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Abstract:

This thesis investigates the elimination of continuous variables used, in classification or discrimination
when the vector data consists of mixed binary, and continuous variables. The location model which is
used associates a unique pattern of the binary variables with a multinomial cell and assumes a
conditional multivariate normal distribution for the continuous variables in each cell.

Two types of elimination are examined — removal of continuous variables within a cell and global
removal of continuous variables over all cells. For each type in the case of parameters known, the
minimum expected loss for the remaining variables forms the criterion for determining which variables
are to be eliminated. With parameters unknown, an estimate of the actual expected loss is used.

With cell-wise elimination, a method is presented which identifies the variables to be eliminated
without necessarily calculating the expected loss or the estimated actual expected loss. For global
elimination, two methods are considered. The first determines the exact variables to be eliminated
whereas the second method considers four techniques which are computationally simple but estimate
those variables to be removed. In the latter case, a study is undertaken to assess the performance of the
technique in determining the continuous variables to be eliminated.
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ABSTRACT

~This thesis investigates the elimination of continuous
variables used in classification or discrimination when the
- vector data consists of mixed binary and continuous vari-
ables. The location model which is used associates a
unique pattern of the binary variables with a multinomial
cell and assumes a conditional multivariate normal distri-
bution for the continuous variables in each cell.

Two types of elimination are examined -~ removal of
continuous varliables within a cell and global removal of
- continuous variables over all cells. For each type in the
case of parameters known, the minimum expected loss for
the remaining variables forms the criterion for determining
which variables are to be eliminated. With parameters
unknown, an estimate of the actual expected loss 1s used.

. With cell-wise elimination, a method is presented which
identifies the variables to be eliminated without neces-
sarily calculating the expected loss or the estimated
actual expected loss. For global elimination, two methods
are considered. The first determines the exact. variables
to be eliminated whereas the second method considers four
techniques which are computationally simple but estlimate
those variables to be removed. In the latter case, a
study 1s undertaken to assess the performance of the tech-

niques in determining the continuous variables to be
eliminated.




CHAPTER I
INTRODUCTION

Vector data composed of both blnary and continuous
‘variableékis often encountered by research workers in
medicine, education, ehgineering, bilology, and psychology.
"However, discrimination and classifitation of such data
| has been given only sparse attentioh until the last few
years. Methods have been highly developed for data com-
posed excluslvely of elther binary variables or continuous
Variables.. However, because of the more complicated com-
putational aspects associated with the mixed—variablés,
many lnvestigators either converted the continuous varia-
bies and proceeded with discrete methods or treated the
binary variables as if they were of the contlnuous type and
then used continuous variable techniques. Linhart [30] 1s
uéually credited as being the first to propose the formér;
that is, he attempted to convert continuous variables to |
binary variables. Two years later, iﬁ 1961, Cochran and
'Hopkins [9] followed up Linhart's 1déa and determined
dptimal procedures for the conversion. Many instances are
~ found in the literature where the latter occurs; namely,
the disérgte nature of a binary variable is not exploited

in the discrimination process. As a result, various
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authors have studied the adequacy of such continuous varia-
ble technigues on binary variables. Gilbert [19] concluded
that the performance of é continuous variable technique was
satisfactory on a vector of Bernouilii'variables._ However,
‘.an éxpanded study 1n 1973 by Moore [32] concluded othérwise.
‘A'suitable diScrimination technique for hixedévariables was
.8t111 unknown. .
With the advance of computer sophistication, the com- -

butational difficulties of mixed-variables were quickly
overcome and in 1974 Krzanowski [26] published a unified
work on discrimination and classification using both binary
and continuous varlables. The maln results of his efforts
~are summarized in an article appearing in 1975 in the
~Journal of the American Statistical Association [27]. How-
ever, the literafure for data of this type focuseé very
little on oné of the more important considerations; namely,
-the selectlon or elimination of the variables used in
‘discrimination or classification. Quite often the investi-
gétor may be able to easily obtain the values of thelbinary
variables whereas the cost or effoft of measurement of a
continubus variable may be enormous compared to that of a
binary variable. For example, in educational research the

binary variables are usually of the demographic type -




3
sex, marital status, efc., -~ or yes/no responses; and the
continuous variables are scores from various tests adminis-
tered to ascertain certain skills or knowledge of a subject.
Similarly, in medical research several measurements may bel
taken on an individual. The binary variables are oftén_of
the demographic, or yes/no, or presence/absence type. The
continuous variables are sometimes laboratory readings
obtained from sophisticated and costly to operate devices
that measure percentages or amounts of certain body ele-
- ments. Thus both of the above applications iilustrate the
need fof techniqués to eliminate one or more continuous
_variables in the présence of mixed-variable data. Further-
more, it_is’quite natural to attempt to reduce the analysis
to a less complex problem and therefore not éomplicate the
situation with unnecessary continuous variables. The objec-
tive of this thesis is to investigate the elimination of a
continuous varlable in data of the mixed-type and to derive -
techniques to accomplish such-elimination. The expected
loss from classification forms.the critefion for elimina-
tion. Although variable elimination has not been investi-
gated in the framework of mixed-variable data, some workers
‘have treated the p:oblem‘of variable elimination or selec-

tion in various other'areas. See, for example, Cochran [8],




I
Farver [15], Hills [23], Hollingsworth [24], Myers [33],
and Weiner [43].

The Model

Varioﬁs models have beeh proposed to describe the
mixed-variable data. The three most common models employed
are: the dichotomized model, in [21 39,40]; the logistic
model in [11 12,13]; and the location model, in [1,7,35].
The dichotomized model assumes an underlying multivariate
distribution; and then by "dichotomizing"'eome of the nor-
mal varliables, this conversion results in those variables
taking on binary values of 0 and 1. The logistic model
assumes the continuous variables are marginally multivariate

- normal whereas the binary variables have a conditional
vlogistic probability distribuﬁion whose argument is linear
in the continuous variables. The location model assumes a
. conditionallmultivariate normal distribution for the con-
tinuous variables and that the binary variables form a
 multinomial distribution. Krzanowski [26] investigated the
4edequacy of theee three models with respect to claseifica-
tion and discrimination of mixed-varlable data.' Since the
dichotomized model  and the logistic model are almost iden-

tical over a suitable range of values, only a comparison of
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 the logistic and location models was undertaken. Due to
computational problems of a discriminant function assoclated
with the 1ogistic model, Krzanowski concluded that the most
suitable model was the lbcatidn model. Aécordingly this
model is empioyed,in this work énd a full description
follows. » |

Let u' = (5',X;) be a mixed-varlable multivariate
vector. Let x' = (xl;xz,...,xq) be the vector of q binary.
variables and let y' = (yl,yz,...,yb) be the vector of p
continuous variables. Thus ¥ is a column vector with (q+p)
components. Following the notation of Krzanowski [26,27],

the q binary variables may be represented by a vector

o : : - q k ; o
'%' =A(Zl’zz,...’zk) Where k = 2 s Z i'—"—l Zi = l, Zi = O,l-

" Thus 2z has a multinomial distribution with k cells and the

correspondenée between a unique pattern of X and cell m 1s
q - : o
~glven by m = 1 + 231=1 xiE(i 1). For example, 1f q = 2,

there are k = 4 cells. The patterns of 5' which determine
the four cells are (0,0), (1,0), (0,1) and (1,1). Thus cell
'3 associated with pattern (0,1) is 3 =1 + x 20 4 x 21

1 2
=1+ (0)2o + (1)21. Thus the probability that an individ-

ual falls in cell m is ph = pr[zm =1, z = O, v#m=1,2,..;;k}

v

= pm. .Assumed,:also; is that the distribution °f4Z given
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cell m is multivariate normal with mean &(m) and covariance

matrix %, i.e.,

(1f1) (v 1 zm‘='1,.z =0, v #m= 1,23...,K) ~ N(&(m),g).

" (Classification Considerations

' Since this work is centered in the area of classifica-

tion, a general overview of the subject is provided here.
The problem arises when an individual is to be classified
into one of severaikcategories or populations. Thé focus
| of'this“investigétion ié restriéfgd to two populations,
denoted by rlland Toe Two kinds of "costs" may occur in
classification- an individual from m, may be misclassified
as from To3 OF if the individual is from Tos he may be
migclaosified as from ;. ~ Denote the two types of related
vcosts as C(2|l)C>O) and C(1]2)(>0) respectively. A
reasonable classification procedure 1is one which minimizes
the overail cost in some sense. |

Suppose that measurements are obtainable on each
.individuai‘and denoted by x. Let the respective densities
of X fbr populationsfwl and 7, be p,(x) and p2(5). If x
_.1é p-diménsional then an individual is associated with a'

pdint in p-dimensiohal space. A classification procédure
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R partitions this space into two exhaustive regions R,, R

1’
such that individuals assocliated with points in Ri are

2

- classified as from my (1 =1,2). Variouslprobabi}ities
of correctly.classifying or miéclassifying individuals
from one of the two populations are induced by a given
lclaésifiéation éfocedure. Denote P(i| j,R) as the proba?

| bility of classifying an individual from 7, as from Ty

J o
(1,5 = 1,2) where P(1] j, R) =J’ py(x)dx.  Therefore

| Ry .
the two probabllities of misclassification, also known as

the error rates, are given by P(1]|2,R) and P(2|1,R).
N . Next'supp0se there éxists a priorivprobabilities ﬁhat
’.an.ind1Vidua1 belongs‘oo the two populations, LAY and v2; |
denoted by q; (>0) and a,(>0) respectively. The probabil-
ity of drawing‘and misclassifying an individual from viWiﬂl
classification procedure R is q P(2]1,R) .and the analogous
version from Ty, 1s g, P(1]2,R). Thus the expected loss

frdm misclassification using classification procedure R is
(1.2) EL = C(2|1)P(2|1,R)q; + C(1|2)P(1]2,R)a,

The classification procedure which minimizes EL is thus the
best procedure. A éolution is given by Anderson [3, p. 131]

where he proves thét the best proéedure is to associlate
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R, with those points ¥ for which

p,(x)  c(1l2)q,
Bo(E) = RIS,

(1.3) .

andlet R2 be all those points X in the space which do not
belong to R1

If pl(x) and pe(x) are multivariate normal densities

with x having mean Kys Ko in Tys To respectively and com-

- mon covariance 2 then Anderson [3,p. 134] shows that R, is

-.that collection of points for which

(18 257 i) - Begri)s M rkg) > 1o {grared)-
&8 P 2. q;
If the popuiation parameters are unknown, which is
usually the case in most applications, then they must be
obﬁsined from sahples, one from each population. An
estimaﬁed classification rule hay then be obtained from
(1.3) by replacing the pa;ameters with thelir estimates.
For multivariate normsl populations, ky» Ko» 8nd I may be
| estimated by‘Zi, ié, and S respectively in the classifica-
tion rﬁls’(l.M), Thus the left-hand side of (1 4) is now

‘given by the classification statistic

W=x'S l (X;-X,) - ~1 ~2) S (xl 2), also known as

Anderson's classification statistic (2]. The first term

TR S

F AR L o i O o e

T TR TR
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of the right-hand side is Fisher's linear discriminant
function (LDF) and is a linear function of the variables
xl,xz,...,bxp. ‘_I‘his expreésion was first characterized by

| Fisher in 1936 [16].




CHAPTER II
CELL-WISE ELIMINATION OF A CONTINUOUS VARIABLE:
- PARAMETERS KNOWN

Preliminary Considerations

This chapter considers the consequences of the removal
of a continuous variable from a gilven ce11 That is, one
:continuous variable is removed from each of the k cells,

- and different variables may be removed from different cells.
The purpose for studying ceil-wise removal of a continuous
variable is that the binary variablesf values may be ob-
tained first, determining a given cell. Within the deter-
mined cell, 1t is possible to eliminate any one of the p
continuous varlables, thus leaving p-1 continuous variables
to determine the classification rule and the expected loss.
. An application of such a procedure is in the area of -
' educationa1 testing. The measurement of the binary varia-
| ~bles 1s first obtained on an individual. This determines
a cell which in turn designates p-1 tests outrof‘p teSﬁs
iavailable for the 1ndividual to take. The tworpopulations;
are success (vl) and fallure (v2) of the individuals in a
program in which‘they are applying for admission. It is
desired that the p-1 tests administered to the 1nd1vidual
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discriminate as well as or better than any other set of
p-1 tests out of the p tests avallable that might be taken.

" As an example, suppose mixed-variable déta éonsists)of
fivé continuous Qariables and two binary varlables. Thus
p=5, gq=2, and k=2%=l4, An elimination process which elimi-
nates continuous variables yl,‘yu, Vs and y, in cell 1
through cell 4, respectively, 1s denoted byrgg' = (1 4 5 1).
To‘avoid confusioh, EP and gy' will refer to the same _
elimination process and both are used only to distinguish
between a column-Vector version and a row vector form ofrv
the same elimination process. .

The following definition is a result of the preceding

discussion and example.

Definition 2-1. A cell-wise elimination procéss,
denoted EP, may be represented by a k x 1 vector with the
mth component value; denoted ep(m), an intéger between 1
and p, inclusively,vdesignating fhe,conﬁinuous variabievto

be eliminated in the mth cell.

The location model is now generalized for dealing with
two populations, and the optimal classification rule(and
its associated expected loss is derived, both for mixed-

variable data in general and also when an EP is invblved.
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Classification and the Expected Loss

The formulation of the location model, given in (1.1),
is now extended to the case of two populations in order to
: déal with classification and elimination problems. Again
follow;ng the notation of Krzanowski [26,27], assume thét
" Y has a multivafiate normal distribution with mean g§m)
in céll m of pépulation Ty (1 =123 m = 1,2,..,,k),‘and

_with éommon covariance matrix 3 in all cells for‘both

l

. populatipns, i.e.,

(2.1) (ylzg=l, 2,20, vém=1,2,...,k) ~ N(u{™,z) in
my (1=1,2).

_Also assume £hatvthe probability of obtalning an observa-
tion in cell m is Py, for population m, (1=1,2;m=1,2,...,k).
Aséuming all population parameters to be known, the
optimal classification procedure is given in Theorem 2.1
and the related error rates and the expected loss follow.
These results are obtained in a straightforward manner‘by
Krzanowskil [26,Ch.'6], using the general theory of classi-
fication as presented by Anderson [3,Ch. 6]. The results
are given in detail since virtually ail aspects of con-
tinuous variable elimination considered in this thesis are

. linked to a classification rule and its éxpected‘loss.
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Theorem 2.1: If the distributions of T, are given by

(2.1) (i=1,2), the best classification rule is to classify

q i-1
(x'5x') to T if 1+ Z)i=1 Xi2( ) - m and Ihyz_log(fm),

and otherwise to Tos where 4
22 1y = M) - M) e e
and |

i} PonC(112)a,
‘m = B C(2[T)q;.

