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Abstract:

This thesis is concerned with parametric classification of non-standard data. Specifically, methods are
developed for classifying two of the most common types of non-Gaussian distributed data: data with
mixed categorical and continuous variables (often called mixed-mode data), and sparse count data.
Both supervised and unsupervised methods are described. First, a promising, recently proposed method
that uses finite mixtures of homogeneous conditional Gaussian distributions (Lawrence and
Krzanowski, 1996) is shown to be non-identifiable. Identifiable finite mixtures of homogeneous
conditional Gaussian distributions are obtained by imposing constraints on some of the model
parameters. Then, in contrast, it is shown that supervised classification of mixed-mode data using the
homogeneous conditional Gaussian model can sometimes be improved by relaxing parameter
constraints in the model; specifically, certain features of the continuous variable covariance matrix —
such as volume, shape or orientation — are allowed to differ between groups. In addition, the use of
latent class and latent profile models in supervised mixed-mode classification is investigated. Finally,
mixtures of over-dispersed Poisson latent variable models are developed for unsupervised classification
of sparse count data. Simulation studies suggest that for non-Gaussian data these methods can
significantly outperform methods based in Gaussian theory.
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ABSTRACT

This thesis is concerned with parametric classification of non-standard data.
Specifically, methods are developed for classifying two of the most common types of
non-Gaussian distributed data: data with mixed categorical and continuous variables
(often called mixed-mode data), and sparse count data. Both supervised and unsu-
pervised methods are described. First, a promising, recently proposed method that
uses finite mixtures of homogeneous conditional Gaussian distributions (Lawrence
and Krzanowski, 1996) is shown to be non-identifiable. Identifiable finite mixtures of
homogeneous conditional Gaussian distributions are obtained by imposing constraints
on some of the model parameters. Then, in contrast, it is shown that supervised clas-
sification of mixed-mode data using the homogeneous conditional Gaussian model
can sometimes be improved by relaxing parameter constraints in the model; specifi-
cally, certain features of the continuous variable covariance matrix — such as volume,
shape or orientation — are allowed to differ between groups. In addition, the use
of latent class and latent profile models in supervised mixed-mode classification is
investigated. Finally, mixtures of over-dispersed Poisson latent variable models are
developed for unsupervised classification of sparse count data. Simulation studies sug-
gest that for non-Gaussian data these methods can significantly outperform methods
based in Gaussian theory.




CHAPTER 1

Introduction

Classification problems abound in the natural and social sciences. Volumes
have been written about classification with continuous variables, especially variables
that are normally distributed (see, for example, McLachlan (1992) or Ripley (1992)).
Much less work has been done on non-continuous data — for example, data contain-
ing both categorical and continuous variables, or vectors of counts — even though
such data are frequently encountered in practice. In this thesis, methods are devel-
oped to fill some of the gaps in classification with non-continuous data. Specifically,
methods are developed for mixed categorical and continuous data, and for multidi-
mensional count data. The methods use ideas from discriminant analysis, cluster
analysis, and latent variable models. The distinction between these methods will be
made in the remainder of this chapter. As will be seen, latent variable methods can
play a significant role in classification efforts.

The basic problem in classification is to assign an entity (e.g., a person, docu-
ment) to one or more of K groups (e.g., disease class, topic) based on some measures
X = (Xi,...,X,) taken on the entity. A distinction is made between supervised and
unsupervised classification. In supervised classification (also known as discriminant
analysis), observations made on entities with known group membership are available.
These observations are used to develop a rule for classifying future observations, or
observations without group labels. For example, suppose the variables X1,..., X, de-

scribe symptoms of some disease, and that the true disease status can be determined
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only after a laborious and costly medical procedure. To avoid unnecessary medical
procedures, the disease status of most individuals must be predicted from data col-
lected from those few individuals who underwent the medical procedure. Supervised
classification methods are routinely used in medical settings to diagnose diseases and
to prognose outcomes of risky medical procedures.

In unsupervised classification (also known as cluster analysis), no group labels
are known. In some cases, there is prior understanding of the types of groups (for
example, diseased or not diseased). In the absence of a gold standard (e.g., for
emerging diseases) individuals may be clustered and classified into groups based on
their observed symptom variables. The groups might .be given the labels diseased and
not diseased. In some cases the goal of unsupervised classification is to discover group
structure in a dataset. A major problem is to decide how many groups are in the data
and then to characterize the groups. For example, we might wish to cluster a large
collection of documents into groups of related topics. In this thesis both supervised
and unsupervised methods are considered.

This thesis focuses on classification of non-continuous data. Specifically, two
types of data structures are considered:

1. Data containing mixtures of categorical and continuous variables. This type of

data will be referred to as mixed-mode.
2. Sparse multivariate count data.

Datasets with mixed categorical and continuous variables are often encountered
in practice. It is common to standardize these datasets by either 1) categorizing
the continuous variables and applying categorical variable methods, or 2) treating
the categorical variables as continuous and applying continuous variable methods.

Clearly, information is lost with either approach. As an alternative, Krzanowski (1975,
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1980, 1993) developed a parametric approach to analyzing mixed-mode data. In this
model, known as the conditional Gaussian model, the continuous variables have a
different multivariate normal distribution at each possible combination of categorical
variable values. Research on the conditional Gaussian model has been driven by the
growing interest in Bayesian Belief Networks, which frequently employ conditional
Gaussian models when mixed variables are present. The conditional Gaussian model,
and a special case known as the location model, will be described in more detail
in Chapters 2 and 3, where the models are exploited in the development of both
supervised and unsupervised methods for classifying mixed-mode data.

In Chapter 4 unsupervised methods are developed for classification with sparse
multivariate count data. In sparse multivariate count data, multiple counts are ob-
served for each entity, and many of the counts are very small or zero. Chapter 4
describes how such sparse count data are routinely collected in secondary ion mass
spectrometry. In the analysis of textual data, a document is often represented by a
vector X = (X1,...,Xr)’, where T is the number of unique terms, or words, in some
collection of documents, and X; is the number of times (i.e. count) the i** term occurs
in the document. A given document will contain only a fraction of the unique term
in the collect‘idn, so many counts will be zero. The positive counts tend to be very
low. Thus, textual data analysis must contend with sparse multivariate count data.
If the data weren’t sparse (i.e., if the counts weren’t so small), it might be possible to
apply continuous variable methods to the count data following some transformation.

For example, the Anscombe transform of a random variable X is given by

Y =t(X) = 2¢/X + 3/8.

If X ~ Poisson(\) and X is large, then Y is approximately normally dis-
tributed with variance 1. When ) is small, the transformed variables are not ap-

proximately normal. In this case, we postulate that classification can be improved
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by modeling the count data with more appropriate multivariate count distributions.
This is done in Chapter 4, where the multivariate count distx;ibutions are described by
latent variable models. A latent variable is introduced to “explain” the correlations
among observations within a cluster. Observations conforming to the latent variable
model are clustered using a finite mixture model. In a finite mixture model, an ob-
servation’s group membership is treated as an unobservable, or latent, variable. Thus
the clustering algorithm contains two levels of latent variables. A brief discussion of
latent variables, and their use in this thesis, is considered next.

In its most general definition, a latent variable model is any model with a
variable that is unobservable (or latent). If X is a vector of observable variabies, and
Z is a vector of latent variables, then the density of the observable variables may be

written as

76) = [ h(2)g(xlz)da. (1.1)

If Z ~ Mult(1; p), where p = (p1,...,px)’, then (1.1) is a finite mixture model
with mixing parameters pi,...,pr. Thus, finite mixture models are special types of
latent variable models. These types of latent variable models are used in Chapters 2
and 4.

More commonly, latent variable models are defined by the notion of conditional
independence, so that, conditional on the value of the latent variable, the observable
variables are taken to be independent. In this sense the latent variables are said
to explain (the associations among) the observable variables. In this definition the
dimension of the latent variables Z is taken to be smaller (usually much smaller)
than the dimension of the observable variables X. These types of models are used in
Chapters 3 and 4.

In the three main chapters of this thesis (Chapters 2, 3 and 4) new methods
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are developed for classifying non-standard data types. These three chapters provide
a cohesive argument that better classification can be achieved if the data structure is
properly accounted for.

Chapter 2 considers the problem of unsupervised classification for mixed-mode
data. After reviewing existing approaches to the problem, a promising approach
based on finite mixtures of conditional Gaussian distributions is shown to be non-
identifiable. Then identifiable finite mixtures of conditional Gaussian distributions
are developed.

In Chapter 3, conditional Gaussian models are developed for supervised clas-
siﬁcation. Parsimonious models which relax the assumption of common within-cell
dispersion matrices are considered.

Finally, unsupervised methods for sparse éount data are de&eloped in Chapter
4. The methods, based on finite mixtures of latent variable models, compare favor-
ably with methods that transform the variables (using, for example, the Anscombe

transform) and then apply normal variable methods.
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CHAPTER 2

Identifiable Finite Mixtures of Location Models for
Clustering Mixed-Mode Data

Finite mixture models have become popular tools for cluster analysis, espe-
cially when it is reasonable to make distributional assumptions.about observations
within each group. Titterington, Smith and Makov (1985) and McLachlan and Bas-
ford (1988) provide comprehensive reviews of finite mixture applications in cluster
analysis.

Suppose that an observation x has arisen from exactly one of g distinct groups,
denoted G1,...,G,, where the density of an observation from G; is g;(x; ¥;). The
parameter vector W; is generally unknown. If ¢; is the relative size of G; (0 < ¢; <
1 Y%, a; = 1), then the density of a randomly selected observation is

g
fx)= i_zlaigi(x§ ;). (2.1)
Model (2.1) is a finite mixture model with mixing parameters ¢; (i =1,...,9). The
mixing parameters also are known as prior group probabilities. Finite mixture models
are suitable for multiple group analysis — in our case cluster analysis — when group
labels are unknown. The posterior probability that x, belongs to G; is

@;0;(Xp; ¥;)
i1 cugi(xn; )

7i(Xp; ¥) = Pr(Gi|xn, ¥;, 05) =

If misclassification costs are equal, then observation x; is assigned to the group for

which the posterior probability is greatest. That is, the classification rule is

assign x;, to G; if max Ti(Xp; ) = 7(%Xp; T). (2.2)
<I<g
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In practice, the parameters o; and ¥; (i = 1,..., g) usually are estimated from
the sample x3,...,%, which is to be clustered, and the estimates are substituted
in (2.2) for classification. Before the finite mixture model can be used for cluster
analysis, a decision must be made about the form of the group conditional densities
9i(x; ¥,). For continuous data it is often reasonable to assume multivariate normal
group conditional densities. Maximum likelihood estimates of the parameters can be
obtained by treating the unobserved group labels as missing data and using the EM
algorithm (McLachlan and Krishnan, 1997; Redner and Walker, 1984).

When observations are made on both categorical and continuous variables —
in which case we say the ciata are mixed-mode, or mixed — the multivariate normal
assumption is not realistic. Everitt (1988) constructed finite mixture models for this
case by assuming that each categorical variable is obtained from an underlying con-
tinuous variable by thresholding. The underlying (unobserved) continuous variables
and the observed continuous variables are assumed to be jointly multivariate normal
within each group, with common covariance matrix. This model will be referred to
as the underlying variable mizture model.

The categorical variables in the underlying variable mixture model are ordinal.
That is, the levels of each categorical variable are determined by ordered threshold
values of an underlying continuous variable. Because the categorical variables provide
no information about the means and variances of the underlying continuous variables,
Everitt (1988) takes the means to be 0 and the variances to be 1. The threshold
values are allowed to vary across variables and groups. The category probabilities are
determined by the threshold values. In practice the method is limited to one or two
categorical variables (Everitt and Merette, 1990), because for ¢ categorical variables
estimation of the parameters requires g-dimensional numerical integration at each

iteration of the EM algorithm. Fitting the model can be numerically intractable for
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large q.

Lawrence and Krzanowski (1996) proposed a finite mixture model for mixed-
mode data that avoids the numerical integration required by the underlying variable
mixture model. They assumed that the group-conditional densities conform to the
location model for mixed variables. The location model has been successfully applied
in discriminant analysis problems (Krzanowski, 1993). In the graphical models lit-
erature it is called the homogeneous Conditional Gaussian model (Whittaker, 1990).
The finite mixture of location models will be called the location mizture model. In
addition to greater numerical tractability, the location mixture model promises more
flexibility than the underlying variable mixture model because it doesn’t impose any
orderings of the categories in each categorical variable, and it doesn’t impose structure
on the conditional means.

Unfortunately, the great flexibility of the location mixture model leads to mul-
tiple distinct sets of parameter values that yield identical mixture densities; that is,
the model in its unrestricted form is not identifiable. This is demonstrated in the next
section. Then identifiable location mixture models are obtained by imposing restric-
tions on the conditional means of the continuous variables. The restricted models are

assessed in a simulation experiment.

Location Mixture Model

The Conditional Gaussian distribution decomposes the joint distribution
of mixed-mode data as the product of the marginal distribution of the categorical
variables and the conditional distribution of the continuous variables given the cat-
egorical variables. The latter distribution is assumed to be multivariate normal.

The categorical variables can be uniquely transformed to a single discrete variable
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w € {wi,...,wn}, where m is the number of distinct combinations (i.e., locations)
of the categorical variables, and w, is the label for the s lc;cation. If there are
q categorical variables and the j* variable has c; categories (j = 1,...,q) then
m = [I}—; ¢;. The associations among the original categorical variables are converted
into relationships among the discrete probabilities Pr(w;) = ps. Following Lawrence

and Krzanowski (1996), a sample of mixed-mode data will be denoted by

— / ! ! ! R ! !
X = (X1 .. Xqp Xop oo Koy, "Xy oo Xy )

where x4, is a p X 1 vector of continuous variables for the ht* observation at location
w;g, and n, is the number of observations at ;. Within w,, the Conditional Gaussian
model states that xs, ~ N(p,, X;). The homogeneous Conditional Gaussian model,
also called the location model, is obtained by restricting the covariance matrix to be
the same for all locations and for all groups (if there is additional grouping structure).

In their finite mixture application, Lawrence and Krzanowski (1996) assumed
that each vector x, (h =1,...,n s =1,...,m) belongs to one of g distinct groups,
Gy, - -+, Gy, but that the group labels are unknown. They assumed that observations
within each group conform to a location model, so that Pr(w = w,|G;) = pis and, in
G, Xsn ~ N(pt;,, 2). In G; the joint probability that an observation is from w; and

has continuous variable vector X, is
9i (X Ws; ¥) = Dish(Xsn; tis) 1),

where ¥ contains all unknown parameters and h(Xs; i, 2) is the pdf of a N(p, 3)
random variable. The joint probability that a random observation with unknown
group membership is from w, and has continuous variable vector Xy, is

g g
F Xy ws; B) = > 005 (Xoh, W ¥) = Y cvipish(Xes pig, )y, §=1,...,m. (2.3)

=1 =1
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The o; are group mixing parameters. The parameters {o;} and {p;s} satisfy the

constraints

g m
doy=1 and > p,=1 Vi. (2.4)
=1

s=1

Lawrence and Krzanowski (1996) describe how the unknown parameters in (2.3)
can be estimated using the EM algorithm. The conditional group means pu,, (z =
1,...,9;8=1,...,m) are unrestricted in R°. If, at each location, the means are the
same for each group, then g = 1 is sufficient and the mixture model is degenerate.
This paper is concerned with non-degenerate models. We therefore assume that any
two groups have different means at some location (i.e., for each ¢ # 4, p,, # py, for
some s). The p X p common covariance matrix X is assumed to be positive definite.

Model (2.3) is called the location mixture model. In this paper it will some-
times be called the unrestricted location mixture model to distinguish it from the

restricted location mixture models which are introduced later in this chapter.

Identifiability

A parametric family of probability models is said to be identifiable if dis-
tinct parameter values determine distinct members of the family. That is, a family
{p(x; ©®)} is identifiable if for © and @’ in the family’s parameter space, p(x; @) =
p(x;©") = © = @'. In finite mixture models, different representations corresponding
to a simple relabeling of group indexes are considered equivalent, so identifiability is
required only up to a relabeling of group indexes. In the location mixture model the
parameter sets ¥ = {a;, pis, 3, X} and ¥’ = {of, pl,, p!, X'} are considered to be
equivalent if they can be made identical by permuting group labels. Otherwise they
are distinct. For example, the parameter set ¥ = {o,pis, 4, 1} for g = 2 groups
and m locations is equivalent to the parameter set ¥’ obtained by o = s, o = oy,

¥ =X, and, for all s, pi; = pas, Phs = Prs, M1y = Mo, and py, = py,. Accordingly,
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the location mixture model (2.3) is identifiable if, for each s = 1,...,m and for all
Xsn, € NP

zg;a,-pish(xsh; Big, X) = Zg:a;pgsh(xsh; ui, ') = ¥ and P'are equivalent. (2.5)

i= i=1
Yakowitz and Spragins (1968) provide some useful results for establishing the identi-
fiability of finite mixture models.

To examine the identifiability of the unrestricted location mixture model in

(2.3), it is convenient to define fi; = a;pis (1 =1,...,9;5=1,..mET YT fi, =1). It
follows from (2.4) that

m | )
ai=3" fur pe=d8 (2.6)
s=1 @

i
Consider the case of m = 2 locations and g = 2 groups. This model defines mg = 4
clusters of continuous observations with relative frequencies f;; and associated means
His-

If there is another set of parameters ¥’ = {a}, pi;, pj,, X'}, distinct from ¥ =
{cs, Dis, i, B}, such that (2.5) is satisfied, then the location mixture model is not
identifiable. Such a set of parameters can be obtained by permuting group labels at
some locations but not at others, or by permuting group labels differently at different
Jocations. Consider permuting (or swapping) group labels for cluster frequencies and
conditional means at the second location, but not at the first location, so that cluster
frequencies after permutation are (in prime notation) fi; = fi: and f); = fa at
location 1, and fi, = fe2 and f}, = fi2 at location 2. Parameter values for both
labelings — denoted by ¥ and ¥’ — are given in Table 1.

