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Abstract:

In this thesis a general method of analysis is developed for single input, single output, linear,
time-varying systems by use of familiar Laplace transform techniques. The method yields the pertinent
information necessary for the engineering utilization of any system containing time-dependent
parameters.

Contents of the thesis are as follows: First, electrical networks containing sinusoidally varying
capacitors and excited by sinusoidal sources are investigated. By a unique block diagram representation
these networks are visualized as feedback systems and from the diagrams a logical and natural series
solution is derived in the complex frequency domain from a basic cause and effect relationship.
Individual terms of the series contain the contributions of the various frequencies present in the
solution. Second, two sufficient conditions for the absolute and uniform convergence of the series
solutions are developed, one valid for the solution after steady-state conditions have been reached, the
other valid for the total time solution including transient response. A different series for the steady-state
solution is obtained by method of harmonic balance and the convergence criteria for this series is
compared with the convergence criteria for the original series. Third, the method of analysis is applied
to the general case of equations with time-varying coefficients and the method is extended to include
the following cases: (1) nonsinusoidal yet periodic variation of system parameters, (2) more than one
time-varying element in the system, (3) systems in which all the elements are time-varying, (4)
arbitrary time variations of system parameters, and (5) time-varying systems excited by modulated
signals.
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ABSTRACT

In this thesis a general method of analysis is developed for
single inpult, single oubput, linear, time-varying systems by use of
familiar Leplace transfoimn technigues. The method yields the pertinent
information necessary for the engineering uwtilization of any system
containing time-daependent parameters.

Contents of the thesis are as follows: First, electrical net-
works conbaining sinusoidally varying capacitors and excited by sinu-
soidal sources are investigated. By a unique block disgram representa-
tion these networks are visualized as feedback systems and from the
‘diagrams a logicel and natural series solution is derived in the complex
~ frequency domain from a basic cause and effect relatiomship. Individual
terms of the series contain the contributions of the various freguencies
present in the solution. Second, two sufficient conditions for the
absolute and uniform convergence of the series solutions are developed,
one valid for the solution after steddy-state conditions have been
reached, the other valid for the total time soluticn including transient
response. A different series for the steady-state sclution 1s cobtained
by method of harmonic balance and the convergence criteria for this
series is compared with the convergence criteria for the original series.
Third, the method of analysis is applied to the general case of equations
with time-varying cosefficlents and the method is extended to include the
following cases: {1) nonsinusoidal yet periodic variation of system
parameters, (2) more than one time-varying element in the system, (3)
systems in which all the elements are time-varying, (4) arbitrsry time
variations of system parameters, and (5) time-varying systems excited

by modulated signals. . .




- CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW




1.1 JTNTRODUCTION

Mos@ of the techniqueé that engineérs apply to the solution of
linear sy;teﬁs with c§nstant parameters fail to be of much‘value to them
ip the solutioﬁ to problems dealing with.systems with varying parameters.
If the parameters vafy in. such a way as' to be‘fugctions of one or more
-bf the sys%em’s dependeﬁf ﬁariables; then @he'sysﬁem is immediatély
ﬁoglinear and the method of solution is sensitive to the type and sever-
‘ity of the nonlineafity,. If, on the other hand, the parameters vary in
* such, a way ‘as to be functions of'the system's independent variable (most
often timé); then %he system remains linéar and is described by a linear
differential equation with varying-coefficients.L}In problems of the
‘latter type, the:engineer is équipped with several ﬁools which he com-
monly applies to constant parameter~§yst¢ms which are also valid and
powerful-tools for the solution of systems with %ariable parameters.,

"One of the most important of these is the principle of superposition.

It would be ideal if all-syétems with time-varying parameters
could be characterize& in complete mathematiqal detail by the appropriate
’differentiai equation and solved to yield.all thg necessafy information.
However, apart from simple first order differential equaﬁions with vary-~
ing coefficients, iittle is known abouﬁ guch solutions; In an effort to
) obtain.éome sort of énswer; the engineér.qsually attempts %o simpl?fy
the sysfeﬁ model or té solve the problem by mumerical techniqﬁeé, n;ither

of'ﬁhich nay yileld the desired qﬁalitatiygnor qﬁantitative result or
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insight. It would be dééirable if theré were other techniqﬁes.évailable‘
which an eﬁgineef could épply to'obtain useful information from time-
varying ﬁafaméter systems without having to resort fo dbubtfui approxi-~
ﬁatibns oy numerical {echniques; In the following section, works from

the technlcal ljterature dlreoted toward thls end are discussed.