(2.3)

Proof: The best classification rule, as derived by
Anderson [3,p. 131] and given by (1.3) in chapter 1, states

that w' = (x',y') 1s classified to Ty if

P1() > c(112)ay d otherwise t h
a .
B,(8) = C(2[1)q; ° nd otherwise to m,; where

Py (¥) = py(%,¥) is the joint density of x and y in populé-
tion m; (i=1,2).

| The location model implies that Py (®) = py (X)py(¥1X)
(1=1,2). Conditioning first on x, suppose that this
results in the occurance of cell m; i.e.,

q . - .
1+ Z;1=1 xiZ(i ;) = m, Next,

(2.4) Py (8) = py(258) = pyyPy(Xlzy)
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where pi(xlzm) is the multivariate normal density
1 1

(2:5) (21 131 2 expl-guf™) '3 wu{™) (1-1,2),

with covariance J assumed to be a positive definite matrix.
Thus,
o) B2
o\X
- % exp( -31 (z-&(m)) (x-&&m))-(x-&ém))'z'l(z-gém))]l-
The left hand side, LHS, of (1.3) is now replaced by the
right hand side, RHS, of (2.6). _Then, moving the cell‘ '
probabilities, Py, and Pop? to the RHS of (1.3) and taking
the logarithm of both sides since this function 1s mono-
tonic increasing, the classification rule is to classify w

q
tory 18 1+ 2,y %20~ ana

%y

27 2™ 2 (™) - @b '3 el

5 10g{ pzmc(llg)qE }
- plmc(zll)ql ?

and otherwise to 72

The LHS of (2.7) can now be rewritten as

2™ 8 - 3w 'z‘l(u;{m)-gé‘f‘)) -




15
This -completes the proof. Note that the rule may be applied
even 1f the numerator, or the denominator, 6f fm is zero -~
Cdused by Pops OF Pypos respectively being zero. However, if

both Pim and Pp, &re zero, fm is of indeterminate. form.

Therefore, the offending cell m 1s removed, and work is done

with only k-1 cells.b

The probabilities of misclassification and the expected
loss (EL) are now obtained. Let

Dl = (&§m);gém))'g‘l(&§m)-g§m)) (>0, the Mahalanobis dis-

tance between populations LEY and 1, conditionally on the

2
individual falling in cell m. As is readily shown and

‘ ’ ‘ 1.2
obtained by Anderson [3, p. 1347, L, ~ N(5D

(xlz =1, 2,=0, v#m=1,2,...,k) ~ N(&§m),§); i.e., when 74

has occurred. Therefore, the conditional probability of

s Di) when

misclassifying an individual from m, as from vglin cell m
is | .

(2.8) Pm(ar;) = pr{Lml< 1og(fm)| T4}
) q){ 1o‘g(fr8)-%D§1 }
s m |
where ¢(x) is the cumulative standard normal distribution-
function. Also, L ~ N(-%Di, Dﬁ) when ‘

. (x’ Zm=l, Zv=0, V#m=l,2,n.o,k) NN(E’ém),g); ioen,When
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population To has occurred. Thus, the probability of
misclassifying an individual from T, s from LEY condition-~

ally in cell m is

(2.9) ' Pm(1|2) pr{Ihlz_log(fm)l To)

Log (£, )-3D2
= Q{ ) } .

m

Equations (2.8) and (2.9) will be defined to be the
cell-wise error rates. Now the probability of cell m
occurring is py, for population m, (1=1,2; m=1,2,...,k).

Hence, the unconditional (overall) error rates are

k
(2.10)  P(2[1) = ) __; Py, Pu(211)

) kp p (D{ log(fm)-%Di }

m=1 “1m | Dm' ;
and
k- o
P<l|2) = Z m=1 p2m Pm(llg)
.3 k ~log(£,_)-3D
= Lp=1 Pop q;{ D, } .

‘Since the error rates consldered in this thesls are always
associated with the optimal classification rule, or an |

estimated optimal classification rule, the reference to a
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classification rule "R" is not necessary for either

expression in (2.10). Accordingly, it is omitted through-

out.

The cell-wise expected loss 1is given by

4 onls y L2
(2.11) py c(201)ay ¢{1 &(£p) §Dm}

Dm ~
1.2
: : : -log(f,)-3D,
+ p2m0(1|2)q2 ¢-{ D }

= p1m0(2|1)q1Pm(2|1) +.p2mC(1|2)q2Pm(1|2)‘

The'(overall) expected loss using the optimal classi-

: fication is therefore

(2.12) EL = C(211)a,B(2]1) + C(1]2)aR(1]2)

- K log(f. )-iD2
c(2l1)q, X { (L) sz}

=7. P, @ :
m=1- *1m Dm

1.2
kK ~log(f, )-%D
+ C(112)8 L ey Pon 9 m2nl

Dy

‘ . 1.2
k _ log(f )-»=D
=D e [plmc(?'l)qu"’{ rlr)lm 2 m}

Ty 1.2
- . -log(f )-»D
+ py C(112)a, ¢{: —2nl ]
nm

k - ' - .
= L ey [P15C(211)a;2,(212) + by C(112)anR, (112)).




18

Consideration of Theorém 2.1, along with the expected
loss of (2.12), leads to the realization that the classi-
fying of observations and calcglatioh of the error rates
may be accomplished in a cell-wise manner since there is a
different rule for each of the cells. Thus, for each cell
'm, an optimal'classification rule can be obtained based on
_oniy p-1l continuous variables instead of p. The error fates
(cell-wise and overall) and the expected loss (cell-wise
" and overali) may be derlved from the set of p-1 continuous
varlables selected in each cell as determined by the EE.'
Notation'neceSSary‘to obtain these results with an EP now
follows.

Let EJ be the covariance matrix for the p-1 continuous
variables with Yy cmitted. Note that éj is the matrix

lformed by removing row J and column j from Z. -Let %§ %
the column vector of &§m) after removing the mean of vari-
able y'j in cell m of Ty Also let xj be the column vector
of y formed by removing variable yJ Therefore, the con-
ditional distribution of the (p-1) x 1 vector X is
multivariate normal with mean g£ ) in cell m of population
L with covariance matrix éj’ 1.e.,

(2.13) (le z =L, z,=0, v#m=1, 2,...,k) ~ N(&§ %,Z ) in
Ty (i=1,2).
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It is noted that gj is a (p-1) x (p-1) positive definite
matrix since X 1is assumed to be a positive definite matrix.
For a proof see Anderson (3, p. 337].
The followling theorem provides the optimal classifica-

tion procedure in the presence of an EP.

Theorem 2.2: If populations Ty have distributions giv-

en by (2.13)(i=1,2),. the best classification rule with an EP
‘ q o
present 1is to clasSify (5',x') to T if 1 +'2:i=l xig(i 1)=m

and L

m, ep (m) 2 log(f;), and otherwise to m,; where

(2.1%) L ep(m) | ép(m)ﬂgég(m) (%ngp(m)'HéTgp(m))

-5 ‘émt)ep(m)ﬂ*gfzep(m) )! E;;(m) (‘*yfe)ap( m) '&éﬂp( m))

and f_ 1s from (2.3).

Proof: The proof 1is very similar to that of Theorem
2.1 and is not repeated here.

The probabilities of misclassification and the expected
loss for the optimal classification rule with an EP involved
are now considered. Let S
Dﬁ,j = (ggmg &gmg)'zj (&(m) &émg)C>o) be the Mahalanobis
distance between vl~and To conditionally on the individual




20
falling in cell m and based on p-1l continuous variables
with yJ omitted. Derivation of the cell-wise error rates
for p-1 continuous variables with yJ omitted in cell m is
‘similar to the methods for finding (2 8) and (2.9). Thus

the cell-wise error rates for cell m with yJ removed are

Ceas) . va(2|1)3_= @{1og(f nE 2 m;J }

¢{ log(f m J}

The unconditional (overall) error rates with a given EP,

Pn;(ll2)3

~obtained in a manher‘analogous to those in (2.10) are

‘ k ’
(2.16) P(2|_1)EP =L m=1 P1nf (z'l)ep( )
ok 10g(f ) Q ,ep(m) |
- L m=1 plm Pn, ep(m) } e

Ty |
P(112)gp = L oy Pog P (1|2)ép(m)

_TE 108(£y) 555 op (m
- E m=1 p2m (b{ Dm,ep(m) }




21
"The cell-wise expected loss with an EP is

og(f )- 2 m ep(m) }

(2.17)  pyC(210)q, ¢{ m,ep(m)

1.2
'log(fm)'ﬁDm,ep(m)
Dm,ep(m)

= lec(eli)qlpm(gll)ep(m) + pEmC(1|2)q2Pm(1|2)eP(m)

+ Py, C(112)a, @{

Thus, the (overall) expected loss using the optimal

classification fule of Theorem 2.2 in conjunction with an

EP is”
i k ‘rlog(f. )-2D2
(B)EL(EP) = C(2(1)q, ) =1 Pim <I>{ gm zpl?:nf)eg(m)
k -log(f ) D
+ C(112)8 L oy Pop *{ Dm’zpr?mc)ep(ml
K - log(f )-2D2
) Z'ni=1 [plmc(ell)Q1 ,¢>{ gm fp’z‘;‘)*i’(m)_
| L 1lo2 |
| -~ r=log(f )-5D
+ PogC(112)ay 0 { p—rsn(el }]
o h
= L ey [P1pCRIL) ;P (2 1) oy
. - p2m0(1|2)qepm(1|2)ep(m)];
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Note. that fhe‘expected loss, EL(EP), i1s derived from an
optimal classification rule no matter what varlables are
removed as determined by the EP; however, the EP may not be
"optimal" in the sense that a different cell-wise elimina-
tion ﬁrocess may have the smallest éxpected loss. That is,
there are pK different cell-wise elimination processes,
each with an associated (overall) expected loss based on
£hé optimal classification rule of Theorem 2.2. Therefore
‘an EP with minimum (0vera11) expected loss 1s sought., This
search 1s initiated by studyling the effect on the cell-

wisé error rates, given in the next section.

The Effect on the Cell-wise Error Rates: Z = Q(c?)

This sectlon considers cell-wise elimination in the
éase where the continuous variables are mutually ihdepen—
dent. Thus, this implies that I = Q(o?), where g(a?) is a
dlagonal matrix whose dlagonal elements -- o? -- are tﬁe
variances of the continuou§ variables yj, respectively. A
| detailed study of this situation is of theoretical interest
since it gives valuable insight 1hto the error rates asso- |
~clated with an EP, enables the cell-wise Mahalanobis
2

distances, Di and D

m,ep(m)’ to be easily ;nterpreted, and
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focuses attention under simple conditions to areas where
problems may arise,

In using an EP, an immediate concern is what happens
to the error rates or expected loss as a eonsequence of the
cell-wlse elimination. A result which is basic to the
investigation of this situation and concerns cell-wise

error rates is given in the following theorem.

‘Theorem 2.3: If the distributions of the m, (i=1,2)
are given by (2.1) for Theorem 2.1 or by (2.13) for Theorem
2.2, depending on nen-elimination or an EP, respectively,
then using the optimal classification ‘rules of Theorems
2.1 and 2.2 with 3 = D( j)’ the effect on cell-wise error
1rates is either a trivial result or a non-trivial result

- with three cases. The results are

. -
I. -If. Gm,ep(m) =0
then Pu(211) = Pp(211) o) »
andlsz(ll?-) = Pp(U2) ep(m)-
II. 1If ‘Sm,ep(m) > 0, and
4 1
Case Ii. If 1og(fm) > (=) szDm,ep(m)

“then By(2]1) < (<) Py (2]1)
“and P_(1]2) > (=) B (1]2)

ep(m)
ep(m)*
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1
Case II. If '?DmDm,ep(m)

then P (2]1) < Pm(2|1)

| ep(m)

and P (1]2) < By(112)p -
' Case IIT. If log(f.) < (=) lD mCm, ep (m)
then P_(2]1) > (=) P_(2]1)

and Pm(i|2) < () By(1]2)

ep(m)

ep(m)? where

b a2 o
(2.19) Sp,j = 02 and uj; is the mean of variable
yy in cell m of Ty (1=1,2; J=1,2,...,p).

Proof: Consider the expressions for the cell-wisé
error rates for non-elimination as given by (2.8) and (2.9);
and those for the case of an EP present as provided in
(2.15). Note that ®(x) i1s an increasing function of x on
[<0,+»]. Since g = Q(o?), |

| 2 R -
2 _yP 2 2 2 |
Dm,ep(m) B E J=1 Gm:J - Dm Gm,ep(m)‘
#ep(m) |
The proof of the theorem can now deal with the two results.
” ] ‘
In this case, D = D ,ep(m)* Thus, by inspection of (2.8),

(2 9), and (2.15), 1t follows that B (2|1) = P (2I1)ep(m)
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‘and Pm(1|2l)2='Pm(1|.2)ep(m).
II. m ep(m) > 0.

2

In this situation D > D )3 hence D,> D

ep(m m,ep(m)*
three cases of result II of the theorem now follow from

The

"the results of A and B below.

1
~A. Suppose log(f ) >‘(=) §DmDm,ep(m)'

Then -log(f ){ =z ep(m) }>( =) 2—(

} since
m m,ep(m) )

Dy sep(m

Dy =Dy, ep(m) > 0. Next,

-og(£,)-30% > (= ~Log(£,)-30, ep(m)

Dn : Dm,ep(m)

o teg(r )iy 1eg(f)-irP
NECE NI 5. ALY

pm,ep(m)

and therefore,

Thus, P, (1]2) > (=) P (112) whenever

ep(m)
: 1og(f ) > (=) 2 - m ,ep(m)* Also the results of A imply .

that P _(1]2) < P (1I2)ep(m) if log(f)) < 2 mlm, ep (m) °

B. Suppose log(f,) <(= ) g

Dy ep(m)
Then log($ m,ep(m) > }
en og( ){: m m ep(m) >( ) m m ep(m)}
since Dm - Dm,ep(no > 0. Next,
1.2 1.2
log(f_ )-»D ~ log(f, )=-xD
m’"2°m S (= (fn)-3 m,ep(m) and therefore

P ~ “m,ep(m)
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CIJ{1og(fm)-%D§}>(=) @{ log(f,, ) 2 ., ep(m) }

D D sep(m) -

m

ep(m) 1f log(fy) <(=) 2 P sep(m)
Also, the results of B imply that P (2]1) < P _(2]|1)

Thus, P_(21) >(=) P_(2]1)

ep(m)

whenever log(f, ) > é- D This completes the proof.

m,ep(m)°
| Theorem 2.3 and its proof provide some interesting:
observations to be made. If % = Q(o?), then the calcula-

tion of Di 3 can be done quickly once Di is computed since

]

5 .
Di,J = Dm - Gi,J (j;l,2,...,p). Thus, using an EP does not

require any substantial amount of additional computing time
to find new cell-wise Mahalanobis distances. It is also
seen that éliminating a continuous variable in a cell may
. actually result ih & decrease in 6ne of the cell-wise
- error rates., However, the elimination cannot decrease both
cell-wise error rates and actually may increase both cell-
wise error rates. Results concerning the cell-wise expected
loss and the overall expected loss will be given later in
this chapter.

| Thus far, én EP and non-eiimination have been compared
in terms of their cell-wise error rates. Since there are
'actually pK different EP's, it is natural to consider mext
the inter;elationships of cell-wise error rates between

two EP's. Let EP and EP* be two dlfferent kx1l column‘
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vectors. That is, EP* must have at least one‘component
value different from EP. The following theorem enables a
comparison of EP and EP* to be made on the basis of;their

cell-wise error rates.

