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Abstract:

Let(Formula not captured by OCR) and (Formula not captured by OCR) be n- and m-dimensional Haar
sets defined on the intervals I = [a,b] and J = [c,d], respectively. The (linear) product approximation of
(Formula not captured by OCR)is defined to be (Formula not captured by OCR) (Formula not captured
by OCR) where (Formula not captured by OCR) is the best approximation of F y(x) = F(x,y) from ® =
span(Formula not captured by OCR) with respect to the uniform norm ||.||I and (Formula not captured
by OCR) is the best uniform approximation of'J fi(y) over J from ¥ = span (Formula not captured by
OCR) The rational product approximation of F &isin: C(D) is defined in a similar fashion. It is shown
that both methods of product approximation possess desirable properties analogous to the classical
theory for univariate Tchebycheff approximation. This study contributes to the recent developments in
multivariate approximation theory initiated by S. E. Weinstein and M. S. Henry.

As the above considerations involve univariate Tchebycheff approximation some results in this area are
also established. In particular, uniform extensions of the classical Freud's theorem are proven for both
the generalized polynomial and the rational settings.
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ABSTRACT

Let {@l,...,@n} and {wl,...,wm] be n- and m-dimensional
Haar sets defined on the intervals I = [a,b] and J = [c,d],
respectively. The (linear) product approximaﬁion of
Fe ¢(D), D=1Ix J, is defined to be (PF)(x,y)

n m . n
= Z)i=1 Z;j=l fijwj(Y)@i(X) Whererzzi=1 fi(y>@i(X) 1s the

best approximation of Fy(x) = F(x,y) from

® = span [@l,...,mn}”With respect to the uniform norm H-HI.

m : : o
and Z)j=l fijwj(y) is the best uniform approximation of

fi(y) over J from ¥ = span {¢1’°”’¢@}’ i=1,...,0. The
rational product approximation of F e.C(D) is defined in a
similar fashion. It is shown that both methods of product
approximation possess desirable properties analogous to
the classical theory for univariate Tchebycheff approxima-
tion. This study contributes to the recent developments
in multivariate approximation theory initiated by S. E.
Weinstein and M. S. Henry.

As the above considerations involve univariate ‘
Tchebycheff approximation, some results in this area are
also established. 1In particular, uniform extensions of
the classical Freud's theorem are proven for both the
generalized polynemial and the rational settings.



INTRODUCTION

The concern of this report ié the uniform appfoxima—
tion of continuous real-valued functions defined oﬁ a
rectangle. The approximating funétions_are either pély;
nomials or rational functions in two variables. The method
of approximation considered is that of product approxima-
tion formally defined in the polynomial setting by |
Weinstein [30] in 1969 and extended to the rational setting
by Brown and Heﬁr& [3] in 1973. Product appfoximaﬁion is .
an alternative to.best'unifofm apﬁroximation, or Tchebyéheff
'approximatioh, of functions defined on a rectanglé.fl |
'Réasons for studylng an alternative method are the loss
of uniqueness of best approximations in the multi&afiate
‘setting and a resuiting lack of a theory corresponding
to the classical theory of univariate Tchebycheff approxi-
mation. The focus of this investigation 1s to establish
a theory for product approximation that parallels the
classical univariate Tchébycheff theory. .‘

Given a rectangle D= I x J = [a,b] x [c,d] and
Tchebycheff systems {@l,...,@n}andf[wl,...,wm] on I and J,
respectively, the (polynomial) product app?oximation of

F ¢ C(D) is the function



| n m
Pr = Q. W 0.
) o ) 10 BaVa®
n A .
where Z) a; (v)p; 1s the best uniform approximation of
i=1 '

Fy(x) = F(x,y) over I from & = spén {@l,...,@n} and
Y a3 y¥5 1s the Dbest uniform approximation a,(y) over J-

~from ¥ = span {wl,;..,wm}. Defihedness of P F depends on
the continuity of the coefficient fgﬁcfions a,(v), |
i=1,...,n. In the setting described above, these éoeffi—'
cient functions are continuous. The rational productl |
. approximation of F over D is analogously defined; however,
normality conditions must be placed on F to insure the
céntinuity of the corresponding coefficient funcﬁions. A
feature of prqduct approximatioﬁ is thét PF is uniquely
defined. | |

'The first consideration is the degree of approxima—
tion of F by PF when ¢ = o, and ¥ = 1 consisf of the
algebraic polynomials of degree less than or eqﬁal to n
and m, respectively; A density theorem due to Weinstéin

[30] asserts that the uniform error of approximation

IF - PF|y = sup { [F(x,¥) - (PF) (x,¥)[:(x;5) ¢ D)
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can be made arbiﬁrarily small by appropriately choosing n
and m'sufficiehtly.large. This result, however, dqés not~
provide é.means of eétimating the error of approxiﬁation;~‘
This islaccbmplished.by establishing_bounds on || F -PF|
similar to those of Jackson's theorem [5] for Tchebycheff
apprdximation. | -

A consideration that 1s essential for computation is
.the continuity‘of the product approximation operators.
Due to intrinsic errors made by computing machinery, com-
putation:cﬁ‘fm‘yields the produét approximation of a func-
tioh that is uniformly close‘fo F. Continuity of the
opefatorjp_will force the product.approximation-obtained'
~to be uniformly near PF. Continﬁity theorems for both
the polynomial and rational,product approximafion operators
-are‘préven, and, conditions Whiéh guarantee fhé stronger

point - Lipschitz chtinuity are determined.

Much work has fecently been done in the area of
computation of rational product approximations [3,4,12,13]7.
All the algorithms proposed in thése papers 1nvolve a
discretization of one or both of the‘intervals I and J.

A comparisoﬁ betweeh the discrete and the non-discrete

rétibnal product approximations is thus needed. If X and
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Y“are finite subsets_of I and 5, respectively,-the ratioﬁal
prodpct approximation of F over X x Y is defined in é
fashion similar to that over D'¥ Ix J. Questions of
definedness arise and are discussed. It is shown that
under apprdpriate normality conditions if X and Y are
.sufficiently dense in I and J, then the;discrefe rational
product approximation of F ofer X x Y is defined'and
converges uniformly to the rational product approximation.
of Foner D as X and Y fill out their respectiVe intervals.
A shortcoming of the algorithms proposed in the papers
-[3, 4, 12, 13] isiéomputational inefficiency. This is due
to ﬁheifact that the rational Rémes algorithm or the
differential correction algorithm is used several times
in the computation of a rational prdduct approximation.
The convergence rate of an algorithm of J. Henry [13] is
investigated, and conditions 'undérhwhich.the algorithm
possesses quadratic convergencebproperties.are given., A
modification of this algorithm:is madento'take,advantage
of theée.propértiés.
Since product approximations are derived from univari-
ate Tchebycheff'appréximations, thié report includes some

results for Tchebycheff approximations that are used in
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establishing a theory for product approximation. In par-
ticular, several variations of the strong unieity theorem

and Freﬁd!S'theorem.DO] aré established.



CHAPTER I

TCHEBYCHEFF APPROXIMATION

1.1 Introduction.

Given a normed linear space V; a nonempty subset M
of V,'and a point x of V, the best approximation problem
is-that of finding-an element m* of M such that

|x - m¥| =dinf {|]x - m||] : me M}.‘:In this case m¥* is

called a bést.approximation of x from M. The follbwing

existeﬁce theoremvappears in Chenéy [5].

Theorem 1.1.1. A finite dimensional linear subspacé
of a normed linedr space contains at least one best

approximation to a given point.

In this chapter, we discuss some aspects of the
classical theory of Tchebycheff approximation and present
a survey of recent work on the continuity of the

Tchebycheff apprgximétion operator.



1.2 Tchebycheff approximation.

Let C(I) be the normed linear space of

continuous real-valued functions on the non-degenerate

interval I = [a,b] with the uhifbrm, or Tchebycheff, norm'
[£lly = sup {If(x)]: xe I} . Let
® = span {@1,.. 5P, } be an n—dlmen81ona1 linear subspace

of‘C(I). The problem of finding best approx1matlons of
elements of C(I) from ® is called the Tchebycheff problem.
By Theorem 1.1l.1, each f ¢ C(If possesses at least ohe:
best appréximation'from d. Unidueﬁeés of best approXimaQ.
:tions'is no£ guaranﬁeed without additional conditions on

@.

Definition 1.2.1l. A set {@l,...,@n} of n continuous

functions on I is said to satisfy‘the Haar condition if

no nontrivial linear combihé%ibn'of“@l,...,@q

vanishes at more than n - 1 points in'I. In this case,

the set {@l,...,wn) is called a Tchebycheff system on I,

and the linear span.® of {@l,...,@n} is called a Haar

subspace of C(I).
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The Haar condition is equivalent to the following

cond?tion: For each set [xl,...,xn} of distinéﬁ-points

in I, the determinant

.CP]_(X];) | (Pg(xl) ce CPn(Xl)
' (Pl(xg) . .(Pg'(.xg) cre 0
(1.1) DIxpseeesxy] = e : :

01(x,)  0p(xg) e o)

is non-zero. This chardcterizatioh of thé Haar qondiﬁion
allows us toiinterpbiate with eleménts of @g that.is,-
given n diétinet points xl,.'..,xrl in I and n'real numberé'
Yys+++sY,s there is a unique ¢ € & such that w(ki) = ¥;»
i=1,...,n0n,

The Tchebycheff problem'where ® is a Haar subspace
of C(I) admits the following characterization theorem;

see Cheney [5].

Theorem 1.2.2. (Alternation theorem). Let & be an
n-dimensional Haar subspace of C(I), £ ¢ C(I), and ¢ ¢ ®.
‘Then ¢ is a best approximation of £ from & if and -only if

there are n + 1 points x; < X < i< x in I such that



(i.) [(f-9)(x5)] = |f-of» 1 =0,...,n, and
(11i.) (F-p)(x5) = =(f-9)(%;_7)s 1 = 1,...,0.
The set {x5,...,%x,} is called an ”alternation set" or an

"extremal set" for f - o.

Unicity of best approximations is a consequence of the

alternation theorem; -see Cheney [51.

Theorem 1.2.3.  If & is a Haar subspace of C(I),
then each T € C(I) posseéses a uhique best appréximation

from &.
Haar [1ll] has shown that Haar subspaces are the only
finite dimensional subspaces of C(I) that admit unique

best approximations to all f e C(I).

Theorem 1.2.4. (Haar unicity theorem). Let @ be an

n-dimensional subspace of C(I). If ® is not a Haar sub-
spacé of C(I), then there is an f e C(I) that has

infinitely many best approximations from &.
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Of particular importance is the fact that the Haar
unilcity theorem extends to the setting of C(X> where X 1s
. a compact Hausdorff épacé; that is, every element of C(X)
has a unique best approximétion.from a finite diménsionai
subspace ® of C(X) if and only if ¢ is a Haar subspace of
S C(X). 'This result can be found in Phelps [25].

Wé conclude this secfion by stating two édditional
theorems which play a significant role in the rehainder of
this work. TWhen & is a Haar subspace of C(I), we let Tf
denote the unique best approximation of f e C(I) ffom o.
The strong unicity theorem is due to Newmén aﬁd Shapird

[23].

Theorem 1.2.5.  (Strong unicity theorem). Let @ be

an n-dimensional Haar subspace of C(I). For each f e C(I),

there is a constant y =vye> O such - that
(1.2) e -0l > Ie-22lp + vlo - Tl
for all 9 e @.
A related theorem establishing the continuity of the

operator T was discovered independently by Freud [10] and -

Maehly and Witzgall [20].
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Theorem 1.2.6. (Freud's theorem). ILet & be an

n-dimensional Haar subspace of C(I). Given .f e C(I),

there is a constant ) = rp> O such that

(1.3) ; |Te - Tfl; < wle - Tl

for all g ¢ C(I).

1.3 The constants of the strong unlcity theorem and.

Freud's theorem.

The constants v and A in the strong unicity ﬁheorem
and Freud's theorem depend on the function f and the
appreximating space ®. In addition, if the appfoximation
problem is.considefed over a. closed subset X of I, then
v and A may depend on the set X. We may write y = v (£,2,X)
and A = x(f,@,x). The behavior of these constants has been
the subject of several recent papers. Bartelf [2J_and
Cline [7] show that )\ = x(f,®,X) may be chosen independent
of £ ¢ C(X) if X is finite. Moreover, Cline shows that
if X iS'infinite and the dimension of & is greater than

one, then A = x(f,®,X) cannot be chosen independent of T

" over C(X); that is, given € >.0 there exist f,g e C(X)
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such that’ e - fHX < € and |[Tyg - TXfHX = 1, where
Txg and TXf_denote the best appfoximatighs.of g and fﬂfrom
® over X, respectively. ‘Bartelt also proves that if '
v = v(£,0,I) is defined as in Cheney [5],
. . . ' -1 ’
(1.4) v = inf max - (£-Tf)(x) [|I~Tf || 7o (x)
. "~ peS xeE(f)
iffdo, S={ped:|o ”I = 1}, and

B(f) = (xe I :| (£ T8)(x) | =]t - 7£l;9, and
.7 .

if f ¢ ®, then - may be discontinuous off I but is an
upper semiconﬁinuous function of f € C(Ij.' |

The papers'of Poreda [26] and Henry and Roulier [14]"
consider fhe'problem where the approiimating space is.the
set @m of polynomials of degree less than or equal to m.
Poreda considers the dependence of w =-w(f,®m;I) on the
degree m and demonsfrates a function f e €(I) such that the
constant vy becomes unbounded as m - . Henry and
Roulier cohsidef the dependence of 1 = A(f,d , [-6,6]) on
6 < 1, where.f ¢ C[-1,1] is fixed. They'demonstfate that
A may be unboupded‘és 6 -~ O and give conditions that
guarantee that )\ remains bounded With respect to 6 for“

0 <.9 < & for some g > O.
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‘ We propose to determine conditions on a subset r of
C(I) for which can be chosen uniformly over T ; that is,

there is a constant A > O such that

(1.5) I7e - Tely < e - £y

for all £ ¢ I" and all g ¢ C(I). In this section;zwe give
such conditions and bresent'an example which shoﬁs that
these conditions are essential.

In the remainder of this section, we assume that ¢ is
a fixed n-dimensional Haar éubspéce of C(I);.whefé
I = [a,b], and T denotes the corresponding Tchebycheff
approximation opefator. We first note that the constants
- of the strohg unicity theorem énd Freud's theorem.are
reciprocally related. The foilowing lemma appears in

Cheney [5].

Lemma 1.3.1. Let fe C(I). If (1.2) holds for all

@ € ® with y = v, then (1.3) holds for all § e C(I) with

A= 2/’)’f'
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Proof. Let g e C(I). 'Since Tg € o,

ve ITe - T < | - Tally - I - Tf] ¢

< It

gl +lle - Td -2 - 18]

< lE

gy +le- ey - - 19
< 2le -t |
Thus || Te - o7 < (2/;) e - 1l o

Before developing sufficient conditions on I E;C(I)

so that (1.5) may hold for all £ ¢ I' and all g e C(I), we

'present a characterization of the constants v and A dif-
ferent from that of (1.4). For a S;XO < X< . < xn_g_b,

define

(1.6) K(XpgseeesX,)

= sup{floll ;: 9 e @ and (-1)Tp(x;) » -1, i = Oy.v.sm) .

The fact that K(xgs;...,x,) is finite follows from the next

two lemmas.

Lemma 1.3.2. Let a Xq < vne L Xn g.b'and real
- . k k
numbers YqseeesVy be given. Suppose.that [(Xl,..o,xn)}

and [(yi,;{.,yg)} are two sequences of real numbers such
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that for each K% a < XT < aae < xg S'b, and Xi.; X and

y§J+ y;. as K—»>oo, 1= 1,...,n. Let'mo-be the unique ele-

i~

ment of & such .that o (x ) = y , 1 =1,...,n, and for, -
each K let @k be the unique element of & such that
(x ) 1’ i=1l,...,n. Then QK-» ¢o-un1formly on I as’

K.—>°°

Preof."Bj the Haar condition,

ncpn max | o(x,) |
- 1—1,...,n .

defines a norm on ®. From Cheney [5, p. 781,

. n . ) .
LK k k. k ook k k
CPK(X) = Z i*—.‘lyiD[Xl’ ceesXy qaXsXy e :xn}/Dfxls veo ’Xt’l]
k k
l,. . .}X l-’x Xl_i_l, ..

given by (1.1) and {@1,...,¢n} is a basis for ®. Since

k k' ok
where D[x "Xn] and D[xl,...,xn] are

Qqsceesp, BTE continuous, the determinan@ operation is

. . . k ‘
continuous with respect to its entries, Xy =~ %y and

i
yg.» y; as k ~> @ i=1,...,n, and D[Xl""’xn] % 0,
K,y T | .,
P (xj) - Z:i=1~yiD[X1"" 1,XJ,X1+1,...,Xn]/D[Xl,u.,Xn]
Q
=0 (X:),
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. k
j=1,...,0n. Hence, ||lo - @OH*.+ 0. Since all norms on
~the finite dimensional linear space ¢ are norm-equivalent,
o™ = o7l ; -~ O.
The next lemma is a generalization of an assertion

of Rice [28, p. 64]7.

Lemma 1.3.3. Let a a5 LBy <oy Bl < e <Oy
<B,< b be given. Then the set {9 ¢ d:yi = 0,...,n,
: ' i : .

3 x; e‘[ai,ai] > (-1)7o(xy) > -1} is ||| { - bounded.
Proof. Assume otherwise. Then there are sequences

(¢5) 10 @ and (x5) in [0,,8,], 1 .= 0,...;n, such that

ik, k

)" (

x:) > -1 for all 1 = 0,...,n, and k = 1,2,... ,

(1) (]

and H@Kni-+ w. We may assume that each @K # 0. Since’
[ai,ai} is compact, we may extract subsequences:apd .
relabel so that x§.+ X, € [ai,Bi], i=0,...,0.

'For each k, there is an index 1 for which
0 Z_(—l)i@K(xE)'Z:-l. Otherwise, @K would have n.sign
chahgés, and by'the Haar cohdition-we would.ﬂave @K é 0.
We may now relabel the sequences and assume there is d
fixed index v € {0,...,n} sﬁch that O Z_(ﬁl)vmk(kg) > -1,

In particular IQK(X5)| < 1.
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We further pass to subsequences aﬁd relabel so that
for each index i e {0y...,0}, @k(xg) either converges to
some real.numbef ny or to + ». Let Hy denote the set of
indices ‘i for which ¢K(x§):+ ul and:.H2 be the sét of -.
indices where ¢K<xg)-» + . Since‘v e Hy, Hy # .  Eor
i€ Hy, the inequality (-1)%9'(x}) » -1 implies that
(-1) %5 () |

il +°°‘o

Next we show that Hl can contéin dt most n - 1 indi-

, . k k, Ky - . : . :
ces. .8ince X; - X; and ¢ (xi) > My, 1 e Hy, we Would have

that @K converges uniformly to the unique element of &

that has values n; at n polnts x; in H,. This contradicts

the assumption H@KHI —~ o, Thus Hy contains at most n - 1

indices.

For j € Hy, choose 2 e'@‘such that
(x:) = (-1)9 - 1, and
wj(xi) =0, 1c¢€ Hlf i# 3.

Since H, contains at most n - 1 indices, ¢ exists (though

not uniquely).
For each k, let CK = K.+ Z} Y By

the continulty of each wj.ahd'the convergences xi.; X5
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k, k . Wik .
and ¢ (X;) »'n;> 1 e Hy, and (-1)"% (x}i{)» +o, 1e H,,

there is a number M such that

k .
I_wj(xi) 2 (x )< _n+l > 1,3 € Hy,
k, kK iN . ‘
© (Xi) - T]il < L T E,.Hl’ and
1k, k-5 o
(-1 () > Ly ¢ vyl

when n > M.

Let k > M. If ie H2, then

(DREE) - ()N < D b (-1 ()
> (-1 (x)) - Z)j.e A7
B |
If 1 e Hl’ then
<-i>1cK<x5> = (1)) + 2y g (1) )
= (-1)NFED) + ()R ()
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“(xf) - ny

= (-1
+ (1) g+ vy (x)]
£ (=1) My (x5 - vy (x,)]

+ ZJ € Hl(—l)l["l/J(Xf) "%”J(Xl)]

()
RN
[

v
1
+
I_I
l
t

> 0.

Thus CK has n sign changes,.and as a result QK = 0. This

'implies that @K = - ZJJ c lej which contradicts thg
assumption H@K”I.» ©. This completes the proof of
Lemma 1.3.3. _

Remark. By applying Lemma 1.3.3. with éach
a; = Py = X5 wé see that K(xo,...,xn)'is finite. More-

over, since (-l)l¢(xi) > -1 for any.@ € ® where “@“I =1,

1< K(xo,...,xn) < o

whengver a S-XO ' Xl_< e < xn<£ b.
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The next lemma indicates how the constants y and A can

be derived from K(xXqys...,X,).

