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ABSTRACT

A collocation method with sinc function basis elements
is developed to approximate the eigenvalues of regular and

singular Sturm-Liouville boundary value problems. . The
method generates a matrix system Ax = ABx with A and B both
symmetric and positive definite matrices. In the case of

singular problems, the matrix norm of B~1l s unbounded;
however, the error in the eigenvalue approximation is shown
to converge at a rate of exp(-aJN) for a positive and 2N + 1
basis elements for both regular and singular problems. This
is done by circumventing the standard error analysis which
typically involves IB71j. o
Test examples of the Sturm-Liouville differential

equations given on finite and. infinite intervals are
included to illustrate the accuracy and implementation of
the method. Several of the test examples are used to

compare the performance of the sinc-collocation method to
other numerical methods.




CHAPTER 1
INTRODUCTION

The Sturm-Liouville equation is a second order linear

differential equation of the form

da . dua
(1.1) aw[p(m&—] + (ke(X) - g(X))lf = 0

where A is a parameter.and p, #, and g are real with p and
p strictly positive.

The Sturm-Liouville equation, along with appropriate
bourndary coﬁditions,. describes many physical phenomena
typically connected with vibration problems in continuum
mechanics, that is, boundary value problems corresponding
to simple harménic standing waves. Seéeral phepomena
described in some detail 'in Birkoff and Rota-[1] are the
vibrating string whgre the éigehvalues are proportionél to
the squared frequency, the. longitudinal vibrations of the
elastic bar, and the vibrating membrane.

The Sturm-Liouville eguation Ean be written in several
forms. The form given in (1.1) is called the self-adjoint
form for real AX. Assuming g and p are continuous and p is
continuously differentianie, solufions to (1.1) exist.

"The Liouville normal form of the Sturm-Liouville

equation will be the form used throughout Chaptérs 2-5.
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Any differential equation (1.1) with p, » € ¢2 and g €EC
can be rewritten in normal form

d2w

(1.2) ot
dt?

+[A - g(t)lu =0

2 .
A _1'a ‘
where g = g/# + (pr) % E—E [(pp)%]. This is accomplished

by the change of variable

P (X) %
p(x)

u = w(t)/(px)e(x))% and t = f

This transformation is discussed in Birkoff and Rota [1].
The Sturm-Liouville equation in standard form is given

by | |

(1.3) y" + P(x)y' + Q(x)y = MR(X)yY

By the change of variable

y(x) = u(x)v(x) for v(x) = exp(—xIde> ,

(1.3) can be rewritten in normal form
(1.4) u" + é(x)u = Ar(x)u
where q(x) = Q(x) - X%(P(x))2 - xP'(x). Simmons [2]
discusses at length the theory dealing with (1.3) and
(1.4). Each of the forms .(1.2), (1.3), and (1.4) are
equivalent up to transformations and play different roles
in the numerical approximation -of their eigeﬁvalues. This
will be discussed in more detail in Chapter 5.

.The Sturm—Liouvil;e equation (1.1) can Be posed on a

finite, semi-infinite, or infinite interval. In the case
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that (1.1) is on a closed, finite interval [a,b], p and g
aré strictly positive on f[a,b], and p, #, and g are bounded
in the'interval,'(l.l) is called a regular Sturm-Liouville
equation. A regular Sturm-Liouvilie system is"defined to
be a regular Sturm—tiouville equation on the finite

interval [a,b] with two éeparated endpoint conditions

au(a) + a'u'(a) =0
and '
Bu(b) + B'u'(b) =0
for o, o', B, and B' real constants: The following

theorem, stated with proof in Birkoff and Rota [1], gives
information concerning the eigenfunctions of a regular

Sturm-Liouville system.

Theorem 1.5: Eigenfuﬁctions of a regular Sturm-Liouville
system having different eigenvalues are orthogonal with
respect to the weight 'p{ that is, if wu, A and‘v, p are
eigenpairs and A # u,

b
I p(x)u(x)v(x).dx =0

a

The transformation pf (1.1) to normal form (1.2) takes
a regulér Sturm-Liouville éystem to a vregular Sturm-
Liouville system, does not change the eigenvalues, and .
takes functions orthogonal with respect to the weight p to

_functions orthogonal with respect to the weight 1.

L

i,
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There are Sturm-Liouville systems of interest that are
not regular. Tha% is, the function h (h = p, },‘ and/dr g)
is singular at one or both endpoints of thé interval on
ﬁhich the problem is posed or one ér both endpoints is
infinite. If either or both of the preceeding situations'
occur, (1.1) is called a singular Sturm-Liouville eguation.

Comparable to Theorem 1.5 is

Theorem 1.6: Eigenfunctions u and v, with different
eigenvalues, of a singular Sturm-Liouville system are

‘orthogonal with respect to the weight p whenever

B

It
o

lim p(x) [u(x)v'(x) - v(x)u'(x)]

a=at, p-b~
X=a

where b can be infinite (Birkoff [1]).

Many differential eqqations that arise in physical
problems have singular points, that is, points at which P
and/or Q a&are not -analytic in (1.3). As Simmons [2]
describes, choosing  the most physically appropriate
solution is many times determined by the‘behaQior of the
solution at a singular point.

’The two types of singular points are regglar and
irregular.‘ A singuiar point Xg is called regular, if
(x - xo)P(g) and (x - x0)2Q(x) are analytic at Xg- If
these two conditions are not satisfied, Xg is called an

Jirregular singular point. In terms of the normal form
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(1.4){ Zg is a  regular singu;ar point if g has af worst a
pole of order two”at'zo. |

Several humer;cal approaches are used to solve‘for the
eigenvalues of Sturm—Lioqyille systems. They incluée
finite differences [3], [4], [56], [6], [7], finite elements
(51, [61, [8]1, [91, [10], [11], Galerkin [4], [5], [8],
[9], [10]1, [11], the tau method [4], [12], [13], and
collocation [4], [12], [13].

The finite difference method is straightforward for
problems posed on a finite interval. It yields a matrix
system A# = AB¥ which is symmetric [3]. ‘ |

The Rayleigh—Ritz approximation method described in
Examples 6.1, 5.2, and 5.3 is a Galerkin method using
pdlynomials or piecewise polynomials as basiénfunctions
[8], [10]. The tau method, using Chebyshev basis functions
[4], is demonstrated in Examplé 5.4.

The sinc—collocation _method defines an approximate
solution to the Sturm-Liouville system at a finite set of
nodes using sinc functions as basis functions. Before the
complete description of the method is given in Chapter‘4,
Chapters 2 and 3 diséuss some: preliminary ideas. Chapter 2
introduces some geﬁeral mathematical notions which form
part of the basis for the analysis and implementafion of
the sinc-collocation method. Basic information onythe sinc
function and various properties of.it are found in Chapter

3. Chapter 5 gives specific examples of Sturm—tiouville
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systems using the sinc-collocation method and compares
these results with results of other methods mentioned

earlier.




CHAPTER 2
PRELIMINARY RESULTS

For the formulation and implementation of the sinc-
collocation method, several general mathematical notions
need to be considered. This chapter gives a general
discussion Sf the WKB approximation to solutions of
particular differential equationé, indicial equations
related to the solution of differential equations, and the
method of solving a genefalized eigenvalue prpblem,' Two
theorems concerning eigenvaluesb Qill be iﬁcluded for
completeness. Concluding the chapter is a general
discussion of the Rayleigh-Ritz method of solving boundary

value problems.

The following discussion of the WKB approximation is’

due to Olver [14]. Suppose w(x) is a function satisfying

dzw

(2.1) Ex:é-

= f{x)w{x)

.for X real or complex and f some given positive function.
To approximate the solution w of (2.1), let @a(x) be three
times differentiable‘and

W(x) = {n'(x)}*(x) .

A new differential equation in W is




2 2
(2.2) TH - (2 + (0% o (@ e

dn2 dn

where dots represent differentiation with respect to ».

This is called the Liouville transformation. Without loss
of generality, n(x) can'be chosen so that (i)zf(x) = 1;
hence,

n(x) = [ (£(x))*¥ ax

Given that f is twice differentiable, (2.2) can be written

2

d“w
(2.3) —_— = (1 + 6(x))W

dn?
where

2 .
- d -
0 = -£73/4 =_(£7%)
. ax2

If ¢ is neglected, (2.3) is a separable differential

equation and the two independent solutions are e*?, Noting
that | |

n'(x) = (£(x))*
and using the original variables, an approximation to w of

(2.1) is given by
(2.4) w ¥ af Hexp (ff’%lx) + Bf %exp (—If’?dx)

where A and B are arbitrar§ constants. This approximation
is called the WKB (in recognition of the works of Wentzel,
Kramers, and Brillouin) approximation or Liouville-Green

approximation. The functions
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£ Xexp (jf%dx)
and

e ke

are called LG (Liouville-Green) functions.

The accuracy of the approximation, of course, depends
on the magnitude of ¢. One obvious case where the
approximation fails is when zeros of £ lie in the interval
over which the differential eguation is poéed. |

This approximation will be use& in the example section
in Chapter 5 when considerind the- asymptofic behavior of
the solution of a differential équation at infinity for the
problems posed on the infipite intervgl (O,w)t

The iﬁdicial equation of a differential equation, also
used in Chapter 5, will give, from the method of Frobenius,
a series solution at singular poihts. The .singular points
of interest are x = 0 in the examples posed oﬁ (0,~) and
X = a and x % b on the intervgl (é;b).

Simmons [2] has the' fbllowing discussion. Given the
differential eguation | ' .

(2.5) -u'(x) + (g(x) - re(x))u(x) =0,
the method of Frobenius gives, for a singula: ppint at
. A , L

(2.6) u(x) = (x - a)® .2 yj(x - a)d .
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An assumption made is that Yo # O since-another-power of
X - a could have been incorporated in (x - a)S if Yo = O.

Computing u" from (2.6), substituting'that and (2.6)
into (2.5), combining corresponding powers of (x - a), and
equating‘those to zero vyields a system of' gquations, the
first of which is |
(2.7) Yols(s - 1) = (g, = 2pg )] =0
where

gy = lim(x - a) %g(x)
X-a '

(2.8)

lim(x - a)2p(x)
X*a

®a

The indicial equation is the bracketed piece of (2.7), that
is,
(2.9) s(s - 1) - (ga - Apa) = 0
Once s has been calculated, (2.6) is the ser;es solution of
u(x) near the singularity x = a. |

Solving for the eigenvalues of Sturm-Liouville
differential equations by the siné—collocation method will
be done by solviné a generalized .eigenvalue ﬁroblem, that
e . . , ,
(2.10) AR = ABX
where A and - # 0 are the eigenpair of A and B which are
real, sgquare matrices. This means that there éxists a

nonzero vector § if and only if there exists a number X

satisfying
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{2.11) det{4A - AB] = 0 .
Hohn discﬁsseé this problem 'in [15] and included here are
some ideas important to the dgvelopmeht of‘thié thesis.

