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ABSTRACT

A recently developed iteration method for solving simultaneous
linear equations is considered. Previously, rapid convergence of the
algorithm was not guaranteed due to unestablished criteria for trial
solution generation. A systematic trial solution generation routine is
introduced and the new method is used to solve three-dimensional heat.
conduction problems. Examples of a steady state problem and a tran-
sient problem each with 1000 unknowns demonstrate the new method's
performance as compared to existing techniques. Results indicate that
the new method is superior for the transient case. -




CHAPTER 1
INTRODUCTION

Ever increasing demands by engineers for better accuracy from-l
numerical mefhods that solve large systems of simultaneous equations
has produced many excellent algorithms. A new iterative technique is
presented here that has definite possibilities of joining the ranks of
these high1y regafded methods.

The new method [1] uses a Tinear éomb{nation of trial 301ut10n§
with each trial solution having an unknown scalar weighting coeffi-
. cient. Each weighting coefficient is solved for by minimizing an error
function of the coefficients. The minimizing process generates a much’
smaller set of simultaneous equations with the coefficients as the
unknowné. Thus when solving a large system of linear equations, the
new method reducés the number of equations so that it can be solved
easily by direct methods. ’ ‘
.This new Method is .remotely related to the conjugate direction
‘method, or CD method [2,3], as both are érror func}ion minimization
routines. The CD method minimizes the error aTbng specific directions
that are conjugate, or ofthogona], to each other'and thus thé ﬁame.
The CD method converges to the solution in Tess steps than there are

unknowns if round-off error is eliminated. The methods have been

shown [1] to be different.
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Because the squared residual which is a function of several un-
knowns is minimized in the new method 1t can be re]ated ‘to the method
of Teast squares [4,5]. The least square method determ1nes the equa-
tion of a curve pass1ng through many scattered points such that the sum
of the squared d1stances from each point to the curve is m1n1m1zed
The new method uses a c]ose]y related techh1que that the sum of the
squares of the residuals of an approximate so]ut1on is m1n1m1zed The
use of the Jeast squares technique is usually app]ied to curve fitting
and not to solving sets of simultaneous equations.

To compare the performance of the new method, two existing teeh—
niques were used: the first was the SOR method [6] with a relaxation
factor, end the seeohd was the Alternating Direction Explicit Procedure
[6]; Both methods are highly regarded numerical methods [6] and are
exce]]enf choices of comparison techniques because of their speed and
accuracy [6,8].

The theory of the new method had been completed but a systematic
procedure had not been perfected for se]ectiné trial. solutions for the
set of equations being solved. Good trial solution seiectionvis essen-
tial for rapid convergence of the method. Because of the dependence on
the characteristics of the set of equations to be solyed, it was neces-
sary to focus on one class of equations to determine a trial solution

‘.geheration scheme for that class.
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It is the purpose of this paper to present a trial solution gener-
ation scheme to be used with the new method [1] that together produce

rapid enough convergence to be competitive with existing methods.




CHAPTER I1
DESCRIPTION OF METHOD

The new method is an iterative procedure. At the beginninggé%ﬂénf
iteration, an approximation of the solution to the set pf equations 1is
made that consists of a linear combination 6f several Tinearly indepen-
dent solution vectors. Each vector is assigned.an unknown weighting
coefficient. The method solves for the weighting coefficients.so that
the error of the solution approximation is minimizéd. To do this, the
Tinear combination of vectors with the annown weighting coefficients
are substituted into the set of equations being solved. The residuals
of the approximation are squared and summed to create an errdr function
whose vériab]es are the weighting coeffiéients. ‘This error function,
or variance, is minimized by setting its partial derivatives with .
respect to the unknown coefficients equal to zero.

A new smaller set of simultaneous linear equations results, whose
size is determined by the number of unknown coefficients. These equa-
tions can be solved for the values of the coefficients by a direct
method that produces accurate results with Very.11tt1e or no roﬁnd-
off error. |

By substituting the coefficients into the linear combination of
the approximate solution, a better estimate of the solution fs achieved.
The next iteration begins with an unknown weighting coefficient as-

signed to the improved solution just generated and is used in the
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Tinear combination along with other trial vectors in the next approxi-
mation. The method iterates on thgse steps until a solution is reached
that has sufficient accuracy. .
The following pages 6f this section will be concerned with the
problem of solving the following nxn system of ]inear equations |

Kr]’-lx-l + K],2X2 + o« s . + K-‘ X = F']

,n"'n
K2,1X1 + K2,2X2 + + K2,nxn = F2 , (2.1)
Kns]X] + Kn,2X2 i Kn’an = Fh

particularly where n is so large that it makes using airect methods
inaccurate due to the_accumu]ation of round-off errors (usually Targer
'tﬁan 40 equations [6]). These equations will be written in the matrix-
form

[KI{X} = {F} - (2.2)
where [K] is the matrix of coefficients Rﬁ,k’ j=1,n, k=1,n, and {X}
and {F} are the vectors Y& and F&, j=1.n, réspeétively.

