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Abstract:
Let(Formula not captured by OCR) and (Formula not captured by OCR) be n- and m-dimensional Haar
sets defined on the intervals I = [a,b] and J = [c,d], respectively. The (linear) product approximation of
(Formula not captured by OCR)is defined to be (Formula not captured by OCR) (Formula not captured
by OCR) where (Formula not captured by OCR) is the best approximation of F y(x) = F(x,y) from Φ =
span(Formula not captured by OCR) with respect to the uniform norm ||.||I and (Formula not captured
by OCR) is the best uniform approximation of J fi(y) over J from Ψ = span (Formula not captured by
OCR) The rational product approximation of F &isin: C(D) is defined in a similar fashion. It is shown
that both methods of product approximation possess desirable properties analogous to the classical
theory for univariate Tchebycheff approximation. This study contributes to the recent developments in
multivariate approximation theory initiated by S. E. Weinstein and M. S. Henry.

As the above considerations involve univariate Tchebycheff approximation some results in this area are
also established. In particular, uniform extensions of the classical Freud's theorem are proven for both
the generalized polynomial and the rational settings. 
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ABSTRACT

Let (cp^,. . . ,cp̂ } and { be ri- and m-dimensional
Haar sets defined on the intervals I = [a,b ] and. J = [c,d],
respectively. The (linear) product approximation of
F e C(D), D = I x J 5 is defined, to be (PF) (x5y)

„  n v  m. „  n
= L 1=1 L 1=1 Z1^fAyh1(X) where 2, i=1 fi (y)cpi (x) is theIjVj
best approximation of F ^ (x) F(x5y) from
0 = span (cp̂ 5. . . 5cpn ] . with respect to the uniform norm

and. Zj loeŝf uniform approximation of

f± (y) over J from I = span [flS...3fm] 5 i = I5...5n. The 
rational product approximation of F e . C(D) is defined in a 
similar fashion. It is shown that both methods of product 
approximation possess desirable properties analogous to 
the classical theory for univariate Tchebycheff approxima­
tion. This study contributes to the recent developments 
in multivariate approximation theory initiated by 8 . E. 
Weinstein and. M. S . Henry.

As the above considerations involve univariate 
Tchebycheff approximation, some results in this area are 
also established. In particular, uniform extensions of 
the classical Freud's theorem are proven for both the 
generalized, polynomial and. the rational settings.



INTRODUCTION

The concern of this report is the uniform approxima­

tion of continuous real-valued functions defined on a 

rectangle. The approximating functions are either poly­

nomials or rational functions in two variables. The method 

of approximation considered is that of product approxima­

tion formally defined in the polynomial setting by 

Weinstein [30] in 1969 and extended to the rational setting 

by Brown and. Henry [3] in 1973. Product approximation is . 

an alternative to best uniform approximation, or Tchebycheff 

approximation, of functions defined on a rectangle.

Reasons for studying an alternative method are the loss 

of uniqueness of best approximations in the multivariate 

setting and a resulting lack of a theory corresponding 

to the classical theory of univariate Tchebycheff approxi­

mation. The focus of this investigation is to establish 

a theory for product approximation that parallels the 

classical univariate Tchebycheff theory.

Given a rectangle D = I x J  = [a,b] x [c,d] and 

Tchebycheff systems (cp^,. . . ,cp } and. {^^,...,^^] on I and J , 

respectively, the (polynomial) product approximation of 

F e C(D) is the function
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P f E n

1=1 aIj^jcpI

Vwhere u a. (y)cp. is the best uniform approximation of 
i=l 1 1

F (x) = F(x,y) over I from 0 = span { .  . . ̂ cp̂ } and

v  m
U &. .ijj. is the best uniform approximation a. (y) over J ■
J = V lj J ' 1

from i = span i..^  . Definedness of P  F depends on

the continuity of the coefficient functions a^(y), 

i = l,...,n. In the setting described above, these coeffi­

cient functions are continuous. The rational product 

approximation of F over D is analogously defined; however, 

normality conditions must be placed on F to insure the 

continuity of the corresponding coefficient functions. A 

feature of product approximation is that p F is uniquely 
defined.

The first consideration is the degree of approxima­

tion of F by p F  .when $ = <b and I = I  consist of the 

algebraic polynomials of degree less than or equal to n 

and m, respectively. A density theorem due to Weinstein 

[30] asserts that the uniform error of approximation

Il'F -PFlIg = sup { |F(x,y) - (PF ) (x,y) | : (x,y) e D}
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can "be made arbitrarily small by appropriately choosing n 

and m sufficiently■large. This result, however, does not 

provide a means of estimating the error of approximation.. 

This is accomplished, by establishing bounds on || F - P F || D - 

similar to those of Jackson's theorem [5] for Tchebycheff 

approximation.

A consideration that is essential for computation is 

the continuity of the product approximation operators.

Due to intrinsic errors made by computing machinery, com­

putation' of P F  yields the product approximation of a func­

tion that is uniformly close to F. Continuity of the 

operator'p  will force the product approximation obtained 

to be uniformly near pF. Continuity theorems for both 

the polynomial and rational product approximation operators 

are proven, and conditions which guarantee the stronger 

point - Lipschitz continuity are determined.

Much work has recently been done in the area of 

computation of rational product approximations [3,4,12,13]. 

All the algorithms proposed in these papers involve a 

discretization of one or both of the intervals I and. J .

A comparison between the discrete and the non-discrete 

rational product approximations is thus needed. If X and
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Y are finite subsets of I and. J', respectiveIy, the rational 

product approximation of F over X x Y is defined, in a - 

fashion similar to that over D =  I x  J- Questions of 

definedness arise and are discussed. It is shown that 

under appropriate normality conditions if X and Y are 

sufficiently dense in I and. J 5 then the discrete rational 

product approximation of F over X x Y is defined and 

converges uniformly to the rational product approximation, 

of F over D as X and. Y fill out their respective intervals.

A shortcoming of the algorithms proposed in the papers 

[35 4 5 125 13] i s .computational inefficiency. This is due 

to the fact that the rational Femes algorithm or the 

differential correction algorithm is used several times 

in the computation of a rational product approximation.

The convergence rate of an algorithm of J . Henry [13] is 

investigated, and conditions ■ under which the algorithm 

possesses quadratic convergence properties are given. A 

modification of this algorithm is made to take.advantage 

of these properties.

Since product approximations are derived from univari­

ate Tchebycheff approximations, this report includes some 

results for Tchebycheff approximations that are used, in



establishing a theory for product approximation, 

ticular, several variations of the strong unicity 

and. Freudfs theorem [10] are established.

5-

In par- 

theorem



CHAPTER I

TCHEBYCHEFE APPROXIMATION . .

1.1 Introduction.

Given a normed. linear space Y3 a nonempty subset M 

of Y3 and. a point x of Y3 the best approximation problem 

is that of finding - an element m* of M such that

I) x - m*|| = inf {||x - m|| : m e  M } . In this case m* is 

called a b e s t .approximation of x from M. The following 

existence theorem appears in Cheney [5]•

Theorem 1.1.1. A finite dimensional linear subspace 

of a normed linear space contains at least one best 

approximation to a given point.

In this chapter, we discuss some aspects of the 

classical theory of Tchebycheff approximation and present 

a survey of recent work on the continuity of the 

Tchebycheff approximation operator.
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1.2 Tchebycheff approximation.

Let C(I) be the normed. linear space of 

continuous real-valued functions on the non-degenerate 

interval I = [a,b] with the uniform, or Tchebycheff, norm 

Il'II1J given by ||f||j = sup. ( | f (x) | : x e 1} . Let

0 = span {cp ji • • • 5cpn} be an n-dimensional linear subspace 

of C(I). The problem of finding best approximations of 

elements of C(I) from 0 is called, the Tchebycheff problem 
By Theorem 1.1.1, each f e C(I) possesses at least one - 

best approximation from 0. Uniqueness of best approxima­

tions is not guaranteed, without additional conditions on 

0 .

Definition 1.2.1. A set {cpj,...,cpn] of n continuous 

functions on I is said, to satisfy the Haar condition if 

no nontrivial linear combination of cp j,. . . ,cp̂  

vanishes at more than n - I points in I. In this case, 

the set {cpj,. . . ,cpn) is called, a 'Tchebycheff system on I, 

and. the linear span-0 of {cpjj...,cp } is called a Haar 

subspace of C(I).
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The Haar condition is equivalent to the following 

condition: For each set {x^3...5x n} of distinct points

in I, the determinant

(l*l) D[X-]^...jX^]

cP ]_(x ]_) cP 2 (x ]_) T n <x l)

T n (X2 ) -

T 1(Xn ) T 2(Xn )

is non-zero. This characterization of the Haar condition 

allows us to interpolate with elements of that is, 

given n distinct points ...,xn in I and n real numbers 

• • • ̂ yn H there is a unique cp e $ such that Cp(X1) =

1 = I , ...,n.
The Tchebycheff problem where 0 is a Haar subspace 

of C(I) admits the following characterization theorem; 

see Cheney [5]•

Theorem 1.2.2. (Alternation theorem) . Let 0 be an. 

n-dimensional Haar subspace of C(I), f e C(I), and cp e 0 . 

Then cp is a best approximation of f from 0 if and. only if 

there are n + I points X q < x. < ... < x^ in I such that
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(i.) [(T-Cp)(X1 )I = ||f-q>||ia i = 0,...,n, and.

(11-) (f-9)(^1 ) = -(f-9)(x1_1 ), i = I j •••jn. .

The set {X q 5...5x n} is called an "alternation set" or an 

"extremal set" for f - c p .

Unicity of best approximations is a consequence of the 

alternation theorem; -see Cheney [5}.

Theorem 1.2.3« If 0 is a Haar subspace of C(I), 

then each f e C(I) possesses a unique best approximation 
from 0 .

Haar [11] has shown that Haar subspaces are the only 

finite dimensional subspaces of C(I) that admit unique 

best approximations to all f e C(I).

Theorem 1.2.4. (Haar unicity theorem). Let 0 be an 
n-dimensional subspace of C(I). If 0 is not a Haar sub­

space of C(I), then there is an f e C(I) that has 

infiniteIy many best approximations from 0 .
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Of particular importance is the fact that the Haar 

unicity theorem extends to the setting of C(X) where X is 

a compact Hausdorff space; that is, every element of C(X) 

has a unique best approximation from a finite dimensional 

subspace 0 of C(X) if and only if 0 is a Haar subspace of 
C(X). This result can be found in Phelps.[25].

We conclude this section by stating two additional 

theorems which play a significant role in the remainder of 

this work. When 0 is a Haar subspace of C(I), we let Tf 

denote the unique best approximation of f e C(I) from 0 . 

The strong unicity theorem is due to Newman and. Shapiro 

[23].

Theorem 1.2.5.' (Strong unicity theorem). Let. 0 be 
an n-dimensional Haar subspace of C(I). For each f e C(±), 

there is a constant 7 = 7 f > 0 such that

(1 .2) Hf - cp||j > ||f - TfH1 + y,Ilcp - TfIL1

for all cp e 0 .

A related theorem establishing the continuity of the 

operator T was discovered independently by Freud [10] and ■ 

Maehly and. Witzgall [20].
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Theorem 1.2.6. (Freud's theorem). Let $ be an 

n-dimensional Haar subspace of C(I). Given .f e C(I),' 

there is a constant X = X^ > 0 such that

(1-3) Il Tg - TfH1 < Tll g - fill

for all g G C.( I ) .

1 .3. The constants of the strong unicity theorem and,. 

Freud's theorem.

The constants 7 and X in the strong unicity theorem 

and. Freud's theorem depend on the function f and the 

approximating space 0. In addition, if the approximation 

problem is considered, over a. closed subset X of I, then 

7 and X may depend on the set X. We may write 7 = 7 (f,O,X) 

and. X = X(f,4>,X). The behavior of these constants has been 

the subject of several recent papers. Bartelt [2] and.

Cline [7] show that X = X(f,<£,X) may be chosen independent 

of f e C(X) if X is finite. Moreover, Cline shows that 

if X is-infinite and the dimension of 0 is greater than 

one, then X = X(f,0,X) cannot be chosen independent of f 

over C(X); that is, given e >.0 there exist f,g e C(X)
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such that ||g - f Hx < G and. || Txg - Tx f||x = I,- where 

Tvg and Tv f .denote the best approximations.of g and f 'from 

0 over X 5 respectively. Bartelt also proves that if 

7 is defined as in Cheney [5.],

(1.4) 7 =  inf max ■ (f-Tf) (x) .|| f-Tf || "1Cp (x)
cp e S xeE(f) '

if f / 0, S' = {cp e ' 0 :• ||cp H1 = I) , and

E(f) = {x e I : I (f - Tf)(x) | = ||f - TfH1 O, and

7 = 1
if f e 0 5 then y may be discontinuous off I but is an 

upper semicontinuous function of f e C(I).

The papers of Poreda [26] and Henry and Roulier [l4] 

consider the problem where the approximating space is.the 

set 0m of polynomials of degree less than or equal to m. 

Poreda considers the dependence o f -7 = 7 (f50 5I) on the 

degree m and demonstrates a function f e C(I) such that.the 

constant 7 becomes unbounded, as m 00. Henry and. 

Roulier consider the dependence of X = x ( f50m i [-O3Q]) on 

0 < I5 where.f e C[-151] is fixed. They demonstrate that 

X may be unbounded as 0 _> O and. give conditions that 
guarantee that X remains bounded with respect to 0 for 

O < 0 < s for some g > 0 .
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.We propose to determine conditions on a subset r of 

C(I) for which X can be chosen uniformly over p J that is, 

there is a constant X^ > 0 such that

(1-5) ||Tg- Tflli ' < Xr IIg - f Il1 '

for all f e F and. all g e C(I). In this section, we give 

such conditions and present an example which shows that 

these conditions are essential.

In the remainder of this section, we assume that $ is 

a fixed, n-dimensional Haar subspace of C(I), where 

I = [a,b], and T denotes the corresponding Tchebycheff 

approximation operator. We first note that the constants 

of the strong unicity theorem and Freud’s theorem are 

reciprocally related. The following lemma appears in 

Cheney [5].

Lemma 1.3.1. Let f • e C(I) . If- (1.2) holds- for all 

cp € 0 with y = 7 f , then (1.3) holds for all g e C(I)' with 

X = 2/yf .
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Proof. Let g e C(I). Since Tg e <$>,

7 f IlTg - Tf|| < Hf - Tgll1 - ||f - .TfH1

< Hf - Slli + Hs - TgH1 .- ||f - TfH1

.< Hf - Sll1 '+ Hs - TfH1 - ||f - TfH1

< 2 Il S - f|| J-

Thus H T g -  TfH1 < (2/yf ) ||g - Tll1 -

Before developing sufficient conditions on r  c  C(I) 
so that (1.5) may hold for all f e P and. all g e C(I)5 we 

present a characterization of the constants 7 and X dif­

ferent from that of (1.4). For a < xQ < X 1 < • • • < x < "b, 

define

(1.6) K(Xo,...,x^)
4

= sup{||cp|| j! q> e $ and (-1) cp (x^) >_ -I5 i = O 5... 5n) .

The fact that K(X q 5...5xn ) is finite follows from the next 

two lemmas.

Lemma 1.3.2. Let a < X 1 < ... < x < h and real 

numbers ••-^yn be given. Suppose that ( (x15.. „ 5x^) )

and ( (y15...5y ^ ) } are two sequences of real numbers such



that for each k, a < < . . . < < b, and x^ 4. x^ and.

y^.-* y^. as k->.oo5 i = l,...,n. Let 'cp0 he the unique ele-
0ment of 0 such-that cp (x_) = y^,' I = l,...,n, and for, ,• 

kieach k .let cp be the unique element of $ such that 

cpk (x|) = ŷ ., I = I ,. ..,n . Then Cpk -> cp° uniformly on I as

k -> Co.

15

Proof. "By the Haar condition,

' IkIL = max ' I cp(x ) I 
* 1=1,...,n 1

defines a norm on 0 . From Cheney [5, P . ?8 ],

cp (x) =  i i i ^ i ^ L q ^  • • • 5x L - I ^ x 5x I + ! ^  .s-̂ n ]/-D[x q j • • • ^x n I

where D[x_^,... ,x^_^,x,x^^2J • • • and D[x^,... ,x^] are

given by (1.1) and. {cp^,...,cp^} is a basis for 0 . Since 

Cpi , ... ,cpn are continuous, the determinant operation is 

continuous with respect to its entries, x^ -> x^ and. 

y^ —*■ y^ as k —> oo, i = I, • • •,n , and D[x^,... ,x^J 0,
, '' • n

(p (x j ) ->• /j j_= q. y j k C x - L i  • • • j X ^ _ ^ , X j  ,x^_|_-^, . . . , x n ] / D [ X p  ..., X ^ ]

0 ,  X
9 (Xj),
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j = Hence, ||cp̂  - cp°|| ̂  -> 0. Since all norms on

the finite dimensional linear space <D are norm-equivalent

Ilvk - V 0II j -> °-
The next lemma is a generalization of an assertion 

of Rice [28, p. 64].

Lemma 1.3-3. Let a .<1 .< ctp < P q < • • ■ < « n

< P n < b be given. Then the set {cp e V :yi = 0,. . . >n,

3 X1 e Ca13P 1 ] 5 (-l)1cp(xi ) > -1 } is ||'HI - bounded.

Proof. Assume otherwise. Then there are sequences

{ / }  in V and. (X1 ) in CaiaP 1 ], i . = 0,...,n, such that

(-l)icpk (x1 ) >_ -I for all i = 0,...,n, and k = 1,2,... ,

and Ucpk II1 -* oo. We may assume that each cpk £ 0. Since

Cal 3P 1 ] is compact, we may extract subsequences and

relabel so that xk X1 e [O^3P 1 ], i = 0 ,...,n.
For each k, there is an index i for which

0 > (-1) iCpk ( X k ) >  -I. Otherwise, cpk  would have n sign
■changes, and by the Haar condition we would have cp = 0 .  

We may now relabel the sequences and assume there is a 

fixed index, v e { 0,. . .,n.} such that 0 >_ (-.l)Vcpk (xk) >_ -I. 

In particular |cpk (xk )| < 1-.
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We further pass to subsequences and. relabel so that 

for each index i e { 0, . . .,n}, cp^(x^) either converges to 

some real number or to + 00 . Let denote the set. of

indices i for which cp^(x^) and Hg be the set of

indices where cp^(x^) ->+£». Since v e ^ 0. For

i e Hg, the inequality (-l)^cp^(x^) >_ -I implies that 

( - 1)1cpfc( x ^ )  ^  + oo.
Next we show that H, can contain at most n - I indi-1 ■

ces. . Since X^ -> x^ and. ^^(x^) -> i e- H^, we would, have

that cpk converges uniformly to the unique element of 0 
that has values at n points x^ in H^. T h i s ,contradicts 

the assumption ||cp || .̂ ^  oo. Thus H 1 contains at most n - I 

indices.

For J e H-,, choose f . e ® such that J- J

= .(-1 )d - Hj, and

^Zj(X1) = 0 ,  i e H 1 , i 0 j •

Since H 1 contains at most n - I indices, ^ . exists (though I J
not uniquely).

For each k, let + Z 1-j e H 1 V 1-  By

the continuity of each f .■ and. the convergences X1 -> X1 ,
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and cpk (x^) i e H 1 , and. (- I) "̂cp ̂ (x^) -> + c° , I e  Hg,

there is a numher M such that

i 6 H 1 ,

Ivk (^1 ) - Tl1I < —  , i e H 1 , and.

( -! )  cp ( X 1 ) >  E  j e H 1II I

when n >_ M.

Let k > M. If i e Hg, then

=  ( - l ) :Lcpk ( x ^ )  +  E j e

>  ( - i ) V ( 4 ) - E  j . e

> O

( - U 1C k (Xj) = (-1)

( - I J 1Cpk ( X k ):J) +

+ 2  j 6 H l (":

H- 
PT
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Thus £ k has n 

implies that i

assumption j|cp 

Lemma 1.3-3.

Remark. 

O 1 =  P 1 =  X 1 , 
over, since (

whenever a <

= (-1)1[(pk ( ^ )  " R 1 ]

+ (-I)1 [R1 + Vz1Cx 1 ) ]

+ (-i)1 r^1(x1 - ^ 1(X1 )]

+ ^  j e ^j(^i) " ^j(x i)].
j ^ I

. ^ " K T T + 1 .

- i - ^ r

> 0 .

sign changes, and as a result £ k = 0. This

q)k = - Yj • pr ip • which contradicts the J ^ -̂1 J
l̂l co. This completes the proof of

By applying Lemma 1.3-3- with each 

we see that K(x0 , . . . ,x ) ' is finite.. More- 

-IjiCp (X1 ) >_ -I for any cp e <f> where ||cp|| ̂  = I,

I < K(xQ,...,x^) < 0°

XQ < X 1 .< ... <' x^ < b.
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The next lemma Indicates how the constants 7 and. X can 

be derived from K(x0,...,xn ) .

Lemma' 1.3 . - Let f e C(I)5 and. let X q < X 1 < . . . < xn 

be an. alternation set for f - T f . Then (1.2) holds for all 

cp e <$> with 7 = 1/K(Xq 5 . . . 5x ) 5 and. (1.3) holds for all 

g e C(I) with X = 2K(X q 5 ...5x^).

Proof. Since xQ < X1 < ... < x^ is an alternation set 
for f - Tf5

i = O 5...5n 5 where v = 0 or I does not depend on i. Let 

cp e 0. If cp = Tf5 then (1.2) clearly holds. Assume 

cp T f . For i = O 5 . . . 5n 5

(1-7) (-1)1+V (f-Tf)(x.) = Hf-Tflt15

(1.8) - (-1)1+v (f-cp) (^j,) >. - IIf-cPlI1 -

Adding (1.7) and (1.8) we get

(_l)i+v (Cp-Tf)(X1 ) >_ - (|| f-cp|i j - Il f-TfIl j) 5

1 = 02 m • • n • Since cp ^ f5 ||f-cp||j - || f-Tf|| 1 > 0 and.
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(-i)1 > - 1f-cp|| 1 - Il f-Tf|| 1

I  = 0 , . . . , n .  From th e  d e f i n i t i o n  o f  . . , x ) ,  we

o b ta in
Ilcp-Tfll1

IIf-CPllT - Ilf-Tfll < K(x0 ,...jX ).

Hence,

f -^ ll  T >  II f - T f II T + ( l / K ( x n , .  . . , x  ) )  Ilcp-Tfllr

• The second assertion now follows from Lemma 1.3.1.