1.2 LITERATURE REVIEW

Recorded history of solutions to tiﬁenvar&ing equations begins
with the publicatioﬁ, in 1868, of the solutions to the Mathieu equation
(50). In 1877, Hill (37) generalized the Mathieu equaﬁion and in 1883
Floquet (28) published a géneral treatment of linear differential ggua;
_tions.with periodic coefficiénts. Mathieu and_g;ll equations are special
" cases in the flodﬁet theory (52). In 1887, by means of Hiil‘s analysis,
Lord Rayleigh studied the Melde experlment which concerned the main-

-

tenance of vibrations in a body by forces of double frequency (b7).

Variabie parameter system analysis attracted sc;nt attention among
engineers and physicists prior to 1912, A possible explanstion was the
lack of physical application and the analytical difficulties. Wﬁittgker
(85) in 1912, and van der Pol (77) in ;928, studied the stability of
soiutions oﬁtained by Mathieu, Hill, and Floguet. The phenomenon of
parametric: excitation was 1nvest1gated in 1931 by ‘Mandelstam and Papa-

lexi (49) and later by Lazarev (bL), Migulin (55) Barrow (8 9, lO), and

~.

Gorelik (31,35).
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In 1917 Nichols (60), and in 1921 Carson (18) investigated systems
such as the varlable capa01tor mlcrOPhone and the 1nduct10n generator
with variable mutual inductance. Carson showed that a system described
by a diffe:ential eqﬁetionvwith‘varying cdeffieients could sglgo be Written
as an integrel equation of the Volterra tybe, possessing an infinite
series solution, which unfortunately and unexplainedly diverged.iﬁ many
.cases of'practieal interest. ‘Cafson negleéted.to give any criteria relg-~
tive to conditions under which his series solution would converge. Laser
. in the same'paper Carson suggested yet another series for steady-state
solutions but did not develop the technique in detail. Bolie}(l5), in
19553n?urthe£ed th&s techeié;e, commo#ly referred to as Harmonic Belance,
?by using phasor notation to obtain the first_s%eedy-state solution usable
to an engineer. Later, Desoer k2h) in 1959 aed Sandberg (66) in 1964

-

contributed to Bolle's technique.

A ﬁafeilel path of development has taken place since 1922, due to
the increasing 1nterest in frequency modulation. Analysis was done on -
constant parameter systems with varlable frequency excitation and on the.
similarity between these and time-varying systems. Carson and Fry (19)

, ‘in:l937, studied the conditions for a quési-steady-state to apply, and
their‘wofk was extended by several others includiné Armstrong (2), Stun-
pers (75),,Weiner_(80), and Baghdady (h,5). In 1964, Weiner and Leon
(81,82).actuall§ considered the quasi-steady~state_plus distoftgeﬂ‘

response of. a simple resistor and time-varying caepacibor network excited

by an FM signal.




o
Frozﬁ 1950 to 1960, Zadeh (57;88,89990,91392,93594,95,96) published’

many papers dealing with time-varying and stochastic parameﬁer systems.
In particular, he contribuﬁed.a great deal to the theory of timé;varying
systems in the specific area of timé—varying weighting functions (im-
pulée responses) and their transforms. The papers of Zadeh contribute
mach to the ﬁheory of time-varying systems but_ﬁhe material éontained
therein is little comfort in that it does not provide s usable engineer-

ing analysis unless the system parameters vary slcwly with time.

