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Abstract:

An independent assessment has been made of a theory recently proposed for the analysis of two
laminar, steady, two-dimensional streams mixing beyond the trailing edge of a thin partition. By
superimposing the wake-flow solutions of Demetriades and the free-shear-layer solution of Chapman,
this theory known as the “Partition Flow Theory” (PFT) provides closed-form equations for the
variables of a great variety of flows. In the present work numerical solutions were obtained with the
PFT for a wide class of wake flows, base flows, and partition flows. Adding to tests of the PFT
performed previously against numerical solutions and wake test data, in the present work the theory
was tested against two sets of partition flow experiments. The first of these dealt with the merging of
two supersonic flows, one at Mach 2.9 and the other at Mach 2.29. The second experiment had
provided for a Mach 3 stream and a Mach 8 stream. The comparison of the PFT with these data showed
that the PFT generally predicted lower values for the velocity in the mixing layer than exhibited by the
data. In the case of the hypersonic data the minimum velocities predicted by the PFT and those of the
data matched which strengthens the postulate that the minimum velocities of the free shear layer and
the wake flow should coincide at the dividing stream line of the wake component. Suggested
improvements to the PFT consist of (a) use of a polynomial or hyperbolic tangent for an initial profile
due to the inability of the exponential to provide a close fit to the actual trailing edge boundary layer
profile, and (b) considerations of Prandtl number other than unity. The latter is difficult because the
PFT utilizes the Busseman-Crocco temperature relationship which is based on the assumption that the
temperature is a function of the velocity only. This assumption causes the thermal and velocity
boundary thicknesses to be equal.
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ABSTRACT

An independent assessment has been made of a theory recently proposed for
the analysis of two laminar, steady, two-dimensional streams mixing beyond the
trailing edge of a thin partition. By superimposing the wake-flow solutions of
Demetriades and the free-shear-layer solution of Chapman, this theory known as
the “Partition Flow Theory” (PFT) provides closed-form equations for the vari-
ables of a great variety of flows. In the present work numerical solutions were
obtained with the PFT for a wide class of wake flows, base flows, and partition
flows. Adding to tests of the PFT performed previously against numerical solu-
tions and wake test data, in the present work the theory was tested against two
sets of partition flow experiments. The first of these dealt with the merging of
two supersonic flows, one at Mach 2.9 and the other at Mach 2.29. The second
experiment had provided for a Mach 3 stream and a Mach 8 stream. The compar-
ison of the PFT with these data showed that the PFT generally predicted lower
values for the velocity in the mixing layer than exhibited by the data. In the case
of the hypersonic data the minimum velocities predicted by the PFT and those of
the data matched which strengthens the postulate that the minimum velocities of
the free shear layer and the wake flow should coincide at the dividing stream line
of the wake component. Suggested improvements to the PFT consist of (a) use
of a polynomial or hyperbolic tangent for an initial profile due to the inability of
the exponential to provide a close fit to the actual trailing edge boundary layer
profile, and (b) considerations of Prandtl number other than unity. The latter is
difficult because the PFT utilizes the Busseman-Crocco temperature relationship
which is based on the assumption that the temperature is a function of the veloc-
ity only. This assumption causes the thermal and velocity boundary thicknesses
to be equal.




CHAPTER 1
INTRODUCTION

The purpose of this thesis was to determine to what extent existing analyses
of parallel, two-dimensional, laminar mixing beyond the trailing edge of a partition
can successfully predict the experimental observations.

The two typical flows beyond a partition are the wake and the free shear
layer. Wakes are flows behind a partition where viscous effects are involved due-
to a finite boundary layer at the trailing edge while both streams usually have the
same freestream velocities. Free shear layers occur when the two streams upstream
of the bartition have di\fferent freestream velocities and are usually analyzed by
assuming that the trailing edge of the partition has zero boundary layer thickness.
In other words, only an inviscid effect due to the difference in velocities attributes
to this type of flow.

In this work the partition is restricted to a thin one in order to avoid the re-
circulating region that exists directly behind a bluff body. This region complicates
the problem by adding an interior region which is different from both streams on
either side of it. Also, the bluff body adds the problem of reattachment which
further complicates the flow.

