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The	100th	anniversary	of	Langmuir’s	theory	of	adsorption	is	a	significant	landmark	
for	 the	 physical	 chemistry	 and	 chemical	 engineering	 communities.	 Despite	 its	
simplicity,	 the	 Langmuir	 adsorption	model	 captures	 the	 key	 physics	 of	molecular	
interactions	 at	 interfaces	 and	 laid	 the	 foundation	 for	 further	 progress	 in	
understanding	 interfacial	 phenomena,	 developing	 new	 adsorbent	 materials,	 and	
designing	engineering	processes.	The	Langmuir	model	has	had	an	exceptional	impact	
on	 diverse	 fields	 within	 the	 chemical	 sciences	 ሺranging	 from	 chemical	 biology	 to	
materials	scienceሻ,	an	impact	that	became	clearer	with	the	development	of	modified	
adsorption	theories	and	continues	to	be	relevant	today.	
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Introduction	

Irving	Langmuir	is	known	for	wide‐ranging	contributions	in	chemistry	and	physics,	both	in	
fundamental	and	applied	concepts,	and	is	indelibly	linked	to	the	birth	of	the	science	of	interfaces.	
His	three	seminal	works	on	adsorption	theory,	the	foundation	for	the	modern	understanding	of	all	
types	of	chemical	interfaces,	were	published	in	1916,1	1917,2	and	1918,3	the	last	of	which	is	now	
one	century	old	and	the	subject	of	celebration	in	this	historical	article.	The	“superficial”	nature	of	
this	field	of	research	was	playfully	acknowledged	in	the	presentation	speech	of	the	Nobel	Prize	in	
Chemistry	to	Langmuir	in	1932.	It	was	also	acknowledged	in	Söderbaum’s	very	next	breath	that	“in	
reality,	surface	chemistry	has	contributed	greatly	to	the	deepening	of	our	knowledge	of	matter.”4	
This	remains	true	today,	with	major	worldwide	research	efforts,	e.g.,	in	heterogeneous	catalysis,	
devoted	to	phenomena	at	interfaces.	

The	history	and	impact	of	Langmuir’s	three	seminal	works,	referred	to	as	Langmuir	1916,	Langmuir	
1917,	and	Langmuir	1918,	are	briefly	reviewed	herein.	The	context	in	which	adsorption	theory	was	
birthed	will	first	be	summarized,	followed	by	a	brief	account	of	Langmuir’s	early	work	that	led	
directly	to	the	development	of	his	monolayer	theory.	In	addition	to	the	simple,	ideal	picture	of	
homogeneous	monolayer	adsorption	that	has	come	to	be	known	colloquially	as	the	Langmuir	
adsorption	model,	Langmuir	also	developed	several	more	complex	models	such	as	for	multilayer	
and	heterogeneous	adsorption	already	in	1918.	The	ingenious	early	experiments	carried	out	by	
Langmuir	and	his	assistant,	Mr.	S.	P.	Sweetser,	laid	the	groundwork	for	future	demonstrations	of	the	
widespread	applicability	of	this	simple	theory	of	site‐specific	molecular	adsorption.	Langmuir	also	
emphasized	the	non‐universal	applicability	of	any	one	equation	or	model	ሺincluding,	of	course,	his	
own	monolayer	adsorption	theoryሻ,3	and	the	need	to	account	for	a	wide	breadth	of	different	
adsorption	mechanisms	at	play	on	complicated,	real‐world	surfaces.	Hence,	the	lasting	reputation	
of	Langmuir’s	adsorption	theory	is	both	that	of	a	powerful,	simple	model	with	far‐reaching	
applicability	and	textbook	elegance,	and	simultaneously	that	of	a	model	with	few	strictly	adhering	
demonstrative	systems	in	the	laboratory.	

In	this	review,	a	statistical	mechanical	treatment	of	all	six	of	Langmuir’s	original	cases	of	adsorption	
is	given,	followed	by	selected	contemporary	examples	of	gas‐solid	adsorbate‐adsorbent	systems	
that	exhibit	representative	behavior.	Reference	to	Langmuir’s	work	has	risen	sharply	since	1999	
when	metal‐organic	frameworks	ሺMOFsሻ	were	revolutionized	to	include	materials	with	large	inner	
surfaces	of	crystalline	structure;5	hence,	emphasis	is	placed	herein	on	examples	of	Langmuir	
adsorption	on	the	porous	surfaces	of	MOFs.	This	extension	of	Langmuir’s	“external	surface”	theory	
to	gas	adsorption	on	the	“internal	surfaces”	of	porous	materials	is	one	of	many	natural	extensions	of	
Langmuir’s	original	theory	to	interfaces	of	all	kinds,	such	as	in	gas‐liquid	and	liquid‐liquid	systems,	
molecular‐protein	binding,	and	even	in	macromolecule	or	nanocrystal	binding.	We	seek	to	put	
Langmuir’s	now	century‐old	theory	into	modern	context,	with	a	strong	emphasis	on	the	first‐
principles	simplicity	of	these	concepts	and	their	ሺcautiousሻ	applicability	in	wide‐ranging	adsorption	
systems.	

Historical	Context	

Early	Adsorption	Theory.	The	phenomenon	of	adsorption	has	been	known	since	antiquity;6	
quantitative	investigations	began	in	the	late	18th	century	ሺthe	earliest	known	investigations	by	
Scheele,	Priestley,	and	Fontana	in	1773‐1777,	as	reviewed	more	comprehensively	elsewhere7‐8ሻ,	
and	the	term	“adsorption”	as	distinct	from	“absorption”	was	originally	coined	by	Emil	du	Bois‐
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Reymond	ሺvia	Heinrich	Kayser9ሻ	in	1881.	Adsorption,	strictly	defined,	is	the	increase	in	density	of	a	
fluid	adsorbate	at	a	phase	boundary	or	surface.	It	remains	distinguished	from	absorption	by	its	
limitation	to	the	surface	or	interface	of	the	sorbent;	upon	diffusion	beyond	the	interface	into	the	
bulk	of	the	sorbent,	the	adsorbate	becomes	the	absorbate.	The	term	“sorption”	was	introduced	as	
referring	to	the	ambiguous	case	encompassing	both	adsorption	and	absorption	by	James	W.	McBain	
in	1909.10	This	terminology,	in	principle,	remains	the	convention	today.	

The	history	of	adsorption	theory	is	intimately	tied	to	both	that	of	intermolecular	interactions	and	
the	atomic	structure	of	solid‐state	matter,	subjects	that	were	still	premature	at	the	turn	of	the	20th	
century.	It	is	telling	that	the	forces	of	attraction	between	two	phases	at	their	interface	were	still	
referred	to	by	Langmuir	in	1918	as	“action	at	a	distance,”	in	quotation	marks.3	Studies	of	adsorption	
were	primarily	an	experimental	ሺas	opposed	to	theoreticalሻ	endeavor	before	1900.	While	J.	Willard	
Gibbs	developed	the	earliest	thermodynamic	theory	of	“surfaces	of	discontinuity”	in	the	second	part	
of	his	landmark	work	On	the	equilibrium	of	heterogeneous	substances	in	1876,11	he	specifically	
remarked	as	to	the	quantity	of	molecules	adsorbed	being	“too	small	in	general	to	admit	of	direct	
measurement.”	Nevertheless,	the	terms	“surface	excess”	and	“excess	quantity	of	adsorption”	were	
coined	by	Gibbs	and	the	concept	remains	of	great	importance	to	adsorption	theory.	The	first	liquid	
solute‐solid	adsorption	equilibria	were	reported	by	Friedrich	Stohmann	and	Wilhelm	Henneberg	in	
185812	ሺammonium	adsorption	on	soilሻ	and	the	first	gas‐solid	adsorption	equilibria	were	reported	
independently	by	Chappuis	in	187913	and	Kayser	and	Joulin	in	18819,	14	ሺsmall	molecular	gases	on	
charcoalሻ,	where	the	delay	for	gas‐solid	experiments	was	due	to	the	more	complex	apparatus	
required.	Heats	of	adsorption	could	be	measured	as	early	as	1854	by	Favre15‐16	and	practical	
adsorption	applications	such	as	gas	separations	were	well‐established	by	the	turn	of	the	century.	