In 1960, Leon (45) reduced a second order diffevential equation
describing e network containing e single sinusoidally varying elemegt to
a second orxder difference eguation by:transform techniques. In 1962,
Schweizer (71,72) using phasor methods, solved essentially the same sort
of problem. Confined to the steadymétate reséonse, both authors obteined

an infinite series solution. The coefficients of the series were con-

tinued fractions. Although Leon developed convergence criteria for the

conbimued fractions and estimsted the truncabtion error, no physical

significance is abtributed to then. ,

Analytical technigques commonly used in the analysis of nonlinear
systems have often also applied to linear time-varying systems with much
success (97,98), Perturbation methods, for example, when suibtably applied
to the problems discussed within this thesis, yield results in the time-
domain very similaxr to the freéuency domain results cbtained in\this

thesis.
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1.3  TPURPOSE OF THE THESIS

The purpose of the thesis is to conbtribute a sound engineering
method of analysisg applicable to linear systems containing elements which
are functions of the system's independent variable. The types of systems

considered are single input, single ocubpul, lumped linear systems con-

taining peremeters which are arbitrary deterministic functions of time.

A key term in the statement of the purpose of the thesis is the )
adjective 'engineering'. To be of any engineering valﬁe, the method of
anslysis must provide a solution in éuch a form that the quantities of
engineering value are readiljzaccessible and the numerical results re-
guire as little human effort as possible. The method should be mathe-
matically sound and limitations, if any, should be clearly defined and

related to the system's physical parameters whenever possible.




. CHAPTER 2

A SERIES SOLUTION FOR LINEAR TIME-VARYING SYSTEMS.

-




8-

2,1 INTRODUCTION

Equations characterizing linear time-varying systems ére similai
to thésé characterizing linear‘time~invariant systems with the exception
that in thé time-varying éase, one or-more of the coefficients of the
equation are functions of time. Fiéure 2.1 illustrates 8 time-varying

_1inear system with a single input x(t) and 2 single output y(t).

Time-
Varying = y(t)
System

Y

' x(t)

Figure 2.1 Single Input, Single Output Time-Varying System

The linear time-varying system shown in Figure 2.1 is assumed to be

characterized by equations of the following form:

e 0 + 2 (O + e b e (bd(0)

f (m) v (m-1) |
= bm(t)x (£) + bm~l(t)x (£) + vee + bo(t)x(t) (2.1)
Any set of n lineerly independent functions yl(t), yz(t), ceey
yh(t)’satisfying the homogeneocus, or unforced, part of equation 2.1, ‘

but not necessarily satisfying any particular boundary conditions, is




.

termed a fundsmental seﬁ ?f so%ufions or a set of basis fUnctibns. Any
éolution satisfying the Eomogeneous or unforced part of equation 2.1
mpst-be & linear combination of yl(t), yé(t), cees yh(t). Therefore,
once any set'of basis funé%ions is knbwn, the partieunlar solution satis-
fying a gi?enzset of n boundary cohditions can be found-by algebraic

manipulations of the known basis functions and their derivatives (1).

,Tﬂe:claséical approach to the solution of time-varying differen-
tiél equations such ;s equation.Q.l hingeg on the determination of a
set of basis functions for the unforced ﬁortion 5f_the‘éolution, and the
use of the éuperposition, or convolution, iﬁtegral to determine the

o

regponse of the system to pafticular inputs. The major ffoblem heféin
.1s that the basis:functions aire generally diffié;lt to detefﬁine and no
.general procedure exists for determining a se% of basis functions for an
arbitrary linear differential equation ﬁith time~varying coefficients.
"If a set of basis functions for a_particular linear time-vérying dif-
ferential equation is not knéwn (i.e., the differential equatioﬁ doesn't
belong to a'clasé of equations for ﬁhich the basis functions are known)

or cannot be debermined, then the solution to the equation cannot be

obtained by the classical method and another technique must be found.

‘2.2 LAPLACE TRANSFORM METHOD
”The use of Laplace transforms for analyzing linear btime-invariant
systoms is attracblve because a dlfferentwal equatlon nay be transformed

into an’ algebralc equatlon and alceblalc equaulons as a class tend to be
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- much easier to solwe than do differentiazl equations. On tﬁe other hand,
- the use of Lapiace transforms in this ususl way for ahalyzing linear
time-varying systems is not so attractive. The reason lies in the fact
that the fransformed equation is rarely an algebrsic equation as it is
when enalyzing time-invariaent systens. ﬁost often the resuiting trans-~
formed e@uation is é differential equation in the complex vafiable s, or
it may be a difference equation, or it may be a combination of both -- a
differential~difference equation. In addition, even the resulting trans-
formed egquations generally contain varying coefficients and may or may
not be easier to.solve than the origiﬁal equation. Fortuhnately, these
difficulties in thke use of the Laplace transform for analyziné fime—
varying systems may pe circumvented by the method to be introduced in