Lemma 1.3.4 indicates that the constants 7 and. X as 

defined, in Lemma 1.3.4 do not depend explicitly on the 

function f but on an alternation- set for f - T f . In con­

trast to Bartelt1s result [2] that 7 may be discontinuous 

off <$>, we show that K(Xq , . . . ,x^) is continuous in its 

domain { (Xq , ...,xn) e In+1 : xQ < X^ < ... < x^}, and 

thus 7 and. X being appropriately defined depend continu­

ously on the alternation sets. It need, be noted, however, 

that this does not imply that 7 and. X may depend, continu­
ously on f because . alternation sets need, not be unique 

' and. may not depend, continuously on f■.
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Theorem 1.3-5. The function K(X q ,...,x  ) defined in

Proof. Let a < X q < x^ < ... < x^ < h he fixed.

There are numbers a- < Qiq < P q < Ct1 < p < • • . < a n < P n X  b5 
such that X^ e (Oi ^Pi)5 i = l,...,n - I. If X q = a, then 

X q e [cx0,P 0 ), and if x^ = b, then X^ e Ca n ^Pn I • Otherwise, 

open intervals may be used for either or both of these 

indices.

Let Q = {cp e 0 : yi = 0,...,n, 3 I i e [ai ,Pi ]

9 (-1) iCp (Ii ) >_ -I). Lemma 1.3.3 asserts that a is uni­

formly bounded. The uniform boundedness of a and the 

finite-dimensionality of 0 imply that a is equicontinuous.

Let e > O be given. We may select 5 > O such that

(i) if cp e a and x,y e I with | x - y | < 5 , then 

I cp(x) - cp(y) I < e, and.

(ii) if y e I and. | x ± - y | < 5 , then y e  CaiaP 1 ],

1 " 0,.. .,n.

Suppose that (y0,...,yn ) e In+1 where

(1.6) is continuous on { (x

X 0 <  X 1 <  ... <  X n ).

yO < y I < < y and. max |y. - x. | <.5 . We may 
n . i=0,:.:,.n . 1 1
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ipick cp e 0 such that (-1) Cpx (Xi ) >_ -I5 i = O 5...5n5 and.

Il 9 x" I .' K(xn 5...5x ) .  If i is even5 then

i
(-1) cPx (J1 ) = cPx (J1 ) > cPx Cx1 ) " e > . - (I + e)

iThus (-1) T x (J1)Z(Ite) > -I. • If i is Odd5 then

(-1)1cpv (x -)■ = -cPx Cx I) > -i-x ' i X x i ;

So cpx (x± ) < I5 and

T x (J1 ) < T x Cx J  t e I t €:x x i

Thus (-l)1cpx (y1 )/(l t e) >_ -I. 1 Hence5

K(yQ 5 . .. 5yn ) > ||cpx/(l t e)|| I

— KCxQ j..•Jxn VZC1 + e ).

We may interchange the roles of x and. y in the above 

argument and. obtain .

KCx0J •••Jxn ) 
I-Jf e ~ < K(yn,...,Jn) < (I + e)K(x 5...5x )5

establishing the continuity of K(X q 5..i5x ^ ) .
We now state and prove a uniform strong unicity

theorem.



Theorem 1.3-6. Let r "be a compact subset of C(I)

where r A  <$> = 0. Then there Is a constant 7 > 0 suchr
that

I l f - T l l 1  ^  I l f - T f l l 1  +  7 r I l q . - T f H 1

for all f G F and all cp e 0 .

Proof. Assume otherwise. Then there is a sequence

{ f ^ ) in r and. a sequence {cp^) in 0 such that each
k. / ■cp / Tf̂  and

(1-9)
kII % - Il fk-Tf 

IItPk-lfJ l

k11 I 0

as k 00.
Since F is compact we may assume after relabeling 

that f^-> f e F. Let S = f - Tf and = f^ - Tf̂ . for

all k. Since F A  0 ~ 0, || S|| j > 0 .
For each k, let

a < < ... < x^ < b'

be an alternation set for S . . We further extract subse­

quences and. relabel so that -> i = 0,...,n. Then



We show that ^ < x ^ , i = I5...,n. Suppose 

x . • = X .  for some i. We note that f, -> f implies S1 -> S1— j. I K. K
(see Theorem 1.2.6). Since S^ -> S , x^_^ ^  xi-l “ x i.J 

x^ -* X^5 and S is continuous, k may be chosen large enough 

so that

|s(xi_i) - S(X^)I < MsMi

and ■

■ Il s-sjl j < -̂ Il S|| j.
Thus

' IlSll1 > IS(X^1) - S(X̂ )I

> ISfc(xI-I) - Sk<x?) I - I8(xLl) - 3K(xLl)I
- 1 s(xL  " spx^) I 

^ 2IlSkIl1 - 2||S - SkIIr
But

. IlSkIlx > IlSlI1 - HS - SkIl1.

Il S|| J > 2|| S|| I - 41S - SkII z

> 2IIsII1 - 4 - 1  IlSlI1 
= MsM1 J

25

Then
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which is false. Thus X q < X1 < ... < x .

We may now apply Theorem 1.3-5 to see that

K-(xO-9" " ' ̂ ^  . . . ̂ x n )

Lr
as k -> Co. Thus K(x0 J ...5x ) < A for some A > 0. By 

Lemma 1.3.4,

T IlT

" V
k111

k111
0 .

This contradicts (1.9) and the proof of Theorem 1.3-6 is 

complete.

A corresponding uniform Freud’s theorem now follows 

immediately from Lemma 1.3*1 and. Theorem 1.3-6.

Theorem 1.3.7- Let F he a compact subset of C(I) 

where F A  0 ~ 0. Then there is a constant > 6 such 

that

Il Tg - Tfll ̂. < Xr Il g - f|| 

for all f o r  and all g e C(I) *
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We conclude this section with an example that shows 

that the condition r Pi C> = 0 cannot be dropped from 

Theorem 1.3.7.

Example 1.3.1. In the case where n >_ 2, we demon­

strate a compact subset F of C(I) which meets <£, a 

sequence ( f^ } in F , and. a sequence (ĝ .} in C(I) such 

that each g* 0 fj* and.

I l - " B i------------------------  CO

Il Sfc - fSl I

as k -» co.

From Theorem 4 of Cline [7], for each k = 1,2,..., 

there exist f.,g^ e C(I) such that Ijgfc - IfcII1 < l/k and 

Il Tgfc " Tffcll j - T. Let a fc = k(l + || f fc|| j) 5 ffc ■= f and

g fc = S fcZa fc- Since HffcII1 < l/k, ffc -» P uniformly on I.

As a result, F = {0} U  { f*,f^,...} is a compact subset 

of C(I) . We now apply the homogeneity of the operator T 

(see Cheney [5, P- 83]) to get

Ii <  - i = ih(V«k) - T(Vffl2 Ui
Il gk “ fSi I Il (g P i t) (fP k ) H  I



28

Il Tgjc - T f y

Il sk “ f fell

>_ k; oo

as k -> Co. Thus X cannot he chosen uniformly over r.

I .4 Point - Lipschitz condition on subsets- of I .

In the terminology of the .introductory paragraph of 

Section 1.3j we consider the dependence of X = X(f,0,X) 

on the closed subset X of I over which the best approxi­

mation problem is considered.

We assume that 0 is an n-dimensional Haar subspace 

of C(I). If X is a closed subset of I containing at least 

n + I pointsj we let T^f denote the best approximation of 

f e C(X) from 0 in the sense of the norm IMIx defined by 

||'f||x = sup ( I f (x) I : x e X}. For a treatment of 

Tchebycheff approximation on closed subsets of I3 see 

Cheney [5].

The principle result of this section is that if 

f £ C(I) is fixed, then the operators T^f satisfy a point- 

Lipschitz condition at f with a constant independent of
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sufficiently dense closed subsets X of I. This result 

will be 'used later in Chapter V.

The density of a closed subset X of I is defined, to 

be

(1.10) d(X) = sup inf |y - x.|.
ye I xeX

We first establish a point-Lipschitz condition for the 

operator T^.

Lemma 1.4.1. Let X be a closed subset of I contain­

ing at least n + I points and. let f e C(X) . Let ■

< x, < ... < x constitute an. alternation set for U i  . n .
f - Tx f in X. Then

( 1 . 1 1 )  Il T x S  - T x f|| x <  2 K ( x 0 , . . . , x n )||g - f||x

for all g e C(X) where K(xQ,...,x ) is defined in (1.6).

Proof. Since X q < x^ < ... < xn is an alternation 

set for f - Tx f in X 5

( 1 . 1 2 )  ( - I f + v U - T f )  ( X 1 )  =  ||f -  l x f||x ,

i = Oj...,n, where'v = 0 or I does not depend on i .
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Let g e C(I). If g = then (1.11) 'is trivial. 

Assume g ^ f. For i =

(1.13) (-1)1+V (B-Tg)(X1) < ||g - TxSlIx
< Ils- Viix
< Hs - f||x + Hf - V x  •

Subtracting (1.13) from (1.12), we get

(-I)1"1̂  (Txg - Tx f) (X1 ) - (-I)14^ (g-f) (X1 ) > -||g-f||x . 

Hence,

(-I)14^ ( T ^ - T x I)(X1 ) > (-1)14V (g-f) (X1 ) -■ ||g - f||x

> " 2II S - f IIx -

So (-1)1 (-1)V (Txg-Tx f ) (X1 )ZSlI g - f||x > -I, i = 0,...,n. 

Hence, j| Tx g - Tx ^l1 < 2K(xQ ,. ... ,xn )|| g - f||x .

Theorem 1.4.2. Let f e C(I).. There exist numbers 

5 > 0 and X > 0 such that if X is a closed subset of I and. 

d(X) < a * then

Ht X8 - Tx fH I < ills - f||x

for all g e C(X).
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Proof. We consider two cases.

In the first case suppose f e 0. Then T^f = f for 

any closed, subset X of I. If X is- a closed subset of I 

containing at least n + I points and. g e C(X), then

Il TXS ~ V l l  X = Il TX6 " fH X
< Il ~ S|j x + H 6 ~ f Il %

< Il f - §11 x + ' Ilg " fHx
= 2|| g - f||

Now pick numbers.

a < a 0 < a 2 ^ P ••• <C <([ P ̂  h .
I
Let M  = Sup(IIq)II1 : q) e 0 and. yi = 0 ^ ,n,  ̂ e

9 (-1) q) (| ̂ ) >_ -1} . By Lemma 1.3-3, M is finite. We now 

pick <5 > 0 small enough that if X C  I and d.(X) < 5 , then 

Xfh ^ 0 , i = O 5 , n.

Let X be a closed subset of I with d.(X) < 5 . Pick 

X i e X A  O 15P 1 J5 i = O 5 ... 5n. For g e C(X) and

' (-IJ1(TxS-VHxI) > -IItX8 - Vllx-
I —
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By the definition of • M,

Il1Xg - Yill s. Mil Y  - TxI-Il x < 2M||g - f||x .

In the second, case, we assume f ^ 0. Suppose no such 

combination of X > 0 and <5 > 0 exists. Then there is a 

sequence (X. J of closed subsets of I and. a sequence { ĝ .} 

where each e C(Xfc) such that gfc ^ f on X fc, d.(Xfc) -> .0,

and.

(1.14)
I

00

as k .

Let S = f - Tf' and. S, = f - Tv f .. From Cheney
%

[5, p . 87], since. d.(Xfc) -> 0 we have that S fc-+ S uniformly 
on I. This convergence, the continuity of S, the assump­

tion d (Xfc) 0, and. the inequalities,

H Y  xk ̂  IlskIlY II3II1 + IIsk " sIh
and

HsJ x fc.^ Il 8IIxfc " HSk " 8IIxfc

> IIsI I i  -  ( IIsI I j  -  IIs IIx fc) “  Il s k "  s I I i j
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Imply that [I S Il -> Il S|| .

Let X q < < ... < x^ he an alternation set for

S, = f - Tv f in X 1 . We extract subsequences and relabelt Xk k . .
kso that x^ ^  x^ e I, i = O 3...5n. We .now show that

Xi i < xi3 i = I3...3n. Assume that some xi_i = X i . Since

Ilslli > 0  and. S is continuous on I 3 .we may choose k large 

enough so that,

|S(Xi_i) - S(X^)I <"HS||i3

IlSk - Sll1 < ^  ||S||i3 and.

Il S kIIx >. ^  Il S|| i .

Then

Il S|| i > |S(xi_i) - S(Xi )I

k  |Sk (Xi_i) - Sk (X^)I - ISk ( X ^ i) _ S ( X ^ i )I 

- ISk (Xi ) - S(Xi )I

> 2|| SkHx^ - 2||Sk - SH i

> 2 • H S|| i - 2 • H S||

= Il sII J3
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which is false. Thus x Q < X 1 < ... < x  .
Lemma 1.3.4 insures that K(Xg, ...,x^) -> K(x ,... ,x^), 

and. thus there is a number A > O such that K(X q , . . . , x ^ )  < A 

for all k. From Lemma 1.4.1,

V * ' . V
Il S ir  f  Il Y

< 2K(.xk ...,xb < 2A.

T h is  c o n tr a d ic ts  (I . l4), and. Theorem 1.4.2 is  now e s ta ­

b l is h e d .

/



CHAPTER TI

LINEAR PRODUCT APPROXIMATION 

2.1 Introduction .to product approximations.

The concern of Chapter II is the approximation of 
continuous functions defined on a rectangle. Extension of 

univariate Tchebycheff approximation theory to the multi­

variate setting has been confronted, with severe difficul­

ties. This is evidenced by the following theorem of 

Mairhuber [22].

Theorem 2.I.T. (Mairhuber). A compact subset X of 

m-dimensional Euclidean space containing more than n 

points, n >_ 2, serves as the domain of definition for a 

Tchebycheff system [cp^,...,cp } on X if and only if X is 

homeomorphic to a closed subset of the circumference of a 

circle. .

A ramification of Mairhuber's result in conjunction 

with the Haar unicity theorem is that unless X is essen­

tially a circle or a closed subspace of an interval, 

uniqueness of best uniform approximations of all f £■ C(X) 

from a finite dimensional subspace of C ( X )  cannot be
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guaranteed. Uniqueness of best approximations is often 

needed to facilitate an algorithm used, to find the approxi­

mation. Moreover, the loss of uniqueness poses difficulties 

in establishing results corresponding to the classical. 

theory of one-dimensional approximation.

To circumvent the loss of unicity, Weinstein [30] 

devised the concept of product approximation. A descrip­

tion of product, approximations and: the product approximation 

operator follows.

Let D denote the rectangle I x J  = [a,b ] •x ' [c,d], and 

let F e C(D). For each y e J, let Fy e C(I) be given by 

F (x) = F(x,y). Let [cp^,...,cp^) be a Tchebycheff system 

on I with linear span <$>. For each y e  J, let

T(Fy ,-) = Z  i=1 fi (y)91

be the unique best uniform approximation of F on I fromJ'
<$>. Weinstein [30] has proven that the coefficient func­

tions f^, i = l,...,n, are continuous on J . Now suppose 

that I = span {^ 1, ...,^m } is an m-dimensional Haar sub­

space of C(J), and for i = I,... ,in, let

v  m
Q ( V )  = Z  j=q fV tj
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be the unique best approximation of on J from W in the 

sense of the uniform norm || • ||j.. The product approximation 

of F on D is defined as ' '

(2 .1) P F  = L  i=1 Q(f1,*)91 = L 1=1L J-=1

Hereafter, P  defined in (2.1) will be called the product 

approximation operator.

The name "product approximation" is probably derived, 

from the fact that if F(x,y) = g(x)h(y), then 

(pF)(x,y) = T(g,x)Q(h,y). In addition, if F(x,y) = 

g(x) + h(y) and if 0 and. I contain the constant functions.., 

then (pF)(x,y) = T(g,x) + Q(h,y). Several recent papers 

[354,12,13,17] discuss extensions of product approximation 

to the settings of rational functions and varisolvent ' 

families of functions. The results of these papers will 

be discussed in Chapters IV and. V. In this chapter, we 

consider the degree, of approximation of F e C(D) by pro­

duct approximations using algebraic polynomials and the 

continuity of the operator p.

Two questions regarding possible invariance properties 

of P naturally arise. Is P independent of the order in 

which the variables x and. y are prescribed? That is, if
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Q(F*,') = Z
m

where (yj = F(x,y) and.

is it necessarily .true that PF = p*F? Also, is PF inde­

pendent of the basis functions for the approximating space 

0 ? The first question is answered, in the negative by.the 

following example due to Weinstein [30].

Example 2.1. Let D = I x  J = [-1,1] x [-1,1],

O = span {cp-̂ } where cp̂  = I, Y =' span { where - I, 

and

2

2xy, 0 < y < I.

For each y e J, T(F , •) = 0 ,  and. we see that pF = 0. For

X  E I, Q(F%,y) = f*(x). where
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x + X --^5 - l < x < - 1/ /̂-2 ,

x, - i / y z  < % < (i - y3)/2.

^^(x) — -  ̂■ x ~ 2 3 v/3)/2 < x < O j

x 2 +  x - - i J 0 <  x  <  V vZ a j

Vk X j l / x/2 <  X  <  I.

Best approximation of f* gives jp*F = (2 - v/2)/4J and. 

P F  Z P*F.

The next example answers the second, query in the 

negative.

Example 2.2. Let D = I x J  = [-1,1] x [-1,1],
2

0 = span { I j X jX  ], I  = span {l , y }, and

Then T(F ,x) = f0 (y) + f2(y)x2 where

and
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fp(y) = <
o, -i <_y < o

8y(i-y), o < y < I,

Now Q(f0,y) = -p- and Q(fp ,y) = I, and. we have

(pF) (x,y) = -i + x2 .

We can write 4> = span { P q 5P 1^p 2 } where p_(x) =. I,
2P 1(X) = X 5 and Pg(x) = 2x - I are the first three 

Tchebycheff polynomials. Then

=  [ f o ( y )  +  f 2 ( y ) / 2 ] P o ( * )  +  [ f2 .( y )/ 2 ] P 2 ( x )
= 6Q(y)PQ(x) +

where

ggfy)
-4y(1+y)5 -I < y < O 5 

4y(l-y)5 0 < y < I 5

and

g2(y)
O 5 • -I < y < O 5

4y(l-y)5 0 < y < I .
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duct, approximation of F with respect to the Tchebycheff 

polynomials, then

and. thus JpF ^ p*F.

2.2 Degree of approximation.

In this section, we establish a theorem for product 

approximation similar to that' of Jackson's theorem for 

Tchebycheff approximation. We fix D = I x J =  [-.l.,.l] 

x .[-1,1], and. let the approximating spaces 0^ and Y m be the 
(n+1)- and (m+1)-dimensional spaces of polynomials of 

degree less than or equal to n and m, respectively. As 

example 2.2 indicates, we must specify the basis functions 

for 5>n . We choose {p ^ , . . . 3P n} as the basis for 0^ where 
denotes the i-th degree Tchebycheff polynomial. More­

over, let {q0 ,...,q ] be any basis for Y ffi. For F e C(D) 

and y e J,

(P*F)(x,y) = (p0(x) + P2(X))/2

(2.2) W ’) “ L i=0 fI(Sr)p I
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v v )  = 2

will denote the best approximation of on J from . 

The ■ corresponding product approximation is denoted' by

The following density theorem is a special case of a 

theorem of Weinstein [30].

Theorem 2.2.1. Given F e  C(D) and e > O 5 there is an 

N(e) such that for each n >  N(e) there is an M('e 5 n) such 

that if n > N(e) and m >  M(e 5n) 5 then || F - Pn mF|| D < e. '

The principle result of this section gives a bound on 

Il F . - Pn mF|| D which indicates the dependence of M(e 5n) on 

n. We will make use of the orthogonality properties of the 

Tchebycheff polynomials:

and. we note that || P 1 Hj = sup{ |p^(x) |:x e 1} = I. The 

error estimates will be given in terms of the modulus of

TT5 I  = J = O 5
I

(2.3)

0, i ^ j.
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continuity of a function. For f e C(I)j the modulus of 

continuity [5 ] of f is

ai(f,I,d) = sup { If(X1) - f (Xg)I IX15X2 e I j Ix1 - Xg | < d).

For F e C(D)j we define

w  (FjD jG) = sup( |F(xJy 1 ) - F(xJy2 )|: (xJy ]_),(x.yg) e D j

Iy1 - y2 I < 6}.

Uniform continuity of F on D implies that

■ Iim w  (FjD jG ) = 0 .
6-+0 ^

We now state the classical Jackson's theorem [55 p. I47].

Theorem 2.2.2. (Jackson). (i.) If f e C(I)j then

- Tn(f,')M% < WffjIjm/(n+l)).

(i i .) If f(^) e C(I)j n >  k J then

Il f " Tn (IjOI)1 < (Tr/2 )k||f(k)||1/[(n+l)n...(n-k+2)].

The product approximation analog of Jackson's theorem 

will follow from the next three lemmas.
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Lemma 2.2.3- If F e C(D) and. T n (F ,•) is given by 

(2.2), then for y2 e J and. i = 0,...,n,

Tn (Fr ,-) - T (Pr.,-JIIt= 1 = 0»
If 1Cy1) - f 1(y2)l < <

n' y

v

I

n'-y

"n' y2' I-

Proof. Using (2.3),

-I
[T^(F ,x) _ T^(F ,x)]p.(x)(l_x")

2,_ 2\-l/2
Cf1(Y1 ) - fi(y2 )] J' [p1(x )I2C1-^2 )—i

TrCf1(Y1) - fi (y2 )]J 1 = 0 ,

( tt/ 2 )  Cf1(Y1) " f ^(Y2) ^  1 > 0
For 1 = 0 ,

" ^0(^2)I
I
TT

pl p -I /P
[T (^r ,%) * ? n ( ^  ,X )](f-X ) dX-I n'-yi" ' y2

I

.1
< ? llTn(Fy =-) - Tn(Fy =III1 J4( T-xO "1/2dx

-I

V f5=V -) - V VI
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For i > 0, we apply the Cauchy-Schwarz inequality to g e t '

I f^ y 1) - fi(y2) I
.12

TT J  F t F 1V x ) - Tn(Fy0’x )]p i(x )(1-x2)"1/2-I

a

y2- d:x

< - Tn(Fy V x)] ^ x )
2 ,T 2\-l/2^ 1l/2

-I
[p,(x)]2(l_x2)-l/2dxll/2

/2
/• V

.1
[Tn(^r '%) * 'X)] (I"= ' dX

2 _  2\_l/2^ ] l /2
-I n' y I n-' y

yf Ii iF pyi*') - tF fV  ̂  i 1/2

V̂ IITF FyV") - TF Fy2’-)llr

Lemma 2.2.4. If F e C(D) and i = 0,...,n, are 

given hy (2 .2), then for i = 0,...,n,

.(F,D,<5) + 2 max || Fy-Tn(Fy,•)||T, i = 0
w(f2 »J=6) < yeJ

' V5(my(F,D,6 ) + 2 m ^  IIf y-Tn^y* 'D1. 1 > °'
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Proof." For y2 e J where Iy1 - yQ | < 6 ̂2 1 ^

Tn(y V ' )  * Tn(y2’-)lll

^  11f Y 1 - f Y211I + - V y 1-Oll1 -+ 11%  - V % < - > l l iI

< ^ y (F5D 5S) + 2 max || Fv - Tn (F^v)H
ye J n x y-

This inequality and. Lemma 2.2.3 now complete the proof of 

Lemma 2.2.4.

