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Abstract:

The goal of this thesis is the solution of large symmetric positive definite linear systems which arise
when Tikhonov regularization is applied to solve an ill-posed problem. The coefficient matrix for these
systems is the sum of two terms. The first term comes from the discretization of a compact operator
and is a dense matrix, i.e., not sparse. The second term, which is called the regularization matrix, is a
sparse matrix that is either the identity or the discretization of a diffusion operator. In addition, the
regularization matrix is scaled by a small positive parameter, which is called the regularization
parameter. In practice, these systems are moderately ill-conditioned.

To solve such systems, we apply the preconditioned conjugate gradient algorithm with two-level
preconditioners. These preconditioners were previously developed by Hanke and Vogel for positive
definite regularization matrices. The contribution of this thesis is extension to the case where the
regularization matrix is positive semidefinite. Also there is a compilation of the two-level
preconditioning algorithms, and an examination of computational cost issues. To evaluate performance
the preconditioners are applied to a problem from image processing known as image deblurring.
Finally, there is a detailed numerical comparison of the performance between these two-level
preconditioners and circulant preconditioning, which is a standard preconditioner from the problem of
image deblurring.
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ABSTRACT

The goal of this thesis is the solution of large symmetric positive definite
linear systems which arise when Tikhonov regularization is applied to solve an ill-
posed problem. The coefficient matrix for these systems is the sum of two terms.
The first term comes from the discretization of a compact operator and is a dense
matrix, i.e., not sparse. The second term, which is called the regularization matrix, is
a sparse matrix that is either the identity or the discretization of a diffusion operator.
In addition, the regularization matrix is scaled by a small positive parameter, which
is called the regularization parameter. In practice, these systems are moderately
ill-conditioned.

To solve such.systems, we apply the preconditioned conjugate gradient al-
gorithm with two-level preconditioners. These preconditioners were previously de-
veloped by Hanke and Vogel for positive definite regularization matrices. The con-
tribution of this thesis is extension to the case where the regularization matrix is
positive semidefinite. Also there is a compilation of the two-level preconditioning
algorithms, and an examination of computational cost issues. To evaluate perfor-
mance the preconditioners are applied to a problem from image processing known
as image deblurring. Finally, there is a detailed numerical comparison of the perfor-
mance between these two-level preconditioners and circulant preconditioning, which
is a standard preconditioner from the problem of image deblurring.




CHAPTER 1

Int‘roduction

The goal of this thesis is the solution of large szmm,etric positive definite linear

systems

Au=b : - (1.1a)
| where b = K*z and "

A=K'K+alL. S (L1b)
System (1.‘1) arises from the minimization of the functional

T(u) = ||Ku—z|*+ ou*Lu . (1.2)

Here K is an ill-conditioned matrix which results from the disqretization of a compact

operator. Typicélly K is a full matrix, i.e., not sparse. L is called the regularization .

matrix and is symmetric and sparse. Moreover, L may be positive definite or positive
semidefinite. In this thesis, L will be either the i;ientity or the discretization of a
diffusion opefator. T},1e.'a is knowﬁ as the regularization barameter. This parameter
"is positive and will typically be small. The functional in (1.2) is engendered from

Tikhonov regularization applied to.a compact operator equation
Ku = 2. ,

Such equations can arise in many fields of study. A few examples are: bioelectric

source imaging [20], tomography, signal processing, and image processing [2] among
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others [22]. In order to provide a focus, we will concentrate our discussion on one

particular problem from image processing, which is known as image deblurring [39].

In image deblurring X is a two dimensional convolution operator given by

Ku(z,y) = //k(a: — 'y — 1y u(z,y)dz'dy’. | C(1.3)

" In this problem the kernel function % in (1.3) is referred to as the point spread function
(PSF) and it mathematically describes the blurring of the light. The model for the

observed image data is

2(,Y) = Kugue(T,y) + (2, 9), o (14)

where U is the true image and 7 is an additive noise term. See Figure 1 in Chapter
6 for an illustration. The goal is to estimate the trﬁe image given the kernel function
k and the noisy blurred data z. One complication with this type of problem is ill-
posedness, i.e., the instability of the estimated w with respect to perturbations in the
data z. To address the ill-posedness Tikhonov regularization will be used. The idea

is to solve a penalized least squares problem,

min (%HICU, — P+ %J@)), (1.5) |

where J is the penalty term. The choice of penalty term reduces the presence of

artifacts that arise from the ill-posedness. For example, the penalty term given by

ou\’" [Ou ~
= | { = dz dy, 1.
// ((a> (ay) ) v 09
penalizes artifacts that are not smooth. For more information on regularization meth-

ods we refer to [16] and [31]

Discretization of (1.5) yields (1.2). ‘With certain discretizations of the two

dimensional convolution operator K in (1.3), one obtains a matrix K which is block
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Toeplitz with To.eplitz blocks. 'The term u*Lu iﬁ (1.2) arises from the discretization
of penalty terms like the one in (1.6). For details see Chapter 2. An important
aspect to consider is that the matrix 4 in (1.1a) can Be quite large. For example, the
256 x 256 pixel array in the image deblurring problem to be presented in Chapter 6
has a corresponding matrix that is 256 x 2562. This means the matrix A will have
over 4 billion entries. Moreover, this matrix tends to be poorly conditioned for very
small values of o. The obstacles due to the large system size and large condition

- number of the matrix A have made solving (1.1) a very active area of research.

It is not computationally feasible to solve the large sy'stem'in (1.1) using direct
methods. Thus iterativélmethods are utilized. Recall that A is symmetric positive def-
inite (SPD). Thus, the conjugate gradient (CG) algorithm [42] is an iterative method
that will produce the solution to (1.1). However, due. to the large condition number
of A, the convergence of thé CG algorithm is slow. Precdnditioners cém be used to -
accelerate the convergence of CG, yielding a method known as preconditioned con-
jugate gradient (PCG) [42]. Multigrid [6] and multilevel [36] methods are two other

iterative techniques that have been applied to solve (1.1).

_This thesis deals with two-level preconditioners that were developed by Hanke
and Vogel in [26] and [45]. These preconditioners are related to the multilevel meth-
ods presented by Rieder. In [36] Rieder solves the system (1.1) for the case when L is
the identity. Rieder introduces additive Schwarz énd multiplicative Schwarz methods,
which are closely relatéd to the classical Jacobi and Gauss Seidel iterations respec-
tively. He also analyzes the convergence of these methods vs_rhen the regularization
parameter « is relatively large. Hanke and Vogel adopt the two-level versions of these
multilevel methods and utilize them as preconditioﬁers for conjugate gradient. In [26]

Hanke and Vogel provide a detailed convergence analysis under the more relevant con-
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sideration of the asymptotic behavior when o — 0, and they consider mbre general
SPD Iregularizatioh matrices L. Implementation issues for these two-level preéonai-
tioners are dealt WitH in [45]. The main contribution of this thesis is the extension of
the work of Hanke and Vogel to regularization matrices that are semidefinite. This
thesis also contains a compilation of the two-level preconditioning algorithms, as well
as the addition of an examination of computational cost issues. Also there is a de-
tailed comparison of the performance between these two-level preconditioners and
a st.anda,rd preconditioner for a tést problem in two dimensional image deblurring.

Some of this work has appeared in [37], or has been submitted for publication [38].

A standard pr;aconditioning technique for systenis with Toeplitz structure is
circulant precon\ditioning. rThese preconditioners all offer a relatively low compu-
tational cost for preconditioning since they ca,ﬁ be implementedei‘th fast Fourier
transforms. The fast convergence rate of circulant preconditioning relies on the fact
that circulant systems can be chosen “close” to Toeplitz systems. The idea was first
~ introduced by Strang in [43]. The method of Strang’s was later extended to block
Toeplitz systems in the work of T. Chan and Olkin [13], and also in the work of R.
"Chan and X. Q Jin [7]. The application of this preconditioning technique to Toeplitz
least squares problems was carried out by R. Chan, Nagy, and Plemmons in [8]. T.
Chan modified Strang’s original algorithm so that given any matrix one could con-
struct a circulant matrix that was closest in the Frobenius norm [11]. A good survey

of preconditioning techniques for Toeplitz systems can be found in [9].

An outline of this thesis is as follows. Chapter 2 will briefly present the
background mathematical material we will use for the subsequent c‘habters. Well-
posedness will be defined and conditions that provide for the problem in (1.4) to be

ill-posed will be established. Tikhonov regularization will be the tool that we will |
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use to compensate for the ill-posedness and solve this problem. Implementation of
Tikhonov regularization and development of the regularization matrix L will be cov- -
ered. An outline of the discretization of the convolution integral operator in (1.3)
Will also be producéd. The chapter will conclude with a presentation of the conjugate

gradient algorithm as well as the topic of preconditioning CG.

Chapter 3 will examine convolutions and provide a connection to the Fourier
transform. The important role of the the fast Fourier transform will be established.
An algorithm for circulant preconditioning of block Toeplitz systems will be the final

topic of this chapter.

Chapters 4 and 5 will present the two-level preconditioners that al;e the main
'- topic of this thesis. The implementation of the'two-level precondiﬁioﬁefs depends
upon the matrix L. . Chapter 4 presents the two-level preconditioning algorithms when
é positive definite L is being used. Whereas, Chapter 5 discusses the alterations to

the algorithms when using a positive semidefinite L.

Chapter 6 .presents a numerical comparison of the various precqnditi’oning al-
gorithms for a test problem in image deblurring. Details of implementation will be
covered and issues of computational cost will be discussed. Numerical results from ap-
plying the different PCG algorithims to a well referenced set of data will demonstrate
the use of these algorithms in practice. The chapter will conclude with a summary

of the results. -




CHAPTER 2
Mathematical Preliminaries

‘The purpose of this chapter is to provide background and motivation for the
system in (1.1). The first section will introduce notation that will be used in sui)se— :
quent chapters. In.a,ddition the concepts of ill—pbsedness and regularization will be
presented. The second section will examiﬁe the special structure that arises v;fhen
discretizing convolution operators and regularization operators that will be used in

"Chapter 6. The final section will present fhe conjugate gradient and the precondi-

tioned conjugate gradient algorithms.

Ill-posedness and Regularization

In this section H; and H, will denote separable Hilbert spaces with inner products

<-, ->Z., fore=1and 2 respectively. For these spaces the induced norm is defined by

lulls = \/(u,u), 6= 1,2,

where u € H;. For this section, ) will denote a simply connected, nonempty, mea-
surable set in R™ that has a piecewise Lipschitz continuous boundary. For smooth.
u: R* = R, define the gradient of u by

Vu:<8u ou ) 6u>

0z’ Oxy’ - Oz,
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For a vector valued function 7 = (v, vs, ...., Un) where each v; : R* = R is smooth, we
define the divergence of ¥ by ‘

v.g=3 2

1 sz

i=

If u € R* then the Euclidean norm of u.is defined by
[y =V

The following are three examples of Hilbert spaces that we will use in subsequent

work.

Definition 2.1 The Hilbert space L?(Q) is-made up of all measurable real-valued.

functions u such that [, u(z)?dz < co. The L? inner product is denoted by

(u,v),, = / u(z)v(z)dz, u,v € LA(Q). (2.1)
Q v
The second Hilbert space makes use of the gradient operator.
Definition 2.2 The H*® inner product of a pair of smooth functions is given by

Q

'<u,'v>H1 = /Qu(x)v(x)dx +-/ Vu - Vv dz

The Hilbert space H'(Q) is the completion of C*° (Q2), the space of .inﬁnitely continu-
ously differentiable functions defined over §2, under the norm induced by the H* inner

product.

Definition 2.3 The Hilbert space H() is the completion of C5°(R), the space of
infinitely continuously differeritiable functions defined over  with compact support,

in the space H!() under the norm induced by the H' inner product.
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In order {:o examine ill-posed problems we will first need to define well-posedness,
which was a concept developed by Hadamard in [23]. Let X represent a mapping

from Hl to 7‘[2.