Section 2.3. . -l

There may be, however, other diffiguities:associated with the use
of Laplace transforms as an equation solving technique whether applied
to linear time-varying 6r time~invariant systems. First Qf'all, the La~
place transform must exist for each term ai(t)x(i)(t) of the differential

equation, which means that the ihtegral

t
ai(t)x(i)(t)e-Stdt ' o (2{22
o | o

must conﬁerge for some positive, real value of s (46). It is quite

possible that egquations could be encountered for which the integral 2.2
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woulé diverge for one orimore terms of the equation,‘with the result
that the Laplace transfoﬁm method would fail to yield a solution.

Ané%her difficulty.in tﬁe>use of the iaplace transform metﬂqd is
that after the diffefential equétipn is Laplace transformed and the
résulting equation solved, the inverée transform of the result must be
‘obtained. This inversionlprocess ma&, depending‘upon the complexity‘of
the traﬁ;formed expressién, involve lengthy calculafions althougﬁ the

procedure in most cases is straightforward (7,46).

Despite the several difficulties mentioned abo&g, thefe are still
some advahtages of the Laplgce transfofm method over and above its some-
Time ability to yield a simplér—to;solve transformed equatign. The.
'first of these ié that the trénsformed variables céntain valuable in-
formation as to their'frequéncy cha;actgristics that is -lost when the
differenfial equations are solved by the'classiééi method of Séction 2.1,

JIt is thié iﬁformation about frequency characteristicéﬂﬁhat is necessary
. so that £he,designer may determine such important information as_the
frequencies present iA_béth the inbgt’and output of the system, the-

bandwidth of the system, the frequency dependent system gain, and the

figure of merit Q of the system.

" The second additional advantage is that ﬁhen the inverse of the
transformed solution is obtained, the éolution iékcomplete. Both the
transieht solution and the steady-state solutioh are obtained'simul;_,

taneously. There is no need, as in'the ciassical method of Secﬁion-a.i,
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to find a set of basis functions to determine the unforced solution and
then to evaluate the particular convolution integral to obtain the

steady~-state solution. The Laplace transform method obtains both parts

of the solution simultaneously.

ens A SERIES SOLUTION FOR TIME-VARYING NETWORKS

Often, not all the coefficients of a time-varying linear differ-
entisl equation vary with time. In some cases, only a few or perhaps
just a single coefficient actually is time dependent and even then the
coefficient may vary about a fixed value; in which case it may be char-

acterized by the sum of a constant part and a time-varying part, such as
a(t) = 8, + al(t) (2.3)

where a(t) is the total coefficient, e, is the constant part, and al(t)
is the time-varying part of the coefficient.

As a specific instance of the sort of time-varying differential
equation described above, consider the time-varying electrical network

shown in Figure 2.2.

GG

:;é c(t) v(t)

Figure 2.2 Time-Verying Electricsl Network
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The network contains only a single capacitor varying at a sinusoidal rate

of v, radians per second according to the relation

c(t) = C, + Gy cos(w_t) (2.4)

1

In a physically realizable network tﬁe total capacitanée would never be
negative'so the additional requirement that Co >-Cl would guarantee that‘
the equation 2.4 represents & realizable network. Equation 2.4 could
also be visuelized as describing the time variations of the capacitor

network shown in Figure 2.3.

i‘(t) e o -

N

Figure 2.3 Capacitor Network Described by Equation 2.k

The netwbrk of Figure 2.3 consists of a fixed capacitor Co and a time-
varying capacitor Cl(t), where Cl(t) is as defined in equation 2.5,

~

Cl(t) = C; coé(wbt) | . S (2.5)

Therefore, it can be seen that the networks of Figures 2.2 and 2.3 are

mathematically identical. As shown in both figures, the ngéyorks are
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are excited by a current i(t), and ﬁhe problem is to detevmlﬂe the out-
put voltage response v(s)e Bonh networks are described by che time-

varying differential eguation 2.6.