An approximate solution, {X;}, to Equatjon (2.2) at iteration

level i is a Tinear combination of m linearly independent trial solu-

tions, [x1 J.], Jj=1,m, with unknown scalar weighting coefficients

1,37 m
XY E e [ x

j=1 1sJ 1',»3']' , (2.3)
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An expression for the error vector, {ei}, of the approximate

solution, {X;3s is formed by the substitution of Equation (2.3) into

Equation (2.2)

EK]{Xi} - {F} = {ei} ‘ (2.4)
and the squared residual, or varianqe, is
t .
V.i(a.i,-l: e e a’i,m) = {e.‘} {e.i}f- (2-5)

In order to minimize Vi’ Equation (2.5), with the appropriate values of
the weighting coefficients, g 1> e 04 o the partial dérivatiVes Qf
Vi with respect to each unknown weighting coeffic%ent is set equal to
zero

V.

i
a0,

= 0, j=1,m. : (2.6)
1,d '
Thus for the original n unknowns in Equation (2.1) and m trial solu-
tions in Equation (2.3), m unknown weighting coefficients with m
equations result from Equation (2.6). A direct method can be used to
solve. the set of equations resulting from Equation (2.6), if the magni-
tude of m is not so large as to make the direct method inaccurate and
- \ )

overly time consuming [6].

By substituting the known weighting coefficients from solving the
mxm system of Equation (2.6) into Equation (2.3), the approximation
'{Xi} is known. As a measure of the goodness of {Xg} as the solution to

Equation (2.2), the known weighting coefficients are substituted into
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Equation (2.5) to determine a numerical value of the variance. An
approximation of Vi before an acceptable approximation of {X} of
Equation (2.2) is achieved can be made by summing.the squares of the
desired absolute average error, {e'}, or
v < n(e'?) - (2.7)
If the value of‘Vi does not satisfy the desired variance . of
Equation (2.7), iteration level i+l is started by setting the first
trial solution [x1+]’1] of Equation (2.3) equal to the approximate
solution of the preyious iteration 1evé1:
[Xi47 79 = X33 (2.8)
and by selecting the additional trﬁa] solutions

[Xi47,31> 3=25m (2.9)

the next approximation of {X} in Equation (2.2) becomes

3

Xipqd = ji]“1+1;j[xi+1,j]‘ (2.10)
The preceeding steps, Eqﬁations (2.4) through (2.6), are then
repeated unti] an approximation of {X} of Equation (2.2) is found that
has a variance less than or equal to the desired variance approximated
by Equation (2.7). | |
The approximatioﬁ"{Xi} has associated with it the variance V1.~

For iteration level 1+1,'{X1} becomes [x.,; 4] with the unknown weight-
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ing coefficient SHRIEE Consider the worst case that the other trial

solutions, [x 1+]}

no matter what values are assigned to their weighting'coefficients,

i1 j]’ j=2,m, cannot improve the approximation {X

» J=2,m; therefore, their coefficients would be zero and 0is] ]

would be unity. Thus, X413 would equal {X.} and both approximatiohs

Y41,

would have associated with them the same variance Vi' But if any

improvement could be made in the approximate solution {Xi+1} the

" weighting coefficients, %15 j=2,m, would not all be zero and the

improvement in the approximation of {X} would result in a smaller var-
fance V1+] [6]. Therefore, the variance at level i+1 will é]ways be
Tess than or equal to the variance of the previous iteration

Vi < Vs . (2.11)

']9 j'=2:m -is

The proper selection of trial solutions [Xi+1 j

paramount to achieving rapid convergence using this new technique.
Previous investigators [1]_provide an excellent example that demon-
strates the new method and the consequences of different trial solution

selection and it is repeated in Appendix A.




CHAPTER III
GENERATION OF TRIAL'SOLUTIONS
- A general algorithm for the generation of trial solutions for any
set of equations cannot/be directly stafed. It is necessary to under-
stand the physics of the problem under consideration to be éble to
write an appropriate trial solution generat{on scheme. Therefore, for
this discussion the system of ‘equations generated by making a fin{te

difference approximation of the steady state, 6ne—d1mensioha1; heat

conduction equation in non-dimensional form 71

2y -
9—%—= ~u' ' (x), 0<x<] - (3.1)
dx . .
with boundary conditions
X(0) = TS (3.2)
and
X(1) = Tp (3.3)

will be addressed.
After the finite difference approximation [6] of the derivativé in
Equation (3.1) 1is made, and assuming AX s unity, the [K] matrix of

thation (2.2) has the tridiagonal form
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2 10
1-2 1 0... | (3.4)
01-21 0..

