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ABSTRACT

The infinite population model for the genetic algorithm, where the iteration of
the genetic algorithm corresponds to an iteration of a map G, is a discrete dynamical
system. The map G is a composition of a selection operator and a mixing operator,
where the latter models the effects of both mutation and crossover. This dissertation
examines the finiteness and hyperbolicity of fixed points of this model. For a typical
mixing operator, the fixed point set of G is finite and all fixed points are hyperbolic.
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CHAPTER 1

INTRODUCTION

Theory of Genetic Algorithms

Introduction to Genetic Algorithms

Genetic algorithms are an evolution inspired class of algorithms used to solve

difficult optimization problems in many areas of science and engineering. A few

examples of fields in which genetic algorithms have been used include agriculture

[19], bio-informatics [9], data mining [11], economics [6], [28], engineering [10], [20],

finance [5], [26], fingerprint recognition [4], geography [24], molecular biology [7],

pattern recognition [25], physics, chemistry and biology [13], and scheduling problems

[3], [16].

Genetic algorithms are an example of a wider class of evolutionary algorithms.

These include evolution strategies, evolutionary programming, artificial life, classifier

systems, genetic programming, and evolvable hardware.

The algorithm is applied to a population of individuals, which differ in their ge-

netic make-up, as well an in their phenotype. The phenotype is evaluated using a

fitness function. The genetic algorithm produces a new generation of individuals by

using selection, mutation and crossover. To do so, a sub-population of individuals

is chosen (with replacement) based on fitness. The selected individuals are subject
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to mutation and crossover. Using these genetic operations, a new generation of in-

dividuals is produced. These individuals inherit genetic traits from the preceding

generation.

The selection is performed by selection operator which is a function of fitness val-

ues. Examples of commonly used selection operators range from fitness proportional

selection, in which an individual is chosen in proportion to it’s fitness, to tournament

selection, in which a collection of individuals will “fight it out” over who is most fit.

Other forms of selection include, but are not limited to, roulette wheel selection and

rank selection.

Crossover is an artificial implementation of mating in which two individuals are

selected from a population, and offspring are created using characteristics of both

parents. If individuals are binary strings, crossover may be defined by randomly

choosing a crossover point (location in the bit string), and then swapping tails of

the parents to the right of this point to create two offspring. With such crossover,

cloning, or direct copying of individuals into the next generation, may occur when

the crossover point is chosen at the end or beginning of the string, or the parents are

identical.

The mutation operator is defined to imitate mutation of an individual in nature.

One way to construct a mutation operator is to associate a particular mutation rate

with the algorithm; these rates are generally low and are used to preserve diversity of

a population. If individuals are represented as bit strings, the mutation operator may
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be defined by choosing a random position in the bit string and flipping bits at that

position. For a more detailed example of a genetic algorithm (GA) implementation,

see [22].

The next generation of individuals produced generally has a higher average fitness

than the generation that preceded it because the selection operators selects preferably

individuals with higher fitness values for reproduction.

The genetic algorithm runs until a termination criteria has been satisfied. This

criteria may be that an individual with a sufficiently high fitness value appears in the

population, a maximum number of generations has been reached (run time has been

exceeded), or the algorithm has stalled in a region of suboptimal solutions.

The Dynamical Systems Model

There are many models that have been developed in the study of genetic algo-

rithms. Nix and Vose introduced a model of the GA as Markov Chain [23], which

has further been studied and developed by others including [31], [32]. A few other

approaches to studying the behavior of the GA include statistical mechanics approx-

imations, spectral analysis [32], and group theory [30].

In this thesis we consider a dynamical systems model of the genetic algorithm.

This model was introduced by Vose (see [36]) by replacing finite populations with pop-

ulation densities modelling an infinite population. The model was further extended in

[27] and [33]. Although the precise correspondence between behavior of such infinite

population genetic algorithm and the behavior of the GA for finite population has not
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been established in detail, the infinite population model has the advantage of being

a well defined dynamical system. For further discussion analyzing the relevance of

both the finite and infinite population models, see [18].

The dynamical systems model of the genetic algorithm provides an attractive

mathematical framework for investigating the properties of GAs. In this thesis we

study the model introduced by Vose [33].

The genetic algorithm searches for solutions in the search space Ω = {1, 2, . . . n};

each element of Ω can be thought of as a type of individual or a “species.” We

consider a total population of size r with r << n. We represent such a population as

an incidence vector :

v = (v1, v2, ..., vn)T

where vi is the number of times the species i appears in the population. It follows

that
∑

i vi = r. We also identify a population with the population incidence vector

p = (p1, p2, ..., pn)T

where pi = vi

r
is the proportion of the i-th species in the population. The vector p can

be viewed as a probability distribution over Ω. In this representation, the iterations

of the genetic algorithm yield a sequence of vectors p ∈ Λr where

Λr := {(p1, p2, ..., pn)T ∈ Rn | pi =
vi

r
and vi ∈ {0, . . . , r} for all i ∈ {1, . . . , n}

with
∑

i

vi = r}. (1.1)
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We define

Λ := {x ∈ Rn|
∑

xi = 1 and xi ≥ 0 for all i ∈ {1, . . . , n}}.

Note that Λr ⊂ Λ ⊂ Rn, where Λ is the unit simplex in Rn. Not every point x ∈ Λ

corresponds to a population incidence vector p ∈ Λr, with fixed population size r, since

p has non-negative rational entries with denominator r. However, as the population

size r gets arbitrarily large, Λr becomes dense in Λ, that is, ∪r≥NΛr is dense in Λ for

all N. Thus Λ may be viewed as a set of admissible states for infinite populations.

We will use p to denote an arbitrary point in Λr and x to denote an arbitrary point

in Λ. Unless otherwise indicated, x ∈ Λ is a column vector.

Let G(x) represent the action of the genetic algorithm on x ∈ Λ, and assume that

G : Λ → Λ is a differentiable map ([33]). The map G is a composition of three maps:

selection, mutation, and crossover. We will now describe each of these in turn and

provide some examples at the end of the section for reference.

We let F : Λ → Λ represent the selection operator. The i-th component, Fi(x)

represents the probability that an individual of type i will result if selection is applied

to x ∈ Λ. As an example, consider proportional selection where the probability of an

individual k ∈ Ω being selected is

Pr[k|x] =
xkfk∑
j∈Ω xjfj

,

where x ∈ Λ is the population incidence vector, and fk, the k-th entry of the vector

f , is the fitness of k ∈ Ω. Define diag(f) as the diagonal matrix with entries from f
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along the diagonal and zeros elsewhere. Then, for F : Λ → Λ, proportional selection

is defined as

F (x) =
diag(f)x

fT x
.

We restrict our choice of selection operators to those which are C1, that is, selection

operators with continuous derivatives.

We let U : Λ → Λ represent mutation. Here U is an n × n real valued matrix

with ij-th entry uij > 0 for all i, j, and where Uij represents the probability that item

j ∈ Ω mutates into i ∈ Ω. That is, (Ux)k :=
∑

i ukixi is the probability an individual

of type k will result after applying mutation to population x.

Let crossover, C : Λ → Λ, be defined by

C(x) = (xT C1x, . . . , xT Cnx)

for x ∈ Λ, where C1, . . . , Cn is a sequence of symmetric non-negative n×n real valued

matrices. Here Ck(x) represents the probability that an individual k is created by

applying crossover to population x.

Definition 1.1. An operator A : Rn → Rn is quadratic if there exist matrices

A1, A2, . . . , An ∈ Matn(R) such that A(x) = (xT A1x, . . . , xT Anx). We denote a

quadratic operator with its corresponding matrices as A = (A1, . . . , An).

Thus, the crossover operator, C = (C1, . . . , Cn), is a quadratic operator ([30]).
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We combine mutation and crossover to obtain the mixing operator M := C ◦ U .

The k-th component of the mixing operator

Mk(x) = xT (UT CkU)x

represents the probability that an individual of type k will result after applying muta-

tion and crossover to population x. Since Ck is symmetric, Mk is symmetric. Further,

since Ck is non-negative and U is positive for all k, Mk is also positive for all k. Ad-

ditionally, it is easy to see check that since
∑n

k=1[Mk]ij = 1, M : Λ → Λ, and mixing

is also a quadratic operator ([30]). Here [Mk]ij denotes the ij-th entry of the matrix

Mk. This motivates the following general definition of a mixing operator.

Definition 1.2. Let Matn(R) represent the set of n×n matrices with real valued

entries. We call a quadratic operator, M = (M1, . . . ,Mn), a mixing operator if the

following properties hold:

1. Mk ∈ Matn(R) is symmetric for all k = 1, . . . , n;

2. (Mk)ij > 0 for all i, j ∈ {1, . . . , n}, and for all k = 1, . . . , n;

3.
∑n

k=1[Mk]ij = 1 for all j = 1, . . . , n and i = 1, . . . , n.

Let M be the set of quadratic operators M satisfying (1)-(3). Observe that (3)

implies that M ∈ M maps Λ to Λ. This is easily seen since, for x ∈ Λ, M(x) =

(xT M1x, . . . , xT Mnx), and

∑
k

[M(x)]k = xT

(∑
k

Mk

)
x = xT ·

(∑
i

xi,
∑

i

xi, . . . ,
∑

i

xi

)
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= xT · (1, . . . , 1) = 1.

We define a norm, || · ||, on M by considering for M ∈ M, M ∈ Rn3
, and using the

Euclidean norm.

We define

G := M ◦ F, for M ∈M (1.2)

to be the complete operator for the genetic algorithm, or a GA map.

We extend the definition of F to the positive cone in Rn, denoted Rn+. The

extension of F is also denoted F and for u ∈ Rn+\Λ is defined by

F (u) := F

(
u∑
i ui

)
.

Thus F |Λ = F, and for x ∈ Λ, DF (x)|Λ = DF (x), the Jacobian of F. Since F (Λ) ⊂ Λ,

it is clear that if TxΛ represents the tangent space to Λ at x, then DF (x)(TxΛ) ⊆ TxΛ.

Finally, since

TxΛ =

{
x ∈ Rn|

∑
i

xi = 0} = Rn
0

}
,

DF (Rn
0 ) ⊆ Rn

0 . Because F : Rn+ → Λ, it is also clear that G : Rn+ → Λ and the

preceding remarks apply to G as well.
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Examples

The following examples are given for easy reference and are taken from [27].

Example 1.1 (SELECTION). Let Ω = {0, 1, 2, 3} denote the search space. De-

fine the fitness function f(0, 1, 2, 3) = (2, 1, 3, 2).

Let x ∈ Λ. The selection operator, F , corresponding to fitness proportional

selection is given by

F (x) =
1

fT x


2 0 0 0
0 1 0 0
0 0 3 0
0 0 0 2

x =

(
1

2x1 + x2 + 3x3 + 2x4

)
(2x1, x2, 3x3, 2x4)

where fT x = 2x1 + x2 + 3x3 + 2x4 is the average fitness of the population x =

(x1, x2, x3, x4).

Example 1.2 (MUTATION). Let Ω = {0, 1, 2, 3} denote the search space. As-

sume that there is probability µ > 0 that an individual mutates. Assume also that if

it mutates that the probability that one individual will mutate into another is equal

for all individuals. Then, the corresponding mutation matrix is given by

U =


1− µ µ/3 µ/3 µ/3
µ/3 1− µ µ/3 µ/3
µ/3 µ/3 1− µ µ/3
µ/3 µ/3 µ/3 1− µ

 ,

and for x ∈ Λ, the population resulting after mutation is given by Ux.

Example 1.3 (CROSSOVER). Let Ω = {0, 1, 2, 3} be the search space corre-

sponding to the integers in binary representation. We wish to create a quadratic map
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C = (C0, . . . , C3) with the property that for x ∈ Λ, k ∈ {0, . . . , 3}, (Cx)k = xT Ckx is

the probability that an individual of type k will result from crossover.

For i, j, k ∈ Ω, let r(i, j, k) denote the probability of obtaining k by applying

crossover to i and j. Let B0, . . . , B3 ∈ Matn(R) be a set of matrices defined by

(Bk)ij = r(i, j, k) for i, j, k ∈ {0, . . . , 3}. Since it is not necessarily true that r(i, j, k) =

r(j, i, k), the Bk are not necessarily symmetric. For k = 1, . . . , 3, let Bk =
Bk+BT

k

2
.

Now, Bk is symmetric, and C : Λ → Λ is defined by C(x)k = xTBkx.

If the values of r(i, j, 0) are given by

00 01 10 11
00 1 1/3 2/3 1/3
01 2/3 0 1/3 0
10 1/3 0 0 0
11 1/3 0 0 0

,

the matrix B0 is

B0 =


1 1/3 2/3 1/3

2/3 0 1/3 0
1/3 0 0 0
1/3 0 0 0

 ,

while

B0 =
B0 + BT

0

2
=


1 1/2 1/2 1/3

1/2 0 1/6 0
1/2 1/6 0 0
1/3 0 0 0

 .

Finally, for x =
(

3
6
, 2

6
, 0

6
, 1

6

)T
and xT =

(
3
6
, 2

6
, 0

6
, 1

6

)
, note that C(x)0 = xT B0x = 17

36
.

Convergence of GAs

There are many open questions in the theory of genetic algorithms, many of which

center around the behavior of the map G. Therefore, the techniques of dynamical

systems theory can be used to formulate and hopefully answer some fundamental



11

questions about the GA. One such question is the question of convergence. For

plausible crossover, mutation and selection, does the algorithm always converge to a

unique solution for all initial states? The answer is negative in general, since Wright

and Bidwell found counterexamples for mutation and selection operators that are not

used in practice [34]. The question of characterization of a class of GA maps for

which the algorithms converges to a unique fixed point remains open. In the infinite

population model, the iterations of the GA are represented as iterations of a fixed map

G on a space of admissible population densities x. Thus, the question of convergence

can be reformulated in this setting as existence of a globally attracting stable fixed

point, that is, a population x such that G(x) = x.

The fixed points, that is x such that G(x) = x, are fundamental objects of interest

in our study. The behavior of the map G in the neighborhood of x is determined by

the eigenvalues of the linearization DG(x). If all the eigenvalues have absolute value

less than one, then all iterates starting near x converge to x. If there is at least one

eigenvalue with absolute value greater than one, then almost all iterates will diverge

from x [29]. Such classification is, however, possible only if no eigenvalues lie on the

unit circle in the complex plain. Fixed points x, for which DG(x) has this property,

are called hyperbolic. If at least one eigenvalue of DG(x) has absolute value 1, the

fixed point is non-hyperbolic.

It is easy to see that hyperbolicity is an open condition, i.e. if a fixed point is

hyperbolic, then all small C1 perturbations of the map G will still admit a fixed point
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with eigenvalues off the unit circle. It should follow that for sufficiently large finite

population, the GA will also admit a fixed point. Thus, hyperbolic fixed points under

G predict behavior for finite population GA. On the other hand, non-hyperbolic fixed

points can disappear under arbitrarily small perturbations. If the infinite population

model wants to be a viable model of the behavior of the finite population GA, non-

hyperbolic fixed points should be rare. It is clear that they must be present for some

admissible maps G, since they occur when a fixed point bifurcates.

Vose and Eberlein [33] considered a class of mappings G that were a composition

of a mutation and crossover map, with proportional selection scheme. The set of

fitness functions was parameterized by the positive orthant. They have shown that

for an open and dense set of such fitness functions, the corresponding map, G, has

hyperbolic fixed points.

In this contribution we consider a class of mappings G = M ◦ F where F is

arbitrary, but fixed, selection map and M is a mixing map from the class M. The

class of mixing maps we consider include all mixing maps that are a composition of

the mutation and selection maps as described in Reeves and Rowe [27] and Vose [33].

We show that for an open and dense set of mixing maps, the corresponding map G

has only hyperbolic fixed points.

To prove our result, we will also need to show that for an open and dense set of

mixing maps, the corresponding map G has finitely many fixed points. We note that
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in contrast, Wright and Vose in [35] showed that an open and dense set of fitness

operators, G under proportional selection has a finite fixed point set.

Definitions

Before we present the main result, we introduce key definitions.

Recall that if f(x) = x, a point x is called a fixed point of f .

Definition 1.3. A fixed point x for f : Rn → Rn is called hyperbolic if the

Jacobian, Df(x), has no eigenvalues on the unit circle S1.

Definition 1.4. A fixed point x is non-hyperbolic if spec(Df(x)) ∩ S1 6= ∅.

Definition 1.5. A map G is hyperbolic if all fixed points are hyperbolic.

Definition 1.6. A property is typical, or generic, in a set S, if it holds for an

open and dense set of parameter values in S.

Finally, we define the following sets:

Definition 1.7. For a map f : X → X,

Fix(f) := {x ∈ X|f(x) = x}.

That is, Fix(f) denotes the set of all fixed points of f.
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Definition 1.8. For a map f : X → X,

Hyp(f) := {x ∈ Fix(f)|Df(x) ∩ S1 = ∅}.

That is, Hyp(f) denotes the set of hyperbolic fixed points of f.

Definition 1.9. For a map f : X → X,

NonHyp(f) := Fix(f)\Hyp(f).

That is, NonHyp(f) denotes the set of non-hyperbolic fixed points of f.

Main Results

We now present our main results.

Theorem 1.10. Let G = M ◦F be a GA map (1.2). For a typical mixing operator

M ∈M, G has finitely many fixed points.

