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ABSTRACT

By examining the effect of Cosgrove's transformation,
Qyg» when acting on some simple space—times, the ‘argument is
put forward that the new solutions which are generated

represent the space~times due to linmearly accelerated

axially symmetric sources. The procedure used is to look at
the effect of the transformation on some simple space—-times
and compare the results with space—times which are known ‘to
represent accelerated sources, The effect of the
transformation on static solutions is carefully examined.
The author feels the transformation generates the metric of
linearly accelerated sources. )




CHAPTER 1
INTRODUCT ION

In all theorieg of gravity, an attempt is made to
predict the gravitational i;fluence of Qn object on ifs
surroundings. This influence is most often revealed by hoﬁ
the object affects the trajectories of test particles in its
vicinity. Newton’s theory of gravity says that an object
sets up a gravitational field in its vicinity describe& 5y
a scalar function @(5). In a region of space confaining a
mass density o(x), the Newtonian gravitationalvpotential
obeys.Poisson's equation jn the form

v20(x) = 4n6o(x). o | N (1.1)
For fegions of space containing mo mass, d(i) obeys
Laplace’s equation

vge(z) = 0 . , (1.2)
The force of gravity on a test particle of mass m is:

F = -anV0. ‘ , (1.3)
A particular solution to Poisson’'s equation is expressed as
an integral over the mass density:

6(x) = rfofc(g')lg-;'l—l a3z, : : (1.4)

For points x outside the mass density, this solution obeys -




Equation (1.2).

Einstein's General Theory of Relativity says that the

gravitational influence of an object is described by the

four-dimensional space—time geometry in the vicinity of the

object. The mathematical function which gives information on

the space—time geometry is the metric tensor, The

' k
components of the metric tensor are denoted by gij(x )-JTWO

points in space—time which have an infinitesimal coordinate
separation dx® are said to have a space—time interval
‘betweén them ds, where

(as)? = 5, axiaxd . ' (1.5)

gij
Equation (1.5) is the most common way of exhibiting the

components of the metric tensor. In most cases when a space-

time interval of the form of Equation (1.5) is given, one is

Sl

said to have a metric with respect to a given set of "

coordinates xi. The Einstein field equafioﬁs are a set of
non-linear, partial differential equations which‘the
components of the metric tensor must obey. Once the

components of the metric tensor are known, the trhjectories

of test particles,throﬁgh space—time may be determined -

kOhanian,1976,p.203)J

Before continuipg.‘we nééd to explain some terminoiogy.
When a_metricytenéor satisfying the Einstein fieid equations
is known in closed form one is .said to posses; an 'exact

solution’. Until recently, the number of exact solptioné
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was small, The reason was that the field equation; were so
complicated that straightforward solution was impossible for
all dut a fe@ cases, Direct solgtioﬁ often aepends on the
ability to make certain simplifying assumptions aBout thé
metric.tensor or the fgrm of the space—tfme interval. This
work will consider a group of exact solutions1which describe
the space—time exterior to an axially symmetric source of
gra&ity. There is a second term which needs expla#atién. Tﬂe
phrase 'sqlution generation technique’ refers to the
creation of new exact solutions by ﬁethods other than the
direct solution of the differehtiallequations. Often an -
initial 'seed’ solution is manipulated to give a new exact
solution, The advantage in acquiring solutions in this way
is that one avoids ;oiving non—linear partial differential
equations, |
STATIONARY, AXYTALLY SYMMETRIC SPACE-TIMES

The notation introduced here follows the concise
introduction of Kinnersley (1977,pp.1529-1530) and the more
detailed introduction of Kramer (1i980,Ch.17) The space-tiﬁes
to be considered are stationary and axially‘symmefric. A
stationary space—time is one fdr which there exjgts a time

L :

coordinate, X = t, such that all gij are inde_pen'dent of t‘

that is, = 0 where the comma denotes the partial

Bij't

derivative. . An axially symmetric space~time is one in which

all components of the metric tensor are independent of an
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azimuthal angle coordinate 2 = ¢ (0(¢k2nh

Therefore, in a stationary, axially symmetric space—time the
components of the metric tensor are functions only of the

3 4

two remaining spatial coordinates x° and x .

By = gij(x3:x4) i,j = 1,2,3,4 | | .8

The space—time is also assumed to possess a property
called orthogonal transitivity. This means the space-time
intefval, ds2. is unchanged when one makes the coprdinate
transformation (0,t) —=> (=0,-t). Ph;sically, the sp;ce—time
is unchanged when the sources undergo motion reversal, This

restricts the space—time interval to take the form

2
2 _ 2 g

: 3,2 P '3 4

t Byy
A transformation to a new set of (x3.x4) coordinates can
always be found which allows the last three ferms of
Equation (1.7) to be written in the form |
£(x3, 2 1(axH? + (axhH 21, ' (1.8)
(Kramer,1980,p.195) Vhen one elects tq use‘cbordinatés sqch
.that the last three terms of Equation(1.7)6aﬁ be written
in the form of Equation (1.8), x3 and x4 are called
isotropic coordinates. Therefore, in'isotropic coo?dinates.
stationary, axially symmetric space—times are specified by
four metric teansor coﬁponents. | | |

The form of these four ﬁetric'functions used by Lewis

gij’(l = 0,

(axh? S aun
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(1932) allows the space—time interval to be written as
(ds)? = e2%(at - wap)? - e2B-2uyp2
- e2(8-w)[(ax3)2 + (axH?] (1.9)
The functions u, w, B, © depend only on the (z3,x24).
coordinates. Appendix B showﬁ‘the non—zero components of the
Einstein tensor for the metric in Equation(1.9) written with

respect to an orthonormal tetrad. Notice the V operator of

EQuation(B.lOa)‘in Appendix B, Consider a two-dimensional

_(x3,x4) subspace of the metric in Equation (1.9). The

interval in this subspace is found by setting dt = df = 0 in
Equation (1.9) l

(d5,)2 = 2027 W) ax?H? + (axH?1. (1.10)
The gradient of a scalar f in this subspace is a Z;Qector

and has components

28w pe e,1, - ©(1.11)

while the Laplacian has the form

e | ‘ (1.12)

In Equations (1.11) and (1.,12), the sﬁbscripts_on the
function f indicate partiaf derivatives., Ezxcept wherg
necessary in the remainder of this work, subscripts on
functions indicate partial derivatives, It turns out to be
a&vantageous (Kinnersley 1977, p.1529) to define a tilde
operator on the two—dimeﬁsional (xg,x4) gubspace. For_each
2-vector, A,

A = [A3,a%] Ap = aH? + (ah? (1.13)




Ly &

there is a related vector, A

X = 1a%,-a%1 o (1.14)
Note that ‘
V-X = 0 implies '~ A = ¥f : (1.15)

~where f is some séaiar function.
VACUUM FIE?D EQUATIONS

Einstein's vacuum field equations are found by setting
the Einstein teﬁéo*_equal to zero. From Equations (1.9) and
(B.6), one of these field equations is

e ByveB = o. » : (1.16)
Because of Equation (1.15), this implies

ved = ¥e, - | | (1.17)

One solution to Equation (1.17) is

eB = 43 ' S © (1.18a)
£ = x4 | . (1.18b)°
In fact, without loss of generality one may choose x3,x4 in
aacordance with Equation (1.18),'and then b = xs; z = x4 are

called Weyl canonical coordinates (Kramer 1980, p. 195). In

these coordinates, the remaining vacuum field -equations are

\ [equ(pe_Zu)] = p-le4u'Vm Vo . ©(1.19)
v [p—le_4u Vol = 0 _ o (1.20)
V V2=V Va - Vu Vu + ﬁ-lup

+ (1/8)p 264 v0 Vo ' . (1.21)

2 _ 2
Qp =p[(up)' (“z) 1 o
- (1/4>p‘1e4“[(mp)2'-_ (0 )21’ (1.22)
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4u

& 0,0, (1.23)

Equations (1.19) and (1.20) involve only the metric

) _ 1

z = Zpupuz - (1/2)9-
functions u and w. Oncé these two functions are found, Q@ is
found by simple iﬁtegratioﬁs of Equations (1.22) a;d.(1.23L
Equation (1.21) gives no new information as if can be
derived from the ﬁther four equations, Therefpre, Equations
(1.19) and (1.20) are the key equations for describing the
metric of stationary, axially symmetfic'spaée-times.

The metric function w gives a measure of how fﬁét the
space—time is dragging inertial frames around the symmetry
axis'(Bardeen 1970). In other .words, for w # 0 one expects
the sources of the gravitation to be rotating. The space-
time exterior to.sources which possess axidl symmetry, but
which are not rotating, are described by Equations (1.19) to
(1.23) with the fﬁn&tion v set equal to zero. Such space-— -

times are said to be static. These static space—times‘wére

first studied by Weyl. The key equation (Lewis 1932, p. 182)

for static space—times is Equation (1.19) with o = 0
V [e2%V(pe 2] = o, | C (1.24)
or
u “tu = ’ . L2
pp *t P p t gy 0. _ (1.25)

Equation (1.25) is of the same form as Laplace’'s equation in
cylindrical coordinates (z,p,0) for an axially symmetric
function u(p,z). From Equation (1:2), any axially symmetric

Newtonian § can be used as a solution to the Einstein vacuum
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field Equation (1.25). This implies for amy axially
symmetric mass distribution o one has, via Equation (1.4) a
soln}ion to the static, axially symmetric Einstein vacuum
field equation. However, one must be cautious. In Géner#l
Relativity, the Weyl canonical coordinates p and z do not
necessarily retain their Eucli&ean meaning as cylindrical
coordinates. So while one is free to seléctAaxially
symﬁ?tric mass distributions for use in Equation (1.4), 6ﬂe
is not able to immediately able to say the corresponding
u(p,z) represents the space—time extermal to that,pafticular
mass distribution., That is, for a giveﬁ 6, 0§ and u do not
necessarily represent the same physical situation, Io
Aetermine what mass distribution is giving a particular
general relativistic sélntion u(p,z), one mnst'egamine where
u(p,z) exhibits zeroes and singularities.
SL(2,R) .TENSOR NOTATION
The SL(2,R) tensor formulation of the vacuum stationary,
axially symmetric field Equations is now introduced
(Kinnersley 1977). Stationary axially symmetric space—times
with orthogonal transitivity can be written
dsz = fAdeAde
e2(8-W (axhH? + (axhH?] C O (1.26)
The vacuum field equations can be written

v [p71s X y¢

2 S
pe = —det‘fABL | - : (1.28)

A xgl =0 . . (1.27)

ded,
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The indices (A,B = 1,2) are raised and lowered accbrding to
A AX o X : o
h? = =
) hX , hy, = ex,h ) . (1.2?):
eyp = e 2 =T 0 17
L-1 0 1 (1.30)

Using Equation (1.15), the field Equation (1.27) implies the

existence of a set of functions gAB such that

-1, X : , .

which can be inverted to yield
_ =1 X . . :

VE, g = p 1,7 Vagy , (1.32)
If one defines a tensor
H - ;
ap = fap * ifpp .
Equations (1.31) and (1.32) can be written in the single
complex equation

. -1 % o o

VHAB = -~jp °f VH . (1.34)

This complex equation is equivalent to the vacuum field

equations,

Kinnersley and Chitre (1978), by examining tHe group

properties of the field equations, discovered solution.

generation techniques which yield asymptotically flat new
exact solutions., Their techniques are most easily expressed
in terms of two generating functions GAB(s't) and F,p(s)
(Kinnersley and Chitre 1978b).- These generating functions

are defined such that

136, n(s,t)/8t 4og =

10F, p(1)/3t [y—¢ = Hpp. ‘ : " (1.35)

(1.33)

T
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In other words, thé solutiﬁn generating techniques of
Kinnersley and Chitre involve algebraic manipulation of
these functions rather than the metric functions fAB°

Working over a different route, Cosgroﬁé‘(1979)
discovered a set df infinitesimal transformations which
preserve the form of the vacuum field equations., Some of
these infinitesimal transforpations were exponentiated'to
give finite transformations which y;qld new metric
functions., Cosgrove has also shown how his transformat{ons
can be expressed in.terms of thé‘gen?rafing functions of
Kinnersley and Chitre.(Cosgrove.1980, pP.2422-2424),

| PURPOSE

Specifically, what this work will attempt to do is fo
suggest a physical interpretation to ome of Cosgrove's
transformations, First to be examined will be the new
solutions generated when Cosgrove's iebhn%que’is applied to
static axially symmetric solutions. It will be argumed that
the physical effect of his transformation is to accelerate
the initial solution. The effect of this transformation is -
illustrated in Figure 1., Finally, the action of the same
transformation on.stationary axially symmetric solutions

will be examined.