Theorem 2.4: If 7, (1=1,2) is given by (2.13) for

both an EP and an EP*, then using the optimal classifica-
tion rules for EP and EP* 1in Theorem 2.2 and with

‘g = Q(o?), comparing cell-wise error rates results.in
either a trivial situation or a non—trivigl situation con-

sisting of three cases. Letting 62 62

| | | . m,ep(m) < Ou,epim)
without loss of generality, the results are
. B : 2 2 . . N
. If =
“I Gm,ep(m). 6m,ep"tm)
and“ Pm(llz)ep(m) = Pm(1|2)e5'(m).
5 ,
.II. If ém,ep(m) < Gm,eﬁYm) and
v 1 . |
Case I. If log(fm):>(—)‘§Dm,ep(m)Dm,eﬁ?m)

_then Pm(zll)ep(m)‘<(<) Pm(2|1)ep*(m) |

| - and ‘Pm(l|2)ep(m):>(=) Pm(llz)eﬁ?m)'
Case IL. If -gDy _onyDp ooy < Log(fy)

l < Epm,ep(m)Dm,eﬁim)

‘.thegbfm(2[l)ep(m) < Pm(ell)eﬁim)
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and P (112)ep(m) < p(112)

ep{m)°
Case III. If log(f,) <(=) %

ep(m) m,eﬁim)
then P (2'1)ep(n0 >(=) P (zll)eﬁYm)
and  Pp(112)pny <(<) By(112) gy

Proof: The proof is similar to that of Theorem 2.3

and uses the expressions of (2.15). Since I = D(o?),

2 2 2 2 _ 2
Dm,ep(m) = Dp = On,ep m) and Dp sep{m) ~ Dy m,eﬁ%m)

2 2
Assuming 5m,ep(m) < éeﬁim) imglies that 2 ,e p(m):> Dm eme),
with strict inequality when 5m,ep(m) < ém,eﬁim) The proof

of the theqrem‘now deals with the two situations.

2 .
m,ep(M)

In this situation D2

‘I‘ 6 m,eﬁ?m)

2 N
myep(m) - m,ep(m)’ and by‘inspection of

(2.15), it follows that P (2|1) = Pm(2|l)eBYm) and
Pu(112)ep(m) = Fn(2) egim)* |

I1. 52,ep(m) < Gi,eﬁim) .
In this situatipn Dm,ep(n0'> D eﬁ?m)’ thus

Dm,ep(no > Dm,ep_(m). The three cases of situation II of

ep(m)

the theorem now follow from the results of A and B below.

A. Suppose log(f, ) > (=) e m,ep(m)m,ep(m).

Then -1og(f ) { m,gp(m) m,ep(@)

D ep (), o) >(=)z (0 n,ep(n) P, e5(m))
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since D ) > 0. Next

m,ep(m) - Dm,ep*(m
1.2 1

_ -=D" -1 f -=D .

108(f) 5D, ep (m) >(=) %8 () "20n, ep*(m) and there-

' D
Dm,ep(m) : m,ep*(m)

1.2
1og(f )- ?Dm ,ep(m) log(f )-2 m,ep*(m)
wores ? { “m,ep(m) }->( ¢ {- m,ep* (m)

Thus Pm(lle)ep(nQ > (=) Pm(1|2)ep*(ﬁ) whenever
log(fp) > (=) %D ,ep(m)Pn,ep*(m)*
| imply that P (1|2)ep(m) <P (1|2)
log(f,) < é |

Also, the results of A

ep*(m) T
m,ep(m) m,ep*(m)-
B. Suppose log(f ) <(=) '%Dm,ep(m)Dm,ep*(m)'

m,ep*(m) P, ep(m)
Then log(f ){. D, ep(m) n,ep* (m) } (= )

Dy sep(m)” Dy ep*(mf

since Dm,ep(m) m,ep*(nQ > 0. Next,
1.2 1.2

log (£, )=3D log(f )-»D '

© Dm 2 m,ep(m) > (=) Dm 2 m,ep*(m) and therefore,
m,ep(m) m,ep* (m)
D

¢4{1og(f n)~ ? ep(m)} {log(fn) £ ,en(n) Thus,

Pn,ep(m) ~ “m,ep*(m)

Pm(ell)ep(m) >(=) Pm(2|1)ep*(m)‘if
}1og(fm) <(=) '%Dm,ep(m)Dm,ep*(m)'
of A imply that Pm(2|l) < P (2]1)

l .
Log(fy) > ~2Pn, ep(m) "n, ep* (m) °

In addition, the results

ep*(m) 1T

ep(m) -
This completes the proof.
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The relationship in terms of cell-wise error rates
between an EP and_a different elimination pfocess, say
Ep*,‘wheh Z = g(a?), 1s thus very similar to the relation-
ship.between an EP and non-elimination. 1In fact, Theorem
2.3 can be considered a special case of Theorem 2.4 where
. the situation of non-elimination is consideréd to be an
EP with §° |

m,ep(m) |
Theorem 2.1 is used, Therefore, 1n comparing two EP's in

= 0 (m=1,2,...,k) and the optimal rule of

terms of their cell-wise error rates, Theorem’é.u provides
'all possibilities; which are seen to depend on the value of
1og(fm) and the cell-wise Mahalanobis distances (or the

2 A :

dm,ep(m))'

The Optimal EP: 3 = Q(Gg)

Let OEP, an optimal EP, be an EP such that
EL(OEP) = min EL(E?); Although the OEP may not be unique
. EP .

it clearly exists, If log(fm) is suitably'smail, then
Theorem 2.4 provides an optimal process in the special case

when I = Q(cg)‘which is now glven in Corollary 2.1.

'
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Corollary 2.1. If m, (i=1,2) is given by (2. 13) with

D(o J) and 1f -5 m?n (Dm,j " i(m)) < log(f,)

2

e § o

< min (Dm ij i(m)) for all m where i(m) is such that
6§,i(m) = m;n 52,3, then using the optimal classification
rule in Theorem 2 2, an OEP 1s that EP with component value
oep(m) = 1(m) (m=1,2,...,k).

Proof: Since -3 nin (Dy, 3D, 1(m)) < 108(£,)

1l ‘
<5 m%n (Dm,ij,i(m))’ Theorem 2.4 imp;ies that

Pm(zll)i(m) g.Pm('Bll)J and Pm(}lz)i(m) g.Pm(1|2)J for all
J using result I and case II of result II. Thus for each
cell m, plmc(2|1)qlpm(2|l)1(m) + p2m0(1|2)q2Pm(1|2)1(m)
< plmc(ell)qle(zll)J + p2m0(1|2)q2Pm(1|2)J for all J.
Thus EL(OEP) < EL(EP) for all EP where oep(m) = i(m)
(m=1,2,...,k) and EL(EP) is given by (2.17). This com-
pletes the proof. |
The above corollary provides an OEP only in the special

case whereé log(f,) 1is sultably small. An OEP is needed
- for an arbitrary log(f,) when g = Q(ci); A useful lemma
which is necessary in the search for an OEP is now given.-

Note that it does not depend on I = Q(c?).
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Lemma 2,1: If m, (i=1,2) is given by (2.1) for
Theorem 2.1.or'by (2.13) for Theorem 2.2, depending on
non-elimination or an EP, respectively; then using the
optimal classification rules of Theorems 2.1 and 2.2 yields
a eell-wise expected loss in each cell m which is a
decreasing function of the square root of the cell wise
Mahalanobis distance whenever plm and Py, are simultane-

ously non-zero.

Proof: Since the form of the cell-wise expected loss
is identical for non-elimination and an EP, only the
expression for the non-elimination case will be utilized

in the proof. Let G(Dm) be the cell-wise expected loss in
cell m from (2.12). Thus. | |

6(0y) = P1a0(2IL)4 L 2I1) + PpyC(112),2,(112)
log(f,) D ]
. A 2L
p,.C(2[1)q, f_«. n (2r) 2 exp(-3t2)at

~log(f,) D,

{ 1
+ png(lla)qgf D
. -=00

-E—.].(E’-n'-)-§ exp(-%te)dt.

To obtain the result of the lemma it is sufficient ‘to
show that |
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d(c(Dy))
G'(D,) = (o) < 0 4if p, end p2 are non-zero. Now

61 (0g) = y,0(2l gy {— l°v§——l 1 er) Zex p{-%[fﬁ-%“ I}t

2} -

log(f ) D,

' | , log(f
+ meC(ell)ql{f—EéJE_"%}(27) exp-< - [
. m .

Next,

- -
6" (D) = pyc(2 )y { —o 2 e (t) _ }(ar)

- 2 1og(f D2
xm{ estey © deett) %y

2D§1 2 B
+ p2m0(2|1)q1{ —5 -3 }(QTT)
D .
m
‘ -[log(f,)1° log(f,) If
b'e exp{ ) - o) -. —8— };
2Dm ;
Then rearranging terms, :
2
- -[log(f,, )12 D,
&' (0g) = (22 exp [t - 2]
2Dm

x [Py (ell)ql <"—"('§-l 3 )exp <1og(f w

+ pgmcme)qz( - exp< 28Tl
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log(f, ) -log(f ) -
However, exp ————é—ﬁ- = (fm)§ and exp <——-—2-——> = (fm)

-

: p,.C(112)q
where 2m 2

I = plmc(?ﬂ)ql from (2.3). Tnue,
-[log(f )P D2
G'(D)-m)? xo{ -2}
m

Log(f,)
[(plm (211)qlp2 c(1l 2) qg)§ <_°_g_é__ %>

f
# (p,C(112)apy C(211)ay)B (—é—) 1] -

Therefore,

1 2 2
5 -[log(f,)] D
G'(pm) = (21r)2 exp{ 2D2m - 7?-}
. m

: 1
x (PpyC(112)app, C(2]1)a;)2[-1].

Hence, G'(Dm) < O whenever the cell probabilities in cell m
| are boih nbn-zero. This completes the proof.

Note that if one of the two cell probabilities == Pip
and Pop =~ is zefo, then the cell-wise expected'lossAis
zero no matter what value is given for the cell-wise
Mahalanobis distance in cell m. Thus, oné of two proba-

bilities being zero is really the trivial case of the
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classification problem and Lemma 2.1 applies to the non-
trivial situation.
With Lemma 2.1, a procedure can now be obtained for
finding an OEP when F = g(o?) and log(fm) is érbifrary..

The following theorem provides this OEP.

Theorem 2.5: If 7y (1=1,2) is given by (2.13) with

=D ("?) and if the optimal classification rule of Theo-
rem 2.2 1is used, the OEP is that-@? with component values
2 2

= mind

oep(m) where oep(m) is such fhat ém,oep(m)A 20,

(m=1,2,...,k)

Proof: If the cell probabilities are non-zero in

celllm, Lemma 2.1 states that the cell-wise expected loss

will be smallgst if Dm,ep(m) is as large ag possible for
cell-wise elimination. Since & = Q(c?),

2 2 2

Dm,ep(m) = D - 6m,ep(m) from (2.20); thus the minimum

value of 6 implies the maximum value of D

m,ep(m) m,ep(m);
and, hence the smallest cell-wise expected loss in cell m.
If Pip ©F Pop is zero in cell n, the cell-wise expected
loss for all ep(m) is zero, including the oep(m). Since
EL(EP) is the summation over all cells of each cell's

cell-wise expected loss, choosing the component values
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oep(m) as stated above for OEP, implies that
EL(OEP) ¢ EL(EP) for all EP. Thus, this process produces
an QQP since EL(QEP) = %%n EL(EP). This completes the

~u

proof. . _

In the case that x = Q("?)’ obtaining the OEP is now
a simple matter, since not only is it unnecessary to com-
pute integrals associated with the cell-Wise error rates;
but matrix calculations are also unneeded for finding the
cell-wise Mahalanobis disiances of any EP. In addition,
if 1t 1s desired to calculate the cell-wise error rates,
~ cell-wise expected loss, or the overall expected loss
for any EP following non-elimination, the computation of
the integrals is méde easy since only a simple change is
made ih the integrals' arguments involving the cell-wise

Mahalanobis distances.

The Effect on the Cell-wise Error Rates:: Z Afbitrary

Having studied the case of 3 = Q<°§)’ consideration
is now given to the general situation in which the-con-'
tihuous variables may be‘correlated; l.e., 3 1s an.arbitrary
(pxp) positive definite matrix. In working with S = Q(o?);

it was found that 52

m,ep(m) played a central role in passing



37

from non-elimination to an EP. An analogous expression
exists for Z arbitrary’and is provided in Lemma 2.2.

Notatibn.needed for this lemma now follows. Let

-1 _ . 1
Z = ('Yij) (i?,j=l,2,. .o ,p‘), and Eﬂl - (7233)
(1,3=1,2,...5£-1,641,...,p). Note that although E}l is

a (p-1) x (p-1), the numbering of its elements skips J

sé that the last row (column) is row (column) p. Recall
also from (2.19) that ug ) 1s the mean of variable Yy iﬂ_
cell m of 7, (1=1,2;J=1,2,...,p;m=1,2,...,k). The
following lemma wags derived by Urbakh [42] in a situation

not concerned with mixed-variables.

Lemna 2.2: If D2 = ({™-uf™) 572 f™) and

oo, = wim)ed) 5 @) ud) )5 then

2 e 2
(2.21) Dm,z = Dm - wm,l

a

p
where "l/m’z = (7-%14;%72 and am,z = Z j=1 (u"(']l)-u‘gm) )VJ,Z

v

Proof: The proof is based on using the summation-

forms for'Di s and Di; and then utllizing the equality:
3

~ A 10 30
.(2.22)' 13 ='Yij - ) s

Y
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which was provided by Fisher [17, p. 165] for a regression

problem. Since D W) —Z ﬁ Z ﬂ( (m) 2))713 (ugr]r_l)-ujg)),

.the expression Dm g can be rewritten using expression
‘ 3
(2.22) as

o .
250 Dy Dt )
#z # .
' p P 1234
- Z j=1 Z 11 (uil _u(m) '_‘L_ﬁ__ (u(m)-u(m))
#8 #L .
Next terms are added and subtracted so that the first
expression of the RHS is D . Thus,
p p
D0 " Z.j=‘._l. 2. 1(u§ )-u(m) ' (uﬁm) (m))
-2 Z) %1 (“11 ‘“( ))yiz(ué?)_uég))
L '

'ﬁ(ué§)fuég))wzz(u(m)-u(m))

b p i _Je
- Z J:} Z i;éz_ (U-i (m)) 1‘73— (u(m)'ujg )

since 713 = yji

The second term of this expression is now split, one part

being combined with the third term, and the other part
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combined with the last term of the RHS. Therefore,

o = o - D efafn uff)uf)
| 1832
§=1 iﬁ (u{). (m))H%__ (m)_u<m>

The last two terms can now be comﬁined so that
Pm,z =Dy - Z-;y=1 Ei =1 (“3 ) Lﬂ'— (“',j ‘“32 )

‘ 2 _  2. [ E}J=1 (U(m) (m))YJz 2
Therefgre, Dm,z = Dm.- ‘ sz | - .

