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Abstract:

The consideration of propagation over a finite ground plane is coming into prominence more each day
especially with the increasing use of line of sight transmission. Each time a television broadcasting
antenna is placed at the top of a building a finite ground plane or an irregular ground plane must be
considered. An excellent example of radiation over a finite ground plane is radiation from an antenna
on an airplane.

Although practically all problems pertaining to propagation over a finite ground plane will consider
three dimensional surfaces and not plane surfaces, it is feasible that a thesis of this nature may be the
stepping stone to future developments. The ground planes considered, in this thesis were circular
disks® The author has attempted to obtain the patterns ex= perimentally and then mathematically
verify the results.

In this thesis, the author has not only considered the effects of the discontinuity caused by the finiteness
of the ground plane but, also, the hole separating the antenna from the ground. The mathematical
results do not have close agreement with experimental results. The author has shown where errors can
exist and gives an explanation of how these errors affect results.
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ABSTRACT

The consideration of propagation over a finite ground plane is.
coming into prominence more each day especially with the increasing use of
llne=of=51ghb transmission, Each time a television broadcasting antenna.
is placed at the top of a building a finite ground plane or an irregular
ground plane must be considered. An excellent example of radiation over a.
finite ground plane is radiation from an antenna on an airplane.

. Although practically all problems pertaining to propagation over a
finite ground plane will consider three dimensional surfaces and not plane:,
surfaces, -it is feasible that a thesis of this nature may be the stepping
stone to future developments. The ground planes considered. in this thesis
were circular disks, The author has attempted to obtain the patterns ex—
perimentally and then mathematically verify the resultse

In this thesis, the author has not only considered the effects of
the discontinuity caused by the finiteness of the ground plane but, also,
the hole separating the antenna from the ground. The mathematical results
do not have close agreement with experimental results. The author has
shown where errors can exist and gives an explanation of how these errors
affect results, '
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" INTRODUGTION

A radiation pattern is‘a'pOIar curve formed by plotting the
electric field intensity at various angles, but at a constant aistance
from a radiating source. In Or@gq.tbuhgve;any meaning, the. points must
lie in a common ﬁlanee Patterns in the horizontal and vertical planes
containing the origin are the most common, |

Almost exclusively'in literéture,-radiation patternsjare‘obtained
by COnsidering propagation over an infinite ground plane. The iject of
thls research was to obtamn radiation patterns over a flnlte plane and
attempt to support the experlmental results mathematlcallyo

~ Because of their symmetry, circular disks were used as ihg_finite
planes. The use of ci?cular disks will produce circular horizontal pat-
terns, Therefore, the verticai pattern in oqu one plane containing the

origin need be considered.
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OBTAINING LXPERIMENTAL PATTERNS

The Use of Model Antennas

In studying radiétibn batterns experimentally, it is often diffi=-
cult to obtain pattérns at a required frequency since; in most practical
cases, the wave length will be comparatively large. This means that field N
méasurements should be taken at a great‘diStance; which would require-
gither extremely sensitive‘detection devices or a rather large -power imput
to the test antenna. Another apparent objection is findihg,an'bbstruction-

free location for the test ﬁdrk,-

The difficulty of test measurements at a required frequency has

' introduced the .use of model antennas. A mgdel #ést“antenna'is é'miniature-

"reproduction of the actual antenna to be tested. ILf the sizé of the model

antenna is A times the size of the actual antenna, then the frequency to
be used in the testing of the model shall be the reciprocal of' A times
the operating frequency, All dimensions under investigation shall be. A '

times the dimensions appearing undér the actual conditions; The patterns

obtained in this particular problem were -obtained at only one frequency

but, from model antenna reasoning, are'applicable to all radio frequenciesg

Test Apparatus

"The function of all components, other than the electrical compon=
ents, are assumed to be épparént and, therefore, shall not be discussed.. .
All components which are not mentioned as being part of FPigure 2 or Figure

3 will aﬁpear'inirigure 1




FIGURE |
COMPLETE TEST APPARATUS



FIGURE 2
TEST ANTENNA AND ASSOCIATED COMPONENTS



FIGURE 3
RECEIVING ANTENNA AND METERING COMPONENTS
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. The klystron‘tube‘is'u§ed as‘an oscillator to provide the,}édio
frequency. The particular klystron used operated at about 3000 megacycles.
The klystron received its powér from & power supply which consists of a
regulated and'a ndnuregulated supply in serieég The maximum voltage
obtainable at thé output terminais of the power supply -is aboutv;lBO.VOltSa
The klystron is chled by a fan, Power from the klystron,isnfe& thrduéh a
eoakiél”l%he‘ﬁo'the‘test antenna and its associated componentse |

ﬁi’gﬁigure 2 shows the test antenna and its associated components.