We will use Theorem 1.10 to prove Theorem 1.11 given below.

Theorem 1.11. Let G = M ◦F be a GA map (1.2) and assume that rank(DF ) =

n− 1 for all x ∈ Λ. For a typical mixing operator, M ∈M, G is hyperbolic.

The assumption that rankDF (p) = n−1 is not very restrictive since the range of

F is the n− 1 dimensional space Λ. In any case, this assumption is valid generically

for proportional selection [33].

To prove the above theorem, we will need the following two propositions.
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Proposition 1.12. Let G = M ◦ F be a GA map (1.2). The set of mixing

operators M , for which the fixed points of G are hyperbolic, forms an open set in M.

Proposition 1.13. Let G = M ◦F be a GA map (1.2) and assume rank(DF ) =

n − 1. The set of mixing operators for which the fixed points of G are hyperbolic,

forms a dense set in M.

An outline of the proofs of these theorems, as well as the basic structure of this

dissertation will be provided in the next section.

Outline of Proof

We start by proving that for generic mixing operator, a GA map G = M ◦ F has

finitely many fixed points. That is, we first prove Theorem 1.10.

We use M ∈ M, such that G = M ◦ F has finitely many fixed points to argue

that G is generically hyperbolic. The proof of Theorem 1.11 is obtained by proving

Propositions 1.12 and 1.13.

Proving Proposition 1.12, that the set of M for which G = M ◦ F is hyperbolic,

is open, falls out naturally. The proof of this proposition is based on the fact that

det(DG(x)− λI) = det([DM ◦ F (x)]DF (x)− λI)

is a continuous function of M and x and, therefore, if a root of this polynomial, λi,

has λi /∈ S1, then small perturbations do not change this fact.
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Proving Proposition 1.13, that the set of mixing operators for which G = M ◦ F

is hyperbolic, is dense, requires greater effort. To prove this proposition, we will

assume we have a fixed point x of G with one or more eigenvalues on the unit circle,

S1. We first characterize perturbations, M ∈ M, that preserve the fixed point. If

the eigenvalue in question is a simple eigenvalue, we will find a perturbation in the

set such that the new operator no longer has an eigenvalue on the unit circle. If

the eigenvalue is a repeated eigenvalue, we perturb to the single eigenvalue case first.

Finally, we find the appropriate combination of such perturbations so that no fixed

points remain with eigenvalues on S1. Here we use strongly generic finiteness of fixed

points as is guaranteed by Theorem 1.10.

Structure of this Dissertation

For the reader’s convenience, we have provided three appendices for reference. In

Appendix A, a notational reference is provided. In Appendix B, we provide a collec-

tion of general results that will be referenced throughout much of the dissertation.

Finally, in Appendix C we provide a collection of established results in the field of

differential topology.

In Chapters 2 and 3, we provide results that will provide the basic components

used in the arguments to prove Theorem 1.10 and Proposition 1.13. Chapter 2 high-

lights results regarding the basic structure and properties of the GA map, as well as
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the relevant perturbations we will use. Chapter 3 determines which perturbations are

appropriate for perturbation of the characteristic polynomial in the desired direction.

Finally, in Chapter 4 we prove Theorem 1.10, and in Chapters 5 and 6 we prove

Propositions 1.12 and 1.13, respectively.

Notation

In addition to the above model, the following notation and terminology will be

used.

• Let Matn(F ) be the set of n × n matrices with entries in the field F , usually

F = R, C.

• For a matrix A, let aij denote the ij-th entry of A.

• For a matrix A, let ai denote the i-th row of the matrix A and let aj denote the

j-th column of the matrix A.

• For A ∈ Matn(F ), let det(A) denote the determinant of the matrix A. Note

that we also use det(a1, . . . , an) and det(a1, . . . , an) to denote det(A).

• For an n × n matrix A, let A(i, j) represent the (n − 1) × (n − 1) matrix that

results from deleting row i and column j from the matrix A. That is, A(i, j)

denotes the ij-th minor of A.

• For a matrix A, let Aij denote the determinant of the minor A(i, j). That is,

Aij = det(A(i, j)).
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• The characteristic polynomial for the matrix A ∈ Matn(F ) is denoted by

det(A− λI), where I is the n× n identity matrix.

• Let spec(A) denote the set of eigenvalues of A.

• The transpose of a matrix A is denoted AT .

• The inverse of an invertible matrix A is denoted A−1.

• We use the notation A > 0 to indicate that aij > 0 for all i, j.

• For a matrix A, rank(A) denotes the dimension of the range of A, or the number

of linearly independent columns of the matrix.

• Let α = a + bi be a complex number with a, b ∈ R. We denote the real part of

α with Re(α) and the imaginary part is denoted Im(α).

• Let V, W be vector spaces, and let T : V → W be an operator. We denote the

null space of T with null(T ). The image, or range, of T is denoted Image(T ).

• Let Nr(x) denote a ball of radius r about a point x.

• Given a set S, let int(S) denote the interior of the set S.

• We let Rn+ denote the set of x ∈ Rn such that xk > 0 for all k = 1, . . . , n.

• Let Rn
0 := {x ∈ Rn|

∑
i xi = 0}.

For the following items, let X, Y be n and m dimensional smooth manifolds,

respectively.

• For x ∈ X, we let TxX denote the tangent space to X at x.

• For a differentiable map f : X → Y , we let dfx : TxX → Tf(x)Y denote the

differential of the map f at the point x.
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• In the special case that TxX = Rn and Tf(x)Y = Rm, we note that dfx : Rn →

Rm is given by the Jacobian matrix Df(x) ([14]).

• For r ≥ 1, let Cr(X, Y ) be the set of all r-times continuously differentiable

functions from X to Y . We let C0(X, Y ) then denote continuous functions from

X to Y . For r ≥ 0, if f ∈ Cr(X, Y ), we call f a Cr function or map.
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CHAPTER 2

STRUCTURE OF THE GA MAP

Domain and Range

We start by presenting a collection of results intended to describe relevant prop-

erties of the GA map G : Rn+ → Λ.

Lemma 2.1. Let G = M ◦ F be a GA map. If x ∈ Λ is a fixed point of G, with

x = (x1, . . . , xn), then x ∈ int(Λ).

Proof. Assume x ∈ Λ with G(x) = x. To show x ∈ int(Λ) it suffices to show

that for all k ∈ {1, . . . , n}, xk 6= 0. By assumption, since x ∈ Λ with G(x) = x, for

all k ∈ {1, . . . , n},

xk = Gk(x) = Mk ◦ F (x). (2.1)

Recall that F : Rn+ → Λ. Thus, F (x) 6= (0, . . . , 0) for all x ∈ Λ. And, by definition

of a GA map, Mk > 0 for all k = 1, . . . , n. Thus, for all k = 1, . . . , n, Mk ◦ F (x) 6= 0,

proving the desired result.

Lemma 2.2. Let H : Rn+ → Λ be a differentiable map. Then for x ∈ int(Λ),

DH(x)(Rn) ⊆ Rn
0 .
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Proof. We consider arbitrary x ∈ int(Λ) and v ∈ Rn and show DH(x)v ∈ Rn
0 .

To do so, we compute and show
∑

j[DH(x)v]j = 0. By definition,

∑
j

[DH(x)v]j =
∑

j

lim
α→0

1

α
[Hj(x + αv)−Hj(x)] .

Since x ∈ int(Λ), for α sufficiently small, x + αv is in the first orthant, Rn+. Thus,

and x + αv /∈ Rn
0 , and,

∑
j

[DH(x)v]j = lim
α→0

1

α

[∑
j

Hj

(
x + αv∑
i(x + αv)i

)
−
∑

j

Hj(x)

]

= lim
α→0

1

α
[1− 1]

= lim
α→0

1

α
[0]

=0.

Finally, because for all v ∈ Rn, DH(x)v ∈ Rn
0 , it is clear that DH(x)v · (1, . . . , 1) =

0.

Lemma 2.3. Let H : Rn+ → Λ be a differentiable map. Assume for all x ∈ Λ,

that rank(DH(x)) = n− 1. Then, for x ∈ int(Λ), (Image(DH(x))) = (1, . . . , 1)⊥.

Proof. By assumption, rank(DH(x)) = n− 1. Note also that dim(1, . . . , 1)⊥ =

n−1. By Lemma 2.2, for all v ∈ Image(DH(x)), v ∈ (1, . . . , 1)⊥. Thus, Image(DH(x)) =

(1, . . . , 1)⊥.

Corollary 2.4. Let G = M ◦ F be a GA map. For all v ∈ Rn , (DG(x))v ·

(1, . . . , 1) = 0, where DG(x) is the Jacobian of G at an arbitrary fixed point x ∈ Λ.
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Proof. Since F : Rn+ → Λ and M : Λ → Λ, the map G maps Rn+ → Λ. By

Lemma 2.1, x ∈ int(Λ). The result now follows from Lemma 2.2.

Corollary 2.5. Let G = M ◦ F be a GA map with a fixed point x. Let λ =

α + iβ ∈ C\R be an eigenvalue of DG(x) with corresponding eigenvector v, where

DG(x) is the Jacobian of G at a fixed point x ∈ Λ. Let Re(v), Im(v) ∈ Rn denote the

real and imaginary parts of v. Then,

[DG(x)](Re(v)) · (1, . . . , 1) = 0 = (αRe(v)− βIm(v)) · (1, . . . , 1)

and

[DG(x)](Im(v)) · (1, . . . , 1) = 0 = (βRe(v) + αIm(v)) · (1, . . . , 1)

Proof. The result follows directly from Lemma 7.12 and Corollary 2.4.

Lemma 2.6. Let H : Rn+ → Λ be a differentiable map. Let DH(x) be the Jacobian

of H at the point x ∈ Λ and assume rank(DH(x)) = n − 1. Then, span(H(x)) *

Image(DH(x)).

Proof. Take v 6= 0 and v ∈ span(H(x)). Then there exists a 6= 0 such that

v = aH(x). To show span(H(x)) * Image(DH(x)) we assume to the contrary that

spanH(x) * Image(DH(x)). Therefore, there exists w ∈ Rn+ such that v = DH(x)w.

Then,

DH(x)w = aH(x),
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and,

DH(x)w · (1, . . . , 1) = aH(x) · (1, . . . , 1). (2.2)

But, by Lemma 2.3, DH(x)w · (1, . . . , 1) = 0. And, because H : Rn+ → Λ,

aH(x) · (1, . . . , 1) = a
∑

k

Hk(x) = a1 = a. (2.3)

Thus, equation (2.2) gives the contradiction that 0 = a.

Corollary 2.7. Let G = M ◦F be a GA map with a fixed point x. Let λ ∈ C\R

be an eigenvalue of DG(x) with corresponding eigenvector v. Let Re(v), Im(v) ∈ Rn

denote the real and imaginary parts of v. Then, Re(v), Im(v) ∈ (1, . . . , 1)⊥.

Proof. Note that by Corollary 2.4, it suffices to show that for λ = α + iβ, with

α, β ∈ R, not both zero, that Re(v), Im(v) ∈ Image(DG(x)). By Lemma 7.12,

[DG(x)](Re(v)) = (αRe(v)− βIm(v)) (2.4)

and

[DG(x)](Im(v)) = (βRe(v) + αIm(v)). (2.5)

First consider the case α = 0, then by equations (2.4) and (2.5),

[DG(x)](Re(v)) = −βIm(v), (2.6)

and

[DG(x)](Im(v)) = βRe(v). (2.7)
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Thus, by equation (2.6)

[DG(x)]

(
Re(v)

−β

)
= Im(v). (2.8)

That is, Im(v) ∈ Image(DG(x)) and by Corollary 2.4, Im(v) ⊥ (1, . . . , 1). Similarly,

we see that for α = 0, Re(v) ⊥ (1, . . . , 1). By assumption, β 6= 0, since λ ∈ C\R.

For the case α 6= 0, we solve the linear system of equations (2.4) and (2.5), to

show that

[DG(x)]

(
Re(v)

β
+

Im(v)

α

)
=

(
α

β
+

β

α

)
(Re(v)), (2.9)

which show that Re(v) ∈ Image(DG(x)) if
(

α
β

+ β
α

)
6= 0. Note that if

(
α
β

+ β
α

)
=

0, then α2 = −β2 for non-zero α, β ∈ R. Thus,
(

α
β

+ β
α

)
6= 0, and Re(v) ∈

Image(DG(x)). Finally, by Corollary 2.4, Re(v) ⊥ (1, . . . , 1). To show that Im(v) ⊥

(1, . . . , 1), for α 6= 0, we once again compute using equations (2.4) and (2.5) that

[DG(x)]

(
Re(v)

α
− Im(v)

β

)
=

(
−β

α
+
−α

β

)
(Im(v)). (2.10)

Thus, if (−β
α

+−α
β

) 6= 0, then Im(v) ∈ Image(DG(x)). If (−β
α

+−α
β

) = 0, then −β2 = α2

for non-zero α, β ∈ R. Since this is a contradiction, we see that (−β
α

+ −α
β

) 6= 0

and therefore Im(v) ∈ Image(DG(x)) and once again by Corollary 2.4, Im(v) ⊥

(1, . . . , 1).
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The Class of Perturbations of G

We now describe the set of perturbations of M ∈ M. In particular, we are

interested in perturbations of M that are still elements of the set M, and additionally

have the property that they preserve the fixed point of interest.

Let G = M ◦F be a GA map (1.2) with fixed point x. Let Q(x) represent a class

of quadratic operators Q = (Q1, . . . , Qn) for which the following properties hold:

1. Qk ∈ Matn(R) is symmetric for all k = 1, . . . , n;

2.
∑

k Qk = 0;

3. [F (x)]T QkF (x) = 0 for all k = 1, . . . , n where x is the fixed point.

It is worth noting that elements of Q(x) may be viewed as elements of the tangent

space to M. Given a fixed mixing operator M ∈M, let P(x, M) ⊂ Q(x) be defined

as follows:

P(x, M) := {Q ∈ Q(x)|Mk ±Qk > 0 for all k = 1, . . . , n}.

Lemma 2.8. Let G = M ◦ F be a GA map (1.2) with fixed point x. Given

Q ∈ Q(x), there exists ε such that for all 0 ≤ ε ≤ ε, εQ ∈ P(x, M).

Proof. Let Q ∈ Q(x). By definition of Q(x), it follows that for any t ∈ R,

tQ ∈ Q(x). We now show that for Q ∈ Q(x) there exists ε such that Mk ± (εQ)k > 0

for all k = 1, . . . , n, that is, such that εQ ∈ P(x, M) for all 0 ≤ ε ≤ ε.
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Consider first that for Q ∈ Q(x), (εQ)k = εQk. Thus, to show Mk ± (εQ)k > 0,

it suffices to show that Mk ± εQk > 0 for all k = 1, . . . , n. For k ∈ {1, . . . , n}, we let

(Qk)ij denote the ij-th entry of the matrix Qk. Similarly, (Mk)ij denotes the ij-th

entry of the matrix Mk. The requirement for εQ ∈ P(x, M) that Mk ± Pk > 0 is

equivalent to the requirement that |ε(Qk)ij| < (Mk)ij for all i, j, k. Thus, we will show

that there exists ε such that for all 0 ≤ ε ≤ ε,

ε|(Qk)ij| ≤ ε|(Qk)ij| < (Mk)ij.

We assume Q 6= 0 since the case Q = 0 is trivial. For Q 6= 0, let α =

max{|(Qk)ij| for all i,j,k }. Similarly, let β = min{(Mk)ij for all i,j,k }. Now, take

ε ∈ R+ such that β
α

> ε. Thus,

β > αε > αε for all ε > ε ≥ 0.

Since for all i, j, k,

(Mk)ij > min{(Mk)ij for all i,j,k } ≥ β

and

εα > ε(max{|(Qk)ij| for all i,j,k }) ≥ ε|(Qk)ij|

we have for all i, j, k and 0 ≤ ε ≤ ε that

(Mk)ij > ε|(Qk)ij|.

Thus, for all i, j, k and 0 ≤ ε ≤ ε,

(Mk)ij ± ε(Qk)ij > 0,
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and εQ ∈ P(x, M) for 0 ≤ ε ≤ ε.

Corollary 2.9. If P ∈ P(x, M), then tP ∈ P(x, M) for 0 ≤ t ≤ 1.

Proof. Let P ∈ P(x, M) and let t ∈ [0, 1]. Clearly tP ∈ Q(x). By definition

of P(x, M), we know that for all k, Mk ± Pk > 0. For t ∈ [0, 1], for all i, j, k,

t|(Pk)ij| ≤ |(Pk)ij|. Thus, Mk ± tPk > 0 naturally follows, and tP ∈ P(x, M).

We now form the set Q(x) ⊂ Q(x) which we will use to prove various lemmas. To

form this subset, first consider the n−1 dimensional space (F (x))⊥ := [span{F (x)}]⊥.

Let v ∈ (F (x))⊥ := {u ∈ Rn | u · F (x) = 0} with v 6= 0. Assume without loss

of generality that Fi(x) = 0 for i < k and Fi(x) 6= 0 for i ≥ k. Note that k ≤ n

since F (x) ∈ Λ. Select arbitrary integers i, j, i 6= j, with 1 ≤ i < j ≤ n. We create

a quadratic operator Q = Q(i, j, v) := (Q1, . . . , Qn). For l 6= i, j, define Ql = 0, the

zero matrix and let Qj = −Qi with entries

(Qj)rs :=



vs

Fk(x)
r = k and s ≤ k − 1

vr

Fk(x)
s = k and r ≤ k − 1

vr

Fr(x)
r = s and r > k − 1

0 elsewhere

.

