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Abstract:

In this thesis, the boundary integral equation technique is used to analyze the two-dimensional elastic
contact problems with Coulomb friction. In this method, since only the boundary needs to be modeled,
which contains the unknown contact zone, the data preparation time is considerably reduced. Also,
since both tractions and displacements are retained as unknowns, the contact stresses are calculated
directly.

Navier's equations for the bodies in contact are transformed into simultaneous linear equations using
the standard BIE technique. Each body is divided into a potential contact zone and a non-contact zone.
The equations obtained from the contact conditions are written explicitly such that a blocked
coefficient matrix is obtained. An incremental-iterative technique is applied to the potential contact
zone equations to find the correct contact area and the associated surface tractions.

Results for several frictionless and frictional problems are presented. In the case of frictionless
problems the results are found to agree well with the analytical results. The frictional problems include
an unloading problem and an advancing contact problem, for which no analytical solutions exist.

In most cases, equal size linear elements are found to give best results. The arrangement of stick-slip
zones is affected by the node locations and large number of elements may be required to produce
satisfactory results. It is shown that in the presence of friction, the problem needs to be solved by
applying the load in a large number of load increments or by computing the load increment sizes such
that each node pair just barely comes in contact and then dividing these load increments into smaller
ones.
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ABSTRACT

In this thesis, the boundary integral equation
technique is used to analyze the two-dimensional elastic
contact problems with Coulomb friction. In this method,
since only the boundary needs to be modeled, which contains.
the unknown contact zone, the data preparation time is
considerably reduced. Also, since both tractions and
displacements are retained as .unknowns, the contact stresses
are calculated directly. ' S ‘

Navier's equations for the bodies in contact are
transformed into simultaneous linear equations using the
standard BIE technigque. Each body 1is divided into a
potential contact zone and a non-contact zone. The equations
obtained from the contact conditions are written explicitly
such that a blocked coefficient matrix is obtained. An
incremental-iterative technique is applied to the potential
contact zone equations to find the correct contact area and
the associated surface tractions.

‘Results for several frictionless and frictional
problems are presented. In the case of frictionless problems
the results are found to agree well with the analytical
results. The frictional problems include an unloading
problem and an advancing contact problem, for which no
analytical solutions exist.

In most cases, equal size linear elements are found to
give best results. The arrangement of stick-slip zones is
affected by the node locations and large number of elements
may be required to produce satisfactory results. It is shown
that in ‘the presence of friction, the problem needs to be
solved by applying the load in a large number of load
increments or by computing the load increment sizes such
that each node pair just barely comes in contact and then
dividing these load increments into smaller ones.




CHAPTER 1
INTRODUCTION

Many problems in mechanical system design involve parts
that comé in contact with each other. Bolted joints,
bearings, gears and rings of a chain are some examples where
the external forces are transmitted through the contact of
two or more deformable bodies. When fhese parts cbme in
contact under the action of external forces, a:region of
contact is formed and a pressure and shear stress
distribution develops in that region. Normally, the pressure

distribution that exists in the contact region is neglected

ahd the transmission of forces is simplified into resultant

forces which are important in the analysis of the.structure.
This simplification is justified by SAINT VENANT' S principle
which roughly states that the Pressure distribution in‘the
contact région has a negligible'effect at pointg-far from
the contact region. | .‘ ”

In many céses, the load carrying caﬁécity of the
structure largely depends. on the stress disfribution in the
contact area through which load transfer takes pléce.‘If the
contact area is small, local regions of high stress may be
formed, increasing the risk 6f crack initiation and

propagation.
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Wear of the mating parts along the contact surface is
also an 1mportant factor in the study of contact mechanics.
Due to surface roughness of the solids in contact, initial
contact occurs only at the asperities. The load is tharefore
supported by the asperities which, even undér small loads,
deform plastically. These then break under an imposed
tangential traction, resulting in material loss (Sarkar,
1976). A potential wear situation also exists whenever there
is relatiye motion between two solids in contact. Sliding
motion can cause aahesive and abrasive wear, while cyclic
loading can  cause fretting and fatigue wear thereby
increasing the risk of fatigue failure. These friction and
wear processes inhmaterials depend oh the natare of the true
contact area (Sarkar,1976).

Development of different techniques to analyze contact
problems with fr1ct10n is thus important in order to
increase'understanding of the influence of different
parameters that affect the nature of the contact area, and
to enable the study of associated deformation  and stress
patterns. -

The general problem of elastic bodies in contact
remains one of the most difficult problems in solid
mechanics. As the two deformable bodles come in contact
under the action of external loads, the contact area changes
progressively. In most cases ‘the extent of contact is a

priori unknown. This presents a geometric non-linearity even
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if the material is assumed to be linearly elastic.in
behavior.

‘When frictional forces are present between two
contacting Surfaces, the prohlem becomes even more
difficult. In the presence of fr1ct10na1 forces the contact
area may exhibit a region of adhe31on and a reglon of slip
which are unknown and often ot a more compllcated form than
the contact area itself (Turner,1979). Frictional forces are
inherently non—conservative in-nature and'dissipate enerqgy
over any load cycle applied to a systenm. Thus, when friction
is considered, the stress distribution in.the two deformable
bodies in contact may depend on the entire history of
loading. '

The presence of frictional forces and geometric non-
linearity has 1imited the analytical study of contact
problems. Analyticalfsolutions to frictionless problems are
restricted to simple geometries while solutions‘to'contact
problems with friction are very rare. In fact, the existence
of solutions tohproblems in which Coulomb's law of'friction
holds still remains to be proven (Campos.et.al., 1982).

It is apparent that the only way of overcoming the
above,mentioned difficulties'encountered in the study of
contact problems is through the use of numerlcal technlques,
and much of the current research in contact mechanlcs is
directed towards developing snch technlques (Torstenfelt,

1983, Cheng and Kikuchi, 1985,'Bathe'and Chaudhary,,1985)r
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In developing these numerical techniques the folloWing
factors are usually taken into account:

1. Contact problems may - involve complex geometrles and
different frlctlon laws.

2. Pr1mary 1nterest lies in obtaining the .unknown
contact area and the contact .stresses. :

3. Incremental- 1terat1ve solution techniques are
essential to find the contact area and the contact
stresses in the presence of frlctlonal forces.

The finite element method has been used with
considerable success to solve contact problems. The major
drawback of the finite element method is its large data
preparation time. Since botlh contacting bodies must be
modeled entirely, the data'preparatiohrtime and the
execution time can be high; this is especially true when
only the contact erea and the contact stresses are of
importance. In many cases the contact region is unknown and
the model may have to be modified several times before
reliable reeults are.obtained. This means that éobstential
modeling_experience is necessary to produce acceptable
results.

Another numerical technique which Has been developed to
solme contact problems is the integral equapion method. This
method imposes certain restrictions on the shape of the body
and is not as general as the finite element method. These
two mephods'ere discussed in_deteil ih the following

chapter.
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In recent yeafs, the boundary element method has
emerged as a strong alternativé té thé finite.élement
mefhod. This method is well suited for the analyéis of
contact problems, and offers several advantages over cﬁrrent
numerical methods. Since the governing differential
equations are transformed intq integral equations defiﬁed_on
the boundary, only the boundary need be modeled. By
employing the boundary element method, the unknowns in the
potential contact zone can be obtained. Once the equations
are solved on the boundary, stresses and displacements
inside the domain can be obtained by using the computed
boundary tractions and displacements. Thus, the unnecessary
computation time required in solving the equations over the
entire domain is saved. Furthermqre, reduction in the
dimensionality of the problem makes the modeling simple and
reduces data preparation tiﬁe. This offers a significant
advantage over the finite element method when solutions to

contact problems are sought.
Approach
In this dissertation the boundary element analysis of
two-dimensional contact problems is considered. The problems
~involve the contact of homogeneous isotropic linearly
elastic bodies for which Coﬁlomb's law of friction holds. In

contact problems the solution of Navierfs équations coupled

with contact conditions is required. Navier's equations are
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transformed into integral equations defined on the boundary
and then the standard collocation method ie employed to
obtain a system of simultaneous llnear equations. These
equations, along w1th the contact conditions provide
sufficient equations to solve for unknown displacements and
tractions in the contact zone. Each body is divided into a
potential contact zone and a non-contact zone.'For the
potential contact zone, the equatione obtained from the
contact conditions are written explicitly so that the
equations associated with the potent1a1 contact zone can be
separated from those outs1de of the contact -zone. After
separating these equations, an incremental-iterative
technique is applied to the potential'contact zone equations
to find the correct contact area and the assoc1ated surface
tractions and dlsplacements. The boundaty unknowns outside
of the contact zone can then be found by using the computed
surface tractions and displacements. A Fortran conputen code
is developed to'obtain numerical solutions for two-
dimensional contact problems.

Solutions to several problems with and without friction
are presented. For frictionless pfoblems the results are
compared with analytical solutions and in the case of
frictional problems.the results are compared with
analytical solutions and other nunerical methods nhenever

possible.