" This

concludes the proof.

2 k ‘ ' 2
Thus, wm,ep(m) is the gengralized version of 5m,ep(m)‘
Note that wm,ep(m) reduces to 5m,ep(m) in the case of -

= Q(a?). Also, once the process of non-elimination is

completed, proceeding to an EP and finding the assoclated
. ne

Dm,ep(m)
further matrix multiplication 1s required.

can be accomplished in a simple manner since no

Comparing one EP to another elimination process EP*‘
in terms of their cell-wise error rates 1s now considered.

Théorem 2.6 provides the résults'of‘the compariSon in
the'case of X arbltrary, and corresponds to Theorem 2.4

b

which treats 3 = 2(03)'
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Theorem 2.6: If Ty (1=1,2) 1is given by (2.13) for

both cell-wise elimination processes EP and EP*, then
using the optimal classifi¢ation rules for the EP and EP¥
in Theorem 2.2, the results of comparing cell-wise error
rates comprise,a»trivialvsituation and a non-trivial
situation Conéisting‘of three cases. Letting

2 2 ‘
Ym,ep(m) < ¥m,ep*(m)
- 1s given in Lemma 2.1, the results are

2 2
Io. If wm,ep(m) = ?I/m’ep*(m)

1}

without loss of generality where wi e
: 3

then P (2] 1)ep(m) = Pm(amep*(m)
~and Bu(12) gy = Pm(lle)_ep*(m)’
1. 1f 92

m,ep(m) < "’m,ép*(m)' and

1 .
Case I.  If 1og(fm) >(=) EDm,ep(m)Dm,ep*(m)

,then Pm‘(ell)ep(m) <(<) Pm(z‘l)ep*(m)
~and Pm(;le)ep(m) > (=) Pm(1|2)ep*(m).

1

Case II. If ’§Dm,ep(m)Dm,ep*(m) < log(f,)

< §Dm,ep(m)Dm,ep*(m)
then P(2]1) p(py < Pp(2l1)ep*(m)

and  Py(112) gy < Pp(112)

ep*(m)*
Case III. If log(f,) <(=) -0y,

,ep(m)Dm;ep*(m)
then Pm(2|1)ep(m) >(=) P (2]1)

, and Pm(lle)ep(m) <(<) P (1l2)

ep*(m)
ep*(m)*
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b1

Proof: The préof is similar to that of Theorem 2.4,
Replace the results of (2.20) in the proof of Theorem 2.4
by (2.21) and then substitute ¢§’. for 5§,_ everywhere, and
the proof of Theorem 2.6 is immediate.

The conclusions of Theorem é.4 for 3 = Q(c?) are now
seen to be valid for Theorem 2.6. The calculation of
Dﬁ,z can be done easlly once Di is computed since |
Di,l = Di - wﬁ;l‘ .For comparing non-elimination to an

EP*, agaln consider non-elimination to be the case of
2

m,ep(m)
of a continuous variable cannot decrease both cell-wise

=0 (m=1,2,...,k). Thus, in general, elimination

error rates and could actually increase both cell-wise

errof rates if case II of result II holds.

The Optimal EP: < Arbitrary

Having determined an OEP in the case of 3 = Q(c?), the
search for an OEP follows in a similar manner when 3 is
generaliied. ‘Recall that an QEP; the optimal EP, is an EP
such that EL(OEP) = ﬁn EL(EP). Relying on Lemma 2.1, the

o~

method for obtaining the OEP with 3 arbitrary now follows.
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Theorem 2.7: If 7; (i1=1,2) is given by (2.13) and if

the optimal classification rule of Theorem 2.2 is used, an

OEP is that EP with component values oep(m) where oep(m)

2

is such that Y oep(m)
3

- _mg_n ;pij (m=1,2,...,k).

Proof: The proof is similar to that of Thebrem 2;5,

2 ‘ 2 -

where (2.21) and wm,ep(m) replace (2.20) and ém,ep(m)’.
respectively.

Cell-wise elimination of a continuous variable with

2

v m,ep(m)°*
Therefore, proceeding with an EP after non-elimination and

parameters known is thus accomplished by use Qf '}

calculating the assorted error ratés and expected loss 1is

a stralghtforward process since D2 D2 2

‘ m,ep(m) ~ “m " zpm,ep(m)‘
Also, Theorem 2.7 provides a straightforward procedure for
obtaining the optimal EP since it too is based C N

. & p ~ e a'e cn wm,ep(m) :

Extensions to More Than One Continuous Variable

The cell-wise elimination‘process can be easily exten-
ded to the elimination of more than one continuous variable
by successively applying the results of Lemma 2.2, Thus,
for example, the cell-wise error ratés, cell-wise expected

loss, overall error rates, and overall expected loss
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associated with the elimination of two continuous variables
are readlly obtained; by using Lemma 2.2 twice, to perform
comparisons or locate an optimal élimination process. It
is noted, however, that én optimai'cell-wise'elimination
process for two continuous variables is not necessarilylthe
elimination of the continuous variables assoclated with the
two smallest‘wﬁ,J (J=l,2,..;,p) obtained from successive

single eliminations -- except in the case where Z = Q(c?).



CHAPTER III
GLOBAL ELIMINATION OF A CONTINUOUS VARIABLE:
PARAMETERS KNOWN

Preliminary Considerations

With mixed-variable data,‘in addition to éell-wise
elimination, thefe is a second type of dontinuous variable
elimination which must be considered. This chapter con-
siders the situation in which the same contimuous variable
1s eliminated in every cell m. That ié, from the orlginal
p continuous variablés, thé elimination process yields the
same p-1 continuous variables in each cell m. If it 1is
- impossible to obtaiﬁ the values of binary varliables before
thosé of fhe continuous variables, this elimination pro-
cedure is the only pre that may be considered. Also, this
is the simplest form of elimination of a continuous variable
since the same continuous variable is removed regardless
of which cell has occurred. |

As an example, sﬁppose mixed-varliable data consists of
five contlnuous variables and two blnary varlables, that
is, p=5; q=2, and k=294, A global elimination proceduré
which eliminates the continuous variable Yo in all four

cells 1s denoted by GE(2)
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Definition 3-1. A global elimination process, denoted

GE(J), is the procedure of removing continuous variable yj

from each cell m (m#1,2,...,k).

Classification, the Expected Loss, and the Effect

on Cell-wise Error Rates

The collection of all glebal eliﬁination processes .
GE(J) (J=1,2,...,p) form a subset ofbthe_set of all Ey;
That is, GE(J) may be considered to be the eell-wise“
elimination process EP' = (J J ... J). Therefore, the

optimal classification rule with a GE(J) ‘is obtained from

Theorem 2.2. Also, the expected 1oss follows from (2.17)

and may be written as

o o C lenie L
(3.1) EL(GE(J)) = Z:;l [plmC(E‘Il)ql@{ g(f )-5"%, 1}

| -log(f ) 'é'
+ ppC(1]2) a0 { 1}
o : m::j
Thus, a comparison of GE(J) and GE(£), or GE(j) and non-
elimination, in terms of their cell-wise error rates is
provided in Theorem 2.6. Hence, with respect to the

~optimal classification rule; the error rates, and their
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cell-wise effects, the global elimination process ylelds

the same results as cell-wise elimination.

The Optimal GE(J)

Let OGE, an optimal GE(J), be any GE(J) such that
EL(OGE) = min EL(GE(£)). Although the OGE may not be
2 S

" unique it clearly exists. The search for an OGE is not as
straightforward as finding the QOEP. Although there are
Aonly P possibilities instead of pk in the cell-wise case,
.the fact thatAEL(GE(j)) involves the sum of weighted
indefinite integrals complicates the problem of finding a
simple minimization method since attention is}not confined
to a fixed cell m. The search for an OGE is now divided

- in two parts, the first part considers ways of determining
sn OGE éxactly‘whéreas the second part deals with proposed

methods which approximate an OGE.

Methods for Finding an OGE Exactly

There are two approaches for finding an OGE exactly.
First, if EL(GE(J)) is calculated for all J (J=1,2,...,p),
then an OGE is merely any GE(J) whose expected loss is

equal to min EL(GE(£)). Unfortunately, this method
L - |

4
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requires much computation since there are 2kp integrals to
be e&aluated. Some of the cbntinuous variables may be
removed from conslderation 1mmediatelj, however, by using
the second approach for finding an OGE exactly. This
method relies on the cell-wise Mahalanobis‘distances and
may be described in a decision theoretic-type setting.
Notation necessary for thls method now follows. | v

‘A GE(J) 1s said to dominatg GE(£) 1if Dy, 32 Dy for
- all cells m (m=1,2,...,k) and if D > D in at least

m,J m,f

one cell m. A GE(J) is said to be admissible if there

exists no GE(£) which dominates GE(J). If GE(J) is not
admiséable it 1s inadmissable. The following lemma relates

the dominance criterion to the overall expected loss.

Lemma 3.1: If GE(J) dominates GE(£) and p, and p,_
" (m=1,2,...,k) are non-zero, then EL(GE(J)) < EL(GE(Z)).

Proof: Since GE(J) dominates GE(£), it follows that
Dn, 4 Z_Dm,z_for all cells m (m=1,2,.;.,k) and Dp, g > Dm,z
for at least one cell m. By Lemma 2.1, this implies that
the cell-wise expected loss of (2.17) using GE(J) is less
than or equal to that using GE(£) for each éell, with
strict 1neqﬁality in at least one cell. 'Sincé the expected
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loss from (3.1) is the summation of each cell's cell-wise
expected loss from (2.17), the result follows. This com-
pletes the proof.
The following theorem provides the basis for consider-»

ation of only admissable GE(J) as an OGE.

Theorem 3.1: There always exists an OGE which belongs
to the set of admissable GE(J). |

Proof: The proof of the theorem is divided into two
cases." | |

Case I. Either‘plm or Poy is zero for one or more
cells m. This situation implies that the cell-wise
expected loss of (2.17) 1s zero for each cell m where a
cell probability -- Pip ©F Pop - is zero.> Hence, these
cell(s) make no contribution to EL(GE(J)) (J=1,25...,p).
Accordingly, they may‘be ignored from consideration in the
search for an OGE,i Now suppose an OGE is‘found'which is'

inadmis'sable,' say GE(L). Therefore, EL(GE(£))= minEL(GE(j)).
-

But since GE(£) is inadmissable, there exists a GE(n) which
dominates GE(£). Hence, EL(GE(n)) < EL(GE(£)) with strict
inequality if Dm,n:> Dm,z.in a cell m where Pim and Pon

are both non-zero. Thus, 1f cell(s) m exists where Pim
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Or po. 1s zero and Dm,n:> Dm,ﬂ? then 1t is possibleethat.
an OGE 1s inadmissable; however, another admissable GE(J),
namely GE(n), is an OGE. If the cell(s) m with p, or Pon
1s zero is not where Dm,n > Dm,z,lthen EL(GE(n)) <‘EL(GE(2))
and no OGE 1s inadmlssable., Eilther way an OGE may be found
which is admissable.

Case iI.' Both p,, and p, (m=1,2,...,k) are non-zero.
To prove this case assume otherwise. This implies every
OGE 1s inadmlissable. If an OGE is ihadmissable, then 1t
is dominated by a GE(J), say GE(n). By Lemma 3.1, |
EL(GE(n)) < EL(OGE).' This is a contradiction to the
definition of an OGE. Therefore, every OGE must be admis-
sible in this case; This concludes the proof.

The teehnique for'finding an exact OGE 1s as follows:
locate the set of admissable GE(J), compute EL(GE(J)) fer
this set, and’select as an OGE a GE(J) whose associated

expected loss 1s equal to min EL(GE(£)). Although the work
z .

involved in finding an‘OGE may be leesened by restricting
attention to the admissable GE(J), there may still be sub-
stantial compgtation reQuired_since 2+k Integrals must be
evaluated for each GE(J)., Thus,;the next section con-
siders approaches which approximate an OGE and require

considerably less computation.
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:Methods'for Fiﬁding an OGE Approximately

Fourrtechniqueé are now proposed as ad-hoc procedufes
in selecting the contlnuous variéﬁle for optimal global
elimination. Although these techniques are not éxact in
the sense of determining en OGE in all situations, they
are designed to select a continuous variable which 1is éﬁ
estiﬁated OGE. Ah advantage of these techhiques is that
they are considerably easier to employ than their exact
method countérparts since none of the proposed'techﬁiques
fequirefcalculation of cell-wise error rates for any’GE(J);
The first two techniqués proposed}rely'solely on the costs,
prior probabilities, cell probsbilities, and the cell-wise
Mahalanobis distancés. The remaininé two techniques also
rely on the costs, prior and cell probabilities and
Mahalanobis distances, as well as on‘the cell-wise érror
fates for non-elimination. As seen later, a shortcoming
of these technlques is that théy are not strictly decréasing‘
functions of EL(GE(J)). FolloWing thevpresentation of the
- four techhiques; some computational results are given to
assess the performancé of thesé techniques in detefming

when the estimated OGE, denoted OGE, is actually an OGE.
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ESTIMATORS
Technique 1. Estimation Based on Cumulative Cell-
wise Parameter-weighted Mahalanobis Distances.,
To determine the{continuous variable to be eliminated,

compute

D Y, b(2|1) .+ c(1]2)a,] D2
J  “nm=1 Pim d; * Ppp ( % m,J
for each J§ (J=1,2,...,p) and eliminate that Yy associated

with max{C}}. This technique is the simplest of the four -
-3 '

methods. Note thatfno calculation of multiple integrals
1s required since this technique does not uée cell-wise
error rates. Denote anl as an estimated OGE by techniqué1,
Technique 2. Estimation Based on Cumulative Cell-wise
'Parameter-weighted Relatlive Mahalanobis Distances. |
To determine the continuous variable to be eliminated

by this method, compute
2 2:“ /D2
Cy = L pey [P1pC€(211)ay + PppC(1]2)q,] <_Eéj>
: m

for each j (J=1,2,...,p) and eliminate that Yy associated
with max[C?}; As with technique 1, this method also does
j : . | _ _

hot necessitate the calculation of mﬁltiple integrals since



52
no cell-wise error rates are used. Denote O@Eg as an
estimated OGE by technique 2. _
Technique 3. Estimation Based on Cumulative Cell-wise
Error-welghted Relative Mahalanobis Distances.

