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Abstract:
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determine the design's merit for use in optical instruments. The analysis is only for the case where the
object is at infinity. Application of Seidel theory reveals that with a stop at the center of curvature, the
design is inherently free of the off-axis primary defects of coma, astigmatism, and distortion. For a
concave form primary spherical aberration can be eliminated if the thickness of the refractive element
is about 2/3 the radius of the reflecting surface. Curvature of the image is present as well as a large first
order chromatism. A geometric analysis shows further that the monochromatic imaging can be made
stigmatic to fifth order if the ratio' of the radius of the refractive surface to that of the reflective surface
is R1/R2 =.35689 and if the relative index of refraction is 1.44506.
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ABSTRACT

The image aberration produced by a concentric backsurface reflector
-is studied 'in this thesis tc determine the design'!s merit for use in optical
1nstruments. The analysis is only for the case where the object is at
infinity. Application of Seidel theory reveals that with a stop at the
center of curvature, the design is inhérently free of the off-axis prlmary
‘defects of coma, astigmatism, dnd distortion. For a ‘concave form primary
spherical aberration can be eliminated if the thlckness of the refractive
" element is about 2/3 the radius of the reflectlng surface. Curvature of
the image is present as well as a large first order chromatism., A
geometric analysis shows further that the monoohromatlc imaging can be
made stlgmatlo to fifth order if the ratio’ of the radiug of the refractive
surface to that of the. reflective surface is R1/Rg = .35689 and if the
relatlve index of refraotlon is 1 44506,
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I INTRODUCTION

_.Séme ﬁajo; advances have been made comparatively recently in the
fie;d of image forming optical instrumentation with the use of catadioptric
objectives, systems incorporgting both refraction and reflection. This
paper presents a study of a type of catadioptric system, that of a con-
qentric backsurface reflector. We shall investigate the imagging produced
Py this type of reflector and determine 1o what eﬁtent aberratiéns caﬁ be
reduced ox eliﬁinated. Thé analysis will cover’only the case where the
object being imaged is sufficilently distant from the. objective to be
congidered at infinity, |

A Brief survey will be given.of past development of refleg¢tive,

rgf?active, and.CAtadioptfic objéctives and their limitations. Next a
%tandérd théoretical optical analysis cglled Se}del theory will be
explained and applied to our concentric 1enSFmi$ror: A further analysis
will then be made by a direct geometric method, Finally the ané;ytical
results will be interpreted to evaluate the gystemfs performance c@mpaxed

to ‘other forins of objectives and to detefmine its possible applicatioﬁs,




- -
IT HISTORICAL SURVEY
In earlier development of optical instrumentation image forming object-
ives were in general composed solely of reﬁfactive elements or solely of
reflective'eléments. _Terréstrial and small asfponomical telescopes usually
consist of lenses of suitablé-combination to ob£ain the bést iﬁhge fprm~
ation, however some aberration is élways'present and this limits the useful

size of the instrument. Instruments such as cameras, microscopes, and

projectors also are principally systems of refractive elements, Because of

the difficulty in obtaining large blanks of'qptical material, thg objectives
of larger tglescopes are reflective systems, relegating refractivg material
to the smaller auxiliary‘equipment.'

Generally objectives‘of either type produce imperfect imagihg, It is
the object.in optical design to reduce to-accepﬁable tolerances all image
Brrors,.or .aberration, The primary monochrométic abe:ratioﬁs are known as
spherical aBerration, coma,, astigmétism, distéftion, and curyature.of field,
and these énter as the.ﬁhird-brder in'th¢ gngleS'of the light rays within -
the instrument. ' |

" Aside from these défects, refractive systemé introduce an additional
aberratign called chromatiém, which is due to the vériance of refractive
power of oftical glass with wave—iength, This chromatisﬁ can'be reduced
with proper lens shapes'analarrangements, ﬁut a residual colér error is
always present., Reduction of this ¥esidﬁal chrpmatism further requires
additional lenses and: thus the cost of the instrument increasgg, Lens

combinations kﬁowﬂ as achromats, where the focalllengﬁh_is idehtical for

two-lengths, or apochromats, corrected for three or more wave-lengths,

constitute the objectives of high quality cameras and otherhinstruments.
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Reflectors are free from chromatism and themonochromatic aberrations

of a spherical mirror are about eight %times smaller than for a lens of the

.same power and aperture, However g difficulty arises Wﬁth the reversal of

the light as the object or image feceiver Wiil intercept part of the useful
light. If this obstruction could be minimized and the pri@qny aberratiéns
re@uced, it would seem preferable to use objectives of peflective elements
in optical instruments.,

One way of evaluating the éberrafioﬁ of an optical image is to determine
the asphericity of the wave fropt in image space of a ray copgruencé frog a
point in object space. Then for good imaging.wejcéuld adopt the Ra&leigh
criterium that  the asphericity should not éiceed.one quarter Wave-length'of
the light considered, such a ooqdition is indéed required.in astronomy and
microscopy. This then_introduees a restriction on the allowed apertures,
yelatiye'gpertures, and field énglgs. @he relative aperture éan be cdnsidg;v.
e& a general figure of merit fof an instrument, as g measure of the light
gatherihg power, and the field aﬁgle determines the angular extent éf view.