CHAPTER 2

LITERATURE REVIEW
Analytical Treatment of'ggggac; E:gplems :

The classical problem of frictiqnless contact between
two elastic spheres was solved by Hertz in the 1880's: Since
then problems conce;ning elastic bodies in contact have
received considerable.attention. Excellent .accounts of the
analytical techniques used in the treatment of contact
problems, as well as the solutions to many interesting
problems can be found in the works of Gladwell (1980) qnd de
Pater and Kalker (1975). | '

Tﬁe complexity of contact problems with frigtion has
restricted most of the analftical treatmént to frictionless
problems. The work done by Spence (1973,1975,1986) accounts
for most of the anal&tical éolutipns to frictiohal éontact
problems and provides véluable information on the role of
friction in-elaétic contact problems. Spence (1973) shows
that when a monotonically increasing loéd is aéplied to a
rigid plane indentor in contact with an elastic half space,
the region of contéct divides'into an ihner adheéivé region
and an outer annulus of inward slié. The radius of adhesion
is a function of material conétantS'and the coefficient of

friction, and is evaluated as an eigenvalue of a Fredholm
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integral equation. In a recent paper Spence (1986) considers
the.problem of a rigid plane indentor on an elastic half
space subjected to a monotonlcally 1ncrea51ng normal force
P, and a shear force Q. The ratio Q/mP, where m is the
friction coefficient, is constant and is less than 1 during
deformation. A solution exhibiting an‘unsymmetrical region
" of adhesion surrounded by regions of slip invopposite
directions is obtained. The.results inclgde the effect of
the shear force Q on the.extent'of the adhesion region.’

Motivated by Spence's. earlier work, Prasad and Dasgupta
(1975), and Chiu and Prasad (1976) study the plane strain
compression of an elastic rectangle by'rigid'rough'planes
and a pair of rigid rough punches, respectively. Numerical
results consist of shearing traction, normal pressure and
the zone of adhesion for various values of Poisson“s ratio
and the friction coefficient. The zone of adhesion in both
problems is found to be independent of the magnitude of
loading, but’ depends on the friction coefficient, Poisson's
ratio and the geometrical parameters.

The problems discussed above have a stationary contact
zone, i.e. the contact surface is known a priori. Frictional
contact problems with an unknown contact zone have not yet
been solved.. In fact, as noted in Chapter 1, the ex1stence
of solutions to such ptoblems where Cohlomb's friction law

is assumed to hold remains to be proven.




N i ct Pro

The vast majority of numerical solutions to contact
problems have been.obtained using‘finite element methods.
Numerous articles have been written on the use of these
methods to solve contact problems. Some of these articles,
along with integral equation‘techniqueé, are reviewed in
this section.

Chan and Tuba (1971) write the finité eleﬁent equations
for each body, separating the forée vector into externally
applied loads and loads in the possible contact zone. The
external loads are then applied incrementally and at. each
increment an iterative scheme is used to detefminé the
contact zone. Plane stress'and plane strain problems using
Coulomb friction are solved. A similar approéch is used by
Ohte (1973), and Tsuta and Yamaji (1973).

Francavilla and Zienkiewicz (1975) write the equations
for displacements in the possible'contagt zone in terms of
the contact pressure and the flexibility coefficients.
Contact is brought about by assuming a portion of one body
to be fixed, while a portion of the 6th¢r body is given
rigid movement. An expression is developed relating the
pressure in the contact'zone to the initial clearance and
the rigid displacements. Once a suifable pressure
distribution is found by an iterétive scheme, the
displacements in- the assumed contact zone can be determined.

A major advantage of this method is that only a relatively
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small system of equations is used during the iteration
process. Their work is extended by Sachdeva, et.al. (1981)
to include force boundary conditions and by Sachaeva aﬁd
Ramakrishna (1981) to include Cbulbmb friction. The latter
paper presents several examples of'frictional con£act for
problems with proportional loéding.

Schafer (1975) introduces special bond elements in the
contact zone. With the assumption that a relation between
the shear stress and the frictional deformation is known,
the stiffness matrix for a bond element is developed by
employing the principle of virtual wofk.'The bénd eiement
stiffness matrix, along with the usual element stiffness
matrix are then used to develop a finite glgment program.
Various bond elements which can be used in conétruction
technology aré discuséed. Stadter and Weiss (1979) construct
a special gab element which replaces the open space between
the two bodies, in the potential contact zohe. The elastic
modulus of a gap element is adjusted aqcbrding to the normal
strain in that element. Condiﬁions for separation and
contact are developed using normal strain. An iterative
technique based on a stress invariance principle 1is
developed to solve frictionless contact problems.

Gaertner (1977) addreéses the plane frictional contact
problem by utilizing triangular elements in which the six
nodal unknowns are the normal and ' tangential components of

displacement, rotation, tangential strain, and the normal
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and the tangential stress com_ponents° An incremental
iterative procedure is used to solve.the problem. Results
for the frictionless case lnclude‘Hertz's problem and
contact between a'conneCting rod-and a shaft.

Tseng and Olson (198l) use the mlxed f1n1tehe1ement
method( in which both nodal dlsplacements and stresses are
retained as unknowns; Thus, contact condltlons can be_
incorporated directly. An incremental loading procedure is
used. The numerical results show rather poor agreement wlth
the theoretical results. o |

Okamoto and Nakazawa (1979) construct contact elements
for three dimensional frictional contact problems in which
mixed contact conditions are considered. The use of contact
elements allows the equilibrium equations and the
geometrical boundary conditions to be treated as additional
equations independent of the.stiffness equations. As a
result, only a part of the system of equations related to
the contact zone is required to be solved at each load
increment. The size of thelload increments is calculated
such that the contact status of only one node pa1r changes
in each 1ncrement. Torstenfelt (1983, 1984) uses a similar
approach for automatic load incrementation. His work
concentrates on .developing a method that can be implemented
in any general purpose f1n1te element computer program and
does not use any spec1al elements in the contact zone.

Numerical results consist of the problem of an 1ndentat10n
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of an elastic half spacé by a rigid circular punch. Both
loading and unloading phases are coﬁsidered.'Results are in
good agreement with the Cclosed form solution for the loading
phase and with the numerical resﬁlts obtained by Turner
(1979) for the unloading phase.

Campos, et. alf'(1982) develop variational principles
for the analysis éf contact problems with Coulomb friction,
in which the normal stress distribution in the contact zone
is prescribed. First, a finite element approximation of the
problem without friction is obtained. The normal contact
pressure determined from this solution is then used as a
first approximation’for the corresponding problem with
friction but with prescribed normal pressure. Pires and Oden
(1983) extend this work to develop variational principles
for incremental analysis of quasi—static contact probleﬁs
with friction. Non-classical friction laws developed by Oden
and Pires (1983) are used. Non-proportional oscillating
loads are considered in analyzing .the indentation of an
elastic bodj by a rigid punch. Using variational
principles, Turner (1979) has solved the problem of conEact
between a rigid circular cylinder and an isotropic
homogeneous linearly elastié half space for the cases of
frictionless contact, adhesive contédt, and ffictional
contac£ for which analyticél soiutipns are availabie;'Turner
also considers a problem of frictional unloading for which

no analyticél solutions are available.
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Another numerical technique used to solve contact
problems is the integral equation approach in which the
normal component of the surface aisplacement of each body is
written as the product of the normal pressure and an
influence function, integrated over the entife contact zone.
These integrals are then used in a kinematic constraint
equation, resulting in a singular Fredholm integral equation
of ‘the first kind. Discretization of the integral equation
is accompiished by dividing fhe contact fegion into a
number of rectangular cells over Which~contact pressure is
assumed to be uniform. The resulting system of linear .
algebraic equations is then solved numerically. For details
of this technique the reader is referred to the work of
Singh and Paul (1974), Paul and Hashemi (1980, 198l).

The main advantages of the integral equation approach
lies in the simplicity of the resulting equations, and the
relatively small amount of computational effort required to
obtain a numerical solution. Only the potentiai‘contact zone
is modeled so that the data preparation‘tiﬁe is minimal.
However, the influence functions are generally based on the
Boussinesq function for the half space, éd only the problems
where geometries are reasonably approximated by a half space
can be solved. In conformal contact the Boussinesq function
cannot be assumed to be valid. Some ‘alternate means of
developing the influence functions, sﬁch as the empirical

approach used by‘Paul and Hashemi (1980)[ must be found to
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solve the vast majority of problems. In these methods the
shape of the bodies away from the contact region is
disregarded, restriéting their use in the ahalyéis and
design of machine~élements where defofmation and stress
patterns of the entire body are often necessary. The
integral equation approach is'thqs a special technique used
. for sblving contact probléms and does not have the
generality offered by finite element and boundary eleﬁent
methods. |

To date, the finite element méthod ?emains the‘most
widely employed means of solviné contact‘problems;.Complex
geometries can be handled routinely, and determination of
the complete stress distribution in the bédy can bé readily
accomplished once the displacements in the contact zone are
known. In recent years genefal purpose, efficient algorithms
for stress analysis using finite element methods have been
developed which can be extended to analyze contact problems
with relative ease. However, since.elements have to be
defined over the entire body, modeling complex éeometries
can result in significaht data preparation time. High
execution time is inevitable since it is necessary to
construqt the complete stiffness matrix for both bodies. In
the stiffness formulation of the finite element method the
displacements are the primary unknowns. In the analysis of
contact problems the contact forces are of p:imary intérest,

especially when friction is present. Except in the mixed
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formulation of Tseng and Olsbn, equilibrium conditions in
'thé contact zone cénnot be used_directly in the formulafion.
If the flexibility formplation is used, then a matrix
inversion step is reqﬁired for eaéh body. Introductioﬁ of
special gap or contact elements makes it possiblé'to‘retain
both displacements and contact forces as primary unknowns
but the total number of unknowns which necessarily have to
be involved in the iterative process increases. In sbme of
these formulations the system matrix is not symmetric
(Okamoto and Nakazawa 1979);, which nullifieé one of. the
benefits of using finite element method. |

In lieu of the above discussion the boundary integral
equation method seems a natural choice foriséiving elastic
contact probléms.'It retains the generality of the finite
element method and offers the simplicity oﬁ the integral

equation approach in modeling contact problems.