One can verify by a direct computation that QjF (x) = v for j = 1, . . . , n. We define

Q(x) as the set of quadratic maps created as above for v ∈ (F (x))⊥:

Q(x) := {Q(i, j, v)|v ∈ (F (x))⊥, i, j ∈ {1, . . . , n}}.

Lemma 2.10. {0} ⊂ Q(x) ⊂ Q(x).
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Proof. By definition, since 0 ∈ (F (x))⊥, Q = (0, . . . , 0) ∈ Q(x). Now, let

Q ∈ Q(x) for some v ∈ (F (x))⊥ with v 6= 0. By construction, Q is symmetric

and
∑

Qi = 0. Similarly, it is clear that for i = 1, . . . , n, QiF (x) = v. Thus,

[F (x)]T QiF (x) = [F (x)]T v = 0 since v ∈ (F (x))⊥. Thus, we have shown that for

Q ∈ Q(x), Q ∈ Q(x), finally proving {0} ⊂ Q(x) ⊂ Q(x).

Note that Lemma 2.10 in conjunction with Lemma 2.8, show that for a GA map

G = M ◦ F with fixed point x ∈ Λ, the corresponding set of quadratic operators

P(x, M) 6= {0}.

We now show that the above constructed set P(x, M) defines a collection of

perturbations of M with the desired fixed point preserving property for the GA map

(1.2). For P ∈ P(x, M), let MP := M + P and GP = MP ◦ F .

Lemma 2.11. Let G = M ◦ F be a GA map (1.2). Assume x ∈ Λ is a fixed point

of G. If P ∈ P(x, M), then MP = M + P satisfies

1. MP ∈M

2. GP (x) = MP ◦ F (x) = x.

That is, GP has the same fixed point x as G.

Proof. Let P ∈ P(x, M). Consider then a quadratic operator, MP = ([M1 +

P1], . . . , [Mn + Pn]). To show MP ∈M, we need the following:

1. (MP )k ∈ Matn(R) and is symmetric. Since (MP )k = Mk + Pk where Mk ∈

Matn(R) and Pk ∈ Matn(R) are each symmetric by definitions of M ∈ M
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and P ∈ P(p, M). Clearly, (MP )k = Mk + Pk ∈ Matn(R) is symmetric for

k = 1, . . . , n.

2. (MP )k > 0 for all k = 1, . . . , n. This follows from directly from the definition of

P(x, M).

3. For all i, j, k ∈ {1, . . . , n} let (Mk)ij and (Pk)ij denote the ij-th entries of Mk and

Pk respectively. We show
∑n

k=1[Mk]ij = 1 for all j = 1, . . . , n and i = 1, . . . , n.

Since P(x, M) ⊂ Q(x), by (2) of the definition of Q(x), and (3) of the definition

of M,

n∑
k=1

[[MP ]k]ij =
n∑

k=1

[Mk + Pk]ij

=
n∑

k=1

(Mk)ij +
n∑

k=1

(Pk)ij

=1 + 0

=1.

Thus we have shown part 1: MP ∈M.

Now, we prove part (2): GP (x) = MP ◦ F (x) = x. Clearly,

GP (x) =MP ◦ F (x)

=(M + P ) ◦ F (x)

=M ◦ F (x) + P ◦ F (x)

=G(x) + (F T (x)P1F (x), . . . , F T (x)PnF (x))T .
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And by definition of P ∈ P(x, M), we know that (F T (x)P1F (x), . . . , F T (x)PnF (x)) =

(0, . . . , 0), thus

GP (x) =G(x) + (F T (x)P1F (x), . . . , F T (x)PnF (x))T

=x + (0, . . . , 0)T

=x.

Corollary 2.12. Let G = M ◦ F be a GA map (1.2). Assume x ∈ Λ is a fixed

point of G and P 1, . . . , P k ∈ P(x, M). There exists ε > 0 such that

1. ε
∑n

i=1 P i ∈ P(x, M);

2. M + ε
∑k

i=1 P i ∈M;

3. GP := (M +ε
∑k

i=1 P i)◦F admits the same fixed point x as the map G = M ◦F .

Proof. For part (1), it suffices to show that if P 1, . . . , P k ∈ P(x, M), then∑k
i=1 P i ∈ Q(x), since by Lemma 2.8, it follows that there exists ε > 0 such that

ε
∑k

i=1 P i ∈ P(x, M). Once we have shown part (1), part (2) follows automatically.

Further, to show part (3), if ε
∑k

i=1 P i ∈ P(x, M), by Lemma 2.11, GP := (M +

ε
∑k

i=1 P i) ◦ F admits the same fixed point x as the map G = M ◦ F .

To show that if P 1, . . . , P k ∈ P(x, M), then
∑k

i=1 P i ∈ Q(x), we show that parts

(1)-(3) of the definition of Q(x) are satisfied.
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1. For i = 1, . . . , k, because P i ∈ P(x, M) ⊂ Q(x), it is clear that P i ∈ Matn(R),

and is symmetric. Thus,
∑k

i=1 P i ∈ Matn(R) and is symmetric.

2. Similarly, since for each i = 1, . . . , k; P i = (P i
1, . . . , P

i
n), and

∑n
j=1 P i

j = 0, it

follows that
∑n

j=1

∑k
i=1 P i

j = 0.

3. By definition of P(x, M), for i = 1, . . . , k, and j = 1, . . . , n, [F (x)]T P i
jF (x) = 0.

Thus, for i = 1, . . . , k,

[F (x)]T (
∑

j

P i)jF (x) =
∑

j

[F (x)]T (P i)jF (x) = 0.

So we have shown
∑k

i=1 P i ∈ P(x, M), which leads to the desired result.

We observe that

GP =MP ◦ F

=(M + P ) ◦ F

=(M ◦ F ) + (P ◦ F )

=G + (P ◦ F ).

Thus,

DGP (x) =D[G + (P ◦ F )](x)

=DG(x) + H (2.11)

where H ∈ Matn(R). In order to trace the effects of perturbations of M on the

derivative DGP , we define

H = {H ∈ Matn(R)|H = D(P ◦ F )(x) for P ∈ P(x, M)}.
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We examine properties of this set in the section that follows.

Perturbations of DG

Lemma 2.13. Let G = M ◦ F be a GA map (1.2) with fixed point x ∈ Λ and

rank(DF (x)) = n− 1. There exists a perturbation MP ∈ M with GP = MP ◦ F and

DGP (x) = DG(x) + H such that H is of rank n− 1.

Proof. That such an H exists can be shown by explicitly forming an operator

P ∈ P(x, M) so that the corresponding H ∈ H has rank(H) = n− 1. To show there

exists such a P ∈ P(x, M), we will find a corresponding Q ∈ Q(x) and then apply

Lemma 2.8 to show there exists an ε such that εQ ∈ P(x, M).

Let {v1, . . . , vn−1} be a basis for the n− 1 dimensional space (F (x))⊥. Thus, for

all j ∈ {1, . . . , n− 1}, vj ⊥ F (x) or equivalently, vj ◦ F (x) = 0.

Assume without loss of generality that Fi(x) = 0 for i < k and Fi(x) 6= 0 for

i ≥ k. Note that k ≤ n since F (x) ∈ Λ. For vj ∈ (F (x))⊥, for j = 1, . . . , n − 1,

we define the following matrices associated with the quadratic map Q. We create a

quadratic operator Q = (Q1, . . . , Qn): for j = 1, . . . , n − 1 and corresponding vector
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vj = ((vj)1, . . . , (vj)n), define Qj with entries

(Qj)rs :=



(vj)s

Fk(x)
r = k and s ≤ k − 1

(vj)r

Fk(x)
s = k and r ≤ k − 1

(vj)r

Fr(x)
r = s and r > k − 1

0 elsewhere

.

Finally, define Qn = −
∑n−1

j=1 Qj. By computation it is clear that for j = 1, . . . , n− 1,

QjF (x) = vj. Thus,

QnF (x) = −
n−1∑
j=1

QjF (x) = −
n−1∑
j=1

vj.

Of course, since vj ∈ (F (x))⊥, for j = 1, . . . , n − 1, −
∑n−1

j=1 vj ∈ (F (x))⊥. Finally,

because QiF (x) = vi ∈ (F (x))⊥ for i = 1, . . . , n, we see that property (3) of the

definition of Q(x) is upheld as F T (x)QiF (x) = 0 for all i.

By definition, each matrix Qi ∈ Matn(R) and is symmetric for i = 1, . . . , n,

thus showing part (1) of the definition of Q(x). By construction,
∑n

i=1 Qi = 0,

thus showing part (2) of the definition of Q(x). Finally, we have shown for the

Q constructed above that properties (1)-(3) of the definition of Q(x) hold. Thus,

Q ∈ Q(x). By Lemma 2.8, since Q ∈ Q(x), there exists a corresponding ε such that

x := εQ ∈ P(x, M).

Finally, we must show that rank(H) = n − 1 where H corresponds to P = εQ.

Recall that by equation (2.11),

H =D[(P ◦ F )](x)
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=2


(P1F (x))T

(P2F (x))T

...
(PnF (x))T

DF (x). (2.12)

Observe for k < n,

PkF (x) = εQkF (x) = εvk.

And, since Qn = −
∑n−1

k=1 Qk,

PnF (x) =εQnF (x)

=ε

(
−

n−1∑
k=1

Qk

)
F (x)

=ε

(
−

n−1∑
k=1

vk

)

= −ε
n−1∑
k=1

vk.

Thus, from equation (2.12), we see that

H = 2ε


v1

v2
...

vn−1

−
∑n−1

k=1 vk

DF (x). (2.13)

Since v1, . . . , vn−1 form a basis of (F (x))⊥, rank(v1, . . . , vn−1,−
∑n−1

k=1 vk) = n − 1.

Furthermore, by construction of v1, . . . , vn−1,

null


v1

v2
...

vn−1

−
∑n−1

k=1 vk

 = span[(F (x))T ]. (2.14)

By Lemma 2.6, span(F (x)) * Image(DF (x)). Thus, because H is the product of the

two matrices given in equation (2.13), the rank of H is also n− 1.
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Lemma 2.14. Let G = M ◦ F be a GA map. Assume G(x) = x for some x ∈ Λ

and that rank(DF(x)) = n− 1. Let R := {h|h = vT DF (x), and v ∈ F (x)⊥}. Then

1. R has dimension n− 1;

2. R⊥ = span(1, . . . , 1).

Proof. We first prove part (1). By assumption, rank(DF (x)) = n− 1, so if

null(DF (x))T ∩ (F (x))⊥ = ∅

then dim(Image(DF(x))) = n− 1. We now show

null(DF (x))T ∩ (F (x))⊥ = ∅.

By Lemma 2.3, we know that (Image(DF (x)))⊥ = span(1, . . . , 1), and by the Fred-

holm alternative, null(DF (x))T = Image(DF (x))⊥ = span(1, . . . , 1). That is, null(DF (x))T =

span(1, . . . , 1). Take v ∈ null(DF (x))T ∩ (F (x))⊥, then v = α(1, . . . , 1) and α 6= 0.

Now v ⊥ F (x). Then

v · F (x) = α(1, . . . , 1) · F (x) = α
∑

i

Fi(x) = α 6= 0,

which is a contradiction, thus null(DF (x))T ∩ F (x)⊥ = ∅. This proves part (1).

The proof of part (2) follows directly from Lemma 2.3.

Lemma 2.15. Let G = M ◦ F be a GA map with fixed point x. For all x ∈ Λ

assume rank(DF (x)) = n − 1. Given h ∈ R with h 6= 0, for all 1 ≤ i < j ≤ n there

exists H ∈ H such that
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1. h = hj = −hi 6= 0;

2. hk = 0 for k 6= i, j.

Proof. That such an H exists can be shown by explicitly forming an operator

P ∈ P(x, M) so that the corresponding H ∈ H with H = PF (x)DF (x) has the

desired properties.

Let v ∈ (F (x))⊥ with v 6= 0. Define Q ∈ Q(x) as in equation (2.11). By Lemma

2.8, there exists ε > 0 such that P := εQ ∈ P(x, M).

Finally, we show that H = DP ◦ F (x) = DP (F (x))DF (x) has the advertised

properties. Since

hl = (PlF (x))T DF (x)

we have hl = 0 for l 6= i, j. For l = i,

hi = (PiF (x))T DF (x) = vT DF (x).

Clearly, hj = −hi.

Lemma 2.16. Let G = M ◦F be a GA map (1.2). If H ∈ H, then for all t ∈ [0, 1],

tH ∈ H.

Proof. Let H ∈ H, then by definition there exists P ∈ P(x, M) such that

GP = (M + P ) ◦ F and DGP (x) = DG(x) + H where

H = D(P ◦ F (x)) = P (F (x))DF (x).
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Now, by Corollary 2.9, for all t ∈ [0, 1], tP ∈ P(x, M), and

DGtP (x) = DG(x) + tP (F (x))DF (x) = DG(x) + tH.

Thus, by definition ofH, there exists tP ∈ P(x, M) such that DGtP (x) = DG(x)+tH.

That is, tH ∈ H.

Corollary 2.17. Let G = M ◦ F be a GA map (1.2). Assume G(x) = x for

x ∈ Λ. Let H ∈ H, B(λ) := DG(x)− λI and ε ∈ (0, 1). Then

det(B(λ) + εH) = detB(λ)+εh1 · (B11(λ),−B12(λ), B13(λ), . . . ,±B1n(λ))

+ εh2 · (−B21(λ), B22(λ),−B23(λ), . . . ,±B2n(λ))

+ · · ·+ εhn · (±Bn1(λ), . . . ,±Bnn(λ)) +O(ε2),

where Bij(λ) denotes the determinant of the ij-th minor for the matrix B(λ).

Proof. The result follows directly from Lemma 7.2.

Perturbations of DG in Jordan Normal Form

We will often use a change of basis to obtain the Jordan normal form for the matrix

DG(x). Let C ∈ Matn(R) be the change of basis matrix so that C−1[DG(x)]C is in

Jordan normal form. We observe that

C−1[DG(x)− λI + εH]C =C−1[DG(x)]C − λI + εC−1HC

=D̃G(x)− λI + εK
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where D̃G(x) denotes DG(x) in the Jordan normal form. We define the set K,

K := {K| there exists H ∈ H such that K = C−1HC}.

In general, we will use an ordering of rows such that the eigenvalue of interest appears

in the top left corner of the matrix D̃G(x). Note that c−1
i denotes the i-th row

of the matrix C−1 and c−1
ij denotes the ij-th entry of the matrix C−1. Recall that

B(λ) = DG(x)− λI and we define B̃(λ) := D̃G(x)− λI.

Lemma 2.18. For K ∈ K with K = C−1HC for H ∈ H with rows h1, . . . , hn,

kij = c−1
i1 (h1 · cj) + c−1

i2 (h2 · cj) + · · ·+ c−1
in (hn · cj).

Here cj denotes j-th column of C and c−1
ij denotes the ij-th entry of C−1.

Proof. Let hi denote i-th row of the matrix H, cj denote j-th column of C, and

c−1
k denote the k-th row of the matrix C−1. Then,

kij = [C−1HC]ij

= [C1(HC)]ij

=

C−1


h1 · c1 h1 · c2 . . . h1 · cn

h2 · c1 h2 · c2 . . . h2 · cn

...
...

. . .
...

hn · c1 hn · c2 . . . hn · cn




ij

= c−1
i · (h1 · cj, h2 · cj, . . . , hn · cj)

= c−1
i1 (h1 · cj) + c−1

i2 (h2 · cj) + · · ·+ c−1
in (hn · cj).
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Corollary 2.19. Let K ∈ K with K = C−1HC where H is defined as in Lemma

2.15, that is, for all 1 ≤ i < j ≤ n,

1. hj = −hi 6= 0;

2. hk = 0 for k 6= i, j.

Then, k11 = (−c−1
1j + c−1

1i )(h · c1), k12 = (−c−1
1j + c−1

1i )(h · c2), k21 = (−c−1
2j + c−1

2i )(h · c1),

and k22 = −(−c−1
2j + c−1

2i )(h · c2). Here cj denotes j-th column of C and c−1
ij denotes

the ij-th entry of C−1.

Proof. H ∈ H is of the form:

H =



0
...
0
−h
0
...
0
h
0
...
0



, (2.15)

where h 6= 0. By Lemma 2.18,

k11 =c−1
1 · (h1 · c1, h2 · c1, . . . , hn · c1)

=c−1
1 · (0, . . . , 0,−h · c1, 0, . . . , 0, h · c1, 0, . . . , 0)

=(−c−1
1j + c−1

1i )(h · c1)

and

k22 =c−1
2 · (h1 · c2, h2 · c2, . . . , hn · c2)
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=
[
c−1
2 · (0, . . . , 0,−h · c2, 0, . . . , 0, h · c2, 0, . . . , 0)

]
=k22 = −(−c−1

2j + c−1
2i )(h · c2).

Once again, using Lemma 2.18, we arrive at the remaining desired results: k12 =

(−c−1
1j + c−1

1i )(h · c2) and k21 = (−c−1
2j + c−1

2i )(h · c1).

