MONTANA

STATE UNIVERSITY

A rational interval of rotation numbers for periodic points in certain nonseparating plane continua
by Thor Hans Matison

A thesis submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy in
Mathematics

Montana State University

© Copyright by Thor Hans Matison (1995)

Abstract:

Let F be an orientation preserving homeomorphism of the plane that has a fixed point that is contained
in an invariant, nonseparating continuum A. If p/q is. a reduced rational in the interior of the convex
hull of the rotation set of A about the fixed point, then there exists a q periodic point in A with rotation
number p/q, provided that p/q is not the local rotation number about the fixed point and that A satisfies
certain technical requirements. We also show that the local rotation number is a point in the closure of
the rotation set of A and that if this rotation set is nondegenerate, then A is indecomposable.



A RATIONAL INTERVAL OF ROTATION NUMBERS FOR PERIODIC

POINTS IN CERTAIN N ONSEPARATIN G PLANE CONTINUA

by

THOR HANS MATISON

A thesis submitted in partial fulfillment
of the requirements for the degree

of
Doctor of Philosophy
in

Méthematics

MONTANA STATE UNIVERSITY

Bozeman, Montana

November 1995




JPut* :

APPROVAL
of a thesis submitted by

THOR HANS MATISON

This thesis has been read by each member of the thesis committee and has
been found to be satisfactory regarding content, English usage, format, citations,
bibliographic style, and consistency, and is ready for submission to the College of
Graduate Studies.

/11 Lkl
Date Marcy Barge (J

Chairperson, Graduate Committee

Approved for the Major Department

11116 ,1FjT

Date JohjprLund
Head, Mathematics

Approved for the College of Graduate Studies

Igb/K Z -fi
Date
Graduate Dean



111

STATEMENT OF PERMISSION TO USE

In pr'esen_ting this thesis in partial fulfillment for a do;:toral degree at Montana State
University, I agree that the Library sirlall make it available to borrowers undef rules
of the Library. I further agree that copying of th_is thesis is allowable only for schol-
arly purposes, consistent with “fair use” as prescribed in the U. S. Clopyright.LaJW.
Requests for extensive copying or reproduction of this thesis should be refer;‘ed to Uni-
versity Microfilms International, 300 North Zeeb Road, Ann Arbor, Michigan 48106,
to whom I have granted “the exclusive right to reproduce and distribute copies of the
dissertation for sale in and from microform or electronic format, along with the ri‘ght

to reproduce and distribute my abstract in any format in whole or in part.”

_— == >

~

Date (\[b\/waw“((@, (7%

7




v
ACKNOWLEDGEMENTS

Early influences from my family played a great roll in my getting to this point in my
education. Since Aunt Sonja received her Ph.D., I knew that I would work towards
getting one, as well. My dad, Jerry first got me interested in the sciences; he showed
me how to write with invisible ink. Both he ana Lucy, my 1’no-:m~ taught by example -

about the tenacity that one must have to finish a project such as this.

I would like to thank those who have read parts or all of the many versions of this
manuscript. I am-especially grateful to Dick Swanson and Bev Diamond for their

valuable comments and constructive criticisms.

Mostly, I Woulld‘like to thank Marcy Barge. Before I settled on a thesis topic, he
offered many possible topics, none on which I seemed to make any progress. After
the topic was chosen, his help, thfough many discussions, was invaluable. Since it
is not possible for me to remember which of the many proofs in this manuscript
originated from conversations with Dr. Barge, I am unable to individually give the
proper c.redit. Without his guidance, the thesis (in any form resembling this one)

could not have been written.




TABLE OF CONTENTS

Page

LIST OF FIGURES . . . . .. R I T I Vi
1. Introduction . .« . .. ... ... L. oL L. . L 1
2.Pre1iminaries......'...........: ....... e e 8
3. Usefui Tools . .. ... .. ...... P e 23
Periodic Disk Chains . . . . . . . . . . . .. .. ... L 23
More Tools . . . ... ..., e e e e e e e e e e e 2 7

4. Theorems, Examples and Proofs . . .. ................. -40
5. Conclusion . .. ... ... ... .. ... ..., e e e 48

REFERENCES CITED . ... . ... ... .. .. ........ . 51




Figure

—

= © 00 3O O~ w N

12
13
14
15
16
17
18
19
20
21
22
23
24
25

vi

LIST OF FIGURES

Y separates the n =3 components of C\{p} . ... .. .. ... ...
For example, II71(Cy) is contained in Urez{(z,y)|[k+ 3 <z < k+ %}
Property 4 of the SA: T' is bounded. . .. .. .. e
A = cl W*(p) satisfies the SA .(Standing Assumptions). . .. .. ..
The attracting set of the horseshoe map . . . . .. e e e
Examples of plane continua not satisfying the SA . . ... ... ...
A is contained in the interiorof D. . . . . ... ... 0oL

Lifting the spokes of the wheel . . . . . . ... .. ... ... ... .. '

Two lifts of IRz\{p} e e e e e e
“Blowing up” the fixed point doesn’t always extend to the boundary
circle. . .. ... o L e e e e
A periodic disk chain . . . . ... ... o oo
A=n¢,D, and A= N2 Dy v oo e
I"Uau Z+ must separate IR xIRY ...
I', B, and o and a component of their lifts . . . . ... ... ... ..
Three components of II™* TUBU&) .o oo
Such a K C A canmot exist. . . ... ...
H=TUKU K+ U I‘+ separates IR X IR*. . . ... .. .. .. ....
) separates {(zy)ly <k} oo
Fe(H)U H separates'theplane . . . ... .. ... . ... ... ...
GF(TY UT, separates IR x IRZ.~ e e e
A half open arc separates GF(T)UT, .. ...............
Two nonseparating continua not meeting A’s requirements . . . . . .

d(z, GN(@) <eforeveryZin H. ... . ... ... ... ...,
d(Z,GN(H)) < eforevery Z€ H . .. ... ..
Two nonseparating continua having no non-fixed periodic points . . .




Vil

ABSTRACT

Let F be an orientation preserving homeomorphism of the plane that has a
fixed point that is con't‘aJinec‘l in an invariant, nonseparating continuum A. If p/q is.
a reduced rational iﬁ the interior of the convex hull of the rotation set of A about
the fixed point, then there exists a g-periodic point in A with rotation number p/q,
~ provided that p/q is not the local rotation number a,boﬁt the fixed point and that A
satisfies cerfain technical requirements. We also show that ﬁirle local rotation number
is a point in the closure of the rotation set of A and that if this rotation set is

nondegenerate, then A is indecomposable.




CHAPTER 1

Introduction

In this chapter we briefly review some of the results related to those containea
in this thesis. We provide some historical background and givé rough statements of
our results. . , ¢

The study of celestial mechanics has been the impetus behind many advances
in mathematics. Around the turn of the century the great French mathematician
Hen.ri Poincaré (1854-1912) made m:any of his discoveries while 1n pursuit of a better
understanding of the motions in the solar system (see [P0i99]). His proof of the~
~ existence of periodic solutions in certain cases of the “three-body problem” was one
such discovery. |

From Newton’s Law of Gravitation, we knowlthat two point masses are at-
tracted tOV;Ia.I‘d each other with a force proportional to the product of the t\;vo masseé :
over the sqﬁare of the distance between them. (F = g_%%mz where G is the grav-
itational constaﬁt.) Suppose that there exist n point masses (bodi‘es)l, each with a
specified 'initial position and veiocity. “Barringh influence from any outside‘ force, what
is the equation of motion for each of the n point masses?” is the n-body problem. The
problem was completely solved by Newton for n = 2, but for n > 3 the problem grows
vastly more difficult. For such ﬁ'it became of great importance to find which initial
states yield a periodic éolution, for the existence of a periodic solution manifests itself
in that the initial state of the n bodies will reoccur after a léngth of time T', and
again after another length T' and so on.

The solution to the n-body problem for a fixed set of initialivalues has the form

_of a parameterized curve which lies on a manifold embedded in TR®". If one looks at
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all possible initial conditions, the union of their solution curves fills all of IR** and
(with their parameterizationé) describes what is called a flow on IR®". Imagiﬁe taking
a cross section of IR®™ that is everywhere transverse to this flow, and suppc;se that the
solution curve of every point in the cross section-comes back-in forward time and re-
intersects the section. We can now define a, (orientation preserving) homeomorphism‘
of the cross section back into itself by sending every point to the unique point where
its solgtion curve next re-intersects the cross section. This describes what is called a
first return map or a Poincaré map after its originator. (More information about first
return maps may be found in [GH83] or [Hc91], for instance.) Showing that there
is a periodic point under this homeomorphism is equivalent to showing the existence
of a closed (periodic) solution curve in the flow. This is one important reason why
discrete transformations such as orientation preserviné homeomorphisms of subsets
of IR®" are studied.