Clearly T2, flh(Xon; sy B) = T2y fish(Xsn; Bis, ) for s = 1,2 and Vx, €
$%?. Thus the distinct parameter sets ¥ and ¥’ — both in the parameter space for
the location mixture model — satisfy (2.5). It follows that (2.3) is not identifiable

for m = 2 and g = 2. (It may happen that the {f};} are all the same, which implies
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T v’
oy fi1 + fie ' Ji1 + foz
Qs fo1 + foo fio + fon
location 1 b1 fll—:-lflz fuj-lfzz
‘ 21
P21 fa1+f22 flzille
Hy 61 011
Ha1 621 0
T f12 22
location 2 D12 FiitFiz Fi+fa2
D22 = F
faot+fa fratfa
P2 612 02
Hao 022 015

Table 1: Two distinct sets of parameters that give equivalent expressions for the
unrestricted location mixture model (2.3) for the case.of m = 2 locations and g = 2
groups. The parameter set ¥’ is obtained from ¥ by permuting group labels at the
. second location but not at the first location. Group/location cluster frequencies are
represented by the parameters f;; = o;p;s.

that the {p],} and {o;} are all the same. The parameter sets ¥ and ¥’ will still be
distinct, because the p,,’s are assumed in general to be different). The model can
be made identifiable by imposing restrictions on {u,,}, as will be shown in the next
section.

The non-identifiability of the unrestricted location mixture model is due to in-
determinacy of group labels at each location. This group indeterminacy is illustrated
in Figure 1 for m = 2 locations, ¢ = 2 groups and p = 2 continuous variables. The
triangles represent cluster means at location 1, and the squares represent means at
location 2. Cluster frequencies are given beside the means. Locations of the clusters
are known and labeled, but group labels within the locations are unknown. Group
labels can be assigned in two nonredundant ways. The first labeling, in which clusters
from the same group are connected by solid lines, can be described by the location
mixture model with probability parameters oy = .6,p1; = 1/3, and ps; = 3/4 (as-
suming that the clusters are conditionally MVN with common covariance matrix).

The second labeling, represented by dashed lines, can be described by the location
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yi

Figure I: Four cluster means for a hypothetical 2-group, 2-location mixture model.
Conditional means at the first location are represented by triangles. Conditional
means at the second location are represented by squares. In the unrestricted location
mixture model group labels can be assigned in two nontrivial ways. The two respective
labelings are represented by connecting clusters by solid lines and by dashed lines.
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mixture model with probability parameters c; = .3,p11 = 2/3, and p2; = 3/7. These
two labelings, which provide equivalent expressions for (2.3), offer different views of
the group structure of the data. Not only are the mixing parameters and the location
probabilities different, but the relationships between the conditional means and the
groups and locations also are differenf. In the first labeling, the difference between
the group conditional means is the same at both locations (that is, there is parallel
structure). In the second labeling, the group ordering of conditional means depends
on the location (that is, there is group by location interaction). It seems that the
best we can do with the unrestricted location mixture model is to obtain a separate
cluster analysis within éach location, and then use expert knowledge to assign group
labels within locations.

For the case m = 2,g = 2 there are two distinct parameter sets providing
equivalent expressions for any mixture representation (2.3). For the general case of
m locations and g groups there are (g!)™~! distinct parameter sets. Let ¥ be any
parameter set in the parameter space of model (2.3) with g groups, m locations anci
p continuous variables. Consider permuting group labels within locations. At each
location there are g clusters, which can be assigned group labels in g! ways. To avoid
obtaining parameter sets that result from the same permutations of group indexes
at all locations, the group labels at the first location are not permuted. There are
(g")™ ! different ways to label the groups at the remaining m — 1 locations. Thus,
(2.5) holds for distinct sets of parameters and it follows that (2.3) is not identifiable.

Unlike many non-identifiable models which have infinitely many parameter
representations, the unrestricted location mixture model only has finitely many repre-
sentations. Given a maximum likelihood solution of parameter estimates, (¢!)™ ' —1

other distinct solutions having equal likelihood can be obtained.
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Example

Lawrence and Krzanowski (1996) conducted a simulation study to evaluate
the ability of the unrestricted location mixture model to recover group structure and
to classify observations. For each replication 20 observations were generated from
each of two 4-variate normal populations, one with mean (0,0,1,1) and the other

with mean (0,0, 6,6). The populations had common covariance matrix

I S )
[
— N b et
O k=t

The first two variables were dichotomized by thresholding at 0, giving a sample with
2 binary variables (or m = 4 locations) and 2 continuous variables. An observation
with binary variables y; and y, was assigned to location s = 1 + ¥, + 2y,. I

The unrestricted location mixture model was fit for each of 50 replications.
Cases were classified to groups by matching the recovered groups with the original
(known) groups. The authors always chose that matching which yielded fewest mis-
classifications. The average misclassification rate for the location mixture model in
the Lawrence and Krzanowski (1996) simulation was, 31.4%. A baseline rate, for
comparison, can be obtained as follows. Suppose that group assignments are made
randomly with probability 1/2 for each group and the groups are matched to minimize

misclassification rate. Then the expected misclassification rate for N observations can

% (1 -G) ( N2 )) ’

where | | is the greatest integer function. For N = 40, the expected misclassification

be shown to be

rate under random assignment is 44%. Estimates of the continuous variable means
(presumably the group means were averaged over the four locations so that p, =

> 1 Disk;;) were found in the Lawrence and Krzanowski (1996) simulation to be
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(2.52, 2.53) and (4.47, 4.47) with standard errors about .1. The authors attributed
this excessive shrinkage of the parameter estimates from (1,1) and (6,6) toward the
overall mean to the large number of misclassified individuals (which, in turn, could
be attributed to shrinkage of parameter estimates). Three alternative explanations
for the excessive shrinkage of parameter estimates are given next.

First, shrinkage of mean parameter estimates in mixture models is possible
when the assumed form of the underlying group densities is incorrect. In the simula-
tion study, the conditional distributions of the continuous variables given location and
group are not multivariate normal. The underlying variable mixture model of Everitt
(1988) — which assumes that the binary variables are obtained by dichotomizing
underlying normal variables — is the correct model for this data.

Second, shrinkage can result from careless application of the EM algorithm. It
is well known that log-likelihood surfaces for mixture models are often flat with many
local maxima, so the EM algorithm should be applied many times with different start-
ing parameter values to increase the chance of obtaining global maxima. The most
common approach to obtain different starting values is to select each posterior proba-
bility 7;(Xsh, ws; ¥) uniformly on (0,1), and then standardize to satisfy the constraint
S0, Ti(Xen, ws; ) = 1 Vs, h. Initial estimates for the mean parameters are obtained
using equation (14) in Lawrence and Krzanowski (1996). These initial estimates of
conditional means will all tend to be close to the overall mean (that is, shrinkage will
be apparent in the initial estimates). If the EM algorithm isn’t allowed to converge, or
if the algorithm isn’t re-run for enough starting values, shrinkage of mean parameter
estimates may result. In their simulation experiment, the authors applied the EM
algorithm with 50 different random starts for each replication. Though they didn’t
state their EM convergence criteria, it is plausible that they obtained global maxima

for most or all replicates.
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A third explanation for shrinkage is simply that the location mixture model
is not identifiable. In fact, we can obtain the shrinkage estimates found by Lawrence
and Krzanowski (1996) by averaging the (true) conditional means over all (2!)*~! = 8
different parameterizations that yield equivalent location mixture models. Although
the conditional distributions of the continuous variables are not MVN and have no
apparent closed form expressions, conditional means and variances can be found by
numerical integration. In one group the conditional means of continuous variables
at the four locations are (.16, .16), (1.00, 1.00), (1.00, 1.00), and (1.84, 1.84) for
locations 1,2,3 and 4. In the other group the coﬁditional means are (5.16, 5.16),
(6.00, 6.00),(6.00, 6.00), and (6.84, 6.84). The group conditional location probabilities
are 1/3, 1/6, 1/6, and 1/3 in both groups. Within each group, overall means are
obtained as a weighted average of the location conditional means, where the weights
are the location probabilities. The overall means are (1.00, 1.00) and (6.00, 6.00)
for the two groups. The true within location/group covariance matrix varies slightly

among locations (if the data truly conformed to the location model there would be

no differences among locations). The weighted average of the true covariance matrix
1.5 .5
b5 25 )7

Table 2 lists the conditional mean parameters for all (2!)*~! = 8 permutations

over all locations is

of group labels within locations. Permutations 2-8 were obtained by fixing group
labels at location 1, and permuting group labels at locations 2-4. In this simplistic
example the group/location cluster frequencies are the same for all permutations, so
it follows from (2.6) that {e;} and {p;s} are the same for all permutations. In each
permutation the group with the lowest overall mean, computed by 2‘31:1 Dislys, 1S

labeled “low”, and the group with the highest overall mean is labeled “high”. The
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| Permutation Group Loc1l Loc2 Loc3 Loc4 Average
1 (true) Gy .16 1.00 1.00 1.84¢ 1.00 (low)
G 515 6.00 "6.00 6.85 6.00 (high)
2 G1 .16 6.00 1.00 1.84 1.83 (low)
: Go 515 1.00 6.00 6.85 5.17 (high)
3 G1 .16 1.00 6.00 1.84 1.83 (low)
Go 515 6.00 1.00 6.85 5.17 (high)
4 G1 .16 1.00 1.00 6.85 2.67 (low)
Go 515 6.00 6.00 1.84 4.33 (high)
5 G1 .16 6.00 6.00 1.84 2.67 (low)
Go 515 1.00 1.00 6.85 4.33 (high)
6 G+ .16 6.00 1.00 6.85 3.50
Go 515 1.00 6.00 1.84 3.50
7 Gi .16 1.00 6.00 6.85 3.50
Go 515 6.00 1.00 184 3.50
8 G1 .16 6.00 6.00 6.85 4.34 (high)
G, 515 1.00 1.00 184 2.66 (low)
Average low 2.46
high 4.54
Simulation  low se=.1 2.52
estimates high  se=.1 ' 4.47

Table 2: Continuous variable mean parameters for the eight permutations in simula-
tion study. For all permutations group probabilities are 1/2, and location probabilities
are 1/6, 1/3, 1/3, and 1/6 for locations 1, 2, 3 and 4. Simulation estimates are from
Lawrence and Krzanowski (1996).
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average means for the “low” and “high” groups over all permutations are 2.46 and
4.54. Lawrence and Krzanowski (1996) estimated the group means to be 2.52 and
4.47, with standard error about .1. Thus, they estimated well (within 1 se) the group
means averaged over all permutations, although they intended to estimate the group
means for the first permutation only. Apparently, the excessive shrinkage in their
parameter estimates can be attributed to the non-identifiability of the model, which
the authors did not mention in their paper.

In the next section identifiable location mixture models are obtained by im-
posing restrictions on the conditional mean parameters p;,. We might expect an
identifiable model to attain lower misclassification rates in the simulation example
than the unrestricted, non-identifiable model. The next section confirms the expected

result.

Restricted Location Mixture Models

All restricted models considered in this paper are obtained by constraining
the conditional mean parameters, u,,, so all models can be completely specified by
their conditional mean structure. The unrestricted model will be denoted by [p;,].

A simple identifiable model can be obtained by imposing the restriction p,, =
w; Vi, s. That model is denoted by [p;]. The model may be too restrictive; however,
because it ignores any differences in conditional means across locations (i.e., the
continuous variables are taken to be independent of the categorical variables). The
restriction is relaxed in the additive model [u; + 8] where 8, is taken to be 0. The
parameter p, is interpreted as the conditional mean of the continuous variable vector
at location 1 of G;, and 8; is the difference in the conditional means between location
1 and location s. The difference, 8, is assumed to be the same for all groups. This

invariance of 8, across groups induces a parallel structure in the conditional means,
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where the difference between conditional means for any two groups is the same at all
locations.

Next consider the identifiability of [u; + ;). The structure of [, + 6] is
not preserved under the permutations of group labels within locations (the source
of non-identifiability of the unrestricted location mixture model). To see this, let 7,
be a permutation of group labels (1,...,g) at location s (s # 1), where =,(¢) is the
permuted value of the original group label i at w,. No labels are permuted at location
1, so 71 (2) = @ Vi. The structure of the model [u; + ;] is preserved only if, for each

s, there is a unique @ that satisfies
By + 05 = p; + 0,

for all <. There is no unique solution, because p; — p, (; can never be the same for
all i (except in the degenerate case where the conditional means are the same for
all groups). Thus the structure of [u; + 6,] is not preserved by the permutations.
Although this does not constitute a formal proof of the identifiability of {p; + 8], it
does demonstrate that the type of non-identifiability revealed in the previous section
for the unrestricted model is not possible with this restricted model.

The model [p,; + 6;] can be written in the form [p; + Bu,] where u; is an
m — 1 dimensional location covariate containing all main effect and interaction terms
of the categorical variables at location s, and B is a p x (m — 1) matrix of regression
coefficients. For example, if there are three binary variables y;,y, and ys, then the

observation (y1,y2,ys) is assigned to location s = 1+ >0, y;277. If (y1,92,93) =




Ll

21
(1,1,0), then s = 4 and

(1 \ 1
Y2 1
Ys 0
w=| %y |=|1
Y193 0
Y23 | O
Y1Y2y3 ) \ 0 )
The regression matrix B = [by,...,b,,_1] contains the same information as
the location parameters (8s,...,0,). For example, using 6; = Bu,, it follows that

0, = by + by + by in the three binary variable case.

A more restrictive model is obtained if the location covariate vector contains
main effects and possibly some — but not all — interaction terms. In this model,
the location covariate vector u has length » < m — 1 and B is p x r (the location
covariate vector containing all main effects and all interaction terms is called the
saturated location covariate vector). A special case that will be considered in the
examples is the main effects only model, denoted [u, + Bys|. Because the models [p;]
and [p; + Bys| are obtained from [p; + 8] by imposing constraints on the regression
matrix B, their identifiability follows from the identifiability of {u; + 6]

Categorical variables with more than two levels can be handled by coding
the category levels with dummy binary variables. Suppose there are ¢ categorical
variables and the j* variable has ¢; levels. For j = 1,...,gand I =1,...,¢; — 1

define the binary variable

@ _ | 1if the j® variable is at level ]
Y" =\ 0if the j* variable is not at level L.

If all the binary variables are 0, the categorical variable is at level ¢;. At most
one of the variables y§1), ees ,yj(c" = can be 1, so there can be no interactions among
them. The saturated location covariate vector contains >7_;(c; — 1) main effects (of

dummy binary variables),>> >°;<x(c; —1)(cx — 1) first order interaction terms, - - -, and
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[I7—1(c; — 1) (g — 1)** order interactions. So the saturated location vector has
q g g
D=+ 3 (= —D+--+][le;-1)=][¢i—1=m—1
binary elements. If there are two categorical variables, each with three levels, then
(wi”, 91, v8”, 94”) is assigned to location s = 1+ X4, X7 yI IS . T 3 =

and yém =1 then s = 8 and

YV

) (1)
?Jll) 0
y%Z) 0
Yo 1

Ug = =

o = 0
2 ||
(2), (1) 0
Yi Yo \ 0

2) (2
Ry
The location covariate vector containing only main effects terms is, at location 8,

1

{0
YS - 0
1

Whatever the choice of the location covariate ug, the model [p; + Bu,] has
structural similarity to the underlying variable mixture model proposed by Everitt
(1988). The underlying variable mixture model assumes that the g categorical vari-
ables are obtained by thresholding ¢ (unobservable) underlying continuous variables
contained in v, say. The unobservable variable v and the observable continuous
variable x are assumed to be jointly multivariate normal, with common covariance

matrix. The conditional expectation of x given v in G; has the form
E(X|V, GZ) = p; + Bv, (27)

which is the same form as the conditional expectation of x given location covariate u

in G; for the model [u;+Bu,]. After v is categorized the conditional distribution of x
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is no longer normal in the underlying variable model, and the conditional expectation
no longer has form (2.7). Nonetheless, the restricted location models [u; + Buy]
may still provide good approximations to the underlying variable mixture models. If
the threshold values are the same for all groups ( as in the Lawrence and Krzanowski
simulation), then the conditional means will have parallel structure, and the restricted
location model should provide an excellent approximation to Everitt’s model. If the
threshold values differ between groups, then the conditional means will not have
parallel structure. There is a practical limit, however, to the range of values that the
threshold parameters can take if we require that some observations be made at each
location. Within this practical range (say bet.ween —1.5 and 1.5) the conditional mean
structure may not deviate substantially from parallel structure, and the restricted
location mixture models may still provide good approximations. An example of this
is given later. If the parallel structure models don’t provide adequate approximations,
less restrictive models may be tried.