Consider the case where A is a symmetric matrix and B
is both symmetric andvpositive definite (these assumptions
hold for all Sturm<Liouville problems in normal form for
which the sinc-colloéation method is applied). .In this
case, thé generalized eigenvalue pfoblem is eguivalent to a
regular eigenvalue problem. That is, there is a matrix W
so that when |

det[W - AI] =0

is solved for X, the sanme As will solve {(2.10). Thgse

eigenvalues will all be real, since W is a_symmetric

matrix.

| The details of the preceeding paragraph follow.

Because B is symmetric, there exists an orthogonal matrix U
such that |

uT B U = D(n)
where D(p) is a diagonal matrix with diagongl elements Uy,
the eigenvalues of B. Since B is'positive definite, u; >0
for all i. Put R = D(u'%). Then o

rRT(uT B U)R = RY D(n) R

=1,

Set § = UR. S is nonsingular since
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' det S

det (UR)

= det U -~ det R

=g

det U: ni¥ ] # o

i=1
This is nonzero because U is orthogonal (UTU = I implies
det UT - det U = 1) and u; > 0 for all i. Also
sT B s = RT(0T B U)R
= I
Because S is nonsingular, soiving the generalized
eigenvalue problem det{A - AB] = 0 1is equivalent to
det sT[a - AB]S = 0. Then '
det[sT A s - asT B s]
(2.12) . '
= det[W - AI] =0
which is a reguiarveigenvalue problem with W = sTas.
To see that the eigenvalues of (2;12) are real, note
that
(ST A S)T = ST AT (ST)T
=sT A s
by the symmetry of A; hence, W is symmetric. Since sTas is
symmetric there exists an orthogonal matrix Q so that
QT(sT A 5)Q = D(A) |

where A is in the spectrum of STAS, that is, A E o(STAS)

and, equivalently, A € o(A).

(sQ)T & (sqQ) = D(»)
and (sQ)T B (sQ) = QT(sT B s)0

eT(1)q = 1
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Hence, there exists a matrix V = SQ that simultaneously
diagonalizes A and B relative to cpnjugacy. That ié,
(2.13) vIav = D(x) | |
with the eigenvalues of A making up the matrig D(A) and
(2.14) viBV.= 1 - |

Finally, two theorems will be stated here, without
'proof,‘thaf will be ﬁeeded later in the paper. They can be
found in Parlett [16]. The Monotonicity Theorem gives

bounds on the eigenvalues of the sum of two matrices.

Theorem 2.15: Monotonicity Theorem.
Let W = A + Y 'where W, A, and Y are all sguare, real,

symmetric matrices. Let w; € o(W), aj € o(d), and

i
Yy € 0(Y) so that the eigenvalues are ordered, that is, for
i< j, Bi < ﬁj for § = w, a, and y. Then
“1 + Yj < “j < yj + o
The Courant-Fischer Max-Min Theorem gives the

eigenvalues of the matrix A via the Rayleigh quotient.

Theorem 2.16: Courant-Fischer Max-Min Theorem

Let A be a symmetric, n X n matrix and &y € o(A) such that

for i < j, a; < aj. Then for ¥ #‘3




an = max %I A%

x€RD =ST= ’
XX

ay = min 2TA%

XER d
TORTR
and o = mﬁx1 g}ink 1 ®T %

R®™" x€R™" " ST

®X
where Rk_l ranges over all (k - 1)-dimensional subspaces of
RD.

Many boundary value problems that describe physical
.phenomena satisfy a wvariational propert&. That is, a
differential equation Au = f with specified boundary
conditions can ﬁe solved by minimizing a functional of the
form | |

F(u) = (Au,u) - 2(u,f)
where (=,*) denotes én inner‘ product. The variational
property is fundamental to the Rayleigh-Ritz method of
solving boundary va;ue problems.

To carry out the Rayleigh-Ritz method, it is necessary
to £find the stationary values, or critical points, of the

functional R[v]. The Rayleigh quotient is given by

b
‘ f {(v')2 + gvz}dx
(2.17) R[v] = =2

blv] b 2
xj pvedx

a

for a differential equation of the form
-v" + gv = Apv

with appropriate boundary conditions. The stationary
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values occur where the gradient of R vanishes. A suitable
set of basis functions is chosen to approximate v. in (2.17)

and the result forms the apprbximate to the éigenvalue AL

Egquivalently, by the I'variational property, the

differential eguation can be solved. Minimize the Galerkin
form

b b
(2.18) f [(v')2 + gvlldx = M pv2dx

a a

with respect to a set of basis functions where an

approximation to v is given by

=

(2.19) T(x) = z c.t.:(x) |

with {t;}}_; the set of basis functions.

Both approaches, for the same choice of Dbasis
functions, yield the same matrix system AQ = ABX. They
also involve integrations that usually require a numerical

quadrature. - When the differential equation is posed on an

infinite interval the problem in general requires the

truncation of the interval. For example, in the
minimization of the Galerkin form for a problem on the

interval (0,«), the elements aij of A are

K . ", .
(2.20) aj5 = f [ejuj(x)ryix) + g(g)qiti(x)rj(X)]dx
0 ' :

and the elements bij of B are
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K
(2.21) b.. = I p(x)citi(x)tj(x)dx

iJ
0]
for fixed K € (0,»). -For each particular g(x)'and p(x) the
truncation pointf K néeds"fo be determined, and the
numerical integrations need to be carried oﬁt. In the case
where g(x) and/or pP(x) are singular, aij and/or bij are
singular integrals. .This requires more computational work

in constructing the entries of the matrices A and B.
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CHAPTER 3
SINC-COLLOCATION METHOD

The sinc-collocation method applied to the calculation
of eigenvalues. of Sturm-Liouville problems depends on
several aspects of the theory of sinc functions [17]. The
development of the method begins with -the' sinc
approximating formulas -- an intérpolatiOn formula and a
quadrafure rule for the entire real lihe. ‘Frém these the
method of conformal méppings allows a Sturm-Liouville
problem on an arbitrary interval to be s&lved by the same
basic method. From this deveiopment come the matrices of
the sinc-collocation method;‘ |

The sinc function is defined by

_ sin(nx)
TX

sinc(x)

If f is defined over the whole real line, then for h > O,

(3.1) C(£,h)(x) = § -f(kh)sinc‘<?£_;_£h;>

=g

is called the Whittaker -<cardinal expansion for f whenever
the series converges. ~ The properties of this expansion
have been studied extensively by Stenger [17]. To use

(3.1) as an approximation on Rl, define

I O Y A ) 1
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N
- . x - kh
N(ER) () = § f(kh)s1nc<——ﬁ___>

k=-M

The following definition and theorem are found in [17].

Definition 3.2: For 4 > 0, let B(S) be the family of

functions f that are analytic in the infinite strip

S ={z € ¢ | |Imz|] < d)  and satisfy
. d
| [£(t + is)] ds 2 0 as t = iw
~4 “
and
N(f) = lim ([£(t + is)|2 + |£(t - is)]?)dt < =
s=d"~ ) -

-

Theorem 3.3: Assume f € B(S). If h > 0 and =d/h > 1,

then
- EE_ C(f h) r 2 N(f)
"dt2 dt2 " h Sinh(ﬂd/h)
a2 N a? (t - kh
Since ———(C (£, h)(t)) = f(kh) —— sinc{————
dt? M. N 2 at? h )

" k=-M
and if there exist positive constants C, «, and B so that
| et L e (-0
‘ < : .
4 THETEE e ke (0,0

then

U I L S
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(3.5)

2 2 2 . -ah —-gh
"E_f _a Cy N(f'h)" <(F - N(f) . C (e L & -
. rd V¥ .
For the selections h = prY and N = Ba/ﬂ)ﬁ],

2 2
dcf d
- S— oy, y(Eh) | < KMO/4 exp(-(rdam)*)
’ 2 4 ‘ .

(s-6) “EZE dt?

where K depends on f and d.

. . ‘ d
Error bound theorems involving CM;N and EECM'N also

appear in [17]. However, for the methqd of this paper,
those bounds are not necessary.

Maﬁy important examples are npt posed on the whole
real line. The following definition will éllOW' a problem
posed on an arbitrary intervél in the complex plane to be
mapped t6 the infinite strip S of Defiﬁition 3.2, thus

allowing Theorem 3.3 to be used.

Definition 3.7:'\ Let D be a simply-connected domain in the
complex plane with boundary pbints a and b. For a given

d > 0, let ¢(z) be a conformal mapping of D onto S such
that ¢(a) = -« and ¢(b) = ». Define

P = {(Y(n):n ER, —» < » < =} where ¥ = 9”1,

Zy, = ¥ (kh) for k = 0,*1,%¥2,..., and h > 0. See

Figure 1.
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Figure 1: The Domain D and Strip S

The particular intervals of interest here are subsets of
the real line. For the fTinite interval (a,b) C R an

appropriate mapping 0 is

V x> * -

For the semi-infinite interval two maps will be considered.
They are
020 = An(x)
and
03 = An(sinh(x)) -
Figure 2 shows the domains mapped by these to the infinite

strip.
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Figure 2: The Mappings 01 and Their Domains

The procedure for choosing $2 or #3 is somewhat problem
dependent and will be discussed 1In greater detail in
Chapter 5.

It will be convenient to note here that for

b e + a

*
zk Ckh + 1
for 02

zk = *21(kh)
and for »3

zk m 031(kh)  An jekh
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Definition 3.8: Let 4, ¢, and ¥ be as in Definition 3.7.
Let B(D) denote the family of functions f thét are analytib

in D, a simply-connected domain. in the complex plane, that

satisfy
: dz| = = to
V(n+L)|f(z)dzl b 0 as n +
where L = {ig , |&] < d} and
(3.9) N(f) = 1lim inf £ |£(z)dz| < =

c~3aD CCD

The following theorem [17] gives a quadrature rule

with error for functions which are elements of B(D).

Theorem 3.10: For £ € B(D)

o f£(z.)
_ P’ _ (j £
.‘3'}1) f f(z)dz h Z 57 (zp) (1/2)a£

(z)K(®.h)(=2)
sin(n¢(z)/h)

r p=—e

where K(¢,h)(z) = expf(in¢(z))sgnIm(¢(z))/h].7 Note that

(3.12) |IK(¢,h)(z)] = exp(-rd/h) for z € 9JD.
The gquadrature rule given in Theorem 3.10 will be used

in approximating .inner products defined by
(r,s) = fr(z)s(z)w(z)dz
P .
where w(z) is a weight function and I' is the curve given in

Definition 3.7. The two specific inner - products of

interest here are (u", Sy ¢ #) and (gu, Sk o 9) where
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S ° ¢(z) = sinc[gi:lﬁ:sz] .

with o(=z) being.the conformal map in Definition 3.7 and g a

function defined on I. - Then, by two integrations by pérts,

(u", Sp o ¢) = gu"(Z)Sk ° 9(z)w(z)dz

u'(z)[sk ° ¢(z)w(z)]|b - I u'(z)[sk o 6(z)w(z)]'dz
a r ' '

-u(z) (S o e(z)w(Z)]'lb + u'(z)[Sy o ¢(Z)W(2)]'b
a ' ‘ a

+ I u(z) [Sy °'¢(z)w(z)]"dz
r

= By + £ u(z) Sy ° o(z)w(z)1"dz .