Definition 2.4 The problem
Ku=z u&Hy, 2€Hy - - (2.2)

is well-posed if and only if the following three properties hold:

i) A solution exists, i.e. for any z € H; there is a u € H; such that Ku = 2.
ii) This solution is unique.

iii) The solution depends continuously on the data, that is, given u* € H; and
2* € Hy for which Ku* = 2*, then for every ¢ > 0 there exists d(e) > 0 such

that when ||Ku — 2*||s < 6(¢) then |ju — u*||; <e.
A problem that is not well-posed is referred to as an ill-posed problem.

For the case when K is linear, well-posedness is equivalent to the requirement that
the inverse operator, K= : Hy — Hi, exists and is bounded. For a linear K, we
will denote the range space by R(K), the null space by N(K), and the domain for the
operator will be represented by D(K). In addition to these spaces, we will also use

their orthogonal complement.

Definition 2.5 If E C H; then u € H; is an elément of the orthogonal complement -
of FE if and only if <u,v>i = 0for all v € E. The orthogonal complement will be
denoted by E*L. '
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When dealing with a linear operator it will become necessary to employ the adjoint

~ operator.

Definition 2.6 Let X be a linear operator with a dense domain in #; mapping
into Ho. The adjoint operator K* : Hy — H; is a linear operator where for every

y € D(K*) there exists a unique y* € #; such that

(Ku,y), = (wy")y,

for every u € D(K). The adjoint is defined by the mapping K£*y = y* for all y € D(IC*).
When K is not 1-1 the pseudo-inverse can be used to resolve the nbn—uniqueness [16].

Definition 2.7 Let K : #; — H, be a continuous linear operator. Define K by
K= Klnecyr, thus K is 1-1 and maps onto the range of K. The pseudo-inverse, KT,

is the linear extension of £~! to the domain
D(K") = R(K) + R(K)",

with minimal operator norm.

It is worth mention that for any 2o € D(KT) the pseudo-inverse gives the best least

squares approximation to zy [16], i.e. ug = K'z satisfies

ool = gt (lull. | 1w = sal = g, o —zol).

u€eD(K)

The problem in (2.2) is an ill-posed problem when KT is unbounded. One type of

operator that can have an unbounded pseudo-inverse is a compact operator.

Definition 2.8 An operator K is compact if and only if the image of any bounded set
is a relatively compact set. Note that a relatively compact set is a set whose closure

is compact.
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Example 2.1 An example of a compact operator is the Fredholm integral of the

first kind on L?(Q2). Suppose the function &(z,y) is measurable on 2 x  and has the

property
_ //k(x,y)zd:c dy < oo. - (2.3)
: QJa : )
Theﬁ the Fredholm integral operator of the first kind,
Ku(z) = / k(z, v)uly)dy, z €L, (2.4)
. Q B

is a compacf, operator with K : LQ(Q) — L?(2). The function £ in (2.4) is known as
the kernel function for .- Notice that (2.4) combined with (2.3) defines a Hilbert-
Schmidt operator. The proof of compactness of a Hilbert-Schmidt operator can be

found in [49, p. 277].

The following theorem establishes the conditions for which a compact operator has

an unbounded pseudo-inverse. The proof can be found in [16, p. 38]. .

Theorem 2.9 For a compact operator whose range is infinite dimensional the pseudo-

inverse operatof is densely defined and unbounded.

With an unbounded pseudo-inverse the problem in (2.2) is ill-posed since it violates
properties i) and iii) of Definition 2.4. A special tool that allows for further analysis

of a compaét linear operator is the singular value expansion [16].

Theorem 2.10 Let K : H;1 — Ho be a linear operator. If K then there exists positive
values o, with associated functions ¥, € Hi, and ¢, € H, such that K, = 0,¢, and

K*¢, = 0p1,. If K has infinite dimensional range then n = 1,2, ..., otherwise there
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will be finitely many terms. The functions {¢,} are an orthonormal basis of N(K)*,

and the functions {¢,} are an orthonormal basis of the closure of R(XC). Furthermore,

Ku = Zan<u, Yn),Pn | - (2.5)

and
Kz = Z O’n<Z, ¢n>r2¢na (26)

for all u € M, and z € H,. The expression in (2.5) is known as the singular value

expansion of .

The o,’s are referred to as the ‘sihgular values of K. For a compact operator the
singular values can be arraﬁged in descending order , 01 > 09 > ... > 0. The collection
{On; On,¥n} is defined to be the singular system for K. The singular system can also

be used to give an expansion for KT [16].

Theorem 2.11 Let K have a singular system given by {on;®n,¥n}. Then the

pseudo-inverse has the following expansion

(oF

KTZsZM% o (2.7)

n

for all z € D(KT).

Theorem 2.11 give the singular value expansion for the pseudo-inverse. To illustrate

ill-posedness we will need the following theorem [16].

Theorem 2.12 Let K satisfy the hypothesis of Theorem 2.10 with the additional

property that the range is infinite dimensional. Then

lim o, =0. °
n—oo
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The expansion in (2.7) reveals the lack of continuous dependence of the pseudo-inverse
solution when the range of K is infinite dimensional. If there is any error present in
®n, Un, Or z, then that.error may be greatly amplified by the .diviéion of the small

singular values of K.

The way to resolve 111—posedness is to use some type of regulanzatlon method.
The idea of regularization is to approximate an ill- posed problem W1th one that is

well-posed. We will use the following definition of a regularization operator [31].

Definition 2.13 A regularization operator for K is a one parameter family of con-
tinuous operators R, : Ha — Hi such that for Lug = 2 the following two conditions

hold:

i) There exist numbers o and &y such that R,(z) is defined for all 0 < a < ag

and ||z — 202 < do

ii) There exists a function «(é) such that given any € > 0 there is a number
8(€) < 8o such that if ||z — zollz < 6(e) then |uy — uolls < € where uy = R,(2)

and v = a (6(¢)).

Notice that when K is linear then part i) of Definition 2.13 is equivalent to the re-
quirement that R, is bounded, and parf ii) is equivaient to the requiremeﬁt that

R,(z) — I_C‘T'z as o — 0 for all z € D(K') [16]. There are many different regulariza-
tion methogls that can be applied to an ill-posed problem. For more. details about

regularization methods see [16], [21], and [44].

Example 2.2 An example of a regularization operator is the truncated singular value

decompositioﬁ“. Given an o > 0 the truncated singular value decompositioh is found
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o' = Ro(2) = 3 <Z’¢">2¢n. (2.8)

Pl o-n
{n| |on]>a}

Notice that for any o > 0 the expansion in (2.8) has only a finite number of terms.

Thus,

2

IRa(2)ll = T ‘ug_

On

| {n] lonl>al

ANy
< =
<l

which implies R, is bounded. In addition, as o =+ 0 the coefficients in (2.8) approach

the same values as the expansion in (2.7), which establishes part ii) of Definition 2.13

The type of regularization that we will be using is Tikhonov regularization, which is
also known as Tikhonov-Phillips regularization [34]. For the following examples we

assume K satisfies the assumptions in Theorem 2.10 and Theorem 2.12.

Example 2.3 In an abstract Hilbert space setting (i.e. K : Hy — Hz), Tikhonov

regularization is given by the following

_ _. : 1 2, %2y '
vo= Rols) =arg iy (Flicu—sB+ Shlt).  (29)

where arg ugéi(rzlc ) ‘denotes an -element out of D(K) t}iaﬁ obtains the minimum valﬁe for
the given functional. This:method can be thought of as penalized least squares with
the second term in (2.9) being the penalty term. The regularization parameter, oo > 0,
is used to assign a weight to the penalty term. Finding tile Uq that ﬁinimizes the

functional in (2.9) involves the use of calculus of variations [50, p. 45]. Consequently,

we will need the first variation of the functional F'(u) = EHICU — 2|2 + %Hu{ﬁ in the
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direction of v € H;. The first variation is given by

Flu+1v) — F(u)>

7—0

§F(ujv) = hm( -

.1 '

= lim 5 ((K(u+7v) = 2, K(u+70) — 2), + a(u + 70,0 + 7v), )

= (Ku-zKv), + ofu,v),. o (2.10)

Using the adjoint in (2.10) and the fact that at the minimum the first variation must
be zero for all v € H; engenders a representation for the solution to (2.9),

e = (K*K + o) 'K*2. (2.11)

If K has the singular system {oy; ¢n, zbn},‘;il then the solution in (2.11) has a singular

value expansion

= ;%@ bn)ytn . (2.12)

Using the condition that « >.0, the expansion in (2.12), and the fact that both the

én’s and 9,,’s are an orthonormal bases results in

IRa()l = 4[>

2
On

e

2
o, to

IN

01
< —l2ll2-
o

Hence R, is a bounded operator for each o > 0. For any fixed n it is also true that
1 e

im 20-” = —, which matches the expansion in (2.7). Therefore, (2.9) defines a

=005 + On . .

regularization operator.

From this point on, (-,-) will denote the L2(Q) inner product and || - || will

represent the induced L?*(2) norm,

o = \//—<)7
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We will assume K is-a compact linear operator such that K : L2(Q) — L?(Q). For

this thesis we will consider a slightly more general form of Tikhonov regularization,
.1 5 O '
Ug = arg min EHICU —z||* + —2-<£u, w) |, (2.13)

' where L, the regularization operator, is either the identity operator on L*(2) or it
is a differential operatc?r Whose.d‘omain is dense in L?(f2). The space for which we
will minimize over depends on the regularization scheme that is being used. In the
former case of Tikhonov regularization (Lu,u) = |lul|* and we will refer to this as
L? regularization. The advantages of using the identity as a regularization opellator
are the ease of implementation, and the invertibility of the reguiarization oper.étor.
However, L? fegularization does not penalize against solutions that have spurious
oscillations. We next present a class of differential operators which are usea to impose

smoothness on regularized solutions:.

For u,v € C§°(Q), consider the the quadratic regularization functional

Jw) = %A&(z)ié;(g;)de

= %/ﬂanPdm
and the associated bilinear form
i ou 37)
blu,v) = / Z 5.0 (2.14)
= /V z)Vu)v dz - (2.15)
= </.’,u,v>,_ (2.16)

where “V-” in (2.15) denotes the divergence operator, and x € C*(Q) with &(z) >

ko > 0 for all z € Q. Integration by parts applied to (2.14) produces (2.15). From
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(2.15) it follows that £ in (2.16) is a diffusion operator given by

(/ﬁ(m) SZ) . (2.17)

' The operator £ has a well defined extension to Hj(f2) and the condition that x €

Lu=—-V". (n(x)Vu) =— Z 88

T

C*(£) can be relaxed to £ € L°(€2) [17]. With a domain of H}(Q) the associated
boundary conditions are homogenous Dirchlet boundary conditions, that is, u(z) = 0
for z € 6. Note that 6J(u;v) = b(u,v). If k(z) = 1 then (2.17) reduces to

n
0%u

[,u:—V~Vu=—i=1 8—3;22

(2.18)

We will refer to this operator as the negative Laplacian with-homogeneous Dirichlet

boundary conditions. Note that £ is symmetric,
{Lu,v) = (u, Lv) for every u,v € Hy(),

and coercive,

{Lu,u) > v|lu|| for every u € Hy (), (2.19)

where v > 0. With the domain of H}(2) and the property (2.19) it follows that (2.13)

is well-posed [50].

With the operator defined in (2.17) it is possible to extend the domain to

JH'(€) [35]. In this case £ is symmetric and positive ‘semideﬁnite,
(Lu,u) >0 for every u € H'(S).

With £ being semidefinite we will need extra criteria to make the problem in (2.13)
well-posed. The complementation condition is defined in [16] as: for every a > 0 -

there is a v > 0 such that

[1Kull® + a{ Ly, u) > v|jull?, (2.20)
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for all u'€ HY()). With a domain of H 1(Q) the associated boundary conditions are
the homogeneous Neumann boundary conditions, i.e., Vu -7 = 0 for all z € 01,
where 7 dénotes the outwérd unit normal vector. Note that thé operator L operator
in (2.17) has a one dimensional null space consisting of all functions that are constant

on . When x = 1, we will refer to this operator as the negative Laplacian with

homogeneous Neumann boundary conditions.

" To find the solution to (2.13) we once again use calculus of variations, see [33].