‘Thefécéiiél line from the klystron is fed to asﬁub tﬁner"and then to the
test ‘aiiténina. ‘The'purpqée of tﬁe'étﬁb tuner is to match the antenna to

the line.  All eonnections are made inside the collar which is detachable.

The antenna is commected to the center conductor of the coaxial.line by a.

slip fit and the ground plane ﬁq the puter'céﬁductor by a scrgw‘fittingo
-The antenﬁa is approximately one-quarter wave length. The ground plahes
are ﬁadé:of copper and testing was done over.planes'of 2y by 5565 8, -and
10 cenﬁimeteré in diameter. The collar, located‘below the ggound'plane;
is ‘a frustrum of é';ight eircular cone designed to refieet ail waves
strikiﬁg it. -These reflected waves, therefore, cénnbt cause'interferénce
in the.}egioq in ﬁhich the measurements were taken.

L Tﬁe recéiving.an#enna and the measuring components are shown in
Figure 331*The_re9eiving antenna .is Supported from the arc by a non=flex=

‘ibie coaxial lines,- This line -is coﬁnected to 'd quarter-wave stub and the

stub to a crystal hoidero' The line from the crystal holder terminates at '

the parallel cqmbinationnof a condenser and a direct current, 100
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microampere ammeter. The receiving antenna is a half-wave dipole that
reeeiﬁes'radiaiion from‘theltest'antennao The quarter-wave stub is in -
parallél with thé-series-combination composed of the‘érystal and the par-
allel combination of meter and'cqndenéorg-~The cfystal recﬁifies the radio
frequency. The stub, beiné a short éircuit'to diréct‘c&rrént, completes
the d=c. qircuit‘but has infinite impedance to the radio:frequenqyb The
purpose of_ﬁhe condenser is to by-pass the radio ffeqpenqy,cgméonepts

around the meter,

Test :Proéedure

- -The first step taken, to obtain_data for fhe rédiétioﬁ patferns9
waé'ﬁhé“alignment of the arc. This was:dqne by use of a transit, by sus-
penditig a?pointef by fine.wire from the ninety degree mark te the top of
the test antenna, and by ddjusting the -adjustable legs on the arcts
vérticaldsuppofta | |
' Tﬁ%n the klystron Waé-set into operation and adjusted for maximum
output fb% the power supply voltage:availableo The stub twner was adjusted
' for maxiium and, last of all, the antenna height was varied for a maximum
readinga For each step the author attémptedix:keep below thg ground plans
in order- to prevent erroneoﬁs peaking due’to reflections from hié body .

‘A, check on undesired réfléctions was madé by qbsgrviné changes in
meter readings due to the presence of a large ‘sheet of cbpper.ih the field.
_Refléctioné wére'checked at all possible locations. 'The Ballroom of the
Student Union-Building‘of Montana State Gollege presented no apparent

interference due to reflections,
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.- The receiving antenna was then set in the desired radial poéition
and its plane of polarization made parallel to the.verticaliy polarized
signale’
Readings were then taken at five degree incrémentse To ﬁssure‘that
no errors occurred due to fluctuations of line voltage, a refefgnce-antenna
was placeq.in the field and readings were taken onl& at a'gonstaﬁt Valué

of reference -antenna measurement. The position of the reference antenna

was fixed throughout each test run, The readings were taken in the follows .- -

ing mannex: Firsﬁ'ihe.author adjusted the redeivihg antenna at the desired.

‘ ang;eo The author then léwered himself bélow the ground pianeo When the .
reference antenna indicated its preaséigned value, the author signalléd
his assistant and the assistant took the reading. _The readings were taken
as close to ‘the antenna as refleétions would allow, :Even at'this, the
use of biﬁoc;lafs was found necessary. As soon as the measurements were
| taken from zero to.ninety degrees the author and his assistant interchanged
pOsitions gnd the measurements werélrepeatedo This procédure was then
repeated ?6{ all six planes. |

"Sinéé the rectified current through a crystal varies'épproximate;y
as the‘s@pafe root of the voliage across it (for low cu?rént values) the
sduare‘rbbt of all reaéing;.must’be ta%en before the patteanEan be plot-
tede The eXperimentalIy obﬁained patterns appear in Appéndix:A,~along
with‘curreﬁt readings and square root values for the 6 and 10 centimeter

planes;h
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MATHEMATICAL ANALYSTS

Preliminary Considerations and'Basic.Assumptions
| In a problem of this nature many assﬁmptions mist be mades The
assumptions that shall be made are assumptions commonly made in the mathf |
ematical analysis of radiation patterhs; Among these educated- gugsses
-are assumptions of the current distribution along the anﬁenna, the assumpe-
tion of an antenna of infinitesimal diameter, and the assumption that the
ground plane is a perfect conductor, a