Prior	to	Langmuir’s	monolayer‐based	theory	first	reported	in	1916,	adsorption	was	understood	
such	that	the	density	of	a	fluid	at	an	interface	decreases	gradually	toward	the	bulk.	The	theory	of	
adsorption	was	first	focused	on	the	solid	surface	itself	by	Herbert	Freundlich	in	190717,	whose	
empirical	equation	for	adsorption	demonstrates	respectable	utility	across	relatively	wide	
temperature	and	pressure	ranges	still	today.	However,	it	is	well‐known	that	Freundlich’s	equation	
is	neither	physically	founded	nor	thermodynamically	consistent,	preventing	its	fundamental	
justification.18‐19	Michael	Polanyi	alluded	to	the	concept	of	a	characteristic	adsorption	curve	in	
1914,20	and	further	laid	the	foundation	of	what	has	become	known	as	Polanyi’s	“potential	theory”	in	
1916.21	In	a	twist	of	fate,	this	non‐localized	theory	was	rejected	at	the	time	for	being	incongruent	
with	the	emerging	theories	of	intermolecular	interactions	based	on	electrical	forces;	nevertheless,	it	
was	later	developed	ሺtogether	with	Fritz	London22ሻ	into	a	widely	accepted	parallel	theory	to	that	of	
Langmuir’s.23	

Langmuir’s	theory,	on	the	contrary,	was	founded	on	a	fundamentally	discretized	molecular	
perspective,	considering	the	atomic	structure	of	the	surface	to	be	central	to	a	successful	description	
of	adsorption.	He	was	strongly	influenced	by	the	emerging	picture	of	crystalline	solid	matter	
painted	by	William	H.	Bragg	and	his	son	W.	Lawrence	Bragg,	especially	after	hearing	several	
lectures	given	by	the	elder	Bragg	during	his	visit	to	the	eastern	United	States	around	the	time	of	the	
outbreak	of	World	War	I	ሺ1914‐1915ሻ.	In	Langmuir’s	words:	“the	importance	of	the	work	of	W.	H.	
Bragg	and	W.	L.	Bragg	in	its	bearing	on	chemistry	has	not,	as	yet,	been	generally	recognized.”1	The	
discrete	nature	ሺi.e.,	sequential	fillingሻ	of	well‐defined	adsorbed	surface	layers	was	the	insight	first	
developed	by	Langmuir	and	described	extensively	in	Langmuir	1916,	with	clear	reference	to	the	
definite,	discretized	atomic	structure	of	crystals	discovered	by	the	Braggs.	
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Langmuir	pictured	monolayer	formation	to	occur	based	on	a	specific	binding	interaction	between	
adsorbate	molecules	and	distinct	solid	surface	sites.	This	picture	was	originally	founded	on	the	
results	of	experiments	performed	with	hydrogen	and	other	small	molecules	in	the	presence	of	
heated	metal	filaments	at	very	low	pressures.	In	Langmuir	1918,	however,	it	was	already	broadly	
generalized	to	include	cases	where	monolayer	or	multilayer	formation	occurs,	as	well	as	cases	
ranging	from	highly	regular	surfaces	to	completely	amorphous	surfaces	containing	an	abundance	of	
different	adsorption	sites.	The	six	fundamental	cases	of	adsorption	ሺall	designed	for	adsorption	at	
bulk	surfacesሻ	identified	by	Langmuir	laid	the	foundation	for	surface	science,	which	has	since	been	
adorned	with	modifications	and	new	theories	designed	to	describe	complex,	real‐word	adsorption	
phenomena,	including	within	molecularly	porous	materials.6	

Irving	Langmuir.	Irving	Langmuir,	born	on	January	31st,	1881,	received	his	primary	and	secondary	
education	in	Brooklyn,	Paris,	and	Philadelphia,	following	his	father’s	work‐related	movements	ሺas	
an	insurance	executiveሻ.	After	the	death	of	his	father	in	1899,	Langmuir	entered	The	School	of	
Mines	at	Columbia	University	to	study	metallurgical	engineering,	because	“the	course	was	strong	in	
chemistry,	it	had	more	physics	than	the	chemical	course,	and	more	mathematics	than	the	course	in	
physics	–	and	I	wanted	all	three.”24	After	receiving	his	degree,	Langmuir,	like	many	American	
scientists	at	that	time,	set	off	to	Germany	to	obtain	a	PhD.	At	the	University	of	Göttingen,	his	desire	
to	couple	scientific	research	with	practical	and	industrial	applications	would	be	honed	and	affirmed	
by	several	great	professors,	most	notably	Felix	Klein	and	Walther	Nernst.	Nernst,	who	served	as	
Langmuir’s	primary	advisor	ሺdespite	Friedrich	Dolezalek	being	named	as	such25ሻ,	directed	his	
thesis	project	of	examining	the	dissociative	action	of	various	gases	on	the	surface	of	a	hot	platinum	
filament.26	These	early	experiments	would	lay	the	foundation	for	his	lifelong	studies	of	adsorption	
phenomena.	

In	early	1906,	Langmuir	accepted	a	faculty	position	at	Stevens	Institute	of	Technology	in	New	
Jersey,	hoping	to	pursue	an	academic	career	in	research.	After	three	years	of	intensive,	time‐
consuming	teaching	that	afforded	little	time	for	research,	Langmuir	left	this	position	and	joined	the	
staff	of	the	General	Electric	research	laboratory,	reuniting	with	an	old	colleague	from	Columbia,	
Colin	G.	Fink.	Langmuir	first	secured	a	research	position	for	the	summer	of	1909,	and	impressed	his	
coworkers	enough	to	gain	a	permanent	position	at	the	research	lab,	a	position	he	would	hold	until	
his	retirement	in	1950.	At	General	Electric,	Langmuir’s	independence	was	consistently	protected	by	
the	laboratory’s	director,	Willis	R.	Whitney.	His	first	projects	were	largely	a	continuation	of	his	
thesis	work	investigating	chemical	reactions	in	the	presence	of	heated	metal	filaments	within	glass	
bulbs,	especially	tungsten	in	the	presence	of	hydrogen	and	other	gases.	The	reaction	rates	could	be	
slowed	and	effectively	deconvoluted	when	performed	under	high‐vacuum	conditions	ሺa	technical	
achievement	of	Langmuir’s	workሻ,	culminating	in	the	proposal	of	a	fundamentally	new	mechanism	
of	heterogeneous	chemical	reactions.27	The	two	key	features	of	this	work,	namely	the	low	pressure	
and	inherent	role	of	the	metal	surface,	directly	advanced	Langmuir	toward	the	breakthrough	theory	
of	adsorption	based	on	the	concept	of	molecular	layers.	Therefore,	despite	testing	his	newly	found	
theory	on	cases	of	pure	physisorption	in	Langmuir	1918,	the	original	collection	of	work	on	which	
the	theory	was	developed	consisted	of	over	a	decade	of	experiments	observing	the	behavior	of	
gases	in	the	presence	of	heated	metal	surfaces:	pure	chemisorption.	It	is	perhaps	unsurprising	that	
the	monomolecular	layer	that	Langmuir	envisioned	remains	much	more	accurate	in	describing	the	
phenomena	of	chemical	adsorption	ሺwhere	the	binding	strength	is	strong	relative	to	intermolecular	
interactions	in	the	bulk	gasሻ.	
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Langmuir’s	Theory	of	Adsorption	

A	Kinetic	Model.	Langmuir	originally	described	gas	adsorption	at	a	solid	interface	as	bearing	
mechanistic	similarity	to	gas‐phase	condensation	at	a	liquid	surface,	where	inelastic	collisions	lead	
to	a	“lag”	or	residence	time	at	the	location	of	incidence.1,	28	That	is,	as	gas	molecules	strike	the	
surface,	they	are	held	near	the	surface	by	attractive	intermolecular	forces	ሺakin	to	condensationሻ	
for	some	short	but	finite	time	until	leaving	into	the	bulk	gas	phase	again	ሺakin	to	evaporationሻ.	
Within	this	purely	kinetic	view	of	adsorption	ሺas	shown	in	Figure	1ሻ,	and	with	a	newly	devised	
concept	of	the	discretized,	surface‐oriented	nature	of	adsorption	in	hand,	a	simple	relationship	
between	equilibrium	site	occupancy,	ߠ,	and	the	pressure	of	the	gas	phase,	ܲ,	was	derived.	Langmuir	
made	three	fundamental	assumptions:	

ሺiሻ the	rate	of	incidence	of	the	molecules	in	a	bulk	gas	phase	on	a	unit	area	of	adsorbent	
surface,	ݎ௜௡௖,	is	proportional	to	the	pressure	at	constant	temperature	via	the	kinetic	
theory	of	gases	ሺadapted	from	his	previous	work	on	saturated	metal	vapors	above	their	
respective	solids29ሻ,	

ሺiiሻ the	rate	of	adsorption	ሺas	opposed	to	metal	vapor	condensationሻ,	ݎ௔ௗ௦,	depends	not	only	
on	the	rate	of	incidence	of	molecules	on	the	surface,	ݎ௜௡௖,	but	also	on	the	probability	of	
adsorption	ሺas	opposed	to	elastic	reflectionሻ,	݌௔ௗ௦,	and	the	probability	of	incidence	at	a	
vacant	adsorption	site	ሺas	opposed	to	at	an	occupied	siteሻ,	݌௩௔௖,	and	

ሺiiiሻ the	rate	of	desorption	is	equal	to	the	rate	of	desorption	at	maximum	surface	coverage,	
	adsorbed	by	sites	surface	the	of	occupancy	fractional	the	by	multiplied	ௗ௘௦,௦௔௧,ݎ
molecules,	ߠ	ሺthereby	neglecting	any	role	of	adsorbate‐adsorbate	interactionsሻ.	