Let us examine the wave aberratién after reflectipn of parallel rays

Aingidént on a sphéfical mirror of focal length f. If the rays are pa:allel

to the Z-.axis andZ= o 1is themirrorvertex, a ray at a distance y from

the axis ihtersects the mirrbr_at

a .
PEAMAE: . W
Now for a paraboloid of the same curvature at the vertex (R=2f) paraxial
incident rays have an exactly spherical wave front after reflection, the

center at -f from the mirror, and the ray intersection with the mirror is
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(p) _ y2
7= g (2)

Thus the advance‘inTwave.front from spherical form for zope y of light
reflected by a spherical mirror is

z(szLZ(P’): A -<_:3>

Applying the Bayleigh condition to (3) gives a maximum allowable y, and the
aperture becomes D=2y max, The relative apertureﬂx:q/k, must then satisﬁg

. -5
for ATEE X0 cm. ,

A= =25 5 (5 in c.:m.);, (4)
| JFE | .
._Fpr'a telescope of apertﬁré'10 cm and'with'é qenfpal obstruction less than
40%, this Wéuld limit the reiative éperture to o = ;07 and the‘fiela angle
to .6°, | '
To improve on the performahée'of a reflective objeétive tﬂen; so@e Qéy

muét be found to reduce the wave aspﬁericity (3).
Of course a‘parabﬁloid éi%es perfect imaging_of pa:axial rays, but'the imag-
_ing for oblidde iﬁcident rays shows cons;derable'comag and all tﬁe classical
telescopes suffer from this aberration. S&ﬁWarzsehild in 1905 was able 1o
Aimproﬁe fhese.felescoées'by figuring both mirrors to reduce the off-axis"
a.bérrations° He was able to obtain a ﬁseful field of 3Q'with a relative
aperture of .33.

| Using Schwarzschild's system analysis, Burch (3) later designed an "
achroﬁatic michscope cohsistipg of one sphe;ical and one aspherical ﬁirrofq

Numerical apertures greater than ;5 are poés;ble with his-désign,fbut not
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values as high as those possible in conventional microscopeé° Further,
obstruction by the secondary mirror is high, generally greater thaﬁ 45%..
Cafadioptric systemé, or objectives combining reflection and refraction,
though not new, were generally neglected until about 1930, Befofe th;s some
use had been made of the Mangin mirror in projectors and searchlights, This
is a thin backsurface mirror where the giass thickness increases rédially
from the center such that the refraction corrects for the spherical aberfahi
tion of the mirror, |
Around 1930 however Schmidt invented a system where a refractive element
is used to correct for the_aberrations of a reflector:. The correctgr is a
thin, figured plate at the center.of curvature of a spherical mirror. Thé
plate.thickness varies with the zone y so as to introduce a retardation_of
the wave front to éompensate for the advance produced by the mirror (e_é,_° 3).
Thus for correction of aberration at the Gaussian focus the thickness fo¥~
zone y must exceed the axial thickness hy an,aﬁount |
. Y '
775’)“7; = 32(%,_,5 3+‘ ) Q’ : 2
For correction at focal points.chosen near the Gaussian focus other figurings
than‘(5)-are obtained, The focal point is slightly arbitrary and can be
chpsen-so gé to minimize figuring depths or chromatism, A typical system
is shown in figure To .
Since thelplate is thin and the figuring smali, only negligible
chromatism is introduced. Further, the correction for oblique rays is almost
‘ the same as for rays parallel to. the systems axis and. thé residual coma and

astigmatism are small.




Corrector
Plate
(exagerated)

Figure 1.
Schmidt System

LiF Mangin Mirror

Figure 2.
Johnson U. V. Microscope

Mirror
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Schmidt gystems have been developed to- & high degree of perfectlon and

are extensively used in. astrophotography Schmidt's flrst system gave excell—

ent stellar imaging over a field of-160 with a relative aperture of .57, a
considerable improvement over previous s&stems.

The objectives of Schwarzschild, Burch and Schmidt, as we have seen,
require eleméhts.with asbheric surfacee, surfaces which are difficﬁlt.to
make., It Would be desirous for a system to consist entlrely of spherlcal
surfaces as these are easy to produce and test. Johnson,(G) 1933 and later,
(7), constructed a catadioptric microscoﬁe for use in the ultrarvlolet, using
only spherical surfaces, which had a numerlcal aperture of .84 and was
achromatic for two wavélengths., The obgectlve, shown ba51cally in flgure 2,
consists of a lithium flouride Mangin mirror in conjunction with cher lens
elements. |

Then about 1945 a new type of catadioptric. system was proposed in papers
by two seperate researchers, Bouwers (2): of Hdiland; and Maksutow.(10) of
Russia. The concept is essential;y the use of a meniseus lens of low power
‘but large positive spherical aberration to correct the negative aberration
of a spherical mirror. .Moreover the menisoﬁs, Wifh almost constant thickness,
éan be made achromatic. @he'system is'shown in figu;e 3. Bouwers (2) has
shown that for this system correction of axial spherical aberration requires

the following relationship between parameters,

02 o ) 3 sa-qF)
f?l?\ ____ﬁ%ilfl_ F (} + ”jaf;:’”—i)y A |

.where f is the focal length of the meniscus, R4 the radius of its first




Figure 3.
Meniscus Corrector System

Object

Figure 4«

U.V. Microscope Objective of Grey and Lee
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surface, F the focal length of the mirror, and a the mirror-lens sepéretione
Fo;'aehromatiemlwe need to set equal to zero. the derivative of the meniscus

focal length, with respect to the index of'refraction R, * If d is the axial

thickness,‘R1 and R, the radii, we then get the condition .
d =% (R -Re) . o
Re-1 AT Ref . o
For aimirror of giver radius 2F, and with condtions (6) 'and (7) satisfied,
the;e remaiﬁ three.deg}ees of freedom ie design and these three parameters
can be choeen to minimize off-axis aberrations and chromatism.