The {X}'matrix of Equatiéﬁ (2.2) contains the unknown temperatureéi

, (Yé, cees 76_]) corresponding to nodal temperatures of the finite
difference model of the problem where n is the number of nodes. The

. boundary surface temperatures Ts and TF are assigned nodai temperatures
7} and Yﬁ, respectively. |

The right hand matrix, {F}, of Equation (2.2) contains the khown

boundary temperatures and the heat generation distribution if present:

X] _ u|||(2)
_ u|||(3) |
(F) = ; (3.5)
- ulll(n_z)
Yﬁ - u"{(n-1) )

At iteration level i of the new method after {Xi} is knhown,
consider a correction vector'{x%} such that along with {X.} result in -

[K1(X; + xi3 = {F1. o (3.8)
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Rewriting Equation (3.6) as
DI Ik R (3
and using Equation (2.4) results in o |
[Kj{x%} = -{e;). ' o (3.8)
The matrix'{ef} in Equatioh (3.8) is equivalent in purposé to the {F}

matrix in Equation (2.2), and therefore, also equivalent to Equation

- (3.5). But in'order to make the combined solution of Equation (3.6)

satisfy the original boundary conditions, Equation (3.2) and (3.3), the

~ boundary conditions contained in the'{éi} matrix of Equation (3.8),

x$ 1 and §} ,» Must both be zero. Therefore,
[KI{x}} = ~{es ) (3.8)
has boundary conditions

Xi 1 = X5,0 " 0. (3.9)

By reversing the finite difference approximation procedure, the follow-
ing differential equation results

d%x’ \
2 = -e'"'(x), 0<x<l (3.10)
X ‘ :

with boundary conditibns
x'(0) = x'(1) = 0. . - (3.11)

The'{X%} matrix can be thought of as the temperature distribution

" resulting from the heat generation field {ei} of Equation (3.8) just as

{X} is the solution to the original heat generation field u'''(x) in
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Equation (3.1). In other words, the error at each node is considered
to be a heat source or sink with a magnitude equal.to.the error at.that
node, and'fx{} is the temperature dfstribution.wesulting'from.fbis heat
source/sink field. If'{x}} cod]d be determfned efficiently, .then.there
is little reason.why {X} could not be determined with.the same method,
thuﬁlcomp1eting the problem. But'{x%} in some cases cannot be deter-
mined efffcient1y;.theref0re, a routine is presented.that apbroximateé
'{x{} with a-series of vectors that will respectively becbhe>[xi*],2],
EXT+1;3J’ cees [k1+1,m , along thh'{Xg} as trial solution [Xi#l,lj in
the approximation’of'{xi+1},

By linearly superimposing the individual temperature distributions
caused by each heat sourcé/sink, the'{x;} matrix caﬁwbe approximated.
To greatly simplify the approximation, boundary effects will be :ignored ‘
and the region will be treated as if it were infinite. One conditiqﬁ
that will be maintained is that no error in temperature exists at nodes
of known temperature. The magnitude of the heat source/sfnk Wi]] be
equal to the error qt that node as previous]y stated, and thé heaf f]ow
associated with each heat source/sink will .be symmetr{c in about‘node.j
except where boundary interference occurs. Thus the temperature due to
a single source will have a magnitude of an unknown constant, c, muTti-
plying the magnitude of the heat source/sink at.the node j, andhthe

effect will be assumed to be negligible at nodes a distance further
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awaylthan D from node j. The node that is at, or nearest to the
limiting distance D but not over D from node j, will have coordinate
position jxd. The choice of D will affect thé-convergence rate and
will be investigated in the next section.

First consider the case where the error matrix associated'with the

-approximate so]ution'{XT} of iteration Tevel i has only one term at

node j and it has magnitude e, The resulting temperature at node J,

. 15J .
X4 +» would be ce. . as previously assumed. The profile would be

i5d T.d
symmetric with respect to node j and extend outward with decreasing
intensity to a distance D from node j. ‘The entire temperature prdfi1e
resulting from heat generation at oh]y node j would be ‘ 4
—},k = cE} Je(k J) (3.12)
at node point k where ’
k=j-d, ..., 3=1, 3, 3+, ..., J+d .

The function e describes the shape of the resulting temperature profile
as a funct1on of nodal distance and has the value of un1ty at o(0) and
is zero for nodal distances larger than d. |

For the case of several values in the error matrix of the approxi-
mate so]ution {Xi}’ the resulting temperature at any node j, 2},5"

can be written by superimposing the respective temperature profiles of

neighboring heat sources/sinks
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ig,j = cey 54 o(d) + ... cey .y 9(1) (3,13)

By symmetry ‘ '
o(k) = 0(-k)s k=d, ..., T, O. {3.14)
Equation (3.12) can be rewritten by using Equation (3.74) as N
x%’k = Ce(d)(ei,J-d + efsj+d).+ ceo o | (3.15)
Ce(])(ei,j-l + ei,j#]? + ce(O)eihj .
By defining
(ei,j-k‘+ ei,j+k) = 285 sk | (3.16)
k=d, ..., 1, 0
and grouping all the unknowns into one term

co(k) =a» k=d, s 1,0, (3.17)

where

c6(0) = ag = (3.18)

e?