Since the movement of the sun and planets takes place in a near vacuum, the
frictional damping is often ignored when modeling their motion. Total énergy and to-
tal momentum are then constant quantities and the system is said to be conservative.
Therefore, when the friction is ignored, the flow for the n-body problem has the nice
property that it preserves volume. That is, given any (Lesbegue) measurable subset
U of IR®", the measure of U is the same as that of the set obtained by flowing U either
forward or backward by any length of time. By carefﬁlly selecting the cross section, 1t
may be possible to find a first return map that is also area preserving. (Incidentally,
if the frictional force is taken into account, the system is said to be dissipative and
the resulting flow is volume contracting.) /

In 1909, Poincaré made a conjecture which, if proved to be true, would guar-
antee periodic solutions for a certain class of initial conditions in the three-body

problem. In the following two years Poincaré was only able to verify the truth of his
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conjecture in special cases. Nearing his death, he wrote to the -editoi“ of a mathematics
journal: |
“...at my age, I may not be able to solve it, and the results obtained,
susceptible of putting researchers on a new and'unexpected path, seem
to me too full of promise, in spite of the déceptions they have caused me,

that I should resign myselft6 sacrificing them...”[Bel37].

A short time after this conjecture was published [Poil2], Georgé Birkhoff proved
what has become known as “Poincaré’s Last Geometric Theorem” or the “Poincaré-
Birkhoff Theorem” (in [Bir13]). A rough statement of this theorem is as follows:
Suppose that A is an orientation preserving homeomorphism of the closed annulus
that advances one boundary component clockwise and the other counterclockwise.
If h is area preserving, then the annulus possesses at least two poiﬁ-ts that are fixed
under A. In fact, a corollary to this theorem guarantees an infinite number of periodic
points, whose union of rotation numbers is all the rational points in an interval of
real numbers. (A I;recise statement of the “advancing'of the boundary components”
requires passing to the universal covering space, since advancing by a clockwise angle
« cannot otherwise be distinguished from a counterclockwise angular change of 27 —«.
Precise definitions of terms pertinent to this thesis are in Chapter 2.)

Since its proof in 1913, generalizations of this theorem have been proven by
Birkhoff in [Bir26] and recently by Franks in [Fra88]. (An éxcellent expository arti-
cle giving a detailed pr0(‘)f based on Birkhoff’s original may be found in [BN77], by
Brown and Neumann.) Franks’ result guarantees at least two fixed points for the
open, closed, or half open annulus. Instead.of requiring the h(_)meomorphism to‘ be
area preserving, he employs the weaker hypothesis that every point be n.onwaﬁderin-g,
a,n(i instead of rotation of boundary components, he requires that there exist two

open disks, of which one goes around the “hole” of the annulus clockwise and rein-
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tersects itself, while the other reintersects itself after going around counterclockwise.
Additionally, theorems for other planar sets have been discovered that are closely
related to the Poincaré-Birkhoff Theorem in that periodic ofbits are shown to exist
based on “something” rotating clockwise and “somethiﬁg” rotating counterclockwise.
Typically, the planar- set is a continuum (it is compéct and connected) and is in-
variant under an orientation preserving homeomorphism of the plane. Under certain
rotational conditions, the existence of periodic points has been shown by restricting
attention to one of these invariant sets. Many of the planar conﬁnua, tha;t have been
studied fall into one of two categories. Either the continuum separates the plane into
exactly two components (as ’does' an embedde‘d'circle), or it does not separate the
plane at all (as in the case of a closed interval in the plane). We review some of the
results for these kinds of continua. |

Poincaré began the study of plane separating continua with his study of circle
homeomorphisms. He defined the rotation number of a homeomorphism as a measure-
ment of the average angular advancement and showed that for orienj;ation preserving
homeomorphisms, it is in‘dependent of the point on the circle from which it is calcu-
lated. Loosely speaking, for a givep homeomorphism, every point on the circle must
be moving around clockwise, every point must be moving counterclockwise, or every
point must tend toward a fixed point on the circle. If a circle is embedded in the
plane and is invariant under an orientation preserving homeomorphism %, one can
calculate its rotation number. If that rotation number is rational, say p/q with p and
q reiatively prime, then there must be a periodic point of the circle with period equal
to ¢. Furthermore, if there are other periodic points in this circle, they must also be of
period q. If the rotation number happens to be irrational, then there are no periodic
points. (These facts about circle maps with their proofs can be found in Devaney’s

book [Dev89].) An invariant circle is in some sense too simple to simultaneously have
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some points moving clockwise and others counterclockwise under a homeomorphism.
To support this kind of phenomenon, the invariant set must be topologically more
complicated. A strategy that has been useful in the study of comple)'c invariant sets
is to consider the rotation of the continuum as viewed from its complement, [Wal91].
Suppose that W is an open, connected and simply connected set in either the
plane or its one point compactification, the 2-sphere (IR? U {oo} ~ 5?). The set W

must, therefore, be a topological open disk. Let & be a homeomorphism of IR? (or 52)

and suppose that W is invariant under &. If the boundary of W, OW is connected, -

it may be either a separating or nonseparating continuum. In either case, W is also
h-invariant. A point z.of OW is said to be accessible from W if there is an arc lying in
W UOW such that the intersection of W and the arc is the singleton {2}. The set of
all points accessible from W, A is invariant. (If z is accessible, so must be h(z).) The
restriction of h to A induces a circle homeomorphism Which has a well defined rotation
number. This rotation number is called the prime end rotation number from W, as it
Iﬁay be obtained from Carathéodory’s theory of prime ends [Carl3]. (See [Mat82] or
[AY92] for a modern reference to prime end theory, or see [BG9.1b] for another method
of determining the prime end rotation number.) Using prime end theory, Cartwright
and Littlewood showed in [CL51] that if a nonseparating continuum is invariant under
an orientation preserving homeomorphism of the plane, then thé continuum must
contain a fixed point. O.H. Hamilton gave a short proof of this fact in [Hamb4],
and M. Brown has produced a one page proof using different methods in [Bro77]. A
related theorem by Barge and Gillette states that every invariant continuum whose
complerﬁent has exactly two components contains a fixed point if one of the prime
end rotation numbers is zero [BG92]. In the same paper they sketch yet another proof
of the Cartwright-Littlewood theorem.

Birkhoff began the investigation of certain topologically complex plane sep-




6

arating continua in with his “remarkable curve” paper of 1932. [Bir32] A. plane
separating c&ntinuum can be viewed as containing the boundaries of two invariant
open topological disks, one of which contains the point at infinity. From this per-
spective, it is possible to obtain both an interior and an exterior (prime end) retation
number. While an invariant circle must have the same interior and exterior-rotation
nurhber, Birkhoff’s invariant remarkable curve Ha,s the property that they are differ-
ent. Charpentier, in [Cha34], showed just how remarkable this continuum is, when
he gave a proof that it was indecomposable. A continuum is indeco.mposable if it is
not the union of two of its proper subcontinua. (See [HY61] or [Kur68] for some of
thé peculiar properties of indecomposable cbntinua-.)

A common requisite needed to prove the existence of certain peﬁodic boints
is that the continuum be an attractor. (There are maﬁy possible ways-to define
attractor, one being that nearby points limit on the continuum.) In maps which arise
from physic:ﬂ applications where friction is present, this ié a property that one can
often expect. Birkhoff’s remarkable curve and the invariant sets derived from the van
der Pol equations are examples (see [CL45], [CL51], [Lev49], [LeC88], and [GH83]).

-,Under an assumption that the continuum is attracting, Alligood and Yorke obtain
accessible periodic points based on prime end information. In contrast, Barge and
Gillette in [BG91b] show that there is a rational interval (all rational numbers in a
real interval) of rota'ti‘on numbers for periodic points for irreducible plane seiaaratiné
continua without requiring that the continuum be attracting. (“Irreducible” in this
context means that no proper subcontinuum separates the plane.) ANothing is said,
however, of the acceséibility of any of these periodic points. They also prove that the
interior and exterior rotation numbers are in the convex hull of the rotation set of the
continuum where the rotation set of the continuum is the union of all the rotation

sets of all points contained in the continuum. If there are two different points in the
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rotation set, they show that the continuum is indecomposable (see also [BG91a]).

The results of t.his thesis are concerned with the rotation of certain invariant,
nonseparating continua about a ﬁxed point p that is in the continuum. Mos"c closely
related, perhaps, is Barge’s paper [Bar|, where he takes the compact closure of an
immersed line, splits it open along the line, and transforms. it into an irreducible plé,ne
separating continuum. Uéing this method he is, again, able to prove the existence
of a rational interval of rotation numbers for periodic points. The continua that we.
consider include ’;he nowhere dense, compact closure of an immersed line. We prove a
similar result and show that if there is a point of the continuum that rotates clocl;vvise
about p and another point that rotates counterclockwise about this fixed point, then
the continuum must con’éain a second fixed point provided that the local rotation
about p is nonzero. These hypotheses actually insure an infinite number of periodic
points and guarantée that the continuum be indecémposable. Many of fhe arguments
. presented in this thesis are modifications of those found in [BG91b], from the compact
case of the closed annulus to the noncompact case of the punctured plane (or oﬁen'
" annulus).

Chapter 2 contains preciée definitions and some examples 1';0 illustrate some
of the more technical concepts. In the third chapter Wé introduce the notion of a
periodic disk chain and prove several lemmas that will be used to substantiate the

main results. These results, their proofs, and more examples are in Chapter 4.