Note that if

N
u@‘ihz)[sk o @(z)w(z)]ﬁ)la = 0 for j

0,1,

thgn BT = 0 and using (3.11) .

(u", S, o 0) = | u(z)(8, ¢ 8(z)w(z)]"az
r ; . .

= h E u(zp)[sk ° Q(z)w(z)]“ zzzé + El(u)

p=-e : @!(zp{ ‘

where
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f K(9,h) (z)u(z) [Sy ° 0(z)w(z)]"

D Sin(x6(z) /) dz .

(3.13) E; =<i/2>

The weight w(z) must be chosen to force BT = 0 and to
. bound |E1|. Consider then the term [Sk o &(z)w(z)]l" in E1
(S ° ¢(Z)W(Z)]" = Sy ¢ o(z)w'(z) + W(Z)S' o ¢(z)e’ (z)1'

Y, = 5" o 0(2)(¢'(2)i2W(Z) + Sk ° ¢(z)w"(2)

+ 8 0 8(z)(0' (z)w' (z) + (W(2)0'(2)))

For w(z) = (¢'(z))fx, the coefficient of SL e §(z) is zero.
As will Dbe sho@n later, this choice of w(z) will satisfy
all the neceseary properties, inciuding BT = 0, It also

simplifies the inner product

(u",Sk 0 9) = h 2 u(zy) Sy © ¢(z)(¢.(z))-%]"|z=zp+‘E1(u)

p=-= A¢f(zp)

h'§ ulzy)ise" o 0(z,) (8" (z))*

+ S ° O(z ) (@.(z))—% " + E (u)
K oz ( ) [
i 4
1 v u (2) (g1 %
% z u(zp)§kp (¢ (zp))
(3.14) . "
+ hu(zk) <(@'(z))_%> , + E; (u)

Z=Zk

where
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-x2/3 ., P =k
2 d? (2) |
(3.1%5) he — (S, o ¢(z)) = § = —o{_1.P-Kk
| ap? © |_ kp 2207 7 sk
Z2=Zp (p - k)2
and '
- 1, p=Kk
(3.16) Sp ° 9(zy) = 5(0) = _
| kp 0,p#k

by Stenger [17].
To bound the modulus of El’ the following inequalities

are needed:

a? rd + h tanh(ﬁg>
d¢2 (Sk o ¢(Z)) ' + b
X < o rd) 2hd
| sin(r@(z)/h) | zeap a3 tanh(ﬂ")
= Cz(h,d)
and
. s , ‘
(3.17) x| Sk ° *0=) < b = c¢y(h,d)
sin(r¢(z)/h) Z€3D 2rxd
also from Stenger [17]. Now consider
|E,(0)| =
Sy ° ®(z)

| x(¢.h)(z)u(z){sk" o 8(z)(0'(2))3/2 4+ ((¢'(z))”)"}
3D sin(x0(z)/h) ‘ dz

N

© < e /bl (m,a)N(u(6)3/2) + Co(hfq)3<§<‘¢'?*x>">%

where N(f) is as in (3.9) and the bound on K(¢,h) is as in

(3.12).
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For the other inner product of interest, wifh w(z) =

(0'(2))7%, |
» g(z,)u(z )Sye o(z,)
(gu, S ° ¢) =h § PP 573 P+ Ep(gu)
: : (0'(z2,))
p=—o p
(3.18)
' Q(Zk)U(Zk)
= h — + E, (gu)
(01 ()32 27
by (3.11) and (3.16) where
~E2(gi1) =
. (3.19) |
1 [ 9(2)u(z)K(8.h) (2)8, o 0(z) (0" (z)) 7%
— dz .

293D sin(nx¢(z)/h)
Bounding the modulus of E, gives
(3.20)  |Ey| < e ™/B ¢ (n,d)N(gu(e’)¥)
by (3.9), (3.12), and (3.17).
Truncating the sum in (3.14) leads to the matrices of
the method. Bounding the error, denoted here by T, caused
by this truncation will be discussed in Chapter 4. Letting

p=-M, ..., N {(3.14) becomes

N :
" —-— 1 ( 2 ) '
(u", S o 8) =4 3§ w(z,) 0y, (0 (.Zp))’ﬁ

1 - |
+ h u(z,) Y ((0t(z)) x)

-(zk)

| + El(u) + T.




27
Letting Kk run from -M to N and ignoring the errors, the

inner product becomes, iIn matrix form.
I 1<2>D(Jy) + hDAL.A#")-*n

where D(r) denotes a diagonal matrix of dimension m X m
where m =M + N +1 with the (i,i)-th element given by
r(z*). The matrix u is of dimension m x | with Ith element
u(zl). Finally, the matrix |1 has the same dimension as
the diagonal matrix with the (k,p)-th element given by 6727

in (3.15). Explicitly this is

0 . -1 m—1
,2/3 I I S (m-1)2
1@ 2 k2/3
2
o 2
(-Dm"1 ——- M xr/3

(m-1) ?
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This matrix is symmetric, negative definite, with all its
eigenvalues lying in the open intgrval (—n2,0) [17]. It is
also a. Toeplitz‘ matrix, that ‘is, a -matrix with all
diagonéls constant. |

The matrix despribing (gu, Sk e ¢) in (3.18) is a

diagonal matrix of dimension m x m given by hD g
. . . (¢|)3/2

Notice that with (3.16) no t:uncation error is incurred in

this inner product.
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CHAPTER 4
ERROR OF SINC-COLLOCATION METHOD

Most numerical methods used to approximate the
eigenvalues of Sturm—LiouVillé probiems lead to a discrete
system ad = ABU. The same is true for the sinc-collocation
method. This section carries out the convergence analysis
for the sinc—éollbcation ‘ method of  the eigehvaiue
approximation. A standard proof of convergence for 6thér
numerical methods, in particular, finite differences [3],
involves IB~1|| and the norm of the local truncation error.
The method often cannot be appliéd when the or;ginal
probleﬁ is singular and nB=1y is not uniformly boﬁnded.
fhe analysis for the sinc-collocation method ‘'is valid
whether the Sturm—Libuville probiem is regular or singular.

The form of the differential equation considered here
is the normal form given by . - |
(4.1) -u"(x) + g(x)u(x) = Ap(x)u(x)

u(a) =u(b) =0

It will be convenient to transform (4.1) to a differential

Pl

equation on the whole real ;ine by using the change of
variable o ‘
w(t) = (udB7) o Y(t)

where ¢ and ¥ are as described in Definition 3.7. 7o
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simplify the transformation several steps will be used.

Let
(4.2) u(x) = w(x)(e'(x))"% .
Then | | )
w(x) = 0 (x) (0" (x))% + w(x) (0" (x)) %)
and
u'(x) = @"(x)(9'(x)) 7%
+ 200 (m) (00 xD7E) 4w (00 (x)7H)"

Replacing the above statements in (4.1) yields

(4.3) - (%) = 2w (x) (9" (x))%((¢ (x))‘”)
rw(x) ) g(x) - (9 (x)ﬂ50¢ (x))‘%)z
= Ap(x)w(x)

Given w € B(S) in Definition 3.2, let w satisfy the bounds
in (3.4). Using the change of variable (4.2) in the form

w(x) = u(x)q¢'(x) , (3.4) takes the form

= eal9(x)| g,
(4.4) lw(x)] = lu(x)dﬁ'(x)[ £ C ,
where Fa'= {(¥y(t): t € (-», 0]}
ana ry, = {¥(t): t € (0, w)}

Hence the boundary conditions in (4.1) can be seen to be
(4.5) lim w(t) = 0 .

tto )
Let x = ¥(t) which implies t = ¢(x) . Then

do 2 dt _ yi(eyer(x)
x -

and
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d2w d , ,
a—x-z- ax (w'(t)o A(X))

w'(t)o"(x) + W (t) (07 (x))2 .

Now (4.3) becomes

(4.6) -0 (t) - w'(t) __g_ifl_ + g(gl(x))"%(k¢n(x))-%>?
| | | (e (x))? - |
+ ()9 (¢'(x))‘3/2((¢'(x))'%)"
(0'(x)) . '
S ANy
(0'(x))2 :

A short computation shows that the coefficient of w'(t) is

Zero. Using the fact that

1 _ 1
¥Yi(o(x)) ¥Y'(t)

$'(x) =

in (4.6) yields

(4.7) Lo = -0"(t) + w(t)rg(t) = Ae(¥(£)) (¥ (£)) 20 (1)
for
(4.8) vg(t) = g(y(e (v (£N? - (v ()3 2¢vrien”
Define an approximatioq to p(t) Py
o "
(4.9) CM(w,h)(t) = CM'M(w,h)(t) = z w(kh)S)(t)
- =-M

It is not necessary to define the approximation to be a
centered sum, that is, a sum which goes from -M to M. In
.fact, the computations of Chapter 5 will show that

noncentered sums can give the‘accufacy desired with less

I Ry A I A
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summands. It is for simplicity of notation that centered
sums are used in the present section.

Substituting (4.9) into (4.7) yields

M
1 (2) .
-5 Lol e vg(3h)e(3h)

h
k=-M

LCy(w.,h) (jh)

Ae(¥(jh)) (¥' (Fh)) 2w (jh)
for j = -M, ..., M and 6§§) as in (3.15). The matrix

form for. the sinc-collocation method is then given by

(4.10) LEy(w.,h) = AG = ABw
= —.1_. (2) i
where A 2 I + DFvg) '
B = D(e(¥')2) ,
and 3 = [w(-Mh), w((-M + 1)h), ..., @(Mh)1T .

The diagonal matrices and I(2) are as described in Chapter
3, and all are of dimension 2M + 1 by 2M + 1.

The equafion in (4.10) gives the method of computing
the eigenvalues of the Sturm-Liouville problem desdribed by
(4.7) and (4.5). Even fhough the préblem Has been
translated, the eigenvalues cpmputed are the-same>as in the
original problem (4.1). | .