Lemma 2.2.3. If F e C(D)5 then

Il F " < (3 + S n x/!?) max || Fv - Tn (Fv 3 -)ll
ye J n x y 5 I

+ ( l + n / g ) m y ( F5D 57r/(m+l))

Proof. For (x5y) e D 5

(2.4) IP(Xjy) - (PnjmF)(XjY)I < IPy (X) - In(FyjX) I

+ ITn(FyjX) - (PnjmF)(x,Y)I

|Fy (x) - Tn (FyjX)I + ^  I=OriL y ) - ^ ( I 1 , Y U p 1(X)m x i-

I  Il Fy " Tn ( %  Oil I + ^  1=0 Hf I  ■ ®m(f i ’ 0 l l j  Il P1Il x 

= IlFy -  Tn(F , U l l1 + E L  » f i  -  V L ’ O I I j -
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By Jackson's theorem

HfI ~ 9Hi(fIv )Ilj < ro(fvJ,V(m+l)).

Applying Lemma 2.2.4, we thus have .

Il W o ’-DIIj < ffly(P.D,ir/(m+l)) + 2 max || Fy - Tn(Fy v )II1

and for i > 0 ,

Il fI-tU fV  "DU I ̂  /2(my(F,D,V(m+l)) + 2max||Fy-Tn(Fy, • )ll j) •

Combining these with (2.4) we get

Ilp - J t m 1HD ̂  O+Sn/?)' max || Fy - Tn(FyV)II1

+ (l+n/3) ro (F,D,V(m+l) ).

Thus the proof of Lemma 2.2.5 is complete.

Under appropriate smoothness conditions.on F, 

the next theorem and. its immediate corollary indicate how 

the N(e) and M(e,n) of Theorem 2.2.1 may be chosen.

Theorem 2.2.6. If ■2— ^' e C(D)5 n >_ k 5 then
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(2.5) IlF-P ̂ FllD ̂ (3+2ny2)/[(n+l)n...(n-k+2)]

+ (l+n/2) Wy(F,D,T/(m+l)).

Proof. By Jackson’s theorem, for y e J

'I F y  -  T n ( F y - ' / [(n+1)n . ..(n-2+k)]

Combining this inequality with that of Lemma 2.2.5', Theorem 

2 .2.6 now follows.
If k >_ 2, the first term in the bound, of || F - mF|| D 

in (2 .5) converges to zero as n-»oo and. the second term 

can be forced, to tend to zero by choosing m sufficiently 

large. This is more easily seen in the following corollary 

of Theorem 2.2.6.

Corollary 2.2.7. If , | |  6 C(D), n > 2, then

<2 -6 ) HF - P n,mFllD l  12
a2F (3 + 2ny2)/[n(n+l)]

+ TT
dF (I + nv/2) / (m+1)
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Proof. We need, only note that by the. mean value 

theorem.

iDy (F,D, V ( m + 1)) < tt/ (m+1)

and Corollary 2.2.7 now .follows from Theorem 2.2.6.

2.3 Continuity of the operator P.

In this section, we prove that the product approxi­

mation operator P defined, in (2 .1) is continuous with 

respect to the uniform norm II-Hd  on D. The continuity of 

P is of particular importance in the computation of pro­

duct approximations. Due to inherent errors made by 

computing machinery, when we set out to find Pf , we 

actually obtain the product approximation of a function 

that is ..uniformly close to F. Continuity of P would 
insure that the resulting product approximation is uni­

formly near Pf .
We retain the notations of Section 2.1 and fix 

F e C(D). As in Section 2.1, we let

T(Fy,') = % n
i=l
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be the best approximation of F (x) = F(x,y). We define'

p ( y )  = IlFy  -  T (Fy ^ ) I I 1 -

The.uniform continuity of F on D and Theorem 1.2.6 imply 

that p is continuous on J . The continuity of P will 

follow from the next two lemmas.

Lemma 2.3.1- Given e > 0, there is a 5 = 5 (F^e) > 0 

such that if (a-L(y) 5. . . 5a (y)) e [C(J) ]n and

Il -̂ y - j__]_ a1(y)cpi ll J < p(y) + 6

for all y e J 3 then ' max |f .(y) - a .(y)| < e for all
i=l,...,n .

y e J.

. Proof. Assume otherwise. Then there is a sequence 

[ ( o ^ ( •))} in [C(J)]" such that

(2.7) ||Fy - Z  i=I Oi(Y)CPiII I < p(y) + 1/t

for all y e J and such that for each k there is a y fc e J

where
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(2.8) max I M y k ) - a, (y. ) | > e
1=1,...,n x K K

Since J is compact, we may assume after relabeling 

that y^ -> y* e J. By (2.7) • :

(Yk)?. < 1 1  f I I d  +  I I p I I j  +

and since {cp̂ , . . . ,cpn } is linearly independent, ■

{ ( a ^ y ^ ) ,... ,a^(yk ))} is a bounded sequence. We may fur­

ther extract a subsequence and relabel so that 

a^(yk ) -> X^, i = I,...,a. Passing to the limit in (2.7) 

we have

V n
Il Fy* ~ j_-]_ ^icPjII J  < P (y ) •

By the uniqueness of best approximations, X i = f\(y*), 

i = l,...,n. However, passing to the limit in (2.8) gives

max |fi (y*) X i I > e . 
iL— l ̂  ̂n.

which is a contradiction, ‘and thus Lemma 2.3.1 is proven.
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Lemma 2.3-1 Is a generalization of Weinstein's • 

Theorem 2.2 i n '[30] which implies the continuity of the 

coefficient functions in T(F *•) with respect to y . We 

now apply Lemma 2.3.1 to establish the continuous depen­

dence of the coefficient functions in T(F ,■) on 

F e C(D).

Lemma 2.3-2. Given e > O 5 there is a <5 = d(F,e) > 0 

such that if G e C(D) and || G - F|| D  <  <5, then 

Il Si - ^llj < £, I = !,---,a, where G (x) = G(x,y) and:

T C G y , ' )  =  Z  ± = 1  S 1 ( Y ) V 1 -

Proof. Denote

M.(y) = IlGy -  I ( O y V ) I I 1 -

Note that

M-(y )  -  p ( y )  = IlGy -  I ( G y V ) I I 1 -  Il Fy  -  T (Fy V ) I I1

< IlGy -  T(Fy V ) I I1 - I l F y -  T(Fy V ) I I1

I l l G y - F yII1

< HG - F||d.
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Let e > O be given. By Lemma 2.3.I5 we may select 

<5 > O such that || Fy - T(Gy , * )ll j < P (y) + <5 for all y e J 

implies that max |f.(y) - g.(y)| < e for all y e J.
!“I j •••jn

Now suppose Il G - F|| D <  g / 2 .  Then p (y) - p (y) < 6 / 2  and.

IlF y  -  T(Gy ^ ) I I 1 < HF -  G||D + ||.Gy  -  T(Gy V ) H 1

< 6/2 + |i(y)

< p(y) + 6.

Hence, Hg1 - f±\\ j < e , i = l,...,n.

Theorem 2.3-3. The product approximation operator 

P i s a  continuous mapping of C(D) into the approximating 

space spanned by { /̂Jcp1 : i = I3... ,n; j = l3...3m}.

■Proof. Let F e  C(D) and e > 0 be given. Since the 

Tchebycheff approximation operator Q is continuous at 

f13...3f^3 there is a a > 0 such that if || g1 - f Jl j < a 3 
i = I 3...3n 3 then

||Q(g.,.) - Qtf1V H 1 < ,
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i = I , .„.,n. By Lemma 2.3.2, we may select 5 > O so that 

if Il G - F|| D < 6 , then || - f^||j < a, i = where

Gy (x) = G(x,y) and T(Gy,-) = ' Yj± = 1 S1 (Y)V1 •

Now if G e C(D) and. || G - ■ F|j D < 6 , then

ll«5 - ̂ IId < E “=1 Ih1IIi II1̂(S1V) - Oilj 

<  L  i = 1  I k 1 II j  .  H i i q j i Ii ^

= G .

Hence, P is continuous at F.

2.4 Point-Lipschitz continuity of P.

The question of when the operator P satisfies the 
stronger version of point-Lipschitz continuity is now 

considered. It is shown that if F satisfies an additional 

condition, then P satisfies a point-Lipschitz condition 

at F, and an example is given to show, that this condition 

is essential. We retain the notations of Sections 2.1 and

2.3.
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Theorem 2.4.1. If F e C(D) and F„ / <$> for all y e J 3 . • y
then there Is a constant X 1̂ >' 0 such that

||#g  - i¥||D < x F|| G - f ||d

for all G e C(D).

Proof. We note that.{F :y.e J } Is a compact subset 

of C(I) which does not meet 0. By Theorem 1.3.7, there 

is constant X > 0 such that

(2.9) IlT(GyV) - T(FyV)II1 < X||Gy - FyII j

for all G. e C(D). We may apply Theorem 1.2.6 to

T^3...3fn to obtain constants > O 3 i = I 3...3n 3 such

that

(2.10) llQ(g,') - Q (fi,')||j < Cills - f j l j .

for all g e C(J).

Let G e C(D). Then we may apply (2.$) and (2.10)

||Fg - . F F l I n  <  E  i = 1  I k 1 I I 1  l|Q(gi v )  Q ( T i ^ ) I I J

V n- <  Z j  1 = 1  Cr 1 I k 1 I I 1  Il S 1  " . f i l l  j

t o  g e t
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On the finite dimensional space <$>5 the two norms || '|| ̂  and

IlQt1Cp1 + ... + a cp I) „ = max |,a | are equivalent.1 1 n n * 1==la... ̂ n- i
Let K > 0 be such that ||cp|| ̂  < K||cp|| j for all cp e <$>. For

fixed y e J and. v = I, . . .., n,

Igv (y) - fv (y) I < max Ig1(Y) - ^(y)!x-1  ̂  ̂n

<  K || T( Q y ,-) - T ( F y V ) I I 1

< KXlI Gy - T yII I

<  KX-II G  - F|| D .

Finally, we obtain '

IIjjb - PfIId I [xk E "=1 ^1Ik1II1] Ils - f|| d,

v n ■
and we may take X jp = XK Zj 1_1 ^ ill?±11 i"

We conclude this chapter with an example that shows 

that the conditions of Theorem 2.4.1 are minimal in a 

sense. The example uses two fundamental results which 

we now present. Although a less specialized, version 

holds, the first result is stated, and proved for the 

particular setting in which it will be used.
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Lemma 2.4.2. Suppose h:[a3t>] -> [-1,1] is continuous 

and h(a) = 0. Then there is a continuous function 

d : (0,1] -> (a ,b] such that for each y e (0,1] if 

a < x < 6 (y), then |h(x)| < y.

Proof. Define 0(x) = sup { |h(t)| :t e [a,x]}.■ 

Clearly, 6 is monotone increasing. We show that G is 

continuous. Let e > 0 be given'. There is a t > 6 such 

that if s,t e [a,b] and | s - 1 1 < t , then 

I I h(s) I - I h(t) 11 < I h(s) - h(t) I < e .• Let x^,Xg e [a,b] 

such that Ix1 - x2 I < r . Without loss of generality,

X1 < X g . Then 0 (X1 ) < 0 (Xg). By the choice of t , .

sup ( I h (t ) I : t e [x^Xg] } < Ih(X1) | + e.. Thus

0 (xg) = max {0 (X1 ), sup { |h( t) I : t e [x1,Xg])]

< max {0 (X1), Ih(X1 )I + e }

< max { 0 (X1), P(X1 ) + e- ]

= 0 (X1) + e .

Thus 0 is continuous.

Define £ (x) = x - a + 0 (x).. Note that £ is a con­

tinuous and. strictly increasing function of [a,b] onto
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[O5A] where A = b - a + 0(b). Thus ( [O5A] -> [a5b]
e x i s t s  and. i s  c o n t in u o u s .  D e f in e  <3: (05°°) ( a 5b ] by

a <[ % < d(y), then

|h(x)| < 0  (x) < x - a + 0  (x) = C ( x ) ' <  C C b ) = A < y. 

If 0 < y < A and. a < x < g( y)5 then

Thus Lemma 2.4.2 is established.

Although the best approximation- operator T is known 

to be nonlinear, the next result asserts a linearity 

property of T.

Lemma 2.4.3. Let <$> be an n-dimensional Haar sub space 

of C(I) and for f e C(I) let T(f5•) denote the best

_ I
Since C (A) = b 5 g is continuous. .If y > A and.

G(%) < G(g(y)) = G(G~̂ (y)) = y

and.

|h(x)l< G(x) < G(x) < y-
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uniform approximation of f over I from $. If 'f,g e C(I)5 
f - T(f 5 •) and g - T(g5 •) have a common alternation set5 
(f - T(f5 •))(g - T(g5 •)) >_ 0 on this alternation set5 
and. a 5P > O 5 then

! ( ( X f - I f g 5 - )  = a T ( f 5 • ) ' +  P T ( g 5 • ) •

P r o o f .  L e t  x Q < x^ < . . .  < X q c o n s t i t u t e  t h i s  a l t e r  

n a t i o n  s e t .  S ince

!!((Xf+Ps) - (aT(f5-) + |3T(g5.))j|i

< a ||-f -  T ( f 5 - ) l l i  + P IlS -  T ( g 5- ) I I I

and f o r  i  = O5 . . . 5n

|(af(x^) + Pg(Xi)) - (c%T(f5Xi) + pT(g,Xi)|

= | a ( f ( . x 1 ) - T ( f 5x i ) )  + p ( g ( x 1 ) - T ( g 5x i ) ) |

= a I f ( X 1 ) -  T f f 5X1 )] + P l g ( X 1 ) -  T f g 5X1 ))

= «|| f  -  T f f 5O I I1 +  P llS  -  T ( g 5- ) l l r

we have that
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Kaf(X1 ) +- Pg(X1 )) - (QT(T3X1 ) + P T ( E 3X1))!

= I! (af+Pg) - (aT(f 3 ••)+pT(g'3 • ))|| j 3

i = O 3...3n. Moreover3 it is clear that the residual 

(af+Pg) - (aT'(f 3 • )+pT(g3 • )) alternates in sign'at the X1 . 

By the alternation theorem, '

T(af+pg, •) = aT(f 3 •) + PTfg3 - )'.

Example 2.3. We assume that 0 is an n-dimensional' 

Haar subspace of C(I)3 n >_ 2 3 and f is an m-dimensional 

Haar subspace of C(J)3 J = [O31 ]3 which contains the con­

stant functions. We demonstrate a function F e C(D) for 

which F e <3? for just one y e J and. a sequence {G k } in
y -

C(D) such that each ^ F and , ■

Hi3G k - ffii d
. , ,  ■ —- ■■ ■ ■ " OO
Il G - B1II D ■

as k -» oo. ,

Since n >_ 2 3 there is a cp e 0 such, t h a t -cp (a). = O and. 

Ilcp|| 1 = I. From Lemma 2.4.23 .there is a function ■

6 : (O3I] -* (a3b ] such that for each y .e (O3I ]3 if

a. < x < 6 (y) 3 ■ then' |cp (x)| < y. Define n + .2 continuous
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functions :(0,1] —  (0,b] by

dv(y) = a + - ^  [d (y) - a],

v = I,...,n+2. Note that 5 n+2 = 6 . Also let 6 0 = a. 

Moreover, note that 60 < 6 ] < ••• < 6^+2" This is illus­

trated in Diagram I for the case n = 2.

0O ^ l   ̂2 6 3 ^4 (b,l)

(b,0)

Diagram I. Sketch of O q , S 1 , 6 2> 6 ,̂ 64 in the case n = 2.

We define the function fy(x ) by
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f y (x )

r
(-1) i -

2(x - d^fy))
6v+i(y) - <5v (y)

(y) < * < dv+l(y)' V

(-1)' I -
% - 6^(7)

6n+i(y) - <5n(y)

o,

6n(y) < % < dn+l(y)'

6n+i(y) < % < t'

A sketch of f (x) for n = 2 and a fixed value of y is given 

in Diagram 2.

Diagram 2. Sketch of f (x) for n = 2 and a particular 

value of y.



.By the continuity of each g , { (x^y) e [,a'jhJ.x (OjI):-

A y (y) < * < Gv+ify)), V = 0,...,n, and

( (x,y) e [a,b] x (OjI]:^n+1(y) < x < b] are closed subsets 

of [a_,b] x (OjlI]. In each of these closed sets, the 

defining expression for f (x) gives a continuous function
■ y ■ . . ■

in x and in y . Moreover, whenever these sets overlap, 

the two defining expressions- involved coincide. Hence, 

f (.x) is continuous on [a,b] x (0 ,1].

1 For y-e (0,1], v = 0,...,n '

63"

fy(av(y)) = ( - i / ;  .

and by th e  .p ie c e w is e  l i n e a r  n a t u r e  o f  f y ( x ) ,  '|| f  || ^ = I .  

By th e  a l t e r n a t i o n  t h e o r e m , . T ( f ^ , • )  = 0 .

D e f in e  g (x )  by

ey (x )

f y ( x )  + tp (x ) ,

.'p((Sn+1(y)) '

; a <  x <  a n+1(y )»

. f e - n + g W  - « n + h y )
5

; 6„+i(y) < x i  a n+2(y ) .

6'n+ 2(y) <  x < t.
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In the same fashion that we showed, that f^(x) is 

continuous on [a,b] x (0,1], g  ( x )  can be shown to be con­

tinuous on [a,b] x (0 ,1].
.We show that for 0 < y cp is the best approxima­

tion of gy on I from $. For d n+2 (^) < % < b,

I g y ( x )  -  (p (x ) |  =  | c p ( x )  I <  I .

For a < x < 6n+l(y)'"

|gy(x) - cp(x)l = | fy(x)| < I.

For <5n+1(y) < x < <5n+2(y), the nature of 5 yields

IgyCx) - cp(x) 1 < |cp(dn+1(y))I
x - <5

I - n+1 (y)

<5n+2('y  ̂ "  ̂n+1 ̂ ^

+ I cp(x)|

. < zy

< i„

Thus I) gy - cp|| ̂. < I . Now for v = 0,. . . >n

( g y - c p ) ( 6 v ( y ) )  =  f y(dv(y)) = ( - 1)1

Thus I) g - Cplll1 = I and. T(gy , •) = Cpv .
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Next we estimate || g - ^yII1 - If 0 < x < 6n+1(y),
then

~ fy(x)l = |(p(y)l. < y-

F o r  O n + l ( y )  <  X  < . G n + 2 ( y ) '

|gy(x) - fy(x)l = |gy(x)l < y-

If 6n+2(y) < x < then

ISy(X) - fy(x)| = 0 < y.

Thus I) gy - 'fyij j- < y.

' We now summarize some observations that can be made 

from the analysis above:

(i) fy(x) and g (x) are continuous in x and. y on 

[aab] x (0 ,1],

(ii) Ilfyll1 = 1 and. IIgyII1 < I _+ y 3 y e (0 ,1],
(iii) Ilgy - fyll j <■ y, y-G (0,1],

(Iv) T(f-,') = 0, y e (0,1],
y . -I

(v) ■ T (gy , •). = cp, y e (0, ^],
(vi) fy T(fy , •) and- g - T(gy , •) have the same 

alternation set with, the same sign orientation on the "■
' ' • I  .

alternation set,, y e  (0,-g], and,
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(vii) fy / y e. (0,1], since ^ 0 .and. f̂ .' vanishes 
at at least n points. . ' ' ' .

We now- pick a basis {cp^,...,cp } for 0 in which 
- cp, and' let { I , . . . ,-̂ m] be a basis for ¥ .

We now define F e C(D), D = I x J  = [a,b] x ,[0,1], by

yfy(x), 0 < y ̂  I,-
F ( x , y )  =  <

_o , y — o .

The continuity and. boundedness of f^(x) on [a,b] X (0,1] 
imply that F.(x,y) is continuous. By property (vii), •

F e O only for y =0. By property (iv), T(F ,*) = 0 for
all y e J . Thus Pf = 0 on D.

■■ ' . . . For each k = 2,3,..., pick a continuous function ĥ . •

defined on [l/(k+l), l/k] such that h^(l/(k+l)). = h^(l/k)

= 0, 0 < h. < l/(k+l) on [l/(k+l), l/k], and. there exist

points I0 < I1 < ... < |m in [l/(k+l), l/k] such, that

h, (|.) =' 0 if j is even and. h,(| .) = l/(k+l) if j is odd.

.Diagram '3 gives, a- candidate for ĥ . in- the case when m = 3 •
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z z=y

Diagram 3. Illustration of h. when m 3-

Now for k =

G k (x,y) =

2,3,..., define G k e C(D) by

F(x,y), y € J - [l/(k+1), l/k] 

< F(x,y) + h^(y)(gy(%) - fy(*))' 

y e [l/(k+l),l/k].

We note that Gk e C(D) and for y e J - [I/(k+1),l/k], 

T(Gk,•) = 0. For y e [l/(k+l),l/k],

Gky (y-ht(y))fy + ht(y)gy.
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Since y - h^Xy) X 0 and hk(y), >_ 0, we may apply property 
(vi) and. Lemma 2.4.3j, to get

T(Gy,') = h^fy)?!

for y e [I/(k+1),l/k]. By the oscillating nature of

.k " *1we see that P o

We note that

2(k+l) •

Il F g -  F f1H
Il (pi" i • i

D 2(k+1)■ 2(k+1) •

Since

(G -F) (x,y) =
0, y e J- - [l/(k+l),l/k]

hk(y) (gk(y) - fk.(y)), y s [l/(k+l) ,l/k]

we have that

-■kIl G - ■F|| < max h (y) max
u ~ I , , I K I .,_1 ■II sy- ” fy*l I

<

Tc+l>y^k

I
(k+l)k ■

k + T ^ k



Finally,

' Hfak - P f |1 D ^

: Il^ - p H d  "  2

Thus the conditions of Theorem 2.4.1 are minimal.

Finally, we note that the choice of cp-̂ = cp was made for ■

convenience only. Had we used a different basis
V n - -x-

[cp*,. . . ,cp*} for 0 , we would write cp. = I=Ia IcpI and see 

that T(Gy, • ) = Z  i=1 aihk(y ^cpi f 'o r  y € [ V ( k + l )  A A ]  • As a 

result

' nrik V n ai - * _ cp -
P G - L  1=1 cP1 2(k+i; *

Thus the result of Example 2.3 holds for any choice of 

basis functions for 0 .