To determine the continuous variable tc be eliminated,

compute
3 '__ Zk | <;a'lmc(a’|1)q11=m(2|1)+p2mc(1|2)C12Pm(1l2)>’ (Di,‘j>.
3T “m=1 | EL - <

for each J (J=1,2,...,p) and eliminate that yi.associated

with max[Cg}. Note that EL from (2.12), Pm(2|1) from
j . . ‘ ) |
(2.8), and Pm(1|2) from (2.9) refer to the case of non-

elimination. Thus, technique.3 does involve calculation

of multiple integrals for the cell-wise error rates before

elimination but not after the removal of a continuous

vafiable. . Denote an3 as an estimated OGE by technique 3.
Technique 4. Estimation Based on Cumulative Cell-wise

Pdrameter and Error-weighted Relative Mahalanobis Distances.
In order to estimate the continuous variable ‘to be

eliminated, compute'
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DR o211 (12
Cj = Hm=1 [P1n (211)ay+py,C(112) a5 ]

plmC(2|1)qlPh(2|1)‘+ PoC(112)asP, (112)\ DQ,J
X < - EL > < 22 )

for each J and eliminate that vy assocliated with maxicg].
. | J
Similar to technique 3, this method does require computa-

tion of multiple integrals for the cell-wise error rates
of non-elimination. Denote an” as an estimated OGE by
technique 4. - |

Computation

.

The performance of each of the fourbtechniques in
attempting to defermine an OGE exactly is now studied.
Since Monte-Carlo methods are not applicable to this work
on known parameters; the results are expected to be depen-
dent to a greater or lesser degree on the parameter sets
employed. However, attention has been givén to achieving
a "symmetry"‘id the parameter éets that attempts to remove
'any bias that might‘exist'toward a given technique. |

There are 1,152 different paraméter'sets, each with
p=5and q=2. This implies there are 29=4 cells requiring
the spécificatidn Qf eight cell probabilities'-- four for
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each population. Also to be specified are the values for
the eight (5x1) mean Vectors since each cell has a mean
vector for each population. Thus, there are 40 values to
be specified for the ugg) (1=1,2;3=1,2,...,53m=1,2,3,4) and
these are fixed and remain conétant amohg all 1,152:
parameter sets studied. The cpvariancelmatrix Z contains
A25 values. Each half of the study (576 paramefer sets)
fixes these 25 values with one exception where one. of the
25 values is changed for 192 parameter seté. Thus, it is
noted that the cell-wise Mahalanobis distances remain
fairly fixed in this study. Also.if values were chbsen.
for thése cell-wise Mahaianobis distances, tben the speci-
fying of values for the mean vectors énd the,covariance.
matrix would be unnecessary. However, in order to lend a
more meaningfu} and intul tive setting-to,the study, values
are given to the mean vectors and the covariance ﬁatrix
which induce'values for the cell-wise Mahalanobis distances;
The prior probabilities and the costs are observed to -
possess a duality in terms of producing}varying}effects..
on the results. ihus, one of these may have fixed values
while thé other is allowed to vary somewﬁat; Accordingly,
the prior probabilities are fixed at a value of .5 and the

costs; C(1|2) and C(2|1) are allowed to vary. In order to
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obtain a suitable range of cell-wise error rates, thus
implying a sﬁitable range for the cell-wise expected loss
and overall expected loss, the cell probabilities are chosen
vio vary ih a_systematic fashion from parameter set to
parameter set. Thus, while the fixing of so Many parameters
might suggest the study is narrowly defined, it is essen-
tial to note that the wide variability in the cell pro-
babilities induces a suitdble renge of.valﬁes for»the
~ expressions of interest. The various ranges are discussed
following a presentation of the parameter values.

Table 1 lists the values sbecified for all parameters
in the 1,152 parameter sets and tabulates the number of
parameter sets., Part I of Tabie 1l lists thervalues fixed
throughout the study. The 1,152 parameter sete'may be
conveniently divided into‘six classes of 192 sets 1in a
class. Each class has the covariance matrix 3 and the |
costs fixed, as well as fixed prior probabilities. Part IT
of Table 1 provides the fixed'parameter values for each
class. Next, within a class the varying cell probabilities
determine the 192 different sets. Part III of Table 1
lists the values of the cell probabilities which vary in
each class and the number of parameter sets obtainable by

rearranging the cell probabilities values. For example,
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TABLE 1

I.  Parameters Fixed Throughout the Study
A, Prior Probabilities
ql=q2='5'

B. Mean Vectors

Cells(m) | 1 - 2 3 4

population(1) | 1l 2] 112l 1f2] 1] 2
’ u{?) 1Lla) 6 )8 2 uju]o
D lolslal7f6]w] 6]
u§‘_{‘) 6lo]luls]o 5
uﬁT) 712l 2148l ul 7
uéT) 81415193} 9]o]s

II. Parametefs’Fixed For a Class

Class| 11 2} 3| 4}l 5| 6 .
- PN 25121 |25 |3y |25
catey | 1 1| 2| 2l1] 2
ciejryf 1} 1) 2l 1] o2
Parameser sets | 192] 199 192 192|192 199 Total = 1,152




Table 1 (continued)
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whefe o - ‘
"13.0‘0 o‘v'é'1 PRRE 'P137Q30"0«6“-
, o1h o o of o4 o0 .0 0
;=] 0 016 0 of - Z=]0 016 00
o0 o1k of - .. ] 0 0014 of
| 0 0 0 O012) "~ . | 00 0 0 12]
137 102 5. - 137 102 5
-7 14 -10 5 -4f -7 48 -10 5 -4
T3 ={10 -10 16 -3 6] .z =|10-10 16 -3 6
-2 5 -3 14 -5] -2 5 -3 1 -5
| 5 -4 6-512 | 5 -4 6-512
IIT. Parameters That Vary in Each Class
Cell Probabilities :
Cells 1 o) 3 )4 Number of
: Parameter Sets
1 .30}.30}.20}.20 36
2 .35].35}.15}.15 36
3 | .40].40}.10}.10 36
_ subclasses } & | .4s5].u5}.05}.05 36
| 5 | .70].10}.10}].10 16
6 | .85].05}.05}.05 16
7 | .91}.03].03}.03 16

Total = 192
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row 1 has four values -- .30, .30, .20, .20. There are
6 (=(g)) combinations or distinct arrangements of these
values among the four ceils. Since there are two popula-
tions, this results in 36 (=6x6) separate patterns among
the four cells, . The seven rows in Part III of Table 1
thus form. seven subclasses of parameter sets in each
of the six classes. Hence the consideration of all possi-
ble combinations of{the various cell probabilities' values
constitutes the "symmetry" of the study.

The values provided for the parameters as given in

Table 1 enable the cell-wise Mehalanobis distances, D2

m
and Di (J=1,2,...,5;m=1,2,3,4), to range overall from .
approximately 1 to 45; and the cell-wise error rates --
P,(112), Py(211), By(112)y, ‘and Pm(2|1)3 (3=1,2,...,5;
m=1,2,3,4) -- to range overall from approximately O to 1.
The range of the expected losses, EL and EL(GE(J))
(J=1,2,...,5), over the entire study is from .0l to .30.
Of course, fof a fixed parameter set or cell, most}of‘
these ranges are much smaller, A typlcal cell in a para-
meter set might have a range‘of 7, from 5 to 12, for‘the
Mahalanobis distances; however, the range for the cell-wise

~error rates may still be large if p1m and Pp, differ sig-

nificantly. Typical values for the expected losses fof a
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given parameter set have a range of .07, say from .09
to .16. ,

A FORTRAN IV program was written'to do the calcula-

ticns. All runs for the 1 152 parameter sets were executed 4

on the Zerox Sigma 7 computer at Montana State University
using double precision arithmetic. The cell-wise error
rates were calculated using the hormal integral as given by
B. E. Cooper in Algorithm AS2 [10], and are accurate to
16 significant figures.

‘Table 2 provides the results for the six classes of
each technique's performance relative to finding an OGE
as well as the overall percentages when OGEj = QOGE
(3=1,2,3,4). With some parameter sets, the OGEJ may result'
in an EL(0GEY) which is only slightly'larger.thaﬁvEL(OGE).
Thus, a technique J ﬁith oﬁEji# OGE may still perform
quite favorably if the variable eliminated by‘technique j,
O@EJ; has an expected loss quite close to the expected
loss of the optimal GE(Jj). Table 3 presents the results
of each technique's performance where technique j has
etther 08EJ = 0GE or 0GE # OGE but EL(0GEY) ¢ EL(0GE)
+ .005. Table 4 is similar to Table 3 except that

instead of an allowance of .005, the value .010 is used.
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TABLE 2

Number of Parameter Sets Where Technique Jj has OGEj = OGE

Class 1 - Class 2 Class 3

Technique 1 2 3 4 1 2 3 4 1 2 -3 4
11 o 26 36 36| | 36 36 & j 0 27 36 36

2l 4 27 33 32 36 36111 7T 25 29 28

3116 30 24 28 29 3222 221 13 20 23 26

Subclasses 4 26 28 22 28 | 27 3125 24| |21 19 21 o5
5 8 13 12 12 15 14 10 10 8 12 11 11

612 14 9 10 14 12 10 9 12 7 11

| | 7112 14 10 10 13 1010 9f f10 11 9 11
Total 78 152146 156 170 171 92 98 68 126 136 148

Class 4 Class 5 . Class 6

Technique 1 2 3 &4 1 2 3 4 1 2 3 4
1o o0 36 36| [31 36 0 of [0 o 36 36

2l 0 3 36 330 22 35 1 1 0O 2 36 35

3] 6 12 30 35 18 30 4 8 | 6 12 31 33

~ Subclasses 4110 19 34 36| |18 26 12 15| J1iu 22 30 32
' 5 3 7 1 8 7 13 2 6 3 7 14 g9

6l 7 9 12 11 8 11 1 51|16 9 12 11

| 718 10 13 190 7 10 4 6} J11 12 11 14
Total . 3% 60175173 111 161 24 41 40 64 170 170

Technique 1 2 3 1 4

' Perpentagé.Coirect A3 .64].65] .68
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TABLE 3
Number of Parameter Sets Whére Technique J Has
EL(0GEY) ¢ EL(OGE) + .005

Class 1 Class 2 Class 3'
‘Technique 1 2 3 4]ljr 2 3 4{Jr 2 3 4

12 36 36 3936 36 10 0|9 32
22 36 36 39|36 36 21 25|]18 31 36 35
33 36 35 39136 36 25 25||e4 29 30 32
36 36 33 33130 3% 33 35|34 32 31 34
15 16 15 19115 16 14 14|l 16 15 15
16 16 16 1§116 16 16 16|16 15 16 15
| 16 16 16 12] 16 16 16 16||16 16 16 16
Total "150 192 187 189 185 190 135 135 131 171 180 183

Subclasses

~N oo F WD

Class 4 Class 5 Class ©

Technique 12 3 Wil 2 3 41l 2 3 4
0O 0 36 39131 36 6 O 0 36 3
9 12 36 36]|23 36 10 10/|5 7 36 35
9 15 36 36]{23 35 12 16|11 17 36 36
35 36 36j|25 34 24 30{[23 29 3 36
10 14 16 16| 8 14 9 12/|10 14 16 16
12 14 15 160[15 16 9 12{ 13 14 15 16
o 16 16 15 16]]15 16 15 16| 14 14 15 16
Total 84 106 190 192 140 187 85 102 76 95 188 191

~NoOVWU WD
n
(0]

Technique [ 1 | 2] 3 | &
Capture Percentage |.66| .82} .84 .87




Number of Parameter Sets Where Technique'j Has

Technique

Subclasses

Total

Technique

.Subclasses

Total

62

TABLE 4

EL(0GE’) ¢ EL(OGE) + .010

Class 1

. Class 2

~ Class 3

1

2

3

n

1.

2

3

i

2

-3

4

~N OVUl & W D

35
28

36
16
16
16

35

36
36
36
36
16
16
16

36
36
36

36

15
16
16

36
36
36
36
16
16
16

36
36
36
15
16
16

36

36
36
36
36
16
16
16

36
35
34
36
16
16
16

36
36
36
36
16
16
16

27
26
32
36
16
16
16

36
36
35
36
16
16
16

36
36
36
32

15

16
16

36

36|

36
35
16
16
16

182

192 191

Class 4

192

191 192 189

Class 5

192

169 191 187 191

Class 6

1

o

3

m

1

2

3

n

1

2

3

~NoOU EWw N M

9
23
27
28
10
16
16

9
26

33

35
14
16
16

36
36

36

36
16
16
16

36
36
36
36
16
16
16

31
23
29
3l
15
16

15

36
36
36
36
16
16
16

35
30
26
27
15
15
15

'35

30
29
31
16
16
16

5
11

20
08
12
13
16

5

13

25
34
14
14
16

36
36
36
36
16
16
15

129 149 192 192 163 192 163 173

‘ Technique
Capture Percentage

105 121 191 192

1 2 3 T
.82 1.90].97 |.98
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The work with the allowance values of .005 and .010
could be extended with additionai tables in order to
determine the allowance value necessary to achieve a 100%
‘capture within the expected loss of the OGE plus. the

allowance value. The allowance values necessary to obtain

. the objective of 100% capture are .042, .OLO, .030, and

.015 for technique 1 through technique 4, réspéctively.
For example, if technique 1 is used, then for all 1,152
parameter sets the expression, EL(O@EJ) < EL(OGE) + .0k2,
is valld; fufthermore, no allowance value less than .0&2
permits the expression to be true in all cases.

The search for the technique which best locates an
OGE is now considered, based on the study. The results of
thé study 1ndicate that technique 1 performs poorly com-
pared to technique 2 1n each of the six classes in ail
-three tables.  In addition,‘technique 1 has the largest
,allowance value for 100% capture. ‘Therefore, this»teéh;
’nique‘may be removed from the search for the Beét tecknigue,
Focusing attention on technique 3 and technique 4, it is
6bserved that they pfoduce broadly similar results in the
- osix claéses of each of the three tables with technique 4 |
slightly ahead or even in 17 of the 18 classes. Also, the
allowance value for 100% captﬁre-is only .015 for technique
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L4 compared to .030 for technique 3; Hence, technique 3 is
not the best technique, and the choice is really between
technique 2 and technique 4. Although technique 4 has the
higher percentage of success in Tablés 2, 3, and 4, a look
at the classes within any fable must be - undertaken since
this is where the "symmetry" of the study exists. In
Table 2, the,résults for the two techniques are similar in
"Class 1, but technique 2 is favored in Classes 2 and 5
while technique 4 is much better than techﬁiqué 2 in
Claéses 3, 4 and 6. With the .005 margin of Table 3, the
techniques' results are now similar in Classes 1 and 3;
but again technique 2 outperforms téchnique 4 considerably
in Classes 2 and 5 while the opposite results occur in
Classes 4 and 6. For the allowance value of .010 in Table
4, a similarity in results is found in Classes 1, 2, and 3.
Technique 4 demonstrates a definite superiority in Classes
4 and 6. Only Ciass 5 reveals that technique 2 does better
than technique U4; however, technique 4 does perform well 1n.
this class, too; and gives better résults thén technique 2
in classes 4 and 6. Also, the allowance value for 100%
capture 1n4the study 1is only'.015 for teéhnique 4 as com-
pared to a value of .040 for technique 2. Thus, the

technique among the four proposed methods which‘appeafs to
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be best able to locate an OGE is technique 4. This con-
clusion is based on the results of the study which reveal
that technique 4 has the highest percentage of success
both with and without allowance values, performs well in
all classes, and has the lowest allowance value for 100%
capture.

