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Abstract:
Rotation sets of points under a flow measure the average displacement of orbits as time goes to infinity.
In lower dimensions, it has been shown that there is a strong link between the properties of the rotation
sets of a flow and the dynamics of that flow.

In this dissertation flows on the 3-torus are constructed with rotation sets that have 3-dimensional
interior and periodic-point-free flows on the n-torus (n ≥ 4) are constructed with rotation sets that have
n-dimensional interior. A natural question is which sets can be rotation sets of flows. It is shown that:
every polyhedron in R^3 with rational vertices that does not contain the origin is the rotation set for a
flow on the 3-torus; every C^r curve in R^n is the rotation set of a flow on (n + l)-torus; and every
compact 2-manifold that can be embedded in is the rotation set for a flow on the (n + 2)-torus. In
assessing the box dimension of rotation sets of flows it is shown that: for any α ∪ [0,2] ∪ {3} there is a
continuous flow on the 3-torus such that the rotation set of the flow has box dimension equal to α; and
for any α ∪ [0,1] ∪ {2} ∪ {3} there is a smooth flow on the 3-torus such that the rotation set of the
flow has box dimension equal to α. 
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ABSTRACT

Rotation sets of points under a flow measure the average displacement of orbits 
as time goes to infinity. In lower dimensions, it has been shown that there is a strong 
link between the properties of the rotation sets of a flow and the dynamics of that 
flow.

In this dissertation flows on the 3-torus are constructed with rotation sets that 
have 3-dimensional interior and periodic-point-free flows on the n-torus (n > 4) are 
constructed with rotation sets that have n-dimensional interior. A natural question 
is which sets can be rotation sets of flows. It is shown that: every polyhedron in M3 
with rational vertices that does not contain the origin is the rotation set for a flow on 
the 3-torus; every Cr curve in Mn is the rotation set of a flow on (n +  l)-torus; and 
every compact 2-manifold that can be embedded in Rn is the rotation set for a flow on 
the (n +  2)-torus. In assessing the box dimension of rotation sets of flows it is shown 
that: for any a  G [0,2] U {3} there is a continuous: flow on the 3-torus such that the 
rotation set of the flow has box dimension equal to cc; and for any a. G [0,1] U {2} U {3} 
there is a smooth flow on the 3-torus such that the rotation set of the flow has box 
dimension equal to a..
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CHAPTER I

HISTORY AND INTRODUCTION 

History

The idea of a rotation number was first introduced by Henri Poincare" in the late 

nineteenth century ([17]). The concept was inspired by his study of the qualitative 

nature of the orbits of those flows on the torus which generate return maps that are 

circle homeomorphisms. The rotation number (also referred to as the winding number) 

measures the asymptotic rotation rate of iterates of these circle return maps. In 

particular, Poincare" proved that, in the setting where the return map from a circular 

cross-section of the torus back to itself is an orientation preserving homeomorphism of 

a circle, the rotation number exists and is independent of the point on the circle. He 

also proved that if a rotation number is rational, then that rotation number is realized 

by a periodic orbit; that is, there exists a periodic orbit of the homeomorphism with 

that rational as its rotation number ([17]). The rotation number has proven to be a 

useful invariant in the case of circle maps and much effort has been given to extend 

this concept to higher dimensional settings. Some relevant properties of rotation sets 

of homeomorphisms, maps, and flows on the circle, annulus, and n-dimensional torus 

are summarized in Tables I, 2, and 3, respectively.

Unlike the circle homeomorphism case, rotation sets of individual orbits of circle 

endomorphisms are dependent upon the orbit under consideration. In 1979, the con­

cept of rotation number was extended by Sheldon Newhouse, Jacob Palis, and Floris 

Takens to the rotation set of circle endomorphisms homotopic to the identity ([19]). 

Such rotation sets are the union of rotation sets of individual orbits and are invariant 

under conjugacy. The rotation set of an orbit of a circle endomorphism can be a 

singleton or a closed interval. Therefore, rotation sets of circle endomorphisms may
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have interior. Every rational contained in the full rotation set of the endomorphism is 

realized as the rotation number of a periodic orbit ([19]). In 1989, Ryuichi Ito proved 

that the full rotation set of a degree-one circle endomorphism is closed ([10]).

The emphasis of this dissertation is on rotation sets of flows on tori of various 

dimensions. By continuity, the rotation set of a flow is equal to the rotation set of 

the time-one map of that flow. In the one-dimensional case, the rotation set of a flow 

on the circle is always a single number and is independent of the orbit. We now turn 

to the annulus case.

The study of rotation sets has been further extended to homeomorphisms, maps, 

and flows on the annulus, A =  S1 x [0,1]. In 1990, Michael Handel proved that 

if /  : A A is an orientation preserving, boundary component preserving homeo- 

morphism, then the rotation set of /  is closed ([8]). Furthermore, if /  is also area­

preserving, then the rotation set is a closed interval ([8]). John Franks showed that 

for each rational in the interior of the rotation set of / ,  there exists a periodic orbit 

with rotation number equal to that rational ([4]). It follows that, if the rotation set 

has interior, then the map must have periodic points. If /  : A -> A is map of the 

annulus, then it is an open question as to whether its rotation set is closed.

Again, because the rotation sets for flows of the annulus are the same as the time- 

one map, the rotation set of an annulus flow must be closed. A flow on the annulus 

which is the union of periodic orbits with varying periods has full rotation set with 

interior.

Now we consider the rotation sets of homeomorphisms, maps, and flows on n-
n- times

dimensional tori, Tn =  S1 x S1 x • • • x S1, (n > 2). We will see that.as n increases 

the link between rotation set structure and dynamical properties weakens. Michal 

Misiurewicz and Krystyna Ziemian developed an alternative definition of rotation set 

for homeomorphisms and maps on the n-dimensional torus and have established var-
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ions properties of that rotation set ([15]). Consider a homeomorphism, /  : T2 —> T2, 

which is homotopic to the identity. It follows'from the work of Franks, as well of that 

of Misiurewicz and Ziemian, that the rotation set of /  must contain its extreme points 

as well as the 2-dimensional interior of its closed convex hull ([5]) ([15]). Franks has 

also shown that every rational vector in the interior of the rotation set is the rotation 

vector for some periodic orbit ([5]). This followed the work of Handel who proved that 

periodic-point-free homeomorphisms of the 2-torus cannot have rotation sets with in­

terior ([7]). Jaume Llibre and Robert MacKay proved related results ([14]). But, it 

is still unknown whether or not the rotation set of a homeomorphism, /  : T2 — T2, 

is closed.
V .

A natural question is the following: Which subsets of the plane may be realized as 

rotation sets of n-dimensional toral homeomorphisms? Jaroslaw Kwapisz has shown 

that every convex polygon with rational vertices is realized as the rotation set for 

some homeomorphism of the 2-torus ([12]). Since rotation sets depend continuously 

on the map, this implies that some polygons with other than rational vertices can 

be rotation sets of some toral homeomorphisms ([16]). Kwapisz later constructed a 

smooth diffeomorphism on the 2-torus with a non-polygonal rotation set with interior

([13])-

Marcy Barge and Russell Walker provide examples of periodic-point-free endo- 

morphisms on Tn which are Cco, and Cco diffeomorphisms on the n-torus, (n > 3), 

with rotation sets which have interior ([I]). These examples illustrate that the link 

between rotation sets of maps with interior and the periodicity of orbits breaks down 

on n-tori when n > 3.

If Ipt : T2 T2 is a flow on the torus with lift, ^  : R2 R2, then again the 

nature of the rotation set of ip implies the existence of certain dynamics. Franks 

and Misiurewicz consider the more general Misiurewicz-Ziemian (M-Z) rotation set,
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Pm- z (^ ) ([15]). This is defined by v G pu.-7.isp) if and only if there are sequences

Misiurewicz show that there are only three possibilities for the M-Z rotation set of a 

2-torus flow.

1. The rotation set may be a single point, v 6 M2.

2. The rotation set may be a closed segment contained in a line passing through 

0 and another rational point in R2 (the segment need not contain 0).

3. The rotation set may be a closed line segment with one end at 0 and having 

irrational slope.

In particular, M-Z rotation sets of flows on the 2-torus must be closed and cannot 

have 2-dimensional interior ([6]). The M-Z rotation set contains the point rotation 

set which is the case of the M-Z rotation set when a fixed point in the domain is 

considered rather than a sequence of points. We use the point rotation set throughout 

this dissertation. In Chapter 6, we show that there is a flow on the 2-torus with (point) 

rotation set equal to a Cantor set in R2.

Now consider the case of homeomorphisms of Tn (n > 3). These rotation sets 

may have interior, but as previously discussed, Barge and Walker clemonstrate that 

a rotation set with non-empty interior does not guarantee the existence of periodic 

points ([I]). Richard Swanson and Walker have constructed homeomorphisms on Tn 

with rotation sets that are not closed ([21]). Since the homeomorphisms constructed 

by Swanson and Walker are flowable (time-one maps of a flow), rotation sets for flows 

on the n-torus, (n > 3) need not be closed.

X i e  R2 and e  R+ with Iim U =  oo such that Iim P ti {Xj )  -  ( Xi )

U
=  v. Franks and
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Table I. Rotation Sets of Homeomorphisms

Must be 
Singleton

Must be 
Closed

Can have 
Interior

Can Have Interior 
w/o Periodic Points

S1 Yes [17] Yes [17] No [17] No [17]
A2 No Yes [8] Yes No [4]
T2 No Open Yes [5] [16] No [5] [14]
T6 No No [21] Yes Yes [1]
Tn No No [21] Yes Yes

Table 2. Rotation Sets of Maps

Must be 
Singleton

Must be 
Closed

Can have 
Interior

Can have Interior 
w/o Periodic Points

S1 No [19] Yes [10] Yes [19] No [19]
A2 No Yes Yes [2] No
T2 No Open Yes Yes [1]
T3 No No [21] Yes Yes [1]
Tn No No [21] Yes Yes [1]

Table 3. Rotation Sets of Flows

Must be 
Singleton

Must be 
Closed

Can have Interior Can Have Interior 
w/o Periodic Points

S1 Yes Yes No No
A2 No Yes Yes No

No Yes No [6] No
T3 No No [21] Yes Thm 2.1 Open
T4 No No Yes Thm 3.4 Yes Thm 3.4
Tn No No Yes Thm 3.4 Yes Thm 3.4
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Results

In this dissertation, we prove several theorems about the rotation sets of flows on 

higher dimensional tori. These results further demonstrate the breakdown in the link 

between rotation set topology and flow dynamics on n-tori, as n increases. Several 

of these results also address the question as to which sets can be the rotation set of 

a flow on the n-torus.

We first use direct techniques to prove two results about flows with “thick” rotation 

sets:

Theorem 2.1. There exists a C°° flow, y/ : T3 —> T3, that has a rotation set with 

3-dimensional interior.

Theorem 3.4. For each n > 4, there exists a Cco flow, : Tra —)► Tn, such that

(i) the rotation set has n-dimensional interior, and

(ii) Ipt has no periodic points.

Next, we use more sophisticated but indirect techniques to extend Theorem 2.1. 

Theorem 4.2. Let IL C K3 be a convex polyhedron with vertices at rational points 

of E3 such that (0,0,0) 0 K. Then there exists a C00 flow, : T3 —>■ T3, such that 

the rotation set pv = K.

Since the rotation set of a flow is equal tq the rotation set of its time-one map, 

we have the following corollary to Theorem 4.2.

Corollary 4.5. Let IL C E3 be a convex polyhedron with vertices at rational points 

of E3 such that (0,0,0) ^ K . Then there exists a C00 homeomorphism, /  : T3 T3 

with lift /  : E3 —̂ E3, such that the rotation set Pf = K.

Focusing on the question of which sets can be rotation sets, we prove the following:
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T heorem 5.1. For any Cr curve, 7 : [0,1] —> R", there exists a Cr flow, 

y* : T71+1 —̂ T71+1, such that the rotation set pv — Image(7) x {0} C Mn+1.

Using a Theorem due to Hans Hahn and Stefan Mazurkiewicz ([9]), we have the 

following corollary:

Corollary 5.2. For any K  C Rn, that is compact, connected, and locally connected, 

there exists a continuous flow, p̂t : Tra+1 —> T71+1, such that the rotation set

Pr =  AT x {0} C

For Theorem 5.1 and Corollary 5.2 the smoothness of the flow is restricted by 

the smoothness of 7. If the dimension of the image of 7 is greater than I, 7 can 

be only continuous. But, if the dimension of the domain of the map is higher,, more 

smoothness can be realized:

Theorem 5.3. Let H  : [0,1] x [0,1] -A Rra be a C°° map such that

H(r, 0) =  H(r, I), for all r G [0,1], and H(0, s) =  H (l, s), for all s G [0,1]. Then

there exists a C°° flow, : T71+2 —> Tn+2, such that the rotation set

Pr =  Image(H) x {0} x {0} C R*+2.

Whether there exist endomorphisms of the 2-torus with circular rotation sets is 

an open question. We have the following corollary for a smooth flow on the 4-torus: 

Corollary 5.4. Let D2 be the unit disk contained in R2. Then there exists a C°° 

flow, : T4 — T4, such that the rotation set pv = D2 x {0} x {0} C R4.

Next we show that any compact 2-manifold, M, imbedded into W 1 is the rotation 

set for a flow on the (n +  2)-torus.