An even less restrictive model than [, + 6,] can be obtained by allowing the -
regression matrices B to vary across groups, which gives the additive plus multiplica-
tive model [p; + B;u,]. If the location covariate vector contains all main effects and
all interaction terms, then [p, +B;u,] is equivalent to the unrestricted location model, -
and hence is not identifiable. If at least one interaction term is excluded it can be
shown that the structure [p; +B;u,] is not, in general, preserved by the permutations
7s. But the structure is preserved for certain parameter values, which can lead to
equivocal results in practice. For example, if differences between group means are the
same at all locations (ie, when [u; + Bu,] holds), then the structure of [p; + Bju,] is
preserved under the permutations discussed in the previous section, so the model is
not identifiable. This is illustrated in Table 3 for 2 groups, 2 binary variables and 1

continuous variable. In representation A the difference between group means is 5 at
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Location
Group | 1 (0,0) 2 (1,00 3(0,1) 4(1,1).
Label A | G4 0 2 2 4
Gs 5 7 7 9
Label B | G; 0 2 7 9
Go 5 7 2 4

Table 3: Continuous means for a single continuous variable conforming to the model
[¢; + B;y] under two different group labelings. Conditional means at label B were
obtained from conditional means at label A by swapping group labels at locations 3
and 4. The two labelings yield equivalent mixture densities. Label A also conforms
to the model [p; + By].

all locations. Corresponding mean parameter values are pu; = 0, pp = 5, B; = (2, 2)
and By = (2,2). Representation B'is obtained by swapping group labels at locations
3 and 4. Tt also has structure [u; + B;y,] with parameters y; = 0, s = 5, By = (2,7)
and By = (2, —3). Because of these identifiability problems, the model [u; + B;u,]

will not be pursued further in this thesis.

Estimation

Let x = (X{;...X},, X1 -~ "X}, ) be a sample of p-dimensional con-

tinuous variables at m locations where n; is the number of observations at w; and
N = 3", n, is the total number of observations. If observations are not made at each
location, then we require that the rank of {u, }ws esample be r, where u; is r x 1. Let
Zst, = (Z1sh, - - - » Zgsh) D€ an unobservable g-dimensional group indicator vector for the
hth observation at wg, so that z;, = 1 if X, € G; and z;, = 0 if x,p, € G;. Maximum
likelihood estimates of the parameters in the model [u; + Bu,] can be computed by
treating z;s, as missing and using the EM algorithm.

The complete data log-likelihood is

L=%3

i=1 s=1 h=1

zisn{log o; + log pis + log h(Xsh; tys, 3)}

where h(xsp; , %) is the pdf of a N(u,X) random variable evaluated at xsh; and
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H;s = p; + Bu,. In the E-step, we compute Q = EY(L.) where the expectation
is taken with respect to the conditional distribution of the unobserved data {z,;}
given the observed data and current parameter estimates . Because L, is linear in
the unobserved data, the expectation is easily obtained by replacing each z;5, with
Zish = T3 (Xgn, wy; W), where

Q;Dis exp{_%(xsh - I'Lis)’z_l(xsh - “zs)}
E?:l Y Pis exp{_%(xsh - F’ls)lz_l(xsh - ”ls)}

Ti(xsha Ws; ‘I’) = (2'8)

is the posterior probability that x,; belongs to G;.
In the M-step, @ is maximized subject to the constraints 37, @; = 1 and
w1Dis = 1 Vi. Using the method of Lagrange multipliers we ﬁaximize without
constraint the expression
g g m
Q=Q-A (;ai_ 1) —;% (;pis_ 1)

where A and {v;} are Lagrange multipliers. This yields updated probability parameter

estimates
1 m 7nNg
Q; = N SN Zian ' : (2.9)
s=1 h=1 .
and
1 2
ﬁis = N&i hz=:12ish- (2.10)

Estimating equations for the parameters u; and B are

m ng

N&Zuz = Zz&sh(xsh—Bus), 1= 1,...,m (211)
s=1 h=1
and
g m mns 9 m ms ‘
BY > Y Zinusty =300 > Zion(Xon ~ )05 (2.12)
i1=1 s=1 h=1 i=1 s=1h=1

M-step estimates for p; (i = 1,..., g) and B can be found by solving (2.11) and (2.12)

simultaneously.
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The solution of estimating equations (2.11) and (2.12) is

iF)—1 (2.13)

1
= (A-7G)(BE-

and
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The covariance matrix is estimated as
9 m ns . )
; Z_: ‘; 2ish(Xsh — f1; — Bus)(Xsh — 4; — Buy)'. (2.16)

Parameter estimates for the models {p;+6,] and [p;+By,] can be obtained by
appropriate choice of the location covariates u;. Parameter estimates for the model
[p;] can be obtained by setting B = 0 in (2.14).

The EM algorithm alternately updates (2.8) (E-step) and (2.9)-(2.16) (M-
step). The procedure requires starting values for the iterations. Starting values can
be obtained by randomly selecting posterior probabilities uniformly on (0,1), and
then standardizing to satisfy Y7, 7i(Xsp, ws; ¥) = 1 Vs, h. Alternatively, the sample

can be partitioned into ¢ groups and initial parameter estimates computed using
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(2.9)-(2.16) assuming group labels are known (ie, zis, € {0,1}). Ideally, this initial
partition would be found by another cluster analysis method, perhaps using only
observations on the continuous variables. Because of the possibility of multiple local
maxima, the EM algorithm should be applied several times from different starting
values.

The development and estimation of the restricted location mixture models
assumes that the number of groups, g, is known. In practice g is often unknown and
a statistical heuristic such as Bayes Information Criterion (BIC) can be employed to

aid the choice of g. This heuristic suggests selecting the model for which
BIC = —2(maximized log-likelihood) + 2 log(N)(number of free parameters)

is a minimum. In applications, use of BIC should be balanced with expert judgement.
The difficult problem of choosing the number of clusters is not pursued here. In the

following examples, the number of groups is assumed known.

Examples

Two simulation experiments were run to assess the performance of the new

methods. The experiments are described next.

Simulation 1

The simulation example of Lawrence and Krzanowski (1996) was revisited
to compare the performance of the three nested models [i;] C [p; + By,] C [pu; +
0] in parameter recovery and classification. For each of 50 replications, the EM
algorithm was applied 11 times: 10 times with randomly selected starting values
and once with starting values determined by classification assignments from an initial

k-means cluster analysis of the continuous variables. The solution with the largest log-
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[ ;i +By] | [p+65] | [MVN,]

—

mean 1.82 (4.55%) | .64 (1.6%) | .79 (2.03%) | 1.36 (3.4%)
median 1 (2.5%) 1 (2.5%) 1 (2.56%) 1 (2.5%)
minimum | 0 0 0 0

maximum | 9 (22.5%) | 3 (7.5%) |3 (7.69%) |6 (15%)

Table 4: Misclassifications for Simulation Experiment 1 (n; = np = 20). Results for
[p; + 6] are based on 49 replications (see text).

likelihood value was retained. One simulated dataset (of n; + n, = 40 observations)
contained no observations from location 3. This did not affect the estimation of [z,
or [p; +By,], but it did affect the estimation of [u;+8;]. Infinite parameter estimates
were obtained, because the data were silent about 8s;. This replicate is omitted in
the summary statistics reported for [u; + 6;).

A mixture model with multivariate normal component densities and homoge-
neous variance was fit for the two continuous variables for comparison. This model
is denoted [MVNy|. When only the two continuous variables are used, the true mis-
classification rate is 2.6%. If the two latent continuous variables were observable,
and parameters known, then the true misclassification rate would be .62% (the first
two variables, though marginally distributed the same in both groups, enhance group
separation due to their correlations with the last two variables). The true misclassi-
fication rate under Everitt’s (1988) model was estimated by Monte Carlo simulation
to be 1.1%.

Misclassification rates for the simulations are compared in Table 4. All meth-
ods performed well. The models [p; + By,] and [p; + 0;] performed slightly better
than the others.

Tables 5 and 6 compare average estimates of the parameters {u,,} and {p;s}.
True parameter values are also given (though we should not forget that the location

model is not the correct model for these data — the continuous variables are not
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Model Group location 1 location 2  location 3  location 4
(0,0) (1,0) (0,1) (1,1)
[1;] Gt (6.96, 5.97) (5.96, 5.97) (5.96, 5.97) (5.96, 5.97)
Go (1.00, .98)  (1.00,.98) (1.00,.98)  (1.00, .98)
sex.10

[u; +By] Gi  (5.22,5.21) (5.99, 6.03) (6.06, 6.00) (6.83, 6.83)
G,  (17,.15)  (.93,.97)  (1.01,.94) (1.7, 1.76)

se~2.10
e AR (5.26, 5.22) (6.03, 6.16) (6.04, 6.10) (6.88, 6.85)
Go (17,.10) (.94, 1.05) (.95,.98)  (1.78, 1.73)

se~2.10
true values G, (5.16, 5.16) (6.00, 6.00) (6.00, 6.00) (6.84, 6.84)
Go  (.16,.16)  (1.00,1.00) (1.00,1.00) (1.84, 1.84)

Table 5: Average estimates (and their standard errors) and true values of conditional
means for Simulation Experiment 1 (n; = ny = 20).

conditionally MVN). The models [p; + By,] and [p; + 6] recover the parameters
well. They also recover the within group/ location covariance matrix better than the

model [p,;] does. The true value of the covariance matrix is

1.5 .5
b 25 )

The average estimate for model [u; + By,| was
146 .47
A7 2.21
with standard error about .05 for all entries. The average estimate for model [u,; + 6]

141 .46
46 2.16

with standard error about .05 for all entries.

was

Simulation 2

A second simulation experiment was performed to assess the models on less

well separated groups. Observations were generated from one of two 4-variate normal

1
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Model Group location 1 location 2 location 3 location 4
00 (1o (01 (1)
[p;] G, 31 18 17 .35
G, 37 .19 .16 28
se~2.02
[w; +By] Gy .34 18 17 31
G, .33 18 .16 .32
se~.10
[p; + 6] G, .34 18 17 31
Gs .33 .18 A7 .32
ser.10
true values G .33 17 17 33
Gs .33 17 17 .33

Table 6: Average estimates (and their standard errors) and true values of location
probabilities {p;;} for Simulation Experiment 1 (n; = ny = 20).

populations, one with mean (1,0,5,5) and one with mean (0,1,2,2). The populations

had common covariance matrix

2111
1 211
2_1121
1113

As in the first experiment, the first two binary variables were dichotomized by thresh-
olding at 0.
This is equivalent (using Everitt’s convention) to sampling from multivariate

and (0,0,2,2) and common covariance matrix

—

normal populations with means (0,0,5,5

~ ks
o b o

Sk -
&,l.—a&'.—t — nof

and thresholding at —1/ v/2 and 0 for the two underlying variables in the first group,
and at 0 and —1/ v/2 in the second group. This interpretation emphasizes that the
threshold values are different for the two groups.

For each of 50 replications, samples of size n; = ny = 100 were drawn from

the two populations. Misclassification rates are compared in Table 7. The models
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;] [p; + By] [ + 0] [MV No]
mean 42.9 (21.45%) | 18.38 (9.15%) | 10.84 (9.92%) | 28.62 (14.31%)
median | 37.5 (18.75%) | 18 (9.00%) | 17.5 (8.75%) | 27.5 (13.75%)
minimum | 16 (8.0%) | 7 (3.5%) 7 (3.5%) 13 (6.5%)
maximum | 82 (41%) 36 (18%) 64 (32.0%) 57 (28.5%)

Table 7: Misclassifications for Simulation Experiment 2 (n; = ny = 100).

[p; + By,] and [p; + 0;] performed best. Their respective mean misclassification
rates of 9.15% and 9.92% are lower than the true (or optimal) misclassification rate
for [MVNy], which is 12.26%. The realized mean misclassification rate for [MVN,]
was 14.31%. The true misclassification rate under Everitt’s (1988) model (assuming

parameters are known) was estimated by Monte Carlo simulation to be 7.2%.

Discussion

The unrestricted location mixture model proposed by Lawrence and Krza-
nowski (1996) is not identifiable. The identifiable models proposed in this paper can
be useful if the additive assumption (ie, p;; = p; +86,) is reasonable. This assurﬁption
is often approximately true when the categorical variables are derived from underlying
continuous variables. Computation in the restricted models is more tractable than
computation in Everitt’s (1988) underlying variable model, which in practice is limited
to one or two categorical variables. Estimation of the parameters in the restricted
models does not require numerical integration, so there is no computational limit to
the number of categorical variables that the model can handle (though there is the
practical limit of sample size).

The restricted location mixture models can be profitably extended in two direc-
tions. First, the categorical variables can be more parsimoniously modeled, perhaps
with loglinear or latent class médels. This is particularly important when the sample

is small or boundary value solutions for p;; are obtained. Second, the homogeneous
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variance assumption can be relaxed by allowing the group/ location dispersion matrix
to vary across groups, locations, or both. Parsimonious representations can be ob-
tained by imposing structure on the dispersion matrices. Celeux and Govaert (1995)
describe a parsimonious parameterization of multivariate normal mixture models with
unequal group dispersion matrices based on eigenvalue decomposition of the group

dispersion matrices. This approach can be extended to location mixture models.
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CHAPTER 3

- Conditional Gaussian Discriminant Analysis with
Constraints on the Covariance Matrices

Krzanowski (1975, 1980, 1993) developed parametric methods for discriminant
analysis with mixed categorical and continuous variables. He assumed that within
each group, observations conform to a conditional Gaussian distribution. In the con-
ditional Gaussian model, the continuous variables have a different multivariate normal
distribution at each possible combination of categorical variable values. This model
has received much attention recently in the graphical models literature (Whittaker,
1990). |

Suppose we wish to discriminate between K groups, Gy, . .., Gk, based on the
vector w' = (y',x’), where y' = (y1,...,¥q) is a vector of g categorical variables, and
x' = (z1,...,%p) is & vector of p continuous variables. The categorical variables can
be uniquely transformed to an m-state discrete variable w € {w,...,wy}, where
m is the number of distinct combinations (i.e., locations) of the categorical variable
values, and w, is the label for the s* location. If the j** variable has c; categories
(j = 1,...,q), then m = IT}_;¢;. Let pis = Pr(w = w,|Gy). In Gj, the joint

probability .of observing location w, and continuous vector x is
gi(ws7 X) = pish(x; Hiss Eis)a

where h(x; p, &) is the pdf of a N(u,X) random variable. An observation (ws,x) is
assigned to a group according to Bayes Rule (Anderson, 1984). If misclassification

costs are equal and prior group probabilities are given by a1, . .., ak, then Bayes Rule
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is:
assign (w,%) to Gi i max augi(we,X) = cugilwe, ). (31)

Taking the log of a;g;(ws, x), the classification region for group G; can be written as
R,={we {w, -, un},x e RP:qs(x) > qs(x) Vi=1,...,K}
where the classification functions ¢;;(x) are given by

gis(x) = X' Ayx + bl x + ¢

2

with

1 _
Ais = _521'311 b'is = zisll‘l’z’s

cis = log ; + log pis — %log |2is| — %uésﬂi}luis- "

The classification rule depends on the parameters p;;, p;, and ;;, which usu-
ally are unknown. In practical applications, parameter estimates obtained from a -
training sample of classified observations are substituted in (31) Because these esti-
mates are subject to sampling error, the classification rule (i.e., plug-in Bayes Rule)
is no longer optimal. The performance of the classification rule depends on the preci-
sion of the estimates (Flury, Schmid and Narayanan, 1994). More efficient parameter
estimates can be obtained by imposing constraints on the parameter space. For ex-
ample, in normal theory (Gaussian) discriminant analysis, the covariance matrices
often are assumed to be the same for all groups. In the conditional Gaussian setting,
Krzanowski (1975, 1980, 1993) took the covariance matrices to be the same across all

groups and locations (i.e., X;; = X Vi, s), so that
gi(ws, X) = pish(x; Hiss 2) (32)

Model (3.2) is called the homogeneous conditional Gaussian model in the graphical

models literature, and the location model in the statistics literature.
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For a training sample, let the p dimensional vector x;s;, denote the A" con-
tinuous observation at location w;s of group G;, and let n;; denote the number of
observations made at location w, of G;. The total number of observations from G;
is given by n;, and the total number of observations over all groups is N. Maximum

likelihood estimates of the parameters in (3.2) are given by

R Tis N . 1 &
Dis = —, M = Xjg = — Z Xish (33)
n; This p—1
and
1

9 m N
Z Z Z xwh I"‘zs xZSh - ﬂ’is),'

1,=1

An unbiased estimate of the covariance matrix,

often is used in place of 3.

Sometimes additional constraints on the parameter space are necessary. When
the sample size is small compared to the number of locations, there will likely be
locations for which no data are present in the training sets. Also, there will be some
locations with very few individuals present in the training sample; the parameters for
these locations will be poorly estimated. To obtain reasonable parameter estimates at
all locations in this case, Krzanowski (1975, 1980) proposed that the categorical data
be modeled with a reduced-order loglinear model. In his applications he used e‘ithér
first-order (main-effects only) or second-order (main effects and first-order interaction)
models. If the categorical data consists of ¢ binary variables, then the second-order

loglinear model for probability of location w; in group G; is
log pis = 9211p,s

where u,; is a location covariate vector for p;; containing an intercept term and the

values of all main effects and first order interactions of the binary variables at the st*
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location. The subscript p is a reminder that the location covariate vector is for p;,.
For example, if there are three binary variables y;, 72 and y;, then the observation
(y1,%2,¥3) = (1,1,0) is assigned to location s = 4 using the location assignment rule

s=1+35_ ;27" and

[ 1 (
i
Yo
Up4 = Y3 =
Y12
Y193 0

\ %y ) \0)

The parameters {6;} can be estimated using Newton-Raphson methods. Categorical

— O =

variables with more than two levels can be similarly handled by coding the category
levels with dummy binary variables (Krzanowski, 1980).
Likewise, the continuous mean vector can be modeled as a linear function of

the location covariate vector 1, s:
“l‘is = BiuAUWS'

The parameters {B;} can be estimated independently of 8; using multivariate regres-
sion results of Anderson (1984, chapter 8). Details are given in Krzanowski (1975).
The location covariate vector used in the model for p;; need not be the same as that
used in the model for p;,. For example, u,, could code for main effects only whereas
u,, s could code for main effects as well as first order interactions.