Chapman [1] found an exact solution for the free shear layer without boundary
layers. Denison and Baum [2] utilized Chapman’s work in deriving a numerical
solution for the free shear layer problem including initial boundary thickness but

limited to one side of the partition having zero velocity. Kubuta and Dewey [3]




2

solved the free shear layer problem using momentum-integral methods again for
zero velocity on one side. However, when this momentum-integral method was
compared with Denison and Baum’s numerical solution the agreement found was
rather poor [4]. All these solutions have two major drawbacks with respect to this
work. First they all deal with the near wake only and secondly do not cover the
entire flow field. '

The far wake has also been investigated extensively. Tollmien [5] derived the
classic asymptotic solution for an incompressible wake. Goldstein [6] improved on
Tollmien’s work by utilizing the Oseen approximations (small velocity defects).
Kubota [7] developed a closed form solution for the compressible far wake problem
by the use of the Oseen approximations (to linearize the momentum and energy
equations) with arbitrary streamwis'e pressure gradients assuming delta function
initial profiles. Gold [8] extended Kubota’s work to allow for arbitrary initial
profiles. The drawbacks of these far wake solutions were the same as for the near
wake solutions; specifically, no free shear layer and an incomplete treatment was
given of the entire flow ﬁe}ld.

.The treatment of the entire wake was accomplished by Zeiberg and Kaplan
[9]. They utilized a “modified Oseen” approximation to be able to combine the
near and far wakes. Steiger and Bloom [10] developed a closed-form solution to
the entire incompressible constant-pressure wake by applying the one-strip intégral
method. Demetriades [11] solved for the entire wake flow field by utilizing Gold’s
work but without a shear layer.

More recently Demetriades presented a new theory knoWn as the Partition
Flow Theory (PFT) [12] which combines his earlier wake solutions and Chapman’s
free shear layer solution by superpositioning the wake onto the free shear layer.

Though Gold’s wake solution is based on the Oseen approximations (restricted to
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far wake only) the comparison of the PFT with Goldstein’s near wake solution
showed excellent agreement [12]. Therefore it was decided that the PFT best
matched the criteria set forth at the beginning of this chapter.

In this work, after a detailed review of the PFT for completeness, the PFT
was used to compute a large number of classic flows. Earlier, the PFT had been
cémpa.red against experimental data on wakes. In this work it was compared with
experimental data on partition flows.

The two sefs of partition flows that were compared with the PFT results con-
sisted of supersonic mixing [13] and hypersonic mixing data [14] The hypersonic
data consisted of two sets of profiles. The first set consisted of éeven laminar
profiles. The second set of five hypersonic profiles were turbulent fast stream and
laminar slow stream data. Though the PFT is restricted to laminar flows, a com-
parison was made on the basis that it would be interesting to observe how i;he
thebry shows the differences between turbulent and laminar flows. Also since the
slow side was initially laminar the theory would also give an indication of the de-
gree of mixing between a turbulent/laminar flow as opposed to a laminar/laminar
flow.

Several improvements in the PFT are suggested in this work concerning the

modeling of the initial profile and the restriction of a Prandtl number of unity.




CHAPTER 2

PARTITION FLOW THEORY (PFT)
Overview

This chapter gives an abbreviated overview of the PFT as developed by
Demetriades. For a complete explanation of the PFT see [12].

The ladvantages of a closed form analytic solution to the mixing of two laminar
streams are twofold. First, extensive difficulties exist in obtaining numerical codes
to solve the mixing problem. Second, an in-depth knowledge of computational
fluid dyn;amics is needed to utilize these numerical cocies and interpret the output.
The PFT does not require the user to have more than a Ba.sic knowledge of fluid
flow and gas dynamics.

The Partition Flow Theory (PFT) [12] was developed to solve-the problem of
the mixing of two steady, laminar, two—dimensidna.l, flows with dissimilar velocities
behind a thin plate. Figure 1 shows the basic problem and the nomenclature used
to describe it. The PFT combines known analytical solutions for the wake flow and
the free shear layer into one closed form: analytical equation. The uniquehess of

the PFT is the superposition of the wake flow onto the free shear layer compoﬁent.
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 CHAPTER 3
APPLICATIONS OF THE PFT

Overview

The equations of the PFT (e.g. equations (19), (21), (29), (30)) have been
developed [12] into an élgorithm (see Appendix B) that was utilized to solve for -
wake, base, and partition flows. In this work the wake and base flows were solved
by the PFT under subsonic, supersonic, and hypersonic conditions. The partition
flow was solved for under supersonic and hypersonic ;:onditions. As outlined in
Table 1 each case was subjected to various temperature ratios. The general idea
was to observe how the PFT solved such classic wake configurations as an adiabatic
plate, a Hot plate, and a col(i plate.