The electric field intensity of a ﬁave passing through any ‘;medium
mist be related to the magnetlc Field 1nten31ty by . the intrinsic imped-
ance. If the wave passes from one medium to’another, the tangential com-
ponents'of the electric and the magnetic field must be continﬁous acrosé
the bowndary. Thefﬁormal components are not constrained in this ﬁanner;
in passing across the boundary, the taﬁéential components mgst still be
related té each other by the iﬁtrinsic impedance, but fhe intrinsic ‘imped-
ance of the two mediums are; in genefals not equal. Thereforey, when a
wave passes from’ one medium to another, in order that Eoundary conditions
be satisfied, not all of the incident wave can .continue on into the second
medium, This means that reflection must occuf; If a perfectly conducting
ground pléne is considered, the electric field inﬁensity at the Boundary
mﬁsb equal zero for a;l components since a perfectly conducting plane is
a short circuit. 'Since the voltage and the résistance of the ground is
equal to zero, the current in the plane is of indeterminant fofm9 In othef'

words, amny value of surface magnetic field intensity may exist but, since
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the reflected wévé cannot be greéter than the incident'wave, the tangential
mégnetic field intensity cénnot be less than zero or greatqr than tiwice the
incident magnitude. .Since no power can be transmitted into the perfectly
conaucting plah39 the reflected wave mnét contain the same energy as that
existing in the.incident wave, i.e. perfect reflection. In order for the
.energy on the sufface of the reflecting plane to equal zero, the incident
and reflected components of energy must céncel; ‘This implies, by the
Poynting Vectory, that the reflected magnetic intensity is eqﬁal to the
incident magnetic intensity in direction and magnitude,

The derivation of the magnetic field intensity, at a distant poinf
from a current carrying wire, may be obtained by first finding anlexpress=
ion for the vector magnetic potential at any point énd.thens by vector

¢

calculus, taking the curl to obtain an expression for the magnetic field
A .

intensity. "fhe direction of the potential vector will be in the same

: directionlas the current flow in the wire; The potential vector, however;
will lag the current because of the finite time of propagation. -If this
current carrying wire extends normally from a perfectly cénductigg pPlane,
then the vector potential will be normal to thé”plane and the magnetic

field intensity shall be completely tangential, To satisfy, the boundary

conditions of a perfectly condﬁcting plane simply means that the reflected

vector potential be equal to the incident'vector potentialo' If the ground

plane is finite, then the vector magnetic poﬂential sapiSfies thé boundary
conditions to and at the discontinuity and no reflection occurs past this

new boundary.
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The general expreééion for the vector magnetic poténtial is

- /iy | | | ()

. | .
whéere i is the current density and the differential dV indicates a
volume integration. -If the current carrying conductor is straight and of

infinitesimal diameter, then the equation for the vector pétential becomes

V4T | @

where the current is considered flowing in the z direction. The current
I will be a space function and in the caéé Qf a:tiﬁe varying current

. will be a function of both space and time, “In the distant field, the
potential is time retarded because of the finite time o£ propagation., The
time lag at a distant point will be the .distance, to that point divided by
the Veloéity of the wave. In free space; the“vélocity of radio waves is
practically 3 x 108 meters per second, The phase shift cagsed.by the time
lag will be fhe product of the time lag and the gngular velocity of ﬁhe
Waveo | ' |

The foregoing discussion has shown how.ésSumptions of a perfectly
conducting ground plane and an antenna of infiﬁitesimal‘diameter simplifies
radiation problémsa Another very important consideration that must be made
before a mathematical solution for ihe vector'maggetic potential can be
obtained is the current distribution along the,aﬁbénnao The assumption
commonly made for a wire antenna is thatb the.standigg currgﬁt wave is sinu-

soidal. The assumption was arrived at from the transmission line theory

of an open circuited line,
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Solution for Vector Magnetic Potential in Integral Form

The current in the antenna varies sinusoidally along the antenna
and shall be considered to vary cosinusoidally with time. The expression
for the antenna current of an antenna of height H at any point I from the
ground planes Figure k9 is

I 7 Imsin ill (H-1) cos wt (3)

At a distant point P, the vector magnetic potential is time retarded and
the expression of current that must be used in solving for the vector po-
tential becomes

1 “ Insin (H-1) cosw (t - I) )

For the direct wave, r is the distance from the point | on the antenna

to the point P in space, and for the direct wave this distance shall be

If a cylindrical coordinate system is chosen with the antenna on the z
axis and the base of the antenna as the origin then the distance r~ by

the Pythagorean Theorm is

g mt(z- DN+ (2 (5)
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For the reflected wave, the distance r in Equation (li) is the distance
from 1 to the ground plane plus the distance from the ground plane to
point P, remembering that the angle of incidence must equal the angle of

reflection. Figure 5» For the reflected wave this distance shall be des-

ignated as .