To develop the error . ih using (4.10) to approximate
the eigenvalues, assume for given ¥ and g |
(4.11) (%) 2 (6(g,v,h)) V= 671 > 0 for t € (-v,=)
TheAexample section, Chapter 5, will say more about this
assumptioﬁ; but, in pérticular, on a finite interval,

(4.11) holds for g(x) > O 6nhthe intefvai. Using the fact
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that 71(2) is symmetric, D(vg) is diagonal, and Theorem
2.15
a, = min {aj} ‘ ~
a.€o(a) :
‘ J
(4.12) > min {p.} + min {d.;}

pj€o((-1/h2)1(2))  dj€c(Dlvg))

> 0 + 81 =51
Assume, also, that XO‘and wo are an eigenpair to (4.7)
with molnormalized by

o

(4.13) ©3(t)p(¥(t))(¥'(t))2dat = 1
which is equivalent to

b
(4.14) I ul(x)e(x)dx = 1

a
for u, a solution to (4.1). This is péssible since by
Sturm-Liouville theory 'the eigenfunctions are orthogonal
with respect to p; This normalization of the eigenfunction
will be used, for convenience, for the remainder of the
section. -

Substitute Wy into (4.7) and evaluate at t = jh for
j = -M, ...; M, to get

Ly = AD(e (¥ (jh)) (¥' (jh))?)d,

Subtracting the above equation from (4.10) yields

-

- o= _ 2+
bwg = LBM(wO,h) - Lwy = Awg, kOD Wo

(A - 2g0%)a,

where D = D(JPY'). By the assumption (4.11), (4.12)
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guarantees that A is positive definite and by observation
D2 is positive definite. Hence by (2.13) and (2.14) fhere

. -
exist vectors z.

i and poéitive eigenvalues ﬁi < uj for -

-M £ i1 < j < M so that

(4.15) zTaz = p(n)

and
- (4.186) zTp2z = 1

for Z = [E_M 2—M+1 EM] P

and

(4.17)  AZ; = w;p%2; for ii= M, ..., M

Since {Ei}g=—M are lineariy independent, there are

constants Bi so that

. M-
(4.18) dg = ) BiZ4
i=-M '
which implies
. M
- ) =
oM
M 5 M 0=
=) PBsRE T ) RoByPUE
j=-M Jj=-M
M e M yo _
M

- 23
=M
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Then

) o L
(4.19) Zi dug = Bylu; = X))z 07z
= B;(u; = Ag) by (4.16)

The following lemmas ére needed.

Lemma 4.20: Assume w%p(?')z € B(S). Then for

_ =2V
-\ oM ’
= max |[Bjy| > (2(2M + 1)h) 7% |

18,1
P —M<i<M

Proof: Apply D2 to both sides of (4.18) yielding

M
2= _ 2=
v “o ~z BiD%z;
f=—M .
Then
1DBH3 =Dy - Didg
I T,
= wo D Dwo
- 3 . pen
= WO D (A)O
M - 9
= z z :pjzj(ﬁiv z;) (using 4.18)
j=-M i=-M
. M
=3 B§ by (4.16)
j=M
< (2M + 1)p2
- p
where | B = max |B; ]

|
P ~M<i<M

LI il —
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Applying (3.11) to (4.14) gilves

(4.21)

.;

. o u%(zp)p(zp)
2 ¢'(zp)
P=-fn

ug(z)p(z)K(ﬁ.h)(z)

sin(x9(z)/h) dz

i
2
D

M u2(z Yr(2,,)
ho§ 0'°p P. 4+ T8 + IE
@' (zp) ,
p=-H -

where TE is the error created when truncating the sum and

IE is the integral error.

Using

hypothesis

(3.19) and

larger I1IE
zero since

Therefore,

the variable change wg = (uolﬁT) o ¥, by
ugp € B(D). Then in an argument analogous to
(3.20), |IE|] = o(e~27d/By ' pence, as M gets

goes to zero, and necessarily TE must also go to
the right-hand side of (4.21) is equal to 1.

letting ¢ = TE + IE, € 2 0 as M ? o,

Now use the variable change to rewrite (4.21) as

. M u%(zp)p(zp) . .
E @'(zp)

. p="M .
M

hy  ed(edevep) (v (e 2+
p=—H

hip@,l3 + ¢

IA

hIDB N3 + %

for M sufficiently large. Then

(4.22)

08gli% = 1/h - 1/2h = 1/2h

LY,

1 AN
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Finally,
-
1/2h < I1DE,N% < (2M + 1)33
and IBpl > (2(2M + 1)h)~% .
Lemma 4.23: Let uy > O and Zj for j = -M, ..., M be from
(4.16). If v (t) 2 61 > 0, then for all j = -M, ..., M

e 2' ’

Proof: Using (4.12), (4.15), and Theorem 2.16

6-1 < min {aj}
a:€a(A)
J
. XTa%
= min o
;ER2M+1 X X
- T = - 7 =
CZihEy o EyAE; By
T o T - .92 Y
- 9 < ‘
Then szﬂ2 < Guj for each j = -M, ..., M.

The following theorem gives the error in approximating

the eigenvalués of (4.7).

Theorem 4.24: Assume ko and wo is an eigenpair of

Ad = ABQ, wy € B(s), w, satisfies (3.4), and p, is the pth
eigenvalue of (4.17). If |B§|-= max |B;]., '
- ' : -M<i<M :
lug = Al € X, and h = (nd/am)% + then
. . ) -3
lup = Aol < 2(((2m + 1)h)¥|cose | }F8%, llad i 2

with 6_ the angle between Z

PRI
P p and 4o .
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Proof: From (4.19)

S T, - . _
12, Tadgl = 1Byl lu, = Aol
= - - -
and lszAwol = |awgy - zpl -
A -
= Hawpuzlﬂzpﬂz lcosepl
This implies
- -
fawqll, Hsz2 ]cosep|
lu "kol = . P
P 18,1 :
. p
Now up = pp - xo + AO < '“p - x0| + %O < 2xo , then

I1Z 13 s 6u, < 28Xy by Lemma 4.23.

Finally,
Héaoﬂélzﬁio |coso_|
- < p
oy = Apl = =
1B,
p
S 2(((2M + 1)h)%|cose | )8R, ladgl,
Corollary 4.25: Assume W4 satisfies the hypotheses of
Theorem 3.3. If [B,| = 'max [B;] and ju, - Agl < Ao+

-M<i<M’
‘then lup - kol < KJGXO M3/2 exp(—(mdaM)%) where K depends
on wg, and d.
Proof: Using

a8y = L8y(wg.h) - Liy and Sy (jh) = agg) ,

laggy| = !Lém(wo,p).— Ldg |
= -1 S g(2)‘ kh .+ ih h
= | 2 Y jk @o(kh) .Yg(J Jwg(Jh)
k=-M. ' |
(4.26) | + wg(Jh) = vg(Ihyug(gh) |

:E } , ' ,
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2
d
= |7 Sz Sml@orh)(Jh) + 0" (jh)
2 2
d d
= | =5 Cyl(@g /h) () - — wy(t)
a2 10 at2 °

Letting h = (rxd/aM)¥, (3.6) and (4.26) yield
(4.27)  Naidglly < K'MP/4 exp(-(rdaM)*)

Replacing h by (rd/aM)*%, |cosep|
(4.27), the conclusion of Theorem 4.24 gives

-3
by 1, and llawgll, bg

Iy = Aol < 2((2M + 1)%(nd/aM) 1/ 4} 55X, K'M8/4 exp(-(rdam)¥)

IA

2(43 M%(xa/aM)1/4) 5%, K'M5/4 exp(-(ndaM)¥)

1A

KkmM3/2 JSXO exp(—(ndaM)x)

It should be noted that if |up - xo| > ko, then

P
and HQPHE < 26|pp - Aol - in Theorem 4.24.
This leads to "
(4.28) lug, = Aol < kM3/2 f8Tup — %ol exp (- (rdaM) %)

as the conclusion of Corollary 4.25. As M = o,

., ~ x0| <+ 0; sd for M sufficiently large, Corollary 4.25

p
is applicable. As it turns out, for the examples which
follow, M = 2 is sufficiently large.

Note that in the conclusion to Corollary 4.25, the

eigenvalue itself 1is part of the error bound. This

indicates that as the‘eigenvaiues get larger, the accuracy
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‘'of the method decreases. This can be seen in the examples
in Chapter 5. | |

The above discussion contained in this ~chapfcer
developed the sincfcollocatibp method. It is a.consequence
of the inner product approximation that the pfeceeding
methoa is equivalent to the sinc-collocation method for
calculating the eigenvalues of (4.1). |

To see this equivalency, consider orthogonalizing the

residual
0 = (Lu - Aeu, S, o ¢)
= ~(u", Sk o ¢) + (gu, Sk o 9) - (XP?' sk o ¢)
. M .
- _ 1 (2) ., %
(4.29) =T ) WE)dyy (0'(zy))
p=-M
- hu(z,) ——3———<(¢'(z))‘”>n
k ¢'(zk) : ‘ ZzZ=Z
: k
gl(z,)u(z,) Pz )u(z,)
+ h k X - Xh k- K
(07 (2y))3/2 (8" (2))3/2
+ E;(u) + Ey(gu) + Eg(Apu) + T
from.(3.14) and '(3.18). .Dropping the error terms and

identifying the matrix system vyields

_ 1 (é) %, _ oenfl A g \=
5 12D 0en®) hn<¢, ((@ ) "%) > U+ hD<(¢')3/2>u

A\ =
= AhD{—————
((@')3/2>u
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Consolidating terms and factoring out D((¢')%), yields

_ 1 (2 g 1 )% )
— I hD -

D((0")*)d

= xnp( ? )D((e)')’f)ﬁ .
\(e")2 N
the same system as given in (4.10}. The error terms of

(4.29) will be used in Chapfer 5 to choose the paraméters

in the implementation of the method.
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CHAPTER 5
NUMERICAL RESULTS AND éOMPARISONS

The constructionA of the sinc-collocation system in
(4.10) depends on the selection of the parametefs h, M, N,
and the conformal map @i' i =1,2,3, from Figure 1. The
mép @i is determined by the interval on .which the problem
is posed. In_problems posed on the semi-infinite inte:val
(0,=), there is a cﬁoice' of whether to use @é or ¢4
depending on the asymbtotic béhavior of the solution éf thé
differential equation. The parameteré h, M, and N are
constants determined by the «a .aqd B in (4.4). In
pagticular the exact form of (4.4) is éghibited. for each
mappiﬁg Qi. combininé the appropriate forﬁ of (4.4) with
(2.9) éllows, in general, the choiceé of h, ﬁ, and N fo be
made soO thét the error terms of.(éwzg) are asymptofically

balanced.

