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ABSTRACT

Physical symmetries inherent to a material are often re
ected in its electronic and
magnetic properties. The in-plane four-fold rotational symmetry of thin-�lm ferromagnets
inherent to their tetragonal lattice is also exhibited by their cubic anisotropy. The
magnetization as a function of applied magnetic �eld can be calculated via the Stoner-
Wohlfarth model. These calculated hysteresis loops were �t to measured hysteresis loops to
determine anisotropy constants consistent with known values. An electronic nematic state
reduces the in-plane four-fold rotational symmetry of materials by inducing a structural
transition from tetragonal to orthorhombic/monoclinic, with two-fold symmetry. This
reduced symmetry persists in the electronic thermal transport. Nematicity enhances
nearest-neighbor hopping along one axis and reduces it along the other. This results
in a deformed Fermi surface compressed (elongated) along the axis of stronger (weaker)
electron hopping. This drags van Hove singularities through the Fermi level, a�ecting
quasiparticle lifetimes. Calculating conductivity from the Boltzmann kinetic equation,
nematicity enhances thermal transport along one axis and diminishes it along the other.
Additionally, s-wave superconductivity coexisting with nematicity creates a feedback on the
superconducting gap with ad-wave instability, which can lead to gapless excitations. In the
case of weak feedback, nematic superconductors behave like fully-gapped superconductors
along both axes, where transport decreases exponentially with temperature. Once gapless
excitations form, transport along both axes becomesT-linear at low-T . Similarly, striped
antiferromagnetism (AFM2 and AFM3) reduces the rotational symmetry of a square unit
cell to a larger two-fold symmetric magnetic cell. Modeling the band structure with a tight-
binding model and considering a smaller periodicity in momentum-space, gaps the Fermi
surface along one axis. Calculating conductivity reveals diminished transport along one axis
and enhanced thermal transport along the other. Consideringd-wave superconductivity in
this model results in two cases. One has highly anisotropic transport with greatly enhanced
T-linear transport along one axis and diminished transport decreasing exponentially with
temperature along the other. The second has weakly anisotropic transport with diminished
T-linear conductivity along both axes. The symmetry of a material's properties, such as
magnetic anisotropy and thermal transport, are intrinsically linked to their crystalline,
electronic, and magnetic symmetries.
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INTRODUCTION

Broken-Symmetry

PhaseTransitions

Phase transitions are characterized by a drastic change in behavior driven by a broken-

symmetry. One of the most common phase transitions that occurs in nature is freezing,

wherein a material transitions from a liquid to a solid. Assuming the resulting solid forms a

crystalline structure (i.e. water ! ice), a continuous translational and rotational symmetry

is broken inherent to liquids where it is just as likely to �nd a molecule anywhere regardless

of location within the liquid and the orientation of the liquid. However, once this liquid

condenses and becomes a crystalline solid, the translational and rotational symmetries

become discrete. In crystals, the probability of �nding a lattice site is only symmetric under

integer multiples of the lattice vectors and symmetric under discrete rotations (i.e. a cubic

lattices such as: simple cubic, face-centered cubic, and body-centered cubic are symmetric

under rotations of �= 2 about any Cartesian axis). Phase transitions can be brought about

by a few environmental changes (such as applied pressure), but in this work the main driver

of phase transitions that will be considered is decreasing temperature.

Similar to the transition from liquid ! solid, ferromagnetism breaks the rotational

symmetry inherent to paramagnetism whenT is lowered below the Curie temperature. In

the absence of an applied �eld, paramagnetic moments can point in every direction and the

average magnetic moment goes to zero, thus preserving the discrete rotational symmetry of

the crystal lattice. However, ferromagnetism breaks this symmetry by aligning the magnetic

moments in a single direction (within a single domain), thus breaking this discrete rotational

symmetry (except under rotations that return the ferromagnet to its original orientation).
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Table 1.1: Broken-symmetries across selected phase transitions.

Phase T Symmetry

liquid T > Tmelt continuous translational and rotational symmetry

crystalline solid T < Tmelt discrete translational and rotational symmetry

Paramagnet T > TCurie discrete rotational symmetry

Ferromagnet T < TCurie trivial rotational symmetry

Paramagnet T > TN�eel discrete rotational symmetry

Antiferromagnet T < TN�eel C(2) rotational symmetry about ? axis

liquid T < TNematic continuous rotational symmetry

nematic liquid crystal T > TNematic C(2) rotational symmetry about ? axis

2D metal �lm T > TS C(4) rotational symmetry

2D nematic metal T < TS C(2) rotational symmetry

normal metal T > T c gauge symmetry

Superconductivity T < T c broken gauge symmetry
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Antiferromagnetism is very similar to ferromagnetism in that it breaks the discrete

rotational symmetry of the lattice preserved under paramagnetism below its critical

temperature (in this case the N�eel temperature). However, rather than trivializing the

rotational symmetry, antiferromagnetism (for certain antiferromagnetic states) reduces the

rotational symmetry of the lattice to a C(2) rotational symmetry about the Cartesian axes.

This is due to the fact that antiferromagnetically aligned moments are antiparallel to one

another, so there are two preferred directions for magnetic moments to point (at least in the

simplest case of the Heisenberg model).

Another interesting phase transition to consider is the onset of the nematic phase in

liquid crystals. While not discussed in length in this work, it is the inspiration for the naming

convention of the nematic electronic state observed in some metals, which is discussed in

length. In the nematic liquid crystal phase belowTNematic , the of rod-like molecules of the

liquid crystal tend to align along a particular axis, this phenomenon can be seen in Figure

1.1. This breaks the continuous rotational symmetry of the liquid and reduces it to aC(2)

rotational symmetry about an axis perpendicular to the long axis of the nematically ordered

molecules.

In a two-dimensional metallic sample with aC(4) rotational symmetry, the electronic

nematic phase also reduces the rotational symmetry toC(2), hence the namesake of the

nematic phase. This broken-symmetry is the result of an unequal occupation of the electronic

orbitals which ultimately a�ects the electron hopping between lattice sites. This results in

an enhanced electron hopping along one crystalline axis and a diminished electron hopping

along the other. This is often accompanied by a structural transition (henceTS), from a

tetragonal lattice with C(4) symmetry to either an orthorhombic or monoclinic lattice with

C(2) symmetry, and an antiferromagnetic transition.

Superconductivity breaks gauge symmetry of the normal metal[47] belowTc. This

is because upon the onset of superconductivity, states with di�erent complex phases of
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Figure 1.1: Rod-shaped molecules commonly found in liquid crystals forming a nematic
phase where a majority of the molecules are aligned in a single direction.

the superconducting order parameter become distinguishable[47]. For certain types of

superconducting states, other symmetries may be broken as well. For instance, in magnetic

superconductors time-reversal symmetry is broken in order to allow for the spontaneous

magnetization of Cooper pairs[47].

Order Parameters

Above the critical temperature of a broken-symmetry state there is some order

parameter associated with the broken symmetry that is zero, which spontaneously becomes

nonzero when the temperature is lowered below the critical temperature. For a �rst-order

phase transition, the order parameter is discontinuous in its �rst derivative with respect

to temperature. Therefore a "kink" appears in a plot of the order parameter plotted vs.

temperature, but the order parameter goes to zero asT ! Tcritical continuously. For a

second-order phase transition, the second derivative of the order parameter with respect to

temperature is discontinuous at the critical temperature. This means that while the order
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parameter goes to zero at the critical temperature, it does so with a discontinuity.

In crystalline materials, the Bragg peaks can be considered the order parameter as it

is equal to a reciprocal lattice vector. For ferromagnets, the order parameter is much more

straightforward, as it is simply the magnetization. Similarly, the order parameter for an

antiferromagnet is also the magnetization, but since the total magnetization is zero for an

antiferromagnet it is the magnetization of the sublattices. The order parameter of a nematic

state for a liquid crystal is the second Legendre polynomialS = h1
2(3 cos2 � � 1)i averaged over

all molecules in the liquid crystal and� is the angle between the long axis of the molecules

and the average direction the molecules are pointing[4]. The order parameter of an electronic

nematic state is often written as � and depends on the electronic details of the nematically

distorted metal, but it can be simply thought of as the amount that the nearest-neighbor

hopping parameter is enhanced in one direction and diminished in the other. The order

parameter in superconductors, is the momentum-dependent superconducting gap amplitude

� k , which can be complex in general, but was considered to only be real in this work.

GoldstoneBosons

A broken continuous global symmetry, as is the case when a liquid is frozen to create

a crystal or the temperature of a paramagnet is lowered to create a ferromagnet, it is

possible to create long-wavelength excitations in the order parameter for a vanishingly small

energy cost. These excitations are known as Goldstone bosons[4]. For solids, the associated

Goldstone bosons are vibrations in the crystal lattice known as phonons. In ferromagnets

and antiferromagnets the Goldstone bosons associated with these broken symmetries are spin

waves, the quantization of which are magnons. Magnons are a slight angular displacement

between the precessing magnetic moments present in these permanent magnetic systems.
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Ferromagnetism

Landau Theory of Magnetism

A convenient model to consider for ferromagnetism which produces a phase transition

is the Landau Model. It is devised by writing down the free energy of the ferromagnet

as a power series of the magnetization,M , where only even terms are nonzero due to the

magnetization pointing in the ẑ and � ẑ directions being equally favorable. Therefore, the

free energy can be written as[4]:

E(M ) = E0 + a(T)M 2 + bM4 (1.1)

whereE0 and b (b > 0) are constants anda(T) must change signs from positive to negative

below the Curie temperature (the ferromagnetic transition temperature) to allow for a

minimum in the free energy for a nonzero magnetization. The simplest case to consider

is a(T) = a0(T � TC ). In order to solve for the magnetization which minimizes the free

energy:

@F
@M

= 0 ) M = 0; �

r
a(TC � T)

2b
(1.2)

where aboveTC the only solution is M = 0, and below TC the zero-magnetization solution

is actually a local maximum in the free energy.

It can be seen from Figure 1.2(a), that whenT � TC the only magnetization which

minimizes the free energy isM = 0. However, when T < TC there exists a nonzero

magnetization that minimizes the free energy. This magnetization represents the on-

site magnetization of the ferromagnetic state and is shown as a function ofT in Figure

1.2(b). Landau's approach to solving phase transitions in this way is known as a mean-�eld

theory, which assumes that each spin in the ferromagnet interacts with the same average



7

Figure 1.2: (a) Free energy of a ferromagnet in the Landau model as a function of
magnetization whenT > TC (red), T = TC (green), andT < TC (blue). (b) Magnetization
that minimizes the free energy of a ferromagnet in the Landau model as a function of
temperature.

magnetization produced by the other spins in the material. While mean-�eld theories can

be easy to solve, they often miss order parameter 
uctuations which become important near

the transition temperature. Regardless, mean-�eld theories are widely used to approximate

the order parameters of many broken-symmetry states such as ferromagnetism.

Spin Precession

In the presence of a magnetic �eld, a magnetic dipole with a magnetic moment of

e~=2mec in cgs units has the Hamiltonian[58]:

Ĥ = �
e

mec
Ŝ � B = �

eB
mec

Ŝz (1.3)

where it can be assumed thatB = Bẑ, which simpli�es the Hamiltonian. Using the

Heisenberg picture, one can derive the time-dependence of this magnetic dipole in an applied

magnetic �eld:
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dĥS(t)i
dt

= �
1
i~

h[Ĥ ; Ŝ(t)]i +
@ĥS(t)i

@t
dhŜx (t)i

dt
= �

eB
i~mec

h[Ŝz(t); Ŝx (t)]i =
eB
mec

hŜy(t)i

dhŜy(t)i
dt

= �
eB

i~mec
h[Ŝz(t); Ŝy(t)]i = �

eB
mec

hŜx (t)i

dhŜz(t)i
dt

= �
eB

i~mec
h[Ŝz(t); Ŝz(t)]i = 0

(1.4)

where the commutation relation [̂Sl ; Ŝm ] = i~� lmn Ŝn was used to simplify these equations and

obviously Ŝz commutes with itself. In order to decouple these coupled �rst-order equations,

the second-order di�erential equations can be considered:

d2hŜx (t)i
dt2

=
eB
mec

dhŜy(t)i
dt

= �
�

eB
mec

� 2

hŜx (t)i

d2hŜy(t)i
dt2

= �
eB
mec

dhŜx (t)i
dt

= �
�

eB
mec

� 2

hŜy(t)i

(1.5)

which has the normal mode solutions with the frequency! = eB=Mec, hŜx (t)i =

hŜx (0)i cos!t � h Ŝy(0)i sin!t , and hŜy(t)i = hŜy(0)i cos!t + hŜx (0)i sin!t . Therefore, in

the presence of an applied magnetic �eld, dipoles will precess around the applied �eld with

frequency! = eB=mec.

MicroscopicModelsof Magnetism

The nearest-neighbor Heisenberg model is a common choice for understanding the

magnetic interaction in solids, and is de�ned by the Hamiltonian:

Ĥ Heisenberg = �
X

hij i

J Ŝi � Ŝj (1.6)
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where
P

hij i is a sum over nearest-neighbor interactions,̂Si is the spin at the i th lattice

site, and J is the coupling constant. WhenJ > 0, the Heisenberg Hamiltonian favors

ferromagnetic ordering as parallel spins minimize the energy, whereas antiferromagnetic

ordering is energetically favorable whenJ < 0. A simpler model to consider when modeling

magnetic solids is the Ising model, which restricts the spins to pointing only in the� ẑ-

directions. The Ising model Hamiltonian is:

Ĥ Ising = �
X

hij i

J Ŝz
i � Ŝz

j (1.7)

whereŜz
i is the z-component of the spin at thei th lattice site.

Magnonsand Spin Waves

Common to all broken-symmetry states, the ferromagnetic state has zero-energy

excitations, or Goldstone modes, known as magnons. In order to discuss the magnon

dispersion relation, the simple case of the one-dimensional nearest-neighbor Heisenberg

Model can be considered:

Ĥ Heisenberg = �
X

hij i

J Ŝi � Ŝj = � 2J
X

i

Ŝi � Ŝi +1 (1.8)

From which the time-dependent spin operators can be found from the Heisenberg represen-

tation:

dĥSi (t)i
dt

=
1
i~

h[Ŝi (t); Ĥ Heisenberg]i +
@ĥSi i

@t
=

1
i~

h[Ŝi (t); � 2J
X

i

Ŝi (t) � Ŝi +1 (t)]i (1.9)

where Ŝi and Ŝj commute wheni 6= j , so only terms in Ĥ Heisenberg which contain Ŝi are

nonzero in this commutation relation.
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Figure 1.3: Magnon dispersion relationEk , for a one-dimensional ferromagnetic chain of
spins. It can be seen that zero-energy magnon excitations exist atk = 0, these are known
as Goldstone bosons.

dĥSi (t)i
dt

= �
2J
i~

h[Ŝi (t); Ŝi � 1(t) � Ŝi (t)] + [ Ŝi (t); Ŝi (t) � Ŝi +1 (t)]i (1.10)

which can be simpli�ed using the relations:

[Ŝi (t); Ŝi � 1(t) � Ŝi (t)] =
X

l

r̂ l [Ŝl
i (t);

X

m

Ŝm
i � 1(t)Ŝm

i (t)]

=
X

l

X

m

r̂ l Ŝm
i � 1(t)[Ŝl

i (t); Ŝm
i (t)]

= i~
X

l

X

m

X

n

� lmn r̂ l Ŝm
i � 1(t)Ŝn

i (t)

= i~Ŝi � 1(t) � Ŝi (t)

(1.11)

where r̂ l is the unit vector in the l-direction. Similarly [Ŝi (t); Ŝi +1 (t) � Ŝi (t)] = i~Ŝi +1 (t) �

Ŝi (t), therefore this equation can be simpli�ed to:
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dĥSi (t)i
dt

= 2J


Ŝi (t) �

�
Ŝi � 1(t) + Ŝi +1 (t)

��
(1.12)

Treating the spins classically, and assuming the solution is close to the ferromagnetic ground

state where all the spins are aligned along the ^z-direction, it can be assumed thatSz
i � S,

Sx
i � S, and Sy

i � S.

dSx
i

dt
� 2JS

�
2Sy

i � Sy
i � 1 � Sy

i +1

�

dSy
i

dt
� � 2JS

�
2Sx

i � Sx
i � 1 � Sx

i +1

�

dSz
i

dt
� 0

(1.13)

Assuming normal mode solutions, we arrive at the solutions whereSx
i and Sy

i are �= 2 out of

phase[4]:

Sx
j = Aei (kja � !t ) ; Sy

j = � iAe i (kja � !t ) (1.14)

Figure 1.4: Spin wave on a line of precessing spins (a) perspective view (b) top view. Figure
originally published in Magnetism in Condensed Matter, S. Blundell[4].

which yields the magnon dispersion relation for a one-dimensional ferromagnetic chain of

spins:
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Ek = 4JS~(1 � coska) (1.15)

The magnon dispersion relation plotted as a function of the wavevectork for a one-

dimensional chain of spins can be seen in Figure 1.3, where it can be seen that fork = 0

zero-energy excitations exist. These spin waves (magnons) a�ect the line of one-dimensional

spins by causing them to precess slightly out of phase with their neighbors, as can be seen

in Figure 1.4.