Equation (3.15) can be written in final form as

Xl

.i’j = Otee.i’j + OL]Ee.i’ji-l + .. quei’jid- (3-19)_

Equating the expression in Equation (3.19) to‘{x%}»in Equation

(3.6) defines the trial solutions as
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Dxipr,2d = Leg 40

[Xi41,5] = [784 54905

Ixian,4] = L2eq 5u0d> .20

Dxipromd = Iy gugds

where e, i is the error of the approximate so1ution‘{Xi} at matrix

‘position j, and setting the o's of Equation (3.19) equal to.the unknown -
weighting coefficients of Equation (2.3), results in the following

expression of {X1+]}

Kipd = op 41 +agley 53 +aglne 5,40 (3.21)

+ .. oF Obd{ze.i,j_’_:d}: N
where % g is the unknown weighting coefficient of the Jast best solu-
tion'approximation from the previous iteration. ‘

Consider the following problem as a demonstration of the trial
solution generation scheme.
2
g~é-= ~u'''(x) 0<x<5 (3.22)
odx

Boundary conditions:

X(0) = X(5) = 0 (3.23)
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The function u''*(x) is defined as
A,  0<x<3.5 | :

uIll = (3'24)
2R, 3.5<x<5

By writing Equation (3.22) in finite difference form [6]
o M s U RN
22 i

(3.25)
(ax :

and using a grid of six nodal points with two specified at.the bound-

ary (Figure 3.1) making ax equal unity, the following matrix is

generated
- -
1-2 1 01/ %\ JA (3.26)
0 1-21 Xy A
| 00 1 -2 ] 35 A
Adopting the notation from the previous section:
[KIX} = {F} | (3.27a)
-2 1 0 0. X5 A -
1-2 1 0 X3 A . (3.27b)
[K] = {X} {F} = -¢ |

At the initial iteration the.algorithm, Equation (3.21), does not

app1y.becahse it is necessary to have the previous approximate solution
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¢

Figure 3.1 Nodal Grid for Equation (3.22)
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and its residual matrix. These, of course, do not exist...Thereforé,
to start the method.the following initial approximation was madé
A/é
L A/2
Aot = A2 (3.28)
A/2
The error matrix and associated variance are determined from Equations

(2.4) and .(2.5)

—

22 1 0 0] {A2 A
1-2 1 o) Ja A
ey 0 -é . 'A/2' + A ) (3.29)
| 0 0 7 -2; \A2 2A
A/2
A - '
eg * ) o (3.30)
30/2
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Using the method of trial solution generation explained aboye,
the example problem was solved with D and A equal to 1.which pesi]ted
in the following algorithm for {X; .} |
WXyaqd F e, der el 5] oy gl 5] (3:32)
Four iterations were required in double preéision to reach a variancg
Jess than 0.000001 with the following solution
0
2.200006
_ 3.399986 _ o
{X} ~ ' (3.33)
3.599968
2.799987
0 /
with a final variance of 2.156x10'9. Appendix B contains theAdeta11s
of the four iterations. The exact solution to Equation (3.22) is
0
2.2
3.4

3.6

1

X} (3.34)

2.8 _ ‘.
0

The solution obtained by the new method, Equation (3.33), was to have

4

an average absolute error of 107" by Equation (2.7). By using the
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actua]yfina1 variance of Equation (3.33) in Equation (2.7), the
predicted absolute average error was 1.47 x 1075, .Thé actual aveﬁage
absolute error was 1.625 x 107°.

The success of this particular trial so1ution;g¢heration scheme
and the final method of collecting.them into an approximate solution,
Equation (2.24), suggests their continued use in heat conduction
problems. In the ngxt'section, this new iteratiye procedure will be

used to solve two different conduction problems to determine its per-

formance as compared to the performance of existing methods.




CHAPTER 1V
APPLICATION AND RESULTS

The first problem to be considered in this section is a steady
state, three-dimensional heat conduction problem. Its presehtation
will demonstrate.the effects of using different values for D, the
. Timiting effect distance in the approximation of'{Xi;]} in Equation
(3.21). Various values of D.were investigéted and by using.the execu-
tion time of the new method as an indicator, an optimum yalue of D was
established. The same" problem was solved by an existing'method for'a
 comparison of.the.gxecution,times of the différgnt methods.

- A-transient, three-dimensional heat conduction pfob1em was solved
by using the optimum value of D previously determined to further
demonstrate the pérformance of the new method. Again, the résults of
.the new method were compared to another existing routine solying the
same problem.

" Problem One
The.eliiptical partial differential equafion to be solyed is

2 2 2 '

BXZ 8y2 822

where T, x, ¥, and z are non-dimensional variables for temperature and
three spacial coordinates. The geometry is a cube of face length 2IN
. Tocated concentrically in a larger cube of face 1gngth 2N. Thg inner'
cube is maintained at a temperature of unity.while.the oﬁtermoﬁt sur-

face of.the outer cube is set at zero temperature. By using the
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symmetry of the problem, only a sixteenth of the composite cube need

be considered (Figure 4.1).