Figure 5
The reflected wave, as seen from Figure 5» travels through the same dist-
ance as though it were passing through the ground plane and to the point

(Pp, - P2)« The equation for r~ s

rer - /(z +1)2+ p2 (6)

The equation for the differential magnetic vector potential of the direct

wave, from a differential length, along the antenna, is

da a 1Hsin — (H-I) cosW(t - Mz"1» *P2 ) d I (?)
Ufr /(zZ1)2 + p2
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The potential equation for the reflected wave is

To find the total vector potential of the direct wave requires integration
of the differential vector potential between the limits of zero and H,
where H is the antenna height. The reflected wave, however, will not
contain the same limits of integration because of the hole in the ground
plane around the antenna and the outer periphery of the ground plane.
These limits may be obtained from Figure 6, where R is the radius of the

hole and L the distance to the outside edge.

Figure 6
The current flawing from zero to g will not reflect the vector potential,
the current from q to u will reflect a vector potential, and from u
to H will not reflect. The upper limit of integration will be u and

the lower limit q. Using similar triangles, the relationship exist that
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'fhe equation for ¢q becomes

Q=55 . (9

By exactly the same procedure, the upper limit w is found by the eciua.tion

"A-T (o)
u and q cannot exceed -H. .The.upper Llimit, when :i L ’-’_ H is H
and the lower limit when RZR\ % H is also H. This implies that the

pm

'fzmetn.ons of q_ and w. a,re continuous but that 'bheir ‘derivatives. are

discontinuous. . These .-deri*iraxts?.v:es.g 'i,her_ei‘bre'.,a'm.li vnot,_:'e'xis:bua,teumlie;:pom'b
of dis contdnuity -b._utm::wfi.llu gxist on .--e’ith‘?f.ﬁ, side of" w.t:ha.’a ‘poink. : Theibehate="
dor' of " the. dexe:ir.v‘a:bives.,wiliu later .explé,iﬁ.'l the. existencs: of: the plusiand
minug-points existing in the éaléulafed patterns,

The expression for the direct vector magnetic potential wiil beg

with the substitution that ¥ = -2.;'\‘1 .

H ! ‘ e et .
A .= Imf sin .?;;l" (H=1) cos %17(@ - \/(.Z,,l)z. + 92) a1
zd o N ETY

’The reflected vector magnetn.c potential will be

Imf :m—- (H-l) cos =5 (vt - \/ M-l) + P ) dl (12)
V(z+l)2 + p

The behavior of w and q must be realized at all times,

(1)




Method of Integration

The integrals contained in the expressions for the vector potent-
ials of the direct and the reflected waves, require simplification before
an easy method of integration can be obtained.

Figure 7 will show the means try which integrands can be changed
to an integrable form. A requirement necessary for the simplification is

that the distance r is much greater than H. Then,

r cannot be substituted for in the time varying functions
because the addition or subtraction of | may cause considerable phase
shift.

Figure 7

The distance r® and rr were determined previously to be y(z-1™ + and
respectively. From Figure 7 the distance ™ is r -
and r™ is r + dg. Since the angles, a and p are actually very small
Y d» and d* therefore are equal to | cos O.
The equations for the direct and reflected vector magnetic potent-

ials become



_21-
Azd - I sin (H-1) cos (vt - r+1 cos 6) dlI (13)
and

Azr = [ sin (H-1) cos (vt - r -1 cos 9)dlI (lii)
By use of the trigonometric identity

sin A cos B = ~ Qsin (A+B) + sin (A-B)]
the equation for the reflected potential becomes

»U
sin ~rfyt - r + H- 1(1+cos 9)]

+ sin [(-vt + r) + H-1 (i - cos 0)] d I (15)

The integrand now is easily integrated and the vector potential becomes

A - - Im> | cos 41 [(vt-r) + H-l (I+cos 9)]
zr ISITzT [ (I + cos 9)
+ CO0S [(-vt+r) + H-1 (1-cos 9)] |
(I - cos 9) (16)
Jq

By finding a common denominator for Azr and making the trigonometric
substitutions
cos (A+B) = cos A cos B - sin A sin B,cos (-D) = Cos D
and

sin (-D) =- sin D
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the equation becomes

cos -*r(vt-r) r

---------- j (1-cOS®) COS (1+Cc0s0)1
Azr ’ ! sin2 © | *
+ (1+C0S0) COS -jH -1 (I1-C0OS0”
—sin - (Vi)
T[1-cose) sin m~Th-1 (1+cos0)J
sin2 0 C
— (I+cos0) sin (1—e0sGHji (17)
Since
sin x tsiny - 2sin j (x - y) cos M (X - Yy)
COS X +cosy = 2cos i (x + y) cos J(x -vy)
and