These	three	assumptions	can	also	be	summarized	by	stating	that	both	the	gas	phase	and	adsorbed	
phase	behave	ideally	ሺthere	is	no	notion	of	intermolecular	interactionsሻ	and	that	every	binding	site	
is	identical.	Combined,	they	yield	the	following	expression	for	the	equilibrium	fractional	occupancy	
of	adsorption	sites	under	a	gas	phase	at	pressure	ܲ:	

ߠ ൌ
௜௡௖ݎ ∙ ௔ௗ௦݌

ௗ௘௦,௦௔௧ݎ ൅ ௜௡௖ݎ ∙ ௔ௗ௦݌
ൌ

ܲܭ
1 ൅ ܲܭ Equation	1

The	Langmuir	constant,	ܭ,	is	independent	of	pressure	and	hence	only	depends	on	temperature.	
When	the	temperature	is	invariant,	the	isotherm	can	be	measured	and	ܭ	experimentally	
determined,	which	from	this	kinetic	model	is	defined	as:	

ܭ ൌ
1

ܴܶ݉ߨ2√
∙
௔ௗ௦݌
ௗ௘௦,௦௔௧ݎ Equation	2

The	Langmuir	constant	has	units	of	inverse	pressure	ሺor	inverse	concentration	for	solute	
adsorptionሻ.	It	is	useful	to	recognize	that	the	surface	is	precisely	half‐occupied	at	the	pressure	
corresponding	to	ିܭଵ,	as	shown	in	Figure	1,	and	so	represents	a	“characteristic	inverse	pressure	of	
adsorption.”	A	more	thorough	kinetic	derivation	as	originally	presented	in	Langmuir	1918	is	
reproduced	in	the	Supporting	Information	using	updated	nomenclature.	



6	
	

	

Figure	1.	ሺaሻ	Langmuir’s	kinetic	model	of	adsorption	acknowledges	four	processes	occurring	
between	a	gas	in	equilibrium	with	a	surface	ሺconsisting	of	discretized	adsorption	sitesሻ:	incidence	
ሺincሻ,	reflection	ሺrefሻ,	adsorption	ሺadsሻ,	and	desorption	ሺdesሻ.	Treating	these	fundamental	
processes	with	three	simple	approximations	leads	to	the	simple	Langmuir	isotherm	equation.	ሺb‐cሻ	
The	dependence	of	the	Langmuir	isotherm	on	the	Langmuir	binding	constant,	ܭ,	showing	
hyperbolic	shape	in	the	simple	plot	of	fractional	adsorption	site	occupancy,	ߠ,	as	a	function	of	
pressure	ሺbሻ	and	sigmoidal	shape	in	the	equivalent	log‐normal	plot	ሺcሻ.	The	magnitude	of	the	
binding	constant	is	indicated	by	color,	increasing	from	0.001‐1000	Paିଵ.	The	characteristic	
pressure	regime	corresponding	to	significant	adsorption	uptake	occurs	around	ିܭଵ,	as	shown	for	
the	case	of	ܭ ൌ 0.1	Paିଵ	ሺred	dashed	lineሻ.	

Experimental	Results.	The	original	experiments	that	inspired	Langmuir’s	monolayer	hypothesis	
were	investigations	of	the	behavior	of	hydrogen	and	oxygen	at	vacuum	pressures	inside	a	glass	
lightbulb	containing	a	heated	tungsten	filament,	such	as	that	reported	in	1912.30	Langmuir	first	
observed	that	the	pressure	of	hydrogen	decreased	upon	exposure	to	the	heated	filament	over	time	
ሺespecially	platinum	or	palladiumሻ.	Langmuir	concluded	that	the	hydrogen	dissociated	on	the	
surface	of	the	heated	metal,	then	escaped	as	a	monatomic	gas,	and	finally	chemisorbed	as	atomic	
hydrogen	on	the	inner	glass	wall	of	the	bulb.	The	adsorption	of	atomic	hydrogen	on	glass	was	found	
to	be	irreversible,	although	quantitative	results	as	to	the	amount	adsorbed	were	not	reported	at	
that	time.	

Langmuir	continued	his	experiments	with	other	gases	ሺe.g.,	CH4,	NH3,	PH3,	CO,	and	CO2ሻ	adsorbed	
on	heated	metal	surfaces	and	first	outlined	his	monolayer	hypothesis	in	1916.1	Still,	equilibrium	
adsorption	isotherm	measurements	were	not	presented	in	Langmuir	1916	or	elsewhere	at	that	
time.	In	Langmuir	1917,	the	gas‐solid	adsorption	interface	was	temporarily	abandoned	in	favor	of	
the	liquid‐solid	interface.	The	development	of	monolayer	assemblies	at	aqueous	and	other	
interfaces	is	not	within	the	focus	of	the	present	review,	and	the	interested	reader	is	referred	
elsewhere.31‐32	

Finally,	in	Langmuir	1918,	methodological	studies	of	the	adsorption	of	numerous	gases	on	three	
model	material	surfaces	were	reported:	glass	ሺamorphous	silicaሻ,	muscovite	ሺmicaሻ,	and	platinum.	
Langmuir	performed	the	experiments	along	the	desorption	branch,	permitting	direct	observation	of	
the	interplay	between	physisorption	and	chemisorption	phenomena	ሺthe	chemisorbed	quantity	
would	not	be	desorbed	at	low	temperatureሻ.	These	were	the	first	set	of	quantitative	adsorption	
measurements	of	small	molecular	gases	on	solid	surfaces	of	well‐known	chemistry	and	geometry.	
His	experiments	were	performed	at	extremely	low	pressure	for	the	time,	requiring	great	care	and	
newly	developed	vacuum	equipment	ሺincluding	a	McLeod	gauge	and	Langmuir’s	invention,	the	
“condensation	pump”33,	now	known	as	a	diffusion	pump34ሻ.	
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Figure	2.	ሺaሻ	Equilibrium	desorption	measurements	of	N2	on	mica	at	90	and	155	K	as	reported	in	
Langmuir	1918,	showing	single‐site	Langmuir	ሺSSLሻ	adsorption	character.	ሺbሻ	Equilibrium	
desorption	measurements	of	CO	on	glass	at	90	K	as	reported	in	Langmuir	1918,	showing	dual‐site	
Langmuir	ሺDSLሻ	adsorption	character	ሺthe	strongly	bound	species	attributed	to	chemisorption	is	
shown	as	a	solid	purple	lineሻ.	

The	first	set	of	experiments	reported	in	1918	were	performed	on	a	24.3	g	sample	of	muscovite	
ሺmicaሻ,	having	an	actual	ሺhand‐measuredሻ	surface	area	of	0.5750	m2	ሺspecific	surface	area:	0.0237	
m2	g‐1ሻ.	Langmuir	confirmed	that	N2	adsorption	on	mica	between	90‐155	K	was	purely	physical	in	
nature	ሺi.e.,	physisorptionሻ	and	could	be	well‐described	by	his	equilibrium	kinetic	monolayer	model	
ሺsee	Figure	2ሻ.	Modern	fitting	analysis	of	these	data	validate	this	conclusion,	and	the	results	can	be	
used	to	determine	the	surface	area	occupied	by	a	single	molecule	of	N2	in	a	complete	monolayer:	
1.69	nm2.	This	value	is	significantly	larger	ሺby	a	factor	of	~10ሻ	than	the	currently	accepted	
conventional	value	for	N2	adsorption	at	77	K	ሺ0.162	nm2ሻ;	this	result	may	be	due	to	the	elevated	
temperature	of	Langmuir’s	1918	experiments	ሺ൐90	Kሻ.	Langmuir	indeed	recognized	that	the	
monolayer	densities	reported	in	1918	were	roughly	of	the	correct	order	of	magnitude,	but	were	
lower	than	expected	based	on	a	monolayer	of	liquid	by	a	factor	of	up	to	~9,	even	at	90	K.	
Nevertheless,	this	evidence	strongly	favored	Langmuir’s	“monolayer”	picture	of	adsorption	since	
the	number	of	adsorbed	N2	molecules	did	not	exceed	that	of	a	liquid	monolayer	but	approached	a	
well‐defined	maximum.	