CHAPTER III

RATIONAL APPROXIMATION

3.I Introduction.

In Chapter III we consider the best approximation pro­

blem where the approximating space is a set of rational 

functions. Let I = [-1,1] and non-negative integers n and 

m be given. Let Pn and denote the sets of real alge­

braic polynomials of degree less than or equal to n and. m, 

respectively. The degree of a polynomial P will be denoted 

by d P . We agree that the degree of the zero polynomial 

is -oo. We now define

(3-1) R(n,m) = {R = P/QtP e P n  ̂ Q g 0,3” 0 on I}.

We discuss the uniform approximation of functions in ./

C (l) by rational functions in R(n,m) .• Although the suc­

ceeding results are of interest in themselves, this chapter, 

sets the framework for rational product approximation.

Since a rational function can have several represen­

tations as a quotient of two polynomials, we identify a 

parameter space for R(n,m). Let C consist of the zero 

■vector of E n+m+^ , (n+m+1)- dimensional' Euclidean space,-, 

and all vectors .
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C (A iB) (&Q,... 3 an ; b i^ • • '-̂ bm ) G"En+m+l ' '' 

satisfying

(i) at least one | â | > 0 
(ii) P(A,x) = aQ + a + ... + anxn and. Q(B5X)

ftl= I + b-^x + ... + b^x have no common factors except con­

stants 5 and. ' -- ■
(iii) Q (B5X) > 0 on I,. ' y

For C = (A;B) e C,'let R(C5x) = P(A5x)/Q(B5x) where P(A5x) 
and Q(B5x) are given above. ■ The mapping

(3.2) C -  R(C5X)

is a one-to-one correspondence between R(n5m) and its 

parameter space C* ■
The varisolvent degree of R(C5 •) = P(A 5•)/Q(B 5 •) at 

C = (A;B) e C 5 is defined, to be

(3.3) Ii(C)
I + max(n + SQtBj -), m + SP(A,-)), R(CjS)W Oj 

L i  + n 5 R(Cv ) = 0 .

We identify

(3.4) R* = I R(C5y) e R(n5m):C e C, M-(C) = ,1 + n + rn}
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and its corresponding parameter space

(3-5) C* = { (a0 , . . • ,Bn Jb1 ,. . . ,bm ) e C:an ^ 0. or .bm ^ 0 }.

The following existence and uniqueness theorem appears 

in Cheney [5]•'

Theorem 3-1.1. For each f e C(I) there is a unique . 

B* e.R(n,m) such that

||f - R*|| x = InffHf - Rll1 :R G R(n,m)}.

For f e C(I), let C(f) = (A(f)jB(f)) be the unique 

coefficient vector in C such that R(C(f), •) is’ the best 

uniform approximation of f from R(n,m) over I. We say 

that f is normal (relative to I) if R(C (f),•) e R* or, 

equivalentIy, C(f) e C*- The concept of normality will 

play an important role in the theory of rational product 

approximation..

As in the linear case of Chapter I, best rational 

approximations are characterized by an alternation condi- " 

tion, but the number of required, alternations depends on 

the varisolvent degree of the approximant, see Rice [28].



73

Theorem 3.1-2. Let f e C(I) and R = R (C , •)' e H(n,m) . 

Then R is the best uniform approximation of f from R(n.,m} 

over I if and only. if there are I + p, (C) points 

x0 < x^ < ... < x ^ ^ y  in I such that

(I) K f - R J ( X 1 )I =  Ilf-Rll1 , i =  0 , . . . , p . ( C ) ,
(ii) (f-R)(x.) = -(f-R)(x1_1 ), i = I,...,n ( C ) .

In this case, (X q ,...,x ^ ^ ^ ) is called an "alternation set" 

for f - R.

The following rational analog of the strong unicity

theorem appears in Cheney [5].-
\

Theorem 3.1.3. Let f e C(I) be normal. Then there 

is. a constant 7 > 0 such that

(3.6) Il f-R|t I > (I T-R(C(T)v )H1 + 7 l l  R-R(C(f),-JII1 . 

for all R e R(n,m).

Maehly and. Witzgall [21] established a local point- 

Lipschitz condition for the best rational approximation, 

operator. The following global point-Lipschitz condition' 

appears in Werner [32].
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Theorem 3.1.4. Let f e C(I) be normal. Then there is 

a constant X > 0 such that

for all g e C(I).

The normality conditions of Theorems 3.1.3 and 3.1.4 

are essential. In fact, Maehly and. Witzgall [21] ■ show by 

example that the best rational approximation operator may 

be discontinuous at non-normal points of C(I).

3.2 Relationships involving R(n,m), Ci R*, and C*.

In this section, we establish some topological pro­

perties relating R(n,m) to its parameter space C and. IR* to 

its parameter space C*- We emphasize that R(n,m) and R* 

carry the topologies inherited, from the uniform norm on 

C(I) . The parameter spaces C and. C* are topologized. by • 

the following metric on En+m+p; For C = (AjB)

(3.7) l|R(c(g),..) - R(C(f),.)||j. 5. x|| g - ITlI1

(3.8) a(c,c') =
1=0
J=I

[ Ia1 - a!j , |bj - bj |) .
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The first result we cite is an immediate consequence■ 

.of Theorem 2 of Rice [27].

Theorem 3.2.1. R* is an open subset of R(n,m).

We proceed, to establish that R* and C* are1 homeomor- 
phic. This is preceded, by three lemmas.

Lemma 3.2.2. If {p^.(z)} is a sequence of. monic poly­

nomials of degree d with coefficients bounded independent 

of k, then the zeros of p^(z) are bounded independent of k.

Proof. Let M be a bound, on the coefficients of the 

p.(z). We may select r > 0 such that rd > M(1+r+,..+rd-1). 

Let P fc(Z) = zd + a d-1zd 1 + ... + a-^z + â . On the circle 

I z I = r5 we have

d-1 i
^  i=o 01Iz ' < M E

d-1
1=0 r1 < rd =

d-L:
By Rouche1 s theorem, z ' and p k (z) = zd -.+ E  j__Q. a^z^ have

dthe same number of zeros in |z| < r. Since z ' bas'd zeros 

in I z I < r, namely 0 with multiplicity- d,. P k (z ) has all of 

its d zeros in |z| < r. Hence, the zeros of p.k ( z) are
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"bounded with respect to k.

Lemma 3.2.3. C* is an open subset of En+m+]_-

Proof. Let C* = = (ag,...,a*; b*,...,b*) e C*-
Then some |a*| > O 5 Q1* = Q(B*,-) > O on I 5 P* = P(A*5 •) 
and Q* have no common factors except constants5 and a* ^ O 

or b* ^ 0 .m -
It is evident that there is a 6 ̂  > O such that if

a (C5C*) < S1J then some |a^| > O 5 Q(B5 •) > 0 on I5 . and 
an 7̂ 0 or bm ^ 0 .

We must now show that there is a > 0.such that if

C = (A 5 B) e En+m+1 and a (C5C*) < 6 2> then P(A5 •) and. .Q(B5 •)
have no common factors except constants. Assume otherwise.

Then there is a sequence Ck = (Ak JBk ) = (ak 5...5ak j
b^. h k ) in E , . n such that a (Ck 5C*) _* 0 a s  k _> co and

P( A k5 •) and. Q(Bk5 •) have a common non-constant factor and 5
therefore, have a common complex zero z^. ' We "assume

a* ^ 0. . The proof .for the case in.which b* ^ 0 is similar. 
n . • , m ■

Since a(Ck5C*) O 5 a. -> a*5 b . -̂ .-b* as. k -> oo 5 i ' = O 5.. . 5 n 5
I -  I  J J

J = . Since -> a*, a^ ^ 0 for k sufficiently

C = (AjB) = (a0 V  6 En+m+l and
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large. The polynomials

pk/a^ = z" + %

are monic, have fixed, degree n} and. have bounded, coeffi-
k  ' 'cients. By Lemma 3.2.2, the zeros of N are bounded.with 

respect to k. In particular, the complex numbers z. are 

bounded. We now extract a subsequence, relabel, and

assume that z. z* as k Since z. z* and

a(CK ,C*) -> 0 as k-^ oo,

p*(z*) = lira P(A ,z, ) and. Q (z*) = Iim Q,(B ,z ) .
k->co k-»oo

Thus P*(z*) = Q*(z*) = 0. If z* is real, then x - z* is a 

common factor of P* and. Q*. If z* is not real, then 

(x-z*) (x-z*) = x  - (z*+z*)x + J z * !  is a common factor of 

P* and Q*, where z* denotes the complex conjugate of z*. 

Either way, we. get a contradiction.

Thus C* is an open subset of En+nj+1

Lemma 3.2.4. The mapping (3.2) is a continuous one- 

to-one map of C o n t o .R(n,m).



Proof. -Let C* = (A*;B*j e- C and e > 0 be given.' . 

Since Q(B*,x) > 0 on If 0 < || 1/Q(B*5 • )||-j.-< .<» .' We may 

select S >■ 0 sufficiently small ' so., that if C = (AjB) ,e C 

and a (C5C*) < 6 , then

Il ?(&, •) - P(A*5 • )tl j < 2|| 1/Q(B*, • )||

and

||Q(B5 .) - Q(B*50IIj <■ 2|| l/Q.(B*5 • )|| !(l+ll R(C*, • )H jJ '. .

If .C = (AjB) e C and. a (C5C*) <• 6 > then for x e I •

• . I ]_
Q(B5X) > Q(B*5x ) - 2|| !/Q(B*5 • )|| _ ^  2|| 1/Q(B*5 • Ill1

78.

and

|R (C5x ) -  R ( C * 5x ) |  = P (A 5X) ' P ( A * 5x ) 
Q(B5X) " Q( B * 5x )

I .

<

Q (B 5x ) Q ( B * 5x ) 

■ I ' '
^  Q(B5X)

|P(A5X)Q,(B*,x) P(A*,x)Q(B,x)|

P (A 5X) >  P ( A * 5x ) I .-
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+ '- Q ( % x )  ̂ IQ(B*,x) - Q(B,x)|

< 2 || V Q ( B ^ v ) I I1 I l P ( A v )  -  P( A*  j  ‘ )I1 j

+ 2 || V Q ( B ^ v ) I I1 I l P ( C ^ v ) I I1 | |Q(b * v ) -  Q ( B v  I l1

<  G.

Hence, || R(C, •) - R(C*, * )|| j < E , and. (3.2) is continuous.

Theorem 3 .2 .5 . ' The restriction of the mapping. (3.2) 

to C* is a homeomorphism of C* onto-R*.

Proof. By Lemma 3.2.4, the restriction of (3.2) to 

C* is a continuous one-to-one map of C* onto R*. We now 

demonstrate that this is an open mapping. Let ii = n + m + 1 

and select £ distinct points, x^ < x^ < ... < x ^ , in I.

The evaluation mapping ■

(3.9) R ( C v )  -  (R(C,x^), R(C,Xg))

is a continuous map'of R* onto a subset S of En+t +̂ 1 . 

Corollary (3.6) of [21] implies that (3.10) is one-to-one. 

Composing the maps (3.2) and (3.9), we see that"
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(3 . 10) C -+ ( R ( C , x ^ ) ,  R (C ^Xg) )

is a continuous one-to-one map of the open subset of 

En+m+1 onto the subset Q of En+m+^ . We conclude that

(3.10) is a homeomorphism of C* onto Q (see [24_, p. 137]). 

Composing the inverse of (3.10)

(3 • 11) (R ( C j x^)} . . j R(CjX^)) -> C

with (3 .9)j we see.that the inverse of the restriction of 
(3.2) to C* is continuous. Thus G* and are homeomor-

phic under the map (3 .2).
The argument which establishes that (3.11) is con- ' 

tinuous uses the Brouwer theorem on invariance of open 

s-ets [24]. This can also be proven with an application of 

the inverse function theorem and. the fact that if R e R*j 

then ( !,X, . . . j.x13, xR(x),.. . jXmR(x) } is a Tchebycheff sys­

tem on I .

Although C* and. R* are homeomorphic, the following 

example indicates that C and. R(njm) are not homeomorphic. 

Example 3.2.1. Let n = 0, m = I, and. = (e;l/2).

Then R(C ,x) = — —  .. It is evident that
s l + g x
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R (C£ , x ) -* 6 = R ( ( 0 ; 0 ) 5x ) uniformly on I as e O 5 but 

C -/ (OjO) as g -* 0. Thus R(O5I) and its parameter space 

are not homeomo.rphic . ,

In the case that m ;>_ I 5 let

%  = (Q EiQm=Q(O) = O J .

For R* = R(C*5 •) = P(A*5 .)/Q(B*5 -) = P*/Q* e R(n5m ) 5 

C* = (A*jB*) G C 5 define

Fn + R *Q m = (p + R*Q:p e R n and Q g Q ^ J .

We observe that Pn + R^Q^ is a linear subspace of C(I) and 

is spanned by {I 5X 5 . ... 5xn 5 xR*(x) 5 . . . 5xmR*(x)} . The 

following lemma asserts that the dimension of Pn + R * . 

is n + m + I when R* e R*.

Lemma 3.2.6. If R* e R * 5 then P q + R*Q^ is an.

(n+m+l)-dimensional Haar subspace of C(I).

Proof. We show that { I 5X 5...5x n5 xR*(x)5 ...5xmR*(x)} 

is a Tchebycheff system on I. Suppose P + R*Q, vanishes at 

n + m + l  distinct. points in I5-where P G-P^ and. Q g Q' . 

Then the polynomial PQ* + P*Q has at least n + m.+ I zeros
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in I.. Since S(PQ*' + P*Q) < n + my PQ* + P*Q s o. Evalu

at ion of PQ* +. QP* at x = 0 indicates that P(O) = O . '  If 

Q # 0, then

except wherever both the polynomials P(x)/x and. Q(x)/x 

vanish. As a result, |_i(C*) < I + n + m, which is false. 

Thus Q = 0. Since Q* > 0 on I and PQ* = 0, we' now have 

that P = O. Thus { l,x,...,xn, x R * (x ),...,xmR * (x )) is a 

Tchebycheff system on I. This insures that P + R*Q 1 
is an (n+m+l)-dimensional Haar subspace of C(I).

Theorem 3-2.7. If R* ="R'(C*, •) where C* = (A*;B*)

= (a*,...,a*; b*,...,b*) e C*, then there is a constant 

p (C*) > 0 such that

y\ n a
for all P(x) = Zj i=0 a^x e and all Q(x)

. Proof ... Since C* e C*^ R* e R*, and Lemma 3*2.6 

insures that- {l.,x,. .'. ,x ,xR*(x),...yx R*(x)} is a basis
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for Pn + RxQ^. By the equivalence of all norms on a finite 

dimensional normed linear space, there is a constant 

p (Cx)> 0 such that

/ X0 n v-1 to \
|| P + RxQlI i  > P ( Cx) f I  . =0 Ia1 I-+ L  j=1 Ibj I )

for all P + RxQ = Z i=0 a^ 1 + R x (x) Z .j=1 e Pn + l f % .

In particular, .we.choose ■ .

(3.12) p(C») = I n f  {||P + RitQlI1IP(X) a ^ ^ x  * ,

%(*) i}.

v-i n
Now suppose P(x) = u 1 _ Q  a x and Q(x) . ..

= I + Z ■_-! b .xd . Also let Px = P(AX , •) and Qx = Q(BX ,*). 
J " I  J

Then

I lP-RxQll1 = ||P -  P *  +  R*Q -  Rx QlI1 

= [I (P-Px ) + Rx (Qx -Q)H I

> P(Cx) /  Z 1=0 lai~ ai  I + 2  j =1 IbJ-bJ

since (Q-Qx )(O) = 0. Thus Theorem 3.2.7 is proven.

We complete this section by generalizing Theorem

3.2.7.
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Theorem 3•7•8. If -C is a .compact subset of C*", then

inf p (C) > 0 where p(CV is defined, in (3.12).
CeC

Proof. We first verify that p (C) is a continuous 

function of C over C*. Let C15C^ e C*- Since

P + R( C-, , * ) Q ' is finite dimensional, we may choose •
V n I i  ■ Y mP1 (x) = Zj 1=n a. x and. Q1 (x) = Zj

Z i=0 

Thus '

I
"m
a1-11=0 ai

I + Zj

bZx^" such that
I v  y J = I  J 

i I "b-j I = I and..||P1 + R(C1V ) Q 1II1 = P ( C 1 )

P ( C g )  - P ( C 1 ) ^ . I l P 1 - R f C g , - O Q 1 II;  - IlP1 - R ( C 1 V ) Q 1 II1

!.!!^(RfCg,') - Rfc1,^OII1

< IlQ1IIJ I lR(C2V )  -  R(C1V ) I I 1

< 4 R(C2V) - R(C1V)H1. -

Reversing the roles of C1 and Cg in the above argument, we 

have . ■ '

(3.13) Ip(Cg) -,P(C1)I. < m||:R(C2v.') - R(C1V ) H 1

Inequality (3.13). and. Theorem 3.2.5', ̂ now insure that- p (C) 

is a continuous function of, C over C*.- -
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p (C) is a positive valued continu­

ous function over the compact set c. This implies that -

inf p (C) is attained• by some C e C> and, hence,
CeC
inf p (C) > 0.
CeC

3.3 Uniform strong unicity theorem and uniform Freud's 

theorem for R(C'(f),-).

In this; section, we establish theorems for the best 

rational approximation operator, that correspond..to Theorems 

1.3.6 and 1.3.7 for the best polynomial approximation' 
operator. The rational Freud's theorem is due to Maehly 

and Witzgall [21].' The particular version stated, in 

Theorem 3.1.^ is due to Werner [32]. As in the case of 

linear product approximation, the uniform rational ,Freud's ■ ’ 

theorem will be applied to the continuity theory for 

rational product approximation.. .

'We will make-use of the following two lemmas which 

appear oh pages 164 and 165 of Cheney [5].. For 

R* e R(n,m), we let ■

' Pn + = Cp +R*Q:P s
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If R* = P V Q * ,  then P* - R*Q* = 0. Thus

.(3 • 14) ■ dim (Pn+ R * Q m ) < I + n + m . ■ ' -.

Le'mma 3 . 3 -I- Let f e C(I) . If. P + R ( C ( f ) , - ) Q  is 

Haar sub space of C(I)1, then 0 is' the only element cp of .

P n + R(C(f) 5 • ) ® ra such that cp(y) [f (y) " R(C (f ) 5y ] >  0 .for
■all y G Y = [y e I: |f(y) - R ( C ( f ) , y ) |  = H f  - R(C(f)v )ll I) .

Lemma 3-3.2. Let R* = P*/Q* g R(n,m) where Q* > 0 on

I and dim. (P + R*Q ) = I + n + m. If P e P > Q e -Q ,
L f  L l l  L I  111

IJ P|| j + Il Qll1 = Il-P^l1 + Il Q^ll1 , P = R*Q, and. Q > 0 on I, then 

P = P* and. Q = Q*.

We.first present the uniform strong unicity theorem 

for rational approximation„ -

Theorem 3.3.3. '.Let P be a compact subset of C(I) ,

' where r O R(n,m) = 0 and. f is. normal, for. all f e P . ', Then.. •

■ there is a constant > 6 such that

; Il f  -  Rll1 > 11 f  -  R ( c ( f ) , - I I I1 + rVpIjR - R (O lf ) I -J l I1-

for all f e P- and. all R e ^(n^m).
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Proof. Assume otherwise. Then, there are sequences 

{f in P and. {R k) in |&( n^m) such that each ■

/ R(C(ft),') and'

(3.15) 7k
fk - R R (c ( f , ) , . ) | | I

IlR -  R ( c ( f k ) a--)I I I
o

as k -* Co. The compactness of P allows us to extract

subsequences and relabel so that f -* f e P uniformly

over I. The normality of f and. Theorem 3« l.^ insure that

R(C(ffc) ̂ R(C(f), •) uniformly over I.

We renormalize the rational functions by dividing ■

numerator, and. denominator by the. sum of the norms of the
' k k knumerator and the denominator. ..Thus we write R k =' N /D' , 

R(C(fk); -).= N /Dfi , and R(c(f),-) = NfZDf where ;
K. K

(3.16) IlNk II1 + IlDk II1 = ||Nf  Il1 + ||Df  Il1 = IINf II1 + Il Df II1 = I
k ■ k

and. Dtc > O 5 > O 5 and >' 0 over I. Equation (3.16)
-k 1 :

implies that and are uniformly bounded with respect

.to"k. Thus we may extract subsequences and relabel 
■k ' ' ' k ' ■ '. so .that.N -> N* e P and. D . D* €• Q m' uniformly over I as .. 

k -► oo. We observe that D* >  0 oh I.



■ We now show that N* = and. -D* =■ Df . ■ If || R̂ IJ were 

unbounded.,, then || f^ - R || f would, be unbounded and for an 

appropriate subsequence

= Ilf k - fikJ l  -  Il f lC - R(C (fk ) .  O ll1- ■'
7fc . ' ■ IlKlc - R(Otflt) , O l l1

. : ^  Iif f c - ^ i 1 -  Hf k - R-(Ctfk),O ii1 ■

~ -IIf k - ' ^ l i  + Ilf k - R(Otf k) .O J I1

I  . .1 -  IIf k - K (C tflt) j Io i l1V l l f fc - RlcI l1 
I  + I l f k - R (C tfli) j OII1 /  IIf It -  RkII1"

■ -  1  .

as k -» co. This would, contradict (3.15). .Thus || H^l j is 

bounded with respect to k. Now let

Y = { y e  I: |f(y) - R(C(f),y)-|, = || f - R(C(f), • )ll z ) ,

and. for y e Y, Tet

■ ' s(y) = sgn [f(y) - R(C(f),y)]' •.

where
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sgn(t)

I, t> 0,
0 } t = Oj

- I j t < 0 .

For y e Y j

(3-17) 7 kl|Rl£-R(c(fk),.)||I = Il^-RkII1 - Ilfk-R(c(fk),-III1

X  s(y)(fk(y) - Rk(y)) - s(y)(fk(y) - R(c(fk),y))

+ s(y)(fk(y) - R(Ctflc)iy)) - Ilflc - R(Ctflc)1-JII1 .

Since - R(C(f^)J ") -* f - R(C(f)J») uniformly over I

and. f ^ R(nJm) 5

s(y)(ft(y) - R(G(fk);y)) - B(y)(f(y) - R(C(f),y)) > 0.

Thus for sufficiently large F j

s(y)(ft(y) - R(C(f^),y)) = |ft(y) - R(C(f^),y)|.

