222 2222
1222 1222
(1212) (1122) ( 0222} (0222) (1122) ( 1212)
(1112) (0212] ( 0122) (0122) (0212] ( 1112)
(1111) (0112) ( 0202) ( 0022} 0022] ( 0202] ( 0112] ( 1111]
\ \ X </ /
0111) (0102) [ 0012 0012) (0102) ( 0111
(0101) (0011) ( 0002} (0002) (0011) (0101)
|
0001 0001
0000 0000

Figure 2.6: Factor graph for a nodes; from Figure 2.5. Each node labeabcdrepresents a
logic parameter, witha  ;pmg b 1pvg ¢ pvzgandd  ;pvsg The left-hand side
of the graph has factor parameters associated with the order parametar; 1.2 While the
right-hand side is associated with 1., 1.1. Black edges show logical adjacencies and red
edges show order adjacencies.

shows all nine DSGRN parameters for a two node and two edge RN as labels on graph.

De nition 2.8. Let RN p V;Eqbe a regulatory network with|V| M and let F;
pVv;; Ejq denote the factor graphs of eactjy PV. The DSGRN parameter graph  is an
undirected graphP G p P;Cgconstructed from DSGRN parameters as follows. The vertex

set P consists of a node for each DSGRN parameter, i.e.,
™M

P V!
i1
Additionally, there exists an edg®mp:; P2; ;Pv G Ph;%; ;9w qq PCif and only if there
exists exactly ong 1;2;:::M such thatp ;g PE; andp g otherwise. In other

words, there exists an adjacent change in inequalities in exactly one factor parameter graph.
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Consider the RN from Figure 2.5(a) and the factor graph in Figure 2.6 for node. Since
V, also has two in-edges and two-edges, then it has a factor graph that is isomorphic to the
factor graph forv,;. The parameter graph for thisRN is constructed by taking the product
of the factor graph forv, with the factor graph of v,. Then this parameter graph has a total
of 1600 nodes. While 1600 appears to be a large number of parameter nodes, it represents a
nite decomposition of R%El  R*? which then permits exhaustive exploration of parameter
space. A fully constructed DSGRN parameter graph for a two-node and two-edge network

can be seen in Figure 2.7.

liz  ifvo 12
1 . .
U ifvaj 12
#
12 21 ;
Uy ifvp 21
12} V2
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e U o e U o e Uz o
Gy ey aHEg )
l12 21 Ui l12 21 Ui l12 21 Ui
e wHE D WHS B
o1l U o1l U PR EP R VI Y
{ 1 Ux 12 }7{ 1 12 Ux H{ 2l Uy }\
Figure 2.7: Basic overview of DSGRN structure for a two node and two edge regulatory
network as shown in the upper left box, along with the system of ODEs used to model
network dynamics. The undirected graph is the full DSGRN parameter graph for the example
regulatory network, the node labels are the factor parameters for node (top line) and v,
(bottom line). Node colors indicate DSGRN parameters that resulted in the same Morse
graph. Edges colored red (vertical) are indicating that the factor parameter fov, has
an adjacent inequality change, while the blue (horizontal) edges are indicating the factor
parameter forv, has an adjacent inequality change. On the right is a depiction of the state
transition graph and Morse graph for the bottom right DSGRN parameter graph node.

2.4.3 State Transition Graph (STG)

Given a regulatory networkRN  p V; Eq the set of thresholds ; for v; PV divide

the interval r0;8q into |Tpvjq| 1 intervals, namely0; i G pPi,;; iz;jq:::;pilqul;j;Sq,
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described by the seX; t 0;1;:::;|Tpvjqlu The collection of thresholds p 4;:::; wmQ
divides r0; 8qM into a nite number of M -dimensional rectangles calledomains . Let K
denote the collection of all such domains. This collection is represented by thk-tuples of
integers X * J'V' . Xj via a bijection : K N X. For example, domaink; in the lower
left of Figure 2.5(e) has label gk;g pO0;0qg since bothv; and v, exceed 0 thresholds each.
The arrows between the domains represent the direction of trajectories of a switching ODE
system model that is consistent with network structure.

The setX is the set of nodes of thatate transition graph  (STG). The directed edges
between the nodes in STG indicate the direction of ow between neighboring (non-diagonal)
domains. As we will now show, the edge directions are uniquely determined by the choice of

DSGRN parameter. We rst de ne the domain target points.

De nition 2.9. Given a regulatory network RN p V;Eq with |V| N, let P be

the associated set of DSGRN parameters. Fix a parametpr P P. For each domain

k P K, the switching function ;pxq for node v; P V is constant for all x P k. Let
Kg: p 1KGg:::; nKggdenote the vector of these values. Note that the ow in each

domain k converges to a point determined by

Y v kg O: (2.12)
Here is a diagonal matrix, with decay rates; as its diagonal entries. Then atarget

point for k is

TPkq kg (2.13)

When T Pkq Pk, we callk an attracting domain

We now translate the mapk N pr Pgkaq which is the mapK N X to a map on the
spaceX. For pPP,the mapF°%: X P N X de ned by

F°p;pg: y wherey  pTPp 'mxqqq
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Thatis, y PX is an integer signature of the domain where the target point of domain pxq

lies. We are ready to de ne a multi-valued mag= on X that gives rise to the STG.
De nition 2.10.  The multi-valued mapF : X P N X is generated byF ° and de ned by
" If FOox;pg X then Fpx;pg t Xu.

" For any componentj 1;:::;N and Pt 1;1u satisfying Ff’p(;pqi X j the state
Xj X 5 X X fori ]
satis es x PF px; pg

Note that x P X is a xed point of F if and only if x is a xed point of F°. The
multivalued map F can be represented as a STG, see Figure 2.5(e). As an example,
we construct a STG for the regulatory network in Figure 2.5(a) at a particular DSGRN
parameter. Suppose ; > 1 and consider the DSGRN parametep p p1; p2q with

Pr P 1, 1GP2 P 2; 20 Assume that order parameters are
P 0 1p2aq 1
2P120 0 2p220 1
and logic parameters are
1ol D2 tugr s lgn o Ugpu 11 21 Upr U
2 l2ol2n  Uzplan 12 22Uz 22 UzUzg:
This choice of parameterp determines the STG in Figure 2.5(e), which is superimposed on
phase space. For example, consider the domain, which is the bottom left domain. All

the regulatory nodes in domairk, are below their thresholds, thus the ordinary di erential

equations in this domain are

1% vi pliz UL1G 9 Vo p la2uz1Q
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with TPpk1q plie 111 l22U210 Notice the choice of DSGRN parametep implies that
the valuely, 11 11, While 15 lo0U21 2. Therefore the target pointT Pk qis in

domaink,. Repeating this for every domairk;;j 1;:::;9 we construct the STG in 2.5(e).

2.4.4 Morse Graphs

A Morse graph is a compact description of the global dynamics of a regulatory network
RN at a speci c parameter node inP G that is derived from the STG. The most important
features to notice of a STG are that (1) there can be single cells that are attracting,
corresponding to the presence of a stable equilibrium, and (2) stable or unstable cyclic
behavior can be identied. A Morse graph is a summary of this recurrent behavior in
the STG, as described by the arrangement of strongly connected path components, see
Figure 2.5(f).

We summarize the following de nition from [7], using graph theory concepts de ned
in Section 2.1. TheMorse decomposition MDppqof a STG forp P P is the set of all
strongly connected path components of the STG. Consider any two strongly connected path
componentss;; s, P MD(p). If there is a path in the STG froms; to s; then we says; @ s,,
de ning a partial order @ on MD(p). The Morse graph of the STG, denoted MG), is
the Hasse diagram of (MIPpg 2q, and the vertices of MGp) are calledMorse nodes .

In order for the Morse graph to provide interpretable information, we label each Morse
node in a way that suggests the dynamics associated with the underlying strongly connected
path component of the STG. The notation FP() is used to label a Morse node where
the corresponding strongly connected path component consists of a single attracting domain
k PK with label w kg PX. For example, in Figure 2.5(e) we see that the domaiks is
an attracting region with label p0; 2q and thus the corresponding Morse node will be labeled
FP0; 29

The full cycle label (FC) annotates Morse nodes where there is a closed path
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STG and crosses a threshold for each nodle. For example, the STG in Figure 2.5(e) gives
rise to a Morse graph with two Morse nodes labeled FP, as well as a full cycle FC that has
a path to one of the xed points (Figure 2.5(f)). The full cycle represents the path in phase

Spacek6 N k5 N kg N k- N ke.

De nition 2.11. The leaves of the Morse graph, i.e. the Morse nodes with no out-edges,
are calledstable Morse nodes . All others are unstable Morse nodes . A monostable
Morse graph is a Morse graph containing a single stable Morse node. rAonostable
xed point is the unique stable Morse node in a monostable Morse graph that has an FP

annotation.
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CHAPTER THREE

SPATIAL MODELING USING DSGRN

DSGRN is inherently suited to systems of ordinary di erential equations and not to
partial di erential equations. However, we can approximate the e ect of temporally constant
yet spatially varying external variables on a dynamical system via a directed sequence of
parameter changes in the system. The goal of this section is to introduce the necessary
rigor for this modeling framework. This procedure necessitates a re-imagining of a factor
graph as a graded poset (see Theorem 2). The ranks of the graded poset are used to de ne
factor graph layers that impose an unambiguous direction of ow through the factor graph,
allowing for external variables to the dynamical system to be modeled as monotone changes

in the factor graph.

3.1 Factor Graph Layers

In this section, we de ne a partial order on the factor graph by rst de ning it on every
subfactor graph. Recall from Section 2.4 that ; t i.;; i,j; L is the collection
of thresholds of nodey; PV, and O; is the set of all order parameters foy;. Given a factor
graph F; pVj;Ejq let G] p V/';E/qbe a subfactor graph of; that is associated with a
particular order parameter J' .

Note F; has a set oflowest parameter nodesLp;
Lpj:t g p j;aPVi| jpvg O forallwPRju
and a set ofhighest parameter nodesHp;
Hpj:t g p j;aPVi| jpvg | TpyglforallwPRju

with p;; gandR; as de ned in De nition 2.6. For example, in the factor graph in Figure 2.6,
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both nodes labeled 2222 are the set of highest parameters and both nodes labeled 0000 are
the set of lowest parameters. Each subfactor grap@} has a unique nodej; P Lp; and
unique nodeh;; PHp;. We will call these nodes theoot and leaf of a subfactor graphG!,

respectively.

De nition 3.1.  Let G| p V/';E/qbe a subfactor graph. We de ne a strict partial order
on V/' byp® p when *pge fgqgforall! PRy, with strict inequality for at least one

| PR;.
Theorem 1. Let G| p V/';E/qbe a subfactor graph. Then

(a) for any p’;pf PV with p° p, there is a path fromp® to p{ in GJ. In other words,
there is a sequence of verticg  p% p';:::;p!  pl such thatpok; p}< 'q PE| for all
k O:::;n L

(b) if p%; Pl PE!, then eitherp?  pl orpi pi.

Proof of Theorem 1. (a) We prove the statement in two steps. Assume rst that °p q =@
jt|d gfor all ! PR;, with strict inequality for exactly one ! PR; and that jt|d qa Pqg n
If n 1 thenpp’;pq PEji by De nition 2.7. Assume now thatnj 1. Since\/ji contains all
logic parameters then there existgo®; p'q PE| suchthat 'dq fpq land 'pqg °pq
otherwise. Similarly, there existgp'; p°q PE] suchthat dq 'pq land ?dq {pq
otherwise. Repeating this process times, we construct a path

n

b

]

p’ N pf N p? N

in GJ' Notice that p!  p} since "d q [p qforall! PRy, proving that this is a path

from pj to pj.
Assume now that there ard ;;:::;! ( PR; suchthatp® pj satises jp,q @ .q
n, foru 1;:::;q, but jta q °p gfor all other ! P R;. We now sequentially apply

the construction in step one by adjusting the values ofjk one! , at a time. The important
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restriction on this construction is that the j" functions need to remain monotone functions
throughout this process; i.e.! | implies fp@ gq& F@ gas in De nition 2.6. It is easy
to see that if! I then increasing the values of’p qbefore adjusting values of °p g
will preserve the monotonicity of { at all stages of the construction. Therefore, we adjust
the values of °p ,qstarting from the highest! , and then proceed down the partial order.
The concatenation of these paths gives a path I@J' betweenp’ and p}. This proves (a).

To prove (b), supposepp’; p}q PEJ-i. Then by De nition 2.7 there exists exactly one
! PR; suchthat @ g [P g 1,withequality for all other! PR;. If *dq [pgdq 1
thenp®i pandif fjdq 7Pq lthenpg p.