Langmuir’s	second	set	of	experiments	were	performed	on	nearly	200	individual	glass	microscope	
slides,	each	defected	slightly	to	prevent	stacking	and	permit	free	access	of	the	gas	to	the	amorphous	
surface.	The	total	sample	mass	was	~36.7	g	ሺbased	on	a	reported	volume	of	13.6	mLሻ,	and	the	total	
surface	area	was	measured	to	be	0.1966	m2	ሺspecific	surface	area:	0.00535	m2	g‐1ሻ.	Several	parts	of	
the	apparatus	used	in	the	preceding	mica	experiments	were	replaced	to	permit	higher	accuracy	
adsorption	measurements	necessitated	by	the	extremely	low	binding	strength	of	the	glass	surface.	
Impressively,	total	quantities	of	adsorbed	gas	as	minute	as	20	nmol	on	the	entire	sample	ሺthe	
lowest	amount	detected	is	the	last	point	of	Langmuir’s	argon	desorption	isotherm,	at	0.1	Pa	and	90	
Kሻ	could	be	detected.	It	is	unclear	which	attribute	of	the	glass	surface	that	Langmuir	set	out	to	
contrast	with	the	muscovite:	the	amorphous	nature	of	the	glass	surface	ሺCase	III,	described	below,	
is	theoretically	developed	for	amorphous	surfaces	with	infinitely	many	different	sitesሻ	or	merely	its	
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different	chemistry	ሺas	SiO2ሻ.	In	any	case,	the	most	remarkable	results	were	for	CO	adsorption	on	
glass	at	90	K;	the	CO	could	not	be	fully	desorbed	under	vacuum,	motivating	a	multi‐site	monolayer	
model	ሺCase	IIሻ	where	one	type	of	site	is	characterized	by	weak	adsorption	ሺphysisorptionሻ	and	
another	by	strong	adsorption	ሺchemical	adsorption,	or	chemisorptionሻ,	as	shown	in	Figure	2.	

Langmuir’s	third	set	of	experiments	were	performed	to	differentiate	the	nature	of	chemical	and	
physical	adsorption	on	platinum	metal	foil,	and	to	unravel	some	of	the	complexities	of	the	platinum‐
catalyzed	oxidation	of	H2	and	CO.	A	small	square	of	0.010	mm	thick	foil	was	used,	washed	and	
carefully	folded,	having	a	total	mass	of	4.03	g	and	a	total	surface	area	of	0.0312	m2	ሺspecific	surface	
area:	0.00774	m2	g‐1ሻ.	Langmuir	found	that	at	room	temperature	and	below,	only	very	small	
quantities	of	H2,	O2,	and	CO	could	be	adsorbed	on	platinum,	far	below	that	of	the	calculated	
monomolecular	layer.	A	series	of	experiments	at	above	ambient	pressure	were	then	reported,	
demonstrating	several	key	features	of	the	platinum	system,	namely:	chemical	reaction,	catalysis,	
and	hysteresis	ሺdepending	on	what	is	now	known	as	“activation”ሻ.	The	resulting	insights	into	the	
catalytic	reaction	mechanisms	at	play	on	the	platinum	surface	represented	important	early	
contributions	to	research	in	the	budding	field	of	heterogeneous	catalysis,	where	Langmuir’s	work	
would	have	long‐lasting	impact.35	

Corroborating	Langmuir’s	Theory.	Numerous	investigations	were	carried	out	in	the	decades	after	
1918	to	test	Langmuir’s	theory	in	other	simple	gas‐solid	adsorption	systems.	It	has	been	found	that	
in	the	routine	characterization	of	practical	materials	such	as	heterogeneous	catalysts	and	porous	
adsorbents	ሺusually	with	subcritical	adsorptive	fluids	like	N2ሻ,	multilayer	adsorption	is	far	more	
often	verified	than	simple	monolayer	adsorption.	This	led	to	a	more	detailed	theory	of	multilayer	
adsorption	championed	by	Stephen	Brunauer,	Paul	Emmett,	and	Edward	Teller36	ሺa	specific	
modification	of	Langmuir’s	Case	VI	referred	to	as	BET	theory,	described	belowሻ	that	remains	well‐
known	today.	Langmuir	remained	silent	during	his	lifetime	on	the	relative	utility	of	his	theory	as	
compared	to	that	of	Brunauer,	Emmett,	and	Teller,	a	fact	that	was	ሺperhaps	rather	sensitivelyሻ	
interpreted	by	Brunauer	to	imply	resentment.37	However,	it	is	clear	that,	at	least	in	the	case	of	gas	
adsorption	on	external	solid	surfaces,	no	such	defense	of	the	relative	applicability	of	each	equation	
need	be	made.	Langmuir’s	simplest	monolayer	formulation	is	usually	applicable	when	the	strength	
of	interaction	between	the	adsorbate	and	solid	surface	is	far	stronger	than	that	between	two	
adsorbate	molecules,	while	BET	theory	ሺwhich	is	itself	an	extension	of	Langmuir’s	own	multilayer	
theoryሻ	is	applicable	when	the	interactions	are	more	similar.	It	is	merely	a	question	of	which	
regime	represents	the	system	of	interest.	We	note	that	Langmuir’s	original	data	ሺe.g.,	N2	adsorption	
on	mica	and	CO	on	glass	at	90	K	as	shown	in	Figure	2ሻ	were	not	collected	at	high	enough	pressure	to	
discern	the	accumulation	of	multiple	adsorption	layers.	

Numerous	adsorption	isotherm	equations	are	now	generally	used	to	interpolate	and/or	model	
experimental	adsorption	equilibria,	typically	based	on	one	of	three	fundamental	underlying	
approaches:	Freundlich’s	empirical	equation,	Langmuir’s	surface‐based	equations,	or	Polanyi’s	
potential	theory.	Surfaces	within	porous	solids,	in	particular	within	microporous	solids,	present	as	
highly	complex	to	accurately	model,	and	typically	cannot	be	adequately	addressed	with	a	simple	
Langmuir‐type	analysis.	For	further	information,	the	reader	is	referred	to	several	more	detailed	
reviews6‐7,	38	of	the	subject.	

Hill’s	Equilibrium	Theory	of	Protein	Binding.	An	analogous	theory	to	Langmuir’s	theory	of	
monolayer	gas	adsorption	on	solid	surfaces	had	in	fact	already	been	independently	developed	
significantly	earlier	than	1916,	specifically	to	explain	the	oxygen	“dissociation	curves”	associated	
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with	hemoglobin	in	human	and	animal	blood.	Like	gas	adsorption	on	a	finite	number	of	solid	
surface	sites	as	a	function	of	pressure,	the	binding	of	a	ligand	ሺe.g.,	oxygenሻ	to	functional	sites	on	a	
finite	number	of	proteins	in	solution	will	reach	a	value	at	equilibrium	that	depends	on	the	
concentration	of	the	ligand	ሺthe	adsorbateሻ.	Archibald	V.	Hill,	an	undergraduate	student	at	Trinity	
College	in	Cambridge,	based	this	theory	on	data	reviewed	by	Barcroft	and	Camis	in	the	Journal	of	
Physiology	in	1909,39	relating	the	fraction	of	oxygen‐saturated	protein	to	the	partial	pressure	
ሺtensionሻ	of	oxygen	in	various	aqueous	solutions.	It	had	earlier	been	observed	by	Christian	Bohr	et	
al.	that	the	shape	of	such	dissociation	curves	was	sigmoidal,	indicating	cooperative	binding.40	Hill,	
who	would	later	go	on	to	receive	the	Nobel	Prize	ሺin	Medicine	in	1922ሻ,	suggested	that	the	data	
could	be	accurately	represented	by	an	equation	derived	from	a	mass‐action	framework	for	the	
reversible	combination	of	a	ligand	ሺor	general	binding	moietyሻ	with	a	discrete	set	of	receptor	
structures	ሺbinding	sitesሻ	at	equilibrium.41	