The problem is formally stated as: Solve
2 2 2
2 Z # 2 ; 2 ; =0 (4.7)
X Ay 0z '
for the region
0xz<] (4.2a)
‘0sy<] (4.2b)
0<x<2 (4.2¢c)
with boundary conditions _
T(x,y,1) = 0 '(4.3a)
T(x,1,2) = 0 (4.3b)
T(x.y,20) = 0 (4.3¢)
T(x, N,z =0 (4.3d)
T - .
ax(Z¥sz) = 0 (4.3¢)
9T -
5E(z,y,z) =0 (4.3f)

A standard finite difference tech
was used to approximate the second ord
(4.1), and a central difference approx

order derivatives of Equation -(4.3).

was approximated by a network of nodes:

nique in three dimensiqns [4]
er deriyatives fn Equation
imation was used for the first
The sixteenth.cube-cube region

eleven to an edge, giving ten
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Cube-Cube OQOrientation

Figure 4.1
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nodal spacings and thus ax = Ay = Az = 0.1. An extra node was in-
cluded on the faces of symmetry to accommodate thg cgntra] diffgrencg.
approximation to be taken at such faces. '

To detérming a measure of the accuracy of the solution, heat
fluxes werercé]culated at.the midpoint between . the inner cube faces
and {ts outer, parallel, nodal.plane; and at the midpoint between the
outermost surface of the outer cube and its inner, parallel, nodal
-plane. Thé exact sdlution would yieid héat.fluxes that are identical
at.the different surfaces. To non-dimensionalize these quantities, -
thgy were divided by the heat.flux of concentric spheres with.the same
boundary conditions and with radii equal'to the face length of the

" cubes. This nori-dimensional heat flux was [7]

q' F 4wrir0/(ro—r1). . (4.4)‘ -/
In.the solution method, different values of D were used beginning
with D=0, corresponding to two trial so1ut10ns,'{Xi}'and [e; j], and
| ending with D=/3, corresponding to five trial so1utions,‘{X1}, '

[ei,j]’ [Zei;jir]]’ [Zei,jirzj’ and [Zei,jir3]’ The trial solution

'k

_zei,jir1
from node j and jir] are the coordinates 1in three-dimensions of the

1 1s the sum of the errors at a distance of one nodal spacing

nodes that are one nodal space from j. Likewise, [Fe 1 is the

'isji'r'z

sum of .the errors.at nodal distance of v2 from node J and jirz are
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the coordinates of the nodgs that are v2 nodal spaces from j. The
nodal numbers.jir3 are the nodes at a distanqe of ¥3 from node j...The'
attempt with four  trial so]utiohs,‘D=/2,'reached an acceptable solution
with a variance of less than 0.000001 in the least execufion time.
Attempts with less than four trial solutions did not converge rapidly
at each iteration due to the poor apprbximation of .the effects of.the
error matpix. While.the attempt of five trial solutions reduced:the
yvariance the greatest per Tteration, it took a 1argek number of
calculations to generate the“additioné] trial splution and to solve .
for its weighting coefficient. A more detaifed comparison is pre-
sented in Table 4.1. ‘

The calculated heat flux and the execution time of the néw method
were éompared to the results obtained by solving the same’pfob1em with
a Gauss Seidel iteration [2] scheme with a relaxation factor or
syccessive overrelaxation. From the results in Table 4.7, the small-
est difference of the calculated heat Fluxes on the surface of the
inner and outer cube by the new mefhod is on the order of 0.001. The
successive overrelaxation method, or SOR, determines éonvergence'when
the calculated heat.fluxes on the cube surfaces agree to within a
preset difference. This difference was set to 0.007 in order to make
the results of the SOR method and the new method similar in accuracy.

Different relaxation factors ranging from 0.166667. (which made the SOR




Table 4.1 Cube-Cube Results for Various V'a]ues:of m-

" NUMBER

AVG. % CHANGE

0.156

\ NUMBER HEAT FLUX . % DIFFERENCE USER
OF TRIAL - OF IN V PER INNER  OUTER IN HEAT EXECUTION
SOLUTIONS ITERATIONS ITERATION CUBE ' CUBE BALANCE TIME (MIN)

2 88 17.84 1.5238 1.5265 0.180 1.0758
3 30 43.55 1.5239 1.5261 0.149 0.5720
4 20 57.34 1.5239 1.5260 0.137 0.5405

5 19 57.35 1.5238 1.5261 - 0.6748

9¢
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routine identical to Gauss Seidel iteration) to 3 (which was .the
optimum over relaxation factor [4]) were used in the SOR method.

The initial estimate of .the solution to Equation (4.1) for both
methbds was a uniform 0.5 temperature distribution;‘

The details of.the various SOR runs are shown in Tahle 4.2.
Steady-improvemént in the execution time can be seen as.the relaxation
factor was increased from the standard Gauss Seidel procedure to the
optimum over relaxation factor. After the optimum factor was passed
the solution diverged. The best executidn time of the new method 1s
over six times greater than the SOR method with.the optimum relaxation
factor. These results can be better shown in a graph of .the exécution
time versus the number of trial solutions used in the new method and
the relaxation factor in the SOR method. In Figure 4.2 these results
are b]otted. Bothldurves have a concave upward curvature with the
minimum execution time corresponding to the best number of trial
solutions or optimum relaxation factor. As expected, the optimum
relaxation factor produced the best performance. The optimum value of
trial solutions is four, both from Figure 4.2 and Table.4.1.