The minimizer to (2.13) solves the system
(KK +al)u=Kz (221

Condition (2:20) guarantees that K*K + oL has a bounded inverse. Regularization
that uses either the definite, or semidefinite, negaﬁv’e Laplacian as a regularization
operator penalizes against solutions which are not smooth. Unfortunately, this type of

regularization does not preserve edges that are sometimes present in the true solution.

The ﬁnal.regﬁlarization scheme is the most complicated. Total variation (TV)
as a regularization functional was introduced in [40] by Rudin, Osher, and Fatémi. In
this case, the domain is the space of all functions with bounded variation [33]. First
we will define the total variation of a funcﬁon. This will be followed by the definition
of the space of functions with bounded variation. The deﬁﬁitions we are using come

~ from Giusti [18].

Definition 2.14 Let u be a real-valued function defined on §2. The total variation

of u is defined by to be

lu|ry = sup / —uV W dz, ‘ (2.22)
deEW J 0 ,
where

W= {adeCi) : l0(z)| < 1,for all z € Q},




18.
Definition 2.15 The space of functions with bounded variation on §) is comprised
of all functions u such that / lu| dz < oo and |u|ry < co. We will denote this space
Q

by BV(Q).

To motivate the choice of the regularization functional for total variation consider the

case when u € C1(Q) N BV(Q). Integration by parts applied to (2.22) yields

|ulrv = sup | @ Vu dz. (2.23)
. WEW JQ
N L Vu
If, in addition, |Vu| # 0 the supremum for (2.23) occurs when @ = W, resulting
in
[uhry = / Vu} da. (2.24)
Q ,

Note that the Euclidean norm |- | is not differentiable at the origin. To overcome the

resulting numerical difficulties, we use the modified TV functional,

- %/ VU dz, B> 0. (2.25)
Q .

Note that 8 = 0 implies that.Jz(u) is the same as (2.24). For smooth v and v, the
first variation of Jj is given by - |

Vu- Vv
o VUl + 52 +/32

= /V u)Vu)v dz | |
= (L(u)y,v), _ - (2.26)

0Jp(u;v) =

under the proviso of homogeneous Neumann boundary conditions where

1
T

The corresponding regularization operator has the form

L(uw =~V - (k(u)Vv), | (2.27)
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see [33]. Notice that the operator-in (2.27) is symmetric and has the same null
space as the negative Laplacian on H'(Q2). Total variation penalizes against spurious
oscillations. Moreover, this regularization scheme allows for jump d’iscontinuifies in
a solution, as illustrated in [15] and [46]. A-disadvantage with TV regularization
is that the amount of computation involved is much greatef than for the previous

regularization schemes. One must solve
(K*K + al(u))u=K*z, (2.28)

where L(u) is given by (2.27). This regularization operator is nonlinear and has
variable coefﬁcients, which complicates implementation. A method for solving (2.28)
is the “lagged diffusivity” fixed point method presented by Vogel and Oman in [46]

and [47]. This iterative method is expressed by
(KK + al@)u™ =K'z, v=0,1,...,

where u”, the previous estimate for u, is used to form the regularization operator.

Discretization and Special Structures

In the remainder of this chapter Q will denote a square region in R2. The type of
operator K that we will be particularly concerned with is a two dimensional Fredholm

integral operator of the first kind with convolution form,

Ku(z,y) = // k(z — 2,y — y)u(,y)dz'dy'. (2;29)
4 v Q |
From Example 2.1 we know that if k is measurable on 2 x Q and satisfies (2.3) then
the convolution operator is compact. If the operator also has infinite dimensional

range then by Theorem 2.9 the problem Ku = z is ill-posed.
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The matrix K that is generated by discretizing the two-dimensional conve-
lution operator, (2.29), often has a block Toeplitz structure with Toeplitz blocks

(BTTB). A Toeplitz matrix has the property that it'is constant on the diagonals, i.e. '

[ 1o 1 it tm—1

t__]_. to tl tm—2

T ) . ) i |
‘t2—m o 1 . N

tm toom o ta fo ]

Note that T is uniquely determined by the first row and column of the matrix. For
this reason we define the generator of the Toeplitz matrix T to be the vector t =

(ti—m>t2—my -+ t0y -y tm—1). This relationship will be denoted by T' = teoplitz(t).

Another structured matrix that we will make use of is the circulant matrix.
A circulant matrix is a Toeplitz matrix with the added property that each column

“wraps around” to start its successor, i.e.,

Co Ch—1 Cp—2- ... Cy
C1 Co Cn=-1 Co ‘
C= (2.30)
_ Cn—2 Cn—-1
[Cn—1 Cn-2 c Co

Note that the first column of a circulant matrix uniquely determines that matrix,

hence the notation C = circulant(co,ci, .-, Cn—1), and ¢ = [co, €1, ..., Co—1] becomes

the generator for C.

A BTTB matrix has the follovx;ing structure

(T, T T3
T, To Ty
T2—n T

_Tl—n T2—n ©oeee

1

To

T

B}

where each T; is an m x m Toeplitz matrix. In this case the generator of the BTTB

matrix is defined to be the (2m — 1 x 2n — 1) arréy k= [ti_n ton ...

to . ta-i),
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where T; = toeplitz(t;) for each j =1 —n,2 —mn,..,n — 1. Hence, the size of the
matrix K is nm xnm. We use the notation K = BTTB(k) to represent the relationship
between k and K. Similarly,‘the generator of ablock circulant matrix with circulant
blocks (BCCB) is given by the array b = [co c1 ... €], where c; is the first column of
the circulant block C;. The analogous expression BCCB(b) will represent the BCCB

- matrix generated by the array b.

Example 2.4 This example illustrates a discretization of a one dimensional convo-

lution operator.
/ k(z — 2 )u(z")dx, (2.31)

that results in a Toeplitz matrix. In this example we will assume Q = [~p,p] C R!.
With a uniform grid spacing, Az = '%LE, the midpoints are given by: z; = —p+ (25 —

1)%, j =1,2,..n. By midpoint quadrature, the expression in (2.31) takes the form

Ku(z) = _p k(z: — o' )u(a)da
~ Z k(z; — xj)U‘(xj)A?;
~ [Kul, (2.32)

where K = Az toepltiz [k((n — 1)Az), k((n — 2)AZ), ..., k(0), .., k((1 — n)Az)] and

u= {u(xl)a‘u(xﬂ: e u(mn)]*'

The two dimensional case, see (2.29), is analogous with the block structure arising

from the double integration [2].

Example 2.5 Assume Q = [—p, p| X [~p, p] With grid spacing Az = %” and Ay = 27?,
the midpoints are given by z; = —p+(2i—1)5° 82 i =1,2,..n,andy, = —p+.(2'r—1)%1i'
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r = 1,2,...m. By midpoint quadrature it follows that |

Kulz ) = / / Bz — oy — ¥)ulel, ') da'dy’
Q

m—1n—1

Z Z k(@i — 35, yr — ys)u(z), ys) Azly

s=0 j=0

(K], | (2.33)-

Q

Q

The vector u is formed using lexicographical ordering by rows, i.e.

u= [u(mla ’!/1)‘,'“(932, y1)7 sey u’(xn; yl).; ’u'(xl) y2)7 ’U,(.’Ez, y2)a ceey U(.’L‘n, yn)]* y
The row ordering implies that K = AzAy BTTB([km-1, Km—2, ---, Ki—m]), Where

k, = [k((n — )Az,rAy), k((n — 2) Az, rAy), ..., k(1 — n) Az, rAy)]".

For the regularization operators we will use a uniform version of the grid in

Example 2.5 (that is, Az = Ay = %’f. We will gain the approximation
(Lu,u) ~ u*Lu.

The vector u results from enfolrcin.g lexicographical ordering by rows on the array u
with u;; = u(z;,v;). When discretized, each of the regularization operators of the
previous section correspond to a matrix L that is sparse and symmetric. Recall that
L? regularization gives rise to the identity as the regularization operator. Another
definite regulapization operator is the negative Laplacian with homogeneous Dirichlet
boundary cc')nditions. Using a second order finite difference approximation [42],’it

follows that the corresponding matrix has BT'TB form

M-I, 0 0
=1, M —I,, 0 0
' 1 0 —I, M —I, 0 .. 0
BV L e
0 0 —I, M -I,
0 0 -I, M
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where I, is the n, X n, identity and each 0 in (2.34) represents a ng; X n, matrix of

zeros. The ng x ng submatrix M in (2.34) is given by

(4 -1 0

-1 4 -1

0 -1 4
M= .

0

Lo

0

-1 0

To approximate the negative Laplacian with Neumann boundary conditions [24], the

finite difference representation changes slightly to

[ M, -I,, 0
—I,, M; -—I,
L= 1 0 _Ina; Ml
(Az)2 |
0
| 0

0
~I. 0
0 -I,

— Inz

The Neumann boundary conditions change the diagonal blocks so that

2 -1 0
-1 3 -1
0 -1 3
M, = §
0
| 0
“and ~
3 -1 0
-1-4 -1
0 -1 4
M, =| .
0
| 0

0

-1 0

0 -1 3
0 -1

0

-1 0

0 -1 4
0 -1

Note that the matrix that approximates the negative Laplacian with Neumann bound-

ary conditions is not BTTB and it has a one dimensional null space consisting of

constant valued vectors.
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~ Finally, the TV regularization operator, (2.27), can also be approximated with
finite differences subject to lexicographic;al row ordering and homogeneous Neﬁmann
bo.unda,ry conditions. The operator can be defined as an opefator on the array u
where u; ; = u(z;,y;). For the array operator we will use & to represent the érray

from the previous fixed point iteration. The array operator will take the form:
L@u=A_(k(@)(Agu) (2.35)

where

1
VBGRP + (Lo + P
Aju = (Afu+ Afu)

ke (B) =

Au = (A%u+ A%u)

u-:l:l ._u.,:
I:DE,UI — :*: 1 5] 1,7
Nz

o Ug g1 T Ui
Ay = 4+ ==Y
Y < Ay )

The corresponding matrix L is symmetric positive semidefinite. It is also sparse with
the same band structure as the discrete Laplacian, (2.34). In general, this matrix
is not BTTB. Méreovér, it has the same one dimensional null space as the negﬁtive
Laplacian with homogeneous Neumann boundary conditions. In the discretization of
both semidefinite regularization matrices the vector we will use as a basis.vectOr for

the null space is the vector comprised of all ones.

Conjugate Gradient Algorithm and Preconditioning

In this section we will present the CG algorithm, discuss convergence, and present
the related topic of preconditioning. We refer to [1], [3], [19], and [42] for more details

on these topics.
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The goal is to solve Au = b where A is a n X n matrix that is symmetric -
positive definite (SPD). Notice that solving Au = b is the same as minimizing the

functional
f(u) = Zu*Ax — u*b, (2.36)
since the gradient of f is given by
Vf(u) = Au - b,
and f is strictly convex. Given any u € R* we will define the residualto ber = b—Au.
Noticé that r = —Vf (u) The form of the algorithm that we will use is stated in

Algorithm 2.1 [19, p. 527].

Algorithm 2.1 Conjugate Gradient Method

k=0
g = b— Auo;
(50 = 1‘31‘0;
‘Begin CG iterations
ifk=0
) P1 = Xo;
. o else
- dk:
Brs1 = m,
Pi+1 = Tk + Bet1Pk;
end .
dy11 = APk+1;
ok
Ok41 = 53 s
: p2+1dk+1
W11 = W + Qg 1PEe1;
Tii1 = T — Qpp1dgy;
Ck=k+1;
5k == rZrk;
end CG iterations
U = Ugyg '

The computational cost of the CG algorithm is dominated by one matrix-vector

product involving A each iteration of CG. The other relatively costly‘featﬁre is the
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computation of the 2 inner products (e.g., dx = rirg). In Algorithm 2.1 uxy; is the

approximation to the solution of Au = b after k¥ CG iterations. We will refer to the -
vector py as the CG descent vector at the k-th iteration. The residuals ry and descent

vectors adhere to certain properties [3, p. 466].