Boundary Integral Equation MNethod

To solve boundary value problems in classical
elastostatics, the boundary inﬁegral equation (BIE) method
uses the singular solution: of the'Névier equatiﬁns. This
solution along with'the reciprocal work theorem yield an
integral equation which provides a.relatidn.between boundary
displacements and corrésponding,boundary tractiohs, The
equation can be usgd:to generate a set of simultaneous

integral equations from suitable 'boundary data. In all but
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the simplest of problems, the integral quation cannot bé
solved anélytically. Howéver; suitable numérical techniques
have been developed for solving these equations. .

The original development of tHe BIE method is due to
Jawson and Ponter (1963), who apply the method to elastic
torsion problems. Their work is ektended byldawson'(1963)
and Symm (1963) to the solution of problems in potential
theofy. '

Rizzo (1967) develops the BIE formulation for th
dimensional problems in linear elasticity. Cruse (1959)
extends it to three dimensiohal problems and also presents a
numerical éolution technique analogous to the finite element
method. Computation of internal diéplacementsrand stresses
is also included. | -

Lachat (1975) and Lachat and Watson (1975, 1976)
develop a general ﬁumerical techhique for two and. three
dimensional elastostatics problems. They‘intrpduce several
improvements that provide a structure to the BIE method as a
numerical technique, and aid in improviﬁg the accuracy and
efficiency of the BIE method. They repreéent both geométry
and boundary data pafametrically in which the vériation.of
these quantities is expressed in terms of the nodal values
and shape functions of intrinsic coofdinates.vThis
representation allows use of Gaussian quadrature for
efficient numerical integration. The,ordgr of the quadrature

formula to be used is determined for each segment based on
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calculated error bounds for the formulae and the rapidity of
the variation of the integrand within‘the segment. Examples
are presented using linear, quadratic and cubic variétion
for the boundary data.

The boundary integral equation method has also been
extehded to solve inelastic problems. Solutions Eechniques
for applying the BIE method to problems with constitutive
equations representing various material responses'are now
being developed. .For current developments and fesearch
trends in the BIE method the reader is referred to .Brebbia
et. al. (1984). | |

The BIE method offers several impSrtaﬁt advahtages over
the finite element method and the integral eqﬁation method
for the numerical solution of contact-ﬁrbblems. As mentioned
previously, the data preparation time is reduced
considerably relative to the finite element methods, since
only the boundary needs to be modeled. Input data can be
easily changed and less experience is required by the
analyst to produce acceptable results. l

Since both tractions and displacements arefretéined as
unknowns, the contact equations can be written explicitly
and hence, different friction léws can- be incorporated
easily. Tractions and displacements are computed with the
same accuracy and surface,tfactions iﬁ.the contact zone,
often the most important part of the sdlutions,'are

calculated directly.
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The BIE method does not impose any rgstrictions on the
shape of the boundary, and.therefore complex‘geometries can
be handled routinély.'The_half—space restrictions_oﬁ the
shape of the quYZiﬁpésed,byatﬁé intééral equatibn method do

not apply.
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CHAPTER 3

FORMULATION OF BOUNDARY INTEGRAL EQUATION

In this chapter the basic equations of boundary
integral equations (BIE) are developed within the context of
the linear theory of elasticity. The development of BIE is
now well documented; for details the reéder is referred to
Brebbia et.al. (1984).

In what follows, all work is referred to a Cartesian
coordinate system. The notation used is the usual Cartesian
tensor notation, with implied summation on repeated indices,
and partial differentiation denoted by comma-index.

The analysis is restricted to the classical
elastostatics problems, which is based on the following
assumptfons:

l. Linear stress-strain relations.

2. Small deformation theory holds, i.e. equilibrium .
equations can be referred to the undeformed
configuration. - ‘

In small deformation theory the strain tensor
components €1y are expressed in terms of the displacement
vector components ug ag |

€y = 1/2( 8u/3X, + Bu,/8%,;) | ()
Consider én elastic body occﬁpying a domain & bounded by a

surface T'. If 017 are the stress tensor ‘components and By
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are.the body force vector components then the equilibrium
equations afe
BGUIBXJ + Bl =0 in Q. . (32)
Moment equilibrium can be_used to show that the stress
tensor is symmetric,i.e., |
oy = 0. (3.3)
For a homogeneous isotropic elastic medium the stress-
strain relations are

d]J = 2G€'J + 260/(]‘2U)€KK8LJ . (304)

G and vV designate the shear modulus and the Poisson's ratio,
respectively. GLJ is the Kronecker delta whése properties
are | '
8y = 0 =
= 1 1= (3.5)
Using Eq. (3.4) in Eq. (3.2), and using Eq. (3.1) in

the result, the usual Navier's equationslaré obtained
Guy 3y * G/(I—Zu)uJ'J, +By= 0 in Q. (3.6)
A particular solution to these partial differenfial
equations must satisfy, in addition, the boundary conditions
for displacements on the surface Iy and tractions on Ty,

respectively given as

up(x) = q(x) | RET,,
and ) )
t(®) = opyny = py(x) kel , (3.7

where n is the unit outward normal to the surfacer and t is

the traction vector at a point x e . d1(x) are the
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prescribed displacemen;s on the surface r, and pr(x) are
the prescribed tractions on Ty, In a well posed problem at
any given point on the boundary either the displacements
Ur(x) or the tractions ty(x) are known. The problem is to
find a solution to Eq. (3.6) subject to the boundary

conditions (3.7).

In solving two-dimensional problems in elasticity, if
the X3 component of displacement vector u is consﬁant and if
the displacements u;, uy are functions of X; and Xy only,
the body is said to be in plane strain state parallel to the
X1, Xo-plane. In plane strain the following conditions hold:

duy /9X3 = 8u2/8X3 = 0 ; uz = constant. (3.8)
The Navier's equations for plane strain (I, J =1,2) are
given by Eq.‘(3.65.

If the stress components in the X3 direction vanish
everywhere,

93 = 032 = 033 = 0, (3:9)
the state of stress is said té be plane stress parallel to
the X;, Xo-plane. Substituting Eg. (3.4) and (3.9) in Eq.
(3.2) the Navier's equations for plane stress are obtained
(Fung, 1965), |

G“l.JJ + G(1+v)/(1-v) uJ,Jl *Bﬂ =0 in Q. (3.10)
Eq. (3.6) is identical to Eq. (3.10), if v in Eq. (3.6) is

replaced by V/(1l+Vv). Hence, a plane strain formulation may
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be used to solve plane stress problems if v is replaced by

v/ (1+v).

Somigliana's Identil

Boundary integral equations for elasticity can be
developed uéing the method of weighted residuals (Brebbia,
et.al., 1984). These methods usually bear no physical
relation to the problem, therefore the equations presented
here are derived via Somigliana's identify, which can be
deduced from Betti's reciprocal work theorem. This theorem
states (Sokolnikoff, 1956): |
If an elastic body is subjected to two systems of‘body and
surface forces, then Ehe work that would be done by the
first system t;, By in acting through the displacements u'gy
due to the second system of forces is equal to the work that
would be done by the second system t';, B'i in acting
through the displacements u; due to the first system of
forces. -

The theorem can be expreésed mathematically as
J By ae [ty ar=f gy do +f tqup ar, (3.11)

where @ is the region bounded by T.

Let the body force cbmponents B'y be the unit loads
applied at a source point £ ¢ @ in each of the coordinate
directions given by unit vectors e;, Then the body force

distribution can be expressed as
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By = A(L-we. - - (3.12)
where &£ - x) is the Dirac delta function, x €@ is: an
observation point, and the underscore indicates a vector.

The Dirac delta function has the following properties:

A -%) = 0 8 =g,
fowa@-» = 9@ LeQ

= 0 £xQ. (3.13)"

Therefore the first integral on the right hand side in Eg.