Because of the homogeneous variance assumption X;; = ¥ in (3.2), a separate
linear discriminant analysis is conducted at each location. Thus, discriminant analysis
based on model (3.2) shall be referred to as L-LDA (for linear location discriminant
analysis). L-LDA has been shown to outperform competing methods when there is
interaction between the groups and the categorical variables (Krzanowski, 1993).

In applications, the homogeneous variance assumption, though parsimonious,
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may not be realistic. Krzanowski (1993) suggested that models with heterogeneous
variances be developed to cater to various types of dispersion heterogeneity. Later,
Krzanowski (1994) considered the consequences of allowing the dispersion matrices
to differ between groups, but not between locations within a group (i.e.,X;; = ¥;). In
Krzanowski’s (1994) model, a separate quadratic discriminant analysis is performed
at each location. In an example with a relatively small sample and heterogeneous
variances, Krzanowski (1994) found that the quadratic location discriminant analysis
(Q-LDA) performed only slightly better than L-LDA, reflecting the tradeoff between
fitting a more appropriate model but estimating many more parameters.

This is a familiar problem in Gaﬁssian discriminant analysis. Linear discrimi-
nant analysis (LDA) outperforms quadratic discriminant analysis (QDA) when group
covariance matrices are identical (i.e., when the model assumptions for LDA are cor-
rect). But even when group covariance matrices are not identical, LDA may still
outperform QDA, especially when sample sizes are modest. This suggests that, for
small samples, the bias introduced by imposing theoretically wrong constraints may
be offset by the gain in precision from reducing the number of parameters (Flury,
Schmid and Narayanan, 1994).

Several authors have proposed intermediate methods that avoid both the over-
parameterization of QDA and the oversimplification of LDA. Such methods attempt
to capture the heterogeneity of the covariance matrices using as few parameters as
possible. Friedman (1989) designed an intermediate classifier between LDA, QDA,
and the nearest neighbor classifier by introducing regularization parameters. Flury,
Schmid and Narayanan (1994) considered common principal components and pro-
portional covariance models. More recently, Bensmail and Celeux (1996) developed
intermediate models by parameterizing the covariance matrix for G; in terms of its

eigenvalue decomposition X; = p;T';A;T';, where p;, = |=;|*?, T; is the orthogonal
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matrix ‘of eigenvalues of 3;, and A; is the diagonal matrix such that |A;| = 1, with
the normalized eigenvalues of ¥; on the diagonal in decreasing order. The param-
eter p; determines the volume of the probability contours of G;, I'; determines its
orientation and A; determines its shape. Intermediate, or regularized, models are
obtained by allowing some but not all of these quantities to vary between groups.
Common principal components (2; = p,T'’A;I') and proportional covariance models
(X; = p;TATY) are special cases of this approach. Bensmail and Celeux (1996) found
that such intermediate models often outperform both LDA and QDA. Flury, Schmid
and Narayanan (1994) found that proportional covariance discrimination performed
well in a variety of situations. Even when the assumptions for LDA were correct,
proportional covariance discrimination didn’t do much worse that LDA.

In this paper we extend the singular value decomposition approach to regular-
ization to the conditional Gaussian model for discriminant analysis with mixed-mode
data. Our goals are 1) to discover the extent to which regularized models can outper-
form L-LDA and Q-LDA and 2) to explore parsimonious models that allow dispersion
matrices to differ between locations. We will express the within-cell dispersion matri-
ces as X;; = p;sIis AT, and we will hold some of the geometric quantities invariant
across locations and/or groups. For example, in the model 3;, = p;T'A,I", the volume
parameter p; varies between groups but not between locations, the shape parameter
A, varies between locations but not groups, and the orientation I" is invariant to both
location and group. This model will be denoted by [p;T'AI"]. We will also consider
the diagonal family of covariance matrices, where 3;; = p;sA;s, with I';; =1, and the
spherical family, where 2;; = p;,I.

These three families of models are described more fully in the next section. In
addition, two parsimonious models that allow covariance matrices to differ between

locations are derived. In the first model, loglinear constraints are placed on the
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geometric parameters p;; and A;;. In the second model, a discrete latent variable
(which defines latent classes) is introduced to simplify the conditional structure of
the model. Maximum likelihood estimates of the parameters for these models are
derived. The regularized models are compared with L-LDA and Q-LDA. Finally,

other possible approaches to regularized discriminant analysis are discussed.

Models

By allowing each of the geometric quantities to vary. by group, location,
neither, or both, we can obtain 64 models from the general SVD family ¥;; =
pisTisAisTh, 16 models from the diagonal family 3;; = p;sAss, and 4 models from
the spherical family X;; = p;,I. A total of 84 models are possible. For a given data
set, we might select the model that minimizes the sample-based estimate of future
misclassification risk. Thus, to avoid excessive computation, it may be desirable to
reduce the number of models under consideration. To obtain parsimonious models, it
is reasonable to omit from consideration those models involving the greatest number
of parameters. The orientation T';, of a probability contour is described by p(p—1)/2
functionally independent parameters, the shape A;; is described by p— 1 functionally
independent parameters, and the size is described by a single parameter p;;. The
most parsimonious models are obtained by holding I';;, and possibly A;,, invariant
across locations and groups.

One strategy is to consider only those models that satisfy the following condi-

tions.
1. At least one geometric feature is invariant to both location and group.

2. Only the size parameter is allowed to vary across both locations and groups.
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3. If orientation varies by location or group, then shape must be invariant to

location and group.

The first two conditions apply to all three families; the third condition applies only
to the general family 3;; = p;;I';; A I';,. This strategy reduces the number of mod-
els under consideration to 30. Table 8 lists all 30 models, and gives the number
of functionally independent covariance parameters for K groups, m locations and p
continuous variables. The first model, [pTI'AT"], is the traditional (homogeneous co-
variance) location model, which leads to L-LDA. In the next five models (M2-M8), the
dispersion matrices are invariant to location. These models represent compromises
between L-LDA and Q-LDA.

The next five models (M7-M11) are identical to models M2-M6, except their
geometric features differ between locations but not groups. These models result in
separate linear discriminant analysis at each location. In models M12-M20 the disper-
sion matrices differ between locations and groups. Models in which the orientation I';;
differs between locations and groups generally involve a large number of parameters.
Proportional covariance models (where only p;s; varies) are generally the most parsi-
monious. In the diagonal models, the orientations I';; are identity matrices, which
don’t require estimation. In the spherical models, the orientations are not identified
and can be assumed to be identity matrices without loss of generality. Hence, the
diagonal and spherical models contain fewer parameters than the SVD models.

In this chapter we give special attention to the following geometric shapes that

have shown promise in Gaussian discriminant analysis.

o (homogeneous covariance) [pI'AT"] and [pAl].

o (proportional covariance) [p;T'AI"] and [p;A]. Flury, Schmid, and Narayanan

(1994) recommended that proportional discrimination be tried whenever the
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m=4
K=2
Model Number of parameters p= Comments
ML) [pTAT]  plp+1)/2 15 L-LDA
M2.) [p,TAYY] K-1+plp+1)/2 16 proportional cov.
M4.) [pT AT Kp+p(p—1)/2 20 CPC
M5.) [pIATLY]  p+ Kp(p—1)/2 25
M6.) [pTAIY] 1+p(p—1)/2+ K(p—1) 19
M7.) [psTALY] m—1+p(p+1)/2 18 proportional cov.
M8.) [psTsATY] m+mp(p—1)/2+p—1 48
M9.) [psTA Y] mp+plp—1)/2 30 CPC
M10.) [pT';ATY]  p+mp(p—1)/2 45

M12.) [p;T;AT,] K+mp(p—1)/2+p—1 46
Mi13) [pTAJIY] K+p(p—1)/2+mp—1) 28
M14) [pTiAT)] m+p—1+Kplp—1)/2 28
M15.) [psTA;D'] m+K(p—1)+p(p—1)/2 22
M16.) [p;;TATY] mK —1+p(p+1)/2 22 proportional cov.
M17.) [pissATY] mK +p—1+Kp(p—1)/2 32
M18.) [pisTsAL,] mK+p—1+mp(p—1)/2 52
Mlg) [p,sI‘AzI"] mK + K(p — 1) + p(p - 1)/2 26
M20.) [pisTA] mK+m(p—1)+plp—1)/2 34

)

M11) [pTAT]  14+mp—-1)+pp-1)/2 27
)
)

M21.) [p:A] K+p-1 6 proportional cov.
M22.) [psA] m+p—1 8 proportional cov.
M23.) [pisA] mK+p-—1 12 proportional cov.
M24.) [pAj] 1+ K(p—1) 9

M25.) [pAs] 1+ m(p—1) 17

M26.) [pA] D 5

M27.) [o1] 1 1

M28.) [p:]] K 2 proportional cov.
M29.) [ps]] m 4 proportional cov.
M30.) [p:s]] mK 8 proportional cov.
other models:

M31.) [Zi) mKp(p+1)/2 120

M32.) [X] mp(p+1)/2 60

M33.) [Z] Kp(p+1)/2 30 QLDA

Table 8: Some constrained covariance models, and the number of functionally inde-
pendent covariance parameters for m locations, K groups, and p continuous variables.
The third column gives the number of covariance parameters for m = 4, K = 2 and
p=5.
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assumption of equality of covariance matrices seems questionable. In the worst
case — if the covariance matrices are equal — proportional discrimination may
perform slightly worse than linear discrimination. When covariance matrices
are unequal, proportional discrimination often outperforms both linear discrim-
ination and more theoretically correct quadratic discrimination methods with

moderate sample sizes.
o (common principal components) [p;T'A;TV].

o (general heterogeneous covariance) [X;]. This results in the quadratic location

discriminant analysis (Q-LDA) considered by Krzanowski (1994).

These models can be extended to allow the geometric features to vary between loca-

tions.

o (proportional covariance) [p;;I' AT'] and [p;sA]. These models allow for a group

by location interaction in the volume of the covariance matrix.

o (common principal components-like) [p;I'A;I"]. Cluster volumes differ between

groups, and cluster shapes differ between locations.

Other models from the three families are possible, but they will generally
include more parameters than those models listed in Table 8. If sample sizes are
large, then we should try to ﬁrid the model that best fits the data (because this will
generally lead to better discrimination). But if samples are small or moderate, a

premium should be placed on parsimonious models.

More Parsimonious Covariance Models for L.ocation

When the number of locations is large (this is common in practice — 5

binary variables define 32 locations), models which allow geometric features to vary
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between locations can contain an exhorbitant number of parameters. In this section
we consider models which allow a more parsimonious representation. Two approaches

will be considered.

1. (Reduced Models) Loglinear restrictions can be imposed on the geometric pa-

rameters.

2. (Latent Class Models) The locations can be clustered using latent class models,

with the geometric features homogeneous within latent classes.

Reduced Models

The first approach is an extension of the reduced location model, where
location probabilities and conditional means are modeled as functions of location
covariates. We also can place loglinear restrictions on the geometric parameters.
These models result in smoothed estimates for the geometric parameters, in much
the same way that loglinear models produce smooth estimates of the probability
parameters. We will consider loglinear restrictions for the volume parameter, p;;, and
the shape parameter, A;;.

If u,, is a known 7 x 1 location covariate vector containing an intercept term,
main effects and possibly some interaction terms of the categorical variables at loca-

tion s, then a reduced model for p;, is

p‘is = exp(a;up’s)
or
log pis = aUy,s, (3.4)

where a; (1 = 1,..., K) are unknown regression coeflicients. The exponential param-

eterization ensures that the volume parameter p;, is positive.

) Ll
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A restricted model for the diagonal matrix A;; is
A = diag{exp(bgju,\,s)}g-’:l, (3.5)

where b;; (¢ = 1,...,K;j = 1,...,p) are unknown regression coefficients. The ex-
ponential parameterization ensures that the diagonal elements of A;, are positive
(which is required because the covariance matrix X is positive definite). To satisfy
the constraint [A;,| = 1, the parameters b;; (i = 1,...,K;j = 1,...,p) must satisfy
the constraint

P
dYbjun,=0 (i=1,...,K;s=1,...,m).
i=1

This constraint is not required in the éommon principal components model [p;sI'A;; I
if we define, for computational convenience, A;; = p;sA;s, and impose the loglinear
restriction on A,,:
A;, = diag{exp(bj;u,,)}i-;

The perforﬁance of the loglinear restricted CPC model will be studied in Section 4.

These reduced models can lead to significant parameter savings. Consider, for
example, the proportional covariance model [p;;AL']. For K = 3 groups, ¢ = 5
binary variables (hence m = 32 locations), and p = 5 continuous variables, the model
requires estimation of 110 covariance parameters. The first-order reduced model
(3.5) requires estimation of only 32 covariance parameters. The second-order reduced

model (3.5) requires estimation of 62 covariance parameters.

Latent Class Models

When there are many locations, it may be prudent to reduce their number.
Latent class analysis (LCA) is one way to do this. An extensive review of LCA,
including an exhaustive bibliography and a review of software can be found at John

Ubersax’ home page (http:// rhembers.xoom.com/XOOM/ jubersax).
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Latent class analysis is a statistical method for analyzing multivariate cate-
gorical data. It has been widely used in psychiatry, sociology, and medical diagnosis
applications. LCA was motivated by the desire to find subtypes of related cases (i.e.,
latent classes) in a set of observations. For example, if the observations are vectors of
binary variables, where all variables are considered to be indicators of some disease,
a latent class analysis might partition the observations into two classes: diseased and
undiseased. Thus, LCA can be considered a method for clustering categorical data.
The clustering is performed using finite mixture models (Titterington, Smith and
Makov, 1985). In the location model, we can use LCA to reduce many locations to a
few new locations, defined by the latent classes.

In LCA, latent classes are defined by the criterion of conditional independence.
The observed variables are taken to be independent within latent classes. Conditional
independence models have fared well in comparative studies of discriminant analysis
methods for categorical data. In naive Bayes discriminant analysis, variables are
taken to be statistically independent within each group. Chang (1980) found naive
Bayes discriminant analysis to perform as well as or better than several other methods
for classifying multivariate binary observations. An advantage of this approach is its
simplicity, and the relatively small number of parameters that need to be estimated.
Naive Bayes is still the preferred method for supervised classification of textual data
(Dumais, et. al., 1998).

In some applications, the assumptions of naive Bayes may be so unrealistic
that the model doesn’t perform well. In a comparative study of methods for clas-
sifying head injury patients based on categorical observations, Titterington, et. al.
(1981) found that classification by naive Bayes could be improved if groups were
partitioned into subclasses (latent classes) so that the variables are statistically inde-

pendent within each subclass. This LCA approach performed better than all other
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methods for this particular dataset. Latent class discriminant analysis has not been
pursued much in the literature. Dillon and Mulani (1989) developed latent class dis-
criminant analysis models for market research applications, where the primary goal
is to understand the relationships between the subtypes of consumers (latent classes)
and the products they bought (groups). Their model allowed for both categorical and
continuous variables and all variables were taken to be mutually independent within
a latent class. In the following, we will exploit latent class models in several differ-
ent ways. In some special cases the resulting discriminant analysis method will be
equivalent to that of Dillon and Mulani (1989), but in general they will be different.

Before describing the discrimination methods, we ﬁrst. describe multiple group
latent class analysis. For simplicity of notation, we take all categorical variables to
be binary. The generalization to polytomous variables is straightforward. For binary
variables y; = (i1, *, ¥ig)’ from group G;, a latent class model with T latent classes,

Ci,...,Cr, is given by
T q .s
fily) = Z Mit H '”;'l;] (1 — )t (3.6)
=1 =1

where n;; = Pr(Cy|G;), ©L; it = 1, and 7;z = Pr(Y; = 1|Ct). The number of latent
classes T is generally much smaller than g. In this model, the conditional response
probabilities, defined by 7;;, are the same for all groups, but the class sizes, defined by
7it, are different between groups. Other options are possible for this multiple group
latent class model (see Clogg, 1993, for details). In our model, the T latent classes
are common to all groups. Note that model (3.6) is a finite mixture model, where the
variables in each mixture component are independent.

There are several ways that LCA can be incorporated into the mixed-mode

discrimination problem. We will consider four of them here.

1. Substantive LCA. In some LCA applications, the latent classes have real, phys-
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ical meaning. For example, in medical diagnostics, often there is no gold stan-
dard for patient diagnosis. The patient must be diagnosed based on imperfect
indicators of disease. LCA is a natural model for diagnosis when the disease
indicators are independent within a diagnostic group. The latent classes are lit-
erally interpreted as diseased or undiseased groups. In addition to classification,
the latent class model provides estimates of diagnostic accuracy (e.g., sensitiv-
ity, specificity, positive predictive value). If, in the mixed-mode discrimination
problem, the categorical variables are indeed imperfect indicators of diagnostic
status (and the groups Gi,...,Gk are not diagnostic groups but correspond
to some other classification), then LCA is a natural model for the categorical
data. In this case, the number of latent classes might be known in advance.
The latent classes might be considered new locations. The continuous variables
— not necessarily indicators of disease status — may or may not be indepen-
dent of the categorical variables conditional on disease status (i.e., latent class

membership). We shall keep that option open.

Within G;, the model is

T g
9i(¥,x) =D mie [T w7 (1 — mje) ¥ B(X| g0 D) (3.7)
t=1 i=1

The conditional distribution of the continuous variables is allowed, in general, to
depend on group, location, and latent class. In most applications it is probably
unnecessary to condition the continuous variables on both latent class and lo-
cation, since latent classes and locations contain much of the same information.
If we take p;,; = p;y, and ;4 = 3, then we are assuming that x and y are
conditionally independent, given latent class membership. If we take p;,, = .,
and X;;; = 3;,, then the conditional density h can be pulled outside of the sum-

mation and estimated indepéndently of the categorical data. In this case, the
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latent class model can be considered an alternative to the loglinear model for

the categorical data. This is considered next.