Theorem 2.16 Let uy, pi, and r; be the terms from the k-th iteration of Algorithm

9.1. If Ais a n x n SPD matrix then the following three properties will hold.
i) The residuals are mutually orthogonal, i.e., rzr; =0,for 0 < j <k <mn.
i) rip; =0,for 0 < k < j < m.
iii) Descent vectors are A-conjugate, i.e., pjApr =0, for 1 <j#k <n.
From property i) of Theorem 2.16 it follows that, in the abscence of round-off error, the
CG algorithm generates the exact solution in at most n iterations. By éonstruction,

‘the descent vectors are elements of a subspace of R* that is known as the Krylov

subspace [42].

Definition 2.17 Let A represent a n x n matrix and r be an element of R*. The

k-th Krylov subspace is given by

Sip(A,r) = span(r, Ar, ..., AF ).

The CG descent vectors {p1, Pz, ---, Px} are elements of Sy(A4,1o).

Since A is SPD the energy norm || - || 4,
lujj4 = Vu*Au,

can be used in assessing convergence. Axelsson establishes the following result [3, p.

466.
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Theorem 2.18 Let u, be the solution to Au - b, ug be the initial guess in Algorithm

2.1, and uy denote the k-th CG iterate. Then
[ = wfla < [lae — wlla,

for all w € (ug + Sx(A4,r0)).
Kelly uses Theorem 2.18 to prove the next result [28].

Theorem 2.19 Let u, be the solution to Au = b, u, will represent the initial guess,

and uy will denote the k-th CG iterate. Then the following bound holds
[ — wgf|.4 = min [lp(A) (s — uo) |4,
: PEP;
where P, is the set of k degree polynomials with the property that p(0) = 1.
From Theorem 2.19 we can conclude that if A has m distinct eigenvalues then the
CG algorithm will converge in at most m iterations. Kelly also uses Theorem 2.19
to explain rapid convergence wheén the eigenvalues of A cluster [28]. Saad uses the

result in Theorem 2.19 to acquire the following bound on the convergence of the CG

algorithm [42, p. 194].

Theorem 2.20 Let u, be the solution to Au = b, uy be the initial guess; and uy

denote the k-th CG iterate. Then

[l — ol 4, (2.37)

lu, —uglla <2

\/cond(A) — 1 *
\/cond(A) + 1"

with Amax being the maximum eigenvalue of A and Ay, is

Amax

where cond(A) = —

the minimum eigenvalue.
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cond(A) is called the spectral condifion number for A. For brevity we will often refer
to cond(A) as the condition number of A. If the condition number is close to 1 then it
is evident from (2.37) that the convergence for the CG algorithm will be fast. Recall
from Chapter 1 that the system in (1.1) is poorly co.nd’itioned. In this case we will

employ the technique of preconditioning to accelerate convergence of CG.

Preconditioning is based on applying the CG algorithm to the transformed

system
C7lAC 'y = C1b, (2.38)

where C is SPD and y = C'u. By backtransforming with u = C~'y we can generate
the solution to Au = b from the solution to (2.38). If we use the backtransformation
step in the CG algorithm for (2.38) and define M = C? then one can derive the

preconditioned conjugate gradient (PCG) algorithm [19, p. 533].
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Algorithm 2.2 Preconditioned Conjugate Gradient Algorithm

k =0;

roo=b — Auy;

Begin CG iterations
Solve Mz, =1y
6Ic = I‘;;Zk;
ifk=0

P1 = Zp;
else
Br+1 = ;—k;

k—1 :

Pr+1 = Zk + Br+1Pk;
end ‘
diy1 = APgky1;

Ok

)

p2+1dk+1
Ugq1 = Ui + Qt+1PE+15
Tpp1 = T — 0pp1dyyr;

Op41 =

k=k+1;
end CG iterations
U = Ugyy

Notice that C is never expiicitl'y used in the actual impleﬁentation of PCG. We will
_refer to the step that involves solving Mz, = rj as the preconditioning step, and -
M will be called the preconditioning matriz. When comparing the computational
-cost of Algorithm 2.1 with Algorithm 2.2 the precoﬁditioning step is the only added
computation. There are two goals in preconditioning: i) Choose the preconditioner
such that C~'AC~! has a more desirable spectrum, e.g. small condition numbér or
clustering of eigenvalues; and ii) the preconditioning step must be relatively inexpen-
sive to implement. Note that cond(C*AC™!) = cond(M~*A). Thus cond(M'A)

can be used in (2.37) to measure the effectiveness of a preconditioner.
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CHAPTER 3

Convolution and Circulant Preconditioning

In this chapter we will introduce the discrete Fourier transform and discuss its
connection to discrete convolutions and circulant matrices. In the second section, a
few algorithms will be presented. One algorithm \;villv be used to appl-y.the discretized
version of the operator in (2.29) using Fourier transforms. A subsequent algorithm
Wﬂi be developed that computes matrix-vector products involving a symmetric block
T‘oeplitz. matrix with Toeplitz })locks. The subject of the last section-is circulant

preconditioning.

Discrete Fourier Transforms

A valuéble tool in signal and image processing is the discrete Fourier transform (DFT).
In this section wé Wiil‘ introduce the discrete Fourier transform. Following the intro-
duction will be a discussion of the corresponding convolution theorem. To simplify
the discussion, all of the theorems and proofs will involve vectors, f € R*. However,

everything presented can be extended to two dimensional arrays, f € R**™ [5].

' Definition 3.1 The discrete Fourier transform is a mapping from C" to C*. Given

a vector £ = [fo, fl, <oy fn—1] € C" the transform is denoted by

[DFT{f}], ij exp < 27”’”) k=0,1,2,..,n—1.  (3.1)

J=
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The DFT from (3.1) has a corresponding inverse discrete Fourier transform that will

be defined by
: 1 n—1 ik
- [IDFT{F}]; = = > e, (3.2)
k=0

for any complex valued n-vector F = [Fp, FY, ..., F5,_1]. Note that IDFT{DFT(f)} = f
and DFT(IDFT{F}) = F [5]. The convolution product of vectors f = {fi}r=l, .1

(f € C*) and g = {g;}}=; (g € C") is a vector that is given by

n—1 .
fxgl, =) fe-igi k=0,1,2,..,n—1 (3:3)
— .

Given a vector f € C* we define the n-periodic extension of f as a sequence such that
fi+n = [f; for any integer j. With the definitions above it is now possibie to state the

Convolution Theorem for discrete Fourier transforms.

Theorem 3.2 Let f ,g € C" where f has a n-periodic extension. The DFT of f and
g will be denoted by F and G respectively. Then the DFT of the convolution between

f and g has the property
[DFT{f * g}]k = Fka, (3.4)

fork=0,1,2....,n— 1.

Proof:

To begin, we will use the fact that f has a n-periodic extension, the definition of an

inverse discrete Fourier transform in (3.2), and the definition of discrete convolution
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in (3.3) to obtain the following:

n—1 ( 1 n—1 ) 1 n—1 ’ o) 7
.7j R .m(k—j
fxgl, = E = E Gre*™% — E Fe®™ =
j=0 [ n r=0 n m=0 N
n—1 [ 1 n—1 - ’ '_ 1 n—1 T
_ = G 627ri£n-7- : - F o mk=d)
= E E r E m
=0 L n r=0 ‘ nm=0 / :
1 n—17[ /n-1 N\ 1 n—1 ] . ‘
| T2 — e L j LR
— _E : E :Gl,-62m" ‘_E :Fme 27rzne27rzn
n
n 7=0 = m=0
1 n—1 n—1 - 1 n—1 ] .
. omi ek omill _omiZl
= — G Fe™n | =) e™re n ).
n
) n r=0 m= 7=0
Now if m = r then ‘ '
A R, P LN
fnd E :621r7,1L 27rzn . 1,
n
Jj=0

or if m s r then

1 n—1 ) .
i Tl ol
-_E :627rzn62mn = 0.
n
J=0

This orthogonality propérty will reduce (3.5) to
' n—1

1 rk
f*xgl, = - Z GTFT¢2” n

r=0 )

(3.6) -

Applying the DFT to both sides of (3.6) will result in the desired expression of (3.4).

O

DFT’s can be computed at a low computational cost using the fast Fourier transform

(FFT). The FFT of an n-vector can be computed in O(nlogn) ‘.operations [32]. Next

we will provide the connection between discrete convolution and circulant matrices.’

If k € C*" is n-periodic and u € C* then

kxu= Ku,

where K = cir‘c_'ullant (k) with k being the vector composed of the first n elements

of k. These tools will be put to use to develop the algorithfns in the next section.
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Algorithms for Two Dimensional Convolution

The algorithms developed in this section are for two dimensional arrays and will be
utilizéd in Chapter 6. A major computational burden is the application of the dis-
cretized convolution operator, (2.33). The goal is to use two dimensional FF1’s to
exactly compute BTTB matrix-vector products. For an n, X n, image the corre-
sponding matrix, given in Exampk; 2.5, is a full BTTB matrix that is of size n2 x n2.

Fortunately, it is not necessary to construct the full matrix in order to compute the

matrix-vector products.

First we will demonstrate how two dimensional FFI’s can be used to compute
applications of a block circulant matrix that has circulant blocks (BCCB). The im-
petus behind this is that BCCB matrix-vector multiplication can be performed with
two dimensional FFT’s [14]. Let C be an n2 x n2 BCCB matrix with blocks that are
of size ngy X ng. To éompute a matrix-vector product involving C we will only need
the first column, c;. Recall fr-om Chapter 2 that c; is the generator for C. Define
array to be the-operation of converting an n2-vector into a n, X n, array via filling

in by columns. For example, given a = [a;, as, a3, a4]* then

array(a) = [“1 “3] .

as G4
Let vector denote the reverse operatioh of taking an array and rearranging the
elements back into a column vector. Finally, let é = FFT2(array(c;)), where FFT2 is
the two dimensional FFT [48]. For a given vector v € R the matri;c—vector product

C'v is computed by
Cv = vector(IFFT2(FFT2(array(v).*é))), (3.7)

where .* denotes component-wise multiplication and IFFT2 is the two dimensional

inverse FFT.
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The next algorithm computes an application of the convolution 6perafcor,
(2.29), with FFI’s. The method we will use is presented by Hanke and Nagy in
[25]. The basic idea is to take.the discrete kernel array, k from (2.29), and construct
a larger array, ks, that will be a generator for a BCCB matrix. With k,; we will
use (3.7) to compute the matrix-vector products. Here n, is an even i'nteger so that

the kernel array can be partitioned into blocks

k11 ko
k= ,
[km k22]

with each block being of size % x Z&. Recall that Theorem 3.2 demands vectors in
the convolution to have n-periodic extensions. The analogous requirement for the
same theorem to hold for arrays is that the arrays should have a doubly n-periodic

extension [5]. An array fis doubly n-periodic when

firmi = fis and fiGam) = fig
where 7 and j are integers. In practice, the actual arrays that we will use are not
" necessarily doubly n;periodic. By extending the arrays with zeros'it is possible to
retain the convolution theorem for DFT’s [5]. The extension for the kernel array is

defined by

ko 0 ko
kezt=10 0 01, ‘ (3.8)
/?12 0 ky

where each 0 in (3.8) is a B2 x &2 array made up of zeros. Since ke, is a generator for
a BCCB matrix we will need the array keye = FFT2(keg;) to compute matrix-vector

products. If r is an n, X n, array then it can be extended by the array operator

extend,

extend(r) = [6 g] )

so that extend(r) is of size 2n, X 2n,. The array operator restrict simply restricts

a 2n, X 2n, array to the elements that are in the first n, rows and n, columns. With
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Theorem 3.2 and the array operations defined as above we obtain
Kt = vector(restrict (IFFT2(ke:. *FFT2(extend(array(r)))))). (3.9)

Note that if K is BTTB, K*K need not be BTTB. In order to ease computation and
_reduce storage for the numerical examples in Chapter 6 we will approximate K*K by

a BTTB matrix, T'. In place of (1.1b) we will use
- A= (T+al),

and solve (1.1a).‘ With the same array operators it is possible to develop a similar
technique for computing the matrix-vector products involving T'. With ke;; given in

(3.8) we will construct a n, X n, array t by
t = restrict (IFFT2(|FFT2(keat)|- A 2)), (3.10)

where . A 2 is component-wise squaring of each component of the array and |- |
denotes the complex modulus of the components. With this array we are defining
t = array(t), where t is the generator of T. The array in (3.10) can be embedded in

an extended array, t.q:, that generates a BCCB matrix. For the n, x n, array let
t = [tl t2---tnz]a

where t; is the ith column of t. Define the array operator embed by extending ¢ in

the following way
embed(t) = [tl tg...tnz tl tn.-,; tnz_l...tg].