The	same	general	laws	of	mass	action	at	equilibrium	underpin	both	the	Hill	and	Langmuir	
equations,	with	a	key	difference	in	emphasis	for	Hill’s	development:	the	allowance	for	multiple	
binding	sites	ሺand	hence	cooperative	adsorptionሻ	on	a	single	protein.	The	simpler	Hill	equation	for	
systems	with	only	a	single	receptor	site	per	protein	is	identical	to	the	Langmuir	equation	for	simple,	
single‐site	gas	adsorption	on	a	solid	surface.	It	can	thus	be	derived	using	the	same	equilibrium	
kinetic	model	ሺi.e.,	the	law	of	mass	action	for	a	simple	combination	“reaction”ሻ	as	given	above.	A	
summary	of	the	mass	action	approach	ሺfor	either	single‐site	gas	adsorption	or	single‐receptor	
protein	bindingሻ	can	be	made	as	follows:	

Single‐Site	Gas	Adsorption	 Single‐Molecule	Receptor	Binding	 	

Aሺ୥ሻ ൅ ݁ݐ݅ݏ ↔ Aሺୟሻ	 Lሺୟ୯ሻ ൅ Rሺୟ୯ሻ ↔ LRሺୟ୯ሻ Equation	3

ߠ ൌ
ܲܭ

1 ൅ ܲܭ
	 ߠ ൌ

ሾLሿܭ

1 ൅ ሾLሿܭ
Equation	4

For	oxygen	binding	to	myoglobin,	for	example,	this	simple	treatment	is	consistent	with	
experimental	results,	indicating	that	a	single	receptor	binds	oxygen	on	each	protein	since	no	
adsorbate‐adsorbate	cooperation	is	detected	ሺsee	Figure	3ሻ.	

The	more	general	Hill	equation	for	binding	structures	with	multiple	receptor	sites	per	protein	ሺfirst	
reported	in	its	present	form	in	191042ሻ	can	be	derived	using	a	similar	mass‐action	at	equilibrium	
model,	but	for	a	ligand	binding	“reaction”	involving	multiple	receptors	on	the	same	protein:	

Multi‐Molecule	Receptor	Binding 	

݊	Lሺୟ୯ሻ ൅ R௡ ሺୟ୯ሻ ↔ L௡R௡ ሺୟ୯ሻ Equation	5

ߠ ൌ
ሾLሿ௡ܭ

1 ൅ ሾLሿ௡ܭ
Equation	6

Hill	originally	pictured	single‐receptor	proteins	that	were	“coagulated”	together,	causing	
interaction	between	the	binding	sites	on	closely	held	proteins;	this	has	since	given	way	to	the	
modern	understanding	of	multiple	ligand	receptors	on	each	protein,	as	determined	by	X‐ray	
crystallography.43	For	oxygen	binding	to	hemoglobin,	simple	ligand‐binding	theory	ሺcorresponding	
to	Equation	4ሻ	is	not	consistent	with	experimental	results,	nor	were	other	empirical	equations	such	
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as	that	proposed	by	Wolfgang	Ostwald	ሺin	the	vein	of	Freundlich’s	empirical	equation	for	gas	
adsorptionሻ.39	Instead,	Hill	showed	that	experimental	results	were	consistent	with	either	a	
combination	of	Equation	4	and	Equation	6	ሺwhere	݊ ൌ 2	was	imposedሻ	or	simply	by	Equation	6	
alone	ሺwhere	݊	was	allowed	to	vary	as	an	independent	parameterሻ.	In	the	latter	case,	the	value	of	݊	
was	initially	determined	to	be	~1.4,	indicating	significant	cooperation	between	the	oxygen	binding	
sites	on	a	single,	tetrameric	hemoglobin	protein	ሺsee	Figure	3ሻ.	Modern	experimental	data	confirm	
a	higher	value	of	݊ ൌ ~2.6.44	This	cooperative	binding	of	oxygen	between	the	four	ferrous	heme	
complexes	in	a	single	hemoglobin	protein	has	crucial	implications	for	oxygen	transport	and	
delivery	in	biological	systems.	It	is	notable	that	Hill’s	theory	did	not	allow	for	partial	occupation	of	
each	protein	ሺe.g.,	as	in	imposing	individual	contributions	to	the	total	adsorbed	amount	from	states	
corresponding	to	݊ ൌ 1, 2, 3, 4…ሻ	in	favor	of	a	simpler	equation	with	fewer	independent	
parameters.	

	

Figure	3.	ሺaሻ	Equilibrium	O2	binding	on	myoglobin,	as	reported	by	Rossi‐Fanelli	and	Antonini45,	
showing	single‐site	Langmuir	ሺSSLሻ	character.	ሺbሻ	Equilibrium	O2	binding	on	hemoglobin,	as	
originally	measured	by	Ferry	and	Green46	and	then	normalized	by	Pauling47,	showing	cooperative	
adsorption	ሺCAሻ	character.	Myoglobin	ሺprotein	structure	inset	leftሻ	has	1	binding	site	that	binds	O2,	
while	hemoglobin	ሺprotein	structure	inset	rightሻ	has	4	binding	sites	that	semi‐cooperatively	bind	
O2,	lending	a	Hill	coefficient	of	~2.6.	

The	Hill	coefficient,	݊,	is	recognized	as	an	indicator	of	cooperative	interactions,	since	it	describes	
the	number	of	molecules	bound	per	receptor	ሺor,	in	the	gas‐solid	adsorption	system,	the	number	of	
adsorbed	molecules	per	surface	siteሻ.	This	was	originally	posited	to	be	equal	to,	in	the	case	of	
protein	binding,	the	integer	number	of	receptors	per	protein;	in	reality,	however,	protein	binding	
requires	more	complexity	to	accurately	describe,	and	so	the	Hill	coefficient	is	only	loosely	indicative	
of	the	cooperativity	between	receptor	sites.	Indeed,	the	value	of	݊	is	often	a	non‐integer.	Langmuir	
also	considered	the	possibility	of	cooperative	adsorption	phenomena	ሺCase	IV,	detailed	belowሻ	but	
did	not	explicitly	work	out	the	equation	for	adsorption	between	݊	neighboring	adsorbates	in	1918.	
The	Hill	equation	continues	to	play	an	important	role	in	biological	analysis	across	a	wide	variety	of	
applications,	including	drug	discovery.48	The	underlying	physical	rationale	for	cooperative	effects	in	
ligand	binding,	including	of	oxygen	on	hemoglobin,49	remains	an	important	topic	of	research	today.	

Langmuir’s	Classifications	of	Adsorption	
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Langmuir	acknowledged	that	the	diversity	of	surface	chemistry	and	structural	geometry	exhibited	
by	solid	materials,	in	conjunction	with	the	diversity	in	size	and	character	of	adsorbate	species,	
manifests	in	widely	different	physical	mechanisms	of	adsorption.1	Langmuir	identified	and	
classified	six	distinct,	simple	mechanisms	of	adsorption	in	Langmuir	1918,	and	then	derived	the	
equation	governing	the	amount	adsorbed,	݊ୟ,	as	a	function	of	pressure,	ܲ,	at	constant	temperature,	
ܶ,	for	each	case.	These	six	classifications	are	depicted	schematically	in	Figure	4.	Derivations	of	each	
case	ሺincluding	some	special	sub‐cases,	indicated	by	an	asteriskሻ	follow,	along	with	examples	of	
representative	adsorption	behavior	reported	in	the	recent	literature.	

Although	Langmuir	originally	employed	equilibrium	mass‐action	theory	to	derive	the	adsorption	
isotherm	for	each	case,	a	more	fundamental	statistical	mechanical	derivation	is	presented	herein.	
Each	begins	by	prescribing	the	potential	energy	field	created	by	the	surface	of	the	material,	ܷሺ࢞ሻ,	
where	࢞ ∈ ܴଷ	is	a	point	on	the	solid	surface.	The	potential	energy	field	arises	from	relevant	
electrostatic	and	London	dispersion	forces	between	the	surface	of	the	material	and	the	adsorbate	
molecules.	Using	standard	statistical	mechanical	methods,	the	adsorption	isotherm	then	follows	
directly	from	the	potential	energy	field,	ܷሺ࢞ሻ,	and	a	stipulation	for	how	the	adsorbed	molecules	
interact	with	each	other.	This	is	a	guest‐host	perspective	where	it	is	assumed	that	the	adsorbate	
does	not	affect	the	structure	of	the	adsorbent.	

	

Figure	4.	Six	adsorption	classifications	were	proposed	by	Langmuir	in	1918:	single‐site	or	“simple”	
ሺSSLሻ	adsorption,	multi‐site	ሺMSLሻ	adsorption	ሺof	which	a	sub‐case	is	dual‐site	ሺDSLሻ	adsorptionሻ,	
generalized	multi‐site	ሺGLሻ	adsorption,	cooperative	adsorption	ሺCAሻ	ሺof	which	a	sub‐case	is	
quadratic	adsorption	ሺQAሻሻ,	dissociative	adsorption	ሺDAሻ,	and	multilayer	adsorption	ሺMLAሻ.	