Lemma 1.3:4. Let £ e C(I), and let Xg < Xy < v <X

n.
be an alternation set for £ - Tf. Then (1.2) holds for all

¢ € ® with y = 1/K(Xg5-..5%,), and (1.3) holds for all

g € C(I) with 2 = 2K(Xpys..-,%X )~
Proof. Since Xd < Xy < een <X is an alternation set
for f ~ Tf,
_ 1 4 _ '
(1.7) (-1 (£-12) (%) = | 2-T8l o,

1= 0,...,n, where v = O or 1 does not depend on i. Let
o € ®. If ¢ = Tf, then (1.2) clearly holds. Assume

¢ # Tf. For i = 0,...,n,
(1.8) (-1 (£-9)(x;) 2 - I T0ll ;-
Adding (1.7) and (1;8) we get
(DM (omt) () 2 - (el y - -8l 1)

i=0,...,0n. Since g # £, |[f-¢f|{ ~ [[£-Tf] ;> 0 and
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(i ()Y (o)

-1
TT=elly - I1£-T8; =
i=20,...,n. From the definition of K(XO""’Xn)’ we
obtain
[l -]
I .
; K{(X~sesenX ).
Te=ely = TE-may < K(fos - es%)
Hence,

2=l g 2 I2=28p + (L/K(xgs--5%)) lo=22] 1o

- The second assertion now folléws from Lemma, 1.3;1;

Lemma 1.3.4 indicates that the constanfs'yland_x as
defined in Lemmé 1.3.4 do not depend expliéitly on the
function f but on an alternation- set for f - Tf. In con=-
trast to Bartelt's result [2] that.y may be discontinuous
) is continuous in its

off &, we show that K(Xns...,X_

0’" n

. n+1 .
domain { (Xgse+es%x,) € I P Xy < Xq < .l x ), and

thus v and » being appropriately defined depend cbntinﬁ—
ouély on the alternation sets. It need be néted,.however,
that this does not imply that v and ) may depend continu-

ously on f because alternation sets need not be unique

“and may not depend continuously on f-
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Theorem 1.3.5. The function K(XO""’Xn) defined in
1

(1.6) is continuous on {(XO;...,XH) e 10

X4 < xl < vee & xn};

Proof. Let a X, < Xl < eee & Xn,i b be fixed.
There are numbers a < oy < By < ay < By < v & an}<Bf15;b,

such that x, e (ai,Bi), i=1,...on = 1. If x4 = a, then

Xy € [aO,BO),'and if x = Db, then x_ ¢ (an,ﬁ ]. Otherwise,-

open intervals may be used for either or both of these

n

indices.

et @ ={p e ® : yi =0,...,n, 3 ﬁi € [ai,Bi]
E) (-1)1@(51) > -1}. Lemma 1.3.3 asserts that @ is uni-
formly bounded. The uniform boundedness of @ and the
finite-dimensionality of & imply that @ is equicontinuous.

Let € > O be given. We may select g > O such that

(1) if ¢ € @ and X,y ¢ I with |x - y| < s, then
lo(x) ~o(y)| < e, and
(ii) if y € I and lxi -yl < 6, then y ¢ [ai,ﬁi],

i =0,...,n.

1

Suppose that (yo,...,yn) e I™ where

Yo < v, < veo <V, and - max - Iyi - xil <+ We may
o i=0,I0i,n .
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pick ¢, € @ such that (-1)7o.(x;) » =1, i = 0,...,n, and
HmXHI_= K(xo,...,xn).A If i is even, then
i ‘ - L
(-1) 70, (¥5) = 9,(v;) 2_@X($i) -e2. -(1+¢).

Thus (-1)79 (y;)/(1+e) > -1.- If i is odd, then

y _ N |
(-1) QX(Xi) = -@X(Xi) > -1

So 9_(x;) < 1, and

Thus (-1)i@X(yi)/(l + €) > -l.  Hence,

K(Tgs -+ s7p) 2 o, /(1 + el

= K(x csx )/ (1 +"ej.

(0L n

We may interchange the roles of x and y in the above

.argument and obtain

K(XO,...,XH> .
T + é S_K(yop---:yn) < (1 + E)K(XO,..a,Xn),

estabiishing the continuity of K(XO,.;;,XH);

We now state and prove a uniform strong unicity

theorem.
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Theorem 1.3.6. Let T be a compact subset of c(I)

where ' (@ = #. Then there is a constant Y > 0 such
that

I£-oll ¢ 2 I £-Tfl 1 + vpllo-Tf] ¢

for all £ € I" and all ¢ € ®.

Proof. Assume otherwise. Then there is a sequence
{fk] inr and‘a sequence {@K} in ® such that each

o # Tr,_ and

e -0 - I£,-T2 ) 1

k
HQ -Tf

-

(1.9)
el 1
as k - o,

Since I' is compact we may assume after relabeling
that fk'* ferl. Leﬁ S =1f - Tf and SK = fk - TfK for
all k. SinceT Mo =46, ||8f> 0.

For each k, let
' k o _k K ‘,
a < XO < Xl < vee K ang b

be an alternation set for Sk' We further extract subse-

quences and relabel so that x?-»'xi, 1= O,...;n. Then

XOS_X:L_(_ ...an.
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., 1 = 1l,...,n. Suppose

We show that X571 < X5

= Xi for some i. We note that f, - £ implies S, - S

*i21 k k
‘ : k
(see Theorem 1.2.6). Since S - 8, x; | » X;_1 = X,

xi.» X and S is continuous, k may be chosen large enough

so that
k k '
S(x5_q) = S < I8l
and
- ”S'SK”I <7 ”S”I‘
Thus |
sl > Is(x_y) - s(xP)]
k k i K ' ko
2. ISK(Xi_l) - SK(X1)| = |S(Xi_1) - SK(Xi—lH
Kk
- ]S(Xi) - Sk(x?)l

> 281 - 2als - 8-
But

,llsknl 2 “S“I - |8 - SKHI' Then

sl s> 2lsl; - 48 - 8¢

Sl
> 2lsly - ¥ - 5 Usly

S
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which 1s false. Thus X0 < Xy < vee L X

We may now apply Theorem 1.3.5 to see that

: k k
K(XO,...,XH)~» K(XO,...,XDX
.k k : SR
as k » o, Thus K(xy,...,x ) < A for some A> 0. By
Lemma 1.3.4,
[E L T E .
k- P Iy Kk T TRIT L 1y
K 2 TTE Ky, 2 & 7 0.
lo® - T£, K (XG5 + v s%p) -

This contradicts (1.9) and the proof-of Theorem 1.3.6 is
complete.
A corresponding uniform Freud's theorem now follows

immediately from Lemma 1.3.1 and Theorem 1.3.6.

Theorem 1.3.7. Let T be a compact subset of- C(I)
where T (@ = ¢. Then there is a constant A > 0 such

that

“Tg - Tf”]:‘ﬁkl-' le - fHI

for all £ e I" and all g ¢ C(I).
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We conciude this section'witﬁ anh example that shows
that the conditionT M & = ¢ cannot be dropped from
Theorem 1.3.7. | -

Example 1.3.1. In the case where n > 2, we demon-
strate a compact subset I' of C(I) which meets o, a
. sequence {fi} inTr, and a sequénce {g;}‘in C(I)-éuch

‘that each g; # f; and’

¥ %
ITek - T

lek - £+

-

as kK —» oo,

From Theorem 4 of Cline [7], for each k'’

= 1,2,...,
there exist f, ,g, € C(I) such that Hgk - fk”I < 1/k and

*
| T, - TfKHI = 1. Let o, = k(1 + “fKHI),-fk-= fkﬂlk’ and -

¥ _ ' . * * . )
g, = gK/aK. Since ”fK“I < l/K,~fK.+ 0 uniforuly on I.

-As a result, I = {O}lVJ[fi,fz,...} is a compact subset
of C(I). We now apply the homogeneity of the operator T
(see Cheney [5, p. 831) to get

ITe, - TRy IT(e/ay) - T(E /el ;

lel - £, I (g /ay) - (£ /a1
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| Tgk - TfK“ I/OLK

”gk - fk” I/OLK
>_ k.—) o]

as k - o. Thus A cannot be chosen uniformly over T".

1.4 Point - Tipschitz condition on subsets of I.

In the termihology of the.intréductor& paragrapﬁ of
Section 1.3, we consider the dependénce'of A=A (F,0,X)
on the closed subset X of I over which the best épproxi—
mation problem is considered.

We assume that & is an n-dimensional Haar subspace
of ¢(I). If X is a closed subset of I containing at least
n + 1 points, we let Ixf denote the best approximation df
f e C(X) from & in the sense of the norm ||.| defined by
[flly = sup {(|f(x)] : x e X}. For a treatment of |
Tchebycheff approximation on closea subsets of I, see
Cheney [5]. |

The principle result of this section islthat if

f e C(I) is fixed, then the operatbrs T.f satisfy a point-

X
Lipschitz condition at f with a constant independent of
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sufficiently dense closed subsets X of I. 'This result
Will be used later in Chapter V.

- The density of a closed subset X of T is defihed to
be -
(1.10) d(X) = sup inf |y - x|.

yel xeX
We firsﬁ establish a point-Lipschitz condition for the
operator T.. ‘

X

Lemma 1.4.1. Let X be a closed subset of I contain-

ing at least n + 1 points and let f e C(X). Let .
X5 < %) < e < xﬁ constitute‘ad:alternation set for

f - T,f in X. Then

(1.11) ITye - Tefll 1 < 2K(xgs-.onx g - £y

.»X,) is defided in (1.6).

for all g e C(X) where K(Xg,..

Proof. Since Xy < Xy < eee <Xy is an alternation

set for f - T f in X,

(1.12) . (<L) (e-Te) (x)) = I - Tyl g

'i = O,...,n;nwhere’v = 0 or_i does'not depend on 1.
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Let g € C(I). If g = f, then (1.11) 'is trivial.

Assume g # f. Tor 1 = 0,...,n,

(1.13) (1) (e-Te) (x;) < e - Tyaly
< “g - TXf“X
S”g' fI|X+”f"TXf”X .

Subtracting (1.13) from (1.125, we get
(1) (g - ) () = (-1 (o0 () 2 sl

Hence,

(-1 (e ) (xg) 2 (-1 (e-2) (xy) - e - g
2 -2|[g - f“X
So (-1)%(-1)" (Tye-Ty ) (x,)/2]g - fllg > -1 1 = 0,...,0,

Hence, ||Tyg —_TXfHI S.QK(XO,..,,XH)Hg -l x-

Theorem 1.4.2. Let f ¢ C(I). There exist numbers

5> O and » > O such that if X is a closed subset of I and

a(x) < 55, then
ITee - Tyfll; < Alle - £y

for all g e C(X).
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Proof. We consider two cases.
In the first case suppose f e &. Then ka = f for
any closed subset X of i. If X is a closed subset of I

containing at least n + 1 points and g e C(X), then

ITye - Tyflly = I Ty8 = fly

ITee - ey + e - flly

<t - ey +lle -
2g - flly-

VAN

1l

Now pick numbers.

a<ag<By<ag <By< ... <a <B, < b,

0,000,500, aﬁi € [aifﬁi]

.3, M is finite. We now-

Ii

Let M = sup{]lpll; : ¢ € @ and vi
) (-1)1@(61) > -1}. By Lemma 1.

pick 6 > O small enough that if

< W

C I and d(X) < 6, then
XM [ag:B;] #¥%, 1 =0,...,n. | |

Let X be & closed subset of I with d(X) < s. Pick
x; € XN [og,B;1, 1 =0,...,n0. Fpr'g ¢ ¢(X) and

1 =0,...50,

('1)i-(TXg"TXf)(Xi) 2. '“ Txg - Tanx'
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By the definition of M,

” TXg - Txf”]: < M“ Txg - TXf”,X < 2M”g - f”X

In the second case, we assume f ¢ ®. Suppose no such
combination of A > 0O and § > O exists. Then there is a
sequence {XK} of closed subsets of T and a sequence'{gK}

where each g, e C(XK) such that g, #Z £ on Xy s d(Xk).».Q,

and
‘ 1Ty & - Tx Ty
(1.14) K K Lo
- AWQK - f‘HX'
| k
as k - o,

let S=f - Tf and S, = f - T, f.. From Cheney
k X .

k).» 0 we have that'SK.+ S uniformly

on I.:  This convergence, the continuity of S, the assump-_

[5, p. 87], since d(X

tion d(XK).+ 0, and the inequalities,
{ ,
HSKHXK < HSKH I < “ SH T * “SK B SHI
and

Isdlx, 2 I8y - 15, - Sly

L PEN(E PR E PRI ENEE P
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imply that HSKHXK.» HSHI.

Let Xg < x§'< oo < xg be an alternation set for
Sk = f - TX f in XK' We extract sﬁbsequences and relabel
. K , . |
. so that x?-» x; € I, 1 =0,...,n. We now show that
X5 1 < Xy 1= l,...,n. Assume that some X;_1 = xi.1181nge

.HSHIj>O and S is continuous on I, we may choose k large

enough so that,

|5 (xK

L
£ ) - sED <lslg

“,‘SK - S“ I < T ” S” T° and

“ SK”‘XK .>_ i ” SH T°

Then
k k
”S“I> 'S(Xi_l) - S(Xi)l
k k _k k
> |SK(Xi_1) - SK(Xi)l - ISK(Xi_l) - S(Xi_l)l

k Ky,
- I8, (x) = 8(x)]
> 28y - 28 - sl
. 1
>2-2slp -2 Flsly

=18
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which is false. Thus XO < Xl < vee L Xn.
. K k
Lemma, }.3.4 insures that K(XO""’Xn)'* K(XO""’XH)’
and thus there is a number A > O such that K(Xé,...,xi) < A
for all k. From Lemma 1.4.1,
: ZK(XnseeesX 24,
T = Ty < 00seo%a) £ 4

This contradicts (1.14), and Theorem 1.4.2 is now esta-

blished.



CHAPTER IT

LINEAR PRODUCT APPROXIMATION

2.1 Introduction to product approximations.

The concern of Chapter II 1s the approximation of
continuoﬁs fupctidns defined on a rectangle. Extension of
univariaﬁe Tchebycheff approiimation theory to the multi-
variate setting‘has been confronted with severe difficul-
_ ties. Thié-is'evidenéed by the foilpwing theorém'of

Mairhuber [22].

Theorem 2.1.1. (Mairhuber). A compact subset X of

m-dimensional Euclidean space containing more than n
points, n> 2, serves as the domain-of definition for a
Tchebycheff system {@1,...,¢n} on X if and only if X is
homéomorphic'to a closed subset of the circumference of a

cilrcle.

A ramification of Mairhuber's result in conjunction
with the Haar unicity theorem is that unless X is essen-
tially a circle or a closed subspace of an interval,
uniqueness of best uniform approximations of all f e C(X)

from a finite dimensional subspace of C(X) cannot be
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guaranteed. Uniqueness of beét épproximations is often
needed to-facilitate an algorithm used to find the épproxi-
mation. Moreover, the loss of uniqueness poses difficulties
in establishing results corresponding to the classical.
theory of one-dimensional approximation. |
| To circumveht the loss of unicity, Weinstein [307]
devised the concept of product approximation. A descrip-
tion of produét_approximations and the product approximation
operator follows. |

| Let D denote the rectangle I x J = [a,b]-X [c,d], and
let F ¢ C(D). For each y € J, let Fy-é C(I) be given by
Fy(x) = F(x,y). Let [¢1""’¢ﬁ}'be a Tchebycheff system
on I with linear span ®. For each y e J, let

n

(Fys+) = Lgoy 5599y

¥
be the unique best uniform.approximation of Fy'on I from
®. Weinstein [30] has proven that the coefficient func-
tions fi, i=1,...,n, are continuous on J. Now suppose
that ¥ = span {wl,...,wm} is an m-d;mensional Haar sub-
space of C(J), and for i = 1,...,n, let

m

Q(fi:') = Z g=1 fijwj
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be the unigque best approximation'of fi on J from ¥ in the

sense of the uniform norm

lJ' The product approximation

of F on D is defined as

n n m o '
(2.1) PF = Z-i=l Q(fis')@i = Z i=1 Z J=1 fijqu)i.

Hereafter, P defined in (2.1) will be called the product

approximation operator.

The name "product apbroximation" is probably derived'
from the fact that if F'(x,y)",:' g(x)h(y), then "
(PF) (x,y) = T(g,x)Q(h,y). In addiﬁion, if F(x,y) =
g(x) + h(y) and if & and ? contain the constant functions,
then (PF)(x,y) = T(g,x) + Q(h,y). Several recent papers
[3,4,12,13,17] discuss extensions of product approximation
to the settings of rational fﬁnctions and vérisolvent'
families of functions. The results of these papers will
be discussed in Chapters IV and V. In this chapter, We
consider fhe degree of approximation of F ¢ C(D) by pro-
duct approximations uéing algebraic polynomials and the
continuity of the éperator p. |

Two quéstions regarding possible iﬁvariance properties
of P naturally arise.l Is P independent of the order in

‘which the variables x and y are pfescribed? That 1s, if



X _ * .
AUF) = L g Ty
where F'(y) = F(x,y) and
m - m oo n :
fp*E = Z>j=1 T(f§:')wj =,Z)j=1 Z:i=1‘f§j@iwj:

is it necessarily .true that PF EP*F? Also, is PF inde~
pendent of the basis functions for the approxiﬁating space
®? The first question is answered in the negative by the
following example due to Weinstein [30].

Example 2.1. et D=TIx J = [=1,1] x [-1 1],
-® = span'[ml} where ml'E 1, ¥ = span {wl} where ¥y =1,

and

_ _ (1—2x2)y5 -1 y< 0,
F(x;y) =
2XY , O_<_y_<__l.

For each y € J, T(Fy, ) = 0, and we see that PF = 0. For
x e I, Q(F*,y) = ¥ 7(x), where
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_x2 + x - %,.-1 < x < -i/V/E,
X, -1/J/2 < x g'(i - V/3)/2,
fi(x)=_+ X2 - 2, (1-'\/5)/23xio,
x2 + X - %, 0< x< l/vfg,
\ x V/Z<x< ..

Best approximation of fi gives P°F = (2 - /2)/4, and

PF # P°F.

The next éxample answers the second query in the
negative.‘ | |

Example 2.2, Let D=1Ix J ='[-1,1j x [-1,17,

® = span {1,x,x2}, ¥ = gpan {1,y}, and

by (1+y), -1< vy < O,

F(x,y) = 5
8x"y(l-y), 0L vy<1l
2
Then T(Fy,x) = fo(y) + £,(y)x", where
by (1+y), -1 <y <0,
fo(y) =
0, O v« 1,

and.



. 0, - —l_<_,yg_O
fg(Y) = ‘ . '

[\

8y(1l-y), O0< vy < 1.

L .
Now Q(fo,y) = = and Q(fg,y) = l,Aand we have

+ X2.

N[

(PF) (x,y) =

We can write ® = span {p,,P;,b,} where p (x) =1,
py(x) = x, and p,(x) = 2x° - 1 are the first three

Tchebycheff polynomials. Then

(%) = £4(¥) + £p(7)%°

i

[£0() + T2()/2106(x) + [£5(¥)/21p5(x)

= 8o(¥)po (%) + ep(v)po(x)

where
by (1+y), -1 < y < 0O,
go(v) =
hy(l-y), 0L y< 1,
and
O_, "1&3’&0)
gg(y> =

N
I_I

by(l-y), O< ¥y
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Now Q(go,y) = Q(gg,y) =l%. If we let P*F denote the pré-
duct,approximation of F with respect to the Tchebycheff

polynomials, then
C(PF) (%,5) = (pp(x) + py(x))/2 = x°,

and thus PF # ©°F.

2.2 Degree of approximation,

In this section, we establish a theorem for product
approximation similar to that of Jackson's theorem for
Tchebycheff approxiﬁation. We fix D=1Ix J = [-1,1]

x [-1,1], and let the approximating'spaces @, and ¥ be the
(n+f)— and (m+1)—dimehsional spaces of polynoﬁials of
degree less thaﬁ or equal to n and m, respectively. As
example 2.2 indicaﬁes, we must specify‘the basis functions
for o We choose {po,...,pn} as the basis for o, where

by denotes the i-th degree Tchebyéheff polynomial, More-
over, let {qy>.-.,q, ) be any basis for ¥ . .For F e C(D)
and y ¢ J, | . '

n

(2.2) :n(fy") = Zi=o fi(y)pi

will denote the best approximation of Fy on I from ®n, and
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m

will denote -the best approximation of fi on J from Ym
The - corresponding product approximation is denoted by
-pn,mF' .

Thé,followihg density theorem is a special case of a

theorem of Weinstein [30].

Theorem 2.2.1. Given F e C(D) and ¢ > 0, there is an

N(e) such that for each n> N(e) there is an M(e,n) such

that if n> N(e) and m > M(e,n), then ||F -'pn,mF“D <

The pfinciple result of this section gives a bound on

\F ~ P which indicates the dependence of M(e,n) on

n, mF“D
n. We will make use of the orthogonallty propertles of the

Tchebycheff polynomials:

> i=73=0,
(2.3) j ()0 (x W) (1-x2) " Y2ax = | /e, 1 =35> o,
0, i# 3,

and we note that HpiHI = sup{lpi(x)lzx e I} = 1. The

error estimates will be given in terms of the modulus of
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continuity of a function. For f e C(I), the modulus of

continuity [5] of f is

w(f,I,6) = sup {If(xl) - f(Xg)k=X1>X2.€ I,'1x1.; x2| < 6l
For F € C(D), we define
wy(F,b,a) = sup{lf(x,yl) - F(x,yg)k(x,yl),(g,yg) ? D,
Iy, - vl <6
Uniform continuity of F on D implies that
" 1lim wy(F,D,a) = 0.

6 -0

We now state the classical Jackson's theorem [5, p. 147].

Theorem 2.2.2. (Jackson). (i.) If f ¢ C(I), then

£ - T (£, 1 < o(f,I,7/(n+1)).

(ii.) If e(5) ¢ ¢(1), n> k, then

I£ - T (f5°)

| < (W/Q)K“f(K)”I/[(n+1)n.f.(n—k+2)J.