Inequality (3.17) now implies that for y e Y j

TkIlRk-R (C tfk) 1O ll1 + Il Rk-R (C tfk) 1OII1 -  I Rk (T )-R (C tflc) i y ) I

> s(y) (R(C(Rk)iy) - Rk(y))'

s(y)(R(Ctfk)iy)D^ty) - Nk(y))
De M  ■ ' ■ ■
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Thus

( 3 . 1 8 )  . s ( y ) ( R ( C ( f k ) , y ) D k (y) - N k ( y ) )

< Dk ( y ) ( 7 kl|El£ -  R(C(Ek ) V ) I I 1

t  Ilfk  - R ( C ( E k ) V ) I I 1 - lEk (y) - R ( C ( E k U y ) I )

S i n c e  | D k (y)| <  I, y k  -  0, H R k  - R ( C ( E fc) v ) H 1 a r e  b o u n d e d
with respect-to k, and. ,

IlEfc - R ( C ( E k ) v ) H 1 - |Ek (y) - R ( C ( E k ) ,y)|

-  H E - R ( C ( E ) v ) H 1 - I E ( y )  - R ( C ( f ) , y ) |  =  0,

we may pass to a limit in inequality (3 .18) to get

( 3 . 1 9 )  s ( y ) ( R ( C ( f ) , y ) D * ( y )  - N * ( y ) )  <  0

for all y G Y.

Since f is normal. Lemma 3.2.6 implies that 

+ R(C(f)., • )Q^ is an (n+m+1)-dimensional Haar subspace of 

P n + R(C(f),o)Q Inequality (3.14)- now insures that 

Pn + R(C(f),-)Qril = Pn + R(C(I)v )Q^ and is an (n+m+1)- 

dimensional Haar subspace of C(I). ■ Applying inequality

(3.19) and Lemma 3.3.1, we now have that N* = R(C(L)v )D*-. 

Equality-(3.16) Implies that



Il N*|| x + Il D*|| j = Il N f|| j + Il Df|| -j. = I. Lemma 3.3.2 now implies 

■that D* = Df and N*' = N f .
Ir ' Ir '

We thus have that N -* Nf and D -> Df uniformly on I.

I n  a d d i t i o n ,  s in c e  R ( C ( f fc) , - )  -> R ( C ( f ) ,  • )  u n i f o r m ly ,  on I  

as k -* OOj Theorem 3.2.5 i m p l i e s  t h a t  C ( f ^ )  -> C ( f ) ,  Hence 

p ( A ( f fc) p ( A ( f  ) j>.* ) and. Q ( B ( f k ) , • )  -> Q , ( B ( f ) , • )  u n i f o r m ly

on- I .  as k  co. Thus . || P ( A . ( f fc) jll j  + IlQ('B ( f k ) I .0 )lj j  

I l P ( A ( T ) ^ ) I I 1 -H-. | | Q ( B ( f ) a . JII1 V  0., But  

D = Q(B(fk),')/(nP(A(f^),.)ri + HQ(B(fJ,.)Hi) and

Df = Q(B(f),.)/(||P'(A(f),.)|| i + ||Q(B(.f)-,.)||i). Hencei
Df Df uniformly on I. Since Df > 0 over I, we may 
k

select an e > 0, discard an initial segment of the sequences,
kand. assume that D > € and D^ > e on I for all k.

fk "
Let & = n + m + I. Since q,(C(f ) = £ for all k, 

Theorem 3.1..2 implies that there is an alternation- set 

for ffc - R(P(Dk ), • )• consisting of l + l  points:

-I .< X q <' x f < .V. < x|" < I.

■ ' - ' ' . ' ' ■ k
We may pass to a subsequence and. relabel so that xf -» xf 

as 'k -* 00,- i = 0,. . . . Since f g H(n,m) ■ we may apply, a •

similar argument to-that on page 25 to .-see that .

>  ■ 91

-I < %Q <.xi <. ■< xi
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For -I' < t0 < ;. . < t£ < Iy let K(t^,
= sup{ I) pH p is a polynomial of degree less than or equal. 

' i  'to £ and (-I) p(t^) >_ -I, I = 0, ; . . 3fi.]. By Lemma I 3.55

K ( Xq f } ) -> K( X q  } ... } X g  )

as k: -> oo5 and:, hence,'-’K(Xq , ,x ) are bounded, by some 
constant A > 0 with respect to k.

For fixed'k, . .

(-l)1+V[fk(x^)'-.R(0(fk),Xk>] = ||fk - R(Cffk)5OII1

i = 0,. . . ,1, ■ where v is 0 or I. Also.:

( - 1 ) 1+v [ f k (x£ )  -  R ^ ( X f )  I < Il f k -  A\ I  > ■

i = 0,...,^. • Subtracting we get;

( - l ) 1+V(Rfc(x J )  -  R ( C ( f k ) , x ^ )

> -  ( l | f k -  RkI I1 -  I I f k -  R ( c ( f k ) , b | l r

S in c e  Rlc -  R ( C ( f lr) , 0  = (NkD„ -  DkM- JZDkDf. and: ' '
1 k k . k - -k ■ ■0 < Er < I and 0 < D^1 < I on I,,/



> -Dk(X^)Df. (xj)(||fk - R ltII1 - Ilfk - R(C(Ik)jr)II1)
k

> - (Ilfk - RkII1 - Ilfk - R(CCfkLv)II1). .

The definition of K(Xq ,...,x^)'now implies- that

(3.20) ' IlNkDf,- - DkNf. ||I ' '
k ' k

. < K(xk,...,xk)(|| ̂ - R kII i - ||fk-R(C(ft),')|li)
,1 . ■ .

.< Adlfk .- RkII1 - ||fk - R(C(Tk)V)II1).

Now for x e I, . . .

|Nk(X)DU (x) - Dk (X)Nf (x)| .
1R ' 1R -

. - = Dk(X)Df (x) |Rk(x) - R(C(fk),x)|
R

> S2 IlRk - R(Ctfk)j.; M 1 •

Hence,

(3.21) : Il NkDf -: DitH f Il- > €2 IlRk - R(C(fk),Oll1 -. ' 

Combining (3.20) and. (3.21) produces the inequality
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Ilfk - R1"111 ' Hfk - R (c(fk)»-)lli- 62 
IIEk - R ( c ( f k ) , -JII1 •

This contradicts (3.15)  ̂ and the proof of Theorem 3.3.3 
is finally complete.

We complete  C ha pte r  I I I  by e s t a b l i s h i n g  a u n i fo rm  

r a t i o n a l  F r e u d 's  theorem .

Theorem 3.3-4. Let r be a compact subset of C(I) 
.where F A  R(n,m) = 0 and f is .normal for all f o r .  Then 
there is a constant > 0 such that

Il R(C(g) J •) - R(C(T)^)II1 < Xr Il g - Ill1
for.all f e F and. all g e C(I) .

Proof. By Theorem 3.3-3, there is a constant -y > 0 
such that

Il f - Rll1 > [I f - R(C(T)^)H1 + 7r Il R - R(C(T)v )II1

for all T e F  and all R e R(n,m). Let f e F and-g e C(I).

Then
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7r l | R ( C ( g ) , - ) - B ( C ( f ) , - ) l l I  < Il f - R ( C ( g ) , . ) | | I  -  I I f - R ( O ( T ) v ) I I 1

< Ilf  - Sll1 + Il6 -  R(C(S)v )II1

- I l f  -  R ( c ( f ) , - ) H i  ■

^  Hf - Sll1 + Hs - R(C(R)v )II i

- Hf - R(C(R)v )II1

< 2 | |g -  I l l 1 .

Thus, choosing Xj-, = 2/y , Theorem.' 3-3.4 is proven.



RATIONAL PRODUCT APPROXIMATION
>

4.1 Introduction.

In Chapter TV, we discuss an extension of product 

approximation to the setting of multivariate rational 

approximation. Let D = I x J  = [-1,1] x [-1,1], and fix 

the non-negative integers n,m,r^,i = 0,...,n, and. 

s .,j = 0,...,m . The class H d  of approximating functions 

consists of all rational functions

CHAPTER IV

R(x,y) Q,(x,y)

k i
^  1=0 ^  k=0 aIky x

^ j = o  ^ d = o

where Q(x,y) > 0 on D.

It was indicated in Chapter II that best uniform 

approximations of F e C(D) from a finite dimensional linear 

subspace of C(D) may fail to be unique. In the rational 

setting, best uniform approximations of F e C(D) from H d  

may fail to exist. This is illustrated by the following 

example due to Henry and Weinstein [I?].
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Example 4.1. Let

(4.1) F(x,y)

(x+1)2 + (y+1)2 
. x + y + 2

x + 1, ■ . y

i -I < y < '.I, 

= -1 ,

and. let n = 2, m = I, r . = 2, I = 0,1,2,. and s.. = I,
+ _ J

j = 0,1. For each e > 0, define e by

= (x+1)2 .+ (y+1)2 
x + y + 2 . + G

Then R£ (x,y) .->■ F(x,y). uniformly over D as . g -> .0.' However,' 

F  i R q -- Thus F does not have a best'uniform, approximation 

from Rd .

The loss of existence or uniqueness of a best approxi­

mation and the accompanying computational difficulties 

have been a deterrent in the development of multivariate 

rational Tchebycheff approximation. To overcome these 

problems. Brown and Henry.[3] introduced the concept of 

■rational product approximation. The following is a devel­

opment of rational product approximation which, is .somewhat', 

different from that of [3]* The motivation for the follow­

ing treatment comes.from the more general concept of com- • 

posite approximation defined by Brown and. Henry [4]. ■
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Let F e C(D), and for each y e J-, define F e C(I) 

by F (x) = F(x,y). For y e J, let

(4.2) R(CfFy),x)
Z  1=0 a^(y)x1 ■

I + Z j=1 bj(y)xJ"
be. the best uniform approximation of F from R(n,m) overy
I where .C(Fy ) = (A(Fy ); B(Fy )) = (a^fy),. . . ,a^(y) jb^(y),. . . 3
b (y)) 6 C. The rational function space R(n5m) is given

by (3.1) j and. the parameter space C Is defined on page JO.

If the coefficient functions a . (y), i = O 5...,n, and 
Fb . (y)5 j = are continuous on J 5 then we let

(4.3) F kTri(a±5y) = Z
be the best approximation of at(y) by polynomials of degree 

less than or equal to r^5 i = O 5...5n 5 in the sense of the 

uniform norm || *||j. and

(4.4) T s > j > y )  = %  A  i X

be the best uniform approximation of bi(y) over J byJ
polynomials of degree less than or equal to s .5 
j = I5...5m. If
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yi Ti -i
(4.5) I + T (a^,y) > O

over D 5 we define the rational product approximation to 

he the function (RF given by

(4.6) (GF)(x,y) I

n . ' F  \ ■ i
1=0 T r. (a ! > y ) xI .

+ I—I 
I

C l  V bC * 3'

n V
i=0 L I  •’ « ’ v
Y  m 
L  j=i z  2 c ,  ^

The present definition of rational product approxima­

tion differs from that of Brown and Henry [3] only in 

choice parameter spaces for R(n 5 m). The parameter space 

used, in [3] is an (n+m+2)-dimens ional set. As a result, 

the use of the parameter space C ■requires one less best 

approximation at the second, stage (4.3) and (4.4) .

The define dues s of (RF, where F e C(D), depends both on 

the. continuity of the coefficient vector C(Fy) and on the 

inequality (4.5) being satisfied for all (x,y) e D. In 

Section. 4.2, we discuss the definedness of (RF and give a 

survey of variants and. extensions of rational product
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approximation. Section. 4.3 consists of a continuity 

theorem for the operator (R and conditions on F are deter­

mined to insure that (ft satisfies a local point - Lips chi t z 

condition•at F. ■ '

4. '2 Definedness of (RF.

The definedness considerations of Section 4.2 are 

adapted from composite approximation [4] to the rational 

setting. ..We first consider the continuity of the coeffi­

cient vector C(F ). The paper's [3] and [17] give examples 

showing that C ( F )  need not be .-continuous on J . The fol-
J ■ ■

lowing example appears in [17]•
Example 4.2. Let n = 2_, m = I 5 and '

. y + I + i  x
------------T-------- , - I < -y < 0,

I I + g- x

F(x,y) = .

I j 0 < y < I.

■Since Fy e R(2,l) for all y e J/ R(C(Fy ),•) = F y and



. (y+l,l/2;l/2), -I < y < 0,
c <Fy )  “

I 0 < . y  < I .
;

We see that the second and third components of C(F^.) are 

discontinuous at y = O.-

We restate the definition' of normality from Section 

3.1. . For F e  C(D) and. y e  J, we say that. F^ i s , normal 

..(relative to l a n d  R( n,m)) if any of the following • equi­

valent conditions hold.:

(i) R(C(Fy),,) e R*,
(ii) C(Fy) e.C*, ,

where R* is defined in (3-4) and. C* is defined in (3.5).

We note that in Example 4.2, F ■ is normal for -I <_ y < O--' 

but is not normal for 0 < y < I.' In terms of the vari- 

solvent degree (3 .3), this can be restated, as

• 101 ■ .

4, - I  <  y  <  0 ,  '
P-(CfFy)) =

3, o < - y < I. \

■' We note that the discontinuity of C(F ) occurs at the, ;

point where the vari sol vent degree of R( C(F ),.•■) changes. •'
• y - :

. A condition which insures.the continuity'of C ( F )  ' 

is that [i(C(F )) be constant over J'.
. v
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Theorem 4.2.1. If F e C(D) and F^ is normal for all 

y G J , then C(Fy) is continuous over J .

Proof. The uniform continuity of F over D implies'- 

t hat -

(4.7) . y -  ' - ' " . - '

is a continuous map of J into C(I). Theorem 3.1.4 and 

the normality of, each Fy insures that

(4.8) Fy -  R(C(Fy )v )

is a continuous mapping of {Fy :y e J ) into 'R*. Theorem

3.1.4 asserts that

(4.9) R(C(Fy),.) - C(Fy)

maps { R(C(Fy ), •) :y e J } continuously into C*./ Composition 

of the maps (4.7.)(4.8), and (4.9)' yields'the continuity; 

of C(F ) over J .y
. Remark. If |j,(C(F )) = d. for all y e J and d < 1+n+m, 

then C(Fy) is continuous over J . . In this case,

R (C (F y ), •) e R(d-m-l,d.-n-l) for all y e J, and Fy is nor­

mal with respect to the rational function space I 

Ft(d-m-1, d-n-1) for all y e J . We may now apply Theorem'



4.2.1 to see'that C(F^) is continuous over J - whenever ' 

M-(C(Fy)) is .constant over J .

We next consider the inequality (4.5)• We show that 

if F e C(D) satisfies the conditions of Theorem 4.2.1, ' 

then non-negative integers r , i = 0,...,n, and s ., 

j = l,...,m, can be chosen sufficiently large so that 

(4.5) is satisfied for all (x,y) • e D. ■

Theorem 4.2.2.- Suppose F e C-(D) and F„ is normal .fory
all y e  J . Then there are numbers 's ., j = l,.-..,m, such.

J
■ 0that if s^ > Sj,- j = I , , m, then ■

V v ■ F  i  -
1 + . 4 J=i Ts ..(tj,y)F > o

J '

for all (x,y) e D.

Proof. By Theorem 4.2.1, b . (y), j = I,...,m, are
J '

continuous over J, and as a result,.

v-\ ' F  i'
. i + I  j.i

is continuous and positive valued over D. Let. .

' - ' v  m F  -; '
= inf (I + L  ,--i b^(y.)x^) > 0-. •

(x,y)eD J-L' J

- ' ' - 103- -- ' -

6



By the Weierstrass approximation theorem [5, p. 66], there
0 0are numbers s ., j =. l,...,m, such that if s . > s.,J o'

■ j = I,...,m, then '

•I bJ.' Ts < &  't-J -
ONow if s . >_ s ., j = I,. . . ,m, and- (x,y) g D, thenJ J '

I + E L 1 T q (.bLy)xJ = I + Ej=i - 8 . ^  j=i
m.- E j=1 (bj(y) - T r (b̂ y))xJ

8J J

> i + E  J=1 - Z  j=1 Il b] - T s j ( ^ v )IIj

> 1

> 0 .

The proof of Theorem 4.2.2 is complete.

Thus if F e C(D) satisfies the normality conditions

of Theorem 4.2.1,. then (RF can be defined if s,., j=l,..... ,m,

are sufficiently' large. Hereafter, we regard-the domain

D of (ft to be the set of all F e  C(D) such that F is. normal
y

for all y e J and ('4.5) holds, for all (x,y) e D, ; . '



We - conclude this section- by presenting; .a short survey

of alternative considerations for the definedn'ess of (ft.

The paper of Henry-and Weinstein [17] overcomes"a certain

type of discontinuity that may occur in- C(F ). Suppose
y

that O(Fy) is discontinuous only at y* e J and we can 

write '

G(Fy) = (Ao(y);Bo(y)), -I ^ y < y*

and. .' ■

■ 105: :

C(Fy )' = (A1(y);B1(y)), y*.< y ^  I3

where Aq , Bq , A^, and B^ are continuous over J and 

Q(B0 (y) ,x) > 0 and .Q,(B1(y) 3x) > 0 over I. Suppose further 

that

Ilm R(C(F ),x) 
y^y*- J

lim R(c(F ),x)
y->y*+ y

for -I < x < I. Then we can write

■ Ni (x)
(4 -1 0 ) p ( c ( v > x )

• : ' " V : - ;  V
where D (x) = Q(B0(y) ,x)- Q(B1(y).,x). and. ..
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Ny(X) =
P(Ao(y),x)Q(B^(y),x), 

( P(Ai(y),x)Q(Bo(y),x),

-i< y < y*, 
y* < y < i .

The coefficient functions in the representation (4.10) 

are continuous and may be best approximated. The number 

of coefficient functions to be approximated is' thus raised 

by 2m. J . Henry [12] has developed a modification of the 

technique of M. Henry and. Weinstein [17] and has written a. 

program to compute rational product approximations using 

his modification.

A further variation of the definition of rational 

product approximation involves approximating the coeffi- 

cient functions al(y), i = 0,...,n, and. b . (y), j = l,...,m, 

by rational functions in y . .This is done in [3]• The 

paper [4] discusses composite approximation in which the 

approximating spaces are varisolvent families of functions 

(see [27] and [29]).

4.3. Continuity of (ft.

In this section, we prove that (ft maps its domain D 

continuously into where both D and. R d  carry the uniform 

norm topologies. The continuity theorem will' follow from
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a series of lemmas in which we prove that D is an open 

subset of C ( D ) .

Lemma 4.3.1. Suppose F e C(D) and F is normal for 
all y e J . Then there is a <5 = 5 (F) > 0 such that if 

G e C(D) and. || G -  F|| D < g , then G is normal for all y e J

Proof. Assume this is not the case. Then there is a 

sequence ' { Gk ] in C(D) where |] Gk - F|| n -> 0 as k-»oo and for

each k t h e r e  i s  a y, e J f o r  which G i s  not  norm al.

Since J is compact, we may assume y^ -> y* e J. The 

inequality

Ok -  V 11 I < WGk -  S1II D + Il F -  F J  xYb

insures that || G^ - F *|| j -> 0. Theorem 3.1 • 4 and the
^k y

normality of Fy* guarantee that R (C(Gy ),•)_> R(C(Fy*),•)

uniformly on I. Since R(C(F *),•) e R* and. R* is an open

subset of R(n,m), a tail of the sequence (R(C(Gl ),•))■
y k .

k ’is in R*. This contradicts the assumption that' each G

is not normal. . Thus Lemma 4.3.1 is proven.•
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For- F e C(D) and. y e J3 denote

(4.11) P F (y) = IlFy  - R(C(Fy ) ^ ) H 1 .

If Fy is normal for all y e J, then Theorem 3.1-4 implies 

that P F (y) is continuous over J .

Lemma .4.3.2. 'Suppose F :e C(D) and F 'is normal for

all y' e- J . ' Given, e > 0 there is a 5 = 5 (F,e ) > 0 such that 

if C(y) = (A(y);B(y)) e C for each y e  J and

Il^y - R(c(y),-Oll1 <L Pjfy) + « "■

for all y e. J, then a (C(F ), C(y)) < e for all y e J .

Proof. Assume otherwise. . Then there is a .sequence

..(ck(y))-, C^(y) = (A^(y);B^(y)) = (ao(y),...,a^(y);

b^(y),:..,b^(yj) e .C for all y e  J, such that .

(4.12) - ||Fy -Rfckfy),.)!^ < Pp(y) ;+ l/k

for all y e J , and. there is a y ' e J for which.'k ■

(4.13) 1 ■ a(C(P ), Ck(y )) >. e . ' ’
Yb -K-

The compactness .of J allows us to assume y^ -> y* e J .
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Let pk = p(Ak(yk),'),
P* = P(A(Fy*),.), Q*.= Q(B(Fy*),-), = HP̂ ll % + HQhli,
and. w* = I) P*|| T' + IlQ^I1 - Define Nk = P kZwfej D k = Q kZwfej 

N* = P*/w*J and D* = Q,*/w*. Since || Dk|| ̂  < I j by appro- 
priate relabeling we may assume D -> D e Qffl. SimilarIyj 

N k -* M e R n , and || N|| ̂  + ||"D|| j  . =Zl'. Let- 

MZ= ||'F|| D + Hp f IIj t 'I. From (4.12) we. have

' . IfNkZDkH j .  = ',I PkZQkH j  < M.

Soj I Nk(x).| <■ M |Dk(x) | for each x e I. Thus

(4.14) |N(x)| < M  |D(x) |

for all x e  I. This inequality and. ||,N|| j + || j = I ,imply 

D Z 0. Thusj using (4.14), we may perform appropriate 

cancellations to find. N 1ZD1 e R( n Jm) such that ' ■ p

(4.15) N (x) N 1(x) 
n(x) D 1(x)

where D(x) Z 0. Thus at all but the finitely many points 

where D vanishes.
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V  M  - SHi v  M  - S i
<L |Fy*(x)-Fv (x)| + If v (x)-R(cK(yk),-

, . : V

+

" W 1

+■

y* yk

+

M k (X) !T(x)

D^(X) T)(x)

E(ok(yp ,Oll1

N k (X) F(x)
D^(X) ■B(x)-

.) + 1/k

F(x)
If(X) D(x)

Letting k -* °% we get

V«x) - tS
■ ' ' ■ TVT !

By the continuity of Fy* ^

< P*(y*)F

oyer I,

Fy*' ' & i I  Ppfy*)•

By the uniqueness of best rational approximations.
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T5T- = R(C(Fyjf),-) - E*
p-K W*

= D* •.