Following these general considerations the numericall

performance of the method ‘ﬁill be discussed with aAnumber
of exampléé."These examples have been éelecfea.fbr several
reasons. Foremost, the accuracy and simplicity of the
discrete system >(4.19) fpr‘ a given 'problem is'shown.
Looking at Examples 5.1—5;6, one cén sée that in“passing

from one Sturm-Liouville problem to another, the only
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changes in the discrete system are two diagonal matrices.
Moreover, thesg changes require no Quadrétures. They are
based solely on a change ofl nodes {(due to an 1nterval
change).and differgnt.point evaluations (for a‘fuﬁction
change) . Algorithmiéally, this is a -gneét beauty' of the
method when several Sturm-Liouville pfoblems are to be
considered. This can be clearly seen when contrasfing the
sinc~collocation method  to the Rayleigh—Ritz"method
discussed in Chapter 2. The intimate connection betweén
the Galerkin and éollocation methods using tﬁe sincfbasis,
as described in Chépter 4, 1nd1ca£es that greater accuracy
(typically associated with the Galerkin approach) is not
sacrificed for simplicit? (commbnly 'féund with
collocation). Figure 3 is inciuded tO‘shoﬁ tpe pieces
necessary to 1mp1ement'the ﬁethod’for the mappings Oy |
i=1,2,3. | . | | |

A second criteria by which the examples wére choseﬁ is
to highlight and extend the 1mp1§mentation.:df (4.10) and -
illustrate a possibleluﬁay' to make the error "pound of
Theorém 4.24 sharper. Seﬁeral assumptions are ﬁade in'the
groundwork of Theorem 4.24. The function-g(k) ié aséuqed
to be nbnnegafi&e, but;the ChebYShev Example 5.5~w111 ghow
in detail that on a finite intervai this éssumption éan be
modified and Theorem 4.24 .is sfill applicable. Begse;"s
equation in Example 5.4 describés the procedure in finding

the parameters h, M, and N by referring to the actual error
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terms of the method in (4.29). Examp;e 5.2, the Wood-Saxon
potential, shows as a consequence of .nuﬁericél
experimentation a case' whgre mQrekéccurate résultézwgre
achieved when the error 'terms,.of' (4.29) were not
asymptotically balanced. | | o

_ For each of the Examples 5.1—5.6 the asymptotic error
rate AER = exp(-(rdaM)¥) is exhibited. In passing from
Thgorem 4.24 to Corollary 4.25, |coseé| was bouﬁded by 1
(fécall that Bp is the angle between Zp and Aap). That
this angle may aid in convergencé is demonstrated in Tabies
1 and 18. To illustrate this idea, Table 18 will include
the asymptotic efror bound»as well as fhe error bound.that
resuits when lcosepl is not geplaced by 1. However,'when
considering Table 10, the asymptdtic error rate seems to be
,é fairly "sharp" bound. There has been no _success in
detefmining the behavior of ep in generé;. Consequently,
without further assumptions, the asymﬁtotié error rate
cannot be improved in Corollary 4.25, |

The_third criteria for choosing particular examples is

incorporated into fhe third section of Chapfer 5:' This
éection compares the results of this thesis on several
examples with that of other authors who used well-known
methods such as finite  elements and spectral methods.
Comparisons will be made on the' size of systems needed to

attain comparable accuracy and the amount of work necessary

to build the matrix sys{ems.' The harmonic oscillator and
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Wood-Saxon potentials will be compqred with the Rayleigh-
Ritz method of Botha and Schoombie [iQ]. | Birkoff, DéBoor,
Swartz, and Wendroff (8] apply the Rayleigh—Ritz methéd to
Mathieu's equation. The tgutméthod 6f thfliéb ’and Orszag

[4] will be used to dq'a comparisoanith Bessel's equation.

Although the sinc-collocation method did not always "beat".

the compared methods, the sinc method was applicable to the

differential equation (ébi) independenf~of siﬁgularities of

‘the solution and the interval on which it was posed. This

is another beauty of the sinc-collocation method. Other
mefhﬁds cannot always be wused in t@éir standard form and
need to be revised to be applied‘ to singular problems
'and/or problems on an infinite interyal to mgintain their

"nice" qualifies.




"

A=——1-I(2)+D< ~

1 ( 1 + 8
w32\ v ">

AZ = uD"Zz , D =DWp/o")
Interval o (¢')—1 —(¢')_3/2((¢')f1/2) X
kh
. _ X-a (x-a) (b-x) 1 be  +a
(a,b). ¢1(X) = 1Og<b—x> b-a A kh
e +1
0, 6, (%) = log(®) x Z M
4cosh’x-3 kh, [T
(0,) ¢3(X) = log(sinh(x)) - tanh(x) — logle +Ve™ " +1]
' ' 4cosh 'x

Figure 3:. Discrete System Used to Compute the Approximate,Eigenvalués‘for (4.1) j

9%

TT1.
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Numerical Implementation

The parameter selections given just before (3.6), that

is

(5.1) h = (rd/(aM))¥

and ‘

‘(5.2) N =[[<a/B>M]:| '

are, in general, used for the construction of the matrix
system of the transformed problem (4.3). .In calculating o,

and for other considerations, it is convenient to rewrite

(4.4) for the particular mappings ¢1, ¢2, and ¢3 given in
Figure 1.

' X - a
b - x/

For the finite interval (a,b) and ¢q(x) = gn<

consider for x € Fa

- -a
_ 1 -ale(x)] = [(x_a)(b—x) * e-mlm(";;)l
Vo (x) L b-a |
_ ) x-_-a
_ [(x-a) (o-x) )% e“““(“i‘>
b-a )
_ [(x-a) (b-x) | % [x-a\®
| bfa' ] b-x

(x - a)*™% (b - )% (b - a)7%

(x - a)%t¥% (p - )@ for a < %

IA

>

%

(x - a)ot¥ (b - a)"% for a

~

C1 (

IA

x - a)0+H

max{(b - a)~ %, (b - a)%).

N
where C1
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A similar computation for x'€ Fb yields
1 n
-Blo(x)] < - B+
—_—— e < C, (b X)
577;7 2 .
so that (4.4) becomes

(x - a)®+k X €T

(5.4) fu(x)| < C
! (b - x)Bt% X € Iy

a+b a+b ‘ ~ ~
for Pa = <a, ———} , Fb —’<—5— . b> , and C1 = max{Cl, 02}'

When (4.1) is posed on the infinite interval (0,«),
there are two choices for b as suggested in Chapter 3,
¢2(x) = An(x) and ¢3(x) = An(sinh(x)). For ¢2(x), the

computation leading to the bound

xO+% X € Ty = (0,1]
(5.5) Ju(x)] < ¢C .
. | xBE X ET, = (1,=)
is straightforward. When ¢3(x) = An(sinh(x)) is used,

consider for x € Po = (0, An(l + J42)]

1 a-ale(x)] =<Sinhx>%eakn(sinh(x))

anT;) coshx
. 35:' .
_ <51nhx> (sinhx)“
coshx : }

= (sinhx)%*% (coshx) %

< (sinhx)%*¥

3 o+
. 5<x + (cosh&)(%)) for ¢ _between 0 and x

. 2 a+i
= x“f% <1 + (cosh€)<§7>>

-
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(An(1+47))2| %%

< xo+¥% (1 + cosh(An(1+J7))— 37
= K]_ X(X+3§ ]
For x € I'_ = (An(1 + J2), =), consider

1 e~ Blo(x)] <sinhx>% e—BAn(sinh(x))

VBTT;T coshx
< (sinhx)"ﬁ
oB
(e¥ - e"x.)B
ePX (1 — e72%)B
= e—BX ___2___________ B
1 - e 2%/
< e Bx 2 °
L - o-2An(1+42)
= K, e Bx
Hence,
x0+% X € Ty = (0, An(1 + 42)]
(56.6) . fa({x) | =< 02 .
e Bx X €T_ = (An(1 + 42), =)

for ¢3(x) = An(sinh(x)) and C, = max{Kl, K2}.

3
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By comparing (5.4), (5.5), and (5.6) with the

Frobenius form of the soluﬁion u(x) in-(2;6) and aséuming
(4.1) has at wofst a regular singular point at x = a (a = 0
in the (0,=) cases), let s = a + % in (2.6). With regard
to balancing the error terms of (4.29), this is thg*optimal
choice of «a. ﬁy doing this and using (2.9) to find s, «
can be calculated easily just by using information acquired
from the original differential equation. Note that
94 - xpa (found using (2.8)) is positive 1in most physica;
cases; consequently, the indicial equation'(2.9) has one
positive root and one negative root, denoted by s, and s_,
respectively. Since u(a) = 0 in (4.1), by considering
(2.6) s_ is eliminatgd as a choice for the solution s.
Therefore
(56.7) a =8, - %
Recalling that (4.4)'18 a bound on the tranéformed problemn,
subtracting the ¥ puts a into the context. of the original
problem in termsrof u(x) . Intuitivel&, the -% comes from
the fact that u(x) = w(x)(8'(x)) %,

If b is finite in the interval (a,b), then B can be
calculated in the same manner as described above for «.
For the infinite interval case, it is convenient to use the
WKB approximation of u as giQen in Chabtér 2 to find the g
that satisfies the appropriate piece of (5.5) or -(5.6).

Two criteria will be ﬁsed in deciding whether to use

9, or 9,5 for the infinite interval‘pfoblem. The first
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deals with the bounds given in (5.5) and:(5.6). If (4.1)

has exponentially deéaying eigensolufions, that is,

u(x) » Ke*¥* as x % » and ¥ > 0, then the second inequality

in both (5.5) and (5.6) is satisfied. It has been shown by
Iund [18] that since algebraic decay is.hall that . is
required in (5.5), when choosing ¢2, the selection of N in

(5.2) can be replaced by

N = [[% #n(-; Mh) + 1]]

in order to asymptotically balance the error terms in
(4.29). This selection reduces the dimension of the matrix
éystem with no loss of accuracy. Both mapé‘can be used and
will give équivalent accuraéy; The difference will simply
be that the size of the system will be smaller when
choosing ¢2. |

.The second criterion deals with the behgvior of the
solution u in the riéht—hé;f plane. If g(#) and p(x) in
(4.1) are analytic in thé right-half plane, then the
solution u is analytic there also [14] and ¢21x) = An(x) is
generally used (all other lthings being equal) because of
its simplicity. If analyticity of the solution cannot be
shown in a sector 6r if the solution has singularities near

the positive half-line, then ¢3(x) = An(sinh(x)) is used.

This last case is described in more detail in Example 5.2,

the Wood-Saxon potential of the Schradinger equation.
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{

Examples Computed by Sinc-Collocation Method

Eéch of the e*amp}es in this section has been
calculated by the sinc-collocation method that has given
rise to a discrefe systém'AQ = kBg. The IMSL [;9] routine.
EIGZS, which uses tﬁe symmetfy of A and B and the posifive—_
definiteness of B, is called to solvé the system.

The tables accompanying the examples include either
the error in thé calculated eigenvalue (for thosé examples
where the true eigenvalues are known) or the eigenvalues.
computed (where the true eigenvalues are unknown); The
dimension of the system is'given in terms of M for
M =4, 8, 16, and 24. The asymptotic error rate,

AER = exp(—(xqu)x), is given for each M for all examples.
The notation in the tables inen by .ccc - K is

.CcCC X 1O'K. As noted earlier in conjunction with
Corollary 4.25, the larger eigenvalues are not approximated
with as much accuracy as the smaller eigenvalues. Tﬂe
blanks. present _in the tablés indicate data that ' was

computed but with accuracy not good enough to be noted.

Example 5.1: Harmonic Oscillator

-u" (x) + (x2 + Z/gz)ﬁ(x) Au(x)

(5.8)

u(0) =u(=) = 0
To calculate «, note that g(x) = x2 + 2/x2 and
pP(x) = 15' Then from (2.8)'go = 2 and Po = 0. And from

(2.9), 8, = 2; therefore, a =.3/2 from (5.7).
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In deciding whether to choose ¢, or 0 for this
problem, it is helpful to calculate the asymptotic behavior

~of the solution to (5.8) by using the WKB method in (2.4).