Lemma 2.20. Assume that for all K ∈ K,

(k11 + k22) = 0 and (k21 − k12) = 0.

Then for all h ∈ R,

(−c−1
1j + c−1

1k )(h · c1) = −(−c−1
2j + c−1

2k )(h · c2) (2.16)

and

(−c−1
1j + c−1

1k )(h · c2) = (−c−1
2j + c−1

2k )(h · c1). (2.17)

Here cj denotes j-th column of C and c−1
ij denotes the ij-th entry of C−1.

Proof. By Lemma 2.18,

k11 = c−1
1 · (h1 · c1, h2 · c1, . . . , hn · c1)

and

k22 = c−1
2 · (h1 · c2, h2 · c2, . . . , hn · c2).

Since k11 + k22 = 0, this implies k11 = −k22, or equivalently,

c−1
1 · (h1 · c1, h2 · c1, . . . , hn · c1) = −

[
c−1
2 · (h1 · c2, h2 · c2, . . . , hn · c2)

]
.
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Similarly, by Lemma 2.18, and the assumption that k12 − k21 = 0,

k12 = c−1
1 · (h1 · c2, h2 · c2, . . . , hn · c2) =

[
c−1
2 · (h1 · c1, h2 · c1, . . . , hn · c1)

]
= k21.

Since

(k11 + k22) = 0 and (k21 − k12) = 0

for all K ∈ K, then the result follows from Corollary 2.19.
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CHAPTER 3

PERTURBING THE CHARACTERISTIC POLYNOMIAL

Simple Eigenvalue Case

For G = M ◦F with fixed point x ∈ Λ, we first consider the case where DG(x) has

a simple eigenvalue λ0 of absolute value one. Clearly, either λ0 ∈ C\R or λ0 ∈ R. In

each case, there exists a change of basis matrix, C, such that D̃G(x) := C−1DG(x)C

is a Jordan normal form of the matrix DG(x) ([29]):

D̃G(x) =


λ0 0 . . . 0
0 ∗ ∗ ∗
... ∗ ∗ ∗
0 ∗ ∗ ∗,


or

D̃G(x) =


α β 0 . . . 0
−β α 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 . (3.1)

We note that for P ∈ P(x, M),

DGP (x) = DG(x) + H implies D̃GP (x) = D̃G(x) + K

and

{λ|det(DGP (x)− λI) = 0} = {λ|det(D̃GP (x)− λI) = 0},

thus

{λ|det(DG(x) + H − λI) = 0} = {λ|det(D̃G(x) + K − λI) = 0}.
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We want to find H ∈ H such that det(DG(x) − λI + H) 6= 0 for all λ ∈ S1. To

do so, we find K = C−1HC for K ∈ K such that det(D̃G(x) − λI + K) 6= 0 for all

λ ∈ S1.

Recall that B(λ) = DG(x) − λI and B̃(λ) = D̃G(x) − λI. Note that for λ0 =

α + βi ∈ C\R, by equation (3.1),

B̃(λ0) = B̃(α + βi) =


α− (α + βi) β 0 . . . 0

−β α− (α + βi) 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 .

That is,

B̃(λ0) =


−βi β 0 . . . 0
−β −βi 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 . (3.2)

Lemma 3.1. Let G = M ◦ F be a GA map (1.2). Assume G(x) = x for x ∈ Λ.

Let ε ∈ (0, 1), K ∈ K and B(λ) := DG(x) − λI where λ0 is a simple eigenvalue of

DG(x). Then

1. If λ0 ∈ R,

det(B̃(λ0) + εK) = εk11B̃11(λ0) +O(ε2);

2. If λ0 ∈ C\R,

det(B̃(λ0) + εK) = ε[(k11 + k22)B̃11(λ0) + (k21 − k12)B̃12(λ0)] +O(ε2).

Proof. We first prove part (1). By Corollary 2.17 and Lemma 7.5,

det(B̃(λ0) + εK) =detB̃(λ0) + εk1 · (B̃11(λ0),−B̃12(λ0), B̃13(λ0), . . . ,±B̃1n(λ0))
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+ εk2 · (−B̃21(λ0), B̃22(λ0),−B̃23(λ0), . . . ,±B̃2n(λ0))

+ · · ·+ εkn · (±B̃n1(λ0), . . . ,±B̃nn(λ0)) +O(ε2)

= 0 + εk1 · (B̃11(λ0), 0, . . . , 0)

+ εk2 · (0, 0, . . . , 0)

+ · · ·+ εkn · (0, . . . , 0) +O(ε2)

= εk11B̃11(λ0) +O(ε2).

proving the result.

We now prove part (2). Recall that according to Corollary 2.17,

det(B̃(λ0) + εK) =detB̃(λ0) + εk1 · (B̃11(λ0),−B̃12(λ0), B̃13(λ0), . . . ,±B̃1n(λ0))

+ εk2 · (−B̃21(λ0), B̃22(λ0),−B̃23(λ0), . . . ,±B̃2n(λ0))

+ · · ·+ εkn · (±B̃n1(λ0), . . . ,±B̃nn(λ0)) +O(ε2).

Because λ0 is an eigenvalue of DG(x), det(B̃(λ0)) = 0, and by equation (3.2) and

Lemma 7.9,

B̃11(λ0) = B̃22(λ0) and B̃12(λ0) = −B̃12(λ0).

Thus,

det(B̃(λ0) + εK) = det(B̃(λ0)) + εk1 · (B̃11(λ0),−B̃12(λ0), 0, . . . , 0)

+ εk2 · (−B̃21(λ0), B̃22(λ0), 0, . . . , 0) + εk3 · 0 + · · ·+ kn · 0 +O(ε2)

= εk1 · (B̃11(λ0),−B̃12(λ0), 0, . . . , 0) + εk2 · (−B̃21(λ0), B̃22(λ0), 0, . . . , 0)

+O(ε2).
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By a short computation, we arrive at the desired result,

det(B̃(λ0) + εK) =ε[k11B̃11(λ0)− k12B̃12(λ0) + k21B̃21(λ0) + k22B̃11(λ0)] +O(ε2)

=ε[(k11 + k22)B̃11(λ0) + (k21 − k12)B̃12(λ0)] +O(ε2).

Lemma 3.1 motivates us to find H ∈ H or corresponding K ∈ K so that

det(D̃G(x)+ εK−λ0I) = det(B̃(λ0 + εK)) 6= 0. But because Lemma 3.1 is split into

two parts based on whether λ0 is real or complex, we split our exploration into two

parts:

• If λ0 ∈ R, we search for K ∈ K such that k11 6= 0. We prove that such a K ∈ K

exists in Lemma 3.4. To prove Lemma 3.4 we use Lemmas 3.2 and 3.3.

• If λ0 ∈ C\R, we search for K ∈ K such that (k11 + k22) and (k21 − k12) are not

both zero. We prove that such a K ∈ K exists in Lemma 3.8. To prove Lemma

3.8, we use Corollary 3.5, and Lemmas 3.6 and 3.7.

Lemma 3.2. Let G = M◦F be a GA map (1.2). Assume G(x) = x for x ∈ Λ, with

λ0 ∈ R a simple eigenvalue of DG(x) corresponding to F with rank(DF (x)) = n− 1.

There exists h ∈ R with h · c1 6= 0, where c1 denotes the first column of the change of

basis matrix C.
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Proof. Proof by contradiction. Assume for all h ∈ R, that h ⊥ c1. By defini-

tion, since h ∈ R,

h = vT DF (x) = (v · (DF (x))1, v · (DF (x))2, . . . , v · (DF (x))n)

for some v with v⊥F (x). Note that λ0 is simple, and C is the change of basis matrix

such that [C−1DG(x)C]11 = λ0. Thus, c1 is the eigenvector of DG(x) corresponding

to λ0.

Because, h = vT DF (x) for some v⊥F (x),

h⊥c1 ⇐⇒ vT DF (x)⊥c1 for all v⊥F (x).

By definition,

h⊥c1 ⇐⇒ (v · (DF (x))1, v · (DF (x))2, . . . , v · (DF (x))n) · c1 = 0 for all v⊥F (x).

Finally,

h⊥c1 ⇐⇒ v · (c1
1(DF (x))1, c1

2(DF (x))2, . . . , c1
n(DF (x))n) = 0 for all v⊥F (x),

and by definition of [DF (x)]c1,

h⊥c1 ⇐⇒ [DF (x)]c1 · v = 0 for all v⊥F (x).

Since [[DF (x)]c1] · v = 0 for all v⊥F (x) if and only if DF (x)c1 = αF (x) for some

α ∈ R,

h⊥c1 ⇐⇒ DF (x)c1 = αF (x) for some α ∈ R.
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If α = 0, then DF (x)u = 0 which cannot correspond to an eigenvector c1 of DG(x) =

2M(F (x))DF (x) of a nonzero eigenvalue λ0. Thus, α 6= 0. Note further that by

Lemma 2.2, DF (x)u · (1, . . . , 1) = 0. But, if DF (x)u = αF (x) for α 6= 0, then since

F (x) ∈ Λ,

0 = DF (x)u · (1, . . . , 1) = αF (x) · (1, . . . , 1) = α

n∑
i=1

Fi(x) = α,

a contradiction.

Lemma 3.3. Let G = M◦F be a GA map (1.2). Assume G(x) = x for x ∈ Λ, with

λ0 ∈ R a simple eigenvalue of DG(x) corresponding to F with rank(DF (x)) = n− 1.

If k11 = 0 for all K ∈ K, then c−1
1 is a non-zero multiple of the vector (1, . . . , 1). That

is, c−1
1 = a(1, 1, . . . , 1), a ∈ R\{0}.

Proof. Assume k11 = 0 for all K ∈ K, that is, for all H ∈ H, k11 = [C−1HC]11 =

0. By Lemma 3.2, there exists h such that h · c1 6= 0, where c1 is the eigenvector

associated with λ0. We construct H as in Lemma 2.15 with i = 1 and j = 2:

H =


h
−h
0
...
0

 .

By Lemma 2.15, H ∈ H, and, by assumption k11 = 0. Thus, by Lemma 2.18,

0 = k11 = ((c−1)11h + (c−1)12(−h)) · c1

= ((c−1)11 − (c−1)12)(h · c1)
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= 0.

Thus (c−1)11 = (c−1)12, since h · c1 6= 0. Similarly, construct H ∈ H as in Lemma 2.15

with i = 1 and j = 3,

H =


h
0
−h
...
0

 ,

with corresponding k11:

k11 = ((c−1)11h + (c−1)13(−h)) · c1

= ((c−1)11 − (c−1)13)(h · c1)

= 0.

Thus (c−1)11 = (c−1)13. Continuing in this manner, we get

(c−1)11 = (c−1)12 = (c−1)13 = · · · = (c−1)1n.

Thus, we have

c−1 =((c−1)11, (c
−1)12, (c

−1)13, . . . , (c
−1)1n)

=(a, a, a, . . . , a)

=a(1, . . . , 1),

where a = (c−1)11. Finally, note that a 6= 0 by Lemma 7.6. Thus, we have the desired

result that c−1
1 = a(1, 1, . . . , 1).
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Lemma 3.4. Let G = M ◦ F be a GA map. Assume G(x) = x for x ∈ Λ, with

λ0 ∈ R\{0} a simple eigenvalue of DG(x) corresponding to F with rank(DF (x)) =

n− 1. There exists H ∈ H such that K = C−1HC has k11 6= 0. That is, there exists

K ∈ K such that det(D̃G(x) + εK − λ0I) 6= 0.

Proof. Proof by contradiction. Assume for all K ∈ K, k11 = 0. Recall that C

is the change of basis matrix corresponding to DG(x) in Jordan normal form, with

c1 is the eigenvector corresponding to λ0. By Lemma 3.3, c−1
1 = a(1, . . . , 1) for some

non-zero a ∈ R. Because C−1C = I,

1 = c−1
1 · c1 = a(1, . . . , 1) · c1. (3.3)

Because λ0 is a simple eigenvalue of DG(x),

DG(x)c1 = λ0c
1. (3.4)

Thus, by equations (3.3) and (3.4),

(DG(x)c1) · (1, . . . , 1) =λ0c
1 · (1, . . . , 1)

=
λ0

a
.

Thus (DG(x)c1) · (1, . . . , 1) 6= 0. This contradicts Corollary 2.4 which states that

for all v ∈ Rn, (DG(x)v) · (1, . . . , 1) = 0. Finally, by Lemma 3.1 we see there exists

K ∈ K such that det(D̃G(x) + εK − λ0I) 6= 0.

Thus, we have shown that if λ0 ∈ R, that there exists K ∈ K such that k11 6= 0

and therefore det(D̃G(x) + εK − λ0I) 6= 0 for this particular K.
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We now proceed to the complex eigenvalue case. We prove that if λ0 ∈ C\R, there

exists K ∈ K such that (k11 + k22) and (k21 − k12) are not both zero, and therefore

det(D̃G(x) + εK − λ0I) 6= 0 for this particular K.

Corollary 3.5. Let G = M ◦ F be a GA map. Assume G(x) = x for some

x ∈ Λ. Let B(λ) := DG(x) − λI where λ0 ∈ C\R is a simple eigenvalue of DG(x).

Then B̃11(λ0) = iB̃12(λ0).

Proof. Since B(λ0) is of the form given in equation (3.2), we apply Lemma 7.8

to obtain

B̃11(λ0) =(−βi)det(B̃(λ0)(1, 1)(1, 1)) (3.5)

and

B̃12(λ0) =(−β)det(B̃(λ0)(1, 2)(1, 1)). (3.6)

Recall that B̃(i, j)(k, l) denotes the matrix obtained by deleting row k and column

l from the matrix B̃(i, j). B̃(i, j), in turn, was first obtained by deleting row i and

column j from matrix B̃. Because λ0 is a simple eigenvalue,

det(B̃(λ0)(1, 1)(1, 1)) 6= 0 6= det(B̃(λ0)(1, 2)(1, 1)).

Since B̃(λ0) is of the form given in equation (3.2),

det(B̃(λ0)(1, 1)(1, 1)) = det(B̃(λ0)(1, 2)(1, 1)). (3.7)

Thus, by equations (3.5) (3.6), and (3.7),

B̃11(λ0) = iB̃12(λ0).
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Lemma 3.6. Let G = M ◦ F be a GA map (1.2). Assume G(x) = x for some

x ∈ Λ, with λ0 ∈ (C\R)\{0} a simple eigenvalue of DG(x) corresponding to F with

rank(DF (x)) = n − 1. There exists h ∈ R with h · c2 6= 0, where c2 denotes the

second column of the change of basis matrix C corresponding to Jordan normal form

of DG(x).

Proof. Assume, to the contrary, that for all h ∈ R that h is perpendicular to

c2. Note that c2 is the imaginary part of the complex eigenvector corresponding to

λ0 = α + βi with β 6= 0. By definition, for any h ∈ R, there exists v ∈ (F (x))⊥, such

that

h =vT DF (x)

=(v · (DF (x))1, v · (DF (x))2, . . . , v · (DF (x))n).

That is, h = vT DF (x) for some v⊥F (x). Since h = vT DF (x) for some v⊥F (x),

h⊥c2 ⇐⇒ vT DF (x)⊥c2 for all v⊥F (x).

By definition,

h⊥c2 ⇐⇒ (v · (DF (x))1, v · (DF (x))2, . . . , v · (DF (x))n) · c2 = 0 for all v⊥F (x).

By computation,

h⊥c2 ⇐⇒ v · (c2
1(DF (x))1, c2

2(DF (x))2, . . . , c2
n(DF (x))n) = 0 for all v⊥F (x),
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and by definition of [DF (x)]c2,

h⊥c2 ⇐⇒ [DF (x)]c2 · v = 0 for all v⊥F (x).

Since [[DF (x)]c2] · v = 0 for all v⊥F (x) if and only if DF (x)c2 = γF (x) for some

γ ∈ R,

h⊥c2 ⇐⇒ DF (x)c2 = γF (x) for some γ ∈ R.

If γ = 0, then DF (x)u = 0 which does not correspond to the imaginary part of a

complex eigenvector u for an eigenvalue λ0 = α + βi. Thus, γ 6= 0. By Lemma 2.2,

DF (x)u · (1, . . . , 1) = 0. But, if DF (x)u = γF (x) for γ 6= 0, then since F (x) ∈ Λ,

0 = DF (x)u · (1, . . . , 1) = γF (x) · (1, . . . , 1)

= γ1 = γ

thus implying a contradiction.

Lemma 3.7. Let G = M ◦ F be a GA map (1.2). Assume G(x) = x for x ∈ Λ,

with λ0 = α+βi, β 6= 0 a simple eigenvalue of DG(x). Let C represent the change of

basis matrix corresponding to Jordan normal form of DG(x), with c1 the real part of

the complex eigenvector corresponding to λ0 and c2 the complex part of the eigenvector

corresponding to λ0.

1. If Re(λ0) = α 6= 0, then there exist i, j ∈ {1, . . . , n}, i 6= j such that −c−1
1i +

c−1
1j 6= 0.

2. There exist i, j ∈ {1, . . . , n}, i 6= j such that −c−1
2i + c−1

2j 6= 0.