Corollary 5.6. Let M be a compact 2-manifold imbedded in R71. Then there exists 

a C°° flow, (Pt : Tn+2 ->■ T71+2, such that the rotation set pv — M  x  {0} x {0} C R71+1.
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In the last chapter we turn to the question of the box-counting dimension, dime, 

of rotation sets of toral flows. We prove the following:

T heorem 6.3. For any 0 < ck < I, there exists a C00 flow, cp* : T2 T2, such that 

the box-counting dimension of the rotation set, dimB(y9v,) =  a.

The following corollary to Theorem 5.3 concludes that rotation sets for flows on 

the 3-torus may have fractional box dimension between I and 2.

Corollary 6.4. For any I < a  < 2, there exists a continuous flow, (p1 : T3 —> T3, 

such that the box-counting dimension of the rotation set, d im g ^ )  =  a.

To summarize the results of this dissertation concerning the dimension of rotation 

sets, we present the following two theorems.

Theorem 6.5. For any a  G [0,2] U {3}, there exists a continuous flow, yr6 : T3 T3, 

such that the the box-counting dimension of the rotation set, dime (pv) — &. 

Theorem 6.6. For any a  G [0, l] U {2} U {3}, there exists a (7°° flow, : T3 T3, 

such that the the box-counting dimension of the rotation set, dims (Ap) =  ol.

Definitions

We now establish some notation and definitions that will be used throughout this 

dissertation. n times

Let S1 =  {z G C I \z\ =  1} denote the unit circle and let Tn =  S1 x S1 x • • • x S1 

be the n-dimensional torus. As our universal cover we use the map, II : Rra —> Tn, 

given by:

Uixl i X2, . . . , x n) = (exp(2m%i), exp(27r%C2), • • • ,exp(27m;n)) (1.1)

where Xj G M for each j  =  I , . . . ,  n.

We denote by J : Mn -A Rn the lift of the map, /  : Tra -> T71, if /  is continuous 

and H o / =  / o i l .  Note that for any given / ,  which is isotopic to the identity, with 

lift f ,  /(p  +  k) = f(p) + k for all p G Mra and A; G Zn.
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D efinition 1.1. The rotation set of p under the lift /  : En —> Era of /  : Tra —> Tn is 

defined by

Here, and throughout this dissertation, we use “LIM” to denote “the set of all limit 

points.” Note that since the set of all limit points of any set is closed, then by 

definition the rotation set of p is closed.

D efinition 1.2. The rotation set of /  : Zra —> Rn, denoted by p (f), is defined by,

where p G H •’■(p) for p G Tn.

Note that the definition of rotation set used here is called the “point-wise rotation set” 

by Misiurewicz and Ziemian ([15]). Rotation sets of different lifts of a map, / ,  differ 

only by integer translates. We will refer to the rotation set of a map, /  : T  -)► Tn, 

computed using a fixed lift for by 'p/.

A Toroidal Horseshoe Map on the 2-Torus

One type of map that will be utilized in the construction of several examples in 

this dissertation will be the 3-symbol toroidal horseshoe homeomorphism. For our 

purposes, we list the properties of such a horseshoe which we will need. See Barge- 

Walker for a detailed construction ([I]).

The 3-symbol toroidal horseshoe, /  : T2 -> T2, contains a rectangle R  C T2, which 

in turn contains three disjoint sub-rectangles, Iq, I i , h- f  contracts R  in one direction 

while stretching R  in the perpendicular direction about both generators of the 2-torus

where p G H l {p) for p G Tb

PU) =  U W ’P))
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so that / (Z0)5 /(Z i), and /(Z2) meet R  as shown in Figure I. On ZoUZ1UZ2, /  linearly 

contracts in one direction and linearly expands in the perpendicular direction.

D efinition 1.3. A is an invariant set of a map /  : Tn —> Tn, if /(A) C A .

Furthermore, Ay is the non-wandering set of /  ([18]).

For our 3-symbol toroidal horseshoe / ,  A/ =  |̂ | { { f k( R) }  U {pi} U {p2}'} where
keZ

P1, p2 G T2\ jR are fixed points of /  ([I]). A/ n  JZ is a Cantor set and any point 

p E A f n  R  can be represented by an infinite 3-symbol sequence 7y(p) G {0,1,2}^. 

The sequence p(p) keeps track of the forward and backward itinerary of each p G Ay- 

in the following manner: if p(p) =  {py}^_0O, then

f0 if f ip )  G Z0
=  h  if T(P)EZ1

[2 IfT(P)GZ2.

The map rj : AyHiZ {0,1,2}Z is one-to-one and onto. For simplicity, we denote by 

p : {0,1,2}^ —> Ay, the inverse of rj. We will also make use of finite forward 3-symbol 

sequences p G {0,1 ,2}/c for some fixed k G N. If a  G {0,1,2}fc and /? G {0,1,2}/ 

then the juxtaposition of two sequences, aff G {0,1,2}k+l, is defined to be the terms 

of a  concatenated with the terms of /3. /3n denotes /3 repeated n-times; /3°° denotes 

the element of {0,1,2}^ where P is concatenated with itself infinitely often. Let 

cj : {0,1, 2}Z -> {0,1 ,2}^ be the full shift map on 3-symbols such that cj(p) =  £ 

where % =  &+i- Notice that p(/(p)) =  <j(p(p)) for all p G Ay.

We now discuss the rotational properties of points, p G JZ, which are such that 

their forward sequence representation is 77 G {0,1,2}^. We denote the set of all such 

points, p, by p(p) G Ay.
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Figure I. The toroidal horseshoe, f
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For k G {0,1,2}, define F : {0,1,2} -4 R2 by

(0,0) IfA =  O 
F(A) =   ̂ (1,0) if A =  I 

(1,1) if A =  2.
( 1.2)

P roposition 1.4. I f  f  is the 3-symbol toroidal horseshoe as described above with lift 

f  as in Figure 2, andp G A/ with forward 3-symbol sequence pip), then

n—1

1=0
MGN^ = < (0 ,0 ) , (0,1), (1,1)>

where < x i , . . .  ,%k> is the closed convex hull of { x i , . . . ,  %&}.

Proof: Let p G A/ A P  and /  : R2 R2 be the fixed lift of /  via the projection

II : R2 —̂ T2 as in Figure 2, p G II-1 (p), and R  be the component of Il-1 (P) 

which contains p. The key observation in the construction o f '/ which we make use 

of is that f  (p) E R  + F(^0), because p € Ivo, see Figure 2. Similarly, for n G N, 

7”(p) € B +  EEo1 I 'M  and thus, / " ©  -  EEo1 r M  e R. Therefore,

n—1

(/“( 0 - 0 - E rM
1=1

^  n-1 \
r ® - E  rM -p

< i=i /

< diamP .

Let p =  pi or p2. Then, p is fixed and p/(p) =  (0,0) by our choice of lift, / .

We can now easily compute the rotation set for all points p G A/ which have 

forward symbol sequence equal to 200.

Mp G00)) = limU E rG) n G N
i=0

LIM
n (l,l) n G N

(1, 1).
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It is left to the reader to check that:

PfiP (Qoc)) =  (0, 0); pf (p (I00)) =  (I, 0) 

and that for ry =  {(771% . . . )  | 77,6 {0,1,2} for all i > 0},

Pf ~  [}P fiP  W)  =  {(%,2/) G K2 I 0 < y < a; and 0 < a; < 1}
n

or <(0,0), (1,0), (1,1) >. I

Figure 2. The lift of the toroidal horseshoe, f
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As mentioned previously, the focus of this dissertation is on the rotation sets of. 

flows on the n-dimensional torus. In the transition from maps to flows, we shift our 

concern from the discrete-time dynamical system to the continuous-time dynamical 

system.

D efinition 1.5. Let y : Tn x M —>• Tn be a Cr function. Then Lp is a Cr flow

T  #

(i) cp satisfies the group property, Lpt o p s{jp) =  pt+s{jp) for each p G Tn and t, s G E

(ii) for each fixed t ER , gfi is a homeomorphism on Th

For the rest of this dissertation p(p,t) will be denoted by Lp1 (p).

A flow can also be thought of as a family of homeomorphisms, 

p  =  {tp1 : Tra —> Tn}ie]̂  that satisfy the group property.

D efinition 1.6. Pt -.W1 Era is a lift of the flow, : Tn —» Tra, if the following 

diagram commutes for each t G E.

D efinition 1.7. The rotation set of p, under the lift, : Era —> En7 of a flow, 

Pt --Tn -^-Tn, is defined by

where p G II-1 (p) for p G Th Here “ LIM (/(t))"  means the set of all limits, 

Iim (f(tj)), for all infinite sequences, { tifiz , . . . }  such that Iim7--̂ 00(i,-) = oo.

and,

n n

Furthermore, the rotation set of p, denoted by p{p), is defined by

where the union is taken over all p G En.
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Unlike the case of maps, there is only one lift of a flow cp. So, the rotation set of 

a flow is a uniquely defined set. We will refer to the rotation set of a flow by pv.

Suspension Flows

An interesting and useful flow construction that will be used throughout this 

dissertation is one which takes a Cr-diffeomorphism, /  : Tn " 1 —> Tn-1, which is 

isotopic to the identity, and creates a Cr-suspension flow of f ,  ^  : Tra —> Tra, which 

we now describe. For any given (T-diffeomorphism, /  : Tra-1 —> Tm-1 , that is isotopic 

to the identity, consider the space X  = Tn-1 x E under the equivalence relation, 

(p, s +  I) ~  (/(p), s) for all p 6 Tn-1 and s 6 E. Because /  is isotopic to the identity, 

under this equivalence relation, the quotient space, X  =  X /„ , is Cr-diffeomorphic to 

Tra-1 x S1 ([18]). All points of X , are represented by points (p, s) where p G Tre-1 and 

0 < s < I. Consider the “vertical” vector field on X  given by:

p =  0

s =  I.

This vector field induces a Cr flow on X  which passes to the Cr flow, Pj : A  —> AT, 

under the equivalence relation See Figure 3. Then is a suspension flow of f

([18])-

P roposition 1.8. I f  f  : Tn-1 —$■ Tn-1 has rotation set, pf C Rra-1, then there is a 

suspension flow of f ,  : Tn —>• Tra, such that pV} = p/ x {1} C Rra-

Proof: The proposition follows from the observation that p}(p, 0) =  (/(p), 0) for all 

(p, 0) G A and that Tn-1 x {0} is a cross-section of the flow, p^. D
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Figure 3. Suspension Flow of a map, /

A-Scaled Suspension Flows

In a suspension flow of a map, all points move at constant speed one. A more 

general concept of a suspension flow allows points to move at variable speeds ([11]). 

Assume /  : Tn-1 -> Tn-1 is Cr (r > 0) and is smoothly isotopic to the identity. 

Since the tangent space of Tn, T(Tn) =  Tn x En, the Cr-Suspension flow of / ,  Iptf , is 

generated by a vector field, Xy : Tn —> En. We define the lift of Xy, Xy : En —> Rn, 

to be the vector field, Xy(x) =  Xy(H(x)) for all x E En. Then Xy generates the flow, 

£>y : Rn —> Rn, which in turn is the lift of <y>y : Tn —>■ Tn. Now let A : Rn —>■ R+ be 

a Cr function such that A(x +  m) = A(x) for all m E Zn. Define XyiA =  AXy. The 

vector field, XyiA, generates a new Cr flow, Iptf  x : En —> Rn. Iptf x covers p̂tf  x : Tn -> Tn 

because (p) =  Ho Iptf x(P) for p E I I '1 (p) where p E Tn. We refer to Iptf  x as the 

Xscaled suspension flow of f .  For any CrTunction, s : Tn' 1 -> R+, we can choose the 

scaling function, As : Rn -> R+, so that ipfQ restricted to the cross-section Tn' 1 x {0} 

is the Poincare' (first-return) map of the flow, Iptf  xs.

So, s(p) is the transition time for a point, (p, 0), to return to the cross-section,
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4-1 J I

Figure 4. A ,,-scaled suspension flow of a map, /

Tn-1 x {0}, under the flow, ^/,As* see Figure 4.

For standard suspension flows, an iterate of the time-one map corresponds to 

traversing the generator of the n-torus in the flow direction once. Such is no longer 

the case for A-scaled suspension flows. So what makes computations for A-scaled 

suspension flows difficult is that transition times back to the Tn-1 x {0} cross-section 

can vary dramatically. Furthermore, once a suspension flow is A-scaled (A ^  I), the 

rotation set in the Tn_1 directions is no longer that of the suspended map, / .
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CHAPTER 2

A FLOW ON A 3-TORUS WITH 3-DIMENSIONAL ROTATION SET

The goal of this chapter is to explicitly exhibit a smooth flow on the 3-torus 

which has a rotation set with 3-dimensional interior. To that end, we construct a 

special A-scaled suspension flow, <Pf X : T3 —>■ T3 of the 3-symbol toroidal horseshoe, 

/  : T2 —>■ T2, as described in Chapter I. The key to obtaining a rotation set with 

3-dimensional interior is to scale the vector field of a suspension flow of /  in such a 

way that the rotation set is “thickened” in the third coordinate. We take advantage 

of the periodic orbit structure of /  to relate transition times to iterates of the map, 

/ .  This gives us a relationship between the displacement in the lift of the flow and 

time. By carefully assigning transition times to each point in Ay, the invariant set of 

/  (described in Chapter I), we obtain four non-coplanar points in the rotation set of 

the flow, Iptf x . Finally, by Lemma 2.7, an orbit is constructed which has rotation set 

that is the convex hull of these four non-coplanar points.