Hubbard Model

While the exchange term in the Heisenberg Hamiltonian is written in terms of the spin

operators, the Hubbard Hamiltonian accounts for the interactions between electron spins in

a di�erent way[63]:

Ĥ Hubbard = � t
X

hij i

X

� = #;"

(ây
i;� âj;� + ây

j;� âi;� ) + U
X

i

ni; " ni; # (1.16)

where t is the nearest-neighbor hopping energy and ^ay
i;� is the creation operator for an

electron on thei th atom with spin � , therefore the �rst term in the Hubbard Hamiltonian

accounts for the the delocalized or band-like behavior of electrons where electrons of the

same spin move between lattice sites. This term can be shown to be proportional to the

kinetic energy. U is the Coulomb energy experienced by electrons of opposite spin on the

same atom andni;� = ây
i;� âi;� is the number operator for electrons on thei th atom and spin

� , which favors the formation of localized moments. In contrast to the Heisenberg model,

which allows for the 
ipping of localized spins exclusively, the Hubbard model allows for

electrons, which preserve their spins, to move between lattice sites.
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Figure 1.5: (a) Bloch domain wall where the magnetic moments rotate in a plane parallel to
the domain wall. (b) N�eel domain wall where the magnetic moments rotate in a plane perpen-
dicular to the domain wall. Figure originally published inMagnetism in Condensed Matter,
S. Blundell[4].

Magnetic Domains& Domain Walls

Ferromagnets in the absence of a strong magnetic �eld to align all magnetic moments

parallel to each other and at �nite temperatures have magnetic domains. Magnetic domains

are regions of the magnetic material where all the moments are aligned (at least for a

ferromagnet), which typically neighbor regions with their magnetic moments pointing in

another direction. The boundary between neighboring magnetic domains such as these is

commonly referred to as a domain wall. While one might imagine an abrupt change in the

magnetic moments between these domains, it is actually more energetically favorable for this

transition to occur over many lattice sites.

The most common types of domain wall are the Bloch domain wall, where the magnetic

moments rotate in a plane parallel to the plane of the domain wall and can be seen in

Figure 1.5(a), and the N�eel domain wall, where the magnetic moments rotate in a plane

perpendicular to the plane of the domain wall and can be seen in Figure 1.5(b). If we
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consider the energy cost of these domain walls with the Heisenberg Hamiltonian discussed

previously, it can be shown that the energy cost of these domain walls decreases drastically

as the number of lattice sites involved in the domain wall increases (Edomain / 1=N). While

one might expect the domain wall to therefore encompass the whole sample in order for

N ! 0 and Edomain ! 1 , this isn't the only interaction competing to dictate the directions

in which the magnetic moments point and the magnetic anisotropy ensures that this doesn't

happen.

Magnetic Anisotropy

In magnetic materials it is observed that the magnetization has preferred directions in

which to point, known as the easy axes,which are a combination of both intrinsic and extrinsic

anisotropies. Intrinsic anisotropy comes from the lattice and its e�ect on the electronic

orbitals. Whereas extrinsic anisotropy is the result of factors external to the lattice such as

the physical geometry of the magnetic material which leads to a demagnetization �eld due

to the magnetic reconnection of �eld lines from surface dipoles.

Shape anisotropy is the result of magnetic dipoles on the surface of a magnetic material

coupling with other surface dipoles through the interaction energy[63]:

Edipole-dipole = �
1

2�� 0

X

i 6= j

1
r 3

ij

�
m i � m j � 3

(r ij � m i )(r ij � m j )
r 2

ij

�
(1.17)

wherer ij is the displacement vector between thei th and j th magnetic moments andm i is the

i th atomic dipole moment. While dipoles coupling within the material do contribute to the

anisotropy, they aren't associated with the shape anisotropy. Accordingly, the dipole-dipole

interaction in bulk materials can be separated into three components:

Edipole-dipole = ES + EL + ED (1.18)
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Figure 1.6: (a) How a magnetic material with two domains resists magnetizing parallel to an
applied magnetic �eld due to the demagnetizing �eld. (b) The changing demagnetizing factor
causes theM -H loop to be less than linear in the external �eld. Figure originally published
in Modern Magnetic Materials Principles and Application, Robert C. O'Handley[49].

whereES is a "microscopic" component coming from the atomic dipoles on the lattice sites

within a spherical volume andEL comes from magnetic pseudo-charges on the surface of that

sphere.ED is due to the demagnetizing �eld and is a "macroscopic" component coming from

magnetic pseudo-charges on the external surface of the magnetic sample. The dominant term

is ED , which is due to the demagnetizing �eld and is responsible for the extrinsic anisotropy

known as shape anisotropy. Thus, macroscopic shape anisotropy has its origins from dipole

interactions between free dipoles at the surface which create �elds external to the magnetic

sample and reconnect with other free dipoles on the surface, a schematic diagram of this

process can be seen in Figure 1.6(a).

Magnetocrystalline anisotropy is not simply due to the anisotropy of the dipole

interaction, as is the case for the shape anisotropy, but rather due to more intrinsic

interactions within the crystalline lattice. Crystalline anisotropy can be attributed to the spin

part of the magnetic moment coupling to the electronic orbital shape and orientation, also

known as spin-orbit coupling (� L � S), as well as the chemical bonding of the atomic orbitals

with their local environment, also known as the crystalline electric �eld. The strength of the



16

Figure 1.7: Topologies of the �ved-wave orbitals, separated intoeg and t2g symmetry,
are shown at the top. Symmetry of the octahedral and tetrahedral sites are shown
in the center. Splitting of the crystal �eld for 3d4 and 3d9 levels in octahedral and
tetrahedral site symmetry are shown at the bottom. Figure originally published in
Modern Magnetic Materials Principles and Applications, Robert C. O'Handley[49].

anisotropy of the crystalline electric �eld determines the strength of the magnetic anisotropy

that an ion in that �eld can exhibit. For the transition metals, the anisotropy is often treated

by examining the crystal �eld splitting of the valence states of the relevant magnetic ion and

considering spin-orbit coupling as a perturbation. When a magnetic ion is considered in a

crystal lattice, the typical degeneracy of the �ve electronicd-orbitals becomes lifted. Theeg

orbitals, dz2 and dx2 � y2 whose electronic wavefunctions point toward the six neighboring sites,

and t2g orbitals, dxy , dxz , and dyz whose electronic wavefunctions point between neighboring

sites, take on di�erent energy levels. These orbitals can be seen in Figure 1.7. The electron

occupation of theeg and t2g sites depends on the relative energies of the orbitals and the

number of valence electrons. Fully occupied orbitals have no total angular momentum and

don't contribute to the crystalline anisotropy, only orbitals with a total angular momentum

will determine which direction the material prefers to magnetize in (also known as the easy

axis).
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Materials with cubic lattices exhibit a magnetocrystalline anisotropy with the same

cubic symmetry. A phenomenological approach to solving for the energy associated with the

magnetic cubic anisotropy is to write it in terms of the direction cosines� x = sin � cos� ,

� y = sin � sin� , and � z = cos� . Where the direction cosines represent the magnetization

vector components normalized by the saturation magnetization� i = mi = M i =MS. The

energy associated with the cubic anisotropy can therefore be written as[53]:

Ecubic = � 2(� 2
x + � 2

y + � 2
z) + � 4(� 4

x + � 4
y + � 4

z) + � 6(� 6
x + � 6

y + � 6
z) + ::: (1.19)

where it can be seen that only terms belonging to the cubic symmetry group have been

considered. This can be shown to reduce to the more common form for cubic anisotropy:

Ecubic = E0 + K (1)
cubic(� 2

x � 2
y + � 2

x � 2
z + � 2

y � 2
z) + K (2)

cubic � 2
x � 2

y � 2
z + ::: (1.20)

where E0 = � 2 + � 4 + � 6 is a constant and is largely unimportant,K (1)
cubic = � 2� 4 � 4� 6

is the �rst-order cubic anisotropy constant, and K (2)
cubic = 6� 6 is the second-order cubic

anisotropy constant. In practice the magnitude of the cubic anisotropy constants decreases

with increasing order, because of this only the �rst two terms are typically considered. When

K (1)
cubic > 0, the easy axes are oriented along the [� 1; 0; 0], [0; � 1; 0], and [0; 0; � 1] directions,

and the hard axes are oriented along the [� 1; � 1; � 1] directions. This can be seen in Figure

1.8(a), where the energy minima occur along the [� 1; 0; 0], [0; � 1; 0], and [0; 0; � 1] directions.

However, whenK (1)
cubic < 0, the easy and hard axes become switched. Which can be seen in

Figure 1.8(b) where the energy is minimized along the [� 1; � 1; � 1] directions.

Common materials with cubic anisotropies are bcc Fe (which hasK (1)
cubic > 0) and fcc

Co (which hasK (1)
cubic < 0)[53]. While bulk materials exhibit cubic anisotropy with six easy

axes, a strong shape anisotropy in magnetic thin �lms forces the magnetization to remain
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Figure 1.8: Cubic anisotropy free energy surface plot whenK (2)
cubic = 0 (a) and K (1)

cubic > 0
and the easy axes are oriented along the [� 1; 0; 0], [0; � 1; 0], and [0; 0; � 1] directions (b) and
K (1)

cubic < 0 and the easy axes are oriented along the [� 1; � 1; � 1] directions.

in the �lm plane. Thus, � = �= 2 and � x = cos� , � y = sin � � z = 0. This reduces the cubic

anisotropy energy to:

Ecubic = E0 + K (1)
cubic sin2 � cos2 � (1.21)

A tetragonal distortion, which breaks the cubic symmetry (c 6= a = b) of the lattice can

result in a uniaxial magnetocrystalline anisotropy. The free energy of a uniaxial anisotropy

can be written as[49]:

Eu = E0 + K (1)
u sin2 � + K (2)

u sin4 � + ::: (1.22)

whereK (1)
u andK (2)

u are the �rst- and second-order uniaxial anisotropy constants respectively.

When K (1)
u > 0 the easy axis lies along thec-axis, and whenK (1)

u < 0 the easy axes lie along

the a- and b-axes.
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Magnetic Hysteresis

One e�ect of magnetic anisotropy is the magnetic hysteresis loop. Hysteresis loops are

the result of an applied magnetic �eld overcoming the energy minima associated with the

magnetization pointing along one of the easy axes of the magnetic sample. If a magnetic �eld

is applied parallel to an easy axis, the 
ipping of the magnetic moment is rather abrupt as the

magnetic anisotropy favors the moment pointing in that direction. A calculated hysteresis

loop with an applied magnetic �eld somewhat near an easy axis can be seen in Figure 1.9(c).

However, if a magnetic �eld is applied along a hard axis it is quite di�cult for the applied

�eld to overcome the magnetic anisotropy. This results in no magnetic hysteresis, which

can be seen in Figure 1.9(a) due to the fact that the magnetization along the hard axis

will always be zero without an applied magnetic �eld as it is an energetically unfavorable

direction for the magnetization to point.

Stoner-Wohlfarth Model

If one assumes that an entire ferromagnetic sample consists of a single domain, and

thus a single magnetic moment (this is known as the macroscopic spin approximation),

the magnetic hysteresis loop can be quite simply derived via the Stoner-Wohlfarth model.

This approximation works quite well for ferromagnets which were previously magnetized in

a strong magnetic �eld. The Stoner-Wohlfarth model begins by subtracting the Zeeman

coupling term between the applied magnetic �eld (H ) and the sample magnetization (M )

from the anisotropic free energy:

E = Eanis � � 0H � M (1.23)

whereEanis can be the anisotropic free energy (neglecting the constantE0) for any symmetry

in general, but here only cubic and uniaxial symmetries will be considered. In order to

simplify the problem, the second-order anisotropy constantsK (2)
cubic and K (2)

u will be ignored,
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Figure 1.9: Hysteresis loops for a sample with uniaxial anisotropy when a magnetic �eld
is applied at an angle (a)� a = �= 2 relative to the easy axis, also known as the hard axis
and (b) � a = �= 6 relative to the easy axis. Energy surface as a function of normalized
applied magnetic �eld h and magnetization direction � with the minima overlayed when
(a) � a = �= 2 relative to the easy axis and (b)� a = �= 6 relative to the easy axis. Figure
originally published in Magnetism in Condensed Matter, S. Blundell[4].

noting that these tend to be an order of magnitude smaller than the �rst-order terms. The

free energy can be normalized by the �rst-order anisotropy constant in order to reduce the

parameters by de�ning the reduced energy �[37]:

� = E (1)
anis=K (1)

i � 2h � M =MS (1.24)

where h = H
H K

, HK = 2K (1)
i

� 0M S
, K (1)

i is the �rst-order cubic or uniaxial anisotropy constant,

and MS is the saturation magnetization. Minimizing this free energy as a function of the

magnetization direction, � or � , can be used to �nd the magnetization (M ) as a function

of applied magnetic �eld (H ), also known as the magnetic hysteresis loop. This process is

rather simply illustrated in Figure 1.9 for a uniaxial anisotropy.
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Figure 1.10: Four types of antiferromagnetic order that occur on simple cubic lattices. Figure
originally published in Fundamentals of Magnetism, Mathias Getzla�[24].

Antiferromagnetism

If the exchange interaction between neigboring magnetic moments,J (from the

Heisenberg/Ising Hamiltonian), is negative it becomes energetically favorable for the

magnetic moments to be antiparallel with each other. Such an interaction results in

antiferromagnetic behavior. Antiferromagnets can be described with two ferromagnetic

sublattices whose magnetizations are aligned antiparallel to each other, resulting in a zero

net magnetization.

Types of Antiferromagnetism

There are many ways to arrange an equal number of up and down spins on a

lattice. G-type antiferromagnetism is one of the more common antiferromagnetic states

on simple cubic lattices because all nearest-neighbor lattice sites have anti-aligned magnetic

moments, which can be seen in Figure 1.10(d). A-type antiferromagnets form ferromagnetic

layers which are antiferromagnetically coupled, as can be seen in Figure 1.10(a). B-type

antiferromagnets result in chain-like ferromagnetic ordering which are antiferromagnetically

coupled to neighboring chains, as can be seen in Figure 1.10(b).
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Figure 1.11: E�ect of exchange coupling on magnetic hysteresis loop for a material with
an antiferromagnetic layer and a soft ferromagnetic layer. Figure originally published in
Modern Magnetic Materials, Robert C. O'Handley[49].

ExchangeBias

If an antiferromagnetic layer is grown on a ferromagnetic layer (or vice-versa), the

antiferromagnetic layer can exert an exchange magnetic �eld (H Ex ) which picks a preferred

direction, not just a preferred axis for the ferromagnet to magnetize in. This e�ect can be

understood through a shift in the hysteresis loop measured along the easy axis by an amount

equal to the exchange �eld, which can be seen in Figure 1.11.

In order to model ferromagnets with an antiferromagnetic exchange layer, the energy

that was considered in the Stoner-Wohlfarth model can be modi�ed to include the exchange

�eld[37]:

E = Eanis � � 0(H + H Ex ) � M (1.25)

which behaves as expected within the Stoner-Wohlfarth model, that is it shifts the magnetic

hysteresis byH Ex .

Spin Density Waves

Antiferromagnetic stripe ordering[68] can lead to the formation of a spin density wave

(SDW) state with a sinusiodal spatial magnetization of the formM (r ) = M ẑ cosQ � r ,

whereM is the magnetization of the antiferromagnetic sublattice andQ is the SDW nesting
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vector. The spin density wave state can either be commensurate or incommensurate with

the underlying crystal lattice. Some common commensurate SDW nesting vectors in two-

dimensions areQ = ( �; � ), Q = ( �; 0), and Q = ( �= 2; �= 2). The Q = ( �; � ) SDW state,

most commonly seen in the cuprates[12, 68] is also referred to as the AFM1[17] state and

is similar to the G-type antiferromagnets previously mentioned where the nearest-neighbor

spins all display antiferromagnetic alignments. The magnetizations of an AFM1 system can

be seen in Figure 1.12(a), along with its magnetic unit cell seen as a dashed black curve. A

spin density wave phase can lead to a FS reconstruction[27, 39] which gaps sections of the

FS due to nesting. This nesting occurs because AFM reduces the periodicity of the lattice

by resulting in a larger magnetic unit cell than thea � a unit cell of the lattice leading to

a smaller Reduced Brillouin Zone (RBZ) than the2�
a � 2�

a First Brillouin Zone (FBZ). The

AFM1 state has magnetic lattice vectorsaAFM1 = a(x̂ + ŷ ) and bAFM1 = a(ŷ � x̂ ), which

results in the magnetic unit cell seen as the black dashed curve in Figure 1.12 (a). This

results in the reciprocal magnetic lattice vectors ofaAFM1
k = �

a (x̂ + ŷ ) and bAFM1
k = �

a (ŷ � x̂ ),

which results in the RBZ seen as the black dashed curve in Figure 1.12 (d). This Reduced

Brillouin Zone supports Fermi Surface nesting both parallel and perpendicular to the nesting

vector Q when the Spin Density Waves are commensurate with the lattice. Speci�cally, this

occurs for a tight-binding model electron dispersion of:

� (0)
k = � � t1 coskxa � t1 coskya � t2 coskxacoskya (1.26)

where � is the chemical potential and was set to 0,t1 is the nearest-neighbor hopping

parameter, andt2 is the next-nearest neighbor hopping parameter. This can also be seen

from the intersection of the black (� (0)
k = 0 FS) and red (� (0)

k + Q = 0 FS translated by Q)

curves in Figure 1.12 (d) along all four edges of the RBZ. This gaps the FS where these

overlaps occur, known as a FS reconstruction. This is the result of a band hybridization of
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Figure 1.12: (a)-(c) Square lattice of magnetic atoms (red points) where black arrows are
on-site magnetization in� ẑ direction, blue dashed lines are crystalline unit cell, and black
dashed lines are magnetic unit cell for SDW state when: (a)Q = ( �; � ), (b) Q = ( �= 2; �= 2),
and (c) Q = ( �; 0). (d)-(e) Fermi Surface (solid black curve) constructed to allow for FS
nesting with FS translated by Q (solid red curves) at the edges of the Reduced Brillouin
Zone (dashed black lines) for SDW with nesting vector: (d)Q = ( �; � ), (e) Q = ( �= 2; �= 2),
and (f) Q = ( �; 0).
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the � k and � k + Q bands, which will be discussed in greater detail later.