The product approximatibn analog of Jackson's theorem

will follow from the next three lemmas.
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Lemma 2.2.3. If F e C(D) and Tn(Fy,-) is given by

(2.2), then for Yi» Yo € J and 1 = 0,...,n,

JiTn(F J').— Tn(F '9')”i: i=20,
Ifi(yl) - fi(yg)l < 7 ’2 ' . ‘
| »/gﬂTn(Fylg') - TPy o)l i>'O.' -

- Proof. Using (2.3),

= N ' 2,-1/2
f [Tn(Fyl’X> - Tn(Fyg,x)]pi(x)(l—x ) / dx

-1

o
12, (v) - £30r)1 [ oy ()1 (2) " P

AW[fi(yl) - fi(yé)]: i=20,

(m/2)[£4(yy) - £5(¥y5)]s 1> 0.

For 1 = O,

Ifo(yl) - fo(Yg)l
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For 1 > O, we apply the Cauchy-Schwarz inequéiity to get’

I fi(yl) - f (y2)|

= II ,X)—T(F

>X)]Pi(x)(1fxg)_l/g dx

Yo

—E{_J’_lmn_@yl,x) -7 (F ,X>]2(1_X2)—1/2dx}1/e

Yo

[\

1

: {j_l'[piu).12<1_;<2)-"1/?dx}1/2_‘- .
-/ {flf%(FyléX) - Ty(Fy, 1) ] (1o >"1/'2dx}1/2
/7

2 20(Ey 50) - Ty(ry ul{j’ (1-53)7Y e /2

= VRIT,(Fy 50) - Ry ol

Yo

Lemma 2.2.4., If F e C(D) and f, 42 1 =0,...,n, are

)
given by (2.2), then for i = 0, 5Ty

wy(FsDss) + 2 max |7 - oy M 1 =70
w(fi:J:5> <

,- \/'é(coy(F,D,é) + 2;?? IF =T (B Mg, 1> O..
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Proof.. For y;, ¥y, € J where lyl - y2| é 5

F_ - F FIF. - T (F L)+ F. - T (F_ .-
S e L I E LR M P
< o (F,Dy6) + 2 max [|[F. =~ T (F, )|
— y 22 yEJ y n y I
This inéquality add Lemma 2.2.3 now complete the proof of

. Lemma 2.2.4.

Lemma 2.2.5. If F e C(D), then
IF - P, Fllp < (3 +20/2) nex 17, = T (Fyolll 1

+ (l+n\/'2)wy(F,D',w/(m+i) ).

Proof. For (x,y) € D,

(2.4) |F(x,y) - (Pn’mF)(X,y)| < IFy(.X) - Tn(Fy-,X)I‘

Ty (Fyax) = @ F)(x7)]

| . YT
(5) = To(mysm) | + | D3 oolf3(3) = Qu(ey ) 1p; (%)

¥
| ¥y

. |
<Py = T (Fosdlg + 2y olfy = @u(fys )l el

F, - T Lo | £ - Gy



b
By Jackson's theorem

12, - Qu(esso )y < (g, 3,7/ (1),

n(fy

Applying Lemma 2.2.4, we thus have .

070y (s 5 € 0y (£, 7/ (m1)) + 2 max |7y = T (i ¢
and for i > O,
12570023 M 1 & VBl (70,7 (w41)) + 2oax(Fy -1, (B, )] ).

yed

Combining these with (2.4) we get
I7 - B, Bl < (312002 max By - Ty(7y )l g
+ (140y/2) @ (F.D, 7/ (m41)) .

Thus the proof of Lemma 2.2.5 is compléte.
Under appropriate smoothness conditions on F,
the next theorem and its immediate éorollary indicate how

the N(e) and M(e,n) of Theorem 2.2.1 may be chosen.

Theorem 2.2.6. If —¢ - e C(D), n)» k, then




L8

o5F
BXK

K . . R
(2.5)'|]F-Pn_,mF||D < (%) (3+20/2)/[(n+1)n. .. (a-k+2) ]

D

+ (1+n\/.'2‘) w‘y(F,D,W/’(m+l)).

Proof. By Jackson's theorem, for v e J

N KFy :
|7, - Tn(Fy,_')”I<_.<§) —E I / [(n+l)n...(n-2+k) ]

Combining this inequality'withvthat of Lemma 2.2.5, Theorem
2.2.6 now follows. |

If k> 2, the first term in thé bound of ||F - Pn’anD
in (2.5) converges to zero as n - o and the sécond term
can be forCed.to tend to zero by choosing m sufficiently

large. This is more easily seen in the following corollary

of Theorem 2.2.6.

2
O F oF :
Corollary 2.2.7. If —s , 5—-e-C(D), n> 2, then
dx Y -
2 a2 .
(3 + 2n/2)/[n(n+l)]

(2.65 IF - ﬁu’.n,mF”D S‘(%)

X 1p

+ ﬁ-HggnD (1 + nyf§) 2 (mt+1).
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Proof. We need only note that by the mean value

theorem,

(F D,'n'/ m+1)) < “537‘” m+1),

and Corollary 2.2.7 now,follows from Theorem 2.2.6.

2.3 Continuity of the operator P.

In this section, we prove that the prodﬁct abproxi—
mation operator P defined in (2.1) is continuous with
respect to the uniform norm H-HD on D. The continuity of
P is of particular impoftance‘in the combutatipn‘of pro-
duct "approximations. Due to inherent errorsAmédé by
computing maéhinerﬁ,'when we set out to find PF,
actually obtain the product approximation of a function
that is"uniformly,éiose to F. Continuity of:P would
insure.that the resulting préduct approximation is uni-
formly near Pr. |

We retain -the notations of Section 2.1 and fix
7 € ¢(D). As in Section 2.1, we let |

T(Fys) = L z=1 £ (9)oy
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be the best approximation of Fy(x) = F(x,y). We define’
p(v) = IF, - T(Fys )l

The uniform continuity of F on D and Theorem 1.2.6 imply
that p 1s continuous on J. The.continﬁity of P will

follow from the next two lemmas.

Lemma 2.3.1. Given ¢ > 0, there is a 5 =g5(F,e) > O

such that if (@ (¥) 5050, (¥)) € [c(3)1" and

n

1%y = 2y 0 ogllz < p(3) + o

¥y

for all y € J, then ~ max Ifi(y) - a;(¥)] < e for-all
' i=1,...,n . ‘ '
y e dJ.

Proof. Assume otherwise. Then there is a sequence

{(al('),;.;,ag(-))} in [C(J)]n such that
(2.7) 17, - B ey S aglly < o) + 1/

for all y e J and such that for each k there is a Vi € J

where
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_ ) |
(=9 i=1m?‘}.<. n | £5(v) = oy (v )] > e

Since J is compact, we may aésume after relabeling

that y, - vy e J. By (2.7)

"Z :=1 oy (Vi )oy

T S_HF”D'I— HPHJ + 1,

and Since>{w1,..L,@n} is linearly independent,-

k k . ' ' .
((al(yk),...,an(yk))J is a bounded sequence. We may fur-
ther extract a subsequence and relabel so that

k : . N
.ai(yk)-» Ais L =1,...,n. Passing to the limit in (2.7)
" we have
n
1Py = 2oy Myoill < p(9)
By the uniquenesé of best approximations, Ay = fi(y*),
i=1,...,n0. Howevef, passing to the limit in (2.8) gives
*
‘max |fi(y ) = gl > e
i=l,...,0

which is a contradiction, 'and thus Lemma 2.3.1 is proven.
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Lemma 2 3. l is a generalization of Weinstein' s
Theorem 2. 2 in- [30] which 1mp11es the contlnulty of the
coefficient functions in T(Fy,-)'w1th respect to y. TWe
now apply Lemma 2.3.1 to establish the continuous depen-
dence of the coefficienf functions iﬁ T(Fy,;) on

F e C(D).

Lemma 2.3.2. Given € > O, there is a ¢ = 8(F,e) >0

such that if G e C(D) and g - FHD < 6, then

”gi - f ”J < e: i= l}"')nﬂ Whe_re Gy( ) = G( 3y) and

T(Gy,-) = _Z)1=l gi(y)@i.
Prodf. Denote
4(7) = 6, = 2oyl g
Note that

w(y) = e (¥) = 6y = ey g - IF, - Tl
(Fys Mg = 17y = T(Fys i1

< e,

< e

v
< e - By
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Let ¢ > O be given. By Lemma 2.3.1, we may select
5 > 0 such that HFy - T(Gy,')”I < p(y) +¢6 for all ye J

implies that max ]fi(y) - gi(y)l < € for all y e J.
i=l,...,0 . _ :

Now suppose |G - FHD < 6/2. Then p(y) - p(y).< 6/2 and

17, - T(eyo)lp < IF - el + ey - (Gl g
<o/2+u(y)

< p(y) Yo

Hence, Hgi - fi"J < e, i=1,...,n0.

Theorem 2.3.3. The product approximation operator

P is a continuous mapping of C(D) into the approximating

space spanned'by'{wj@i:i = LlyoeasNy J = Lyees,m}.

Proof. Let F e C(D) and € > O be given. Since the
Tchebycheff approximation operator Q is continuous ét

f »f,> there is a o> O such that if ”gi - filly <o,

1o
i=1l,...,n, then

€

la(g;s-) - a(fy )l < ECAr
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i=1,...,n. By Lemma 2.3.2, we may select ¢ > 0 so that
if |G - Flly < 6, then |lg; - £l 5 <o, 1=1,...,n, where
9 .
Gy (x) = (%) and (Cp,") = Ly &y (V)o; -
Now if G e C(D) and |G - F| < ¢, then

n »

196 - Pri < %y logl (e »e) = &(f; )l

n

. c o ’ €
< Z;i=1 ol . EWEBTE
= €.

Hence, P is continuous at F.

2.4 Point-Iipschitz continuity of P.

The quéstion of when the operator P satisfies the
stronger version of point-Lipschitz continuity is now
considered. It is shown that if F satisfies-an édditional
condition, then P satisfies a point—Lipschitz.condition
at F, and an example is given to showzthat this condition
igs essential. We retain the notations of Sections 2.1 and

2.3.
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Theorem 2.4.1. If F e C(D) and Fy g ® for all y e J,

then there is a constant kF,>'O.such that
IPe - PRl < agic - Fl,
for all G € C(D).
Proof. We note that,{Fy:y.é J} is a compact subset

of C(I) which does not meet ®. By Theérem»l.B.?, there

is conmstant A > O such that
(2.9) Im(Gy,0) = (g < aley, - Bl

for all G.e¢ C(D). We may épply Theorem 1.2.6 to

fl"‘f’fn to obtain constants g; > 0, 1 =1,...,0, Such‘
that
(2'10) ”Q(g>) - Q(fi:")”J < Ging - fi“IJ-

for all g e C(J).
Let G € C(D). Then we may apply (2.9) and (2.10)

to geﬂ
1P - Pr < D,y logly lQ(esse) - aley, )l

. | o
<Dy oilleglip ey = £l
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On the finite dimensional space @,.the two norms ”'”I and
”“1@1 + ees an@n“¥ =  max ALail are equivalent.
i=l,...,n

Let K > 0 be such that |of S_K”¢”I for all 9 € ®. For

fixed y € J and v = 1,...,n,

lg, (v) - £,(¥)| <  max le; (y) = 5 (¥)]
i=l,...,n0

<K T(Gys0) - T(Fpae)lg
< KX“Gy 'AFy”I

< K6 - Fllp.

Finally, we obtain

n

1Pe - Prl < 2 Ty ogllegliy] e - Hl s

0
and we may take Ap = MK Z;i=l Oi”@iHI'

We conclude this chapter with an example that shows
that the conditions of Theorem 2.4.1 are minimal in a
sense. The example uses two fundamental results which
we now present. Alﬁhough a less specilalized version
holds, the first result is stated ahd_proved for thé

particular setting in which it will be used.
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Lemma 2.4.2. Suppose h:[a,b] - [-1,1] is continuous

and h(a) = 0. Then there is a continuous function
6:(0,1] - (a,b] such that for each y ¢ (0,1] if
a < x< 5(y),.then Ih(x)| < y.

Proof. Define 6(x) = sup {|h(t)i:t € [a,x]}.:
Clearly, 6 is monotone increasing. We show that 6 is
continuous. Let € > 0 be givénx There is a v > O such
that if s,t € [a,b] and [s - t| < 7, then
[In(s)] - n(t) [} < In(e) - h(t)| < e: Let x ,x, € [a,b]
such that jxl - x2[ < T Without loss of generality,
xy < ¥,. Then 6(xy) < 6(x,). By the choice bf'r,

sup { [h(t)]:t e [xq5%,]] < Ih(xy)] +e. Thus
6(x,) = max {Q(Xl),sup {Ih(t)|:t e'[xl,x2]}}
< max {e(xl), lh(xl)l + e}

< max {6(xq), 6(xq) + €]

Q(Xi) + €.

Thus 6 is continuous.
Define £(x) = x - a + 6(x).. Note that ¢ is a con-~

tinuous and strictly increasing function of [a,b] onto
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1

[0,A] where A =b - a + 6(b). Thus ¢ ":[0,A] - ta,b]

exists and i1s continuous. Define §:(0,») — (a,b] by
-1
£ (), 0Ky < A,
6(y) = |

b: .B’ZA'

Since C"l(A)'= b, 5 is continuous.‘.If.yﬁ> A and

a< x< s(y)s then
In(x)l _é@(i) <x - a+6(x) =6(x)<L(b) = ALY,
If 0< y< Aand a< x< 5(y), then
C(?'<) <tls(y) = C(‘C'l(y,)) - y
and |
n(x)]< e(x) < L(x) < 7.

Thus Lemma 2.4.2 is established.
Although the best approximation~operator T 1s known
to be nonlinear, the next result asserts a linearity

property of T.

Lemma 2.4.3. Let & be an n-dimensional Haar subspaée

of C(I) and for f € C(I) let T(f,:) denote the best
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uniform approximation of f over I from &. If f,g e C(I),
f - T(f,:) and g - T(g,+) have a common alternation set,
(f - T(f,-))(g - T(g,+)) > O on this alternation set,

and d,8 > 0, then

T(afBg, ) = aT(f,-) + BT(g,").

Proof. Let XO < Xl < vee K X constitute this alter-

nation set. Since
| (af+pg) ~ (aT(f,-) + BT(85+))| I
Calt - (e, )g 48 e - T(es)l
and for i = 0,...,n

(£ (x;) +Be(x;)) - (@T(£,x;) + BT(g,%;)]

Il

la(f(xi)'T(f:Xi)) +4ﬁ(g(xi)'T(g:Xi>)l

1l

a |f(xy) - T(f.xy)l + Bla(xy) - T(e,x;)l

It

o"”f - T(f,')HI + Sng - T(g,¥)HI,

we have that
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(af (x;) +B&(x;)) - (@T(£,x;) + BT(gs%;)) |
- Il (et4p8) - (oT(r, ) (e )l 15

i ; O,...,10. Moreo&er, it is cléar that the residual
(af+Bg) —’(af(f;.)fﬁT(g,-)) alternates in'Sign‘ét the x..
By the alternation theorem,'ﬁ . | ‘
T(af+8g,-) = aT(f,-) + BT(gs* ).,

Example 2.3. We assume thaf ® is an n—dimeﬁsional:'a
Haar subspace of C(I), n> 2, and Y‘is an m-dimensional
Haar subspace of C(J), J = [O,;]; which containé the con-
stanﬁ fungtiohs.. We demonstrate a function F € C(b)'for
‘which Fy € d fbr just one y ¢ J and a sequence {Gk} in

C(D) such that each G° £ F and

Pt - P,
l6* = g

- 00

as.K » o, . , _
Since n) 2, there is a ¢ ¢ & such. that @ (a).= 0 and.-

H@HI = 1. Ffom-Lémma 2.4.2,,there'is é funétiqn -

6:(0,1] ~ (a,b] such that for each y € (0,1], if

.a.g‘x <-5(y),.theq'[¢(x)] <'y. Define n + 2 éontinuous
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functions ov:(O,l] = (0,b] by

6,(¥) = a+ == [6(v) - al,

vV = ly...5n+2.° Note that bppp = 6. Also let 54 = a.
Moreover, note that 6 < 01 CES 0 4p° This is illus-

trated in Diagram 1 for the case n = 2.

600] Oa. 03 &8

(asl) (b,l).

(a,0) (b,0)

Diagram 1. Sketch of 60, 61’ 655 53, 6l inithe caseéin =2,

We define the function f_(x) by

4
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((_l)v[l_ 2(x - 6, (¥)) J :

6y+1(¥) = 0, (¥)

6V(Y) £ X e 6v+1(y), A= 0 S T =t

\— O: 6n+1(y> S_ X _<_ b.

A sketch of fy(x) for n = 2 and a fixed value of y is given

in Diagram 2.

Diagram 2. Sketch of fy(x) for n = 2 and a particular

value of y.
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By the .continuity of each ;5_\)', {(x,y) e;-[‘a',b].v _.>‘< .(OA.,l‘) -
0, () < x< 5V+'1(y)]', v =0,...,n, and | | ,
{(x,y) e [a,b] x (0,1]: 5n+l(y), x < b}‘afe'closedisubeets_.
of [a,b] x (0,17. ‘In each of these closed sets, the
deflnlng expre851on for fy(x) glves a contlnuous functlon
in x and in y. Moreover, whenever these sets overlap,
the two deflnlng expre881ons 1nvolved c01nc1de Hence,
fy(g)‘;s contlnuous on [a,b] x (O,l].

" For y e (0,11, v = 0,...,0

and by the. plecew1se linear nature of fy(k),‘”fy"ll= 1

By the alternatlon theorem, T(f = 0.

y>")
Define gy(x) by

’r-%wf+wﬂ5égxgéﬁﬂw,

96,41 (¥)) [1 T2 = 1 (7)

% -

01 (7) & X < 6040(¥)

1L;%f g 1_%é®)§f£ﬁf
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In the same fashion that we showed that fy(x)’is
continuous on [a,b] x (0,1], gy(x) can be shown tq be con-
tinuous on [a,b] X (0,1].

.We show that for O < y'g_%, o is the best approxima—

tion of g, on I from ®i For 5n+2(y) S:x < b,
8,(x) - 9(x)] = lo(x)] < 1.
For.a < X §_5n+1(y5,~
lg, (%) - CP(X)I_f I'fy_(X)l < L.
For 5n+1(y) < x < 6n+2(y), the nature of g jieidé

X = 60,0 () ] |

S o) T o1 (V)

lg,(x) - o(x)] < 10(6,,1(5))] [1
+ 1o (x)]
<2y
< 1.
.fhus “gy -”¢HI g'li ‘Now for v = 0,..050 g

(89 (0, ) = 76, (7)) = (-1)"-

il
-e .

Thus || €y - CHHI = 1 and T(gyﬂl')
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Next we estimate || &, - fyll L I£ 0 < x< 6n+:1(3’>
then
“.lgy(X) - fy(X_)l = lo(¥)| < ¥
For 6n+l(Y) < X £:5n+2(y):
gy (%) = T (0= lgy(x)] < v
If 6n+2( ) < x< b, then

hus |[g - F
Thus ”gy -yHI_<_y

- We ndw summarize some obsefvatibﬁs”that can be made -
_from the analy51s above:
(1) (x) and gy (x) afé'contiﬁﬁous in x and y.oﬁ
[a,b] x (0,11,
(11) lep=1and el <l +vs ve (0,10,

(111) llgy - fylp < vs ve (010,

(1v) T(fy ") =0,y (0,11,
(V)' T(gy}')-= ¢, ¥V € (O: ?]9 ‘ .
(vi) fy:- T(fy.°) and: gy - T(gy -) have the same,:'-

alternation set w1th the same - 51gn orlentatlon on the~

alternation set, y‘e ( ,ﬁ], and
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(vii) . £ D, Ve (O,l]§ since fy £ 0 and fy' vanishgs
at at least n points. )
We now pick a basis {pys-0.,0,) for @ in whiéh'
'ml.E @, and'let'{l,yg,.;.,wm} be a basis for ?.
We now define F e C(D), D = i>< J = [a,b] ™ [0,1], by
o v (%) 0< y'< 1y
F(x,y) =y -
g : O, y = 0.
-.The cgntihuity and boundeaness of fy(x) on ta,b] X <O{1]
imply that F(x;y) is .continuous. By property (vii),
Fy € ® only for y = O. By property.(iﬁ), T(F#,-) % 0 for:
all y € J. Thus ﬁ? = 0 on D.

" For each k = 2;3,;.., pick a continuouS'function“hk' _
detined on [1/(k+1), 1/k] such that b (1/(k+1)) = by (1/k)
=0, 0< b < 1/(k+1) on [1/(k+l), 1/k], and there exist
points €O <'€l <‘..L.< im in [l/(k}l), 1/k],éuch that
bk(éj) =0 if‘j'isuéven and hk(éj)‘='l/(k+l) if j.is odd.

-,Diagram'3'gives,a candidate for h inlthe case when m = 3.:,

K .



'l.b

gO &1 €2 535)4 1
Diagram 3. Illusfration of h, when m = 3.

k

2 iR 4 0s 1 GETINOE e bl C(D) by

Now for k
r—-F(x,y), yved - [1/(k+l), 1/k]

G

U Peuy) + ) (gy(x) - £,(x),

X,¥) 3

i v e [k Y,

We note that G° e ¢(D) and for y e J - [1/(k+1),1/k],

T(G;,-) = 0. Forye [1/(k+1),1/k],

6y = (¥-0, (¥))Ty + by (e



68

‘since y - h (¥) » 0 and h _(y) » 0, we may apply property -

(vi) and Lemma 2.4.3, to get

k .
T(6k,-) = n(v)e;
for y € [1/(k+1),i/k]. By the oscillating nature of hy
.' : . .- A (p . - "
we see that Pk - '27_kj|_-_l)' .