We state the main result of this chapter now and postpone the proof until we 

establish some notation and preliminary results.

T heorem 2.1. There exists a Cco flow, yA : T3 —>• T3, that has a rotation set with 

3-dimensional interior.

We begin by defining a transition time function, s, which determines a As-Scaled 

suspension flow of / ,  Ifitf iXs : T3 -> T3. It is this flow that has rotation set with 

3-dimensional interior.

Throughout this chapter, rotation vectors are computed indirectly. That is, we 

use the symbol sequence of a point inherited from the toroidal horseshoe, / ,  rather 

than working directly with the lift. We show that this computation of the rotation 

set is equivalent to the definition.
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Let s : T2 —>■ Z+ be a Cco map such that for p 6 Ay and 77(p) =  (%, 771, . . .  )j

s{p) =
if 770 =  0 
if 770 =  I 
if 770 =  2 ,

( 2 .1)

for fixed a,b,c E Z+ to be specified later. As described in Chapter I, As : Z3 -> Z+ 

scales the (vector field which generates) suspension flow of /  in such a way that 

the transition times are precisely s. This scaled vector field generates the As-Scaled 

suspension flow of / ,  \ : T3 -4 T3, which has the property that for each p E h

(k = 0,1,2), the first-return time of (p, 0) under' , back to T2 x {0}, equals the 

transition time, s(p). For brevity, let p* — PyjAs-

For any p G Ay and q = (p, 0) E T3, define n(q, t) : Z3 x Z —̂ N by

n(q,t) = c a rd |{ p T(g)| r  e  (0,t]> Q  (T2 x {0})} . (2.2)

Here n(q,t) equals the number of times the orbit of q intersects the cross-section, 

T2 x {0}, as time ranges from 0 to t. This is also the number of times the orbit of q 

traverses the third generator of T3 in t time units.

Given any q — (p, 0) G T3 as above, let {tkjkLi be the strictly increasing sequence 

of times such that

** =  $ > ( • / » )  (2-3) ■ 
i=Q

Then, is the time of the fc-th intersection of the orbit of q with the cross-section, 

T2 x {0}. Equivalently, n(q,tk) = k. The following proposition shows an alternative 

way to compute the rotation set of a point under a As-Scaled suspension flow.

P roposition 2.2. Let p* be a \ s-scaled suspension flow on T3 and tk be defined as 

in (2.3). Then,

Ttk(Q)-Q  
tk ■

P<p(q) = LIM q EU  1(q) and k E N



20

Proof: By the definition of p,p(q) in (1.7),

LIM
I  tk

q EU  1(q) and k G n |  C Pv(Q).

Let r G Pcpiq)- Then there exists a sequence of times tj —> oo as j  —> oo so that 

^ 3 > r  as j  > oo. Let t^O) — min {4 | tk > tj}  . Since s is a continuous function

on a compact set, — i,-| < b0 for some 6q > 0.

Let B0 — diam {^(g) — g 11 G [0, bo] and q G n-1(g) where q G T3}. Then, 

j -*-00 . J-*-00 (4 (j ) — ^-) +  t j

_  lim ((PtkW-tI (tptj (q)) ~  tptj jq)) + (ffi (g) ~ g)
J-* 00 (^y) — tj) +  tj

j-*00 +  bo tj + bo J

Since r was chosen arbitrarily,

LIM r ^ ( g ) - g
I tk

q e U  1(q) and A: G N > D Pv (Q).

For any point, p G A/, with forward symbol sequence , 77 =  ijoVi • • •, the rotation 

set of the point g =  (p, 0) under qf can be found by utilizing F : {0,1,2} -> M2, (as 

in (1.2) ) and the following proposition:

P roposition 2.3. Let f  be the 3-symbol toroidal horseshoe, p G A f with forward 

3-symbol sequence pip), q =  (p, 0), </ : TT3 -» T3 be a Xs-Scaled suspension flow of f ,  

and T : {0,1,2} -> E2 be as defined in (1.2). Then,

p,(g) =  L l M j l ( X T f o ) , , AGN

Proof: Let : E3 ^  E3 be the lift of qf. Recall B C T2 is the rectangle from the

construction of / .  Without loss of generality, choose q G II-1(q) so that q e  R x  {0}.
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The key observation in the construction of the As-Scaled suspension flow, as de­

scribed in Chapter I, is that Iptl (q) e ( R +  (F(^0)), I). This is because p G Ivo and 

Ptl (q) is the first-return to the cross-section, T2 x {0}. Recall that n(q,tk) =  k. So,

We now return to the task of finding four rotation vectors of Ipt that are non- 

coplanar. Recall that we use the notation =  oococo. . .  to represent the in­

finite sequence with u  concatenated with itself an infinite number of times. Let 

P G p d 00) C T2, where P(Ioc) is the set of all points with forward symbol sequence 

I00. By Proposition 2.3, the rotation set under p* of a point (p, 0) is:

By the definition of s(p) in (2.1), and of in 2.3, == kb when p G T2 is such that

its forward sequence is I 00. So,

^ r ( p i ) ,  k J g R x {0} . Therefore,

By (2.2), the proposition follows. 0
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It is left to the reader to check that the rotation sets under of the sets

(p (0°°),0), (p (2°°),0), (p (p (10°°), 0) are:

ro =  ^ (p (0°°),0 ) =  (0 ,0^);

r2 = Pv{P (S00)1O) =  (I, I, I)]

r3 =  Pip(p (01°°), 0) =  pv (p (10°°), 0) =  ( j ^ ,  0, ^ ) .

Choose a,b,c E M+ so that the convex hull of these rotation vectors, < T0, T1x, r2, r3 >, 

has three-dimensional interior. By Definition 1.7, the rotation set of a single point is 

closed. Therefore, the proof of Theorem 2.1 is completed when we exhibit a point, 

q =  (p, 0) G T2 x {0} C T3 with rotation set, p^q), that is dense in < ro,r i , r2, r3 >. 

For the construction of such a point we need the following definitions and lemmas.

D efinition 2.4. For any finite sequence, P =  P1P2 . ■ - Pn, the finite sequence, 

P* = p*p*.. .  Pfn,m > n, is an extension of P_ if Pl =  Pi when l < i < n .

So, P can be extended to /3* by concatenating /?*+1/?*+2 . . .  Pln to the end of /3.

D efinition 2.5. Let g e II 1^ )  for some g e Tra and let qfi : Tn Tn be a flow 

with lift Ipt : Mn — M71. Define the r-rotation vector of p under Ipt by,

P*(9) T

By the following lemma, given any finite sequence, /3, and a set of rotation vectors 

of periodic points under a toroidal horseshoe, / ,  there exists r  > 0 and an extension, 

P* of P which has r-rotation vector arbitrarily close to any given point in the convex 

hull of the set of rotation vectors at time, r. In order to accomplish this P is extended 

so that it mimics for a while each of the periodic orbits. Since under a A-scaled

suspension flow points flow at different rates, we must also keep track of ratio: the 

time it takes the flow, qfi, to mimic each of the periodic points, and the total time 

elapsed. We do this to ensure that the r-rotation vector of /3* is as desired.
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Lemma 2.6. Let f  be a 3-symbol toroidal horseshoe on T2 and let s : T2 -> E+ be a 

C°° function. Let : T3 — T3 be a Xs-Scaled suspension flow of f  and ^  : R3 —>■ M3 

be the lift of cp*. Let {pi,p2, • • • ,p&} G Kf be a set of f -periodic points. Denote by 

n  =  PtpijPi, 0) and K  —< r i,r2, ■■■ ,rk >. Let ft G {0 ,1,2}^ for some finite N  > 0. 

Then, for each r G K  and e > 0 there exists a finite extension, (3* of /3, and a finite 

time, Ty* > 0, such that for all q* G {p(/T0°°)} x {0},

| P v ' ( 9 * ) - r |  <e .

Proof: For brevity, let p G p (/30°°) C A/ C T2 be a point with forward symbol

sequence (30°° G {0,1 ,2}^. Recall from the description of the toroidal horseshoe, / ,  

in Chapter I that for any point, p, with symbol sequence, p, P(p)  =  p(crJ'(p)) where 

cr is the shift operator on 3 symbols.
N - I  N - I

Let Ty = ^  s ( f j (p)) =  ^  S(P(Crj (^)))1 Notice that the r^-map of p ,
j=0 J—0

(pT0 : T2 x {0} -A-T2 X {0}, is the AT-th return map for the point, (p, 0).

Let Ii be the period Ofpi under / .  Then, there exists a finite sequence,
£i—I

Xi  = X 0 X 1 . . . X i i -X G {0,1,2}li such that p(P*) =  • Let n  = ^ s ( p  ( a J ( x i ) ) ) .
J=O

Then Ti is the time to flow through one period of p, under p ,  and the Ti-Hiap of <p*, 

cpTi : T2 x {0} - AT2 X {0} is the ZiTh return map for the point, (pi, 0).

Choose Mo G N so that n0Tp > Y a=IP- For brevity, we will abuse notation and

redefine Tg =  no Tg and (3_ =  /?no.

By hypothesis, all r G K  can be written as r 

k
Y j Wi = I and 0 < Cvi < I.
i=l

Let e > 0 be given and let

k
Y j WiTi for some Wi such that
i=i

AT =  |/»?(p, 0)| +  k  ■ (miuc |r|) , (2.4)
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and

T  > 2-7/3 M 
£

k
+ E * .

i= l
(2.5)

Tljj —

LOiT
Ti

( 2 .6)

where [y\ =  max{n E N  \ n < y} and i = I , . . .  ,k.

Set ft* = /3 X i ilX-Z12.. .  Xjftik and let p* E p (ft* Q00) C A/ C T2 be a point with forward 

symbol sequence ft*0°° E {0,1,2}^. Let

k

T0 * =  TjS +  ^  UiTi . 
i= l

k

Then the -7̂ *-map of : T2 x {0} T2 x {0}, is the (N + ' ^ n i ^)-th return
i=l

map for the point, (p*, 0) .

Define At(g) =  ^ (g ) - g  for all q E II-1 (g) where q E T3. A t satisfies the following 

property,

A*i+%(g) =  AX?) +  A^ (^ (g )) ,

and the r-rotation vector of q in terms of A* is given by

(2.7)

(2.8)

Then by (2.7),

A^'(p*,0) =  A^(p*,0) +  A ^ ( ^ ( p \ 0 ) ) +  (2.9)

/ \ n k Tk  ^ T p + m n + . . . + U k - J T k - !  ^
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Since is a As-Scaled suspension flow of / ,

=  ATf(p*,O) +  A"^(p(</r0*O°°)),O) +  

A ^ ( J )  0*0°°)), 0) 4 - ... +

/ \ n krk â N +nih+...+Uh-Xlk--L ^ Q 00)); Q) .

Prom properties of the shift operator, a,

A ^ ' (p*, 0) =  (p*, 0) +  A ":^ (p . . . ^ 0 ° ° ) ,  0) +

A":^ (p 0 2 ^  . . . *0°°), 0) +  . . . +

A"^(p0t"&O°°),O) .

Since ipn : T2 x {0} T2 x {0} is the k-th return map for the point, (p*, 0),

A^*(p*,0) =  A^(p*,0) +  A"^(pi,0) +

A ^ (p 2 ,0 ) +  . . .  +  A ^(p& ,0) .

And by the periodicity of each pi we have,

A^(p*,0) =  A^(p*,0)+% A^(pi,0) +

n2AT2 (p2, 0) +  . . .  +  WjfcArfc (pk, 0).

By (2.8) and since p^(pi, 0) =  p^Pi, 0) =  rh

p^*(p*,0) - r  =
Ar  ̂{p"(P*,0) , y V ?%Ar'(% ,0)\

-  (P*)0) +  ( IAT Py (P«: °) ) _  5 3  Uiri
rTliTi

_  T* ^i=l V T-8 2=1

=  — pv (p* > o) +  5 3
TljlTjl

Tp* *=i V rP
Vi Tj (2 .10)

From (2.6) we have the following inequalities.

I <rii < for each i G I , . . .  , k.
n Ti

(2.11)



26

Notice by (2.11) and (2.5)

Tp*
T0  + Y l niTi ~ T0  + T  ~ >

i=l i=l e ■

so

Tp* 2M
( 2. 12)

Also by (2.11)

T,/9 T/3* Tp*

By our choice of Tg and (2.11), rg* > T. Thus by (2.12)

T _ i Tp* — T < t o +  T ) - T I l
T/3* TP t P

£

2M  ‘ (2.13)

Taking absolute values, applying the triangle inequality to (2.10) and substituting 

the bounds obtained in (2.12) and (2.13) we have,

\pT(p*,0 ) - r \  <

<

|a ?(p*,0)| +  T l
Z=I

2M

T l
Ui \n\

Since | (p, 0) | =  |p^(p*,0)| and by the choice of M  in (2.4),

\ f > '
,T̂ (P*,0) - r |  < e. 0

The following lemma shows, for a collection of rotation vectors of any As-Scaled 

suspension flow of / ,  there exists a point with rotation set equal to the convex hull 

of the collection.
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Lemma 2.7. Let f  be a 3-symbol toroidal horseshoe on T2 and {pi,P2 , ■ ■ ■ ,Pm} be a 

set of f -periodic points. Let Cpt : T3 -A T3 Se a Xs-Scaled suspension flow of f  with 

lift, Ipt \ R3 M3. Let ri =  pv{pi, 0) for each i =  l . . . m  and < n ,  r2, . . . ,  rm > be 

the convex hull of {ri, r2, . . . ,  rm}. Then there exists a point, q G T3, such that the 

rotation set of q under Ipt, pv {q) =  < L ^r2, . . .  , rm> .