Figure
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Accelerating
source

yields

Initial
source

Schematic diagram of the physical
effect of ~ on an axially symmetric

solution
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CRAPTER 2
.FLAT SPACE-TIME FOR ACCELERATED OBSERVERS

The simplest metric tensor is the metric tensor “i'
. J
describing flat space-~time, The space—time interval -appears

as

2

ds = dxidxj

n.
ij
= (axhH? - axH? - @xhH? - @axh?, (2.1)

where x1 is a time coordinate and x2,x3,x4 are three

Cartesian spatial coordinates. Several other coordinate

systems will prove useful. For example, x

R cos#, ¥ = R sin® changes Equation (2.1) to the form -

ds2 = at?2 - az? - ar? - Rr24p2. (2.2)

A1l that has been done is in Equation (2.2) is to transform
from Cartesian spatial coordinatgs to cylindriéal spatial
coordinates. Even under this simple coordinate change;'the
metric tensor components change their functional form, All
coordinate transformations may not yield such a direct
interpretation. With |

u = x> +x2°, v=x" - X

n =z * ix : = x° - ix

Equation (2.1) becomes

1.7, x2 =17 23 ="
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ds2 = dudv - dydn.
The point is that flat space—time is easy to disguise by
using non—-Cartesian coordinate systems. The}efore, when
simply looking at the components oan particular metric
tensor 855’ it may be impossib?e to tell if that'part?cular
metric temnsor .is representing flat space—time or if it
represents a 'curved'space—time with'cpfreSPQnding
gravitational effects, However, there is an effectivé way -to
tell if the space—-time is flat, With the functional form of
the components of the metric tensor, the components of the

Riemann curvature tensof Rijkl may be computed. If all the

components of this curvature tensor are zero, the space—time,
is flat. The drawback is that the computation of ihe-
components of Rijkl is generaily logg and tedious (Misner
et.al1.1973,Ch.14), This chapier shows flaf space—time
displayed in ways which occur fréqqently in the remaipder of
this work.

A coordinate system of ihte;est is' one used by an
bﬁser#er moving with unifo;m; rectilinear~acceieragion. The
nétation here follows the'preéentation’in'(Miéner et.al,
1973, Ch, 6) To get at this coordinate system, consider
first én observer at rest in flat space-~time, This observer .
specifies an e?ent by giving its cqo?dinates le = T,:x2A=

Z, x3 = X, x4 = Y} with respect -to an orthonormal tetrad of

basis vectors {Ei] (i=1,2,3,4). The observer specifies the
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position four-vector, X, of the event as a four-vector

This is all a mathematical way of saying how an observer at

rest would meaéure-gventsw.A physidal pbserve: would use a
set of clocksrﬁo measure the time T of_aﬁ event and a get a
meter sficks to ﬁeasure the spatial location X,Y,Z of an
event. One of the reasons for‘pptting the;e physical g;ts in
math;matical language (coordinates, baéis vectors) is that
for some observérs it is not easy to iﬁtuitiveiy imagine how
they would go about actually measuring thihgs. Mathematics
allows one to sidestep questions about how a given observer
would‘ﬁeasure things, but ;t the same time it ﬁlloﬁs
predictions as to what the observer wopid méasure.

2

direction such that he feels a constant acceleration of

Assume another observer is moving in the positive e, -

magnitude A. The position four-—vector of this observer is:

X = [A—lsinhAt]g

1

+.[A—1éoshAt oz, - A_llgz, . (2.3)

(Misner et.al. Ch.6) The symbol t is the proper time along

the trajectory of the accelerated observer. It may be viewed

as representing time intervals measured by a clock riding

along with the aqceleiated observer. The symbol.io is:the

position of the accelerated observer at time v = 0. Equation

(2.3) claims [Z(%) - z, - A"llz - ['I;("r:)]2 = A2 = constant

for all values of t, On a T-Z graph, the trajectory of the
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accelerated observer'isa hypérbola.Fo; this reason,VBne—
dimensional uniformly _accglgrated motion is termed
hyperbolic motion, Figure 2 sﬁows the trajecfory of ag
observer in hyperboiic motion.

The reason for introduciﬁg an observ;r in hyperbolic
motioen is to look at flat space—~time £fom this acce;érnfed
observer's point of view; Oné expects,the.accelerated
obéerver to use his own set of coordinates {2;2,2,5} adopted
to the orthonormal tetrad of basis vectors {Ei} he carries
with him, By making precise thg potion of 'carrying basis
'vectors’, (Fermi-Walker tzansport,.Misner et.al, i9f3,
p.173) it can be shown that the accelerated observer's

coordinates are related to the stationary observer’s

coordinates by

T = (z + A lysinnAt . (2.42)
Z - 25 - A1 = (3 + A7 D)coshAR | (2.4b)
X = x ‘ " (2.4¢)
Y =3y , (2.44)

In these accelerated coordinates, the flat spabe;giﬁe
interval of quation (2.1) becomes | ‘
ds2 = (1 + A:)24%2 - 432 - 452 - 432 (2.5)
Equation (2.5) displays the metric of'flaf space—time in
terms of coordinates used by an'accélerated observer, One
property 6f equation (2.5) is of pfimary intefest. If thé

coordinate transformation X = pcosP, y = psinf is performed
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Trajectory

Figure 2: Trajectory of an observer in uniform rectilinear
accelerated motion ("hyperbolic motion¥*)
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in. BEquation (2.5), the space—time iﬁteryal becomes

ds2

= (1 + AD)?at? - a32- a5? - 72ap’.
| (2.6)

Comparison of this equation with Equation (1.9) (with o =
0), shows Equgtion (2.6) represents.a static, axiall?
symmetgic space—tima. As it stands, however, Equation (2;65
is not in the canonical form of Lewis (1932):
ds? ezudt2 - e—zupzdﬂ2 .

- eZ(Q-u)[dp2 + dzzl; (2.7
The necessary coordinate transfo?mation is (Kramer 1980,

p.202)

o+

= t, g =0

<; - A—l/Z(; _ ;)1/2’ )
where
22 2,2 4 32
T =2+ 1/(28), | (2.8)

puts Equation (2.6) in the form

ds? = A(F + B)dt? - 289)7114p2 + dz?]

- A1 o+ 51,2492, : C(2.9)

Comparison of Equation (2.9) with Equation (2.7) allows the
metric functions of Lewis to be identified.
u=(1/2)1n[A(T + 2)] | o (2.10)
Q=(1/2)1al(T + Z)/27]. : o | (2,11)

The reason for wanting the metric functions in Weyl
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canonical coordinates is that the solﬁtion generating
techniques to be discussed are defined in tefms of their
action on Weyl coordinates., Whenever t#e metric-function Bie
(in Weyl coordinates) has a texm with fhe functional form
z - ¢ +((z=6)2 + p2)1/2 (¢ = constant), 8,, will be said to
contain an 'acceleration factor’.

The spaqe—time interval of Eguation (2.9) is an example
of -the remarks at the.beginning of the chapter., It is
difficult to guess that Equation (2.9) represents flat
space-time; Nprmally. flat space—time has gg,4 ° +1, In-
Equati&n (2.9), the metric function By, is a function of the
(p,z) coordinates, The 8,y of Equation (2.9) vfolate; the
fundamental test for a phyQical ;pace-time. A physical
space—time (due to a localized éravity source) obeys the
condition g, approaches unity for large vaiue§'0f>fhe
coordinates, In tye case of Weyl canoﬁicgl coordinates ghis
would be the coordinate condition [(p)2 + (22)]—->”. That
is, physical space—-times are asymptotically flat space-—
times.‘The asymptotic Vaiue of gti in Eéuation.(2J5nis
infinity. For‘any space—time, the surface defined by git =0
is an infinite red-shift surface (Ohanian 1976, p.308)..The
equation of the infinite red-shift surface for Equation
(2.9) is p = 0, z < 1/2A..E“.qu-ation (2.9) nonet’hele_ss.

represents. flat space—time.
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CHAPTER 3
NEW SOLUTIONS VIA ACCELERATION FACTORS

As first mentioned in Chapter 1, the space—time
interval for stationary, axially symmetric space—~time is

ds2

= o2%(dt - wd®)? - e—zupzdﬁ2 _

- o2(8-u) g2 4 452y, (3.1)
Equation (3.1) is writteﬁ using the metric parametrization
of Lewis (1932) and assuming (p,z) as Weyl canonical
coordinates. The Einstein vacuum field equations are written
out in Equatiomns (1.19)-(1.23). The ngis (1932)
parametrization'and_the‘selection of an orthonoxmal getrad
(Appendix B) allows the field equations to assume a fairly
compact form. Weyl canonical éoordinates allow the lobse
interpretation of z as a distance parallel to the symmetry
axis and of p as a perpendicular distance away from the'
symmetry axis. This interpretation is strictly true only
when u = 0o = & = 0, For this case, Equation (3.1) réduces-to
the flat space—time interval written in cylindrical spatial
coordinates., The advantage in Weyi-coordinates is somewhat
offset by the fact Veyl coordinates can give simple space—

time a Eomplicated functional form. The vacuum field
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equations for this metric are Equations(1.19)-(1.23) with

0w=0
v [pVul = 0, 5 (3.2)
8 = pluy? - ‘“‘z>.2]' . ' . (3.3)
ﬂz = Zpupuz . ' (3.4)

Equations (3.3) and (3.4) are integrable, since ﬂpz = 0 0
: : : z

follows from Equation (3.2) Once a function u is found which

L.

obeys Equation (3.2), the metric function Q may be found by

integration of Equations (3.3)-(3.4). This is fossible
because Equation (3.2) is the integrabilif&_conditian on
Equations (3.3)-(3.4). A solutioh set to these equations is
denoted by <u,2>. Notice how static, axially symmet;ic
solutions are completely characterized by the single metric
function u. This is one reason why static space~times are
easier to analyze than stationary space-times. The
statioﬁ;ry'space-times require the extra function:m for
their complete specification. In this chapter, a very direct
approach to generating static, axially symmetrié solutions
will be infroduceq.

In General Relativity, one gemnerally expecfs the fiela

equations governing the metric functions to be nonlinear,

Therefore, the form of Equation (3.2)’is a pleasant
surprise. One advantage of this equation is discuﬁsed in

Chapfer 1 following Equation (1.25), Solutions to Equation

(3.2) can be written as a Poisson integral (Equation (1.4))
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of an axially symmetric mass distribution, Another advantage
is that Equation (3.2) is a linear partial differential

equation. If‘two functions ui and u, separately obey

Equation (3.2), the function (u1+u2) also obeys Equation

(3.2)., This is solution generation at its simplest: the

linear superposition of two known metric functions uy and

32. If the gravitational fields described by the metric

functions u are assumed to be produced by localized sources

it is tempting to conclude_thai this technigque yields the

space—time due to the suferp&sition of those sources.
Howevqr, suppose one solutién <u1,91) is due to one source
and (uz,gz) is due to another source. Equation (3.2) says
that (u1+u2) is another solution, but the corresponding
metric function © is not equal to &,+82, - That is,
<(u1+u2),(91+92)) is not a solution because:of'the
nonlinearity of Equations (3.3)-(3.4), To determine the
function @ corresponding to (u1+u2), assume

@ =0, +9, +u, = B (3.5)
This auxiliary function B obeys an equation of the form

V= (1 - 2“1,p’Vu2 + 2pu1,z'§“2° : (3.6)
Equation (3.6) is the price for this simple supe;pos{tion of
solutions, and the.ease of the-tgchnique depends on the ease
of integ;ating Eguation (3.6).

Suppose now that one of the golutions (ul'gl) is given

by the metric functions of Equations (2.10)—(2.11)




22

"y

%

(1/2)1nlA(zr + D)1, Y (3.7)

(1/2)1n[(T + Z)/2%1, (3.8)
where T and Z are defimed as in Equation (2.8);‘The_
expressions in Equations (3.7)-‘3.8) do satisfy the vacuum
field equations, as they simply represent-fiét‘space—time
from the point of view of ﬁn accelerated obsérvef.‘When this,
solution <u1JH) 4 is superposed with-anotﬁer solution
<u2.92> = <u,9>, Equation (3.6) for the auxiliary function B
is

v = T l3ve + pVul. N | (3.9
The space—time interval for this‘new sthtic solution has the
form

ds? = AG + Be?Pat? - aT1(E 4+ DT1em2p24p2

~ (2AT) 120078 4,2

+ dz2]. (3.10)
The solution gené}ation procedu?e is simple. Firét, solve
Equations (3.2)~(3.4). Second, solve for the auxiliary
function B. Finally, the new metric is displayed in Equation
(3.10), While the procedure is simple, it is not so'easy to
see a physicai interpretation-for the metric generated by
this technigque.

First, recall that the symbol 'A' in the above
expressions (in particular (Equations (3.7)—(3.8))
represents the magnitude of an acceleratiop. This.

acceleration is associated with an observer (Chapter 2) who

is moving through flat space-time. This 6bserv¢r describes
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flat space-time by qeans of Fhe ;olntion <u1.915.'What the
abqve solution generation technique does is to add to this-
accelerated observer’s view of flat space;tiﬁe g'solnti;n
{u,2>., If <u,®> is asymptot;callf flat, it may be assumed to
be the result of localized sources which are axially
symmetric around the z axis. Therefére, the above generation
technique takes flat space—tiﬁe (as'seen by‘an acce;ératéd
observer) and '%dds' the gravity’field'(n.ﬂf of localized
sources. The metric generated répresents the curved space-
time around sources as seen -by fhé accelerated observer: or
equivalently, the new metric'might be viewed as the spaéef
time due tﬁ localized sourcEs which are in uniform,
rectilinear ﬁccelerhtio; of ﬁagnitude N Tq.find the
metric‘oflan ﬁccelerating sourcé of gravity, simply find the
gravify field'(ﬁ,ﬂ) for the sources at rest and' radd’ an
acceleration factor.