COS X =-coSy - -2sini (x +vy) sin®™ (x -vy)

Azr can be reduced to

cos (vt-r)
_ |cos (H-1) cos (I cos®©)
8 rr2r sin2 8
- ¢cos© sin ~_  (H-1) sin I cosO)l
 (HeD) sin (1 cos0)
+ sin -r (vt-r) r 2
mJcos (H-1) sin — (I cos0)
sin™ 0

+ c0s© sin T (H-1) cos X (I cos©)j|™I8)

The equation for the reflected magnetic vector potential, therefore, is
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cos 2? (vt-r) z

lin*

A Jcos (H-u) cos (u cos®©)

n 8 sin™ Q
- cos (H-q) cos ~ (g cos6)
- c0s© sin I]lr(H-u) sin (u cos0)

A A
+ cos© sin ~f (H-q) sin (g cos0?|
+ sin (vt-r)

[cos ~ (H-u) sin (u cos0)
sin™ 0
- cos A (H-q) sin A(q cos0)
+ COSO sin 2fr (H-u) cos (u cos9)
A N\

- cos0 sin -2 (H-q) cos (g cos0)™j (1?)

By practically the same procedure the equation for the direct

magnetic potential becomes

cos H cos0) —cos t*H
V'L cos ~ (vt-r) j~ A ) A
8rr2r sin™ 0
) -sin (H cos0) + cosO sin i™’H
+sin " (vt-r)f (2)D

sin™ 0
The total magnetic vector potential at a point is the vector sum

of the reflected and the direct waves. Since the direct and reflected

vectors have indentical direction the arithmetic sum is used.

Solution for the Magnetic Field Intensity

The curl of the vector magnetic potential is the magnetic field
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intensity. The complete vector magnetic potential is

cos -Tr(vt-r) =z
& . Jcos zJT (H cos©)

Sfr2F sin2 0

- CcO0S H+cos ™ (H-u) cos ~ (U c0s©)
A X A

cos 4™ (H-q) cos ™~ (g cos6)

cos© sin ~ (H-u) sin ~(u co0s©)

A X

+ cos© sinff (H-q) sin — (q cos©) I
A A

. 2ff
+ sin -r- (vt-r) f of T

A J-sin ~ (H cos©)
SM2 e I N
+ cos8 sin A A ~ + cog — (H-u) sin -X (u cos8)
+ €0s© s,|n~A (H-u) cos A (u cos©)

- cos 42 (H-q) sin (g cos©)

- cos® sin 2IT (H-q) cos (g cos®)1 (21)
A A J

In a spherical coordinate system, the components of the curl of a vector

are
Curlr A f sin © “_’\ (sin 9 A0 - " Ae (22)
curlo A = . 1 3r A® (23)
r sin 6 r
Curlv A (r &Sj-ir§] (2L+)

The vector Az will contain components, in the r and the 0 direction.

These components are
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=
]

r %

[}

.A.8

Since A}Zg' =0 and A, and Ay are independent of g , the magnetic
field intensity is entirely in the g direction. If the r and the ©

components of A, . are substituted into Equation (2L), Hy becomes

\ 1 , A, cos © 5
T3 [ S = Ay 530) - a‘“’"a’“fé“‘”] (1)
which can be reduced to
R DA, cos e QA
Hy = l:s:m =Tt T 3o (28)

A radiation f)attern consists of three different fields. They are
the electrostatic field, the induction fieldy, and the distant fields
Electrostatic terms 'vary as the reciprocal of 'ﬁ:"B 9 the .induction field
as ‘the reciprocal of e s and the distant field as the red¢iprocal of r.
Since practically all propagation problems are concerned with the far field,

only terms divided by r shall be retained in the space differentiation.

In polar coordinates, when q € H and u € H,

(
Lr cos 8

B eme -1 - (29)
- Rr cos € )
r sin & - L S . (30)

Their deriviations, with pespect to 8 5 are

AN

A cos © | (25),

=4, sin® - " (26)
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cta=-Lr2+ r sin 9

HS (r sin 9 - L)? (31)

dc -R R2 r sin 9

f§ (r sin 0 - r)2 (32)
Since r is contained in the numerator of both u and q and their
derivatives, when q ~ Hand u ™ H, the terms, in , multiplied

by g or u or their derivative will be part of the distant field. The

distant field terms obtained from €0S© A©Z “en u”™H and q Hare
a

cos -Tp (vt-r) cos? / — sin — (Hm) cos — (u cos0
"p_( ) sinm | dO_ A (Hm) A ( )