Case	I:	Single‐Site	ሺSimpleሻ	Langmuir	Adsorption	ሺSSLሻ	

The	simplest	case	of	gas‐solid	adsorption	is	that	on	a	surface	ሺcovering	a	unit	gram	of	adsorbent	
materialሻ	composed	of	߁	identical	elementary	adsorption	sites,	each	capable	of	hosting	only	a	single	
adsorbed	molecule,	Aሺୟሻ.	In	the	simplest	case,	adsorbate‐adsorbate	interactions	on	the	surface	are	
neglected,	and	the	bulk	gas	phase	is	taken	to	be	ideal.	If	the	potential	energy	of	an	adsorbate	at	any	
binding	site	on	the	surface	is	uniform	and	taken	to	be	equal	to	 ଵܷ	ሺwith	dimensions	of	energy	per	
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moleculeሻ,	the	adsorption	isotherm	equation	ሺthe	adsorbed	quantity,	 ୟܰ,	as	a	function	of	bulk	gas	
pressure,	ܲሻ	is	found	to	be:	

ୟܰሺܲሻ ൌ ߠ߁ ൌ ߁
ଵܲܭ

1 ൅ ଵܲܭ Equation	7

where	ܭଵ	ሺhaving	dimensions	of	inverse	pressureሻ	is	the	Langmuir	binding	constant	equivalent	to	
that	defined	in	Equation	2.	

Statistical	Mechanics	Derivation.	We	consider	a	crystalline	surface	with	a	unit	cell	containing	a	
single,	molecularly	accessible	adsorption	site.	The	potential	energy	of	an	adsorbate	molecule	at	any	
point	࢞	within	a	single	unit	cell	is	described	as:	

ܷሺ࢞ሻ ൌ ൝
	 ଵܷ if ࢞ ∈ ஻ߗ

	∞ if ࢞ ∉ ஻ߗ
Equation	8

where	ߗ஻	is	the	set	of	points	comprising	the	adsorption	site	ሺi.e.,	ܤ	is	for	“binding	site”ሻ	of	volume	

஻ܸ ൌ 	The	ሻ.”ݔ	of	“volume	the	indicate	to	used	is	points	of	set	a	is	ݔ	where	|ݔ|	notation	ሺthe	஻|ߗ|
potential	energy	is	infinity	outside	the	adsorption	site.	When	the	binding	site	is	unoccupied,	the	
potential	energy	of	the	unit	cell	is	0.	The	total	volume	of	the	unit	cell,	where	ߗ	is	the	set	of	points	
comprising	the	unit	cell,	is	then	ܸ ൌ 	.|ߗ|

The	fundamental	assumptions	inherent	to	the	SSL	model	are:	

ሺiሻ every	binding	site	is	identical,	
ሺiiሻ there	are	no	interactions	between	adsorbed	molecules,	and	
ሺiiiሻ there	are	no	interactions	in	the	gas	phase	ሺi.e.,	it	is	an	ideal	gasሻ.	

The	adsorbed	phase	is	taken	to	have	a	constant	volume	and	allowed	to	exchange	internal	energy	
and	particles	with	a	thermal	ሺat	constant	ܶሻ	and	“chemical”	ሺat	constant	ߤሻ	reservoir.	The	relevant	
statistical	mechanical	representation	is	the	grand	canonical	ensemble;	at	any	given	site,	the	grand	
canonical	partition	function,	ߦ,	is	a	sum	over	all	ሺtwoሻ	possible	states	of	the	site:	

,ߤሺߦ ܸ, ܶሻ ൌ 1 ൅ ଷ݁ఉఓି߉ න ݁ିఉ௎ሺ࢞ሻ݀࢞
ఆ

ൌ 1 ൅ ଷି߉ ஻ܸ݁ିఉ௎భ݁ఉఓ Equation	9

where	ߚ	is	the	inverse	temperature	ሺ݇஻ܶሻିଵ,	݇஻	is	the	Boltzmann	constant,	߉	is	the	thermal	de	
Broglie	wavelength	of	the	adsorbate	molecule,	and	ߤ	is	the	chemical	potential	of	the	bulk	gas	phase	
in	equilibrium	with	the	adsorbed	phase.	The	first	and	second	terms	in	Equation	9	correspond	to	the	
single	adsorption	site	being	empty	and	occupied,	respectively.	In	this	configurational	partition	
function,	the	“state”	of	the	adsorptive	molecule	is	a	continuum	ሺand	integration	is	performedሻ,	with	
the	thermal	de	Broglie	wavelength	accounting	for	its	underlying	discrete	nature.	

The	adsorption	sites	in	the	SSL	model	are	independent	and	hence	the	total	grand	canonical	
partition	function	of	the	entire	adsorbed	phase	over	all	߁	adsorption	sites,	ߌ,	is	factorizable:	

,ߤሺߌ ܸ, ܶሻ ൌ ௰ߦ Equation	10

Finally,	the	expected	number	of	adsorbed	molecules,	 ୟܰ,	follows	from	a	derivative	of	the	total	
partition	function:	
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〈 ୟܰ〉 ൌ ൬
߲ log ߌ
߲ሺߤߚሻ

൰
ఉ,௏

ൌ ߁
ଷି߉ ஻ܸ݁ିఉ௎భ݁ఉఓ

1 ൅ ଷି߉ ஻ܸ݁ିఉ௎భ݁ఉఓ Equation	11

At	thermodynamic	equilibrium,	the	bulk	gas	phase	ሺacting	as	a	“chemical	reservoir”ሻ	imposes	its	
chemical	potential	on	the	adsorbed	phase,50	which	for	an	ideal	gas	is	given	by:	

ߤ ൌ ݇஻ܶ logሺ߉ଷܲߚሻ Equation	12

By	substituting	Equation	12	into	Equation	11	to	replace	chemical	potential	with	the	bulk	gas	
pressure,	the	common	representation	of	the	Langmuir	adsorption	isotherm	ሺEquation	7ሻ	is	
obtained,	with	the	Langmuir	constant	explicitly	defined	as:	

ଵܭ ൌ ߚ ஻ܸ݁ିఉ௎భ Equation	13

This	equation	relates	the	Langmuir	constant	to	the	temperature,	ܶ	ሺvia	ߚሻ,	the	binding	site	volume,	

஻ܸ,	which	determines	the	translational	entropy	of	an	adsorbed	molecule,	and	to	the	potential	
energy	of	adsorption,	 ଵܷ.	

Modern	Example:	Xenon	Adsorption	on	SBMOF‐1.	The	adsorption	of	xenon	on	SBMOF‐1	at	room	
temperature	between	0.1‐100	kPa	is	a	representative	example	of	SSL	adsorption.51	SBMOF‐1,	also	
known	as	Caሺsdbሻ	ሺsdb	ൌ	4,4‐sulfonyldibenzoateሻ,	is	comprised	of	one‐dimensional	pores	with	
constrictions	of	~4.2	Å	in	diameter;	in	situ	single‐crystal	X‐ray	diffraction	studies	and	molecular	
models	reveal	that	xenon	adsorbs	at	well‐defined,	uniform	pockets	ሺbinding	sitesሻ	within	these	
pores.	The	structure	of	SBMOF‐1	and	contours	of	the	potential	energy	of	Xe	within	its	pores	ሺvia	
calculations	based	on	the	Universal	Force	Fieldሻ	are	shown	in	Figure	5a.	Since	each	well‐defined,	
uniform	pocket	is	capable	of	holding	only	a	single	atom,	the	experimental	Xe	adsorption	isotherm	
exhibits	clear	SSL	character.	The	maximum	binding	site	occupancy,	߁,	obtained	by	fitting	the	
experimental	data	to	the	Langmuir	model,	is	closely	matched	to	the	theoretical	maximum	number	
of	Xe	atoms	per	unit	gram	of	material	as	estimated	by	inspecting	the	crystal	structure	ሺshown	as	a	
dashed	black	line	in	Figure	5aሻ.	