The argumeht above assumes that Equations (3.7)—(3.&)
are the metric functions for flat space-time from the view
of an accelerﬁted observer. Fo:tunately,.there is a way to
confirm the assumption. Kinnersle& and Walker (1970) ig a
thorough analysis, discuss a particular metric called the
charged C-metric. Among many properties they show how tﬁ? C-
metric describes the spaceitimé around a uniformlj
Qccelerating charged mass. The symbols e and m in theii

paper represent the charge and mass:of the accelerating -
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particle. The C-metric has the space-time interval:

as? = A" 2(x + P 2ir(yat? - Fl(yay? - 67 Hx)ax?

- 6(x)dz2l, ‘ (3.i1)
where . |
6(x) = 1 - x2 - 2mAx® - e2a2x4,
F(y) = -G(~-y).

The flat space limit is when e = m =.0, Wﬁen.thé C-metric
(in this limit)'is changed to tﬁe Weyl.banonicai form, the
metric function u is of thé form , o
w = (1/2)1al(z+1/282+((z+1/2024p2 1/ 2], (3.12)

where (p,z) are Weyl canomnical coordinates.:NSte how
Equation (3.12) 'is of the ;ame form as Equation (3.7). Since
Equation (3.12; repreéents acpelerat&d.flat space—-time,
Equation (3.7) does also. |

‘ Equation (3.9) for the auxiliary function B is of
interest for a couple of reasons, The equation is in terms
of VB, which means the equation is really two equations
since V i§ 8 two-dimeﬁsional gradient operator: v=1(3 ,0_1.

p’ 2
In order to find P given u, Equation (3.9) must obey the

integrability condition V VB = 0. Taking V of both sides of

Equation(3.9)Agives _

VYV = TV [pVul. - . (3.13)
But, since u'obeys Equation (3.2),.thq right hand ;ide of
Equation (3;13) is'zero and the equation for.the augiliar&

function B is integrable.
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The discussion following Equation (1.25) points out
that solutions to Egquation(3.2) can be written as an
integral:

u(p,z) = —f]fa(p'.z')lg-gvl—ldsx'. - (3.14)

o(p,z) can be thought of as an axially symmetric mass -

density in (p,z) Weyl canonical coordinate spacé. For points
outside of the mass density, o, Equation (3.14) is a

solution to Equation (3.2). For points inside of the mass

density o(p,z), Equation (3.14) is a solution of Poisson's

equation _
p—lvlqu] = 4nolp,z). ‘ g (3.15*

If the u in Equation (3.9) sati;fies‘Equation (3.15)‘at all

.points in (é.z) space, the corresponding Poisson equation

for the auxiliary function B is

p~1v [pV(E 1p)] = 47% 7 2%6(p.2), (3.16)
with a.solution | |
B(prz) = —(p,2)JJ1T 2(p* 222" +1/28>a(p',2") T

x IE_&v|—1d3#'. o | ' ' (3.17)

B is determined ﬁy a.modified mass densitjr

;—2;c(p.zi. : . (3.18)
The important point is that B may be written as a Poisson
integral.

Recall, however, that selecting a mass density c(p,z)

for an axially symmetric configurafion of matter does not

mean that going through Equations (3.14)-(3.17) will yield
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the space—time when that particular mass configuration is in
rectilinear acceleration. The Weyl canonical coordinatés are
the problem; they only retain their flat space—time
int@rpretation far away from the sources. The symbols p,z
appearing in 6(p,z)'can not be interpreted as qylind?ical
coordinates for all values.

A second interesting thing about Equation (3.13) is the
appearance of the factor . In Weyl canonical coordinate
(p,z) space, ¥ is the distance between the point (0,-1/2A)
and the point (p,z). This simple solution generation
technique selects a preferred point, P, along the z-axis
which depends on the acceleration A, As A-->+o , the
preferred point slides uvp the symmetry'axis toward the
origin of the (p,z) coordinate system and for A-->0 , the
preferred point slides out to nega{ive infinity. This motioun
of P0 in r is pdtentially troublesome if the unaccelerated
solution is due to a locallzed mass-density o(p,z). For the
moment, it is assumed the poinmt (0,-1/2A) lies omn the z-axis
below any sources o(p,z). However, the appearance of anmn
expression which selects &z preferred point along the z—axis
is something which appears in the more elaborgte solution
generation scﬁemes of otherx invpstigators {Kinnersley 1977,
Cosgréve 1980). In their work, T is replaced by a function
S(s) defined as

S(s) = [(1-2s2)2 + 452,271/2, (3.19)
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This ubiquitous expression first appears in the group?

theoretic amalysis of Kinnersley and Chitre (1977b) when

differential equations for the metric generating function@

FAB(S) are derived., This gives the first clume that the

simple solution generation technigue here may be related to
the techniques of other workers.

Another clue to a conneciioﬁ to other teqhniques;is the
appearance of the Equation (3.9) for the auxiliary function
B. This équation results primarily from usiné Equations
(3.3)-(3.4) to determine a metric function @ which results
from adding a general static solution to an accelerated flat
space—time solution, Equation .(3.9) co?re;ponds very closely
with Equation (2.17) of Hoensela;rs etfal. (1979b). The only
differences are a sign and a different para@eter (t instead’
of A). The equation governing th?ir B is |

ve = sT1()[(1-2tz)Vu - 2tpTul (3.20)
Their B is used in solving for the generating functions of
static, axially symmetric space—times, Their p comes about
as a result of ‘their definitiohs qf the gen?rating
functions.'Th;re is no reference to accéieration'or
superposition of solutions. The advgntage in their P is that
the 1imit t-->0 is simpler in many cases.FigureS ;hows the
preferred point ;nd singularity of the accelgrationhfactop

expressed in Weyl canonical coordinates.
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Preferred point

_Singular region

Figure 3: Preferred point and singularity of
acceleration Tfactor
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CHAPTER 4
SIMPLE EXAMPLES

Too often, in many areas of Geﬁeral Relativify, an
elaborate m#themhtibgf form#lis; j#,introduced acdbqpanied
by no specific caicnlationé or examples. There are a couple
of reasons for this. First, the no£ion of gra#ity beihg
described as the éhrvatﬁre of a foﬁr—dimen#ional ;pace—time
allows th& compact nofation,of:Rfemannian éebmetry-to be

employed. Sometimes the notation is too compact. The symbol

for the metric temsor, gij' represents sixteen functions of .

the four space-tihe coordinates. The symbol for the
curvature tensor, Rijkl' can-feﬁresent 256 &ifferent
functions. Even though symmetries reduce the number of
independent components, explicitly displé&ing‘the compoﬁeﬂts'
of these tens&rs is tedious and ‘time consumiﬁgt Yet,
diéplaying\components is necessary to -examine the structure
ﬁf a given space—time.

A second reason for not including sﬁecific‘exgmples
occurs in solution gemerating techmiques. Despite promises
of not having to explici;ly solve the Einstein field

equationé, often the method involves solving a difficult
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differential eqﬁation or acquiring an auxiliary function,

Once various functions are found, there is the perpetual

problemn of.giving a physical interpretation to all- the

mathematics.
This chapter shows specific examples of points raised
in earlier chapteré. Not every algebra step is shown, but

there is enough so that any omitted steps are trivial.

One of the simplest metrics is the Schwarzchild metric .

(1916) which describes the space—time outside a point source
of mass M

2

4s2 = (1-2Mr"YHyar? - Rr?

sin20dp?

- (1-2Mr"1)"148? - Rr24e2. (4.1)
A spherically symmetric space—time possesses axial symmetry
so it is possible to write Equation (4:1) in the form of
Equation (3.1). The (T,d) coordinates here are equated to
the (t,0) coordinates of Equation (3.1). Next, the terms in
Equation (4.1) involviné dR and 49 are cast in the isotropic
form of Equation (1.8*

(1-2nr~ 1)~ 1ar? + R2d0°

R2[(rR2-2mRr) " 1ar?

+ ae?l.
This part of the space—tim; interval is isofropic if a newv
coordinate o is introduced and defined as

da = (RZ-2mr)"1/2aR
a = césh—ll(R—M)/M]

R

Mlcosha + 1]. _ o (4.2)
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With the coordinate a, Equation (4.1) becomes
ds? = [cosha - il/lcosha + 11at?
- M2[coshe + 1]2[sin29dﬁz
- #2lcosha + 11%[da? + 4821, . (4.3)
and by a comparison with Equation (3.1) allows the following
functions and coordinates to be'identified:
e2® = [cosha - 1]/[c$sha + 11 ‘ (4.4)
p = Msinﬁasine _ o . : . (4;5)
628 = o2upgp2 + dzzl—lﬁzlcoshq ; 112
x [da? + ae?].  (4.6)
As the Weyl (p,z) coordinates and the (a.O)‘céordinates are
both isotro?)ic, they are relafeél by Ia coxuforhal
transforma?ion. Hence, p+iz and a+i® are analytic functions
of one another and (p,z),'(a,Q) each satisfy Laplace's
equation in two dimensions, aﬁd are related by a set of
Cauchy—Riem#nn equations. Therefore, =z is.fhe function
conjugate to p. In th#é case, z = Mcoshacos&‘and Equation
(4.6) reduces to
e2® = [coshZa - I]/[coghza - cos2e] ' (4.7)

Writing the metric functions in terms of Weyl (p,z)

coordinates is made easier by defining x = cosha; y = cosO}
g o= M(z2-1Y2(1-y2)1/2, 3 = Mxy o (4.8)
0% - (z-1)/(x+1) = gy, 49
028 = (x2-1)/(x2-y2) - L (440)

Equation (4.8)‘is eas@ly recognized as defiﬁingfprolate
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spheroidal coordinates (Appendix E).

This calcniation shows seferal.things. Pautting
familiar metrics in Weyl canonical form destroys-their
familiar form. Eqngtions (4.9) and (4.10) are difficult to
recognize as represeﬁting the sp#ce-fime outside of a
point mass. In fact, there is a'temptatiénto cqnclude
something quite different. When u is written as a Poisson
integral over a mass density in (p,z) space (Equation
(3.16)) the mass'depsity which would give the function in
Equation (4.9) is fhat of a thin ro# bf';inear mass density.
1/2 and length 2M lying aloné the z—axis, and centered on p
= 0,z = 0, The point source of thelspace—time of Equation
(4,1) appears as a line source in Wéil canonical (p,z)
coordinates. The source of the S;hwﬁrichild is shoyn in
Figure 4.

Equation (4.9) has an inferesting limit. While kéeping
the density constant, if tﬂe top of.the line sourc? is
placed at p = 0, z = O,Iand,the lower end is allowed iq tend
tovard miﬁné infinity, the metric function u in Equation
(4.9) goes to

w ==> (1/2)1al(4m) 71z + (p2+22)1/2] | (4.11)
which is'the same as an acceleration fa;tof'(Equation
(2.10)). This suggests an acceleration factor in a metric
function can.be Qiewed as p&oduced by an infinite Iine

source with linear mass density 1)2. On one hﬁnd this is
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desirable because this infinite soﬁrcg of mass can be
thought of as providing acceleration when added.(Chaptér 3)
to a general =statiec solntipn. That is, adding an
acceleration factor is physicaily equivalent to ;dding.an
infinite line source to the space—time, On the other hand,
an extended line éource.doeé cause uneasiness because
pﬁysical sources of gravity ar§ gbét-often visualized as

being of finite extent. |
The metric function, wu, for the Schwarzschild solution
is a special case of a'blass-of'éxact static solutions
called Zipoy-Voorhees solutionﬁ'(Zipoy 1966, Vporhees 1970).
" The metric functions for theée'solufioﬁs are |

e2% = [(x - 1)/(x + 118 : - (4.12)

]

2% - Y/t - Gt - yhr (4.13)

The Schwarzchild solution is the & =1 ;ase éf the Zipoy-—
Voorhees solution. '

Acﬁording to Chapter 3, if a new solution is found by
adding an accelefatjon factor to a Zipoy-Voorhees solution,
it will be necessary to solve for a function.B (see Equation
(3.11)) to completely specify the new ;pacq-time interval.
From Eqﬁation (3.11), the two equations for B in (x,y)

coordinates are

~—] e~
Bx = r [zux + p(l—y (4.14)
By = i ME, - px2-Y 2y 2 C(4.15)

Using Eqnations (4.8) and (4.12), the function P is found to
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B = & 1al(x + 2MAy - 2A%)/(x2 - 1)1/2] | (4.16)
Another simple static axially symmetric metric is the Curzon

solution (1924). The metric functions forAthis space—timé
are ‘

v o= -m/€p? + z2)1/2 o (4.17)

@ = -(mp)2/2(p2 + 222 T (44w
Recall that the field equation for u is Laplace’s equation
in (p,z) coordinates. The function is the gblution of
Laplace's equation outside of a point hoﬁrce.'Therefdre{ the
metric function of Equation (4;17) stresses even bgtter a
point raised earlier. A novice theoretical physicist’w&uld
claim that the simplest non—trivial solution t§ Laplgce';.
equation o |
-1

+p B+ u =0 . o (4.19)

u
pp P zz

is given by the Equation (4.17)‘represent;ng a point
monopole source of strength m. Yet, as previously discussed,
it is the considerably more complicated sblutibn (Equdtioﬁ
(4.9)) -— that of a thin rod source -- which eventually
leads to the general relativistic space—time surrounding a
point mass: the Schwarzschild solntiqn. The physical
interpretation of fhe Curzon solution is subtle..~— some
authors suggesting it represent§ the spage—time éxterior to
a disk of radius 2m. At any rate, VWeyl canonical‘coo;dinates

truly compound the problem of giving a clear  physical
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physical interpretation to solutions expressed in (p,z)
coordinates.
Fin?lly,.the function B (Equafion'(4}1§)f related to
the Curzon solution obeys the equationé

B mpl2z + 1/2A1/15(p2 + 223/2] (4.20a)

p
B

z

nlz(z + 1/28) - p2l/[%(p2 + 22)3/2) (4.20b)
with solution

B ='—2Am?/(p2‘+-zz)1/?;' | ' - (4.20¢)
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linear density = !