The Q = ( �; 0) SDW state is also referred to as the AFM2 state[17] is common

to the iron pnictide materials[15, 30] and is a two-dimensional analogue to the C-type

antiferromagnets where ferromagnetically coupled chains of spins are antiferromagnetically

coupled to one another. The magnetization of an AFM2 state on a two-dimensional square

lattice can be seen in Figure 1.12(c) and the resulting magnetic unit cell is again seen

as a black dashed curve. This results in the magnetic lattice vectorsaAFM2 = 2ax̂ and

bAFM2 = aŷ . This reduces theC(4) rotational symmetry of the crystal lattice to a C(2)

rotational symmetry similar the AF3 state. Furthermore, the reciprocal lattice vectors of

the AFM2 state areaAFM2
k = �

a x̂ and bAFM2
k = 2�

a ŷ , which also results in a RBZ with aC(2)

rotational symmetry and can be seen from the black dashed lines in Figure 1.12 (f). the

AFM2 state results is commensurate with the lattice when the normal state tight-binding

electron dispersion is:

� (2)
k = � � t1 cos

�
(kx � ky)a

�
� t1 cos

�
(kx + ky)a

�
� t2 cos

�
(kx � ky)a

�
cos

�
(kx + ky)a

�
(1.27)

where again the tight-binding parameters are the same as those for� (0)
k . Which only supports

FS nesting parallel to Q which reconstructs the FS, and preserves the normal state FS

perpendicular toQ.

The Q = ( �= 2; �= 2) SDW state is seen in the iron chalcogenides[42], this phase is also

known as the AFM3 state[17]. The AFM3 state has the magnetic lattice vectorsaAFM3 =

2a(x̂ + ŷ ) and bAFM3 = a(ŷ � x̂ ) which results in the magnetic unit cell seen as the black

dashed curve in Figure 1.12 (b). The antiferromagnetic ordering of the AFM3 state reduces

the C(4) rotational symmetry inherent to the lattice to the C(2) rotational symmetry of

the magnetic unit cell, similar to the AFM2 state (in fact these AFM states have many
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similarities). The reciprocal magnetic lattice vectors of the AFM3 state areaAFM3
k = �

2a (x̂+ ŷ )

and bAFM3
k = �

a (ŷ � x̂ ), which results in a RBZ that also has a reducedC(2) rotational

symmetry and can be seen as the black dashed curve in Figure 1.12 (e). Due to theC(2)

symmetry inherent to the AFM3 RBZ, FS nesting is only supported parallel toQ and not

perpendicular to Q when the SDW is commensurate with the lattice. This nesting occurs

when the tight-binding electron dispersion is:

� (1)
k = � � t1 cos 2kxa � t1 cos 2kya � t2 cos 2kxacos 2kya (1.28)

where the tight-binding parameters are the same as those for� (0)
k and � (2)

k . This results in a

FS reconstruction parallel toQ, but preserves the normal state FS perpendicular toQ.

Electronic Nematic Phase

The electronic nematic phase is used to denote an electron 
uid which spontaneously

breaks a symmetry of the underlying Hamiltonian, the interchange of two axes of the

lattice[21]. A simple case to consider is that of a crystal with aC(4) rotational symmetry,

which nematicity reduces to aC(2) rotational symmetry. However, in some instances

where the crystal �eld is weak, the nematic state breaks a continuous rotational symmetry,

C(1 ), and reduces it to aC(2) rotational symmetry for a two-dimensional (or quasi-two-

dimensional) system. A nematic phase such as this is often referred to as a XY-nematic

phase. It is also possible to consider more complex rotational symmetries as a result of a

nematic phase, for instance aC(1 ) rotational symmetry can be reduced to a hexagonal

C(6) rotational symmetry due to a nematic phase.
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Figure 1.13: (a) Schematic of AFM2 (or type C AFM) magnetic structure with highly
anisotropic nearest-neighbor hopping due to orbital ordering. (b),(c) Kinetic energy �E in
the ferro-orbital and staggered-orbital structures.t and U denote the hopping parameter and
intraorbital Coulomb repulsion, whileU0and JH denote the interorbital repulsion and Hund's
exchange, respectively. Figure originally published inPhys. Rev. Lett., 103(26):267001,
2009[41].

Electronic Origin of Nematic Phase

While the onset of the C(2) electronic nematic state is often accompanied by a

structural transition from a tetragonal lattice with C(4) in-plane rotational symmetry to an

orthorhombic or monoclinic lattice, which haveC(2) in-plane rotational symmetry and an

antiferromagnetic spin-stripe phase, such as the AFM2 phase previously discussed which has

a C(2) rotational symmetry, the nematic phase is largely attributed to an unequal electronic

orbital occupation. The relevant orbitals (at least in the Fe-based materials like the Fe

pnictides) are the 3dxz and 3dyz orbitals[20] which havet2g symmetry. These orbitals form

two pockets with mostly dxz and dyz weight around the center of the Brillouin zone and two

electron pockets at the zone corners with mostlydxy characteristics[43]. The brokenC(4)

tetragonal symmetry can be attributed to an unequal occupation of thedxz / dyz orbitals,

arising from the coupled spin-orbital physics, which leads to anisotropic nearest-neighbor

hopping integrals[41] (a schematic of which can be seen in Figure 1.13).

An electronic nematic state can arise from the melting of a striped, or smectic phase to

one in which the translational symmetry is restored, but the rotational symmetry remains
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Figure 1.14: Two mechanisms for producing an electronic nematic phase: the melting of
a striped phase which restores translational symmetry but preserves the reduced rotational
symmetry, and a Fermi 
uid developing nematic order through a distortion of the FS due to a
Pomeranchuk instability. Figure originally published inAnnu. Rev. Condens. Matter Phys.,
1:153{178, 2010[21].

broken. A schematic diagram of this process can be seen on the left side of Figure 1.14. The

resulting nematic phase is a typically an anisotropic metal since the underlying degrees of

freedom are electrons which form these stripe segments.

A Fermi liquid can also develop an electronic nematic phase from a metallic state

with a FS, whose symmetries re
ect those of the underlying lattice, and well-de�ned

quasiparticles. The nematic transition is due to a thermal (Pomeranchuk) instability in

which the symmetries of the Fermi liquid state are lowered. If this instabilit occurs in the

spin-singlet channel, the result is that the FS spontaneously distorts. In its most basic form,

the Pomeranchuk instability is a quantum phase transition which distorts the circular FS

of a metal into an elliptical FS, which can be seen on the right side of Figure 1.14. For

a circular FS, the complex FS distortion can be de�ned from the anomalous expectation

value of a Fermion bilinear in the particle-hole channel and a particular angular momentum

channel as[21]:
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� l =
X

k

ĥay
k âk i eil� k (1.29)

where ĥay
k âk i = f 0

k , is the number operator whose expectation value is equivalent to the

Fermi distribution function and � k is the polar angle ink-space. The typicalC(2) nematic

phase order parameter corresponds to thel = 2 component. This can be understood to

have ad-wave symmetry. Additionally, the l = 6 component corresponds to the hexagonal

Pomeranchuk phase brie
y mentioned earlier. In the nematic phase, the anisotropic nature

of the nematic ground state is also re
ected in the transport properties[9, 19] which becomes

stronger as the FS distortion grows.

Structural Transition

Upon the onset of the electronic nematic phase, the lattice either undergoes a

simultaneous[20] or is proceeded[33] by (asT ! 0) a structural transition. This structural

transition shares the same reduced rotational symmetry of the nematic state, which has a

C(2) rotational symmetry, where the lattice typically transitions from a tetragonal lattice

with an in-plane C(4) rotational symmetry to an orthorhombic (see Figure 1.15) or a

monoclinic lattice. This structural distortion is often attributed[18] to the antiferromagnetic

spin-stripe state (or AFM2 state) commonly associated with the anisotropic orbital

occupation in the nematic phase, which can be seen in Figure 1.13. Anisotropies in the

electronic and spin degrees of freedom are inevitably connected to the crystal �eld of the

lattice, which re
ects these very same anisotropies.

Fermi SurfaceDistortion

As previously discussed, the simplest FS distortion to consider due to the electronic

nematic state is on a circular FS which becomes distorted into an ellipse as can be seen in

Figure 1.14. However, a more realistic FS (at least for the cuprates), is the tight-binding



30

Figure 1.15: In-plane schematic diagram of the structural transition from a tetragonal lattice,
where a = b to an orthorhombic lattice a 6= b. Figure originally published in Nat. Phys.,
10:97{104, Feb 2014[20].

FS. The tight-binding electron dispersion considered here was:

� (3)
k = � � � 2t1 coskxa � 2t1 coskya � 4t2 coskxacoskya (1.30)

with the band parameters� = � 4:8TS, t1 = 6TS, and t2 = � TS. The nematic state modi�es

the normal state electron dispersion by~� k = � k + � f k , where � is the mean-�eld nematic

order parameter andf k = coskxa � coskya, which breaks theC(4) rotational symmetry

inherent to the electron dispersion and reduces it to aC(2) rotational symmetry inherent

to a nematic state. The nematic transition temperature,TS, is associated with a structural

transition from a lattice with an in-plane C(4) rotational symmetry, like a tetragonal lattice,

to one with a C(2) rotational symmetry, like an orthorhombic or monoclinic lattice. The

nematic state can be thought of as enhancing the nearest-neighbor hopping in theŷ -direction

and diminishing the nearest-neighbor hopping in thêx-direction[72]:

~� k = � � � (2t1 � �) cos kxa � (2t1 + �) cos kya � 4t2 coskxacoskya (1.31)

Due to this, the nematic state elongates the FS in thêx-direction and compresses the FS in
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Figure 1.16: (a) Density of states in the nematic state normalized by the DOS at the Fermi
level (NF ) in the normal state plotted versus the electron energy in the nematic state
~� normalized by the temperature at which the structural transition driving the nematic
transition took place. It can be seen that van Hove singularities occur in the DOS at
~� vH
k = � � + 4t2 � 2�. (b) Nematic state FS as � increases from 0 to 1:34Ts and the relevant

saddle points in the normal state dispersion at (� �; 0) and (0; � � ) are shown as blue points.

the ŷ -direction, which can be seen in Figure 1.16(b).

This leads to a distorted FS which has quasiparticle states with enhanced quasiparticle

velocities in theŷ -direction and diminished velocities in thêx-direction relative to the normal

state FS. This modi�cation to the quasiparticle velocities on the FS results in enhanced

electron transport in the ŷ -direction and diminishes electron transport in thêx-direction.

Another e�ect of nematicity breaking the C(4) rotational symmetry of the electronic

state and elongating the FS is that it can drag the FS through regions ofk-space where the

electron velocities are zero (saddle points). This causes a singularity in the local DOS and

leads to van Hove singularities in the total DOS, which can be seen in Figure 1.16 (a) when

the DOS is discontinuous in the �rst derivative in ~� . The saddle points ink-space occur

near the bare FS at (kx ; ky) = ( � �; 0); (0; � � ). However, as the nematic order parameter

increases the FS whenkx = 0 retreats from these saddle points, whereas the FS whenky = 0

is dragged through these saddle points. The energy at which these van Hove singularities
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Figure 1.17: (a) Alternate stacking of deformed FSs due to nematicity in each CuO2 plane.
~tx and ~ty are the e�ective in-plane electron hopping integrals along thex- and y-directions
respectively; ~tz is the e�ective hopping along thez-direction. (b) The resulting bulk FSs
which become two-dimensional and consist of inner (black) and outer (purple) FSs. Figure
originally published in Nat. Commun., 12:2223, 2021[71].

occur at can be shown to be~� vH
k = � � + 4t2 � 2�, where the energy at the (� �; 0) saddle

points is lowered by 2� and the energy at the (0; � � ) saddle points is raised by 2�.

In bulk materials these FS distortions can align perpendicular to one another[71], thus

restoring the C(4) rotational symmetry of the material when many quasi-two-dimensional

layers are considered. This can be seen in Figure 1.17. Thus, to measure anisotropic transport

properties from an electronic nematic phase, one must produce monolayer materials to ensure

that the C(4) rotational symmetry isn't restored over many layers.

Superconductivity

Conventional Superconductivity

Superconductivity is marked by the complete disappearance of dc resistivity in a

material and has been found in many metals at su�ciently low-temperature[47]. Bardeen-

Cooper-Schrie�er (BCS) theory is based on the instability of an electron gas ground state

with an arbitrarily small attractive potential between its particles against the formation
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of bound state electron pairs. In conventional superconductors, electron interactions with

phonons generate a small amount of excess charge around the electrons which creates

an attractive potential stronger than their Coulomb repulsion. This interaction is nearly

isotropic and the Cooper pairs form as-wave state with zero orbital angular momentum[47].

Conventional s-wave superconductors tend to have extremely low critical temperatures due

to weak electron-phonon coupling constants, it has been predicted to be less than 1K [70],

and so aren't very viable in commercial applications.

UnconventionalSuperconductivity

Some of the more commonly studied high-temperature superconductors are the

cuprates[65], iron pnictides[70], and iron chalcogenides[28]. A common feature of these

families of materials is the quasi-two-dimensional nature of their crystalline structure, where

they feature sheets of square-lattice transition metals (Cu or Fe) separated by insulating

layers[70]. Because of this, these materials tend to have cylindrical Fermi surfaces[40, 61]

(FSs), which are largelykz-independent and can therefore be modelled accurately in two-

dimensions[75]. The quasi-two-dimensional nature of these materials allows for the growth

of single superconducting layers[5, 23, 73] on a substrate which preserves the essential

physics of these materials, demonstrating that superconductivity in the cuprates and iron-

based materials is an inherently two-dimensional phenomenon. Superconductivity in these

materials also tends to be unconventional in nature and often results in an extendeds-

wave[10] SC gap for the iron-based materials or ad-wave[14] SC gap for the cuprates.

Unconventional superconductors such as these can be mediated by antiferromagnetic spin


uctuations.

PhaseDiagram with Broken-SymmetryPhases

Unconventional superconductors, such as the iron pnictides and cuprates, often have a

complicated phase diagram where superconductivity coexists with other broken-symmetry
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Figure 1.18: Schematic phase diagram of hole- and electron-doped iron pnictides of the family
BaFe2As2. The blue region denotes orthorhombic stripe magnetism. The red region denotes
orthorhombic nematic paramagnetic order (dark red denotes strong nematic order). The
yellow region denotes superconductivity. The green region denotes a phase which preserves
C(4) rotational symmetry. Dotted lines illustrate nematic and N�eel temperatures inside
superconducting dome. Insets show temperature-dependence of nematic (�) and AFM (M )
order parameters. Figure originally published inNat. Phys., 10:97{104, Feb 2014[20].

phases, dependent on material properties such as dopant concentration[3, 57]. One of

the more common broken-symmetry states that unconventional superconductivity coexists

with is antiferromagnetism. Speci�cally, a striped antiferromagnetic state which couples

electron states in the Brillouin zone by a nesting vectorQ, known as a spin density wave

(SDW) state[16, 26, 38, 66], or more commonly stripe magnetism[20]. This striped magnetic

phase will often be preceded by or simultaneously appear alongside an electronic nematic

phase which reduces theC(4) in-plane rotational symmetry to a C(2) rotational symmetry.

The electronic nematic phase typically results in a structural change in the lattice from a

tetragonal phase, which hasC(4) in-plane rotational symmetry, to an orthorhombic[46] or

monoclinic[15] lattice, both of which haveC(2) rotational symmetry.

Cuprate superconductors with d-wave superconductivity commonly arise out of a

commensurate spin density wave state with the nesting vectorQ = ( �; � )[16, 38]. This SDW

state reconstructs the metallic FS, seen in Figure 1.19(a), with quasiparticle pockets located

at the M points in the FBZ and preserves thed-wave SC symmetry nodes, which are the
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Figure 1.19: (a) Typical superconducting cuprate open FS, which can be well modelled
with the tight-binding model. (b) Reconstructed FS due to FS nesting by aQ = ( �; � )
SDW state inside the reduced Brillouin Zone (dashed lines). Figure originally published in
Phys. Rev. Lett., 103(15):157002, 2009[27].

main contributors to quasiparticle transport[6]. This commensurate SDW nesting vector can

however be modi�ed through hole-doping[68] to result in an incommensurate SDW state with

nesting vectorQ = ( � � 2��; � � 2�� ) and C(2) rotational symmetry. Additionally, through

Hubbard model calculations thed-wave SC state in the cuprates was found to coexist with

a Q = ( �; 0) SDW state[75]. The cuprate superconductors were also measured to undergo

an electronic nematic phase transition[71], which distorted the quasi-two-dimensional FSs in

the layered SC as can be seen in Figure 1.17. However, it was found that the FS distortion

due to nematicity was rotated by�= 2 between adjacent layers along thêz-axis in bulk, thus

averaging out any broken symmetries between the in-plane directions.