The following Corollary is an immediate consequence of Theorem 1.
Corollary 3.1. Each subfactor graprJi is connected.

We will now prove that a subfactor graph is a graded poset, with the immediate
consequence that its rank function can be applied to the factor graph as a whole. This
procedure will allow us to divide the factor graph into a linearly ordered sequence of layers.
A monotone function imposed on these layers can then provide a direction to parameter
changes within the factor graph.

A rank function [22]L is a map on a poseP O such that givenx;y PP O

() x yimpliesLpxqg Lpygand
(i) Lpyg Lpxg 1ify coversx.

A poset PO is graded if it admits a rank function L, and is denoted agiP O;Lq[22]. A
chain is a totally ordered subset oP O and amaximal chain is a chain that isn't contained
in a larger chain inP O [41].

Recall that the subfactor graphG] p V/'; E/qhas unique root’j; P Lp; and unique
leaf h;; PHp;.
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Theorem 2. LetL; : \/ji N NYtOube a function on the vertex set of a subfactor graph

G| pV/;E/qde ned as follows

Limfa = g (3.1)

! PR;
Then

(@) (Vji; gis a graded poset with rank functior;, and

(b) Lipiia OandLjphyig | Ryl [Tpyjal

Proof. Since the subfactor graprG]i p Vi Ej‘q has unique root'j; P Lp; and unique leaf
h;; PHp;, to show (a) it is su cient to prove that all maximal chains in p\/ji; g have the
same length [41]. We will show that this length i$R;| |Tpv;ql

Consider a maximal chain inpv'; g

By Theorem 1(a) if pj1 “i the chain can be extended by an element smaller thapfr and
therefore the chain is not maximal. A similar argument applies t@' and thereforepj1 i
andp'  h;. Similarly, by Theorem 1,p'  pf ! must satisfy m; B! 'q PE;, otherwise a
path in G} could be inserted betweerp)jq and qu ! contradicting maximality. Thus, for each
g 1:::;n 1, we have

q 1l

i Pq quj q 1
for exactly one! PR;. Note that for any ! PR;, since

jpa 0 and Ppq |Tpyal
then there must be exactly|Tpv; gl inequalitiesp’  p! ! such that
1 .
jqﬂ q jq pg L

Thus, each! P R; requires|Tpy; g| distinct inequalities in the maximal chain showing that

the length must be|R;| |Tpv; gt Since we chose an arbitrary maximal chain, we have shown
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that all maximal chains in p\/j‘; g have the same length, proving it is a graded poset.
Now we show thatL; (equation 3.1) is a rank function onp\/ji; g Letp;p P p/ji; q

and suppose thatg®  p!, then by De nition 3.1,

" osga 0 lpg

| PR; ! PR;
Additionally, when pp?; pjtq PEJ-i then p} coversp’ which by De nition 2.7 implies L ppﬁq
Lim! *q 1. This proves part (a).

The proof of (b) follows directly from the de nition of L;.

Since the subfactor graphs of a factor graph; are isomorphic, the rank functionL; is

the same for allG]. We will use this rank function to de ne layers ofF;.

Remark 3.1. There is a subtle di erence between our de nition of the parameter graph as
the set of all pairs of order and logic parameters, and our de nition of the function; in the
switching ODE model in(2.10). Not every logic parameter can be realized by a function
and di erences start for functions with 3 inputs [5]. The realizable parameterp are subset
of all parametersP and these are encoded in the software DSGRN. We refer readers to

Section 3.2 for the proof of Theorem 2 for realizable parameters.

De nition 3.2. LetF; pV;;E;qbe the factor graph for node;, with decomposition into
subfactor graphsz] p Vj'; Efqfori P t1;:::;|Tpyqlu. The factor graph layer of p; PV
is L;pg The k-th factor graph layer  of F; is the node set

tp PV [Ljma  ky

We say that the highest factor graph layer is the setHp; which is factor graph layer
IR;j| |Tpviqgl Likewise, thelowest factor graph layer is the setLp;, which is factor graph

layer O.
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To illustrate the concept of factor graph layers, consider a network nodg with
one in-edge with 0 | u and two out-edges with thresholds ; and ,. There are 12
factor parameters in the factor graph, see Figure 3.1(a). This factor graph has ve layers.
Each node labelab represents a logic parametepjq with a jqdq and b jqr_uq Since
L; pquq i WRR| jquq by equation 3.1, then the factor layer number i® b. Another factor
graph example is in Figure 2.6. This factor graph has 9 layers arranged horizontally and

numbered by the sum of the labelsbcd The factor graph layers allow us to de ne an idea

of monotonicity of paths through a factor graph.

Figure 3.1: Factor graph layers and modeling external variables. (a) The factor graph and
factor graph layers for aRN node with one in-edge and two out-edges with thresholds
and , and input valuesl u. The red dashed lines depict which nodes in the factor graph
belong to each factor graph layer. (b) The factor graph from (a) with an activating external
variable imposed, with directed edges depicting the direction of motion whesipyq 1
(violet). Notice that the external variable is inducing decreasing monotonicity through the
factor graph.

De nition 3.3.  Consider a path through the factor graplr; p V;;E;q with sequence of
nodesps; P2, i pm P V. The path is said to bemonotone increasing if for all p;, px
in the path, we havel;piq @ L;pkqif and only if i @ k, i.e. factor graph layers increase
along the path. Similarly, the path is said to bmonotone decreasing if, for all p;, px in

the path, we have jpoiq @ L;pokqif and only if i ¥ k. A monotone increasing or monotone
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decreasing path inF; is called amonotone path .

3.2 Factor Graph Layers for DSGRN RealizableParameters

Recall from Section 2.4.2 that a logic parameter for nodg in a regulatory network is

a function ; : R; N X;, where

with k | Spv;g|the number of source nodes of,. Further recall that an order parameter
for v; is a bijective map ; : ; NtO;L:::;M  1u, where ;| t i;::: i, Uis the
collection of thresholds forv; and M | Tpv;q|is the number of targets ofv;. Lastly, recall
that a factor graph F; p V;; Ejqfor v; hasM! isomorphic subfactor graphsG]i p V' Ej‘q

" ViV [7]. Each of these subgraph§&; is associated

where the V| partition V, i.e., |V

with a particular threshold order J' Each subfactor grathJi has unique lowest parameter
node 'j; given by

i P % jqwhere ’xq O forallx PR

unique highest parameter

H.

hiy p {'; jg where

i xq M forall x PR;:

De nition 3.4. A factor parameter nodep p j; }qis DSGRN realizable if there exist
sets of real, positive valuett ljm ; Uim U, ;uand |, where the elements of ; are all distinct,

and a functiong : R N R which has the form of product of sums
OPX1; 11Xk Xm; (3.2)
such that for allx PR; and all p;

gxq o ifandonlyif xg (pnjg 1
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and an equalitygmxg  n; never occurs. We call the collection
Wit Lmsugmud, (Y
a witness of the parameter nodg under function g.

Remark 3.2. Note that the nodes;; and h;; are realizable for any functiong of the form
in (3.2). To see this, choose an arbitrary set of real, positive valués: tt ljm;Uim U, U
and set

m: mintgxq|x PRju and M : maxtgxq|x PRju

Note thatO rh M. Then if we select a set jpvgwith max jpvg  rhthenUY | is

witness forhj; and if we select ;pwvgwith min jpvg j M thenU Y i pvg is witness for
\i;J' .
We denote the set of 2 real-valued inputs evaluated on the witnessv by R;pvgand

the set of threshold values in witnessy by jpwgand let

Ypwg: t gxg |x PR;pvqy

where repeated elements are permitted.

Lemma 3.1. Given parameter nodep and function g, for a generic choice ofw, the set
Y pwvg is totally ordered. That is, there exists an open and dense 4é¢t€ V whereV is an

open subset oR! of those values that satisfy
1.0 lim um (.e., (2.11)),
2. distinct thresholds in |,
3. YpvgX j H , and
4. the inequality constraints of the parameter nodp,

such thatw P U implies all values ofY pwg are distinct.
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Proof. Notice that the requirement that 0 I  ujm induces the conditiongpxq  gpx’g
for x;x* P R; wheneverx, x% andxs xIforals m. The problem of potential
equality, goxq  gpx’g can only occur whernxy,, X%, andXm,  Xg,, for somem;  m,.

Suppose for a witnessv for parameterp, there are two valuesx  x* P R; pvgsuch that
gxq gmx'q PYpvg Choose a positiorm such that x,, X}, and assume without loss of
generality that X, |jm .

De ne w as a witness undeg of some parameter nodeg by taking the witnessw and
changing exactly one valueljn, ljnm for some 0. In particular, must be small
enough to ensurd;., Upm and Ypvg X jpvg H . The latter can be accomplished
sinceYpnvg Y jpvghas a nite number of points. Notice then thatgmxg gx’gy  gpx’g
wherex X e, ande, is the unit vector in the mth direction. Note that these conditions
remain true for any 0O

We would like to ensure thatw is a witness for the same parametgrasw, i.e. q p.
It is sucient to satisfy °pyq  Ppyqfor all y PRjpwvg Clearly this holds true for anyy
wherey,  Upm, sincey y. So consider &y with y,, |;m and supposegpyq  ,; for
some ,; . Sinceg is continuous, can be chosen su ciently small so thatgpyq  ,; as well.
Repeat for ally P R;pvqwith y,  l;n to choose an su ciently small to simultaneously
satisfy all these constraints, and ensurg p.

We must also avoid introducing new equalities, i.e. we additionally requirgoyq gpzq
whenevergpyq gpeqfor y;z PRjpwvg Sinceg is a continuous function andgpyq and gpzq
are isolated, taking su ciently small ensures that for each such pairy; z, it remains true
that goyq  greg

After all the adjustments to have been made, the new witness for parameterp now
ensures thatgpxq  gpx’qwithout introducing any new duplicates inY pvg However, there
may be other pairsy  y! P R;pwqthat satisfy goyqg  gpy'g  Since there are at most a

nite number, the procedure above may be repeated ow until some nal witness W for p
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under g is constructed such that all elements o¥ pf\q are distinct. Since at each step, the
corresponding may be taken arbitrarily small, it is true that given any witnessw, there is
another witnesswarbitrarily close to w whereY pfrqis totally ordered. This proves that the
property of total ordering of Y prqis dense inU.

Sinceg is continuous, there is an open neighborhood of witnessin R wheneverY pwq
is totally ordered, sinceY pnvghas a nite number of isolated values. Call the neighborhood
N pvg Then under the subspace topology X N pwq € U is relatively open inV. SinceU

is covered by |,V X N pwvg U is open inV.

De nition 3.5. A DSGRN realizable sub-factor graph Gl

I pYi;Elqundergis a

node induced subgraph @!, where the collection of node@ii € \/ji are those nodes that have

a witnesses undeg. A DSGRN realizable factor graph IfJ under g is the product
1

F ¢

Lemma 3.2. Assumep p j; }q PG p “ij , and letw be a witness op under function
g. Then there exists a path fronp to “j; within G} . Likewise, there exists a path fronp to
hij within Gi.

Proof. Assume without loss of generality that the withessv induces a totally ordered set
Y pnvg see Lemma 3.1. De ne the sets

Qo t UPRjpvg | jpug  Ou

Qi t UPRjpvg | jpug  1u

Qw t uPRjpvg| jpug Muy

where recallM | Tpyg} Sincep j;, there exists at least one nonempt®, with nj O.
SinceQ, is a nite set, it has a smallest element, : ;puoq Let ry PQ, be the smallest

element inQnztrou, if it exists, and letr, p }q !mgq if such a smallest element does not
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exist. Let r{ roandlet

1 .
n 1j - lo E

We de ne a new witness where we replace ,; by the new value of the threshold 1 1

with ' p jzt , 1;ugYt; ;;u Thenw'is a witness for the parameteq where the value
of ;pupqchanges fromn to valuen 1. Thereforeq is a node inéji that is the immediate

neighbor of nodep and therefore there is an edge betwegnand q. Repeating this argument
it is easy to see that eventually only the se@Q, is non-empty, which occurs only at the node

“ij . Therefore, every node in the subfactor graph has a path to’j; .

The analogous argument proves the existence of a path frgmto h;; .
Corollary 3.2. Every DSGRN realizable subfactor graplfi‘uji is connected.

Proof. By the Remark 3.2 every realizable subfactor grap@j contains both *j; and h;; .

Then every nodep j;, including h;; , in the é} is connected to'j; by Lemma 3.2.
Corollary 3.3. Every DSGRN realizable factor graprhe,- IS connected.