. LCA as an alternative to loglinear model. In the reduced location models log-

linear restrictions are placed on the location probabilitiés
logpis = egup,sv

primarily to reduce the number of parameters that need to be estimated. In
some cases — for example, if the categorical variables are all indicators of disease
status — it might be more reasonable to model the location probabilities with
latent class models. When the latent classes are common to all groups, this
LCA approach can result in significant reduction of parameters. Consider, for
example, the case of ¢ = 5 binary variables, all indicators of a particular disease,
so that there are T' = 2 latent classes. For K = 2 groups, the first order
loglinear model requires estimation of 10 pardmeters, the second order loglinear
model requires estimation of 20 parameters, and the latent class model requires
estimation of 11 parameters. For K = 4 groups, the first order loglinear model
requires estimation of 20 parameters, the second order loglinear model requires
estimation of 40 parameters, and the latent class model requires estimation of

juét 13 parameters.

. LCA as a tool for dimension reduction. LCA is sometimes used as a method
for data reduction — that is, for reducing a large number of categorical variables
to a more manageable number. Using this approach, we perform mixed-mode
discriminant analysis in two steps. In the first step, multiple group LCA is per-
formed on the categorical variables, and the observation y;, from G; is allocated

to the latent class for which it has greatest posterior probability,
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it Hj_l yjh (1 - th) 1-yn
zl_1 il Hj_l (1 — ’]]'jl)l_yjh :

Note that locations may be allocated to latent classes differently across groups

PT(Cttha Gz)

because latent class probabilities are different between 'groups. In the second
step, we apply the discriminant analysis procedures previously described, using
latent class assignments as new “locations”. In this approach, LCA is used as

a pre-processing step prior to mixed-mode discriminant analysis.

. LCA and LPA for nonpara.fnetric density estimation. Mixture models have
been used as nonparametric density estimators. In a discriminant analysis ap-
plication with continuoﬁs data, Hastie, Tibshirani, and Buja (1997) modeled
group-conditional densities with multivariate normal finite mixture models. The
rationale of the method is that in many cases, a single prototype (i.e., mean

value) is not sufficient to describe the data within a group.

We can take a related approach for mixed-mode data. We model the group-
conditional density of the mixed-mode data with a finite mixture model. We
take variables within each mixture component to be statistically independent.
This results in a latent class model for the categorical data and a latent profile
model for the coﬁtinuous data. In general, our model is a latent structure model.
The conditional independence assumption may seem severe, but we assume that
any statistical dependence between the variables can still be captured at the cost
of a potential large number of components. The number of components will be

chosen by cross-validation. Within group G; the density is

fily,x) = Z’ht [H 7 (1 —my) _y’] IJHl(27r o) M exp ( 2;,,,: (z1— uzit)2>] :

When 0}, = 0%, this model reduces to the model of Dillon and Mulani (1989).
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Estimation

This section is divided into three parts. In the first part, maximum likeli-
hood estimates for covariance parameters in the full conditional Gaussian model are
derived. In the second part, parameter estimation is described for reduced condi-
tional Gaussian models. In the third part, estimation details are given for latent class

location models.

Full Models

In the full model, maximum likelihood estimates for the location probabilities
and conditional mean parameters are given by (3.3). Maximum likelihood estimates
for the covariance parameters are obtained — independently of the probability and
conditional mean parameter estimates — by minimizing the objective function

K m K m

F =% nilog|Di| + 3 (T, ' Wy).

i=1 s=1 i=1s=1

In terms of the geometric features p;s, I';s, and A;s, the objective function is
F=p Z Z s log pis + Z Z —tr(l"wA'lI" is)s
i=1 s= =1 s=1
where
Nis

Wis = Z(xish - ﬂis)(xiSh - ﬁ‘is)l
h=1

is the within location/group scatter matrix. Similarly, define the location, group, and

overall scatter matrices as

K
W, = Zwim
=1
W, = E Wi37
s=1
and
K m
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We first outline a general iterative procedure for estimating the geometric
parameters p;,, I';s and A, in the SVD family. The procedure reduces to closed form
solutions in special cases. In other cases the procedure can be simplified. Appendix-

B describes estimation details for some common models.
o For fixed T';; and A,

. 1 _
Pis = Etr(l‘isAisll‘;sWis).
If pis = pi, then
Ds :p—n- Ztr(I‘isAi_s T W,,).
1 g=1

If pis = ps, then

1 K
> (T Ay T Wis).

Pe = N.s i=1
If pis = p, then
1 K m
ﬁ = — Z Z tr(I‘zsA;lI';sW,s)
pN i=1 s=1

o For fixed p;; and I';;, the mle of A;; minimizes the function
1 —1qv 1 —1yv
f(Ais) = p—.tl‘(risAis I‘ist’s) = p__tr(Ais I‘isWisI‘is).
8 18

By Corollary 1 of Appendix A,

L dlag(I‘;szI‘,s)
v ldiag(résWisFis)l'

If Ais = Ai, then
-1 — 1 !
f(AZ) = tr(Ai Z ’p__riswisris)7
s=1 s
and by Corollary 1 of Appendix A,

m 17 W..T
~ =1 Dis ris ZSPZS
A;

T Em R WL,

s=1 pis
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Similarly, if A;; = A, then

A _ ilil p%srgswisris
Y-S5 YA oD
If A;s = A, then :
K m 1
f(A) =tr(AT? Z Z —T W, L),
i=1 s=1 Pis

and by Corollary 1 of Appendix A,
iIil :’9n=1 p%réswisris

| Efil Em LI‘QSW“I‘“P/P-

s=1 Pis

A=

For fixed p;; and A, the mle of I';; minimizes the function
f(I‘,-s) = tI‘(I‘isAi—SlI‘;sWis) = tr(L;-sI‘isA{sll‘;sLisﬂis),

where W;; = L;,Q;,L, is the eigenvalue decomposition of W;,. It follows from
Theorem 3 of Appendix A that I, = L;,, which doesn’t depend on A;; or p;;.
IfI';; =T, then
ST = 3 r(TAL W ),
§=

and I'; can be obtained using Theorem 4, which is described in Appendix A.

Similarly, if T';; = I's, then
K
f(rs) = Ztr(PsAi_slrfsWis/pis)a
=1

and I'; can be obtained using Theorem 4. If T';; = T, then
K m
f(r) = Z tr(FAi_slrl is/p'is),
1

i=1 s=

and I' can be obtained using Theorem 4.
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Reduced Models

In this section we consider the estimation of models with restrictions on one
or more of the parameters p;s, p;, or X;;. The estimation details presented in this
section are valid for any choice of location covariates u, s, u, s, U, and u,,.

The log-likelihood function is

K m ng

1 1
L= Z Z Z [eéup,s 3 log |35 — Ecxish — Biu, ) (%ien — Biugs)
i=1 s=1 h=1

where 3;; also may be modeled as a function of location covariates. The log-likelihood
is maximized subject to the constraint on the probability parameters, > 72 pis =
™ exp(0iu,) = 1 Vi. |

The location probability regression coefficients @; can be estimated indepen-
dently of the other parameters using Newton-Raphson methods (McCullagh and
Nelder, 1989, Chapter 6).

The conditional meaﬁ and covariance parameters can be estimated using the
following iterative procedure, which successively estimates B; conditional on X;,, and
then estimates X;, conditional on B;. The procedure yields closed-fofm solutions in
special cases.

(Updating B; given X;;) Conditional on E‘is, the maximum likelihood estimate

of B; is the solution of the equation
m m
-1 [ -1 !
Z Eis xis.uﬂ,s = ZnisZis Biuﬂ,suu’s.
s=1 s=1

Applying the vec operator to both sides of the equation, it follows that

m

-1 m
® ! -1 -1 !
vecB; = lz (nisuu,sums ® X, )} vec <§ bIP) xis.u#’s>

s=1 s=1

where
Nis

Xis. = Z Xish-
h=1

This expression can be simplified for special cases.
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o If the covariance matrix does not differ between locations (i.e., if ;; = 3; or
3 = X), or if u, , is saturated, then the unconditional maximum likelihood
estimate of B, is

. m m —1
— ! i !
B; = (E xw.uﬂ,s) (E nzsuy,su#,3> .
s=1

s=1

o In the proportional covariance model [A;;s DAD’] = [\;,C],

AN = 1 -
Bi = (Z )\—isxis.u;‘,s) (Z X;nisu”,su;t,s) *

s=1 s=1

(Updating X;; given B;) The general approach outlined earlier applies to the
conditional estimation of 3;,, where the scatter matrices W;, are computed using
current estimates of B;. Modifications are needed for geometric features with loglin-
ear restrictions. This will be illustrated for two common models — the proportional

covariance model and the common principal components model.

o In the proportional covariance model [p;sC], where log p;s = aus s, the objective

function is

K m K m
F=p> Y ni(ajus,) + > > exp(—ajug,)tr(C™"W,,).

=1 s=1 i=1 s=1
Maximum likelihood estimates of a; (for fixed C) can be obtained using the

Newton-Raphson procedure

aNew sold _ H;lg;,

with
m

8 = Z [pnis - exp(_a;ums)tr(c—lwis)] Wy s,

§=1 -~

and

m
H; = Z eXP(—a;up,s)tr(c—lwis)up,su;,s'

s=1
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o In the common principal components model [I'A;I''], where A, is the diagonal
matrix with j* diagonal entry exp(bj;u,), the objective function to minimize
is

K m p
F= Z Z This Z bl +Y Y > exp(—bj;u,,)cis;,

i=1 s=1 i=1s=1j=1
where c;;; is the gth dlagonal entry of the matrix I"W;,I'. Estimates of b;; (for

fixed ') can be obtained using the Newton-Raphson procedure

b*;]ﬂeW — bOld —H1

ij Sij»
where
m
— li
8ij = Z [nis - eXP(_bijup,s)cisj] U,,s
s=1
and
m
— ! 7
H;; = — ) exp(—bjjus,)cisjlis, s -
s=1

Latent Class Location Models

The two basic approaches to latent class location models shall be referred to
as the two-step approach and the simultaneous approach. In the two-step approach,
latent classes (the new locations) are assigned to observations following latent class
analysis of the categorical data, and then locations models applied. The simultaneous
approach is given by (3.23).

In the two-step latent class reduction approach, parameters in the multiple

group latent class model (3.6) must be estimated so that response patterns (locationsj

" can be assigned to latent classes (the “new” locations). Maximum likelihood estimates
can be obtained using the EM algorithm.

The complete data log-likelihood is

K n;

L.= Z Z Z zin{log mie + Z Yjin 108 Wyt + (1 — yjin) log(1 — ;1) }

i=1 h=1t=1
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where z: = 1 if yi € C;. In the E-step, we compute Q@ = EY(L.), where the
expectation is taken with respect to the conditional distribution of the unobserved
data {2y} given the observed data and current parameter estimates ¥. Because L,
is linear in the unobserved data, the expectation is easily obtained by replacing each

Zint With Zipe = 1(yin; ¥), where

Yii s
it [T w38 (1 — mje) Y55

T 5 —
Yoy Mt [y 7 (1 — 7o) v

is the posterior probability that y;, belongs to C.

Tt(}’z’h§ ‘I') =

In the M-step, Q) is maximized subject to the constraints 3, n;; = 1 Vi. Using

the method of Lagrange multipliers, we maximize without constraint the expression

K T
Q=Q-> (Zm‘t - 1)
i=1 t=1
where the ; are Lagrange multipliers. @' is maximized by

. 1 &, )
nit:_zzz'th (t=1,...,K;t=1,...,T)
i =
and
XL SR Baenljin )
K n; ~ (J:].,...,q;t:l,...,T).
=1 Db Zith

The EM algorithm alternately performs the E-step and M-step until parameter esti-

7l'jt =

mates have converged. The procedure requires starting values. Starting values can be
obtained by randomly initializing posterior probabilities 2 on (0,1) and then stan-
dardizing the uniform variates to satisfy Zz;l Zin, = 1 Vi. Because the algorithm may
converge to local maxima, it should be rerun several times using different starting
values to increase the chance that global maxima are obtained.

Parameters in the simultaneous model with augmented location covariate vec-
tors also can be estimated using the EM algorithm. In this case the complete data

log-likelihood is

3

i3

T
> Zisht{10g Pist + 108 P(Kish; Mists iist) }
1t=1

L=

K
1=1s=1

>
Il
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where z;;p: = 1 if X455 € Ch.
As before, in the E-step we replace z;sp; with 2 = Pr‘i’(CtIxish, wg). In the
M-step, Q is maximized subject to the constramts Y ST pist = 1 Vi,
The probability coefficients 8;(: = 1,...,K) can be updated using Newton-
Raphson methods. Let 7;5; = X732 Zisne- Then

A ~old
o) =8, —Hg;
where
m T
g = [fits — Nexp(Ojuy o)t
s=1t=1
and

m T
- Z Z N exp(6;uy,st)up 51, st

s=1i=1

The conditional mean coefficients B; can be estimated as in the previous sec-
tion, with slight modification. Let X;s. = 3% ZisntXish and Aliss = Yopis; Zighe. Then
m T -1
> ~ ! -1
oo Bi= (53 (a8 55)) veo |33 Bidtian
s=1t=1 =1t=1
The coefficients for the covariance matrix can be updated as in the previous

section, with slight modification.

o In the proportional covariance model [p;:C], where log p;; = ajus;, the M-step

objective function is

K m T
F=p Z Z Airlog pir + 3 DY exp(—ajus o) tr(CT Wy)
=1 s=11t=1

i=1t= s=1
where
m TNig
A !
Wise = Z Z Tist (Kish — Pist) (Kish — Hist) -
s=1 h=1

The Newton-Raphson procedure is

é-z a~LO].Cl H——l
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where

T
g = [Pl — exp(—ajus ) tr(C™"W,)]ug 4
=1

and

T
H; =) exp(—agug,t)tr(C—1Wz~t)]u>3,tu§3"t

=1
o In the common pl_‘incipal components model [I'R;I"], where R;; is the diagonal
matrix with j** diagonal entry exp(bj;us,), the M-step objective function is
T P K T p
F= Z Z Mgt Z b;juﬁ,t + Z Z Z exp(_b;jux,t)citj
i=11t=1 j=1 1=1 t=1 j=1
where c;;; is the j%* diagonal entry of the matrix DW;;D’. The Newton-Raphson

procedure is

anjew _ f)?jld _ H;jlgij

where
T
8ij = Y_[Ni — exp(—bj;us)cirj]us;
t=1
and
T
Hij = — z exp(—b;jug,t)citjug,tug’t.
=1
Examples

In this section we illustrate the potential value of some of the models. To do
so, we compare the methods in three small simulation studies. Because of the large
number of possible models, only a small subset of models were evaluated. Included
are the full and reduced versions of [pT'ATY], [X;], [pisTAL"], [0 AT'], and the

simultaneous and two-step versions of the latent class location model.
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Simulation 3

In this simulation, observations of five binary variables and two continuous
variables were generated from each of two groups conforming to a latent class location
model. We take the variables to be independent of group membership conditional
on latent class membership; the latent classes, however, are distributed differently
between the groups. We take Pr(Ci|G1) = .3, Pr(Ci|Gs) = .7, Pr(C,|Gy) = .7, and
Pr(Cs|G2) = .3. The response probabilities of the binary variables, conditional on
latent class, are, in latent class 1, w1 = .1,m91 = .2, w31 = .3, 741 = .4, and 75 = .6.
In latent class 2 the conditional response probabilities are 715 = 9,79 = .8, 739 = .7,
742 = .6, and w52 = .5. The conditional means of the continuous variables are (15, 20)

in class 1 and (20, 15) in class 2. The conditional covariances are
4 2
==(31)

{12 6
22_(6 12)

For each of 100 replications, n; observations from group 7 were used to construct

and

a classifier (n; was varied from 50 to 1000). The classifiers were assessed by applying
them on 100 independently generated observations (test set). Average error rates
over the 100 replications are given in table 9. As should be expected, the latent class
location model performed best, because the data were generated from that model.
At n; = 50, the LCLM had an average error rate of 29%. The 2-step LCLM had
an average error rate of 32%. The next best method had an error rate of 36%.
This example demonstrates that the latent class location model can be useful for
certain data sets, especially if interpretation of latent classes is important. Similar

results were obtained in simulations with better separated groups, as demonstrated
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Model n; =50 n; =250 n;=1000
full [pTATY] 42 .36 32
reduced [pI' AT"] .36 32 .32

[ full [24] 43 36 32
reduced [X;] .36 32 .32
full [p;; TAL"] 42 35 31
reduced [p;;TATY] .36 .32 .31
simultaneous LCLM | .29 .29 .29
2-step LCLM 32 31 .29

Table 9: Average percent misclassifications for Simulation Experiment 3. Data were
generated from the latent class location model (LCLM).

full [pTAT"] 23 15 13
reduced [pL'ATY] 14 12 12
full [%;] .23 15 12
reduced [%;] 15 13 12
full [p;;TATY] 23 13 12
reduced [p;;TAT'] | .15 32 31
simultaneous LCLM | .11 A1 11
2-step LCLM 13 12 12

Table 10: Average percent misclassifications for Simulation Experiment 4. Data were
generated from the latent class location model (LCLM).

in Simulation 4.