Each of the following plots is composed of a family of velocity or temperature
profiles. The medium used in all cases was air with a specific heat ratio of 1.4. A
Blasius profile was assumed at the trailing edge and thérefore an S of 3 was used
as an input in all the cases. The shift between each profile enabled the plotting
of nine profiles on one plot, thereby giving a sense of how the entire flow field was
developing. For example in Figure 4 each profile has been shifted to the right by
a factor of .2 from the previous profile. The pumber directl& above each proﬁle is
its position in the flow downstream of the trailing edge (zr =0) pf a thin plate.

This nondimensional variable Z is defined as

&

T

) 62 Re;
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Due to the intricate temperature profiles in Figures 9, 10, 11 and 14 the Z position
has been designated in the legend rathér 1';han above each respective profile.

One observation that applies to all the profiles is the lack of any discontinuities
in the flow field. In each of the following sections a nuinber of the cases will be

discussed.

Wake Flow Solutions

Figures 4 through 11 are solutions to the wake problem by fhe PFT. By
allowing u; /u; = 1 the inviscid free shear layer was removed, while setting 6, /.02 =
1 caused the PFT to solve for a symmetrical wake.

The temperature profiles of Figures 4 through 6 predict the direction of heat
transfer correctly under a low speed condition. As the temperaturé profiles ap-
proach the zero streamline (Y* /0, = 0) near the trailing edge of the plate the
direction of the slope (dT'/dy) is determined solely by the ratio of wall temper-
ature to freestream temperature. Figure 6 demostrates vividly how a hot plate
affects the temperature profile beyond the trailing edge.

Figures 7 through 9 examine the PFT’s ability to handle supersonic flow.
Thé temperature in Figure 7 increased dramatically near the zero streamline
(Y* /6, .= 0) due to the transfer of kinetic energy to thermal energy then abruptly
decreased due to the cold plate condition. Not until a considerable distance down-
stream with respect'to the first few profiles did this temperature “hump” dissipate.
The temperature profile of Figure 8 shows the transfer éf energy under adiabitic
conditions. l

Shifting from sl_1bsonic tb supersonic conditions the velocity profiles begin to

thicken due to the increase of the boundary layer thickness. This can be attributed -




16

to the increase in viscosity of air as the temperature increases. The hypersonic

cases amplify the findings of the supersonic profiles.

Base Flow Solutions

The base flows are ﬁows where u, is considered zero. Many of the comments
from the wake solutions apply to these cases. The uniqueness of these temperature
and velocity profiles was the determina.tioﬁ of the size of the “dead air” region.

Figures 12 through 14 consider base flows under low-speed conditions. Again
the temperature of the thin plate determined whether the slope of the temperature
profile was positive, negative, or unchanging,.

Figures 15 through 17 show base ﬂows under supersonic conditions. The
transfer of kinetic to thermal energy has been correctly predicted by the PFT in
these plots..

Figure 18 is base flow under hypersonic conditions with an adiabatic plate.
In this plot the PFT has predicted a greater increase in temperature than the
supersonic case in Figure 16. This is due to the increased transfer of kinetic
fo thermal energy in the trailing edge boundary layer.when fransferring from

supersonic to hypersonic conditions.

Partition Flow Solutions

Figures 19 through 21 predict flows for u; # u, which introduced the invis-
cid free shear layer. Concurfently, a finite boundary layer thickness was pr't_esent
introducing the viscous component (i.e. the wake). The shift of the minimum ve-

locities away from the zero streamline (Y* /8, = 0) can be observed to be towards
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CHAPTER 4
TESTS OF THE PFT

Overview

It is vital for any theory to be rigorously tested by all means available to verify
its ability to perform as desired. This work will compare the PFT with numerical
work and experimental wake flow and partition flow data. The numerical and wake
results will be presented briefly due to the detailed references already available on

these results. The partition flow results were extensively investigated.

Comparison with Wake Flow Results

Two experimental sets of data were compared with -an earlier version of the
PFT. This earlier version of the PFT contained only the wake component, not the
free shear layer. Sato and Kuriki [18] showed good agreement with the PFT but
only two points were available. Demetriades’ [19] experimental data also showed
good agreement. However in both cases only the zero streamline velocity was
compared. The details of these experiments can be found in their references, a.nd:

their comparison with the PFT is shown in [12].