Proof. Recall that *i; ; hij PG! for any subfactor graphG!. Consider a subfactor graphGk
such that | and K are identical except for two adjacent thresholds. That is, |p ;g
pmjq land fpnjg  [Pmjd 1, but |psq  Kpsjqotherwise. Then the nodes
“ii andy; are connected inF;, and therefore they are connected if; .
Since there is a sequence of such adjacent swaps that connects any two permutations
of ;, the set of nodest ;U" , is connected inFj. Since eachG! is connected,F; is

connected.

Finally, note that IfJ inherits the structure of graded poset fronfF; .
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3.3 Interpreting External Variables as Parameter Changes

Regulatory networks do not operate in isolation; they are subject to environmental
factors that can impact their function. We choose to model the impact of a spatially
monotone but temporally constant environmental variable as a directed sequence of

parameter changes induced in a targeted subset BN nodes, see Figure 2.3(c).

De nition 3.6. A monotone external variable c:Y N R, is an external variable not
included in the RN that satis es either c'pyq ¥ 0 (increasing) or c'pyq @ O (decreasing) on
Y.

For the purposes of this manuscript, one can imagine the domah to be a spatial

dimension. We assume the following properties of the external variable:

1. If cpyqis an activator of a network nodev;, then the abundance ofv; qualitatively
matches the abundance ofpyq i.e. high levels ofcpyqinduce high levels of;; and low

levels ofcpyq are associated to low levels of .

2. If cpyqis a repressor of a network node, high levels ofcpyqinduce low levels ofy,

and low levels ofcpyginduce high levels ofy;.
3. Monotone changes irtpyq induce a corresponding monotone responsevn

We elaborate on the last point. Let ; 1, where 1 means thatcpyqis an activator
and 1 meanscpyqis a repressor to the target node;. Let F; be the factor graph ofy;.
We model the e ect of coygon v; as a monotone path over the layers df;: cpyq induces
monotone increasing paths ifF; when ; signcyqqg 1 and monotone decreasing paths
when ; signec’pyqq 1. This monotonicity condition on the factor graph ofv; is a model
of the continuously changing abundance of as a function of changingpyq In Figure 3.1(b),

an activating external variable that is monotone decreasing ig (violet) is imposed on the
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factor graph. This induces decreasing monotonicity on the factor graph shown as directed
edges.

We will make use of a stricter condition on the modeling of external forcing that requires
target nodesv; PRN to not only exhibit consistently high and low expression but to operate

at the most extreme factor graph layers.
De nition 3.7. A maximal monotone path in the factor graphF; is either

1. a monotone increasing path that starts in the lowest factor graph layer and ends in the

highest factor graph layer, or

2. a monotone decreasing path that starts in the highest factor graph layer and ends in

the lowest factor graph layer.

In Chapter 4, we show how to apply this modeling framework to match observations
along a spatial domain under external variable control and apply it to the example of the.
melanogastergap gene network. Additionally, we show how biological observations may be
translated into the language of Morse graphs, and apply this translation tB. melanogaster
development. In Chapter 5, we construct paths in the DSGRN parameter graph, making

use of concepts developed in this chapter.
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CHAPTER FOUR

EXPRESSING EXPERIMENTAL DATA AS MORSE GRAPHS

In this chapter, we interpret spatial data as a sequence of xed points of a dynamical
system and translate these into DSGRN Morse graphs. We then demonstrate this technique

on gene expression data from the gap gene network.

4.1 Descriptive Pattern and Phenotype Pattern Graph

We formally describe a methodology for interpreting any spatial data in a DSGRN
framework. For a given network modeRN p V;Eq we consider pathg, N ::: N p in the
parameter graphP G and the corresponding sequences of xed point Morse sets EP. : ; FPy
as the output of the network model. Since the number of out-edges\gfPV determines the
highest integer state ofX; (see De nition 2.6), the highest value of an FP annotation will
vary across network topologies. This complicates the comparison of network models to each
other and to the data. Therefore, in order to match experimental data to the model output
in X;, we rst transform experimental data to qualitative data, using the descriptors \high",
\intermediate” and \low". Then for each network under consideration, we transform this

qualitative data to integer values inX;.

De nition 4.1. Consider a nite set L of qualitative expression level labels, for example
L t L;Hufor\low" and \high", that admits a (not necessarily strict) total order, such as
L H. Further, consider a spatial data set oM genes and\ spatial locations. Then an

N M matrix D with D;; PL is the descriptive pattern  of the spatial data.

We desire to match a DSGRN model of a regulatory network withM vertices
V t vyl vwu to the descriptive pattern at spatial locationstl;:::;Nu. In order to

perform this matching, we map then-th row of the descriptive pattern D (denoted D,,. )
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onto a collection of DSGRN xed points (FPs), whose annotations matcib,. . We then
organize this data into aphenotype pattern graph , that is, a DSGRN representation of

the observed data. We will say that there is anatch between the data and the DSGRN model

FP PMGmgsuch that FP  m;.

De nition 4.2. A pattern label P 1;:::; mG where j PX; (see De nition 2.6 for
de nition of Xj), is a collection of integer states, one for each variabd; ;vv. Let D
be the descriptive pattern for a spatial data set & variables andN spatial locations. We
say a pattern label is consistent with D if Dy Dnk implies k. The set of

pattern labels associated with spatial location is
png t | is consistent withD,,. u:

The phenotype pattern of D is

P p plg p2qg:::; pNaq
A parameter nodep P PG has arelevant phenotype if there is ann P tl;:::;Nu and
a pattern label P g such that there exists a Morse nodEPpq FPppq;:::; mqqP
MGpg If MGppgis monostable (see De nition 2.11), then we say is a strict phenotype

of p. Lastly, we use the notation pM G ppqqto denote the pattern label of a monostable xed

point Morse node inM G g

Note that a phenotype pattern is a coarse representation of spatial data that we want
to match by a sequence of FPs along a path that represents a continuous path in the DSGRN
parameter graph P G. However, consecutive pattern labels betweenngand pn 1q
may di er at two or more elements. We make the reasonable assumption that continuity
permits the insertion of intermediate pattern labels when seeking paths through the DSGRN

parameter graph.
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De nition 4.3. For a network RN  p V;Eqwith [V] M and two vectorsc;d P X
+

v v Xj aset of transition vectors between cand dis
Teg:t aPX | Plifori  1;:::;Mu

where $
I&rq;disXZ if ¢ o d;

i,
%rd;gs XZ if ¢ ¥ di:

De ne
o]

T pnq tTcg|CP ppganddP m 1qu

to be the set otransition pattern labels from position n to positionn 1, and let
N 1
T mq

n 1

De nition 4.4. A phenotype pattern graph  for D is a directed graphPPG p ;E q
wherep; g PE if 1 or the following are simultaneously satis ed

" P mgand 'PT mg and

" the paths are strictly monotone in the descriptive pattern, i.e.,; i 11 implies Dp;j i

Dn 1; and j jl Imp|IeS Dn;j DI’] 1j-

4.2 Drosophila MelanogasterExample

As an example, we describe the construction of a descriptive pattern for the.
melanogasterdata. Figure 4.1 shows the protein concentration data of the trunk gap genes
along the A-P axis of the embryo. These data are taken late in the segmentation process
when protein concentrations have equilibrated to a xed distribution across the A-P axis
(see Section 2.2). We therefore assume that these concentrations correspond to steady state

values of the segmentation dynamics.
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At most positions along the A-P axis, the protein expression levels of the four genes
are ordered, with the expression of two genes having very low protein concentration.
Furthermore, there are sections where this ordering doesn't change. For example, at every
point between positions 40% and 45% egg length the protein expression levels are ordered,
from highest to lowest, Hb, Kr, Gt, Kni. Using these observations we divide the A-P axis into
eight regionsR, (see the dashed lines in Figure 4.1), where the protein expression levels are

consistently ordered. Region boundaries are at crossings between two protein concentrations.

Ri Rz Rs R4 Rs Re R~ Rs

Figure 4.1: Data of protein concentration along the anterior-posterior position % egg length
for the trunk gap gene proteins Hunchback (Hb) in yellow (peak irR3), Giant (Gt) in
blue (peak in R;,Rg), Krapple (Kr) in green (peak in R4) and Knirps (Kni) in red (peak

in Rg). The gap gene protein expression pattern data (S2ata.ods) was obtained from
supplementary information in [46].

We discretize the experimental values in each of the 8 regions by one of the descriptive
labelsL t H; ;Lu
1. H: Protein expression level is high,
2. L : Protein expression level is low,

3. : Protein expression level is indeterminate.
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Since there are large regions where it is unclear whether protein expression levels should be
regarded as high or low, we introduce the third character. The order on the label seL is
La o HandL H.

Protein expression levels in Figure 4.1 show tha&ni is inactive between A-P positions
35-47%gt is inactive between 49-59%, anldbis inactive between 61-75%, which is consistent
with the interpretation of Verd et al [48]. Thus, in these regions, these protein expression
levels will be labeled L. We further assign label H to each gene whose protein expression level
is highest in a given region in Figure 4.1. Therefore in each region, we will have one gene
labeled H, two genes labeled L and the remaining gene with intermediate protein expression

will be assigned . We arrive at the descriptive pattern seen in Table 4.1.

Region| A-P | Hb | Gt | Kr | Kni
R1 35-37 H | L L
R2 37-40| H L | L
Rs 40-45 H | L L
R4 45-51 L H L
Rs 51-57| L L | H
Re 57-63| L L H
R~ 63-67| L L | H
Rg 67-75| L | H | L

Table 4.1: Descriptive pattern for theD. melanogasterprotein expression pattern data seen
in Figure 4.1.

We now transform the descriptive pattern in Table 4.1 into a phenotype pattern graph.
We use the following FP assignment for a pattern label p np; ct; «r; kni qat spatial

positionn  1;:::;8. For every geney; with j P tHb; Gt; Kr; Kni u, we assign
©; 0ifDp L,
T maxtl|[Tpyabif Dy  H,

" if [Tpvjg| i 0 andDpy; ,then ; Pt1;:::;[Tpyq|l 1u, and
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" if |[Tpyjgql O andDy; , then ; P 10; 1u.

Note that the pattern labels are consistent withD by De nition 4.2. We use this
assignment to construct a phenotype pattern graph for a regulatory network with proteins
Hb, Gt, Kr and Kni, as illustrated in Figure 4.2. The network, called the strong edges
network (StrongEdges) consists of edges with the strongest predicted interaction between
the trunk gap genes from the original gap gene network in Figure 2.2(a), except the self-
loops (see Figure 4.2(left)). Additionally, Figure 4.2(right) shows a table representing all

possible pattern labels for each region (compare to Table 4.1).

Reg.| A-P Hb Gt Kr Kni
R, |35-37|f0,g| 3 0 0
R, | 3740 1 |fl,2 0 0

oy

Rs | 40-45| 1 0 |folg| O
T l R, | 45-51 fOlg 0 1 0
O=

Rs | 51-57| O 0 1 | fl1,29

Re | 57-63| O 0 [ folg| 3

R; | 6367 0 |f1,29, O 3
StrongEdges Rg | 67-75| O 3 0 |f1L,Z

Figure 4.2: StrongEdges network (left) and the phenotype pattern for StrongEdges (right).

Consider regionsk; and Rz, whereDy;, p , H,L,L)and D, pH, ,L, L) The
collections of pattern labels are
plg tp 0;3;0;0q pL; 3;0; Oquand 2q tp 1;1;0;0q pl; 2; 0; Oqu
For pattern labelsc p 0;3;0;0gandd p 1;1;0;0qwe have
Tca tp 0;3;0;0q p0;2;0; 0g 0; 1; 0; O pl; 3; 0; Ogp pl; 2; 0; Og pl; 1; 0; Oqu
Doing this for eachc! P plgand d*P @gwe nd that T g € T4 (note that in general this
need not be true). The entire phenotype graph for StrongEdges can be seen in Figure 4.3.