Simulation 4

Conditions for Simulation 4 were identical to those for Simulation 3, except
the conditional latent class distributions are given by Pr(Ci|G:) = .1, Pr(Ci|G,) =
.9, Pr(Cs|G1) = .9 and Pr(C,|G2) = .1, which leads to better separated groups.
Average misclassification rates are given in Table 10. Again the latent class models
perform best. There is not much difference between the different covariance models,
probably because there were only two continuous variables in these examples. Using

reduced models can improve classification performance for small datasets.




61

Simulation 5

In the next simulation, a different type of data structure was examined.
One hundred observations of two binary and five continuous variables were generated
from each of two groups, as follows. First, observations were generated from two
multivariate normal populations with means (0,1, 4,4,4,4,4) and (1,0,86,6, 6,6, 6),

and covariance matrices

(211 1111)
1211111
1111111

»s=l1112111],
1111311
1111141
\1111115)

and

(2 1111 1 1
12111 1 1 s
11333213 3 !

S=|11363 3 3 »
11339 3 3
1133312 3 |
\1 133331

5 )

As expected, the proportional covariance model (both fuil and reduced forms)
perfbrmed best. Its average error rate over 100 replications was 19%. The average
error rate for the location model was 28%. The quadratic location model had an
error rate of 24%, and the CPC model had an average error rate of 23%. The full

and reduced models had nearly identical performance, probably because there were

only two binary variables.

Discussion

In previous research, the location model has been shown to be a powerful ap-

proach to classification with mixed-mode data. Sometimes, however, improvements
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can be made if the homogeneous covariance assumption is relaxed. This chapter
described approaches to relaxing the homogeneous covariance assumption while esti-
mating as few parameters as possible. In addition, latent class location models were

considered as alternatives to the usual latent class formulation.
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CHAPTER 4

Mixture Model Clustering of Correlated
High-Dimensional Count Data

Routine collection of high-dimensional data has been facilitated by improve-
ments in analytical instrumentation. For example, automated mass spectrometers
now allow analytical chemists to rapidly collect mass spectra with hundreds of vari-
ables. Such instrumentation has spurred the development of methods for analyzing
high-dimensional data.

Often, the analysis is concerned with partitioning the data into natural group-
ings. A parametric approach to this pattern recognition problem requires that distri-
butional assumptions be made about observations within each group. Suppose that
an observation x has arisen from exactly one of g distinct groups, denoted G1,...,Gy,
where the density of an observation from G; is g;(x; ¥;). The parameter vector ¥; is
generally unknown. If nothing is known a priori about group structure, then inference
about ¥; must be made indirectly by reference to the density of a randomly selected
observation, which is given by the mixture model

g
fx) = ; 7i9i(x; ¥y),
where the 7; are mixing parameters which give the relative size of G; (0 < #; <
LYiim=1).
Let x5, denote the h** observation. The posterior probability that x; belongs

to G; is
7:9:(Xn; ¥5)

5(Xh; ©) = Pr(Gs|x, &) = ’
73 (Xh; ¥) (Gilxn, ®) i1 mgi(Xn; ©1)
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where ¥ = (n,...,7,..., ¥1,...,%,) contains all unknown parameters.

If misclasification costs are equal, the optimal classification rule assigns x; to
the group for which the posterior probability is greatest. That is, the classification
rule is

assign x5, to G if Pgl?g}gn(xh; ¥) = 7;(xp; P). (4.1)
In practice, the parameters 7; and ¥; (i = 1,...,g) can be estimated from the
sample Xy, ...,X, which is to be clustered, and the estimates substituted in (4.1) for
classification.

For continuous data, often it is reasonable to assume multivariate normal group
conditional densities. When the data are high-dimensional, restrictions on the covari-
ance matrices often are necessary to obtain efficient parameter estimates. A common
approach is to take the variables to be independent within groups (i.e., restrict the
covariance matrices to be diagonal). |

In many applications the data are counts. If the counts are not too small,
then it may be possible to transform the variables so that they are approximately
normally distributed, and then use Gaussian mixture models or other continuous

variable methods. For example, the Anscombe transform of a random variable X is

¥ = #(X) = 2,/X+%.

If X ~ Poisson(]), and A is large, then Y is approximately normally distributed with

given by

variance 1 (Starck, Murtagh, and Bijaoui, 1998, p. 49). When A is small the trans-
formed variables are not approximately normal, and the group conditional densities
should be based on count distributions (e.g., Poisson, negative binomial). Multi-
variate count distributions are complicated. Fortunately, in many applications in the
physical sciences — for example, secondary ion mass spectrometry (SIMS) —theoretical

and empirical evidence suggests that the variables (i.e., counts) are independent and
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Poisson distributed under “ideal conditions.” Thus, the independence model, also
called the latent profile model in the latent variable models literature, is a good
starting point for analyzing sparse count data.

In real data sets, however, the independence assumption often is not plausible,
because data are collected subject to measurement error. For example, if the sensitiv-
ity of the count detector varies from run to run, then the multivariate counts will tend
to vary together, depending on the sensitivity of the count detector. The sensitivity
of the count detector can be thought of as an unobservable, or latent, variable, which
induces a correlation between the variables. This variation in the data generation or
data recording mechanism ié known as instrumental interference.

The idea of a latent variable inducing correlations between observable variables
is applicable to other fields as well. For example, in medical applications, a latent
variable representing severity of illness may induce correlations in variables describing
symptoms of patients from the same diagnostic class. In the absence of a gold stan-
dard for patient diagnosis, latent class models have been used to classify patients into
diagnostic groups. Within a latent class (or diagnostic group), variables describing
symptoms are assumed to be independent. But symptom variables for patients in
the same diagnostic group often are correlated (thus violating the latent class model
assumptions), and frequently this correlation can be “explained” by a unidimensional
latent variable (which might be interpreted as “severity of illness”). To classify pa-
tients into one of two groups — diseased or not diseased — for some particular disease,
Ubersax (1993, 1999) modified the two-class latent class model by introducing a con-
tinuous latent variable z, nominally interpreted as “severity of disease,” so that the
symptom indicators are assumed independent conditional on both the latent class
and the continuous latent variable. The continuous latent variable is not distributed

the same in both groups — the mean of the latent variable in the diseased group
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will be larger because patients in the diseased group are assumed to be more severely
ill than those in the undiseased group. The modified latent class model, known as
the located latent class model, is a special case of the underlying variable mixture
model proposed by Everitt (Everitt, 1988; Everitt and Merette, 1990; Ubersax, 1999).
Ubersax (1993) showed that patients can be more accurately classified by using the
located latent class model than by using the conventional two-class latent class model.

In this chapter we take a related approach for clustering low count data. We
modify the Poisson latent profile model to adjust for violations of the independence
assumption by introducing a latent variable to “explain” the within-class correlations.
We motivate the model with a SIMS application, which is described in the next sec-
tion. For the models described in this chapter, unlike the located latent class models,
it is assumed that the latent variable has the same distribution in all groups. Then
the resulting latent variable mixture models are described, and estimation details
given. The chapter concludes with simulated examples, and suggestions for future

research.

An Example from Secondary Ion Mass Spectrometry

Secondary ion mass spectrometry (SIMS) has found widespread use in the
physical and biological sciences. It is a particularly powerful technique for chemical
analysis of surfaces and for identifying chemical constituents in unknown samples.
Many recent advances in SIMS have been driven by demands of the semiconductor
industry. In the 1996 Olympic Games, SIMS was used to detect anabolic steroids
and other illegal substances in the urine of olympic athletes. SIMS is so widely
used because it provides detailed molecular information about surfaces and unknown

samples. In principle, it provides unambiguous identification of unknown chemical
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species. The goal is to provide a “fingerprint” profile of unknown species. For species
identification, the profile might be matched against a library of “fingerprint” profiles
for known species. Other techniques, by comparison, don’t provide as much detail
at the molecular level, and usually don’t lead to unambiguous identification. Next
we describe, briefly, the fundamentals of SIMS, giving just enough detail to explain
how sparse count data might be obtained. Benninghoven (1994) and Benninghoven,
Hagenhoff and Niehuis (1993) provide excellent reviews of SIMS capabilities and
applications.

SIMS is a destructive technique, though the destruction is usually slight —
typically only the top monolayer (i.e., the top layel; of molecules) is destroyed. A
sample is processed as follows. The sample is mounted under an ion gun, which
bombards the sample with pulses of ions, called primary ions. This bombardment
creates a “collision cascade,” in which the molecules in the sample are decomposed
into neutral particles, positively charged ions, and negatively charged ions. The vast
majority of the particles are neutral: typically only 1076 —10~2 of them are emitted as
ions. The emitted ions are called secondary ions. The neutral particles sputter away,
but the secondary ions are counted, using an ion detector designed to attract either
the positively charged ions or the negatively charged ions. Further, the secondary
ions are separated according to their atomic mass. The result of the analysis is a
vector of secondary ion counts, one count for each atomic mass unit (or amu). The
vector of counts — often graphically displayed as a spectrum of peaks — provides
a “fingerprint” profile of the unknown sample. The dimension 6f the secondary ion
count vector depends on the complexity of the sample. For example, for a sample of
pure water (H,0), positive ion counts will be observed only at 1 amu (H*), 16 amu
(O%), 17 amu (OH*) and 18 amu (H,O%). For more complex samples, a larger vector

is required to capture the “fingerprint” of the sample.
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In surface science applications, the analyst usually is interested only in the
uppermost monolayer of a surface. This limits the number of surface molecules that
can be analyzed if the surface area of the sample is small (for example, in SIMS
imaging applications — where a separate spectrum is collected for each pixel — the
surface area is frequently less than one square micron if high lateral resolution is
required). The small number of molecules available for analysis, combined with the
relative scarcity of secondary ions emitted per molecule, may lead to “fingerprint”
profiles with very low counts (Schweiters, et. al., 1991). When the counts are small,
it often is not possible to transform the variables to approximate normality (using,
for example, the Anscombe transformation). Discrete distributions should be used
instead.

Adriaens and Adams (1991) found that in repeat. applications of SIMS to the
same sample, ion counts are approximately Poisson distributed and independent.
Thus, the Poisson latent profile model is a reasonable starting point for clustering a
set of SIMS spectra. Let x5 = (%14, ..., %)’ denote the collection of ion counts (i.e.,
the mass spectrum) for the h*" observation. In G;, we take z;;, ~ Poisson()\;;). For g

groups, the Poisson latent profile model is given by

\E
f(xn) = Zm H %. (4.2)
The Poisson parameters A; = (Ai1,...,Aip) represent the pure spectrum for the gth
chemical class. For a sample of n independent observations, x,...,X,, the unknown
model parameters {n;} and {);;} can be estimated by the method of maximum like-
lihood using the EM algorithm (McLachlan and Krishnan, 1997; Willse and Tyler,
1998).
This model works well when there is no interference. In a SIMS imaging

application, however, Willse and Tyler (1998) found that topographic differences

over the area analyzed may induce a correlation among counts from the same pixel.




69
Typically, samples closer to the primary ion gun (i.e., samples at a “high topographic
level”) register larger counts than samples farther away from the primary beam gun
(i.e., samples at a “low topographic level”), because the primary ions strike the closer
samples with more velocity, emitting more secondary ions.

If topographic variation is not accounted for, chemical effects may be con-
founded with topographic effects, and the true chemical classes may be poorly sepa-
rated. We can account for the topographic variation by introducing a latent variable
z, which serves as a proxy for the unobserved “topographic level.” We assume that the
Poisson parameter \;; depends on the latent variable z through the log link (Moustaki
and Knott, 1997) |

log Aij = ay; + Bz. (4.3)

Because the latent variable is measured on an arbitrary scale with arbitrary location,
we take z|G; ~ N(0,1). Initially, we assume that z has the same log-additive effect
on all p variables — that is, that z is a random baseline. Thus, the coefficient on 2
does not depend on variable or group. Model (4.3) shall be referred to as the random
baseline model. In the next section we will consider more general models, which allow
the slope of the conditional response to vary between variables and/or groups.
Under model (4.3), we can remove, or annihilate, the effect of unobserved
topography by standardizing the data prior to clustering. Let M, = 21;:1 Xn be the

total count for observation h. Then, conditioning on M, yields
X4|Gs, 2, My, = my, ~ Multinomial(my, ;)

where 7; = (m;1, -, mp) is the vector of multinomial probabilities, which represent

the standardized pure spectrum for the i** chemical class, with

My explay+B2) _ explo)
Yoo Xihjexploa+Bz)  Xio expou)

7l'ij
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Note that the conditional distribution does not depend on z, so cluster analysis cor-
rected for random baseline can be accomplished by fitting a mixture of multinomial
distributions, which do not depend on the latent variable z. For example, if we take
Pr(G;| My, = my) = Pr(G;) = n;, then the mixture model would be
9 -

F(xp| My =my) = i;n T 5Eph JH T, (4.4)
This approach was successfully applied by Willse and Tyler (1998) to a SIMS image
with known chemical components (with modification for spatial correlation).

The multinomial approach successfully removes the topographic effect in the
raﬁdom baseline model (4.3), but information is lost in the approach. In many ap-
plications with no interference, different chemical components can be distinguished
based solely on their total SIMS ion counts. In that case the assumption Pr(G;|M; =
mp) = Pr(G;) is unrealistic. Information about total counts is lost, and the compo-
nents may be more difficult to distinguish. If z is distributed the same in all groups,
can better group separation be attained by using model (4.3) directly ? This question
is empirically investigated later in this chapter.

Sometimes the form of interference is more complicated than the random base-
line model. Although there may be just one source of interference, different variables

may respond differently to that interference. In the next section we extend model

(4.3) to handle this more general case.

Mixtures of Poisson Latent Variable Models

Suppose that the correlations between the Poisson variables in G; are induced
by a single latent variable z, so that, conditional on 2, the variables are independent.
The latent variable z is taken to be standard normal in all groups. Following the

development of generalized linear models (McCullagh and Nelder, 1989) and the
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general theory of latent variable models (Bartholomew, 1987), for the response on
the j** variable in the i group, the latent variable is related to the Poisson mean

parameter A;; through the (canonical) log link:

log Aij(2) = aij + Byjz. | (4.5)
Then, in G, :
00 P ovxp(— ii i (2)%
5x) = [ ol [] ZREMEPE" (46)
o) =1 3t

where ¢(z) is the standard normal density. The density in G; is a latent variable
model where the conditional responses of the manifest variables {z;} given the latent
variable z conform to the Poisson distribution, with mean parameter );; given by
(4.5). Moustaki and Knott (1997) review a more general class of latent variable
models for conditional responses conforming to the exponential family. They call their
class of models generalized latent trait models. These models are generalizations of
factor models for continuous observed data and of latent trait models for categorical
observed data.

Note that z is measured with arbitrary direction: in the SIMS example 2
could increase with increasing topographic level or with decreasing topographic level
— the substantive conclusion would be the same. If we replace z with —z, then
log Aij(2) = auj — Bijz. Thus, changing the sign of all the §;; yields a substantively
equivalent model.

The overall density for a randomly selected observation with unknown group

membership is

flx) = im /°° 4(2) 1_”[ exp(—)fij(z)))\ij(Z)zj iz, )

N
- j= x]'

which is a mixture of Poisson latent variable models. Finite mixtures of factor analysis

models have been developed for continuous (MVN) observable data (Yung, 1997).
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The located latent class model (Ubersax, 1993) is a special type of mixture model
for binary and ordinal observed variables. Finite mixtures of latent trait models have
not previously been developed.
Other models can be constructed by holding the slope parameter Bi; invariant
across variables and/or groups. We will consider the following models.
o [a;+ ;2] This is the unrestricted latent trait model, where the slope parameter

is free to vary across variables and groups.

o [og; + B;z] In this model the slope parameter of the conditional response is

invariant to group. .

o [0y + B;2] In this model the slope parameter of the conditional response is the
same for all variables within a group, but the parameter varies between groups.
This is a type of random baseline model, where all variables within a group are

affected equally by the interference.

o [aj; + Bz] Random baseline model. The conditional responses on all variables

in all groups are affected equally by the interference.
o [a;;] Latent profile model. The variables are independent within groups.

It is useful to recognize the hierarchical relationships between these classes of
mixture models. When models are nested for a fixed number of groups g, they can
be compared using likelihood ratio tests. Table 11 gives the degrees of freedom in the
likelihood ratio tests (where applicable) for comparison of these five models. If I
and L, are maximized log-likelihoods for models M; and M,, with M; C M,, then

the likelihood-ratio test statistic, given by
T = —2(L, — L)

is asymptotically distributed as x?(df) under the null hypothesis that M; is true.
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Model [O/,,]] [Odij + ,BZ] [a,-j -+ ﬂ,z] [Oéij -+ ,BJZ] [aij -+ ,BUZ]
[ou5] — 1 g p pg |
[cvij + 2] - g—1 p—1 pg—1

[eij + Biz] - NA p(g—1)
[cij + B;2] - glp—1)
[ai; + Bija] -

Table 11: Degrees of freedom in likelihood ratio test comparisons of some nested
models, with p response variables and g groups.

Because we take z|G; ~ N(0, 1) Vi, the slope parameter in the random baseline

model can be interpreted as a variance component parameter. That is,
B2|G; ~ N(0, %),

so the model [a;; + (2] could be written as [ay; + 2], where z|G; ~ N(0,38%). The
model [o;; + f;2] has a similar random effects interpretation. The latent profile model
[c;;] also has a random effects interpretation, where the variance of the latent variable
is taken to be 0.

In the previous section it was shown that in the random baseline model [y, +
Bz] the effect of the latent variable z can be annihilated by conditioning on sums of
the count vectors. This type of annihilation also is possible for the model [e;; + 5;2],

but not for the models [oy; + §;z] and [a;; + Bi;2].