CHAPTER 2

Preliminaries

In this chapter we make the necéssary definitions, including defining the planar
" sets that will be considered. We make precise the notion of a rotation set and prove
some baéic results for nonseparating plane continua.

Throughout this thesis, F' will be an orientation preserving homeomorphism
of the plane IR? onto itself. We will assume that A is a subset of ]Rzr that is an
invariant continuum. By invariant, we mean that F'(A) = A, .and by continuum, we
mean a compact and connected set. ([Mun75] is a good basic topology reference.)
We suppose that there is a point p in A that is fixed under F'. That is, F(p) = p.

Suppose further that A has the following four properties:

Standing Assumptions

1. A does not separate the plane. (The complement of A is connected.)
2. A is nowhere dense. (A contains no open disks.)

3. There exists a topological n-od Y and closed disk A such that Y ¢ A C TR?,
the vertex of Y is p, the endpoints of Y are in the boundaryl of A, and all
non-endpoints of ¥ are contained in the interior of A. If C' is the component
of AN A which contains p, then. C\{p} has exactly n components, with ¥’

separating distinct components of C\{p} in A (see Figure 1).

Property 3 will sometimes be referred to as the “spokes of the wheel” property. It

will be used in defining the local rotation about the fixed point p.




Figure I: Y separates the n = 3 components of (7\{p}

Fix a component Co, of C\{p} in A, then label each of the other components C\, C2,
... ,Cn-i in a counterclockwise order from Co- There exists a universal covering map
Il : IR x IR+ —» IRA{p} such that II(x +1,y) = n(z,p) for every (z,p) G IR X IR+
and 11-1(Cj) is a subset of

for each component Cj of C\{p} (see Figure 2). The universal covering space of the
punctured plane IR2{p} is usually taken to be IR2, but for convenience we use the
homeomorphic open half plane IR X IR+. ([Mun75] is a good reference for covering

spaces.)

Definition 2.1 For each z G A, we define the composant determined by z, Cz, to be

the union of all proper subcontinua of A that contain z.

Fix the above covering map Il, and as one additional restriction on A, assume the

following:

4. For every z in the composant determined by p, there is a subcontinuum F of
A, containing both p and z, such that every component F of n-1(F\{p}) is

bounded (see Figure 3).
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Figure 2: For example, Il 1(Ci) is contained in Ukez{(z,2/)|& + | < x < A+ 8}

Definition 2.2 Given a subset F of IRz and U a subset of the complement of F, a
point p of F is said to be accessible from U provided that there isan arca in f/UF
such that Gfl F = {p}. If U is not specified and if p is accessible from IR:\r, p is

simply said to be accessible.

I believe that it is the case that if for each z G Op, there is a subcontinuum F = F(z)
of A, containing both p and z, such that p is an accessible point of F, then there is a

covering map Il, such that Property 4 is satisfied.

Remark: The Standing Assumptions, Properties 1-4, will be denoted as SA
throughout this thesis.

We give an example of an invariant set that has the properties of A Sup-
pose that p is a hyperbolic saddle of an area contracting, orientation preserving C1-
diffeomorphism F : IR2 — IR2. The unstable manifold Wu(p) = {z G IR2|C"(z) —

p as n ——o0} of p is an immersed line, the continuous one-to-one image of the reals.
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Figure 3. Property 4 of the SA: P is bounded.

Suppose p is contained in the interior of a closed disk D and F(D) C int D. The
closure of Wu(p) is then compact. For A = cl Wu(p), there is a disk A containing
p such that the component C of A fl A that contains p is homeomorphic to a closed
interval and C\{p} is the disjoint union of n = 2 half open intervals (see Figure 4).
This situation occurs in the horseshoe map. (See (Figure 5) and see [Sma62],
[Sma63] or [GH83] for more on the Smale horseshoe.) The homeomorphism F of the
plane can be constructed so that it is area contracting and the attracting set A, which
contains the nonwandering Cantor set, is contained in a closed disk that is mapped
into its interior. Ahas two fixed points, one accessible (the “endpoint”) and one which
is not. Let p be the inaccessible fixed point and let A be the closure of its unstable
manifold. Then A satisfies the SA. Since F contracts area, A is nowhere dense and
nonseparating. The local unstable manifold of p provides the n = 2 spokes of the
wheel, which are interchanged under each iteration of F. In this case, the composant
determined by p is its unstable manifold. For any z in Wu(p), the unique arc F which

is contained in Wu(p) and has p and z as its endpoints meets the requirements of
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Figure 4. A= cl Wu{p) satisfies the SA (Standing Assumptions).

Property 4.

Though it is not necessarily the case that given any diffeomorphism as above,
the unstable manifold of p must equal the composant determined by p, this is the
case in many interesting examples.

Next, we give examples of sets having any three of the defining properties of

the class of plane continua containing A but not the fourth (see Figure 6).

Example 2.3 A depicts the union of a circle, its center p, and a path which begins
at the centerpoint and spirals outward to limit on the circle. (By a path, in this
instance, we mean a set homeomorphic to a half open interval.) This union separates
the plane but has the last three properties of A If p is a boundary point of a closed
disk as in Example B, the disk has Properties I, 3, and 4, but not 2 since it is not
nowhere dense. Let C be the Cantor set and let E = C x (0,1]. Example C illustrates
the one point compactification of E, E U {p}, a Cantor fan. Properties I, 2, and 4

are satisfied but there is no disk and n-od as in Property 3. The fourth property
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r-i/

Figure 5. The attracting set of the horseshoe map

Figure 6: Examples of plane continua not satisfying the SA
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is not satisfied by a set consisting of the union of a closed line segment containing
p and a path (as in Example A) spiraling onto the line segment as in Exajmplé D.
The first three properties, however, are satisfied. These examples demonstrate the

independence of the four properties of the SA.

In the following claim and lemma we need only assume that A is ény nonsep-

arating plane continuum.
Claim 2.4 The complement of A in ]R2 is homeomorphic to a punctured plane.

Proof: Since A is closed and nonseparating, U, =I IR*\A is open and connected,
and is therefore path connected. Let IR? U {oo} be the one point compactification of
IR? and v be any simple closed curve in the path connected set U, U {oo} From' the
Jordan Curve Theorem, the complement of v in IR* U {o5} consists of two disjoint
open disks A and B, having 7 as their common boundary. Since A is connected, it A.
must lie entirely in one of A or B. Assume then, that A C A. It must then be the case
| that B U~ is a closed disk which is disjoint from A. It follows that  is contractible
to a point in (BU«) C U,U{co} and since v was arbitrary, every s'in"lple closed curve
in U, U {co} must be contractible. Therefore U, U {oo}, being open, cohnected and
simply connectéd, is a topological open disk. By removing the point co, we conclude

that U, a topological punctured plane. ‘ O

Lemma 2.5 There ezists a nested sequence {D,}2, of closed disks, each containing

A in its interior, such that A = N2, D,.

n=1

Proof: From Claim 2.4 there is a homeomorphism % : IR?\{0} — U,, where U, =
IR?\A. We may assume that for every sequence {2, }nen in IR”\{0} with |2,| — 0, we
- have d(¥(z,), A) — 0. For every positive integer n, let A, = {z € R*\{0} , |z| < 21)
and let D,, = AU(A,). Now, the interior of (A,) is that part of U, which is in the
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bounded compoﬁent of the complement of the simple closed curve % ({z \ lz| = £1}),
while (A,) is the union of this subset of U, with #({z . |z| = %}). Therefore,
D, = AU%(A,) is the union of a simple closed curve and the bounded component
of its complement in IR?. That is, each D,, is a,. topologicé,l closed disk.

To see that D,4; is contained in D, for each n € IN, let 2z € D,yq = AU
$(Anp1). Iz € A then z € D, = A Utp(An). I 2 € (Anpa), then 72(2) is in Anss
so [p1(2)| < _|_ . Since T—T is less than X, ¥~!(2) must also be an element of Ay,
implying that z is in %(A,) which is contained in the interior of D,,. Since A is a '
subset of D11 and Dn;,_l C intD,,, we also have that A is contained in the interior of
D,.

Since A C D, for every n, A is contained in N, D,. In order to show that
N, D, is contained in A, let z be an element of N, D,. Then z € A U (A4y,)
for every n € IN. If z is not in A, z must be in %(A,) for every positive integer
n. However, for n larger than W, $~!(2) cannot be in A, since |[¢p~!(2)] > =
Consequently, z must have been in A, establishing that A = N7, Dy. O

In the remainder of this chapter, we assume that A is not only an invariant
nonseparating continuum, but also contains the point p and satisfies Properties 1-4
of the SA.

There is a closed topological disk D contammg A in. its interior such that
D = I7YD) = {(z,y) € R x R* |y < &} for some k£ > 0. Let A = I 1(A\{p})-

Then A is contained in the interior of D as in Figure 7 and
Claim 2.6 A has fﬁe following properties:

1. A is nowhere dense.

2. A is a closed s-ubset of IR x R*.

3. No closed subset of A separates R x IR,
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I n

Figure 7. A'is contained in the interior of D.

4- 1f (2,y) GA, then (2+ n,y) GAfor everyn ETL.