(3.11) then becomes
[ Buae = [ e uWaE -1 do = ule . (3.14)

If a unit load is applied successively in each of the
coordinate directions, then the displacements u'j; and the

tractions t'y can be represented in the following form:
u’ UIJ(LIQEI ,
vy = Tyl gey. - (3.15)

il

where Ury(f,x) and TIj(g,x) represent the displacements and
tractions, respectively in the J direction at x
corresponding to .an unit point force acting in the I
direction at g . Substituting Eq. (3.14) and (3.15) into Eq.
(3.11), the displécement compohents Ur at £ can be written

in the following form

u® = [uy@w e arw - 1@ e W are
| [ Uy 9 B® dow . (3.16)
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The above equation is Somigliana's identity for
displacements. This identity is the starting point for the
BIE method. The terms Uyj(f,x) are the fundamental solutions
of Navier equations, i.e., they satisfy |

Gupyy + G/(I-20)uy 5 ¢ A -®)e = 0. (3.17) .
w

These fundamental solﬁtions, or free—spacé Green's
functions, are necessary fér the boundary integrél equation
formulation. They are definea over the entire regioh Q,
except.at the source point g e @, But are not required to
satisfy'boundary conditions on T. if'the fundamental
solution is forced to satisfy the boundary conditions then
the Green's function for the specific problem is obtained.

The solution of Egqg. (3.17) for three-dimensional

problems was first obtained by Kelvin (Love, 1929) as

Upy(E ) = (1+0)/BTE(I-0)r [(3-40)5), + r‘,,r,ﬂ - (3a8)

where E is the Young's modulus and its felationship between
G and v is .

E = 26(i+v) . - (3.19)
r = r( ,x) is.the distancé between source point and
observation point:

n-= XI(K) - Xl(ﬁ) . _

ro= (rrp¥?. (3.20)
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The notation r,; jndicates differentiation with respect to
Xy .

Fp = 8rp/8%; = ry/r. (3.21)
Egq. (3.18) is the solution for the displacements at any
point x due to a unit point load at a point ¢ in an infinite
elastic medium; note that the solution is singular at the
source point, x =¢ . Using the stress-strain relationvK;
(3.4) and Eg. (3.18) a similar expression for tractions can

be obtained, that is:

Ty ») = {1/8w(1-v)r2} [(1-20)(r,;nj - 1, ny)
~ Nlo{(1-20)8 5 + 3ryr 1. o (3.22)

Note that Uyjy(f,x) and Trj(&,x) are symmetrical in & and x.
By integrating this solution along an infinite line,
the solution fof a line load of unit iﬂtenéity in an
infinite elastic medium is obtainea (Danson, 1983) and this
modified solution can be used for plane strain probléms° In
integrating Eq. (3.18) the displaéements are found to be
infinite since the line load extends to infinity. Even
though the displacements are infinite the strains will be
finite and by finding the strain field, a fundamental
solution for the plane strain problem is then obtained.

These expressions are

U )= (+0)/4TEQ-o)r [(3-40)In(1/1)8), + r,yr. ], (3.23)

and
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TIJ (.Eu ®) = /4w (-o)r [(1‘20)(7'.an - r.Jnl)
= Ny T {(1-20)8 |5 + 2ryr, 4} . | (3.24)
The plane strain equations are valid for plane stress
problems if Vv and E are replaced by

v’ = vu/(ivv) ,
E' = E(1+20)/(1+02) . - (3.25)

Eq. (3.16) gives displacements at a point £ ingo , in
terms of surface integrals of boundary displacements and

tractions, and a volume integral of the bady force

distribution. It provideé a means of determining’

displacements on the interior once the boundary tractions
and displacements are known. If the source point ¢ e q is
moved to the boundary, an expression containing only
boundary data will result, which can be used to obtain the
boundary unknowns.

Care must be taken in evaluating Egq. (3.16) aé £ is
moved to the boundary since Gauss's divergence theofem,
which ié‘used in deriving Betti's theorem (Eq. 3.11),
requires all functions to be continuous. Since the kernels
Ti5(g,x) and Ugg(£&,x) are singular at the source point, some

material must be added where ¥ ¢ o intersects the boundary so

that the source point can be enclosed in portion of a small

sphere of radius ¢ (Fig. 1 ). Eq. (3.16) is evaluated over

S —
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the boundary r-I*+l'; and the domain ' = 0+ 0, asé --> 0

SIJUJ(D: 'Lim $->0 {JI'-P" , MU]J(LK_NJGF(E)

~J peons TIEDU A6 + [ Uy (08 wdow).  (5.26)

As 8 —==> 0 , 2'==> Q; therefore the integral with body7force

term By does not change. Consider the second integral in-the

above equation :

P-T*+T$ TIJ (LK) UJ(_X_) dl"(g_) = |
Lim§->0 [IP—P* T (LK)UJ(K)(IF(E) +INT]J(£-B.)UJ(&)CH'(5_)], (3’.27)

Lims->0 |

As § --> 0, T -~ I'*~->T; therefore only the second integral‘in
Eq. (3.27) needs to be evaluated. The term uj(g) can be
taken outside the integral since uy(x) --> uj(¢) as 6 -->0.

Thus the integral to be evaluated is

I, =Lim5 ->0 J L T Emdre) (3.28)

where the kernel Tr3(&,%) is given by the Eg. (3.22). With
the use of polar coordinates, this integral can be evaluated
in closed form for the two dimensional case (banson, 1983i.
Its value in general dependé on the shape of the boundary at
the poiht ¢ (Fig. 1 ); for smooth boundary Ipy = -1/2 9 1.
For three-dimensional cése the form of ‘Iyy is more compleg,
and is taken in the Cauchy principle value sense. This does
not pose any problems, as later it will be éhown that I;;

need not be computed explicitly (see Appendix A).
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contact are:

1. No material interpenetration can occur, therefore,

$(x7) = 0 inside the region of contact,
s(x1) >0 outside the region of contact, (5.1)

where 8(X3) is the current gap. .

2. The normal componént of traction in the contact
region is compressive.

3. In the absence of friction the tangential component
of traction inside the contact zone is zero:

where ti I and tiII are the tangential component of
traction for body I and body II, respectively.

In addition to the observed contact conditions, equilibrium
across the contact zone requires the normal contact forces

to be equal and opposite.

Local Coordinate System

To solve contact problems using the BIEAmethod, the
portion of the boundary expected to come in contact, Tc, is
" divided into boundary elements for both bodies I énd 11,
such that nodes on opposite sides of the contact surface
form a pair of contact nodeé. To write the kinematic and
equilibrium equations, for each of the pair Qf:contact nodes
a local coordinate system is defined (Fig. 5 .). If nI and
nll define the unit outer normal vectors for the contact
nodes under consideration, then an average normai vector n

is defined as,

n=(!-ply|n-nll| R (5.3)
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a. The region of contact, lc.

b. Local éoordinate system.

Figure 5. Local coordinate sy stem for the contact zone.
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Similarly an average tangential vector t is defined using tl
and tII, The contact conditions are written in the local

coordinate system defined by n and t.
The Frictionless Contact Problem

In the case of frictionless problems tangentlal
tractions inside the contact zone vanish ‘and in general the
extent of contact zone C, the normal pressure distribution,'
and the displacements inside C remain as unknowns. The
problem is load-path independent. In solving such preblems
numerically, a possible contaet zone is estimated
conservatively such that tne actual contact zone 1is
contained within it. The actuel contact_zone‘is then found

through an iterative procedure.

MQMMMMMW
If ul and ull are the displacement vectors of a pair of
contact nodes, and if g©° is the initial gap vector between
these nodes, then the normal component of the current gap
can be defined as (Fig. 6 ), _
8n=58n = (W -ul +g0).p, (5.4)
$h should be greater than or equal to zero becanse material

interpenetration is not allowed. Hence, for contact to occur

the condition is,

§p= 0. | (5.5)
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Figure 6. The gap vector g between a potential contact
node pair. - e

‘Contact Conditions
The normal component of traction must be non-tensile,
i.e., _ .
thy<o:dl >0 | (5.6)
The sign difference arises because the equations are written
in the local coordinate system defined previously, with the
average normal vector'pointing away from body 1I.
In the absence of friction the tahgential tractions in
the contact zone are zero: _ |
ty =0, or thy = 0. (5.7)
In this case felative sliding can take'plaqe and no

restriction is placed on relative tangential displacement.

The normal and tangentiallcomﬁonents of traction across

the contact surface must be in equilibrium:
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(Ev/E) ty + el = 0, | (5.8)
(Ev/E)) tl+dll =0, (5.9)
These equations are multiplied by the ratio of - Young's
modulus of -bodies I and II since, as described in Chapter 4,
to obtain a numerically stable systeﬁ of equations, the

tractions of each body are divided by its Young's modulus.
N ical Soluti

The problem is now solvable since for every boundary
point there is one equation for every unknown quantity.
Outside the contact zone, at every boundary point either
tractions or displacements'are unknowns for which two
boundary integral equations can be written. Inéide the
contact zone at each boundary point both ngrmal and
tangential traction components along with the two
displacement components remain unknowns. Hence, for a pair
of contact nodes there are eight unkh&wns, For these éight
unknowns, four boundary integral equations (two forleach
body) along with, Eq. (5.5), (5.75, (5.8), and (5.9) provide
eight equations. The ﬁnknowns and.the corresponding
equations are identified in Table 1. For example, if a
node pair is not in contact (open), the normai tractions are
known to be zero and the normal displacements are found by
using the boundary integral equations. If a node pair ;s in
contact, the normal components of traction are defined by a

boundary integral equation and Eq. (5.8). Similarly, the
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normal components qf displacement are defined by a boundary
integral equation and Eq. (5.5). In frictionless contact
problems the tangential traction is zero; and since no
restriction is placed on tangential displacements inside the
potential contact zone, these are computed by using the
boundary integral equations.