The optimal glpbal elimination process of a continuous
Vériable with parameters known 1is thus achleved by using
an exéct method or employing technique 4 ds an approxima-'
tion to finding the OGE. Furthermore, while technique 4
requires much less computation the algorithms for either
method are straightforward and tractable since Lemma E.é

is a&ailable for global elimination.

Extensions to More Than One Continuous Variable

The global elimination proéess 1s easily modified to
handle the eliminafion of more thah one continuous‘
varlable globally. The cell-wise error rates, cell-wise
expected loss, overall error rates, and overall expected
loss associated with the global elimination of more than
one coﬁtinuous varlable are obtalned after successive
1terations of Lemma 2.2 to obtain the cell-wise Mahalanobis

distances. ’Finding the optimal globaJ.elimination by an
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exact method or technique 4 1s also straighfforward. Note,
hbwever, that instead of p different global eliminétion
processes to contend with, there are now (g) processes to
consider where 4 is the humber of continuous variables to

be eliminated globally.



CHAPTER IV
CELL-WISE AND GLOBAL ELIMINATION OF A CONTINUOUS VARIABLE:
PARAMETERS UNKNOWN

Preliminary Considerations

In most applications, the parameter values are not
known. In practice, the information from sampling each
population must be used to provide estimates of the
unknown parameters. Therefore, the theory of previous
éhapters, by providing an insight into elimination of a
continuous variable under optimum conditions when the
parameters are known, now serves as the foundation for the
Study of elimination with parameters uhknown.

One example of this situation is found in the area of
operations reseérch. An alrplane engine which has logged
500hours is inspected and is either removed and sold (not
aﬁmble of another 500 hours) orAis‘considered worthy of
operatihg satisfactorily another 500 hours (wl and ”2)’
The classification to one of these two populations is based
on a set of engine measurements. -Information regarding Ty
and To is provided from measﬁfements on previous airplane
engines and membership in the appropriate population is |
determined either by the results from a retaiﬂed,engine or

by the outcomes experienced by new owhers of removed
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engines. Other examples of classification with parameters
- estimated which occur in medical research are repofted_by
Krzanowski [26, Ch. 7]. |

The most common method for classification with para-
meters unknown is to replace the parameters with estimates,
usually of the maximum likelihood type. The appropriate
classification rule is then applied with estimates instead
of parameters, in the same manner as with the case of known
parameters. See, for example, Anderson [3, Sec. 6.5]. This
method results in the need‘to distingulsh different types
of error rates. When the parametersrare known and the
'allocation rule is the best in the sense that its use
minimizes the expected loss, optimum error rates, which
were studied in previous chapters, are encountered. For a
fixed pair of samples from 7, and 7, with parameters
unknown, use of the estimated classification rule yiélds

the actual error rates, also known as the conditional error

rates glven the samples, which are functions of both the
unknown parameters.énd the fixed'sample estimates. Replac-
ing the unknown parameters by putting their estimates into
these functions yiélds the apparent error rates. If one
takes the expectation of the actual error rates over the

space of the estimates, then one obtains the expected
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error rates. These types of error rates are treated by
Hills [22] in situations involving exclusively continuous
variables or exclusively discrete variables. Sorum also
" distinguishes the various error rates in [38]. Geisser [18]
ihvestigates the estimation of index and true error rates --
his nomencléture for actual and optimum error rates,
respectively'—- by a Bayeslan approach based on assuming é
. prior density for the parameters of two multivariate nor-
mal populations. Linhart [30] and Hills [23] stﬁdy the
apparent'error rates assoclated with discfete varilables.
- John [25] and Okamoto [34] discuss the distribution of
various error rates, obtalning asymptotic approximations
of expected error rates for multivariate normal situations.
Lachenbruch [28] and Lachenbruch and Mickey [29] treat the
estimation of error rates while Krzanowski [27,28] uses
Laéhenbruch's method of estimating actual and expected
error rates for various applications involving mixed-.

variate data.

Estimation of Parameters of the Location Model

For mixed-variate data deséribed by the location model

of (2.1), the (best) classification rule for allocating
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an observation g' = (x',x) to T, OT T, when the parameters
are known is giVen by Theorems 2.1 and 2.2 for nbn-
‘elimination and elimination, fespectively; If the para-
‘meters are unknown, then the estimated classiflcation
'rules are formed by taking the classification rules of
Theorems 2.1Aand 2.2 and replacing the parameters by their
estimates. A comprehensive study of the estimation of
‘these-parameters 1s undertaken by Krzanowski [26, Ch. 6]
and a summary of the main results is now glven.

- In using the estimated classification rules, 2, will
be fixed since z' is known. However, the parameters
ng); %ém)’ Zs Dy, and by (m=1,2,...,k) must be estimated.
If there are no empty cells formed from the pair of samples,
estimation of these parameters 1s quite stralghtforward.
Let n,, be the number of’observations in cell m of 7,
(1=1,2; m=1,2,...,k) with n, =2 . n,_ (i=1,2). Let
( m) and xi m) denote the jth continuous observation vector
'in cell m of the sample from T, and the mean vector of
continuous variables in cell m of Ty (1=1,2; m=1,2,...,k;
J=1,2,...,nim). Then, the maximum likelihood estimates

for non-elimination are the following:
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(4.1) g,(m) = ﬂm) (1=1,2; m=1,2,...,k)

L 55 (m)_(m)y ( (m)_ ()
s _ m i m " o '
E.'— (ny+n,-2k) 121 mz:l 321 (31-%s ") (51 )
Bim = = (i=1,2; m=1,2,...,k).

0y

‘In the case where there is elimination of a continuous
,Variable yl, the maximum likelihood estimates of H§ 3 and
5

3, are obtained by removing varliable yz from consideration

aid proceeding with the above procedures in (4.1) for ”(m),
" and g, respectiveiy. This is equivalent to forming &(m)
and ZB by removing those estimates pertaining to Mg from
Qém)‘and.i, respectively. Note that the maximum likelihood
estimates for Py, are the same for both non-elimination and
elimihation of a continuous variabie. Hence, the estimated
classification rules are obtained by replacing the para-
meters in the classification rules in Theorems-2.1 and 2.2
by the maximum likelihood estimates.

 The above method may not always provide estimates for
'some of the parameters. Wherever there are empty cells
(1;e., nim,o)’ estimates are uncbteinable. In addition, if
the ny, are small, the corresponding estimates may be

unreliable, see Krzanowski [27]. An approximation has been
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devised by Krzanowski [26, Ch. 6] to handle this situation.
ﬁis solution is to treat the estimation problem in two
parts; first, selecting from among two competing regression-
type models the most reasonable model to estimate the
parameters Pim assoclated with the binary varlables and;
second, fitting a linear additive model to the mean continu-
ous vectors to estimate the parameters gém) and Z.

‘The parameters associated with the binary variables
may be estimated from the Bahadur model (see [4]) or by
using a log linear model (see [5,6 lh]). Since negative
'estimates and excessive computation may result from the
Bahadur model, Krzanowskl focused attention on the log
blinear model. In this model, the obsgrveq Dy in cell m
- from #i is assumed to be an observation of a variable with
mean ﬁim satisfying the expression

t

(4.2) logny, = Z j=1 ®imyPye

The';aimJ are known coefficlents whereas the ej'are unknown
constants, easlly estimated by maximum likelihood estima-
tioh, equal to the main effects and interactions of the
binary variables.‘ For example, fitting a second-order
model'retéins only those GJ associated with the main effects

and first-order interactions. A full, or saturated, model
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produces ﬁim = n, ; and, in most situations, én'yggforder

m
model may be found for which T, # O. Estimates of the.
parameters pim are then provided by P1j = nim/ni‘

Next, the parameters gém) and X associated with the
" continuous variables are estimated by utilization of a
linear additive model written as

q :
(4,3) iy = ¥y + sz:l 23,1x3 + 2 b) ij,ixjxk

J< k
+3 - 3
J

Z 9 XX X)) + 0o + 9 XX eeoX

q

where gi is the unconditional mean Veétor in #i and the

a . , .
Xy 24,1 Qﬂk,i etc. are unknown constant main effects of

each binary variable and the interactions between the
binafy varlables of all orders up to q. The conditional

mean vector gim) in cell m of population 7w, is obtalned by

| 1
inserting into the RHS of (4.3) the values of the binary

variables associated with cell m. Krzanowski [26, p. 103)
proposes the same order of fit for the linear additivé.
model relating to the cont;nuoué Yafiables and for the log
iinear model aSsociéted with thé binary variables. Maximum
11kelihood estimates of &gm) and X ﬁsing the chosen yth-
order linear additive model are straightforward following

the methods of multivariate regression which are provided
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by Anderson [3, Ch. 8]. 1In the situatlion where a continuous
variable y, (cell-wise or global) is to be'eliminated, the

maximum likelihood estimates of g§ ) and X are obtained
| either by using the multivariate regression methods for the
remaining p-1. continuous variables with continuous variable
y2 removed or more simply by merely removing those para-
meter estimates corresponding to Y, in u(m) and z, thus

obtaining the maximum likelihood estimates &§m) and Zz

This equivalence may be easily verified by considering (4.2)
and (4.3) of Krzanowski (27]1. Thus it has been demonstrated
by Krzanowski [26, Ch. 6] that estimates‘are‘obtainable for
thebparameters'of the location model. 1In addition,‘ ‘
when a variable has been eliminated, the maximum likelihood
estimates for the associated setrof remaining parameters
assumes the same values as they did with non-elimination
regardless of which system (straightforward with no empty
cells or based on the models) 1s used to obtain the
estimates. Thus, the estimated classification rules‘for
flnon-elimination and elimination are easily obtained by
inserting the maximum likelihood estimates in place of the

| parameters in the classification rules of Theorem 2.1 and

2.2, respectively.
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The Various Error Rates Induced by the
Estimated}Classification Rules

When the parameters are known for the location model,
determining the effects on the cell-wise error rates from
elimination and locating anAoptimal elimination prodess
relles on knowledge of the‘optimum_error rates, both overall
and cell-wise. With the parameters unknown, an estimated
classification rule must be used. Therefore, 1t 1s neces-
sary to find elther available error rates or reliable
estimates of the error rates assoclated kith the:éstimated
claséificatiop'rule in order to work with the various
aspects of continuous variable elimination. Unfortunately,
as discussed earller in the chapter, an‘eS€imaﬁéd classifi-
cation rule induces several different typesvof error rates.
The avallable types to consider are expected, actual, and
apparent error rates. One of these, or an estimate of 1it,
must be chosen as the relevant type of error rates to be
‘used. ‘e

Consider first the expected erfor rates, which will be
functions solely of the unknown pafameters'and, hence, may
oniy'be estimated in the present situatlon, Krzanowski
[26, Ch. 5] calculated the expected error rates theoret-.

ically for the case of a single binary varlable and a
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single continuous variable. He found that attempts to cal-
culate this type of error rate to be prohibitive both
theoretiéally and computationally for the multivarliate case
of mixed-variable data. Desplte this, ecrude analytical
estimates are available based on the asymptotic expressilons
given by John [25]. 1In additioﬁ, several empirical |
approaches are avallable (see, for example, [22]) to esti-
mate the expected error rates. However, Sorum [38] suggests
that estimators of the expected error rates tend to
simultaneously estimate the optimum error rates which are
not relevant in the case of unknown parameters.'
| Consider next the actual and apparent error rates. In
'éractice, the investigator 1is ofteh interestéd in hdw well
a particular estimated classification rule will perform |
on future observations since this rule is what is of
interest. Thus, the investigator is more likely interested
in the actual error rates, or sultable estimates for them,
than in other types of error rates. The expresslions for
the actual error rates are straightforward, derived by
v Krzanowski'[26, Ch. 7], and are now presented for the case
of non-elimination. Analagous results hold for the situ-

_ation involving elimination of a continuous variable.
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Suppose that estimates have been obtalned for the
parameters of the location model. That is, H_‘(m) Eém), 2
E’lxﬁ’ and 52 are avallable for the estimated classification
rule. . The rule 1s to classify an observation w' = (x',y')
tow11f1+211 x,2(1- 1) = m and I, > log (£,), and

- otherwlse to Tos where_

(4.1) i’m = X'z (kl.( )"H'.ém)) - %(&{m).@ém))'g'l(g:im)_&ém))

and | :
A Byt(llR)ey
ws) - (et -

Recall, from (2.1), that

- (Zl z, =1, 2,=0, V#EM=1,2,...,k) ~ N(H.,:{ng) in 7, (1=1,2).
Therefore, for the given estimated classification rule, the

eXpected value of f. in 7, is given by

(b 6) E[L Iwi] = {5 @ {m 4wy
( (m)_%(m)) 1("(“‘) "(m))

The variance of L in Ty 1s obtained from Theorem 2.4, 4 of
" Anderson [3, p. 25]. Accordingly,

o~

.(4‘.7) Var[fa;nl Ty] = (Q§m)'&§m))'§-1§, g-i(ggm)_g‘ém)) (1=1,2).
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Now z'%ﬁl(ﬁém)Jﬁém)) is normally distributed by Theorem
2.4.4 of Anderson [3, p. 25] and thus ﬁm has a normal
distribution with mean given by (4.6) for ﬁi and variance
given in (4.7) for both T, and m,. Therefore, given the
’-initial samples, the actual cell-wise error rates induced

by the estimated classification rule of (4.4) in cell m are:
(4.8)

P (2]1) = prfim'< 1og(§m)| 7}
o oot - RO 64y
ST 3R A0
and :
P (1]2) = pr{L, > log(F,) | 7y}

oprestia) « GO 3 GOy

WA SETORE B R QRO

where ®(x) 1s the cumulative standard normal distribution
function. Thus the overall actual error rates for the

given'estimated'allocation rule are as follows:

, : k
(49) - CB(211) = L g Py Pa(210)

and

P(112) = L o) parPy(212)
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where P (2|1) and P (1]2) are given in (4.8). ‘Also, the
actual expectéd loss for .the given estimated classification

rule is
. ok . -
((#.20) BL = Ly (pr,C(211)arPy(213) + pprC(1[2)a57,(112))

with P_(2|1) and P (1|2) as given in (L4.8).
N The derivation of the actual error rates illustrates
that error rates of this type are functions of both the
sample estimates and the population parameters. Thus the
actual errbr rates may only be estimated when the parameters
are unknown. If sample estimates are used to replace;the
unknown parameters, then this results in obtainiﬁg the
apparent error rates which could be used to deal with the
elimination considerations. Estimating the actual error
rates in thls manner is usually known aé the D method
(see, for example, [28,31,37]). However, as Lachénbruch
and Mickey [29] point out, this estimate may be badly
biased, providing much too favorable an impression of the
acﬁual error rates. Therefofe, they introduced the DS
method which partially corrects the bias in the sémple
Mahaianobis distance. ‘Empirical methods have also been
employed for estimating actual error rates (see [29]).