Iron pnictide superconductors are multi-band[70] unlike the cuprate superconductors,

which are well modelled as single-band superconductors. This results in the iron pnictides

having multiple Fermi surfaces, some of which are hole-like (located around the � point of the

FBZ) and some of which are electron-like (located around theM points in the FBZ). These

Fermi surfaces are represented in Figure 1.20. The iron pnictide superconductors have an

extendeds-wave ors� SC gap, which is constant for a particular band but multiple SC gaps

exist for each band (and consequently each FS) some of which are negative. This extended

s-wave gap in the pnictides often arises out of a commensurate SDW state with the nesting
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Figure 1.20: (a) Schematic diagram of the Fermi surfaces of the iron pnictides, where
the blue pockets located at theM points of the FBZ are electron-like and the red
pockets at the � point of the FBZ are hole-like. Figure originally published in
Annu. Rev. Condens. Matter Phys., 2:121, 2011, 2009[70].

vector Q = ( �; 0)[8, 15, 30, 36, 74], resulting in the striped magnetic phase seen in the phase

diagram in Figure 1.18.

The iron chalcogenides lack an antiferromagnetic state in the bulk phase due to magnetic

frustration[48]. However, this frustration can be lifted in monolayer iron chalcogenides

grown on SrTiO3 substrates which apply on epitaxial strain on the lattice and increase

the spacing between the iron atoms[66]. Iron chalcognide monolayers with epitaxial strain to

induce antiferromagnetic behavior has been found to greatly enhance the superconducting

transition temperature[23] compared to those measured in bulk[28]. This enhanced supercon-

ducting transition temperature is likely the result of the antiferromagnetic state enhancing

superconductivity[66] through a spin 
uctuation (magnon) mediated pairing interaction as

opposed to the weaker more conventional phonon mediated pairing. Furthermore, one of

the antiferromagnetic states observed in the iron chalcogenides is theQ = ( �= 2; �= 2) SDW

state[42, 54]. Additionally, superconductivity in the iron chalcogenides also coexists alongside

an electronic nematic phase[29].



37

THEORY

Stoner-Wohlfarth Model

Considering the cubic anisotropy energy within the Stoner-Wohlfarth model yields the

equation:

Ecubic = K (1)
cubic sin2 � cos2 � � � 0H � M (2.1)

where K (1)
cubic is the �rst-order cubic anisotropy constant, M is the sample magnetization

(assuming the macroscopic spin approximation),� is the in-plane polar angle of the sample

magnetization, andH is the applied magnetic �eld. This can be normalized byK (1)
cubic to get

the reduced energy:

� cubic = sin2 � cos2 � � 2h � M =MS (2.2)

where h = H
H cubic

K
, H cubic

K = 2K (1)
cubic

� 0M S
, MS is the saturation magnetization, andĥ � M =MS =

cos(� � � ). The reduced energy can be minimized as a function of� in order to determine

the most energetically favorable direction for the magnetization to point. The favored

direction for the magnetization to point in as a function of the reduced applied �eld can

be seen as the blue curves in Figure 2.1. In order to �nd the magnetic hysteresis from

these minima, the cosine of the di�erence between the magnetization direction and the

applied �eld direction, cos(� � � ). This model results in a minor hysteresis loop indicative

of a two-step hysteresis, which is an e�ect that was measured experimentally by Daboo[13].

Minor loops such as these were also theoretically treated by Usov[69] for bulk materials with

three equivalent crystallographic directions (and therefore had two minor loops), whereas the

materials considered her only have two equivalent directions due to a tetragonal distortion

and a thin-�lm shape anisotropy (thus resulting in only a single minor loop). The resulting
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Figure 2.1: Normalized energy surface � plotted as a function of the unitless applied magnetic
�eld, h, and polar angle between the magnetization and applied magnetic �eld� � � . � (h)
when @�

@� = 0 is plotted along the bottom plane and shaded as a function of@
2 �

@�2 , where energy
minima are shaded in blue and energy maxima are shaded in red.

magnetic hysteresis loop as a function of applied magnetic �eld for a thin-�lm magnet with

cubic anisotropy can be seen in Figure 2.2. This calculated hysteresis loop can be used with

a least-squares �tting algorithm (after removing the minor hysteresis loop from the model

calculation) in order to measure �rst-order cubic anisotropy constants from experimentally

measured hysteresis loops. This same process can be repeated for other forms of anisotropy,

such as uniaxial anisotropy.

Superconductivity

Mean-�eld Hamiltonian

The mean-�eld BCS Hamiltonian, ignoring constants, can be written as[47]:
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Figure 2.2: Magnetic hysteresis of a thin-�lm ferromagnet with an in-plane cubic anisotropy
and a two-step hysteresis calculated from the Stoner-Wohlfarth model.

H0 + HSC =
1
2

X

k ;�

(� k ây
k ;� âk ;� � � k â� k ;� ây

� k ;� + � k ây
k ;� ây

� k ;� � + � k â� k ;� � âk ;� ) (2.3)

where
P

k ;� is a sum overk 2 FBZ and � = " ; #, � k is the inversion symmetric (� � k = � k )

normal state electron dispersion relation, ^ay
k ;� is the creation operator for an electron with

momentum k and spin � , and � k is the mean-�eld superconducting gap.

Bogoliubov Eigenstates

This Hamiltonian can be rewritten with the Nambu state vectors as:

H0 + HSC =
1
2

X

k ;�

	̂ y
k Ĥ BCS

k 	̂ k ; Ĥ BCS
k =

0

B
@

� k � k

� k � � k

1

C
A (2.4)

where 	̂ y
k = ( ây

k ;� ; â� k ;� � ) is the Nambu vector. This Hamiltonian can be diagonalized by

introducing new Fermionic operators, which are a superposition of the electron creation (^ay)
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and annihilation (â) operators, this is known as the Bogoliubov transformation:

B̂ k =

0

B
@

b̂k ;�

b̂y
� k ;� �

1

C
A =

0

B
@

uk � vk

vk uk

1

C
A

0

B
@

âk ;�

ây
� k ;� �

1

C
A (2.5)

where b̂y and b̂ are the creation and annihilation operators respectively for Bogoliubov

quasiparticles. The coe�cients of the Bogoliubov transformation,uk and vk , can be found

by enforcing that b̂ follows the Fermionic commutation relationf b̂k ;� ; b̂y
k ;� g = 1 and ensuring

that this transformation does indeed diagonalize the Hamiltonian. By doing this, it can be

shown that[67]:

uk =
E SC

k + � kp
2E SC

k (E SC
k + � k )

=

s
1
2

�
1 +

� k

E SC
k

�
(2.6)

vk =
� kp

2E SC
k (E SC

k + � k )
=

s
1
2

�
1 �

� k

E SC
k

�
(2.7)

Furthermore, applying this transformation to the BCS Hamiltonian yields:

H0 + HSC =
1
2

X

k ;�

E SC
k b̂y

k ;� b̂k ;� �
1
2

X

k ;�

E SC
k b̂� k ;� b̂y

� k ;� =
1
2

X

k ;�

B̂ y
k

0

B
@

E SC
k 0

0 � E SC
k

1

C
A B̂ k (2.8)

where � E SC
k = �

p
� 2

k + � 2
k are the eigenvalues ofĤ BCS

k and subsequently are the

quasiparticle and quasihole bands of the superconducting state respectively. The eigenstates

of Ĥ BCS
k can be written as

�
�E SC

k

�
= b̂y

k ;� j0i and
�
�� E SC

k

�
= b̂� k ;� � j0i , where j0i denotes the

ground state of the system where all states below the Fermi level are occupied by electrons

and all states above the Fermi level are unoccupied (this is also known as the vacuum

state for Bogoliubov quasiparticles). The state
�
�E SC

k

�
= b̂y

k ;� j0i represents the creation of

a Bogoliubov quasiparticle which couples an electron and hole of opposite momentum (k)
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and spin (� ) and excites them above the Fermi sea. When a Bogoliubov quasiparticle is

created above the Fermi sea, a Bogoliubov quasihole is created below the Fermi level in

the � E SC
k band, this is what the

�
�� E SC

k

�
= b̂� k ;� � j0i state represents. These quasiholes

are created due to the fact that the electron-hole pair which are involved in the creation

of Bogoliubov quasiparticles leave vacant states below the Fermi level when they become

coupled. These same eigenstates can also be written in terms of the electron creation and

annihilation operators as:

�
�E SC

k

�
= ( uk ây

k ;� + vk â� k ;� � ) j0i :=

0

B
@

uk

vk

1

C
A

�
�� E SC

k

�
= ( � vk ây

k ;� + uk â� k ;� � ) j0i :=

0

B
@

� vk

uk

1

C
A

(2.9)

where the eigenstates can be represented as eigenvectors in the basis of the electron creation

and annihilation operatorsây
k ;� and â� k ;� � , which is the same basis thatĤ BCS

k is constructed

in.

The superconducting quasiparticle band (E SC
k ) is the result of a hybridization of both

the normal state electron and hole bands, and is mostly hole-like when when� k � 0 and

mostly electron-like when� k � 0. Near the Fermi level this mixing of the normal state

particle and hole bands becomes more complicated as the bands become degenerate and the

superconducting quasiparticle band becomes a superposition of both the particle and hole

bands, which is demonstrated in Figure 2.3.
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Figure 2.3: (a) Normal state electron (solid blue) and hole (solid red) bands for a free-electron
model� k = ~2k2

2m � � and the Bogoliubov quasiparticle (dashed blue) and Bogoliubov quasihole
(dashed red) bands fors-wave superconductivity. (b) Bogoliubov transformation coe�cients
juk j2 and jvk j2 which show that the Bogoliubov quasiparticles below the Fermi level are
mostly hole-like and the ones above the Fermi level are mostly electron-like. This �gure was
inspired by Carsten Timm'sTheory of Superconductivity[67].

Nematicity

Mean-�eld Hamiltonian

The nematic state can be modelled through a mean-�eld modi�cation to the normal

state electronic HamiltonianH0:

H0 + HNem =
1
2

X

k ;�

(� k ây
k ;� âk ;� � � k â� k ;� � ây

� k ;� � + � f k ây
k ;� âk ;� � � f k â� k ;� � ây

� k ;� � ) (2.10)

where � is the mean-�eld nematic order parameter and f k = coskxa � coskya. The

Hamiltonian can be rewritten in the Nambu basis as:
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H0 + HNem =
1
2

X

k ;�

	̂ y
k Ĥ Nem

k 	̂ k ; Ĥ Nem
k =

0

B
@

� k + � f k 0

0 � � k � � f k

1

C
A (2.11)

where 	̂ y
k = ( ây

k ;� ; â� k ;� � ) is the Nambu state vector. From this representation it is clear

to see that nematicity doesn't hybridize the electron and hole bands, and therefore doesn't

require new Fermionic creation and annihilation operators sincêH Nem
k is already diagonal

in the Nambu basis. In fact, nematicity can be thought of as a modi�cation the nearest

neighbor hopping for a tight-binding electron dispersion where it enhancest1y and reduces

t1x by �.

Nematic Mean-Field Order Parameter

The mean-�eld Nematic order parameter, � is de�ned by:

� = � VNem

X

k

f k ĥay
k âk i (2.12)

whereây
k is the creation operator for an electron of momentumk and ây

k âk is also commonly

referred to as the number operator. At equilibrium, the number operator for electrons is

the Fermi-Dirac distribution function, ĥay
k âk i = 1=(e(� k +� f k )=T + 1), where � k + � f k is the

electron dispersion relation distorted by nematicity and can be shown to reduce to:

� = VNem

X

k

f k

2

�
tanh

� k + � f k

2T
� 1

�
(2.13)

as T ! TS and � ! 0, this equation becomes[7]:

� =
VNem�

2

X

k

f 2
k

2TS
sech2

� k

2TS
(2.14)
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which leads to the self-consistency equation that can be used to solve for the mean-�eld

nematic order parameter �:

0 =
X

k

f k

�
tanh

� k + � f k

2T
� 1

�
� �

X

k

f 2
k

2TS
sech2

� k

2TS
(2.15)

The solution to this equation as a function of temperature can be seen in Figure 2.5 as the

black curve.

Coexistenceof Nematicity and Superconductivity

Mean-�eld Hamiltonian

When superconductivity coexists with a nematic state, the mean-�eld Hamiltonian can

be written as:

H0 + HNem + HSC =
1
2

X

k ;�

(� k ây
k ;� âk ;� � � k â� k ;� � ây

� k ;� � + � f k ây
k ;� âk ;�

� � f k â� k ;� � ây
� k ;� � + � k ây

k ;� ây
� k ;� � + � k â� k ;� � âk ;� )

(2.16)

Nematicity coexisting with s-wave superconductivity can result in ad-wave feedback from

the symmetry-broken nematic state on the superconducting order. This can be modelled by

de�ning:

� k = � Yk =
�

p
1 + r 2

(1 + r coskxa � r coskya) (2.17)

where Yk is normalized by
p

1 + r 2 to ensure that
R

d2k
(2� )2 jYk j2 = 1 and r is the anisotropy

parameter that describes the degree of the nematic feedback on thes-wave SC state. While

the anisotropy parameterr should be proportional to �, it also depends on the details of

the electronic structure[7] and was beyond the scope of this work. Therefore,r was treated
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Figure 2.4: Qualitative illustration of the superconducting gap amplitude for varying values
of r along the nematically distorted FS. Whenr > 0 (cyan curves) the SC gap maximum
is anti-aligned with the FS elongation. Whenr < 0 (cyan curves) the SC gap maximum is
aligned with the FS elongation.

as a phenomenological constant where� 1 < r < 1.

A qualitative plot of the s- and d-wave SC mixing can be seen in Figure 2.4 for various

values ofr . When jr j is small, the SC gap is essentially still ans-wave SC gap. However

as jr j increases, two nodes appear on the nematically distorted FS. The criticalr -value at

which nodes appear is di�erent depending on the sign ofr .

r +
c = �

2t1t2 + t2� � 4t2
2

4t2
2 + t2� � 4t1t2

; r �
c = �

2t1t2 + t2� + 4 t2
2

4t2
2 + t2� + 4t1t2

(2.18)

When r > 0, nodal quasiparticle states appear on the distorted FS near the edge of the FBZ,

whereas the nodal quasiparticle states appear near the center of the FS whenr < 0.

Eigenstates

The SC + nematicity coexistence Hamiltonian can be rewritten in the Nambu basis to

derive the eigenstates as:
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H0 + HNem + HSC =
1
2

X

k ;�

	̂ y
k Ĥ (SC + Nem)

k 	̂ k ; Ĥ (SC + Nem)
k =

0

B
@

~� k � k

� k � ~� k

1

C
A (2.19)

where the Nambu state vector is	̂ y
k = ( ây

k ;� ; â� k ;� � ) and ~� k = � k + � f k is the normal

state electron tight-binding dispersion modi�ed by nematicity. This Hamiltonian has the

eigenvalues� E (SC+Nem)
k = �

q
~� 2
k + � 2

k and is diagonalized by the modi�ed Bogoliubov

eigenstates:

�
�
�E (SC+Nem)

k

E
= ~̂by

k ;� j0i = (~uk ây
k ;� + ~vk â� k ;� � ) j0i :=

0

B
@

~uk

~vk

1

C
A

�
�
� � E (SC+Nem)

k

E
= ~̂b� k ;� � j0i = ( � ~vk ây

k ;� + ~uk â� k ;� � ) j0i :=

0

B
@

� ~vk

~uk

1

C
A

(2.20)

where

~uk =
E (SC+Nem)

k + ~� kq
2E (SC+Nem)

k (E (SC+Nem)
k + ~� k )

=

s
1
2

�
1 +

~� k

E (SC+Nem)
k

�
(2.21)

~vk =
� kq

2E (SC+Nem)
k (E (SC+Nem)

k + ~� k )
=

s
1
2

�
1 �

~� k

E (SC+Nem)
k

�
(2.22)

The coexistence of superconductivity and nematicity is e�ectively the typical supercon-

ducting state, but with a modi�ed electronic state. However, nematicity does a�ect the

superconducting gap structure beyond the nematic feedback on the singlet superconducting

channel.