. Although the performance of the new hethod was not better . than
SOR 1in.the previous problem, it was shown, howeyer, that . the optimum
value of D in the sense of execution time is /2 for three-dimensional

‘heat conduction problems. This information will be used in.the




Table 4.2 Cube-Cube Results for Various SOR Factors .

| NUMBER . HEAT FLUX % DIFFERENCE USER
SOR . OF INNER  OUTER IN HEAT EXECUTION
FACTOR ITERATIONS CUBE  CUBE BALANCE TIME (MIN)
-0.166667 105 1.5241 1.5250 0.06 0.2468
(Gauss Seidel)
0.2 70 1.5241 1.5250 0.06 0.1678
0.25 32 1.5240 1.5248" 0.06 0.087
0.3 29 1.5223 1.5229 0.06 0.0820
(optimum) _
0.35 DIVERGED
0.40 DIVERGED

8¢




User Execution Time (min)
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1555
o New Method
o SOR
1.0}
0.5
0 | CN?\L—C:] L L

[ 2003 4 5

Number of Trial Solutions or SOR Factor X 10

Figure 4.2 Execution Time of Different Numbers
of Trial Solutions and Different Relaxation Factors
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following problem which is a case where the new method proves to be
superior over an existing technique. '
" Problem Two

This time a parabolic partial differential equation of.the form

2 2 2

AT 2PT T4 PT (4.5)
9T X oy 9z :

for the cube region 0>x>1, O»y>1, and 0>z>1, where T, 7, X, ¥y, and z -
’ {

are all non-dimensional variables representing temperature, time, and

three space coordjnates, respectively, will be considered. The

‘boundary conditions of Equation (4.4) are

T = 0 at x=1 or y=1 or z=1 | (4.6a)
2 - g at x-0 (4.6b)
%§-= 0 at y=0 - (4.6¢)
%£-= 0 at z=0 | ' (4-6di

and the initial condition is

1 at 10 . (4.7)

T

T

This cube was approximated by a nodal network consisting of
11x11x11 nodes. Extra nodes were required at the insulated faces as a
central difference was used to apprbximate the firsﬁ order derivatiygs
(Equation 4.6) and the Crank Nicoison Method [6] was gmploygd to

approximate the parabolic equation (Equation 4.5). For each time step
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the solution to the preyious time was used as.the first guess at the
solution to new time 1eve1. ResuTts were determined for three.elapsed
non-dimensional times, t=0.1, 0.5, and 1.0, by using yarious time
increments At. |

.The same problem was solved by.Ailada and Quon [8] and in their
paper various methods were investigated. Their:resu1ts.showed that an
Alternating Direction Explicit Procedure (ADEP) was possibly an order
of magnitude faster than Alternating Direetien Implicit Procedure .
(ADIP), and the Brian-Douglas-Rachford method; therefore,'ADEP was
used for comparison in this problem.

A1l the trials began with an initiaT,guess of a uniform distrib-
ution of temperature equal to 1 and the results were compared to the
analytical so]ufion_[?j. A1l pertinent data of the computer runs for
each method are in Tables 4.3 and 4.4. Graphs of execdtion time
versus the‘eccufacy of the solution are in Figures 4.3 - 4.5 for the
“elapsed times 0.1, 0.5, and 1.0. | _

' Fok.elaPSed times, 1, of 0.1 (Figure 4.3 and Table 4.4) the ADEP
method eonéistent1y determined a solution that had an average percent
error slightly above 0.26 percent except for the case of a time step
of 0.01 which proved too Targe to maintain accuracy. As smaller time
steps for ADEP.were considered, a-genera1 pattern of increasing.error
wasleStainshed'probably.due to the aceumu1ation of round-off’ error

for increasing.numbers of iterations.




Table 4.3 Summary of Transient Problem Results for New Method

TIME STEP NUMBER OF ELAPSED AVERAGE % USER EXECUTION

At TIME STEPS TIME, t ERRRR TIME (MIN)
0.02 5 0.1 6.2324 1.5733
0.0125 8 0.1 0.6701 1.7312
0.01 10 0.1 0.4401 1.6987
0.005 20 0.1 0.2843 ' T1.8261
0.004 ' 25 0.7 0.2805 2.1163
0.0025 40 0.1 0.2804 2.9611
0.002 50 0.1 .~ 0.2813 3.6382
0.025 20 0.5 1 2.3513 3.7960
0.02 25 0.5 0.5189 " 3.6436
0.0125 40 0.5 0.1202 3.6792
0.01 50 0.5 0.0264 '~ 3.8368
0.005 ' 100 0.5 6.1008 6.0031
0.004 125 0.5 0.1162 7.3202
0.002 . 250 0 |

.5 0.1366 . 14.0328

4%




Table 4.3 (continued)

TIME STEP NUMBER OF ELAPSED AVERAGE ¥ USER EXECUTION

At TIME STEPS TIME, t ERROR TIME (MIN)
0.05 20 1.0 »999.9 6.9492
0.04 25 1.0 247.347Q 4.7518
0.025 40 1.0 1.5650 4.8632
0.02 50 1.0 0.4408 4.9559
0.0125 80 1.0 0.4247 5.7388
0.01 100 1.0 0.5994 6.4204
0.005 200 1.0 0.8385

11.7948 .