+ju sin0 - cos© cos ~ (Hm) sin — (u cos9)

it

H 13 _A ™
85 sin “p (H~q; cos A (q cos0)
-Jg sin© - cos© _|cos 21t (H-g) sin — (g cos0)
- cos© cos ™ (Hm) sin ~ (u cos©)
- Ju sin®© —cos© cos© sin (Hm) cos (u cos®©)
+ 7~ c0s© cos 7 (H~q) sin ™ (g c0s©)
+Jg sin© - cos© ~|JcosO sin ~ (H-g) cos (q cos6)j
+sin % (vt-r) £2££-{0i sin ™ (Hm) sin % (u cos©)
* sinm © A a
-1u sin® - cos© cos Si (H"U) cos 2H (u cos©)
L aoy A A
- sin ™ (H-q) sin ~ (q cob®)
+Jq sin© - cos© ~Jcos ~ (H-q) cos N (g cos©)
- || cos©® cos ™ (Hm) cos™ (u cos©)

+]u sin® - cos© ||jcos© sin ™ (Hm) sin — (u cos©)

+ N cos© cos (H-q) cos (q cos©)



-27-

“Iq sin© - cos© ~Jcos© sin — (H“g) sin ™ (q co0s©)j|

(33)
The distant field, when Hand u - H, obtained from
Sin®© d /e
m cos (vt-r) )
m— sin (H-u) cos™H (u cos©)
4 r sin © (dr A

- ™ ¢c0s20sin A~ (Hm) cos™H (u cos©)
~ ¢cos ~ (H-q) cos * (g cos©)
+~ c0s20sin — (H-q) cos » (g cos©)
- cos — (Hm) sin Si (u cos©
A (Hm) A ( )
- €0s© sin ™ (Hm) cos ~ (u cos©)
n A
+ cos ™ (H-q) sin = (g cos©)
+ in ~ -
cos© sin A (H-q) cos A (g cos©)
+sin ™ (h cos©) - cos© sin ~ hl-
A Al
sin (vt-r)

) -j~ sin ~ (Hm) sin » (u cos©)
sin ©

A c0s2©sin ™ (Hm) sin * (u cos©)

sin &~ (H-q) sin ™ (g cos©)

+ c0s2©sin ~ (H-q) sin ~ (g cos©)
+ cos ~ (Hm) cos ® (u cos©)
- €cos© sin (Hm) sin ™ (u cos©)

- cos M (H-q) cos (g cos©)
+ cos© sin ~ (H-q) sin ~ (g cos©)

+ cos” (H cos©) - cos H |1 (34)



-28-

In both parts of the distant field # the terms have not been collected

so the reader may be able to follow the differentiation.

When u-H and g H,

=JT7" OOST (vt'r) |-ad)

-B(L)

+A(R)

+B(R)

sin

+sin ™ (vt-r) j-C(L)

-D(L)

+C(R)

+D(R)

Cos

sin ~ (H-u) cos~ (ucos6)
coS h- sin ~ ucos6

A (h-u) A ( )
sin “ (H-q) cos™ (gcos6)

cos ~ (H-qg) sin (g cos0)

~ 1 ™
A (h cos8) cos6 sin Ah

sin 9 sin 8

sin ~ (H-u) sin (u cos0)
cos (H-u) cos ™ (u cos0)
sin H-q) sin ™ cos8
in-, (H-q) sin ™ (q )
cos (H-g) cos ~ (g cos6)

(V%\ (H cos8) cos A h

sin 6 sin 8 }

(35)
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When q - H and and ~ vd.ll equal zero.

T
1]

N (vt-r) MAR) sin ™ (H-gq) cos A (q cosb)

+ B(R) cos ~ (H-q) sin~ (q cos0) - cos© sin ~ h|

sin O

+ sin ™ (vt-r) ~C(R) sin (H-g) sin — (q cos0)

+ D(R) cos ™ (H-q) cos ~ (q cosO)

2 cos gr (H COSO)  cos

36
sin 0 sin 0 (36)
When ¢ = Hand U = Hj >h! »Ir 311 Si will equal zero<
i 4ur CSHf f=1" ~ <H ' ==g¢ =ULf
sin — (vt-r) 21t
(3?)