47

� and � Mean-�eld order ParameterCalculation

The mean-�eld de�nition for � when it coexists with superconductivity is the same

as in the absence of superconductivity de�ned in Equation (2.12). However,ĥay
k âk i =

juk j2f (E (SC+Nem)
k ) + jvk j2(1 � f (E (SC+Nem)

k )) since Bogoliubov quasiparticles are a super-

position of electrons (with probability juk j2) and holes (with probability jvk j2). This can be

shown to reduce to:

� = VNem

X

k

f k

�
� k + � f k

E (SC+Nem)
k

tanh
E (SC+Nem)

k

2T
� 1

�
(2.23)

whereVNem can be eliminated in favor ofTS by subtracting Equation (2.14) from Equation

(2.23) to result in the self-consistency equation for � in the presence of superconductivity:

0 =
X

k

f k

�
� k + � f k

E (SC+Nem)
k

tanh
E (SC+Nem)

k

2T
� 1

�
� �

X

k

f 2
k

2TS
sech2

� k

2TS
(2.24)

This self-consistency equation must be simultaneously satis�ed along with the self-consistency

equation for the SC gap, �, which can be derived from its mean-�eld de�nition[47]:

� = � VSC

X

k

Yk ĥa� k ;#âk ;" i (2.25)

where this can be converted from the electron creation/annihilation operators to the Bogoli-

ubov quasiparticle creation/annihilation operators:ĥa� k ;#âk ;" i = h(uk b̂� k ;# + vk b̂y
k ;" )(uk b̂k ;" �

vk b̂y
� k ;#)i . This can be further simpli�ed using the relations:ĥb� k ;#b̂k ;" i = ĥby

k ;" b̂y
� k ;#i = 0 and

ĥby
k ;" b̂k ;" i = 1 � h b̂� k ;#b̂y

� k ;#i = f (E (SC+Nem)
k ), where f (E (SC+Nem)

k ) is the Fermi distribution

function for the Bogoliubov quasiparticles. From these relations it can be shown that:

ĥa� k ;#âk ;" i = � Yk

2E (SC+Nem)
k

tanh E (SC+Nem)
k

2T .

� = � VSC�
X

k

Y2
k

2E (SC+Nem)
k

tanh
E (SC+Nem)

k

2T
(2.26)
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This equation can be further simpli�ed to aid in the convergence of numerically integration

by converting 1
x tanh x

2 to the Matsubara sum
P 1

n=0
4

x2+ � 2 (2n+1) 2 , to derive the �nal equation:

� = � VSC

X

k

Y2
k

2T

1X

n=0

4T
�
E (SC+Nem)

k

� 2
+ ! 2

n

(2.27)

where ! n = 2� (n + 1
2)T is the Matsubara frequency. The unknownVSC can be eliminated

in favor of T0
c , the superconducting transition temperature in the absence of nematicity, to

arrive at the self-consistency equation:

0 =
X

k

Y2
k

2

1X

n=0

�
4T

�
E (SC+Nem)

k

� 2
+ ! 2

n

�
4T0

c

� 2
k + ( ! 0

n )2

�
(2.28)

Figure 2.5: Nematic order parameter, �, (solid curves) plotted as a function of temperature
in the absence of superconductivity (black), coexisting withs- + d- wave superconductivity
when r = 0:2 and T0

c = :4TS (cyan), and coexisting with s- + d- wave superconductivity
when r = � 0:2 and T0

c = :4TS (orange). The superconducting order parameter (dashed
curves) is also shown whenr = 0:2 (cyan) and r = � 0:2 (orange).

The results from simultaneously solving the � and � self-consistency equations are presented

in Figure 2.5 for r = 0:2 (cyan) and r = � 0:2 (orange). It can be seen that in both cases
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investigated here that nematicity supresses the superconducting transition temperature,

however less so when the superconducting gap maximum is aligned with the FS elongation

(r < 0).

Spin Density Waves

Mean-�eld Hamiltonian

The mean-�eld Hamiltonian for the SDW state can be written as:

H0 + HSDW =
1
4

X

k ;�

�
� k ây

k ;� âk ;� � � k â� k ;� ây
� k ;� + � k + Q ;� ây

k + Q ;� âk + Q ;�

� � k + Q ;� â� k � Q ;� ây
� k � Q ;� + M ây

k ;� âk + Q ;� + M ây
k + Q ;� âk ;�

+ M â� k ;� ây
� k � Q ;� + M â� k � Q ;� ây

� k ;�

�

(2.29)

where it can be seen from this Hamiltonian that the SDW state connects electron (hole)

states of momentumk with electron (hole) states of parallel spin and momentumk + Q.

With the Nambu state vector, 	̂ y
k = ( ây

k ;� ; â� k ;� � ; ây
k + Q ;� ; â� k � Q ;� � ).

Eigenstates

This Hamiltonian can be rewritten in the Nambu basis as:

H0 + HSDW =
1
4

X

k ;�

	̂ y
k Ĥ SDW

k 	̂ k ; Ĥ SDW
k =

0

B
B
B
B
B
B
B
@

� k 0 M 0

0 � � k 0 M

M 0 � k + Q 0

0 M 0 � � k + Q

1

C
C
C
C
C
C
C
A

(2.30)

where the eigenvalues of̂H SDW
k are the bands for the SDW state and were found to be:
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� E (� )
k = �

�
� +

k +
q

(� �
k )2 + M 2

�
; � E (� )

k = �
�

� +
k �

q
(� �

k )2 + M 2

�
(2.31)

whereE (� )
k and E (� )

k represent SDW quasiparticle bands, while� E (� )
k and � E (� )

k represent

SDW quasihole bands. Furthermore, the eigenvectors of̂H SDW
k can be found in order to

construct a unitary transformation matrix which de�nes new Fermionic operators which

represent the creation and annihilation operators for SDW quasiparticles in theE (� )
k and

E (� )
k quasiparticle bands or the� E (� )

k and � E (� )
k quasihole bands:

	̂ SDW
k = B̂ SDW

k 	̂ k =

0

B
B
B
B
B
B
B
@

�̂ k ;�

�̂ y
� k ;� �
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C
C
C
C
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A
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B
@

uSDW
k 0 vSDW

k 0

0 uSDW
k 0 � vSDW
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k 0 uSDW

k 0

0 vSDW
k 0 uSDW
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1
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C
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ây
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1
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C
A

(2.32)

where:

uSDW
k =

� �
k + � kp

2� k (� k + � �
k )

=

s
1
2

�
1 +

� �
k

� k

�

vSDW
k =

M
p

2� k (� k + � �
k )

=

s
1
2

�
1 �

� �
k

� k

� (2.33)

where� k =
p

(� �
k )2 + M 2. The eigenstate

�
�
�E (� )

k

E
= �̂ y

k ;� j0i represents the creation of a SDW

quasiparticle of momentumk and spin � in the E (� )
k band. When a SDW quasiparticle is

created in theE (� )
k band. A corresponding SDW quasihole is created in the� E (� )

k band due

to the vacancies in the Fermi sea left by the coupled electrons associated with the creation
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of the SDW quasiparticle, this is represented with the eigenstate
�
�
� � E (� )

k

E
= �̂ � k ;� � j0i .

Similarly, the eigenstate
�
�
�E (� )

k

E
= �̂ y

k ;� j0i represents the creation of a SDW quasiparticle of

momentumk and spin� in the E (� )
k band. This also creates a corresponding quasihole in the

� E (� )
k band, represented by the eigenstate

�
�
� � E (� )

k

E
= �̂ � k ;� � j0i . These eigenstates can be

written in terms of the electron creation and annihilation operators, and also be represented

in the Nambu basis as:
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k â� k ;� � + uSDW
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(2.34)

From these eigenvectors it can be plain to see that the SDW state hybridizes the normal
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state � k and � k + Q electron bands to create theE (� )
k and E (� )

k SDW quasiparticle bands and

the normal state � � k and � � k + Q hole bands to create the� E (� )
k and � E (� )

k SDW quasihole

bands.

While the band hybridization between the normal state� k and � k + Q electron bands seen

in Figure 2.6 (a) & (c) looks very similar to that of the Bogoliubov transformation, it is

important to note that this is a hybridization between two electron bands instead of a

hybridization between an electron and a hole band which has profoundly di�erent properties

when examining impurity scattering probabilities. Furthermore, it is also worth noting that

in general E (� )
k 6= � E (� )

k . It can also be seen from Figure 2.6 (b) & (d) that along the

edge of the RBZ (when (kx ; ky) = ( �= 4; �= 4) ! (�= 2; 0)) that the � k and � k + Q normal state

bands are degenerate, which results in band avoidance between theE (� )
k and E (� )

k SDW

quasiparticle bands. This also results in the ^� y
k ;� j0i and �̂ y

k ;� j0i eigenstates having equal

magnitude components of ^ay
k ;� and ây

k + Q ;� (e.g.
�
�uSDW

k

�
�2

=
�
�vSDW

k

�
�2

= 1=2).

Coexistenceof Spin Density Wavesand Superconductivity

Mean-�eld Hamiltonian

When superconductivity coexists with spin density waves, the mean-�eld Hamiltonian

can be written as:

H0 + HSDW + HSC =
1
2

X

k ;�

�
� k ây

k ;� âk ;� � � k â� k ;� ây
� k ;� + � k + Q ;� ây

k + Q ;� âk + Q ;�

� � k + Q ;� â� k � Q ;� ây
� k � Q ;� + M ây

k ;� âk + Q ;� + M ây
k + Q ;� âk ;�

+ M â� k ;� ây
� k � Q ;� + M â� k � Q ;� ây

� k ;� + � k ây
k ;� ây

� k ;� �

+� k â� k ;� � âk ;� + � k + Q ây
k + Q ;� ây

� k � Q ;� �

+� k + Q â� k � Q ;� � âk + Q ;�
�

(2.35)
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Figure 2.6: (a) & (b) Normal state electron� k (solid blue) and � k + Q (solid red) bands for
a tight-binding model � k = � � t1 cos (2kxa) � t1 cos (2kya) � t2 cos (2kxa) cos (2kya) and
the E (� )

k SDW quasiparticle (dashed blue) andE (� )
k SDW quasiparticle (dashed red) bands

for the Q = ( �= 2; �= 2) SDW state. It should be noted that, in general,E (� )
k 6= � E (� )

k
despite their similarities in this illustration (c) & (d) SDW quasiparticle transformation
coe�cients juSDW

k j2 and jvSDW
k j2 which show that the SDW quasiparticle bands are a result

of the hybridization of the � k and � k + Q normal state electron bands.
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d-wave superconductivity coexisting with a symmetry-broken spin density wave state with

an in-planeC(2) rotational symmetry results in either a superconducting gap which is odd

(d(O)-wave) or even (d(E )-wave) under translations ofQ. As can be seen in Figure 2.7 (a)

and (d), a dx2 � y2 SC gap coexisting with aQ = ( �= 2; �= 2) SDW state and adxy SC gap

coexisting with a Q = ( �; 0) SDW state are odd under translations ofQ. Alternatively,

as can be seen in Figure 2.7 (b) and (c), adxy SC gap coexisting with aQ = ( �= 2; �= 2)

SDW state and adx2 � y2 SC gap coexisting with aQ = ( �; 0) SDW state are even under

translations of Q. The symmetry class of these SC + SDW coexistence states are vital to

the nature of the low-energy quasiparticle excitations.

Figure 2.7: Qualitative illustration of the amplitude and sign of the superconducting gap
along the normal state tight-binding FSs (band parameterst1 = 100TN and t2 = 10TN ) to
show the symmetry of the SC gap under translations of theQ-vector. (a) dx2 � y2 SC pairing
on the � (1)

k FS (b) dxy pairing on the � (1)
k FS (c) dx2 � y2 SC pairing on the � (2)

k FS (d) dxy

pairing on the � (2)
k FS.

When the superconducting gap is odd under translations ofQ, the FS reconstruction gaps

two of the d-wave symmetry nodes which are parallel toQ, which can be seen in Figure 2.8.

However, when the superconducting gap is even under translations ofQ not only are none of
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the d-wave symmetry nodes gapped by the FS reconstruction, but additional mixing nodes

appear near the edges of the FS reconstruction as can be seen by the red X's in Figure 2.8.

Figure 2.8: FSs reconstructed by SDW ordering (solid black curves) whenM = 2TN for
the nesting vectors (a)Q = ( �= 2; �= 2) and (b) Q = ( �; 0). The d-wave nodal lines are
represented with dotted cyan and orange lines fordx2 � y2 and dxy respectively. Cyan and
orange points represent the locations of thedx2 � y2 and dxy nodes respectively when their
nodal lines cross the reconstructed FS. Red X's show the locations of additional mixing
nodes that occur only when the SC gap is even under translations ofQ (� k + Q = � k ).

Eigenstates

The Hamiltonian can be rewritten in the Nambu basis, wherê	 y
k = ( ây

k ;� ; â� k ;� � ; ây
k + Q ;� ; â� k � Q ;� � )

H0 + HSDW + HSC =
1
2

X

k ;�

	̂ y
k Ĥ k 	̂ k ; Ĥ k =

0

B
B
B
B
B
B
B
@

� k � k M 0

� k � � k 0 M

M 0 � k + Q � k + Q

0 M � k + Q � � k + Q

1

C
C
C
C
C
C
C
A

(2.36)
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Since the eigenvectors of̂H k are di�cult to obtain analytically in general, one might expect

perturbation theory to provide good approximations to these eigenvectors. In this approach

superconductivity was treated as a perturbation to the SDW state since superconductivity

typically arises out of the SDW state (Tc < T N ) and the SC order parameter is smaller than

the SDW order parameter (� � M ).

Ĥ k = Ĥ SDW
k + Ĥ �

k =

0

B
B
B
B
B
B
B
@

� k 0 M 0

0 � � k 0 M

M 0 � k + Q 0

0 M 0 � � k + Q

1

C
C
C
C
C
C
C
A

+

0

B
B
B
B
B
B
B
@

0 � k 0 0

� k 0 0 0

0 0 0 � k + Q

0 0 � k + Q 0

1

C
C
C
C
C
C
C
A

(2.37)

where the �rst-order corrections to the eigenvalues to be accurately described by:

�
� E (�;� )

k

� (1)
= � E (�;� )

k +
X

E ( i )
k = � E ( � )

k ;� E ( � )
k

�
�
�
D

E (i )
k

�
�
� Ĥ �

k

�
�
� � E (�;� )

k

E�
�
�
2

� E (�;� )
k � E (i )

k

(2.38)

�
� E (� )

k

� (1)
= �

�
E (� )

k +

�
� k

�
�uSDW

k

�
�2

� � k + Q

�
�vSDW

k

�
�2� 2

2E (� )
k

+

�
2� +

k uSDW
k vSDW

k

� 2

E (� )
k + E (� )

k

�
(2.39)

�
� E (� )

k

� (1)
= �

�
E (� )

k +

�
� k

�
�vSDW

k

�
�2

� � k + Q

�
�uSDW

k

�
�2� 2

2E (� )
k

+

�
2� +

k uSDW
k vSDW

k

� 2

E (� )
k + E (� )

k

�
(2.40)

and the �rst-order corrections to the eigenvectors are:
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�
�
� � E (�;� )

k

E(1)
=

�
�
� � E (�;� )

k

E
+

X

E ( i )
k = � E ( � )

k ;� E ( � )
k

D
E (i )

k

�
�
� Ĥ �

k

�
�
� � E (�;� )

k

E

� E (�;� )
k � E (i )

k

�
�
�E (i )

k

E
(2.41)

�
�
� � E (1)

k

E
=

�
�
� � E (� )

k

E
�

� k

�
�uSDW

k

�
�2

� � k + Q

�
�vSDW

k

�
�2

2E (� )
k

�
�
� � E (� )

k

E
+

2� +
k uSDW

k vSDW
k

E (� )
k + E (� )

k

�
�
� � E (� )

k

E
(2.42)

�
�
� � E (2)

k

E
=

8
>><

>>:

�
�
� � E (� )

k

E
�

� k jvSDW
k j2

� � k + Q juSDW
k j2

2E ( � )
k

�
�
� � E (� )

k

E
� 2� +

k uSDW
k vSDW

k

E ( � )
k + E ( � )

k

�
�
� � E (� )

k

E
if E (� )

k > 0
�
�
� � E (� )

k

E
�

� k jvSDW
k j2

� � k + Q juSDW
k j2

2E ( � )
k

�
�
� � E (� )

k

E
� 2� +

k uSDW
k vSDW

k

E ( � )
k + E ( � )

k

�
�
� � E (� )

k

E
if E (� )

k < 0

(2.43)

However, perturbation theory fails to accurately describe the mixing between the SDW

quasiparticle and quasihole bands when superconductivity coexists with the SDW state,

because superconductivity is an inherently non-perturbative e�ect. The simplest way to

visualize this failure is by plotting the bands derived from the �rst-order corrections to the

eigenvalues. These bands can be seen in Figure 2.9 (a) when thed-wave SC gap is odd under

translations of Q and in Figure 2.9 (b) when thed-wave SC gap is even under translations

of Q. It can be seen that the
�
E (� )

k

� (1)
band diverges when theE (� )

k SDW band goes to 0

due to a degeneracy between theE (� )
k and � E (� )

k bands. It can also be seen that both the
�
E (� )

k

� (1)
and

�
E (� )

k

� (1)
bands diverge when the� E (� )

k and � E (� )
k SDW bands are degenerate.

Typically, this would be remedied by setting up a submatrix for only these degenerate bands,

however this results in a discontinuous solution to the bands. In order to properly solve for

the eigenvectors of the coexistence Hamiltonian̂H k , a two-step diagonalization method can

be employed[31], which changes the basis of the coexistence Hamiltonian from the electron

creation and annihilation operators (̂	 k ) to the SDW quasiparticle creation and annihilation
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operators (̂	 SDW
k ).