The extension of the array ¢ to a 2n, X 2n, array is accomplished by the following

test = (embed(embed(t)*))* . (3.11)
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When arranged in vector form ¢4 is the first column of a BOCCB matrix that contains
T in the first n2 rows and the first n2 columns. -It follows that the computation of

the matrix-vector product 7'r is simply
Tr = vector(restrict (IFFT2(fey. * FFT2(extend(array(r)))))), (3.12)

where fogp = FFT2(teg:). The expressibns in both (3.9) and (3.12) have a doﬂble ben-
efit. These matrix-vector products that involvé n2 x n2 matrices can be computed in
O(n2 log(n,)) operations due to the FFT’s and the Convolution Theorem. Moreover,
all that is needed for computation is the first column of the matrix, which drastically

decreases the amount of required'storage.

Circulant Preconditioning

In 1986, Strang [43] proposed a circulant preconditioner for Toeplitz systems, and
presented numerical results which showed very fast rates of convergence. It was later
established that circulant matrices can approximate ‘Toeplitz matrices closely, and
_ that the preconditioned system is well conditioned [10]. In Chapter 6 circulant PCG

will be used as a standard of comparison for the two-level preconditioners.

For a BTTB matrix T the circulant preconditioning step is cérried out using
two dimensional FFT’s. In general, the first column of T is put into array form using
array. The extended array, te, is constructed by way of (3.11). Given a vector
r € R%, Algorithm 3.1 shows how to compute Mcé-rlcr using FF'I’s. Note that ./ |

denotes component-wise division.
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Algorithm 3.1 Circulant Preconditioning

Tezt = extend(array(r));
Seqt = FFT2('7'ezt) v Lext;
Sezt = IFFT2(8); _
s = vector(restrict(Ses));

Recall that the matrix corresponding to the negative Laplacian with Neumann
boundary conditions is not BTTB. Moreover, the matrix associated with TV regular-
ization (that comes from (2.35)) is not BTTB. In this case, a BTTB approximation
will be found [12]. To address this issue let us first consider the task of approximating
a general n X n matrix A by a Toeplitz matrix. The Toeplitz approximatiqn that we
will use is from a technique developed by.T. Chan and Mulet [12]. This technique
gives the Toeplitz matrix T that is closest to A in terms of the Froberﬁus norﬁ. Let
a;; denote the entries of A and the generator of T' will be denoted by t = [t1, 12, ..., ta]-

The computation of t is given by

P B
n
b= I @ j-1)k F Gk (broD)) | 1<
i - ) 1<n
2(n—j+1) .
¢ — Gn,1 + al,n
_n . 2 *

This method generalizes to matrices with block structure. ‘ Thé sparsity structure of
the regularization matrix, corresponding to the regularization operators in Chapter 2,
allows the approximatioh to be determined by computing just three elements. Here
we will denote a;; as the entry in the regularization matrix that is in the é-th row and

4-th column. With these specific matrices, the generator of the BT'TB approximation
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is given by

. 2
b = D ke Tk
. I_l T
t — Z_;L=0 ZZ:Z a(jnm+kf))(jn::+k—1)
2 Tig(ng — 1)
2— T

M WY CURR)

e ngy(ng —1)

" with the rest of the elements for the generator being zero.

?
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CHAPTER 4

Two-Level Preconditioners for Positive Definite L

Recall that the focus of this thesis is to solve

Au = b, (4.1a)
where
A=K'K + oL, (4.1b)

and b = K*z is a vector in R*. The implementation for the two-level preconditioners
is different depending on whether L is definite or semidefinite. In this chapter, it
is assumed that L is symmetric positive definite (SPD). The following chapter will

address the case when L is symmetric positive semidefinite.

The appfoach taken.will be to split the solution space, R", into two subspaces.
Let the “coarse grid” subspace, Vs, have a basis {¢;}); with 1 < N < n. The second
subspace will be given by Vo = span ({¢;}7={'). In principle, the bases for both

subspaces can be chosen such that for every appropriate ¢ and j,
¢; Lap; = 0, | (4.2a)
Vi L = by, (4.2b)
where §;; is the Kronecker delt_a. Two subspaces are L—orthogonalvwhen‘ property

(4.2a) holds, Where.{qSi} is the basis for the first subspace and {1);} is the bass for the

second subspace. It follows that Vs and Vg are L-orthogonal and we will sometimes
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refer to Vi as the L-orthogonal complement of V3. As a consequence of (4.2) and L

being SPD, {¢;}¥; U {'Z/}j}?;lN forms a basis for R".

Example 4.1 This is a one-dimensional example of the type of bases that can be
used for the two-levél methods in this chapter. Assume the solution space is R* and

the regularization matrix is the identity, L = I. An appropriate set of basis elements

would be:
1 0 1 0
1 o] . 1 =1] . 110
$1=1q1; $2= |4 ,77[)1—7—5. 0 ,T/)z—ﬁ. e
0 1 -\ 0 -1/

Notice that ¢fLip; = 0 and 9] Lyp; = 6;; fori =1,2 and j = 1, 2.

Let ® and ¥ represent the matrices whose columns are composed of the ¢;’s and ;s
respectively. The matrices & and ¥ can be adjoined to form the honsingular matrix

[®¥] that will transform the system (4.1) into
[GU]* A[OU]x = [GU]*D,
where
x = [@¥] . - (4.3)
The transformed system has a block representation given by
A11 Alz X1l <(1)*A@ O* AV X1 - @*b ) (4 4)
A21 A22‘ X2 - \I/*A@ U* AW X9 A VA o .. ‘ '

The system in (4.4) can be rewritten using the basis properties in (4.2), which results

in

[ 4%  ®K'KU - |[x]_[2D (45)
VK KS WEK'KV+al, y| %] |¥b)’ '
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where I,_y is the (n — N) x (n — N) identity matrix. We assume that ¥ can be
picked in such a way so that U*K*KW¥ is small. A sketch of‘ how it is possible for
U*K*KVY to be small is in the following. Consider the case when K is given by (1.3).
If K has smooth kernel and u is highly oscillatory then Ku is.very small [27]. Thus,
if the basis elements for Vi are highly oscillatory then K'¥ will be small. We refer to
[26] for technical details. Using this property it follows that the block matrix in (4.5)

can be approximated by

_ [An 412

- [ 4. (46)

[ @4e  @KKY
T WK'K®  al,_y

For implementation of the two-level methods, define the operators G, P, and @) by

G=9"LD (4.7a)

P =G 'L (4.7b)
Q=1-P=Y¥L (4.7¢)

Lemma 4.1 The operator P is an L-orthogonal projector onto Vg and @ is the
{
complementary L-orthogonal projector onto Vy.

Proof: From direct computation it follows that P2 = P, @Q? = @, and P*LQ = 0.
For any § € Vi there exist y € RY such that § = ®@y. To compute Py the equations

in (4.7) are used and this results in Py =§. Moreov.er,
Qy = (I - P)y =0,

which implies that V3 is in the null space of Q. For any x € Vi let x € R* " be an

element such that X = Ux. Using (4.2a) results in

P%=®G 1®* LUx = 0.
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On the other hand, using the basis properties in (4.2b) produces
Q% = (PU* L)% = Ux = &.

By construction Vp and Vg are L-orthogonal subspaces, thus P and @ are L-orthogonal

projectién operators [30].

With use of the projection operators it is possible to implement the two-level methods
without ever constructing ¥, or choosing any of the ¢;’s. To illustrate how this is

possible, let us consider the additive Schwarz preconditioner for the system (4.1).

Additive Schwarz Preconditioning

Additive Schwarz preconditioning can be derived as follows: (i) Transform the system
in (4.1a) to get (4.4); (ii) Replace the block matrix in (4.4) by the block matrix
A in (4.6); (iii) Apply block Jacobi precondiﬁioning [42, p. 103] to the resulting
approximate system; and finally (iv) Backtransform using (4.3). It is important.to
note that A differs from the coefficient matrix in (4.5) by only the block that is in

the last row and column, i.e.,
1‘122 = OlIn_N. (48)

Let D, L, and U be defined by the following

- Jo0 o0 - [Au 0 -~ [0 Ap .
L—[A21 0] D_[O An] U—{O 0]. (4.9)

Thus A = D+ L+ U. Let upg = Mjgr denote the result of applying the additive

Schwartz preconditioner to a vector r, i.e.,

uxs = Myir = [@9]D7[@Y]r.
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From (4.9) this requires solving the block diagonal system

A11x1 = P*r
ax, = Y'r,
and computing
Uas = cle + \sz. (410)

Using the equations in (4.7) the following transpires:

Ux, = l\If\I/*LL_lr
o
1

= —(I-P)L7'r

RQI—Q|

(L7'r — ®G7'9'r) . (4.11)
It follows that the preconditioning step, without any explicit use of ¥, is given by

1 )
Rr = (A7 — ~G7a) + ~L7 (4.12)

Each iteration of the Additive Schwarz PCG method is dominated by a matrix-vector
product involving A and an inversion of A;;, G, and L. This metilod is most effective
for very diagonally dominant systems, because the Jacobi preconditioner uses only
the diagonal of A. When A has significant off-diagonal terms there is a need for a

different iterative method that takes these terms into consideration.

~

Symmetric Multiplicative Schwarz Preconditioning

To derive the symmetric multiplicative Schwarz preconditioner, it is necessary to

replace the block Jacobi preconditioning step of additive Schwarz with that of block
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symmetric Gauss Seidel preconditioning [42, p. 103]. The result of applying the

preconditioner to a vector, r € R, can be represented by
ugms = Mgler = [@U](D + 0)'D(D + L)' [@¥]'r, (4.13)

where D, L, and U are given in (4.9). Define

= [®U]*r = [?] . -(4.14)
2
Then r; € RY and rp, € R* ¥, and -
= = | A7lr
D+ L -1z _ . 1141 B :I
( )T _A221 (r2 — A2_1A111r1)

Lo Iy

D(D + L) r = _1‘2 _ A21A1—11r1] )
o -Al_ll(rltA12A2_21(r2_A21A1_11r1))j| (4.15)
Az (ro — AnAp'ry)

Let x; and x, denote the components of the right hand side of (4.15). From (4.14),
(4.4), and (4.8) it follows that '

% = ADM@r —’@*K*K\Dé(\l’*r UK KBAZIGT))
1
x2 = — (- UKKOADT).
o
Finally, as in (4.10), we backtransform to obtain ugms = ®x; + ¥xy. To simplify

Ux,, the projection operators P and () are used in the same manner as in (411)

Consequently,

Ux, = é\If\Il*(r—K*‘K@Aﬁl@*r)

= %(L“l _ 8G18")(r — K*KOA0*r).

Simplification of the expression for ®x;,
Ix; = PAG(P*r-— @*K*K\I’a(llf*r — Ay A7'®*r))

DA (r — K*KUxy),
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shows that ®x; explicitly depends on ¥x,. The algorithm to implement Symmetric

Multiplicative Schwarz Preconditioning can now be given.

Algorithm 4.1 Symmetric Multiplicative Schwarz Preconditioning u - Mgsr

v DA ®'r

e = r—-K'Kv

w = Lle

x = w—®G 0%

1

ug = —x

y = r—K"'Kug
up = PATD'y

u = up+ug

For every multiplicative Schwarz PCG iteration the computation is dominated by
two matrix-vector products involving K* K, one matrix-vector product involving A =

K*K + aL, two inversions of Aj;, one inversion of G and one inversion of L.