The phenotype pattern describes the annotations of the DSGRN xed points that we

say match the data in each of the eight regions along the A-P axis. We are interested in
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Figure 4.3: StrongEdges phenotype pattern graph. (Top) StrongEdges phenotype pattern
graph, where labelsabcdcorrespond to pattern labelpa; b; c; dy Note each node has a self-
loop which is omitted for clarity. Nodes are shaded if the pattern label is inpng for some
regionR,, n  1;2;:::;8. Dark gray is specic forn 1;3;5;7, light gray is specic for

n 2;4,6;8, and white indicates that the pattern label is a transition label only. The black
node is a pattern label that is consistent both regionRs; and R4. (Bottom) Three examples
of associated StrongEdges relevant phenotypes foplq The nodes boxed in dashed red
depict a bistable Morse graph, which is the only example that isn't a strict phenotype for
StrongEdges.

nding a sequence of parameter graph nodes with Morse graphs that exhibit xed points
determined by the phenotype pattern. In our example, the associated StrongEdges xed

points for plgare in the set

tFP0;3,0,0g FPplL; 3;0;0qu
Any Morse graph containing one of these xed points is consistent with the data iR;. For
example, a Morse graph having a full cycle connected to BE 3; 0; 0gas shown in Figure 4.3,
a bistable Morse graph shown boxed in red, and the monostable Morse graphpEF; 0; Og

all exhibit relevant phenotypes forR;. Additionally, the two monostable Morse graphs are

strict phenotypes ofR;.
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CHAPTER FIVE

MODELING SPATIAL GRADIENTS AND MATCHING OBSERVATIONS WITH
DSGRN

We now describe how spatial data can be compared to DSGRN network model
predictions while respecting external variables. The basic construction is @emical
gradient graph , whose name is inspired by the spatial distributions of th®. melanogaster
maternal gradients Bcd and Cad. It is constructed as a subgraph of the DSGRN parameter
graph with directed edges imposed by external variables on the factor graphs of network
nodes a ected by these external variables. Within the chemical gradient graph, we identify
developmental paths , with this name again motivated by our example, that are consistent
with both the external variables and the phenotype patterns derived from the spatial data.

The collection of developmental paths is the subgraph of the chemical gradient graph
composed of all matches between the DSGRN model and the data. The shape and
other features of this subgraph represent the DSGRN prediction of the robustness of the
developmental program. However, the chemical gradient graph is prohibitively large, and
therefore computing and investigating all paths is prohibitive as well. Therefore we compress
the chemical gradient graph into smaller graphs that retain the information about the
developmental paths. We rst create acondensed chemical gradient graph , and then
from that a path graph whose structure contains information about the quality and quantity
of matching between the model and the data. There is one path graph per network model
and comparisons of robustness between path graphs permit a ranking of network models, a

subject that is discussed in Chapter 6.
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5.1 Chemical Gradient Graph

The translation of an experimental spatial dataset into a phenotype pattern graph
allows us to study the collection of paths in the DSGRN parameter graph that (1) are
consistent with the action of external variables, and (2) match the phenotype pattern by the
sequence of annotated Morse nodes. To facilitate this investigation we construct a subgraph
of parameter graphP G where we add orientation to the edges that match the e ect of
external variables. We call this directed graph thehemical gradient graph

Let PG p P;Aqbe the DSGRN parameter graph oRN p V;Eq where|V| M.
Let tvy;:::;vmu,, V be the maximal subset of network nodes where eaugj j 1;:0m,
is a ected by an external variablec; pyqfor y PY, see De nition 3.6. We allow one external
variable to a ect multiple nodes, but do not consider the case when one node is controlled by
multiple external variables. Let 1, where 1 ( 1) denotes thatc pygis an activator
(repressor) ofv;. Additionally, recall that L;poqis the factor graph layer ofv; for a parameter
nodep PP. Lastly, recall that Dy.v is the descriptive pattern for a spatial data set withN

regions andM genes.

De nition 5.1. The chemical gradient graph , G p V; Eq is a directed graph constructed

from PG and descriptive patternDy.y in two steps. First, for p P P we havep PV if
pPMGagqg P ; where is the set of nodes in the phenotype pattern grapR R G) as de ned

in De nition 4.4. Then for each p;qPV, we havem; oq PE (directed) if p; og PA and one

of the following is satis ed
1. Ljppg Ljpgforallj 1;:::;m, or

2. Lyppg  signpeid « - Lypag for somek P t1;:::;muand Lyppg  Ljpgq for all j
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Remark 5.1. Notice that condition (1) implies p; og Pd; pg PE, while condition (2) implies
m; o PE, but pg; py RE, since Lypgg  signpciq « - Lgppg ows against the gradient. This

fact will be important later.

We now again turn to our example of the gap gene network D. melanogaster Consider
the maternal gradients Bcd and Cad, which we model as external variables to the gap gene
network. Concentration of these proteins varies monotonically along the A-P axis; Bcd is
increasing and Cad is decreasing. Since Figure 2.2(a) indicates that both BcD and Cad may
a ect Gt and Kr, the spatial variance of this e ect along the A-P axis is not clear. Therefore,
we chose to only model e ects of material gradient that have clear spatial di erences along
the A-P axis, namely the impact of Bcd on Hb and Cad on Kni. Lety r 0;100srepresent
the A-P axis, wherey 0 represents the start of the anterior region angg 100 the end of
the posterior region. Then using the notatiorg pyq as in De nition 3.6 with ¢ Bcd; Cad
and j Hb; Kni, we have Bcdy,pyg modeling the e ect of Bcd on Hb as an activating
( Hb 1) decreasing (sigmBcd},,pyaq 1) external variable andCadk, pyq modeling
the e ect of Cad on Kni as an activating ( n; 1) increasing (sigpCadt,, pyaq 1)
external variable (see the violet and cyan gradients in Figure 2.2(b)). Thus, f and q
are nodes in the parameter grap® G p P;Agthat satisfy pMGpmpgq pMGpaqg P and
m; g PA, then p; og PE as well if

1. Luppg Luppogand Lini @9 Lkni pOg or
2. Lyppg 1 Lyppagand Lkni poq  Lkni pag or

3. Lknid 1 Lknipagand Lypppg  Lyppog

5.2 DevelopmentalPaths

Having constructed the chemical gradient graplG, we will now describe paths inG

that are consistent with the data.
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De nition 5.2. Let G p V;Eqbe the chemical gradient graph of sonkRN p V;Eqg Let
tvy; ;VmUu € V be network nodes under in uence of the corresponding external variables
¢ and regulation types ;. Let F; be the factor graphs of;, with Lp; and Hp; the sets of
lowest and highest factor graph layers &f respectively. Letn 1;:::;N denote the spatial
regions of the dataset.

We say thats PS € V is a starting node if
1. sPLp; for all j such that | landc'pyg¥0or | 1 andc'pyq = 0,
2. sPHp; for all j such that landc'pygrOor 1 and ¢'pyq ¥ 0, and

3. the annotation of the Morse set as must match the phenotype pattern in one of the

rst ~ regions, i.e., p(MGpsqq P n . Tmgzp 1q where is a modeling choice.
We say thatt PT € V is a stopping node if
1. t PHp; for all j such that | landc'pyg¥0or 1 and c'pyg = 0,
2. t PLp; for all j such that landgpygrOor | 1 and ¢'pyq ¥ 0, and

3. the annotation of the Morse set at must match the phenotype pattern in one of the

last k regions, i.e., pMGpqq P ,':' Nl « T mg wherek is a modeling choice.

From now on we will assume that the chemical gradient grap& p V;E;S; T gcomes

equipped with the designated set of starting nodeS and stopping nodesT .

De nition 5.3. Let G p V;E;S;Tqbe the chemical gradient graph. Alevelopmental

path is a pathp, N N p in G such that
1. p,PSandp PT, and

2. p(MGmpaq N N pMGpqgis a path in the phenotype pattern graph.
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By construction, any path in the chemical gradient graph will be a monotone path with
respect to factor graph layers for each gene RN a ected by an external variable. Our goal
is to quantify features of the set of all developmental paths to characterize the robustness of
the developmental program as predicted across network models.

Notice in De nition 5.2 we allow starting nodes to be in the rst’ spatial regions and
stopping nodes to be in the lask regions to account for boundary conditions that may not be
included in the model. While it would be ideal to nd paths in the chemical gradient graph
that follow the entire phenotype pattern, we found in the gap gene networR. melanogaster
example that nodes with the annotated MG for region®k; and Rg are often disconnected
from nodes with the annotated MG for regiondR, through R;. We hypothesize that this is
a consequence of additional regulation of gene expression in these regions by genes from the
positions external to the A-P positions 35 70% where gap genes are active and that are
modeled in this thesis, see Figure 4.1. In particular, there are gene-protein interactions in
the anterior between 0-30% and regioR; [19] and in the posterior between 80-100% and
region Rg [18, 2]. The lack of accounting for these boundary regulations may impact the
ability of network models consisting of only trunk gap genes to recapitulate the data at the

extremes of the A-P axis.

5.3 CondensedChemical Gradient Graph

The DSGRN parameter graph size grows rapidly with the size of the network [6]. For
example, networks with four nodes and eight edges have between 1.440 million and 23.064
million parameter graph nodes. Unfortunately, this means that the chemical gradient graph
can be quite large. For example, the chemical gradient graph of the StrongEdges network has
over 1.4 million nodes and 12 million edges. Graph algorithms such as path- nding rapidly
reach computational limits in common chemical gradient graph sizes. Hence, directly nding

all developmental paths is impractical. To overcome this limitation, we take two actions.
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" First, we consider only strict phenotypes, i.e., monostable xed points, when
constructing the chemical gradient graph. This is a conservative decision because it

requires the elements of the phenotype pattern to be as dynamically stable as possible.

Second, we contract the chemical gradient graph using strongly connected components
and annotated MGs into acondensed chemical gradient graph . Then we construct
a subgraph of the condensed chemical gradient graph that contains all developmental
paths, called the path graph , and study its structure rather than computing all

developmental paths directly.

Consider the chemical gradient graphG p V;E;S;Tg We de ne an equivalence
relation on the set of verticesV by the requirement that they lie in the same strongly

connected component o6 and that the corresponding Morse graphs are the same.

De nition 5.4. Let G p V;E;S;Tqbe the chemical gradient graph and 1€6 p V;Eqbe
a subgraph ofG whereE tp u;vq PE | MGprg MG puqu Additionally, let H be the
collection of strongly connected components & (see De nition 2.2). De ne the following

equivalence relation ovelV
u vifandonlyif u;v PH for someH PH :
We say
Vi t vPV]|Vv uu

is a strong MG equivalence class of V and callu the representative ofV,:

De nition 5.5. Let G p V;E;S;Tq be the chemical gradient graph. We construct a
weighted directed graph named tleendensed chemical gradient graph  ¢G p ¢V;cE;W(q

as follows. The nodesgV are the collection of all strong MG equivalence classes\tfi.e.,
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whereV _!‘ 1 Vy;- Additionally, there is an edgepv,,; Vi, q PcE for i j if and only if
there exist nodesu PV,, andv PV, such thatpu;vq PE. Let M;; be the number of edges

from any node inV,; to any node inV,, i.e.,
Mij |tp u;vgPE|uPV, andv PV, u
and letN; be the total number of edges from nodes Yf, to nodes outside ol,,, i.e.,
Ni |tp u;vqPE | uPV, andv RV, uf
Then we assigrmV,,;; Vi, g PcE the weight
Wp\/ui;Vujq: —

making cG a weighted directed graph with weights in the rangé 1s Lastly, we say a node

Vu-

P cV is a starting or stopping node if there existsi P V,, such thatu PS oru P T,
respectively. We label the set of starting nodes and stopping nodesc@by cS and cT

respectively.

Figure 5.1: (left) The small nodes (colored blue, red and yellow) and black edges depict a
directed graphG, where nodes of the same color indicate they have the same Morse graph.
The large green nodes and thick green edges depict the condensation grapks.of(right)
The condensed form o where nodes represent clusters of strongly connected components
that share the same Morse graph.
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We note that there is a slight abuse of notation in the previous de nition, whereity,,
denotes both a strong MG equivalence class and a nodecfa. We took a similar liberty for
the nodes of the regulatory networlRN and do so here again for clarity.

Notice that the condensed chemical gradient graphc@G) is the condensation of the
chemical gradient graphG (see De nition 2.3), where the strongly connected components
of G are further decomposed by Morse graphs, see Figure 5.1 for a small example. The

following lemma is an immediate consequence of De nition 5.1 and Remark 5.1.

Lemma 5.1. Let G p V;E;S;Tqbe the chemical gradient graph and léi' be a strongly
connected component of5 where V' denotes the nodes of the subgraph'. Let v; with
] 1;:::;m be the externally controlled network nodes with associate¢gl factor graph

layers. Then for allp;qPV' we have

Limpg L;pag

forallj 1;:::;m.

The strong MG equivalence classes partition each strongly connected compondntof
G and so Lemma 5.1 guarantees that each one can be unambiguously (though non-uniquely)

labeled with a collectiontL;goqufor j  1;:::;m. This leads to an immediate Corollary.

Corollary 5.1. If V, PcS is a starting node incV and p PV,, then p is a starting node in

S € V. Similarly for stopping nodes.

Proof. Since allp; g P V, have matching factor graph layers by Lemma 5.1 and matching
Morse graphs by De nition 5.4, if one node irV, satis es the criteria of De nition 5.2, they

all must.