Proof: If A were not nowhere dense, it would contain a set U which is open in
IRX IR+. Since Il is a covering map, it is open (open sets map to open sets). Therefore,
U(U) would be an open set in the plane that would be contained in A Since A is
nowhere dense, this cannot be the case.

In order to show that Ais closed, we show that its complement is open. Let z
be a point in (IR X IR+)\A. Since Il is a covering map, it is a local homeomorphism,
so there exists an open set U containing z such that | | is an embedding. Since
IR X IR+ and IR2 are both surfaces, U = II(C2) is an open set in IR2. Let V be an open
set in IR2such that z EV and MHA= 0. Ifwelet W = VUU and W = LP1(lz)DU,
then H maps W homeomorphically onto the open set W so that W must be open in
IRXx IR+. Since z is in IF and IFfl A= 0, we know that z GIF and IFIl A—O. The
point z was arbitrary, so (IR x IR+)\A is open, implying that A is a closed subset of

IR x IR+.
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To show that no closed subset of A separates IR x IR*, let H C A be closed
and suppose to the contrary that H does sepzirate IR x IR*. Let  be large enough
so that if T = {(z,y) € R x IR* |y > &}, then UN A = @ . The set (IR x RT)\H
is disconnected by hypothesis, so there exist distinct connected components A and B
of (R x IR*)\H. Since H is closed, A and B are open in IR x IR*, and since II must
be an open map, A = II(A) and B = II(B) are open in IR®. The set A is nowhere
dense, hence there exist points a € A\A and b € B\A. Claim 2.4 states that IR*\A
is a topological punctured plane so it is path connected. Therefore, there must exist
arcs & and B from a to an arbitrary z € H(ﬁ ) and from b to this z, respectively, such
that c NA = @ = B A A. For convenience, we may choose o and S to be disjoint.
The arc « can be lifted to an arc & Witil one endpoint in A and the other in U, while
B may be lifted to ﬁ , an arc in IR x IR with an endpoint in B and one in U. Since
anp =40, it' must be the case that &N B = @. U is path connect'ed, so & and § may
i)e joined with a third arc 7, which connects the endpoint of & in U with the endpoint
of Bin U, such that & N7 and E N7 are singletons. That is, a U U (8 is an arc from
A to B which ié disjoint from H, coﬁtradicting A and B being distinct components
of (IR x IR*)\H. Therefore, (IR x RT)\ H must have exactly one component.

Finally, the foﬁrtil }property in the claim follows immediately from the fact
that II(z,y) = [I(z + 1,y) for every (z,y) in R x IR%. m

The restriction of F' to the plane punctured at p, F |R2\ {3 lifts to an orientation

preserving homeomorphism F:R xR'— R x IR" so that the diagram:

~

RxRt £ RxR'

n| ) |

R\{p} Flr\{n} IR*\{p} commutes.

That is to say I o F= Flge\gpy 0 1L
For any z € A\{p} we have that following:
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Definition 2.7 The rotation set p(z, F') with respect to the chosen lift 7 of Flpe\ gy -

is the closed interval

~ el Sy 1 =
p(z, F) = {liminf —r-0 F™(Z),lim sup l7r1 o F*(%)
. = n n—co N

where 7 is any element of II7(z), 7y is the first coordinate projection, and F "(Z) =

Fo..oF(z). We define the rotation sét .of A with respect to F' to be p(A,F) =
n times

Useav(} 2(%5 FY. I p(2, F) (or p(A, F)) degenerates to a singleton, p(z, F') (or p(A, F))

will be refered to as the rotation number of z (or of A)."

One can show that an equivalent definition of the rotation set of z is the set of all
limit points of the sequence {7y o I "(Z)}e2,. It is important to note that, thougil
the rotation set p(z, F) is independent of the choice of Z € II7}(2), it does depend
on the choice of the lift 7. However, if F' and F' are two lifts of F|g2\(y, there is an
integer j such that for any z € A\{p}, we have p(z, F') = p(z, F) + .

Next, we define what is meant by the local rotation number about p. Let

1<j<n

t= min {ma,x{y (2,y) € H—l(oj)}} and let W, = {(x,y) € R x 111+)y < t}.

From the continuity of F' and the properties of I and F , theré exists an s > 0
such that if W, = {(z,9) € R x R*|y < s}, then ﬁ’(Ws) C Wi Let ke Z and
j = k(mod n). Let Cj be the unique component of II7*(C;) which is contained in‘
{(z, )| <z < k—gl} (see Figur'e 8). For a fixed lift F of F, there exists a unique
integer u such that F (é’k N Ws) C ék+p for every k € 7Z. Therefore, the natural
ordering of the Ci’s is preserved by F in the following way: If Wl(ék) < Wl(ém), then.
F(C,aW,) € Criu, Crmru contains F(Cnn Ws) and 71 (Crpp) < 71(Conrp)- (By

71(6’k) < Wl(ém), we mean that 71(%) < 71 (@) for every 7 € Cr and every @ € C~’m)

Definition 2.8 The local rotation number at p with respect to F, denoted by pi(p, F),

.will be defined to be the rational number ;‘;—
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Figure 8: Lifting the spokes of the wheel

Loosely speaking, F rotates the “spokes of the wheel” about p. The local rotation
number is a measurement of the number of spokes rotated through under F, relative
to the total number of spokes emanating from p. It is nothing more than this, as the

following example illustrates.

Example 2.9 Let Abe the union of p and two half open arcs (each homeomorphic to
a half open interval) which spiral onto p as in Figure 9. Let F be a homeomorphism
of the plane that leaves A invariant, fixes p, and interchanges the two spiral arcs.
F can be chosen so that as z approaches p, the direction of the vector F(z) —z
approaches that of a radial vector from p to z. One might suspect that p;(p; F) = 0
for an appropriate lift F, but with our definition of the local rotation number, this
iIs not the case. Since the arms of A are interchanged, p;(p; F) must be 1/2 (plus
an integer). Note also, that in the figure, H is not an appropriate covering map of

IR2{p}, since if F is one of the spiral arms, components of I1-1(F) are not bounded
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as Property 4 of the SA requires. IP, however, does meet the requirements.

Figure 9: Two lifts of IR2A{p}

There is another way in which a rotation number in the neighborhood of a fixed
point has been defined. Franks defines an infinitesimal rotation number for a fixed
point p of a planar diffeomorphism in [Fra90]. This number is obtained by removing
the fixed point and radially “blowing up” IR2A{p} to IRA c\(D) (where CI(2) is a
closed disk centered at p). The induced homeomorphism of IR2\ (cl(D)) extends to
a homeomorphism of JR2AD and the infinitesimal rotation number is defined to be
the rotation number of homeomorphism restricted to the boundary circle dD. The
infinitesimal rotation number is not the same as the local rotation number. Figure 10
provides an example of a nondifferentiable homeomorphism where this blowing up of
the fixed point does not extend to the boundary circle (so no infinitesimal rotation
number is defined.) In this figure, A consists of the fixed point p and two arms, each
an embedded half open line segment, that limit on p. The first arm is contained in

a radial line from p and the other contains an infinite number of bends as it limits
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on p. Choose F to be a homeomorphism of TR? such that F(A)=A, F(p) = p and ‘F
interchanges the two arms. After blowing up p, the first arm limits at a single point
on the circle D, but the other arm limits on a nondegenerate arc onjthe circle. If
the homeomorphism on IR?\ (cl(D)) were to extend to a homeomorphism of IR?\ D,
it would have to be the case that the point of 0D on which the first arm limits would
have to be mappéd onto the entire arc of D on which the other arm limits, an
impossibility. The local rotation number is defined for this example, however. With

the appropriate choice of a lift, p;(p; F)=1/2. For any other lift, the local rotation

number in an integer plus 1/2. We conclude this section with the following:

Conjecture 2.10 If both the local and infinitesimal rotation numbers are defined,

then they are equal.
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Figure 10: “Blowing up” the fixed point doesn’t always extend to the boundary circle.
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'CHAPTER 3

Useful Tools

Periodic Disk Chains

The following definition is due to John Franks, [Fra88].
Definition 3.1 A periodic disk chain of a surface homeomorphism G : M — M
is a finite collection {U;}:_, of open topological disks U; C M with the follovviﬁg

properties:
1. GU;)NU; = @ for each 1 € {1,2, ..., k},

2. UiNU; =@ ifi #5 , and

3. There exist positive integers m; for each i € {1,2,...,k} such that G™(U;) N
Uipr # @ for 1 # k, and that G™(Ug) N Uy # @ (see Figure 11).

Proposition 1.3 of [Fra88] states that the existence of a periodic disk chain for an
orientation preserving planar homeomorphism G implies that "chere is a fixed point
for G. This is a generalization of Brouwer’s theorem: Every orientation preserving
homeomorphism of the plane that contains a periodic point must also have a fixed
point (see [Brol2] and [Bro84]).