Thus here we have a compact system consisting entirely of spherical
surfaces Which increases image perfecfioh and allows for larger apefture
objectives, though not quite as large as those already attained in Schmidt
_systems. Both 1nventors have been able to build satisfactory telescopes and

. fleld glasses of 10 cmo aperture Wlth relative apertures up to .7 and fleld
angles to jO-. Bouwers also has adapted the idea to constrgctlon of
Newtonian—type mieroecopes where however the numerical aperture is limited
to +6 and the obetruction is greeter than 30%. An. U,V, Microscope afbettef
performance was obtained by Grey and Lee (4)}(5), using a meniscus corr—
-ectox; in a Schwé!,rzscl}ild design. This system, with a N.A, of .9 and central
obstruction less than 20%, is pictured basically in_figure 4. The meniscus
L provides correctlon of aberration for both mirtors M1 and.M Grey cen—
eldered the use of a backsurface mirror for M1 where the refraction Would
serve to eprrect for chromatism due to L.

Maksutov' and Bouwers.aleo considered meniscus mirror objectives of
spherical symmetry, ie. the lens su?faces and mirror wouId.be concentric,

This requires departure from the achromatism condition, (equation T),
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but eliminates off-axis aberrations such as coma and astigmatism. This can
readily be seen frcn the symmetry since any ray.can be considered parallel

to an axis of the system, Thus with a stcp'at the center of curvature the

image pattern for object‘points Will be the game for all field angles. The

images will be points if the spherical aberration is eliminated, ie. eg.6 is
satisfied. Then the cnly remalnlng prlmany :aberrations would .be the image
curvature, whlch is sometcmes not objectionable, and chromatlsm which is
mlnlmlzed by proper ch01ce of free parameﬁers.

A ccncentiic meniscus has its principél planes at the center of curva-
ture, hence it may be ccnsidered a_Schmidc‘corrector. That ie,it behaves as
a flane‘plate at ﬁhe center of the mirror introducing akcompensating:::;ﬁng
spherical aberration; However it is superior to a regular Schmidt plate in
that the.ccrrectionlis the same for oblique rays. This,meane'the inage
.perfection will be.th? same throughout thelfield and. makes pcseiple very
wide angle systems, as in @ pencrama camera by Bouwers.with'a,909 field.

Further rnprcvement for objectives hags been found, as might have been
antlclpated, hy comblnlng Schmldt plate correctors with concentrlc menisci.-

Such "corrected concentrlc systems" have been 1ncorporated into cameras of

very lcw F numoers, f/ 65 or better, 1like the Baker Super-~ Schmldt ‘camera

(14). A ccmparlson of Schmidt, concentrlc menlscus, and corrected concentric

systems for flelds up to 60° has been glvenlw‘Bouwers, (Reference 2. Page 44)

‘and it shows the reSpectlve 1ncrease in image perfectlon.

In view of the performance of ccncentrlc meniscus systems and the
' prev1ous use of back eurface mlrrors to 1mprove 1mag1ng, 1t_Wou1d appear
possible that a ccncentrlc back surface ‘mirror of prcper design could be'made

free from spherical aberratlon,. Thls paper presents a study of such a con-
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figuxation to défeﬁmine'its possible uses in optical objectives,, The third

order- aberrations will first be ggamined using standard Seidel theory, and

then a geometric_method Will be used to carry-the analysis to 5th ordér\
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III ABERRATION THEORY

.Analysis of optical systems is ciasSified according to the power to
whlch ray 1n011nat10n angles are expanded in terms of coordlnates. Tirst
order or Gauss1an theoxy predlcts accurate imaging for rays of . small 1ncllnar
trons and determlnes the basic system characteristics as the focal lengths,
magnifications, etc. Seidel or third order analysis evaluates the departure
from Gauss imaging when angle approx1mat10ns are carrled to third order and
accounts for the primary aberratlons prev1ously mentloned. Instrument des1gn
proceeds first from Gauss1an and then to Seldel analysis for obta;nlngogtnmiL
Vperformance. For further perfectlon hlgher order theory or ray traclng
methods are employed.

We shall - outllne the development of the Seldel theory as presented in
Born and Wolf, (reference 1, chapters 4 and 5), and apply the method to study

our concentric systems, First however, we need to introduce what are known

as Hamilton{s characteristis functions.

The Characterlstlc Functlons of Hanllton.»

Flgure 5 represents a centered optdcal system, Let P-(X s 1 o’ Z ) be
a p01nt in the obgect medlum of refractlve index no referred to axis at 0 .
Snmllarly P1(X1, Y1, Z1) is a point referred to a parallel set of axis at
04 in the image medlum., A natural ray'from P traverses the systeﬁ and

passes through P1° We define the point characteristic function V for the

points P, and P1.as'the optical path length along the ray, or

@

v P,
\,/()(c)\/c,.Za; xqul,Zl\): /; nJS-




Figure 5.
Illustrating the Characteristic Functions

IT s is the unit direction vector of the ray, we have
— (C©))
WOV =n,X , VIV- NS .

Let us call the components of the vector n”s™ as pQ, Q, and mO, and for
, PN, 9., , Wwhere in either case

p? (10)
ne = :

Then clearly

R=""_ > H-¥, ; )

with similar M, ¢j, mO, mj relations.