Schur Complement Conjugate Gradient

This algorithm starts with the transformed system, (4.4). To this system we apply

block Gaussian elimination to get

Au Al [x1] _ ®*b
[ 0 S] LQ] = [\Il*b—AzlAl‘f@*b - (416)

where

S = Agy — A AT A1y = U*A(I — BASIE*A)T, O (417)
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is the Schur complement relative to the coefficient matrix (4.4). Note that the sub-
matrix Ags = W*AV is not the same as Agy = al,_y, the submatrix used in both of

the Schwaré methods,. Back substitution in (4.16) produces -

:;1 = A7 ®*b — A Aox, | (4.18)
where

Sxo=U"b - Ag AT ®*D. (4.19)

The key idea for this algorithm is to solve the Schur complement system, (4.1'9), by
using the conjugate gradient method to obtain an approximation to Xa. The result

will be used in the back substitution step, (4.18). We then backtransform using (4.10)

to approximate the solution u = A='b. -
We now focus on the CG solution of (4.19). To simplify notation define

b = ¥'b— AnA7l0*b

= T*(] — ADAG®")D.

‘As presented in Algorithm 2.1, the CG algorithm requires the computation of the
following, where % is the CG approximation to the solution of (4.19), ¥ denotes the

residual, and Z denotes the CG descent direction:

f = b-S%- (4.20a)
§ = ©F (4.20b)
N 5

T = o (4.20c)

Note that all the vectors in '(4‘.20‘) are elements of R*™~. This CG algorithm will be
reformulated into an algorithm that directly computes the desired solution to (4.1a),

u € R*. Moreover, there will not be any explicit dependence on W.
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Cbmbining the equations (4.10), (4.18), and (4.19) generates the following
expression for u:
u = @Aﬁlq)*b - @AI11A12X2 + ‘IJXQ

= BAFD'b + (I — DATD"A) Uxs. ' (4.21)
To find the solution to (4.1) the equation (4.21) suggests that the initial guess for
' CG should be uy = ®A7} ®*b and updated by (I — @A ®*A) Ux,. Also from the

definition of A;; it follows that
A(I — ®A7®*4)3 =0 "(4.22a)

O*A(I — PATO*A) = 0. . (4.22b)
" For any % € R"V define w € R* by w = A(] — ®A;] ®*A) ¥z, hencé.by (4.17)

éi = U'w.
Let g be an element in Vg such that g = USz. Thus

g = TI'w
= (I-P)L'w
= L'w— 3G 1*A(I — QAT D A) Uz

= L'w. | (4.23)
In the denominator of the term 7, (4.20c), let z € R™ be such that Z = ¥*z, hence
z*Sz = (¥*z)*Sz
= z'g. (4.24)

To find the conversion expression for the numerator of 7 will first require a conversion

expression for . To compute S% the expressions in (4.11) and (4.22) can be used to
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get

5% = WAl - ATG*A)TT*x

= U*A(I — BA;O*A)L'x. : (4.25)

The residual in R*V | § = b— S%, is related to the residual in R*, r'= b — Au. This

relationship results from using (4.19), (4.21), and (4.25) to get -

T = b-5Sx"
l

= U*(b— ADA;®*b — A(I - AP A)L %)

= (b Au)

\

= T'r. o (4.26)

The next term from (4.20) to be considered is 5. The combination of (4.11) and (4.26)

yields.

on
I

U *r -

= (L' - G 19")r. g (4.27)
By using (4.21) the residual to original system can be rewritten as

r = b-—Au

= (I- A®A®*)b — A — DAL ®*A)L 'k

=. (I — ARA®")(b — AL™'x). - (4.28)

- Combining (4.27) and (4.28) plus using the property in (4.22) results in
§=r"L7'r. (4.29)

Efficient use of L1, A, A7}, and the projection operators produces the folloWing

algorithm.
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Algorithm 4.2 Schur Complement CG

u = AT b;
r=b—Au; y=L"lr
6 =T1'y;

z=r; d=y;

while ||7]| > ¢
v = (I - PATD* A)d;
“w=Av; g=L""w;
50 '

61 ZT*}’,
_ 0
=5
0 = 01;
z=r+fz; d=y+ f(d;
end while -

For Schur comf)lemeht ‘CG the dominant terms computationally are: two matrix-
vector products involving A, one inveljsion of Aj1, and one inversion of L per CG

iteration.
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CHAPTER 5
Two-Level Preconditioners for a Semidefinite L

As indicated in Chapter 2 both H'! and total variation regularization may
have associated positive semidefinite regularization matrices. This chapter adapts the
two-level preconditioners from Chapter 4 to handle regularization matrices that are
semidefinite. The algorithms presented address the case when L h'qs a one dimensional

null space.

Just as in Chapter 4, the development starts with the decomposition of the
solution space into a pair of L-orthogonal subspeices. Let the coarse grid subspace, Vs,

have a basis {¢;}X,, with 1 < N < n. The L-orthogonal complement, Vg, will have

'~ basis functions {95452 2-N_ The bases for both subspaces can still be chosen so that the

properties in (4.2) hold. In contrast to Chapter 4, L has a null space that must be
accounted fo,r.in the decdn&position of the solutjon_space. The first coarse‘ grid basis
element, ¢;, will be chosen.as the basis vector from the null space of L, as given in
Chapter 2. In the construction of the projection operators, it will be necessary to
construct an extra basis set that is a subset of Vp. Define © = [610,...0y_1] to be an
n X (N — 1) matrix such that

0; = ¢ij1 — <¢;:;¢1> b1, | (5.1)

where ¢ = 1,2, ..., N — 1. In addition, the basis vectors of Vg can be chosen so that

Bl =0 (5:2)
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forj=1,2,....,n— N.

Example 5.1 This is a one-dimensional example of the type of bases that can be
used for the two-level methods in this chapter. Assume the solution space is R’
and the regularization matrix is the discrete negative Laplacian with homogeneous

Neumann boundary conditions, which is a 7 x 7 matrix that is given by

(1 -1 0 0]
-1 2 =1 0. 0
1 0 -1 2 -1 0 0
L= : o ' ,
(Az)2 | 2 L Lo 0
0 ... 0O -1 2 -1}
[0 .. : S0 -1 1

where Az is the uniform grid spacing. An example of an appropriate choice of basis

elements are:

1 3
) (1) A
] |3 Iz
| ) ' %
pr=111; o= (1) ; @3 = 7 ;
X . 7,
3 —57
1 2 \ -3
1 1 _1 1
(2, ) [ 1) z
_4 i _1 1
NEE EECE T 2 e N 1]t
¢1*42 :]):_ ;1/)2_42‘ __2Q a¢3 14 _i .,’l,b4 28 % !
3 8 2 1 2
13 —3 -1 3 3
\ ] ; \-3/ ;

Notice that ¢fLiy; = 0, ¥;L1p; = 0;5, and ¢12p; =0for:=1,2,3 and j =1,2,3,4.

For the formulation of the two-level preconditioners the following operators will be
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needed:

G = ©'LO (5.3a)
Py = OG™'O*'L - (5.3b)

$197 - .
P = ‘ 5.3¢c)
' P11 ' ( )
P = Pog+ P ' (5.3d)‘
Q = Y'L=I-P (5.3¢)

Lemma 5.1 Assume the operators are defined as in (5.3), null(L) = span(¢;), and .
the columns of © satisfy (5.1). If the bases for Vp and Vi satisfy (4.2) and (5.2)
then the operators P and @ are L-orthogonal projection operators onto Vg.and Vg

respectively.

Proof: Since L is symmetric and the properties in (4.2) hold it follows readilyy that
Q% =Q, QY ='Q, and Q® = 0. Combining (5.1) and (4.2) results in ©*L¥ = 0.
Moreover, null(L) = span(¢;). Hence by direct computation P = Py, P? = P,
and P¥ = 0. It has been shown that both P and () are projection operators with
Q@ projecting onto Vy. However, showing that P projects onto Ve remains to be
establiéhed. Any v € Vg can bé'rewrittén into the form v = ag:qﬁl + a1601 + ax0, +
...+ ay_10n_1. Since Pp and P; are both projection operatoré ‘with the relationship

given in (5.1) it follows that Pv = v for every v € V5. The fact that Vs and Vg are

L-orthogonal implies that P and @ are L-orthogonal projection operators.

We will start by deriving additive Schwarz preconditioning and then move on

to the symmetric inultiplicative Schwarz and the Schur complement preconditioners.
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Additive Schwarz Preconditioning

Recall from Chapter 4 that the application of the Additive Schwarz preconditioner

to a vector r € R™ is represented by
-1 —1 R * 1 *

Through the use of the projection operators the term %@\I!*r in (5.4) can be rewritten
so that there is no explicit dependence on ¥. Let LT denote the pseﬁdo—inverse of L.
It follows that LL! is an orthogonal projection operator onto the complement of the

null space of L [30, pp. 432,434]. This fact combined with (5.2) produces the relation
U LLT = " (5.5)
Using (5.3), (5.5), and (4.2) yields

UP* = QU*LLT

= (I - P)L
= (L'-eGgte*-PAL). (5.6)
It follows from (5.4) that
Milr = AN (@'T) + é (I - P)L'r — 6G™10"r). (5.7)

The computational cost for Additive Schwarz PCG iteration is dominated by the
one application of L, one inversion of Aj;, one inversion of G, and one application

of A. Note that the cost of applying P; is insignificant, since for any v € R",
— (9iv
P1V - <¢>{1¢1> ¢1-
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Symmetric Multiplicative Schwarz Preconditioning

Recall that the application of the symmetric multiplicative Schwarz preconditioner -

to a vector r € R”" is given by

it = PAT®*(r — o K KT T* (r — K* KB A 0'r))
(5.8)
+ oMU (r ~ K*KP AT ®r).

The identity in (5.6) shows the changes necessary in the implementation.

Algorithm 5.1 Symmetric Multiplicative Schwarz Preconditioning Mg, st

v = QA ®*r;

e=r— K*Kv;

w = Lle;

x=w— Piw — OG10%;
ug = ix; |

y =r— K*Kug;
up = AL O*y;
u=up-+ug;

The computational cost of each PCG iteration with symmetric multiplicative Schwarz
preconditioning is dominated by the application of L, two inversions of Ay, one inver-
sion of G, two matrix-vector products involving the operator K* K, and an applicaﬁion

of A=K*K + L.

Schur Complement Conjugate Gradient

As stated in Chapter 4, Schur complement CG relies on the computation of the
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elements in (4.20). Using (5.6) in equation (4.23), we obtain

g = YU'w

= (L' -eGte* - pLhw. (5.9)
Moreover, (5.6) will also change (4.27) to

6 =r*(Lt —eGte* — P LNr. (5.10)

With these few changes, Algorithm 4.2 can be altered to accommodate a semidefinite

L.

Algorithm 5.2 Schur complement Conjugate Gradient Iteration

r=b— Au;

q=L'r; ,

y=q- 0G0 — Pig;
oo =1y;

z=r; d=y;

3‘ Begin CG iterations
v = (I — QA ®*A) d;

w = Av;

f = Liw;

g =f— OG10*w — Pf;
T =bo/(2"8);

u=u-+1T7V,
r=r—7T7wW; y=YyY_—TE

0y =r'y;
B = 61/0d0;
0o = 51;

z=r+ fz; d=y+ (d;
end CG iterations

For every CG iteration, the computational cost is dominated by one application of
L, two matrix-vector products involving A = K*K + oL, one inversion of Aj;, and

one inversion of G.
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CHAPTER 6

Numerical Results

The purpose of this chapter is ’r;o compare the two-level preconditioners with
circulant preconditioning. The first section will describe the test proBlem to be used
in the comparison. The second section will be concerned with implementation details.
| The third section examines the computational cost of the different algorithms. The

fourth section will present the results, and the final section will contain a summary.