Comparison with Numerical Results

The PFT was compared with two different numerical results. In both cases as

in the wake experimental results only the zero streamline velocity was compared.
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In the first case the PFT was compared against the incompressible wake computa¥
tions of Goldstein [6] with excellent results. Secondly, the PFT and Denison and
Baum’s [2] base flow computations were compared. Again agreement was very

good. The details of these numerical comparisons can be found in [12].

Comparison with Partition Flow Results

- Supersonic Laminar Mixing

Experimental Setup. The experiment which is provided by [13] consisted of

two streams of air separated by a splitter plate as shown in Figure 22. Mach
numbers for the fast side stream ranged from 2.76 to 2.9 while the slow side Mach
number ranged from 1.87 to 2.29.

Mean flow measurements at .the trailing edge were taken by a pitot probe
to determine the boundary layer profile. A second pitot probe was utilized to
take mean flow measurements of the free shear layer. A Schlieren Optical System -
along vlrith a hot-film anemometer determined transition to turbulgnce. Static
pressure and total temperature were also recorded at each point in the profiles.
Eight velocity profiles downstream of the splitter plate were recorded. Transition
to turbulence was determined to occur at approximately 1.8 inches downstream
of the trailing edge. Therefore only four of the eight profiles were laminar and
considered usable in a comparison with the PFT. |

The actual data and computer codes used to determine the velocity profiles
were not found in usable format. The electronic signals (counts) for the total
and static preésures and the total temperature had to be converted from archaic
format specific to an Intertek Superbrain microcomputer to genéric BASIC format

usable on any late model microcomputer.

v
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Computer codes [20] utilizing the counts to determine the boundary layer and
the velocity profiles also needed to be converted. Additionally the syntax used
by the codes had to be manually updated from an outdated form of BASIC to
cﬁrrent QUICKBASIC standards. |

To verify that this process had been accomplished correctly the trailing edge
boundary layers of the fast and slow side were determined and plotted as shown
in Figure 23. This figure is an exact duplication of Figure 27 in Brower’s work
[20] thereby verifying the updating process. This procedure was carried out on
several of the velocity profiles to ensure the velocity profile code was also correctly
converted.

The comparison of these supersonic mixing data with the PFT was carried

out in the following manner:

1. A direct comparison was made of the original supersonic data with the current
PFT. The stretching parameter S was determined from the measured trailing

edge boundary layer.
2. Any differences between the experimental data and the PFT were explained.

3. The momentum thickness (6,) of the supersonic data was recalculated in

order to match the minimum velocities of the PFT and the data.

4. The supersonic profiles were recalculated with the revised #;. A new S based

on the new trailing edge velocity profile was determined.

5. The updated supersonic velocity profiles were compared against the PFT for

a second time.
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Resolution of Disparity between Supersonic Data and the PFT. Due to the

differences observed in the previous four figures it was decided to determine by
how much the two sets of data differed and if such a difference could be explained
by an experimental error rather than a problem with the PFT. It was noticed
that in Figure 25 the PFT and experimental data minimum velocities seemed to
differ by a constant. This led to the decision to investigate the possibility that |
there was a measurement error in the momentum thickness. In earlier MSU wind
tunnel tests, errors from 10 to 50 percent in momentum thickness mga.surements
[22] have not been uncommon for measurements in very thin boundary layers.
Such an error can be traced to the relative size of pitot probes to the thickness of
the bounda.ry‘ layers being measured.

:  Therefore it was decided to match the minimum velocities of the experimental
data with the Ilninimum velocities of the PFT by assuming that the actual 0,
differs from that reported by Brower [13]. The reason for using only the minimum
velocities was that the stretching parameter (S) of the PFT has no effect on the
theoretical minimum velocities. '

This task was accomplished by iterating on the experimental minimum ve-
locity positions by changing 6, which altered Z. The new % and the original
minirﬁum experimental velocities were then plotted agaiﬁst the PFT results as
can be seen in Figure 30. A 6, of .00354 inches was observed to be the best fit.
It is worth noting again that transition to turbulence was determined to occur at
approximately 1.8 inches downstream of the splitter plate. Therefore in Figure 30
agreement with the: PFT is not expected beyond the fifth minimum velocity point

or at approximately z = .77.




EEEEE

HHHHAH
i

8-0 &

EF

AOF

8 ".
. $5%
. $F%

%=%
$5

B

B
B
B




























































































































