The angle characteristic T is defined "k (12)

- V + 00SaTa - 0131=T1
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Where the T's are the position vectors of Py and P1 » - Thus T is the optical.

path length between points Q, and Q¢ in figure 5, where Qy, and Qq are the

intersections of the normals to.the ray from the respective origins, It can

be'showﬁ that T is a function only of the ray components,; and because of

relation (10) we have

(13)

r]ﬂ = rTﬁ ( ,DEJ a;; FH)‘?qv N
Thg derivatives-satisfy

X227 =57 Y-%

7. ;_g"%j | (14)

]
.7

~ . T -
X825 S5, N 721 87

If the system consists of the single refracting spherical surface 8

at the point O a distance @, from O, and ~@ from Oy, and if P(X,Y,Z) is the

ray intersection, the angle characteristic becomes,

T=L[aq,P) +[(P@) ‘ )
LXR + \x%;('z-aa)m@‘}- e +ng-(z_q13m7}

The coordinates X,Y,Z, are eliminated from (15) by use of the law of refrac—

tion and the equation of the surface S, If R is the surface radius, to

fourth order T will bec¢ome
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With this function we may proceed to develops a third order theory due to

@s)

Schwartzschild for the study of aberrations,
Schwartzschildls Perturbation Eikonal

Schwartzschild employed a perturbation method for optical analysis.
In it variables are introduced which to Gaussian accuracy have constant
values along each ray through a system. The third order perturbations of
these variables, or the aberrations, are then found with the help of a
perturbation function. Let us illustrate an instrument of revolution as in
figure 6, where we have chosen our references coordinates Oq and at the
object plane and its Gaussian image respectively. We also introduce an

entrance pupil at Oq a distance DO from the object and an exit pupil at

01 a distance Dt from the image plane. The positions of these pupils are
determined by the systems apertures and the ray aberrations are found with
respect to the ray passing through the pupil centers, this ray called the

principal ray.



Otject Plane

Entrance
Pupil Plane

Gaussian

Plane

Figure 6.
Object, Image, and Pupil Planes

Thus in figure 6 P , the Gaussian image of Pq , is the intersection
of the principal ray from % with the image plane. Another ray from Pq will
intersect the entrance pupil at PE , the exit pupil at P* and the image
plane at "¢¢| , Y<J, Z-])- Then the vector Pi Pi is the ray aberration.
We next introduce a change of variables. Let b and 1§ be the unit
lengths in object and image space respectively such that
an

the lateral magnification .

The new variables will be

@8)

For the pupil planes we choose unit lengths T Oand , such that
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>1 />e =M z 19

where M is the magnification between these planes, and use the variables

~ X6 A ~ V'F»Z— L V{l (20)
Ao ) AO/ A1~

C is then chosen as

N rio"Xo”o (21)

Do . D,

The variables (18) and (20) are called the Seidel variables and to Gaussian
ol ‘
accuracy
Xi = *._ =, 4,= 4., % =. (22)

From (18), (20) and (21) we get the total transformation, to the approxi-

mation required, ,

V_ \/1 ) (23):
- o>, X° - nAl+L
V- DO u Y_— _
o+ HEAO : - HIAL

Ft)") C c - -=ZhL
V6 AC Pr F Al

too n
V- D. A

The perturbation function introduced by Sohwarzschild and called by

(24)

>1

g= o V

him the Seidel eikonal is defined as

Aot . @)
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Here T = 1(Pgq”™gP)gj) is the angle characteristic referred to origins at

00 and 0. If we transform T to Seidel variables with the help of (23)

and (24) and differentiate (25), using equations (14), we get the relations

(26)

Thus the ray aberrations, or deviations from Gauss imaging, can be deter-
mined from a knowledge of the eikonal ,
Since the system is rotationally symmetric, depends on four vari-

ables only in the three combinations

@n
r2= X0Sv.S8 s Ki- + V 0yl

Therefore contains only even powers of the variables. Further, from (26)
and the stipulation that the aberration is third order and not linearly
dependent on the coordinates, contains no second order terms and can be

written

(28)
'yl - + y N) + e o

With only combinations (27) possible Y~must be of the form
Sy —1jJArd-gBbl- CH @9)

-1Dry 4 EYrV 4 FFV,

where the notation is in accord with standard practice. Then the aberra-

tion (26) become



- 1j0(zC Kl- i - Dr-? R2) #

It is seen that the aberration depends on the five coefficients E ,
B,C,D,and F, and these evaluate the five primary aberration types hereto-
fore listed. To determine what each means in the way of image error, let

us pick a point in the YO-EO plane as object and introduce the polar

coordinates in the exit pupil

G
>»
Wevdll determine the image errors M , due to rays intersecting the exit
pupil in the zone p
Spherical Aberration, B / O.
IT all the coefficients but B are zero, (30) gives
A 13X - S,/ 6 A1 r B~3Ccs e e (32

Thus the aberration curves are circles centered on the Gaussian image point
and whose radii vary as the third power of the zone /0. This defect is

independent of the object position YO and is called primary spherical

aberration.



Coma, F /7 O.
F determines the image defect known as coma, “ffren the other

coefficients are zero, the image error becomes,

SG

d&/_ - FyOpe (2 + cos2g)
a ECYy-?ha2) - (Fo )" . (€)

Rays from a given zone yO of the exit pupil trace out in the image plane
_ _ 2 _ 3 .
a circle of radius F%p whose center is 2FV D from the Gauss image
o]
point. As p takes on all values possible, the 60° wedge pattern shown in

figure 7» is obtained. The size of this pattern is proportional to the off

axis position yo of the objects

Figure 7. Coma

Astigmatism and Curvature.