2M

» T

Source of the Schwarzchild solution

Figure 4: - _ _
in Weyl canonical coordinates
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CHAPTER 5
SIMPLIFYING THE ACCELERATION FACTOR

Chapter 2 points out that flat space—time, when viewed
by an accelerated observer can be written (Equations (2.9)-

(2.11)):

ds? = e2%q¢? - e—zu'pzdﬁ2

- eZ(Q—u)[dp2 + dz21, o (5.1a)
e2® = A(F + 3), 2% - (7 + DCED (5.1b)
$2 = p2 + 32, % =z + 1/2A ~ (S.1c)

These functions were derived by performing coordinate
transformations on flat space—time, so they are. guaranteed
to satisfy the Einstein vacuum field equations:

Vv [pVul = 0 . .  (5.2a)

Qp = p[(up)z‘(uz)zl e = 2p§puz. (5.2b)
The metric functiom.g . has a line singularity at p =0, z =
~1/2A and extending along»th; negatiye z—axis to mings
infinity. |

One of the reasons why quations (5.1) look m?ssy is
that the coordinates (p,z) are centered on the point p = 0,
z =0, while the singularity in the metric function g, is-

displaced away from the origin down the‘z-axis. This chapter
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will show how an attempt to clean up this problem leads to
some unexpected'results.

The metric function Byt in Equation (5.1b)jdependslon
the two coordinates.p and z. Tt woyld be siﬁple;'if gtt
depended on a Qingle coordinate. Call this new coordinate
¢. The new coordinate is some functiom of the Weyi

coordinatesilt = t(p,z). However, if gtt is to only depend

on £, then
¢ = &(y), y =% + 7. : (5.3)
Assuming & is going to be part of a set of isotropic

coordinates:

§pp + £, = 0. . (5.4)

Using Equation (5.3), this equation becomes:

3 2y) + E. = 0 . : ~(5.5)
_ yy{v2y) o+ 3y , - (5.5
with solution:
- 1/2 : .

gy = cpl/? + ¢, . | (5.6)
where c1 and c2 are constants of integration. To give
Equation (5.1) the simplest appearance, select C1 = A'llz
and Cz= 0. Therefore:

g = ATV 33 . /2, . (5.7)

The conjugate coordinate 1 is found by means of the Cauchy-
Riemann conditions

£, =0 (5.8)
The n coordinate is:

n o= A-1/2(3 - 3y1/2 o | S (5.9)
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Equa%ions (5.7) and (5.9) can be inverted to yield:
24713 = g2 - g2 A"lp = g | (5.10)
With this change of coordinates, the space—~time interval in
Equation (5.1) becomes:
ds? = A2g2412 - 52492
- [d&2 + aq?1. | _ o (san
The coordimate transformation in Equation (5.10) shows
that (&,n) are a set of paraﬂoiic.cylindrical coordinates
centered on thé'point p = 0, z = -1/2A, The constant
coordinate curves for these coordinates. are shown in Figur?
5 They come about im this case by forcing gtt to bé a
function of only one coordinate and'forcing the ‘new
coordinates to maintain the is&tropic form of the metric.
However, this suggests changing the generél static axially.
symmetric metric of Equation (5.1a) apd the field equations
(5.2) ovex to tie (¢,1) coordinates. Equation (5}1;)
becomes: | |
ds? = e2ugt2 - e_Z“A—Z(EnXZdﬁz
- e2(8-0)p2(42 4 £2)14q2 + ae?]. (5.12)
and the field equations become: |

-1 -1

u"'lﬂ +.q u'q + ué& + & u§ = 0-. , : (5.132)
e (n2 + &%f‘lnﬂguun)z - (u§)2>_ MEL LI (5.13b)
N O R B T S TICIS LR C L U T LIS N ERETS

In Chapter 7, Equations (5.12)-(5.13) will prove useful in

a detailed analysis- of radiﬁtion from mnew soliutions,.
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Figure 5- Constant coordinate curves for
parabolic cylindrical coordinates
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CHAPTER 6
THE ACTION OF Q4
S

It is well known in mathematicallpﬁysics.that‘many
standard functidn; have representations in terms of
generating functions. For example, Hermite polynomials.
Hn(xY. can be completely defimed in ierms of their
generating function, E(x,t). as

©

F(x,t) = exp(2xt-t?) = 3 H_(x)t"/al (6.1)

n=0 |
(Mathews and Walker (1970))., At first glance, it appears
that the generating function buries all specific information
about the Hermife polynomials inside an infinite summatiop.
However, a short calculation showé how specific information
about Hn(x) is easily obtained.
F(x,t) = exp(2xt4t2) = exp(xz)exp(-it‘x)z)

‘ ©
= exp(x?) 2 an{exp(—(t-x)2;$]/atﬁ t%/n!

n=0
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8

= exp(x?) (—1)ndn{exp(—x2)}/dxn t%/al  (6.2)

BONA

=0
When Equation (6.2) is compared to Equation (6;1). the
functional form of Hn(x) is found to be

Hn(x) = exp(xz)(jl)n(d/dx)n(exp(—x2)> (6.3)
The main point is that a generating function contains most
e;sential information about a set of functioﬁs.

In a series of papers Kinnersley and coworkers
(Kinnersley—-(1977), Kinnersley and Chitre-(1977),(1978a),
(1978b) Hoenseiaefs, Kinnersley, and.Xanthbpoulos—
(1979a),(1979b) discovered symmetry groups admitted by the
stationary, axially symmetric Einétein-Maxﬁell field
equations,' One of the man& consequences of their
investigations.is the fact that the symmetry transformations . -
are most easily expféssed in terms of suitably defined
generating functions. The generating functions are SL(Z,RY
tensors and are constructed from a metric tensor in the
following manner, A stationary, axially syﬁmetric metric is
expressed in the form of the SL(2,R) teisor; fAB’ as in
Equation (1.26). Equations (1.31)-(1.33). are used to
construct the complex temsor, Hpp. (For a'concise summar& of
the notation of Kinnersley (1977), see Cosgrove (1980),) The
tensor H is used as the first of ;n infinite hieraichy'of

AB

tensors,
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(o) _ . (1) _ (n) _ ., (0,n) Yo
HAB ie, o0 H,o HAB' B o= 1NAB - (6.4 a,b,e)
(m,n+1) _ N(m+1,n) . (m,l)H(n)X
AB AB = iN,y B , .
(m,n) # (-1,0),(0=1) (6.5)
(m,n) (n,m) = (m).%_(n)X
Ngg ~ [N, 1 = [Eg, "1 E
, ' ‘ (m,n) # (0,0) ‘ (6.6)
(m,n) (m),*% (n)X : _
V(N,p" ) = [Hg, 1 V(H g’ A (6.7)

which are, in turn, employed in the definition of two

generating {unctions

A (n) _=n. , ‘
FAB(t) = /7 Bt _ (6.8)
n=0
_ N (m,n) m n ' , )
GAB(s’t) =/ NAB s t . | (6.9)
n=0

Thq two generating functions contain a dependence on the”
coordinates being used to describe the space—?ime, although
oﬁly the dependence on the parameters, s,t,.i; shown in the
above equatidns. If Weyl coordinates are used, the.left side
of Equation (6.8) is written FAB(PnZ»t) .It can be shown
(Hoenselaers et.al. 1977) that the functional form pf F is

AB

governed by the differential equation:

V(F = t)[(1-2tz)V(H - H
(F, ) its “(e)I( z) V( AY) 2tgv( A 1F e
) (6.10a)
. ) . _ :
s?2(6) = (1-2¢0% + (2¢p)? (6.100)
GAB can always be expressed in.terms of F sb once F, _-1is

AB’ AB
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found, the function 6,. jis automatically determined. The
solution generation techniques to be examined are most
cleanly expressed by formulas involving the generating.
functions above instead of formulas directly involving the
metric tensor fAB' Roughly speaking, the formulas are
expressions of the form

New F =

¢ AB’

(Alﬁebraic expression involving old F (6.11)

. AB
Despite the fact that the generating functions involve an
infinite number of tensors, it is the temnsor fAB which

actually describes  the space—iime and it is this tensor

which must eventually be recovered from any new FAB

produced. This is done using the definifion of FAB to BiYe'

£ = RelS,F, (00}, o | - (6.12)

Cosgrove's method (1980) of solution generation stems
from seeking infinitesimal transformations which do nof
chdnge the.form of the vacuum field equ#tions. Cosgrove was
able to exponentiate some of his infiniteasimhl
transformations to fi#ite transformatiéns.Thp particuiar
transformation to be looked at is denoted in Césgrove by
Q4s. The effect of this transformation acting on a function

is written

' =8, (1) . . (6.13)

The symbol s is a parameter which ﬁay vary'continuohsly ffom

minus infinity to plus infinity. When s = 0, Equation (6.13)
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becomes the identity transformﬁtion. The:effébf o% 54 ‘on
, ' ” T 0T 4s 0%
stationary, axially symmetric space-times is summarized by
the expression
’ T -1 X Y .
fap = Quo(f,p) = -8 T(S)EL0F, (s)F pls). (6.14)

The metric tensor fap is a known solution to the stationary,

axially symmetric vacuum field eqﬁations and-FAB ig the

generating function constructed from the metric tensor fap
fAB is the new exact solution.

Until now, alllexpressions are written without an
explicit coordinate dependence displayed. As it turas out,
when Q4s acts on a function, not only is a new function

produced, but 645 also produces new coordinates., Weyl

coordinates are changed according to

(p'h2'} = 8, (p,2) = s"2(p,z,8) lp,z-25(p2+2z5))  (6.15)

The coordinate dependence of the first part-of Equation‘

(6.14) should read

Eiglptaz,s) = Q, (£,0(p,2)). o (6.16)
In order to compare old solutions to new solutions, it is
desirable to get rid of changes induced by 64;'acting on
coordinates. This is accomplished by writing Equation (6.14)

as.

. -1 X .
Fap(przss) = =8 (p'ez's)Ery(pr 2 )F"  (p",2%,5)
x FYB(p'.z’.s): _ (6.17)

where,

~

{p',z'} = Q—4s{p‘zl ' B . (6.18)

| 1. JP | " — )
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In the Lewis parametrization of stationary axialiy

symmetric metrics (Equation (1,19)), the metric tensor .fp
has components

2u ) 2u
£11 Se 1o = £5q = —we” s

£,, = wle?n - ple~2u ' . (6.19)

The (A=1,B=1) and (A=1,B=2) components of Equation (6.17)

e

can be written in the form

2 -1 2 _ ) !

f11 = (s,fll) ;(PllTl) (Q11T2) ] : (6.20)
) -1 2 2

£19 = (%810 T IRy P (T % = Qy304,(Ty) 7] (6.21)

with '
FAB = P,p + iQ,p | (6.22)
z(Tl)2 = (1-2sz) + S(p,z,s) - (6.23a)
2(T2)2 = -(1-2sz) + S(p.z,s) ) (6.2355

The auxiliary functions S, Ty, and T, do not depend on the
original metric f,. so the coordinate substitution, Equation

(6.18), may be performed immediately. When this is done 'we

get '
S(p',z',s) = §1(p,z,-5s) , (6.24)
Tl(p,JZ'os). = Tl(plZp—S)S_l(PDzD—s) . . (6.25a)
Tz(p'.'z'.‘s) = Tz(p.z,—-s)S‘—l(p.z.—S) ' (6.25b)

The explicit coordinate dependence of Equations (6.20)-

(6.21) is
f11(p,z,s):= [szfll(p'.z')SZ(PoZ-’S)]fl[{Pll(p'.z'.s)
2T (p,z,-s))2 - {Q11<pf.z',s)Tz(p.;.—s)lzl
(6.26)
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foa(p,z,s) = [s2f54(p", 2282 (p,2,=)17 1

[p 2

11(p' 2" ,8)Pyo(p’',2',8)(Tq(p,2z,-5))
'Q11(p'.z'.S)Q12(p'.z'.S)(Tz(p,z,—s))Z] (6.27)
where the primed coordinates are defined by Equation (6.18).