Moments

The first and second moments of the observed variables can be obtained as

follows. Within group G;,
E(XJ|GZ) = E[E(XjIGhz)]
= E[A;(2)|Gi]
= Elexp(oy; + B:2)|Gi]

= exp(aij+ %-/2),
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E(X}|Gi) = E[B(X}|G;,2)]
= EDy(2) + 2i;(2)*|Gi]
= Efexp(as; + Bij2) + exp (2045 + 206;2) |G E(X;|G)
= exp(ay; + B5/2) + exp(2c; + 265)
= E(X;|Gi) + E(X;|G:)? exp(B2),
E(X;Xi|G;) = E[E(X;Xi|G;,2)]
= E[X\ij(2)Mir(2)|Gi)
= Elexp(ay; + Bi;2) exp(our, + Bixz)|Gi]
= explay; + o + (By + Bar)?/2)

= F(X;|G;)E(X|G;) exp(B;;fix)-

Then
Var(X;|G:) = E(X]|G:) — E(X;|Gy)®
= exp(ai; + B5;/2) + exp(20; + ;) [exp(65) — 1]
= B(X;|Gy) + E(X;|G:)*[exp(85;) — 1]
and

Cov(X;, Xi|Gi) = B(X;Xi|G:) — B(X;|Gi)E(X|Gi)

E(X;|G;) E(Xk|Gs)[exp(BiBix) — 1.

The Poisson latent variable model is a type of overdispersed Poisson model. The
dependencies between the variables are controlled by the §;;’s. The variables X; and
X}, are independent in G; if and only if 8;; = 0 or i = 0. Note that X; and X will be
negatively correlated in G; if §;; and By have different signs. In the random baseline
models, B;; and S, are forced to have the same sign by the restriction 3;; = i = 5;

(or B). In the unrestricted model {oy; + B;;2] we might wish to force the 3;;’s to have
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the same sign without forcing them to be equal. As previously discussed, changing
the signs of all the ;;’s yields a substantively equivalent model, so without loss of
generality we consider how to force the f;;’s to all be positive. A straightforward
approach is to reparameterize 3;; as B;; = exp(ai;), thus forcing it to be positive.
This model will not be pursued here, but a method for estimating the parameters
might be derived by paralleling the approach to estimating [cs; + 5;;2].

The unconditional moments are
9
E(X;) = Y. mE(X;|G:)
i=1
g
= > mexp(ay + 55/2),

i=1

Var(X;) = Y nlVar(XG) + (BX,|G:) — B(X;)Y]

i=1

Con(X;, Xe) = 3 mlCou(X;, XilG) + (BIX;1G:) ~ BX,)(E(XGG) ~ BX)L

Alternative Parameterization of Random Baseline Models

If the random baseline model [c;; + B2] is reparameterized by taking oj; =
exp(cy;) and 2* = exp(fz), then the Poisson parameter is a linear function of the
transformed latent variable z*: Ajj(2*) = of;2*, where 2*|G; ~ lognormal(0, 5%). A
similar interpretation can be given to the model [oy; + 5;2], W'ith z* = exp(f;z), but
not to the models [o;; + (;2] and [a;; + Bz], because in these models the distribution
of 2* depends on the variable indicator.

This parameterization doesn’t necessarily simplify the random baseline models,
because the integration over the latent variable in (4.6) is still analytically intractable.
But, because the choice of latent distribution is largely arbitrary, it motivates the

search for a positive valued latent distribution which simplifies the integration.
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If we choose a gamma prior distribution for the latent variable instead of a
lognormal distribution, then the integral over the latent variable can be analytically
evaluated. Suppose A;;(z) = a2, where, within G, z has a gamma distribution with

mean 1 and variance 1/6:

00

h{z|G;) = F—z"_1 exp(—02), z>0.
B

Then the density of the observed variables in G; is

at) = [ n(:16) 1] aitaslzdaz

=1

© 0 o1 o (0452)% exp(—aj2)
= /0 —f;z exp(—0z) I 2 dz

Jj=1

= H ”/ 7™ exp[— (9"‘2%

00 ].—‘g+m 4 O!a;"
_ 9 Tem o 48
1"0 (0 + ai-)0+m _71;11 IL']' ( )

where m = 2?:1 z; and ;. = E§=1 o;;. The integration in the last step can be
performed by recognizing that the integrand is the kernel of a gamma distribution.
The density (4.8) is a negative multinomial distribution, a multivariate generalization

of the negative binomial distribution, with moments given by

E(leG,-) = E[E(XﬂGi, Z)] = E(aijz|Gi) = Qyj,

Var(X;|Gi) = E[Var(X;|G;,2)] + Var[E(X;|G;, 2))

= FE(w;z|G;) + Var(os;2|G;)
91

a‘l.] + az] 07

1
E(X;X,|G;) = E[B(X;X4|Gi, 2)] = E(0ujin?|Gs) = vk (5 + 1) ’
and

COU(Xj,XkIGi) = E(XJXk|Gz)—E(XJ|G1)E(X,;|GZ)
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1
= 0404 (5 + 1) — Q45
1

= Qg

0

The parameter 1/6 plays the same role as exp(3?)—1 in the model [o;;+82]. Mixtures
of negative multinomial distributions will not be considered in this paper, though they
might be considered as an alternative to the random baseline models [ey; + 52] and

[cij + B;z]. We expect the two approaches to yield similar results.

Comparison with Normal Models

It is useful to review normal theory methods that have been developed ‘for
clustering data which have been distorted by interference. In fact, if the counts are
large, the data (perhaps following transformation) might be adequately modeled with
normal models.

Suppose that the observed variables X1, ..., X, are continuous, and normally
distributed within a group. Then, in G;, the one-dimensional (i.e., one latent variable)

random baseline model can be written as
x=oa;+1,82+e
z|G; ~ N(0,1)
e|G; ~ N(0,%;), ¥, diagonal, Cov(z,e|G;) = 0.

It follows that
X|GZ ~ N(az, ﬁ2Jp -+ ‘I’Z),

where J, = 1,,1;,. In this model, a common approach to annihilating the random
baseline effect is to center each observation, that is, to replace each observed x; with

Xy — 1,5, where T, = %2?:1 z;n (Ge and Simpson, 1998). Centering is analogous
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to conditioning on total counts in the Poisson model. The mean-centered variables

are normally distributed but not independent, so a finite mixture of independence

models may not be adequate for clustering.

An alternative approach is to fit a finite mixture of factor models conforming

to the (assumed) interference pattern. This approach allows for a more general class

of models than the mean-centering approach, which is somewhat successful in annihi-

lating the effect of the latent variable only when the slope parameter [ is the same for

all p variables. The factor analysis mixture model allows for a variety of assumptions

about the slope parameter, and is easily generalized to multiple latent variables. This

approach has many similarities with the Poisson latent variable mixture model. The

general factor analysis mixture model is given by

where, within G,

Q;

B;

z|G;

e|G;

Cov(z, e|G;)

is

is

is

is

f(x)= éﬂigi(x; ¥;)

x=a;+ B;z t+e,

a p X 1 vector of observed variables

a 7 x 1 vector of latent variables

a p X 1 vector of unknown intercept parameters
a p X r matrix of unknown factor loadings
N(v;, ®;)

N(0, ¥,), ¥; diagonal

0.

The within-group density of the observed variables is

(4.9)
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The mixture model (4.9) is not identifiable without imposing additional re-
strictions. Yung (1997) considered three types of restrictions which lead to three

classes of identifiable models.

1. In the first class of models, the “factor-to-variable transformation mechanism,”
defined by «; and B;, is taken to be the same for all groups. All group dif-
ferences are assumed to be generated by differences in the latent distribution.
These assumptions are commonly made in regular multiple-group factor analy-
sis. In the SIMS application it is reasonable to assume that the latent variable

is distributed the same for all groups, so this model is not pursued in this paper.

2. In the second class of models, the latent distributions and the factor loadings
B; are taken to be the same for all groups. Only «;, and possibly ¥;, vary
between groups. The Poisson analog of this model is the model [ay; + G;2]. If,
in the one latent dimension case we make the restriction B = 1,53, we obtain
a model similar to [ey; + B2z]. Annihilation by mean-centering (in the normal
model) or conditioning on total (in the Poisson model) is possible for [a;; + 82]

but not for [ey; + Biz].

3. In the third class of models, the latent distribution is the same in all groups, but
the factor-to-variable transformation mechanism is unrestricted. The groups
are characterized by their factor-to-variable transformation mechanisms. The

Poisson analog is [ov;; + (;;2].

Yung described an EM algorithm for estimating the parameters in these three
classes of models. He did not consider the random baseline restrictions ([o; + ;]

and [oy; + B2]).
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Estimation

In this section, algorithms are derived for maximum likelihood estimation of
parameters for the Poisson latent profile model, the multinomial mixture model, and

the Poisson latent variable mixture model.

Poisson Model [o;;] = [A;]

Maximum likelihood estimates of the mixture model parameters can be ob-
tained by treating the unobserved group labels as missing data and applying the
EM algorithm (McLachlan and Krishnan, 1997). Let y, = (y14,.-.,Ygn)’ be the g-
dimensional group indicator vector for the h** observation, so that y;;, = 1 if the ht*
individual belongs to Gz The vector y; is not observed.

The complete-data log-likelihood for the sample x;,...,x, from the Poisson

independence model (4.2) is

n 9 p
L=y {108 4+ D [Aij + zanlog Aij — 10g-'17jh!]} .
h=11=1

j=1

The EM algorithm is a two-step procedure. In the E-step (Expectation step) we
compute @ = E (L), where the expectation is taken with respect to the conditional
distribution of the unobserved data y; (h = 1,---,n) given the observed data and
current parameter est;imate ¥. Because L, is linear in the unobserved data, the
expectation is easily obtained by replacing each y;, with fzilh = 7;(Xn; \il), where

i [y exp(—Aij) A"
Ly [T= exp(=Ay) A"

is the posterior probability that individual & belongs to G;.

7i(%p; ) = (4.10)

In the M-step (Maximization step), ¢ is maximized subject to the constraint

Y9, m = 1. The result is

.13 WL o
™ hm1 Tk h=1
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The EM algorithm alternately updates (4.10) and (4.11). The procedure re-
quires starting values for the iterations. Starting values can be obtained by randomly
initializing posterior probabilities 7;(xy; ¥) uniformly on (0,1), and then standardiz-
ing the uniform variates to satisfy >.7_; 7i(xs; ¥) = 1 for all A. It is well known that
log-likelihood surfaces for mixture models are often flat with many local maxima, so
the EM algorithm should be a,pplied‘several times with different starting parameter
values to increase the chance of obtaining global maxima. Classifications are made

A

on the basis of 7;(xp; ¥).

Multinomial Model

In the multinomial mixture model (4.4), the complete-data log-likelihood for
the sample x4, ...,X,; is

Y z my!
Le= 3 win {logm + Y zinlogm; + log (___'____|) .
h=11i=1 : Tip

j=1 cesTph-

The E-step is accomplished by replacing each y;, with izi|h = 7;(Xp; \il), where

i [ 73" '
7:(Xp; ®) = — —, 4.12
z( h ) Z_;;=1 ™ H?:l ijm ( )

In the M-step, we obtain

1 &, S hipin
~ A = j
= E hz|h and T35 = -n i

[ Poh=1 hijpma

Unrestricted Latent Variable Model [a;; + 52]

Estimation of the model [a;; + 3;;2], described by (4.5) and (4.6), is problem-

atic because integration over the latent variable z is required. Using Gauss-Hermite
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quadrature, we approximate the (standard normal) distribution of the latent variable

R1y «+e3RK
wi, ...,Wk

where z;, is the k** mass point and wy, is the corresponding probability. A particularly

by a finite discrete distribution

elegant description of Gauss-Hermite quadrature applied to latent variable models can
be found in Sammel et. al. (1997). Using Gauss-Hermite quadrature, the mixture

density (4.7) is approximated by the density

9 K

FX) =" nwrg(xn|Gs, 21, ), (4.13)

i=1 k=1

where

He _)‘z /\7, Tj
g(xh.|Gi,Zk,\I’):H xp( ](;k')) i(2e) .
5!

j=1
Model (4.13) is a finite mixture model with gK components and mixing proportions

(4.14)

TiWk-

Let vi, = (v, .- -, k)’ be a latent variable indicator vector for the A* obser-
vation, so that vy, =1ifz = z; (i.e., if subject h belongs to the k** latent level).
Similarly, let y» = (Y14, - - -, Ygn)’ be the group indicator vector, so that y;, = 1 if sub-
ject h is from G;. The unknown parameters in (4.13) can be estimated by treating
the v, and y, as missing data and using the EM algorithm.

The contribution of the h** observation to the complete data log likelihood is

log f(Xh, Vi, ¥r) = log f(ys) + log f(Xa, Va|Yn)

g g K p . '
= yinlogmi+ > > > vknyin [Tin(eu; + Bijze) — exp(ouj + Bijzi)] -
=1 =1 k=1j=1

The complete data log-likelihood is

n g n g K p
Le= 3 yinlogm+ Y. 3> venyin [zjn (s + Bijze) — exp(ey; + Bijzw)] -

h=11i=1 h=1i=1 k=1j=1
(4.15)
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In the E-step, we compute @ = E,‘fy (L.), where the expectation is taken with
respect to the distribution of the unobserved data {v;,y:} conditional on the observed
data and current parameter estimates ¥. In the second term in (4.15), we replace
VgnYin With

ﬁiwkg(thGh 2y ‘i’)
L T hiweg(xk| Gy, 2, )

hiin, = Pr(zs, Gilxs) = (4.16)

where g(x4|Gi, 2, ¥) is defined in (4.14). In the first term in (4.15) we replace ¥
with Ay = Pr(Gs|xs) = 7i(xs; ) = TE | hyijs. The result is
n 9 n 9 K p
Q=222 hnlogm+ 3 > 3 > huinlzin(ou; + Bij) — exp(ouj + Byze))-
h=1i=1 h=1i=1 k=1 j=1

Let
R n R n n R . n R
N; =" hip, Nii =Y Brijp, Trij = O Tinhijh-
h=1 h=1 h=1
Ni is the expected number of individuals in G;, Nki is the expected number of in-
dividuals at latent level z; of G;, and Zy;; is average response of the 4t variable at
latent level z; of group G;. Then
9 9 K p )
Q=Y Nilogn + > > S [Zsleu; + Bijzr) — Niiexploy; + Bijar)).
i=1 i=1 k=1 j=1
In the M-step, Q is maximized subject to the constraint }>7_,7; = 1. This

yields updated mixing parameter estimates

A

7

|2

The parameters ¢;; and f;; can be updated independently of all other param-
eters using the following Newton-Raphson procedure. Define 8;; = (aij, f;;)', and
u; = (1, 2;)". Then, fori=1,...,gand j =1,...,p,

d

~new .ol
— —1 ..
Bij‘ = eij - Hz’j gij
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where
Q &, 5 o
8= - =Y [Zkij — N exp(0;;u;)]uy
ae’l.] k=1

and o

H; = "_2 = E : V p(é’ u ) u, '
7 ~ ~ I Vi €X i 0k )0 .
? 60,‘]80:] k=1 ¢ e

Random Baseline Model [o;; + (7]

In the unrestricted model [oy;; + (;;2], the parameters o;; and ;; can be
estimated within the M-step in g separate two-dimensional Newton-Raphson opti-
mizations. The EM algorithm is thus computationally feasible for high-dimensional
data. In the models with restrictions on f;;, the E-step is performed just like in
the unrestricted model, but in the M-step the Newton-Raphson optimizations are a
little more complicated because the Hessian matrix H is no longer rank two. The
algorithms are still computationally feasible, however, because H will be shown to be
“mostly diagonal.”

In the random baseline model [; + §2], the gp+1 parameter vector @ defined
by
0= (8,011, ) O1py e vy gty vy Ogp)

is updated in the Newton-Raphson steps

where

The gradient vector g contains the derivatives

o K N . ;
6Q = > [Zrij — Niiexp(au; + Bz)] (i=1,...,:5=1,...,p)
(677 B —
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and

Y} Z E Z 2k -?kzy Ny exp(aij: + Bz)]-

i=1 k=1 j=1

It is convenient to partition the Hessian matrix as

!
a a
H — 11 21 ,
agy Ay

where a;; is the scalar

82 g
3 622 =-> Z Z Nyizi exp(og; + B),
Y i=1 k=1 j=1
ag; is the gp-vector of cross derivatives
82Q K
Ny,
and Ay, is the gp X gp diagonal matrix with diagonal entries
aZQ K R
= - S N . )
aagj kz=:1 ki eXP(aU + Bzk)
Note that, for ¢ # ' or j # §/,
e,
8aij6ai/j/ o

so the off-diagonal elements of Ay, are all 0. Thus H is almost diagonal, and can be

inexpensively inverted using the following well-known result for partitioned matrices
A Ay
A= .
( Ay Ay

A7l =

(Aq; — Ap AL Ayt —(A11 — ApAS Ay ) TA LAY
—AS Ay (A — ApAR AT A 4+ AR As(An — AAS Ay ) TA A

(see Morrison, 1990, p.67). Let

Then

provided that the required inverses exist. For the random baseline model [a;; + (2]
we only have to compute the inverse of the diagonal matrix Ay. We also need the .

inverse of (Aj; — Aj2AZ Ay ), which in this case is the scaler a;; — a;, A5 a,,.