€€




Table 4.4 Summary of Transient Problem.Results. for ADEP

o O O ©O O O 0O O O 0O O O o o

ve

TIME STEP . NUMBER OF ELAPSED AVERAGE % USER EXECUTION

At TIME STEPS TIME, t - ERROR- . TIME (MIN)
0.0 10 0.1 24.2707 0.1139
.001 100 0.1 0.2672 - 0.5612
.0005 200 0.1 0.2606 - 1.047
0002 500 0.1 0.2784 2.5572
.0001 o 1000 0.1 0.2818 5.0937
.001 500 0.5 1.2727 2.5725
.0005 - 1000 0.5 10.4251 5.0575
00025 2000 0.5 0.2136 10.0280
.0002 2500 0.5 0.1883 12.5557
.000125 . 4000 0.5 0.1336 20.0945
.0001 © 5000 0.1 0.1545 25.0453
.002 | 500 1.0 :11.1389 . 2.5624
.001 { | 1000 1.0 3.3909 4.9892
.0005 . ‘ 2000 1.0 1.5281 : 9.8901
.00025 4000 1.0 . 1.0701 197930
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The graph of\ the new method's performance (Figure 4.3) estab-
lished an L-shaped.character which became apparent in.all its pgrféfm-
ance curves indicating that once a fime step is reachgd.that'producés
a maximum accuraéy, further refinements of the'time step did not
produce better accuracies in less time. The new method was able to
- reach the accuracy of.the ADEP method but because.the.elapsed time is
small, 0.1 for.this case, the results resembled those found for a
steady state problem--that is, tHe existing méthod being superior in
gkecutfon time for a given accuracy over the new method. But it is
important to nbté that the new method was able to produce accurate
so]ution$ at large time step values, a point that will become eyen
more advantageous for the new method at 1argér elapsed times.

.The supgriority of the new method became quite apparent at the
‘elapsed time 0.5. In Figure 4.4 and Table 4.4 it can be seen that the
new method's performance i{s again L-shaped with a noticeable dip as
compared to Figure 4.3. The dip is explained by the variance being
much Tower then the desired value of 0.000001. The Tower variance was
achieved because.the next to thg last iteration produced a variénce
s1ightly above the destred yalue which required another iteration. that
* reduced the variance considerably.below. the desired.eyel and .this
‘produced a more accurate so]ution..IThe.new.mgthod.rgached.an-ex—

“tremely accurate (0.0264% error) answer in-less.than four minutes of
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execution time with a time step of 0.0125 and 40 iterations. The ADEP

method, restricted to small time steps for better accuracy, reached
its best accuracy -(0.1336% error) in just over twenty minutes with a
time step of 0.000125 and 4000 iterations. |

Finally, at.elapsed time 1.0 (Figure 4.5) the new method's pef—
formance 1is comp]etg]y in the envelope of ADEP's perfofmance. By'
using much larger time steps, the new method benefits 1ﬁ fewer iter-
ations meaning less time and less accumulation of rbundroff errors.
The new method was able to reach accuracies beyond those ever éttafn--
able by ADEP. o

.A11“computer runs were done in double precision on a Xerox Sigma

'7 computer. A flowchart of the new method is shown in Figure 4.6.
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ERROR
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SOLUTION

Figure 4.6 Computer Flowchart for New .Method




CHAPTER V
CONCLUSION
~The superiority of the new methoa appears to lie in solving
transient type probiems. This is apparént'for two reasons: (1) .the
abi]ify to operate with~1drge time stebs while still ma%ntaiﬁing
accuracy, and (2) rapid convérgence of.fhe method itself. Larger
time steps mean less execution time,Afewer ﬁteratfons,and smaTTer
accumulation of round-off errors. A1l are definite advantaées.'
The rapid coﬁvergence is brought about by the method ifse]fi Usiﬁg
the‘solution of the previous time level as the initial guess for the
next time level is a very good estimation for transient type problems.
Therefore, the method often corrects itself in just one iteration and
thus converges rapidly to the solution at the desired time level. In ‘
steady state problems the method would require a very good first
estimate of the solution in order to be éomparab]e to e%isting teﬁh—

niques.
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APPENDIX A

EXAMPLE OF THE NEW METHOD SHOWING CONSEQUENCES
OF DIFFERENT TRIAL SOLUTION SELECTION

To.illustrate the theory of the new method, consider . .the following

problem.
| T 1 0 | X1 F |2
J 2 9 X, > A3
0 0. 1f (%) & {1
For an initial guess, 'select
1 0(
[x091] = {0) and [x0’2] = L1
0 1