These equations, ('4. l4) and. (4.15) imply that 

N ■ '= . R*D where D(x) >_ 0 on I and. ||Nl| j •+ || D]] ̂  = || N*|| j 

+ I) D-X-H I . Since F v is normal. Lemma 2:3.2 implies N = N* 

and L  = D*. But Q*(0) = Q1 (0) = I, Q,*-= w*D*, and 

Q k = w^Dk imply that D*(0) = l/w* and D^(O) = 1/w^. Since' 

'Dk(O) -> D * (0), wk -> w*. Thus-P lc _>P* and. Q k Q* Uniformly 

on I. As a consequence, a(C(Fy *), Ck(yk )) -* 0. Now (4,13) 

and. the continuity of C(F ) with . respect to y imply 

a(C(Fy*)-, C(F *)) >_ e which is false. Hence, Lemma 4.2.2 

is proven.

Lemma 4.3.3» . Suppose F e . C(D) and. F^ is normal for 

all y e J . Given e > 0, there is a 6 ■=.6 (F,e) > 0 such 

that whenever G e C(D) and, || G -■ F|| ̂  < 6 , a(C(G ),C(F )) < e 
for all y e J .

Proof. Let e ■> 0 be given. From. Lemma 4.3.2, select-

6 > 0 such that G e  C(D) and. || F - R(D(Gy ) ^ ) H 1 <.,PF(y) + 6
for all y e J implies a(C.(G ),C (F ■)) < e Tor-all y e'J.

. y ■ Y
Suppose. G e C(D) and. || G - F|| ̂  < 6/2. Then for any



I lFy  -  R(C(Gy ) v ) I I 1 < I lFy  -  Gy I I1 +  ||Gy  -  R(C(Gy ) v ) I I1

< I lFy  -  Gy I I1 + ||Gy  -  R (C (F y ) v  )H1

' . < > l | F y  -  Gy I i  + - I lF y  "  R (C (F y ) v )H1

< PF(y); + 6 . .

Thus o (C(G ), C(F )) < G for all .y g J .
V  V

Lemma 4.3.4. Suppose F 'e D . and let

V  m F 1 ' 'T = inf (I + L  . x T ( b L y ) x J ) > 0 .
( x , y )  D J S j  J

Then there is a 6 - 5 (F) > 0 such that if G e C(D) and 

Il G - F|| D < 6 , then

-v  m
■ 1 + 2  j=1 Ts.(bj>y)x J >'T/2

J

for .all: (x,y) G D.

Proof. By the continuity of Tg' .'at b^. (see Theorem

1.2 .6 ), there is a.y > 0 such that
'i j- < y implies-

that ||Tg.(bj,') - T si(b JV)IIj < ? /Sm, Pick 6 > O j via
J - j
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Lemma 4.3-3, so that G e C(D) and. || G-F|| D < 6 implies that 
G FIl bj - bj||j < 7 , j = l,...,m. For such G,

V  m p -j rn m _  ■ ■ .

I + ^  j=l Ts.Cbj,y)^> I + 2  j=l Ts.(bj,y)%J
J J  ■

m
- X  J=I Il TS .(b ^ * ) -Ts Cb̂ O H  i

J J

>'T - T /2 .

= f /2.

Remark. As we have taken the domain D of A  to b.e the 

collection of all F e C(D) such that F is normal fory
all y e J and (4.5) is satisfied for all (x,y) e D,

Lemmas 4.3-1 and 4.3-4 insure that the domain of (ft is 

an open subset of C(D).

We are now in a position to prove that (ft maps D 
continuously into R^.

Theorem 4.3'.5-' The rational product approximation 
operator .(ft is continuous over D - V  ■

, Proof. Let F e D .  In view of the above remark, (ft
kis defined in a neighborhood, of F. Let { G } be .a.
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sequence In C(D) where || G k -  F|| d  -> 0. By Lemma 4.3.3, 

C(Gy) -* C(Fy) uniformly over J . By Theorem 1.2.7,

?r. (*!'') andI I - j
f o r m ly  ov e r  J . Hence,

L l bJ-') unl-

Z
n . . .

■ rT1=0 1T̂

and

I + ■ -i
■s (b? ;y)xJ 
j J

T o  (b^,y)xJ

u n i f o r m l y  ov e r  D. M oreover ,  by Lemma 4.3*4, t h e r e  is a 

T > 0 such t h a t

kover  D. f o r  a l l  s u f f i c i e n t l y  l a r g e  k. Hence, AG AF 

u n i f o r m l y  over  D.. Thus A i s  cont inuous  -a t  F.

We conclude this chapter by establishing an analog 

of Theorem 2.4.1 .for rational product approximation.

We note  t h a t  A s a t i s f i e s  a l o c a l  p o i n t - L i p s c h i t z  con­

d i t i o n  w h i le  JP s a t i s f i e s  a g l o b a l  p o i n t - L i p s c h i t z

c o n d i t i o n .
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Theorem 4.3.6. Suppose F e D  and F^ £  R ( n 5m) f o r  

a l l  y e J . Then t h e r e  are  c o n s ta n ts  X > 0 and 6 > 0 

such t h a t  if G e C(D) and || G - F|| D < 6 , th e n  

M G  - <RF||D < X I) G - F||d .

Proof. We first note that A  is defined in a neigh­

borhood. of F. By Lemmas 4.3.1 and. 4.3.4, we may choose 

S 1 > 0 such that if G e C(D) and. || G - F|| d  < (S1, then G e D  

and

I + Li=I Ts.(bj,y)^> T/2 
J

f o r  a l l  ( x , y )  e D where

rn pi ^
T =  inf . (I +  L  T s (b ,y)xJ ) >  ,0.

( x , y )  D Sj J

Thus i f  G e C(D) arid. || G -  F|| ^ < a 1 , th e n  f o r  ( x , y )  e D 

I ( A G ) ( x , y )  -  ( A F ) ( x , y ) |
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< 2/r! -Z

2

.lie '[Tr. (aV yX - Tr:. (aV y) 5xl
I  . ■ '  ■ I

1 +  z j  J = I  t S ( b J > y ) x A
J

V m ■ .
'.j=l

• 0
I n
■' i=0 ' , j - !

CXJ'XCXIVl 6  +
.VJ Wl
2 J=Il

■ - C 1
, n
' 1=0 Il Tr (a1

+ A
i n
' i=0 Il Tk. (a: 

■ i

TS j ( B ' v ) l l

T 1 1 i:

V - ,  m
• -I 2 J = I  IlTs (b J - ' )  -  t B  (b J - - ) l l j

J - J -

F •We now apply Theorem 1.2.7 to the operators T at a.,■
rI ■ 1

• • Fi = 0,...,n, and. T at b ., j = Ii... to get a . ,
J . J 1

I =-0,...,n, and. X., j = l,...,m, which do not depend on
■ 3-

Gi such that

(4.16) JlAG - AF||

< 2A'2 j K1 SL=O aIH^ij ai'Il j + K2 Sj=I^jII bj-bjll jj';



il'7 ;

where. K n = I '+ Z || T5 ( h ^  . )|| ̂ : andI

S L o  111V 1 (aL - iJ-

Now we note that (F : y e J } is' a- compact set of ■ nor-y ..' • .
mal functions in C(I), disjoint from R(nym).. . Thus.■ by 

Theorem 3 • 3.4, there is a constant X* > 0, independent of- 

G, such that '

l | R ( c ( Q y ) , - )  -  -

< V J l R y - RyIIj (

< x* ||G - FIId ;

for all y e J .

■- ■ Now {'R(C(F ), •): y e J ) is a compact "subset "of R*.-
y -

By Theorems 3-2.7 and 3-2.8, there is a constant p > 0, 

which does not depend on -G, such that '■

(4.17) l|P(A(Gy ),-) - R(C(Fy )/ -)«(B(ay),-)||1

>  P (  I , i = 0  la i ( y h a i ( y ) l  . + - E  j = 1  . .| h° ( y) - b^ (y )  1 )

for all y e J . Furthermore, by Lemma 4.3-3, number's 6b > 0

.and Kg >. 0 may be chosen so that'if G e C(D) .and

.11G - Flig < 62 , then'||Q(B(Gy ),.)||I < K 3 for all y e J. .
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We choose 6 = min(<5 > 0. Suppose G e C(D) and.

Il G - F|| D < 6 . Then

(4.18) ||P(A(0y ),.) - E(0(Py ),.)«(B(Gy ),.-)llI

< IWB(Gy),Oll1 ||R(C(Gy),.) - R(C(Fy)v )II1

< K3X* Il G - F||d .

Applying (4.17) and (4.l8), we obtain

G W
(4. !9) Il ai - aill j < — —  ||G - FIId  ,

i = O a... ̂ n5 and

(4.20) Wtj - 5 4  U G - F||D , ;

j = l a...am'. Finally, applying (4.l6)a (4.19), and (4.20), 

we obtain

IlAG - (f̂|| D < X Il G - F|| D ,

whence

X i=0 a i + K2 L  j=1 X i

Thus a continuity theory for the rational product 

.approximation operator has been established. We remark
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that such results are not possible for best rational 
Tchebycheff approximation In the multivariate setting.



CHAPTER V

DISCRETE RATIONAL PRODUCT APPROXIMATION AND COMPUTATION '

5.1. Definitions and notations.

The algorithms to compute rational product approxima­

tions of F G C(D)5 D = I x J = [-I5I] x [-I5Tj5 presented, 

in the papers, [4512513] involve a discretization of one 

or both of the intervals I and J . ■ A theory for rational 

product approximation over discrete arrays of points is 

thus needed. The case in which only the interval J is 

discretized is treated by Brown and Henry [4]. We consider 

the more general concept of rational product approximation 

of F G C(D) over X x Y  where X and Y are closed subsets 

of I and J 5 respectively.•

We first recall the definition of rational product 

approximation over D. The discretization concern of 

Chapter V does not involve purturbations of the function 

F G C(D). Thus we suppress the notations indicating depen­

dence on'F. Let the non-negative integers n 5m 5 r^5
i = 0 5'...5n 5 and s .5 j = l5.,.5m 5 be given. Associated.

J . ■
with n and m is the rational function space

R (  n 5m) =  { R = P/Q: P g P ^ 5 Q, e 0  on I }
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where and '© denote the spaces of polynomials of degree 

■less than or equal to n and respectively.

Let F e C(D) and for each y e J 5. F^ e C(I) Is given 

by F y (x) = F(x,y). In the remainder of this chapter, it 

iti assumed that F e D .  That is to say, F^ is normal with 

respect to I and R(n,m) for all y e J and inequality (4.5) 
holds for all (x,y) e D. Let

(5.1) H(C(y),x)
V  n I
L 1=0 S1(Y)X

V  -j
I + L  bj.(y)xJ

C(y) =(A(y);B(y)) = (a0(y),. . . ,an (y);b1(y),. . . iblli(y))e C, 
be the best uniform 

Furthermore, we let

be the best uniform approximation of F over I from R(n,m)
v

(5.2) A(y) = MFy - R(C(y),.)Hi

= inf (|| Fy - R|| ̂  = R e R(h,m) } .

Now let

ri .
( 5 . 3 )  Tr i ( a i , y )  = ^  k = o 'aI k y k x l  ' .

be the best uniform approximation of a^ over 'J by poly- ; 

nomials of degree less than or equal to r^, i .= 0,...,n,
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and let

(5.4) = 2 i = 0

be the best uniform approximation of b . over J by poly­

nomials of degree less than or equal to s ., j = l,...,m.
J

The corresponding rational product approximation of F over 

D is

(5-5) <R(x,y)
2  i=0 ^ ( a . ^ y j x 1 

V  m -i
1 + ^  j=l Ts f bj'y )x

Suppose X is a closed, subset of I. Associated with X 

is the approximating space

(5.6) Rx(n,m) = (P = R/Q:P e Q sQ^, Q >  0 on X)

We observe that R(n,m) C  .^(n^m) . For y g. J 5 let

(5-7) ' A (y) = inf (Il Fir - R||y : R e Ry (n,m)).

Suppose that each F^ has a unique best uniform approxima­

tion from Ry.(n5m) over X which can be expressed as

(5.8) R(Cy (y),x) Z i=o ai(y)xx .
V  ® Y i

I + I j = I  b^(y)xJ
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^ ( y )  (ao(y) ̂   ̂ b^(y)j...,b^(y)) G where

the coefficient vector (y) is continuous■on J . If Y .is 

a closed, subset of J, we let T (a. ,y) be the best uniform
i 1

approximation of a^ over Y by polynomials of degree less
Y Xthan or equal to r . , i = 0, „ . . ,n5 and. let T (b.,y) be the1 . s . j

Y
best uniform approximation of b . over Y by polynomials of

degree less than or equal to s .> j = I 5...^m. The rationalJ
product approximation of F over X x Y  is now defined to be 

the function

(5.9) 4W x ^ )  1
z  L i .

provided the denominator in (5 *9) does not vanish over X x Y

The definedness of (x5y) depends on the existence

and. uniqueness of R( C^(y), •) and the ability to write it 

as in (5.8). In Section 5*2, we show that if X is "suffi­

ciently dense" in I 5 then R(Cx (y)5 >) exists5 is unique, and 

is contained in R(n5m). In this case, Y ^ f Y )  

definable.

In Section 5-2, it is also shown that as X and. Y 

converge to I and J, respectively, in the sense of the
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density measure (1.10), the corresponding rational product 

approximation (x,y) converges uniformly to (&(x,y) over

D. ' ' ' . ‘ ■ '

In the remaining sections of Chapter V, we discuss 

algorithms to compu't.e y where X and Y are finite subsets 

of I and J , respectively. In this case, A^yy(x^y) is 

called discrete rational product approximation. In parti­

cular, an algorithm is presented in Section 5•4 and is 
contrasted with an algorithm of J'. Henry [13]. In Section

5 -5, "quadratic convergence" properties of this algorithm 

are established.

I',

5.2 Existence of (&v^y(x,y) and, comparison to cft(x,y) .

If X is a closed, subset of I, the density of X in I is 

defined as in (1.10)

d.T (X) = sup .inf |s - t| . 
1 se I teX

Similarly, if Y is a .closed, subset of J, the density of Y

in J is

; , ; ",
. . d T(Y) = sup inf |s - t | '. 

. sej teY

t
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We first state a characterization of best uniform 

approximations of f e C(I) over a closed subset X of I 

from R(n5m ) . This result is due to Dunham [8,9]* Although- 

he proves this for the general setting of "alternating 

Tchebycheff approximation," we state it for.the special - ■ 

case of rational approximation.

■ Lemma 5.2.1. Let X be a closed subset of I. Let 

f e C(I), and. suppose R(C, •) e R(n,m) has varisolvent ' 

degree p,(C) . Then R(C, •) is a best uniform approximation 

of f over X from R(n,m) if and. only if there are I + Ii(C) 

points in X

X Q  <  <  . . .  <

such that I f (X1 ) - R(C5X 1 ) | = || f - R(C, • )|| x , i = 0,. „ . ,|i(C), 

and (f(x1) - R(C5X 1 )) = -(f(x1_1 ) - R(C,x1_1 )), 

i = I, . . . ,Ii (C) .

Remark. ' We note that Lemma 5.2.1 provides a charac­

terization for best approximations over X from R(n,.m) and 

not from Rx (n,m).
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It is assumed that F e D .  If X is a closed subset of 

I and. y e J 5 define

(5.10) %R(X,y) = (R e Rx.(n,m):||Fy _ RH^ < A%(y) + d^fX)).

W e •show that if X is sufficiently dense.in I5 then all 

candidates for R(C^(y),-) are in R(n5m ) .

Lemma 5-2.2. .Let F e D . '  There are numbers e > 0 and 

6 > O 5 independent, of y e J , such that if X is a closed 

subset of I and dj(X) < g 5 then Q(x) >_ e on I for all 

F/Q, e 9H(X5y). where P e P n , Q e Q m , Q > 0 on X 5 and || Qj| ̂ = I

Proof. Assume that no such e > 0 and 6 > 0 exist.

Then there is a sequence (X̂ .) of closed subsets of I. such

and for each k there are points | ^ g I and y^-e J and a

rational function R fc = e ‘̂ ^k- ’̂ k^ where e P 5

^k G "8%; ^k > ° %k' HQJIi = I and

that

(5.H)

(5.12) Ilm Qk(Sfc) = 0.
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Since e

||f I  A x k ^y k) + dI^X k^

< IIFy^ - R(c(yt),-)ll^ + ^ ( X J  

<L HFy - R(c(yt)'')H.i + 2 

= A(y^) +' 2

• < HaIIj + 2-

Applying the triangle inequality5 we get

Il Ekll X lc 5̂  Il pII D + IIa IIj  + 2 = m.

Thus

(5.13) |Pk(x)l < MIQ^(X)I

■ for all x e X. .

We note that the sequence (Q, ] is uniformly bounded, 

over I. We now show that { P̂ .} is uniformly bounded over I. 

.Choose i = 0,...,n+l,. where

'■1 < a 0 < P q < O 1 < P 1 < ... < a n+1 < P n+1 < I.

Lemma I .,3.3 ensures that A = sup {||P|| :P e P n and
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Vl = 0, . . . ̂ n+!, G [a.^P.] 9 (-1) 1P(Xi) >_ - I } is finite.

By (p.ll) we may choose such that if k > k0 ,-then

X k n  [a j_jPj_] ^ 0) X = 0, . . . n+l. Suppose k > k . For

'i - O', .. . ,n+l, we select Cj_.e X. Pl ] and. apply (5 .13)
to get (-1) Pfc(C1i ) >_ -M. Thus || Pfc|| ̂  < AM. Hence (P fc) is

uniformly bounded by max ( AM, Il P]JI jj • • • jII Pfc || j) •'
0

We may now extract subsequences and relabel so that 

Pfc -* P G and Q fc -> Q, G Q ffii uniformly on I i and. | fc -* | e . I

and y fc y G J .

Let X G  I. By (5 .11) there is a sequence {x fc} where 

each x g X, and Iim x = x. The uniform convergence of P, ■
K K k-voo ■ K K

to P and the continuity of P imply that Iim P, (x, ) = P(x).
k-K*, ^ ^

Similarly, Iim Q,(x.) = Q(x). Thus we conclude that

(5.14) IP(x)I < M|Q(x)| 

for all x 6 Ii

(5.15) IIiQlI1 .= I i

and . .

Q(x) > 0

for X G  I.
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Equation (5 .15) Implies that Q 0 and. thus has at 

most, finitely many zeros in I. By (5 .l4) each zero of Q 

of a given multiplicity is also a zero of P of at least 

the same multiplicity. Thus we may perform finitely many 

cancellations to obtain R 1 = P'/Q' e R(n,m) where P' e , 

Q r e and Q,' > 0 on I such that

for all x e I where Q(x) ^ 0.

For any x e I where Q(x) O 5 there is a sequence {x^.} 

such that each x, e X, and lira x, = x. Then

(5.16). IFy(X)-R'(x)|

P(x)
Q k (x k) " Q(X)

< |F(x,y) - F(Xk^yk)I + Il F - RkIIx

Pk.(x k) .P(x)■
\ ( x fc) " Q(x )
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< |F(x,y) - W  + ^(Xk;)
k

Pk(^k) Pfx)
Qk(^k) Qt=T

< |F(x,y) - F(Xk^k)I + A^yJ + d]-(Xt),

, ^k(=k) P(x)

We pass to the limit in (5•l6) to get.

|Fy(x) - R'(x)l ^A(y)-

Since R' ■ is continuous over I5

IlFy - Fill < A(y)'
By Theorem 3 . 1 . 1 , R' = R(C(y),•). However5
Q,(|) = Iim Q-(Ck ) = 0. Inequality (5‘. l4) implies that

.kr»co K
P(C) = 0. Thus P and. Q have at least one common zero. 

Hence5 d P 1 < n and. d Q 1 < m. This contradicts the normality 

of F y . . This completes the proof of Lemma 5.2.2.

We now apply Lemma 5-2.2 to demonstrate that if X is 

sufficiently dense in I 5 then each Fy has a unique best 

approximation over X from R^(n5m).
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Lemma 5.2.3,. Let F e D -  There is a 6 > O such that 
if X Is a closed, subset of I and dT(X) < g , then F has a 
unique best uniform approximation over X from R^(n^m).

. Proof. We choose e > 0 and 5 > 0, via Lemma 5.2.2, 

such that if X is a closed, subset of I and d^(X) < 5 , then
X contains at least n + 2 points and. Q e on I f or all

P G P n , Q G where P/Q e 91T{X,y)-, Q > 0 on X, and. IlQil1 = I 
Suppose X is a.closed subset of I where d-j-(X) < 5 and 

fix y € J . If X = I, the.conclusion of Lemma 5-2-3 follows 

from Theorem 3-1.1- We assume X is a proper subset of I. 

Since X is closed, d-j-(X) > 0 and. thus' there is a sequence 

{ Rfc) in 91l(X,y) such that (j F - RjJx -* A x (y) as k_»oo. We 

may write R fc = P fcZQk where P fc e P n , Q fc e Q ffi, Q fc > 0 on X, 
and. IlQfcIlj = I- We may apply an argument similar to that 

in the proof of Lemma 5-2.2 to see that the sequence (Pfc] 

is uniformly bounded over I. Thus we pass to a subsequence 

relabel, and assume that Pfc -> P e P n and Q fc -> Q e Q ffi

uniformly over I. .Since Q fc >_ e on I for each k, R fc = PfcZQfc

converges uniformly to PZQ on I and. Q >_ e on I. Hence,

PZQ G Rx (n,m) and H Fy - RfcIlx -  11 Fy .- PZQllx - Therefore,
I) Fy - PZQlIx = Ax (y) and PZQ is a best approximation of Fy 
over X from Rfc(n,m).
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For the uniqueness we now suppose that F^ has two best 

approximations R and. R' over X from R^(n,m) . We write 

R = P/Q and R 1 = P'/Q,' in reduced form where P jP' e Pn and 

Q jQ 1 e Qffl. Since d^(X) < 5 , R jR 1 e R ( ^ m ) j and since- 

R( n Jm) C  ^.(nJm ) J R and R' are best approximations of Fy 

over X from R(nJm ) . Suppose the varisolvent degree of R 

is £ . Then dP <Vj! - m - I and dQ <_ I - n - I. We n o w :apply 

Lemma 5-2.1 to find X q < x^ < ... < X^ in X such that

(-i)14̂ (f (X1 ) - R(X1 )) =j'f - rIIx  = A%(y),

i = O j... , where v e ( O jI) is fixed. Since || f - R'||x

= A x (y) ̂

(-l)^(f(x^) _ R' (x^)) ^ A^-(Y)j

i = O j ...,^. Subtracting these inequalities we get

(-l)1"h'(R1(X1) - R(x.)) ^  0,

1 = O j...,^. Since Q(X1)Q1(x±) > O j

(-l)1^ (P1(X1)Q(X1) - P(X1)Q1(X1)) ^  0,

i = O j . . . J4 .  But P 1Q -  PQ' is a polynomial of degree less 

than or equal to I - I. We may now conclude that
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P 1Q - P Q ' =O (see Rice [28, p. 6l]). Since Q, Q 1 > 0 on X, 

P/Q = P'/Q' on X. Thus uniqueness of best approximations 

of Fy over X from ^ ( n , m )  is established.