For the remainder of this thesis we will assume that A is an invariant continuum
that contains aJ. fixed point p, and that A satisfies all the properties of the Standing
Assumptions (SA). In the following lemma, however, only Property 1 (A does not
separate the plane) of the SA is required. (Properties 2-4 are not needed.) As in the

previous chapter let A be the lift of Alg,.
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Figure 11: A periodic disk chain

Lemma 3.2 Suppose that $ : IR x IR+ — IR x IR+ is an orientation preserving

homeomorphism satisfying these hypotheses:

1L QoT = ToQ where T : IRx IR+ — IR X IR+ is the deck transformation

T(x,y) = (x +1,y). (i.e. Q is a lift);
2. 0(A) = A

3. There exists an integer m and positive numbers r and g, such that if G = Qm,

then d(z,G(z)) > g for every z with #2(z) < r; and
f. G|~ has a chain recurrent point.
Then there is afixed point of Q which is in A

Proof: As in Lemma 2.5 let {Dn})f=1 be a nested sequence of closed disks such
that A= AM1A 1 where A = 1I(A) is contained in the interior of each Dn. Then (as
in Figure 12), A = A”I1Ai, the nested intersection of topological closed half-planes

Dn = IT 1(Ai), each containing A in its interior.



Figure 122 A= n"™=1Dn and A= PI"L1A 1
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Proof by contradiction: Let X be the fixed point set (;f G and suppose that
for some n we have D, N X = @. Let V be the component of (R x RY)\X that
contains D, (so é(V) =V)and let P: IR® = V be a universal cover. Since D,
is simply connected, P‘l(ﬁn) has a countable number of components (infinite if V'
is not simply connected or exactly one, otherwise) such that the restriction of P to
any one of these components is an embedding. Let ' be a component of P~Y(D,)
and let A’ = C 0 P7Y(A). There is an orientation preserving lift ¢ : IR? — IR? of
G |v which maps A’ homeomorphically onto itself. We will first prove the result under.
the assumption that there is a periodic disk chain {U;}r, for é, with U; ¢ D, for
i € {1,2,...,k} and then show that such a chain exists. For each ¢, let U; be the
unique component of P~1(U;) having nonempty intersection with C. Then {U;}5,
is a periodic disk chain for the orientation preserving homeomorphism ¢ of IR?. By
Franks’ proposition, there is a fixed point z of ¢ which implieé that P(z) € V must
be fixed by G. This contradicts the fact that V is contained in the complemenf of the ’
fixed point set. Thus, G must have a fixed point in every half-plane D,.. In fact, by '
tiqe first hypothesis, there must be a fixed point in {Z] 0 < m1(2) < 1}, while the third
hypothesis implies that if Z is fixed, then m3(2) must be greater than or equal to r.
Therefore, for every positive integer n, there must be a fixed point Z, in the compact
set D, N {Z|r < m(2) < M and 0 < 71(Z) < 1} where M =max{m3(Z)|Z € 51} A
limit point of {Z, }new is in A = N2, D,, and is a fixed point of G. ‘

This fixed point of G in A is a periodic point of (not necessarily least) period
m for ® since G = ®™. At this point, note that if we had made the assumption
that, G have a periodic point in A instead of assuming that there is a chain recurrent
point of G %, we could have lifted the periodic orbit to C C IR? instead of lifting
the periodic disk chain. There would then -exist a fixed point of g : R? — IR? by

the Brouwer theorem. We could then proceed to arrive at the same conclusion: G
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has a fixed point in D), for every n € IN. Now, this is precisely the situation for ®.
That is, ® has a periodic orbit in .7\ implying, by the above discussion, that there is
a ®-fixed point in every closed half-plane D,.. Since ea,c‘h fixed point must also Ee
fixed by G, Properties 1 and 3 require that there is a sequence of ®-fixed points in
{Z|r < m(2) < M and 0 S 71(2) < 1}. A limit point is in A and is fixed under ®.

What remains to be shown is that G has a periodic disk chain {U;}5, with
U, cD,fori=1,2,...,k. '

_ Cla,_im: There exists a positive § such that every set with diameter less tha;n § which
intersects ./K,is contained in En.
The proof of this claim is a modification of a proof of a similar result given by Franks:
in [Fra88]. |
Proof of Claim: Let ¢ = Imin{m(2)|Z € dD,}, let T = max{my(Z)|Z € 8D,} and
let = {7 € Rx IR0 < m(2) < 1ahd t < mp(7) < T}. Then S is compact so
8D, N S and AN S are compact as well. If 6 is chosen to be one half the distance
between 8D, NS and AN S if AN S is nonempty or equal to ¢ otherwise, then this 6
has the desired property.

Now, having this § , let {Z = 21, %,..., 2541 = 2} C [~X be an e-chain from Z
to itself, where e = 3 min{§,7}. There exists a collection {U;}-_, of open topological
disks such that % and G(%;) are in Uy, and for each i € {2,3,...,k} we have % and
G(%i-1) in U;. It is possible to choose {U;}i, so that Ui U; = @ if ¢ # j and the
diameter of each U; is less that 2e (see [OxtT7]). {(7}}4“=1 is then the required periodic

disk chain. : ' |

More Tools

Notation: For any set S C IR x IR*, let [S denote the infimum of 7,(5) and let S

denote the supremum.
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For each z in the composant determined by p, let I' = I'(z) be a éubcontinuum
of A which contains both z and p and has the property that for every component
T' of I~Y(T'\{p}), the infimum and supremum of {m(%)|z € I'}, (ie. [I' and I7)
are both finite. The fourth property of the SA guarantees thé existence of such a
subcontinuum.
Lemma 3.3 Ifﬁ C 1~X is bounded, then for every ¢ > 0 there is an L € IR such that
if K C A is any continuum with [K < [H—-L and H| + L < K| then d(3,K) < ¢

for every Z in H.

Lemma 3.4 For every ¢ > 0, there exists an L € IR such that if K C A is a

continuum satisfying: K| — [K > L, then, II(K) is e-dense in A.
The proofs of these lemmas will use the following two claims:

Claim 3.5 Letx >0 andlet S C IR><]R+ be closed and connected. Suppose that there
ezist real numbers, M and m such that §] < M and m < [S. If SN (R x {k}) # @
and inf{yl(z,y) € §} = 0, then {(z, 90 <y < &\S has at least two distinct
components, one of which contains W~ = {(z,y)|z <mandy < k} and another of

which contains W+ = {(z,y)|z > M and y < }.

Proof: Let I = {(z,y)|z < m and y = x/2} and let I* = {(z,y)|z > M and
y = £/2}. Then I~ C W~ and I C W*. If we suppose that W~ and W are in the
same component of {(z,y)|ly < k}\S , there exists an arc « from the endpoint of I~

to the endpoint of [T with

l.anS=09,
2. an(IZUilt) ={(m,x/2),(M,x/2)}, and

3. T = sup{y|(z,y) € o} < k.
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{y = «

m M

Figure 13: Z UaUZ+ must separate IR x IR+

Then Z Ua U Z& is a curve which separates IR x IR+ into two components as in
Figure 13. Let Ut be the component containing {(z,y)\y = /c) and let W be the
component containing {(z,y)\y — 6/2} where 8 =min{t/|(z,y) E a} > 0. Since
Sn{(zy)ly = k} 0 wehave 5DZ / 0, and since inf{y|(z,y) E S} = 0 we
have SDZ67%0. Thus, {5 AZ,5 AUb) is a separation of 5, contradicting S being

connected. n

Claim 3.6 Suppose that F C IR x IR+ is an open set containing the point z of K.
Then there exists a number L such that every continuum K C A intersects V if

\K < TI(S) —L and T(2) + L < K].

Proof: Let K> 0 be such that Ac o —{(z,y)ly < k} and let B be a closed disk
with ze B and B C V C\D. Let B = II(B), z = Il(z) and D = LI(B). Since A'is
nowhere dense in IR2, there exists a w E B\A, and since A doesn’t separate the plane,
there is an arc a from w to 11{(z, y)\y = k} (the boundary of B) with a AA = 0.
Every composant of A is dense in A, so there exists a point y e B such that y is in the
composant determined by p. Let C be a proper subcontinuum of A which contains

both y and p, and let F' be the closure of the component of C\B that contains p.
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If ' C IV is the continuum that irreducibly contains p and intersects B, then I is
a subcontinuum of A with I' N intB'z @ and I' N B # @. (See Theorem 2-16 of
[HY61], the “Going to the Boundary Lemma”.) Let T’ be a component of II=*(T)
such that TN OB # @ and TN intB = @, and let & be a component of II~'(a) having
nonempty intersection with B. Finally, let M = max{ I'], B],&] } + 1 and let m =
min{ [T, [B, [& } — 1 (see Figure 14). | '

“We have assumed (by Property 4 of the SA) that I" is bounded. This, and the fact
.that & a,nd.B are also bounded imply that m and M are finite, so the set S =TuBua
satisfies the hypothesis of Claim 3.5. |

More Notation: Let j = [(M —m)] (where [ ] ié the greatest integer function) and

for S C IR x IRY, let

Sy ={(z +j,y) € R x R¥|(z,y) € S} and
S- ={(z —7j,9) € R x R*|(z,y) € S}.

In this notation, we have f‘+ and T'_ céntained— in ZN\, since 7 is an integer and I'cA.
Also, note that both of I'y UB, Ud&, and T'_ U B_ U&_ are closed and connected
' sets which satisfy the requirements for the set S in Claim 3.5 (see Figure 15).