53

Proof. Let c1 be the real part of the eigenvector corresponding to λ0, and let c2

be the imaginary part of the eigenvector corresponding to λ0. By Corollary 2.5,

0 =(αc1 − βc2) · (1, . . . , 1)

0 =(βc1 + αc2) · (1, . . . , 1). (3.8)

We first prove (1) by contradiction. Assume Re(λ0) 6= 0 and that for all i, j ∈

{1, . . . , n},

−c−1
1i + c−1

1j = 0. (3.9)

By Lemma 7.6, there exists i ∈ {1, . . . , n} such that c−1
1i 6= 0. If equation (3.9) holds

for all i, j ∈ {1, . . . , n}, there exists a 6= 0 such that c−1
1 = a(1, . . . , 1). Because

C−1C = I,

1 = c−1
1 · c1 = a(1, . . . , 1) · c1. (3.10)

That is,

c1 · (1, . . . , 1) = 1/a. (3.11)

Because c1 and c2 are columns of the invertible matrix C, c1 and c2 are linearly

independent, thus (αc1−c2β) 6= 0 and (βc1+αc2) 6= 0. Thus the hypothesis condition

that α 6= 0 and equations (3.8) and (3.11) imply that

0 = (αc1 − βc2) · (1, . . . , 1) =
α

a
− β(c2 · (1, . . . , 1)). (3.12)

Note also that

0 = (βc1 + αc2) · (1, . . . , 1) =
β

a
+ α(c2 · (1, . . . , 1)). (3.13)
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Finally, by equations (3.12) and (3.13), we compute that

α

βa
= c2 · (1, . . . , 1) =

−β

aα
. (3.14)

Recall that α, β ∈ R with α 6= 0 6= β, thus equation (3.14) leads to the contradiction

α2 + β2 = 0, which implies λ0 = 0.

We now prove (2) by contradiction. Assume that for all i, j ∈ {1, . . . , n},

−c−1
2i + c−1

2j = 0. (3.15)

By Lemma 7.6, there exists i ∈ {1, . . . , n} such that c−1
2i 6= 0. Thus, if equation (2)

holds for all i, j ∈ {1, . . . , n}, there exists a 6= 0 such that c−1
2 = a(1, . . . , 1). Since

C−1C = I, we see that

1 = c−1
2 · c2 = a(1, . . . , 1) · c2. (3.16)

Recall that c1 and c2 are linearly independent columns of the invertible matrix C,

thus (αc1 − βc2) 6= 0 and (βc1 + αc2) 6= 0. Using equations (3.8) and (3.16) we

compute

0 = (αc1 − βc2) · (1, . . . , 1) = α(c1 · (1, . . . , 1))− β

a
. (3.17)

Note also that

0 = (βc1 + αc2) · (1, . . . , 1) = βc1 · (1, . . . , 1) +
α

a
. (3.18)

Note first that if α = 0, then by equation (3.17), −β
a

= 0, which is a contradiction.

Finally, for α 6= 0, by equations (3.17) and (3.18), we compute that

−α

βa
= c1 · (1, . . . , 1) =

β

aα
, (3.19)
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once again leading to the contradiction α2 + β2 = 0, which implies λ0 = 0.

Lemma 3.8. Let G = M ◦ F be a GA map with fixed point x. Let λ ∈ C\R be a

simple eigenvalue of DG(x) corresponding to F with rank(DF (x)) = n− 1. Then for

all ε > 0, there exists K ∈ K such that det(D̃G(x) + εK − λ0I) 6= 0.

Proof. Proof by contradiction. Let ε > 0 and assume det(D̃G(x)+εK−λ0I) 6= 0

for all K ∈ K. Let B(λ) := DG(x)−λI, and B̃(λ) := D̃G(x)−λI. Recall by equation

(3.2), that

B̃(λ0) =


−βi β 0 . . . 0
−β −βi 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 . (3.20)

By Lemma 3.1, for all K ∈ K,

det(B̃(λ0) + εK) = ε[(k11 + k22)B̃11(λ0) + (k21 − k12)B̃12(λ0)] +O(ε2). (3.21)

Thus, our assumption that det(B̃(λ0) + εK) = 0 for all K ∈ K is equivalent to the

assumption that

(k11 + k22)B̃11(λ0) + (k21 − k12)B̃12(λ0) = 0. (3.22)

Recall that by Corollary 3.5, B̃11(λ0) = iB̃12(λ0). Thus, equation (3.22) is equivalent

to

i(k11 + k22)B̃12(λ0) + (k21 − k12)B̃12(λ0) = 0, (3.23)

which, in turn, is equivalent to

(k11 + k22) = 0 and (k21 − k12) = 0. (3.24)
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Furthermore, by Lemma 2.20,

(k11 + k22) = 0 and (k21 − k12) = 0,

for all K ∈ K if and only if for all h ∈ R,

(−c−1
1j + c−1

1k )(h · c1) = −(−c−1
2j + c−1

2k )(h · c2) (3.25)

and

(−c−1
1j + c−1

1k )(h · c2) = (−c−1
2j + c−1

2k )(h · c1). (3.26)

By Lemma 3.6, we know there exists h ∈ R such that h · c2 6= 0. Similarly, by

Lemma 3.7, there exist i, j such that (−c−1
2i + c−1

2j ) 6= 0. If we assume equation (3.25)

holds, then h · c1 6= 0, and (−c−1
1i + c−1

1j ) 6= 0.

Now, let

(−c−1
1i + c−1

1j ) = a 6= 0 and (−c−1
2i + c−1

2j ) = b 6= 0. (3.27)

Then, equations (3.25),(3.26) and (3.27), imply

a(h · c1) =− b(h · c2)

a(h · c2) =b(h · c1). (3.28)

Letting z = (h · c1) and y = (h · c2), we see that the system of equations (3.28) is

equivalent to

az =− by

ay =bz, (3.29)
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which in turn is equivalent to

a

(
z
y

)
= b

(
−y
z

)
. (3.30)

Since b 6= 0 by equation (3.27), c = a
b
6= 0, and equation (3.30) is

c

(
z
y

)
=

(
−y
z

)
. (3.31)

Finally, we arrive at a contradiction, since now (3.31) implies that

c2y = cx = −y =⇒ c2 = −1, (3.32)

but, c = a
b
∈ R. The contradiction implies that there exists a K ∈ K such that

k11 + k22 6= 0 or k12− k21 6= 0. Now equations (3.23) and (3.24) prove the lemma.

Thus, we have shown that if λ0 ∈ C\R, that there exists K ∈ K such that

det(D̃G(x) + εK − λ0I) 6= 0 for this particular K.

We have not however, shown that we have perturbed the eigenvalue λ0 off of

the unit circle. To show this, we consider the direction of movement this particular

perturbation forces on the old eigenvalue λ0. These ideas are presented in the next

section.
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Direction of Movement Off of the Unit Circle

Lemma 3.9. Let G = M ◦ F with fixed point x. Let λ0 = α + iβ be a simple

eigenvalue of DG(x) with λ0 ∈ S1 ∩ C. For K ∈ Matn(F ), define

g(K) =
(k11 + k22)

2
+

(k12 − k21)i

2
+O(ε)2.

Then there exists K ∈ K such that, g(K) 6= a(β − iα), a ∈ R.

Proof. Proof by contradiction. Assume that for all K ∈ K, g(K) = a(K)θ

where θ = β− iα. Because K ∈ K, there exists H ∈ H such that K = C−1HC, where

C is the change of basis matrix. Note first that by Lemma 2.18,

kij = (c−1)i1(h1 · cj) + (c−1)i2(h2 · cj) + · · ·+ (c−1)in(hn · cj), (3.33)

where c1 is the first column of the change of basis matrix C, and also the real part of

the complex eigenvector vλ0 corresponding to λ0. Similarly, c2 is the second column of

the change of basis matrix C, and also the imaginary part of the complex eigenvector

vλ0 corresponding to λ0. We let h ∈ R, and define H ∈ H according to Lemma 2.15.

Thus, we can consider g = g(h), where h ∈ R and g is expressed as a function of h

rather than K. That is, g : Rn → C,

g(h) := (A(h · c1) + B(h · c2)) + i(A(h · c2))−B(h · c1)). (3.34)

Here, by Corollary 2.19, A = (−c−1
1j + c−1

1i ) ∈ R and B = −(−c−1
2j + c−1

2i ) ∈ R are

constant for all h ∈ R.
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Recall that the eigenvector corresponding to λ0, vλ0 = c1 + ic2 where c1, c2 ∈ Rn.

Let v := (Ac1 + Bc2) and let w := (Ac2 − Bc1), then g(h) = (h · v) + i(h · w). Now

assume that for all h ∈ R, g(h) = a(h)(β − iα). Since g : Rn → C, there exists

h1 ∈ Rn such that h1 ⊥ v and h1 · w 6= 0. Then,

g(h1) =(h1 · v) + i(h1 · w)

=0 + i(h1 · w) (3.35)

where (h1 · w) 6= 0. Similarly, there exists h2 ⊥ w, with h2 · v 6= 0 such that

g(h2) =(h2 · v) + i(h2 · w)

=(h2 · v) + i0. (3.36)

But there is no a ∈ R such that g(h1) = g(h2), thus the assumption that for all h,

g(h) = a(h)(β − iα) must be false.

Lemma 3.10. Let G = M ◦ F be a GA map with fixed point x and assume F has

rank(DF (x)) = n − 1. If DG(x) has a simple eigenvalue λ0 ∈ S1, then there exists

P ∈ P(x, M) such that for all 0 < ε < 1, λ0 is not an eigenvalue of D(GεP (x)), and

the perturbed eigenvalue λεP is not on S1.

Proof. Let spec(DG(x)) = {λ0, µ2, . . . , µn}. Let B̃(λ) = D̃G(x) − λI, and for

K ∈ K, let

qi(λ0) := ki · (B̃i1(λ0),−B̃i2(λ0), B̃i3(λ0), . . . ,±B̃in(λ0)). (3.37)
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By Lemma 7.10 and Corollary 7.11, for any K ∈ Matn(R) and ε ∈ [0, 1), there exist

polynomials r(λ), q(λ), and s(λ), each of degree less than n, such that

det(B̃(λ) + εK) = r(λ)

[
(λ− λ0) +

εq(λ) + ε(λ− λ0)s(λ) +O(ε2)

r(λ)

]
. (3.38)

Here

r(λ) :=
n∏

i=2

(µi − λ) (3.39)

and if λ0 ∈ R, then q(λ) := k11detB11(λ0), and s(λ) :=
Pn

i=2 qi(λ)

λ−λ0
. Similarly, if

λ0 ∈ C\R, then q(λ) := [(k11 + k22) + i(k12 − k21)] detB11(λ0), and s(λ) :=
Pn

i=3 qi(λ)

λ−λ0
.

By equation (3.38), we see that for ε = 0, det(B̃(λ)+εK) = r(λ)(λ−λ0). To determine

the direction of motion of an eigenvalue off of the unit circle as we perturb DG(x)

using εK, we analyze how

(λ− λ0) +
εq1(λ) + ε(λ− λ0)s(λ) +O(ε2)

r(λ)
(3.40)

changes as ε → 0. We start with the Taylor series representations of r(λ), s(λ), and

q(λ) about the point λ0. Because r, s and q are each polynomials of finite degree, we

know that these expansions exist, and certainly converge for λ ∈ Nδ(λ0). That is,

r(λ) = r(λ0) +
r′(λ0)

1!
(λ− λ0) + · · · =: R0 + R1(λ− λ0) + . . . (3.41)

s(λ) = s(λ0) +
s′(λ0)

1!
(λ− λ0) + · · · =: S0 + S1(λ− λ0) + . . . (3.42)

q(λ) = q(λ0) +
q′(λ0)

1!
(λ− λ0) + · · · =: Q0 + Q1(λ− λ0) + . . . . (3.43)

By equation (3.39), we see that r(λ0) = R0 6= 0. For the cases λ0 ∈ R and λ0 ∈ C\R,

by Lemmas 3.4 and 3.8, respectively, there exist K ∈ K such that q(λ0) = Q0 6= 0.
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Let λε = f(ε) with λ0 = f(0) be the root of the equation (3.38). By equation

(3.39), λε satisfies

0 = (λε − λ0) +
εq(λε) + ε(λε − λ0)s(λε) +O(ε2)

r(λε)
. (3.44)

Consider the Taylor series expansion of λε = f(ε) about the point ε = 0 given by

λε = f(ε) = f(0) + εf ′(0) + ε2f ′′(0)

2!
+ . . . . (3.45)

By definition of λε, f(0) = λ0, thus

λε − λ0 = εf ′(0) +O(ε2). (3.46)

The term f ′(0) describes the first order direction of movement of λ0 as we perturb

by εK. To find this direction, expand all factors in equation (3.44) using equations

(3.41)-(3.44), and (3.46)

0 =εf ′(0) +O(ε2) + ε
Q0 + Q1(εf

′(0) +O(ε2)) +O((ε)2)

R0 + R1(εf ′(0) +O(ε2)) +O((ε)2)

− ε(εf ′(0) +O(ε2))
S0 + S1(εf

′(0) +O(ε2)) +O((ε)2)

R0 + R1(εf ′(0) +O(ε2)) +O((ε)2)
+O(ε2).

Taking the common denominator, we get

0 = εf ′(0)R0 + εQ0 +O(ε)2.

That is, the first order movement is in the direction

f ′(0) = −Q0

R0

+O(ε)2. (3.47)

Thus we must calculate Q0 and R0. We consider the cases λ0 ∈ R and λ0 ∈ C\R

separately.
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First, consider λ0 ∈ R. Recall that by q(λ) = k11B̃11(λ). Since λ0 is real and

the matrix DG(x) is real valued, the minor B11(λ0) ∈ R. Thus, Q0 = q(λ0) =

k11B̃11(λ0) ∈ R, since k11 ∈ R. Similarly, R0 = r(λ0) ∈ R with R0 6= 0. Since both

Q0 and R0 are nonzero and real, f ′(0) = −Q0

R0
6= 0 and is real valued. Thus, for the

case that λ0 ∈ R, we know that f ′(0) ∈ R and since Q0 6= 0, we move off the unit

circle in a real direction. Therefore the direction in which λ0 is moving off the unit

circle is perpendicular to the unit circle.

Now we consider λ0 ∈ C\R. Once again, we note that R0 = r(λ0) 6= 0 and

because λ0 ∈ C,

R0 = r(λ0) =
n∏

i=2

(λ− λ0) = (λ0 − λ0)
n∏

i=3

(λ0 − λi) = 2i(Im(λ0))
n∏

i=3

(λ0 − λi). (3.48)

Similarly,

Q0 = q(λ0) = k11B11(λ0)− k21B21(λ0)− k12B12(λ0) + k22B22(λ0).

Note also that by Lemma 7.9, for λ0 ∈ C\R,

B11(λ0) = −Im(λ0)i
n∏

i=3

(λ0 − λi) = B22(λ0)

and

B21(λ0) = −Im(λ0)
n∏

i=3

(λ0 − λi) = −B21(λ0).

Thus,

Q0 = k11B11(λ0)− k21B21(λ0)− k12B12(λ0) + k22B22(λ0)
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which implies

Q0 = (k11 + k22)(−Im(λ0))i det
n∏

i=3

(λ0 − λi) + (k12 − k21)Im(λ0)
n∏

i=3

(λ0 − λi). (3.49)

Finally, by equations (3.47), (3.48), and (3.49),

f ′(0) =− Q0

R0

+O(ε)2

=− (k11 + k22)(−Im(λ0))i
∏n

i=3(λ0 − λi) + (k12 − k21)Im(λ0)
∏n

i=3(λ0 − λi)

2i(Im(λ0))
∏n

i=3(λ0 − λi)
+O(ε)2

=
(k11 + k22)i− (k12 − k21)

2i
+O(ε)2

=
(k11 + k22)

2
+

(k12 − k21)i

2
+O(ε)2. (3.50)

Note that by equation (3.50), f ′(0) is a function of k. Define g(K) := f ′(0), then g

represents the first order movement off the unit circle. By Lemma 3.9, there exists

K ∈ K such that the direction of movement off of the unit circle is not tangent to

the unit circle.

Repeated Eigenvalues

Lemma 3.11. Let G = M ◦ F be a GA map (1.2) with fixed point x. If DG(x)

has eigenvalue λ0 ∈ S1 and multiplicity k > 1, then there exists P ∈ P(x, M) such

that for 0 < t ≤ 1, DGtP (x) has eigenvalue λ0 ∈ S1 with multiplicity at most 1.

Proof. Assume λ0 ∈ S1 is the eigenvalue of DG(x) with multiplicity k > 1.

Since the polynomial g(c) = det(DG(x)− λ0I + cH), g : R → C, defines an analytic

function in c, either
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1. g ≡ 0; or

2. g(c) has isolated zeros, [17].

By Lemma 4.3, we can choose H to have rank n− 1. Thus 0 is a simple eigenvalue of

H. For large values of c, we have 0 ∈ spec(cH) but for µ ∈ [spec(cH)\{0}], |µ| > L

for some large L = O(c). If ‖DG(x)‖ << L, then we can view DG(x) as a small

perturbation of cH. Two possibilities arise:

(a) There exists c ∈ R such that g(c) = det(cH + DG(x)− λ0I) 6= 0.

(b) For all c ∈ R, g(c) = det(cH + DG(x)− λ0I) = 0.

Case (a) implies (2), i.e. g has isolated zeros. Since g(0) = 0, there is δ arbitrarily

close to 0 such that g(δ) 6= 0. The proof now follows from Lemma 2.16.