If C and D only do no vanish, equations (30) become
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General ly a pencil of rays from gn object point forming a normal congruence
in image space will intersect two short focal lines, one lying in the
meridional plane (the sagittal focal line), and the other perpendicular to
that plane (the tangential focal line). A region of the object plane then
gives rise to two focal surfaces,which we will approximate as being spheres.
The radii Rs and Rt, of the sagittal and tangential focal surfaces
respectively, can be found from the coefficients C and D. Let us find
what the image pattern would be in the presence of curvature and compare
to (35).

In figure 8 we have stigmatic imaging on the tangential focal sphere

and in the Gauss image plane the defect

+ TA - 36)

Figure 8. Illlustrating Image Curvature



We have the approximations

which give
ArlYL vt ooy

Similarly for the sagittal focusing,

ABRK1- X~N_X

2 Rs D,

In terms of the Seidel variables these become

A si-W r A isiV = * *1
3 "niR t ZnlR s

Comparing to (35) we find the tangential field curvature

l
Rt

— Zn1l(zZCt-D)

and the sagittal field curvature

= Zn1D

The mean

SH1(CtD) r-~-

is called simply the field curvature.

@GN

(38)

(39

(40)

“D

“42)

“43)



The semidifference

@)

is called the astigmatism. When C vanishes, we see that there is hut one
focal surface.
Distortion.

When only E is not zero, for a general object point we have the image

error

(45)

This defect is independent of p and O and hence the imaging is stigmatic.
However the off-axis image distance is not proportional to that of the
object and the imaging of the object plane is distorted.
The Primary Aberration Coefficients of an Instrument of Revolution.

Now that we know the dependence of aberrations on the eikonal
we must determine this function for a centered system of spherical surfaces.
The angle characteristic T for the whole system referred to axial points
Og and is obviously the sum of the characteristics for the individual
surfaces, referred to the same points. From this fact and the definition
of the eikonal, it can be shown that the fourth order part of for a

system of OC surfaces is
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Hence each primaiy aberration coefficient of a centered system is the sum
of the corresponding coefficients associated with the individual surfaces
of the system.

To find the coefficients for each surface, we note first that, from

equation (25),

r - V Vv _ ; @

From equation (16) we have

(48)
) LGy H1 J
| a
? (H6-H1)
Next we choose the axial points Z =0kg, Z = as locating the object plane
and its Gaussian image and set
(49)

S= ac, SrCil , t=Se+D0Cc ; tz=Q14D1 .

Then S is the object distance, S" the image distance and the VS the

separations of the pupils from the pole of the refracting surface, (fig.9)
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Figure 9.
Illustrating Gaussian Parameters
From Gaussian optics we have the relations between object and image

distances known as the Abbe invariants K and L defined by

(50)
e )Ei” K
" 2
(51)
n=C"T_1r)1 nlI(CR"™ ?2~) = L -
Using (49) and (60), (48) becomes
(52)

Sn1lS*

TMs must be obtained in terms of the Seidel variables. In doing this we may
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use the Gaussian approximation for the variables in (52), that is we trans-

form equations (24) to

= TM0X0 £  Xe
Do St X0 , P=JD1 81 - >1,

_ \o 1)
QD D%omﬂH 2 Di 1€- o1

We can find the Gaussian magnifications by noting that the imaging ty a

3

spherical surface is a projection from the sphere"s center or

54
in - R-s* _ N«S _ R-1" _ AoX S

Jo R-s Hi1s X6“ R-t N Ooyx ,

where (60) and (50 were used.

Introducing abreviations

- (E9))
h = X0 s X 1c E t . t
[13 ri XoH O NI1HY Yy
equations (53) become
(56)
hsl H HS1 hl X6\ 1
Po - HO7 )i iirini( t

HriL. H\O
9. =n0( s c 7/

Substitution of (56) into (562), using also the rotational invariants

G7)

r~ = -x.2+ 3//, X = S1+12,1", <8=x.4, + « 1

finally gives



7 hdJ=T hl 2 I

+ LInTs" ~ ) - 2U<-Ljfl-"~t)

+ £IkVV_H(gS_I-lEI_\>/ + '24KVIV//1\«A_ mJy

- -1 -A8HkK3KUIi1™i; 8
I ryHr~ , / L " i } VA At
* KLfc "rU")'k*-Hfe - n
- @y—Uk—l)(fs - M")] .
This is the desired expression for one refracting surface. IT in a
centered system the separation of the | th and ( ) th surface is d* ,

we have the transfer relations

Sh-Stdi , A/-& -dP . 9

Then the progressive Gaussian imaging is found with the help of (69) and

the Ahhe invariants
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We have also the relation

— 4" —
De=ti"-s/ = Bz -, . 4
Choosing the unit length Tin the entrance pupil as unity, from (65) and

(61) the following relations are obtained for the determination of H and

h for the 2th surface i

(62)

Hl‘ /ﬂO |'-|'2/1: hj’—sr -

S1 Si+
"= TS s?

Finally from equations (47) and (58) we obtain the expressions for the

determination of the primary aberration coefficients®
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v THE PRIMARY ABERRATIONS OF A CONCENTRIC BACKSURFACE MIRROR

The third order analysis developed in the last sections will now he
applied to the optical system consisting of a spherical back surface mirror
where refracting and reflecting surfaces are concentric. The treatment will
include both the convex and the concave foim of this design by following
proper sign conventions. ly placing a stop at the center of curvature we

thereby locate the entrance and exit pupils at that point. The resulting

configuration is shown in Figure 10.