We note that

e e el s
1Pc i Prip = 5y = 2

Since

0, y.e J - [;/(k+i),1/K]
(6°-F) (x,7) = - | o
b (v) (8 (¥) = £,(30))s v € El/(_k+ )51/k]1,

we have that

k . - _
lé™ - Fllo < max h _(y) max le. - £
| ‘“D*E%ﬁxi ) TS v
4+ I~V k . KFIYS ' '
. S

S Dk
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Finally,

|1Pe* - PH|
K bl
: “G - T D

S
2

Thus the conditions of Theorem 2.4.1 are minimal.
Finally, we note that the choice Qf’¢l = ¢ was made for . -

convenience only. Had we used a different basis
. n X B
* , , -, ‘ C % -
{@1,...,¢;] for ©®, we would write ¢. = Z)i=la‘$i and see -’

_ e E _ . A .
that T(Gy,f? = Z)i=i aihk(y)mi.fo?_y € [l/(K+l),1/kJ. As a |
result ”
e _‘ n ai , x o S
) i=1 P(EFIY P31 © T(EFLY

Thus the result of Exémple 2.3 holds for any'choice<éf

basis functions for o.



CHAPTER III

RATIONAL APPROXIMATION

3.1 Introduction.

In Chapter III we consider the best approximation pro-
blem where the approximating space is a set of rational
functibns.. Lef I=1[-1,1] and non-negative infégers h'and
m be given. Let Pn and Qm denote the sets of real alge-
braic,polynomials of degree iess than or equal'to n and m,
respectively. The degree of a polynomial P will be denoted
by.BP. We agree that the degree of the zefo polynomial |

is -». We now define
(3.1) R(n,m) = {R = P/Q:P ¢ P> Q eme, Q> O on I}.

We discuss the uniform approximation of functions_iﬁ |
C(1) by ratiénal functions in R(n,m). Althéugh the suc-
ceeding results areuof interest in'themselves;’this chapter
.sets the framework for ratlional product approximation.
Since a rational function can'have several represen-
:tations as a qudtient of twé polynomials,_wé identify'é
parémeter space for ﬁ(n,m). Let € consist of the zero
“wvector of E

o+l (
and all vectors .

n+m+l)-dimensibnal' Euclidean space,.
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satisfying '
(1) at least one [a,] > O
S 0
o T eX + ... f a ¥ and Q(B,x)
X+ 0.0 + bmxm have no common factors‘éxcept con-

(ii) P(A,X)-?va
=1+
stants, and ' .

(111) Q(B,x) > 0 on I. |
For C = (A3;B) € €, let R(C,x) = P(A,x)/Q(B,x)_whefe P(A,x) ’

:and Q(B,x) aré'given above. - The mapping
(3-2) o C - R(C,x)
is a one-to-one céfrespondencéibetweén R(n,m) and its
parameter space C. o
The varisolvent degree of R(C,:) = P(A,-)/Q(B,-) at

' C = (A3;B) € ¢, is defined to be
1 + max{n + 0Q(B,* ) m + dP(A,*)}, R(C,-) % O,
(3.3) n(c) = S
N - L'l + n, R(Cy+) =0 .
' We idéﬁtify'

(3.4) _R*:=.fﬁ(cgk)5€.R(n:m)éb'e é}'u(Cyl#;l'+ qu+ﬁﬁif”
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and 1ts corresponding parameter space
(3.5) ¢c* = {(ao""’an5b15""bm) € Ciay # 0. or b # 0],
The following existence and uniQueness theorem appears

in Cheney [5].°

Theorem 3.1.1. For each f e C(I) there is a unigue

R*¥ ¢ R(n,m) such that

£ - R¥; = inf{l|f - Rl :R e R(n,m)}.

For f e C(I), let C(f) = (A(f);B(f)) be the unique
coefficient vector in ¢ such that R(C(f),-) is the best
uniform approximation of f from R(n,m) over I. We say
that £ is normal (relative to I) if R(C(f),-)le R* or,
equivalently, C(f) € €*. The concept of normality will 
play an important role in the theory of rational product
approximationh

As in the linear case of Chapter I, best rational
apprbximatiohs are characterized by an alternation COndi-l
tion, but the number‘of required alternations depends on

the varisolvent degree of the approximant, see Rice [28].
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Theorem 3.1.2. TLet f e G(I) and R = R(C;+) ¢ R(n,m).
Then R is the best uniform approximation of f from R(n,m)
" over I if and only .if there are 1 + w(C) points,

Xq < x1-< se < Xu(d)’ in I such that

(i) P(f'R)(Xi)| = “f—R“I, is= Oa---:H(C):
(ii) (f—R)(Xi) = —<f_R)<Xi_1): i= l:'°':u(c)‘
Tn this case, {XO,...,XM(C)} is called an "alternation set'

for £ - R.

The following rational analog of the strong unicity

theorem dppears in Cheney [5]..

\

Theorem 3.1.3. Let f e C(I) be normal. Then there

is. a congtant o } 0 such ﬁhat
(3.6)  lz-Rip> I£-R(C(8), )l 1 + YIR-R(E(2), )l 5

for all R € R(n,m).

Maehly and Witzgall [21] established a local point-
Lipschitz condition for the best rational approximation
operator. The following'global point—Lipschiﬁz'condition 

appears in Werner [32].



T4

Theorem 3.1.4. TLet f e C(I) be normal. Then there is
a constant A > O such that

(3.7) IR(C(8)5+) - R(C(),-); < Me - £l ¢
for all g € C(I).

The normality conditions of Theorems 3.1.3 and 3.1.4
are essential. In fact, Maehly and Witzgall [21] show by.

example that the best rational approximation‘operator'may

be discontinuous at non-normal points of C(I).

3.2 Relationships involving R(n,m), €, R¥, and C*.

In this section, we establish some topological pro-
perties relating R(n?m) to its parameter space € and R¥ to
its parameter space C*. We emphasize that R(n,m) and R¥
carry the topologies inheritéd from the uniform norm on
C(I). The parameter spaces € and.c* are topolbgized by -

the following metric on E For C = (A;B)

n+m+1° ‘
= (ao,...,an; bl,oon,bm) e En_l_m_l_l and C' —_ (AlsB])

1

_ ! . r., ! 1 )
- <aO"".’an’ b"""bm> € Bprmtl

(3.8) o(c,c') = max  (la; - ajl, oy - Bi1).

J
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The first result we cite is an immediate consequence:

of Theorem 2 of Rice [27].

Theorem 3.2.1. R¥ is an open subset of R(n,m).

We proceed to establish that R* and C€* are honieomor-

phic. This is preceded by three lemmas.

Lemma 3.2.2, If {pK(z)} is a sequence of,ménic poly-
nomials of degree d with coefficients bounded independent'

of k, then the zeros of pk(z) are bounded independent of k.

Proof. Let M be a bound on the coefficients of the

pK(Z). We may select r > O such that rdﬂ> M(1+r+°..+rd—l).
_ .4 4-1 .
Let p,(2) = 2~ + ay_qZ + oo +agz Ag- On the c1rcl§
|z| = r, we have
d-1 d-1
i d ._ d
.Zi=OO‘Z <Mzi=or<r’_.~lz .

~ By Rouche's theorem, z and pk(z) =z -+ Z;i=o-diz have
the same number of zéros in |z| ¢ r. Since z% has d Zérosf
in |z] < r, namely O with multiplicity-d, pK(Z) has all‘of'

its d zeros in || < r. Hence, the zeros of p,(z) are
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bounded with respect to k.

N .
Lemma 3.2.3. €% is an open subset of En+m+l .

*
Proof. Let C¥ = (A¥;B¥) = (ag,...,a;; bl,...,b;) e C*.

Then some |aj| > O, @* = Q(B¥,+) > 0 on I, P* = P(A%,-)
aﬁd Q¥ have no common factors except constants,'and az %_O
or b* £ 0. ‘ _

It is ev1dent that there 1s a 01.> 0 such that if

3 D

C = (A B) = (a ,an, .,b ) e E and

o’°*°’ 120" n+m+l
(C C*) < 61> then some |a,] > 0, Q(B ) > 0 on I, and

a %Oorb # 0,
We must now show that there is a 6o > 0. such that if

C = (A;B) ¢ E and ¢(C,C*) < 5,, then P(A,-) and Q(B,-)

n+m+1

have no common factors except constants. Assume otherwise.

Then there is a sequence o = (AK BK) = (ag,...,aig
k ky . '
Pl sby) 10 By, such that 5 (cF,0%) > 0 as k » @ and

P(AK,;) and Q(Bk,r)'have a common non-constant factor and,
therefore, have'a common complex Zero z. "~ We ‘assume
a: # O. .The proof for the case in .which b # 0 is similar.

Since o(C K,C*) - 0, ak.* al, bg.e.ba as. K.» m,‘i:= O,..;,n,x

-

= l,...,m.  Since a, - an,-ai # 0 for k suffieientiy
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large. The polynomials
S +z“‘l'(ak/ak>'i
B B 1=0 \%1/ %/

are monic, have fixed degree n, and have bounded cbeffi-
cients. By Lemma 3.2.2, the zeros of Nk-are bounded with
) are

bounded. We now extract a subsequence, relabel, and

respect to k. In particular, the complex'numbefs Z

assume that zk-+ z% a8 k- o, Since z z¥ and

k

K_)

O(C ,C*)»Oas k.-->00,

P*¥(z*) = lim P(Ak,zk) and Q*(z*) = lim Q(Bk,z
Ks00 ko0

)

~ Thus P*(z¥*) = Q¥(z*) = 0. If z* is real, then X - z* is a
' common factor of P*¥ and Q*. If z* is not real, then
(x-2%) (x-2%) = x° - (2%Z%)x +I|'z*|2 is & common factor of
P¥ and Q*, where 2% denotes the complex-conjugate of z¥,
Bither way, we get a contradiction.

Thus €* is an open subset of En+m+l-

Lemma 3.2.Y4. The mapping (3.2) 1s a continuous one-

to-one map of € onto.R(n,m).
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Proof. ZLet C¥ = (A*;B*)L-e‘ € and ¢ > O be given. o
' since Q(B*,x) > 0 om I, 0< [1/Q(B*,*)[;<.®. We may
select 6 > O sufficiently small so.that if C = (A;B) e € -

and 0(C,C%) < 5, then .

, ”P(A,') - P(A*;')HI < 2”1/QC€B*’.)“I

la(®, ) = a9l < g .L/Q(!ffs*-,'-)'ni

" and

1(3,) = (% )y < BTT7aTE I TTAR(SR, >n 7.
If C = (A3B) € €’ and o(C,C¥*) < 5, ‘then for x .e I

Q(B,x) > Q(B¥,x) - 2 1/Q,'(]]§*,')|II.2-. AT/Q(B%, ) - »

and

‘ ' P(A,x P(A¥,x
: IIR(Csx) ""R C*’X ‘ EB,Xg Q‘B*:'X ’

Sl

ETE?ETHI‘ (85%) = P(A*,x)[_.

N
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+ AL a(erx) - a(ex)|
< 2” 1/Q(B*:')“I “P(Aa') - P(A*:')“I

+ 2 1/Q(B%, )l ¢ IR(C*5 )l ¢ [R(B*5+) - Q(Bs- || ¢

< €.

Hence, [|[R(C,+) - R(C*,-)||{ < e, and (3.2) is continuous.

Theorem 3.2.5. The restriction of the mapping (3.2)

to €* is a homeomorphism of €*¥ onto.R*.

Proof. By Lemma 3.2.4, the restriction of (3.2)vto
C*¥ is a continuous one;to-one map of C* onto R*¥. We now ~
demonstrate that this is an open mapping. Let 4 = n+m+1
and select g distinct points,'xl < Xy < oven <Xy in T.

)
The evaluation mapping -

(3.9) R(C,+) - (R(C:Xl‘): ces R(C:'.Xﬂ.))
. \ . e T o o
is a contlnuous.map of.R onto ? sgbget ¢} pf En+m+l'
Corollary (3.6) of [21] implies that (3.10) is one-to-one.

Composing the maps (3.2) and (3;9);'wé see that’
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(.3.10) C - (R(C:Xl): --':'-R(C:X'g))

is a continuous one;to—one map of the open subset of

En+m+l onto the subset @ of En+m+l

(3.10) is a homeomorphlsm of C* onto @ (see [24, o 137])

We conclude that

Comp051ng the inverse of (3. 10)
(3.11) (R(C5%q)s ++vs R(Cox,)) ~ C

with (3.9),'we see,that the inverse of tﬁe restriction of
(3.2) to €* is continuous. Thus €* and R* are homeomor- |
phic under the map (3 2).

The argument which establlshes that (3.11) is con-
t inuous uses the Brouwer theorem on invariance of open
sets [24] ThlS can also be‘proven Wiﬁh anfapplication of
the inverse functlon theorem and the fact that if R € R*
then {l,x,...,xn, xR(x),...,x R( )} is a Tchebycheff Sys-
tem on I.

Although C*'and R* are he@eomorphic, the following
example indicates that € and R(n,m) are not homeomorphie.

Example 3.2.1. Let n =0, m= 1, and C€ = (e31/2).

_ € - . '
Then R(Ce,x) = —1—.. It is evident that

1+§x
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R(C.,x) -~ O = R((03;0),x) uniformly on I as € - 0, but
C. # (03;0) as € ~ O. Thus R(0,1) ‘and its parameter space
are not homeomorphic. |

. In the case that m> 1, let
too . =
Qm = {Q ¢ Qm.Q(O) = 0]}.

For R* = R(C¥,:) = P(A*%,.)/Q(B*,-) = P*¥/Q* ¢ R(n,n),
C* = (A¥;B*) e €, define

_ o » |
P,+R'Q = (P + R*¥Q:P e P and Q ¢ @ J.

We observe that P+ R*‘Qr;l is a linear subspace of C(I) and
is spanned by {1,X,...,x", XR*¥(x),.. .;x'mR*(x)} . The
following lemma asserts that the dimension of P, + R*@;n A

is n+m+ 1 when R¥ ¢ R¥*.

Lemma 3.2.6. If R¥ ¢ R¥, then P+ R*er;l is an.

(n+m+l)-dimensional Haar subspace of C(I).

Proof. We show that {1,x,... ,xn, XR*(X) 5 ... ,me*(x‘)}
is a Tchebycheff system on I.. Suppose P + R*Q vénis'hes-lat
n+m+«1 d.istinct,points in.I,: where P ¢ Pn and.'Q € Q;n

Then the bolynomidi PQ¥* + P*Q has at least n + m. + 1l"z_ero's
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0. EValu—

in'I._ Since B(PQ*ﬁ+ P*¥Q) < n + m, PQ* + P*Q
ation of PQ* + QP* at x = O indicates that P(0) = 0.  If
Q # 0, then | |
P X /x
Re(x) = DL/X
except wherever both the polynomials P(x)/x’and Q(X)/X”

vanish. As a result, p(C*¥) < 1 + n + m, which is false.

1l

Thus Q = 0. Since @* > 0 on-I and PQ* = 0, we now have

that P= 0. Thus {1,x,. .1,xn, xR*(x),...,me*(x)} is a

.

Tchebychef'f system on I. This insures'thét P, + RWQ&

is an (n+m+l) dlmens1ona1 Haar subspace of C(I).

Theorem 3.2.7.7 If R* =-R(C*,.) where C¥ = .(A¥;B¥)

= (ag,...,an, bi,‘..,b;) € C*; then there is a constant

p(C*) > 0 such that

S
*
lle- R*Q||I> o (Z o lag=afl + Ly Iogvl1)

i

. for all P(x) = Z} alx € P and all Q(x)

i=0
L e .o
=1 + Z}._ “b,xd.

; q~1- J
. Proof Slnce C* e C*, R¥ ¢ R*, ahd Lemma 3.2.6

1nsures that {l x, .;,xn,xR*( ),...,x R*( )} is a basis
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for Pn + Rﬂaﬁ. By the equivalence of all norms on a finite
dimensional normed linear space, there is a constant
p(C*)> 0 such that

n

s weal gy (09 Dy fagl+ D gy 101 )

n ”
for all P + R¥*Q = Z>i=o aixl + R¥*(x) Z}.

In particular, we choose

n

(3.12)  p(Cc*) = inf [P + R¥Q| (:P(x) = ) ,_, 2;%,
m . 1 . m
a(x) = & gy Pgels Lgg lagl+ Ly 1oyl = 1.

n i
Now suppose P(x) = ZDi:O a;x” and Q(x)

m .
=1+ Z)jzl b.xY. Also let P¥* = P(A¥,+) and Q% = Q(B*,-).

IP-r*Qf ; = [P - P* + R*Q - R*Q|| |

H(P-P*) + R*(Q*-Q)HI ,
e SD et )
- C* a, -a + . 4 |bL=bL] ).
> 0009 (Ll logmafl + 1 g o001 )
since (Q-Q¥)(0) = 0. Thus Theorem 3.2.7 is proven.
We complete this section by generalizing Tbeorem

3.2.7.
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Theorem 3.7.8. If.C is a compact subset of c*, thén‘

inf p(C) > O where p(C) is defined in (3.12).
CecC - L -

Proof.. We first verify that p(C) is a continuous

function of C over €*. Let Cy5Cs € C*. Since

P, + R(Cl,'ﬂaé_is finite dimensional, we may choose

0 . o
P, (x) = z}i;o aixl and Q (x) =.Z)

n o m o o . :
Lgoo 1ol + D goy D] = 1 andif| Py + R(Cp,-)Qyll 7 = p(Cy).

1.3
3=1 bjx such that

Thus -
(0) - p(0y) < IBR(e,, )0y - IBp-R(Cy )8l ¢
- 8y (R(Cs =BGy |
eyl s IR(Cps) - R(CL )
< mR(Chst) = R(Cp5e)l g

Reversing the rolesg of Cl and 02 in the above argument, we -

have
(313) 1p(0y) - (6] L lR(Ger) < R(G g -

Inequality (3.13).and Theorem 3:2.5,ndw‘insure'that-p(C)

is a continuous fuhction of C over C¥%. .
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From Theorem 3.2.7, p(C) is a,positive'valued continu-
ous function over the compact set c. 'This_implies that -

inf p(d) is attained by some C ¢ ¢, and, hence,
CeC '

inf p(C) > O.
cec

3.3 _Uhiform strong uniclty theorem and uniform Freud's

theorem for R(C(£),*).

In thls sectloh, we establlsh theorems for the best
ratlohal approx1matloh operator that correspond to Theorems
- 1. 3. 6 and 1.3. 7 for the best polyhomlal approx1matlon |
operator. The rational Freud's theorem is due to Maehly
and Witzgall [21];_ The particular version stateq in |
Theorem 3.1.4 is due to Werner [32]. As in the case of
lihear-product approXimatiOh, the uhiform-rational-Freud{s
theorem will be applied to the contlhulty theory for
ratlonal product approx1matloh.j

. We w1ll make use of: the’ follow1ng two lemmas Whlch
" appear on pages 164 ahd 165 of Chehey [5] For
R*e R(n m), we let

| pfn + 'RfeQ;m' = (P +R*Q:P ¢ Py Q€ Qm'}.'.' T
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If R*¥ = P*/Q*, then P¥ - R¥Q¥ = 0. Thus

(3.14) .  dim (P#R¥Q ) < 1+n+m.

Lemma3-31 Let £ ¢ C(I). pr + R(C(£),-)Q, is

Haar subspace of C(I), then O is the only element o) of
P, T R(C(f),~)G%n such that ¢(y )[f(y) - R(C(f).,¥y] Z:O_for

all ye ¥ ={ye I:|f(y) -‘AR(C'('I"‘):;V‘)'I'= he - R(d(f,),‘)” 7)

Lemma 3.3.2. Let R¥ = P*/Q*.G'R(n'm) whefe Q*‘§ 0 on

I and dim. (P, +R*Q)=l+‘n'+m IfPeP,Q,eQ,
Al +||Q,||I —HP*HI +||Q*||I,’ P =R*Q, and Q > 0 on I, then

P =P*% and Q = Q*

We. first present the uniform strong unieity'theofem

for rational approximation.

Theorem 3.3:3. Let T Dbe a compact subls"et of c(1) .

" where P(T R(n,m) = ¢ and £ is. normal for all f eT. :Thent-'

: -there is a constant Yr > 0 such that
| £ - RHI Ilf - R(0(f )w)ll_.I + “/;ll-R f_,R( (f)» )HI S

- for all f.e P-and.all'R'e R(n,m).



Proof. Assume otherwise. Theu there are sequences
{fk] in ' and {R } 1n R(n,m) such that each
R % R( ( k)") and
£ - RSl =g = R(C(£) 5 ¢

B39 e 125 - R(e(£,) )5 e

as kK » . The compactness of I' allows us to extract

subsequences and relabel so that f, - f e T uniformly

k
over I. The normality of f and Theorem 3.1.4 insure that

R(C(fk),~)' -~ R(C(f),) uniformly over I.
We renormallze the ratlonal functlons by d1v1d1ng

numerator and denomlnator by the sum of the norms of the

k -

numerator and the’ denomlnator Thus we wrlte R™ = N /D

R(C(fk);').=.ka/DfK: and R(C(f): ) =N /Df where‘

(3.16) W)y + 0% = Ime I + HDf Ie = 19 + 12l = 2

and ij>‘0 D, > O, ,and De > 0 over I. Equation (3.16)
k oo .

k

implies that Nk and D are unlformly bounded w1th respect

.,to K Thus we may extract subsequences and relabel

.80 that NE 1\T* € P, and DK —~ D* € Q um_formly over Ias .