Equations (6.26) and (6:27) show that whatever metric

fAB is acted on by 643’ the new metric is going to involve

the three quantities S8, Ty, and Ty Notice that these

functions can be written

S(p,z.,—-s) = 2s[(z+1/2s)2 + p231/2 (6.28)

Z(Tl(poZp’S))z . 2‘S[(Z-+1/2$) + (p2+(z+1/2s)2)1/2]

(6.29a)

20T (p,z,-s))2 = 2s[-(2+1/25). + (p2+(z+1/25)2)1/ 23

| (6.29b)
The expression for S in Equation (6.28) looks very much like
the quantity T defined in Equation (2.8) which came about by
examining flat space—time from an accelerated observer. The
symbol A in Equation (2.8) is here replaced by the symbol s.
The expressions for T; and T, in Equations (6.29) look very
much 1like the (&,n) parabolic cylind;ical coordinates
introduced in Equations (5.7) and (5.5). The zeroes of Ty
and T2 ;re shown in Figure 6.

Despite the coordinate transformations and definitions

of various quantities, there is one property that stands out .

in the analysis of Chapters 2 and 3. Vhen considering

acceleration or metrics associated with acceleration, in

L.
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Weyl coordin;tes the point p = b, z = -1/2A becomes a

special point. Even though the point has peculiar gnd even

inconvenient properties, it sE;ms very much associated with

acceléerations of magnitude A. Equations (6L2§5-(6.29) sh&w

when §4s acts on a metric, the point p =0, z = -1/2s is a

preferred point in the new metric, Therefore, it appeafs'
that 345 has the physical effect of giving an initial metric.
an acceleration with magnitude s..The advﬁntagg with Q4s'is

that it is not confined to act on static solutions but can

also act on stationary soluti;ﬁs. Sinqe stationary metrics.
are often set up by'rotating soh?ces, the effécéibf 545 on

such space—times ?aises the taqtalizing possibilit§‘of

egsily generating the space-tige exterior to a localiz;d.

rotating, and accelerating source.

To show th? connection'betweeh Q4s and accelefatién.
the effect of the transformation on a genefal static,
axially symmetric metric is examined. The form of the metric
tensor,f,p is

2u
L- o —p2e20 | _ (6.30)
As shown by Hoenselaers et.al. (1979af. the generating

functions are of the form

R - -1 _u+p , P | u?ﬂ :
11 s§ e F12 = ;S "e | (6.3;a,b)

where

vg = s~1[(1-252)Vu - 2spVul ‘ © (6.32)
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Figure 6: Zeroes of the functions in
Equations (6.29a) and (6.29b)
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Using these in Equations (6.26)~(6.27) gives the effect of

a4s on a general static solution.
wp,z,s) = Q (alp,2))
= (1/2)1nls(z+1/2s) + (p2+(z+1/23)2)1(2]
+ Bp',z’,s)  (6.33)
ialprzss) = @ (£7,) =0 o (6.34)
Equation (6.34) says that zl4s prés;rves the static nature of
the metric. Equatio; (6.33) shows that 545 produces an
acceleration factor similar to the one -in Equation (2.10).
This acceleration factor is ad&ed to a fuﬁction plsimilar.tq
the B defined in Equation (3.11). The only difference
between q4s and the analysis in Chapter 3 is that here the
metric function containing an acceleration fgctor is added
to B while in Chapter 3 the metric function containing an

acceleration factor is added directly to the original metric

function, u.
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CHAPTER" 7
RADIATION

Previous chapters have shown that thcltgansformation of
Cosgroﬁe, d4s' acts on ;n.exacf solﬁtion of'the Einstein
vacuum field equation and produces an accelerated'versién of
the original solution. Thé arépméﬁt for ﬁ4; producing
acceleration thﬁs f;r hinges on being able to compare the
nevwly generatéd solution with already known solutions: flat
space—time from an acce;erated observer, or th§ C—metriﬁ.
However, since the transformation ﬁ4s4a110ws new»e?act
solutions to be easily produced, the number ofunew exact
solutions quickly overruns the number of known solutions.
For this reason, more general criteria are nee@ed to test
whether the exact solutions generated'by the transfofmation
u4s really do describe the space—time geomqtry-extérqal to
an accelerating gravitatiomal source.

One of the ﬁdét imporkant predictioqs of Maxwell'’s
electromagnetic theory that an accelera;ed poinf charg§
radiates energy (Iackson,1975,Chap£§¥ 14). Since
electromagnetism is a linear theory, any finite size dhafged

body (superposition.of point chargbs)-will radiate energy
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when the body is acceierated. This property is useful in

that a distant observer can determine the attributes of the

accelerating body without haying'tp directly interact with

the charged body. In particular, the radiation wil; idehtify

the magnitude and direction of th§ acceleration,

General Relativify alléws egactlsolutiéns which
correspond to a source radiating energy in the form of
gravitational waves. In contrast to electromagnetic theory
which views the emnergy -as being carried away by
perturbations in the electric and magnetic fields, General
Relativitf claims £he eﬁergy in gravitétioqai radiation is

carried away by perturbations in the space—~time geometry

around a source. In electromagnetic theory, when.thd

electric and magnetic fields around a source decrease as:
-(fields) ~ (distance from sou.::ce)_1

the source is said to be radiating and somewhere its charges

are accelerating. In General Relativity, the first partial-

derivatives of the metric tensor, » are analogous to the

Bij
electric and magnetic fields. The temptation is to claim
that if the first partial derivatives of the metric‘tegsor
decrease as the first inverse power of distance, then the
.source of gravitation is radiating. However, gravitational
radiation shows up as perturbations in the ;idal.farces

surrounding a source and the tidal forces are prpppftional

to the second partial derivgfivés of the metric tensor. The
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quantity involving the second ﬁartial derivatives of the
metric tensor is the Riemann tensor, Rijki' Therefore,
roughly speaking, a source of gravitation is radiating if:
-1 ' l

Rijkl ~ (Distance)
The purpose of this chapter is to see if the above condition
holds when applied to the solutions generated by the

transformation @ :

: o 4st _

Radiation is most conveniently analyzed by looking at
the space—time with respect to a complex null tetrad..

Appendices C and D introduce the null tetrdd notation of

Newman and Penrose. In these appendices, the rotation

coefficients, l(a)(b)(c)s and the empty space Weyl tensor

components, ?(a)’ are written out for a general stationary,

axially symmetric space-time. There are a couple of reasons

for using complex null tetrads to describe radiation, One

reason can be seen by.considering flat,sﬁacé—time.(Equation
(2.2)), |
ds2 = ar? -.az% - ar? - R24¢2 (7.1)
and a pulse of light-moving down the ;Z—axis. The
contravariant components of the position vector of'the pulse
of light are,
xi = [T,T,0,0]. | (7.2)

The norm of this vector.is

E x = XiXi = 09_ ' '_ ) : (7.3)

showing that the fosition vector of the light pulse is a
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null vector. Null vectors point in the direction in which
radiation will travel,. Examiﬂiﬁg radiation im curved Qpace—

time may be handled bj using the null direction§ defined bj

null tetrads. A second reason for using complex null tetrads .

is that since two of the tetrad vectors are cohplex
conjugates of each other (see EquationQ‘(Dtlc,d)). the
coﬁplex conjugate of a tensor componeﬁt projecféd onto the
complex nuil tetrad frame is equivalent to inférchanéi#g
tetrad indices (3) and (4). The number of indéﬁendent tetrad
components'iS'cnt in h;lf.

Newﬁan and Unti (1962) investigated ehpty space~times
by examining the asymptotic'behavior'of We&l tensor
components when projected onto a complex null tetrad. In
Appendix D, these ;omponents are given special symbols and
are defiﬁed in Equations (C.ée). Newman and Unti (1962) and
Janis and Newman (1965) show fhat these .tensor components
have Taylor series expansions in powers of the‘reciprqcal of
a suitably defined distance coordinate along a nﬁll
direction, ’ . o - L |

®
?d= E C?a)(distan;e c'oordix.mte)—n-—1 .
n=0 o
The coefficients in these exzpansions éivg infbrmation on

whether or not a space—time is radiating energy and the

shape of the gravitational radiation pattern. In this
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chapter the expansiop coefficients for the new solutions of
"Chapter 3 and the Fransformation 64s will now be computed
for some cases.and examined to see if the new splutioﬁs
could represent a radiating source, |
In Chapter 3, it was shown that Qhen the metric
function u (gtt =,e?u) is a superposition of an acceler;tion
factor (Equation (3.8)), and a solution to Laplace's
equation (Equa;ioﬁ(é.Z)), the space—time interval can be
written as Equation (3.10) with an auxiliary function B
defined by Equation (3.9); Chapter 5 showed how to simplify
solutions with an acceleration factor by definipg two new
isotropic coordinates (¢&,n). When written in terms of the
(¢,7) coordinates defined by Equations (5.75 and (5.9), the
space—time interval of Equation (3.10) takes the form
ds2 = A2§2e2udt2 - e—2un2d92
- e2(8-B)ge2 + aq?1. (7.4)
With respect to the null tetrad defimed in Appendix D
(Equations (D.1a)-(D.1d) with w = 0), the components of the

Weyl tensor for the metric displayed in Equation (7.4) have

the form
P L N e BN I
—n_lAn
+1id( Zugn-2Atun-2Anu§+§-1un+q_1u§+-q_1A§—§_1An)] (7.5a)
?2 = 2'16'2A[—(u§)2-(un)2-§'1u§+n“1un] (7.5b)
v, = —(?o)$ ' (7.5¢)
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P,o=%; =0, (7.54)

ILater it becomes necessary to consider the weak-limit 1imit,
or linearization with respect ;o the function u of the above
expressions, Equations (3.3) and (3.4)-indjcate ihat-the
function @ is quadratic in the function u whilé Equation
(3.9) indicates that the function B is linear in the
function u..fhe linear approximation to Equations-(7.5) is

(going back to Weyl coordinates)

?0 ~ A[(-Z(upp;uzz) + 2pup; + 3u,

+alple —u ) 4 z;upz'+ 3u,)] | (7.6a)
P, o~ Al-u, + p*IEup] S " (1.6b)
?4 = _(?O)° ‘ - . (7.6¢)
‘Pl=‘?§=o C(7.64)

As expected, Equations (7.5) and (7.6) vanish Whgn uA= 2 =8
= 0., For this case, _

ds2 = A2¢2q¢2 - 2492 - ae? - dn2 ' (1.
and the coordinate transformati&n foﬁqd by combining

Equations (2.4),(5.7), and (5.9),

T = gsinhAt , (7.8a)
Z-z2, - A"1 = geoshAt . . (7.8b)
R =1q | (7.8¢)
p = 9 | (1.8Q)

puts Equation (7.7) into cylindrical spatial coogdinates
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(Equation (7.1)),
as? = ar? - r%2a0? - az? - ar?.

With the further coordinate transformafion.

T=0+r1x ' (7.9a)
Z - z9 " A"l = rcose (7.9b)
R = rsin® (7.9¢)
b -0 S - (7.94) -

this flat space—time interval becomes
ds? = av? + 24vUdr - £20d0)%

- ="r2sin%eap? o . (7.10)

The coordinate U represents a retarded time. while fhe three

coordinates (r,®&,0) represent spherical spai:iai

coordinates. A pulse of 1light traveling along a & =

constant, § = constant trajectory has an equation of'métion

given by U = constant. Therefore, a complex null tetrad for

the flat space—time in Equation (7.10) is

L = 3/ar S (7.11a)
N = a/au - 27 ta/3r L (7.110)
M- 271/2:7115/20 + icsced/ad]. L (1.110)
B =2712:7113/00 - icsced/ap] - (1.1

. . .
vhere the tetrad {L y y,¥} = [E(a)} is expressed in the form

of Equation (A.2). The tetrad vector L j;oints outward along
a null direction and the coordinate r is a measure of
spatial distance along this null direction., According to

Newman and Unti, this is exactly the sort of null tetrad and
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coordinates to be used 'when examining the asymptotic
behavior of the Weyl tensdr to see if a space—time
represents gravitatiqnal radiation, In_particular, they
.found the leading terms of the Weyl tensor components should

behave as

9y = 0(z™) - ' C(71.128)
P = 0™ ' | (7.126)
v, - o(z"2) : ‘ (7.124)
?, - o 1) o (7.12¢)

The Weyl components expressed in Equations (7.5) or (7.6)
are the components with respect to a complex null tetrﬁd

which in the flat space—time limit reduces to

1= 27217 00 + nTras001 C (T.a3a)
n - R EVETYCEPE PP FYYY . (1.13b)
m = 21 2[al0g & 10/0n] T (7.13¢)
3= 27Y 200708 - 10/0n) . Y (7.134)

.whgqh is, of course, a null tetrad for Equation (7.7). Such
a tetrad is very convenient for explicit calcuiation of spin
coefficients and Weyl tenmsor componentst-

A summary at this point is in order. fo examine the
possible radiation.in space—time (and therefore the
acceleration of the sources).vNewman and Unti'express.the
asymptotic’1imit of the Veyl tengér‘compoﬁénts.?a’ expressed

in a set of coordinates (U,r,6,0) and defined with respect
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to a complex null tetrad (E(a)) which reduces. to Equation
(7.11) in the flat space—time limit. However, what is
available in Equations (7.5) are the-Weyl tensor cdmponenté,
?(a)' expressed in a set of coordinates (t,0,&,n) and
dgfined with respect to a complex null tetrad (g(a)$ which
reduces to3Eqﬁations (7.13) in the 1limit of flat space—time,
Therefore, what must be done to consider possible raﬂiation
is to determine relations of the fornm,