Proof: Let K  =  {£;i, £;2, . . .}  be a countable and dense subset of < T1, r2, . . . ,  rm >.

Remark: The desired point q G T3, is such that q =  (p, 0) for some p E A f . We 

construct a sequence, p(p) corresponding to the forward symbol sequence ofp, through 

an iterative process. At the n-th step, n-extensions are made to the finite sequence 

constructed at the (n — l)-st step. We keep track of what stage we are at in the 

process by subscripting the sequences. r}n,i is the Ath extension of the sequence at 

the n-th step where i G { 1 ,2 ,..., n}. For brevity, denote a point on the 2-torus with 

forward symbol sequence, p by p*,*.

By Lemma 2.6 there exists a finite sequence pi,i G {0,1,2}JVl’1 for some JVljl > 0 

and Tljl > 0 such that:

|p%X(Pi,i,0) -& i| < I.

Again by Lemma 2.6 we may extend Tyljl to the sequence Ty2il G {0,1 ,2}N2'1, where 

JV2)i > JVlil, and there exists t2)1 > Tljl such that

Ip^1(P2lI1O)-Jc1I <

Now extend Ty2jl to the sequence Ty2,2 E {0,1,2} N 2’2 where JV2j2 > JV2jl and let T2j2 > T2jl 

be such that

|Py''(P2,2,0)-&2| <

Continue this process so that at the nth step the sequence Ty(w- 1)i(ra-i) is extended to 

the sequence Tynjl G {0,1 ,2}Arn-1 where JV7ljl > N(n-i)t(n-i), and let T71jl > T(n-i),(n-i)
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be such that

IpJr1(PnjIjO) — &i|.<

Now for z =  2 . . .  n, extend the sequence Pn,(i-i) to the sequence G {0,1,2}iV™’i 

where Nn î > Nn^ 1), and let T7lji > T7lĵ -I) be such that

|pJM(Pn,i,0) -  &*| <

As n  goes to oo, the sequences ^njiO00 limit on a sequence, 77 G {0,1, 2}^. Under the 

lift of the flow, the rotation set of q =  (73(77), 0) will contain each of the Pi5S as they 

are limit points of j  '̂ t t G E j  . Also, by construction, S iilzi g j{  for each t. 

So, since the closure of a set contains'all of its limit points, Pv C Cl(K) . Thus, the

rotation set of q, pv (q) = K. □

Proof: (of T heorem 2.1) By appropriate choices of a,b,c in the definition of the

transition time function, s, there exists rotation vectors, r0, r 1; r2, r 3, of (y))As that are 

not co-planar. By Lemma 2.7, there exists a point with rotation set equal to the 

convex hull of these rotation vectors. 0

It is interesting to note that for choices of a, b, c which ensure that the rotation 

vectors are not co-planar, the projection of the convex hull of these rotation vectors 

onto M2 is not the rotation set of the toroidal horseshoe / .  This projection is still 

triangular in shape but is not geometrically similar to the rotation set of / .
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CHAPTER 3

PERIODIC-POINT-FREE FLOWS WHICH HAVE ROTATION SETS

WITH INTERIOR

Barge-Walker have constructed a diffeomorphism T : Tn —> Tn which is periodic- 

point-free and which has a rotation set with interior for n > 3 ([I]). The focus of 

this chapter is the construction of a periodic-point-free flow on the n-torus (n > 4) 

which has rotation set with non-empty interior. Their diffeomorphism, F, is essential 

in this construction although constructing the flow requires accounting for several 

scaling related issues simultaneously. We begin with a summary of the results of [I].

Let f  be the fixed 3-symbol horseshoe as described in Chapter I, and let h = f m 

for some m  =  m(n). It suffices to let m(n) =  2n~2. Then, F  : Tn Tn has a lift 

JF1 : Rra Rn of the form:

F { x , zn_2) = {hi{x,y),h2 {x,y), Z1 + Q1 (X^y), . . .  , z n_ 2 + gn- 2 (x,y))

where (hi, h2) is a C°° lift of h. Also, for k =  1 ,2, . . . ,  n — 2, each : R2 —> R is a C00 

map for which Qkix , v) = 9k(x +  y) =  9k(x , V + ^)- Notice that h has an invariant 

Cantor set, Ah, which supports a toroidal full shift on 3m symbols. Depending on its 

3m symbol representation, each h-periodic orbit has a rotation vector in the closed 

triangle with vertices (0,0), (0, m), (m, m). Each gk is designed to give (lifts of) each 

h-periodic orbit a net irrational push depending on its 3m symbol representation. In 

this way, all h-periodic orbits are destroyed. The dependence of each gk on these 3m 

symbol representations is designed so that the rotation set of F, pF, has n-dimensional 

interior.

To simplify the discussion, we construct only the flow on the 4-torus. It will then 

be clear how to make analogous constructions in higher dimensions. Let h = f 2. Then 

there exist 32 disjoint regions, /(y) C R, where /(y) - R x  Ij for i , j  = 0,1,2.
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See Figure 5. The dynamics of h restricted to Ah A 12 can be represented as symbol

sequences of the 32-symbol space, namely, {0,1,2} x {0,1,2}. For brevity, we de-
r I n  r o Nnote the forward sequence space, -I {0,1,2} x {0,1,2}} , by j {0,1,2}2 } . For each 

r OInV — VoViVz . . .  G I {0,1, 2}2} there is a point, p — p(v) 6 Ah, such that hn(p) G IVn 

for each n = 0,1,2, . . .  . Notice that if a point, p G T2 has a sequence represen­

tation, 77(p), under h, then the sequence representation of h(p), v{h(p)), is equal
r 1N f o lNto the image of 77(p) under the shift map, a : j{ 0 ,1,2}2|  —> |{ 0 ,1,2}2 j  where

<j(Vo,Vi ,V2,---)  =  {Vi ,V2,- - - ) -  So, v( h(p) )  =  a(v{p) ) .
The diffeomorphism, F, has a lift F1: M3 —> M3 of the form:

=  (hi(a;,p),h2(^,%/),z +  p(^y)) (3.1)

where the lift of h is denoted ash = (hi, Ji2). The function, p : R2 —> M, gives, (lifts of) 

each h-periodic orbit an irrational push in the ^-direction depending on its 32 symbol 

representation. So, g is defined as follows: Let 0, a, ft, 7 ,5 G |{0 ,1 ,2}2|  be defined 

by

0 =  (0,0), a = (1,0), §_ =  (0,1), 7 =  (2,0), and 8  = (0,2) .

In order to “thicken” the rotation set of F, and i2 are chosen to be irrational

numbers such that - 2  < Z0 < 2, A < -4 , and i2 > 4. We also require that 

I, io, ii, and i2 are independent over Q.

Then,
* 0  i f  7? o  =  0

g{p) =  ■{ h  if 770 =  ^  or 5 
i2 if Po =  a  or 7

(3.2)

where p G II-1 (p) and p G Ah.

We now construct a As-Scaled suspension flow of F, <p̂ As : T4 -7 T4 which has the 

desired properties. Let s : T2 ->• K+ be a smooth function such that:

a if Po =  a
s(p (n)) = b otherwise (3.3)
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Figure 5. Toroidal horseshoe of the map, h = f 2
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where o, 6 E E+ and a ^  b. As described in Chapter I, As : E4 —>■ E+ scales the 

(vector field which generates) suspension flow of F  in such a way that the transition 

times are precisely s. This scaled vector field generates the As-Scaled suspension flow 

of F, lPtFtXs : T4 —> T4. For the remainder of this chapter we denote PtpyXs : T4 — T4

by<p*.

As in Chapter 2, for p E Ah and q E {p} x S1 x {0} C T4, define n(q, t) : T4 x E —> N 

by

n(q,t) = card ^{p T{q)\r E (0 ,t]}p | (T3 x {0» j  . (3.4)

Here n(q, t) determines the number of times the orbit of q intersects the cross-section, 

T3 x {0}, for times in the range (0, t]. This is also the number of times the orbit of q 

traverses the fourth generator of T4 in t time units.

Given any g E T4 as above, let (Aj)A1 be the strictly increasing sequence of times 

given by
k-l

tk =  Y l  ( ^ -  (3-5)
z=0

Then is the time of the k-th intersection of the forward orbit of q with the cross- 

section, T3 x {0}. Thus, n{q,tk) =  k. By an argument similar to that of Proposition 

2.2, the rotation set of q under </?* is

q E Tl- 1 (q) and k e n ]  . (3.6)

Table 4 specifies F : j { 0 , 1 ,2}2|  -4 E3 for 0 , a , 7 ,5, where F =  (Fs, FyiFz). For 

any p E Ah with forward S2-Symbol sequence 77, and for q E {p} x S1 x S1, where 

q =  (x, y, z, u), F can be defined on all elements of j { 0 ,1,2}2 j  so that

P t l (q) E I + ( F-Ĵ o)) Fy(Po) ) j z  +  T z{r]o), % + j.
• For any point, p E Ah, with forward symbol sequence, p(p) E (Q, a, (A, 7 , 5}N, the 

rotation set of the point, g E {p} x S1 x {0}, under pl can be found by utilizing F as . 

defined in Table 4 and the following proposition:
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Table 4. F values

r* r , Fz

IO Il (p 3 0 0 ?o
QL= (1,0) I 0 k
P =  (o, I) I 0 ii

Il JO O I I h
5 = (0,2) I I h

P roposition. 3.1. Let F  : rT3 ^  T3 be a periodic-point-free diffeomorphism as de­

scribed above, p G Afl, with S2-Symbol sequence, rj{p), q G {p} x S1 x {0} C T4, and 

let p* : T4 —> T4 be a Xs-Scaled suspension flow of F, Ipt : R4 ^  R4 be the lift of Cpt 

and {tk} as in (3.5). Then,

f i *-i
PyW =  LIM < — Y ^ ( r x(rji),Ty(r}i),Tz (rji),l)

V fc i=0

Proof: By Proposition 2.3, we need only show that for some B < oo

& G N > .

Zs-I

^ i= O
< B

where ^ ( - )  — (•) j  denotes the third coordinate of lPt(■) — (•). Since under the lift of 

the time-ti map, Iptl , points are given a net irrational push in the third coordinate,
Zs-I

( ^ 1 (£)) =  Fz (po). So, ^ tfc (§)) =  ^ F z(Pi). Thus, B =  O suffices above. D 

By Proposition 3.1, the rotation set of q G {p{a°°), 0,0) G T4 under Ipt is:

k ) - l

n  = p,p(q) ■ = LIM
fc 1=0

& EN

= LIM 

=  LIM

k - l

tk 2=0
k q k ■ i2 k_ 
tk' ’ tk ’ tk

AGN

A g NL
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By definition of s(p) in (3.3) and of n(q,t) in (3.4), Z& =  ka. So,

A: G N I =n K o A 1-a a a

It is left to the reader to check that the rotation sets under cp1 of the sets,

(p(0°°),0,0), ( p ( m , 0, 0), ( P M , 0, 0), ( P M , 0,0) are:

ro =  p ^ ( p ( M , 0, 0) =  (0, 0, ^ , | ) ;

r 2 =  Ptp(p (/5°°), 0,0) =  ( |,  0, j ,  | )  ; 

rs =  py(p M ,  o, o) =  (i, i ,  i ) ; 

r4 =  Ptp (p (5°°), 0,0) =  (J, | ,  f ,  |)  .

The selection of s in (3.3) requires that a A b. Thus, the set of rotation vectors, 

{r0, ri, r 2, r 3, r4}, is not contained in a 3-dimensional hyper-plane. So,

< >  has 4-dimensional interior. In order to show that pv has interior, it 

is enough to exhibit a point in T4 with a rotation set under Kpt that is a dense subset 

of < ToTiT2T sT i >- In order to do this we need the following lemmas which are 

analogous to Lemma 2.6 and Lemma 2.7.

Lemma 3.2. Let F  : Tr a - 1  -> Tr a - 1  be a periodic-point-free diffeomorphism as above 

where h : T2  —>■ T2 has an invariant set which supports a full shift on 3m-symbols. 

Let ip* : Tn Tra be a Xs-Scaled suspension flow of F with lift ^  : Mn T  Rra. Let
n—2 times

{Pi T 2> ' ' '  ,PaJ  C T2 6e o set of h-periodic points. Let % =  (pi, 0,. . . , 0)  C Tn. 

Define r, =  Ptp(Qi), for i = I - • - k. Let ff G |{0 , l,2}m|  for 0 < N  < oo. For 

each r e  K  = <  r i , r 2, • • • T a, >  and e > 0 there exists a finite time, r* >  0, and an
77,-3 times

extension of /3 , /3*, such that for all q* G {p(/3*0°°)} x S1 x • • • x S1 x{0};

IPy (9 * ) - r |  <G .
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Proof: Recall from the construction of the As-Scaled suspension flow, Ipt, that As is
■ ra—3 times

chosen so that s : T2 —>■ M determines the time for a point, g E T2 x S1 x • • • x S1 x{0}
n times

to flow around the n-th generator of T71. For brevity, denote S1 x • • • x S1 by {S1}71. 