Lachenbruch and Mickey [29] found these methods to perform
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no better than the DS method in multivariate normal
sitnations. McLachlan [31] also discoveredlthat the DS
method performed very favorably with multivariate normal
populations. Lachenbruch [28]‘developed an empirical
technique which Lachenbruch and Mickey [29] showed to be
broadly superior to other empirical methods. Krzanowski
[26 ch. 6] used this empirical technique by Lachenbruch
for applications with mixed-variate data. Since then,
-.this method has received strong criticism from McLachlan'
[31] and Toussaint (41]. Because of this, to obtain a
sultable estimate of the actual error rates, the DS method
has been chosen as the appropriate type of error rule to
bevemployed in the continuous variable elimination tech-
niqnes.~ A description of the method follows.

| The estimation of the actual error.rates can be con-
sidered in two parts. First, all unknown parameters are
replaced by their respective sample estimates. As a con-
sequence, expressions will reduce to
52 = (“(m) A(m)),z-l(%(m) A(m)), the semple cell- wise
Mahalanobis distance, Second, D2 is replaced by

n1+n2 p ’ AD

<——;¢EE—22> Dm’ wherekit is assumed that
n,+n,-p-
“hpra, )" c(p) > 0.
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‘Thus the estimates of the actual cell-wise error

rates based on the DS method are asrfollows:

. ' A -1 A2
C(4.9) gm(2|1) 5 {1°g(fm) 5 C(p)Dm}»

vc(p) B,
~and | ‘
A 1 A2
.  (-log(f ) - 5 C(p)D,
Pm(1|2) =9 { g :
| v c(p)-D,
where fm is glven in (4.5),_53 is the sample cell-wise
o - n1+n2-p;3 ' S
Mahalanobis distance, C(p) = ——of—p— » and ®(x) is the
' 1 72 ‘

cumulative standard normal distribution function. The
estimated actual overall error rates based on the DS method

are:;

- c ~ k AT
(h.30)  B(211) =k By P2l
o and

B(1l2) = Z ) 1 PogPn(112)

with ﬁm(2ll) and'P&(1]2) given in (4.9). The estimated

actual cell-wise expected loss is
: : A A ‘ : A : AA
(4.11)  py,C(211)a P (2]1) + ppy,C(1]2)a5P (1]2)

~with ﬁm(2|l) and %m(1|2) from (4.9). Finally, the estimated
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actual overall expected loss 1s-
(4.12) L = ) g [B),0(210)qp8(210) + Bprc(112)a,8,(112)]
where ﬁm(zjl) and ﬁm(l|2) are obtained in (4.9).
Consider the case of cell-wise elimination which
encompasses global elimination for determination of error
rates. The estimated actual cell-wise error rates based on

the DS method are the followling:

1og(§m)-%c(9'1)5ri, ep(m)}
v/b(P‘l)ﬁm,ep(m)

A ~log (% )-30(p-1)DF _ ,-\y
P (112) = m m,ep(m)
m " ep(m) {. "»/C(P'l)ﬁm,ep(m) }

(513) By(@lY) g =

and‘

ﬁi,ep(m) = (ingp(m);&é?Qp(m))'g;;(m)(&§Tgp(m)

’4léTep(m))’ is thersgmple cel}-wise Mahalanobis distance

where

based on p-1 continuous variabies‘with yep(m)
n1+n2-(p-l)-3

¢(p-1) = ATy . Thus the estimated actual overall

error rates are

omitted, and

A K . oW
(4.14) , P(2|1)gp = L m=1 P1mFm(211)

ep(m)
and 4 - :

A K A & .
' P(llz)EP - z m=1 p2um(]',|2)‘ep(m)
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with ?m(zll) and;ﬁm(1|2) given in (4.13). The

ep(m) ep(m)
_estimated actual cell-wise expected loss with an EP is

(4.15) $,.C(2l1)q, B (211) + 62m0(1|2)q2§m(1|2)

ep(m) ep(m)

~ A '
where P_(2]1) and P_(112)

ep(m) ep(m)
‘Hence, the estimated actual expected loss using an EP is

are obtained in (4.13).

; ~ k ~ A
(4.16) EL(EP) = z:m=1 (lec(all)qle(2|l)ep(m)

+ BonC(112)aP(112) o )

with Pm(zll)ep(m) and Pm(llz)ep(m) given in (4.13).‘ The
above expressions now make it possible to investigate the'
~elimination of continuous varliables using the estimated

classificatioh‘rulés.

Cell-wise Elimination With the Estimated Classification Rule

Based on the estimated actual error rates (ce11 -wise
and overall), attention is now focused on. considering cell-
wise elimination when the parameters are estimated. Most
results are similar to the case of}parameters known.

et £ = (“13) (1,9=1,2,...,p) and 37 = (§79)
- (1,3= 1 2,...,£ 1,z+1,...,p), where Z and 22 are the

matrices which estlmate §'and.§£, respectively. From
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Lemma 2.2 and assuming 5 is a positive definite matrix, it
foilows that the estimated cell-wise Mahalanobis distance

“in cell m after removing continuous variable yz is

o D AD A
(4.17) " Dm,ﬂ =Dy - Vm, g
where
~ » am
wm,z = '('A'—W ;’e ]
and o

oy = L3 GED RN
Thus, finding the estimated cel}-wise Mahalanobis distances
for an EP is identical to the situation where the parameters
are known. |

The comparison of an EP to an EP* in terms of their
estimated actual cell-wise error rates is now studied. The
‘results are provided in Theorem 4.1, which is similar to

Theorem 2.6 with only minor adjustments.

Theorem 4.1: If 7; (1=1,2) is given by (2.13) for

both EP and EP*, then using estimated classification rules
for the'§§ and EP¥* (obtained by replacing the parameters by
estimates in the optimal classification rule of Theorem

| 2.2), the results of comparing estimated actual cell-wise

error rates, based on the DS method, comprise a trivial
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situation and a non-trivial situation consisting of three-

cases. Letting ¢ (m) —-Ai,ep*(m) without loss of
generality, where @m 2 is given in (h 17), the results are:
I. v

It z‘l’m ep(m) ¥m sep*(m)
then B_(2]1)

N ep(m) = §m(zll)ep*(m)
and P (1|2)

| ep(m) = Bp(112) gpx (m)

II. 1If ¢m ,ep(m) < wm ep*(m) and

Case I. If log(f o) > (=) gc(p 1)
' then Pm(2|1)ep(m) <(<)

n(112) g (my > ()

Case II. If -lC(p-l)D

>

I, ep (m)Pm,ep*( m)
(2'1)ep*(m)

(lla)ep*(m)'

>

and

"U) "U)

ep(m) m,ep*(m)
< 1og(f ) < 5¢(p-1)D,

then P (21 ep(my <
and P (llz)ep(m) <

m,ep(m) m,ep*(m)
(2|1) p*(m)

(1!2) p*(m)

P‘U) "U)

Case TII. If 1og(f ) <(=) -50(p- 1) ep(mf%uep*(m)
then P (2|1)ep(n0 >(=) B,(211) ep*(m)
and Py (1]2) g0y <(K) Py(112) opx(m)

)

"'U)

Proof: The proof is similar to that of Theorem 2.4.
Instead of the expressions from (2.15) in Theorem 2.4,
those from (4.9) are used. The results of (2.20) are

replaced by (4.17) and $§ ,1s for oi everywhere in the
R » 9
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proof of Theorem 2.4. The proof of Theorem 4.1 is then
immediate. This concludes the proof.

Thus, using the estimated classification rule, a
comparison of the estimated actual cell-wise error rates
for an EP and EP* 1s very much like the comparison using
the optimal classification rule and optimal cell-wise error
rates. If an EP* is to be compared to non-elimination,

then Theorem 4.1 may be utlilized by considering non-
2
m)ep(m)
and replacing C(p-1) by /C(p)C(p-1).

elimination to be the case where ¥ =0 (m=1,2,...,k)

'}The search for an optimal EP for the case of parameters
unknown 1s now considered. ~ For this situation, let QﬁP,
an optimal EP for the case of an estimated classification
rule with the DS method, be an EP such that
éi(OﬁP) = %ﬁg ﬁi(@?) where ﬁi(Ef) 1s given in (4.16). A

useful lemma in the search for an OEP is now provided.

Lemma 4.1: If %i (1=1,2) is given by (2.1) or by
(2.13), dépending on non-elimination or an EP, respectively,
then using the'estimated classification rules (formed by
'replacing the parameters by estimates in the optimal
classification rules of Theorems 2.1 and 2.2) yields an

eépimated actual cell-wise expecfed loss in each cell m
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which 1s a decreasing function of the square root of the
estimated cell-wise Mahalanobis distance whenever ﬁim and

‘ﬁzm are simultaneously non-zero.

Proof: Since the form of the estimated actual cell-
wise expected loss 1s similar for non-elimination and an EP,

only the expression for the case of non-elimination is used

4in the proof. Let

 be the estimated actual cell-wise expected loss in cell m

from (4.11). To obtain the result it is sufficient to
show that G'(/C(p Dm) = d(G(‘£KETﬁm) < 0. Lemma 2.1 and-

d
a(G(/C(P)D,)) )
d(+/C(P)Dy)
are non zero. Using the chain rule for derivatives, 1t

follows.that

its proof imply that

0, if ﬁlm and §2m

gy S/ B84 4(e(/TBTD,)  A(/TTETD, )

a(b,,) ave® B,)  a(d,)
_ 4(a(/C(p)D,)) ST

a(/C(p) 5m)

g b A e e B LT LT T
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d(e(/T(P)D, ) : o
Since /T(p) > O, V/dﬁ m__ < 0 and the result

follows. This concludes the proof.

Using Lemma 4.1, the method for obtaining an OEP is
- provided in the followlng theorem.

Theorem 4.2: If my (1=1,2) is gi?en by (2;13) and if
the estimated classification rule (obtained by replacing
the parameters by estimates in the ~optimal classification
rule of Theorem 2.2) is used, then an OEP 1is that EP with
component values oep(m), where oep(m) is such that

a2
Ym,o0ep(m) = min (¢m,d) (m=1,2,...,k).

Proof: The proof is similar to that of Theorem 2.5,
using Lemma 4.1 instead of Lemﬁa 2.1, (4.17) instead of
' ~2 2
(2.20), wm epim) instead of am ep(m)’ EL(EP) instead of

EL(EP), and OEP instead of OEP. This completes the procf.
Thus, the situation of cell-wise elimination of a

continuous variable, with the populatlon parameters unknown,
is.tréated in esSehfially the same manner-as with known
parameters. In addition, the extension to more than one
-.continuéus Qariable is also similar fo the case of para-

-meters knoWn. Hence, the ease of calculating cell-wise
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Mahalanobis distances and determining the OEP, given in
previous chapters for the case with parameters known, also

applies to the present situation.

Globél Elimihation With the Estimated Classification Rule

Having studied cell-wise elimination with parameters
unknown in the previous.section,lit is natural té consider
the situation of globél:elimination of a continuous vari-
able. Therefore, the aspects of this type of elimination
are considered when the estimated actual error rates (cell-
wise and overall) are used based on the DS method. As may
. be expected, éhere is complete similarity between this
situation and élobal elimination with parameters known.

'Since a GE(J) may be considered to be an EP, the
previous sections of this chapter provide the methods for
obtaining the estimated classification rule, as well as
the estimated actual error rates, cell-wise from (4.13) and
overall from (4.14). The estimated actuai expected loss

may be obtaineﬁ‘frbm (4.16) and written as
o4 ko “
(4.19) EL(GE())) = L e [81,0(211)B,(211)

+ Bzmc(l I2)q2§m(1| 2)3]-
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Now consider the search for an optimal GE(J). Let
OGE be a GE(J) such that EL(OGE) = min EL(GE(£)) with
' y/

ﬁL(GE(z)) given in (4.19). As with parameters known, the
search for an OGE may be divided into two parts -- first,
ways to obtain an OGE exactly; and second, pfoposed methods
which approximate an O&E.

| There are two ways for determining the OGE exactly.
The first method requires calculation of EL(GE(j))
(J=1,2,..,,p) and then the selection of an 0GE as & GE(J)

- whose estimated actﬁal expected loss 1s equal to

h%n ﬁL(GE(E)). The second method relates to establishing

a dominance and admissability criterion. Chapter III
provides the details for this method when the parametersu
are known. For the present situation, 1et a GE(J) dominate
GE(Z) if D J‘> D ,2 for all cells m (m—l 25...,k) and if
,J > D m, f in at least one cell m. Then admissability and

inadmissability ape defined as in Chapter III. Analogous

results to Lemma 3.1 (use Lemma 4.1 in the proof instead of
Lemma, 2.1) and Theorem 3.1 follow immediately for the case
of perameters unkoown. Hence, to find an an, the set‘of
‘edmisseble GE(J)'areblocated,-ﬁL(GE(J)) is computed for
each GE(J) in this set, aod the OGE selected is the GE(J)
v:with'smallest ﬁi(GE(J)). - Therefore, only‘mioor adjustments
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"a" in places where appropriate) are necessary

(1.e., place
to éohvert to the case of parameters unknown. Accordingly,
diécussion and comments in Chapter III regarding the two
exact wéys are valid here.

The second part in the search for an OEE deals with
methods which locaté an OGE approximately. "As with the
Asituation of parameters known, four techniques are now
- propbsed and each 1s simply the sample version counterbart.
Tof‘thé respective technique given in Chapter III. That is,
‘the terms plm, pgm; Di, Di,J’ and EL are replaced by their
estimates'ﬁlm{ §2m’ C(p)ﬁi, C(p-lfbi’j, an

(m=1,2,...,k; 351,2,...,p), respectively. Denote anJ as

d EL

the estimated OGE chosen by sample téchnique J (3=1,2,3,4).
Since tﬁe sample techniques are closely related to
the techrniques with parameters known, it i1s of interest to
determine 1f the performance of the sample techniques 1s
cémparablelto the techniques of Chapter III on the 1,152

_parameter sets. In order to accomplish this, consider the

. parameter sets to be estimate sets. Thus, in Table 1 it is

assumed that the parameters u(?) and p,  (1=1,2;

J
m=1,2,..0,k; J=1,2,...,p), and the parameters of the
covariance matrices are now estimates fof those parameters.

In addition, values must be specified for C(p) and C(p-1)
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since EL of (L11) and EL(GE(j)) of (4.14) must be calculated.
Inspection of the data sets used by Krzanowski [26, Ch. 7]

indicates a possible value of'n1 +n, = 200, so with p=5,

c(5) = 22%6253 = .969 and c(A) = 28%6%53 = .97k,

Tables 5, 6, 7 provide the results of each sample
techniqﬁe's perfqrmance in searching for an an with
allowance values (as discussed in Chapter III) of 0, .005,
and .010, respectively. Comparing these tablesIto Tables
2, 3, 4 indicates a.very cloéé resemblahceAbetween the
respective palrs of tables. Furthermore the éllowance‘

. values nécessary to obtain 100% capture offan'OaE are .043,
.040, .031, and .016 for sémple technique 1 through samplev
techniqueAh, respectively. These values also compare

qulte closely to the allowance values for the techniques
with.parameters known. Thus the sample techni@ues' per-
formance on the 1,152 eStimate sets 1is virtuélly ideﬁtical
to the known parameter techniques' resulfs. Hence, .the
conclusion that technique 4 ié best suited to locate an OGE
now implies thap sample -technique 4 should be used.to find.
an an.