? - §

. = T,
and to express the relations in terms of (U,r,6,0)
coordinates. When this is done, the Weyl components may be

expanded in powers of -1

to compare the asymptotic'behaviof
with the predicted behaviors of Newman and Unti for iheSe
components, | | | |
The calculation is simplified by assuming that the
metric functions are weak enough so that the linear
approximation may be used. Physicall& this means that the
accelerating sources are creating weak gravitational fields
which are 'painted’ on to a bﬁckground of flat space—time.
From a compﬁtatidnal.point of view, this.means that thé
problem of relating the two sets of Weyl tensors reduces té
expressing the null tetrad of Equations (7.11) in terms of
the null tetrad of Equations (7J;3). The coordinate’

transformations in Equations’(7.8) and (7.9) give the teétrad

relations to be
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~£ 10c0s0) (1 4 g
+ (—§—1(U+rsin29))(5 + ;)
+ (~isin@)(m _ )
£ lcos8(T+2r)) (1 + g)
+ (_g'l(n ; r + rcosze))(E + ;)

+ isin®(m - 3)

2M - (" lsin@(U+r)) (1 4 g

+ (—g_lrsinecose)(g + §)

. ' o
+ i(1 - p3) -~ icosé(py - m)

where (from Bquations (7.8a) and (7.8b)),

§2

(z - zo'-A_1)2 - 72

(7.142)

(7.14b)

(7.14¢)

(7.15)

Using Equations (7.14) and the general definition of the

Weyl tensor components with respect to a complex null tetrad

(Equations(C.,3)) a long and tedious

%o

[2sin29?0]

[4Ucose?1]r_1 .
[Uchs9c5c29(bo§0?0;4?1+30959?2)]r—z
[U3cosecsc49(—2c059?0+(7—3sin29)?1—6cos9?2

+cos29?3)]r—3

4

(048 1esc%0((Tsin é—4zsin29+43$?(o

)
+cos9(72sin29—104)?1
+(24sin4e—sosinze+68)?2

+24cos397’3-!-(1--23in29"‘3i1‘149)‘ﬂ’4)]:r—4

calculation shows that

(7.162)
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?. - [zllzsine(cose?o_?l)]' '
1/24400)" -1
+ [Ucos8(2 /25in0) 1)(‘?0+§cos9?1—3?2)]r 1
+ [Uzcose(lezsinO)_3((2+2c0529)¢0

—12c056?1+(6+5¢o529)?2-3cos9?3)]r—2

+ [U3cose(21’2sine)'5((11s1n29—15)?0
- 2 L2 o
+12c0s8(4-sin 6)?1+12(3s1n 9-—4)?2 '

+4(cose)(4—sin29)?3_co;29?4)]rf3 (7.16b)

-m.
]

l[cos29?0—2c0s9?1+?21

+ [Uéec@csc?@(—ZcosG?o
;(2+2co§29)?1-6cos9?2+2?3]i_l

+ [Uzcose4"1csc49(co56(206329+5)?o

—2(2+9cos26)?1+6cose(cos29+3)?2

~4(1+cos?0)P 4cosol ) 1272 © (7.160)

-[(21/2sin9)'100330?o_3c0329?1

- @
|

+3 o1 -
cosA‘i’2 P01 |
+ [UcosG(lezsinO)_s(~3cos29?0
+2cos9(2cos29+3)?1_3(1+30052992

+6dose?3_?4)]F—1 : : (7.164)

. = [2"1csc299(cos46?0;4co539?1
-+6cos29?2_4cose?3+?4)] (7.16¢)

The expressions abbve are written:as expansions in the

inverse power of the r coordinate. The reason for carrying
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out the eipansion to different orders will become apparent:
later. The exfressiéns above simplify somewhat, singe from
Equation(7;65). Pl = ?3 = 0. To

expressions in Equations (7.16), a specific metric function

further analyze the

u--—a solut;on to the field equation (3.,2)-- is needed, to
compute the functional form of the remaining ?a via Equation
(7.6a)-(7.6¢).

A solﬁtion to the field equation (3.2) can be written

as a multipole expansion:

F(p,z) = Emn(r)_n_an(x), - ) o (7.17)
n=0
r2 = p2 + z2, x = z/r

The sy.mbol m represents the 2n-p01e.‘m0'm.ent and P (x) is a
Legendre polynomial. The metric function u i# Equation
(7.17) is a#ially symmetric and-written in Weyl canonical
coordinates and is axially symmetric. When this metric
function is put into Equations (7.6a)-(7.6b), the results
are |

LA N | - ' (7.18)

n=0

where
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‘?én) = Amnn(r)_n—zcscze
'[—e-iG[Pn(cosg)[3c0349(n+2)+2c0529(—5n-11)+(2n+5)l
+cosepn(cos9)[cos26(-4n—6)¥(4n+7)]] |
-iZe_iesinG[cosaPn(cosg)[4c0526(n#2)+(—3n-7)]
+pn_1(cose)[cosZO(—an3)+(n+2)]]
-39 5n0p__,(c0s0)
+i3sin9e129Pn(cosg)y
fr(3/2)'mneizep;(cose)r—n—3
—(1/2)mnnr_n“3csc29
[Pn(c°se)[8cog49(n+2)+2cos29(—5n—11)+(2n+5)]
+cosepn_1(cos6)[cos29(—4n—6)+(4n+7)]
fiZsinG[cosePn(cogg)[4c0529(n+2)+(—§n—7)]

+pn_1(cos9)[cosze(—zne3)+(n+2)]] o (1.198)

@;n) =.mn(2rn+3sin29)—1
[Pn(cosg)[_sin26+2ncos29ﬁn]—ncos9Pn_1(cosg)

. +2Anr[éosOPn(cose)—Pn_l(cose)]]' (7.19b)

pln) - _(p(n))® - | (7.19¢)
4 0 : :
When Equations (7.19) are combined with the coordinate
relations between Weyl coordinates and the (U,r,6,0)
coordinates (combining Equations (7.8) and (7.9)) the
following expansions are found:
p ~ (-iAsin20)r2+(-iAD) r+(2"1iAU2ctn20) (7.20a)

2 ~ (-Asin2@)r2+(-AD)r+2-1(-AU2-1/4) (7.20b)
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The ?a have the following behavior with respect to the-

r coordinate.:

QO = Jadmr (v, 0,075 ' | (7.21a)
(n) -3
P, = A, (V0,0 (7.21b)
(n) -1 '
?4 - §A4 (U,0,0)r (7.21¢)
where the expansion coefficients A:n) are only functions of

the retarded time coordinate U and the angular coordimnates.

Appendix F lists these coefficients out to n = 2 for the

summations in Equations (7.21). The important point about

these expressions is the ;—dependent factors outside the

summation., The r behavior for these expressions may be

summarized as,
P - 0(s °%%)  a=0,2,4
=0 a=1,3 (7.22)

Equations (7.22) explain why Equations (7.16) were carried

out to different powers of r™1l, When the equations (7.22)

are put in Eqnations‘(7.16) fhe results are
P - o(z75*) a=0,1,2,3,4 - O (1.23)

or more specifically,

r—5 contribution to ?0;
2sin2e

[2sinm ]'i”@

+[3U20tn26]?25'2

-154 . 4 2 -
+[87 0%ctn00sc01? . 4 - (7.23a)
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~4 contribution to @1:

[-3U2—1/2ctn9]?2r_1
+[TZ'S/ZUsctngecsc29]?4r"3 . . (7.23b)

contribution to ?2:

?2+[4"1Uzctn2903029]?4r—2 - (7.23¢)

-

contribution to ?3:

[—2‘3/20ctnecsczel?4r‘1_ (7.23d)

r~1 contribution to §4:

[2'1csc29]‘?’4 ‘ | (7.23¢)
Equations (7.23a-e) are the Weyl tensor components for a
static, axially symmetric space—time which is generated by,
adding an acceleration factor to a multipole solution of tﬁe
field equation (Equation (3.2)). With respect to the iaéial
dependence of these components, tﬁe components behave iﬁ the
fashion predicted.by Newman and Unti (see Equ#tion;'(7;12a-
e)), (also see Appendix G) for radiating systems. Combining
Equations (7.21) and (7.23), the gxpressions in Eqﬁaiioﬂs
(1.23) can bde written: |

_5 ~

r contribution to ¢

0:

2sin?0ya{™)

+ 302ctn20%,(n)
otn®0)a,

+ 8_1U4ctn49csc29§Aén)' , ' | (7.24a)
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contribution to @1:
- 30 "1/2 (n)
2 ctn@}Az
- 2—5/2u3 3 2 (n)
ctn?Bcsc 9§A4

contribution to ?2: '

\ (n) -142 2 2 ‘(n)
£A2 + 47 0%ctn“Oecsc 9§A4
contribution to @3
- 2—3/2Uctn9c8029§A(ﬂ)

4
contribution to ?

2_103026§A;n)

4°

(7.243)

(7.24¢)

(7.244)

(7.24¢)

In order to argue that the leading terms of the Weyl

tensor components in Equations (7.24) represent a spacé—time

containing radiation, one would l1ike to show that Equations

(7.24) can be expressed in the form of Equations (6.1)-(G.5)

in Appendix G. If only one term in the summations in

Equations

and

ko

a8 = _3ng(1 + A20%csc20)2/(8A705)

(0) _ 3,43
Az = mo/(zA UY)

Aio) = 3mosin49/(2A3U5)

(7.24) is used, from Appendix F one has:

. (7.25a)
" (7.25b)

(7.25¢)

putting theése expressions in Equations (7.24) gives

contribution to ?0:

(3m,/2430) [-sin?6(1 + A202csc20)2/(24%u4)

+ ctn28(1 + cos26/8)

' (7.264a)
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—4‘contribution to @1:

“3m0ctn9(1 + cosze)/(23/2A3U2) S (7.26b)

-3 contribution to @2:

m (4 + 3cos20)/(8a%0%) - | (7.26¢)
r™2 contribution to @3
—3mosin90039/(i5/2A3U4) (7.264)

+~1 contribution to §4

3mosin?e/(4A3U5) (7.26e)
Comparing Equations (7.26) with the expressions in Appendix
G shows that it is not p§s$ib1eﬂto seléct a-éet of multipole
moments (ay in Appendix G), which will yield the eipressions

in Equations (7.26). Chapter 9 will give more discussion on

this last issue.
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CHAPTER 8
ACCELERATED ROTATING SOLUTIONS

Chaptef 7 performs a radiation analysis of the space-—
time produced when the transformation ﬁ4s acts on a static
space—time. This chapter points out some differenpes that
result when thg transformation Q4s acts on a stationary
space—time,

A; mentioned following Equations (1.19%41.21),
stationary space—times are described by two metric functions
u, and w. Instead of thé static case (dl= d) in which.there~
is only one field equatioﬁ to solve quuatién (1.19)),
stationary space—~times require the solution to two field
equations (Equations (1.19)-(1.20. Chapter 3 sh&wed how new
solutions could be ggnerated bf adding'an acceleration
factor to an initial metric fumction _— the price being the
need to solve for an auxiliary fﬁnction B (Equation (3.,5)
and (3.9)). A similar function appears when.ﬁ4s acts on a
general static solution (Equation (6.33)).

A key result of Chapter 3 was the fact that the:

auxiliary function B can be written as a Poisson integral.

Since the static metric function u obeys Laplace’s equation,
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‘it can be written as a Poisson integral over am axially
symmetric distribution function 6. The auxiliary function B
can be written as a similar Poisson ‘integral as in" Equation
(3.17). However? the distribuﬁion fu;ction which appearQ‘in
.the Poisson integral of B is a modified distribution function
o': ' |

o' = F 2%6(p,2) : | (8.1)

Z =z +1/(24) |

2=p2+;2

Ml

. This is a pleasing result for a couple of reasons. Firstr-it
means that in ‘adding’ an acceleration fictor to éenerate
new solutions ‘Chapter 3? or in iettiﬁg ﬁ4s act on a static
solution (Chapter 6), the new solution depends iﬁ a fairly
direct manner on the original solution. If the methods of
Chapters 3 and 5 are giving a static solution a linear
acceleration, one would expgct the dis£ribution; setting up
the gravity fields to ﬁppear modified when undergoing
acceleration, Secondly, Equation (8.1) suggests a possibie
extension to the case of Q4s acting on a stationary
solution.