	

Figure	5.	ሺaሻ	Equilibrium	adsorption	uptake	of	Xe	on	SBMOF‐1	at	298	K,51	an	example	of	single‐site	
Langmuir	ሺSSLሻ	adsorption,	and	ሺbሻ	equilibrium	adsorption	uptake	of	CO2	on	Mg‐MOF‐74	at	313	
K,52	an	example	of	dual‐site	Langmuir	ሺDSLሻ	adsorption.	
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Case	II:	Multi‐Site	Langmuir	Adsorption	ሺMSLሻ	

We	now	consider	a	surface	that	offers	more	than	one	type	of	elementary	adsorption	site,	yet	where	
each	site	may	still	only	accommodate	a	single	adsorbed	molecule,	all	binding	sites	are	independent,	
and	adsorbate‐adsorbate	interactions	are	negligible.	The	contribution	of	each	type	of	site	to	the	
total	amount	adsorbed	is	simply	additive,	leading	to	the	MSL	adsorption	isotherm	equation:	

ୟܰሺܲሻ ൌ ෍ ௜߁
௜ܲܭ

1 ൅ ௜ܲܭ

୲୷୮ୣୱ

௜ୀଵ
Equation	14

where	the	sum	is	over	the	number	of	different	types	of	binding	site,	ܭ௜	is	the	Langmuir	constant	for	
sites	of	type	݅,	and	the	total	number	of	sites	is	simply:	

߁ ൌ ෍ ௜߁

୲୷୮ୣୱ

௜ୀଵ
Equation	15

Case	II*:	Dual‐Site	Langmuir	Adsorption	ሺDSLሻ	

The	simplest	case	of	MSL	adsorption	is	that	where	the	surface	offers	two	distinct	types	of	
adsorption	site,	known	as	the	dual‐site	Langmuir	ሺDSLሻ	model.	If	the	surface	is	comprised	of	߁௜	
adsorption	sites	of	site	volume	 ஻ܸ,௜	and	characteristic	binding	energy	 ௜ܷ ,	for	݅ ∈ ሼ1,2ሽ,	the	
adsorption	isotherm	equation	is:	

ୟܰሺܲሻ ൌ ଵ߁
ଵܲܭ

1 ൅ ଵܲܭ
൅ ଶ߁

ଶܲܭ
1 ൅ ଶܲܭ Equation	16

A	key	illustration	of	the	DSL	model	is	that,	as	more	gas	adsorbs,	gas	molecules	tend	to	fill	the	
adsorption	sites	on	a	heterogenous	surface	that	offer	the	lower	potential	energy	before	occupying	
those	with	a	higher	potential	energy.	The	disparity	in	binding	energy	between	the	two	sites	and	the	
temperature	determine	the	extent	to	which	the	more	favorable	sites	are	filled	first.	At	dilute	
conditions,	the	ratio	of	the	number	of	adsorption	sites	occupied	ሺsites	of	type	1	to	those	of	type	2ሻ	
is:	

ୟܰ,ଵ

ୟܰ,ଶ
ൌ
ଵ߁ଵܭ
ଶ߁ଶܭ

ൌ
ଵ߁
ଶ߁

஻ܸ,ଵ

஻ܸ,ଶ
݁ିఉሺ௎భି௎మሻ Equation	17

following	from	the	derivation	presented	below.	A	higher	number	of	adsorption	sites,	߁௜,	and	larger	
binding	site	volume,	 ஻ܸ,௜ ,	tend	to	increase	the	discrepancy	in	occupancy	between	the	two	types	of	
site.	The	discrepancy	in	the	potential	energy	of	adsorption,	 ௜ܷ ,	has	an	exponential	influence	on	the	
differences	in	occupancy,	modulated	by	the	temperature.	At	higher	temperatures,	the	difference	in	
potential	energy	of	adsorption	between	the	two	types	of	site	is	less	consequential	as	entropy	
increases	the	exploration	of	both	types	of	site;	at	lower	temperatures,	a	greater	difference	in	
occupancy	is	observed	for	a	given	difference	in	potential	energies.	

Statistical	Mechanical	Derivation.	We	consider	a	surface	containing	two	distinct	types	of	adsorption	
site.	Each	site	provides	a	spatially	homogeneous	potential	energy	of	adsorption,	 ௜ܷ ,	for	a	single	gas	
molecule,	where	݅ ∈ ሼ1,2ሽ.	The	single‐site	grand	canonical	partition	function,	ߦ௜,	for	each	type	of	site	
is	the	same	as	that	derived	for	SSL	adsorption:	
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,ߤ௜ሺߦ ܸ, ܶሻ ൌ 1 ൅ ଷି߉ ஻ܸ,௜݁ିఉ௎೔݁ఉఓ Equation	18

The	total	grand	canonical	partition	function	is	factorizable	since	each	adsorption	site	is	
independent,	and	thus:	

,ߤሺߌ ܸ, ܶሻ ൌ ଵߦ
௰భߦଶ

௰మ
Equation	19

The	expected	number	of	adsorbed	gas	molecules	is	then:	

〈 ୟܰ〉 ൌ ൬
߲ log ߌ
߲ሺߤߚሻ

൰
ఉ,௏

ൌ෍߁௜
ଷି߉ ஻ܸ,௜݁ିఉ௎೔݁ఉఓ

1 ൅ ଷି߉ ஻ܸ,௜݁ିఉ௎೔݁ఉఓ

ଶ

௜ୀଵ

Equation	20

This	equation	can	be	rewritten	as	〈 ୟܰ〉 ൌ 〈 ୟܰ,ଵ〉 ൅ 〈 ୟܰ,ଶ〉,	where	〈 ୟܰ,௜〉	is	the	expected	number	of	
molecules	adsorbed	on	the	sites	of	type	݅.	Thus,	the	contribution	by	each	type	of	site	is	purely	
additive.	Using	Equation	12	to	replace	chemical	potential	with	the	pressure	of	the	bulk	gas	phase,	
the	DSL	adsorption	isotherm	ሺEquation	16ሻ	is	achieved.	

Modern	Example:	CO2	Adsorption	on	Mg‐MOF‐74.	A	representative	example	of	DSL	adsorption	is	
that	of	CO2	on	Mg‐MOF‐74	at	313	K,	as	shown	in	Figure	5b.52	The	Mg	form	of	MOF‐74,	also	known	as	
Mg2ሺdobdcሻ	ሺdobdc	ൌ	2,5‐dioxido‐1,4‐benzene	dicarboxylateሻ,	is	comprised	of	one‐dimensional,	
hexagonal	channels	bounded	by	exposed	square	pyramidal	Mg2൅	cations	that	are	known	to	be	sites	
of	strong	adsorption	for	many	small	gas	molecules.	The	inflection	in	the	adsorption	isotherm	at	
~105	Pa	is	a	clear	indication	of	DSL	character,	and	is	due	to	the	large	disparity	in	binding	energy	
between	the	adsorption	sites	near	the	exposed	Mg2൅	metal	centers	and	elsewhere	on	the	surface	
ሺ~42	and	~24	kJ	molିଵ,	respectivelyሻ.	Fitting	analysis	performed	herein	yields	two	distinct	
Langmuir	constants:	ܭଵ ൌ 2.49 ൈ 10ିସ	Paିଵ	and	ܭଶ ൌ 1.28 ൈ 10ି଺	Paିଵ.	In	contrast	with	CO	
adsorption	on	glass	as	reported	in	Langmuir	1918,	both	distinct	adsorption	sites	in	Mg‐MOF‐74	are	
of	physisorptive	type,	allowing	the	entire	adsorption	isotherm	to	be	reversible	at	313	K.	

Case	III:	Generalized	Langmuir	Adsorption	ሺGLሻ	

While	Case	II	is	designed	to	handle	multiple	types	of	distinct	adsorption	sites,	an	amorphous	
material	may	comprise	an	intractable	number	of	different	adsorption	sites	with	differing	affinities	
toward	the	adsorbate.	Langmuir	suggested	to	treat	the	distribution	of	site	affinities	in	such	an	
amorphous	material	as	a	continuum.3	Neglecting	adsorbate‐adsorbate	attractions,	the	adsorption	
isotherm	follows	from	the	distribution	of	binding	energies	among	the	adsorption	sites.	

Let	݉ሺܷሻܷ݀	be	the	number	of	elementary	spaces	on	the	entire	surface	with	a	characteristic	binding	
energy	between	ܷ	and	ܷ ൅ ܷ݀.	We	neglect	to	employ	a	unit	cell,	permitting	the	treatment	of	either	
crystalline	or	amorphous	surfaces.		Necessarily,	׬ ݉ሺܷሻܷ݀

ஶ
ିஶ ൌ 	elementary	of	number	total	the	,߁

spaces	offered	by	the	surface.	When	the	role	of	adsorbate‐adsorbate	attractions	can	be	neglected,	
the	adsorption	isotherm	is	simply	the	continuum	analogy	to	the	MSL	model:	

ୟܰሺܲሻ ൌ න
ሺܷሻܲܭ

1 ൅ ሺܷሻܲܭ
݉ሺܷሻܷ݀

ஶ

ିஶ
Equation	21

where	ܭሺܷሻ ൌ ߚ ஻ܸ݁ିఉ௎	is	the	Langmuir	constant	of	a	site	offering	energy	of	adsorption	ܷ.	