1) = [ o) ] w(s0) = 0
= GO w-gﬂ-"-‘é-:;g“"t"“)“ + Cl d_,g[CO.‘:;(W t) ° v(t)] . | (2°6>

The first term on the right side of the above eguation represents the
current flowing through capacitor C in Pigure 2.3; and the second term
" represents the current {lowing through capacitor C (t) and is de81gnaced

1c(t)e Equation 2.6 maj then be rewritten as eqnatLon 2.7.

i(6) =c, ~EHE L5 @) @

Eguation 2.7 msy then be Laplace transformed and written as
q Y :

I(s) - 1,(s) = C sV(s) ' ‘ | (2.8)
or’
¥(s) = —2—[1() - I ()] = 2G)[x(s) -1 ()] (2.9)
A )

7{s), as it appears in eguation 2.9, is the impedsnce of the fixzed part

of the network of Figure 2.3. In this case, it is the impedance
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N
qf the capacitor C‘O° Fﬁrthemnore; equation 2.9 suggests the following
very interesting inbterpratation, The voltage reéponse‘v(s) of a time~
varying network 4o a'current.I(s) is exactly the samé as tﬁe voltage res-
ponse V(s) of the fized part of the same network to the new forcing cur-

rent.Im(s) shown in equation 2.10,

~

PIp(s) = I(s) - I (s) - (2.10)

This fact becomes apparent afber exsmining equation 2.9. Figove 2.4
o

portrays the meaning of equation 2.9 in block diagram form.

I(s) F N 7.(s) V(s)

Y

IC(S) : <
vFiguré 2.4 Block Diagram Model of Equation 2.9

The current 1 (t) which flows through the bime-varying capacitor

! ¢ g X

is a function of the voltage v(t) across the capacitor. This means that
Ic(s) rmuist necessarily be some specific function of V{(z), and let this

functicnal relstionship be represented by the sywbol F.

I.(s) =¥ [17(5‘)] | N G
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The transformed current Ic(s) may be obtained by performing upon V(s) the
operation signified by F. The symbol F, then, is not a transfer function
in the usual sense of the word; rather, it represents an operation to be
performed.
With the concept of the operator F understood, a feedback path

containing the element marked F may be inserted in the block diagram

describing the network.

I(s) Lo(s) V(s)

Y+

\/

N3
"
~—r
|

I,(s)

Figure 2.5 Block Diagram Model With Feedback Path

For this specific network, the operation designated by F may be
determined by Laplace transforming equation 2.12, which relates ic(t)

to v(t)

I

c —d—[ v(t) cos(wct)] o S laD ) 0

1.(t) = ¢ ¢

(2.12)

Jw t ~jw t
%Cy —%E [ vit)e © 4+ v(t)e e ] .

to obtain equation 2.13 which relates Ic(s) to V(s).




w17 =

IC(S).

i

%sfl L V(s+jw6) + V(s=jwc)] '

H

¥(s) [ V(s+3wb) + V(s»jwb) ] | (2.13)

Here the operation indicated by F means ﬁéke tﬁe sumn of V({s) shifted up
'ip freguency'by'jWé and V(g) shifted down in fregquency by jwb and mxlti-
ply this sum by the admittancé function }ésClo

Suppose; in Figure 2.5 sbove, a current I(Q) is applied to'tﬁe
‘system, and also suppose that the feedback path is, fer‘the moment , open
cirveuited. At the output will appear & voltage, call it Vo(s).

V(s)vn Vo(s) = I{(s)Z(s) | '(g‘lﬁ)

If the feedback path is then reconnected, at the output will appear

another voltage Vl(s) due to the current Ico(s) caused by Vo(s),

I (s) =7 [VO(S)] ' " (2.15)
' V(s) =V (s) + Vy(s) | ~ (2.16)
. Vl(s) = wICO(s)Z(s) : _ (2,175

This new volitage Vl(s) will cause yel another current Icl(s) which, in
turn, will cause another voltage Vg(a) to appear at the oubput of the

system.
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| I, (s) =T [vl(s)] |  (2.18)
V() =V (s) + ¥y (8) + Vy(s) (2.19)
:Ve(s) O ORI - (2.20)

As this ﬁrgcess is repeated again and again, the total transformed out-
pu% voltage V(s) is arrived at by an infinite number of terms, as indi-

‘cated in equstion 2.21, and illustrated in Figure 2.6.