Ideally, what one would 1ike to see is that when @

4s

acts on a stationary space—time, the new spaceftime is

determined by two auxiliary functions 51, and BZ* which may,

in turn be written as Poisson integrals over two separate

modified distribution functions., These modified distribution
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functions would be related to distribution functions 61.'and

%y, which determine the original métric func;ibns u, and o.:
Unfortunately, such an optimistic is quickly tempered., The
field equations governing the metric functions u and © are a
coupled set of nonlinear equptioné. It is impossible to
write these original functions in terms of Poisson integrals
over two separate distribution functions 61 and L7y iet
alone hobe that the new solutions is governed by two
separate modified mass densities. ‘

?he action °f'§4s o; stationary solugioné is further
confused by the fact that the new:solutions will always
contain a dgpendence on two functions Tl'and T, as defined
in Equations (6.28a) and (6.28b). The function Tj és of the
functional form of an acceleration factor—-—an infinite,liné
singularity at p =0, z { -1/(2A). The function T2 is also ;
line singularity at p = 0, z > -1/(2A). This additional
factor compounds the trouble in énalyziné tﬁ& new solutions
generated by Q4s'

Nonetheless, the trxansformation Q4s can be.applied to
stationary solutions., If the initial space—time is being
created by rotating sources, Q4s should give the resulting
space—time when the sources are in uniform acceleration with
acceleration magnitude  s. The‘Kprr solution (1963)

represents the space—-time external to a point mass with

angular momentum. The result of Q4s acting on ; Kerrt
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solution is presented in Appendix H (Equations (H.3a;b.c)).
The parameter q in those expressions represents the amount
of rotation in the original Kerr solution--q = 0 represents
no angular momentum (Schwarzchild soiution (1516)), while ¢q
= 1 represents ’extﬁeme Kérr”. Any‘radiation analysis of
this accelerated Kerr solution (as in Chapter 7) is
immediately hindered by the fact that the new golution is
éonveniently expressed in both parabolic coordinates (TI’TZ)
and in prolate spheroidal (x,y) coordinates.

However, it is possible to determine the infinite red-

shift surface (gtt = 0), for the solutiom in Equation

(B.3a), in the 1imit of small rotation (g<<1). The equation
for this surface 1is

x =1 + ¢2[(1-y2)/2(1+2smy) %]
where (x,yi are prolate spheroidal coordinates in.Weyl-

canonical (p,z) space centered on the two points

p = 0, z n(1-2sm)~1

~m(1+2sm)~1

p =0, z
Figure 7 illustrates this red-shift surface for s = 0, and
for a finite value of s. Notice how the surface changes
shape for differen; values of the parémetei s: a parameter
which is directly proportional to the magnitude of the

acceleration.
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q=.1
sm=0
sm = .48

Figure 7: Infinite red-shift surface for Q4g acting
on a Kerr solution (g{<l1)
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CHRAPTER 9

SUMMARY AND CONCLUSIONS

In this work we have attempted to determine if one‘of
the soiuticn1 generating techniques foz:-cr;ating new
stationary, axially symmetric space—times has an interesting
and straightforward physical interpretation, The aftempt has
been to show, im the specific case of static, axially
symmetric space—time, the transfoimation‘df Cosgrove, ﬁ4s’
has the physical effect of taking an initial static, axiaily
symmetric metric and giving it an accplératioﬁ along the
symmetry axis., The new metric is an accelerated version of
the original metric. This ih&sical interpretation was
surmised by examining flat space—time from the view of a
uniformly accelerated observer (Chapter (2)) and comparing
this with the actiom of 6:1s on flat space-
time (Chapters (3),(4),(5),(6)). In both cases, when the
result is expressed in Weyl canomical coordinates, an
acceleration factor appears im the metric (Equation (3fT)L
This factor appears'in the simplistic approadh.tq generating

solutions outlined in Chapter (3) as well as the more

sophisticated treatmen{s of Kinnersley, Cosgrove, and other
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workers,

The hypothesis is made that if (in Weyl canonical
space) an acceleratioﬁ factor represénts-flat spa;e—time for
an observer in linear accelerakion, then an acceygration
factor plﬁs any static solution represeﬂts the‘sp;ce—time of'
that static solution when in ﬁniform; rectili;éar
acceleration. Since éuch an acc?lerated system is ;xpected
fo radiate gravitational_enefgyr Chapter 7 makes an effort
to see if, in fact, the new static space~times generated by
the action of 645 represent radiation and thérefore
accelerated sources.

The static solution to which an acceleration factor is
added (or on which ﬁ4s acts), is the multipole solution in
Equation (7.17). This seed solution is used because it is
general enough to cover a wide range of sources in We§1 p—z
space. If a4s acting on this solutiom produces an
accelerating and radiating ‘spéce—time, then froml the
linearity of the field equation (Equation (3.2)) for static
space-times, when Q4s acts on more general sources in p-z
space, the result should be radiation. The calculations in
Chapter 7 are simplified by assuming the linear limit: in
both Weyl coordinates (t,¥0,p,z) and the radiation
coordinates of Newman and Unti (U,z,8,0) the assumption is
that the observer is far away from the,;ccelerating source.

A comparison of Equations (7.23) and (7.12) suggests
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cause for initial optimism with respect to the hypothesig
concerning acceieration. The Wefl tensor components of the
new generated solutions exhibif correct asymptotiqm;gdial
coordinate behavior, This behavior is sometimes termed
‘peeling’ and.is analogous to the electric and magnetic
fields of electromagnetism havipg a prqdictable r—1
dependence when the sources of.fhe field are accelerating.
At any ratef there is a certain gfatification at seeing the
new static space—tiﬁes produced by Q4s demonstrate the same
radial depeqdénce as space—times containing gravitatjonal
radiation, |

However, to say the new space-times are those of
‘accelerating sources, the other coordinate (U,8,¢):
dependence of the Weyl tensor components must be examined.
When this is done, the agreement between Equations (7.23)
and what the dependence should be fd: radiating sources is
impossible tq find; The calculated behaviog (with réspect to
the (U,9,0) coordinates) of the Weyl tensor for the assumed
accelerated solutions produced by Q4s does not éoincide‘wifhr
the predicted behavior suggestedﬂﬁy Newman and Unti (1962)
or Janis and Newman (1965). This disagreement is seen by
examining Appendices F and G. As a matter of fact the Weyl
tensor components of the new acpeyerated solutions

demonstrate some very serious angular infinities and -

singularities as demonstrated in Equations (7.26),
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Therefore, the initial optimism for 345 producing
accelerated solutions may have to be temperéd. |

| DIFFICULTIES AND FUTURE INVESTIGAIiONS.

i) Throughout this work, there is always the issue of
coordinates. One of the elegant aspeéts of general
relativity i;.the ability to formulate its laws in a
coordinate free fashion, Yet, to examine physical aspeéts of
different space—times, a set of coordinates is needed té
perform calculafions and express physical éesults. Chapter 2
showed how-flat space—time can appeaf as in infinitenline'
singularity in Weyl cagonical coordinates and Chapter 4
showed how the metric of a Schwarzchild particle can appéaf
as a finite rod source in Weyl éanonical coordinat;s. In
Chapter 7 issue‘becomes important and more difficult..The‘
problem boils down to having to abandon Wéyi p—-z coordinates
in favor of radiation coordinates (U,r,6,0), The Weyl
coordinates are useful in simplifying the algebra involved
in stationary, axially symmetric space—time. The radiation
coordinates are useful in considering the possible radiation
from accelerating sources. The argument for the validity. of
the relation between these two 'sets of coordinates
(Equations (7.8),(7.9). and (7.15)) is not as compelling as
it might be. For one thing, the coordinate trgngformations
assume a flat s?ace—time background and yet the resulté are

used to describe accelerating with no constraint on the




71
magnitude of the‘acceleratibn.

ii) The Weyl tensor componenfs Qemonstrate very awkward
behavior in the 1imit if the a@gei;fqtion magnifﬁﬁéhﬁsf? or
'A;) going to z;ro. |

iii) One direction for future investigation would bé to
make a more convinéing argument for the conngction bétween
the Weyl coordinates and the radiation coordinates. The key
expressions summarizing this problem appear in Equafion;
(7.20a,b)., The assumptions made in arri&ing at these
equations boil down to assuming that an observer watching
the accelerating the accelerated source is ;n some way
-at a great distance from the source. The coordinate
transformations are based on the assumhtion'that.when the
radiation coordinate r:goes to infjnity this means the
observer is also a great distance away. Such thinking is
certainly valid when the sources of radiation are localized
and the accelerations are confined to some well definea
spatial region. However, the acceler@tions here are uniform
and linear and are by no means confined to a small regionof
space—time, The sources here follow a worid—line'which is a
hyperbola in space—time. The spatial motion is that of a
source which deaccelerates as it comes in from minué'
infinity (along the symmetry axis), stops for an instant,
and then accelerates back out tolspgtial infinity.

Therefore, one might expect a more strict criteriomn is
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needed to define what is meanf by an asymptoticalli distahta
observer with respect to such a linearly accelerated source.

iv) Even when such a good transformation of coordinates
is developed, there will remain the problem of trying to
show the space—time has a multipole Structure as suggested
by Janis and Newman (see Appendi# G). This would amount to
showing a relationship between the expansion constants A(n)
and ay which appeir in'Appeﬁdices F and G. |

v) Initially, this work began by considering the
physical effect Of,a4s acting on a sﬁatipn;ry, axially "
symmetric exact solution, The stationary case reqﬁires the
consideration of an addition#l metric function w. As.Chapter
6 points out, when a4; acts on siationary gpace—time;, a set
of two‘mirror acceleration factors appear in the new
solutions (se& Equations . (6.25a,b)). .The probiems concerned
with a double set of line-siﬁgula:ifies are quickly seen.
However, si;tionary, axially symmetric space-times,includé
"rotating sources such as the Kerr éolut;on° The action of
643 on such §olutioms could produce the tantalizing
possibility of producing an accelerated an& spinning
gravitational source. The agtion of Q4s acting'on.the Kerf
solution is included in Chapter 8 and Appendix G.
Nonethele;s, the algebraic difficulties and problems with
interp;etations‘of the coordinates for theses cases should

not be underestimated.
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v) In all the solution generation schemes, the explicit
forms of new solutions should be calculated and examined in
different limits. Particular care should be placeq on weak
field limits, large acceleration factors, small acceieration
factors, and the behavior of the solution fdr points aldng
the symmetry axis, In particﬂlar, this work has giossed over
the fact of the preferred point in the acceleration factor

(p=0,2z=-1/(2s)) slides up and down the z-axis for different

values of the parameter ’'s’', If the parameter ’'s' is to

represent the magnitude of the acceleration imparted to the
source, some consideration should to what is going on when
this preferred point slides around.

vi) Another interesting test of a space—time is the
shape of the trajectories of point test particles or

geodesic motions., It may be interesting to see how the

action of a4s affects the geodesics of both finite mass

particles and photons.

vii) The effect of u4s on different space—times could

perhaps be better studied through the use of computer: both

as an aid in the tedious aléebra as well as visually
displaying singularities, red-shift surfaces, and geodesics
in the newly generated space—times., Part of the lack of

computer assistance in this work is due to the author's lack

of expertise in this area.
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= In the above references, the following sources,
Cosgrove (1980)
Misner, Thorne, -and Wheeler (1973)
Kramer, Stephani, MacCalium, and Herlt (1980)
contain excellent and very comprehensive bibliographies
concerning exact solutions, solution generation techniques,
and original papers in the field of gemneral relativity.
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THE TETRAD

FORMALISH
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The‘tetrad f@rmalism is introduced in a number of
places. Treafmeﬁts wh;ch are pérticularly ‘useful are
Chandras?khar (1979), Misner et.al. (1973, Chaptgf“14}.éna

Kramer (1980, Chapter 1). Four-dimensional space—time is

i

usually described by coordinates, x*, and a metric tensor,

ky,

g..(x At each point of space—time a basis of four vectors

1)
is selected., The contravariant components of these vectors
are written

e(a)i. (a,i = 1,2,3,4) | (A.1)

The index in parenthesis is called a tetrad index ‘and
indicates which of the four tetrad vectors is being
considered. The index without parentheSiS'is called the

tensor index and indicates the‘particular component of a

tetrad vector with respect to the coordinates x'. In

differential geometry, the tetrad vectors are viewed as
directional derivatives and are written
’ i i ' . '
e = (0/38x%) : (A.2)
~(a) = ®(a)

Tensor indices are raised and lowered in the usual manner

with the metric tensor_gij and its inverse gij

- i A.3)
€(a)i -~ Bij®(a) ‘ . ( .
i_ . ij , ‘ :
e(a) g e(a)j - ) ' (A.4)
The contravariant.compomnents, é(a)la can be viewed as a
o (3)

matrix with an inverse, i» SO thaf
ig(b) () z ‘ ' :
e - (A5
(a) © i = By , , : A3
- [¥] g - . >
(ﬂ) J =&

J ' (A.6) .
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The power in the tetrad formalism comes  -in selecting

the tetrad vector components to obey

e i ‘ )

(a) "®(b)i = M(a)(b) - - (A.7)

where n(a)(b) is a constant symmetric matrix with signature
(+,-,-,-). The definition of "(a)(b)-means it can be used to

raise and lower tetrad indices

(b)i

(b)i = J i
M (a)(b)e ° 8

j o (a) 7 j
i B : (A.8)

i
o

[
(]

= €(a) .
The quantities n(a)(b) and n(a)(b) are used to raise and

lower tetrad indices in the same manner as the metric tensor

8 and its inverse, giJ, are used to raise and lower tensor

ij
indices.