Global elimination involving sample estimates is
therefore handled in a fashion analogous to the procedure

for knowh‘parametérs. Furthermore, this type of elimination
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‘ TABLE 5
Number of Data Sets Where Technique j Has

’/\\ J A
OGEY = OGE

Class 2

Class 3

,Technique
Subc}asses
.Total

.TeéhniQUe
Subclasses

Total

T

3

2

3

n

2

~N oUW+

16
23

12
10

- 30

28
30
28
13
14
12

31
2L
22
11

9
10

36
30
28
28

11
4
1

36
29
27
15
14
13

36
36
32
31
14
12
10

6

11
22
25
10
10
10

9
15
22
23
10

9

9

13
21

10

27

25
20
19
12
12
11

29
23
21
12

2§
26
2.4
11
11
1

75

155 143

Class 4

153

170 1

71

o4

Class 5

o7

68 126 137

Class 6

147

2

3

L

1

2

2

3

4

~N O\ FWwW D
—
n

0
3
13
21
7

9
10

36

36
29
32
14
12
13

36
35
34
34

8
11
12|

31
22
18
18

7

8
8

36
35
30
26

13

11
11

0
2
13
22
7

9
12

36
36
29
30
14
12
11

36
35
34
32
9
11
14

63 172 170 112 162

Technique

. Percentage Correct

65 168 171

b g,




' Total
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TABLE 6

Number of Data Sets Where Technique j Has

Fr(@d) < EL(OBE) + .005 .

Class 1

Class 2

Class 3

Technique

1 2 3

1l 2 3

L

1

2 3 4

Subclasses

Total

T OV =W N

12 36 36
22 36 36
33 36 33
36 36 33
15 16 15
16 16 16

16 16 16

H - W Wwwwles

1

36 36
36 36
36 36
32 36
15 16
16 16
16 16

9
21
25
33
14
16
16

12
25
25
351
14
16

16|

10
18
25
34
14
16
16

32 36
31 36
30 30
32 32
16 16
15 16
16 16

36
35
32
34
1)
15|
16

150 192 185

Class 4

188 187 192 134

Class 5

143 133 172 182

183

Class 6

Technique

1 2 3

L

1 2 3

2 3 U4

Subclasses

N oUW N

0O 0 36
9 12 36
13 19 36
28 35 36
10 14 16

15

12 14

Technique
Percentage Correct)

.36
36
36
36
16
16

1616 15 16

88 110 190 192 142 189

31 36 5
23 36 10
23 35 12
27 36 16
8 1k
15 16

O

HoE N

L
0
7

11
23
10
13

14

0 36

9 36
17 36
29 34
14 15
14 .15 16
14 15 16

36
36
36
36
16

78

97 187 192

.86
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. Total
Technique

Subclasses

Total -
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TABLE 7

Number of Data Sets Where Technlque j Has

EL(0GEY) ¢ EL(OGE) + .010

Class 1

Class 2

Class 3

1 2 3 4

1

22

2

3

4

36 36 36 36
28 36 36 36
35 36 36 36
36 36 36 36
16 16 15 16
16 16 16 16
16 16 16 16

~ O W N

36

36
36
15
16
16

36

s

36,

36
36
36

16
16

36
32

34

36
16
16
16

36
34
36
36
16
16
16

28
27 -
32
36
16
16
16

—

36

36
35
36
16
16
16

36
36
36
33
16
16
16

36
36
36
36
16
16|
16

1183 192 191 192 191 192 186

Class 4

Class 5

190 171

Class 6

191 189 192

1 2 3 4

1

2

3

L

1

2

3

n

9 9 36 36
23 26 36 36
27 33 36 36
28 35 36 36
12 14 16 16
16 16 16 16
16 16 16 16

TN AU WD &

31
23
29
34
15
15

15

36
36
36
36
16
16
16

35
28

24
27
15

15

15

35
28
29
31
16
16
16

6
12
20
28
12
13
16

6
14
25
34
14
14

16

.36

36

36

36
16
15
15

36
36
36
36
16
16
16

 131 149192 192 162 192 159 171 107 123 190 192

Technique
Percentage Correct

1

2

3

4

.82

. 90

.96

o8
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is extended to the case of eliminating more than one varia-
ble in the same manner as with parameters known by

successive iterations.

An Appiication

This set of data is taken from Chang and Afifi [7] and
consists of three laboratory variables -- two continucus
and one binary -- which were recorded on 43 patients who
had attempted suicide by ingesting overdoses of barbituates.‘
The patients aré to be classified as survivors (7) or
- nonsurvivors (7,). The binary variable is type of drug
which takes on values x=0 (short acting) and x=1 (long
acting). The continuous variables are systolic blood pressure
(SP) and stroke work (SW). The number of patients in the two
cells for each of thé_two populations is given by: |

Population

| vl(Survived) 'NQ(Died)
1(x=0:short acting) ny, = 28 Ny, =5
~ Cell (m) :
2(x=1l:long acting) Nyp = ik Ny, = 6
oy = 32 n, = 11

Therefore, the maximum likelihood estimates of the cell.
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probabilities, p, » from (4.1) are:

- Population

’ wl(Survived) wz(Died)

~1(x=0:short acting) By = -8750 | B,y = .UsT5
Cell m .
2(x=l:1long acting) §12'= .1250 Psy = .5U5T
’ | YN _ /sP
Letting y = 2) = (gy) » the remaining sample estimates,

- @gm) (i=1,2; m=i,2) and.iﬁ obtained by Chang and Afifi are

as follows:

-Cells (m) 1 2

Population (i) LT B S my T,

ﬁgg) 127.071 | 82.000 | 101.000 | 96.667
ﬁg?) 69.000 | 39.874 | 59.041] 39.236

~and

. I329.312 280.943
280.943  568.4k42

The other 'parameters, namely the prior probabilities and
the costs, are assumed to be equal by Chang and Afifi.
The calculations associated with non-elimination and

élimination of a continuous variable are summarized ih
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Table 8.‘ The sample estimates of the error rates (cell-
‘wise and overall) given in the table are the estimated
actual error rates using the DS method with C(p) = 2%%3 .
The theorems; lemma, and other results obtained

éarlier in this chapter are now applied to this_set of
data. Application of Theorem 4.1, which deals with the
comparison of non-elimination and elimination prbcesses
in terms of estimated actual cell-wise error rates, 1is the
starting point of this analysis. For each of the two'cells
:assééiated with this sef of data three comparisohs may bé
made. They are as follows: (1) the elimination of Yy
compared to the elimination of yé; (2) non-elimination
compared to the elimination of yi; and (3) non-elimination
compared to the elimination of Yoo |

| First consider cell 1. For comparison (1),
$:2L’2< {u‘il, log(f,) = -.655, and 5C(1) 51’1'151’2: 1.482
using the values in Table 8. Thus it is observed that
case iI of result II of Theorem 4.1 is applicable. Hence
this theorem implies that P (2|1)2<< P1(2|1)1

1(l|2)2< P1(2|1)1, which is confirmed by the values in
Table 8. With respect to comparison (2), recall that non-
elimination 1is considered to be @i = 0, so Wl < wl 1°
'log(f ) = - 655, and gy/ETETUTIT D D1 1 = 2. 947 using




99
TABLE 8

The Estimates

~ Sample Techniques (J)

Cell (m) 1 2
B2 6.390 846
@3,1 4,815 .156
@i,z 221 .789
D; 4 1.575 .690
5i’2 6.169 .057
log(% ) -.655 U473
B (211) .0686 .8889
B (1l2) .1716 .0176
P (211), .1257 .9212
P (112), 6ok | L0131
ﬁm(ell)2 .0692
ﬁm(lle)2 L1734

estimated actual f non-elimination .0690 .0603

 cell-wise y, eliminated .1617 ,0611
- expected losé y2‘e11mihated L0697 .0625

&d
Cy |

5-

b GE(2) GE(2) GE(2) GE(2)
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‘values in Table 8.  Therefore case II of result II is agaln
applicable and implies that P (2]1) < P1(2l1)1 and
l(ll2) < Pl(ll2)1 as may be verified from Table 8. For
comparison (3), again consider non-elimination to be case
a2 _ nD AD A _
of ¢1 . =0 so wl,- < w1,2’ log(fy) = .655 and
,Z\/’TTz c(1)y D1 1,2 = 1.489. Thus_ case II of result II of
Theorem 4.1 again applies. Therefore §1(2|1) < §1(2|1)2
and §1(1|2) < 51(1|2)2 as is consistent with the values of
Table 8.
Attention is now focused on cell 2 for the comparisons,
; ~AD ~nP A _
For comparison (1), ¥5,1 < ¥2,0 log(f,) = 1.473, and
1 A la) _ .
5 C(1) D2’1D2,2 = .094. Therefore case I of result II of
Theorem 4.1 is applicable and implies that
P5(211); < Py(211), and P,(1]2); > P5(1]2),, as seen to be
consistent with Table 8. With comparison (2), non-
A2
elimination is associated with we, = 0, so ¢2 & ¢2 1
A _ 1 ~
1Qg(f2) = 1.473, and 5/ C(2)c(1 D2 5,1 = .358. Again it
is observed that case I of result II applies and yields
P5(21)-< P,(2]1); and P,(1]2) > Py(1]2), which is in
agreement with Table 8. For comparison (3), again non-

elimination corresponds to $§ = 0, so @g < @g 5

v Pa) 1 ? i A~ ? ’

log(f,) = 1.473 and 5V C(2)C(I] DD, ;= .103. Therefore
| . : _ , s |
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case I of result II implies that P2(2|1) < P2(1|2)2 and
(1I2) < 132(1l2)2

The preceding application of Theorem 4.1 to the data
indicates that in cell 1 the estimated actual cell-wise
error rates increase if either continuous variable is
eliminated. In cell 2 it is seen that when a continuous
variable 1s eliminated one estimated actual cell-wise
error rate increases and the other decreases.

Consider next the application of Lemma 4.1. Although
the estimated actual cell-wise error rates may increase
or decrease in a cell when a continuous variable is -
eliminated as indicated above (i.g., they are not
decreasing functions of the sample cell-wise Mahalanobis
distances), the éstimated actual cell-wise expected loss
(involving cell-kise'error rates) associated with the
elimination of a continuous variable is a decreasing func-
tion of the sample cell-wise Mahalanobis distance as
implied by Lemma 4.1. Therefore in cell 1 it follows that
the elimination of Yo is associated with a smaller value
of the estimated actual cell-wise expected loss than is

a2

the elimination of y;, since D D] 1.' In cell 2 the
]

1,2°
a2 a2

rever;e is true since 2 1 > D2 5°




.~ +.0611 = ,2228 and EL(GE(2)) = .0697 + .0625
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Proceeding to Theorem 4.2, an optimal dell—wisé
eliminafion process is sought. Since $§,2 = min{&i,l,ﬁl’2}
" and $§,11= min[@g,l,ig,2] an optimal cell-wise elimination
- process (the only one) is observed to be QEP' = (2 1) with
ﬁL(OEP) = .0697 + .0611 = 1308 using thé values in Table 8.
Noté that although only'one éontinuous variable is'measured
instead of two continubus variables (i.e., Yo ié eliminated
if cell 1 occurs and y; 1s elimlnated if cell 2 occurs) the
ﬁi(QEP) is only a slightly larger;value than the estiﬁated
actual overall expected loss EL = .0690 + .6603 = ,1293
.'ffom non-elimination; |
Consider ﬁow the case of global elimination and ﬁhe

-search for an baE. There are two possible approaches: use
an exact method or proposed‘techniques. The exact method
lbcates,the set of admissable GE(j), computes ﬁl(GE(J)) for
each GE(J) in this set, and selects as an OGE the GE(J)
Witb‘smalleSt'ﬁi(GE(J)). As ihdicated by the values in
'.Téble 8 for'ﬁi,J.(m=1,2; J=1,2), the set of admissable
' GE(J) is seen to be the collection'of all GE(J) -- GE(1)
"énd GE(2) -~ since GE(1) does not domiﬁate'GE(z), and GE(2)
. does’ not dominate GE(1). Thus,'the method of finding an
OGE exactly requires calculation of EL(GE(1)) = .1617

.1322,
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‘Hence thié method ylelds an estimated optimal global
elimination process (the only one) which 1s OGE = GE(2).
Note'again thét although a éontinudus‘variable has been’
' eiiminated, némely Yoo the estimated actual overall
expected loss EL(OGE) is only slightly larger than that for
nonQelimihatibn.

The second approach to finding an estimated optimal
.global elimination process involves the four pfoposed
sample techniques which approximately 1ocate an OGE To
~determ1ne an estimated OGE by technique Jj, namely OGEJ
By C'j (for ¥,) and C (for ya) as provided earlier in this
. chapter and in Chapter III are calculated (3=1,2,3,4).

Then an OGE'j is that continuous variable ¥y assoclated with
' CJ ; max{C } The final section of Table 8 provides
the values for C'j and CJ (J 1,2,3 4) As observed in this
section of Table 8, each technique 'determines the OGE
exactly. Thus these four sample techniques, whose per-

formances were studied earlier in this chapter with

_artificial data, performed quite well with this application.



CHAPTER 5
SUMMARY

The problem of classification and discrimination when
data‘consiéfs of both binary and continﬁous variables was
examined by Krzanowski in 1974. His work provided a
‘ unified treatment of classification in thisvareé‘based on
the 1ocatioh‘mode1. This model‘associates a unique pattern
of the binary variables with a multinomial cell and assumes
a condit1ona1 multivariate normal distribuﬁion in each
~cell for the continuous variables. |
‘ 'V'Beforé prqceding with thé treatment of such mixed-

' varlate data, though, it may be desirable to eliminate some
of the continuous variables, especlally 1if the.coét of

: obiaining meésurements from these variables is high or if
sane of these variables do not help discriminate betweeﬁ
the tWo populations. This theSis‘examinés two types‘of
elimination: celi-Wise elimination of continuous variables
and global elimination of continuous variables over all
cells; | | |

Cell-wisé elimination processes, represented by vec-
'tofs‘and'denoted EP's, are investigated in Chapter II and
a method is presented for finding én EP, called an OEP,
'withlminimum expected loss amongst the set of all EP's.

In'Chaptér III the global elimination processes, denoted
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by GE(j)'s, are examined and two methods are presented for
locating a GE(Jj), called an OGE; w;ph minimum expected loss
amongst the collection of all GE(J)'s. The first method
determines sn OGE e#actly but may require substantial com-
putation. The second method involves four proposed tech-
niques which are computationally simple, but each technique
only estimates an OGE. A study is undertaken to assess
which technique best selects an OGE.» In the case of
parameters unknown, various estimation problems are encoun- .
tered with the classificafion of mixed-variable data. These
are discussed iﬁ Chapter IV and an estimated OEP and esti-
mated OGE are sbtained. _

The possibility of extending elimination processes to
the case of more than two popuiations or to mixed elimina-

tioh processes of both binary and continuous variables is

open to further study.
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