Thus n=3 and m=2.
Then equation (2.3) becomes

. 0,1
{XO} = a0’1[X0,]] + aO,Z[XO,ZJ =4 %0,2

%0,2
and _
1o fag) |2 “0,1 0.2 ?|
KXO - F = .I 2 0 060’2 - 3 = WQ,] + 2@0’2 - 3 --"‘ . ‘ J
LO 0 ’]-‘,,‘ (’co’z ] Q«o’z -I ‘
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Now

<KhgoF s KXgFr = (g 1100, 2-2) * (og y#2g =317 o 1)

which is equal to the Vo(a0,1,a0’2) in Equation (2.5). Forming.the

partial derivatives according to Equation (2.6) yields

avo ‘
Bag.] 01" 399,27 2

and .
BV 2 - 3.
———-~ o t 2o

0 5 0,1 0,2
oV aVo
Thus o o 0 and o 0 yields the system

%0, %%0,2

ZaO,] + 3a0’2 =5

1
w

QO’:] + 2@0’2 =
with solution

9,1 12 90,2 7 1 -
That 'i.S (0‘0 'l’qro 2) = (-I,-l) and thus

{XQ} = [XO,]J +-[XQ,ZJ L
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For: the second iteration, Equation (2.8) becomes
. ]
[xy,9d = [xgpd # Ixg pd = ¢
' 1
Select .arbitrarily
1
Dy ,0d 74 2
2
In general, if specific information is known, X1 o Ay be strategi-
cally.chosen. In absence of such information one might define Xy o
to equal Xp,0 We deviate from this merely for illustratiye purposes.
Therefor, following Equations (2.4) - (2.6) we have-
1,1 %,2
Xy} moag qlxq ] Hiag plxg o = G oy 0+ 20 00

°1,1 %1,2

2oq gt 30q 5 - 2
KX1—F': 306-"-1-'1'506-]’2—3 ]

1

1t 20 5]
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Vilog qs0q,0) 7 <KXy - F, KXy - Fo
— 2 )
= (Zq]s] + 3@1,2 - 2) = (3“1’] h 5“]’2 - 3
CREE PRI

oY,
aqT’] = 14“1’1 + 23@1’2 "]4
B, e,y ey, B

and the equations to be solved are

]4Qi,] it 23@]’2 =']4

23

n

230q 4 38051’2
with solution -
OL-I’-I‘ = ], q-l’z ;.0 .
Thus
1
4,3 = Ix1,1j o {XO} A
i
and the'a1gorithm terminates with.the solution.
1
Xy A Q1
{1

)2
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If for.the above example,

and

and, at the next step
116.83

[x]’zj =< 11.63

' -15.32

the respective iterations resulted in
1.09

'{XO} a .95

—_—~TT e~ ~—f"§¢"“— —~

and

3Rl 96
1.00

.Thus .the, initial .choice of [XO'lj arid [x, 2] affects conyergence rates.




SOLUTION OF

'APPENDIX B
EQUATIONS (3.25 = 3.27) AND

RESULTS OF EACH. ITERATION .

.5000
..5000

3 =g
' .5000

.5000/

“1,1
*1,2
91,3

5000\
5000
.5000
5000 |

{XO} =

.5000
.0000
.0000
.5000

500000

.5000
-11.0000
1.0000
1.5000

+ q'l,Z + 06] 33

n

1.08888888888889

n

.955555555555556
.555555555555556

1

1.0000
1.5000
2.5000
1.0000
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Iteration 2

X4

{e1

1.5778
e 2.333

{X,}F o
27 72,1 Y, ggg

2.5333

az,] )

1i

n

1.5778

2.3333
} =

2.8889

2.5333 |

1778

.8000
}

- n

.0889
-.1778

n

ATEIY

.1778

.8000

o
2:2 '\ oss

-.1778
1.14623197950733
.789480848283625

-318434181207391

.8000\

.2667 { .

Qi
2,3 '\ 6222

.0889
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Iteration 3
2.2036
~)3.3910
{X2} = '
3.5796
,2'79]7A

-.0162

V, = .000829

. [2.2036 - -.0162

oo o )3seo . ) o012
X} = ag 1. + a
3731 Nasre (302 w023

\2.7917 -.0038

1.00240758757177

.532382398167053 - -

.150769136554601
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Iteration 4

2
3
Xy}

2

{e3}

2.2005

3.4009
X, }= a + o
4 49] 3.6004 4,2

2.8000

3.

.2005
4009
6004
.8000 |

.0000
.0010
.0002
.0004

.000001

-.0000) -.0010

-.0010 0001

tag3 8

.0002 -.0006 (-

.0004 .0002

.999898107328567
.618637864034680

.228331597335367
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2.200006

3.399986. (

gy = ¢
3.599968

2.799987 |

V4 = 2.156087938886816E-09
SOLUTION
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