Lemma 5.1 and Corollary 5.1 justify searching for developmental paths in the (much)
smaller condensed chemical gradient graptt instead of in G, since paths incG follow the

externally imposed gradients from starting nodes to stopping nodes.
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De nition 5.6. Let cG p cV;cE; W;cS;cT gqbe the condensed chemical gradient graph. A

condensed developmental path is a pathV,, N N V,, in ¢G such that
1. V,, PcSandV,, PcT , and
2. MGpgqgN N pMGpuqggis a path in the phenotype pattern graph.

In the worst case|V| | cV| but in practice |cV| is much smaller than|V|. For example,
while the StrongEdges chemical gradient graph has over 1.4 million nodes, its condensed
chemical gradient graph has 14,832 nodes (see Figure 5.2). Importantly, we show that every
condensed developmental path in the condensed chemical gradient graph contains at least

one developmental path in the chemical gradient graph.

Figure 5.2: Condensed chemical gradient graph (all nodes) for FullConn (left) and
StrongEdges (right). FullConn has 12,398 and 100,179 nodes and edges respectively.
StrongEdges has 14,832 and 123,407 nodes and edges respectively. Purple, red, and green
nodes depict nodes in the path graph, starting nodes are shown in green, and stopping
nodes are shown in red. Graph visualization done using Gephi [3] with the OpenOrd layout
algorithm [26].
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Lemma 5.2. For every condensed developmental path, N V,, N ::: N V,, there exists

at least one developmental path

ptN PN N p), NpiN:::Np, NN p

Proof. LetU: V,, N V,, N :: N V,, be acondensed developmental path in the condensed
chemical gradient graphcG p cV;cE; W;cS;cT g Since there is an edg¥,, N V, ,, there
must exist nodespy PV,, andg ; PV, , suchthatpp;qg 1q PE. Furthermore, by de nition

of a connected component, whefV,,| i 1 there exists a path between any two nodes in
V. Thus, if poi; g 1qis an edge betweew,, andV,, ,, and likewisep 1;G 2Qis an edge

betweenv,, , andV,, ,, then for |V, ,|i 1 there exists a path inV

P: pNg :Nv,N::Nv Np :Ngqg-,

forvi,;;5v, PV L. If W, .| 1,theng 1 p 1 so clearly there is a path

~

pNg: piNg o2
pmNgeN:Ng Ny, NNy, Np1Ng 2NN p:

By De nition 5.6, path U induces a path pMGpu.qg N pMGpu.qq N =2 N
pPMGpukqq in the phenotype pattern graph. Observe that sinceu;;p P V, and
U 16 1V, nYip 1 PV, , thenMGpuig MGpigand

MGpi .9 MGm 19 MGpy,q @ MGpj,qg MGm 1q
Thus, pMGpuigq N pMGpu; 1qgimplies
MGmiqa N pMGpy 199 N pMGpyj,qq NN pMGpy;,qa N MG 10g
is a path in the phenotype pattern graph. It follows that

MGiaq N pMGppaq NN pMGpg 1qg N pMGpy,qq N:: N pMGpkqq
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is a path in the phenotype pattern graph.

Lastly, U is a condensed developmental path s¢,, is a starting node andV,, is a
stopping node incG, and therefore by Corollary 5.1p, PV,, is a starting node inS € V and
p« PV, Is a stopping node inT € V. Therefore, the pathP is a developmental path inG by
De nition 5.3. Since U was arbitrary, we have shown there exists at least one developmental

path for every condensed developmental path.

Lemma 5.3. Every developmental patp, N N p, in the chemical gradient graph can be

projected uniquely onto a condensed developmental path N ::: N V,, in the condensed

groups of vertices, each of which belongs to one componént

Proof. Let G p V;E;S; Tqbe the chemical gradient graph and letG p cV;cE;W;cS;cTq
be the condensed chemical gradient graph &
Let m N N p. be a developmental path inG with induced phenotype pattern

path
MGpugg N N pMGpongg N N, (for brevity).

Our goal is to uniquely construct a condensed developmental path  V,, N N V,, in
cGfrom and

We partition the parameter nodes in into sets A;; that are the maximal sets of
sequential elements in the path that all belong to the same strong MG equivalence class.

Formally,

where
Lp pa b,

2.p p ifij 1,and
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3P pjaifi joon

In particular, if we denote the partition in order by Aj,i,;:::;A wherek @ n and

EWER ik

is is 1 fors 1;:::;k 1, then there exists a uniqueV,, P cV for every A such

isiis
that A, € V. In fact, we may take the representativeus to be p;, if desired. Since a
developmental path follows a one-way gradient ow and thé,;_;;, are maximal, it follows that

all v, are distinct (i.e., no strong MG equivalence class can be revisited). Moreover, since

there exists ap- PA;,;, such thatp | PA;, ;. , with go;p 1 P , then pvy,; V., ,q PcE.

isiis
Additionally, since p; PV,, is a starting node inS € V, thenV,, PcS is also a starting node
in ¢G by De nition 5.5. Similarly, the stopping node p, PV, impliesV,, PcT. Therefore
V,, N N V,, is a path in c¢G from a starting node to a stopping node.
The partition of the nodes in into tA;; uand the construction of induces a partition

of the pattern labels in  i.e.,

fors 1;:::;k 1. Given that is a developmental path, then it follows that the path

induces a path in the phenotype pattern graph. Uniqueness follows from De nition 5.4,

completing the proof.

5.4 Path Graph

We now identify the minimal subgraph of the condensed chemical gradient graph that
contains all condensed developmental paths subject to an additional constraint on near

simultaneous change of external variables along the paths.

De nition 5.7.  Given the condensed chemical gradient grapgld p cV; cE; W;cS; cT qand
the phenotype pattern grapiPPG p ;E ¢ the tensor product graph , denotedcG
PPG, is a directed graph with nodespV,;sq |V, PcV;s P qu and edgepp.,;sg pv.} s'qq

if both pv,; V}q PcE and ps;s'q PE : Let H € ¢cG PPG be the subgraph induced by nodes
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PV, ; sq that satisfy
MGpugg s (5.1)

which we call thanatching graph , and denote the projection oH onto the rst component
by cH. In other words, cH is the subgraph otG such that a path exists ircH if and only if

that path induces a path inrPP G. We call cH the projected matching graph

Given a regulatory nodev a ected by some monotone external variablepyg we have
that any path in the projected matching graphcH follows a monotone path in the factor
graph ofv (see De nition 3.3), i.e., the path must be consistent with external variable e ect.

In the gap gene network, the external variables Bcd and Cad impose a requirement that Hb
decreases and, at the same time, Kni increases. However, our constructiortbfallows Hb

to decrease entirely before Kni increases and vice-versa. This does not capture the biological
reality where the maternal gradients change simultaneously, i.e., Hb is decreasing while Kni
is increasing along the A-P axis of the embryo. We capture this behavior in our nal graph
construction, the path graph. However, we must rst de ne what it means for external
variables to be changing simultaneously in the context of DSGRN. In order to do that we

develop the concept of aliagonal subgraph in a product of oriented graphs.

De nition 5.8. ConsiderRN p V;Eqgand regulatory nodedv;; ;vnhu, V, with each
v; aected by a corresponding external variablg pyg Let L; | Rj| [Tpyql 1 ie,L; is

the number of factor graph layers fov;. We call

Q !

i - max

L,V

i,Lj

— |_I_

the size ratio betweenv; and v;.

For example, in the StrongEdges network, we have,, 5andL., 13 whereL,

and L., denote the number of factor graph layers for Hb and Kni respectively. Then

Q '\ L. W
er;Kni max Hb . =Kni

: 3:
I-Kni I-Hb
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to simplify notation we setr : r;; . The numberr will be used to describe a subregios
within a rectangleR r O;as r0,a5s € Z Z,whereg : L; La: L; 1. To be
explicit we assumes; ¥ & .

When signclg sigrpqlq then we de ne a neighborhood of a diagonal iR, S,dJ € R

by

1 1 r1
Gy opcoaq g ——u (5.2)

1
Si i tp x;yPR|xP|0;aisande r

Note that the lower bound ofSﬁ} Is a line passing through pointr  1;0q9 and the upper

bound through the pointpy; r 1;aq both with the same sloperl, see Figure 5.3(left).

For the case when sigolq  signc'qwe set

1 1 1
ayao Fx a; —rr u  (5.3)

1
Si ' tp x;y PR | x P 10;asand P aq r

see Figure 5.3(right).

O P, N W b~ 01 O
O L N W b O O

O 1 2 3 4 5 6 7 8 01 2 3 4 5 6

Figure 5.3: Example of set§i"§j and S . (left) All black points are the points in the set S,G'J
foray 8,3 6andr 2and(right) S with a & 6andr 1. In both grids, the
red lines depict the upper bound ofy in Si?j and Sf while the blue lines depict the lower
bound ofy.

De nition 5.9. ConsiderRN p V;Egand regulatory nodegv;; ‘VmUu ,, V, with each

v; forj 1;::; m aected by a corresponding external variable pyq and letcH be the graph
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as constructed in De nition 5.7. The diagonal subgraph D is a node-induced subgraph of

cH where a nodeV, P cH belongs toD if and only if the corresponding factor graph layers

satisfy $
& si it signpelg  signpc'q
impgLimag R, ksl
% s3 if signpclg  signpci
for all pairs vi;v; P tvy; ;VmU whereL, ¥ Lj :

We restrict our attention to paths in the diagonal subgraph to exclude paths that are
not consistent with our interpretation of a simultaneous change in the external variables.
For our nal construction, we further enforce that nodes inD must be connected to the

collection of starting and stopping nodes.

De nition 5.10. Let ¢cG p cV;cE;W;cS;cT g be the condensed chemical gradient graph,
and consider the diagonal subgrapgb of cH. A node V, PD hasterminal reach if one of

the following is satis ed.

1. If V, RcSY cT, then there is both a path irD from at least oneV; PcS to V, and a

path in D from V, to at least oneV; PcT .
2. If V, PcS, then there is a path inD from V, to at least oneV, PcT.
3. If V; PcT, then there is a path inD from at least oneV; PcS to V,.

De nition 5.11. The path graph P p V;Eqis the node-induced subgraph & where we
have removed all node¥, (and incident edges) ifV, does not have terminal reach i. The
edgepV,; Vwgq PE inherits the weight of the edgeV,; Viwq PCE. A node inV is a starting
(stopping) node forP if it is a starting (stopping) node in cG.

The next theorem summarizes our construction.
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Theorem 3. Every path in the path graphP from a starting node to a stopping node is a
condensed developmental path with simultaneous changes in external variables. Moreover,
every developmental path irtG with simultaneous changes in external variables can be

projected onto a path inP.

We showed that every condensed developmental path i represents a developmental
path in Gand that every developmental path inG can be projected uniquely onto a condensed
developmental path incG. Since the path graph contains all condensed developmental
paths that satisfy the biologically motivated constraint of simultaneous external variable
change, it is su cient to analyze the path graph in order to understand the structure of the
developmental paths inG. See Figure 5.4 for a visualization oP for both the example gap

gene models Fullconn and StrongEdges.

Figure 5.4: Path graph (all nodes) for FullConn (left) and StrongEdges (right). Colored by
optimum 2-clustering separating starting nodes (green) and stopping nodes (red). FullConn
has 1,576 and 5,767 nodes and edges respectively. StrongEdges has 2,393 and 10,037
nodes and edges respectively. Note that visually one might say that FullConn has a larger
bottleneck than StrongEdges which we found not to be the case. This is due to the lack

of visualization of edge weights, as well as a two-dimensional graph layout of a multi-
dimensional graph. Recall any path from green to red nodes is a matching developmental
path. Graph visualization done using Gephi [3] with the OpenOrd layout algorithm [26].
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CHAPTER SIX

ROBUSTNESS SCORES

In this chapter, we use the fact that every path in a path grapt? p V ; Eqmatches
spatial data represented by the phenotype pattern graph. Our quanti cation of robustness
will rely on features of the shape and wiring oP, the extent of P lifted into the chemical
gradient graph G, and the attractiveness ofP as a subgraph of condensed chemical gradient
graphcG. For the last, we assume that a random perturbation that redirects a developmental
path out into ¢cG is undesirable. We assert that a high likelihood that such a perturbation
does not permanently divert paths out oP is a sign of a network model that robustly matches
the data. With this in mind, we say that a network model isrobust to perturbations  if

each of the following properties are satis ed.

(P1) The path graph does not contain bottlenecks. Informally, a bottleneck in the path
graph is a node, or a set of nodes, where a signi cant portion of perturbations result in
a path in cGzP. This property measures the fragility of the collection of developmental

paths in the path graph.

(P2) P is an attractor within the condensed chemical gradient graph. This means that if a
local perturbation of a node inP leads to a nodej outside of P, then paths starting at
gwill re-enter P after a few transitions. This permits the resumption of the phenotype

pattern after a local break.