86
Within-group Random Baseline Model [a;; + £;2]

A similar Newton-Raphson procedure can be applied to the within-group

random baseline model [o;; + 2], where the gp + g parameter vector @ is

0 = (,31,...,,39,0411,.-.,Ofgl,---,agp)‘,-

In the Newton-Raphson step

the gradient vector g contains the derivatives.

oQ LS . _ ‘
CY Z[-’L'kij — Ny exp(os; + Bizr)], (t=1,...,¢;5=1,...,p)
aZJ k=1
and
0 K P R '
BQ =33 2[ZThij — Nyiexp(au; + Biz)], (i=1,...,9).
’81: k=1j=1

As before, we partition the Hessian matrix as
: A Ap
H=
( Ay Ay )’

where A is the g X g diagonal matrix with diagonal entries

62Q K p )
2 = Z Y Niizi exp(au; + Bize),
aﬁi k=1j=1
A, is the g X gp matrix of cross derivatives
0%Q LN
= — > Npizrexplas; + Bizk),
aﬁiaaij kg;l kick p( 1 ,Bz Ic)a

62 _ .t .
where __Q_aﬁ,.,aa,-j =0 for ¢’ # 1,

!
Ay = Ay,

and A, is the gp X gp diagonal matrix with diagonal entries

62Q K .
S — D Nyiexp(ou; + Bizk).-
2] k=1
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The matrix inversion formula for partitioned matrices given in the previous
section requires inverses for the matrices Ag and Aj; — A5 A Ay, Ao, s diagonal,
and inexpensively invertible. Aj; is diagonal, and A,AZ A, can be shown to be

diagonal, as follows. We can write A1, as

aa 0' .o 0’
0 aj 0
Ap = : - |
0" 0’ . a;
where a; = (a;1,-- -, a4p)" is a p vector containing the derivatives
82
Q y (.7=177p)
aﬂiaaij

Let d = (dj,---,d})" be the gp vector of diagonal entries of Ay, with d; = (diy, - -,
dip)' corresponding to the partial derivatives for the i group. Then A, Az Ay is a
g X g diagonal matrix with diagonal entries given by
P \ _
> dijag;, (i=1,...,9).
=1

Thus A1 — A12A521A21 is diagonal and inexpensively invertible.

Group Invariant Model [o;; + ;2]

In the group invariant model [o;; + §;2], the gp + p parameter vector is

0=(ﬁl)"')ﬂp)allv--,alp’-“7agla--'1agp),~

The gradient vector g in the Newton-Raphson algorithm contains the derivatives

0Q K " . P
EY = [xlcij - Nkiexp(aij +:szlc)]7 (Z - 17"'791.7 = 4. 7p)
2] k=1

and
QR K 9

35 33 2k(Zriy — Nisexp(euy + Byz))-
'Bj k=1i=1
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The Hessian matrix is

An Ap
H =
( Ag Ag ) ’

where Ay is the p x p diagonal matrix with diagonal entries -

32Q K g
6_ﬂ2 = — Z ZN;WZ]% exp(aij + ﬂjzk),
J

k=11i=1

A, is the p x gp diagonal matrix with diagonal entries

62Q K N
m = — kz=:1 kizk €xp(ou; + B;ze),
A21 = A§_2)

and Ao, is the gp x gp diagonal matrix with diagonal entries

82Q K R
) = — 2 Nyiexp(cuj + Bjzr).

As in the model [oy; + f;z], the matrix Agy — Ay AT A, is diagonal. Hence

H is inexpensively inverted using the inversion formula for partitioned matrices.

Factor Scores

In the SIMS application, we are primarily interested in partitioning the
observations into distinct chemical classes. The factor scores are of secondary interest.
There may be occasions, however, when factor scores also are of interest. For example,
in SIMS image segmentation, the interference or random baseline may be caused by
variations in topography. We may be interested in creating separate topographic and
chemical maps. The topographic map would consist of predicted factor scores at each

pixel. We will use, as factor score for the h* observation,

2 = B(anlxn) = Y zhin,  where  hyp = hgin.
k=1 i=1
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Examples

Several simulations were run to compare the performance of thé Poisson latent
profile model, the multinomial model, and the Poisson latent variable mixture models
on parameter recovery and classification. The following discussion will consider the
performance of the methods on data generated from the random baseline model [0+
pBz], and the unrestricted latent variable model [ey; + 8;;2]. We focus on differences

between the methods in classification performance.

Simulation 6

In Simulation 6, 2000 observations were generated from a mixture of two
Poisson random baseline models [o;; + 87| with p = 10 variables for various choices
of 8. In all simulations the mixing parameters were 71 = 7o = 1/2, and the intercept

parameters o; = (041, -+, @p) Were
@] = ('—3a _2a —17 07 17 _37 _27 _1a 07 1)7 Qg = (07 Oa 0) 07 07 07 07 Oa Oa O)

For each value of 3, 100 replications of the experiment were performed. In each
replication, misclassification rates were computed for the Poisson latent profile model,
the multinomial mixture model, the Poisson random baseline mixture model {oy;+87],
and the unrestricted Poisson latent variable mixture model [os; + G;;2]. In addition,

three continuous variable clustering methods were applied to the data:
o Mi: K-means cluster analysis applied to the raw count data.

o Mj: K-means cluster analysis applied to Anscombe transformed data.
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o Mj: The raw count data are Anscombe transformed, then mean-centered, then

K-means cluster analysis applied.

Cases were classified to groups by matching the recovered groups (determined
by pbsterior probabilities) with known groups. Because of the arbitrary labeling of
the recovered groups, two ma‘tchings are possible (i.e., identify recovered group 1 with
. true group 1, or identify recovered group 2 with true group 1). We always chose that
matching which yielded fewest misclassifications. This introduced an optimistic bias
in reported error rates, but the bias decreases rapidly with increasing sample size.

Average misclassification rates are reported in Table 12.

Observations:

1. The Poisson latent profile model performed well for small 8 but broke down

with increasing £.

2. The three models, [o;; + 2], [ou; + (2] and the multinomial, performed well
for all values of 3, though [e;; + B2], which is the correct model for these data,
performed slightly better than [oy; + ,BijZ] and the multinomial model. These
three methods also performed significantly better than the continuous variable

methods, probably because the observed counts were so low.

3. Of the three continuous variable methods, the Anscombe-transform, mean-

centered approach performed best.

4. For all methods, misclassification rates increased with 5. For the multinomial,

[ai; + B2) and [oy; + (2], the increase was very slight.




91

p__ | Poisson [cy;] Multinomial [oy; + B2] [ou; + Bijz] My M M
0 10.2 10.7 10.3 10.2 26.6 154 15.7
1 105 11.0 10.6 10.6 27.3 15.5 15.8
3 | 11.3 11.4 10.7 10.7 35.1 17.2 16.3
5 | 139 11.9 11.0 11.2 384 28.8 19.2
.6 | 23.2 11.9 11.0 11.2 40.6 38.3 19.5
| .65 | 37.0 12.3 11.3 114 43.0 44.6 20.0
.7 | 43.3 12.3 11.3 114 43.2 46.9 21.7
1.0 | 47.0 13.5 12.6 12.7 47.3 48.9 304
1.1 | 48.6 13.7 12.7 13.0 478 49.1 32.5

Table 12: Average percent misclassifications for Simulation Experiment 6. Data were
generated from random baseline model [ey; + 82] for various 5. The methods M; ,M,
and Mj3 correspond to K-means, Anscombe transformed K-means, and Anscombe

transformed-mean centered K means.

Simulation 7

Conditions for Simulation 7 were identical to those for the first experiment,

except the intercept parameters cy = (a0, .., alp) in G4 are now
a = (-3,-3,-3,-3,-3,-3,-3,-3,-3, -3).

The groups are more separated than in Simulation 5, but data generated from G, are
extremely sparse. For # = 0 the mean response is exp(—3) = .0498. For 8 = 1, the
mean response is exp(—2.5) = .0821. The expected number of observations with all -
zero counts is 61 % (8 = 0) and 55 % (8 = 1). Average misclassification rates are
given in Table 13.

The Poisson latent variable mixture models [o; + £z and [oy; + B;;2] signif-
icantly outperformed all other methods. Note that the multinomial mixture model
completely breaks down for all 3. To see why, consider the expression for the pos-
terior probability (4.12) in the multinomial model. If x, = 0, then ﬁilh = ffn—l, S0
the h** observation is classified to the most prevalent group, regardless of the group’s
response profile. This is a result of the assumption Pr(G;|M;, = m;) = Pr(G;) in

(4.4). The latent variable mixture model, by contrast, considers the sum of mean
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p__| Poisson [o;;] Multinomial [oy; + 82] [cu; + Bizz] My M, Ms
0 4.4 48.0 4.4 4.4 19.6 8.7 13.5
3 5.9 48.0 5.3 5.3 224 104 144
B 9.0 48.0 7.1 7.1 28.6 16.6 16.5
71157 47.3 8.5 8.6 36.0 21.2 19.3
1.0 ] 29.4 46.5 12.2 12.6 43.5 31.6 28.3
1.1] 324 45.5 134 13.7 44.9 33.7 30.2

Table 13: Average percent misclassifications for Simulation Experiment 7. Data were
generated from random baseline model [o4; + B2] for various 8. The methods Mj,
M, and M3 correspond to K-means, Anscombe transformed K-means, and Anscombe
transformed-mean centered K means.

Poisson [04;] Multinomial [oy; + 82] [oy; + Bij2] My M, M
28.5 17.8 16.6 10.3 475 272 213

Table 14: Average percent misclassifications for Simulation Experiment 8. The meth-
ods M;, M, and M; correspond to K-means, Anscombe transformed K-means, and
Anscombe transformed-mean centered K means.

responses, » A;;(2), in assigning x, = 0 to a group. This can be seen in equations

(4.14) and (4.16).

Simulation 8

In Simulation 8, observations were generated from the unrestricted Poisson
latent variable model [o4; + §;;2] with 71 = 12 = 1/2. The intercept and slope

parameters c; = (Q;1,...,04) and B; = (B, ..., B;p) are

a; = (_3’ _21_11071)7 Q2 = (07070101 0)7

and

ﬁl = (0, 0,‘0, 0, O), ﬁQ == (0, 0, 0, 1, 1).
In each of 1000 replications of the experiment, 2000 observations were generated
from the mixture distribution, and the methods applied. Misclassification rates are

reported in Table 14. As expected, the model [oy; + f;;2] performed best.
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Discussion

The results of the three simulation experiments reported in this chapter
suggest that cluster analysis of low count data can be improved if 1) more realistic
count distribution models are used instead of Gaussian or otﬁer continuous variable
methdds, and 2) the correlation structure of the variables is properly accounted for. -
More work needs to be done to determine the conditions under which these new
methods might be useful. As with all statistical methods, the real value of the methods
described in this paper depends on their applicability to real problems.

In the mixture models discussed in this chapter, the conditional distribution
of the observed variables, g;;(z;|2), are taken to be Poisson. The models are readily
extended to allow conditional distributions to be any member of the exponential

family. In the extended model,

i

where the canonical parameter 6;; is linear in the latent variable z
sz(z) = oy + ,BUZ

In the Poisson response model (described by (4.5) and (4.6)),

exp(— () g (2)”

Joyy = exp {[z; log Ai;(z) — Aij(2)] — log z;!} .
%

9ii(zj|2) =
Thus,
015(2) = log M (2),
bi;(0;5(2)) = exp(0;(2)) = exp(oy; + Bij2),

and

¢i; = 1.
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Normal, gamma, and multinomial distributions can similarly be shown to be members
of the exponential family. For the general case, the conditional expectation of the
complete data log-likelihood Q = E, (L) is
g . g K »p . .
Q=) Nilogn + 3 > > [Zijfii(2k) — Niabs (855 (z))]-
i=1 i=1 k=1 j=1
Unknown papameters can be estimated using Newton-Raphson methods.

This chapter was motivated by a problem in SIMS image segmentation, where
it was noticed that without baseline correction chemical classes may be confounded
with topographic classes. In an application, Willse and Tyler (1998) adapted Pois-
son and multinomial models to handle the spatial correlations among the pixels by
introducing a locally dependent Markov random field as the probability distribution
for class assignments. A similar approach could by applied to latent variable mixture
models, with the goal of separating chemical effects (defined by the factor-to-variable

transformation mechanism) from topographic effects (defined by the latent variable).
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CHAPTER 5

Conclusion

The research presented in this thesis was motivated by the observation that
non-standard data types are common in practice, but that there is a shortage of
methods for analyzing these types of data. In practice, normal-based methods are
often the method of choice. Indeed, many practitioners may be unfamiliar with other
approaches. Often these methods are sufficient. But if the data have special, non-
normal structure, we often can improve classification by more carefully modeling the
data. That, in fact, is the main conclusion of this thesis: we can often improve
classification by carefully modeling the data. Classification procedures for mixed-
mode and multivariate count data were developed in Chapters 2, 3 and 4, and were
shown to give better results than standard methods under special circumstances.

More work needs to be done to determine the conditions under which these
methods will be expected to significantly outperform traditional methods. It would
be useful to develop guidelines for the practitioner. This future research will likely
be driven by the demands of applications, such as text analysis, which should spur
the development of more specialized algorithms for analysis of mixed mode and mul-

tivariate count data.
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APPENDICES
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APPENDIX A

Some Useful Theorems for Covariance Model Estimation
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Proofs of Theorems 1-3 and Corollaries 1-2 are given in Celéux and Govaert
(1995). Theorem 4 is an adaptation of the FG algorithm of Flury and Gautschi

(1986). The adaptation is given in Bensmail and Celeux (1996).

Theorem 1 The minimum of tr(QM™") with respect to the p x p symmetric matriz

M where Q is positive definite and |M| = 1 is p|Q|*/?. The minimizer is

Q

Corollary 1 The minimum of tr(QM™') with respect to the p X p diagonal matriz

M where Q is positive definite and [M| =1 is p|diag(Q)|*/?. The minimizer is

_ diag(Q)
 |diag(Q)|V?’

Theorem 2 The minimizer of tr(QM™) + alog |M| with respect to the p X p sym-
metric matric M where Q is positive definite and o is a positive real number is

M= 1q.

Corollary 2 The minimizer of tr(QM™") + alog |M| with respect to the p x p di-
agonal matriz M where Q s positive definite and « is a positive real number is

M= édiag(Q). :

Theorem 3 The minimum of tr(QAQ™'B) with respect to the orthogonal matriz
Q, where A and B are diagonal matrices with diagonal terms a; and f; such that
a2 > 2>apand By < B <--- < B is tr(AB) = ¥, a;0;, and the minimizer

is the identity matriz.

Theorem 4 The p X p orthogonal matriz D minimizing )

F(D) = 3" (DA 'D'W,)

i=1
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where Ay, - -+, Ag are fired diagonal matrices and W; are symmetric matrices can be
obtained iteratively as follows.

Step 1. Start with an initial solution D = (dy, - - -, d,).

Step 2. For anyl and m € {1,...,p},l # m, the pair (dy, dy,) s replaced with
(61,8,,), where §; and 8,, are orthonormal vectors, linear combinations of d; and d,p,,
such that

0, = (d;, dm)as and 0 = (di, dr)qo

where q1 and qo are orthonormal vectors in R2. The vector q is the eigenvector
associated with the smallest eigenvalue of the matriz Y1, [(1/a}) — (1/a1)Z;, where
Z; = (d;,dr)'W;(d;, dr), and o} and o are the I** and m* diagonal entries of AJ".

Step 3. Repeat Step 2 until the change in the estimate D between successive

iterations is sufficiently small.
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APPENDIX B

Estimation of Some Common Covariance Models
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In the homogeneous covariance model [pI'AI"] the objective function reduces
to | |

F = Nlog|Z| + tr(Z~'W),

which is minimized by 3 = _v_;_

In the homogeneous covariance diagonal model [pA],
1 —1
F=pNlogp+ ;tr(A W),

which is minimized by
A diag(W)
~ |diag(W)| /7

and

p = = diag(W) [

In the proportional covariance model ¥;, = p;, TAT", it is convenient to write
C =TATI". Then the objective function to minimize is
‘ X & L,
F= pzznzs log p;s + ZZ —1 _lwis)-
. i=1 s=1 i=1s=1 st

The parameters can be estimated iteratively.

o For fixed C,
L ir(cwyy).

18

Pis =

o For fixed p;,;, minimize with respect to C the function

K m

F(C) =1tx(C7 3 3 (Wis/pis))-

=1 s=1

By Corollary 1,
1 Es—l Pis

I Z s_-1 p:::s isll/p .

O>
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Starting values for p;; can be obtained by
Wi i/p
Nis

Pis =

Estimation of the proportional covariance model [p,T’AT'] = [p;C] is similar:

o For fixed p;;, by Theorem 1

K 1

| Eizil %Wi-ll/p‘

o For fixed C,
1
ﬁi = '—ftr(C‘IWi.).

PN
Starting values for p; can be obtained by
w;. 1/p
L

pi =

Similarly, the models [p;A] and [p;;A] can be obtained as above by setting T' = I.
In the common principal components model [p;T' A;T"], it is convenient to write
s = TATY where A; = p;A;. Then the objective function to minimize is
K K '
F =3 "n.log|A;| + 3 tr(TA]'T'W,).
i=1 i=1

o For fixed T', by Corollary 2,
A 1 .. ,
o For fixed A;, T' can be obtained using Theorem 4.

In the model [p;sT'A,I"], the objective function is

K K m 1
i=1

=1 s=1

Parameter estimates can be obtained iteratively as follows.
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o For fixed p; and I', minimize with respect to A, the function

F(As) = tr(AT'T 3 (Wi /)T,

=1

By Corollary 1,
A _ 2 D(Wi/p)T
P S T(Wis/p)T|Hr

=1

o For fixed T and A,
m
pi = L > tr(TA; ' T'W,,).

n; s=1
o For fixed p; and A;, minimize with respect to I' the function
K m 1 1
@) =33 —te(TALT'W,,),
i=1s=1 P

which can be done using Theorem 4.
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