Let L = 2(M —m) and K C & be a continuum with [K < m1(2) — L and m(Z)+L <
K. Since K C A, it must be the case that K C D. Itis also true that (TUBU®&)] <
K] and [K < [(T UBU&), so by Claim 3.5, KnTuBuUua&) # @. Similarly,
(F_uB_uUa_)] < K] and [K < [(F-uB_ua._)imply that KN(T_UB_U&-) # 0,
and (T;UBLUEL)] < K] and [K < [(T4UB, U&,) imply that KNI UBLUa) #
.@. However, none of a_, 5;, or &, meets A, 50 ea,éh of KN (f‘_ U B_), KN (Tu B),
and KN (T'y U B,) is nonempty. Now, if K N B # @ we are done, so assume thé,t
KB = @. Thisforces K NT to be nonempty. K NT # @ requires that KEnT_.=0

and K NTy = O since, for exé,mple,‘ if K NT_ is not empty, then we would have
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dD ={y = k}

\y

Figure 14: F, B, and a and a component of their lifts
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m M

Figure 15: Three components of II-1(f UB U5)

F_ U/ UF a closed subset of A which separates IRx IR+. This cannot occur according

to Property 3 of Claim 2.6.

Figure 16: Such a A' c A cannot exist.

Therefore, if K DB is empty, K must have nonempty intersection with each of B_, F,
and B+ (see Figure 16). It will be shown that a K having these nonempty intersections
does not exist, so that K must then have a point in common with B.

Subclaim: B = f UA'UK+UTf + separates IR x IR+ (see Figure 17). *

Proof of Subclaim: For 6 = min{y|(x,y) € A} and M = max{ f],B],5]} + I, we’ll
show that the points (M, 6/2) and (M, «) lie in distinct components of the complement
of H (as in Figure 18). If not, there is an arc from (M, 6/2) to (M, k) which is disjoint
from H. Let Abe the union of this arc with the half open arc {(x,y)\x = M and

0<3<6/2}
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v

o\ "\«

Figure 17 H = T LiK L K+ Uf + separates IR x IR+.

(M, k)

Figure 18: Aseparates {(x,y)\y < k}
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Now, A must separate {(z,y)|y < &} (Claim 3.5) in such a way that one component,
W=, of {(z,y)|ly < «}\A contains I and another, W+, contains f‘+. That is, fcw-
and Ty ¢ W+. Since TNK # @, K must also lie in W—, and since T, nK, + 0,
E+ is contained in W*. To arrive at a contradiction, we will show that K N jc(:+ # 0,
since § € Kn E+ will be in two supposed disjoint sets, W~ and Wt.

The set I' U f{/U B, U &, also separates {(z,y)|ly < £} as in Claim 3.5. Let U~
be the component of {(z,y)ly < «}\(T'U K U By U &y) co(nt.a,ining {(z,y)|ly = &
and z > &;]}. Note that K. n Ut #+ @ since K] > (f‘ UK U B, Ua,)]. Also,
note that K. N U~ # @ since there is an arc in the interior of E’,_except for its
endpoints, connecting any point'of K4 N B with & Since & N {(z,y)| y = & and
z < oz} ig nonempty and is in the complement of I' U K U B, U &, & must be
contained in U~. Therefore, Ky N U~ # @ so we must then have K N'K, # @, since
K. N (f‘ UBL U ay) = @ and K, is connected. This establishes the subclaim and
completes the proof of the claim. | ' m]

Finally, we are in a position to prove the first two lemmas.

Proof of Lemma 3.3: Let {V;}7, be a,'ﬁni'te cover of H by open sets in IR x IR*
such that z; € ‘N/; NH and the diameter of V; is less that € for each 7 € {1, 2,...,n}. Let
L; be the number from Claim 3.6 so that any continuum KcCA with [F < Wl(;?i) —-L;
and my(Z) + L; < K] interéécts V. Then, I = max{L;}~, + H| — [H meets the
. requirements of the lemma. | - O
Proof of Lem@a 3.4: Lét {V;}2, be a finite cover of A by sets open in IR?, each
with diameter less that e. For each ¢ € {1,2,...,n}, we may assume that V, N A # O
so that there exists a z; € V; N A\{p}. Let V; = II"1(V;) and 2; be a point fixed in
TI~1(z) for every i. Let L; > 0 be as in Claim 3.6 and L = max{L;}}-; + 1. Then,
for any subcontinuum K of A with K] - [K > L, we have K NV, # @ for each .

Therefore, I(K)NV; # @ for every i € {1,2,...,n}, so that the distance from w to
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II(K) is less than € for every w € A. ' o
The following lemma will be used to show that if the rotation set is nondegen-

erate, then the continuum must be indecomposable.

Lemma 3.7 No proper subcontinuum of A can contain two periodic points that have
different rotation numbers. Furthermore, there is no proper subcontinuum containing
both p and a periodic point with rotation number different from the local rotation

number.

Proof: Let z and w be periodic points of A\{p} with p(z, F) # p(w, F). Suppose
that there is a proper subcontinuum H C A which contains both z and w. We have
two cases: Either p is an element of H or it is not.
Case 1: p ¢ H. We will show that the existence of such an H implies that A must
contain a plane separating subccntinuum, an impossibility. Since p ¢ ‘H , I (H)
is a countable union of connected cqrhponcnts, each homeomorphic to H. Choose
one such component to be H. Thén, since T commutes with II, we have TI~1(H) =
“Unez T"(H), where T™(H Hn T“(H) @ for m # n. A key observation to malke is
that if K is a continuum that contains a point of Tm(ﬁ ) and a point of T™(H) for
some n # m, then H(Tf ) U H must be plane separating.

Let Z and @ be the ;:espective points of IT"1(z) and II7*(w) that are contained
in H. Since z and w are periodic, there are integers p, ¢,7,and s so that p(z, F) =p/q
.and p(w, F) = r/s. Therefore, F4(3) = T?(Z) and Fs(®) = T7(®). Consider the
continuum F ¢s(H) and notice that it meets T?s(H) since F%(%) is a memcer of
- Fe(H)n Tps(ﬁ) It also meets T‘”(H) since F'9°(1%) is a point of Fe(H)n T (H). .
Since z and w have different rotation numbers, we have ps # rq, so H(Fqs(ﬁ )YUH
is a plane separatlng subcontmuum of A, Wthh cannot exist (see Flgure 19).
Case 2: p € H. We show that in this case there must be a closed subset of A that

separates IR x IRT. This cannot occur according to Claim 2.6. At least one of z or
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Figure 19: Fgs(H) U H separates the plane
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“w does not have rotation number equal to x/n = oi(p, F‘), the local rotation number.
Suppose that z has this property. There must then exist integers p and ¢ so that
p(z, F) = p/q # ji/n. Assume that p/n < p/q. (The proof for u/n > p/q is similar.)
Since z is in H.and H is a proper subcontinuum of A, z must be in C,, the composant
determined by p.. Therefore, there exists a proper subcontinuum I" of A that contains
both p and z so that every component of II7*(T') is bounded. (This is Property 4 of
the SA.) Let T be one such component and % the point of II"1(z) that is contained
inT. Let r and s-be integers so that u/n < r/s < p/q. We suppose without loss of
generality that the denominators n, s, and ¢ are positive integers so that ps —rg and
rn — ps are also positive integers. Define G:IR x Rt — R x IRt by G = T‘T o .
Note that pi(p, G) < 0 < p(z,G) and that G¥(Z) = TP*~"4(%), a positive translation of
Z. Choose k € IN large enough so that f‘] —i—l < Tk(ps"”)(f) and let T, = T’“(ps_r‘n(f‘).
T, is a positive translation of I' that contains G;kq(%’) and has the property that the
first coordinate projection of any point.it contains is at least one. greater than thg
first coordinate projection of every point in r.

Claim: -G*¥(T') UT, is closed, connected and separates the covering space, IR x IR*
(refer to Figures 20 and 21). To see that G*a(T) U T, is closed and connec£ed, note
that I, and G*¢(I') are each closed and connected. Since G*1(7) is an element of both
G*(T) and of T',, the union of G*¢(T') and T'. must be closed and connected. T‘o show
that G* (f‘) UT, separates R x IRT, we use the fact that both I, and G*(T") have 0
as the infima of their second coordin,a,te' projection. (They “limit at the bottom” of
IR x IR*.) Since pi(p, @) < 0, the local rotation number for G*s; that is, pi(p, G*9),
is also strictly negative, so there exists eyﬁ n > 0 so that m(G*(@)) < m(®) for
every @ with my(%) < 7. Let K = {% € Tlmy(®) > n}. K is compact so § =
min{my(G*(%)|@ € K} is greater than 0. Ther\efore, if 2o is any number between I'}

and [T, then the point (zo,6/2) is not in Gr(TYuT,. (ﬁ:o, §/2) is not in T'. because
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X0 < |T,,, and (xq,<b62) is not in Gff) since Tl (Gkg(w)) < f] < x0 for every w e f
with T2(MW) < 7/, and 6/2 < TR(Gkq(w)) for every tv € f with #2(U3) > 77 Suppose that
GfQF) UF. does not separate. Then its complement in IR x IR4"is path connected.
Let K> 0 be such that T2(Tu) < n for every v G A Let a be a half open arc which
limits at the bottom of IR x IR4', goes through (x0,6/2), has its endpoint at a point
(M,/c), and does not meet GfYF) U F*. This half open arc separates the set of all
points in IR x IR+ with second coordinate projection less than k into two open sets,
U- (on the left) and U+ (on the right). Since Gft9F) and f* limit at the bottom of
IR x IR4, we can see that FDLL and F DL/+ are nonempty, contradicting GfQF) UF*
being a connected set and establishing the claim.