V(s) = Vo(s) + Vl(é) + Vz(é) ; cee + Vn(s) F oeee “(2.21)

‘The_above serieé expréssion for V(s) enables one to gain special insight
into the solution because each term of the series has the following sig-
nificance. Vo(s) is the response of the fixed part of the system to an

external current stimulus I(s).

'5~ V (s) = I(s)z(s) ‘ : (2.22)

Vl(s) is the response of the fixed part of the system to a current

Ico(s).

vy (s) = -I_ (s)2(s) i o~ (ewE3)

ES

Ve(s).is the response of the fixed part of the system -to a current Icl(s).
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Vz(s) = -Icl(s)Z(s) (2.24)

And, in general, Vn+](s) is the response of the fixed part of the system
to a current I__(s).
cn
Vn+l(s) = —Icn(s)Z(s) (2:25)

Using the procedure described above, it is now possible to obtain
a series solution for linear, time-varying, differentiasl equations,
provided that each term of the equation is Laplace transformable. 1In
addition, this series solution not only provides the steady-state solu-

tion but the total solution, transient included, and each term of the

series has the useful physical significance explained above.

2.h EXAMPLES OF THE APPLICATION OF THE SERIES SOLUTION

For the first of three examples, consider the network in Figure

2.7, introduced in Section 2.3.

el 5

fé c(t) = C, + €, cos(wct)

N

Figure 2.7 A Time-Varying Electrical Network
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This network is described by the time-varying differenﬁial equation 2.26.

#

i) C, _§§§El + C _Q;_[ cos(wct) . v(t)] s v(t=0) = 0

14t
) . . vt -jw t |
= Cg dztt + %0y 5%* [‘v(t)e ¢ v °© ] (2.26)

Equation 2.27 is obtained by Laplace transforming equation 2.26.

I(s) = sCoV(s) + ¥sCy [ V(s+jwc) + V(s-,jwc)] | (2.27)

The sbove equation suggests the use of the following complete system

block diagran.

Z(s) _ . - vis) 3me

Figure 2.8 Complete Block Diagram of the System Described
by Equation 2.27 v B
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The impedence Z(s) shown in the forward path of Figure 2.8 is equal to

the impedance of the fixed part of the capacitor in Figure 2.7.

1

Z(s) = 2 | " (e.28)
‘ o o |

The admittance in the feedback path of Figure 2.8 is defined by equa~

tion 2.209,
Y(s) = %scl ' (2.29)

For conciseness in the following equations, a transfer funcition G(s)

is defined by equation 2.30.

G(s) = 2(s)e(s)  (2.30)

Following the procedure set forth in Séction‘2.3, the individual

terms of;the series solution may be determined. -

- U

V(s) = V_(s) + vl(s).+ Vp(s) + oue + V (s) . (2.31)

Suppose, in Figure 2.8 above, a current I(s) is applied to the system,
and also suppose that the feedback path is for the moment'opsn cir-

cuited. At the outpﬁt ﬁill appear'a foltage; call it Vo(s).
Vv (s) = 2(s)I(s) - (2.32)

If the feedback path is then reconnected, at the output will appear

-

" another voltage Vl(s) due to the current Iéo(s) caused by Vo(s).
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Iéo(s) = Yfé) [ V§(3+3Wc) + Vo(Sijé) ] (2.33)
Vy(s) = ~2(e)I ()

it

«G(g)‘[ V, (ergu,) + VO(Smjwc)j' , (2.3%)

= -G(g) t Z(s+jwb)l(s+jw6) + Z(S»jwb)I(SWJWE)]

When the volltage Vl(s) appears at the oubput it will cause yet another

. current Icl(s) which, in burn, will cause another voltage Vz(s) to

appear at the output of the systenm.

Ty () = ¥6) [ V)« )] - @)

Vy(s) = -B(s)T (&) | L (2.36)

[

i

-a(s) [ Wy (svawy) + v (s-gie) |

i

G(s) ['G(s+jwb) [ Z(s%jﬁwC)I(s+jﬁwb) + Z(s)I(s)]

+ G(snjwe)'[ z(g)1{e) + Z(Bwjﬁﬁé)l(aijWC)];]

The above process should be repeated until the desired number of

t

terms of the series solution is obtained., OFf course; the more accuracy

one desires, the greater is the number of terms of the series thalt must

" be caleulatad.