R - @. We observe that D*’> 0. on I
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‘We now show that N¥ = N. and D¥ ;fbf.- Ir HRKHi were
unbounded, then ka - RKHi would be.uhbounded and for an

appropriate subsequence

o e - R -t - R(e(r ), )l ¢
s RS - R(e(£,)5 )l
le - B, = g, = R(O(£), )
SRR P E SCIESIT
R L e P L RKHI
1 +“ fk = R((_j(fk) )HI / ”f _' R ”I
- 1

“as k- o, This would contradict (3.15). .Thus ||Rk]|I is

bounded Qith respect to k. Now let
= {ye I:|f(y) - R(C(f),§) =t - R(C(f5 Ml
ahq:fo; v E'%; iéF., _ |
‘W _£‘$(y3‘; Sgn [f(fﬁs-kﬁkC(fj,yX]f;:

where
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1, t> 0,
sgn(t) = 0, t =0,
-1, t < 0.

(3.17) v RR(C(£) 5 Ml g = 1£-R 1 = [£,-R(C(£,) )] 1

For y e ¥,

> s(0)(£(3) - R°)) - s(9)(£(9) - R(C(2,),7))
b 5(y) (2, (y) = R(O(£,),7) = £, = R(O(£,),)] 1 -

Since £ - R(C(fk);-)-» f - R(C(f),+) uniformly over T

" and f ¢ R(n,m),

s(v) (£ (¥) = R(C(£)57)) ~ s(v) (£(¥)

R(C(f),y)) > O.
" Thus for sufficiently large k,

s(¥) (£ (y) = R(C(f)»y)) = |£.(¥) - R(C(£)5¥)]-
Inequality (3.17) now implies that for y € Y,

T RER(O(2) 5 ) 1 + 18RO )l 7 = | £ (9)-R(C(£,)7) |

]
=J
N
<
N
v—

> 8(¥) (R(C(£,)»¥)

(%) (R(S(£) 7)D5(5) - N5(3))
WD) Z N

D™(y)



Q0

" Thus

(318). sy (R(G(2,),9)D5() - 1))
s_DKuw£vgu¥1—zwé<ﬁQ,-mI
+ £, - R(C(fk),-)lll - £, (¥) - R(C(£,).¥)1) -

are bounded

K
with respect to k, and . \

: k ' K
Since [D7(y)l < 1, vy = O, IR™ = R(C(f,),")

e = RO - 18(¥) - R(S(5,),9)]
e - R(O(E), g - 12(3) - R(C(E).3)] = O,
we may pass to a limit ia inequality (3.18) to get

(3.19) s(¥) (R(C(E),7)D*(y) - N¥(y)) < O

for all y € Y.
Since f is normal, Lemma 3.2.6 implies that
P, + R(C(f),-)Gﬁlis an (ntwtl)-dimensional Haar subspace of

P, + R(C(f),-)@ . Inequality (3.14) now insures that

P, + R(C(T),")@ =P, + R(C(f),)@, and is an (ntmtl)-
dimensional Haar subspace of C(I).  Applying inequality
(3.19) and Lemma 3.3.1, we now have that N¥ = R(C(f),-)D*.

Equality- (3.16) implies that
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lwxl .+ oxl ;= ”ani + IDell ;= 1. Lemma 3.3.2 now implies
£ apd N* = Nf. 3
We thus have that N© - Nf‘and p¥ . Dy
In addition, since R(C(f,),-) - R(C(f),-) uniformly on I

that D¥ = D
uniformly oﬁ‘i.

as k -~ @, Theorem 3.2.5 implies that C(f_) — C(f). Hence

k
P(A(f)5) = P(A(f),+) and Q(B(f,),+) ~ Q(B(f),-) uniformly
on I.as k. Thus. |P(A(f,),)l  + lQ(B() )]

-~ HP(A(f)as) + ﬂQ(B(f),o)uI'f 0. But o

g = A(BED L )/UPAT) s + HA(B(E )5 ) and

D, = Q(3(£),+)/(1B(A(E), )l 7 + 1Q(B(2); )l ;). Henee,

D
Do, - Df

T

select an € > O; discard an initial segment of the sequences,

uniformly on I. Since ij> O over I, we may

and assume that D> € and D » e on I for all k.

: : - k C o
Let £ =n+m+ 1. Since w(C(f,)) =4 for all k,

©. Theorem 3.1.2 implies that there is an alternation set

for f_ - R( (fy)s:) consisting of £ + 1 points:

ko kL .. k
_l_iago < xy < '7'.§'X% < 1.

We may pass to a subsequenee and relabel 80 that xf-» xl
as K-» “,fi %-O,...,ﬁ.: Slnce f % R(n m) we may apply a -

51milar argument to :that on page 25 to: see ‘that -

LAl xp < XD eee < xﬁ-'g_-l.%
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For -1'< 5 < vv < b, < 1, let K(t

O?"’;?g)' |
= sup{HpHI: p is a polynomial of degrée less than or equal.

to £ and (-1)7p(t;) > =1, 1 = 0,:..,4}. By Lemma 1.3.5,
K(XO,.",XE)_>I{'(xo,...’x/2) .
3 kK k. I - o -
as kK - o, and, hence,iK(xo,..,,xﬂ) are bound@d by‘some‘
constant A > O with respect to k.
For fixed’k,
oy itv Ky ' k o N
(."l) [fk(xi) "'R<C(fK) "Xi)'].= ”fK - R(C(fK-):‘)|II
i=0,...,0, where v is 0 or 1. Also.
GO N KKy 1 e kK, -
(DM ) - BT - B
i =0,...,0.  Subtracting we get:
i, k, Kk _ k
(.“l) (R (Xj_) - R(C(fK)’Xi)
> = (g - B - 02, - RO(2)5)
< k I kK k72 /0T"

k. kK ..
0 <_Dklg_l'and-o <_Du < i-on I,;

Since RF - R(C(fk),.) = (NKDf - DKNf )/DKDf' and. "
s " E— . . 3 ‘ k '

Ty
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(-1 (W ()Dy (x5) - DN () -

> DNy, (e - B - I - Ree(s >,.>uI>

L

- (I, - R - I - R(C(5D ).

XK
>

ﬂ)‘now implies- that

Tbe definition of K(xg,..

'-';:g.'-' k. ok
(57202 .HN‘ka ‘ED NfKHI
. k k L
O R(RGses %)) (1 E R - 1 E-R(C(E) ) )
<Alit - Bp - e = R(E(R). N -
Now for x € 1, |

k Cx) -
I x)Dp (%) = DE(RIN

= D(x) e (%) [RS(x) = R(C(£,),%)]
5 <@ RS~ R(O(£,) 00l
AHenée; ‘
NCCO N --DKN Sl B TR0

Combining (3.20) and (3.21) produces the inéquality = -
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- Rilp -l - RE(£). )l

[Es 2
, L &2
IES - R(o(£)5 )] 1 -

This contradicts (3.15), and the proof of Theorem 3.3.3
is finally complete. '
We complete Chapter III by establishing a uniform

rational Freud's theorem.

Theorem 3.3.4. Let I’ be a compact subset of C(I)
where I M R(n,m) = @ and £ is normal for all f ¢ I'. Then

there is a constant XF > 0 such that
IR(C(g),+) = R(C(£). )7 < A lle - 2y
for.all f e I' and all g ¢ C(I).

Proof. By Theorem 3.3.3, there 1s a constant Y > 0
such that

“f - R“_[ ”f - R(C(f):')“I +VI1 ”R - R<C(f):')”IK

 for'all f eI and all Re R(n,m). Let f el and g e C(I).

Then
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I R(C(E) ) -R((£), )l 1 < IE-R(C(e)s )l 1 - I E-R(C(E), )y
<Nt -l + e - R(o(&),- >nI |
Sle = REE)
< -l e - R(E(E)5 )
e - B(e(E) - )|II
<2le- ;.

Thus, choosing Ao = 2/yr, Theorem 3.3.4 is proven.



CHAPTER IV

RATTONAL PRODUCT APPROXIMATION

4.1 TIntroduction.

In Chapter IV, we discuss an extension of product
approximation to the setting of multivariate ratiohal
approximation. Let D=1IxdJ=[-1,1] x [-1,1], and fix
the non-negative integers n,m,ri,i.= O,...,0n, and

J
consists of all rational functions

S.sd = 0,...,m. The class RD of approximating functions

n i k i

R(X,y) = P(x,y) _ Z:i=o Z) =0 %iky *
T S e

' =0 &~ =0 bjg X

where Q(x,y) > O on D.

It was indicated in Chapter II that best uniform
approximations of F e C(D) from a Tinite dimensional linear
subspace of C(D) may fall to be unique. In the rational
setting, best uniform approximations of F ¢ C(D) from RD
may fail to exist. This is illustfated by the following

example due to Henry and Weinstein [17].
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Example 4.1. Let

‘ X +y ) s =Ll < y< 1
(H.1) F(x,y) = ,
X+ 1, y = -1,
and lebn =2, m=1, r; =2, i =0,1,2, and sy = 1,

j=0,1. TFor each € > O, define R.€ € RD by

()2 4 (y41)®
Re(x,y) T ox+y t+ 2+

Then Re(k,y) ~ F(x,y) uniformly ove;.D as.e » 0. However, |
F ¢.RD.f fhuS F does_not have a beet‘unifofmfebpfoximation
from RD | |
The loss of ex1stence or unlqueness of a best approx1-
matlon and the accompanylng computatlonal dlfflcultles
havebealadeterrent'ln the development of,multlvarlate
rational Tchebycheff approximation. To overcome these‘:
problems, Brownland Henry .[3] introduced the concept of
rational product approximation. The'following is a'deveI;
opment of.rational product'approximetion_which,tSysomewhat;
different from that of [3]. The'motivation for the-follom:'
clng treatment comes from the more general concept of com-

posite approx1matlon defined by Brown and. Henry [4]
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Let F ¢ C(D), and for each y e J, define Fy e C(I)

© by F_(x) = F(x,y). For y e J, let

Yy
S aF(yyxt
(4.2) . R(C(Fy),x) = 1‘8 1(;” ,
' 1+ E j=1 bj(.V)X_J

be. the best uniform approximation of Fy from R(n;m) over

- B F F

I where.C(Fy) = (A(Fy); B(Fy)) = (8 (¥)seeesa (V)50 (F)se v
bi(y)) € €. The rational function space R(n,m) is given
by (3.1), and the parameter space € is defined on page 70.
If the coefficient functions az(y), i=0,...,n, and
b?(y), j=1,...,m, are continuous on J, then we let

4.3 | v (oF,y) =Y b oF K

(4.3) ri(ai’y) = L g=0 iKY

be the best approximation of a?(y) by polynomiélé of degree

less than or equal to s i = O,...5n, in the sense of the.
uniform norm H-HJ.and
. .‘ Sj
' i _ F
(L|-.L|-) . TSj(bj’y) _-Z j.-:o bJﬂ T

be the best uniform approximation of b?(y) over J by
.polynomials_of'degreé less than.Or equal to sj,'

i =1,...,m. If .
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(4.5) 1+ Z} ﬁ,y) x> 0
_ o

over D, we define the rational product approximation to

be the function ®F given by

n P _
Z:i=0 Tri (ai,y)x'

(4.6) (&F) (x,¥) = - _ —
' L+ Z j=1 TSJ-(bj"V) X

n s P ki

Lo Lo kYT
S,

m i .
L+ ) 5=1 Z/z=o b?ﬂ 7«

The present definition of rational product-approxima—
tion differs from that of Brown and Henry [3] only in
choice parameter'spaées for R(n,m). The parameter space
used in [3] is an (n+m+2)—dimensional set. As a result,.
the use of the parameter space €.requires one less best
approximation at the second stage (4.3) and (4.4).

The definedness of ®F, where F ¢ C(D), depends both on
the continuity of the coefficient vector C(F&’ and on the
inequality (4.5) being satisfied for all (x,y) € D. 1In
Section 4.2, wé discuss the definedness of &F and give a

survey of variants and extensions of rational product
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approximation. Seéﬁion 4.3 consists of a cqntinuify
theorem for the operator® and gonditionélbn'F are detef—'
mined to insure that ®& satisfies a local pbint—LipSchitz

condition at F.

4.2 Definedness of ®F-

The definedness considerations of Section 4.2 are
adapted from composite appfoximation [4] to the . rational
setting. .We first consider fhe_continuity of the pbeffi;.
cient vector C(Fy). _The papers f3] and [17] givé exa@ples:

showing that C(F_) ‘need not be continuous on J. The'fols

lowing example appears in [17].

Example 4.2. Iet n =2, m = 1, and
y + 1 + % X ‘
T :'1S'Y<O:
1+ 5 X
F(x,y) = ' _
| 1 0yl

Since Fg e R(2,1) for all y.e J, R(C(Fy),;) =_F& and
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(y+1,1/231/2), <1< ¥ <0,
C(F : ' o

v =) . .
:(l,O;O)}V 0< y< 1
We see that the second and third compénents of C(Fy) are
discontinuous at y =
We restate the definition of normality frdm Seétion 
3.1. . For F e C(D) and y e J, we say thatiFy is normal
.(relative to I-and R(n,m)) if any of the followihgtequi—‘
valent condiﬁiqnsghéld: | o o : |
(1) R(C(Fy)»0) € RS
(i1) _C(Fy),gvc*,
where R¥ is défined in (3.4).éndAc¥ isidefined in (3.5).

We note that in Example 4.2, F_  is normal for -1 é_y <'O-3

¥y
but is not normal for 0 < y < 1.. In terms of the vari-

solvent degree (3.3), this can be restated as

3, 0 <_.-y§_ 1.7

.“We note that the dlscontlnulty of C(Fy) occurs at the :
p01nt where the varlsolvent degree of R(C(Fy),ﬂ) changes,ﬁ
: A condltlon whlch insures.the contlnulty of” C(Fy) |

1s that u(C(Fy)) be constant over J.
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Theorem 4.2.1. If F e C(D) and Fy'is normal for all

y € J, then C(Fy) is continuous over J.

Proof. The uniform continuity of F over D impliesfv
that
(%.7) L | v~ Fy
is a continuous map of J into ¢(I). Theorem 3.1.4 and
" the normality of. each Fyvihsures that

(4.8) ‘ Fy-+ R(C(Fy),v)

is a continuous mapping of‘{Fy:y € J} into R¥. Theoren

3.1.4 asserts that

(4.9) CR(G(F,),+) = O(F)

maps {R(C(F_),+):y c J} contihuously'into c*. - CQmpositioﬁ‘

)
y o
of the maps (4.7), (4.8), and (4.9) yields the continuity . .

of C(Fy) over J.

 Remark. If p(C(F,)) = d for all y e J and d <& léntm, -

then C(Fy) is continuous over J. In this case,

R(C(F_),-) € R(d-m-l,d-n;l) for él; vyed, and Fy'is nor-

B
¥ _ .
mal with respect to the rational function space

R(d-m-1, d-n-i) for all y e J. We may now apply Theorem
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4.2.1 to see that C(Fy) is cdhtihuousoner J .whenever
M(C(Fy)) is .constant over J.

We next consider the inequality (%4.5). We show that

if F e ¢(D) satlsfles the condltlons of Theorem 4.2.1,

then non-negatlve 1ntegers rss i = o, ..,n, and Sj
Jj = 1 5m, can be chosen suff1c1ently large so that
(4.5)

is satlsfled for all (x,y) € D.-

Theorem 4.2.2. 'Supﬁose F ¢ C(D) and Fy is normal for
1,

all y € J. Then thére are numbérs'ég; Jj =

that 1f s> sg j = 1,...,m; then

cee iy, such:

for all (x,y) e D.

i

Proof.. By Theorem 4.2.1, bj(y), j =1,.0.,m, are

continuous over J, and as a result,.
wo
1+ . L (y)x

is continuous and positive valued over D. Let

5 = -inf (1 + Z)u=1 T (y)xd) > o.
(x,y)eD J -
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By the Weierstrass approximation theorem [5, p. 66], there

o)
are numbers Sj’ Jjg=1l,...,m, such that 1f s > s?
j = 1,...,m, then

”bgi'.Tsj(bga-)H3 < S
Now if 84 > sg, J = 1,-;-3ﬁ;»and-(x,y) c b, then |
L+ Z)?=i Tsj(b?>Y)Xj =1+ Z)?=l b?(iji
) ;nzl (b?(y) - Tsj(b?9Y))xj .
Do w2 3L i n, e,
>4 "
> 0.

The proof of Theorem 4.2.2 is complete.
Thus if F e C(D) satisfies the nermaiity conditions
of Theorem 4. 2. 1, then ®F can be deflned if 5.5 j;l;lh.,m,
are suff1c1ent1y large Hereafter, we regard the domaln
D of m to be the set of all Fe C(D) such that Fy'ls normal

for all y e J and (4.5) holds fox.arl (x5¥) € D
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We conclude thls sectlon by presentlng a short survey
of a]ternatlve con51deratlons for the deflnedness of ®.
The paper of Henry and Welnsteln [17] overcomes a certaln

-type of discontinuity that may occur in. C( y); Suppose

thet C(Fy) is discontinuous only at y*'e J and we can

write

C(Fy) = (AO(Y)sBO(y)): -l <y
end_'

c<Fy>f%j<A1<y)sBl(y>5;fy*.<_Yigl1;
where AO, BO’ Al’ and By are-contiﬁeous'ofer-q aed'

Q(BO( )sx) > O and Q( (¥ ) X) >‘O:over I.. Suppese'furthef

that

lim  R(C(F),x) = lim R(C(Fy),x)
A yy*F -

for -1 < x < 1. Then we can write
(4.10) " R(C(F..

where D (x) ¥_Q<3§{§),x>eQ<Biﬁy)lx)faﬁéu'
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P(Ao<y):X)Q'(Bl(y)JX): -1y Ly,
Ny (x) = . - |
P(A)(¥),x)Q(By(¥)sx), ¥y* <y 1.
The coefficient functions in the represéntatién'(M.lo)
are continuous and may be fesﬁ approximatédf The number
Qf.coefficienf functions to be approximated ié tﬁus raised
by 2m. J. Henry [12] has developed a modification of the
technique of M. Henry and Weinstéiﬁ‘[l7] énd has written a.
program to compute rational produpt approximations usiqg
his modification.

A further vériation of the definition of rational
product approximation involves approximating the coeffi-
" cient functions ag(y), i=0,...,0, and,b?(y), Jj = l,;..,m,
by rational fﬁngtions in y. .This is done in [3]. The
paper [4] discusses'composité approximation in which the
approximating spaces are varisolvent families_of functions

(see [27] and [29]).

4.3, Continuity of a}

In this section, we prové that @ maps its domain D
continuoﬁsly into RD where both D and RD carry the uniform

norm topolbgies. The continuity theorem will follow from
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a series of lemmas in which we prove that D is an open

subset of C(D).

Lemma 4.3.1. Suppose F ¢ C(D) and F, is normal for
all y € J. Then there is a ¢ = ¢ (F) > O such that if

G e C(D) and ||G - FHD < &, then Gy is normal for all y e J.

Proof. Assume this is not the case. Then there is a
sequence'{GK} in C(D) where HGK-FHD.+ 0 as k » w_and for

each k there is a Vi € J for which G; is not normal.
" .

Since J is compact, we may assume Ve =~ y* € J.. The

inequality

k

|G
Vi

] | L_
S PR LA PR LR

insures that HGK - F Jl+— 0. Theorem 3.1.4 and the
Vi yH I
)5)

uniformly on I. Since R(C(Fy*),~) e R*¥ and R¥ is .an open

5 ),4) = R(C(F

normality of F_, guarantee that R(C(G %
y Vi y

subset of R(n,m), a tail of the séquénce.{R(C(Gg )s) 1}
. k
is in R¥. This contradicts the assumption that each ok
. : ' . k

is not normal. Thus Lemma 4;3.1 is'proven.._
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For F € C(D) and y e-J, denote
(#.11)  Bp(y) = 1IF, - R(G(F)), )¢ -

If Fy is normal for-all y e J, then Theorem 3.1.4 implies

that Bn(y) is continuous over J.

- Lemma 4.3.2. Suppose F e b(D)-and.Fyfié'normal.for
all v e J. Given e€> O there is“a 5 = G(F,e)'>fo chh.that

if C(y)

(A(y)3;B(¥)) € € for'eégh ¥ e J and
17, = RS < Bply) +6

for all y e J, then o(c(Fy),'c(y)) < e for all yoe J.

Proof. Assume otherwise. . Then there is a sequence

L@, () = (A5 sE5) = (ag)s-rsaf@)s

b%(y),;..,bi(y)) e € for all ye J, sugh that

oy - R
(#12) o NFy = REE) M < Bey) + 1k
for all'y e J, dndfthere‘is éxykle J.fof whichf"',
. (4.13) " e(e(F, )y C5(3)) 2 e

The'compactness_pf J allows us to assume Vi - y*-e_J.
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K(yK)J'): QK = Q(B yk)’.)’

: : K, k B
p* = P(A(Fy*):')g Q*.f‘Q(B(Fy*):°):'Wk =[P ”i + Hi ”I?
‘ ‘ . = Q /Wk., .
N* = P*/w*, and D*¥ = Q¥%/w¥. ‘Since || Dk‘”_I < 1, by appro-

Let P* = P(A K

and w* = [|[P¥| [+ Q¥ . Define N = P*/w_, D

priate -relabeling we may -assume DK - D e Qm' Similarly,
N° - NeR , and UN“I + HBHI '%‘l' Let

M= |Flp + IBghy + 2 From (412) e have
e
ANN/DH o=l PR g M.

So, |1\Tk‘(x),[ ngDk(x)] for éach x € I. Thus

CET IT(x)] < ¥ B(x)|

 for all x ¢ I. This inequality and W, + D = 1 imply
D # 0. Thus, using (4.14), we may perform appropriate
cancellations to find N'/D' e R(nh,m) such that - '

(4.15)

where D(x) # 0. 'Thus at all ‘but the -,fin.j;tely'manjr points - .

where D vanishes,
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D(x)
k, .
< R Ey G+ 17y )R (r0)
. NK(X) N(x)
+ ”DK(X5 B 5(X)J

< IFynFy N7 + Bp(vy) + 1/

M) | F(x) | .