In case (b), we note that since H has the simple eigenvalue 0, λ0 must be a simple

eigenvalue of (cH+DG(x)) for large c. Since g ≡ 0, λ0 is an eigenvalue of cH+DG(x)

for all c. Therefore there exists a function h(c, λ) such that det(cH +DG(x)−λ0I) =

(λ − λ0)h(c, λ). Observe that h(c, λ) is a polynomial in λ and, since g(c) is analytic

in c, the function

h(c) := h(c, λ0)

is also analytic in c. Since λ0 is a simple eigenvalue of (cH + DG(x)) for large c,

h(c) 6= 0 for large c. Therefore h(c) has isolated zeros and there is δ0 > 0 such that for

all δ < δ0 we have h(δ) 6= 0. Therefore, the Jacobian of the map GδP corresponding

to a perturbation δP ∈ P(x, M) with δ < δ0, has eigenvalue λ0 with multiplicity 1.
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Set P = δP , it follows that for 0 < t ≤ 1, tP ∈ P(x, M) and the Jacobian of the map

GP has eigenvalue λ0 with multiplicity 1.

Conclusion

We have dealt with the simple eigenvalue case and the repeated eigenvalue case

separately. We now show that given a GA map G = M ◦ F with fixed point x and

spec(DG(x))∩S1 6= ∅, that we can perturb using P ∈ P(x, M) such that the resulting

map GP has spec(DGP (x)) ∩ S1 = ∅.

Lemma 3.12. Let G = M ◦F with fixed point x and F with rank(DF (x)) = n−1.

If x is non-hyperbolic, there exists P ∈ P(x, M) such that GP = (M + cP ) ◦ F has

hyperbolic fixed point x for all 0 < c ≤ 1.

Proof. Let spec(DG(x)) ∩ S1 = {λ1, . . . , λk} with multiplicities m1, . . . ,mk,

respectively and let spec(DG(x))\S1 = {λk+1, . . . , λn}. We define

ε := mini∈{k+1,...,n}(dist(S1, λi)). (3.51)

If m1 > 1, by Lemma 3.11, there exists P r ∈ P(x, M) such that DGP r(x) has

eigenvalue λ1 with multiplicity at most 1. If, or once, this eigenvalue does have

multiplicity 1, then by Lemma 3.10, there exists P ∈ P(x, M) such that the perturbed

map GP r has λ0 /∈ spec(DGx(x)). By Corollary 2.12, there exists δ > 0 such that

δ(P r +P ) ∈ P(x, M). By Corollary 2.9, since δ(P r +P ) ∈ P(x, M), for any t ∈ [0, 1),
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t(δ(P r +P )) ∈ P(x, M). We choose t small enough so that the perturbed eigenvalues

λk+1, . . . , λn are still outside the unit circle.

Set P 1 = t(δ(P r + P )). Note that for 0 < c ≤ 1, ct < t, thus for cP1 = ct(δ(P r +

P )) ∈ P(x, M), perturbed eigenvalues λk+1, . . . , λn are still outside the unit circle.

Clearly GcP 1 has λ1 /∈ spec(DGcP 1(x)) for all c with 0 < c ≤ 1.

If there are still eigenvalues on the unit circle, we use Lemma 3.11 to reduce the

multiplicity to 1, if necessary, and then use Lemma 3.10 to perturb the eigenvalue

off of the unit circle. We hereby produce a perturbation and note that it is once

again the a sum of perturbations. We choose factor t small enough so the remaining

eigenvalues, as well as the perturbed eigenvalues are still off of the unit circle. This

terminates in a finite number of steps.
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CHAPTER 4

GENERICITY OF FINITE FIXED POINT SET

Background and Terminology

Let X, Y be n and m dimensional manifolds, respectively. For x ∈ X, we let TxX

denote the tangent space to X at x. For a differentiable map f : X → Y , we let

dfx : TxX → Tf(x)Y denote the derivative of the map f at the point x. In the special

case that TxX = Rn and Tf(x)Y = Rm, we note that dfx : Rn → Rm is given by the

Jacobian matrix Df(x) ([14]).

The following notation is adopted from [1]. Let A, X, Y be Cr manifolds. Let

Cr(X, Y ) be the set of Cr maps from X to Y . Let ρ : A → Cr(X, Y ) be a map. For

a ∈ A we write ρa instead of ρ(a). That is, ρa : X → Y is a Cr map.

Definition 4.1. The map evρ : A × X → Y defined by evρ(a, x) := ρa(x) for

a ∈ A and x ∈ X, is called evaluation map. We say that ρ is a Cr representation if

evρ(a, x) = ρa(x) is a Cr map, for every a ∈ A.

Definition 4.2 (Restricted definition from [1] for finite vector spaces). Let X

and Y be C1 manifolds, f : X → Y a C1 map, and W ⊂ Y a submanifold. We say

that f is transversal to W at a point x ∈ X, in symbols: f tx W , if, where y = f(x),
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either y /∈ W or y ∈ W and the image (Txf)(TxX) contains a closed complement to

TyW in TyY .

We say f is transversal to W , in symbols: f t W , if and only f tx W for every

x ∈ X.

Genericity of Finite Fixed Point Set

Let A = M, where M denotes the set of mixing operators given by Definition

1.2, and let X = Λ ⊂ Rn and Y = Rn
0 . For M ∈ M, we define ρ : M → Cr(Λ, Rn

0 )

by ρM := (M ◦F − I). Recall that Rn
0 := {x ∈ Rn|

∑
i xi = 0}. Note that because we

assume F, M,∈ C1(Λ, Λ), ρM ∈ C1(Λ, Rn
0 ).

Finally, we define evρ : M× Λ → Rn
0 by evρ(M, x) := ρM(x) for M ∈ M and

x ∈ Λ. That is,

evρ(M, x) :=ρM(x)

=(M ◦ F − I)(x)

=M(F (x))− x. (4.1)

Finally, note that since G, F are C1, evρ is C1; that is, evρ is a C1 representation.

Lemma 4.3. For evρ(M, x) := M(F (x))− x, rank(d(evρ)) = n− 1.

Proof. Note first that since Λ ⊂ Rn+, d(evρ) = D evρ, a Jacobian of evρ.

Similarly, we note that

D(evρ|(M×Λ)) = Devρ|T(P,y)(M×Λ).
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Because T (Rn
0 ) = Rn

0 , and

T (M× Λ) = {(P, y)|P = (P1, . . . , Pn) with
∑

i

Pi = 0 and y ∈ Rn}, (4.2)

it suffices to show that the Jacobian D evρ : T (M× Λ) → Rn
0 is onto. Thus, for

(P, y) ∈ T (M× Λ), we calculate

D ev(M,x)(P, y) =[
∂evρ

∂M
,
∂evρ

∂x
]

(
P
y

)
=

∂evρ

∂M
P +

∂evρ

∂x
y.

(4.3)

By a short computation we get

∂evρ

∂M
P = PF (x), (4.4)

and

∂evρ

∂x
y = 2(MF (x))DF (x)y − y. (4.5)

Finally, for any z ∈ Rn
0 , and (M, x) ∈M×Λ, we show there exists (P, y) ∈ T (M×Λ)

such that

Dev(M,x)(P, y) = PF (x) + 2(MF (x))DF (x)y − y = z. (4.6)

We start by choosing y = 0 ∈ Rn. Now, by equation (4.6), it suffices to find P =

(P1, . . . , Pn) such that

Dev(M,x)(P, y) = PF (x) + 0− 0 = z. (4.7)

Because F : Rn+ → Λ, we let u = F (x) ∈ Λ. By equation (4.7), we see that for fixed

u ∈ Λ, we want P = (P1, . . . , Pn) such that Pu = (uT P1u, . . . , uT Pnu) = z. Clearly,
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for i = 1, . . . , n− 1, we can choose Pi such that uT Piu = zi. Finally, because z ∈ Rn
0 ,

that is
∑

i zi = 0, we see that zn = −
∑

i zi. Thus, for our choice of P1, . . . , Pn−1,

zn = −
∑

i

zi = −
∑

i

uT Piu = uT (
∑

i

Pi)u, (4.8)

and Pn = −
∑n−1

i=1 Pi. Because Pn = −
∑n−1

i=1 Pi, it is clear that
∑n

i=1 Pi = 0, and

for this choice of P = (P1, . . . , Pn) with y = 0 we have Dev(M,x)(P, y) = z. Because

z, M, x were arbitrary, we have shown that Devρ : T (M×Λ) → Rn
0 is onto. That is,

rank(Devρ) = n− 1.

Lemma 4.4. Let evρ : M× Λ → Rn
0 , x ∈ Λ, and M ∈M. Then evρ t {0}.

Proof. Definition 4.2 requires that the image (Txevρ)(TxX) contains a closed

complement to TyW in TyY . In our case TyW = {0}, and the only closed comple-

ment to {0} in TyY = Rn−1 is TyY = Rn−1. Thus, the requirement that the image

(Txevρ)(TxX) contains a closed complement to TyW in TyY is that Devρ(x) is sur-

jective. By Lemma 4.3, rank(Devρ(x)) = n − 1, and therefore Devρ(x) is surjective

and evρ t {0}.

Lemma 4.5. Let M{0} := {M ∈M|ρM t {0}}. Then M{0} is dense in M. That

is, the set of parameter values for which ρM is transversal to {0} is dense in M.
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Proof. We apply the Transversal Density Theorem: Theorem 7.13. We first

note that by Lemma 4.4, evρ t {0}, and therefore hypothesis condition (4) of Theorem

7.13 holds. We now verify the remaining hypothesis conditions (1)-(3).

1. X = Λ has finite dimension m and W = {0} has finite codimension q in Y = Rn
0 .

Because X = Λ, m = n − 1 < ∞. Clearly, the codimension of {0} in Rn
0 is

n− 1. That is, q = n− 1.

2. M and X are second countable. Clearly, Rn−1 and M ⊂ Rn2 × Rn are second

countable, as they are the product of and therefore subsets of second countable

spaces. [21].

3. r > max(0, m− q). Since r = 1, clearly r > max(0, 0) = 0.

Lemma 4.6. Let M{0} := {M ∈M|ρM t {0}}. Then M{0} is open in M. That

is, the set of parameter values for which ρM is transversal to {0} is open in M.

Proof. We apply Theorem 7.15, and therefore start by verifying its hypothesis.

Clearly M, X, Y are C1 manifolds. We take K = X = Λ, and thus K is a compact

subset of the finite dimensional manifold X. Similarly W = {0} ⊂ Y is closed.

Because ρ is a representation, ρ is also a pseudorepresentation. Thus, all hypothesis

requirements have been met and by Theorem 7.15,

MK{0} = {M ∈M|ρM tx {0} for x ∈ K = X}
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is open in M.

Lemma 4.7. For generic M ∈M,

1. ρM t {0}. That is, the set of parameter values for which ρM is transversal to

{0} is open and dense in M.

2. The set of parameter values for which ρ−1
M ({0}) has finitely many solutions is

open and dense in M.

Proof. The proof of part (1) follows directly from Lemmas 4.5 and 4.6.

We now prove part (2). By part (1), the set of parameter values for which ρM is

transversal to {0} is open and dense in M. Thus by Theorem 7.14, for this dense set,

ρ−1
M ({0}) has only finitely many connected components. Furthermore, since ρ−1

M ({0})

has finitely many connected components for these same parameter values, we know

that the set of parameter values for which ρ−1
M ({0}) has finitely many connected

components is open and dense. We now show by contradiction that there are finitely

many solutions to ρM(x) = 0 in Λ.

For x ∈ ρ−1
M ({0}), let Mx ⊂ ρ−1

M ({0}) denote the connected component with

x ∈ Mx . Assume x is not isolated in ρ−1
M ({0}). Then, there exists a sequence

{xn} ⊂ Mx such that xn → x, and by choosing a subsequence {xnk
},

lim
nk→∞

xnk
− x

||xnk
− x||

= v, (4.9)
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where v ∈ Tx(ρ
−1
M ({0})). Here v 6= 0 because the terms in the quotient are on the

unit sphere. Since

M ◦ F (xnk
)−M ◦ F (x) = D(M ◦ F )(x) · (xnk

− x) + R (4.10)

where R is a remainder, then

lim
nk→∞

M ◦ F (xnk
)−M ◦ F (x)

||xnk
− x||

= lim
nk→∞

D(M ◦ F )(x) · (xnk
− x) + R

||xnk
− x||

. (4.11)

By equations (4.9) and (4.11), and because xnk
, x are fixed points,

v = D(M ◦ F )(x) ·
(

lim
nk→∞

xnk
− x

||xnk
− x||

)
+ lim

nk→∞

R

||xnk
− x||

. (4.12)

That is,

v = D(M ◦ F )(x) · v + 0, (4.13)

and v 6= 0 is an eigenvector of D(M ◦ F )(x) with eigenvalue 1. However, since x ∈

ρ−1
M ({0}, and ρM is transversal to {0} at x, D(M ◦ F )(x)− I is a linear isomorphism

on a finite vector space. Thus, for all v 6= 0, (D(M ◦ F )(x) − I)v 6= 0 which is a

contradiction. Thus, all the components of ρ−1
M ({0}) only contain isolated points and

each connected component of ρ−1
M ({0}) is itself an isolated point. Since there are

finitely many connected components of ρ−1
M ({0}), there are finitely many solutions to

ρM(x) = 0 for x ∈ Λ.

Corollary 4.8. There exists an open and dense set B ⊂M such that if M ∈ B,

then G = M ◦ F has finitely many fixed points.
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By Lemma 4.7, for M ∈ M{0} ⊂ M, ρM(x) = 0 has finitely many solutions in Λ.

That is, for generic M ∈M,

ρM(x) = M(F (x))− x (4.14)

has finitely many solutions in Λ. Thus solutions to ρM(x) = 0 correspond to fixed

points of G = M ◦ F.
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CHAPTER 5

PROOF OF OPENNESS (PROPOSITION 1.12)

If a GA map G has hyperbolic fixed points, then, since Λ is compact there can

be only finitely many of them in Λ.

Consider one such fixed point x. Since

det(DG(x)− λI) = det([DM ◦ F (x)]DF (x)− λI)

is a continuous function of M , if the spectrum of DG(x) does not intersect the unit

circle, then there is a δ0 = δ0(x) > 0 such that the spectrum of DGM ′ corresponding

to any M ′ with ||M − M ′|| < δ0(x) will not intersect the unit circle. Since there

are finitely many fixed points, there is a minimal δ = minxδx. Then all maps GM ′

corresponding to M ′ with ||M −M ′|| ≤ δ are hyperbolic.
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CHAPTER 6

PROOF OF DENSENESS (PROPOSITION 1.13)

We will use the following notation. For M ∈M, define GM := M ◦ F.

Lemma 6.1. Let M ∈M{0} and x be a fixed point of GM := M ◦F. Then DGM(x)

does not have eigenvalue 1.

Proof. By definition, since ρM t {0}, we know that DGM(x)− I : Rn
0 → Rn

0 is

surjective. Thus DGM(x)− I is a linear isomorphism on a finite dimensional vector

space [2]. Thus, for all v 6= 0, (DGM(x)− I)v 6= 0 and 1 cannot be an eigenvalue of

DGM(x).

Note that by Proposition 1.1.4 in [15], fixed points that do not have eigenvalue 1

for the Jacobian are isolated and remain isolated under small perturbations. That is,

when perturbing the map, new fixed points are not introduced in the neighborhood(s)

of fixed points that do not have eigenvalue 1.

Recall that Fix(f) denotes the set of fixed points of f , while NonHyp(f) ⊂ Fix(f)

and Hyp(f) ⊂ Fix(f) denote the sets of non-hyperbolic and hyperbolic fixed points

of f , respectively.

Lemma 6.2. Let M ∈ M{0}, then there exists ε > 0 such that if ||M ′ −M || < ε,

then #{Fix(M ◦ F )} = #{Fix(M ′ ◦ F )} < ∞.
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Proof. Since M ∈M{0}, by Lemma 4.7, there exists j < ∞ such that #{Fix(M◦

F )} = j. Thus it suffices to show that #{Fix(M ◦F )} = #{Fix(M ′ ◦F )}. By Lemma

6.1, for all i = 1, . . . , j and xi ∈ Fix(M ◦ F ), xi is non-degenerate, that is, for all

i = 1, . . . , j; D(M ◦ F )(xi) does not have eigenvalue 1. By part (1) of Lemma 4.7,

M{0} is open and dense in M, thus there exists δ > 0 such that if ||M −M ′|| < δ,

then M ′ ∈ M{0}. By part (2) of Lemma 4.7, since M ′ ∈ M{0} there exists k < ∞ such

that #{Fix(M ′ ◦F )} = k. We now show that for δ above chosen small enough, k = j.

By Proposition 1.1.4 of [15], because xi is non-degenerate, for all i = 1, . . . , j,

there exist ηi > 0, such that for all γi < ηi, there exist εi > 0 such that for all ε < εi,

if ||(M ◦F )− (M ′ ◦F )||1 < ε, then there is a unique fixed point x′ ∈ Fix(M ′ ◦F ) with

||xi − x′i|| < γi. Pick γ = mini{γi/2}. Now choose ε = mini{εi(γ)}. By this choice, if

||M ◦ F −M ′ ◦ F || < ε, then for i = 1, . . . , j there exist unique fixed points x′i with

||xi − x′i|| < γ.