The functions of L and R, namely A(L), B(L) C(L), D(L), A(R), B(R),
C(R), and D(R) are obtained merely by adding Equations (33) and (34),
collecting terras, and making simplifying trigonometric substitutions,
The functions of L are exactly the same as the functions of R,
except the L has been substituted for R. These functions, therefore,

shall be referred to as functions of F to eliminate repetition.
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These coefficients are defined as

2 . |
1. n 20 .
A(F) = = ' { - s;'n 2 Fr (l=g©s@‘)2 + 2 cot? ©
(r 51ne - F) . |
(s1n“ = 2 cos® + 1 = === e) (38
L 2. cotd
B(F) = (r 5ind - F)2 r s:m.@ = Fr (2+cos8 + sme)
o (1#3 cos@)) =~ - -} :
v F _51_h§_} - (39)
o2

sin 2@ + Fr (sine - 2 cos®)

L C(F) = mﬁa {

+ P2 sin@ (coée = 1) + cot® (cosé +l)} (40)

and : S
o 1 (cos® + 1)
_D(F) = (r sin® = F) =r+F sin®

(L)

The Electric Field Intensity

The eieciric:field intensity must be obtained before the radiétion
pattern can be determineds The resultant elecbric field intensity is the
product of the intrinsic impedance and the resultant mégnetic field inten-
gity., Maxwell!s first equation states that

- . & [ . ’ ' )
CwlH=D=¢E ' - (L2)
whgre' D -is the electric displacement degsity‘and the = dot represents
the first derivative wibh respect to tims;- From Equations (22), (23) and
(2&)9 it is‘evi¢ént that the glgctric field intensity can contain compon-

énts only in the r and the © direction since the magnetic field
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intensity is entirely in the ¢ direction. Since the equation for the
magxietic field intensity is very complex, it shall be aséumed 'bha?; the r
component is negligibleo This assumption is based .‘on ‘the fact that for
an infinite ground plane the ~r componenﬁ is zero, If this assum:p‘tion

is made and is correct then
By=nig C(3)

where 1 is the intrinsic impedance which for free space conditions is

equal to 1204r, The equation for the electric field intensity can now be

written aé
30 I I: 201 2n J |
_E@ S r A cos == (vt=r) ¢+ B sin 3 (vi=r) Chls)
Eg = "”‘F‘E Va2 4+ B2 sin %—\3’ (vt=rstan L %D (45}

The effective value of the electric field intensity is

' .707 % 30 T . ' '
Bg per = == /a2 + B2 (46)

The radiation pattern is given by the expression / A2 & B2, Because of

the number of terms contained in A and ‘B, it is best to obtain numer—
ical results for A and B before squaringe.
- . The calculated radiation patterns for the 6 and the 10 centimeter

planes appear in Appendix B along with the calculated values of qg u, Ay

By andy/A% + B2, The points, because of the complexity of A and By .

Wwere only calculated fgr ten degree increments and at the angle at which
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discontinuities appear, The angles at which the discontinuities occur

. Rr'cose Lr cos® ) _ 0 i
are found by setting - : - equal to Ho At 0¥ the
) r sin® =R - r sing = L

radiation .battern is in indeterminate form but has zero value.
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DISCUSSION OF RESULTS

A comparison of the patterns contained in -Appendix A to those

contained in Appendix B is fairly good for the 10 centimeter plane. The

patterns for the 6 centimeter plane do not show as good a comparison. In

searching for the reason for the disagreementy the possible~location'of

errors should be reviewed, -

The pabttérns cbtained eiperiméntally contain the follewing errors,

which were not controllable‘by the authors

lo The coaxial line‘radiates.directly from its termination at

20

3o

byo

the ground plane, This;sp@uld give errors at sﬁall‘angleso_
Because of ﬁhe-limited voitage'supply, the distance from
the test antenna to thé receiving anténna was only eight
and one-third wave 1éngthso When the indueéi@n field terms

are obtained from the vector magnetic potential, some terms

‘will be divided by sin3 €. At small values of ©; the terms

containing sind o may be:appreciablee
A certainﬁgmounﬁ of undesirable reflection is bound to

oceur., It is difficﬁl$ to determine just where these

-errors will exist.

The receiving antenna, to pick up the electric intensity at -

é point, should be extremely sméll or the disbance from the

" test antenna extremely large. Neither of these were the

casee The'appreciable‘errops will appéar where the change
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of electric field intensity with respect to € is large.

A suggestion for futgre work in obtaining experimental patterns is
to let the teét anﬁenna‘be the receiving antenna receiring'radiation from
an antenna in front of a reflecting parabola. This is an example of the
reﬁipfocél thebrme Most of the errors previously mentioned would be elim-
inated by this method. Undesirable reflections would bé practically elim~
inated,because of the directivity of the reflector., The distance from. the
test antenna could be made greater, agaih‘becéusefofithe directivity.
Radiation from the coaxiai line would not exist because tﬁe only power in
the line would be power received by the antenna under test. |