H =
1
2

X

k

�
	̂ SDW

k

� y
Ĥ 0

k 	̂ SDW
k ; Ĥ 0

k = B̂ SDW
k Ĥ 0

k

�
B̂ SDW

k

� y
(2.44)

Ĥ 0
k =

0

B
B
B
B
B
B
B
@

D
E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E D
E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E

D
� E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
� E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E D
� E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
� E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E

D
E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E D
E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E

D
� E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
� E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E D
� E (� )

k

�
�
� Ĥ k

�
�
�E (� )

k

E D
� E (� )

k

�
�
� Ĥ k

�
�
� � E (� )

k

E

1

C
C
C
C
C
C
C
A

which can be shown to reduce to:

Ĥ 0
k =

0

B
B
B
B
B
B
B
@

E (� )
k � k

�
�uSDW

k

�
�2

� � k + Q

�
�vSDW

k

�
�2

0 2� +
k uSDW

k vSDW
k

� k

�
�uSDW

k

�
�2

� � k + Q

�
�vSDW

k

�
�2

� E (� )
k � 2� +

k uSDW
k vSDW

k 0

0 � 2� +
k uSDW

k vSDW
k E (� )

k � � k

�
�vSDW

k

�
�2

+ � k + Q

�
�uSDW

k

�
�2

2� +
k uSDW

k vSDW
k 0 � � k

�
�vSDW

k

�
�2

+ � k + Q

�
�uSDW

k

�
�2

� E (� )
k

1

C
C
C
C
C
C
C
A

This Hamiltonian can be further simpli�ed in order to derive the coexistence eigenstates for

the cases when the superconducting gap is even (�k + Q = � k ) and odd (� k + Q = � � k )

under translations of the SDW nesting vector.

When the SC gap is odd under translations ofQ, � k + Q = � � k , and therefore � +
k = 0,

thus, resulting in the interband coupling term going to zero. Furthermore, the intraband

coupling term � k

�
�uSDW

k

�
�2

� � k + Q

�
�vSDW

k

�
�2

, can be reduced to: �k
� �
�uSDW

k

�
�2

+
�
�vSDW

k

�
�2�

= � k

(which makes use of the normalization
�
�uSDW

k

�
�2

+
�
�vSDW

k

�
�2

= 1). Therefore Ĥ 0
k can be even

further reduced to:

Ĥ 0
k =

0

B
B
B
B
B
B
B
@

E (� )
k � k 0 0

� k � E (� )
k 0 0

0 0 E (� )
k � � k

0 0 � � k � E (� )
k

1

C
C
C
C
C
C
C
A

(2.45)
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Figure 2.9: (a)
�
E (� )

k

� (1)
(dashed blue curve) and

�
E (� )

k

� (1)
(dashed red curve) �rst-order

perturbation bands when theQ = ( �= 2; �= 2) SDW state coexists with ad(O)-wave SC gap.
(b)

�
E (� )

k

� (1)
(dashed blue curve) and

�
E (� )

k

� (1)
(dashed red curve) �rst-order perturbation

bands when theQ = ( �= 2; �= 2) SDW state coexists with ad(E )-wave SC gap. (c)E (1;E )
k

(dashed blue curve) andE (2;E )
k (dashed red curve) bands when theQ = ( �= 2; �= 2) SDW

state coexists with ad(O)-wave SC gap. (d)E (1;E )
k (dashed blue curve) andE (2;E )

k (dashed
red curve) bands when theQ = ( �= 2; �= 2) SDW state coexists with ad(E )-wave SC gap.
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which looks reminiscent of the pure SC Hamiltonian in the Nambu basis, but for the

� E (� )
k and � E (� )

k SDW bands. The submatrix therefore has the eigenvalues:� � (1;O)
k =

�
q �

E (� )
k

� 2
+ � 2

k and � � (2;O)
k = �

q �
E (� )

k

� 2
+ � 2

k , which can be shown[60] to be equivalent

to the E (1)
k and E (2)

k bands respectively. Therefore, the eigenvectors of the SC + SDW

coexistence state when the SC gap is odd under translations ofQ can be shown to be similar

to those of the Bogoliubov transform for the pure SC state:

�
�
�E (1)

k

E
= u(1;O)

k

�
�
�E (� )

k

E
+ v(1;O)

k

�
�
� � E (� )

k

E
=

�
u(1;O)

k �̂ y
k ;� + v(1;O)

k �̂ � k ;� �
�

j0i
�
�
� � E (1)

k

E
= � v(1;O)

k

�
�
�E (� )

k

E
+ u(1;O)

k

�
�
� � E (� )

k

E
=

�
� v(1;O)

k �̂ y
k ;� + u(1;O)

k �̂ � k ;� �
�

j0i
�
�
�E (2)

k

E
= u(2;O)

k

�
�
�E (� )

k

E
� v(2;O)

k

�
�
� � E (� )

k

E
=

�
u(2;O)

k �̂ y
k ;� � v(2;O)

k �̂ � k ;� �
�

j0i
�
�
� � E (2)

k

E
= v(2;O)

k

�
�
�E (� )

k

E
+ u(2;O)

k

�
�
� � E (� )

k

E
=

�
v(2;O)

k �̂ y
k ;� + u(2;O)

k �̂ � k ;� �
�

j0i

(2.46)

where:

u(1;2;O)
k =

E (1;2;O)
k + E (�;� )

kq
2E (1;2;O)

k

�
E (1;2;O)

k + E (�;� )
k

� =

vu
u
t 1

2

�
1 +

E (�;� )
k

E (1;2;O)
k

�
(2.47)

v(1;2;O)
k =

� kq
2E (1;2;O)

k

�
E (1;2;O)

k + E (�;� )
k

� =

vu
u
t 1

2

�
1 �

E (�;� )
k

E (1;2;O)
k

�
(2.48)

When the SC gap is odd under translations ofQ, it can be seen that theE (� )
k SDW

quasiparticle and � E (� )
k SDW quasihole bands hybridize to create theE (1)

k quasiparticle

band. Similarly, the E (� )
k and � E (� )

k bands hybridize to create theE (2)
k quasiparticle band.

However, since theE (� )
k and � E (� )

k bands are degenerate at the Fermi level this band

hybridization leads to a band avoidance characteristic of a fully-gapped SC, which can be

seen in Figure 2.10 (a).

This is why the odd d-wave SC gap coexisting with a commensurate SDW state leads
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Figure 2.10: (a) SDW quasiparticle bandsE (� )
k (dashed blue) andE (� )

k (dashed red) and
SDW + d(O)-wave SC coexistence bandsE (1;O)

k (solid blue) andE (2;O)
k (solid red) plotted to

show the hybridization between theE (� )
k and � E (� )

k bands which results in a band avoidance
at the Fermi level. (b) Degree of hybridization between the SDW bands in order to create
the coexistence bands when SDW coexists withd(O)-wave SC.

to no nodes in regions ofk-space where � and M are both nonzero. Similar to how the pure

SC bands were hole-like when� k < 0 and electron-like when� k > 0, the E (2)
k coexistence

band is moreE (� )
k -like when E (� )

k > 0 and more� E (� )
k -like when E (� )

k < 0, which can be

seen in Figure 2.10 (b).

When the superconducting gap is even under translations of the SDW nesting vector,

� k + Q = � k which simpli�es Ĥ 0
k to:

Ĥ 0
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B
B
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� �
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which can't be solved beyond calculating the eigenvectors numerically from the equation:
�
Ĥ 0

k � E (i )
k Î

� �
�
�E (i )

k

E
= 0, where E (i )

k = � E (1;E )
k ; � E (2;E )

k . However, at both the symmetry and

mixing nodes the intraband coupling term, � k
� �
�uSDW

k

�
�2

�
�
�vSDW

k

�
�2�

, goes to zero. This is due
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to the fact that � k = 0 at the symmetry nodes, and
�
�uSDW

k

�
�2

=
�
�vSDW

k

�
�2

= 1
2 at the mixing

nodes, allowing for the eigenvectors to be found analytically at the nodes. This results in the

E (� )
k and � E (� )

k bands not hybridizing, so there is no band avoidance and the nodes survive.

This results in the nodal eigenvectors:
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where:

u(E )
k =

E (� )
k + E (� )

k + � kq
2� k

�
� k + E (� )

k + E (� )
k

� =

s
1
2

�
1 +

E (� )
k + E (� )

k

� k

�
(2.50)

v(E )
k =

4� k uSDW
k vSDW

kq
2� k

�
� k + E (� )

k + E (� )
k

� =

s
1
2

�
1 +

E (� )
k � E (� )

k

� k

�
(2.51)

and � k =
q �

E (� )
k + E (� )

k

� 2
+

�
4� k uSDW

k vSDW
k

� 2
. While these equations are only exact at

the symmetry and mixing nodes, they can be used as an approximation in the vicinity of

the nodes where either �k � 0 or
�
�uSDW

k

�
�2

�
�
�vSDW

k

�
�2

� 1
2 , but in general aren't an accurate

description of the eigenvectors.

� and M Mean-�eld Order ParameterCalculation

The mean �eld order parametersM and � can be self-consistently solved for from the

Green's function method [34, 35, 44, 45, 60]. This can be obtained from the bare Matsubara
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Green's function which can be found from the Dyson equation:

Ĝk (! n ) =
�
i! n Î � Ĥ k

� � 1
(2.52)

where ! n = 2�T (n + 1=2) is the Matsubara frequency. The relevant Green's functions

for � are contained in the diagonal blocks, whereas the relevant Green's functions forM

are contained in the o�-diagonal blocks. Calculating the relevant Green's functions from the

Dyson equation and substituting them into the de�nitions of the mean-�eld order parameters

� and M yields two systems of equations for when the SC gap is odd or even under

translations of Q. When the SC gap is odd under translations ofQ, 1=VSC and 1=VSDW

when � and M are nonzero can be written as:

Figure 2.11: Self-consistently calculatedM and � order parameters in the absence of
superconductivity (black), when spin density waves coexist with ad-wave SC gap which
is odd under translations ofQ (cyan), and when spin density waves coexist with ad-wave
SC gap which is even under translations ofQ (orange).
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1
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(2.53)

and 1=VSC and 1=VSDW when the SC gap is even under translations ofQ when both � and

M are nonzero can be written as:

1
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X
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k

D (E )
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�
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k

� 2
�

(2.54)

where Ec = 2�T (nc + 1=2) and EB = 2�T (nB + 1=2) are the cuto� energies for the SC

and SDW Matsubara sums respectively;nc = 30TN =T and nB = 175TN =T were used in

this work. The natural choice of energy scale for these equations isTN , sinceTc depends on

the value of M . In order to self-consistently solve for the order parameters, � andM , the

SC and SDW interaction potentials can be eliminated by subtracting Equation (2.55) from
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Equation (2.53) or Equation (2.54).

1
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n + ( � �
k )2 + ( � +

k )2
� 2

� 4(� �
k � +

k )2

(2.55)

and T0
c is the superconducting transition temperature in the absence of spin density waves.

In this work T0
c = :35TN was used for both symmetry classes, but the actual superconducting

transition temperatures were found to beT (O)
c = :47TN and T (E )

c = :32TN from self-

consistency. The order parameters � andM can be seen as a function of temperature

for both the odd and even symmetry classes in FIG. 2.11.

Impurity Scattering

Weak Scattering Limit

The quasiparticle scattering rates in the Born limit can be derived from Fermi's golden

rule[47]:

wk ;k 0 =
2�
~

j hk0j H imp jk i j 2� (Ek � Ek 0) (2.56)

wherewk ;k 0 is the rate at which quasiparticles occupying a statejki with momentum k and

energyEk scatter o� impurities to a state jk0i with momentum k0 and energyEk 0 and H imp

is the impurity Hamiltonian. First, H imp must be projected into the Nambu basis, as this is

the basis that the superconducting eigenstates are represented in.

H imp =
X

k ;k 0;�

ây
k 0;� âk ;� = V

X

k ;k 0

	̂ y
k 0Ĥ imp

k 	̂ k (2.57)
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whereV is the isotropic scattering amplitude andĤ imp
k is the impurity Hamiltonian in the

Nambu basis and for a SC with a single electron and hole band can be written as:

Ĥ imp
k =

0

B
@

1 0

0 � 1

1

C
A (2.58)

and the impurity Hamiltonian for a system with two electron bands and two hole bands, like

the SDW state which has arti�cially doubled bands, can be written as:

Ĥ imp
k =

0

B
B
B
B
B
B
B
@

1 0 0 0

0 � 1 0 0

0 0 1 0

0 0 0 � 1

1

C
C
C
C
C
C
C
A

(2.59)

Furthermore, the so-called coherence factor, which is the probability for a quasiparticle

occupying a state of momentumk in the E (i )
k band to scatter o� an impurity to a state of

momentum k0 in the E (j )
k 0 band can be written as:

jCij (k; k0)j2 =
�
�
�
D

E (j )
k 0

�
�
� Ĥ imp

k

�
�
�E (i )

k

E�
�
�
2

(2.60)

where E (i )
k can represent the normal state electron and hole bands (� � k ), the pure SC

quasiparticle and quasihole bands (� E SC
k ), the pure SDW quasiparticle and quasihole bands

(� E (� )
k , � E (� )

k ), the SC + Nematicity coexistence bands (� E (SC+Nem)
k ), or the SC + SDW

coexistence bands (� E (1)
k , � E (2)

k ). Interestingly, due to the fact that the superconducting

bands hybridize electron and hole bands, quasiparticles within the Fermi sea don't scatter

to states outside of the Fermi sea, which can be seen in Figure 2.12 (a) & (b). This is due

to the fact that superconducting quasiparticle states below the Fermi sea are mostly hole-

like and quasiparticle states above the Fermi sea are mostly electron-like. The SDW bands

are a result of a hybridization of two electron bands, and therefore quasiparticles occupying
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Figure 2.12: Probability for a quasiparticle of momentumk to scatter to another state in
k-space with momentumk0. (a) Probability for a quasiparticle occupying a puredxy SC
state where� k > 0 to scatter to another pure SC state of momentumk0 near the normal
state FS. (b) Probability for a quasiparticle occupying a puredxy SC state where� k < 0 to
scatter to another pure SC state of momentumk0 near the normal state FS. (c) Probability
for a quasiparticle occupying a pureQ = ( �= 2; �= 2) SDW state whereE �

k > 0 to scatter
to another pure SDW state of momentumk0 near the reconstructed FS. (d) Probability
for a quasiparticle occupying a pureQ = ( �= 2; �= 2) SDW state whereE �

k < 0 to scatter
to another pure SDW state of momentumk0 near the reconstructed FS. (e) Probability
for a quasiparticle occupying a coexistenceQ = ( �= 2; �= 2) SDW + dxy SC state where
E �

k > 0 to scatter to another pure SDW state of momentumk0 near the reconstructed
FS. (f) Probability for a quasiparticle occupying a coexistenceQ = ( �= 2; �= 2) SDW + dxy

SC state whereE �
k > 0 to scatter to another coexistence state of momentumk0 near the

reconstructed FS.
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states within the Fermi sea are able to scatter to states above the Fermi sea with nearly unit

probability, which can be seen in Figure 2.12 (c) & (d). This is one of the reasons why the

SDW state is considered a metallic state. Additionally, the coexistence state hybridizes the

SDW quasiparticle and quasihole bands similar to the way pure superconductivity hybridizes

electron and hole bands. This is why coexistence quasiparticles occupying states within the

Fermi sea can't scatter to states above the Fermi sea, which can be seen in Figure 2.12 (e)

& (f). In the case of pure superconductivity, and SC + Nematicity, and pure SDW analytic

solutions to the coherence factor are known. The coherence factor in the case of pure SC is:

�
�CSC

ij (k; k0)
�
�2

=
� ij

2

�
1 +

� k � k 0 � � k � k 0

E SC
k E SC

k 0

�
(2.61)

Similarly, the SC + Nematicity coexistence state has e�ectively the same coherence factor,

due to being a superconducting state with an electronic state modi�ed by nematicity:

�
�CSC+Nem

ij (k; k0)
�
�2

=
� ij

2

�
1 +

~� k
~� k 0 � � k � k 0

E (SC+Nem)
k E (SC+Nem)

k 0

�
(2.62)

where it can be seen that the interband coherence factors for these superconducting states

will always be zero, while the intraband coherence factors can be nonzero. The SDW state

is di�erent however, as both the interband and intraband coherence factors can be nonzero.