Note that for A fixed, 2/x2 = 0 as X = . Thus the
dominant function for lérge x is x2, Hence,
w (%) = B(x®)7TH exp(-[(x?)¥ax) ,

(5.9)
= Bx~% exp(—x2/2) y X * =,

where B is an arbitrary constant. To satisfy the zero
boundary conditions, the constant A in (2.4) necessarily is

zZero.

Since g and , are both analytic in the right-half
plane, either ¢2 or ¢3 may be chosen as the mapping.
However, ¢, is preferred due to the following discuséion.

Recall from (3.9) that N(f) was requirea to be finite.

Consider

I = [ [un(z)dz]|
3Dy,

for D2 the domain in Figure 1. Now

@© ! o

I= [ |un(re®®)ireiSdar + [ Juy(re™?®)ire™1%ar
o . o
K . . - . :
(5.10) = [ un(reS)ireiSiar + | |uy(rel®)irel®|ar
0 | K

+ f luk(re_is)ire—isjdr
o :
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Because of zZero boundary con&itions of Uy and jts
analyticity in D,, the first integral is finite. Note that
the asymptotic béhavior of u given in (6.9) is for x 6n the
real line. From SOlver [14], fhis behavior extends to a
sector in the right-half plane. Then fof K large enough,

the second integral can be rewritten using (5.9) as

* ; ; Py - is,2 ;
.f luy (reS)irei®jar ¥ B I |r %o 18/2=%(re"") % 1018 gr
K K '

B Imf%e-%rz(coszsl+ isin2§)Idr
X .

B Jmlr%ej%rzcoszsldr

K
which will be finite if cos2s > 0. This implies
0 < 28 < rn/2 0r 0< s < n/4. Hence, the largest 4 in
Definition 3.2 can be is /4. | A similar argument shows
that the third integral in (5.10) is finite also for
d'E (0, n/4).

 The same procedure can be considered for ¢; and Dj in
Figure ‘1. The characteriZation of N(qx) is a bit more
complicated to write down; let z € éDé. ‘Then | |
K K

(5.11) [ 1wiziazl = [ jur(z)dz] + [ 1un(z)4z|
. 3D3 0 0 ’
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* [ tuaziazg + [ jua(z)az
K . K

The first two integrals are finite because of the zero
boundary conditions of uy and its analyticity in Dy. For K
large enough, u, can be replaéed by (5.9), and since

3D3 €C {(z: Imz < d, Re z > 0)

f jup(z)dz| f jup(t + id)|dt
K K

1A

12

- 4y 2
B [ 1(t + 1q)Xe (T + 1d)% 4,

K
¢

® 2_j2
B } J(t + id)_%e—%(t -d +12dt)'dt
X E

® 2 _ 42
B[ 1(t + ia) ¥ H(tT - a%)g,
K .

This final integral will be finite, siﬂce for K large
enough t > =n/2 > d. Similarly, the fourth integral in
(5;11) can be shown to be finite. Therefore, no fﬁrther
restrictions are necessary on d and it can be taken to bé
its largest possible value, n/2.

Even though ¢3 is preferfed over 92, with regard to
convergence rate; note that bz can still be used. The
mat;ix system for 92 will be larger than what is necessary
when compared to the matrix system of 95 (in this example)

to achieve the same accuracy.
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Because of the speed with which Uy goes to zero as

X % % as shown 1n (5.9), it is advantageous to go directly

¢ :
to the error statement in (4.29) and consider the

truncation error term to find an appropriate N. This -

procedure will.give a sﬁaller N than given by N = ﬂ}a/B)Mﬂ,
thus giving a smaller matrix system“for the accura§y
desired. . |

‘The truncation error pieces to be considered are

@ —(M""l)
S u(xp)sf2) (01 (xp))%  and Y ulxp)ofd) (00 (xp))*%
p=N+1 =-w o :

. By (5.9), as x % = u(x) = 0(e ¥ /2) " For the map
95(x) = An(sinh(x)), x = An(eXP + Ve?XP 4 1); so

X = 0(kh) as k » =. Now consider

(05 (x))% = (cothx)*

| —r\ %
_[eX+ X
ex _ e X
Hence, as X = o, (ﬁé(x))% - 1, Finally, as X, 7 o

(5.12)

2) " —xg/
la(x,)6{2) (05(x,00%] = ole . This implies there
exist constants K1 and K1 so--that

©Q s @x© 2 2
2 lulxp)ofd) (e3(xp)) %) < Ky ) eTPTRT/2
p=N+1 . p=N+1

2,2

—~(N+1)2n2/2

Kqi e +

(5.13)

A

'gle—(n¥1)2h?/2<1 + o<e—(N+2)2h?/2»
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~

Kle"N2h2/2<1 + o<e“'(N+2)2_h2/2>>

‘ 2,2

similarly, by (5.9) as x = 07, u(x)

1A

0(x%) where a = 3/2
as shown earlier. Notice then that lim+x3/2(¢é(x))% = 0.
' T x=0 '
Hence, |u(x )6(2)(¢'(x ))%l = 0(x3/2) as | *.0+ For
o 1R Ep %kp P31 p p *p :
xpv= an(eP? 4

e2Ph 4 1), use the binomial series expansion

: : i
1 + e2Ph = 1 4 3e2Ph | g edpPh 4 |
This imﬁlies that as

p = -, An(ePh
order An(eph + 1).

+ e?Ph . 1) is of

Writing the series expansion of the
natural logarithm yields

' , 1
an(ePP + 1) = ePh - 3e2Ph | 3 ¢3Ph _

which implies An(ePP & 1) is "0(ePP) as p = -=. Finally
then xé‘is 0(ePP) as p » -=. So there exist constants K,,

N ’ ' ) ’ '
K3, and K5 so that

j(M+1) -(M+1)
Y luixp)ofd) (e3(xp))¥| < Ky ) xE/2
p=—m . p=—ou
—(M+1)
<kg Y e(3/2)ph
p=- '

[+

K3 z e(f3/2)ph
péM+1

IA

(5.14)

e (=3/2)h(M+1)

= K
33 _ e(=3/2)h
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o (-3/2)hM

< K3 (3/2)h

0(e~3M h/2,

Now equating (5.13).and,(5.14) to balance out the error

terms yields

3M

which implies N o

(

%
. As before h

rd
aM

T

(M) %

& -

The matrix system for the harmonic oscillator and map

¢3 is
2
4cosh“x, - 3
_LI(2)+D‘ k
h2 4cosh4xk
with X = ﬁ.n(ekh + e2kh + 1).

2 =
+ <x§ + —E>(tanh2xk) z
Xk
kD(tanhzxk)g

The following table

exhibits the calculations of the sinc-collocation method

using this systemn.

Harmonic Oscillator.

Table 1.
True .
Eigenvalues‘ 4 8 16 24 = M
Ap 433-2 .454-3 .188—4 .163-5 = AER
- A
ey = Apl
5 831-2 513-4 .321-6 .304-8
9 | me———— 168-2 .607-6 .194-7
- e — L1774 .496-7
16 [ —————= mmmeee e .331-5
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Example 5.2: Wood-Saxon

-u"(XxX) + ux) = X1 + eX~r)/*)-~u(x)

(5.16) u(0) m u(®») =0
r = 5.086855 , c = .929853
For g(x) = 1 and f(x) = d + from (2.8)

g0 = 0 and Pg = 0; hence, a = X from (2.9) and (6.7).
The map 03 1Is preferred over »2 for this example

because of the pole of p(xX) at r + exl. As can be seen

from Figure 4, this pole determines that the largest sector

for in which the solution is guaranteed to be

analytic is with

(r.et)

Figure 4: The Sector of Analyticity for Wood-Saxon
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The domain of ¢3 does not contain the pole; hence, d can be
chosen as large as possible; i;él d = rn/2. Note that N
could havg been chosen; however, a largér matrix system
would have been required for the same amount of accurécy as
when using ¢3.

The asymptotic behavior of the solution to (5.15) is
given by Fluége [20]

u, (x) ~ Kexp[-(x - r)/e]

which implies from (5.6) that B ; 1.

The matrix system for the Wood-Saxon potgntial and ¢3
is |

1 o2y 4 p
h?

. tanhzxk 5
/ =X D< (x r)/e)z
1 + e k,

with ®, = an(ekP & e2kh )

Notice that the matrix systems for the harmonic oscillator

4cosh?x, - 3
< k +,tanh2xk> 2
,4cosh4xk : '

and the Wood-Saxon potentials differ only in the two
diagonal matrices and to change them only means evaluating

two known functions at Ky «

To implement this method for « =% and B = 1, the
parameters M, N, and h in (5.1) and (5.2) are N = XM and
h = =n/JM. In the process of developing the method some

very interesting things happened with respect to the
computations of this example. The first eigenvalue for the

Wood-Saxon potentiai that will be used for comparison




L. Ll

61

purposes is 1.424333 which was computed by Mayers [21] by
an iterative matching method. o

For a =% and N = %M , the error terms of (4.29) are
balanced 'and give the asymptotic error rate, AER, for the
first eigenvalue. The fiyst.tﬁo columns of Tabie II give
AER and the computed efror for M = 4, 8, 16, and 24. The
computed error cerfainly falls in the bound guaranteed.
Now consider the last column_of‘Table 2 whére a = % and
N = 2M. .The differénce hefe is that the truncétion error
piece "from N + '1 to 'm is not balanced with_thé error
integral and the lower truncation piece. The former
truncation error can be seen by a shért computation fo be
much smalléf than the other two balancéd pieces. What this
situation seems to suggest is that even if the.parameters o
and B are not found exactly, the.metﬁod stili can work and’
- the érrors“incurred'afe'not necessarily largef fhaﬁ if the

parameters were found exactly.

Table 2. Wood-Saxon Errors for N = ¥M and N = 2M

AER lug - Aql (N = %M) M lug = M| (N = 2M)
.0432 .069 o 4 .0027
.01176 .0181 8 .00015
.001867 .00117 . 16 .00021

.000454 .000097 24 0
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In the comparison sectién a =%, =1, and N = 2M is
used. Table 3 gives the éomputed data for thié case.
In Table 4, the Wood-Saxon eigenvalues are calculated
for « = x, g =1, and N = XM, the choices from the theor§
of the sihc-collocétion metho&. Notice that the

calculations of the first eigenvalue always fall within the

.Quaranteed bounds. However, convergence of the eigenvalues

is not .seen as dguickly as in the. case of.N = 2M shown in

Table 3.

Table 3. Wood-Saxon (N = 2M).

True o _

Eigenvalues 4 8 16 24 = M
A
p

1.424333 1.427127 1.424484 1.424335 1.424333
A, L m——— 2.447301 2.444763 2.444707
Ag | mmm—— e 3.972775 3.972332
Mg S — | 5.993260
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Table 4. Wood-Saxon (N = XM).