Remark. Lemmas 5-3.2 and 5-3.3 ensure that if X is 

sufficiently dense in I, then each F has a unique best.
■y • ■

approximation over X from R^(n,m) which we write as

(5.17) R(Cx(y),x)
P(A%(y),x)
Q(Bx Iy),x)

Z i = O  sq(y)x^

i + Z  j=1 bj(y)xJ"

where Cx (y) = (Ax (y)qBx (y)) = (a^ (y),.. . ,.a^(y) ̂ b^(y),. .., 

b^(y)) e Q for all y e J.

The next result asserts that as X converges to I with 

respect to the density measure R(Cx (y)>x) converges to 

R(C(y),x) uniformly with respect to x and y. In the 

univariate case, this result is due to Werner [32]. The 

following lemma extends Werner's theorem to the uniform 

.sense in y.

Lemma 5-2.4. Let F e D .  Given e > 0 there is a 5 > 0 

such that if X is a closed subset of I and. d^(x) < d , then 

||R(Cx (y),«). - R(C(y),-)llI < e for all y e J .
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Proof. Assume otherwise. Then there Is a sequence 

(X fc) of closed subsets of I and a sequence { }  in.J such

that Iim d.T (X, ) = 0 and
k-co I' t/

(5.18)- l|R(Cx (y^),') - %(c(yk),-HIyk. e . ■

Since J is compact, we may assume y e J as k ^  °o.

Moreover, we can apply an argument similar to that of the 

proof of Lemma 5.2.3 to show that a further relabeling 

produces R(Cy  (y. ), •) -> R e R(n,m) uniformly on I as k _» co .

Since F R(C% (y^), •) -> F^ R uniformly on I, F^ - R isy y
continuous on I, T^(Xfc) 0, and. F. - R(Cfyfc),*)

Fy - R(Cfy),*) uniformly on .I,

H F  - Rll1 .= I i m  H F  - R ( C x J y k ) , O l l x
u J^oo v K tc K

I  l i m  ||F - R ( C ( y  ),-)||x

5L lim  IlF - R(C(yk) , - I I I1k-*co ^ k

= Il Fy - R ( C ( F ) V ) H 1 •

By Theorem 3.1.1, R = R(C(y),•)'and R(CX (yk ),•) -» R(C(y),.)

uniformly on I. Now
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l|R(cXk(yk),") ' R(C(yk)»')H I

< ilE(Cx (yk),-) - E(Cfy)j OlI1 + Il E(Cfy)jO  - E(Cfyfc)jOII1

The'uniform convergence above implies that

llR(Cx .(y^) ̂  *) - R (C(y) j • )H i ■*" Oj and Theorem 3.1..4 implies

that Il R(C(y) ̂ •) - R(C(yls) 3 • )I1 j —  °- Thus

llR(Cx (yk ), •) - R(C(yk ) 5 • )|| j -> 0. This contradicts (5.18)

and Lemma 5.2.4 is proven.

The following.- corollary is an. immediate -consequence of 

Lemma 5.2.4 and Lemma 4.3.2.

Corollary 5.2.5,. Let F e D .  Given e > 0, there is a 

S > 0 such that if X is a closed subset of .I and dj-(X) < 5 5 

then CT-(C(y) jCx (y)) < e for all y e J.

The following result establishes the continuity of the 

coefficients in R(Cx (y)5x) when X is sufficiently dense in

I. We shall delay proving this result until Section 5.3.

Lemma 5.2.6. Let F e D -  There is a 5 > 0 such that 

if X is a closed subset of I and dj(X) < <5 5 then Cx (y) is 

continuous on the interval J .
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Thus If X is sufficiently dense in I3 then Cx (y) .is'

continuous over J and. the coefficient functions 
X X X Xa0(y),...3an (y)3 b^(y),...,b^(y) may be best approximated. 

The series of lemmas now culminates "in the first -major. ' . 

result of Section 5«2.

Theorem 5.2.7. Let F e D .  Then there is a 5 > 0 such 

that if X and. Y are closed subsets of I and J3 respectively, 

and dj(X) < 5 and d.j (Y ) < <5 ,• then dy. y exists.

Proof. We must show that, if X is sufficiently dense 

in I3 then R(Cx (y),*) exists for all y e J, C y (y) .e .'C for 

all y e  J3 and (y) is continuous over J . This is pro- ■ 

vided by the preceding series of lemmas’. We must also, show 

that the denominator of (5.9) does not vanish over X x Y. 

Let ■

T . inf
(x,y)eD

v m i
U  + 2  j=1 Ts (b^yJxJ).

Since F e  D , t > 0. Since b. e C(J), j = l,...,m, we apply
J . - .

Theorem 1.4.2-to find numbers 5 ̂  > 0 and X > 6 such that

Ts,(S *'.) ~ T s .^b.j-5 * J’ ̂ x H g '- .b jH Y J J
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for all g e C(J), j = I,... whenever Y Is a closed 

subset of J and ^j (Y) < 5 ̂ . We now apply Theorem 3 on 

p . 87 of [5 ], to obtain a 2 > 0 such that if ^j (Y) <

then I] T g (by,-) - . Cbĵ  * )ll j < t A ^  j" = I,... 3m.
J J

By Lemmas'5.2.2, 5-2.3, and 5-2.6, there is a 6o >  0 

such that if X is a closed subset of I and d'j(X) < g then 

R(Cx (y), *)' exists and. is unique for all y e J 5 C»(y) e C  

for. all y e  J, and. CU(y) is continuous over J.. By Corol­

lary 5 -2 .5, there is a a ^ >  0 (a^ < a g) such that if 

Jj (X) < O 1̂ , then Hbj - bj|| j <• T/2xm, j = I,. . . ,m.
We choose a = min (<5 ̂ ,5 2 *<5 4) > 0 and suppose X and Y 

are closed, subsets of I and J, respectively, with dj(X) < a 

and dj(Y) < a- We. need only show that the denominator of 

(5-9) is positive over X x Y . '  Suppose (x,y) e D. Then

• m - •
■> 1 + A l  Ts . ( V f > xJ '

J

m Y  •

- %  j=i [Ts.(tj'y) - Ts.Cbj'y)]^j j

- 7 j = i [ T s j C b y J  -
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> I + Ij 1 "'r'1= 1 Ts.(b.Vy)x -

- 2 J=I 11V V - )  - 1S1( V ) H jJ J
V  ft* y

-■2 j=i H1I 1( V )J i j ( 4 - ) i i j

x  T -T
> T " If.-" f

> O

The denominator of (5.9) is positive over D and. thus is 

positive over X X Y. Hence dL^y is defined.

The final result of this section compares 

to (ft(x,y) as X and. Y fill out their respective intervals. 

We comment that the proof bears out that if X and Y are 

sufficiently dense in their respective intervals, then the 

denominator of the representation (5 .9) for y(x,y) is 

positive over all of D. This makes it possible to compare 

(&Xxy(x,y) to A(x,y) over D.

Theorem 5.2.8. Let F e D .  Given e > .0, there is a 

6 > 0 such that if X and. Y are closed, subsets of I and J,
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r e s p e c t i v e l y ,  w i th  d^ (X ) < <5 and. Aj (Y) < 6 , then  

e x is t s  and. || A  - D ^ e '

Proof. Let 1 .

■ . v  rr. . , .
T = inf. . (I + 2j 4-i Ts (b.,y)xJ ) >• 0 .(x,y)eD . J ^ Sj J

By the proof of Theorem 5-2.7, we may select 5 ̂  > 0 such 

that if Aj (X) < S 1 and. Aj (Y) < 5 ̂  then

l + E " = 1 < ( ^ y ) x j > T /2

for (x,y) e D. ' Thus for (x,y) g D,.

19) I A(x,y)' - 6tXxy(x^)I

< (2/T^)
( 2 1=0 1X1(ai^yJx1) ( 1 + I-1

s A tI
- C 1 +.2

m
J=I TSj(l3j»y)xj) (2  L 0

< (Z/T^) K1 E “- l|Th (i'-) - (V)I j

■ + Kg X i=0 Il Tr1 âi5•) - t^ 1(ais•)iij ^
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Tl

where = A  1=0 'll T r . O il j and

V m -
I +  Zv. j =1 Il T s . (^j )II t *■ By Theorem 1.4.2, there are

numbers 62 > 0 and X > O such that if .d (Y) < gg, then

IlTy. ( S , ' )  -  T r . ( a I ^ ) I l j  <  X  Il g  -  a ill Y
and.

I l t t ( S f )  - t . ( b j f ) l l j  <  ̂ He - ttjlly. .
J J

for all g e C(J), I =. 0,.... ,n, and j = I,. . . ,m. Theorem

3 on p . 8? of [5 ] yields a 60 > 0 such that

■

(5.20) . IlTr (a.,,) - T ^ ( S 1V ) H j  C B K 2(n+1)

i = 0,...,n, and

(5.21) l l V l t f )  - t . (bJ f) I I j < *

j = l,...,m, whenever Jj (Y) < d ^ • Moreover, Corollary 

5.2.5 produces a 6^ > 0 such that, if Jj (X) < 5 then

y 2 ‘
(5.22) ||a4 - a^ly < ^1 i11 J x 8 K 2(n+l)x

i = 0,...,n, and.
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(5-23) < 8'

Let 6 = min (d x 6̂ 2^(53 6̂ 4) > 0. If CJj (X) < <5 and. 

d.j(Y) < <5} then inequalities (5.19), (5 .20), (5.21)., ■ 

(5 .22), and (5 .23) imply that

Thus || A  - (R^yII d  < e , and. Theorem 5.2.8 is proven.

We conclude this section by noting that the two 

theorems of this section justify the discretization of 

algorithms to compute rational product approximations.

In particular, if X and Y are sufficiently dense in I 

and J, respectively, then the corresponding discrete 

rational product approximation exists and. is uniformly 

near the rational product approximation of F over D.

5.3 Discrete strong unicity theorem..

In this section, we establish a generalization of 

Theorem 3..3.3 to the setting of discrete rational approxi 

mation. In this case, the strong unicity constant will 

be independent of F , y e  J, and the closed, subset X of I

|(&(:x,y) - A%<y(:K,y)| < e.
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over which the approximation is done. This result will 

be used'in Section .5*5 in determining quadratic convergence 

properties for an. algorithm to compute rational product 

approximations. We also state another variant of the 

strong unicity theorem. We will use this result to prove 

Lemma 5.2.6.

Theorem 5.3.1. Let F e D  and suppose Fy / ^(n,m) 

for all y e J . Then there are constants 5 = 5 (F) > 0 

and. y = y (F) > 0 such, that if X is a closed subset of I 

and dg-(X) < s , then the best uniform approximation 

R(Cx (y) 5 •) of Fy over X from R^.(n,m) exists for all y e J 

and •

(5.24) IIFy -RIIx X  l|Fy -R(Cx (y),.)||x + 7 i| R-R( Cx (y ) , • )|| x 

for all y e J and all R e R^.(n,m) .

Proof. By Lemma 5-2.3, there is a 5 -̂ > 0 such that 

R(Cx (y), •) exists for all y e J whenever d^(X) < 5
Assume no such y > 0 and. 5 > 0 (5 5 ) exist. Then

there are sequences (X̂ . } of closed, subsets of I, {y, ] in 

J, and. (R k} where R k e Rx (n,m) such that .
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(5-25) S1(Xk) - O

and.

Hf , - R Hy - IlFv - E(cXk(yk),
(5.26) y k yi

H R K R(c (y ),
as k -> oo. We pass to a subsequence and. relabel so that 

y, -»■ y e J. Thus F -> F uniformly over I as k ^  oo.. y fc y
Theorem 3.1.4 and Lemma 5.2.4 now imply that R(CY (y, ),•)

k
R(C(y) 5 •) uniformly over I as k_*co.

We normalize the rational.functions and write

R^ = %( (y ),.) = M /Dy , and R(C(y),-) = N * / D *
. k K

where N k , Nv , N* e Pri, D kj, Dv , D* e Q  and.
^k . * ^k ^

(5 .27) IlSkII1 + IlDkII1 + I l s y l 1 + I ID y i1 = I IS I I1 + Il D ll !  = I

Equation (5.27) and an argument similar to the proof of 

Theorem 3.3.3 (pp. 88 - 91) allow us to further relabel 

and assume that N k -> N*, Dk ̂  D*, Nv N*, and Dv _» D*

uniformly over I as k -* oo. Since R(C (y), •) e R(n_,m), we 

may select an e > 0 such that e <_ D k (x) <_ I and.

e < D„ (x) < I for all x e I and. all sufficiently large k.
-  %k *



144

Now Corollary’5«2.5 implies that for sufficiently 

large k, R(CY (y,),°) e R(n,m) and is the best approxima- 

tion of over X from R(n,m) and, has vari sol vent degree 

£ = n + m + I . By Lemma 5•2.I5 there is an alternation 

set

- 1 <  < ... < I

in X, for F - R(Cy  (Yk )5*)• ^e further pluck out a 
K . y k . k Ic

subsequence and relabel so that x^ -> ■ X^5 i = O 5 ... 5f.
Since Fy ^ R(n5m) 5- an argument similar to that on p. 33

insures that

X q <( X1 <( ... X^ .

Thus by Theorem 1.3.5, K(X q 5 . . . ,x^") = sup {|| P|| I : P is a 

polynomial of degree at most £ - I and (-1) P(X1) >_ -I5 
i = O 5. . . 5l ) are bounded, by some A > 0.

We now- fix k . For i = O 5 . . . 5l 5

( - l ) i + V [ F  ( x ^ ) - R ( c x  ( y k ) , x ^ ) ]  =  [I F  - E  (C ( y k ),-)llx
. y k A k ■ yk A k . k

(-1)1+V[FV (xj) - Ek(x̂ )] < Il F - RkIIx ,

and



where v e (0,1} is fixed. ' Subtracting these inequalities 

produces the inequality

145 •. ...

(-l):I-+ v [Rk (xJ) - R(CX (yk),xky] .

^  -(IIP - RkIU - IIP
Yb R(c . )

Since 0 < D < I and- 0 < D < I,

( - l ) ^ j - N k ^ k ) D  _ Dt(Xk)N (^k)]
k k

>  -(Il F  -  R  Ily -  Il R
k y,. ^ X t y k l v l l lU y

■ Tz- Ir
Since N Dv - D .Nv is a polynomial of degree at most i - I3

%k %k

IIn X 1--d X J x i, < A dlU lc- X x t - lI U X tX tykl v l X 1'Lk k k

Now since

IlRk - R ( X W ^ ) U t  < j S IInX .  - nX tUxl *k k e k K k

X ' R " u  - 11X  - " tX t y k l v l X

I Rk - R(cx (yk )» -IIIx*k k
X T

we have
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T h is  c o n t r a d ic t s  (5-26), and th e  p ro o f  o f  Theorem 5-3.1 i s  

■ c o m p le te .

We next state another discrete strong unicity theorem 

This theorem is cited without proof in [I]. The proof is- 

similar to the proof of Theorem 5-3.1 and. thus is- omitted.

Lemma 5-3-2. ' Let f e C(I) and. X he a closed subset 

of I containing at least n + m + 2 points. Suppose f has 

a best uniform approximation R* over X from R(n,m) and 

R* e R*. Then there is a constant y > 0 such that

Hf - Rllx > Hf - R*nx + 7 IlR - R*llx

for all R e R(n,m).

We remark that the conditions of. Lemma 5-3-2 do not 

require X to be sufficiently dense in the interval I. We 

conclude this section with the proof of Lemma 5-2.6.

Proof of Lemma 5-2.6. By Lemmas 5-2.2 and. 5-2.3 and 

Corollary 5-2.5, we may select a <5 > .0 such that if X is 

a -closed, subset of I and. d^.(X) < 6 , then for all y e J,

(I) R(Cx (y),*) existsj

(ii) R(cx (y),•) e R(n,m) and thus is the best approx 

imation of F y over X from R(n,m), and
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(ill) R(Cx (y),•) e R*.

We now apply Lemma 5.3.2 to find y(y), y e J, such that ■

(5.28) IlPy-RlIx > l|Fy-R(Cx ( y )v )llx + 7(y)l|R-R(cx ( y ) , Ollx

for all R e  R(n,m). Now let y0 e J . For any y e  J, we 

apply (5 .28) to get

l|R(cx (y ) , - ) -R (c x (y0) , - ) | | x ■

: ' -  tTTP" niRyo-R(cx ( y ) ,OIIx - l|Ryo-R(cx (y0) - ; )llx ] 

^ 9 1 ^ 1  [IIPyo-PyIIx +l|Py-R(cx ( y ) , 0 | | x

' l l % - % ( c x (yo),')llx ]

^71^7 rllV ^ lx HIV R(cx(yo)--)llx
- ||Eyo-R(Cx (y0) v ) | |x ]

-  7(y0 ) ^Fy"Fy0^x

Thus R(Cx (y)j‘) depends continuously on y. However, each 

R(Cx (y),.) e R*,' and by Lemma 3.2 .5, R* and G* are homeo- 

morphlc.- We may now conclude that Cy(y) depends continu­

ously on y over J. Thus Lemma 5.2.6 Is proven.
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5.4 Algorithms .

The algorithms to compute polynomial or rational 

product approximations of F e C(D) given in the papers 

[4^ 125 13, 31] follow a specific pattern. A finite subset 

Y of J is selected, and. for each y e Y, the best approxi­

mation of F is computed over I or some prescribed finite Y
.subset X of I. The associated coefficient functions 

are recovered and are. best approximated over Y. The best 

approximations are computed, using the Femes algorithm [5] 

or the differential correction algorithm [I]. The algo­

rithms of J . -Henry [12, 13], however, include an outlet 

to handle a possible, discontinuity of the coefficient 

functions (see p. 105)• In this section, we discuss a 

version of an algorithm of J . Henry [13] and propose a 

■modification of this algorithm.

We first describe the original differential correction 

(ODC) algorithm to compute the best uniform approximations 

of f G C(I) over a finite subset X of I from R^.(n,m) . The 

ODC algorithm is due to Cheney and Loeb [6 ], but conver­

gence of the algorithm was established by Barrodale,

Powell, and. Roberts [I]. We present the ODC algorithm in 

connection with computing R(Cx (y),') where-F e C(D).
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ODC Algorithm.

Step I. Choose = Pq /Q,q where

Pn (x ) = Pq + Pix + ••• + Pnx^̂0'

Qn(x ) qg + q°x + .... + q%x™4> o bn x.

and max |q .
j J

I. Let

■& 0 (y) = IiA - Koilx-

Step 2. At the k-th step, we have Rfc. -

M O 4 + PqX + '. H-

4 + PqX + • • • + 4 x“

and max |q.| = I. We denote
3 ^

(5.29) Afc(y) = IlFy - RlcIIx .

We choose R fc+1= P^+.q/Q^+q where

pk+i<x )
k+1 , k+l k+l n+ P-. x + ... + p  x

Qkti(x )
k+l , k+l+ q^ x + . • + ^ + 1Xm

where

and
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to minimize

l y ^ W ^ - W * ) !  - V y > W * >  I '

subject to the constraint

(5.31) max |q^+ | = 'I .
' ' J

Barrodale5 Powell5 and Roberts have shown that the. 

ODC algorithm sustains itself in that Q. 0 on X 5
A^(y) I A^(y)5 and if Fy is normal, then the convergence 

is at least quadratic. ' We remark that Step 2 of the ODC 

algorithm is accomplished, by a linear program. Step I 

is accomplished by choosing Pq and Qiq to minimize

(5 .32) max |F (x)Q (x) - Pg(X)I
xeX J -

subject to the constraint Pq = I 5 or if (5 .32) does not . 

generate a permissible Qiq5 by choosing Pq ^ 0 and Q q = I. 

The initialization is used, by Kaufman and Taylor [l’85 19] 
in a program of the ODC algorithm. Kaufman and. Taylor 

refer to (5.32) as "one step of L b e b 1s algorithm."

We now describe a simplification of J . Henry's, 

algorithm [13]. We assume F e D .  Thus we do not consider

(5 .30) max 
xe X
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the discontinuity outlet.

Algorithm I .

Step I. Choose finite subsets

X: X. < x- < < xI d. r

and '

Y: < Y2 < < Yg

of I and. J, respectively.

Step 2. Compute R(Cx (yv),-)5 v = l,...,s, using the 

ODC algorithm with initialization (5.32). Recover the 

coefficient vector

Cx (y^) = . ( S Q ( Y v ) , - " , ^ X ( Y y ) , ...,b^tyv)).

Y XStep 3. Compute Tr (a^,-)., i = 0,...,n, and 

Y XT (b.,-), j = l,...,m, using the ODC algorithm and 
J j

initialization (5 •32).

We remark that Step 3 of Algorithm I can compute 

rational approximations.of the coefficient functions, and 

thus Algorithm I can be used to compute rational product
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approximations in the sense of Brown and Henry [3].

We now describe the proposed modified algorithm. ■

Algorithm 2 .

Step I. Choose finite subsets

X.: < Xg < ... < x

and

Y: < Yg < < Yg

of I and Jy respectively.

Step 2. Compute R(Cx (y0)j*) using the ODC algorithm 

with initialization.(5*32). Recover the coefficient 

vector •

Cx(Yg) = (aX(yo),...,a,X(yo); B^(YQ),...ZbX(Yg)).

Step 3- Compute R(Cx (yv ) >•) > v = 2,...,Ss using the 

ODC algorithm with initial guess R q = R (C^(yv_ 1 )., •) . 

Recover the coefficient vector

) = (Go(Yv ) / " ' ^ n f y v ) ;  ^i(Yv)'---'^m(Yv))'

Y X  . 'Step 4. Compute T (a.,•), i = d,...,n, and
ri 1
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Y XIY (I)-J*) using the ODC algorithm with initialization

(5*32):

Algorithms I and 2 are multiply-iterative in that 

the iterative ODC algorithm is applied several times.

The shortcomings of all the product approximation, algo­

rithms is the time, of .computation of R(C^(y)j*) for 

several values of y . The ODC algorithm possesses a 

quadratic rate of convergence [I ], and the motivation for 

Step 3 of Algorithm 2 is to take advantage of this quad­

ratic rate of convergence. It will be shown that there 

is a constant Aj independent of y and. sufficiently dense 

X C  I, such that

(5*33) - Ax(y) ^A(Akfy) -

for all y e Jj where A k.+1(y) and A fc(y) are given in (5.29) 

This implies that for all k

I pk
A%.(y) - A%(y) ^  a [A(AgCy) - Ax(y)).] .