Entrance-Exit Pupil Lens-Mirror

Gauss
Image
Plane

Figure 10.
Concentric Lens-Mirror
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It must be pointed out that for a convex system the.pupil at the
rcentér'bf'curvatu;e.wpuld not be a physiqally realizable stop, but an
analytical "virtual stop". With it we would merely define théjgr%qcipal
rays as those brojectaﬁig through the céﬂtér,.an& also limit the incident
: pgncil to the rays which could belprojecfédvthrough thisg “ﬁirtuglwétop”o
The idéa of this éppréaqh is to obtain an incident beam Which:is symmetrical
'gbout.fhe principal ray, wﬁichAfor a concentric design would eliminate
off-éxis;aberratipnso

Call Ri the radius of the refracting Surface and Ro the ra&ius of the
refleotof, bofﬁ considered positi%e,for a pon&ex system, both negative for
the concave type shown., The refréotive index is n. The:anal&sis to be
used was develéped for a system of refractive elemen$s.'uRefleotions are
included 5y considering indices of.refractiqn;and distances‘eneouﬁtered.

after.reflgction as negative,

Off Axis. Aberrations
The Abbe invarianf.Li for the i th surface of a system is by

equation (51)

Li = o (wr=5)

where Rj; is the surface radius, t; its distance from "the entrance pupil
plane, Thus for fhe.ae;ign we are oonsidérihg, and for any other cencentric
gystem Wiﬁh a stop at the center, the L; for each surface is gzero, Thg
aberration coefficien%s C; s B;j , and F; , which all contain the factor

Lj , therefore vanish. |

We see then, as previously argued, that. a concentric system with a

7
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stop at the center of curvature is free of the off-axis aberrations of coma,
astigmatism and distortion.
Spherical Aberration
For most applications of spherical reflectors either the object or
image is close to the prime focus, so we will restrict our analysis to an
object plane at infinity, Sj = -0<3 . Let us express the coefficient B as

(from equations (@3 )

and proceed to evaluate the hj, kj, SI, s/ , Bj . For the first surface

and by egs. (62) h)= - 1. From (60) we obtain

J J K- 1
- ST "r, VI1* m S1 ,

and R] becomes

4

For the second surface we have j

R (i)
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TI Ri
K~ n (‘k 2 o (R e

i2" ~
J g 4 ReC™i- D)
S°? R? [ R, +
and the coefficient B2 for /=2 is
B C iafC
NnRe

-FR"™ + Rz(M-i)]

B
\ Re3 5
For the last surface;
s %= >Jg--J1j >Rl 7
s -V - J t s —v-e,)=
H3= Hz U —- QR. 4i2C (2
Se OR + ’
_ _J-A N = .
K:v Tie (TI A A A Ri [,2P1-h >
J - v 14+ _ JE,R+ (-A

S3 N 2N 4 - n—Z)
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smd "becomes

B5= ThBK2(F - Trsi) |

B3=1 ~ R “[2R" ~ n"D* (' 2n) "2~ = ®

The S.A. coefficient for the whole system then is

B- LB; - 2n’ X 7

N nfn-1)Re - 2 R1 1

+ Ra(n- O*"RI+HZn-t)](Re(i-a n)-ZR]

which reduces to,

B = n5f<3?3 Lfn-Kn- +

¥ RICN-02+M R5RFf-") + L D)

If we call r the ratio of the radii of the refractive and reflective
surfaces, (68) "becomes

B=- { r3+ MR- ireifein-i-vn-ih - @
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Then the condition for the absence of primary spherical aberration for a

concentric lens-mirror is, for object at infinity,

P3 1it2(n-1) - L (h-"vVv # (70)

This can be also written
r 1 P-t-atn-i)) = (n-iH r=4r

For a practical solution r must be positive; with r less than one the
system is concave; r greater than one represents a convex system. w (71)
the only possible cases lie between n=l and n= 2.62 ( >7- (n-1)2 ).
Further, it can be seen that the condition cannot be satisfied for r values
greater than one. Hence a convex form of our system cannot be made free of
spherical aberration.

Condition (71) and the variance of B with the thickness of the
refractive element will be considered in more detail later. For now let
us examine the other aberrations.
Curvature of Field

Assume that spherical aberration has been eliminated. Then the
imaging of our system is stigmatic but the focal surface is curved. We
find the curvature from the coefficient D, which by egs. (63) and the fact
that the LT = O has the form

@2)

First the parameters H must be found from egs. (62). They are

M 3~ Rt
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Using our previous derivations of the hi? Ki, it is found in each case that

thus I @3)

,. Hitk HH

v X

r
Since t = ¢ =t = t = R-], and tg = tg = Rg ; the coefficient D for our

system is

74
5
R1+ R2(1)
R Fh
The field curvature then is
L _ on - 2 [r 1L -0l
(5)
N . 2 D _ _
"R “ (r +n-i) ,

% the symmetry of the system one would expect that the focal surface
would he a sphere concentric with the system"s surfaces. The radius given
hy (75) should be the separation between the center and the paraxial focal
point. That this is so will be shown later. It will also be found that

this radius is equal to the Gaussian focal length of the system, (for a
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concave system Ry;and thus R, will be negative).
Chromatism |
The'refra,_ctive element of our system will of ediirse introduce
chromatic Iaberravt:l'..ono Let us jnvestigate how 'b,he .clz)hron,la,tism vafies with the
tpick'r'less of the element.and determine if for some chgice of parameters the
system can be made achromatic. The'first,order‘ chromatism is fo.und from
thé_ displacement of the Gaussian focus .fér a change of refractive indei,
Tﬁe diétanqe between the pole of thelre_i‘;jac.tive- su:cfa,(;e a.,r;d the