True . -

Eigenvalues T4 8 16 24 = M
.432-1 .118-1 .187-2 . 455-3 =

AER

1.424333 1.494131 1.442476 1.425513  1.424430
P 2.562343 2.453885 2.445506
Ay | e s 4.007281 3.9756102

g | - e 6.002765

Example 5.3: Mathieu's Equation

-u'(x) + (20cos2x)u(x) Au(x)

u(0) = u(r) (o]

(the solutions u(x) and eigenvalues A depend on 9)

For any 'é, gop = 9y = 0 where g(x) = 20cos2x and

= p_ = 0 where p(x) = 1. Hence, a =B = %¥ by (2.8),

o R

(2.9), and (5.7). Then h = /¥ and M = N by (5.1) and

(5.2). The map used is

o(x) = an< X )
r - X

the matrix system is

2 2
| XE(x - X%,)
_ 1 1(2) 4 p % + 29coszxk< k .k > 2

h? . 2

2 2
XE(r - Xy,)
= xn( k k >2 :

T2

nekh

and b4 = c——— .
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Note that for each choice of 8, all that is changed in
the matrix system';re the elements of a ‘diagonal matrix.
The elements come from the po;nt evaluatioh éf a known
function. Note also that when 6 = 0, Mathiéu'é equation
réduces to the Fourier equation, and the matrix system

becomes

x
21 (2) . D(1/4) z =‘XD< - 2

h2

2, _ . 22
lr = X )%\,

z -
. K '

Tables 5 and 6 display eigenvalues and errors for both

6= 0and 6 = 1. -The true véigenbaiges for Table! 6 are

found in Birkoff et. al. [8].

Table 5. Mathieu's Equation with 6 = 0 (Equrier).

True ‘ - ' * -
Eigenvalues 4 8 16 24 = M
Ao .432-1 .118-1- .187-2 .455-3 = AER
Y .
1 .182-1 .659-3 .109-5 .370-6
8 _— .797-1 .173-2 .623-4
9 ——— — .716-1 .469-2
16 e — _—  —— .940-1
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Table 6. Mathieu's Equation with 6 = 1.

True . o e ' . .

Eigenvalues 4 8 16 24 = M
Ay .432-1  .118-1  .187-2  .455-3 = AER
| lep” = Apl |

~.1102488 | .4202 .8918-1  .5258-2 _ .4722-3
3.9170248 S— . 4177 .3524-1 .3828-2 o
9.0477393 |  ———- ———  .2537 .3429-1
16.0329701 S —— ——— .2287

Example §5.4: Bessel's Equation

2 _
(5.16) ~u(x) +{E " Tla(x) = ruix)

4x2
u(0) = u(1) = 0 , n 2 1

The exact eigenvalues, A of (5.16) are related to

pl

' s : = 12
the zeros, jJ of the Bessel function Jn' ;.e. kp’ = jnp

np’
where jnp is the pth positive zero of Ihne

For n a nonnegative integer, a« and f are found by

4n2 - 1
(2.8), (2.9), and (5.7) with g(x) =| ———— ] and p(x) = 1.
- 4x? -
- 4an? - 1
Those equations yield do = — ) Po = 0, g, = 0, and

Py = 0; so a =n and B = %. From (5.4), it is obvious that
u 2 0 much more rapidly as x = 0 (as n'gets large) than as

x %+ 1. The parameter selection will be based on how the

: o
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solution behaves as x = 1. This selection seems somewhat
more uniform with respect +to parameter selection (for the
calculation of the eigenvalues of (5.16) with differing
vaiues of.n). Notice, however, that due to the balancing
of the error'terms in (4.29), the accuracy ié unaffected by
a coming first or B. So balancing the error terms

e~BNh - o-md/h - g-oMh o5.19s h = x/JN and N = 2nM. The

map for the interval (0,1) is

N .
o(x) = AP(l - x> !

and the matrix system is

- 15‘1(2) + D<% + %(4n2 - 1)(1 - xk)2> F:
h .

= AD(x2(1 - xk)2)2

ekh

with Xy, T e——————
k 1+ ekh,

Table 7 gives the calculated error and asymptotic
error rate for the eigenvalues of (5.14) with n = 1. The
eigenvalues that will be used for comparison purposes are

given in Watson [22].
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Table 7. Bessel's Equation with n = 1.

True ] ]
Eigenvalue T 4 8 16 . 24 = M
xp .1176-1 .1867-2 .1383-3  .187-4 = AER
lup - kpl
14.68197087 .15928-1 .353-4 .66-6 .21-6
49.21845675 | = ~————- .03-1 .7198-4 .7-17
103.4994532 | @ ———==  ——e—e .633-2 .695-4

Example 5.5: Chebyshev

~ut(x) + (-3/4) (1 = x%)7Pu(x) = a1 - %) "lu(x)

u(-1) = u(1) =0

In this example, g(x) (-3/74)(1 - x2)'? < 0‘on.
(-1,1); hence, the development prior to Theorem 4.24 is not
applicable. The nonnegativity assumption -g(x) =2 0,
however, was needed only fof‘the ineqﬁality (4.11), i.é. to
bound vg(t) away f?om zero. Given tbe map |

X+ 1
p(x) = An<1 >

- X

and noting that ¢'(x) =1 / ¥ (t)., yg(x) from (4.8) can be

rewritten as

-1 1 g(x)
v (x) - + —
g (61 (x))3/2 ( ¢-(x)> (9! (x))?

1/4 + 1/4(1 - x2)(—3/4)(1 - x2)72

v

1/4 - 3/16 = 1/16 .
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So if 6 in (4.11) is replaqed by 16, the rest of the
theorem development is abp;icable and Tbeorém 4.24 can‘be
applied to this problemn. o o
It turns out that for ény. example on a finite

interval, if

(5.17) lim ingl—93 {5 _3/4

x€(a,b) [ (6'(x))2
Theorem 4.24 can be applied; that is, vg can be bounded
below by a positive number and the assumption g(x) 2 0 is

not necessary.

To see this recall that from -(4.12)

a,

1}

min {a;

}
a;€a(A) J

v

min {d.}

d;5€0(D(vg)) J

by the spectral propérties of -1(2), For any g(x) and for

X — a
P ~‘An<b - X>

g(x)
vy (x) = 1/4 + ———
g (0" (x))2

Therefore, as long as (5.17) is satisfied, vg

is also bounded below by

is bounded
belbw by a positive number and a,
a positive number. Hence, Théprem 4.24 is applicable.'
The equations (2.8), (2.9), and (5.7) for B
g(x) =‘(—3)4)(1 - x2)72 and p(#) = (1 - x2)~1 yield

g, = —3/15, g, = -3/16, and“>_1 =f£ = 0. Thereforg,

a = 1/4 and B = 1/4.  This leads to h 2r/dM and N = M

from (5.1) and (5.2).
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The true eigensolutions to the Chebyshev equation are
uy (x) = (1 - x?)u,(x)
and kn = n? 4+ 3/4 , n=0, 1, 2, ...

whefe Un is the nth Chebyshev polynomial of the second

kind.

The matrix system for this example is given by

, 2
1 - x
-1 1(2) 4 pr1/16))2 = xn<—————5>2

h2 4
ekh -1
with Xy = —Q— . The calculations done with this
e<h 4 1 E

system are exhibited in Table 8.

Table 8. Chebyshev Equation.

.True ' : . RN L
Eigenvalues | 4 8 16’ 24 = M
Ap .108-0  .432-1 .118-1  .433-2 = AER
ey - }pl ,
3/4 .521-0 - .181-1 .210-3  .319-4
15/4 | - .536-1 .187-2  .170-3
35/4 L mmmee e - .321-1 .183-2
63/4 ——— ————- —————  .381-1

i
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Example 56.6: Laguerre

2
X“ 4+ 3 .
(56.18) -u" (%) + | ———— ] u(x) = A i—,u(x)
u(0) = u(=) =0
The standard form of Laguerre's differential equation

with parameter v is given by

(5.19) " (x) + <1—1_§_145> v'(x) + 2 vix) =0 .

Letting y(x) = u(x)(x's/zex/z) ané‘v = 2 and substituting

into (5.19) yields the normal form. of Laguerre's equation,

that is
x2 - 6x + 3 n
(5.20) -u"(x) + u(x) = —- u(x) .
. . 4}{2 X
To maintain the positivity of g(x) and p(x), let
%2 - 6x +3 _x2 +3 6x

a4x? . ax2 - 432'
Rewriting (5.20) yields

2
-u"(x) +-<§——§—2> u(x) =<X/2x>u(x)
4ax .

. 2
where A = 3 + 2n for n=90, 1, 2, ..., g(x) = E——i—g
) : ' 4x2
and p(x) = 1/2x. Then do = 3/4 and Py = 0 giving a = 1,
" As x 7 =, g(x) 2 1/4 and p(x) % O0; thus by the WKB
approximation (2.4) and zero bbundary conditions on (5.18)

u(x) » e ¥/2 45 x W W ;

so B =% by (5.6). By the’discussion following (5.6), the
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asymptotic behavior of u determines that the map to be used
is h |
¢(x) = An(x)

This choice allows

N = H(l/h)kn(th) + 1] B

so the dimensions of the matrix system, given by

' . 2

] X, (X5 + 3) X\
o1 pq2) , pf 1Tk z=m<_k)a
h2 4 '\ 4 } 2

for X = ekh and A = 2n + 3, n = o, 1, 2, ..., will be

smaller than if the map ¢(x) An(sinh(x)) is chosen.
The true eigenfunctions for this differential equation

are well-known and are

ukn(x) = x3/2e

X n ,
-x/2) © d (Xn+2e—x)’
nix? axk

where A, = 2n + 3, n =0, 1, 2,

Table 9. Laguerre's Equation.

True
Eigenvalues 4 8 16 24 = M
Ap .118-1 .187-2 .138-3 .188-4 = AER
.244-1 .197-2 .879-4 .376-5 = Q
- A
A" pl
3 . 242-1 .111-2 .283-4 .868-6
5 . -—=——  .123-1 .101-2 .485-4
y S e .172-1 .124-2
9 | emmmee e meeem .108-1

| U1

S el
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Notice in Table 9 that the calculated error was much

better than the error rate predicted. Thus, included in

the table is the value Q = M3/2|¢osep|exp(—(ndaM)x) which

comes from the conclusion of Theorem 4.24 without bounding .

|cosap| by 1. Recéllleb is the angle between Ep and Aaoa
It seems from this example that bounding lcqsepl by 1 is a
very crude bound. No exact statement can be made at this

time,'but if a more precise bound qould be placed on

jcos® then it appears thaf the conclusion of Theorem

pl
4.24 could also be made more precise.

Comparison of Sinc-Collocation Method
to.Other Numerical Methods

Galerkin and collocation schemes, finite differences;
finite elements, land spectral{ﬁethqu are well—known and
often-used methods to calculate the eigenvalues of Sturm-
Liouville problems. The. purpose of tﬁis section‘is to
compare the implementa{ion, ' accufaqy; and overall
performance of the sinc;cdllocafion method to several of
these alternative methods. - |
| Four of the examples: in the previous section were
chosen to do these .compariéoné. The harmonic oscillator,

/ . .
Wood-Saxon, and Mathieu's equations will be compared to the

Rayleigh-Ritz method described in Chapter 2 using finite 

element basis function. The' tau method wusing Chebyshev

basis functions is a spectfal method that is applied to
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Bessel's eguation. The tau method is described in detail
in Comparison 3.