Therefore if p G Ar, then A contains a closed subset that separates IR x IR4'

which contradicts the third result in Claim 2.6 and completes the proof. |

GfgF)

Figure 20: GfYF) U f* separates IR x IR2.
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Figure 21: A half open arc separates G"9(F) U f*
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CHAPTER 4

Theorems, Examples and Proofs

We first state the main theorem of this thesis.
Theorem 4.1 Suppose that F is an orientation preserving homeomorphism of the
plane which has a fized poi'nt p in an invariant set A satisfying the Standing Hypothe-
ses (SA) of Chapter 2. For a lift ' of F|ga\(py, suppose that p/q # pi(p, F’)zs a
reduced rational number with p/q € int(p(A,F’)), the interior of the convex hull of
p(A,F’). Then there ezists a periodic point z € A with least period q and rotation

number p(z, F') = p/q.

Note that the existence of z; and 25 in A such that min p(z1, F') < p/g < max ﬁ(zz, F)

is equivalent to p/q € int(p(A, ).

Before proving the theorem, we revisit two of the the previous examples.

Exam‘ple 4.2 Figure 22 illustrates two plane continua which are invariant under an
orientation preserving homeomorphism, contain a fixed point p, but ha,ve.a rotation
set about p which consists of only two points. The left example of the figure fails to
meet the SA because it is plane separating and the right example fails Property 4.
The planar homeomorphism which leaves the left example invariant is one in which
the outer circle is rotated through by w-radians and the endpoint of the spiraling
half-open arc is the fixed point p. All other points on this half-open arc move along
the arc tow_ar.d the fixed point. Under the appropriate lift of this homeomorphism,
the rotation set about pis {1/2,0} since every point on the circle h_as rotation number

1/2 and the rotation number of points on the spiral is 0 (they tend toward p along
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this arc). In the right diagram of Figure 22, the homeomorphism is to have two fixed
points; an interior point of the central arc p, and the endpoint of the half-open arc
which spirals onto the central arc. This homeomorphism may be constructed so that
every other point of the central arc is a period 2 while every point on the spiral tends
towards the fixed point on the spiral. Again, under appropriate lift, we have the

rotation set equal to {1/2,0}.

It is clear from these examples that Theorem 4.1 is false if either the first or
the fourth property of the SA is eliminated. | do not know of an example where the
theorem doesn’t hold if only the nowhere dense (number 2) restriction is eliminated.
The “spokes of the wheel” assumption (number 3) is needed for the definition of the

local rotation number in the statement of the theorem.

Figure 22: Two nonseparating continua not meeting A’s requirements

Proof of Theorem 4.1: First, define t>:IRX IR+ —=IRXx IR+ to be $ = T~poFg
Recall that T(x,y) = (x + l,y) and note that  will have a fixed point in A if and

only if F has a periodic point with least period q and rotation number equal to p/q.
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Let G = @3. Since p/ g € int(p(A, F)), :the interior of the convex hull of the rotation
set of A with réspect to ® must conta,in.O. Therefore, 0 is in int(p(A, G)).
Claim 1: There exist positive r, w and 7 such that 7 < d(%,G(%)) < w for any Z with
mo(Z) < . |

Proof of Claim: Let {C;}iez,n,s,t, and W, be as in. the paragraph preceding Defi-

nition 2.8. Since p/q # pi(p, F‘), there is a unique x € Z\{0} so that for every C;,
3(C; nW,) € Ciyp Let 0 < r < t be such that for W, = {(z,y)|ly < ‘r}, we have
G(W,) contained in W,. Since G = &3, G(C; N W,) is contained in C;j_|_3“ for every
7, but G(C; N W,)NCi = @ if i # j + 3u. Let Z with 73(3) < r be given. Then
there exists exactly one integer k such that z € {(z, y)|£ < z < H1}. By Claim 3.5,
there are at least three components of the complement of Cy_1 U Cryy in the closure
of W,. Two of these components are unbounded, while one that is bounded, V, must

contain {(z,y)|% <z < %L and y < r} and therefore 7. Since

G(Cra N W) C Chcaian C {(m, )52 < o < B2,

G(Crpr N W) C Cryryan C{(w,y) B < o < HEELY,

\

and G(V) is in a bounded component of the complement of G(Cr_1UChy1) in é(WT>,

it must be that 213 < m(G(F)) < 23 Since |u| 2 1, the distance between

5

m1(%) and 71(G(2)) greater than.2, but less than 2. Therefore, for n = + and w = Z,

n
we have < d(Z,G(2)) < w for every Z with m(2) < r.
This establishes the claim which is the third property required of ® in Lemma 3.2.
We must yet show the existence of a chain recurrent point of C~¥|K (Property 4) to
apply the lemma.

Suppose that for some @ € A, {G™(@)}2, has a convergent subsequence.
Then the limit of this convergent subsequence is in A and is chain recurrent. By

Lemma 3.2, G has-a fixed point in A so we are done. Assumie then, that fox every o

in A, {@”(@)}Z‘;O has no convergent subsequence.
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Let

Rt = {z € Kl,.}lﬁlo Ty O @“(E) =400} and R~ ={z € ‘KIJI_)IEQ 71 O én(g) = —00}.

Claim 2: A'is contained in B+ U R-.

Proof of Claim: Let % be such that A C D ={(z,y)|y < &}. Since d(%, 3(%)) < w for

Z with m5(%) < r, the distance between # and G(2) is bounded from above by some .
b> 0 for Z € D. For every integer k, let Bj, = {(z,y)| kb <z < (k+1)band y <k}

and suppose that 4 > 1. (The argument for <1 is similar.) Consider the sequence

" {Gr(7)}22, for some # € A. Since 7r1(C~7'(2)) > m1(Z) + 7 for any Z with 73(2) < r,

there musf be some integer My so tha,f én(E) ¢ By for each n > My, for otherwise

{G(%)}22, would have a convergent subsequence in the compact set By N {(z,y)|y >

r}. Then either m1 0 G"(2) > bfor all n > M or 11 0 G(3) < 0 for n > Mp. 1f

7 0 G™(%) > b, there is an Mj so that n > M; > My implies that G*(Z) ¢ B;. In this

" case, we see that for each k € IN, there is an M} > Mj_; such that if n > M}, then

'G"(2) ¢ By, so that Z € R*. Similarly, if 71 0 G*(2) < 0 for n > Mo, then 7 € R~

Claim 3: Both of R~ and R* are nonempty.

Proof of Claim: Suppose, for example, that R~ = @ so that by Claim 2, A is contained
in R*. That is to say, Jimp oo 1 0 G™(Z) = 400 for every 7 in A, so that for eversf
Z € A there exists an N = N(%) such that m o G*(%) > 0 for every n > N. Tt
follows that no subsequence of { ;o G"(2) }nen can qqnvergé to a neg.a,tive number.
Therefore, infp(Z, &) > 0 so it must be the case'that the infimum of p(A, G) is greater
than or equal to 0 , in contradiction to 0 being in the interior of the convex hull of
p(8, G).
We have.three cases to consider.

Case 1: Sﬁppose that there exist composants C~ and C* of A, such that

I-(C~ ) C R~ and II"Y(C* ) C R*. Every composant is dense in A, so R~ and R*

must both be dense in A. Roughly, the idea here is to construct bounded e—pseudo'
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orbits by choosing points alternating between R~ and Rt. These pseudo orbits will
be chosen in such a way so that each has a limit point in a common compact set.
The bounded collection of these limit points will have a limit point which is chain
recurrent. |