Note that for all ε > 0, there exists δ1 = δ1(ε) > 0 such that if ||M −M ′|| < δ1

then ||(M ◦ F )− (M ′ ◦ F )|| < ε on Λ in the C1 topology.

Let Ui be a neighborhood of radius γ of xi, and let U =
⋃

i=1,...,j Ui. Having fixed

neighborhood U , the previous argument shows that there exists δ1 > 0 such that if

||M −M ′|| < δ1 then

#{Fix(M ◦ F |U)} = #{Fix(M ′ ◦ F )|U}.

We now show that on the compact set K := Λ\U,

#{Fix(M ◦ F |K} = #{Fix(M ′ ◦ F )|K} = 0, (6.1)
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provided M ′ is close enough to M. Since d(x, M ◦ F (x)) : K → R is continuous, and

K is compact, by the Minimum Value Theorem [21], there exists c > 0 such that for

all x ∈ K, d(x, M ◦F (x)) > c. Thus, there exists δ2 > 0 such that if ||M ′−M || < δ2,

then d(x, M ′ ◦ F (x)) > c/2 for all x ∈ K. This implies that if ||M −M ′|| < δ2, then

M ′ ◦ F has no fixed points in K.

Finally, let ε = min{ δ, δ1, δ2}. Then, if ||M ′ −M || < ε,

#{Fix(M ◦ F |K} = #{Fix(M ′ ◦ F )|K} = j. (6.2)

Lemma 6.3. Let M, M ′ ∈M.

1. For all x ∈ Hyp(GM), there exist δ > 0 such that if ||M ′ − M || < δ, then

d(spec(DGM ′
(x)),S1) > 0.

2. If there exists m < ∞ such that Hyp(GM) = {x1, . . . , xm}, then there exists

δ > 0 such that if ||M −M ′|| < δ then mini=1,...,md(spec(DGM ′
(xi)),S1) > 0.

Proof. We first prove part (1). Let x ∈ Fix(GM), and note that for λ ∈

spec(DGM(x)), λ changes continuously with M . That is, for all i such that λi ∈

spec(DGM(x)), λi = fi(M), for some continuous fi.

Similarly, since x ∈ Hyp(GM), we know that d(spec(DGM(x)),S1) = ε > 0. By

definition,

d(spec(DGM),S1) = minid(λi,S1), (6.3)
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is a continuous function of λi for i = 1, . . . , n and thus a continuous function of M.

Thus given ε > 0 there exists δ such that if ||M ′ −M || < δ,

|d(spec(DGM)(x),S1)− d((spec(DGM ′
)(x),S1))| < ε.

Therefore, d(spec(DGM ′
(x)),S1) > 0.

We now prove part (2). Assume there exists m < ∞ such that Hyp(GM) =

{x1, . . . , xm}. Then by part (1), given ε > 0, for i = 1, . . . ,m there exist δ1, . . . , δm such

that if ||M ′−M || < δi, d(spec(DGM(xi)),S1) = ε > 0. Let δ = mini=1,...,m(δi), then for

all i ∈ {1, . . . ,m}, δ ≤ δi and for M ∈M with ||M−M ′|| < δ, d(spec(DGM(xi)),S1) >

0. Because m < ∞, this implies mini=1,...,md(spec(DGM ′
(xi)),S1) > 0.

Lemma 6.4. Assume M ∈ M{0} and Hyp(GM) = {x1, . . . , xm} with m < ∞.

There exists δ < 0 such that if ||M −M ′|| < δ, then for {x′1, . . . , x′m} perturbed fixed

points of GM ′
,

mini=1,...,md(spec(DGM ′
(xi),S1)) > 0.

Proof. First “compactify” a set of M ′s by choosing ||M − M ′|| ≤ ε/2. Given

γ > 0 by uniform continuity of DGM ′
(x) in M ′ and x, there are ε′ and η′ so that if

||M −M ′|| < ε′ and ||x− x′|| < η′, then

||DGM ′
(x′)−DGM(x)|| < γ.
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Next, if Hyp(GM) = {x1, . . . , xm}, then there is a γ > 0 such that if ||DGM ′
(x′i)−

DGM(xi)|| < γ then

d(spec(DGM ′
(x′i)),S1) > 0

for i = 1, . . . ,m. Given this γ, choose ε′ and η′ as above. Since x′i = x′i(M
′) is

continuous in M ′, for M ′ near M, there exists ε′′ such that if ||M −M ′|| < ε′′ then

||x′i−xi|| < η′ for all i. Finally, let ε′′′ = min(ε, ε′, ε′′). It follows that if ||M−M ′|| < ε′′′,

then

mini=1,...,md(spec(DGM ′
(xi),S1)) > 0. (6.4)

We now present the proof of Proposition 1.13.

Proof. Let GM = M ◦ F be a GA map which is not hyperbolic. We claim that

for any ε > 0, we can find M ∈ Nε(M) ⊂M such that GM = M ◦ F is hyperbolic.

By Corollary 4.8 and Lemma 6.1, for any ε > 0, there exists M ′ ∈ M{0} such

that if ||M ′ −M || < ε, then GM ′
has finitely many fixed points each of which has a

Jacobian with no eigenvalue 1.

Clearly, by choice of M ′, there exists m < ∞ such that

Fix(GM ′
) = {x1, . . . , xm}

and for some l ≤ m,

Hyp(GM ′
) = {x1, . . . , xl}

NonHyp(GM ′
) = {xl+1, . . . , xm}.
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We now construct a finite sequence of perturbations, indexed by j, which will

perturb non-hyperbolic fixed points in such a way that they will become hyperbolic.

Assume that after the j-th step we have the map GMj := Mj ◦ F with

Fix(GMj

) = {y1, . . . , ym}

and

Hyp(GMj) = {y1, . . . , yk}

NonHyp(GMj) = {yk+1, . . . , ym}.

We construct the j+1-th perturbation Mj+1 and define GMj+1 = Mj+1◦F. By Lemma

6.2 there exists ε1 > 0 such that if ||M −Mj|| < ε1, then

#{Fix(M ◦ F )} = #{Fix(Mj ◦ F )}.

By part (2) of Lemma 6.3, there exists ε2 > 0 such that for M ∈ M with

||M −Mj|| < ε2

τj = mini=1,...,kd(spec(DGMj(yi)),S1) > 0. (6.5)

By Lemma 3.12, there exists P ∈ P(yk+1, M) such that for (Mj + cP ) ◦ F , yk+1 is a

hyperbolic fixed point for all 0 < c ≤ 1.

Let η < min{ε1, ε2}. Since M{0} ⊂ M is open and dense, there exists 0 < µ < 1

such that for Mj+1 := Mj + µP, then Mj+1 ∈ M{0} and ||Mj+1 − Mj|| < η. By

construction, η < ε1, thus

#{Fix(Mj+1 ◦ F )} = #{Fix(Mj ◦ F )}.
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Additionally, because µ < 1, by Corollary 2.9, µP ∈ P(yk+1, M) which by definition

implies GMj+1(yk+1) = yk+1. That is, for this choice of µ, we note Mj+1 ∈M{0}, yk+1

is a fixed point of GMj+1 , and yk+1 is hyperbolic.

Finally, because η < ε2, for GMj+1 ,

τj = mini=1,...,kd(spec(DGMj+1(yi)),S1) > 0.

Thus, by Lemma 6.4,

Hyp(GMj+1) ⊇ {y′1, . . . , y′k, yk+1}

where y′1, . . . , y
′
k are perturbed fixed points y1, . . . , yk which by our choice η < ε2 are

hyperbolic. Therefore,

|NonHyp(GMj+1)| < |NonHyp(GMj)|.

This process terminates in a finite number of steps when for j large enough NonHyp(GMj) =

∅.
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CHAPTER 7

PROOF OF MAIN RESULT

We set out to prove Theorem 1.11 which states that for a typical mixing operator,

M ∈M, G is hyperbolic.

We split the proof up into two parts based on Proposition 1.12, which shows the

set of mixing operators for which G is hyperbolic is open, and Proposition 1.13, which

shows the set of mixing operators for which G is hyperbolic is dense.

Proposition 1.12 is proved in Chapter 5 and Proposition 1.13 is proved in Chapter

6 using the results of Theorem 1.10 which was proved in Chapter 4.
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Notation
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In addition to the above model, the following notation and terminology will be

used.

• Let Matn(F ) be the set of n × n matrices with entries in the field F , usually

F = R, C.

• For a matrix A, let aij denote the ij-th entry of A.

• For a matrix A, let ai denote the i-th row of the matrix A and let aj denote the

j-th column of the matrix A.

• For A ∈ Matn(F ), let det(A) denote the determinant of the matrix A. Note

that we also use det(a1, . . . , an) and det(a1, . . . , an) to denote det(A).

• For an n × n matrix A, let A(i, j) represent the (n − 1) × (n − 1) matrix that

results from deleting row i and column j from the matrix A. That is, A(i, j)

denotes the ij-th minor of A.

• For a matrix A, let Aij denote the determinant of the minor A(i, j). That is,

Aij = det(A(i, j)).

• The characteristic polynomial for the matrix A ∈ Matn(F ) is denoted by

det(A− λI), where I is the n× n identity matrix.

• Let spec(A) denote the set of eigenvalues of A.

• The transpose of a matrix A is denoted AT .

• The inverse of an invertible matrix A is denoted A−1.

• We use the notation A > 0 to indicate that aij > 0 for all i, j.
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• For a matrix A, rank(A) denotes the dimension of the range of A, or the number

of linearly independent columns of the matrix.

• Let α = a + bi be a complex number with a, b ∈ R. We denote the real part of

α with Re(α) and the imaginary part is denoted Im(α).

• Let V, W be vector spaces, and let T : V → W be an operator. We denote the

null space of T with null(T ). The image, or range, of T is denoted Image(T ).

• Let Nr(x) denote a ball of radius r about a point x.

• Given a set S, let int(S) denote the interior of the set S.

• We let Rn+ denote the set of x ∈ Rn such that xk > 0 for all k = 1, . . . , n.

• Let Rn
0 := {x ∈ Rn|

∑
i xi = 0}.

For the following items, let X, Y be n and m dimensional smooth manifolds,

respectively.

• For x ∈ X, we let TxX denote the tangent space to X at x.

• For a differentiable map f : X → Y , we let dfx : TxX → Tf(x)Y denote the

differential of the map f at the point x.

• In the special case that TxX = Rn and Tf(x)Y = Rm, we note that dfx : Rn →

Rm is given by the Jacobian matrix Df(x) ([14]).

• For r ≥ 1, let Cr(X,Y ) be the set of all r-times continuously differentiable

functions from X to Y . We let C0(X, Y ) then denote continuous functions from

X to Y . For r ≥ 0, if f ∈ Cr(X, Y ), we call f a Cr function or map.
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APPENDIX B

Matrix Properties
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The determinant of an n × n matrix, A, is a multi-linear alternating n-form on

the vector rows, or columns, of the matrix [8], [14]. Letting a1, . . . , an denote the rows

of the matrix A, we will write det(a1, . . . , an) = det(A).

Lemma 7.1. Let A1, A2 ∈ Matn(F ), and let σ(n) be the set of mappings from

{1, . . . , n} to {1, 2}}. That is, σ(n) := {f : {1, . . . , n} → {1, 2}}. Then,

det(A1 + A2) =
∑

f∈σ(n)

det(a
f(1)
1 , a

f(2)
2 , . . . , af(n)

n ).

Here ai
j denotes the j-th row of the matrix Ai, i = 1, 2 .

Proof. Let ai
j denote the j-th row of the matrix Ai, i = 1, 2 . We define the set

of mappings from {1, . . . , k} to {1, 2} by σ(k) := {f : {1, . . . , k} → {1, 2}}, and show

that for any k = 1, . . . , n,

det(A1 + A2) =
∑

f∈σ(k)

det(a
f(1)
1 , . . . , a

f(k)
k , a1

k+1 + a2
k+1, . . . , a

1
n + a2

n). (7.1)

Let k = 1, then σ(1) = {f : {1} → {1, 2}}. That is,

σ(1) = {f : f(1) = 1} ∪ {f : f(1) = 2}.

We show that

det(A1 + A2) =
∑

f∈σ(1)

det(a
f(1)
1 , a1

2 + a2
2, . . . , a

1
n + a2

n).

Note that

det(A1 + A2) =det(a1
1 + a2

1, a
1
2 + a2

2, . . . , a
1
n + a2

n)
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=det(a1
1, a

1
2 + a2

2, . . . , a
1
n + a2

n) + det(a2
1, a

1
2 + a2

2, . . . , a
1
n + a2

n)

=det(a
f(1)=1
1 , a1

2 + a2
2, . . . , a

1
n + a2

n) + det(a
f(1)=2
1 , a1

2 + a2
2, . . . , a

1
n + a2

n)

=
∑

f∈σ(1)

det(a
f(1)
1 , a1

2 + a2
2, . . . , a

1
n + a2

n).

Thus we have proved the case k = 1.

And now we arrive at the induction step. We assume that (7.1) holds for k = j,

that is, for σ(j) = {f : {1, . . . , j} → {1, 2}},

det(A1 + A2) =
∑

f∈σ(j)

det(a
f(1)
1 , . . . , a

f(j)
j , a1

j+1 + a2
j+1, . . . , a

1
n + a2

n).

Now we show that (7.1) holds for k = j + 1. We compute

det(A1 + A2) =det(a1
1 + a2

1, . . . , a
1
j + a2

j , a
1
j+1 + a2

j+1, . . . , a
1
n + a2

n)

=
∑

f∈σ(j)

det(a
f(1)
1 , . . . , a

f(j)
j , a1

j+1 + a2
j+1, . . . , a

1
n + a2

n)

=
∑

f∈σ(j)

[det(a
f(1)
1 , . . . , a

f(j)
j , a1

j+1, a
1
j+2 + a2

j+2, . . . , a
1
n + a2

n)

+ det(a
f(1)
1 , . . . , a

f(j)
j , a2

j+1, a
1
j+2 + a2

j+2, . . . , a
1
n + a2

n)]

=
∑

f∈σ(j+1)

det(a
f(1)
1 , . . . , a

f(j+1)
j+1 , a1

j+2 + a2
j+2, . . . , a

1
n + a2

n).

By induction equation (7.1) is true for all 1 ≤ k ≤ n, which shows that for A1, A2 ∈

Matn(F ),

det(A1 + A2) =
∑

f∈σ(n)

det(a
f(1)
1 , . . . , af(n)

n ).

Lemma 7.2. Let B, C ∈ Matn(F ). Then for 0 < ε << 1,

det(B + εC) =det(B) + εc1 · (B11,−B12, . . . ,±B1n)
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+εc2 · (−B21, B22, . . . ,±B2n) + · · ·+ εcn · (±Bn1,−(±)Bn2, . . . ,±Bnn)

+O(ε2).

Here cj denotes the j-th row of the matrix C, and Bij denotes the determinant of the

ij-th minor of B. That is, Bij is the determinant of the matrix obtained by removing

row i and column j from matrix B.

Proof. Let B, C ∈ Matn(F ) and let A1 := B and A2 := εC. We let ai
j denote

the j-th row of the matrix Ai, i = 1, 2 so that by Lemma 7.1,

det(B + εC) = det(A1 + A2) =
∑

f∈σ(n)

det(a
f(1)
1 , . . . , af(n)

n )

where σ(n) = {f : {1, . . . , n} → {1, 2}}. We define σ1(n) to denote the set of

functions f : {1, . . . , n} → {1, 2} with the property that there is exactly one i ∈

{1, . . . , n} for which f(i) = 2:

σ(1)(n) := {f ∈ σ(n)|#{i|f(i) = 2} = 1}.

Similarly, we denote the complementary set of functions f : {1, . . . , n} → {1, 2} for

which there exist i, j with i 6= j and f(i) = 2 = f(j), as follows:

σ(>1)(n) := {f ∈ σ(n)|#{i|f(i) = 2} > 1}.

Then,

σ(n) = σ(1)(n) ∪ σ(>1)(n) and σ(1)(n) ∩ σ(>1)(n) = ∅.

Thus,

det(A1 + A2) =
∑

f∈σ(n)

det(a
f(1)
1 , . . . , af(n)

n )
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=
∑

f∈σ(1)(n)

det(a
f(1)
1 , . . . , af(n)

n ) +
∑

f∈σ(>1)(n)

det(a
f(1)
1 , . . . , af(n)

n ).

Note every determinant in the second sum has f(i) = 2 for at least two i = 1, . . . , n.