Tensor compomnents are prdjécted on to the tetrad basis

to get the tetrad components

0 _ i j
Marey) = ey S Piy - A9
Tetrad vectors in general have non-zero commutators
: _ale) . ' : =
[S(are2m)] = € (a))RCe) - o (4.10)

The commutation coefficients, C(a)(b)(c) are related to the

Ricci rotation coefficients, [ . ivy(o)

_ m n A11
M(a)(b)(e) = ®(a) ©(bIm:n®(c) (A.11)

by the formula

2Ty (m)(e)~ = Co)la)(e) * C(e)(a)(b)

= Cla)(v)(e) . (A.12)




89

APPENDIX B

ORTHONORMAL TETRAD FOR STATIONARY
AXTALLY SYMMTERIC SPACE-TIMES
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Stationary, axially symmetric space—times are described

by the four coordimnates (x1=t,x2=ﬂ.x3.x4) and by the space-—

g

_time interval:
(ds)2 = e2%(dt-wdd)? - o2(B-m)gp2

- o2(8-0) 4532 4 4542), (B.1)

An orthornormal tet?ad (Misnernet.alf 1973; p.354) is_a set.

of four vectors such that the éuantity,n(a)(b)'in Eq.(A.7)

has the form:

0-1 0 O
0 0 -1 O
0 0 o0 -1 . ' (B.2)

An orthonormal tetrad with respect to the coordinates and

the metric defimed by Eq.(B.1) is:

e(l)i = e—usli | o  (B.3a)
e(z)i = efB+u[081i+82i],- - B | (B.3bx
e(s)i = e'9+u631 - (B.3¢)
eyt = o P, - | (B.3d)

, ate

Vhen the components of the Einstein tensor,'Gij

projected on to the orthonormal teteral of Eqs.(B.3) uéing
Eq.(A.9), the non-zero components of G(,y(p) 27" be written -

in the form:

_.2(Q2-u) (2) (1) : -B 2uy . B-2u
e [G (2) - 6 (1)] = —g V['e Ve ]
+e"2Brdug, vy, (B.4)

ZeZQ[G(Z)(l)] = V[Q_B+4uVm]_ (B.5)
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—e2(R~-u)a(3) (4) ~-B B
e [G (3) + G (4)) = e VVe (B.6)
2(0- 2 T
-0 ( 11)[(;( )(2) + G(l)(l)] = -» i, 2:+4quV(o
+e"Byve
+2VuVu-B - 2VVu
+2VVQe o (B.7)
_ 2(R-u)fa(3) (4) -1 _-2B+4u 2 .2
e (e} (3y — © ()] =2 e [(ws) (m4) )]
‘ ‘ )2 . )2
*Bgq*(By’ -Bg3—(By
+2[B3@3—B4Q4 |
-(u3)2+(u4)2] (B.8)
—e(2-1) (3) ~1.-2B+4u
° L6777 (4)1 = ~Bgg-ByBy-2ugu,+27 "¢ L
+Q4B,+0,B | (B.9)

For convenience, a symbol, V; is used as a two-
dimensional gradient operator:

VMYN = M -

- 3N3 + MyNy (B.10a)

= | ' B.10
VUM = Mgg + My, (B.10b)




92

APPENDIX C

NULL TETRADS
AND THE NEVWMAN-PENROSEFORMALISM
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A null tetrad is a set of four vectors such that the

quantity, Mea)(p)» in Eq.(A.7) has the form:

Ta)(p)y =0 1 0 0

1 0 0 0
0 0 0 -1
0 0 -1 0 | ' (c.1)

The Ricci rotation coefficients are defined as in Eq.(A.11)

and for a null tetrad are given the names (Newman and

Penrose 1962):

Py = & M) = °
Fayayey = o Ty = w
Ty =*  Tmae =
M2y =V Ny ~ °

2T Gy 1y () *T (3) () (1)) = @
(2T 2y (13 (2)*T(3) (4) (2)) = 7
2Ty y sy a)) = o
2T oy (T (a3 =B ) (c.2)
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The five independent components of the vacuum space Weyl

tensor are (Newman and Penrose 1962):

Po = “Ra1)(3) (1) ()
Y= Ry (2) (1) ()
Y = Ry 3y (o) (2)
?3 = Ry
e = Ry (0

vhere R(,4)(p)(c)(d)

curvature tensor.

(C.3a)
(C.3b)"
(C.3¢)

(c.34d)

(C.Se) )

dre the tetrad components of the Riemann
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APPENDIX D

NULL TETRAD FOR STATIONARY
AXTALLY SYMMETRIC SPACE-TIMES
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A null tetrad with respect to the coordinates and thé

metric defined by Eq.(B.1) is:

(2)1/2 e(l)i = (é—u“;me—B+u)§1f + (ejp+u)§gi fP'ia)
(2?1/2 ) i_ (e—u_wé—B+u)§1i N (_e—B+u)§2i (D.1b)
(2)1/2 e(s)i = e*“*“(ss'i+is4i) = m ' (D.1c)
(2)1/2 e(4)i - e—ﬂ+u(83i_i54i) (D.14d)

For this null tetrad, the non—-zero Qpin coefficients

(Eqn(D.2)~Eqn(D.4) have the form:
1

k = (X-Y) " 'm(x) , |  (D.2a)
v = (X—Y)—I‘E(Y) , : . (D.2b)
t = -271m(p | ~ (D.2¢)
no= -1 , e

a = 272(E+v) - 207320 " 20070 (87 (87 g (p 2e)

g = 27 2(k+dy o+ 2(—3/2)erZ(Q—n)[(eﬂ—u)3+i(eﬂ—u)4] (D.2£)

where the auxiliary functions:
X = o + ¢B-2U (D.3)
Y = o - oB72® | : (D.4)
have been used. |

The components of the Weyl tensor are:

v, = “m(k) + 2kv + k(3p+a) - - (D.5a)
‘Pl =0 | _ (D.5b)
?2 - ¢ * kv ' (D.5¢)
Py= o0 ) . : (D;54d)
Py = m(v) - 2ve + v(3a+p) | (D.5e)

In the case of static, axially symmetric spaqe—times 




w:
the spin

k =

v

'c =

where:

X =

‘The Weyl tensor components redunce to:

Yo

¢

2
Y
¢

1

‘coefficients reduce tor

0

271m(x)
- £

-1
=2 “m(p)
&
=T

-1 %
-2 mig—-u)
=]
-Q
eB--2u

’ ]
-p(k) + 2k(t~a)

e - kK
. %

-ty

T, =0

97

(D.6)

(D.7a)
(D.70b)

(D.7¢)

(D,7d)

(D.7e)
(D.7f£)

(D.8)

(D.9a)
(D.9b)
(D.9%¢)

(D.94d)
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APPENDIX E

PROLATE SPHEROIDAL COORDINATES




9%
Prolate spheroidal coordinates (z,y) are related to the .

cylindrical coordinates (p,z) by the relations

k(x2-1)1/2(1-32)1/2 (E.1)

P

z kxy+e ‘ (E.2>

Geometrically,

x = (2k)_1(-r_ + . ) (E.3)

). ' - . (E.4)

+

vy = @7l . -y,

where T, and r_ are the distances from an arbitréry point P
in the (p,z) plane to two preferred points along the z-axis.
The preferred points are centered on the pbint z = ¢ and
ssparated by a distance 2k. Figu?e 8‘shows the.constant
coordinate curves for x and y. From the relations above
(Equations (E.3) and (E.4)), the r;nge of the x and y

1 ¢<(x ¢ , -1 <y < +1 ., (E.5)

The square of the distance between two points in the
(p,z) plane with an infintesimal separation is

(ap)2 + (a2)? = _

2(x2-yH) a2/ (x2-1) + (ap?2/a-yHI1. - (B8

The relations between differential operators are

- .('x2_1)1/2(1_5,_’.9.;)1/2/_(:k(xz_yz))[-xqx . .(E.i)

3 = 1/(x(xP-y?NI-1ye i a-yD=a_ 1, . (E.8)

These allow equations in Weyl canonical (p,z) coordimnates to

be expressed in prolate spheroidal coordinates.
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2k Z

constant X - coordinate

constant y - coordinate

Figure 8 Constant coordinate curves for
prolate spheroidal coordinates
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APPENDIX F

EXPANSION COEFFICIENTS IN
EQUATIONS (7.21a)-(7.21c).
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The expansion coeficcients in the suﬁmations of"

Equations (7.21a-c¢) are (to order n=2),

‘ . ) :
Agl) = _3m1[1+(Achc9)2] |
x [2(AU)2-sin20118A807]" 1 ‘ (F.2)
2
Aéz) = _3mzsin26[1+(Achce)2]
x [35in20-4(AU)21[16A%09]11 (F.3)
3737-1 : , ‘ .
A§°) = mol24%0%] (R4
Aél) = m [2(a0)2-sinZel[2a%0517 1 S (F.5)
A;Z) - _3m231n29[-5§in29+4(AU)2]
x (44507171 ~ _(F.6)
Al® < gmgsinteraadusytlt ' - (F.7)

A;I) = 3n_g5n?0I2(AD) 2+551n%0]
x 124497171 | | (F.8)
A;z) = 3mzsin66[353in29—20(AU)2] ' |
x [8A5p21-1 | (F.9) .
The symbols.mo,mlpwand mé are the multipole moménts in ?he

summation of Equation (7.17).
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APPENDIX G

ASYMPTOTIC STRUCTURE OF
GRAVITATIONAL FIELDS IN TERMS OF
LINEARIZED MULTIPOLES
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In.an attempt to define a multipole structure for the
sources of a gravitational field, Janis and Newman (1965)
show the Weyl temsor components, ?a

have the general form:

?o = [3azsinze]f-5

+ terms of order r~6 (6.1)
?1 = [alsing;g(z)i/zaél)sinechO]r_4

+ terms of order r 9 (G6.2)
'@2 - [ao_(z)l/zail)cose+a§?)(3c6s261)]

+ terms of order r 4 (6.3)
?3 = [(2)1/2a53)sin9cos6]r—2

+ terms of order r 3 (G.@)
?4 = [z_laé4)sin291r-1 | .

+ ierms of order r~2 X | (G.5)

These expressions are writtenm in terms of the (U,r,,0,0)

coordinates used in Chapter 7 and with respect to the tetrad

defined in Equtions (7.11). The symbol ay is defined in -

their work to represent a 2N—p01é wvhose moment is

proportionalnto dﬁ. The symbol ay is, in general, a function
of the coordinate U, When a the symBol aN appears with a
superscript (n),. this represents ‘the ﬁ—fh partial défivative
.°f aN with-respe;t to the coordina;e U. The -real part of'the
' function a, 1S identified ‘as an 'efebtric?-type'of pole .
corresponding to masses at rest. The imﬁéinary'parg of the‘
function 5N is identified as a 'magnétic"type of pole

corresponding to time—indeﬁendent mass 'cﬁrrents', In their
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analysis the following physical assumptions are used:

First,

aél) = 0

physically states the conservation of 'electxric' and

'magnetic’' type monopoles. The’condition:

aiZ) =0

physically states there is the absenbe.of gravitational
dipole radiatiﬁn.'Both these condﬁiions came ﬁﬁout'in'the
detailed mathematical analysis of the gravity field: in .
particular by considering the initial data on the si;f;ce
U=constant.

The main point about the above formullyis that it
should be possible to write the expressions derived for the‘
Prs of an accelerated object (Equations-(7.235) in the form
of the expressions-appearing in Equatéoné (G.1)~-(G.5). This
would mak;'it possible to exaﬁine.thq multipole strgcture pf_

the radiation from the accelerated solutions genérated by

4,




TRANSFORMATION OF THE KERR SOLUTION
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APPENDIX H
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In the parametrization of Lewis,( Equation (1.9)) the

metric functions for the Kerr solution (1963) are of the

form,
e2% =((px)2 + (qy)2 -1) ((px+1)2 + (qy)2) —1, (H.1a)
o = 2mq(1=y2) (px+1) ((px)2 + (gqy)2 - 1)1, (H.1b)
e2? = [(px)? +(qy)? -111p 2 (x2-y20171, - (H.1lc)

with x-y being prolate spheroidal -coordinates related to the

Veyl coérdinates by,

c = mp, ., (H,2a)
p = o((x2-1) (1-y2N /2, s-gxy, (H.2b)
q2 =1 -p2.. (H.2¢)

When the transformation Q4s of Cosgrove (1979) acts on the

"Kerr solution metric.functions, the results are,

2 _ 2 2
Q4s(° u) = (1-4s5°0”)x

[[(pX+3) (pE-1) +a>¥YF1(T,)2

~q2[(pX+8)F-(pE-1)YI(T _y21x

2)
[(pX)2+(qV) 2= ()21 1 (px+3)24(q¥) 2171,

(E.3a)

Q (0) = qs'1(1—§s262)‘?g
[-[(pX+8) (p¥-1) +YFI L P+ Y- (pX+DIFI(T 2
+[(px+§)§—(p§-1)Y][q2§Y+(pX+3)(p§+1)1(T2)21x.
[[(pX+3) (p¥-1) +a2¥F12(T )2 |
-q?[(px+s>§-(p;-i)yl2<T2)21‘1, (H.3b)
Q, (287 = (1-45262) 1 (X+H) 2+ (qD) %12

4 s : .
p2(3)"1rx2-y271-1, " . (H.3¢)
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where,
X = x+2so0Yy, Y = y+2s0%, (H.42,b)
(3)2 = 1 + 4503y + 4s262(22+52-1), (H.4¢)
2(T )2 =.1 + 25057 + 3, | (H.4d)
2(T 5% = -1 - 2057 + 3, (H.4e)

with X and ; being a set of prolate spheroidal‘coordinatps

centered on the two points,

p =0, z +6(1-2s¢)71, ' (H.5a)

p =0, z ~s(1+2s0) 71, . - (H.5b)
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