Gavssian focal point is given by Sg of the previous sections. Ca;ll 1q the

separation between the focus and the system's ceﬁtér, then

1K N L (76)
2 [PI,-FRZ(_V\'—I')]_ o

. o,
21: R1—S3 =

Using v = By / Ry, this-is

= ()
tooa(ren-) e T

For a varia,tidh Sn of the re:f‘ractixfe index, we will then obtain \é.
displacement of the focal point

R, lenci-llfn _ (e) gn (M

ng.: 2 (r+n=1)% 7 TH+0-1 N o

Hence it is seen that i% is not possible to make a concentric lens-mirror
achromatic. Keepirllg chromatic image shift within ,sp,ecif:';.o toie:&an,ces thén
;b.i'ov'—.i_des a restriction on the useful focall length and size of our design.
For a cfown»flint objective, designed to .eliminate‘,spherical aberration,

the ohromatic change iﬁ the position of the image will be roughly ..4% of the

focal length. As already noted, Grey (5) has used this arrangement to
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introduce a’ correcting chromatism for other lens elements of a system,
The third'ordef‘color error, or spﬁérbchrbmatic aberration, can
effectively be eliminated for a certain range of refractive index. This

can so be determined from a later graph (figu:e 12).




Wra
V GEOMETRIC ANALYSIS
Although our concentric design cannot be:ﬁade achromatic and the
elimiﬁation of third oxrder spherical aberration réquires a thick;fefractive
eleﬁent, let us nevertheless dgtermine whétherlhigher order moﬁochromatic
aﬁerrations can be eliminatea, Because of symmetryz evaluation ofspherical“
gber;ation for rays parallel to one axis specifies-the performance of’tﬁe
whole system when the object is at infinity.
A requirement for exact imaging known as the Abbe sine condition
might well be applied in this case. For rays parallel to the axis at a
height bg from the axis the sine conditiqn:takes_the.form
sin Yy = he /4,

. where Wﬁ is the inclination bf the final'ray and fq is the focal length.

(19)

»

This_implies that the logusof intersections of conjugate rays musﬁ be a
sphere of radius f1 centered at the focus.

| We shall qénsider dﬁly a concave system in our geometric treatment
c:as it is’ already kpown that‘the aberration of tﬁe convex type cgnpot be
eliminatéd. In figu?e 11 a ray parallel to the axis at a height y is

incident on the refractive surface.
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Figure 11.
Geometiy of Concentric Lens Mirror

Calling Y the angle of incidence, the refractive angle, and “the incident

angle of reflection, we get the following relations ;
SmY--AVR, , sSiW-TTR1 , S'mPz TR, . ®)

Also from the figure we have the inclination of the final ray
- © - where Q — V+ N

From (80) we obtain
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Call

(CXY)

04= nir-t-n- 1j , OCa-lyirvri3d-1) )

e o " Cxdl = ( INH* " + ?

then the expansion for ! is

For an incident zone y, the final ray will intersect the axis at a point

F(y). If we call 1 the distance from the center 0 to F(y) ,

&3

.’n as Sm 26

Expanding SinEOgives

@4
4 FFIfcl 4 - - - |

where

Cx- y(IXl- 4 )

C = Xr(9°rM - HO-XOV t.

From this we then have



-45-

Next let us determine the locus (surface S in fig.11) of points where
the initial and final rays intersect. For a zone y the coordinate Z of

intersection will he

@9

Z(y) - L (\+ cos , 0

The point Z0 where the surface S cuts the axis is called the principal point.

From (90) and (8?), we obtain, as y and & go to zero,

©D
Z o=

In Gaussian optics the focal length, f-j, is defined as the first order
distance of the principal point to the final ray intersection F. Thus ty

egs. (91), and (87) the Gaussian focal length is, as previously asserted,

f - ,7 , 0 =-_8BI - ~ x ©2)

Ti )
Calling T the focal distance from Z0 for an incident zone y we have, using

(91) and (8?)

(93)
Ci

a M= + (|,) Cci
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For the system to he free of spherical aberration to all orders, f
must be independent of the zone y of incidence. We must then require,
Cz - * Co Q = 0 , (9%)
or by egs. (85)

. 0= I(e0<0 ? . TZXk=Z"Xe (5)

IT (94) were satisfied to all orders, we would have, from egs. (8?) and (92),
= - fl , and the surface S of conjugate ray intersections would be

defined by (eq. 90),
z- — (I+ccs ~

Using (83) this would give

(zs,TC, ()

or a sphere of radius-jf*|centered at the Gaussian focus. Thus we see that
condition (94) implies the sine condition. The equations (94) or (95) are
then requirements on the system parameters for obtaining perfectly stigmatic
imaging.

% eqgs. (81) and (95)» the condition for absence of spherical aberra-

tion of all orders becomes
(98)
(NA'+r K'-i) - 2K(rn-»--i) K=2V\, 4
But since the design is characterized by only two parameters, r and n,
condition (94) cannot be satisfied for more than two values of K. This
then will select r and n so as to eliminate third and fifth order aberration.