Outside the potential contact zone boundary elements
are defined in the usual manner. Within the potéptiél
contact zone, elements for both bodies are aefined in pairs,
keéping the length of the elements in each pair
approximately the same (Fig. 5a).:

'Initially, assumptions are made concerning the contact
status of each node pair in the potential contact zone and
contact equations are written accordingly. These, along with
the discretised boundary integral equations, fofm a sysﬁem
of linear.equations. At each step of the iteration process
the contact status of each node pair is chécked and updated
(see Table 2). | |

For node pairs that were aséumed to be in contact, if
the normal traction is tensile, the node pair is released by
setting the normal tractions to zero for the next iteration.

For node pairs that assumed not to be in contact, if
the resultant gap Sn in Eq. 5.2, is negative the node pair
is brought into contéct by setting ’n to be zero for the
next iteration. ) | |

As the contact status. is checked and updated for each
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iteration, the contact equations are written according to
the updated conditions, thus forming a new system of
equations. The system of equationé is solved by Gauss

elimination. The operation of the equation solver is

discussed in detail in Chapter 7.

Table 1. Unknowns and corresponding equations at a
potential contact node.
Equations
Unknowns at a Body I Body 1II
potential = @ —emmmeeem
contact node All Cases Open In Contact
th Equilibrium th =0 Integral
equation (5.8) equation
te Equilibrium tg = 0 tg = 0
equation (5.9)
Un Integral Integral Compapibilit%
equation equation equation (5.5)
U Integral Integral Integral
-equation equation equation
Table 2. Criteria for determining contact conditions

during the iterative process.

Assumed contact Value of &, tnIl Contact status for

status after the iteration next iteration
) O;;;— o Sph'> 0 Open
Sn £ 0 Contact
~contact g II>0 Contact
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. CHAPTER 6
RESULTS FOR FRICTIONLESS CONTACT PROBLENS

A FORTRAN computer program called CONTACT is developed
for two dimensional elastic contact problems with and
without friction. Various contaét problems, for which
analytical solutions are available, are solved using the
program. In the numerical analysis of contact problems{
frictionless problems are a subclass of f;ictionai contact
problems. Neverthelesé, since analytical solutipns for
several frictionless problems have appeared in the
literature, these problems provide a broad set of test cases

for evaluating several aspects of the computer program.

Hertz's Problem

An elastic cylinder lying on a flat surface subjectea
to a concentrated load is analyzed for the case of plane
strain. The boundary geometry is approximated using
quadratic and linear variation for the cylinder and
foundation, respectively. The boundary element moéels of the
two bodies are shown in Fig. 7. The potential éontact zone
contains 9 elements of equal length; the‘fegion outside of
the potential contact ZOné coﬁtains 26 and 36 elements for

the cylinder and the fohndatibn, respectively.
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The problem is solved using constant and linear functional
representations. |

Contact preésures for four different cases are shown in
Fig. 8. A rigid cylinder is modeled using a high foung's
modulus. The results are in very good agreement with
theoretical results (Timoshenko and Goodier, 1970). Constant
and linear elements give identical resulis, therefo;e higher
order functional approximations were not used; The maximqm
error in the normal pressure for the cases considered is
found to be 2.5 percent. This error is.for the case in which
the cylinder is rigid and the foundation is taken to be
incompressible, and it can be attributed to the large
difference in the Young's moduluii. In all cases the extent
of contact is predicted accurately without having to use a
fine mesh where the contact ceases. |

Sachedeva, et. al. (1981) solve a similar problem using
the finite element method. Only part of‘thé cylindér is
modeled to keep the size of the problem small. They report
that the problem was sﬁlved with 326 degrees of freedom, of
which 84 are in the potential contact zone. Here the pfoblem
is solved with 192 degrees of freedom with all the unknowns
in the potential contact zone retained (four per contact
node), amounting to 80 degrees of freedom. The excess
degreeé of freedom in using the FEM are due to the fact thgf
the interior of both bodies must bélmgdeled ré;hg;_than-just

their boundaries.
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Contact Problem for g Frictionless Elastic Laver

A plane strain-contaCt'problem for a frictionless
elastic layer pressed against an elastic foundation is
considered. Various loading cases give rise to some
interesting contact conditions. The problem is solved for
three different loading cases which are depicted along with
the results for each case. In all cases the initial contact
extends over the entire length of the layer. Fig. 9 shows a
typical boundary element model for these problems in which
symmetry is taken into account to model onlf haif of the
layer and the foundation. Either linear or quadratic
elements are used and .the mesh sizes are changed according
to the loading conditions. The mesh patterns inside the
potential contact zone for the 'different load cases are

-shown in Fig. 9.

Lo 1

.In the first case, a compress1ve force at x =0 is
applied through a weightless layer (Fig. 10). As the'point
load is applied the layer separates from the fogndation.
Dundurs (1975) classifies this as a 'receding contact
problem, and shows that the extent of contact for the
frictionless case is independent of the level of applied
loading. Keer, et.al. (1972) and, Ratwani and Erdogan (1973)
have obtained an analytical solution to this problem. Here,

the analytical solution presented by Keer, et. al. (1972) is
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used for comparison. Three different choices of material
parameters are used to study the behavior. The length of the
layer for the first two éhoiqgs is 2 cm., and is modeled
with equal size elements'éf'iéﬁgth 0.1 cm.; The length of
the layer for the third choice is 4 cm. and a différent mesh
is used (Fig. 9). | |

Fig. 10 sﬁows the normal: contact pressure for the three
different choices of material pa;ameters.lgs'the layer
stiffness increasés relative to the foundation, 1éss,behding
occurs in the layer and the'e#tent of contact is increased.
In alllthe three cases thé extent of contact and the
traction distribution are accurately prediqted. Linear and
quadratic element give virtually the same results except
where the contact .ceases. ihis is to be expected, since for
quadratic elements the normal pressure distribution can‘
chénge depending on whether contact ceases at a corner node
or at an interior node. If the contact ceases at én interior
node of an element, local tractions in the element are
approximated as shown in Fig. 11 which may prdduce erroneous
results. Similar observation are made by Andersson (1982)
using the BIE method and, by Torstenfelt (1983) using the

FEM.

Figure 11. Traction distribution in a quadratic element
when the contact ceases at an . interior node.
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L a 2

The second load case consiéts of an elastic layer .of
thickness h under the.actibn of a uniform clamping pressure
Pe on its top surface,'and a tensile fprce‘P appiied at
x = 0 (Fig. 12). The foundation is considered to be rigid.
Civelek and Erdogan (1975),havé'solved this problem
analytically. If'the‘concentrated load is sufficiéntly small
then the contact along the interface is qohtinuous. Above a
criticél load partial "separation occurs near x.= 0, and gets
largef as the load is increased. The contact zone consistsf
of 26 and 24 elements for A= P/hpy equal to 2 and 4,
respectively. The third and fifth mesh pattern depicted in'
Fig. 9 relate to these two cases. ‘ l

Fig. 12 shows the normalized contact pressure
distribution for two different values of ﬁhe tensile force
P. The preséure peak .near x = +a‘teﬁdsAto unity as x/h
increases. For A= 2 the résultant force due  to the
difference between the upward and the downward‘qucés acting
on the separation zone is ubward (tensile), and thus the-
pressure peak deviates from x =‘a'to keep the layer'in
equilibrium. When ) = 4 the resﬁltant force is éompressive,
and the pressure peak helps support thé.lifted portion of
the layer. For A = 4, linear elements show a 4 peréent érror
in the maximum contact pressufer while quadratic elements
give less than 2 percent error. Both fhe quadratic and

linear elements have same node locations.
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It is found that this prdblem is sensitive to mesh size
and location of the'contact nodes. The pressure gradient-
~ Where the layer comes~in contaet is very high and a siight
change in location_of:the'contect_nodes,alters the extent of
separetion. Each‘preblem is solved-with two or three
different mesh patterns to check the‘consistency in-tne
results obtained. The solution is also found to be sensitive
to changes in element size. Rapid changes in element size
give poor results, and elements of uniform size are needed
near the pressure peeks. Fig. 13. shows this sh1ft in the
extent of contact zone when a fine mesh pattern is prov1ded'
where the layer comes in contact. In this case 31 ahd 29
elements are used in the contact zone for ) equal to 2 and
4, which relate to the fourth and s1xth me sh pattern in Fig.