We begin by defining some notation analogous to that in Lemma 2.6.
N - I

Let Tg =  ^ 2  s(h?(p 0°°))). Notice that ^  : Tn_1 x {0} —>• Tn_1 x {0} is the
j =0

N -th  return map for all q E {p (§_ Ooc)} x (S1Ira"3 x {0}.

By hypothesis, each Pi is h-periodic. Let Ii be the period of Pi under h. Then, 

there exists a sequence Xi = X0Xi . . .  Xii-I  E j { 0 , 1,2}m|  such that P(Pi) =  .
Zi-1

Let Ti = s (h?(Pi))- Notice that for any q E {pi} x {S1}71-3 x {0} ,
J=O

cpTi : Tra""1 x {0} —> T71-1 x {0} is the k-th return map.

Choose Mo E N so that n0Tp > J2i=i R- For brevity, we will abuse notation and

redefine Tp =  no Tg and ft =  fP0.

Let qp E { p ^ O 00)} x {S1}71-3 x {0} and M  = \plp(qp)\ +  k |'r|
k

Let e > 0 be given and T  be such that T  > ^ Ti ■
i—1

By hypothesis r  E K, so r = ^ UiTi for some Ui such that 0 < w* <  I and ^  Ui =  I.
i=l 2=1

So let Hi = UjT
n where [y\ =  max{n G N | n < p}.

Set /3* =  /3 X7I1 . . .  X7Jlk. Let the time to flow through /3* be denoted by
k

T*

z=l

m \
Tp+ niP ■ Notice that <pT* : T71" 1 x {0} Tra"1 x {0} is the ( iV +  ^  mk  I ~th

2=1

return map for any q* E {p (/3*0°°)} x {S1}71-3 x {0}.

Define A : Tre Rn by A t (q) =  ^(q )  -  g for p E n-1(g) where q E T71.

Then the T-rotation vector (see Deflation 2.5) is given by pjp(q) = and

A tl+t2 (q) =  Atl (q) +  A t2 (qf1 (q)) . Notice that because Ipt gives (lifts of) each p in 

the invariant set of h, Ah, a net irrational push in the 3-rd through the (n -  l)-st
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coordinates, the following property holds. For any t > 0, p G A&, qi =  (p, 0, . . . ,  0) and 

g2 =  (p, zn_i, 0) where G S1, i =  3 , n -  I, we have that =  At (^2) •

Let g* =  (p (/3*0°°), 0 , . . . ,  0) G Tn.

Then as in the proof of Lemma 2.6 and (2.9)

A~ (g*) =  A ^ (g*) +  MiA^ (<%) +  % A ^ (%) +  - - - +  A ^ (%) .

And similarly, as in the proof of Lemma 2.6 and (2.10),

PT;  (Q*) ~ r  =  (q*) + 53 f
r* i=i V

U jTi

t*
- O J i ) n  .

And lastly, by the proof of Lemma 2.6, and the choice of M, T, Ui, we have,

|/#(?*) - r |  < e.

The following lemma shows that, for n > 4 and F : Tn-1 —z Tn_1, the periodic- 

point-free diffeomorphism as described above, and for any collection of rotation vec­

tors of (p1, the As-Scaled suspension flow of F, there exists a point in the n-torus with 

rotation set equal to the convex hull of the given collection. This is the n-dimensional 

version of Lemma 2.7. The proof uses a more sophisticated, infinite to one, indexing 

scheme than was used in the proof of Lemma 2.7. In actuality, the fact that F  is 

periodic-point-free is not needed in the proof, but Lemma 3.2 is heavily used.

Lemma 3.3. Let n > A, F  : Tra-1 -A Tra-1 be the periodic-point-free diffeomorphism 

as described above, and p* : Tra Tn be a Xs-Scaled suspension flow of F with lift, 

Ipt : Rn -P-Rn. Let ri,,r2, . . . , r k be any collection of rotation vectors of tp*. Then there 

exists a point q e Tn for which pv(q) =< r i ,  r2,,. . . , r fc> .

Proof: Remark: The desired point q G Tn, is such that g G {p} X {S1}"-3 x {0}

for some p G Ah. We construct a sequence corresponding to p, through an iterative
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process. At the j- th  step, the sequence constructed at the (j — l)-st step is extended. 

We keep track of what stage we are at in the process by subscripting the sequences. 

We let rjj denote the j-th  extension of the sequence. For brevity, denote a point on the 

2-torus with forward symbol sequence, by pj. We let qj G {%} x {S1}™-3 x {0}.

Let K  be a countable dense subset of <r i ,  rg, . . . ,  r*, >. As K  is countable, there 

exists an onto map k : N — AT such that for each k e K, card(K~1 (k)) =  oo. By 

Lemma 3.2 there exists a finite sequence % E < {0,1,2 }m I- for some N 1 > 0 and a 

time, ti, such that

-4 1 )1  < 1

Now extend 771 to the sequence 772 E j { 0 , 1,2}m|  , where W2 > N 1 and there is a

time, t2 > Al, such that

IPy (%) -  %(2)| < g

Such an extension exists by Lemma 3.2.

Continue in this manner and at the j-th  step, extend Tjĵ 1 to rjj E |{ 0 ,1,2} 1 

where Nj > N j ^ 1 and there is a time, tj > such that

. ■ I -4 ;) I < 7 - (3.7)

The sequence, Tjj O00 E |{0 ,1 ,2 }TO|  , limits on the sequence, 77 E |{0 , l,2 }mj  as 

j  00 which is the forward symbol sequence of a point, p E Ah. Let q E {p}xS^x{0}. 

We now show that p<p(q) =<r1, r2, . . . ,  >• Choose & k £ K . In order for k E Pip(q),

t E M j . We require a strictly increasing sequence 

e Be(k) for i. Here Be(A) is the e-ball 

of k. We now show such a sequence of times exists.

For any A; E AT, the car-d-jA-1^ )}  =  00, there is an increasing sequence of natural 

numbers U1 < U2 < TI3 < . . .  so that nfoi) = k for all i. Let 771 > O be such that 

-A— < e. Let T 1 =  tnm+i> T2 =  t n m+21 Ti =  t n m+i for each Z > 0. So, Ti < T2 < . . .  .

Vt(Q)-Q
tk must be a limit point of j  

of times, {77}^, such that for e > 0
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By the construction of the sequence rj and by 3.7, for each Z > 0

I
Py (g) -  fc| =  Pvm+l (?) -  K(nm+l)

I I
<  — —  <  ------  <  -

HmrH H m  E

Thus (g) G Be(k). Hence ft is a limit point of pip(q). Since q is such that 

Ptv (tI) ri, r2, . . . ,  rfc > for each t, and since the set of limit points of a set is 

contained in the closure of that set, Pttp(Q) is contained in < n ,  r2, . . . ,  >. Thus,

P y (q)  = < r i ,r 2, . . . ,r&> . □

We now have the results needed to prove the following theorem:

Theorem 3.4. For each n > 4, there exists a C°° flow, <p* : Tra —̂ Tn, such that

(i) the rotation set Ptp, has n-dimensional interior, and

(ii) qf has no periodic points.

Proof: Since F  has no periodic points, the A .,-scaled suspension flow of F  constructed 

as above cannot have periodic points.

By construction, there exists a collection of points on the n-torus which have 

rotation sets that contain points which are not co-hyper-planar. By Lemma 3.3 there 

exists a point, q G T71, such that Ptp(Q) is equal to the convex hull of this collection 

and thus has n-dimensional interior. Since Py(q) C pv, Ptp has n-dimensional interior.

□
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CHAPTER 4

ANY POLYHEDRON IS THE ROTATION SET FOR A FLOW

In [22], Ziemian expands upon a widely known method which uses the transition 

graph to compute the rotation set of a map on the torus which restricts to a subshift 

of finite type on an invariant Cantor set. In this chapter, we show that this method 

can be extended and used to compute rotation sets of A-scal'ed suspension flows of 

maps which restrict to subshifts of finite type on invariant Cantor sets. Then, using a 

theorem of Kwapisz ([12]), we show that given any convex polyhedron with rational 

vertices contained in R3, there exists a flow on the 3-torus which has that polyhedron 

as its rotation set.

Rotation Sets of Subshifts of Finite Type

We begin by establishing notation and stating a relevant theorem of Ziemian. 

Following Ziemian, by “/  : Tra -> Tn is a subshift of finite type” we mean that /  

restricts to a subshift of finite type on an invariant Cantor set. Let /  : Tra -> Tn 

be a transitive subshift of finite type which is homotopic to the identity with lift 

/  : R n -4 - R Y  Let R  =  { R i } ^  be a Markov partition of f  ([18]). The m x m  

transition matrix of / ,  B f  =  (6%) is defined by:

Remark: For many choices of B f , the shift space is empty. We will focus on those cases 

where the shift space is non-empty, which is always the case when /  is a transitive 

subshift of finite type.

I if mt(f(Ri)) P| Int(Rj ) ^  0 
0 if mt(f  (Ri)) p| Int(Rj ) =  0 .

The shift space for the transition matrix, B/, is defined as:

£ /  =  f a  =  M # - o o  I * W i  =  1 for a11 4  •
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Let o : {1,2, . . .  —>■ {1,2, . . .  m}^ be the shift map on m-symbols defined by

=  £ where & =  Tyw .

The transition graph, Qf, of the Markov partition for /  is constructed from 

the transition matrix, By, as follows: Let the rectangles of the Markov partitions, 

R i ,R 2 , . . . ,  Rm, be represented by vertices of Qf, labelled M1, M2, . . . ,  Am,- respectively. 

There is an arrow (directed edge), (Ai, My), in the graph, Qf, which begins at Ai and 

ends at Aj if and only if fry =  I. A path in Qf, denoted by P  =  (Arjo, Avi, . . . ,  AVn) is 

a collection of vertices such that there is an arrow from Am to A m+1 for 

i G {0,1, . . . ,  n — 1}. Notice that the set of all possible infinite paths of Qf corresponds 

to the set of all allowable sequences, E/. The length of a path, P, denoted by \P\, is 

the number of arrows in the path. So, if P  =  (Ano, Am, . . . ,  Arjn), then \P\ — n. If a 

path, P  =  (Arj0 JAm, . . . ,  Arjn), is such that Ano = Arjn, then we refer to P  as a loop of 

Qf. A loop is said to be elementary if it is not the concatenation of 2 shorter loops. 

That is, P  =  (Ano,A m, . . . ,  A nJ  is an elementary loop of Qf provided Ano — Arjn and

if i ^  j ,  then Am /  Anj for t G {0,1, . . . ,  n} and j  G {1,2, . . . ,  n -  1}.

Define Ay : Tn -> IRra by Ay (p) = f(p) — p where p G II-1 (p) for some p G TL

Then Ay is the displacement map for f .  The expression, PfiO-p, which is used in

computing the rotation set of / ,  can be rewritten using the displacement map as 
I
- ^ A y ( Z i(P))1 This is the average displacement of points along part of the orbit of
n  j_o
p. Since orbits can be represented as sequences of By, as well as paths of Qf, if we 

record the displacement of /  along each of the arrows of Qf, all information needed 

to compute the rotation set of /  would be stored in the graph, Q f . To this end, we 

would like to represent Ay, the displacement by / ,  by a map on the arrows of Qf . 

The desired map, which we denote by Dy : Ey Rn, must be “constant along the 

arrows of Q J  otherwise it is not well-defined. By “constant along the arrows of QJ  

we mean constant on cylinders of length 2 in the sequence space, Ey.
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A cylinder of length 2 is defined by CaJ3 =  {77 6 E / |?7o =  a and 771 =  b] 

where a,b E { 1 , ,  m}. When /  is a transitive subshift of finite type, Ziemian exhibits 

a map, Df : Y,f Rn that is constant on cylinders of length 2 ([22]). That is, there 

is a M > 0, so that for all p E T n with symbol sequence, 77(77), and all k E N,

i= 0 i=0

Therefore,

Iimk-̂ oo I  x :  ^ ( / ‘(p))
K i=Q

I
k

D A ^i(Vip)))
2=0

=  0 . ,(4.1)

Since Df  is constant on cylinders of length 2 and hence on arrows of Qf, we assign 

to each arrow, (ArjojA m), the value of £>/(77) for any 77 G Crjom. For each (finite) path, 

P = (AV0 ,A m, . . . ,  Arin) contained in Qf, define the rotation vector of a path, P, by,

I n_1
Pz(P) = - J L d ^ ( U ) ) -  (4 -2)

Then, Pf(P) is the average value of Df on the arrows of P. Let h, I2, . . . , h  be the 

elementary loops of Qf . Then, pf(h), Pfik), ■ ■ ■, Pf(k) are the rotation vectors of 

these loops. As we see from the following theorem of Ziemian ([22]), these rotation 

vectors completely determine the rotation set of / .

T heorem (Ziemian) ([22]): Let f  : T2 T2 be a transitive subshift of finite type. 

Then, the (point) rotation set of f ,

Pf =<Pf(h),Pf(h), ■ ■ - ,Pf (k) > ■

where < • > denotes the convex hull.