!
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From the results obtained in this exewple thus far it is spparent

that each successive term of the series inbroduces two additional fre-
gquency components into the output voltage., Table I illustrates fhat
the output voltage V(s) will contain the frequency of the input current
f(s) plus an infinite mumber of the sum and difference frequeﬁcies be~
tween the frequency of the inpubt current and the frequency of the cap;
scitor variation. Also apparent in this table is the fact that the odd
nunbered terms of the series contribute only odd sideband Treguency

components and the even terms contribute only even sideband frequency

components.

Up to this point in the example, the solution for the output
voltege v{t) has been in terms of a ge;eral input current i(%)vto a net-
work with vaspecified eircuit values. In order thalt a more complete
picture of the performance of this time-varying sysﬁem be obtained, v(t)

was calculated for the particular i(t) and the particular set of circuit

parameters shown below.
i(t) = cos(wbﬁ) amps .

W, = 2m (107) rad. /sec.

w, = 2n (105) rad. /sec.
c(t) = CO + C, Qos(wct) farads

C_ = 300 mmf. C

0~ 0y = (5 minf .




TERMS IN SERIES - ) FREQUENCY COMPONENTS PRESENT

Vo(s) - : L : a s
Vl(s) : ' srjwb 8-3w,
Ve(s) - | ‘s+q2w6‘ s s-jaw,
V3(s) S o s+33w, 1 sJw, s=dw, s-33w¢
Vh(s) o i : s+jhwc - s+jaw, s s-jzwc s-jhwb
. . . . . ‘ . L4 ' - , . 1
) ” e N . * l' ’ : - - » ‘ ‘\)
P . . . . U‘
- ’ ., . . . Te . ) . e * - t
Vn(s) _s+Jnw s+j‘n-2)wb P LA ';s-jwb'... S e s-j(n-z)wb s-Jnw,
v l(s). s+j(n+l)w6 s+j(n-l)w6 "”"§+32WE s s-jaw, ... s~j(n—l)wé s-j(h+l)wé

4

v

"Table I Terms of the Series Solution V(s) and Their Respective Frequency Components.

\
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?wg'cpmputer programs wére writtgn for.the S.D.S. Sigma 7 computer
which calculéted the enﬁelqpe qf the response voltage for the ipﬁut cur-
rent i(t) and ‘the circuitnparameters showna ;bove, Tﬁe first of the two
compgter programs ca;pulates the first four terms of the series for

V(s) by the method described above and obtains v(t), the inverse trans-

form of V(s) by evaluating the residues of V(s) using the Heaviside ex-

pansion method_{7). In order to have a means for‘checking the accuracy

.of the series ;plution, the second computer'program solved the time-

varyiqg_differential equation 2.26 numerically for v(t) by the Runge-

Kutta method (MO). _The results of the computer programs for this

particvlar circuit are shown in Figure 2.9;

j_._It should be enmphasized at thisApoin£ that in Fiéure‘2.9, it is
the.enveloge of the response voltage that is éhown and not the total
response voltage v(t). Noticg fhat the §§ries solution containing just
three terms closely approximates the Runge-Kutta solution, and when the
series contains four terms there is no visible difference between fhe

series solution and the Runge-Kutta solution.

Figare 2.10 is a normalized illustration of fhe frequency content
of the input current I(s) and the output voltage V(s) after the tran-
sients due to the input have subsided. Those frequencies contained

. g o o
within the dashed lines in Figure 2.10(b) are the frequency components

-present.in the first four terms of the‘series solution shown inuFigure

2.9, It is noteworthy that an illustration of the frequency charac-

teristics such as this may ohly be obtained by the series method and. is

4=
u
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Figure 2,10(a)
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Normalized Plot of the Frequency Content of i(t).

w

Figure 2.10(b)

Normalized Plot of the Frequency Content of v(t).
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not at all possible by using the Runge-Kutta method.

As a second example, congider the network showp in Figure 2.11.
This network is similar to the one in the first example except that
there is now a fixed rcsiétor R in parallel with the time-varying cap-
acitor C(t). The problem remains the same: Determine the voltage re-

sponse v(t) to a driving current i(t).