(P3) A path in P is unlikely to be perturbed in such a way as to cause portions of the
phenotype pattern to be skipped. This means that if there is a local perturbation of a
node inP to another node inP, then the new path will still be a proper developmental

path.
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(P4) The nodes and edges &t constitute a large portion of nodes and edges of the chemical
gradient graphG whenP s lifted back into G. This means that for any given sequence
of parameter changes that respects the external variables, the corresponding sequence

of phenotypes is highly likely to reproduce the phenotype pattern.

Figure 6.1: Example of a path graphP that illustrates properties P1-4. (left) All nodes
and edges representG, the green nodes and edges aRe. The nodes ofP are annotated
with a number n 1, :::;8 indicating that the Morse graph of the node represents the data
region R,. Any path of green nodes and edges from the node labeled 1 to the node labeled
8 is a matching developmental path. Node 5 represents a bottleneck, the edge from 2 to
4 represents region skipping and any blue edge emanating from a green node contradicts
attractivity of P within cG. (right) All nodes and edges represen, the green nodes and
edges ard® when lifted back into G. The lifted path graph of this example only constitutes
29% of the nodes and edges &

An example of a bottleneck in the path graph can be seen in Figure 6.1. In this gure, all
nodes and edges represedt, with the green nodes and edges representiRg Additionally,
the nodes ofP are annotated with a numbem  1;:::; 8 indicating the Morse graph the node
would represent for data regiorR,. Hence, any path from the node labeled 1 to the node
labeled 8 consisting of only green nodes and edges would be a matching developmental path,
and thus match the data. In this example, the node labeled 5 is the only node in the graph

representing data for regiorRs. Thus, any matching developmental path must contain this
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node. The issue arises when considering a local perturbation of a path near node 5, which
will always result in the path having to exit P. The blue edge between the nodes labeled 2
and 4 shows an example of region skipping. Here, a matching developmental path could be
perturbed in such a way as to take that edge, resulting in a path that matches the data for
each region except regiofRz and is no longer a matching developmental path. lastly, this
example also shows issues with the attraction ¢&f where there are blue edges from green
nodes.

Lets consider properties P1-4 in context of thdd. melanogasterexample. A path
graph having property P1 suggests that any perturbation will still result in the proper
development of the embryo. For spatially localized perturbations, property P2 would imply
that the new path is still a proper development path and property P3 would allow for
natural development of the embryo with only local aws. Finally, having property P4 means
that chemical gradients Bcd and Cad robustly give rise to the phenotype pattern. We now

introduce scores to quantify properties P1-4.

6.1 Bottlenecks Scoredby Optimized Weighted Cut (OW Cut) of the Path Graph

A common understanding of a bottleneck is a restriction point for tra c. In our case,
the path graph describes a set of developmental paths that represent a sequence of parameter
changes consistent with external variables that recapitulate qualitative observations about
variable expression across spatial regions. A bottleneck indicates a set of parameter regions
where a random perturbation will likely disrupt the phenotype pattern. Our goal is to
develop a mathematical de nition of a bottleneck that captures this behavior in the setting
of a directed weighted graph (see De nition 2.1). To do so, we utilize the concept of weighted

graph cut from [27].
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De nition 6.1. Let W be the v%eight matrix ofG. Let D be a diagonal matrix where

I& 1 if v PV Wi;j 0;

Di
o .
%, pv Wi otherwise.

o

wherew;; PW. Notice if all edges have weight 1, then, , w;; is the out-degree of;. We

call D the weighted out-degree matrix  of the graphG [27].

De nition 6.2. Let tCy;Cy;:::Cku be a collection of disjoint subsets df, i.e., Cx € V

fork 1,2;:::K andC XC; H fori j.If
CYCY: i:YC V

thenC t C;;Cy;:::Ckuis aK-clustering of G. We call

5

Dy D;j
Vi PCg

the degree of cluster k [27], whereD; was de ned in De nition 6.1.

We associate to each set of nod€} € V all the edgespu; vg PE that connect vertices
within C;. K-clustering imposes acut on the graph G; the cut contains the set of edges in

E that connect vertices in di erent clusters.

De nition 6.3. Let W and D be the weight and weighted out-degree matrices of weighted
directed graphG respectively and letC t C;;C,;:::Ck ube a K-clustering ofG. Then the
weighted cut of Cis given by [27]

WCutpcqy =~ — i Wij g

k 1 Vi PCg vj PCy
Further, let

Sk - ’ ’ Wi and dk . ’ i Wi;
Vi PCy vj PCk Vi PCy Vvj PV zCy
Notice that sy is the sum of weights for every edge in the node-induced subgraphGf

with node setCy, denoted GrCys, while di is the sum of weights of edges departinGrCys.
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If eachw;; represents a probability of taking the edge from node to v;, then in general a

path starting in Cy has a higher probability of staying inCy wheneversy is higher than dy.

De nition 6.4. LetG p V;E;Wqgbe a weighted directed graph withka-cluster C. Given a
cluster Cx PC, we say thatG has abottleneck from GrCysinto GrVzCyswheneversy j dy.
i.e., whenever a path starting inGrCys has a better chance of staying iGrCys than it does

of departing GrCys

We detect the existence of bottlenecks in a graph and score their strength using the

weighted cut.

Theorem 4. Let G p V;E;Wqbe a weighted directed graph with weightg; P W such

o

that wi; P10;1sand | p, wi; @ 1. Given some clusteiCy of G, if
1
W CutptCy; VzCyuq >

then G has a bottleneck fronGrCysinto GrVzCs

Proof. Let G p V;E;Wqbe a weighted directed graph with weightsv;; PW in r0; 1s let
D be the weighted out-degree matrix, and leC t Cj;:::Cx ube a K-clustering ofG. For

every k notice that

Wi Wij Wi Wi Wij S d;
v PCy vj PV ViPCy v PCy vj PV zCy Vi PCy vj PCk Vi PCy vj PV 2Cy

where the rst equality is becauseCy\ VzCy V. Then

5 5

Dy ¥ Wi Sk dk
Vi PCy vj PV

o

with equality when D; : v v Wi 0 @. We can also expres®V CutpCq of the clustering

in terms of weights of internal edgesyx and external edgegly.
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K1
k 1 vi PCg Vi PCy vj PCy
K
s 1
Dr Dk sk
kK 1K
K 1 D«
K
a 5 1 Sk
K1 Sk Ok
We note that
Sk 1 . .
1 — ifandonly if d S
s o 2 y k K

Applying the W Cut to clustering consisting of two clustere C;VzCu, we observe that if
W CutptC; VzCuq %; then bothd; sy andd, s,. Therefore there is a bottleneck

betweenC and VzC.

Notice that if the cluster C¢ has no edge tovVzC then d¢ 0 and we have

Sk

1
Sk dk

0}

On the other hand if there are no edges connecting nodes withiy thens, 0 and

Sk

1
Sk Ok

1:

Therefore the closeW CutptC; VzCugqis to zero, the stronger the bottleneck betwee@ and
VzC.

Thus, to score property P1 we will nd the optimal 2-clustering of the path graphP
that minimizes the W Cut of P, with the additional condition that one cluster contains all
the starting nodes while the other contains all the stopping nodes. We compute an optimal
2-clustering as follows using methods inspired by the normalized Laplacian from [27] and a
grouping algorithm for image segmentation [37] based on spectral clustering. L&t and

D be the weighted matrix and weighted degree matrix oP, respectively. Computing the
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Hermitian part of the LaplacianL p D Wqgand normalizing byD [27], we have

1

1
L : D zHA : 5D @D W W' z:
The key insight from spectral theory of harmonic maps is that while the smallest eigenvalue
of L has the eigenvector with positive entries, the eigenvector corresponding to the second
eigenvalue has entries of both signs, and the nodes corresponding to each sign form two
clusters which minimizeW Cut. Since the value zero does not have a privileged position

in our matrix L , we follow [37] to nd an optimum value to de ne the clusters. Let

L . We reorder elements irx in ascending order and lepvy; Vy; :::vjy g be the corresponding
ordering of nodes inV. Consider a 2-clustering of node€! : p vi;::;vigand Ch :
pvi 1;::Vyv|g constructed by partitioning nodes usingki p X; 1 X;0{2 as a splitting point.

We say that C} and C}, satisfy the starting and stopping node condition if
ISXC, SandT XC, Tqorpl XC, T andSXC, Sqg (6.1)
Then we de ne an optimum two clustering as the index such that [27, 37]
W CutptC!; Clug rqianCutptCil;Cizuq |Cl: C} satisfy (6.1))

We denote theW Cut of the optimum 2-clustering of P (with starting/stopping node
conditions satis ed) by

OWCutpPq: WCutptCy; Couq

We remark that the OW CutpP gis not computable for some path graph® because it
is not possible to separate the starting and stopping nodes into separate clusters using this
method. See Appendix Figure 5.4 for a visualization of the optimal clustering &f for both

Fullconn and StrongEdges.
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6.2 Using Absorbing Markov Chains (AMC) to ScorelLeak (P2) and Skip (P3)

To score properties P2 and P3, we will score how likely a random path that starts
in the path graph P p V;Eqwill veer away from the path graph within the condensed
chemical gradient graphcG p cV;cE;W;cS;cT g By construction, P is a subgraph ofcG,
i.e.,V € ¢V and E € cE. We will consider two types of edges itEzE that may lead to

di erent disruptions of the phenotype pattern. Let
O:tp V,;MLQPCE | V, PV andV, RV u
J :tp Vy; Wq PcE | Vi; W, PV and pvy; V\q RE u:

The edges inO capture paths that leave the path graphP; this represents aleak from
the set of developmental paths to those which do not recapitulate the observed phenotype
pattern. On the other hand, both vertices of the edges id lie in V, but the edge is not in
E. Therefore edges il represent paths thatskip a portion of the phenotype pattern. We
say an edgelV,; ,g PcE is aleak edge ifpvy; V,q PO and askip edge ifpv,; Vuq PJ .

We use absorbing Markov chains (see Section 2.3.1) to quantify the amount of leak from

P into ¢G and skip within P.

De nition 6.5. Let P p V;Eqbe the path graph of the condensed chemical gradient graph
cG pcV;cE;W;cS;cTg The absorbing Markov chain expansion of P, denoted by
AMC P;l;sq  pU; M g with transition matrix W, is de ned as follows. The nodes are
U V Ytl;su wherel and s are nodes that represent all states that are targets of edges in
O and J , respectively. Consider the following sets of weighted edges

E tp VUi ;VUj s Wi 9 | p/Ui ; VUj q PEY;

O tp Vi hwiql| W, qPOu;

J o tp Vuisiwgq | BV aPI g,
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wherew;; PW: Then the set of edges AAMC P; ;sqis
M E YO YJ YtpVy;Vu;1g |V PcTuYd;l; 1gY 5;s;1g

The entries! ;; PW are given by! ;;  w;; for eachpu;v;w; g PM and O otherwise.

The interpretation of edge weights incG as transition probabilities allows us to view
AMC pP; l; sqas a Markov chain. It is easy to see that the transition matrix oAM C pP; I; sq
satis es the Markov property. Observe that the stopping nodes d?, along with the nodes
| and s, are the absorbing nodes oAMC P;I;sq Then the probabilities pdqand ppsq are
the probability of a random walk in AMC pP; |; sq ending in nodesl or s from a starting
node. By construction ofAMC pP;|; sq pdqand ppsq are then the probability of a random
walk beginning at a starting node ofP and leavingP or skipping a region respectively. The
probability pdqquanti es the lack of attractiveness ofP within cG (property P2) while the
probability ppsqquanti es region skipping (property P3).