Remark: This method of computing the rotation set can also be extended to include 

non-transitive subshifts of finite type ([22], pg. 191) .
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Rotation Sets of Scaled Suspension Flows of Subshifts of Finite Type

We now show how the result of Ziemian can be extended to include certain 

As-Scaled suspension flows of a C°° map, /  : T2 -4- T2, which is a subshift of fi­

nite type. The class of As-Scaled suspension flows we will consider are those that have 

a C°° transition time function, s : T2 — E+, which is constant on each of the rectan­

gles of the Markov partition of / .  Such an s exists because the Markov partitions we 

will consider consist only of disjoint rectangles. In order to extend Ziemian’s results 

to these As-Scaled suspension flows, we must keep track of the time it takes for points 

to flow around the third generator of the 3-torus. Since the transition time function 

is constant on each of the rectangles of the Markov partition of / ,  we are able to 

assign the value of the transition time to each of the arrows of the transition graph 

of (p1. Then, using the information stored in the graph, we are able to compute the 

rotation set of the As-Scaled suspension flow.

We begin by establishing notation. Let / :  T2 T2 be a subshift of finite type 

with Markov partition, {Rj}f=1 . Let p G Ay, the invariant Cantor set of / .  Then 

the forward orbit of p can be represented as a sequence, 77(p), in the symbol space, 

{1,2, . . . ,  m}N, where % =  k if and only if f ( p )  G Rh-

Assume the transition time function, s : T2 —>■ U+, is constant on each R j . 

As described in Chapter I, As is the function which scales (the vector field which 

generates) a suspension flow of / .  Let p* : T3 T3 be the As-Scaled suspension flow 

of /  and : R3 R3 be the lift of <p*. Since T2 x {0} is a cross-section to the flow, 

p*, we need only look at the displacements (under the lift) of points, q -  (p, 0) G T3, 

for all p G T2. By uniform continuity of (p\ we need only consider times when the 

forward orbit of such a q intersects the cross-section, T2 x {0} .
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For q =  (p, 0) G T3 where p G T2 with symbol sequence, 77(p), let

k-l k-l
tk(q) = ^s{p{a°{'n{p)))) . (4.3)

J=O J=O

Note, tk{q) is precisely the time of the A;-th intersection of the forward orbit of q with 

the cross-section, T2 x {0} .

Having assumed the transition time map is constant on the arrows of the transition 

graph of Pt , we now seek an approximation of the displacement by p  which is also 

constant on arrows of the graph. Let Av, : T2 x {0} -4- M3 be the displacement by p  

of (the lift of) a point, q E T 2 x {0}, at ti(q) . That is, for any q =  (p, 0) G T3 where 

P S T 2,

A„(4 ) = -  q .

Since tk(q) is as in (4.3), and since p  is a As-Scaled suspension flow of / ,

Af(9) =  ((/(p) -p ) ,  I) . (4.4)

By hypothesis, /  is a subshift of finite type. So, by [22], there exists a map, 

Df : Ef En-1, such that Df is constant on cylinders of length 2 and Df satisfies 

(4.1). Define Dtp--Ef R3 by

jr)p(p) =  (DXp), I) - (4-5)

It follows that Dtp is also constant on cylinders of length 2. So by (4.1), for q = (p, 0) 

where p G T2 with symbol sequence, p(p),

IimZc—>00
I

4(g)

k-l I
h(q)

k-l
j 2 Dv(ai(v(p)))
i=0

= 0 . (4.6)

The itinerary of orbits are represented as sequences of E f , as well as paths in Qf. 

Let the graph of p, Qip, contain all vertices and arrows of Qf. Assign to each arrow, 

(ArtolA771) G Qv, the displacement, Dip(P), for any p =  (popi. . . )  G Ef . Also assign



44

to (A770 , A^1) the transition time, T(A770 1 A771) =  Ti (g), for any q =  (p, 0) G T3 such 

that the symbol sequence of p is 77 =  (770, ?7i, ■ • •) G E/ . Note that Dip is well-defined 

because, by [22], Df  is constant on arrows of Qf. Now, all necessary information for 

computing the rotation set of the As-Scaled suspension flow, <p, is stored in the graph,

Qtp-

For any (finite) path, P = (A770,A m, . .. ,  AVn) contained in Qip, define the rotation 

vector of a path, P, by,
n—l n—I

DV (r) ) Y  d V (p * W)
,,(f) = a -----;----= ----------- (4-7)

Y ^ p i ^ i n ) ) )  T(A7771A77̂ 1)
7=0 7=0

Let Zi1Z2, ••• Afc be the elementary loops of Qf . We denote the rotation vectors of 

these loops by Pf(h), Pf(k), • • •, Pf(k) • Thus, we have the following proposition:

P roposition 4.1. Let f  : T2 T2 be a subshift of finite type and s : T2 R+ be 

constant on each rectangle of the Markov partition of f .  Let <p* : T3 — T3 be the 

Xs-Scaled suspension flow of f  with lift, p* : R3 -> R3 and Qtp be the transition graph 

of (f1 with elementary loops, Zi,Z2,..Z&. Then, the rotation set of q?,

Pip =<~ Ptp(Il) 1 Ptp(IQ), ■ • • , Ptp(Ik) ^  •

Proof: The proposition follows from (2.2), (4.7), and Theorem (Ziemian). □

Polyhedrons as Rotation Sets

A natural question concerning rotation sets is: What subsets of R2 can be rotation 

sets of toral maps? As a partial answer, Kwapisz has proved the following theorem:

T heorem  (Kwapisz) ([12]) Let K  CM2 be a convex polygon with vertices at rational 

points of R2. Then there exists a diffeomorphism, p : T2. -> T2, which is homotopic to 

the identity, such that pg =  K.
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The analogous question for flows is: What subsets of E3 can be the rotation sets 

for flows on the 3-torus? We adapt the above result to give a partial answer which is 

summarized in the following:

T heorem 4.2. Let K  (ZWi be a convex polyhedron with vertices at rational points 

of R3 such that (0,0,0) ^  K. Then there exists a Cco flow, : T3 —> T3, such that 

the rotation set pv = K.

In order to obtain the desired polyhedron as the rotation set of the flow, one 

might naively attempt the following: Project the vertices of the polyhedron onto 

R2. Use the result of Kwapisz to find a map on the 2-torus with rotation set, the 

convex hull of the projected vertices. Then simply suspend this map. However, as is 

evident in (4.7), all components of the rotation vectors are scaled by time. Moreover, 

this scaling is not uniform and may even destroy the geometry of the rotation set of 

the Kwapisz map in the R2 coordinates. That is, the rotation set of the As-Scaled 

suspension flow projected onto R2 will most likely not be the rotation set of the map 

we are suspending because the scaling in the flow direction distorts the polygon in 

the non-flow direction. Therefore, we must a priori account for the result of this time 

scaling. That is to say, given the desired rotation set, we must anticipate the scaling 

effects of time and “counter-scale” vertices. Just as the transition time depends upon 

the point on the torus, our “counter-scaling” depends upon the vector in R3.

Since Proposition 4.4 below provides polyhedron rotation sets contained in 

R2 x R+, we first prove Lemma 4.3, which is similar to a lemma in [12] and which 

shows how we can linearly scale the rotation set of a given flow. Given a flow, y* on 

Tn, and a linear isomorphism L, Lemma 4.3 provides a new flow, with rotation 

set, pij, — L Pip .
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Lemma 4.3. Let L be a linear isomorphism on Mn such that L(Zn) C-Zn - I f

^  : Mra —>• is the lift of a flow on I n, let Ift =  L- 1IptL. Then
\

(a) (x +  v) =  ^ (x ) +  v for all x 6 R", v G L - 1  (Zn), and t EMn .

(b) Ipt is the lift of a flow on Tra , and

(c) pf. — L l (ptp) .

Proof of a) : Let v  =  L - 1  (y) for some y G Zn then,

Furthermore, since L(Zn) C Zn, and is a family of homeomorphisms on Kn which 

satisfies the group property. Thus, f t  is the lift of a flow on Tn .

Proof of c) : The rotation set of the flow, f t ,  with lift, f t  is such that:

ftps. T v ) =  L 1CptL f t  +  L 1(y))

- L- V  (Lx +  y)

=  L-1 (ftLx. + y) as y  G Zn and f t  is the lift of Pt 

= f t  f t)  +  L-1(y)

=  ^ ( x )  +  V .

Proof of b) : We show that f t  satisfies the group property.

^ + '(x )  =  L - ^ L ( x )

=  L 'V M x )

=  L ^ f t L L - 1PsL ft)  

=  f t  O f t  f t )  .
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Let y  =  Lx, then

Pii LIM>oo
L 1O V - Y ) y  G L(Mn) =  Mn

Then since L 1 is a linear isomorphism,

Pii L - 1 LIMyt->oo

6 - W  -
2/

(Note: Throughout the discussion to follow n  will no longer be used to denote the 

torus dimension as it was in Lemma 4.3.

The proof of Theorem 4.2 is a consequence of Proposition 4.4 and Lemma 4.3. 

The proof of Proposition 4.4 relies upon Theorem (Kwapisz). So, before we begin 

the proof, we discuss the relevant properties of the diffeomorphism constructed by 

Kwapisz.

In the proof of Theorem (Kwapisz), given any finite set of points contained in Q2, 

{uq, W2, . . . ,  wn}, a diffeomorphism, g on T2 is constructed with rotation set,

Pg = < w i,W2, ■■■ ,wn>. This y is a subshift of finite type together with a finite number 

of sources and sinks. We denote the set of all sources and sinks of g by S9. The 

subshift of finite type of g has a Markov partition, such that Rif] Rj ^  0

if and only if i -  j.  As before, there is a D9 : E9 ^  M2 which approximates the 

displacement of points under (the lift of) g, which is constant on cylinders of length 

2 and satisfies (4.1). The transition graph of the subshift of finite type of g, which we 

denote by, Qg, contains vertices, A1, .. .  ,Am . We denote the elementary loops of Gg 

by Zr, fe, Note that for the Kwapisz diffeomorphisms the number of elementary

loops, k, is greater than n, the number of vertices in the desired polyhedron. Each 

Ii is a loop which visits a subset of the set of vertices, (A1, . . . ,  Am} . We give each 

vertex another label(s) which corresponds to the loop(s) to which it belongs. If we 

consider the j-th  vertex on loop, Ii, we label it A*-. Thus, each Ii = (Ag, A \ , . . . ,  A1n
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where A t0 = A1n ^  for some N(i) determined in ([12]). Since the displacement on an 

arrow, (Atj , A tj+1), under (lifts of) g is approximated by Dg(rj) for some ^ G Sg where 

A 70 =  Aj and Am =  Aj+1; we will abuse notation and denote Dg(Tj) by £>g(Aj, Aj+1).

The elementary loops of <7g, Zi , Z2, , Z*, can be characterized as these types. 

Type I : For = P3 (U) =  w*, |Zj| > I, and if Z ^  j ,  Ii and Ij share no vertex

and hence share no arrows.

Type I I : For Z =  n +  I , . . . ,  n +  m, \U\ =  I; that is, Ii is a loop consisting of a single 

arrow from a vertex back to itself. So, there is exactly one Type II loop for each 

vertex of the graph.

Type III: Let E denote set of all arrows contained in loops, h , . . .  ,Zra+m. For 

i = n + m + I , . . .  ,k, U contains at least one arrow that is not in E. Furthermore, if 

U contains 2 or more arrows that are not in E, these arrows are not consecutive in 

this loop. That is, every arrow in the compliment of E begins at a vertex in loop, Ir, 

and ends at a vertex in loop, Iv, r ^  v and r ,v  = 1 ,.. .  ,n  . See Figure 6.

From Theorem (Ziemian) and the proof of Theorem (Kwapisz), we have that

P3 = < Pg(Il) ■> Pg(Ii)) ••• i Pg(Ik) > =: < Pg(Il) i Pgik) ] ■■■■> Pg(In) > • (4-8)

Now, we are ready to prove:

P roposition 4.4. Let K  C R2 x R+ be any 3-dimensional convex polyhedron with 

vertices, v i,v2, .--Vn, where Vi G Z3. Then, there exists a flow, : T3 T3, such 

that pv = K .

Proof: To construct a flow, ^  : T3 T3, with the desired rotation set, K  we begin

by scaling the vertices, V1, V2, . . .  vn, and then projecting them onto R2. Next, we use 

the result of Kwapisz ([12]) to produce a map, y : T2 T2, with rotation set equal to 

the convex hull of the projected vertices. Lastly, we carefully assign transition times
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Type I Loops: (Al, A2, Ag, A4, A5, Ag, Al); (A?, A11, A1Q, Ag, Ag, Ay)

Type II Loops: (A,, Ai) for i = I , . . . ,  11 

Type III Loops: (A1, Ag, Ay, Ag, A1)

Figure 6. Example Type I, Type II, and Type III loops

to the arrows of the graph of g in such a way that the rotation set of the A-scaled 

suspension flow of g is precisely <n1,U2,.. .un > =  iF as desired.