The mathematical results c@ntain double vaiue points at two angles
because of the discontinuous derivatives of u éﬁd q. wiﬁh respect to 6,
From the values of u and q , included in Appendix B, ‘it is clearly
evident how the slépe varies and how and ﬁhy the'dquble values appears
Because the curves were piotted at ten degree increments, maximums and min-

imums may actually exist, but do not appear in the radiation patterns. The

pattern for the 10 centimeter plane varies from the battern obtained exper-

imentally in the range of smaller angles, If the radius of the hole is
éllowed to approach zero; thg pattern becomes a better comparison to the
experimental pattern., This indicates that the diameter of thé antenna is
appreciable or the effective size §f the hole is smallér than the. actual
size. |

When  the image'antennalis considered, the current distribution will

be sinusoidal from u toh Qs but the charge existing on the image should
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be the negative of that on the antenna. -Since the area beneath the
current distribution curve is pi'oéortional $o the effective charge, the
image charge is a better comparison tq that of the é.nténna when the ‘
ground plane is large. Thié éxpla:i.ns why the 're,sult.s were better for the
10 centimeter plane than for the 6 centimeter plane. |

Another assum;'ation that was maée was that the electric 'iﬂtensity
in the r direction was negligible, The electric intensity in the r
direction is‘.‘known to exist andy, therefore,; may be apprec‘iab]l.ef This
could produce a definite error because then the © component ‘of electric
intensity would not be related to the magnetic field intensity by the

intrinsic impedance.
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APPENDIX A

EXPER IMENTAL RESULTS

- Measured Current, Square Root Value, and Radiation Patterns

L=6cn L = 10 om
o I VI I NI
Degrees u. amps B amps
0 o9 095 C 0
5 1. 1, o5 o T1
10 1.5 1022 3o 1.73
15 146 1426 10, 3.6
20 2, Lokl 21e Li.58
éS 1.5 1.22 38, . 6016
30 Lo 1o - 53, 7028
35 1.5 1,22 - 6lyo 8o
Lo 202 1048 8l 9017
15 5 2.2 654 8406
50 9 30 92, 9059
55 11.9 3altly 9o 9.70
60 12, 3046 80, 8o9k
65 15, 3.87 60, 7.75
10 |22, be69 500 707
75 19, 036 She 7435
80 160 L. 52. 7021
85 15, 3.87 32, 5,66
90 12, 3046 13, 3061
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W-.."-/

\-V, L

Figure 8

Experimental patterns obtained over circular ground planes of (a) 2,
(b) it, (c) $, (d) 6, (e) 8, and (f) 10 centimeters in diameter.
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Figure 3 (Ocnt'd.)



X

Figure 3 (ConVd.)



MATHEMATICAL RESULTS

«=} O

APPENDIX B

“‘u; g, Ay B; V'A2°# B2, and Radiation Patterns
- L =6 cm
-© u g A B A% + B
Wave Wave :

Degrees Lengths Lengths
0 0,2343 0.2343 0o - 0 0

5.88= 0.2343 0.2343 0,027 0,07k 0,079
. 5+88+ 00,2343 0,23h3 =27.08l 0,103 27 .08l
10, 0.2343 0,133k 0,683 0,199 00728
20, 0,2343 0,061 0.32l4 00690. 0,762
30. 0.2343 0,0393 0,083 0,652 0,69
L0, 0,2343 0,029 - 0,18l 0.881 0,903
50, 002343 0,0195 =1.627 1,048 0933
51,09~ 0,2343 0,01875 =1o533 1,090 1,882
51,0094 0.2343 0.01875 |- =L.h59 1,068 1,808
60, 001668 0,0138 =0,622 10510 1063k
704 0.1048 0,0085 =05085 1.l25 Loh2 .
80, 0,0570 0,00L41 0,025 10212 10211
90, 0 0 0,041 0,901 o902

C L =10 cm . :
© u g A B JAZ + B2
Degrees Wave Wave ‘ '
Lengths Lengths

0 00,233 | 0.2343° 0 0 0

5088 62343 | 0.2343 " 0.0272 0,074 0,079

5,88+ 0,233 0.2343 | =27.08L 0,103 . 27,08k
10, 042343, 0,133L 0,683 0,199 . 0,728
20, 002343 0,061 0.32L 0,690 0,762
30, 0.2343 0.,0393 - 0,083 0.652 069l
40, 02343 0,029 0,184, 0.881 0.903
50, 0.2343 0,0195 =1,627 1,048 1933
60, 02343 0,0138 1,119 1.326 1,735
6l.8= 02313 0,0110 =0:933 1483 o150
68+ 02343 00,0110 =0,893 Lol56 1,720
70, 061791, 0.,0085 - | <=0.429 1,618 1.675
80, 0,086% 0,0041 0,029 1.378 10382
90, 0 0 +0,070 0,907 0,910
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Mathematically derived patterns for radiation over circular ground planes
of (a) 6 and (b) 10 centimeters in diameter.
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