The Test Problem

All results for this chapter arise from applying the pfeconditio_ning algorithms from
this thesis to a set of data provided by the Starfire Optical Range (SOR), USAF
Phillips Laboratory at Kirkland AFB, New Mexico. The data is from a simulation
of the effects of atmospheric blﬁrring on an image of a satellite in e'a,_rth.orbit. The
data consists of 256 >< 256 arrays where the value in the i-th rov;/ and j-th column
represents the light intensity at the pixel (z;, y?-). The observed image is moaeled by

the array

zi; = [Kal(zi,y5) + Mg . (6.1)

where K is the convolution operator given in (2.29), @ is the true image, and 7 is

an additive noise term [39] [2]. In this application the kernel function for K is called
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the point spread function (PSF). The PSF describes the blur that occurs in taking
the image of a point source. The term [K@] in (6.1) is approximated by the use of

midpoint quadrature on (2.29)
[K:’U,] 1271,, y] Z Z ki rj—slr, Dz Ay + Cz,j N (62)

where k;; = k(z;,y;) and ¢ represents the remainder term from the quadrature
method. Combining (6.1) = (6.2), setting z = vector(z), and defining u = vector(u),

it follows that the resulting system has the form
z=Ku+v ‘ ‘ -(6.3)

where v is the resulting error term from 77 and ¢. The matrix K is the BTTB matrix
generated by k. Reéall that the size of the square arfay is ngy X ng, where n, = 256,
which implies that K is a 2562 x 256 matrix. Figure 1 shows the true image, the noisy
blurred image that is o’\bserved, the PSF, and a reconstruction of the image obtained

with Tikhonov regularization. Tikhonov regularization épplied to (6.3) yields,

.ua = aré IIGJ.].%IL |Ku — z||* + eu*Lu
= (K*K +al) ' K*z. (6.4)

We refer to Chapter 2 for details. Note that throughout this chapter the norm ||ul],

where u € R”, will be the Euclidean norm.

Implementation Details

It was mentioned previously that K is a BTTB matrix and the matrix-vector prod-
ucts involving K and K* can be computed via FFT’s. However, K*K may not be

BTTB. To simplify computation and reduce storage we will use a symmetric BI'T'B
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Figure I: Simulated image Data from the Starfire Optical Range. At the top left is
the true image. Noisy blurred observed data appears at the top right. At the lower
left is the PSF. The lower right is a reconstruction using total variation regularization

where a = 10-13 and /3= .1.

approximation in place of K*K. This approximation will be denoted by T and the

system that will be solved is
(T + o;L)u = b, (6.5)

where b = K*z. Consult Chapter 3 for the construction of T using the PSF array
k. For the test problem numerical solutions to (6.5) compare favorably with the
numerical solutions to (1.1). The only major difference between the two types of

reconstructions is along the boundary of the image [37].

To reduce computation cost of implementing the two-level preconditioners we
will use an efficient method of projecting onto the space spanned by the coarse grid
basis vectors. To compute < it is not necessary to construct the n X N matrix <¢

As discussed in [45], the computation of the matrix-vector products <>*r and <> can
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be implemented using a multilevel restriction and a multilevel prolongation respec-
tively. The element @*f is generated by applying a series of multigrid restrictions on
array(r). To compute v the vector v can be rearranged into a my X my afray and a
series of multigrid prolongations are applied to generate ®v. For more details about

multigrid see [4].

Example 6.1 This example is to illustrate how grid transfers frqm one level to the
next can be accomplished by array operators. We will use piecewise constant “cbarse
grid” basis elements which are analpgues of the basis elements mentioned in Example
4.1. The operators vector and array are the array operators that are defined in

Chapter 3. Define the array r by-

Ti1 Ti2 T3 Tuig
1721 T22 Ta23 T24
T3y T32 T33 T34
41 T42 T43 Ta4

With.piecewise constant coarse grid basis elements, it follows that the grid restriction
of 7 is given by

array(®*(vector(r))) = (r11 4 712 + To1 +7T22) (713 + 714 + T3 + T2g) .

: (314 732 + Ta1 + Ta2) (T33+7”34'+7‘43+7”44)'
Notice that the first entry is the sum of the four elements in the first quadrant, the
second entry in the first row is the sum of the four elements in the second quadrant,

and so on. Let the array v have the form

N v = Vi1 V12 _
V21 U2
The prolongation of v using piecewise constant basis elements can be accomplished

by the following

Uil U V2 V12
V11 Vi1 Uiz - Vi2
Vo1 V21 U2z V22
U1 V21 U2 V22

array(®(vector(v))) =
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Notice that prolongation takes an entry from the array agd expands it to Be the entry
value for a whole quadrant. The computations in Example 6.1 show just one grid
transfer, or one level in reduction. The coarse grid size that corresponds to this case
2

is N = Z"" If implemented as a nested sequence of restrictions (or prolongations)

then the coarse grid can be reduced (or increased) further.

The matrix ®*7T'® can also be computed via array operations on the generator
of T. The only positive definite regularization matrices we will consider are the
identity and the discrete negative Laplacian with homogeneous Dirichlet boundary
conditiong. Both of these regulariéation operators are BTTB. Hence, G = ®*L® can

be computed in the same manner as ®*T®.

Example 6.2 The purpose of this example is to show how ®*T'® is computed using
array operations. We will use piecewise constant coarse grid basis elements in ®
and 7T is a symmetric BTTB matrix with symmetric blocks. It follows that T has a
generator that can bé arranged into a ng X ng array. We will denote the generator by

t = [tq, b2, ..., tn, )], where t; is the first column of the jth submatrix of T'.

The reduction to the coarse grid is accomplished in two steiﬁs: i) Combiﬁe the
columns of ¢ to produce a smaller array v; ii) Combine the rows of v which results in
.the array that Will be the generator for ®*T®. The following is for the case where
mulﬁ.iply.'ing by ® corresponds to a one level piecewise constant restriction operation. '

The columns of array v will be produced by.

vy = 2t1+2t2

vi = toj1y + 2tai1 + ty,

where j = 2,3, ..., "’2——‘—2 Define (v);‘ as the jth row of the array v. The next step
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involves applying the same array operations on the rows of array v

(W) = 2(V)i+2(v);

(w); = (V)ag—ny +2(v)35-1 + (V)35

where j = 2,3,...,%=2. The final result is given by ®7'® = BTTB(w), where w =

[w1, Wo, ..., an;z]. More levels of reduction can be made by nesting the operations.

Examples 6.1 and 6.2 both illustrate the use of piecewise constént coarse grid basis,
elements. The implementation for piecewise linear basis elements is accomplished in
a similar manner [4]. There is a caveat about the two types of basis elements. The
piecewise constant basis elements are structured to apply on a grid where n, = 2°
with p being a bositive integer. The piecewise linear basis elements are cpnstru'cted
to apply on a grid where ngc = 2P — 1, for homogeneous Dirichlet boundary conditions
and n, = 27 + 1 for homodgeneous Neumann boum_iary conditioqs.- The Dirichlet
case will be considered in the following. We will accommodate this requirement by
using an array operator to restrict our given array of size n, = 2% to an array of size
(28 - 1) x (28 — 1). Let a be a n, x n, array. To restrict a to an array that has size

(ngy — 1) X (ng — 1) we will use the array operator T* that will be defined by

. 1 .
[T a’]i,j = Z(ai,j + Q4541 + Giy1,5 + ai+1,j+1)a %,7.= 1,2,..,n4 — L (6'6)

The array operator that will extend the array a to an array that has size (ny + 1) X
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(ng + 1) will be denoted by T and will be defined by

(L(ai1jon +aijot + Gimrg +a5y) H6,5=2,3,.n0
Hai -1+ asz) : Cifi=1,ng and j = 2,3,...,n;
| (@i + aig) . ifi=2,3,...,ng, and j = 1,ng,
[Ta] = { 1Gi; . ifi=j5=1,
Lo 1ot . ifi=j=ny+1,
lagjo ifi=1andj=mn,+1,
\iaz_lﬂ ifi=n,+1and j=1.
(6.7)

" Tt follows that when we use piecewise linear basis elements on this test problem a re-
striction of the vector r to the coarse grid will take the form ®*vector(Y*(array(r)))

and a prolongation of the vector v will be accomplished by ®vector(Y (array(®v))).

The last implementatibn issue we will mention concerns the regularizdtion
matrix L. Recall that the two-level preconditioners requires solving a system of the

form:
Lg=w. (6.8)

When L is SPD we can use the Cholesky factorization [19] to solve (6.8). A disad-
vantage to Cholesky factorization is the increase in the amount of storage. However,

for a banded matrix the Cholesky factor is also banded [19, p. 155].

When L is symmetric positive semideﬁnite a PCG method will be used to
apply Li. One iteration of a multigrid V-cycle is ﬁsed as a preconditioner for every
CG iteration (MG-CG). To preserve symmetry, the V-cycle is constructed with a
forWard sweep of Gauss Seidel as a pfe—smoother and a backward sweep of Gauss
Seidel as a post-smoother. To solve the semideﬁniteAp’roblem the projection onto
the null space is subtracted from fohe 'grid approximation before every pre-smoother

and after every pdst—smoother. More discussion of MG-CG can be found in [29]. The
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choice of using V-cycles to apply L' makes it necessary to use grids of size n, = 27 +1.
We will use the array operators T* and T defined in (6.6) and (6.7) to restrict and

extend the array for our test problem as needed.

Cost

We will focus our discussion of cost in terms of flops.

Definition 6.1 A flop is an elementary scalar floating point operation on a pair of

real numbers: o+ 6, o — B, a/B, or a* B, where o, f € R.

Sometimes the flop counts will be given with just the higher order terms. For example,
if an algorithm is classified as costing %nz flops then it is implied that the cost is

(4n? + O(n)) flops.

The first preconditioning algorithm we presented, Algorithm 3.1, corresponds
to circulant preconditioning. The cost of implementing a two dimensional FFT on a
ng X ng array is O(n?2 log(nw)j flops [5]. Recall that for the matrix-vector products
involving 7', and the Algorithm 3.1, employ FFT’s of arrays that are of size 27, X 2n.
Thus, the cost to build the preconditioner is also O(nZlog(n,)) flops. The number of
flops that are requifed for Algorithm 3.1 is on the order of O(n2 log(n;)). The matrix

vector products involving T, (3.12), will also require O(n2 log(n,)) flops.

In the case of two-level preconditioning we will make two comparisons. The
first comparisori comes from varying the type of coarse grid basis elements. We will
contrast the cost between choosing piecewise constant basis elements with the choice
of piecéwise linear basis elements. The second comparison involves the choice of

regularization matrix.
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Table 1: The computational costs, in flops, for the multilevel grid transfers involving
®. Note the expression for m, is given in (6.9) with p being the number restrictions
it takes to get to the coarse grid.

| [ Piecewise constant | Piecewise linear |

d*r 3m, 11m,
dv 4dm, 18m,
T Im, 21m,,

The main difference in computational cost between using piecewise constant
and piecewise linear basis elements occurs in the computations that involve ®. In
‘the previous section we established that these computations can be done using nested
multigrid operations. Here we will consider the case when piecewise constant coarse
grid basis elements are used. If we denote p as the number of restrictions (or prolon- -
gations) in the nested sequence then the size of the coarse grid becomes N = (%)2.
Part of the calculation, when computing the total cost, involves a finite geometric
sum, |
P 2 P
wEE@-30-Q) e
k=1 .
that adds up the computational cost for each level in the nested sequence. Since p is
a positive integer it follows that m, < %i— For piecewise constant coarse grid basis
elements the expression in (6:9) is an exact way for computing the cost over all levels.
Moreover, (6.9) is a good approximation for the cost involved with using piecewise

linear coarse grid basis elements. Table 1 shows the apbroximate computational costs

for the matrix-vector products involving ®.

Table 2 displays a summary of the different matrix computations for the two-
level preconditioners when using a positive definite regularization matrix. This table
displays the count of the more costly operations that are involved per CG iteration.

The matrix L is sparse for each of the different regularization schemes from Chapter
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Table 2: Matrix computations per CG iteration for each of the two- level precondi-
tioners when using a positive definite regularization matrix.
[ Matrix || Additive Schwarz | Multiplicative Schwarz | Schur Complement CG |

T 1 3 2
L1 1 1 1
A 1 2 1
G~* 1 1 0

® 1 3 1

o 1 3 1

Table 3: Matrix computations per CG iteration for each of the two-level precondi-
tioners when using a positive semidefinite regularization matrix.
[ Matrix || Additive Schwarz | Multiplicative Schwarz | Schur Complement CG |

T 1 3 2
Lt 1 1 1
AT 1 2 1
G! 1 1 1
®|0O 1)1 21 11
@ | OF 11 21 1]1

2. As a result, the matrix-vector products involving L have a cost of O(n2) flops.
When L is SPD, Wé use the Cholesky factorization to invert L. The goal of Cholesky
factorization is to find a factor R that is lower triangular and L = RR*. Taking
advantage of the banded structure of L permits the Cholesky factorization in O(n)
flops. The cost to solve the system, RR*x = r, using forward elimination followed by

backward substitution is O(n3) flops.