Let @Wo € R~ and choose ny > 0 so that m; o G™ (o) < e’. Let w; = éi(@o)
for 0 < i < ny and let @,, € R™ with d(@,,,G™ (%)) < e. As in Claim 2, let
b = max{d(®,G(®))|& € D} and choose ny > ny such that my o G2=™ (G, ) >
b+e Let Bapr = G(Fny), Bpgrr = GH(Wny)y oo sBnym1 = G771 (Wyy) and let
@y, € R~ with d(@,,,G™ ™ (@%;)) < e. Continuing in this manner, we create an
e-pseudo orbit {0, }, which must conta,iﬁ an infinite subsequence in the compact
{w e 1~X|0 < m(@) <b a,ﬁd 7o(W) > r}. That there are an infinite number of the 'LT)n
for which m2(@,) > r follows from the fact that either 7 o é(’&;) > 71(@) for any W
with m3(@) < r or 71 0 G(W) < 71(@) every @ with m5(%) < r. Therefore, there is a
~ convergent subsequence of {@,}3%2,, converging to some @(e) € K with me(@(e)) > r
;md 0 < my(@W(e) < b. Also, since A is closed, @(e) must be in 7& Now @(¢) has the
property that there is a 2e-chain from @(e) to itsélf, so that if {€,}52, is a sequence -
converging to zero, a limit point Z of {@(e;)}2, in {@ € A0 < (@) < b and
mo(@W) > n} has the property that there is an ‘e-chain from 7 to itself for any € > 0.
That is, Z is a chair% recurrent pc;inf of C~¥|X |
Case 2: Suppose that there is a continuum H , contained in A\{p}, such that H;I(H n
R~ and II"*(H) N R" are nonempty. -Since p ¢ H, there exists a continuum HC
II-1(H) which contains points 5~ ¢ R~ and 7+ € R*. It follows from Lemma 3.4 .
that for any € > 0 there must be a pbsitive integer N = N(e) so that d(2,GN(H)) < e
for every 7 € H (see Figure 23). | |
We construct a nested sequence of compact sets {E}g;o by letting Ko = H and

f{:n“ = {0 € E|d(C~¥N(ﬁ3),f{/n) < ¢} for every n > 0. Let W € K = ﬂnzof{_/n.
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GN(?M“/\Q;”K\@N(E*)
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Figure 23: d(Z, GN(H)) < e for every‘Z in H.

Since i is in every Ky, we have d(GN (@), K,) < € for each n. The;refore, there

exists a Wy € K such that d(éN(tﬁo),tBN_) < e Let i = Gi(do) for 0 < i < N

and fdr each j > 2, inductively choose @Wy; € K with d(GN (T (j—1)n, Djn) and let
W; = éi_(j_l)N(iE(j_l)N) for (j —1)N <.t < jN. {@;}2, is then an e-pseudo orbit -
with w;n € H for every positive integer 5. Since His compact, there is a subsequence
of the subsequence {@;n}52, converging to some pbint @(e) in H. This limit is 2e
chain recurrent. As in Case 1, the exists a limit point of {@(e,)| €, > 0 and €, — 0}
which is chain recurrent. Lemma 3.2 guarantees a fixed point in A.

- .M: If neither of the. first two cases occurs, it must be that if C is the composant
of A ﬁhich is the union of all proper subcontinua of A that contain p, then II™*(C\{
p}) contains both points of B~ and points(of Rt. Fur'thermore, every continuurﬁ
contained in II7*(C\{ p}) must be a subset of one of R~ or R*. As in the proof of
Claim 1, there are positive 7 and 7 such that either 71 0 G(2) > 71(%) 47 for every 7
with m3(2) < r, or m10G(Z) < m1(3) —7 for every Z with 72(Z) < r. Assume for Z with
ma(2) < r, that m o. G(Z) > m(2) + 1. The proof for the other situation is similar.
Let 2~ be a'point in R~ NII7YC\{ p}) a:nd let T be a subcontinuum of A. which
contains p and II(27) such that (as in the SA - Property 4) if T is the compone.nt of
O*(T\{ p}) which contains -, then the infimum and supremum of {m;(?)|Z € T}
are finite. Since {my(2)|z € T'} is also bounded, T is bounded. Therefore, for each
. €> 0 thereis an L = L(e,f‘) as 1n Lemma 3.3. Since limy_,co 1 © @”(E) = —o0,

there exists an M such that m; o GV(37) < inf{m1(3)|Z € T} — L for every N > M.




46
Using an argument very similar to that in the proof of Claim 1, one can show that
for any N € IN there exists an 7' > 0 such that for any Z with my(%) less that
7', we have 1 0o GN (%) > 7r1“(§) + Nn. It is therefore possible to choose N > M
large enough so that my o GY(%) > sup{m(2)|z € T} + L for some Z € T. Let
H c T be a continuum containing Z~ and a point 2zt with m3(Z*) < /. Then
sup{m o GN(%)|7 € H} > sup{m (3)| € T} + L > S_up{7r1(’zv_)|5 € H} + L (see Figure
24). By Lemﬁla 3.3, d(z, éN(ﬁ)) is less that e for every Z € H so that we may -

proceed as in Case 2.

L l

—_

Figure 24: d(E,_@N(E)) < eforevery 7 € H
|

Theorem 4.3 The local rotation number is in the closure of the rotation set of A.

ie. pi(p; F) € cl(p(B; F)).

Proof: Suppose that pi(p; F) ¢ cl(p(A; F)). Theorem 4.1 gives us that either
pi(p; F) > t for every t € p(A,; F) or t > pi(p; F) for every ¢ € p(A; F). Suppose that
pi(p; F) > t for every t € p(A; F'), the other case being similar. Let u/n be as in
the definition of pi(p; F) and let r and s be integers such that r/s < u/n, and /s
is strictly greater than ¢ for each ¢ € p(p; F). If we define G:RxR"— RxR*
to be G = T o F*, then pi(p; G) is grea,ter. than 0 and ¢ < 0 for every t € p(A; G’)
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That is, the local rotation number for G is strictly positive, while the rotation ;et
of A under G contains only points that are strictly negative. Let I' be any closed
and bounded subset of A as in Property 4 of the SA. Our situation is now identical
to that of Case 3 of Theorem 4.1.and Figure 24. The “bottom” of I' “moves to the
right” under iterations of C:",_ but every 7 € I has a negative rotation set so moves to
the “left”. As before, we can constuct a chain recurrent point in I' which implies the
existence of a fixed point for G in A. This fixed point must have rotation number r /s

under F', which contradicts r/s >t for all t € p(A; F). ' o
Theorem 4.4 Suppose that p(A; F) # p(p; F) . Then A is indecomposable.

Proof: Suppose that p(A;F’ ) # pu(p; F ) but A is decomposabie. Then there exist
proper subcontinua, A and B of A, such that AU B = A. Since pi(p; F) is a point in
the closure p(A; ) (from Theorem 4.3), p(A, F*) is nondegenerate. Theorem 4.1 gives |
us that A must contain an infinite number of periodic points with different .rotation

numbers. From Lemma 3.7 we have that neither A nor B can contain any' two of

these periodic-points. _ » u

Corollary 4.5 If the rotation set p(A; F’) is nondegenerate (that is, contains more

than a single point), then A is indecomposable.
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CHAPTER 5

‘Conclusion

In the main theorem (Theorem 4.1) of this dissertation we have shown that
if p/q is in the interior of (p(A; F)) with p and ¢ relatively prime, then there exists
a periodic orbit in A with period ¢ and rotation number p/q, providéd that p/q'is
not the local rotation number about the fixed point. That is, there is an interval I,
such that every rg,tional number in I, except possibly for pi(p; F ), is realized as the
rotation number of a periodic orbit in A. We have also shown that p;(p; F) is in the
closure of p(A; F') and that A ﬁust be indecomposable if p(A; F') is nondegenerate
(Theorems 4.3 and 4.4, respectivgly).

There are a number of questions that are of immediate interest. Does the ﬁlain »
theorem remain true if p/q € int p(A; ) is equal to-the local rotation number? That
is, must there be a periodic point in A with rotation number pi(p; F)? What about,
the irrationals in the interval /7 Must each i.rra,tiona,ll in I be the rotation number of

some point in A? Other unanswered questions include

o Must p(A; F) be closed?

o If p/qg € Q 1is an endpoint of p(A; ), rnust p/q be the rotation number of a

periodic point in A?
o Is the prime end rotation annber pe(A; FY in p(A; F)?

o Does the main theorem hold if Property 2 of the Standing Assumptions is

relaxed so that A is allowed to be somewhere dense?
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o Are the hypotheses of the main theorem enough to guarantee more than one

~ periodic orbit of a given rotation number?

I would conjecture that the ‘a,nswer to each of these questibns is “yes”.

Finally, two examples of invariant, nonseparating plane continua are given that
contain no periodic points other thaﬁ the fixed point. These examples are not di-
rectly related to the results of this dissertation, but may be useful in constructing
counterexamples to other conjectures. The right diagram of Figure 25 illustrates two
topological closed disks having exactly one point in common. Consider a homeomor-
phism of the plane for which the common point is fixed and which each of the two
‘disks is an invariant portion of an elliptic sector of the the fixed point. Let F' be the
hofneomorphisrﬁ obtained by the composition of this initial homeomorphism and a
rotation about the fixed point that interchanges the two disks. Under the appropriate
lift, we have pi(p; F) = 1/2 = p(A; F) though there are no pleriod 2 points in the
invariant continuum. In _the left diagram of Figure 25, we have a similar situation
occurring in a nowhere dense continuum. The homeomorphism for this exa,mplé is
the composition of a H’— radian rotation and a homeomorphism that advances each of
the infinite number of spokes centered at the fixed point to the next counterclockwise
spoke. Si-nce £here are not a finite number of such spokes, we cannot define a local
rotation number. However, under any reasonable definition, this number must be
1/2 (for the proper lift choice). Again, we see that p(A; 2 } = 1/2, yet there are no

period 2 points in the continuum.
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Figure 25: Two nonseparating continua having no non-fixed periodic points
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