While some coherence factors can be found analytically, the SC + SDW coexistence coherence

factors are di�cult to obtain and have been calculated numerically within this work. Now

that the coherence factors are known either analytically or numerically, Fermi's golden rule

can �nally be used to �nd the rate at which particles scatter from one state to another o�

of impurities. Fermi's golden rule can be rewritten in the Nambu basis as:

wk ;k 0 =
2�
~

V 2jCij (k; k0)j2�
�
E (i )

k � E (j )
k 0

�
(2.63)
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From Fermi's golden rule, which is merely the rate at which quasiparticles scatter o� a

single impurity to one state of momentumk0, one can multiply by the density of impurities

(N imp ) and integrate over all possiblek0 states that can be scattered to in order to obtain

the quasiparticle scattering rate:

� � 1
ij (k) = N imp V 2 2�

~

Z
d2k0

(2� )2
jCij (k; k0)j2� (E (i )

k � E (j )
k 0 ) (2.64)

where the unknownN imp V 2 can be eliminated in favor of the normal state quasiparticle

relaxation times; � � 1
n = N imp V 2 2�

~ NF whereNF is the density of states at the Fermi level in

the normal state. The interband quasiparticle scattering rates in the SC + Nematic state

speci�cally can be reduced to:

� � 1
SC+Nem (k) =

2�
~

N imp V 2
Z 1

�1
d~� k 0

Z
dkl

jvF j

�
�
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11 (k; k0)
�
�
�
2
�
�
E (SC+Nem)

k 0 � E (SC+Nem)
k

�

(2.65)

where the ~� k
~� k 0 term in the coherence factor will integrate to 0 by symmetry and can be

neglected. The� -function in terms of E (SC+Nem)
k can be rewritten in terms of~� k by de�ning

f ( ~� k 0) = E (SC+Nem)
k �

q
~� 2
k 0 + � 2

k 0 and using the equation:

�
�

E (SC+Nem)
k �

q
~� 2
k 0 + � 2

k 0

�
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X
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�
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�

~� k 0 � ~� k 0;0

�
(2.66)

where ~� k 0;0 can be found by setting f ( ~� k 0) = 0 and results in two solutions ~� �
k 0;0 =

�
q �

E (SC+Nem)
k

� 2
� � 2

k 0. From this, it can be shown that:

X

~� k 0;0

�
�
�
�
�
@f( ~� k 0)

@~� k 0

�
�
�
�
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� 1

~� k 0;0

= 2

q �
E (SC+Nem)
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� 2
� � 2

k 0

E (SC+Nem)
k

(2.67)

Furthermore, using this and integrating the� -function, it can be shown that:
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� � 1
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which can be further simpli�ed by de�ning the normal and anomalous quasiparticle self-

energies for nematic superconductors respectively as:

g
�
E (SC+Nem)
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�
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~NF

X

k 0

E (SC+Nem)
k�
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(2.69)

this simpli�es the quasiparticle scattering rate equation to:

� � 1
SC+Nem = � � 1

NF

�
Re

�
g(E (SC+Nem)

k )
�

�
� k

E (SC+Nem)
k

Re
�
h(E (SC+Nem)

k )
�
�

(2.70)

where� � 1
NF is the quasiparticle scattering rate at the Fermi level in the nematic state, and is

de�ned by � � 1
NF = 2�

~ N imp V 2 ~NF and ~NF is the DOS at the Fermi level in the nematic state.

Strong Scattering Limit

In the strong scattering limit, more than a single interaction between an impurity and the

quasiparticles need to be considered for the probability for a quasiparticle to scatter between

a state with momentum k and k0. In order to account for this, the scattering potentialT̂

needs to be calculated from[1] the Lippmann-Schwinger equation:

T̂ = Ĥ imp
k + Ĥ imp

k

X

k 0

Ĝk 0(Ek )T̂ (2.71)

where Ĥ imp
k = V �̂ 3 is the impurity potential for scattering o� a single impurity (and was
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solely used as the impurity potential in the Born limit), �̂ 3 is the Pauli matrix, and Ĝk (E)

is the single-particle Green's function in the absence of impurities, de�ned by[52]:

Ĝk 0(Ek ) =
1

E 2
k � E 2

k 0

0

B
@

Ek + ~� k 0 � � k 0

� � k 0 Ek � ~� k 0
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Ĝk 0(Ek ) = � i ~NF
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B
@

g(Ek ) � h(Ek )

� h(Ek ) g(Ek )

1

C
A

(2.72)

In general, this can be calculated for a normal state electron dispersion (� k ), but in this work

was only calculated for a nematic electron dispersion (~� k ). From this it can be shown that

the T-matrix is of the form:

T̂ =
V �̂ 3 + iV 2 ~NF

�
g(Ek )Î 2x2 + h(Ek )�̂ 1

�

1 + V 2 ~N 2
F

�
jg(Ek )j2 � j h(Ek )j2

� (2.73)

which can be reduced in the Unitary limit, using the approximation thatV ~NF � 1, to the

simpler form:

T̂ =
i
�
g(Ek )Î 2x2 + h(Ek )�̂ 1

�

~NF
�
jg(Ek )j2 � j h(Ek )j2

� (2.74)

It should be noted that the Born limit can be recovered from this equation with the

approximation that V ~NF � 1 in the weak impurity scattering limit. In order to derive the

scattering probability from a state with momentum k to a state k0 in the unitary limit for

the nematic state coexisting with superconductivity,jtk ;k 0j2 =
�
�
�
D

E (SC+Nem)
k

�
�
� T̂

�
�
�E (SC+Nem)

k 0

E�
�
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must be found.
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The quasiparticle scattering rates in the Unitary limit can also be derived from Fermi's

Golden Rule, but with the impurity potential T̂ instead ofĤ imp
k , this results in the equation:

� � 1
SC+Nem (k) =

2�
~

N imp

Z 1
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Z
dkl

jvF j
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k

�
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where the ~� k
~� k 0 term again integrates to 0 by symmetry. The� -function can again be

rewritten in terms of ~� k 0 instead of E (SC+Nem)
k 0 and integrated out in order to come to the

equation:
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(2.80)

and can be rewritten in terms of the normal,g(Ek ), and anomalous,h(Ek ), self-energies.
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where � � 1
NF is the quasiparticle scattering rate of the nematic state in the Unitary limit

here and is de�ned as� � 1
NF = 2�

~ N imp = ~NF . The normal and anomalous self-energies can be

de�ned[47] as:
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These self-energies can be rewritten as complex integrals overk0-space:
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which can be simpli�ed with the residue theorem. In order to do this, they must �rst be

rewritten to reveal where their poles are:
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which have the poles:� �
k 0 = � � f k �

p
E 2

k � � 2
k 0. In order to apply residue theorem to these

integrals, the function f (� k 0) can be de�ned:

f (� k 0) =
1

(� k 0 + 2� f k 0 + � +
k 0)( � k 0 + 2� f k 0 + � �

k 0)
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which has the residue:
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This simpli�es the equations for the normal and anomalous self-energies to:
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Ekp
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Interestingly, Ref g(Ek )g is the DOS of the superconducting state normalized by~NF .

Additionally, as T ! 0, the nematic order parameter goes to zero (�! 0) and ~NF goes to

NF , the DOS on the normal state FS. Additionally, asT ! Tc and � ! 0, g
�
Ek

�
! 1 and

h
�
Ek

�
! 0.

Boltzmann Thermal Conductivity

The thermal 
ux, � q, through a surface can be written in terms of the negative

temperature gradient across a material and the thermal conductivity tensor,� :

� q = � � r T (2.88)

The thermal 
ux carried by non-equilibrium excitations is given by[47]:
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� q(r ) = 2
Z

d2k
(2� )2

Ek (r )vk (r )f k (r ) (2.89)

where Ek is the quasiparticle excitation energy,vk is the quasiparticle velocity, andf k is

the non-equilibrium distribution function for quasiparticles interacting with impurities. The

distribution function satis�es the Boltzmann kinetic equation:

@fk
@t

+ r k Ek � r f k � r Ek � r k f k =
�

@fk
@t

�

imp

(2.90)

where (@fk
@t ) imp is the collision integral due to impurities. The kinetic equation can be

simpli�ed in the case of a stationary thermal 
ow and a distribution function close to

the equilibrium distribution function. The non-equilibrium distribution function can be

approximated as a linear perturbation from the equilibrium Fermi-Dirac distributionf k �

f (0)
k + �f k . The collision integral vanishes for the equilibrium distribution function, and

the small, linear non-equilibrium distribution term can be neglected on the left side of the

Boltzmann kinetic equation (therefore @fk
@t = @f(0)

k
@t = 0). The Boltzmann kinetic equation

can be further simpli�ed by rewriting the second and third terms as:

r k Ek � r f (0)
k � r Ek � r k f (0)

k = r k Ek �
@f(0)

k

@Ek
T

�
1
T

r Ek �
Ek

T2
r T

�
� r Ek �

@f(0)
k

@Ek
r k Ek

= �
Ek

T
@f(0)

k

@Ek
r k Ek � r T

(2.91)

In the case of weak disorder, the collision integral can be found by multiplying the

contribution of a single impurity by the concentration of impurities:

�
@fk
@t

�

imp

= N imp

Z
d2k0

(2� )2
wk ;k 0(�f k 0 � �f k ) (2.92)
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wherewk ;k 0 is again the quasiparticle scattering rate from the state with momentumk to the

state with momentum k0 and can be found from Fermi's Golden Rule. Substituting these

back into the Boltzmann kinetic equation, we get:

� � 1
k �f k � N imp

Z
d2k0

(2� )2
wk ;k 0�f k 0 =

Ek

T
@f(0)

k

@Ek
r k Ek � r T

�f k = � k N imp

Z
d2k0

(2� )2
wk ;k 0�f k 0 + � k Ek

@f(0)
k

@Ek
vk �

r T
T

(2.93)

where � � 1
k = N imp

R
d2k0

(2� )2 wk ;k 0 is the quasiparticle scattering rate o� impurities and

vk = r k Ek is the quasiparticle velocity. The quasiparticle scattering rate (w(k; k0)) is

invariant under particle-hole exchange (� k ! � � k ) while the deviation from the Fermi-

Dirac distribution ( �f k ) and the quasiparticle velocity are odd under particle-hole exchange,

therefore the� k N imp
R

d2k0

(2� )2 wk ;k 0�f k 0 term must go to 0, therefore:

�f k = � k Ek
@f(0)

k

@E
vk �

r T
T

(2.94)

Knowing how the quasiparticle distribution function deviates from the Fermi-Dirac distri-

bution is crucial to understanding the thermal 
ux, as this is the only nonzero term:

� q = 2
Z

d2k0

(2� )2
Ek vk �f k (2.95)

Performing this substitution results in the following equation:

(� q) i = 2
(r T) j

T

Z
d2k

(2� )2

@f(0)
k

@E
E 2

k (vk ) i (vk ) j � k (2.96)

which can be used to determine the thermal conductivity tensor from the equation� q =

� � r T:
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(� q) i = � � ij (r T) j ! � ij = �
2
T

Z
d2k

(2� )2

@f(0)
k

@E
E 2

k (vk ) i (vk ) j � k (2.97)
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NUMERICAL METHODS

k-spaceIntegration Grids

The electronic thermal conductivity derived within Boltzmann kinetic theory written

as:

� ij = �
2
T

2X

n=1

Z
d2k

(2� )2
(E (n)

k )2(v (n)
k ) i (v

(n)
k ) j

@f0k
@E

(� � 1
n1 + � � 1

n2 )� 1 (3.1)

calculated numerically would seem to imply that a simple Cartesian integration grid was

utilized in which boxes are created in (kx ; ky)-space and the integrand of� ij is evaluated

within each of these boxes then summed up to evaluate the integral via a simple Riemann

sum. While this approach will converge with dense enough integration grids, its use is

computationally expensive and becomes unviable asT ! 0 and thermal transport becomes

increasingly dominated by low-energy quasiparticles which occupy isolated pockets ink-

space. This can be mitigated by implementing a cuto� quasiparticle energy,Ec, above which

points in k-space are simply discarded and their contribution to the� ij integral in Equation

(3.1) is approximated to be zero. This is an accurate approximation due to the@f0k
@E in

the integrand, which is the energy derivative of the equilibrium Fermi-Dirac distribution,

f 0
k = 1

1+ eE k =T , so the energy derivative of this function is:

@f0k
@E

= �
1

4T
1

cosh2(Ek =2T)
: (3.2)

This behaves similarly to a Gaussian function centered at the Fermi energy (Ek = 0) whose

width decreases withT. Ultimately as T ! 0 this function becomes a� -function at the

Fermi energy. This is intuitive because the Fermi-Dirac distribution becomes a Heaviside

function where states are occupied below the Fermi level and unoccupied above it when

T ! 0, and the energy derivative of that is a� -function centered at the Fermi energy.
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This method of calculating Equation (3.1) with a Cartesian Riemann sum ink-space and

removing any k-points with quasiparticle energies over some carefully consideredEc has

been shown[60] to produce good results, however these come at a considerable computational

cost requiring the use of the Nautilus supercomputer cluster and only accurately calculate

Equation (3.1) down to T = :05TN (here TN is the N�eel temperature and is equivalent to

the SDW transition temperature TSDW ). It can be seen that the function@f0k
@E when � k < E c

is poorly captured by a (kx ; ky)-grid as described above. This calculation can be improved

by more carefully choosing the integration grid based on polar coordinates (� k ) in k-space

and curves of constant quasiparticle energy, either lines of constant� k in the normal state or

Ek in a broken symmetry state such as SC or SDW, depending on whether the calculation

is being performed at high or lowT. To create a grid of this type, the polark(�; � k ) value

was found at every (�; � k )-value chosen by self-consistently solving the equation:

0 = � + t1 cos(2k cos� k ) + t1 cos(2k sin� k ) + t2 cos(2k cos� k ) cos(2k sin� k ) (3.3)

where kx = k(�; � k ) cos� k and ky = k(�; cosk ) sin � k . This method can be applied to

any closed FS tight-binding dispersion relation (and open FS dispersion with minimal

modi�cations), but was applied to the � (1)
k dispersion relation in Equation (3.3). In order to

accommodate an integration grid of this type the� ij integral can be rewritten as

� ij = �
2
T

2X

n=1

Z Ec

� Ec

d�
Z 2�

0

d� k

2�
N (�; � k )(E (n)

k )2(v (n)
k ) i (v

(n)
k ) j

@f0k
@E

(� � 1
n1 + � � 1

n2 )� 1 (3.4)

whereN (�; � k ) is the local density of states in the normal state and is equal to:
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N (�; � k ) =
1

jr k � k j
dkl (� k )

d� k
;
dkl (� k )

d� k
=

kd� k

cosd� k
: (3.5)

Integrating over � k in Equation (3.4) results in integrating over a curve of constant� and

integrating over � k results in integrating over quasiparticle energy in the normal state.

Integration grids of this type can be seen in Figure 3.1(a) with a low enough grid density to

emphasize the pattern of thek-points. Despite this illustration having a comically lowN � in

order to make the constant� curves recognizable, it can be seen that this grid does a much

better job of capturing the function @f0k
@E along the FS than the (kx ; ky)-grid did.

Figure 3.1: Heatmaps of@f0k
@E when T = :5TN plotted on integration grids for the � (1)

k FS
whent1 = 100TN , t2 = 10TN , and Ec = 7:5TN . (a) (�; � k )-grid whereN � = 3 and N � k = 100,
so the total number ofk-points in the grid is Ngrid = 300. (b) (kx ; ky)-grid where Nx = 100
and Ny = 50, however a majority of the grid points were cuto� due to being belowEc leaving
Ngrid = 330 k-points in this grid. It should be noted that these are purely for illustration
and only grids like those in (a), albeit with a largerN � , were used in calculations.

As one would expect from the illustrations of these grids, the (�; � k )-grid does a

signi�cantly better job at capturing the � ij integral than the (kx ; ky)-grid. In order to

demonstrate this, the electronic thermal conductivity in the normal state was calculated at
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T = :5TN . The normal state conductivty is a simpli�cation of Equation (3.4) and can be

written as:

� n = �
2
T

Z Ec

� Ec

d�
Z 2�

0

d� k

2�
N (�; � k )( � k )2v2

x
@f0k
@E

� n (3.6)

This was calculated as a function of the total number ofk-points in both grids (Ngrid ) that

were included in the� n calculation until convergence was reached. Typically,N � and N � k

are nearly the same, howeverN � is chosen to be odd in order to ensure the grid includes the

FS.

Figure 3.2: Convergence of the� n integral on the (�; � k )-grid (blue) and the (kx ; ky)-grid
(red), where it can be seen that given the same number of points the (�; � k )-grid tends to be
an order of magnitude more accurate for this simple calculation.

Calculations of� n for varying values ofNgrid for both grids found that the (�; � k )-grid tended

to be an order of magnitude closer to the converged thermal conductivity value in the normal

state compared to the (kx ; ky)-grid, until Ngrid � 2�105 at which point both grids reach nearly

identical convergence. However, it should be noted that a grid density ofNgrid � 2�105 would
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take a very long time to calculate thermal conductivities belowT = Tc due to the time it

takes to calculate the quasiparticle lifetimes.

Similarly, a simple (kx ; ky)-grid was found to have insu�cient convergence for calcula-

tions on FSs distorted by a nematic phase. Rather than implementing a (�; � k )-grid for this

situation, a (~�; k x )-grid was chosen due to the distorted FS becoming open in thekx -direction,

so parameterizing the grid in terms ofkx led to better convergence than parameterizing in

terms of � k .

Figure 3.3: Heatmaps of@f0k
@E when T = :2TS plotted on integration grids for the � (3)

k FS
distorted by a nematic phase when� = � 4:8TS t1 = 6TS, t2 = � 1TS, � = 1 :38TS, and
Ec = 8TS. (a) ( ~xi; k x )-grid where N � = 3 and N � k = 50, so the total number ofk-points in
the grid is Ngrid = 150. (b) (kx ; ky)-grid where Nx = 100 and Ny = 50, however a majority
of the grid points were cuto� due to being belowEc leaving Ngrid = 168 k-points in this
grid. It should be noted that these are purely for illustration and only grids like those in
(a), albeit with a larger N � , were used in calculations.

A comparison of the (~�; k x )-grid to the simpler (kx ; ky)-grid for nematically distorted FSs

can be seen in Figure 3.3. Grids of this type can be generated by solving forky as a function

of ~� and kx , for the � (3)
k electron dispersion this led to the equation:



83

ky =
1
a

cos� 1

�
�

~� + � + 2t1 coskxa � � cos kxa
2t1 + 4t2 coskxa + �

�
(3.7)

where the grid can be created from this equation with evenly spaced values of~� and kx .