Recall, from Chapter 5, that the positive semidefinite regularization matrices
required a change in implementation for the two-level preconditioners. Table 3 shows
the corresponding change in matrix computations for each of the two-level algorithms.

The multilevel prolongations and restrictions can still be accomplished by array oper-
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ations. Grid operations similar to those used for ® and ®* are used to apply © and‘.@*
respectively. A key difference between the application of @ and © is the subtraction
of the projection onto the null space of L that is incorporated into the computation

of ©. The subtraction of the projection onto the null space requires O(n2) flops.

The last computational cost issues involve the regularization matrices that are
positive semidefinite. The discretization of the Laplacian with homogeneous Neu-
mann boundary conditions has enough structure to compute ®*L® via array opera-
tions, however it involves entries from three different columns of L since it is not a
BTTB matrix. The construction of the matrix that corresponds to .the TV regular-
ization operator requires O(n2) flops. Moreover, this matrilx is not_necessarily BTTB.
Since L does not have Toeplitz structure it is necessary to explicitly construct ® in
order to compute ®*L®. The matrix cén be built with-Kronecker‘-products and it
is a sparse n X N matrix with N << n. The computation for G = ©*LO is done
much the same way where the columns of ® are used and the projection onto the null
space of L is subtracted off. As was mentioned in the previous section, a semidefinite
L requires the application of the pseudo-inversé of L to a vector. This computation is

performed by using the MG-CG algorithm. One MG-CG iteration costs O(n2) flops.

Results

One measure of performance that we will use is the relative solution error. The

relative solution error is given by

approa|

”uO{ — Wopproz

[t

67‘7‘07‘k =

where u,, is the solution to (6.5) and u¥ ., is the approximate solution to (6.5) at the

{
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k" CG iteration. We will often refer to the relative solution error as just ’nhe solution -
€rTor. The_ solution error will be used to illustrate convergence results. In this seétion
we will exhibit results for each of the régul‘ériza’cion matrices presented in Cnapter
2. The values that we will use for the regularization parameter o were values that
yielded qualitatively good reconstructions. Consult [16] for a discussion on methods
for choosing the value of a. For brevity we will use “SMS PCG” to denote symmetric
multiplicative Schwarz PCG and “Schur CG” to denote Schur complement CG in the

-

remainder of this section.

Problem 6.1 Here we solve equation (6.5) with L = I (L? regularization) and ¢ =
2 x 10713 . Figure 2 compares the convergence in solution error between the two-level
preconditioners, circulant preconditioning, and .CG without preconditioning. Notice
that additive Schwarz PCG is not effective for this particular test problem and has
convergence that is slower than plain CG. Hence, it will not Be discussed in the - -
subsequent problems. Figure 3 shows the effect of varying the number of coarse grid
basis elements on two-level PCG convergence. This leads to the question of picking
the optimal number of coarse grid basis elements. Using ai large number of basis
"elements accelerates convergence, however, it also increases the computational cost of
ezic‘h CG iteration. Table 4 shows the results in flop count and number of CG iterations
when varying the number of piecewise constant coarse grid basis elements. For the
remainder of the chap’ter we will present the results for the number N that minimizes
computational cost. The last thing we will consider outl of this piroblem is the cost
of implementing the two-level algorithms with piecewise constant coarse grid basis
elements compared to the cost of using piecewise linear coarse grid basis elements.
Table 5 shows that for L2 regularlzatlon the cost was lower when using p1ecew1se
constant ba81s elements than for the piecewise linear bas1s elements. Although the

pilecewise constant basis elements gave slower convergence, they were less costly to -
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Solution Error with L Regularization
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Figure 2: Performance of the different algorithms, showing relative solution error
norm vs. iteration count. Pluses (+) represent additive Schwarz PCG; stars (*)
represent plain CG; circles (0) represent circulant PCG; crosses (x) represent SMS
PCG; and squares (O) represent Schur CG. The results are from L2 regularization
with a = 2 x 10-13. The two-level preconditioners were implemented with and 162
piecewise constant coarse grid basis functions.
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Solution Error with L2 Regularization

0l

5 CG lterations

Figure 3: Performance of two-level preconditioners with different number of piecewise
constant coarse grid basis elements. The results are the solution error norm vs.
iteration count for L2 regularization with a —2 x 10"13. N will denote the number
of coarse grid basis elements. Crosses (x) represent SMS PCG with N = 162; squares
(O) represent Schur CG with N = 162; stars (*) represent SMS PCG with N = 322;
and diamonds (O) represent Schur CG with N = 322.



70

Table 4: Cost comparisons between the different algorithms using L? regularization
with ¢ = 2 x 107!3. N denotes the number of piecewise constant coarse basis ele-
ments that were used to implement the two-level preconditioners. The solution error

stopping tolerance was 107°.
' [ - Algorithm - [[ # of Iterations | Cost |

CG 183 | 2.7e+10
Circulant PCG 37 | 7.3e+09
SMS PCG
N |l # of Iterations Cost
82 62 | 1.5e+10
162 19 | 4.9e+09
322 : 9 | 8.7e+09
Schur CG 7
8? 62 | 1.2e+10
162 20 | 3.9e+09
322 ' 10 | 5.4e+09

I

use per CG iteration than the piecewise linear basis elements.

Problem 6.2 For this problem the regularization matrix L is theJ discretized neg-
ative Laplacian with homogeneous_ Dirichlet boundary conditions and o = 1072 .
The convergence results are similar, to Problem 6.1 [37]. For this test problem it is
difficult to visually distinguish between reconstructions after a few iterations where
the solution error is 1073 cor.npared to the reconstructions after many iterations when
'the solution error is smaller than 107°. Table 6 shows‘the cost and the number of
CG iterations to yield a reconstruction with solution error smaller than 1073, These
reconsfruction are suitable for observation purposes. However, we will present results
that correspond to a reconstruction with solution error smaller than 1079 to better
illustrate the asymptotic convergence and the computational differences between the
algorithms. Table 7 displays the cost and number of CG iterations involved in a

reconstruction that has a solution error smaller than 1072,
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Table 5: Cost comparisons between using piecewise linear and piecewise constant basis
elements using L? regularization with o = 2 x 10713, N will denote the number of
coarse grid basis elements. In the case of piecewise constant basis elements N = 162
and for the case of piecewise linear basis elements N = 312. The solution error
stopping tolerance was 10~°.

SMS PCG .
Piecewise constant | Piecewise linear
# of Tterations | Cost || # of Iterations Cost -
19 | 4.9e+09 | 13 | 1.8e+10
! Schur CG
# of Iterations Cost || # of Iterations | . Cost
20 | 3.9e+09 14 | 1.2e+10

Table 6: Cost comparisons between the different algorithms using the discretized neg-
ative Laplacian with homogeneous Dirichlet boundary conditions where o = 10712,
The two-level preconditioners where implemented using 312 piecewise linear basis
elements. The solution error stopping tolerance was 1073, |

| Algorithm || # of Iterations |  Cost |

- .CG ‘ 68 | 9.9e+09
Circulant PCG 12 | 2.4e+09

SMS PCG 4 | 5.9e+09

Schur CG || 4| 4.3e+09 |

Table 7: This is the same cost comparison as in Table 6, except the solution error
stopping tolerance is 10~°. ‘

| . Algorithm || # of Iterations |  Cost |
‘ CG ‘ 189 | 2.7e+10
Circulant PCG . 36 | 7.1e+09
SMS PCG ' 13 | 1.9e+10
Schur complement CG 15 | 1.4e+10
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Table 8 Cost comparisons between the different algorithms using the discrete neg-
ative Laplacian with homogeneous Neumann boundary conditions where o = 10712,
The two-level preconditioners where implemented using 152 piecewise linear coarse

grid basis elements. The solution error stopping tolerance was 107°.
[ Algorithm [ # of Iterations | Cost |

CG 193 | 2.8e+10

| Circulant PCG 49 | 9.6e+09
. SMS PCG .~ 35| 1.1e+10 |

Schur CG 34 { 1.1e+10

Problem 6.3 This problem uses the discrete negative Laplacian with homogeneous

Neumann boundary conditions as the regularization matrix L with o = 10712 . Recall

that this is a semidefinite regularization matrix. Thus, the two-level preconditioners - '

will employ Algorithms 5.1 and 5.2. Table 8 displays the cost and the number of CG
iterations for a reconstruction that, has solution érror smaller that 107°. For more

convergence results we refer to [38].

. Problem 6.4 Total variation regularization is applied in this last problem where & =
10718 and B = .1. Recall that this yields a regularization matrix that is semidefinite.
To illustrate the performance of the preconditioners only one fixed point iteration will
be presented. In this case we will use the true image @ = gy in (2.35) to construct

the matrix L. Table 9 shows the results for solving the resulting system (6.5).

Summary

In each of the problems the convergence rate for the two-level preconditioners varied

with N, the number of coarse grid basis elements. With a small IV the convergence
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Table 9: Cost comparisons between the different algorithms using TV regularization
with o = 107** and B = .1. The two-level preconditioners where implemented using
152 piecewise linear coarse grid basis elements. The solution error stopping tolerance
was 107°. '

| Algorithm | # of Iterations |  Cost |

CG 191 | 3.7e+10
Circulant PCG 49 | 9:7e+09
SMS PCG ~ : 35 | 1.2e+10
Schur CG . 33 | 1.2e+10

rate was low, but the rate increased with an increase in N; see Table 4. Moreover, by
using a large enough N the Schur complement conjugate gradient algorithm (Schur
CG) and the symmetric multiplicative Schwarz precdnditionéd conjugate gradient

algorithm (SMS PCGQG) will both converge more rapidly than circulant PCG.

Circulant preconditioning offers a low computational cost in implementation. .
However, it must be noted that in Problem 6.1 it was possible to use the two-level
preconditioners at a lower computational cost than for the circulant precohdiﬁoner.
In Chapter 1 it was mentioned that circulant preconditioners are efficient at pre-
conditioning Toeplitz systems. The development of the two-level preconditioners in
Chapters 4 and 5 does not rely on any Toeplitz structure. Thus, two-level precondi-

tioners are not as restrictive in the type of problems that they can be applied to.

When comparing Schur CG with SMS PCG the former has a few distinct ad-
vantages. In early iterations the Schur CG method had smaller solution errors as
evident in Figures 2 and 3. Schur CG also required lower computational cost to
implement in the case of Problems 6.1 and 6.2. For the semidefinite operators the
computational cost to implement Schur CG was quite similar to that of SMS PCG.

One reason the two methods were closer in computational cost is the change in the
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use of the matrix operators that is evident in Table 3. Figure 4 explains why Schur

Normalized Residuals for Problem 6.3

10
IOll

10-3

IO].

10"

5 10 15 20 25 30
CG lterations

Figure 4: The effect of approximating on the convergence of Schur CG with a
semidehnite L. The results given are normalized residuals vs. CG iteration counts.
The regularization is with the discrete negative Laplacian with homogeneous Neu-
mann boundary conditions with a = 5 x 10-12 and with 152 piecewise linear coarse
grid basis elements. Circles (0) represent 2 MG-CG iterations per PCG iteration;
Stars (*) represent 5 MG-CG iterations per PCG iteration; and pluses (+) denote 10
MG-CG iterations per PCG iteration.

complement CG is comparatively more costly to implement with semidehnite regular-
ization. Schur CG demands an accurate approximation of the matrix-vector products
involving Lt. This demand translates into several (8-10) iterations of multigrid con-
jugate gradient (MG-CG) to maintain convergence of the algorithm. On the other
hand, symmetric multiplicative Schwarz PCG requires only one iteration of MG-CG

to maintain convergence.
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