+K(-

Letting k- ®, we get-

. . ﬂN.' X .

..\F.Y?-‘-(X) - S| <eptrm.
. . . ‘.... I NY ) -

By ﬁhe contlpu1ty of Fy* - ET‘oygr ;

By'the uniQuéness_of best rational approximatidns
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Nf

| oy _ P
BT = R(C(Fya)s) = R¥ =gz = Ty -

These equations, (4.14) and'(u-i5) tply that
N R*D where - D(x) > O on I and “_“I + “—”I = || N¥]|
+ HDX”I Since Fy* ;s normal Lemma 2 3. 2 1mplles N = N*
and D = D*¥. But Q*(0) = Q (O) e 1 Q* = w*D*, and

Qf = WKDK imply that D*(O) = 1/w¥ and DK(

O).¥ l/WK’. Singg.
k

on I. As a consequence, G(C(Fy*), CK(
and the cbntinuity of C(Fy) with . respect to y imply
o(C(Fy*), C(Fy*)) > ¢ which is false. Hence, Lemma .22

is proven.

Lemma 4.3.3. .Suppose F,e:C(D) and Fy is nqrma1'f0ri
all y € J. Given € > 0, there is a 5.;,5(F3e) 5'0 such
" that whenever G e ¢(D) and [|G - F| ; < 5 O(C(Gy),

for all y € J.

. Prdof. Let e> 0 be given. From'Lemma 4.3.2, seledt
6 > O such that G e C(D) and IE, - R(€( PED] < Ba(y) +6 -
for all y e J implies_c(C(Gy)QC(Fy)) < e for-all y e . '

‘Suppose. G € C(D) and ”G'- Fl < 6/2. 'Then:for épy :

'D°(0) - D*(0), w, — w*. Thus P . P* and @ - Q* uniformly. -

Yi)) ~ 0. Now (4,13) -

oE)) <e
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I®, - R(o(G,)2 )l g < 17y - oy + ey = R(o(ey). ) 1
CIE, - Gl o+ e, - RO,
CAAEy - ogly + Ty - RO,

M aF<y>--,;!;

‘Thus o"(c(Gy), C(F_)) < e forall ye J.

y

Lemma, 4;3.4.A Suppose F e D.and let

T = inf (1 + sz:l Tsj(b

F
(x,y) D J

:.V) J) > 0.

Then there is a § = §(F) > O such that if G ¢ C(D) and
e -"Fly < s, then |
m

1D, Tsj<bjey>xa >'7/2

- for .all: ( ,y) e D.

Proof. By'the continuity of T7:Jatlb§,(sée Theofem'

_ .. o
1.2{6) there is 4. y > O such that “b? ?“J < y 1mp11es
F L

‘that “Tsj( j") fisj( J,.)uJ < T/emf Pick 6 > O, via
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Lemma %4.3.3, so that G € C(D) and HG{F”D < ¢ implies that .

G B . '
Hbj - bj”J <v, j=1,...,m. For such G,

G S F S
S.(bJ:Y)X > 1+ Z)J o1 Tg (blsy)x

1+ Z}?zl.T
| J J-

ST T, (608,
J=1 s, J? /4 s
. J ,
>or .- 1/2

RemafK. :AS we have taken the domain D of ® to be the
collection of all F e C(D) such that F& is normal for
all y € J and (4.5) is satisfied for all (X,y)ve D,
Lemmas 4.3.1 and 4.3.4 insure that the domain of ® is
an open subset of C(D).

We are now in a position to prove that & mabs D

continuously into RD'

Theorem 4 3. 5 The rational product approx1matlon

operatov ® is contlnuous over D

Proof Let F e D. In v1ew of the above remark ®R

is deflned in a nelghborhood of F. Let {G } be,a
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sequence in C(D) where HGK - FHD-» 0. By Lemma 4.3.3,

C(G;f) ~ C(F,) uniformly over J. By Theorem 1.2.7,
k k
G P G 7 :
T, (a5 »*) - T, (a;,+) and TS.(bj 5*) > T (Ps,+) uni-
i i ~d J '
formly over J. Hence,
n k n
G i F i
Z i=0 Tri(a‘j 2 y)x - 2 i=0 Tri(ai5Y)x
and
m kK . ‘m - . ’ .
G J . , r J
1+ ) ju Tsj(bj )xd - 1+ ) o1 Tsj(bj,y)x.

uniformly over D. Moreover, by Lemma 4.3.4, there is a

T > 0 such that

m .
G
1+ Z;j=l T, (b SY)X

> T
3 J

over D for all éufficienfly large k. Hence, (RGK_> ®RF
uniformly over D. Thus ®& iS contiﬁuous-at .

We conclude this chapter by establlshlng an analog‘
of Theorem 2.4, 1 for ratlonal product approx1matlon.
We note that ® satisfies a local poant Llpschltz con-
dition while P satisfies a global point-Lipschitz

'

condition.
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Theorem 4.3.6. Suppose F € D and Fy ¢ R(n,m) for
all y € J.. Then there are constants A > 0 and § > O
such that if G € C(D) and |G - Fl|, < 6, then

Noe - @8, < x e - g,

Proof. We first note that a is deflned in a nelgh-
borhood of F. By Lemmas 4.3.1 and 4.3.4, we may choose

6, > O such that if G ¢ C(D) and e - Fly< ol, then G € D

and

m

1+ Z 121 Tg (bg,y)x > 1/2
' J
for all (x,y) e D where
m . _
T = inf (1 + Z(j:.l TS.(bg,Y) xJ) > 0.
(x,y) D ‘ J

Thus 1f G e (D) atd |G - F| < o5, then for (x,y) ¢ D

| (86) (x,y) = (&) (x,3) | |
= .(tzzg: 8y :L’y > <l T EJ =1 Sj p?’y)xj >
?:l.T > < E1 =0 ‘ri' 1’y >l

;n=l T '( <1+ZJ 1.7, i,y) >

J.
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G,

| | 16 |
< 2/% ’( Z} —O [T (al,y)‘; T (al,y)]x >

<1 + Z j=1 S.(bg,y:)';:c‘j),

(Z,_l 7, o5,y) - “S,<b§;y> i;c’j)

(B n 6]

< 2/'[2 -{- <l. + z r;=l “ TS (bgs')”J> ‘

 <. Z.lonwaf»') " Ty () >
+< ZLO ||:T._ (&t ,' I >
(L N 50) - 7, 7,

I—"’-'-j

uuj

We now apply Theorem 1.2.7 to the operators 'I‘r at af,‘

. . 1.
.O,...,n, ahd'T - at b?, J=1,...,m, to get g

J'

.O,.. ,n, and. x s J = l «..,m, which do not depend on

J:
such that

- ,<'L+.16> llae - &¥l,

‘ 2 G By ¥ G . F L. .
S 2/& f{Kl Z£=O°ﬂkﬁi2ai”JNf K j=lAijj'bj”J}i:j‘l
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" where. K =1+ Z) “T 'b?JE)ijand
. .J : '

K = E'Z;o 2, (.0,

Now we note that {Fy'y e J) is'a-comnact_set of nor-
mal functions in C(I) d15301nt from R(n,m). . Thus. by
Theorem_3}3.4 there is a constant ¥ > 0, 1ndependent of

G, such that
| HB(CFéy),°) ; R(C(Fy)éf)“I
" Crrley - Ry
<o - By
for-all'm € J. | | B
Now {R(C(Fy),.): ye J} is & oompact“subeet7ofln¥.

By Theorems_3.2;7 and 3.2.8, there is a constant'p'> 0,

which does not depend'on‘G, such that
) wt<yf>rmu >>m<ex>m .
>p<Z ﬂ|a y>|+2,_l y)b |>

for all y e J. Furthermore, by Lemma b, 3 3, numbers 52'> 0 -

and K4 >..0 may Be chosen so that 1f G e C(D) and

3
e -_--FH'D-< Aée" then ||Q(B (G ), )|| < Kq for all ved.



- 118

We choose § = min(al,ag) > 0. Suppose G € C(D) and

la - FI|D< 5. Then

(5.28) IP(A(Gy) ) = R(C(Fy)s)a(B(a) )l
< IR(B(6y)5 )l g IR(C(G)5+) = R(C(EY)-)l ¢
< K ||e - 7

Applying (4.17) and (4.18), we obtain

. G _F K™
(4.19) log - &illy < =116 - Fllp >
i=0,...,n, and '
KA *
G _ F 3 S
(4.20) “bJ. - Pyly <=5 le - Fip s

j=1,...,m. Finally, applying (ﬁ.16), (4.19), and (4.20),

we obtain
CleG - ®F < X IG - Blp s

whence
K\ no m
_ 3
ME { K Lo Oi_+K2Zj=l M ]

Thus'a.continuity theory for the rational product

.approximation operator has been established. We remark
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that such results are not possible for best rational

Tchebycheff approximation in the multivariate setting.



CHAPTER V

DISCRETE RATIONAL PRODUCT APPROXIMATION AND COMPUTATION

5.1. Definitions and notations.

The algorithms to compute rational product approxima-
tions of F'e'C(D), D=1IxdJ=/[-1,1]x [-1,1I], presentéd
in the papérs‘[M512,13] involve a discretization of one
or both of the inter&als I and J. A theory fér ratiohal
'producf approximation over disérefe arrays of points is
thus needed. The case‘in which only'the interval J is
discretized is treated by Brown-and Henry [4]. We consider
the more general concept of ratiénal produét'gpproximation.
éf F e C(D) over X x Y whgré X and Y are-closed subsets
of T and J, respectively. -

We first recall the definition of rational product
appréximation_over D. The discretization concern'of
Chapter V does not involve purturbations of the function
F e C(D). Thus we suppress the notations indicatiﬁg depen-
dence on F. Let the non-negative integers N,M,T5
i =0,...,0n, and éﬂ, j = 1,.,;;m, bé given. Associated

J
with n and m is the rational function space

R(n,m) = (R =P/Q:Pe P, Qe @, Q> 0 on I}
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'Where P and'Q? denote the spéces of polynomlals of degree
‘less than or equal to n and m, respectlvely “

Let F e ¢(D) and for each y.e 7, By o€ C(I)‘iSAgiven
by Fy(x)\= F(x,y). In the remainder of this. chapter, it
is assumed that F ¢ p. That is to say, F& is normal with
respect to I and R(n,m) for all y ¢ J and inequalityl(ﬁ;S):
holds for all (x,y) € D. Let -

n 1
(5.1) R(O(y) %) = Z3i=g AL
1+ Z)j;l'b (v)x

C(¥) = (A(Y)3B(y)) = (ag(¥)s-+vsa,(¥) 301 (¥) 5. 5Dy (¥))e C,
be the best uniform approximation of Fy over I from R(n,m).

Furﬁhermore, we let
(5.2)  A) =7, - RCE)s )
= inf [HFy - Rl R e R(h,m)} .

Now let

ra
. o L. ki
(5.3) T, (a357) = L Lo @y
\:L ‘ )

be the best unlform approx1matlon of al over J by poly—:

nomials of degree less than or equal to r, i i.= O,...,n;
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and let
: Sj
: _ p
(5'4) Tsj(bj,Y) Z)ﬁ=o bjﬂyﬂx
be the best uniform approximation of b. over J by poly-

nomials of degree less than or equal to Sj’ J=1,...,m.

The corresponding rational product approximation of I over

D is
n i
L i=0 Tri<ai’y)x
(5.5) ®(x,y) = ) ,
LD g Ty (ogsy)x

J
Suppose X is a closed subset of I. Associated with X
is the approximating space

(5.6) @X(n,m) = {P = R/Q:P ¢ Pn-, Q-e Qm’ Q> OonX}.

We observe that R(n,m) S-RX(n,m). For v e J, let

(5.7) ° Ay(y) = inf ‘{||Fy - Ry R e'RX(n',m)}.

Suppose that each Fy'has a unique best uniform approxima-
tion from RX(n,m)‘over X which can be expressed as
n

. X xi
(5.8) R(Cy (¥),x) = 2 i=0 21 (V)

m :
1+ le:l bj(y)x
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| X X X
Cy(y) = (ao(y),i..,an(y); b (¥)seeesb (v)) € B, Where

the coefficient vector C ( ) is continuous-on J. If Y .is

a closed subset of J, we let T (a ,Y) be the best uniform

approximation of'ai over Y by polynomlals of degree less

than or equal to r;, 1 = 0,...,n, and let T (b ,y) be the
' J

best uniform approximaﬁion of b? over Y by polynomials of
degree 1éss thaq or equal to sj; J = l,.i.,m. The rational
product approximation of F over X x Y is now defined to be
the function

n

Y , X i
L i Ty, (8-9)%

(5.9) : ﬁXxY(X,y).=
A 1+ Z;j=1 TZ_(bﬁay) J
J
provided tﬁe denominator in (5.9) does not vanish over X x Y.
The definedqess of &XXY(x,y) d@pends on the ekistenee
" and uniqueness of R(Cy(¥),+) and the ability to write it
as in-(5.8). In Section 5.2, we show that if X is "suffi-
ciently dense" in I, then R(CX(y),-) exists, 1s unique, and
is contained in R(n,m). In this case, aXxY(x?y) will be
definable.
In Section 5.2, it is also shown that as X and Y

converge to I and J, respectively, in the sense of the
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density measure (1.10), the corresponding rationallproducﬁ
approximation.&xx?(x,y) converges uniformly tO‘a(x,y) over
D. o ’

In the remaining sections of Chapter V, we discuss
algorithms to compute QXXY where X and Y are finite subsets
of T and J, respecti%ely. in this case,'axxY(x,y) is
called discrete rational product approximation. In parti-

o

cular, an algorlthm 1s presented 1n Section 5. 4 and 1s

contrasted with an algorithm of Ji Henry [13]. 1In Section
5.5, "quadratic convergence'" properties of this algorithm

are established.

e

P

5.2 EBxistence of mXXY(X,y) and comparison to ®(x,y).

If X 1s a closed. subset of I, the density.of.X in I is

‘defined as in (1.10)

X) = gup .inf |s - t].
sel teX

Similarly, if Y is a.closed subset of J, the density of Y

in Jd is
. d;(Y) = sup inf |s - t] .
seJ teY
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We first state a charactefization of best uniform
approximations of f e C(I) over 8 closed subset X of I
from R(n,m). This result is due to Dunham [8,9]. Although .
he proves this for the general setting §f ”alternéting
" Tchebycheff approximation," we state it for. the special . -

case of rational approximation.

‘ Lemma 5.2.1. Lgt X be a closed subset of I. Let
£ e C(I), and suppése R(C,+) € R(n,n) Has varisolvent -
degree Q(C)."Then R(C,-) is a best uniform approximation
of £ over X from @(n,m) if and only if there are 1 + p(C)°

points in X

Xo < Xy < eee <Xy
such.that |£(xy) - R(C,xy) | = £ - R(C")”X’ i ='o,.°.,ﬁ(c),
and (f(xi) - R(C?Xi)) = —(f(Xi_l) - R(C>Xi_1)>3 |
i=1,...,u(C). |

Remark. ' We note that Lemma 5.2.1 provides a charac-
‘ﬁerization for best apprdximations over X from R(n,m) and

not from RX(n,m).
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It is assuméd that F e D. If X is a closed subsget of

I and y € J, define

(5.10) Mx,y) = (R e R(mom)l 7, - By < ox(y) + (0.

We show that if X is sufficiently dense in I, t-hén all

~‘candidates for R(Cy(¥),:) are in R(n,m).

- Lemma 5.2.2. ‘Let F € D. There are numbers e >_C and
6 > O, independent of y e J, such ‘that if X is a closed
subset of I and dI(X) < 5, then Q(x) > € on I for all

B/Q ¢ MX,y) whére PePd,, Qce Qmﬂ Q> 0 on X, and “Q’HI = 1.

Proof. Assume that no such € > 0 and § > O exist.
Then there is a sequence [Xk] of closed subsets of I such
that

(5.11) . Lim a (X

k)
and for each k -there are points ék; e I and Vi€ J and a
rational function R, = PK/QR; € ?)T((XK,yK) where P e Pin;
Q @, Q. >0onX,[ql;=1and '

(5.1?) | .1im Qk(gk)‘= 0.

Resb0
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17y = Ry <8y () + dr(Xy)

< “Fyk - R(C(yk):')nxk + dI(XK)

< ”Fyk - R(C(yk):')ul + 2
= A(yk) + 2
< ally + 2.

Appljing the triahgie inequality, we get

IR

K“XK é.”F”D + ”A”J +2 =M

Thus
(5.13) | P (x)] < MIQ ()|

for all x ¢ Xk'
We note that the sequence'{QK} is uniformly bounded
over I. We now show that {Pk} is uniformly bounded over I.

.Choose ai’ si,_i = Q,...,n+l,,where
LAy KBy <o KBy < e <oy KBy L

Lemma 1.3.3 ensures that A = sup [HPHI:P € Pn'and
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Vi=0,...,04l, Fx € [a,,B.] 3 (-1)7P(x,) > -1} is finite.

By (5.11) we may choose k, such that if k> k., .then

0 0”

XKY“n[ai,ai] #d, i =0,...,0+1. Suppose k > k For

O'.
i=0,...,0tl, we select Ci_e XKfAN[ai,BiJ and apply (5.13)
to get (—l)lPK(Ci) > =M. Thus ”PKHI < AM. Hence {P,] 1is

~uniformly bounded by max {AM, ||P .|| P

1”19" KO”I}-‘

We may now extract subsequences and relabel so that

k
and Ve = ¥ € J.

P~ Pe P and Q - Qe Qm’ uniformly on I, and £~ E el
Let x € I. By (5.11) there 1s a sequence {Xk} where

each x, € X and lim x, = x. The uniform convergence of P

k = %k o K K

to P and the continuity of P imply that lim P _(x

lesca k K)

Similarly, lim Qk(x;)'= Q(x). Thus we conclude that
. k00 :
(5.14) | |P(x) | < M|Q(x)]

for all x e I,

(5-15) el ;. = 1,

and

for x ¢ I.
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Equation (5.15) implies that Q #'0 énd thus has at
most:finitely.many zeros in I.‘ By (5,14) each zero of Q
of a given multiplicity ig also a zero of P of at least
the same multiplicity. Thus Wé may perform-finitely many
cancellations to obtain R' = P'/Q' c R(n,m) where P' e P_,.
Q' € @%ﬁ, and Q' > 0 on I such that

P(x

(% = R'(x)

for all x € I where Q(x) # O.

For aﬁy x € I where Q(x) # O, there is a sequence {Xk}
such that each x, ¢ X, and lim x, = X. Then
© fk o K

(5.16). [F,(x)-R"(x)| = | ¥ (x) - ZFE3

< l#y(x)-Fyk(XK)!. + IF (XK)—RK(XK) I

Yk

Pe(®)  prx)

FolagEg T A

<_ IF(XD;Y) - F<XK:VK)I + “Fyk: - RK“KK

P(®)  prx)

3.5 )
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S_ IF(XJY) - F(Xkﬁyk)l" + AXK(‘YK) ,+ d'I(XK)

. P, (%) _P(x)
ERcmiliey

< PG - Pl + A + ag(x)

PK(XK>'_ P(x)
U (X)  Qx)

+

We pass to the limit in (5.16) to get.

Fo(x) = RU(x)] LA,

Since R' 1s continuous over I,
Iry - Rl <2 ().

. By Theorem 3.1.1, R' = R(C(y),-). However,
Q)

lim QK(gk) = 0. Inequality (5.14) implies that
Ko '

P(€) = 0. Thus P and Q have at least one common zero.
Hence, dP' < n and 3Q' < m. This contradicts the normality
Qf Fy:_ This completes the proof Qf Lenma, 5.2.2.

We now apply Lemma 5.2.2 to demonstrate that if X is
sufficiently dense in I, then‘eaéh F& has'a.dnidue best

approximation over X from Ry(n,m).
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Lemma 5.2.3. Let F ¢ p. There is a 6 > O such that
if X is a closed subset of I -and dI(X) < &, then Fy has a

ﬁnique best uniform approximation over X from'RX(n,m).

. Proof. We choose € > 0 and 5 > 0, via Lemma 5.2.2,
such that if X 1s a closed subset of I and d;(X) < 5{ then
X contains at least ﬁ + 2 points and Q> ¢ on I for all

P e P Qe Q where P/Q ¢ ﬁn{x,y).,' Q> 0 on X, and || Q,I]I = 1.

Suppose X is a.closed subset of I where d (X) < & and

I(
fix ye J. If X = I, the conclusion of Lemma 5.2.3 follows
from Theorem 3.1.1. .We assume X is a proper subset of I.
Since X is closed, dI(X) > 0 and thus there is a sequence
{R.} in MX,y) spgh that HFy = Rillx = A4 (y) a8 k> w. We
may write R, = PR;/QK where P e Pn, Q‘k; € Qm, QK'> 0 on X,
and ”Qﬂll = 1. We may apply an argument similar to that

in the proof of Lemma 5.2.2 to see that the sequence {PK}

is uhiformly bounded over I. Thus we pass to a subsequence,
relabel, anFﬂ. assurﬁe that Pk; - P e Pn and Qk“’ Q e Qm
uniformly over I. .Since ijz_e on I for each k, Rk = PK/QK
converges uniformly.to P/Q on I and sz_é on I. Hence,

P/Q € RX(n,m) and HFy - Rlly ~ HFy,— P/Ql 4. Therefore,

HFy - P/Qfy =.AX(y) and P/Q is a best appfoximatiop of Fy

over X from Ry(n,m).
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For the uniqueness we Nnow suppose that Fy has two best
approximations R and R' over X from Ry(n,m). We write
R = P/Q and R' = P'/Q' in reduced form where P,P' ¢ P, and
Q”Q'. € Qm' Since dI(X) < 65 R,R' ¢ R(n,m), and since
R(n,m) C Rx(h,m),lR ahd R! are.best approximationsvof Fy
over X from R(n,m). 'Suppose the varisolvent degree of R
is g. Then JP g,z'— m-1andoQ< 4 - n - 1; We ﬁow;apply.