The motivation for Step 3 of Algorithm 2 follows from 

Lemma 5-2.6. We infer that if Y is sufficiently dense in 

Jj then the choice of R (C^.(yy _-̂ ) j •) as the guess in the
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computation of R(C^.(yv ) ̂ •) would produce

A 0 ̂ yv ) ~ ' A X ̂ yiv ̂ ^ 1 ‘

This inequality and. the geometric growth of the exponent 

2k would greatly enhance the convergence rate of each 

. iteration in Step 3 of Algorithm 2. We remark that 

although Algorithm I satisfies the quadratic convergence 

property (5 .33), there is no guarantee that the quadratic 

convergence is effective until the inequality

A(At(y) - A%(y)) .< i

is satisfied.

We now state this quadratic convergence property. 

Since the proof is rather long and technical, we defer 

the proof until Section 5.5.

Theorem 5.4.1. Suppose F e D  and F £ R(n,m) for all 

y e J. Then there are constants 6 > 0 and A > 0, indepen­

dent of y, such that if X is a finite subset of I, then

Ak+i(y) - A%(y) < A(A^fy) - Ax(y))2,

k = 0,1,..., for all y e J where A fe(y) and A fc+1(y) are 

the uniform errors'at the k-th and. (k+1) - st' iterations of
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the ODC algorithm.

5•5 Proof of Theorem 5.^.1.

We now return to the proof of Theorem 5.4.1.- 

Throughout this section, it is assumed that , F e D  and 

F^ 4- R(n,m) for all y e J . We recall that F e D  implies
y

that Fy is normal with respect to I and. R(n,m) for all 

y e J . The proof of this section is patterned after the 

proof of Barrodale, Powell, and. Roberts- [1] with adjust­

ments made to insure that the number A of (5.'33) may be 

chosen independently of y e J and sufficiently dense X C I . ,  

The proof of Theorem 5-4.1 is preceded, by three 

lemmas.

Lemma 5-5-1- Let F e D .  There are numbers 6 > 0 and 

T) > 0, independent of y e  J , such that if X is a closed 

subset of I, d^(X) < 6 , and R(Cx (y), •) = PyZQly where

py (x) = 2
n
1=0 ^i

i  V"1 111 -j

Pi(y)x , Q^r(x) = ^ j = O  , andy

max I q . (y) I = I, then.Q (x) >  r) for all X e  I. - j - J  y - -

Proof. By Lemmas, 5-2-2 and. 5-2.3, we may choose 

e > 0 and <5 > 0 such that whenever d (X) < 5 , then
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R(Cx (y),.) exists for all y e J and

R p i l

for all x e  I. Thus

, V x) ^ e I i V i

on I. The two norms and
v  ui
1 d=o y = max -1q .I

*  J J
the finite dimensional linear space Q  are equivalent. 

Thus there is a number t > 0 which does not depend on y

T . Thusor X such that || Q, || T >_ t max |q.(y)|
y j J

Qy(X) >_ £ T

on I.. The choice of rj = er completes the proof of

Lemma 5-5.1' .

Lemma 5-5-2. Suppose (f is a sequence of real­

valued. functions on I and. f^ f .uniformly over I where 

f e C(I) . Let (X̂ .) be a sequence of subsets of I where 

Cj(Xfc) -> 0 as k -> oo. Then j| ffc|| x _> || f|| j. as k •

on
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Proof. The uniform convergence Implies that 

Il fk - f||.j -> 0. The inequality-

11 fJ  X fc Il fJ  I ^  Il fX " fH I + Il fH I

now,implies that

lim || f k|| <_ Il t|| j •
k->oo k

Now pick-.x*'e I such that |f(x*)| = || f|| Since

di(Xk) -> 0; we may. choose a sequence {x k) where

x, e X 1 and x, -+ x*. Then k k k

IIfII1 =If(X^)I .

< |f(x*) - f (Xk)I + |f(*k) - k̂(Xk)T + |fk(*k)l

< |f (x*) - f (xk ) I + ||f - TkII1 + Il TkIIx ^ ,

This inequality  ̂ the continuity of f and the uniform 

convergence f k f over I ensure that

■ ll'fll T < lis IIfkIIx •k-x” k

We conclude that || f|| = lim || f || Y
-L kr»°° K k '
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Lemma 5•5•3• Let F e D .  Then there are numbers 

<5 > O and. 'd > O , Independent of y e J 5 such that if X is 

a closed, subset of I and. d_(X) < S 5 then

HQ -  Gyl lx < 9 HR -  R ( C x ( y ) , - ) l l x

. vi ft _ •! ® j
for all R = P/Q where P(x) = Zj i=0 P i^ , Q(x) = L Pj-Xj 

> 0 on I5 and. max |q . | . = I 5 and. R(Cx (y)5 -) = P /Q is 

given in Lemma 5.5.1.

Proof. We assume otherwise. Then there are sequences

{X, ] of closed subsets of I with dT (X.) -> 0 as k -> oo 5
V, n

in J5 and where = Pt/G^, ?%.(%) = A  % ,
■ Y  m _  .

G1 (x) = A  ._r< qk xJ > 0 on. I 5 and max | q . | = I such that K- . J . j J

(5.36)
IIQk " Q.

V  x k
- R ( C y  ( y k ) * )ll CO

as k co. We simplify our notations by writing 
R(0Xk(yk)v ) = Ryk = PykZQyk Where Py^ x) - 2 ”=0

k iand Gy^(x) = Z j=Q .

We extract subsequences and. relabel so that y. -> y g J
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IWe write R(C(y) ̂ •) = R  = P/Q where P(x) = 2j j__0 P^x and

XT' m  -i
Q,(x) = Ij ._0 QjXtj. Corollary 5.2.5 and the triangle

inequality insure that Cy (y.) -> C(y). From this it can
k

be deduced that P P and Q -> Q uniformly over I. ■
^k

Since F e  D} F̂ . is normal and, therefore, R e R*. As 

a result, P/Q is a reduced representation for R, and 

p ^ 0 or q y  0. We consider the case where p ^ 0. The 

case where Pm ^ 0 can be handled, in a similar manner.
Since P P, uniformly on I, -> Since P io ^ 0,

a relabeling allows us to assume that all p ^ 0. Since 

P/Q, is in reduced form {Q1, xQ, . . . ,xn-1Q, P, xP, . . . ,xmP) is 

a linearly independent set. The equivalence of all norms 

on a finite dimensional space implies that

inf {I] QA + PBlI T : A(xj = Yj
n-1 i
1=0 &i% '

B(x) = A  j=Q bjX' , max { I ai| , |b )} = 1}
I,J

is positive. For each k, let

n-1
inf (Il A + P,r B||y  : A(x) = E  1=0 S1X 1 ,

Xk

V  m iB(x) = Ij j = q  bjXd ,  max H  ai | , | b n. |} = 1}i1
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We show that the can he bounded away from zero. Since

Il Q A + P B|| v is continuous with respect to the vector
^k ^k

(a0 ^ , an_^, by j. . . ̂ bm ) over the compact s.et

{ ( &q Jeee^ ^2_5 b O * m * * { I *̂̂ 1 j I "bj I} = 1} . Thus we
I 5 J

v™i I i • v-\ ■ .in i_ •
can find A*(x) = Zj i=0 aV^x and. B*(x) = Zj ._0 bjXJ where 

max ( I a1̂ I , I b I} = 1  and.
i,j i • J

K r A* + ' P B
^ " X k

Since || A*|| < n and. || B*|| ̂  < m + I, we may further extract

subsequences and. relabel so that Af -* A* and. B* -> Bf

uniformly on I. Then A* and. B* are polynomials, and. 

dA* <_ n - I and SB* < m. Moreover, the maximum of the 

absolute values of the coefficients of A* and B* is I. 

Thus

H - Hfc I  Il QA*+PB*|| x - Il 9yfcA £+Py fcB9  Xk •

By Lemma 5.5-2, Iim || Q A* + P B*|| =' || QA* + PB*|| Hence,
k->co y k K yk K A k •L

Iim I-L > H. Since H > 0, a further relabeling can be done 
k+co.
and. we assume that >_ d^ for all k where d^ > 0 is 
independent of k.



Now fix k and. let a = P k /p . ' Define

A, (x) = P (x) - exp (x) = Yjn-1 ■ i
yu

—

= P i - U P i , i = O3 * ..,n-1, and

1=0 aiX 5

V"\ ®
B,.(x) = Q k (X) - aQ (x) = Z / .'k\-/ ^  j=0 ,

b . = - cxq^. ThenJ J J

= llV k ' aW  : Pyk9k + a9y kpy

' V k -
-  llV x k !|9kllxk 11 E k " V x k

< (m+1) HRt - Hx . .

A homogeneity argument yields

Il V .  K  -  V  b J x  dI  max ( I a’i M W^k % ?k

Thus
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I = O n-l_, and.

I b j I dg,p ,

j = where d0 = (BiH-I)2Zd1 and p = || R - R || „
^ I K

Recall that b . = - cxq^. Choose j whereJ J J
| q^| = I . Then J

I = |bj + aq^ | < |by| + |a | < d^p +' | a | .

Thus I - |a| < dgp. Now consider j where | q  ̂| = I. . We 

have

|a | = IaqjT | = | qj - 'b̂ . | < I + |bu| .< I + d^p.

Thus I - |a | >_ - d p . Thus if a >_ 0, then | I - a | < d^p

In case a < 0, we have I - a > 0 > -d^p.. . For arbitrary

X € X,

Thus

a ^  -(m+l)d2p/Q (x).

By Lemma 5.5.1, there is an q > 0 such that Q (x) ;>_ q
y k

for all x e X and all sufficiently large k. If k is
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sufficiently large.

Thus

a X  - ( m+1) dgp A i .

I - a = I - |a| --2a

<_ dgp + 2 (m+1) d ̂p /r)

' = d2 [I + 2(m+1)/-Q ]p

- dgp . ■ ■

In any case, | I - 'a | < . d^p = d^ || - .Ry || x .

We now have

1[\ - V 11Xlc = l|Bk + ■

- Il Bkll Xk +  I 1 ~  a  I Il ^ y J I  X k  .
< ( m+1) (d2+d.3 ) H Rfe - Ry Il jc

where dp and do not depend on fc. . This contradicts 

(5•36), and Lemma 5.5.3 is proven. .
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Me now establish the "uniform quadratic convergence" 

of the ODC algorithm. With a few minor adjustments, the' 

following proof is that Barrodale., Powell, and Roberts [I]. 

The constant A in (5-33) is written in terms of the con­

stants of Theorem 5.3.1, Lemma 5.5.1, and Lemma 5.5.3 

which have been shown to be independent of y e J and 

sufficiently dense X C I . '

Proof of Theorem 5.4.1. We choose 6 > 0, y > O 3 
■(] > 0, and. B > 0, via Theorem 5.3.1, Lemma 5-5.1, and 

Lemma 5•5•3, such that whenever X is a closed subset of I 

and dj(X) < <5, the following properties are satisfied.

(i) For each y e J and. all R e R^(n,m)

IlFy-RlIx > l|Fy-R(Cx(y),-)||x + x ||R-R(Cx(y),-)||x.

(Li) For any y e J, if R(Cx (y),-) - P /Qy where
i v-\^ -j

Py(x) = P i(y )x  Qy(x) = ^ j= O  q .j(y )* , and

max I q . (y) | = I, then Q (x) >_ rj for all x e I. 
j j . , y

(ill) If Py and Q are given as in Property (ii),

Ila - QyIIx < e IlR - R(cx(y),-JIIx •
Xi n 4

= P/Q where P(x) = 2j i=0 P±x >for all R
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V  m ,
Q(x) = Z/  ._n q > O on X j and. max Iq1.) = I.

We now fix y e J and show that the constant A of

(5.33) depends only on y, q , and. 6 . We let R fc = P^/Q^. 

denote the k>th iterate of the ODC algorithm where Q is 

constrained as in Step 2 of the ODC algorithm. For con­

venience, we denote.■

'A = & x (y) = P jr - E(Cx (y),.)||x

and

From Properties (i) and. (Iii),. we see that

INk .- QyII x C 6 Il Rk - R(Cx (y),-)||x

I e ( A k - A ) Z 7 .

For arbitrary x e X , .

Qy (x) + [Qfc(X) - Qy (x)]

-  T) + 0(Ak - A)/y
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since s/(s+a) is an increasing function of s > 0 when a > 0

- ri + S (Afc - A)/y

q ^ J x ) - q p w "  ^ f U x )

> V i l  I  n- .
-  Qy(X) Tl +  e ( A ^ 1 ' -  A )/y

and Qy (x) >_ r). Thus

. i %(%)
xc“

Again for any x e X,

Now Theorem I of [1] ensures that A k+1 < A k . Thus

Q^(X) ^ Qy(x) + [^(x)-Qy(x)] ^

Qk^1(X) ~ Qy(x) tI + y (a ^-A)/7
Qy(x) - G(A^-A)/?  ̂ ^

-  Qy (X) ’ n + G(A^-A)Z7

n - G ( A ^ ) Z y
-  n + G (A I^-A)/7

since (s - a)/s is an increasing function of s > 0 when 
a > 0 and. Q (x) >_ t) . Hence,
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min 
xe X

QjcCx) I n - 0 (a Jc-A)/7 
\+l.(X) ) ~ tI + 0 (A Jc-A )/7

Now by Step 2 of the ODC algorithm

mih I .1fX V 1--- Fk+1 I--- V k f l
xex ■( %  ' ■ ■

< max (  I
-  xeX ( )

= max { [|F - R I - A ] Q / Q J
xeX X X K y K

< max [ ( A  -  A . )  Q V Q J
xeX K y  %

= - (A k - A )  . i n j ^ j  ,

where R = R(C^(y),-) = PyZQy ./ Thus for any x 

of the ODC algorithm implies that

Fy (X) A^ < -(At-A) min 
^ ^ xeX

< -(Ak-A) min I ^ min 
xe X

V i
Q k+i S

e X j Step 2

j J M f L i
I W i

Thus
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A k+1 " A k -
- rI ( A ) + r^e (A k -A)'2/ y

[n + 8(A.  _ A ) / y ] ^

Finally, applying this bound we get .

A k+1 - A = A k - A + A k+1 - A k

.< (^k-A )
2 ( 3 r i0 /y  ' + S2 (A fc- A ) Z y 2

[n + 0-(A' i r " ^ ) / y  ]
72

' ^  ^  X A ^ ) 2 '.-

Thus■ Theorem 5.4.1 is proven.
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5-6 Computation.

In this section, we give the results of several runs 

of a program to' compute rational’ product approximations of 

the form

(5.37)

V n ( Y r -
u 1=0 v U k=0 aIk yfc /  ^  L o  t x y

Cjkyk / %

We compare the computer processor unit (CPU) time in minutes 

of Algorithm I with that of Algorithm 2. In addition, the 

uniform error of approximation || F - ($$J| where (ft is1 given 

by (5 *37) 5 is compared, to the error before the coefficient

approximation max || F - R(C (y), • )|| T .
ycj y

A FORTRAN IV program,.RPA, was written to compute 

rational product approximations using Algorithm I or 

Algorithm 2. The best univariate approximations are com­

puted by a modification of the ODC-package of Kaufman and. 

Taylor [l8 ]. This modification incorporates'.the use of an 

optional initial guess for the ODC algorithm in place of 

the initialization (5-32). .The decretization of the inter­

vals I = J = [-1,1] is done by choosing
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X - Y = (-I.Oj-.9,...,.9,1.0). We refer to the approxima­

tion of the F ,  y e Yj as Stage I o f .either algorithm, com-
y

parisons are made in the computing time for both Stage I 

and. the complete algorithm (not including the error check) . 

A continuity check for the coefficient vector C(y) similar 

to that of J . Henry [12,13] is incorporated into RPA. If 

C(y) is deemed discontinuous, the program is terminated.

We.further denote

ERRB = max || F -  R ( C ( y ) , - ) l l  T

and

ERRA = ||F - <ft||D .

.The uniform error ERRA is computed over the set X' x Y 1 

where X 1 = Y 1. = {-1.00 ,-.99 5 * • .,. 99* I • 00} • All examples 

were executed on the Zerox Sigma 7 computer at Montana 

State University using double precision arithmetic„

In all the examples, the rational product approxima­

tions were the same using Algorithm I or Algorithm 2.

Table I gives the .CPU times for Stage I and the complete 

algorithm for both algorithms in a variety of examples. 

Table 2 gives t h e ■corresponding errors ERRB and ERRA. In 

all cases, the approximation of F were done with n = m = 2.
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TABLE I

GPU . CPU
Stage I  S tage I  CPU■ CPU-

Function r- S A l g . T Alg. 2 Alg .- I Alg. 2

'2 0 .6496 .6134 .7077 .6641
4 0 .7471 .7164 ■

■ 2 2 .8780 .8415

e-x2- y . 2 0 .7220 .3586 .7740 .4102
4 0 . .8306 .4598
2 2 .9 6 1 2 .6555

ey 2 - x2 2 ■ 0 .7114 .4399 .7614 .4869
4 0 .8125 .5386
2 . 2 .9477 .7377

sin(x+y) ' 2 0 .6 9 9 5 ' .7367 .7509 .7873
4 0 .7996 .8374
2 2 .8724 .9090

sin[(x2+y2)/5] 2 ' 0 .5734 .6097 .6 2 3 6 .6577
4 0 .6777 .7096

2 2 - .7362 .8391
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TABLE 2"

F u n c tio n r S ERRB ERRA

eX+y 2 O 2.546 x
-d-IO

 
. H 1.228 X 10

4 O 1.703 X 10

2
2 2 4.608 X 10

. 2 O 4 .188 x

COIOI—
I 4.802 X 10

.4 O - 4.808 X 10
2 2 4.432 X 10

OJXI
CXJ 

'
k

CU 2 ■ O 5:167 x

COIOI—I 1.098 X 10
4 '0 1.240 X 10
2 2 8.44l X 10

s in (x + y ) 2 O 1.237 x

COIOH

6.877 X 10
' 4 O 3.726 X 10

2- 2 1.124 X 10

s l n [ ( x 2+ y2 ) / 5 ] 2 O 4.445 X IO " 5 3.743 X 10
' 4 O 4.867 X 10

. 2 2 4.885 X 10

I
3
4

2
3
3

I
2
3

2
3
2

4
5
5
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The results of Table I indicate that Algorithm 2 is 

competitive with Algorithm I and in some cases the CPU time 

for Stage I of Algorithm 2 is considerably less than that 

for Algorithm I. In most cases, however, the CPU times for 

Stage I and the complete Algorithm I are nearly the same
p

for both algorithms. For the function F(x,y) = sin(x + y) 

a discontinuity in C (y) occured at y = 1.8 for both algo­
rithms. Table 2 Indicates that in most cases, ERRA is of 

the same magnitude as ERRB when the coefficient approxima­

tion i s . performed, by polynomials of degree 4 or less or by 

rational functions of "degree (2,2)."
The computational results, although inconclusive, 

suggest that Algorithm 2 is generally no worse than 

Algorithm I and in some cases is better.



CHAPTER VI
CONCLUSIONS

In  t h is  c o n c lu d in g  c h a p te r , we summarize th e  r e s u lts  

o f t h is  work, and in d ic a te  some d ir e c t io n s  fo r  f u r t h e r  

re s e a rc h  in  m u l t iv a r ia t e  a p p ro x im a tio n  t h e o r y . ' The papers  

o f J . H en ry  [12,13] in d ic a te  t h a t  r a t io n a l  p ro d u c t a p p ro x i­

m ations  a re  c o m p u ta t io n a lly  c o m p e t it iv e  w ith  m u lt iv a r ia t e  

s u rfa c e  a p p ro x im a tio n  o f  Kaufman and T a y lo r  [19] . The 

co m p u ta tio n  s e c t io n  o f  C h ap ter V suggests t h a t  some im prove­

ments can be made in  th e  e x is t in g  a lg o r ith m s . f o r  p ro d u c t 

a p p ro x im a tio n s . F u rth e rm o re , i t  is  shown in  C h ap te r V 

t h a t  th e  r a t io n a l  p ro d u c t a p p ro x im a tio n  a lg o r ith m s  u s in g  

th e  ODC a lg o r ith m  possess a u n ifo rm  q u a d ra tic  r a te  o f  ' 

convergence .

In  a d d it io n  to  th e  c o m p u ta tio n a l c o n s id e ra t io n s , th is  

work s e ts  th e  framework f o r  a th e o ry  o f  p ro d u c t approxim a­

t io n s .  In  th e  p o ly n o m ia l s e t t in g ,  a degree o f  a p p ro x im a tio n  

theorem  is  e s ta b lis h e d , e x te n d in g  th e  work o f  S. E.

W e in s te in . In  b o th  the- l in e a r  and. th e  r a t io n a l  p ro d u c t  

a p p ro x im a tio n  s e t t in g s , ,  c o n t in u i ty  o f  th e  a s s o c ia te d  p ro ­

d u ct a p p ro x im a tio n  o p e ra to rs  is  g u a ra n te e d , and. under 

f u r t h e r  c o n d it io n s , th ese  o p e ra to rs  s a t is f y  th e  s tro n g e r  

p o in t - L ip s c h i t z  c o n t in u i ty .  Due to  th e  lo s s  o f  un iqueness  

o f  b e s t  m u l t iv a r ia t e  a p p ro x im a tio n s , r e s u lts  o f  th is  type



175

a re  n o t  p o s s ib le  in  th e  T c h e b y c h e ff ,a p p ro x im a tio n  s e t t in g .  

F i n a l l y ,  in  th e  r a t io n a l  s e t t i n g , , d is c r e t iz a t io n ,  s teps  in  

th e  e x is t in g  a lg o r ith m s  have been j u s t i f i e d .

■ The c o m p u ta tio n a l concerns o f c o n t in u i ty  and d is ­

c r e t i z a t i o n  in v o lv e  p u r tu r b a t io n s  o f  some in g r e d ie n ts  o f  

th e  a p p ro x im a tio n  p ro b lem , nam ely , o f  th e  fu n c t io n  to  be 

ap p ro x im ated  and th e  u n d e r ly in g  space D. The e f f e c t  o f  

p e r tu r b in g  th e  b a s is  fu n c t io n s  in  com puting p ro d u c t a p p ro x l  

mat ion. s has n o t been s tu d ie d . A f u r t h e r  d i r e c t io n  in  . 

t h is  a re a  may l i e  . in  g e n e r a l iz in g  th e  concept o f  p ro d u c t  

a p p ro x im a tio n  t o  a b s t r a c t  s e t t in g s  ( f o r  exam ple , te n s o r  

p ro d u c ts  o f  Banach s p a c e s ). B ad ly  needed a re  a u n i f ic a t io n  

and e f f ic ie n c y  im provem ents o f  methods to  compute p ro d u c t  

a p p ro x im a tio n s  and com parisons o f  methods o f  m u l t iv a r ia t e  

a p p ro x im a tio n .
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