9, respectlvely.

Lo 's 3
The third load case differs from the second load case

on;y in that P is compressive. Again, fgr sufficiently small

values of P continuous contact between the layer and the

foundation is’maintained In1t1at10n of separation. occurs at'
a distance b from the axis of symmetry which is practlcally

independent of the level of applled,load (Clvelek_and

Erdogan, 1976)t Fig. 14 shows the pressure aistribution for

two different values of P. 1In e;det t0'inclnde'the entire
pressure distribution and to give-sufficient aetails,

.different scales are useq for gyy/hpe.> 5 and for
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Oyy/hpe < 5. The BIE results are in good'agreement with the
theory except at the outer edge of the separatlon zone,
where llnear elements predict about 6 percent larger extent
of separation. ' '
- Fig. 15 shows the vertical displécement in the
separation zone. Although the lineer eiements-give
satisfactory pressure distribution, the displacements are in
error by more than 15 pefcent. Quadratic elements with the
same number of contact nodes (34) show a ﬁarked improvement‘
in displaceﬁent calculations. The‘error is less than 4
percent with quadratic elements, which shows the importaoce
of the higher order elements. This problem is also found to
be sensitive to the mesh patterns. |

The author is not aware of any other analytical
solutions to contact problems which explicitly give the
displacements. This has liﬁited further comparative study of
the elements when contaét problems are considered. G e ¢ i t
(1980) solves the problem of load cases 2 and 3
analytically, with the foundation considered to be elastic.
Unfortunately, his results are questionaole. One way to
check the results is to consider equlllbrlum of . forces for
each body: the area under the contact pressure distribution
curve can be measured approximately and should agfee with
the externally applied load. Some of hislfesults for the

load case 2 do not satisfy this criterion.
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Inclusion of a Smooth Circular Digc in a Plate

As an application of conformal contéqt, consider the
following inclusion problém: a circular elastic disc is
inserted in a hole in an elastic pléte. The disc is smooth .
and fits exactly into the hole in the unstreséed-stéte.‘The
platé is then subjected to:stresses so that the disc
separates from the plate along part of the boundary. Fdr a
frictionless problem, the extent of contact is independent
of levgl of loading (Keer, et. al. 1973). | '

Fig. 16 shows the boundary element model. In the
contact zone- the linear elements are of equal iength with
nodes 3 degrees apart. Fig. 17 shows the normal t;actions in
the contact zone for identicai materials uﬁder‘three
different loading conditions. The normal tractions near the'
crown deviate from the analytical result by about 6 percent.
Contact elements with nodes- spaced 2, 3, 5 and 10 degrees
apart, with linear énd quadratiq functional approximations,
give similar results. A fine mesh near the cfown and a
coarse mesh away from the crown does not alter the resﬁlts,
and again the problem is found to be sensitiye to changes
in element size. | |

To further investigate the problem, different material
parameters'were used under the same‘ioading ¢onditionsf Fig. -
18 shows the‘nofmai tractions for different material
parameters with same extent of Eontact. The numerical

results consistently show higher values of hormal traction
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near the crown. The analytical results shown here are
obtained by Keer, et. al. (1973). Their Aformula'tion leéds to
a Fredholm integral equation_ which is then numerically
solved. They discuss the "diffi‘culty éncountered in ‘the
humerical evaluation due to divergence . of an infinite
integral in the kernel of the integral equation. The small
discrepancy observed here in the c'alculat.ion of no’rmal
tractions may very well be due to thbe'vapproximations

involved in numerical evaluation of the Fredholm integral

equation.
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CHAPTER 7
FORMULATION OF FRICTIONAL CONTACT PROBLENS

Frictional forces are associated w;th energy
dissipation in the contact zone. Consequently the final
state of the displacements and'tractions depends on the
loading history. The problem thus has té be - solved by
applying the load in increﬁents, with the assumption that
the behavior is linear during each load increment. Since the
non-linearities arise only in the boundary conaitions inside
the contact zone, the boundary integral equations can be

written in incremental form as:

Ciyauy(P) +[ Tj;(P.Q) Auy(@) dr(a)

= [ U, (P.Q) aty() dr(o) (7.1
The current tractions and displacements are then calculated

as the sum of increments,

K
k= Atk gkt = 20 Atk (7.2a)

=1 ‘ : ‘

K

ukl = Auk, + ug‘k“‘ -2 Auk[ ‘ (7.2p)
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The Frictional Contact Problem

The basic concepts in the numerical solution of

frictional problems are same as in frictionless problems and

“are not repeated here. In addition to the. conditions Qf'no

material interpenetration and compressive normal traction,

in the presence of friction the tangential compoﬁént of -

traction must satisfy Coulomb's law of friction:

lte(x) ] % pltp(x)] , Se(x) =0 - - (7.3)

tt(x) = = pltn(x)~| r (St(X) £ 0 o (7.4a)
such that '
Er(x)*¢(x) <0 ' ' S (7.4b)

where ty(x) and tp(x) are the tangential and normal

~component of t(x), respectively, uis the coefficient of

friction, and 6¢(x) denotes the current relative tangential

displacement (slip) between bodies I and II (see Fig. 19).

In Eq. (7.3), the equality for Gt(x) provides a condition

for displacements and the inequality defines the region of

adhesion. Eg. (7.4a) determines the magnitude of the
frictional forces in the region of slip. Eq. (7.4b) simply
states that the frictional forces oppose the relative

displacement.

Di m ibili
If ul ang :QII are the incremental 'displacement
vectors of a pair. of potential contact nodes for the kth

load increment, and if g is the resultant gap vector between
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these nodes at the end of k-1 load increménts, the normal

component of the resultant gap 6, can be defined as (Fig.

19 ), -
8,= 80 = (Adl - Al + @) -1, (7.5)
where '
K K- |
g= 2 Ak - 2 Ak + g0 (7.6)
k=1 k=1 ' '

and g0 is the initial gap vector. g§p should be non-negative
because material interpenetration is not allowed. Hence, for
contact to occur the condition is, . .
8= 0. | (7.7)
As the loading progresses the gap between the contact nodes

is updated according'to Eq. (7.6).

Eguilibrium Equations at the Contact Surface
The normal and tangential cdmponents of tractions on
the two bodies in the contact zone must be in equilibrium at

each step of the loading process:.

(E/Ep) Atk + agllk = o, | - (7.8)
C(E/Ep) atlk + Ay llk = o, . (7.9)

These equations are multiplied by the ratio Young's modulus
of bodies I and II since, as described in Chapter-4, to
obtain a numeriéally ‘stable system of equations, the

tractions of each body are divided by its Young's modulus.
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Contact Conditions

The normal component of the current contact forces must
be compressive: | _ . |
talk! + At < 0 and tI s Atk > 0.0 0 (7.00)
These equations are written in the local coordinate system
defined in Chapter 5.

Frictional forces for either body I or II are obtained
by substituting Eq. 7.2a in Eq. 7.3: | .
[t v Atk | < ]tk Atk @
where |t k-1 + At k| and It k-1 + st Kl are the absolute
values of the tangential and normal components of the

current traction, respectively.’

Stick and slip zones
The contact region ', can be divided into two parts,
the stick zone Tr.; where no relative slip occurs and the

slip zone T,y where relative sliding occurs. In the stick

zone Eqg. 7.3 requires that

8t = Ault - AU“t - gt =0 on ‘I'ca . (7‘2)
In the slip zone the tangential traction for either body I
or IT is given by Eq. 7.4 which, with Eq. 7.2a reads as:

k-1 K, | = k-1 k '
|65+ Aty = ap] tKT e ALY on Tes. (7.13)
The sign depends on the relative‘tangential displacement
such that the frictidnal forces oppose the_relétive

tangential displacement. Thus for body II,
k-1 kg Al -
(t" + atpl-Cavl - adly -g) <0 on . (7.14)
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The relative displacement with respect to body I has
opposite sign of the relative displacement with respect to

that of body 1II.
Iterative Pfocedu;e,andvCogygrggncg Criteria
Inside the potential contact zone both tractions and
displacements are unknown, resulting in 8'unknowns per node
pair. The potential contéct zone may consist of open
(Gn > 0), stick, and slip zones. Each zone has a different
set of contact. conditions, as described above, which.arg

associated with different unknowns in each éone. The

equations for the contact nodes of body I consist of two

equilibrium equations for the tractions and the boundary

integral equations for the displacement components. The
equations for the contact nodes of body II change according
to the status of the node. Table 3 shows the unknowns and
the associated equations for each possible contact
condition. | 3

As described in Chapter 5, an initial assumption is
made regarding the contact ‘status .of each node pair'in the
potential contact zone for the first load increment. The
actual contact status of node pairs inside the potential
contact -zone for the:first load increment is obtained
through an iterative process in which the contact status of

each node pair is checked and updated until Eqs. 7.7, 7.10

and 7.11 are satisfied. This then becomes the assumed’
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contact status for tﬁe next load increment. For each load
increment, the itefative.procedure'is repeated. The
convergence criteria used during eaéh iterative'sfep are
discussed below (sée'Table_4). All - of the criteria are
identified ﬁsing tractions and displacements of bo&y II.