Let Vi =  (Xi, Vu Zi) E Q2 x Q+. Define Wi E Q2 by

Notice that by hypothesis, (0,0) E< w i ,w 2, . . . ,w n> . By [12] there exists 5 : T2 —>• T2 

such that P9 = <  IU1, w2, . . . , w n >. Let Qg denote the graph of g and let Ii , I2, . . . , I n be 

the elementary loops of Type I. Denote each loop, I,, by Ii =  (Ag, A1, . . . ,  A1n^ )  for 

i =  l , . . . , n  where A(, =  A1n^  for some N(i) which is specified from the construction

of g-

Let Dg \ Tig M2 be the approximate displacement function of (the lift of) g

(4.9)
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which satisfies (4.1). Then by (4.2) and the construction of g, for each i —

P M  = = Wi . (4.10)

We now augment D9 on each arrow, (A), A)+1) to obtain the displacement as a 

point flows around the third generator of T3. We denote this augmentation by 

Dcp : Tlg M  M3, and it is defined by,

Ẑ 99(A), Ay+1) — (Dg(Alp  A®-+1), I) . (4.11)

Rectangles of the Markov partition of g can be thought of as subsets of T2 x {0}, a 

cross-section to the a A-scaled suspension flow of g . So, Dv(Aj1A ^ 1) will be the 

approximated displacement of a point in the rectangle which corresponds to vertex 

A*- as it flows to the rectangle which corresponds to vertex A®-+1 .

Now for loops, Zi,..., Zra, assign to each arrow (A*-, A)+1) of Ii a “transition time”, 

r (Aj, Aj+1) given by

r(A;,A*+1) = 7 i  =  h  (4.12)

Recall Zj is the 3-rd coordinate of %.

At this point we have done the main work in determining a transition time function 

s : T2 —> R+ . In fact, we will later show that the rotation set of the As-Scaled 

suspension flow of g with this particular s, is precisely the convex hull of the rotation 

vectors of the Type I loops. For any arrow that remains we must now carefully assign 

times so that the rotation vector of any loop lies within the convex hull of the rotation 

vectors of the Type I loops. We must also assign times similarly to points in S9.

For arrows that are not in a Type I loop assign times as follows: If (Arj , Arj+1) is the 

arrow in a Type II loop, Zr , then Arj = Arj +1 and Arj is a vertex in some Type I loop, 

Ii, for some i — I .. .n. Assign to this arrow the transition time, r(A r, Arj+1) = Ti . If 

(Arj , Arj+1) is an arrow in a Type III loop, Zr , then Arj is a vertex in Ii and A rj+ 1  is a
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vertex in Iv for some i v, i ,v  = I , . . .  , n . To this arrow we assign transition time,

t (A£,A!:+1) =  I n  +  \ r v .

Let s : T2 —>■ M+ be the transition time function defined as follows: If p 6 T2 

has symbol sequence, r] E Ytg, then s(p) is the transition time assigned to the arrow 

(Avo, Am). Since the Markov partition of g is such that Ri Q Rj ^  0 if and only 

if i = j ,  and since Sg is finite and does not intersect any rectangle of the Markov 

partition, s can be chosen as smooth as desired. Let As : R3 -> M3 be a C°° scaling of 

the vector field which generates the suspension flow of g as described in Chapter I. 

This scaled vector field generates the As-Scaled suspension flow of g, <pmXs : T3 —> T3. 

For the rest of this chapter we will denote ^  by Cpt. By Proposition 4.1, the rotation 

set of Cft is the convex hull of rotation vectors of the elementary loops of the graph, 

Qip . For any Type I loop, k, where i =  I , . . . ,  n, by (4.7),

JV (i)-l

E  ° » ( 4 , 4 +1)

P M  = j s l I v5H ---------- '

fc= 0

Then by (4.11),

Ptp(h)

N ( i ) - 1

E  ( £ » ( 4 .4 + 1 ) .  i)
fc=0

N(Z)Tj

Since Ii is a Type I loop, and by (4.10) and (4.12),

N (Z )W )

Zi
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Then by (4.9),

Pip(Ji) — Zi ( > ' j I j — > Vii Zi) — Vi •\%i J

Now we must consider the rotation vectors of Type II and Type III elementary 

loops. By [12], for any Type II or Type III loop, Ir, P9 (Ir) €< pg(h),■■■, P9 (In) > ■ 

Transition times were assigned to arrows in a Type II or Type III loop, Ir, so that 

the rotation vector of that loop,

Pip(Ir) e< pp( h ) , . . Pv (In) > = < vi, . . .v n >= K. So, by Proposition 4.1,

Pip =< Pip(h)-, • --Pip(Ik) >=<Vi,  -.. vn >= K  . D

We now show how Theorem 4.2 follows from Proposition 4.4 and Lemma 4.3. Let 

K  be any given polyhedron in M3 with rational vertices, (%, . . . ,  vn) and (0,0,0) K . 

Then there exists 6 G N such that bvi G Z3, for each i = I , . . .  ,n  . Let • 

bK =<bvi, bv2, .. .,bvn > . Then, bK satisfies the hypothesis of Proposition 4.4 and 

there is a flow, if\ : T3 -> T3, with lift, Ipt1 : E3 -4 E3, such that the rotation set of (p\, 

Pifil =  bK. Now, let Ipt -  L - 1P1L where L(x) =  6x for all x G E3 . .Then by Lemma 

4.3c), pip = L ^ 1 (Pip1) = \(bK) = K. □

Since is a diffeomorphism and since the rotation set of a flow is equal to the 

rotation set of its time-one map, we have the following corollary to Theorem 4.2.

Corollary 4.5. Let K  C R z be a convex polyhedron with vertices at rational points 

of E3 and (0,0,0) £ K. Then there exists a Cx  homeomorphism, /  : T3 -> T3, with 

lift, /  : R3 —̂ R3 such that the rotation set pj = K.
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ROTATION SETS WHICH ARE COMPACT 2-MANIFOLDS 

AND IMAGES OF CURVES

A natural question that we address in this chapter is which sets can be rotation 

sets of flows. Our goal is to expand the class of sets which are known to be rotation 

sets of flows. For any given closed curve 7 in Rre, we construct a continuous flow 

on Tra+ 1 which has Image(7 ) x {0} as its rotation set. And for any given compact 

2-manifold, M  embedded in R71, we construct a smooth flow on Tn+2  with rotation 

set equal to M x {0} x {0}.

T heorem 5.1. For any Cr curve, 7  : [0,1] —> Rn, there exists a Cr flow,

(p* : Tra+1 —> Tn+1, such that the rotation set of Zpt,

Pv =  Image(7 ) x {0} C Rn+1.

Proof: There exists a Cr re-parameterization of 7 , 7 , so that 7  is Cr-Aat at 0 and

I, 7(0) =  7(0) =  7(1), and 7 ( |)  =  7(1). So, in fact, Image(7 ) =  Imaged) .

Let 7(5) =  (71(g), 72(a),. . .  ,7n(a)) G Rra. Define a vector field X on Rn+1 by:

X(x, a) =  (71 (a), 72(a), . . . ,  7n(3 ), 0)

where x e Rra, a G R, and s — s mod I. This vector field is constant on each of the 

n-dimensional hyper-planes of the form Rn x {s} contained in Rn+1. See Figure 7. 

Since X(x, s) =  X(x, s +  I) for all a G R and X is constant in x, X covers a Cr vector 

field on the (n +  I)-torus, Tn+1.

X induces a continuous flow, Zpt : Rn+1 —> Rn+1, of the form:

CHAPTER 5

^ (x , a) =  (71(a) -1, 72(a) < . . . ,  % (g)' ^
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(Yi( I)-Y2( I ) - -YnU LO )

(Yi(S)-Y2(S)-.-Yn(S)-O)

(Yi(O)-Y2(O)-Yn(OLO)

Figure 7. The vector field X

TTn x { I }

TTn X { s }

TTn x { 0 }

which covers a flow, on Tn+1 . Since tp* restricted to T n x {s} depends lin­

early upon t, the rotation set for any point, (p,s) G Tn x {s} is the singleton, 

(7 i(s L 7 2 (s L ■ • • ,7n(s), 0) . The union of all such singletons is Imaged) x {0}. Thus,

Pv = U  pv {p,s)=  |J  (7 i ( s ) ,7 2 ( s ) , . . . , 7 n (s),0 ) = Image(7) x {0}. ■
(p,s)e Tn+1 sgI0-1I
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Corollary 5.2. For any K  C E71, that is compact, connected, and locally connected, 

there exists a continuous flow on Tn+1 with K  x {0} as its rotation set.

Proof: Let JL be a compact, connected, and locally connected subset of En. Since

K  C Era, JL is a metrizable Hausdorff space. By the following theorem of Hahn and 

Mazurkiewicz, JL may be filled by a continuous curve ([9]).

Hahn-M azurkiewicz T heorem: A nonempty Hausdorff topological space can 

be completely filled by a continuous curve if and only if the space is compact, connected, 

locally connected and metrizable.

Let 7 : [0,1] —> JL be the curve which exists by the Hahn-Mazurkiewicz Theorem. 

There exists a continuous flow, gf : Tra+1 —> Tn+1, with rotation set, Pip = K  x  {0} by 

Theorem 5.1. □

Remark: The curves which fill these higher-dimensional spaces are not differen­

tiable, which in turn destroys the differentiability of the flow. Therefore, 

ip* : Tn+1 -A- Tra+1 can be only C0.

T heorem 5.3. Let H  : [0,1] x [0,1] be a C°° map such that 

H (r, 0) =  H (r,l) , for all r G [0,1], and Jif(0, s) =  H (l,s), for all s G [0,1]. Then, 

there exists a Cco flow, gfl : Tn+2 —¥ Tn+2, such that

Py =  Image(H) x {0} x {Q} C E"+2.

Proof: Let H  = (HlyH2, . . . ,  Hn) where Hi : [0,1] x [0,1] M for f =  I . . .  n. Let

x G Era and define the vector field, X, on Era+2 by

X(x,z,iu) := (Hi(z,w),H 2 ( z ,w ) , . . . ,H n(z,w),0,0)

where z = z mod I and w = w mod I. We denote the components of X by 

(Xi,  X 2, . . . ,  X n+2) . Since X does not depend on x and since each Hi commutes 

with integer lattice by assumption, X commutes with the integer lattice as well. Thus,
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X covers a vector field, X, on Tn+2. Let Lpt : Tn+2 —>■ Tra+2 be the flow generated by
n times

X. Since X n+i =  Xn+2 =  0, Ipt leaves n-tori of the form S1 x • • • x S1 X(^0) x {w0} 

invariant, for fixed Z0 and Wq. Furthermore, H i , . . .,H n are constant on every n-torus 

of the same form. Thus, the rotation vector for all points (x, z0, wq) G Tn+2,

^ (X 1Z0irao) =
t->oo r  J

_  LIM ^t(H i(z0, Wo) , H 2{Zq, Wq) ,  . . . ,  Hn(z0, W0) , 0, 0)

=  { ( H i (z q , Wo) , H 2( z o , W0) , . . . ,  Hn(z0, too), 0,0)}

which is a singleton. Then it follows that the rotation set for Pt is

Pv = U
x,z,roeT"+2

= U  {Hi{z, w ) , H 2{z , to),. . . ,  Hn{z, to), 0,0)
z,we[o,i]

=  Image(H) x {0} x {0} □

Using Theorem 5.3, we can obtain a variety of path-connected sets as the rotation 

sets of flows. In [13], Kwapisz constructs a 2-torus diffeomorphism with rotation set 

having an infinite number of vertices, but as yet there have been no constructions of 

2-torus homeomorphisms with a round rotation set. By Corollary 5.2, there exists a 

continuous flow on the 3-torus with rotation set equal to the 2-dimensional disk, D2. 

We now use this theorem to construct a smooth flow on the 4-torus with rotation set 

that is a two dimensional disk embedded, into R4.

C orollary 5.4. Let D 2 be the unit disk contained in M2. Then there exists a C°° 

flow, : T4 -> T4, such that pv = D 2 x  {0} x {0} C R4.

Proof: Let H  : [0,1] x [0,1] -> R 2 be defined by:

cos(27rs), sin(27rs)H(r, s) ^ ^ cos(27rr)
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H  describes a Cco family of circles with radii ranging from 0 to I. Notice that 

H(r, 0) =  H(r, I) for all r £ [0,1] and #(0 , s) =  77(1, s) for all s £ [0,1]. Furthermore, 

the Image(TT) =  D2. Thus, by Theorem 5.3 the corollary is proved. □

P roposition 5.5. Let M  be any smooth compact 2-manifold. Then, there exists a 

C°° surjective map, H  : [0,1] x [0,1] -4- M, such that

H(r, 0) =  H(r, I) for all r £ [0,1] and 77(0, s) =  77(1, s) for all s £ [0,1] . (5.1)

Remark: In the proof of the proposition, we first show that we can find such an 77 for 

the torus, T2, and the projective plane, P 2. Then we show that, if there is such an 77 

for a compact 2-manifold, M, we can find such an H  for M jf  T2 and M ff P 2 where #  

denotes the connected sum of two manifolds. A connected sum of two manifolds is the 

space obtained by deleting a small open disc from each of the manifolds and pasting 

together their boundaries. Finally we show that such an 77 exists for the 2-sphere, 

S2. The following well-known theorem then finishes the proof of the proposition. 

Theorem (Dehn and Heegard) ([20]) Every compact 2-manifold is homeomorphic 

to one of the following:

S2; X l j X 2, . . . ; O r Y l j Y 2 . . .  .
k times k times

where X k  =  T2#  . . .  # T 2, and Yk =  P 2#  . . .  # P 2 .