For K = 2, (B requires



~47-

i

A ertol o= d (i) S

This is the same requirement given by the Seidel method for vanishing of

third order S.A.,

r3+4{(v\-|) rY - L'(V\'I)ZY‘ +(.H'l)}_m/n")___.o °  (100)

It was noted earlier that r must be positive and that this can onlj
be S0 for n between one and 2,62, For a given ﬁ@lue of n the solution of
(100) for r can be found numerically. In fig.q12 ate plotted the'yalues of
T Which satisfy eq. (96) for corresponding‘value$_of the refractivé ihdex
ranging from one to two, Since r is the ratib'R1/B2 between the radii of
the ;efréctive and reflective'surfaées, we see fxom.the graph that eliminaf
- tion of third order spherical aberration reQuifés a thick glgss élemeﬁt.
If eq. (98) is to be satisfied a,ls.o 'fop K'="4, we then h,a,veA two

equations for the selection of r and n. Thqy‘are (99) and

_ ‘ L &
gz e (o) s e (are-1) (1o

Again the solution is obtained numericaliy, and for stigmaticVimaging up
to fifth order for a.concentric.backsurface mirror we myust have

R /R, = 235689, n = 1.4451, O= .55496 .




Figure 12.
Relation of r to n for Elimination of Primary Spherical Aberration
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At this point there remains to he determined the residual spherical
aberration for the system studied when the third and fifth order defect has

been eliminated. From eq. (93) we would have in this case

(102)

and Cg will be

Cu —

With  r 3769 , n= 144F , (e= >SSS0> Qe E

we would have

Then if y/R™ is restricted by a relative aperture of
5 1,0 » r= [la ooz -(N)L)
the maximum aberration would be roughly .015% of the focal length.

Having thus investigated the aberrations of our system up to fifth
order, we may proceed to evaluate its merit for use in optical objectives.
First, however, it would be well to express one of the analytical results
in graphical form for ease of interpretation. From Section 1V we have the

expression for the coefficient of primaiy spherical aberration

- 1 v NIFI- n-i)(nx'2n+i
Y - _naTR” D) K, ( (mezn+in

Let us select the refractive index as 1.600 and choose R™ as unity. Then

the variation of B with the thickness of the element will be that shown

in figures 13 and 14. Figure 13 is for a concave design and figure 14 is
for the convex form. For the concave type the result is revealing in that
the thickness must be large before there is any improvement in imaging

over a conventional spherical reflector.

141126



Figure 13.
Aberration Coefficient B for a Concave Concentric Lens-Mirror



Figure 14.
Aberration Coefficient B for a Convex Concentric Lens-Mirror
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VI CONCLUSION

Thg analysis has sh?wn, in the first place, that a concentric
backsurface mirror with a stop at tﬂe cénter of curvature Woﬁld be free of
the off-axis aberrations kmown as coma, astigmatism, and distortion.
Fu;ther, for' the concave form, it is possible to eliminate third order
spherical aberration in a range of refractive index of the glass elem?nt
fromn = 1,0 to n = 2,62, ' The primary aberration called image curvatﬁre,
however, is inherent for this design. Fifth ofder spherical aberration can
also fe corrected if the relative refractiVé index has a value of 1.445,
and in this éase'the higher order monochromatic defects would be negligible
for up to.generally,large rglative apertures, Iirst 6rder chromatism would
be tﬂe principalfdeﬁeét!of imaging for this system.

Before attempting application of this objectiveé, it must be noted
ﬂrom figure 10 that foy primary spherical aberration to vanish, the thick-
ness of the refractive element must be better than half the-rad;ﬁs of the
reflecting sq:face, Hence, systems of appfeciable size would be ruled ouﬁ
because of bulk. Also, optical perfection of the concentric element would
require considerable:skiil,

3oweve:, ouf design,yig%t be adaptable as a mic?oscope gbjectiyg if
the chromatism isn't objectionéble or can be reduced by other means. The
index of 1.445 could evenvbé-realized if.t%e microscope Was’aﬁ immersio%
type: Here the n'would-be considered the raf?d of refractive indices of
the glass and the immersion fluid. Some difficulty though might be
encountered with the auxiliary optics in this objective.

Considering graphs 13 and 14, other uses for our backsurface

reflector may be in the introduction of a specified spherical aberration to
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_cgmpegsate for aﬁerration-of other parts of an optical System,'as in a
Cassegrain telescope or'Burcﬁ—type microscope.

We may conclude that a concentric backsurface mirror, especially
the concave form, exhibits some iqte;esting prqpe:ties of which some could
be incorporated in qpticai systems, However, becauée of the reguired
element dimensions.fdr qorrebted imaging, the use‘of this design as an
objéctivé would offer no improvement over the meriscus systems of Bouwers
gnd Mgksutov. This is consideriﬁg‘not only image quality, but also the
_convenience of the censtruction.

Thé analysis We'have ma@e ﬁas been for the case where either ﬁhe
. object or imagg plane is at infini?&. Elimination of image defects for
ﬁinite conjugate points Woﬁld doﬁbtlesslreqﬁire a‘different!relationship
zbetweén parameters. It would appear that for conjugate poiﬁts near the
.center of curvature the glass thickness needed would bé smallgr,- This sort
of focal arrangement - would be 1iké;that used in alSchwarzéchild-design
microécope, Fdr an investigation of this type of system, as Well as the
use of the concentric lens-mirror in conjunction Withoﬁhen optical elements,
the Seidel theory could well be used. “ x

| In éonclpsion I wish to SXpress my grqtitude to Professor Frank

Woods for proposing this problem.and for his conﬁinﬁedJinthest and
~ valuable adyiceo I am aISO‘tﬁankful for the assistanceiof the Physiecs .

Department of Montana State-College.
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