6.3 Sizeof Lifted Path Graph in Chemical Gradient Graph (P4)

Recall from Section 5.4 that the nodes of the path grapR p V;Eqare strong MG
equivalence classes of the chemical gradient gra@ p V;Eq and the edges represent

collections of edges between these components. Let
Vp t VPV |VPV, for someV, PV u
Similarly, for pvy; V,q PE, consider the associated collection of edges@
E.w tp X;yqPE| Xy PV, Y VLU

and let
o]

Er Euv’

PVu Vv qFE
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Then the size of the lifting of the path graph into the chemical gradient graph is given by

Vel | Eel.
IVl | El

The rationale for usinggpP; Ggas an indicator of robustness is that iP lifts to a large

grP; &q

subgraph of G, then the collection of (non-condensed) developmental paths that respect
the external variables is also large. A larger collection of developmental paths means that
perturbations are more likely to cause a shift to another developmental path, thus ensuring

that the phenotype pattern is preserved despite the disruption.
6.4 Scoring

Let N be a set of regulatory networks and leN P N, Additionally, let D denote the
descriptive pattern describing the spatial data. LetPN and GV be the path graph and
chemical gradient graph respectively foN and D. We combine the following bottleneck,

path size, and leak and skip scores

BiNg: OWCutpPMg PSNg: gpPV;G'qandLSNg: 1 ppdg prsaq
respectively, in such a way as to score the robustnesshof
First, we normalize each score to be between 0 and 1 to equalize their impacts on an

overall score. Forf P tB,PSLay, let

fpNg ming pNgq

N PN

maxgf pfNag  minpf pN gq
N PN N PN
be our normalization, then we giveN the robustness score

BiNg PINg I'SNq,
. :

fNg:

SNq

Note that we choose to apply an equal weighting of each of the sco®%S and LS (i.e.,
each have a weight of{3) because we don't know which, if any, of the scores has the most

impact on the robustness of the network.
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CHAPTER SEVEN

RESULTS

We consider two candidate network models forD. melanogaster development:
StrongEdges (introduced in Section 4.2) and FullConn (introduced in Section 2.2.3). We
found that both networks were capable of capturing the protein expression data from regions
R, to R; seen in Figure 4.1. The remainder of the results are dedicated to evaluating and
comparing their robustness. While values of the robustness sc@gN g for some networks
N are hard to interpret in a physical sense, we can use these values to compare network
models. In particular, we wish to compare the networks StrongEdges and FullConn with a
class of random networks. If these networks are valid representations of the gap gene network
(which is known to be robust) then they should, in theory, have higher robustness scores
than the average randomly generated network. Additionally, we would like to know if any
network properties impact a network's robustness score. To accomplish these tasks, we must
de ne a set of random networks, as well as de ne network properties we wish to evaluate.
Given that both StrongEdges and FullConn have four nodes (Hb, Gt, Kr, and Kni) and eight
edges, we restrict our attention to networks with nodes Hb, Gt, Kr, and Kni as well as eight
edges. These can be any combination of edges between the nodes, with either activating or
repressing signs. There are 126,720 networks in this class, with DSGRN parameter graph
sizes ranging between 1.44 and 23.064 million nodes. For computational reasons, we only
consider networks with a DSGRN parameter graph size up to 4.32 million nodes. We note
that FullConn and StrongEdges have DSGRN parameter graph sizes 05@ and 324 million
nodes respectively, so this range allows comparison with networks that have both smaller
and larger parameter graphs. This class has 58,366 networks, which will be oetwork

population , denoted byN .
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Calculating the scoreSpN gfor a single networkN takes between 5 and 30 minutes, with
time heavily dependent on the chemical gradient graph size. Using 3 threads in parallel, with
this number limited by memory constraints, the computation time for 100 networks takes
approximately one day. Hence we expect computing a score for all 58,366 networks would
take nearly a year with our available resources. Thus, we selected nearly 1000 networks from
N and computed the robustness scor§iN q (sampling details are described below). The
ability to collect comprehensive data about the dynamics of such a large set of networks is
a unigue characteristic of the DSGRN approach.

We used a mixed random sampling method to generate our sample of networks from
the network population N . We started by collecting a sample of 752 networks frofd using
a simple random sampling method, i.e, there was an equal probability of every network in
N being selected during the sampling process. We call this simple random sample of 752
networks the baseline group that we denote byB. We then asked if the following features

of a regulatory network impact the robustness score.

1. Subnetworks of the gap gene network from Veret al. [48], as seen in Figure 7.1 (and
Figure 2.2). NetworksN P N that satisfy this condition are said to have the feature

Verd.

2. Subnetworks of the gap gene network from Reinitz [25], see Figure 7.1. Since the
Reinitz gap gene network is a subgraph of Verd, ani that is a subgraph of the
Reinitz gap gene network is also a subgraph of Verd. We call this featuReinitz.
When a N has the Verd feature but not the Reinitz feature, we say thidN has the

strict Verd feature.

3. The ACDC 1-3 motifs from left to right in Figure 2.3. We call these theACDC1,
ACDC2 and ACDC3 features.
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4. Networks that have all four repressing edges Hb to Kni, Kni to Hb, Gt to Hb and Hb
to Gt, which are the edges with the most biological evidence. We call this thdltra

Strong feature, see Figure 7.1.

5. The number of repressing edges IN. We call this integer-valued property theRE

feature.

6. The number of negative and positive feedback loops kh (see Section 2.1). These are

) o @

% StrongEdges

Verd FullConn ]

the NFL and PFL features, respectively.

Reinitz Ultra Strong

o e

Figure 7.1: Networks labeled Reinitz and Verd are the gap gene networks as described in
Reinitz et al. [25] and Verdet al. [48] respectively. Ultra Strong is a feature of interest and
the FullConn and StrongEdge Networks are our networks we wish to compare to random
networks.

We call categories (1)-(4)subgraph featuresand categories (5)-(6)number features
While all networks have number features, only 2122 networks M have at least one subgraph
feature. We denote this set of networks by . Given that there are less than 4% of networks
with a subgraph feature, the random sampl® did not produce many networks fromF in
the baseline group.

In order to evaluate how subgraph features impact our score, we used a strati ed simple

random sampling method to select more networks. Using the strati cation di into two
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disjoint groups, F and N zF we randomly sampled 200 additional networks fror& , denoted
Be. We remark that BX B H . We call B the feature group and Table 7.1 shows a
breakdown of the number of networks irN ; B; and Bg, the number of networks inN we

attempted to score, and the number of networks we were able to score.

N B Br BY Br
Subgraph Feature Total \ Disjoint Sampled Scored Sampled Scored Total Scored
ACDC1 468 387 7 7 44 43 50
ACDC2 468 411 3 3 34 32 35
ACDC3 468 387 9 7 41 40 47

Ultra Strong 704 583 10 10 75 72 82
Strict Verd 170 116 0 0 18 17 17
Reinitz 85 37 1 1 14 13 14
CN‘;L::;;): RE PFL NFL
Feature N F N F N F RE PFL NFL RE PFL NFL |RE PFL NFL RE PFL NFL | RE PFL NFL
0 255 1680 0 2160 1201 31 33 1 31 33 0

0 0 16| 1 31 49
0 16 20| 13 129 101
0 41 66| 82 229 241

0 17
1824 0 7680 128 5952 21713 119 82 13 113 81 21
0 69
57 53 0 56 52| 137 274 260
30
9
1
0
0

6060 14256 488 15888 75283 191 183 82 188 17
12120 0 17712 687 18672 66841 227 214 137 218 20
15690 119 12912 692 10512 28207 131 173 201 125 16
13200 510 3168 87 4128 71179 42 51 172 42 49
0
0

~ 00

5O B
5Q8Bvwoocoo
©

9 65 30| 210 190 197
47 9 9 1219 51 58

~No b WN R

6924 850 720 36 1008 96 7 15 90 7 14 0

2040 534 240 4 48 29 4 1 29 4 1 41 0 0|70 4 1
255 109 0 0 0 3 0 0 3 0 0 | 10 0 0| 13 0 0
Total 58368 752 [ 728 200 [ 193 914

Table 7.1: The sizes of the groups of networks in the statistical analysis. The pair of
numbers for each subgraph feature undemM" is the population size of networks containing
the speci ed subgraph feature ilN and by construction inF ( rst number), and the number

of networks containingonly the speci ed subgraph feature (second number). The pairs of
numbers for the number features are the population sizes of networks availableNn and

F respectively for the counts of edges/loops in the row. No networks with greater than
7 positive or negative loops exist iMN . In columns labeledB and Bg, \Scored" are the
subsets of the \Sampled" sets that could be scored. UndBrY Bg, \Total Scored" indicates
the population size of networks used in our statistical analysis. The integers beneath the

number features for the sampled groups of networks indicate the counts of networks with
each number feature in the speci ed sample.

176 13 14

e}

Of the networks we attempted to score, only 11 were unable to reproduce the data, i.e.,
they did not contain a developmental path. One of these networks (network 21283 shown in
Figure 7.3) was unable to reproduce the data due to having no stopping nodes in the chemical
gradient graph. The other 10 had path graphs that became disconnected after imposing the
requirement that developmental paths follow maternal gradient ow simultaneously (see

De nition 5.9). Additionally, there were 19 networks whereOW Cut could not be calculated
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with the condition that the starting and stopping nodes be in separate clusters. Due to not
having a calculated score, we left these 30 networks out of our statistical analysis. Now we

would like to answer the following questions:

1. Is FullConn or StrongEdges more robust than the average network from our popula-

tion?

2. Is there evidence of a di erence in robustness between our baseline and feature groups?
Speci cally, we ask if networks containing at least one of our noted features will be

more or less robust than average.

3. Is there a relationship between any of the features and the network robustness score?
Speci cally, we want to know if there is evidence of a speci ¢ feature having an impact

on the robustness score.

Figure 7.2 shows a summary of our analysis for both the baseline (greg)and the
subgraph feature group (blue)Bgr, together with means and the 95% mean con dence
intervals for each of the normalized scores and the overall robustness score. The numerical
values can be seen in Appendix Table A.01, along with the results for FullConn and
StrongEdges. Additionally, see Appendix Figure B.01 for a summary of score results
before applying the normalization de ned in Section 6.4. We see that both FullConn and
StrongEdges have robustness scores that lie outside of the 95% con dence intervals for the
baseline group. In particular, FullConn exceeds the 95% mean con dence intervals for the
baseline group in all robustness scores and exceeds the 95% mean con dence interval for the
feature group in all scores buPS StrongEdges is a worse performer, withSsStrongEdges
below the 95% mean con dence intervals in the baseline and feature groups, and the
overall scoreSpStrongEdges below the 95% mean con dence interval in the feature group.
Comparing the baseline and feature distributions, we see evidence that a network containing a

subgraph feature, on average, has a higher robustness score than a random network, primarily
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Figure 7.2: Violin plots comparing normalized robustness scores between the baseline (grey)
and feature (blue) groups. White bars depict the 95% mean con dence intervals. The red
dot and black square indicate the score for FullConn and StrongEdges respectively. Note in
particular when the scores for FullConn and StrongEdges lie outside the 95% mean con dence
intervals for each group.

due to higher performingl’s and PSscores. Figure 7.3 shows the network topology of the
best and worst scoring networks in both the baseline and subgraph feature groups.

To address question 3, we used multiple linear regression (MLR) on all networks scored,
see Section 2.3.2 for model details. The subgraph and number features were set as the
explanatory (independent) variables and the network score as the response (dependent)
variable. All assumptions to ensure the validity of this model were checked, see Appendix A.

Our results are summarized in Figure 7.4. Each explanatory variable coe cient is
depicted by a black dot, and the 95% con dence interval is depicted by the blue line on either
side of the coe cients. For example, forS in the lower right panel, we can see that when

a network contained ACDC2 as a subnetwork, we are 95% con dent that the true mean of
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Figure 7.3: First 4 networks are ordered from highest to lowest score, with networks 25338
and 2888 being the best scoring networks for the Baseline and Feature group respectively
and networks 6420 and 9391 being the worst scoring networks for the Feature and Baseline
group respectively. Network 21283 is the only network that had an empty stopping s8t

the network score is increased by between 0.073 and 0.123 in our population, after adjusting
for the additional possible presence of ACDC1, ACDC3, Ultra Strong, Strict Verd, Reinitz,
NFL, PFL, and RE. Additionally, for each repressive edge added to a regulatory network,
we are 95% con dent that the true mean of the network score is increased by between 0.0008
and 0.0086 in our population, after adjusting for the presence of the remaining features.
From this, we saw evidence that 5 of the 9 features (ACDC2, Reinitz, Strict Verd, RE and
NFL) had an increasing or decreasing e ect on our overall network robustness sc&eThe
impacts of feature groups on the component scor8sPS and [’'Sare also shown.

In more detail, let F denote our set of explanatory variables. Given an explanatory
variable f P F, let Hos be the null hypothesis off , which states that there is no linear
relationship between the network score anél, once we have accounted for all explanatory
variables inF ztf u. To determine if we can reject the null hypothesis, we use a t-statistic and a
p-value. Since our model has 906 degrees of freedom (number of observations minus number

of variables), then a t-statistic (denotedtgys) above 1963 or below -1963 is considered
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Figure 7.4: Regression coe cients for each explanatory variable in our model and model
intercept, plotted with 95% con dence intervals. See Appendix Table A.02 for coe cients,
95% con dence intervals, t and p-values for each of the response variabféop left), PS
(top right), LS (bottom left) and S (bottom right).

signi cant at the 95% level, along with a p-value less than:05 [16]. During our analysis, we
found that there was evidence for a positive linear relationship between network robustness
and feature ACDC2, once we accounted for the remaining features; i.e., there was evidence
against Ho.acpc2 (teos = 7.4970, p-value 0:0001). That is, the presence of ACDC2 on
average increased the score of any network of which it is a subnetwork. We also found
evidence for positive linear relationships in Reinitztfys = 3.5587, p-value = 0.0004), Strict
Verd (tgos = 2.9821, p-value = 0.0029), and RE tgos = 2.3844, p-value = 0.0173). On the
other hand, we saw evidence for a negative relationship in NFltgfs = -5.8644, p-value =

0:0001). Lastly, we saw little to no evidence against the null hypotheses for ACDCllyds
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= 1.4800, p-value = 0.1392), ACDC3 (906 = -0.4808, p-value = 0.6308), Ultra Strong {gos
= 0.5861, p-value = 0.5580) or PFL {905 = -0.4890, p-value = 0.6250).