That is, for at least two i, the row of the matrix is of the form a
f(i)=2
i = εa2

i . Thus,

for all f ∈ σ(>1), det(a
f(1)
1 , a

f(2)
2 , . . . , a

f(n)
n ) is an O(ε2) term. Thus, we have:

det(A1 + A2) =
∑

f∈σ(1)(n)

det(a
f(1)
1 , . . . , af(n)

n ) +
∑

f∈σ(>1)(n)

det(a
f(1)
1 , . . . , af(n)

n )

=
∑

f∈σ(1)(n)

det(a
f(1)
1 , . . . , af(n)

n ) +
∑

f∈σ(>1)(n)

O(ε2)

=
∑

f∈σ(1)(n)

det(a
f(1)
1 , . . . , af(n)

n ) +O(ε2)

=det(a1
1, a

1
2, . . . , a

1
n) + det(a2

1, a
1
2, . . . , a

1
n) + det(a1

1, a
2
2, a

1
3, . . . , a

1
n)

+ · · ·+ det(a1
1, a

1
2, . . . , a

1
n−1, a

2) +O(ε2)

=det(b1, b2, . . . , bn) + det(εc1, b2, . . . , bn) + det(b1, εc2, b3, . . . , bn)

+ · · ·+ det(b1, b2, . . . , bn−1, εcn) +O(ε2). (7.2)

By properties of determinants [12], for any C ∈ Matn(F ), and for all ε ∈ R,

det(c1, . . . , ci−1, εci, ci+1, . . . , cn) = εdet(c1, . . . , ci−1, ci, ci+1, . . . , cn).

for all i = 1, . . . , n. Note also that by expanding about the first row of a matrix C,

det(c1, . . . , cn) = c1 · (C11,−C12, . . . ,±C1n). (7.3)

Thus, by equations (7.3) and (7.2),

det(B + εC) =det(B) + εc1 · (B11,−B12, . . . ,±B1n)

+εc2 · (−B21, B22, . . . ,±B2n) + · · ·+ εcn · (±Bn1,−(±)Bn2, . . . ,±Bnn)
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+O(ε2).

Lemma 7.3. Let B ∈ Matn(F ) with spec(B) = {µ1, . . . , µn}. Let B(λ) := B−λI

and ε ∈ [0, 1), then for any K ∈ Matn(F ),

det(B(λ) + εK) = (λ− µ1)
n∏

i=2

(λ− µi) + ε

n∑
i=1

qi(λ) +O(ε2)

For all i = 1, . . . , n,

qi(λ) = ±ki · (Bi1(λ),−Bi2(λ), Bi3(λ), . . . ,±Bin(λ)).

Additionally, r(λ) :=
∏n

i=2(λ− µi) and for all i, qi(λ) are each of degree n− 1.

Proof. By Lemma 7.2, for ε ∈ [0, 1)

det(B(λ) + εK) = detB(λ)+εk1 · (B11(λ),−B12(λ), B13(λ), . . . ,±B1n(λ))

+ εk2 · (−B21(λ), B22(λ),−B23(λ), . . . ,±B2n(λ))

+ · · ·+ εkn · (±Bn1(λ), . . . ,±Bnn(λ)) +O(ε2).

For all i, j, Bij(λ) is the determinant of the matrix obtained by removing row i and

column j from B(λ) = B − λI. Thus, for all i, j, the degree of Bij(λ) is n− 1. Let

qi(λ) := ±ki · (Bi1(λ),−Bi2(λ), Bi3(λ), . . . ,±Bin(λ)),

then for i = 1, . . . , n; qi(λ) is a polynomial of degree less than n and

det(B(λ) + εK) = detB(λ) + ε
∑

i

qi(λ) +O(ε2). (7.4)
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Furthermore, since λ0 is an eigenvalue of B, then λ0 is a root of the characteristic

polynomial det(B(λ)). That is,

det(B(λ)) = (λ− µ1)
n∏

i=2

(λ− µi). (7.5)

Let

r(λ) :=
n∏

i=2

(λ− µi), (7.6)

then clearly r is a polynomial of degree n− 1. The result now follows from equations

(7.4), (7.5), and (7.6).

Corollary 7.4. Let B ∈ Matn(F ) with spec(B) = {µ1, . . . , µn} and µ1 ∈

spec(B) a simple eigenvalue. Let B(λ) := B − λI and ε ∈ [0, 1). Then for any

K ∈ Matn(F ), there exists δ > 0 such that

det(B(λ) + εK) =
n∏

i=2

(λ− µi)

[
(λ− λ0) +

ε
∑

i qi(λ) +O(ε2)∏n
i=2(λ− µi)

]
(7.7)

is well-defined in Nδ(µ1). For all i = 1, . . . , n,

qi(λ) = ±ki · (Bi1(λ),−Bi2(λ), Bi3(λ), . . . ,±Bin(λ)).

Proof. By Lemma 7.3,

det(B(λ) + εK) = (λ− µ1)
n∏

i=2

(λ− µi) + ε
n∑

i=1

qi(λ) +O(ε2)

where for i = 1, . . . , n;

qi(λ) := ±ki · (Bi1(λ),−Bi2(λ), Bi3(λ), . . . ,±Bin(λ)).
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Furthermore,

det(B(λ)) = (λ− µ1)
n∏

i=2

(λ− µi). (7.8)

Since µ1 is a simple eigenvalue of B, for all i > 1, µi 6= µ1, thus
∏n

i=2(µ1 − µi) 6= 0.

Thus, for some δ > 0, there exists Nδ(µ1), such that for all λ ∈ Nδ(µ1),
∏n

i=2(λ−µi) 6=

0. Now for λ ∈ Nδ(µ1),

det(B̃(λ) + εK) =(λ− µ1)
n∏

i=2

(λ− µi) + ε
∑

i

qi(λ) +O(ε2)

=
n∏

i=2

(λ− µi)

[
(λ− µ1) +

ε
∑

i qi(λ) +O(ε2)∏n
i=2(λ− µi)

]
(7.9)

is well-defined.

Lemma 7.5. Let B denote a matrix with a simple eigenvalue λ0. Let B(λ) :=

B−λI and define B̃(λ) := B̃−λI, where B̃ denotes B in Jordan normal form. Then

(B̃)ij(λ0) =

{
6= 0 i = j = 1
0 otherwise

.

Here B̃ij(λ0) denotes the determinant of the ij-th minor of the matrix B̃(λ0).

Proof. After changing the order of the rows and columns if necessary, by Jordan

normal form,

B̃(λ0) = [B̃ − λ0I] =


0 0 0 0
0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗

 . (7.10)

Consider first the case i 6= 1. To calculate the appropriate determinant, B̃ij(λ0),

for i 6= 1 we remove the i-th row and j-th column from the above matrix shown in
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equation (7.10). The result is a matrix of the form
0 0 0 0
0 ∗ ∗ ∗
0 ∗ ∗ ∗
0 ∗ ∗ ∗

 .

Thus, it is clear that for i 6= 1, B̃ij(λ0) = 0. Analogously, we can show that B̃ij(λ0) =

0 in the case j 6= 1. Finally, we are left with (B̃)11(λ0). To show (B̃)11(λ0) 6= 0, we

note that the rank(B̃(λ0)) = n − 1 since λ0 is a simple eigenvalue of B. Thus, by

Theorem 4.17 in Greub [12], there is a minor of order n − 1. That is, there exists a

(n − 1) × (n − 1) minor for which the determinant is non-zero. Since there exists a

minor of order n− 1, and B̃ij(λ0) = 0 unless i = j = 1, this implies B̃11(λ0) 6= 0.

Lemma 7.6. Take A ∈ Matn(R), and let C be a change of basis matrix such that

Ã = C−1AC represents the matrix A expressed in the Jordan normal form. Then, for

all i, there exists j ∈ {1, . . . , n} such that (c−1)ij 6= 0.

Proof. Proof by contradiction. Let i ∈ {1, . . . , n}. Assume that for all j =

1, . . . , n, (c−1)ij = 0. That is, the i-th row of the matrix C−1 is the zero vector:

(c−1)i = (0, . . . , 0). This is a contradiction since C−1 is invertible by nature of its

definition.

Lemma 7.7. Let B ∈ Matn(F ). If B is of the form

B :=


α β 0 . . . 0
γ δ 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 , (7.11)
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then Bij = 0 for i = 1, 2 and j ≥ 2 as well as j = 1, 2 and i ≥ 2. Here Bij denotes

the determinant of the minor obtained by deleting row i and column j from the matrix

B.

Proof. Let B(i, j) denote the matrix obtained by deleting row i and column

j from the original matrix B. Let i ∈ {1, 2} and j > 2, then det(B(i, j)) = 0

since columns one and two of B(i, j) are constant multiples of each other. That is,

rank(B(i, j)) ≤ n− 1, so Bij = 0. The rest follows by the same argument.

Lemma 7.8. Let B ∈ Matn(F ). If B is of the form

B :=


α β 0 . . . 0
γ δ 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 , (7.12)

then B11 = δdet(∗), B12 = γdet(∗), B21 = βdet(∗) and B22 = αdet(∗). Here det(∗)

denotes the determinant of the matrix obtained by deleting rows 1, 2 and columns 1, 2

from the matrix B.

Proof. Let i ∈ {1, 2}, j ∈ {1, 2} and let B(i, j) denote the matrix obtained by

deleting row i and column j from B as defined above. Then, B(i, j) is an (n− 1)×

(n− 1) diagonal matrix of the form

B(i, j) =


µ 0 . . . 0
0 ∗ ∗ ∗
... ∗ ∗ ∗
0 ∗ ∗ ∗

 .
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Let [B(i, j)](k, l) denote the matrix obtained by deleting row k and column l from

the minor B(i, j). Thus,

det(Bij) = µdet([B(i, j)](1, 1)), (7.13)

where [B(i, j)](1, 1) matrix obtained by removing row 1, column 1 from matrix B(i, j).

Now note that for i, j ∈ {1, 2},

det(∗) = det([B(i, j)](1, 1)).

The desired result now follows.

Lemma 7.9. Let B ∈ Matn(C) with

B =


−βi β 0 . . . 0
−β −βi 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 ,

where β ∈ R. Then,

1. Bij = 0 for i ≥ 2, j ≥ 2;

2. B11 = B22 and B12 = −B21.

Here Bij denotes the minor obtained by deleting row i and column j from the matrix

B.

Proof. We start by proving (1). Let i ≥ 2, j ≥ 2 and let B(i, j) denote the

matrix obtained be deleting row i and column j from B as defined above. Then,
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B(i, j) is an (n− 1)× (n− 1) block diagonal matrix of the form

B(i, j) =


−βi β 0 . . . 0
−β −βi 0 . . . 0
0 0 ∗ ∗ ∗
...

... ∗ ∗ ∗
0 0 ∗ ∗ ∗

 .

Thus,

det(Bij) = det

(
−βi β
−β −βi

)
· det(∗), (7.14)

where det(∗) is the determinant of the lower block diagonal matrix; that is, the

determinant of the matrix obtained by removing rows 1, 2 and columns 1, 2 from

matrix B(i, j). Since

det

(
−βi β
−β −βi

)
=(−βi)2 − (−β)(β)

=− β2 + β2

=0,

we can see that by equation (7.14),

det(Bij) = 0 · det(∗) = 0.

This concludes the proof of part (1). To prove part (2), consider that

B(1, 1) = B(2, 2) =


−βi 0 . . . 0
0 ∗ ∗ ∗
... ∗ ∗ ∗
0 ∗ ∗ ∗

 .

Similarly,

B(1, 2) =


β 0 . . . 0
0 ∗ ∗ ∗
... ∗ ∗ ∗
0 ∗ ∗ ∗

 and B(2, 1) =


−β 0 . . . 0
0 ∗ ∗ ∗
... ∗ ∗ ∗
0 ∗ ∗ ∗

 .
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Part (2) now follows.

Lemma 7.10. Let B ∈ Matn(F ) with simple eigenvalue λ0. Let B̃(λ) := B̃ − λI

where B̃ represents B expressed in Jordan normal form. Then for any K ∈ Matn(F )

and

qi(λ) := ki · (B̃i1(λ),−B̃i2(λ), B̃i3(λ), . . . ,±B̃in(λ)),

we have the following:

1. If λ0 ∈ R, for i > 1, qi(λ0) = 0. Thus, for i > 1 there exists pi(λ) a polynomial

of degree at most n− 1 such that qi(λ) = (λ− λ0)pi(λ);

2. If λ0 ∈ C\R, for i > 2, qi(λ0) = 0. Thus, for i > 2 there exists pi(λ) a

polynomial of degree at most n− 1 such that qi(λ) = (λ− λ0)pi(λ).

Proof. We first prove (1), the case for λ0 ∈ R. By Lemma 7.5, we know that

B̃ij(λ0) = 0 for i 6= 1 and j 6= 1. Thus,

qi(λ0) = ±ki · (B̃i1(λ0),−B̃i2(λ0), B̃i3(λ0), . . . ,±B̃in(λ0)) = 0 (7.15)

for all i > 1. That is, for all i > 1, the polynomial qi has root λ0. Thus, for i > 1,

there exists pi(λ), a polynomial of degree less than n− 1 such that

qi(λ) = (λ− λ0)pi(λ). (7.16)

Thus we have proved (1). Now we prove (2), for λ0 ∈ C\R. By Lemma 7.9, we know

that B̃ij(λ0) = 0 for i ≥ 2, j ≥ 2; and for all i > 2,

qi(λ0) = ki · (B̃i1(λ0),−B̃i2(λ0), B̃i3(λ0), . . . ,±B̃in(λ0)) = 0.
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That is, for all i > 2, the polynomial qi has root λ0. Thus, for i > 2, there exists

pi(λ), a polynomial of degree less than n− 1 such that

qi(λ) = (λ− λ0)pi(λ). (7.17)

Thus we have proved (2).

Corollary 7.11. Let B ∈ Matn(F ) with spec(B) = {λ1, . . . , λn} and λ1 ∈

spec(B) a simple eigenvalue. Let B̃(λ) := B̃ − λI and ε ∈ [0, 1). Then for any K ∈

Matn(F ), for i = 1, . . . , n with qi(λ) := ki · (B̃i1(λ),−B̃i2(λ), B̃i3(λ), . . . ,±B̃in(λ)).,

there exists δ > 0 such that

det(B(λ) + εK) =
n∏

i=2

(λ− λi)

[
(λ− λ1) +

εq(λ) + ε(λ− λ1)s(λ) +O(ε2)∏n
i=2(λ− λi)

]
(7.18)

is well-defined in Nδ(λ1). Additionally, q(λ) is a polynomial of degree n− 1 and s(λ)

is a polynomial of degree n− 2, where

1. If λ1 ∈ R, then q(λ) := q1(λ), and s(λ) =
Pn

i=2 qi(λ)

λ−λ1
;

2. If λ1 ∈ C\R, then q(λ) := q1(λ) + q2(λ), and s(λ) =
Pn

i=3 qi(λ)

λ−λ1
.

Proof. Let λ1 be a simple eigenvalue of B with spec(B) = {λ1, . . . , λn}. We first

consider the case λ1 ∈ R. By Lemma 7.10, for i > 1, there exist polynomials pi(λ)

such that qi(λ) = (λ− λ1)pi(λ). Thus, for q(λ) := q1(λ) and s(λ) :=
∑n

i=2 pi(λ), the

result follows by Corollary 7.4 and Lemma 7.10. Next, consider the case λ1 ∈ C\R.

By Lemma 7.10, for i > 2 there exist polynomials pi(λ) such that qi = (λ− λ1)pi(λ).
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Thus, for q(λ) := q1(λ) + q2(λ), s(λ) :=
∑n

i=3 pi(λ). The result now follows directly

from Corollaries 7.4 and Lemma 7.10.

Lemma 7.12. Let A ∈ Matn(R) with eigenvalue λ ∈ C for which v is the cor-

responding eigenvector. Let Re(v), Im(v) ∈ Rn denote the real and imaginary parts

of v, respectively, and let λ = α + iβ. Then, A(Re(v)) = (αRe(v) − βIm(v)) and

A(Im(v)) = (βRe(v) + αIm(v)).

Proof. By definition, since λ = α + iβ is an eigenvalue corresponding to v,

Av = (α + iβ)v. Since v = Re(v) + iIm(v),

A(v) = A(Re(v) + iIm(v)) = (α + iβ)(Re(v) + iIm(v)).

By computation, we see that

A(Re(v)+iIm(v)) = A(Re(v))+iA(Im(v)) = (αRe(v)−βIm(v))+i(βRe(v)+αIm(v)),

(7.19)

that is,

A(Re(v)) + iA(Im(v)) = (αRe(v)− βIm(v)) + i(βRe(v) + αIm(v))

where A(Re(v)), A(Im(v)) ∈ Rn. The desired result follows directly.
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APPENDIX C

Transversality Theorems
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Theorem 7.13 (Transversal Density Theorem, [1]). Let A, X, Y be Cr manifolds,

ρ : A → Cr(X, Y ) a Cr representation, W ⊂ Y a submanifold (not necessarily closed)

and evρ : A×X → Y the evaluation map. Define AW ⊂ A by

AW = {a ∈ A|ρa t W}.

Assume that

1. X has finite dimension m and W has finite codimension q in Y;

2. A and X are second countable;

3. r > max(0, m− q);

4. evρ t W .

Then A is residual (and hence dense) in A.

Theorem 7.14 (Corollary 17.2, [1]). Let X, Y be Cr manifolds (r ≥ 1), f : X →

Y a Cr map, W ⊂ Y a Cr submanifold. Then if f t W :

1. W and f−1(W ) have the same codimension;

2. If W is closed and X is compact, f−1({W}) has only finitely many connected

components.

Theorem 7.15 (Openness of Transversal Intersection, [1]). Let A, X, Y be C1

manifolds with X finite dimensional, W ⊂ Y a closed C1 submanifold, K ⊂ X a
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compact subset of X, and ρ : A → C1(X, Y ) a C1 representation. Then the subset

AKW ⊂ A defined by AKW = {a ∈ A|ρa tx W for x ∈ K} is open.

Remark: The Openness of Transversal Intersection Theorem in [1] actually re-

quires that ρ : A → C1(X, Y ) is a pseudorepresentation. Since every Cr representation

is also a pseudorepresentation ([1]), we present a weaker version of the theorem.