At thé node pairs‘thaf were assumed not to be in
contact, if the resultant gap 8, in.Eq; {7.5) is a negative
quantity, then the node pair is bréught into contact for the
next iteration. As the nodg pair is broughf into,contact,
its status regarding sticking or sliding contact cannot, in
general{ be decided. Therefore, éticking contact.is always
assumed. After completion of 'the nextiiteratidn this
aésumption is verified before changing the contact status of
any other node pair. '

At the node pairs that were assumed to bé in contact,
if the normal tractiqn is noh—compressive then.the node pair
is released by setting the normal and taﬁgential tractions
to zero for the next iterations. As a node pair is released
during the iterative process its incremental_normal and
tangential traction domponenﬁs are .set to zero but not the
fotal traction components, since the contact status of a
node pair is finalizéd 6nly after successfﬁl completion'of
the iterétive process. Theiﬁptai:tractioh components.of the
released nodes are then'set tonero. - |

For node pairs that were assumgd to be sticking, if Eq.

(7.11) is satisfied, then the .node pair cqntinueé to stick;
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Table 3. Unknowns‘and corresponding equations at a
potential contact node for frlctlonal problems.
Equatlons
Unknowns at —=———————mem oo ——————————————— e -
a potential Body I Body II
contact node—--—-—-——---——-—-——————-——---——---—————-e—--f——
All cases Stick Slip Open
tn Equilibrium Integral Integral th = 0
equn.(7.10) equatlon equation _
te Equilibrium - Inte ral Coulomb’s tg =0
equn. (7.9) equation law (7.13) :
up Integral Equation Equation Integral
equation (7.5) (7.5) equation
U ‘Integral uation Integral Integral
equation 7.12) equation equation
Table 4, Criteria for determining the frictional contact

conditions during the iterative process.

Assumed contact Current status of Assumed contact
status of a displacements and status for

node pair tractions of body II next iteration
Copen - sgro T open
T gn<o stick
Cstick e At z0s (44 Ak < gtk s Ak stick
'"IT«‘fi‘,;t?nif;o’",IFTGETI aeakl siip
e A open
Csup Akl 20; 8 kT s atkgl <0 siip
RS f‘ﬂ‘&in',u'?o";l??t}f Tty Stick
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otherwise the status of the node pair is updated to sliding
and Eq. (7.13) is used to evaluate the téngential traction.
Note that the sign of tangential traction cannot, in
general, be decided, and also the normal traction appears
inside an absolute value sign. The sién of Attk could be
assumed to be the same as that of the total tangential
tractlon when the stick condltlon is first v1olated and the
known normal traction from the prev1ous 1terat10n is used in
Eq. 7.13, giving:
Att”k = (ttk-l + Att“("))"/l (ttk-l + Atto(k))'ll x

| (k! Atnq(k)“ll - ttllfk-m (7.15)
where the superscript o denotes value from the previous
iteration. This obviously requires an additional iteration
to correctly determine the tgngential traction.
Alternatively, since the sign of total normal traction is
known to be non-negative by Eq. 7.10, the absolute value
sign on this quantity can be dropped and Eqg. (7.13) can be
modified by treating both incremental normal.and fangential

tractions as unknown quantities. The modified equation is
Att“k + (t k-1, At (k))”/i “ k-1 4 Attﬂ(k))lﬂl let “k -

'(tt“ + Att"("))"ll (t k-l 4+ At o(k))lll (llt I k- ) -t I k- (7 16)
In the case when this assumptlon fails, an extra iteration
is needed to.correct the sign3of'the tangential traction.

| For node pairs that were assumed to be.in sliding

contact, the frictional'forge opposes the relative sliding
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between the contacting nodes. Thus( by Eg.. 7.14 two
conditions can exist: ' A

N ¢y k-1 k Wl < in which case the node pair
5 t(tt ¢ Al t) <0 continues to slide, or,

in which case the status of

5'“-(”5(“3 + Atkt)“ >0 the node pair is updated to

sticking contact.

Since the contact status of a node pair is decided by .

the Eq 7.5 and the inequalities 7.10 and 7.14, the.itera;ive
process may fail due to round off and truncation errofs. If
for a given load increment the iterative process fails to
converge then the solution is discarded and the load
increment is changed by a predefined amount. The final

tractions and displacements are found from Eq. 7.2.
Operation of Fguation Solver

In order to develop an efficient computer program,
clearly, the scheme used to solve the system of equations
must be efficient. This 1is eépecially true in contéct
problems where the system of equationé may bave to be solved
forty to fifty times before the final solution is achieved.
As in any numerical solution - technique, core storage
requirements are also of major concern.

To address these concerns, eéuation assembly is done-
such that a blocked coefficient matrik results..in the BIE
method, both tractions and displacements are retained as

unknowns hence, the contact equations can be written

explicitly. In contact problems since two regions-odcuf
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naturally, equations for the potential cdntadt zone and
those outside‘the contact zoné can be assembled separately,
resulting in a blocked coefficient matrix.

In contact problems, nodes in the potential contact
Z0né r. require modification of boundary conditions ddring
the iterative process. Howevef, nodes outside the potential
contact zone are not affected by the incremental—iteraﬁive
solution process. If Gaussian elimination‘is,usgd, aftef
partial forward elimina£ion, the equatipns bertaining to the
nodes outside of thé potential contact zone can be
transferred to a disc and, once the actual contact zone is
established, can be retrieved for back substitution tb find
the boundary unknowns outside.of‘the pétential cohtact zone,

if desired (see Fig. 20).

Equations
outside of
contact zone

Equations
inside the
contact zone

Figure 20. Partial forward elimination of the system of
equations. : ' '

At the start of the loading process, the contact status

of node pairs inside the potential contact zone must be

assumed. For simplicity, each node pair in the potential

contact zone is assumed to be in sticking contact.
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System o uatio

Let My pe the number of nodes outéide'of the pofeptial
contact .zone for body I. Let_qibg:the_number of nodes.in the
potential:cpntactséqﬁé féfléégh-gédy:‘Thé total hu@ber of
unknowns outside of tﬁe potentiai‘éontactlzone ié ZMI+ éMIIr
and the total number of. .unknowns-in the pptentiai contact
zone is 8N (four unknoWnsvar-each node) . The~resulting
system of equations is ”_ ' | . |

[K]1{X} = {R}, . o o (7.17)
where [K] is the coefficient'matrix, {X}'is the unknown
solution vector, and {R}'is the known right hand side. Thé
general form of Eq. (7.17) for a two body contact problem is
illustrated in Figure 2la, where Kiy is a sub-matrix
(block). The blocks X1 and X2 contain unknowns outside of
the potential contact zoné for bodj:I and bodf'II,
respectively, where as Xé and Xy contéin unknowns in the
potential contact zone for bodies I and II, respectively.
Thus, the first block row of [K] contains the influence
coefficients resulting from the integral equations Qutsi&e
of the potentiai contact zone of body I which, therefore,
has non-zero entries only in Kjj and K13. Similérly, the
second block row has non-zero entrieé only 'in Kpo and K24.
The third block row consists'qf.the integral equations
followed by the contact eqﬁations corresponding to the
potential contact nodes of body I, in which bl ock K34

provides the coupling between bodies I and II. Note that the
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integral equations have non-zero entries in only blocks K31

and K33, yhile the contact equations have non-zero entries

in only blocks K33 and K34. A similar descriptibn holds for

fourth block row.

Gauss Elimination
Eq. (7.17) is reduced by standard Gaussian elimination

algorithm in which K and R are modified as follows:

SR R G =120 (7.18)
j = i *.I. 2' R n
P=i+l, 2,5 0.

rpo= o GGk s (7.19)

where n is the number of egquations, kij is the elément in
the ith row and jth column of [K], and rj is the ith element
of {R}. {X} is obtained by back substitution in [K]' as

follows:

n
.Xi = ( E: k'

) /K i=n-1,n2---1. (7.20)
j:i-l-] . '

ij%]

Elimination of Blocks

Each biock row is assembled in parts and is stored in a
workspace array; zero blocks are not-stored. Sparse matrix
principles are used in perfofming forwapd elimination. 1In
reducing successive diagonal blocks (called pivot blocks)
operations.on block rows wifh a zero block in the pivot

column are not performed. For example, in performing forward
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elimination on the first pivét column, block rows 2 and 4
remain unaltered. Simi;arly, Zero blocks in the pivot row
will not alter the biocks bel ow theh. Therefore, during
elimination of the-firét pivot column, the only active
blocks' are Ky;, Kj3, K31, and K33. ’

Forward elimination on éach block row is performed
successively and is transferred to a sequential file disc.
The first block row is‘then retrieved.to perform fo;ward
elimination of the third block row, while the sécond block
row is retrieved fof the fourth block row. A parfially

reduced system of equations containing the modified blocks.