Lemma 5.2.1 to find x5 < X; < ... < xﬁ' in X such that

(-1 (2(x;) - Rx;)) =0T - Ay = By (),

i= O, . »4 , where Q € {O,l}‘is fixed. Since ||f = R'HX

= AX(V)a |
(1) (2(xy) - R (x)) < o)

i=0,.0..0. Sﬁbtfacting these inequalities we get

(1) (R () - B(xp)) 3 0

1 =0,...,4. Since Q(xi)Q'(xi) ; 0,
(-1 (B (x)a(x;) - P(x;)(x;)) 3 O,

i=0,...,4. But P'Q - PQ' is a polynomial of degree less

than or equal to f - 1. We may now conclude that.
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P'Q - PQ' =0 (see Rice [28, p. 61]). Since Q, Q' > 0 on X,

P/Q
of F, over X from Ry (n,m) is established.

Il

P'/Q' on X. Thus unidueness of best approximations

Remark. Lemmas 5.3.2 and 5.3.3 ensure that if X is
sufficiently dense in I, then each Fy has a unique best. -

approximation over X from Rx(n,m) which we write as

n

P(A(¥) 5x) L. a§<y5Xin
(5.17) R(Cx(Y) sX) ='Q(B§(y) 2 X) = 2—8 X, 3

where Cy (¥) =_(AX(y);BX(y)) = (aﬁ(y),}..,aﬁ(y); D(T) s s

bﬁ(y))'e ¢ for all y e J. |

The next result asserts that as X convergeé to I with
respect to the density measure R(Qi(y),x) converges to
R(C(y),x) uniformly with fespect to x and y. In the
univariate case, this fesult is due to Werner [321. The

following lemma extends Werner's theorem to the uniform

8ense in y.

Lemma 5.2.4. Let P e D. Given e > O there is ag> O

such that if X is a closed subset of I and d (X) < 6, then

IR(Cx(¥)5+). = R(C(¥)» M < e for allye J.
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Proof. Assume otherwise. Then there is a sequence

{XK} of closed subsets of I and a sequence {y,} in.J such

that éig'dl<xk) = O’and i
(5.18)- IR(Cy (v0)>) = R(Ems g2 e

Since J is chpact; we may assume y, -~ ¥ € J as kK » o,
Moreoﬁer, we can apply an argumeﬁt similar to that of the
proof of Lemma 5.2.3 to show that_a further relabeling

produces R(CX-(yK),-)-» R ¢ R(n,m) uniformly on I as k » w.
; AT . as |

" Since F. - R(C ) > F_ - R uniformly on T, F_ - R is

continuous on I, d

-~ 0, and FYK-- R(C(Yk);')

X

(%)

~ Fy - R(C(y),+) uniformly on I,

17y = Rip= LmEy - RO ()5 Dy

k00

< m [|F_ = R(C(v)s )l
Kosen Vi | k’? XK
11 B - R(C . :

< LimEy - RO g

- 17y - REE). 1 -

By Theorem 3.1.1, R = R(c(y),-)-gﬁd R(ch(yK),-).+ R(c(y);-)

uniformly on I. Now
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‘IR(CXK(yk>’.) - R(C(yk):'NII
S HR(CXK(YK):') - R(C(y),')”I + “R(C(y)a') - R(C(yk):'>“1~

The uniform convergence above implies that

HR(CXK(yK)’-)

R(C(y),-)”I —~ 0, and Theorem 3.1.4 implies

that |R(C(¥),-) - R(C(¥))»*)ll; - O. Thus
HR(CXK(yK),o) ~ R(C(¥)»>*)l{ » O. Thie contradicts (5.18)
and Lemma 5.2.4 is proven.

The following:coroliary is an,immediate~consequence of

Lemma 5.2.4 and Lemma 4.3.2.

Corollary 5.2.5. Let F e D. Given € >.0, there is a
6 > 0 such that if X is a closed subset of .I and d(X) < ¢,

then o(C(¥),Cy(¥)) <'e for all y e J.

The following result establishes the continuity of the
coefficients in R(Cx(y),x) when X is sufficiently dense in

I. We shall delay proving this result until Section 5.3.

Lemma 5.2.6. Let F ¢ D. There is a § > O such ‘that
1f X is a closed subset of I and di(X) < 5, then Cy(y) is

continuous on the interval J.
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Thus if X is sufficiently dense in I, then Cy(y) .is

cdntinuous over J and the coefficient functions

ag(y),,..,aﬁ(y), b?(y),,.,,bﬁ(y) may be best approximated.
The serles of lemmas now culminates“in'fhe‘fi}stkmajdf.].

result of Sectioﬁ 5.2,

Theorem 5.2.7. Let F e D. Then there is a ¢ > O such

that if X and Y are closed subsets of I and Js respectively,

and d;(X) < ¢ and.dJ(Y) < 6, then &y o existsr

Proof. We must show that if X is sufficiently densé.
in I, then R(Cx(y),-) exists for.all v € 5, CX(y).é;C for‘
all y e J, and CX(y) is continuous over J. This is pro=-
yided by the preceding éeries of lemmaSl We must also show
‘that the denqminator of (5.9) does not vanish over X x Y.

Lef | '

S.

J(bjsy)xé)' '

Since F e D, v > 0. Bince bjle C(J), Jg=1,...,m, we apply
Theorem 1.4.2. to find numbers 67> 0 and x> 0 such ﬁhét
Y

(

Y ! .
IITsa(g’r) - Tg !

b Yo x e = byl
RO RUFE ‘)Il__J. <rlle- pyly
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for all g e C(J), j =1,...,m, whenever Y is a closed
subset of J and dJ(Y) & 61 We now apply Theorem 3 on
p. 87 of [5], to obtain 65> O such that if d (Y) 500

then || T J(b ) - Igj( s < T/, 5= 1.,

By Lemmas 5.2.2, 5.2.3, and 5.2.6, there is 263 > 0
such that if X is a closed subset of I and dI( ) < 63> then
R(CX(y),-)-exists and is unique‘for all .y ¢ J, CX(y) e
for all y e J, apd CX
lary 5.2.5, there is a 6y > 0 (5M'< 53) such that if

(y) is continuous over J. By Corol-

d1(X) < 5y, then by - b§|]J.<-T/'2>\m, i=1,...,m.

We choose § = min (61’62’54J > 0 and sﬁppose X and Y
are closed subsets of I and J, respectively, with dI(X) < 6
and dJ(Y)A< 6. We need only show that the denominator of
(5.9) is positive over X x Y. Suppése‘(x,y) € D;‘ Then

R m A . .
. _ Y X J
1+ ) o Ty (D7)

J
m ..
J
21+ L5 Ty (0)7)
Y - Y X .\
-2 4a [Tg (5359) = T (b3) 1%



5 ]
> 1 + =1 Tsj(bj,y)x
. : v
EJ=1 ”TS(bJ, ) _'TS_(b J')IJ
J J .
m ' . . .
- v o, Y X
- Ly 175 (0g00) = T (050l
T T
R T

The denominétor of (5.9) is positive over D and thus is
positive over X X Y. Hence QXXY is defined; |

The final result of this section comparés éXXY<x,y)
to ®&(x,y) as X and Y fill out their'respective intervals.
We comment that the proof bears out that.if X and Y'ére
sufficiently dénse‘iﬁ their respective intervals, then the .
denominator of the répfesentation‘(5.9)'for mxxy(x,y) is

positive over all of D. This makes it possible to compare

GXXY(k,y) to @®&(x,y) over D.

Theorem 5.2.8. Let P e D. Given € > .0, there is a

6 > 0 such that if X and Y are closed subsets of I and J,
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respectively, with dI(X) < 6 and dJ(Y) < &6, then QXXY

exists and |& - R H < €.

Proof. Let

Tt = inf. (1 + Z:J -1 S.(bj,y)xa)'>~o.
(x ,y)eD o d

By the proof of Théorem 5.2.7, we.may.select 61> O such

-that if dp(X) < ¢4 and d (Y) < 51, then

L
1+ Z:j=1 sz( Cyyxd s T2
.for (k;y) e D.- fhus for (x;y) € D,
(5:19) 18(x,5) = Gy y(%,7) |
. 2 n
€A1 ) (4 B 050

- <1 + ) Zl=l Tsj(bj,y)xj> (E oo Tgi(%}'l{’7>x.i> I |

g_(g/%Q){ K zz?:l'”sz(bg’f) - TSJ(QP.?”J

) :=O-||Tri<ai,-) G P
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no :
where K, =-Z:i=0 HTri(a"')”J and

L

m o ' o
Ky = 1 +“Z>j=l HTSj(bj,u)HJ._ By Theorem 1.4.2f there are

numbers 6, > O and x > 0 such that if.dJ(Y) DY then .

Y ' Y ' _
172 (gs0) = Ty (a5 < lle - aglly

and

;(g: ') = Tz

4
It
d

(o lg < lle- Byl

for all g e C(J), 1 =_O,.w.,n; and j = 1,...,m. Theorem

3 on p. 87 of [5] yields a 53 >'0 such that

2

: - " Y VIR
(5.20) "”Tri(aif’) - Tri(ai")”J.< Ergi%ﬁxjy
i=0,...,0, and
. | | Y er”
(5.21) HTSj(bj,-) - Tsj(bj,.)“J <Fxm

j=1,...,m, whenever dJ(Y) < 63 Mofeovér, Corollary
5.2.5 produces a §) > O such that. if dI(X) < 6y then
2

. : o : X o eT .
- (5.22) | Hai - ai“J < 8~K§(H;TTX
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_ ' X ET '
(5'23) . “bJ - bj“J < B—K_l—m_’

Let 6 = min (51,52,53,54)'> 0. If dI(X) < 6 and .
d;(Y) < 5, then inequalities (5.19), (5.20), (5.21),

(5.22), -and (5.23) imply that

',-|(R(X:Y) - (ﬂ'XXY(X’y)I < €.

Thus ||& - GXxYHD < € and Theorem 5.2.8 is proven.

We conclude this section by noting that the two
theorems of this section Jjustify the discretization of
algorithms to compute fational\product approximations.
In particular, if X and Y are sufficienﬁly dense-in I
and J, respectively, then the corresponding discrete
rational product approximation exists and is uniformly

~ near the rational product approximation of F over-D.

5.3 Discrete strong unicity theoremn..

In this section, we establish a generalization of
Theorem 3.3.3 to the setting of discrete rational approxi-
mation. in this case, the strong unicity constant will

be independent of Fy, vy € J, and the closed subset X of I
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over which thefgpproximation 1s done. This result will

be used'in’Seqtion.5-5 in determining quédratic convergence
properties for'aﬁ_algorithm to compute rational product.l'
approximations. We also state another variant of the
strong_uniéity theo:em. We Wiil use this result to pfove

Lemma 5.2.6.

Theorem 5.3.1. Let I ¢ p and suppése F:y ¢ R(n,m)

for all ¥ ¢ J. Then there are constants 6 =6(F)> O
and y =y (F) > O such,that if X is a closed subset of I
and'dI(X) < 6 then the best uniform abprqximation
R(Cx(y),-).éf F& over X from RX(h,m) exists for'allly‘e J
and - o

(5.24) || Fy-Fly > [Py -R(Cy(v),°)

.+ YIRR(C ()5 )l o

for all y e J and all R « Ry (n,m).

Proof. By Lemma 5.2.3, there is a 61> 0 éuch that
R(Cy (¥)5+) existé for all y e J whenever d (X) < 5~

Assume no such y > 0 and g > O (5 g_al) exist. Then
there are sequences {Xk} of closed subsets of T, {yK in

k

J, and {RK}'where R~ ¢ Ry (h;m) such that
. o ' k
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(5.25) o d(X) ~ 0
and

IE, - Ry - 7, - R(Cy (v,
X
(5.26) Y K Vi “k k

k

IR - R(Cx ()5 )lg,

.as kK » o, We'pass to a subsequence and relabel so that

Ve > ¥ € J. Thus F. o F uniformly over I as k m.'
T Ve T ‘
Theorem 3.1.4 and Lemma 5.2.4 now imply that R(Cy (¥,),°)

' k
"= R(C(y),-) uniformly over I as k - w.’ R

We normalize the rational functions and write

rE = NK/DK, R(CXK(yK),~) = NXK/DXK, and R(C(y),+) = N¥/D*

L W e P D&, Dy » D* ¢ @/, and
k o k

where NK, N
(5.27) 1N + D50 + [Ny [0+ 1Dy o = [N, + [ DH, = 1
‘ T T XK I XK T I T )

Equation (5.27) and an argument similar to the proof of

Theorem 3.3.3 (pp. 88 - 91) allow us to further relabel

k - Lk

and assume that N~ -~ N¥, D . D¥, N, - N¥, and DX -~ D¥

k k

uniformly over T as k - ». Since R(C(y),:) e R(n,m), we
1

X

may select an € > O such that ¢ g_DF(X)

and

e < Dy (x) < 1 for all x ¢ I and all sufficiently large k.

k
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Now‘Coroliary'5.2.5 implies that for sufficiently
large k, R(CX (yk),«) € R(n,m) and is the best approxima-
: Kk . - . .
tion of Fy over X from R(n,m) and has varisolvent degree

L =n+m+ 1. By Lemma 5.2.1, there is an_élternation

set

Kk k k
-1,g_xo < Xl < ene £ xz < L

in X, for FyK - R(CXK(yK),-). We further pluck out a
k

subseduence and reiabel 1) that-xi.a-xi,'i = 0,005k
Since Fy ¢ R(n,m), an argument similar to that on p. 33

insures- that

Xy < %q < el KXy

Thus by Theorem 1.3.5, K(XS,...,XE) = sup {|Fl;: P is a

polynbmial'of degree at most 4 - 1 and (—l)lP(ki)jz_al,
i =0,...,0) are bounded by some A> O. '

We now. fix k. For i = O,...,0,

i+ k
(-1 Fy (x)

DRy (<1 = | F&K-RWXK(?K)?)H X,

and

x) - R Ey, - Ry
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“where ve {0,1} is fixed. ' Subtracting these inequalities
produces the inequality

IR - (o (705

(=1

2 -(my, - Rkﬂxk BT CHC AT PR

Since 0 < D¥< 1 and 0 < D, <1,

_ k
itk k L kv k, k Ky -
("1) [N (Xi)DX (Xi) - D (Xi)NX (Xi)]
. k k
> =07, - By < IF - RGOy (m)s g )
= Vi X o VY Xk ? X’
Since'NKDX - DKNX is a polynomial of degree at most 4 - 1,
k k ' '

ko K ' '
I DXK-DKNXKHXK < allmy By - IFy -R(0y ()5 M )

Now since

k - 1 .k K

IR™ - R(Cy (v )s)ly < 5 IINDy = DNy [l
| XK k/? XK €I2 Xk XKXK.

we have

- k - .

IF. - Ry - lIF, - R(Cy (¥ )5l 5
Vi . XK Ve Xk k f XK o -E

Kk 2 A

.HR - R(CXK(yK)")“XK
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This contradicts (5.26), and the proof of Theorem 5.3.1 is
-complete. |

We next state another discfete strong uniciﬁy theéfem.
This  theorem is cited without proof in [l1]. The proof is.

similar to the proof of Theorem 5.3.1 and thus is omitted.

Lemma 5.3.2. Let £ e C(I) and X be a closed subset

of I containing at least‘n + m + 2 points. Suppose -f has
“a best uniform approximatidn R¥ over X from R(n,m) and

R* ¢ R*. Then there is a constant vy > 0 suéh that
e - Bl > e < B¥ly, + v IR - R¥ly

for all R € R(n,m).

We remark that the conditions of Lemma 5.3.2 do not
require X to be sufficiently dénse in the interval I. We
conclude this section with the proof of Lemma 5.2.6.

Proof of Lemmg 5.2.6. By Lemmas 5.2.2 and 5.é.3 and
Coroilary 5.2.5, we may select a.g > .0 such that if X is
a :closed subset of I and dI(X) < 5, then for all y e J,

(1) R(CX(y),-) exists, '
(i) R(CX(y),-> ¢ R(n,m) and thus is the best approx-

imation of P, over X from R(n,m),'and
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(iii) R(cx<y),;) e R*.

We now apply Lemma 5.3.2 to find Y(¥) y é:J, such that
(5:28) 17-Rly 2 I1B-R(Cx (7))l + v (DIB-R(C (7))l

for all R € R(n,m). Now let Yo € J. For any y e J, we

apply (5.28) to get

IR(Cy (3) 5+ )=R(Cy (¥5) > M -
.§-§T%57 tnFyo—R(cX<y>,->uX'— 7y R (56) sl
-5_57557-[nFy0-FynX + PR (7))l

- 1By ~R(%(7) > Dl

T '
F_ - - x
S il vy Follx # 1F-R{Cx (75) 5 M

- “ FyO_R(CX(yO>’ : )”X]

' 2
: F_-F .
S'YGY05 ” Yy YO“X

Thus‘R(CX(y);°) depends continuously on y. However, each
R(Cyx(¥),-) € R*, and by Lemma 3.2.5, R* and €* are homeo-
" morphic. We may now conclude that CX(y) depends continu-

- ously on y over J. Thus Lemma 5.2.6 is proven,
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5.4 Algorithms.

The'algorithms to compute polynomial or rational
product approximations of F € C(D) given in the papers
4, 12, 13, 3lj follow a specific pattern! A finite suﬁsetv
Y of J is selected, and for‘each y e Y, the best approxi-
mation of Fy is computed over I of some prescribed finite
subset X of I. The associated coefficient functiouns
are recovered and ére.best appfoximated over Y. -The best
approximations are compﬁted using thg Remés algorithm [5]
or the differential correction algofithm'[l]. The algo-
rithms of J. Henry t12, 137, however, include an outlef
to handle a possible discontinuity of the coefficient
functions (see p. 105). In this section, we discuss a
version of én algorithm of J. Henry [13] and proposé a
‘modification of this algorithm.

We first describe thg original differentiai correction
(ODC) algorithm to computé the beét uniform approximations
of £ e C(I) over a.finite subse£ X of I from Ry(n,m). The
ODC algorithm is due to Cheney and Loeb [6], but conver-
gence of the algorithm was estaﬁlished by Barrodale,
Powell, and Roberts [1l]. We present the ODC algorithm in

connection with computing R(Cy(¥),+) where'F e C(D).
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ODC Algorithm.

Step 1. Choose Ry = PO/QO where

0 0 o_n
PO(X) = po>+ plx t .o+ pxT,

0. o O m CL
QO(X) =4yt QX + ... + X > 0 onX,

and max qul = 1. Let
3 J

80() = IR, - Rylye

Step 2. At the k-th step, we have R = PK/QK where

‘ k k . K. n
PK(X) = Pg t PyX to.o. o+ pX,
k o k. k_m
Q(x) =gy + X + ... +ax > 0 on x,
k
and max lqj[ = 1. We denote
J
(5.29) | B (¥) =17, - By
We choose Ry = Pkfl/QK+i where
' '_ k+1 K+1 k+1 n
PK+1(X) =Py TPy XA ..+ Pn X
and
kel kt1 k+1_m
QK+1(X) =4y +tQq) XA+ ...+ QX
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to minimize

(5.30) max

gmy(xmm(k)'-lvm(x)r - 8 (1)Qer (1) )
xeX

e () | §

subject to the constraint
k+1
(5.31) max lqj &
. 3

='1.

'Barrodale, Powell, and Roberts have shown ﬁhat the
ODC algorithm sustains itself in that Qk+1.> 0O on X,
Ak(y) | AX(y), and if Fy is normal, then the convergence
is at least quadratic.  We remark that Step 2 of‘the OoDC
algbrithm is accomplished by a linear program. Step 1
is accomplished by choosing PO and QO ﬂo minimize
(5.32) N max |Fy (x)Qp(x) - PO(X)j
subject to the constraint a0 = 1, or if (5.32) does not .
generate a permissible Q,, by choosing'PO = 0 and Q; = 1.
The initialization is used by Kaufman and Taylor [18, 19]
in a progrém of the ODC algorithm. Kaufman and Taylor
refer to (5.32) as "one step of iOebfé algorithm."

We now describe a simplification of J. Henry's.

algorithm {13]. We assume F ¢ D. Thus we do not consider
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the discontinuity outlet.

Algorithm 1.

Step 1. Choose finite subsets
Xi Xq < x2‘< ves < X,
and

Y: vy < Vo § . <,Ys

of T and J, respectively.
_Step 2. Compute R(CX(yV),-),.V = 14"f’s’ using the
ODC algorithm with initialization (5.32). Recover the

coefficient vector

X X X X
CX(yQ) =,(ao(yv),...,an(yv);-bl(yv),...,bm(yv)).
St Y X . '
ep 3. Compute T, (ai,-), i=20,...,n, and
' . i .
Tz (b?,-), J=1,...,m, using the 0DC algorithm and
J

initialization (5.32).

We remark that Step 3 of Algorithm 1 can compute
rational approximations.of the coefficient functions, and

thus Algorithm 1 can be used to compuﬁe rational product
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approximations in the sense of Brown and Henry [3]?

We now describe the proposed modified algorithm.

Algorithm 2.
‘Step 1. Choose finite subsets
X‘.Xl < X5 < vl <X
and

Y ¥ < Yo < v K<y

of T and J, respectively.