Proof: (of Proposition 5.5) Let I 2 = [0,1] x [0,1]. It is well known that T2 can be

constructed as the quotient space of I 2 with the identifications indicated in Figure 8

(a)

Let J  be the quotient map from I 2 to T2. Then J  satisfies (5.1) and can be made

C°°.

The projective plane, P 2, is defined as the space obtained by identifying each 

point on S 2 with its antipodal point. Equivalently, it is the quotient space obtained
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B-----------►----------- B

k i > >

------------ >----------

I

-̂---------
B B

(a) (b)
Figure 8. Standard identifications of I 2 for (a) T 2 (b) P 2

from I 2 by making the identifications pictured in Figure 8 (b). Clearly, this map can 

be made C00. Let L : Z2 —> P 2 be this quotient map. Observe that L does not satisfy

(5.1) . We want to make appropriate identifications on I 2 so that the image of the 

induced quotient map with these identifications is homeomorphic to P 2 and satisfies

(5.1) . Define a decomposition of I 2 into the following sub-rectangles:

(5.2)> Il

N ]
X

N ]

Il

j ’ 1.
X O
to

 I 
^

Il O
to

 I 
t—

X
j ’ 1

Il

i 1
X

Let P  : Z2 P 2 be a map such that H  restricted to each Ij is a scaled version of L 

as indicated in Figure 9.. Clearly, P  is a quotient map which satisfies (5.1) and can 

be made as smooth as the function L .

Now let M  be any compact 2-manifold. Assume there is a quotient C00 map 

G \ I 2 M  satisfying (5.1). Let M #  T2 be the connected sum of M  with T2. That 

is, M #  T2 is defined as the space obtained by deleting a small open disc, D from M  

and D' from T2, and pasting together their boundaries, C and C '. We denote the 

identified boundary by C, see Figure 10.

Let Z  : I 2 M #  T2 be such that

J G(z) for x G M \D
Z(x)  =

\ j ( x )  for x  G T2\Z)' .
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------ W

I \

-̂-----

rA
B h

* B
Aj- i

------& . ------

Figure 9. Identification of I 2 with underlying space, P 2

Figure 10. Connected sum of M  and T2

Notice that maps, G and J , can be modified in a neighborhood of C in such a way 

that H  is as smooth as G and J. Decompose I 2 as in (5.2). Let H : I 2 ^  M #  T2 be 

a map such that H  restricted to Ij is a scaled version of Z  as indicated in Figure 11. 

Clearly, / /  is a quotient map which satisfies (5.1) and can be made as smooth as Z .

In a similar manner, for any compact 2-manifold, M , assume there is a map, 

G \ I 2 ^  M  satisfying (5.1) . Let M #  P 2 be the connected sum of M  with P 2, 

see Figure 12.

Let Z  : I 2 M #  P 2 be such that

7 (  \  -  1 for % G M \ D
^  }P(z) for z  € P ^ D '.

As before, decompose I 2 as in (5.2). Let H  : L2 —> M #  P 2 be a map such that
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B

A

A

B

Figure 11. Identifications of I 2 under H \ I 2 M #  T2

B

Figure 12. Connected sum of M  and P 2

H  restricted to Ij is a scaled version of Z  as indicated in Figure 13. Clearly, H is a, 

quotient map which satisfies (5.1) and can be made as smooth as Z.

Finally, let S2 be the 2-sphere contained in E3. Let TL : Z2 —>■ S2 C  E3 be defined 

by:

H(r,s) = (sin(27rr) cos(27rs), sin(27rr) sin(27rs), cos(27rr) ) .

Then, H  is C00, surjective and satisfies (5.1). I

Now, we have the following corollary to Theorem 5.3.
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B

A

A

B

Figure 13. Identification of J2 under H \ I 2 M #  P 2

C o r o l l a r y  5.6. Let M  be a 2-manifold imbedded in Mn . Then there exists a Cco 

flow, ip* : Tn+2 -> Tn"1"2, with lift, Ipt : Rn+2 -> Rn+2, such that the rotation set 

^  =  M x {0} x {0} C R"+:.

Proof: The proof follows from Proposition 5.5 and Theorem 5.3. I
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THE BOX DIMENSION OF ROTATION SETS FOR FLOWS ON THE WTORUS

CHAPTER 6

In this chapter we introduce the box dimension of a set and try to answer the 

question: What are the possible box dimensions of the rotation sets of toral flows? 

We find a relationship between the smoothness of a flow and which dimensions we 

can attain as the dimension of a rotation set of a flow on the torus. We begin with a 

brief introduction to the concept of box dimension.

The box-counting or box dimension is one of the most widely used dimensions in 

mathematics. The ease of calculation accounts for a large part of its popularity. It 

has been referred to as: entropy dimension, capacity dimension, metric dimension, 

logarithmic density, and information dimension ([3]). Let A be a non-empty bounded 

subset of Mn. Partition Rn into boxes with sides of length e in the following manner. 

For e > O and j =  {31, 32-, • • ■, 3n) E Zn let

O'l {(21,32, . . . , x n) I ji£ < X i <  (ji + l)e for I < i < n} .

A box of this kind is said to be a box from the s-grid. Let N(e, A) be the number 

of boxes, Rj, among all j G Zra such that A Q Rj ^  0.

D efinition  6.1. For a compact set A  C Rn, the lower and upper box dimension of 

A respectively are defined by

dimB (A) =  liminf 
----- '  e-s-o log(E-i)

HHb(A) =  Iim sup l0f
s_K) IO g(E -I)

I f  these are equal we refer to the common value as the box dimension of A.

log(IV(E, A))
dimB (A) =  Iim

s-s-o l o g ( E - i )
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Remark: A  can also be covered, without fixing the e-grid, by a finite set of closed 

cubes of length e on a side and sides parallel .to the axes, or by e-balls. Let TV7(e, A) ■ 

be the minimum number of such cubes needed to cover A and let N"{e,A) be the 

minimum number of e-balls needed to cover A. Then the box dimension of A can be 

computed using these coverings as follows (provided the limit exists).

dims (A) =  Iim
Iog(JV^eiA))

log(e-i)
= lo g C JV ^ e ^

log(e-i)

Middle-a Cantor Rotation Sets

Unlike the topological dimension of a set which only takes on integer values, the 

box dimension of a set may not be integer-valued. The middle-a Cantor set, C, for 

a  6 (0,1) is an example of a set which has fractional box dimension. The following 

proposition is established in ([18]).

P roposition 6.2. ([18]) For all a  G (0,1) there exists a Cantor set, C C R , such 

that dimg (C) — a.

Proof: Let C be a middle-a Cantor set in the real line. Let j3 =  The construc­

tion of the middle-o: Cantor set requires that at the j th step, there are 2j intervals 

of length f t  which cover C. So N' ( f t , C) =  2J for each j . Since /3 < I, /A —> 0 as 

j  -4- oo. Therefore,

dimB(C) Iim
j '-K X )

Iim

Iog(JW C ))
log((/%)-
IogM

jlog(/M)

l im TW TTTJ - K X )  jlog(/M)
log(2)

log(/3-i)' .

L)
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Since O < /3 < | ,  O < dimg(C) < I. Thus the middle-o; Cantor sets have non-integral 

box dimension dependent on a. By an appropriate choice of a, any number between 

0 and I can be realized as the box dimension. D

Theorem 6.3. For any 0 < a < I there exists a C°° flow, yfl, on T2 such that 

dimB(p¥,) = a.

Proof: The cases when o; =  0 and a  =  I are trivial. By Proposition 6.2, there exists 

a set, C e  ( | ,  |) ,  such that dime(C) = a. Let X 1 : [0,1] ->• (0,1] be a C00 map such 

that

and X ^(O ) =  X ^ ( I )  for all 0 < & < r. Here f ^ ( y )  denotes the /c-th derivative of 

/  at y. Now let X2 : [0,1] ->■ [0,1] be a C00 map such that

and such that X ^(O ) =  X ^ ( I )  for all 0 < A; < r. Let S1 — [Q, l]/~  where 

identifies 0 with I. Since X i(O ).- X i(I) and X2(O) =  X2(I) both Xi and X2 

project onto to C00 maps from S1 to [0,1]. We abuse the notation and refer to 

these projections as X i and X2, respectively. Then Tflx,y) = [Xf ly) , X 2 (y)) defines 

a C00 vector field on M2 . Since by the definition of Xi and X2, Xi(O) = Xx(I) and

V for y G [ | ,  §]

> 0 otherwise

0 fo r  y  G C 
>  0 f o r  y G (0,1)\C

X2(O) =  X2(I), X induces a vector field on the 2-torus which generates the Cco flow, 

y?* : T2 — T2. See Figure 14.
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Figure 14. The flow on T2 generated by X

We can now compute the rotation set of a point, (x, c) G IT 1^ ,  c) where x G S1 

c G C1 and Ipt(x ,7?) =  (x +  tc,c). So,

pv(x,c) = LIM
t - > o o

= LIM
( - K X l

= LIM
t —K X

^ (x ,c )  -  (x,c)

(x + tc, c) -  (x,c)

( f c ,  0 )

t
=  (c,0). (6.1)
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Let Po =  (%o, Po) E T2, for p0 E S1XCf. Let cyo =  min |c  G Cjc > Poj • Here we use 

“ ~ ” to mean the lifted point (set) in E 2 . Since X 2(^ ip 0)) > 0 and X2(pt(0, Cyo)) =  0, 

there exists a sequence of times, approaching infinity such that 

Iimjfĉ 00 d(pifc(po), §) =  0 for all q in the orbit of (OjCyo).

We would like to show for any such p0, the rotation set, Pv (Po) G C x  {0}. 

We proceed with a proof by contradiction. Choose a point r G pv(po), Assume 

\r -  ^ (0 , cyo) I =  5 > 0. Let (-)% be the ^-component of a vector and (-)% be the 

y-component of a vector. Since the w-limit set of p0, oj(Po)r is the orbit of (0,Cyo), 

there is a T  > 0 such that d(pT(p^),g) < |  for some q in the orbit of (OjCyo). By 

definition, (Pt(Po))y is strictly increasing for all t > T and bounded above by cyo. 

Thus, (P^(Po))y =  (pp(0,cyo))y =  (r)y = 0. We now consider the ^-component. 

Since Xi  is the identity on [|, f] and thus strictly increasing, then for all t > T,  

(Vt(Po))x ^  (p<p(p°))x = (r^x ^  cyo))x' ^ ius’ cVo ~ 2 ^  (Pv(Po))a. < Cy0- But, 

Pv(0,4o) =  (c%,o,0)- So, Pp(Po) =  r and K W  -Py(OjCyo)I <  |  and we have a 

contradiction.

Thus, the rotation set of the flow, pp =  C x .{0}. Since C was chosen such that 

dims (C) =  a, dimB(Pp) =  dimB(C x {0}) = a  □

Rotation Sets with Box Dimension between I and 2

It is possible for a continuous function to be irregular enough that the box dimen­

sion of its graph is strictly greater than I. For example, the graph of any space filling 

curve has box dimension equal to the dimension of the space it fills. The well-known 

Weierstrass function, is another example of a function whose graph has fractional box 

dimension. W(t)  : E  -5- E  is the defined by

OO

k= l

(6.2)
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where I < s < 2 and /3 > I. Then W (t) has the properties that it is a nowhere 

differentiable continuous function and provided /3 is chosen large enough, has box 

dimension equal to s ([3]). Figure 15 and Figure 16 show graphs of the Weierstrass 

function when /3 =  1.5 and s — 1.3 and 1.7 respectively.

C o r o l l a r y  6.4. For any I <  a  <  2, there exists a continuous flow, Ift, on T3 such 

that Amift(Ptp) = a.

Proof: Let W(t)  be the Weierstrass function as defined in (6.2). Let s = a  and

/3 > I. Define 7 : [0,1] —>■ R2 by 7(5) : (s, W(s).). By Theorem 5.1, there exists a flow, 

(Pt on T3 such that the rotation set, Ptp = Image(7) x {0}. Then, by definition of W,

dims (Image(7) x {0}) — a . D

We summarize the results concerning the box dimension of rotation sets of flows 

in the following two theorems.

T h e o r e m  6.5. I f  a ^  [0,2] U {3}, there exists a continuous flow, f 1, on T3 such that 

dimB(p^) =  a.

Proof: For a  G [0,1], apply Theorem 6.3.

For a e  (1,2), apply Corollary 6.4.

For a ■— 2, let K  be the unit disk. Since K  is a compact, connected, and locally 

connected set by Corollary 5.2, K  is the rotation set of a flow on the 3-torus.

For a; =  3, follows directly from Theorem 2.1. □

T h e o r e m  6.6. I f a e  [0,1] U {2} U {3}, there exists a C°° flow, f t ,  on T3 such that 

dimB(pv) =  a.

Proof: For a  G [0,1], apply Theorem 6.3.



68

For a = 2, let (p̂  : T3 —> T3 be a suspension of a diffeomorphism, /  : T2 —>• T2, for 

which diniB(p/) — 2. Then by Proposition 1.8, Pipf — Pf x {!}. Thus, dimsOo^) =  2. 

For o; =  3, follows directly from Theorem 2.1. 0
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0 . 5 -

Figure 15. The Weierstrass function with /3 = 1.5 and s =  1.3

2 . 5 -

0 . 5 -

Figure 16. The Weierstrass function with /3 =  1.5 and s =  1.7
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