Grids of this type were used to calculate the thermal conductivity in the nematic phase:

� N
ij = �

2
T

Z Ec

� Ec

d�
Z 2�

0

d� k

2�
~N (�; � k )( ~� k )2v i v j

@f0k
@E

� n (3.8)

which is is similar calculation to normal state thermal conductivity, but with the electron

dispersion modi�ed by nematicity. Performing this calculation on both the (~�; k x )-grid

and (kx ; ky)-grid (seen in Figure 3.4) revealed that the (~�; k x )-grid had nearly an order of

magnitude better convergence untilNgrid � 5 � 104. It should be noted that the (kx ; ky)-grid

performed noticeably better for the nematically distorted tight-binding FS due to the fact

that the FS became elongated along a Cartesian direction, however it still fails to reach a

reasonable convergence at low enoughNgrid -values to be computationally viable for more

di�cult calculations.

The (�; � k )-grid was used to calculate the normal state thermal conductivity,� n (T) and

the pure SDW thermal conductivity components� SDW
ij (T) at high-T. However, it was found

to be insu�cient for calculating the pure SDW conductivity and the SC + SDW coexistence

state conductivity at low-T due to missing the FS reconstruction caused by the SDW order

in a similar fashion to how the (kx ; ky)-grid missed the normal state tight-binding FS in

Figure 3.1(b). In order to resolve this, a new grid can be produced in a very similar fashion

to Equation (3.3) but with the SDW eigenvaluesE (� )
k and E (� )

k , this will be referred to as

the (E (�;� ) ; � k )-grid. The pure SDW eigenvalues are:

E (� )
k = � +

k +
q

(� �
k )2 + M 2; E (� )

k = � +
k �

q
(� �

k )2 + M 2 (3.9)
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Figure 3.4: Convergence of the� N integral on the (~�; k x )-grid (blue) and the (kx ; ky)-grid
(red), where it can be seen that given the same number of points the (~�; k x )-grid tends to be
nearly an order of magnitude more accurate for this calculation.

where � �
k = 1

2(� k � � k + Q ). In materials where the SDW state is commensurate with the

lattice, we can simplify the equations for� �
k to:

� +
k = � t2 cos 2kx cos 2ky; � �

k = � t1 cos 2kx � t1 cos 2ky (3.10)

for the � (1)
k normal state dispersion relation. The (E (�;� ) ; � k )-grid can be constructed from

these eigenvalues in a similar manner to how the (�; � k )-grid was constructed by self-

consistently solving fork(E (�;� ) ; � k ) for both E (� )
k and E (� )

k from the equations:

0 = E � E (� )
k : 0 = E + t2 cos (2k cos� k ) cos (2k sin� k )

�
p

(t1 cos (2k cos� k ) + t1 cos (2k sin� k ))2 + M 2

(3.11)



85

0 = E � E (� )
k : 0 = E + t2 cos (2k cos� k ) cos (2k sin� k )

+
p

(t1 cos (2k cos� k ) + t1 cos (2k sin� k ))2 + M 2

(3.12)

where againkx = k(E (�;� ) ; � k ) cos� k andky = k(E (�;� ) ; � k ) sin � k . However, unlike the (�; � k )-

grid, not every (E (�;� ) ; � k ) combination has ak(E (�;� ) ; � k ) solution, as can be seen in Figure

3.5(a). In fact, the E (� )
k portion of the (E; � k )-grid contains no solutions belowE (� ) = M ,

and has a negligible contribution to thermal transport at low-T (below T � :3TN ). Due to

the E (2)
k portion of the (E; � k )-grid being more important to the low-T transport, it's the

only grid shown in Figure 3.5(a) which is being compared to the (�; � k )-grid in Figure 3.5(b).

Figure 3.5: Heatmaps of@f0k
@E when T = :25TN plotted on integration grids for the E (2)

k

reconstructed FS whenQ = ( �= 2; �= 2) and M = 2TN for the � (1)
k normal state dispersion

with band parameterst1 = 100TN , t2 = 10TN , and Ec = 3:25TN . (a) (E (� ) ; � k )-grid where
NE = 3 and N � k = 100, and the total number of k-points in the grid is Ngrid = 250
(Ngrid 6= NE N � k since not every (E (� ) ; � k ) combination has a solution). (b) (�; � k )-grid
whereN � = 3 and N � k = 100, so Ngrid = 300. It should be noted that these are purely for
illustration and much higher grid densities were used for actual calculations.
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It can also be seen that the (E (�;� ) ; � k )-grid provides an improvement to the convergence of

� SDW
xy over the (�; � k )-grid. While this isn't as good of an improvement as the (�; � k )-grid

was over the (kx ; ky)-grid, any improvement to the convergence is welcome in order to reduce

the computational cost of this calculation due to how much time it takes to calculate the

quasiparticle lifetimes in the SC + SDW coexistence phase on the GPU.

Figure 3.6: Convergence of the� SDW
xy integral at T = 0:02TN on the (E; � k )-grid (blue)

and the (�; � k )-grid (red), where it can be seen that given the same number of points the
(E; � k )-grid is a slight, but noticeable improvement over the (�; � k )-grid.

While the (E (�;� ) ; � k )-grid may seem like it could be capable of capturing all the details

of the SC + SDW coexistence phase because it captures the details of the reconstructed

FS (knowing that all symmetry nodes are an intersection of nodal lines and the FS), When

the SC gap function is even under translations ofQ (i.e. � k + Q = � k ) additional mixing

nodes appear near the FS reconstruction. To account for this in the integration grid, curves

of equal energy can be solved for around these mixing nodes and embedded into the pre-

existing (E (�;� ) ; � k )-grid which would otherwise wholly miss these nodes which can be crucial
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to low-T electronic thermal transport. In order to create grids of this type, the coexistence

phase eigenvalues are �rst considered

E (1)
k =

p
� k + 2� k

E (2)
k =

p
� k � 2� k

(3.13)

� k = ( � +
k )2 + ( � �

k )2 + (� +
k )2 + (� �

k )2 + M 2

� k =
q

(� +
k � �

k + � +
k � �

k )2 + M 2(( � +
k )2 + (� +

k )2)

and similar to the de�nitions of � �
k , � �

k = 1
2(� k � � k + Q ). These eigenvalues can be simpli�ed

if the symmetry of the SC gap in known under translations ofQ, here we will consider both

the even and odd cases for completeness but only the even case will be relevant to generating

a grid around the additional mixing node. When the SC gap is odd under translations of

Q and � k + Q = � � k , � +
k = 0 and � �

k = � k . Similarly, when the SC gap is even under

translations of Q and � k + Q = � k , � +
k = � k and � �

k = 0. This reduces the eigenvalues of

the SC + SDW coexistence phase to:

E (1;2;E;O )
k =

q
� k � 2� (E;O )

k (3.14)

� k = ( � +
k )2 + ( � �

k )2 + � 2
k + M 2

� (E )
k =

q
(� +

k � �
k )2 + M 2(( � +

k )2 + � 2
k )

� (O)
k =

q
(� +

k � �
k )2 + M 2(� +

k )2

where the (E) and (O) subscripts denote when the SC gap is even or odd under translations
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of the SDW nesting vector respectively. The mixing nodes can be solved for whenE (2;E )
k = 0,

which results in both the conditions� �
k = 0 and E (2;E )

k = M �
p

(� +
k )2 + � 2

k = 0 needing

to be satis�ed. In general, this can be easily solved for self-consistently for arbitrary �k SC

gaps which are even under translations ofQ. The k-space solutions to these equations will

be called (kmix
x ; kmix

y ), and it should be noted that two solutions exist for each 
at region of

the tight-binding FS that becomes reconstructed by the SDW order. This means that for

SDW orders with anisotropic transport properties like were studied in this work, there exist

four (kmix
x ; kmix

y )-solutions. However, for theQ = ( �= 2; �= 2) only the �rst two quadrants

of k-space needed to be integrated to capture the essential physics of these materials by

symmetry so only two of these solutions can be seen in Figure 3.7(a).

Figure 3.7: Heatmaps of@f0k
@E when T = :02TN plotted on the integration grid for the E (2)

k
reconstructed FS when theQ = ( �= 2; �= 2) SDW state coexists withdxy superconductivity.
Due to the fact that this is a d(E )-wave SC state, additional mixing nodes besides the typical
d-wave symmetry nodes appear in the region of the FS reconstruction. (a) The (E (�;� ) ; � k )-
grid combined with the (E (2;E ) ; � k )-grid in order to properly capture the behavior of the
additional mixing nodes, as just the (E (�;� ) ; � k )-grid tends to miss these points at low-T. (b)
Zoomed in plot of the (E (2;E ) ; � k )-grid at one of the mixing nodes.

A specialized grid may be constructed around these (kmix
x ; kmix

y )-solutions in order to better
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capture their contributions to the electronic thermal conductivity. This is required at very

low-T due to the fact that the (E (�;� ) ; � k )-grid does a poor job of capturing these nodes

as they occupy a signi�cantly smaller region ofk-space relative tod-wave symmetry nodes

(which were the only other type of node studied in this work). This newest mixing node grid

will be referred to as the (E (2;E ) ; � k )-grid, and rather than simply replacing the (E (�;� ) ; � k )-

grid with it at low- T the two grids were "stitched" together. This was accomplished

by removing any points of the (E (� ) ; � k )-grid that would fall within the con�nes of the

(E (2;E ) ; � k )-grid. The purpose of this is to capture the e�ects of both these additional mixing

nodes, which are important at low-T, and the e�ects of thek-points along the reconstructed

FS, which become important asT ! Tc, in a continuous manner. The (E (2;E ) ; � k )-grid

constructed around one of these (kmix
x ; kmix

y )-solutions present in Figure 3.7(a) was zoomed

in on in Figure 3.7(b) to emphasize what these mixing node grids looks like. The (E (2;E ) ; � k )-

grid was constructed by solving the self-consistency equation:

0 = E � E (2;E )
k =( kmix

x + k cos� k ;kmix
y + k sin � k ) : (3.15)

Where for a given (E (2;E ) ; � k )-value in the grid, k(E (2;E ) ; � k ) can be solved for and the

(kx ; ky)-values of the (E (2;E ) ; � k )-grid can be solved for from the equationskx = kmix
x +

k(E (2;E ) ; � k ) cos� k and ky = kmix
y + k(E (2;E ) ; � k ) sin � k . An integration grid of this type

produces concentric curves of equalE (2;E )-values around the additional mixing nodes. In

order to demonstrate how much better the (E (2;E ) ; � k )-grid captures the behavior of these

mixing nodes over the more general (E; � k )-grid, � d( E )

xy was calculated at very low-T due to

the fact that the d-wave symmetry nodes only contribute to the� d( E )

xx and � d( E )

yy thermal

conductivity elements for the Q = ( �= 2; �= 2) SDW state due to the quasiparticle states

at those nodes having Fermi velocities either purely in thekx or ky directions and don't

contribute to the � d( E )

xy tensor element. Therefore, only the mixing nodes which have Fermi
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velocities with equal components in both thekx and ky directions contribute to � d( E )

xy .

Figure 3.8: Convergence of the� d( E )

xy integral at T = 0:02TN on the (E (2;E ) ; � k )-grid (blue)
and the (E (�;� ) ; � k )-grid (red), where it can be seen that given the same number of points
the (E (2;E ) ; � k )-grid is a noticeable improvement over the (E; � k )-grid due to actually picking
up the mixing nodes properly.

In Figure 3.8 it can be seen that without the inclusion of the (E (2;E ) ; � k )-grid to capture the

behavior of the additional mixing nodes, the SC + SDW thermal conductivity element� d( E )

xy

doesn't drop below 10% error for a reasonableNgrid -value. However, once the (E (2;E ) ; � k )-

grid is included it can be seen that this thermal conductivity element can be easily calculated

within 1% convergence.

The most computationally expensive component in the thermal conductivity integral to

properly calculate was by far the quasiparticle lifetimes (� k ). In order to mitigate this

computational cost, the quasiparticle lifetimes were calculated on GPUs which are capable

of parallelizing the calculation. It can be seen from Figure 3.9 that calculating� k on the

GPU allowed for the use of grids with ten times the number of points while still maintaining
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Figure 3.9: Time taken to calculate all the quasiparticle lifetimes� k in the SC + SDW
coexistence phase when run on a GPU (Nvidia GeForce RTX 2060 Mobile) and a CPU
(Intel i7-10750H).

the same computational cost of running this calculation on the CPU. It should also be noted

that this CPU calculation was in fact compiled with jit from the numba python package and

that an uncompiled version of this CPU code was so slow that it would've been unfeasible to

go beyondNgrid � 2�103, a grid density nowhere near convergence for any values shown in the

convergence plots from this section. The time complexity of the� k calculation was also found

for both the GPU and CPU code by �tting t(Ngrid ) to the power law t(Ngrid ) = a � 10b�Ngrid .

The �t parameters were found to be:aGP U = 2:589�10� 7s, bGP U = 2:061,aCP U = 1:836�10� 5,

and bCP U = 2:097. This means that both the GPU and CPU code have time complexities

of order O(N 2). This is to be expected given that increasingNgrid increases the number of

� k values that need to be calculated for the� ij integral and increases the number of points

in the grid for the � k calculation, since that integral is calculated on the same grid that the

conductivity integral is calculated.
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Normal and AnomalousSelf-energyCalculations

In the nematic phase the normal,g(Ek ), and anomalous,h(Ek ), self-energies can be

calculated from the complex integrals:

g(Ek ) =
1
~NF

Z
dk0

l

jvF j
Ekp

E 2
k � � 2

k 0

h(Ek ) =
1
~NF

Z
dk0

l

jvF j
� k 0

p
E 2

k � � 2
k 0

(3.16)

In order to accurately calculate these integrals, they must be separated into their real and

imaginary components. This can be accomplished by solving for whenE 2
k � � 2

k 0 = 0, in

order to determine thek0-points at which these integrands go from being real to imaginary.

Since this calculation is performed along the nematically deformed FS, which is de�ned by

� k +� f k = 0, ky can be solved as a function ofkx for a particular electron dispersion relation

(here � (3)
k was used):

ky =
1
a

cos� 1

�
�

� + 2t1 coskxa � � cos kxa
2t1 + 4t2 coskxa + �

�
(3.17)

In order to simplify the algebra required to solve for when these integrands go from real to

imaginary, � k 0 = � Ek was solved instead. Doing this results in the following solutions:
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k(1)
x =

1
a

cos� 1

�
� � 1 +

p
� 2

1 � 4�
 1

2�

�

k(2)
x =

1
a

cos� 1

�
� � 2 +

p
� 2

2 � 4�
 2

2�

�

k(3)
x =

1
a

cos� 1

�
� � 1 �

p
� 2

1 � 4�
 1

2�

�

k(4)
x =

1
a

cos� 1

�
� � 2 �

p
� 2

2 � 4�
 2

2�

�

(3.18)

where

� = 4rt 2

� 1 = 4t2 + 4rt 1 + 4Ek t2

p
1 + r 2=�

� 2 = 4t2 + 4rt 1 � 4Ek t2

p
1 + r 2=�


 1 = 2t1 + � + r� + 2Ek t1

p
1 + r 2=� + Ek �

p
1 + r 2=�


 2 = 2t1 + � + r� � 2Ek t1

p
1 + r 2=� � Ek �

p
1 + r 2=�

(3.19)

k(1)
x and k(2)

x correspond to the case whenr > 0 and when � k 0 = Ek and � k 0 = � Ek

respectively. Whereask(3)
x and k(4)

x correspond to the case whenr < 0 and when � k 0 = Ek

and � k 0 = � Ek .

Solving for these allowed for the real and imaginary regimes ofg(Ek ) and h(Ek ) to

be integrated separately, allowing for a better convergence of these integrals compared to

integrating over the entire FS with no regard for these boundaries. This can be seen in Figure

3.10 where integrating the real and imaginary regions ofg(Ek ) separately results in nearly

an order of magnitude improvement to the convergence at high integration grid densities.
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Figure 3.10: Convergence ofjg(Ek )j2 calculated on the nematically deformed� (3)
k FS when

� = � 4:8TS, t1 = 6TS, t2 = � TS, � = 1 :34TS, � = 0 :18TS, r = 0:6, and Ek = :015TS,
chosen to ensure that bothk(1)

x and k(2)
x are well de�ned and the integrand ofg(Ek ) has three

separate regions.
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DETERMINATION OF ANISOTROPY CONSTANTS VIA FITTING OF MAGNETIC

HYSTERESIS TO NUMERICAL CALCULATION OF STONER-WOHLFARTH MODEL

Contribution of Authors and Co-Authors

Manuscript in following chapter
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using the Stoner-Wohlfarth model for thin-�lms with uniaxial or cubic anisotropy. Used

numerical Stoner-Wohlfarth calculation with a least-squares �tting algorithm to �t magnetic

hysteresis of FexCoyMnz previously measured on a Vibrating Sample Magnetometer (VSM)

to determine the cubic anisotropy constants (K 1). Compared K 1-values determined via

this method to previously published values in order to establish this as a viable method of

determining anisotropy constants through VSM measurements as opposed to angle-resolved

Ferromagnetic Resonance and Torque Magnetometry measurements which are more time

intensive, thus limiting their application. Authored paper and handled review process,

including correspondance after publication.]
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