Step 2. Compute R(CX(yO),-)‘using the ODC algorithm
with initialization.(5.32). Recover the coefficient

vector

Oy (50) = (8(Fg) s v+ 52m(¥g)s BY(T0) s e wsbh(50))

. Step 3. Compute R(Cx(yv),.),'v =2,...,8, using the

ODC algorithm with initial guess Ry = R(Cy(¥,_7),).

Recover the coefficient vector

. T(5,) 50 sb(5,))-

Cx(y ) = (ao(yv)93r°:an(yv>5 b

Y

r.
1

5+), 1 =0,...,n, and
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oot
FRRb
(5.32).

T »*) using the ODC algorithm with initialization

Aigorithms 1l and 2 are multiply—iterative_in that
the iterative ODC algorithm is applied Seﬁeral times.
The Shortcomings of all the product approximation algo-
rithms is the timevéf,computation of R(CX(&),~) for
several values of y.. The ODC algorithm possesses a
quadratic rate of convergence [lj, and the motivation for
Step 3 of Algofithm 2 is to take advantage of this quad-
ratic rate of convergence. It will be shown that there
is a constant.A,independent of j and SUfficiéntly~déns¢

X C I, such that

(5:33) by (¥) - bx(¥) < Al (3) - ag(1))?

for all y ¢ J, where A, ., (y) and A, (y) are givgn in (5.29).
This implies that for all k

. ok
[A(Bo(¥) - ag(3))IF

> =

8. (¥) - 85(¥) <

The motivation for Step 3 of Algorithm 2 follows from
Lemma, 5.2.6. We infer that if Y is sufficiently dense in

J, then the choice of R(Cy(y, _1)»*) as the guess in the
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computation of R(CX(yQ),-) would produce

B (7)) =2y (v,)) < 1.

This inequality and the gepmetriC'growth of the exponent
QK would greatly enhance the convergence rate of each
. iteration in Sfep 3 of Algorithm 2. ‘We remark tﬁat'
aithbugh Algorithm 1 satisfies the guadratic cqnvergencé
property.(5.33)% there is no guérantee that the quédratic

convergence is efféctive until the inequality
A (y) - byg(¥)) < 1

~is satisfied.
We now state this quadratic cohvergenge property.
Since the proof is rather long and technical, we defer

the proof until Section 5.5.

Theorem 5.4.1. Suppose F € D and Fy £ R(n,m) for all

v € J. Then there are constants § > 0 and A> 0O, indepen-

dent of y, such that if X is a finite subset of I, then

B (7)) = By(y) < ADBL(T) - By (7)),

1 (V) are

the uniform errors at the k-th and (k+l)-st iterations of

k =0,1,..., for all y € J where Ak(y) and A
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the ODC algorithm.

5.5 Proof of Theorem 5.4.1,

We now return to the proof of Theorem 5.4.1.
Throughout thié section, it is assumed that F ¢ D and
'Fy 4 R(n,mj for all y € J. We recéll that F ¢ D implies
that Fy is normal with respect to I and R(n,m) for all
‘ y € J. The proof of this section is paﬁterned after the
proof of Barrodale,:Powell, and. Roberts- [1] Wiﬁh adjust-
ments made to insure that the number A of (5.33) may be
chosen.independently‘of vy € J and sufficiently dense X C I.
The proof of Theorem 5.4.1 is preceded by three

lemmas.

Lemma 5.5.1. Let F € D. There are numbers § > O -and

n > 0, independent of y € J, such that if X is a closed

subset of I, dI(X) < 6y and'B(CX(y),-) = Py/Qy where
n - o m . :
. . i . .
BL(%) = L sog B3 (3)xs Qu(x) = L 55 a5(y)x?; and

yv)| =1, then.Qy(x) > n for all x e I.

max |q.(
S

Proof. By_Lemmas 5.2‘2 and 5.2.3, we may choose

€> 0 and ¢ > O such that'whenever.dI(X)‘< 6, then
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R(CX(y),-) exists for all y € J and

for all x e I. Thus

Ay 2 e el

on I. TFé two norms ”'“I and Hz)?;o qjxj”* = m?x.lqjl on
the finite dimensional linear Spa@ez@%lare equivalent.
Thus there is a number T > O which does not depend on y
or X such that lais> = m?x' a4 (7)) =7. Thus

Qy(x) > e
on I.. The choice of 1 = €t completes the proof of

‘Lemma-5.5.1. .

Lemma 5.5.2. Suppose [fK}AiS a sequence of real-

valued functions on I and f, - f.unifdrmly over I where

k
f e C(I). Let {XK] be a sequence of subsets of I where

dr(X,) -~ 0 as k —» o, Then_HfKHXk.» £l as ks .-
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Proof. The uniform convergence implies that

nfk_- nt.» 0. The inequality
Izl <oy <l - My 8l
now implies that

Tim [ £l < £l
o Iy, S g

Now pick-x* e I such that |[f(x¥)]| = HfHI. Since

dI(XK).+ 0, we may.choose a sequence {x,} where

) I .
XK € XK and.txK x*, Then

Il = 1e(x%)]
< IE(ex) - o) |+ 18(x) - B (xI +
< HE(EF) - £(x )|+ - £ g+ HfgIX% -

This inequality, the continuity of f, and the uniform

convergence fK-» f over I ensure that

el ¢ < Lw [ £
TS el

We conclude that ||f||. = 1lim || £ ||
. T B
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Lemma 5.5.3. Let F € D, Then there are numbers

6 > 0 and & > 0, independent of y € J, such that if X is

a closed subset of I and dI(X)'< 5, then

la - agly <o IR = R(Cy(v)s )y

N R
for all B = P/Q where P(x) = Z)i=o pixXT, Q(x) = Z
> 0 on I, and max |§j|,='l, and R(Cy(v),-) = P /Q_ is

. J
given in Lemma 5.5.1.

Proof. We assume otherwise. Then there are sequences

{XK] of closed subsets of I with dI<XK) - 0 as kﬁé o,

{yk} in J, and {RK] where Rk = PK/Q'KJ PK<X) = Z .i=O EE Xl:'
. m . . i
Q (x) = z;._ GE x9> 0 on I, and max [§$| = 1 such that
k L J=0 73 : _ PR
6 o - Qg

=~ R(Cy (7 )y 7
Kk x, e/l

as k- «o. We simplify our notations by writing
' n

. ' ' k i
R(C, (y.)s*) =R =P_/Q_ where P_ (x) = Z}._ p.x
XK k | Vi Yy YK Vi i=0 i
m ,
d X) = . K,

K J

We exﬁract subsequences and relabel so that'yK.+ N é J.
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. : n .
We write R(C(y),-) = R = P/Q where P(x) = Zzi:o pixl and
m . '

Q(x) = le:O quJ. Corollary 5.2.5 and the triangle

. inequality insure that Cy (yk)-+ C(y). From this it can
k

be deduced that P - P and @ - @ uniformly over I. -
. ) yK yK

Sinice F € D, Fy is normal ‘and, therefore, R € R*. As
a result, P/Q is a reduced representation for R, and
P, # 0 or qm'# 0. We consider the-case.“/\Thei“'e'p’x1 # 0. The
case.where Ay, # O can be handled in a similar manner.

Since Pyk-; P.uniformly on I, p§.4 p,- Since Py # 0,
a relébeling allows us to assume that all pi # 0. Since
P/Q is in reduced form {Q, xQ,...,xn_lQ, P, XP,...,x P} is
a linearly independent set. The equivalence of all norms

on a finite dimensional space implies that

' ' _ _ n-1 5
H=iaf (@A + PBl : A(x) = ), &%,
m . o :
B(x) = Z}._ b.xY, max {la,],]|bs]} = 1)
Jg=0 "3~ R i J
. 1,d
igs positive. For each k, let
Zn-l 1
gk = inf {”kaA + PyKB”XK: A(x) =L i_q 5%

Y =1},

m . _
B(x) = Ly Dyx7, max (lagl,|b,

_J— 1.4
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We show that the HK can be bounded away from zero. Since

Q. A+ P ,BHX is continuous with respect to the vector
Yk - Yy

b ) over the compact set

(ao,...}an'-l, boj..., .m
{(ao,.. 281 bO’""’bm) max {]a |,]le = 1} . Thus we
: 1 1,3
-

can find Af(x) = Y, aixl and B

m .
=) K d
120 (x)'— z;. bjx where

max {lakl,lbkl} = 1 and
i,J i

= HQ A* + P B*nxK

Since HAﬁHI < n and HBQHI < m+ 1, we may further extract

subsequences and relabel so that Ag-» A* and BE.* B*

uniformly on I. Then A* and B* are polynomials, and
3A¥ < n - 1 and 3B¥ < m. Moreover, the maximum of the

~absolute values of the coefficients of A¥* and B* is 1.

Thus
H - HK < “QA*+PB*”I —'”Q A*+P B*”X .
By Lemma 5.5.2, lim HQ A¥ + P B ”X = || QA% + PB¥| ;. Hence,
ke>o0 Ik

1lim ijz_H. Since H > 0, a further relabeling can be done

ke>oo

and we assume that H > d; for all k where'd1_> O is

1
independent of k.
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Now fix k and let a ='§§ /pn.‘ Define
n-1 i

AK(X) = P, (x) - a?yk(x)-= Z)i=0 ai§ ,

— Kk .
a; = p; —apy;s 1= Oy0..,0n-1, and
‘ sz J
BK(X) = QK(X) - aQyK(X) T 5=0 ij »
—k k
b, = 4% - agt. Th
3 qJ Cqu en
. 4_ - P_ B |
yK k Vi K'Xk
=|Q. P, -aQ P -P Q +aQ P
Ve K Ve Ve . Y K Vi yK“XK
=lla, B, - B_ Q]
Y BT KX
<o, Iy 19dly IR = R Ilx-
Vig By T OEE Tk yKIXK
< (m1)® R - Ry -
. Vi Xy
A homogeneity argument ylelds
.I[}.

Q_A - P B d, max a. b
I Vi K' Vi K“XK:Z-.l nax { | 1|’I J

1,J
Thus

la. | < dyps
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i1 =0,...,,n-1, and
'le id-gpﬁ

. ' 2 -
j =0,...,m, where d, = (@+l) /d.l and p = ||RK —'BkaXK.

Recall that bj = E? - aq?. Choose j where ‘
|'c§§?| =-1. Then

1=-|b. +0qu.:|< b, | + Jaf < dp + |af.
J J= g = 2
Thus 1 - |a| ¢ dp. Now consider J where |q§| = 1. .We
have |
la] = Jag| = |G - b, < 1+ |b.l< 1+ dp.
J J Jh= g 2

Thus 1 - |af| » - dyp. Thus if a> O, then |1 -al| < dyp.

In case a < O, we have_ll- a> 0> —de.. For arbitrary
x e X,

(x) < (mHl)dp + aQy (x).

0 < Q. (X) < B (x) +aQ .

Vi
Thus
a > =(m+l)dp/Q_ (x).
. 2 yk

By Lemma 5.5.1, there is an 1 > O such that Qy (x) > 7
- k

for all x € X and all sufficiently large k. If k is
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sufficiently largg,
a 2;—(m+1)dé9/h.
Thus
l-a=1- la| = 2a
’g dop + '2'(m+l ) dop /ﬁ

= d, {1+ 2(m+1)/mJp

3p
In any cdse_ L —a|<.dyp = d4 IR, - R AH .
| o 3 3R Ty Xy
We now have
oy - @y g = I8, + (=002 Iy

k k
<8 +11-a’|nQ u
K Xk Vi X
C(m1) (dy+d) R - R
< (mid) 3> I Ryl
where d?'and d_3 do not depend on k.. This contradicts

(5.36), and Lemma 5.5.3 is proven.
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We now establish the "uniform quaaratic cohvefgence”
of the ODC algorithm. With a few minor adjustments, the
Foilowing proof 1s that Barrédale; Powell, and Roberts [l].,'
The constant A in (5.33) i1s written in terms of the con-
stants of Theorem'5.3.1, Lemma 5.5(1,.and Lemmé 5.5.3
which have been shown to be independent of y ¢ J and

sufficiently dense X C TI.

Proof of ‘Theorem 5.4.1. We choose § >fQ; v > 0,
n > 0, and é > 0, via Theorem 5.3.1, Leﬁma 5)5.;,‘andA
Lemma 5.5.3, such-that whenever X is a closed subset of I
and dI(X) < 5, the following properﬁiés are satisfied.

(1) For each y € J and all Re Ry (n,m)

I7y-Rly > 1F,-R(Cx(3)s )y + 7 IR-R(C ()5l

(ii) For any y € J, if R(Cy(¥),-) :.Py/Qy where

P(x) = L y_q by (7)xs Q(x) = :

520 qj(y?x , and
max |qj(y)] = 1, then Qy(x) > 1 for all x e I.

J ‘ S ' -

(1ii) If Py and Qy are given as in Property (ii),

Y-y <o IR - R(C ).y

Zn 1
for all R = P/Q where P(x) = / 10 Pi¥ s
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m .
Q(x) = Z)-_ q{XJ > 0 on X, and max |qﬂj = 1.
- =0 37 3 J
We now fix y € J and show that ‘the constant A of
(5.33) depends only on v, n, and 6. We let Rk = PK/QK

denote the k-th iterate of the ODC algorithm where Qk is

constrained as in Step 2 of the ODC algorithm. For con- -

venience, we denote -
A= ay() = BE - RO (r)s )y
“and
AK = Ak(y) = “Fy = RRHX'
From Properties (i)'and (iii);.we see that

lag - aly < 6 IR, - R(Cy(x): )l

o, (%) a, ()
o e low eI R O C R m €3
a, ()

> a, (%) ¥ 06, - B/

> e
~n + QYAK - N)/y
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since s/(s+a) is ‘an increasing function of s > O when a> o0
and Qy(x)lz_n. Thus

Q, (%)
. . 1 . .
= || > e

Again for any x € X,

9 (x) o) e ()

Qe () QTE) Gy (%)
, %) .
S Q(x) n+ 6By - A)/y T
‘Now Theorem 1 of tl] ensures that AK+i <A . Thus
Q (%) _ Q(x) + [ (x)-q (x)] e
A EIRS CMEY N+ 008, BN
Qu(x) - 68, D)y .
= Qy(x) n o+ e A)/y

N 68 D)y
Z—n + G(AK—A)/V

since (s - a)/s is an increasing function of s > 0O when

a> 0 and Qy(x) > . Hence,
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min
xeX

{' QK(X) % n - 6<AK'A)/V
Qg1 (%) >N F OB B/

Now by Step 2 of the 0DC algorithm

'g By = Pl - AKQK+1‘§ |

min d

IFQ - P | -A Q..
< max g | vy -y‘ KQy‘}
T xeX U

= i?; {[IFy - Ryl -8, ] Qy/QK}

< max { (A - A Q. /Q 3
. Q.

= ~(A, = A) min{ L 2 R
( k ) xeXg Qk

where Ry = R(Cy(¥),°) = Py/Qy.j Thus for any x € X, Step 2

of the ODC algorithm implies that

B (%) = Ry (1)) = B, < =(8,-8) m ny QK(X?)Bf
x) - x)| = -(A, =AY min { <L L.
Y k1 k= wex (% Uer1 X
' : Q Q
. . kK
< =(A, =A) min min
- -( k ) XEX; ng xeX | U1

Thus
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(B, D) + 10 (B, )Ty

‘Finally, applying this
AK+1T-A=AK—A+'A
<

o+ 6@ )1

bound we gét .

- A

k+1 ko

. 2 N, 2
(AK_A)Q { 3n9/v + 0 (AK-A.;/V
[n + o(a )T

ho . n _ |2
- (8 -0)° .

Thus Theorem 5.4.1 is proven.
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5.6 Computation.

In this section, we give the results of several runs
of a program to compute rational product approximations of

the form
L n ~ T K s O

- n r K S iy . ‘°
Z)j;o <Z)K=O i/ Zlﬁzo djzy'>x3

(5.37)

We compare the computer processor unit (CPU) time in minutes

of Algorithm 1 with that of Algorithm 2. In addition, the

uniform error of approximation |F - m”b, where & is given
by (5.37), 1s compared to the error before the coefficient

approximation max ||F --R(C(y),;)HI.
) o yed J

A FORTRAN IV program,RPA, was written to compute
rational product approximations using Algorithm 1 or
Algorithm 2. The best univariate approximatiohs are com-
puted by azmodification of the ODC-package of Kaufman aﬁd
Taylor [18]. This modification incorporates the use of an
optional initial guess for the 0ODC algorithm in place of
the initialization (5.32). The decretization of the inter-

vals I =J = [-1,1] is done by choosing
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X=Y=({-1.0,-.9,...,.9,1.0}. We refer to the approxima-
tion of ﬁhe Fyg V€ Y; as Sbagé 1 of .either algorithm; com;'
parisons are made in the computing time fbr both Stége 1
and the compléte algorithm (not including.the error check).
A continuity check for the coefficient vector C(y) similar
to tﬁat of J. Henry [12,13] is incofporated into RPA. If
C(Y) is deemed discontinuous, the progrém is'terminated.

We  further denote

ERRB = max [|[F, -~ R(C(¥),-)l ¢
ye¥ .

and

ERRA = HF‘— &f 5-

The uniform error ERRA is computed over the set X' x Y!
where X' = ¥'. = {-1.00,-.99,...,.99,1.00}. -All examples
were éxecuted on the Zerox Sigma 7 .computer at Montana
State University using double precision arithmetic.

In all the examples, the rational product approxima-
tions were the same using Algorithm 1 or Algorithm 2.
Table i gives the CPU times’for Stage 1 and the complete
algorithm for bqth algorithms in a Variéfy of examples.
Table 2 gives the.éofresponding errors ERRB and ERRA. In

all cases, the approximation of Fy were done with n =m = 2.
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TABLE 1
CPU . CPU .
S : - . Stage 1 BStage 1 CPU - CPU.
Function r- s Alg. ‘1° Alg. 2 Alg. 1 Alg. 2
Y "2 0 6496 6134 L7077 L6641
4 0 LTl L7164 -
-2 2 .8780 .8415
e * Y 2 . 7220 .3586  .77hO  LL102
4 o ' , .8306 L4598
2 2 .9612 .6555
2 2 :
S 2 0 .71k L4399 (7614 4869
' L oo .8125  .5386
2. 2 QUTT L7377
sin(x+y) 20 .6995 - .7367 .7509  .7873
L oo © .7996  .837h
2 2 8724k 9090

sin[(x2+y2)/5] 2 0 5734 '..6097 .6236 ' 6577
: 4 0 OTTT _.7096
2 2. » L7362  .8391



Function

x
Sk

sin(x+y)

sin[(x2+y2)/5}

I

|t
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TABLE 2

ERRB

2..5‘46 X 'io"
4,188 x 10'?
5167 x }of3
1.237 x 10~

b 4LS x 1072

ERR

’

1.228 x
1.703 x

.608 x

.802 x
.808 x
U432 %

.098 x

1.240 %

= w

IR e

877 x
726 %
L1224

LTU3 x
867 x
.885 %
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The results of Table 1 indicate that Algorithm 2 is
competitive with Algorithm 1 and in some cases the CPU time
for Stage 1 of Aigorithm 2 is considerably less than thaﬁ
for Algorithm 1. In most cases, however, the CPU times for
Stage 1 and the complete Algorithm 1 are neariy the same
for both qlgorithms. .For the function F(x,y) = s‘in(x2 + ¥v)
a discontinuity in C(y) occured at y = 1.8 for both algo-
rithms. Table 2 indicates that in most cases, ERRA is of
~ . the same mégnitude as ERRB when the coefficient apbroxima-
tion 1s.performed by polynomials Qf_degree L or less. or by
rational functions of "degree.(2,2j.” |

The computational résulté, although inconclusive,
suggest that Algorithm 2 is generally-no worse than

Algorithm 1 and in some cases is better.



CHAPTER VI

CONCLUSIONS

In this concluding chapter, we summarize the results
of this work and indicaté some directions for further
research in multivariate approximation theofy.' The papers
of j. Henry [12,13] indicate that rational bféduct'approxin
mations are computationally competitive with muitivariate
surface approximsation of Kaufmaﬁland Taylor [19]. The
computation section of Chabter V suggests that some improve-
ments can be nade in the existing algorithms. for product
approximations. Fufthermore, it is shown in Chapter V
that the rational product approximation algorithms using
the ODC algorithm possess a uniform quadratic rate of -
convergence. |

In addition to the computational  considerations, this
work sets the framework for a theory of product approxima—'
tions;' In the polynomial setting, a degrée of approximatibn
theorem is established extending the work of S. E.'
Weinstein. In both fhe-linear.and_the rational product
approximation settings,. continﬁity of_the‘associated-pro—
duct approximation operators is guaranteéd,,aﬁd'under
further conditions, these operators Sétisfy the stronger
pointQLipschifz confinuity. Due to the loss‘of‘uniqueness}

of best multivariate approximations, results of this type
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are not possible in -the Tchebycheff:approximafiqn.setting.
Finally, in-the rational S€£ting,.di$cretiiation.steps in
the existing algorithms have been jusﬂified;

-The computatiocnal goncérns_of'conﬁinuity and dis-
cretization involvelpurtﬁrbatiéns of some ingrédiénts of
the approximation problem, namely, of the function to be
approximated ana the underlyinglspéce D. The effect of
perturbing the basis functions in'computing_product approxi-
mations has not.been studied. A further direction in
~this area may 1ié.ih generaliziﬁg'the concept of product
approximationh£o”abstract séttiﬁgs (fér example, tensor
products of Bangch'épaces); Badly neéded are a unification
and efficiency inmprovements of methods to compute product
approximations and éomparisons of méthods of multivariate

approximation.
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