With each comparison a table is given which includes
the absblute error iﬁ the true and éomputed eigenvalues.
The error is listed for the ' compared method and the sinc-
collocation method. The basis for-the cohparison is that
in each method thg same number of basis elements (rdughly)

are used; that is, comparable matrix sizes are used.

Comparison 1: Harmonic Oscillator
—un(x) + (k24 2/x2)u(x) = Au(x)
u({0) = u{(w) = 0O :

Botha and Schoombie [10] use the Rayleigh-Ritz method
with cubic splines and cubic hermite splines as -the finite
element basis functions. With tﬁesé choices of base;ﬂthe
matrices A and B in the métrix system A% = AB¥® are
symmetfic and banded matrices with band width 7. Recall
from Chapter 2 that to fill the nonzero 'elemepts of these
matrices a numerical'integration aﬁd a truncation'qf.the
infinite intérvai wefé nécessary for each eiemént. To
maintain the order of error of the method; the numerical
integration method used must be of comparable order.

Tables 16 and 11 displaé'the compared results for
A, = 9, _The.only resﬁlts given by Botha and Schoombie are

2
for A, = 9. In terms of the error in the compufed and true
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eigenvalues, the Rayleigh-Ritz method and the sinc-

collocation method 'gave similar results. The sinc method

yielded.one more decimal place of accuracy than did the

Rayleigh—-Ritz with cubic' hermite spiines. The Rayleigh-
Ritz method with cubic splines produced results of the same

accuracy as the sinc method.

Table 10. Harmonic Oscillator: Absolute Error Between the
True and Computed Second Eigenvalues for Rayleigh-Ritz
Method with Cubic Hermlte Splines and Slnc—Collocatlon
Method. )

Error in Error in .
Matrix Size Cubic Hermite Sinc-Collocation Matrix Size

18 x 18 .39-3 .117378-2 - 18 x 18

38 x 38 .31-4 . .211841-5 39 x 39
46 x 46 .91-5 .392814-6 47 x 47
58 x 58 .20-5 .189826-6 57 x 57

Table 11. Harmonic Oscillator: Absolute Error Between the
True and Computed Second Eigenvalues for Rayleigh-Ritz
Method with Cubic Splines and Sinc-Collocation Method.

Error in Error in

Matrix Size Cubic Sinc-Collocation Matrix Size
11 x 11 CL19-2  .4497-1 10 x 10
25 x 25 . .15-4 .662357—4 25 x 25

36 x 36 .30-5 .99758-5 36 x 36

L L
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Comparison 2: Wood-Saxon .
—u"(x) + u(x) = A(1 + efx—r)/a)—lu(x)
u{0) = u(=) =0
r = 5.086855 , ¢ = ;929353

This example ‘Qill also be compared to the work by
Botha and Schoombie [10]. Again the method ié Rﬁyleigh—
Ritz with cubic and cubic hermite splines.‘

Notice that to change from the harmonic oscillator
problem to the Hood-Saxon - problem, the numerical
integrations and truncation of the infinite interval need
to be completely redone to fill the matriées A and B of fhe
‘Rayleigh—Ritz method. 'Changing the métrik system of the
sinc—c&llocation method required énly that two diagonal
matrices be changed with those changeé being poiht
evaluations of known functions. Because of' the ease in
going from pfoblem to problem, the sinc—collocation method
"has the obviéus advanfage of siﬁplicity. o |

The eigenvalue comparison is done on the first
eigenvalue A = 1.424333. Tables 12 and 13 show'that for
both sets of basis functions.the Rayleigh-Ritz method was
more accurate in terms of the computation of the -

eigenvalue.,
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Table 12. Wood-Saxon: Absolute Error Between the True and

' Computed First Eigenvalues for Rayleigh-Ritz Method
with Cubic Hermite Splines and Sinc-Collocation
Method. - S L

: Error in Error in
Matrix Size Cubic Hermite Sinc-Collocation Matrix Size

18 x 18 .34-5 .59-3 19 x 19
24 x 24 .14-5 .15-3 25 x 25
28 x 28 .34-5 .818-4 28 x 28

30 x 30 .10-7 ' .453-4 31 x 31

Table 13. Wood-Saxon: Absolute Error Between the True and
Computed First Eigenvalues for Rayleigh-Ritz Method
with Cubic Splines and Sinc-Collocation Method.

- Error in Error in .

Matrix Size Cubic . Sinc-Collocation Matrix Size
11 x 11 ° .10-4 - .76-2 10 x 10
16 x 16 .92-5 .12-2 16 x 16

22 x 22 .10-5 .29-3 22 x 22

Comparison 3: Mathieu's Equation
~-u"{x) + (28cos2x)u(x) = Au(x)
u(0) = u(x) =0
Birkoff, DeBoor, Sﬁartz, and Wendroff [8] use the
Rayleigh—Ritz method with cubic and cubic hermite sélines

to calculate the eigenvalues of Mathieu's eqguation for
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several values of 6. Compared here will bg the eigenvalue
computations for 0 = 0 (Fourier's equation) and 6 = 1. As
0 'changes tﬁe Rayleigh-Ritz mgthod requires that. the
elements of the matrices:of the method be recélculatéd with
numerical integrations. The "sinc-collocation method
changes only by point evaluafions of known functions in two
diagonal matrices.. | |

The following Tables .14-17 show that when comparing
the two methods in the calculatién of the eigenvalues;-the

Rayleigh-Ritz method gave significantly better results.

Table 14. Fourier Equation: Absolute Error Between the
True and Computed Eigenvalues for Rayleigh-Ritz Method
with Cubic Hermite Splines and Sinc-Collocation
Method. - - - '

True- Matrix Error in : Error in Matrix
Eigenvalue Size Cubic Hermite Sinc~Collo¢ation Size

1 10 x 10 .640-6 ' .18216~-1 9x9

14 x 14 .12-6 . .3273-2 13 x 13

16 x 16 .68-8 .65678-3 17 x 17
4 10 x 10 .125-3 822061 . 9 x 9

14_x 14 .254-4 .23&378 13 x 13

16 x 16 .131-4. .794968-1 17 x 17
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Table 15. Fourier Equation: Absolute Error Between the
True and Computed Eigenvalues for Rayleigh-Ritz Method
with Cubic Splinés and Sinc-Collocation Method.

True Matrix Error in Error in = Matrix

Eigenvalue . Size Cubic sinc-Collocation Size
1 9 x9 .0-5 .18216-1 " 9x9
10 x 10 .0-5 : .76545-2 11 x 11

4 9x9 L4-4 .82206 9x9
10 x 10 .2-4 .42999 11 x 11

Table 16. Mathieu's Equation with 6 = 1: Absolute Error
Between the True and Computed Eigenvalues for
. Rayleigh-Ritz Method with Cubic Hermite Splines and
Sinc-Collocation Method. .

True Matrix  Error in ~ Error in ‘ Matrix
Eigenvalue Size Hermite Sinc-Collocation Size
;.1102488 10 x 10 .313-4 | .4202 2 x9

14 x 14 .701-5 .19388 13 x 13

16 x 16 .373-5 .89-1 17 x 17
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Table 17. Mathieu's Equation with 6 = 1: Absolute Error
Between the True and Computed Eigenvalues for
Rayleigh-Ritz Method with Cubic Splines and Sinc-
Collocatlon Method.

True Matrix Error in Error in Matrix
Eigenvalue Size Hermite Sinc-Collocation Size
-.1102488 9 x 9 .23-4 .4202 e x9

10 x 10 .10-4 .28658 i1 x 11

Comparison 4: Bessel's Equation
2
. 4 -1
-u"(x) + (—2——-——>u(x) = Au(x)
4x2 ;

u(0) = u(1) =0, n 21

In the calculation of the eigenvalues of Bessel's

equation, Gottlieb and Orszag [4] consider
y" + ; y' - 3; Y = Ay
X

with n = 7. This form of Bessel's equations comes from
letting u(x) = JX y(x) in (56.16). The method of Gottligb
and Orszag is the fau—method with‘ Chebyéhev basis
functions. Let

M

?(X) = Z Ymsz—l(x)
m=1

where the Y are constants to be found and T2m-1 is the
Chebyshev polynomial of the first kind of deéree 2m - 1.

The differential equation to be solved is
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y" + 1'y' - 23 Y = -Ay + T .
- 2 2M-1
Sgbstituting § into the differential equation and taking an
inner product with TZj—l {1 £ j £ M) vields the system |

M . : M

" 1 1 )
Y YmlTam-1s To5-2) * 5§ ¥ulTop1: T2j-1)
m=1 m=1 :
(5.21) |
n2
- —_— C; = —-A¥sCy + 1€ , 1 £ J < M
2 1% s B B =K,
where
‘ r jg=1
c =
J n/2 j 2z 2
and ‘ ~ ~
t‘ = _‘(TZM—I' 'LY"" Ay)

The boundary condition impiies
M .

(5.22) Y ym=0 ..
m=1

The inner product used is
1 1
(f.g9) = f f(x)g(X) ———— dx .
0 1 -~x2
As can be seen from (5.21), every element of the matrix
system using the tau-method necessitates doing two
numerical integrations{ To maintain the accuracy of the

method, these ihtegratiohs .need to be calculated to at

least this same accuracy.
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Gottlieb and Orszag also introduce a "pole condition"
to- improve convergence‘of thgir méthod; This ;onditioﬁ,
?'(0) = 0, gives |

M

o
Y YnTam-1(0) = O
m=1 :

as another equation of their system, along with (5.21) and
(5.22). Gottlieb and Orszag themselves point out that the
pole condition must Be applied properly - 'so as not "to
degrade significantly the acégracy ‘of, lthe. spectral
computations." Also note that, for n = 1, for example, the:
pole condition does not apply (the solution of (5.20) for'
n =1 is J,(x) with J,'(0) = %) and cannot be used to speed
up convergence of their method.

The matrix system just prior.to Table 7 can be used'to
approximate the eigenvalues'éf (5.20) with the parameters
h = m/JN'and N = 2nM with éffectively no change, that is,
change the parameter N and chapge a constant in a diagonal
matrix as n changes.

The final Table 18 gives a comparison of the results
of Gottlieb and Orszag for tﬁe firét'eigenvalue.for.n = 7
in (5.20), with and withQut the pole condition,' to the
results of this thesis. The exact eigénvalue used is given
in Gottlieb and Orszég aé }1 = 125.907600204. Nofice that_
the sinc—collocatién did as well as the tau method without

the pole condition. The tau method with the pole condition
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did speed the convergence of fhe calculation for the

~ problem.

Table 18. Bessel's Equation with n = 7: Absolute Error
Between the True and Computed First Eigenvalue for
Chebyshev-Tau Method With and Without Pole Condition
and Sinc-Collocation Method.

Matrix Tau Without Tau With .. Sinc- Matrix
Size Pole Pole . Collocation Size
18 x 18 3.36023 .2-4 .152017 15 x 15

26 x 26 .6506-3 .0~-9 .5365-3 30 x 30
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