Figure 7.4 shows the impact of the three constituent robustness scoresSats well. For
example, we see evidence to suggest that there exists a positive linear relationship between
the path size score®Sand feature Reinitz once we account for all other featuredofs =
3.7818, p-value = 0.0002). However, we see little to no evidence that there exists a linear
relationship between Reinitz and the bottleneck scorB (tgps  1:0178, p-value = 0.3090),
as well as the leak-skip scorfS (tgos = 1.2341, p-value = 0.2175), once we account for all
other features. This suggests that the Reinitz feature impacted the overall robustness score

by increasing the size of the lifted path graph in the chemical gradient graph.
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CHAPTER EIGHT

DISCUSSION

In this manuscript, we reinterpreted the output of the network modeling tool DSGRN
to accommodate a linear array of identical networks that are impacted by spatially varying
external factors. We were motivated by the developmental program @. melanogastey
particularly by the stabilizing in uence of maternal protein gradients on gap gene network
models in late-stage segmentation. We used the new modeling framework to quantify the
robustness of various such models.

Our main mathematical contributions are three-fold. First, we conceptually reinter-
preted the output of the DSGRN methodology to enable modeling of spatially arranged cells
that are impacted by monotone control variables. This was done by proving that DSGRN
factor parameter graphs can be represented as graded posets. Second, we de npdtla
graph based on the graded posets that permits a DSGRN network model to match spatial
experimental data subject to constraints from monotone control variables. The path graph
summarizes all the ways in which a network model is capable of matching the data under
these constraints. Lastly, we developed evaluation criteria for the robustness of the match
between model and data by devising threeobustness scoreghat quantify the structural
fragilities of the path graph. These structural fragilities can be interpreted as obstacles to
correct development.

Our major biological contributions are a rank ordering of proposed gap gene network
models inD. melanogasteraccording to robustness score, a quanti cation of their perfor-
mance over random networks, and a characterization of the impact of various network motifs
on network model performance. In particular, we showed that while it is common for a

network model to be able to match experimental data, a network model inspired by Vest
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al. [48] (FullConn) shows strong robustness scores compared to a random sample of network
models. We also identi ed a motif (ACDC2) within FullConn that, on average, improves
the robustness scores of network models that contain it.

The network FullConn is an alternative view of the dynamic module approach in Verd
et al. [48], with which we showed that it is possible to model observed data using a single
network functioning at di erent parameter regimes across spatial locations, as opposed to
modeling the observed data using di erent networks across spatial locations. The FullConn
network is a combination of the modules proposed by Veret al., and our analysis showed
that Fullconn had a better robustness score than both the average random network with 4
nodes and 8 edges, as well as the average random network containing other subgraph features
of interest. The FullConn network even had a higher robustness score than the StrongEdges
network, which was constructed using only strong edges from the gap gene network from
Figure 2.2. This suggests that the modules proposed by Vedd al. [48] are a reasonable
hypothesis for dynamic control in the late-stage segmentation process®f melanogaster
although it is unnecessary to view them as distinct networks. Moreover, we found that
networks that are subnetworks of the proposed (large) gap gene network from Vest al.

[48] and from Reinitzet al. [25], which is the same gap gene network but without the
edge KniN Gt (see Figure 7.1), have higher robustness scores, suggesting that both models
contain subnetworks important to the function of the gap gene network. Furthermore, the
motif ACDC2 had the most impact on our robustness score suggesting this motif may be
particularly biologically relevant for robustness in the gap gene network.

We also found that nearly all of the randomly sampled networks with 4 nodes and 8
edges can reproduce the phenotype pattern derived from the developmental data between
regionsR, and R;. While our score allows rank-ordering these networks, it may be desirable
to constrain the potential network models further. Our framework is capable of incorporating

additional datasets that may help reduce the number of networks that t the phenotype
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pattern. In particular, measuring expression of the gap genes in embryos where the spatial
expression of Bcd and Cad was experimentally manipulated could lead to, for example, non-
diagonal developmental paths that any network model would be required to match along
with the wild-type data, resulting in additional restrictions on network structure. A similar
process of using additional data to reduce the space of hypotheses was used in the context
of DSGRN models of yeast cell cycle network [10].

Moreover, while the biologically and mathematically motivated network models Full-
Conn and StrongEdges scored well in comparison to the random sample, there were plenty
of networks that optimized the robustness score even more. We hypothesize that optimizing
for robustness is a constrained optimization problem, where factors such as evolutionary
and environmental constraints may cause a network to be selected during evolution even if
another network may provide more robustness for developmental or other highly conserved
genetic programs.

The DSGRN approach that we present in this thesis is a powerful tool for the exploration
of network models under di erent parameter regimes across spatial domains. It enables the
comprehensive description of (coarse) dynamical behavior across parameter space, enabling
the quanti cation of features such as robustness. Moreover, the computational e ciency
permits the exploration of very large samples of network topologies, lending more credence
to rank orderings of possible network models.

There is an immediate application of our methods to insects with a similar develop-
mental system, such as embryonic development Bpisyrphus balteatug24] and Megaselia
abdita [50]. We could also apply our work to other network models, such as the pair-rule
gene network inD. melanogastey where the gap gene protein concentrations determine pair-
rule gene transcription [13]. Hence, in this model, the gap genes would be the external
variables to the pair-rule gene network, though we would need to extend our work to non-

monotone external variables. Finally, we can further extend our approach to modeling
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late-stage dynamic shifts in domain boundaries along the A-P axis of gap gene protein

concentrations.
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Results of the di erence in means model used to assess if there is a di erence between
the average network in the baseline group versus the average network in the features group

can be seen in Table A.O1.

Baseline Group B) Results Feature Group Br) Results | FullConn | StrongEdges
mean std dev mean 95% CI mean std dev mean 95% CI| Results Results
BoNq| 0.134 0.106 [0.127, 0.142]0.139 0.120 [0.121, 0.156] 0.184 0.222
P$Nqg| 0.352 0.162 [0.340, 0.364]0.449 0.178 [0.424, 0.47%] 0.381 0.387
"SNqg| 0.109 0.107 [0.102, 0.117]0.155 0.116 [0.139, 0.172] 0.357 0.056
SNqg| 0.199 0.078 [0.193, 0.204]0.248 0.087 [0.235, 0.260] 0.307 0.222

Table A.01: Mean, standard deviation, and con dence intervals for the random sampl&s
and B and the speci ¢ networks FullConn and StrongEdges.

We provide the data of the multiple linear regression (MLR) used in Section 7 (see

Table A.02) as well as veri cation of all assumptions needed to use the MLR model.

ESXEI coef stddev tvalue p-value 95% ci GENEI coef stddev tvalue p-value 95% ci
intercept | 0.1542 0.0217 7.1 0:0001 [0.1116, 0.1969 intercept | 0.4358 0.03 145109 0:0001 [0.3768, 0.4947
ACDC3 | -0.0091 0.0167 -0.5416 0.5882 [-0.0419, 0.0238] ACDC3 | -0.0469 0.0232 -2.0243 0.0432 [-0.0923, -0.0014]
ACDC2 | 0.0497 0.0188 2.6433 0.0084 [0.0128, 0.0866] ACDC2 | 0.2104 0.026 8.0959 0:0001 [0.1594, 0.2614
ACDC1 | -0.0115 0.0167 -0.6904 0.4901 [-0.0442, 0.0212] ACDC1 | 0.0306 0.023 1.3308 0.1836 [-0.0145, 0.0758]
Ultra Strong | -0.0125 0.0137 -0.9152 0.3603 [-0.0393, 0.014Bjtra Strong | -0.0129 0.0189 -0.6841  0.4941 [-0.05, 0.0241]
Strict Verd | 0.0923 0.0263 3.508 0.0005 [0.0407, 0.14389]Strict Verd | 0.0982 0.0364 2.7011 0.007 [0.0269, 0.1696]
Reinitz | 0.0298 0.0293 1.0178 0.309 [-0.0277, 0.082] Reinitz | 0.153 0.0405 3.7818 0.0002 [0.0736, 0.2325]

NFL | 0.0007 0.0034 0.2073 0.8359 [-0.0061, 0.0075] NFL | -0.0451 0.0048 -9.4607 0:0001 [-0.0544, -0.0357]
PFL | -0.0089 0.0035 -2.5902 0.0097 [-0.0157, -0.0022] PFL | -0.005 0.0048 -1.0543  0.292 [-0.0144, 0.0043]
RE | 0.0005 0.0028 0.1609 0.8722 [-0.0051, 0.006] RE | 0.014 0.0039 3.6062 0.0003 [0.0064, 0.0216]

coef stddev tvalue p-value 95% ci coef stddev t-value p-value 95% ci
intercept | 0.0782 0.0219 3.5723 0.0004 [0.0352, 0.1211] intercept | 0.2227 0.0152 14.616 0:0001 [0.1928, 0.2526
ACDC3 | 0.039 0.0169 2.311 0.0211 [0.0059, 0.0721] ACDC3 | -0.0056 0.0117 -0.4808 0.6308 [-0.0287, 0.0174]
ACDC2 | 0.0365 0.0189 1.9277 0.0542 [-0.0007, 0.0737] ACDC2 | 0.0989 0.0132 7.497  0:0001 [0.073, 0.1248]
ACDC1 | 0.0327 0.0168 1.9507 0.0514 [-0.0002, 0.0657] ACDC1 | 0.0173 0.0117 1.48 0.1392 [-0.0056, 0.0402]
Ultra Strong | 0.0423 0.0138 3.0714 0.0022 [0.0153, 0.0692]ltra Strong | 0.0056 0.0096 0.5861 0.558 [-0.0132, 0.0244]
Strict Verd | -0.0254 0.0265 -0.9589 0.3378 [-0.0774, 0.0266Strict Verd | 0.055 0.0185 2.9821 0.0029 [0.0188, 0.0912]
Reinitz | 0.0364 0.0295 1.2341 0.2175 [-0.0215, 0.0943] Reinitz | 0.0731 0.0205 3.5587 0.0004 [0.0328, 0.1184]

N

NFL | 0.0018 0.0035 0.5261  0.5989 [-0.005, 0.0086] NFL | -0.0142 0.0024 -5.8644 0:0001 [-0.0189, -0.0094]
PFL | 0.0104 0.0035 2.9961 0.0028 [0.0036, 0.0172] PFL | -0.0012 0.0024 -0.489 0.625 [-0.0059, 0.0036]
RE | -0.0004 0.0028 -0.1275 0.8986 [-0.0059, 0.0052] RE | 0.0047 0.002 2.3844 0.0173 [0.0008, 0.0086]

Table A.02: The regression coe cients, standard errors, t-values, p-values lower and upper
con dence intervals for our MLR model for the bottleneck scoreffiN ), path size score

(BN ), leak-skip score ’SIN ¢) and the robustness scoreN g).

First, checking multicollinearity between our explanatory variables, we consider the

variance in ation factors (VIFs) [16], which are shown in Table A.03. Since none of the VIFs
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are greater than 5, and in fact small (close to 1), we have evidence that multicollinearity

between our explanatory variables is not a problem [16].

Variable || ACDC1 ACDC2 ACDC3 Ultra Strong Strict Verd Reinitz NFL PFL RE
VIF 1.105 1.050 1.074 1.182 1.049 1.086 1.615 1.566 1.417
Table A.03: Each explanatory variable VIF for the MLR model.
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Figure A.01: MLR diagnostic plots.

We see no clear pattern in the Residuals vs Fitted plot, showing it is reasonable to
assume linearity of relationships [16]. The Scale-Location plot shows weak to moderate
evidence against equal variance, as indicated by having higher variance for the middling
fitted values [16]. In general, our normal QQ-plot is showing a deviation from the line of
normality, though only a slight right-skew. Hence, we see no indication of a violation of
the normality assumption. Lastly, our average leverage is approximately 0.01, meaning all
points with leverage greater than 0.02 have high leverage. However, since no points have a
Cook’s distance greater than 0.5 then we can conclude no points are overly influential to our

model [16].
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APPENDIX B

NETWORK MEASURE RESULTS BEFORE NORMALIZATION
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