K33, K34, K43, and, K44 is obtained (see Fig. 21b). -

Reduced System of Equations

During the incremental-iterative process, only the
modified blocks K33, K34, K43 and, K44 are needed. The

blocks K33 and K34 contain coefficients corresponding to the

contact zone of body I, which before partial elimination
consist of the boundary integral equation and the
equilibrium equation coefficieﬁts (see.Table 3). Since the
equilibrium equations' (7.8) and (7.9) have no non-zero
entries in -block K33, these equations remain unaltered
during partial forward eliminationﬂ'Whilé after partial
forward elimination, the iﬁteéral equations are ieft with
modified coefficients in blOCK-K33.‘Furthermqre, since the
integral eéuations (1)1) and the equilibrium egquations (7.9

and 7.10) are written in the incremental form, the modified
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blocks K33 and K34 do not change during the entire
incremental-iterative process. The block R3 contains
coefficients resulting from the known incremental tractions
and incremental disblacements and thus depends on the load
increments. In Eq. (7.19), -the elements ry appéar only in
linear combinations. Since only proportional loading is

considered, during each. load increment the elements of Rl,

Ry and R3 all change in the same proportion. Therefore

forward elimination on Ry, Ry and R3 is performéd only once

during the first load increment. For each successive load
increment the block Ry js multiplied‘by the ratio of the
current load increment to the previous load increment, and
the iterative proéess is resumed. Thus,'further partial
reduction of the system of equations is achieved during the

first iteration of the first load increment (see Fig. 21lb).

Active Blocks

The blocks Ky3 and K44, contain integral and contact
equations for bddy II. The contact equations (7.5, 7.12 and

7.15) contain current gaps and current tractions, which are
history dependent. Hence, these blocks femain active during
the incremental-iterative process. At the start of the
problem these blocks contain coefficients for‘sticking
contact. In each iteration the coefficients in these two
blocks- change according to thé-currént'contac# status of
each node (see Tables 3 and 4). To accomplish thié, the

original coefficients (for sticking contact) are retrieved
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and changed in each iteration. In doing so, further saving
in computation time is_achieved by fhe fact that in forward
elimination only the'equatione'below the updated equations
are affected. Thus, after the decision regarding'contact
status of each node is made, only the eqnations for the
nodes whose contact status changes, and all the‘equetione
below them, are retrieved and updated. The remainder of the
equations which have been reduced in. the previous iteration
are kept unchanged.

For a new load increment, all the equations in blocks

K43 and K44 are changed according to the contact status at

the end of previous load increment. Since the elements of
block Ry relating to the boundary integral equatlons are not
history dependent and since proportlonal loading is assumed,
these elements are multiplied by the ratio of the current
load increment to the previous load increment as explained
for block R3 and the iterative process is resumed. Since
contacf status is based on current tractions and current

displacements (not their.increments), for the first
iteration of the current load increment, the,fight hend side
of the contact equations (block Ry) is updated by adding the
incremental displacements and tractions found in the

prévious load increments (see Egs., 7.6 and 7.13).

Back Substitution

Once the 1terat1ve-1ncremental process 1s complete, the

first two row blocks may .be retrleved to f1nd the boundary
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unknowns outsidg of the potential contact zone. The biocks
Rl'and‘gz are multiplied by thé.réﬁio.éf the finalAload fo
the fi:s% load incremgnt and the boundary unknowns are found
by back %ubstitution. . .

The blocks pertaining to contact zone can be handled
more'ef%iciently. Half of the equations in biocks K33 and
K34 consist of contact conditions which‘contain.veny few
non—zeroientries.'Rearrangement of thesé equations can lead
to further saving of the storage space. A proper pivotal
choice is also important. It can restrict the non-zero eﬁtry
growth; thus increasing the potential fpr computer time
savings. Numerical stability'also depends on choice of the
pivot. Rounding errors can occur if matrix entries of large
magnitude are created by using a small pivot. Al gorithms for'
the solutions of large unsymmetric eduation sy stems are now
available (Hood, 1976, Stébrowski, l981). To further
increase the efficiency of the solver? techniqués used in

these algorithms should be incorporated.
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CHAPTER 8
RESULTS FOR FRICTIONAL CONTACT PROBLEMS

Solutions to three different types of frictional
.contact problems which cover the essential features of
frictional contact are presented iﬁ this chapter. The BIE
solutions are checked with available analytieal or numerical
solufionsL As mentioned in Chapter 2, the only available
analytical solutions for frlctlonal problems are for
stationary contact. There do not ex1st any analytlcal
solutions for checking numerical solutions of non-stationary

frictional contact problems.

The plane strain compression of an elasticlrectangle by
rigid, rough planes with finite coefficient of frietion
betWeen_the surfaces is considered (Fig. 22). A rectangular
domain of height 2a.and widﬁh'2h is compressed by‘applying a
load of intensity P throdgh rigid punches whdse width
exceeds the width.of the elastic.rectangle. Fig. 22 shows
the boundary element model in which symmetry ie taken in
account. The contact. zone- extends . over the w1dth of the
rectangle and it is modeled by using 24 linear elements. It
is further assumed that the load is applied monotonically so

that the direction of elipjdoes not change as the load
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changes. The problem is thus load path independent (Praéad
and Dasgupta, 1975). The extent of étiék zone, ¢, is a
function of the coefficient oﬁ'frictiqn(u ; the . Poisson's
' ratio, v, and the depth of fhé rectangle, a.'c(ddes not
depend on the magnitude of the applied loading P.

Fig. 23 shows fhe Variation of normél.tractions inside
the contact zone for various values of u and v. The strength
of stress singularity increases with increase inu , but the
effect of Poisson's ratio, v, on.the strength bf stresé
singularity is found to be negligible (Prasadland basgupta,
1975). The BIE results~are in yéry goéd agreement with the
analytical solution. Fig. 24 shows the variation of
frictional forces for different values of 4 and v. The
lateral displacement is a function of vV, and for a
frictionless case the lateral displacement increases as y is
increased. Thus, the ffictional‘forces, which 6ppo§e the
lateral displacement, increase with increase in v . This can

be observed from 3rd and 4th graphs of Fig. 24, the

frictional forces, which are independent of u in the stick

zone, increase as V increases. The change in the slope of
frictional forces shows the transitidn from stick tb slip
zone. The difference in analytipal_ana numerical results qu
frictional forces is due to the fact the extent of stick
zone depends on the elemenf size as ekplained in the

following paragraph.

-
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Fig. 25 shows the ektent of the stick zone as a
function of the friction coefficient, W, for various wvalues
of the Poisson's ratio vy. As \;increases, ffiétioﬁal'forces
increase, resulting in a reduced stick zone for'§ giveny .
The extent of stiék zone cannot be determined preciself
through numerical computation: a contact node either sticks
or slips, but the actual transition from stick t§~slip may
take place between_ﬁwo nodes. Thus, the.accuracY of the
numerical results depends on the el ement sizé; Eig; 25 shows
the actual size and location of the element iﬂ'which the
transition from stick to slip occﬁrs.'As c&n'be-seen,.the
BIE solution correctly predicts the element in which the
stick-slip transition occurs in all buﬁ»two cases. The
present BIE technique cannot model the éo;ﬁer stress
singularity, nevertheless, the BIE solutions still correctly
predict the extent of stick zone near the'sﬁresé singularity
(x/h = 1). |

The dotted line shown in Fig. 25 is for a_p;ane stress
solution, with V= 0.4. Since the aisplacéments fo;‘plane.
strain and plane stress problems differ, the fricfional
forces also differ in these two cases. 'As noted.in,Chapter
3, a plane stress solution cah-be obtained from a plane
strain formulation by replacing'the value ‘ofy by v /(1 +vy ).
This results in én effective Poisson's ratio that is less
than fhe corfesponding Poisson's ratio for plaﬁe strain, and

hence smaller frictional forces.
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The Frictional Unloading Eroblém

The plane strain indentation of an eléstiq half space
by a rigid punch, with a finite coefficient of,frictioh,iu,
is considered. The'monotonically applied loading problem is
solved analytically by Spence (1973). The results fér-the
loading case are similar to the previoqs probl em ahd are not
presented here. In this problem, the ektent of stick -zone ¢
is also determined in terms of ﬁ and the .Poisson's ratio Q(
and is.independent of the magnitude of the applied_loading.‘

The results shown here are for the frictional ﬁnlééding
problem. A numerical solution obtained by Turner (1979)
using a variational formulation provides thé basis for
comparison. Fig. 26 shows the boundary element model for
this’ problem, for which the contact zone is modeled with 30
linear elements. |

At the end of the loading phase, when the current load,
W, equals P, the extent of the stick zone ¢ is 0.7;-for.'u
equal to 0.265. Fig. 27 shows the frictiénai.fbrcés for the
half space. In the slip zone, the half.épace displaces
laterally inward (inward slip), so’the frictional fqrées are
directed outward. It is of interest té hote-that in the
previous problem due to fhe presence of é free edge which is
perpendicular -to the éontact'zone,'the elaétic rectangle
displaces laterally outward. In this case the material is
displaced inward due to theICOntinuity-of the surface, a

part of which forms the contact zone.























































































































































































































































































































