10 L

s

L c(t) = G, C cos(wct)

1

N|

Figure 2.11 Network containing Fixed Resistor and Time-
Varying Capacitor

This network is described by the time-varying differential equatioh 2.36.

i(t) = -lﬁv(t) + a%—«[ C(t)v(t)] (2.36)
- %vv(t) + C, —g%éil— + Cy —%E [ cos(wct) . v(t)]
Jw t -jw t
= % v(t) + Co‘dgétl + %Cl—%g [ v(t)e Ve + vit)e i ]

The procedure to be followed to obtain a solution v(t) for the

above differential equation is exactly the same procedure explained in







T
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7(s) =% ¢ —E (2.38)
. ..o S + =/

As before, for concisenesg, let G(s) be defined by equation 2.39.
G(s) = ¥(s)z(s) (2.39)

Following the sameiprocedure as before, it is possible to obtain

the individual terms of the series solution.
V(s) = Vo(s) + Vl(s) + Vz(s) F oeo +‘Vn(s) F oaes © (2.40)

Suppose, in Figure 2.12 asbove, a current I(s) is applied to the system,
and also suppose that the feedback path is, for the moment, -open cir-

cuited. At the output will appear & voltage; call it Vo(s).

v_(s) = 2(s)1(s) - _, (2.42)

If the feedback path is then reconnected, at the output will appear

another voltage Vl(s) due t6 the current Ico(s) caused by Vo(s)..‘

I (s) = X(s) ['-vo'(erjwc) + Vo(s—jwc)] . | (2.12)

il

Vl(s) ~ZKS$ICO(S)

B

~G(s) [ Vo(s+jwb) + Vo(s;jﬁc) ] - _ -

It

«6(e) [ Blsram)T(erin) + 2(e-gw )T (a-g,) | (2.43)
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When the voltage V (s) appears’at the output it will cause yet another
current I (s) which, in turn, will cause another voltage v, (s) to

appear at the output of the system.

Iy (s) = Y(s) [ V) (s+gwr_) + Vl(s-jwc)] ' (g‘hr}.;)'

—-Z(s)I s)

it

v, (s)

-G(s) [ vl('s+jwc) + Vl(s-jwc)]

i

G(s) [:G(u+3w [ Z(s+32w )I(s+32w ) + Z(s)I(s)]

+ G(s-jx_rrc) [ Z(S)I(s) + Z(s gzw )I(s-jow )]] | ~(2.#5)

- —— B

- —

The above process should be repeated until the desired number of
terms of'tﬁe series solution is obtainedﬁ_ As in the previous example,
* each succeésive term of the series introduces two additional frequency
components in the output voltage and Table I 1s again appropriate as it
illustrates the terms of the_series solution and their respective fre-

quency components.

As a numerical example of this sort of time-varying network,
v(t) was calculated for the particular i(t) and the particular set of

circult parsmeters shown below.
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i(t) = cos(wbﬁ) SIS .
W | = 2 (3075 rad. [sec
o & . & 7 = q
..A 5 .
w, = 2m (107) rad./sec.
C(ﬁ) =C,+ ¢ cos(wct} fas.
- 2 P - s <
Co = 300 mmf.” €y =75 imf.

R = 265 ohms.

LAgain, ag in the first example, the first four terms of the seriesg

for the response voltage V(s) were evaluated by digital compuier and

i~y

this solution was cowpared to the computer sclution of the differential

[e]
=)

equation 2.36 by the RungewKutta:methoda The plots the envelope of
the fespénse voltage v(%t) are shown in Figure 2.13. Notice the series
solution containing just three £erms closely appioximﬁﬁes the Runge-
Kutta solution, and when the seriés contains four terms there is no
visible difference between the series solution_and the Runge-Kutta

golutvion,

Figurve 2.14 is a normalized illustration of the freguency content
of the ianput current I(s) and the output voltégé V(s) after the tran-
sients due to the input have died away. Those freguencies containeﬁl ‘
within the dashed lines in Figure 2.1k (o) are the freqaency'componeﬂﬁs'

present in the first four terms of the series solution shown in Figure

NS

.13, - -
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