Langmuir	noted	that	an	impractically	intimate	knowledge	of	the	surface	structure	would	be	needed	
to	write	݉ሺܷሻ	explicitly.	Nevertheless,	Langmuir	speculated	that	conclusions	about	the	character	of	
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݉ሺܷሻ	could	in	fact	be	drawn	from	the	experimental	adsorption	isotherm,3	which	was	later	
validated	by	Sips.18	A	strong	assumption	inherent	to	Equation	21	is	that	 ஻ܸ	is	the	same	for	all	
adsorption	sites,53	but	Sips	noted	that	 ஻ܸ	can,	in	principle,	also	be	written	as	a	function	of	ܷ.19	A	
simple	case	of	Equation	21	is	where	the	distribution	is	a	Dirac	delta	function	centered	at	ܷ଴,	or	in	
other	words	where	݉ሺܷሻ ൌ ሺܷߜ	߁ െ ܷ଴ሻ.	In	this	case,	all	adsorption	sites	are	identical	and	the	SSL	
model	is	recovered	ሺas	in	Equation	7ሻ.	

Case	III*:	Uniform	Langmuir	or	Unilan	Adsorption	ሺULሻ	

An	especially	useful	case	of	Equation	21	is	known	as	the	Unilan	ሺfor	“uniform	Langmuir”ሻ,	or	UL	
model.54	In	this	case,	all	of	the	binding	sites	are	unique	and	the	binding	energies	are	taken	to	be	
uniformly	distributed	between	ܷ௠௜௡ ൑ ܷ ൑ ܷ௠௔௫.19	This	is	expressed	as:	

݉ሺܷሻ ൌ ൞
		

߁
ܷ௠௔௫ െ ܷ௠௜௡

if ܷ ∈ ሾܷ௠௜௡, ܷ௠௔௫ሿ

0																				 otherwise

Equation	22

By	imposing	this	distribution,	Equation	21	results	in	the	Unilan	equation:	

ୟܰሺܲሻ ൌ
߁
ݏ2
ln ቆ

1 ൅ ௔௩௚݁௦ܲܭ

1 ൅ ௔௩௚݁ି௦ܲܭ
ቇ Equation	23

where	ݏ	is	related	to	the	range	of	adsorption	energies	as:	

ݏ ൌ
ߚ
2
ሺܷ௠௔௫ െ ܷ௠௜௡ሻ Equation	24

In	the	Unilan	formalism,	ܭ௔௩௚	is	the	Langmuir	constant	of	a	hypothetical	material	with	uniform	
adsorption	sites	exhibiting	the	average	binding	energy,	given	as:	

௔௩௚ܭ ൌ ߚ ஻ܸ݁
ି
ఉ
ଶሺ௎೘ೌೣା௎೘೔೙ሻ Equation	25

Statistical	Mechanical	Derivation.	The	statistical	mechanical	derivation	of	the	Unilan	equation	is	
equivalent	to	that	for	Case	II	ሺMSLሻ	except	with	a	very	large	number	of	different	single‐site	partition	
functions	equal	to	the	number	of	total	sites	ሺ߁ሻ.	Each	partition	function	has	the	same	form	as	
Equation	18.	The	total	grand	canonical	partition	function	is	simply	the	product:	

,ߤሺߌ ܸ, ܶሻ ൌ ଷߦଶߦଵߦ … ௰ߦ ൌෑߦ௜

௰

௜ୀଵ
Equation	26

The	Unilan	equation	ሺEquation	23ሻ	follows	as	usual	by	determining	the	expected	number	of	
adsorbed	molecules	at	constant	temperature,	volume,	and	chemical	potential.18	

The	generalization	of	Langmuir’s	SSL	adsorption	model	to	account	for	different	types	of	adsorption	
sites	ሺMSL	adsorptionሻ	permits	its	application	to	materials	with	heterogeneous	surfaces.	However,	
the	extreme	case,	a	completely	amorphous	surface	where	every	binding	site	is	different,	would	
require	more	than	߁	characteristic	parameters	to	be	modelled	in	this	way,	an	unreasonably	large	
number.	The	UL	equation	is	an	example	of	a	practical	solution	to	this	problem,	allowing	for	a	wide	
range	of	binding	energies	but	enforcing	a	uniform	distribution	of	them,	and	thereby	minimizing	the	
number	of	characteristic	parameters	of	the	system.	The	UL	model	is	justified	for	any	system	
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exhibiting	a	distribution	of	binding	sites	so	long	as	adsorbate‐adsorbate	interactions	remain	
insignificant	and	the	bulk	gas	phase	is	ideal.	

Modern	Example:	H2	Adsorption	on	ZTC.	A	typical	characteristic	of	gas	adsorption	on	amorphous	
surfaces	is	a	gentle	sloping	sigmoidal	uptake	profile	when	plotted	on	log‐normal	axes	as	a	function	
of	pressure.	This	as	demonstrated	by	H2	adsorption	on	zeolite‐templated	carbon	ሺZTCሻ55	at	77	K,	as	
shown	in	Figure	6a.56	The	experimental	data	points	are	each	uniquely	colored	to	represent	different	
characteristic	binding	sites.	The	amorphous	nature	of	the	microporous	surface	of	ZTC	leads	to	a	
multitude	of	different	binding	energies;	the	average	Langmuir	constant	is	ܭ௔௩௚ ൌ 2.9 ൈ 10ି଺	Paିଵ.	
It	is	clear	that	no	one	SSL	equation	would	fit	these	data	over	an	appreciable	range	of	pressure.	The	
SSL	isotherm	for	a	hypothetical	material	with	identical	binding	sites	of	the	same	average	binding	
energy	as	in	the	distribution	on	the	surface	of	ZTC	ሺcorresponding	to	ܭ௔௩௚ሻ	is	shown	as	a	purple	
line	and	is	significantly	steeper.	A	UL	model	fits	the	data	well	ሺshown	as	a	black	lineሻ,	using	only	
three	independent	parameters,	owing	to	the	fact	that	H2	has	weak	intermolecular	interactions	and	
that	ZTC	has	no	short‐range	ordered	molecular	structure.57	Owing	to	its	simple	functional	form	yet	
complex	physical	representation,	the	UL	model	is	also	successful	in	engineering	applications	such	
as	the	description	of	H2	adsorption	on	MOF‐5	across	a	wide	range	of	temperature	and	pressure.58	

	

Figure	6.	ሺaሻ	Equilibrium	adsorption	uptake	of	H2	on	zeolite‐templated	carbon	ሺZTCሻ	at	77	K,56	an	
example	of	generalized	Langmuir	ሺGLሻ	adsorption.	ሺbሻ	Equilibrium	adsorption	uptake	of	N2	
simulated	on	IRMOF‐16	at	77	K,59	an	example	of	multilayer	adsorption	ሺMLAሻ	within	a	porous	
material.	

Case	IV:	Cooperative	Adsorption	ሺCAሻ	

We	return	to	the	case	where	each	binding	site	on	a	surface	is	identical,	but	now	where	each	site	is	
permitted	to	host	multiple	adsorbed	molecules.	The	adsorption	of	the	first	molecule	on	a	given	site	
affects	the	environment	ሺpotential	energy	of	adsorption	and	volume	available	for	translational	
entropyሻ	of	the	second	adsorbing	molecule,	and	so	on	as	more	molecules	adsorb	on	the	same	site.	
In	other	words,	adsorption	is	cooperative	since	the	presence	of	other	adsorbates	on	the	same	site	
affects	the	energetics	of	further	adsorption.	The	general	case	where	݊	neighboring	molecules	are	
allowed	to	interact	is	complex,	and	the	interested	reader	is	referred	elsewhere.53	
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Case	IV*:	Quadratic	Adsorption	ሺQAሻ	

The	simplest	CA	model	is	that	of	a	surface	where	each	binding	site	can	accommodate	up	to	two	
adsorbed	species,	and	where	an	adsorbate‐adsorbate	intermolecular	interaction	takes	place	when	
both	sites	are	occupied.	In	this	particular	case,	the	quadratic	adsorption	ሺQAሻ	isotherm	is	obtained:	

ୟܰሺܲሻ ൌ ߁
ܲܭ2 ൅ ଶ߶ܲଶܭ2

1 ൅ ܲܭ2 ൅ ଶ߶ܲଶܭ Equation	27

where	ܭ	is	the	Langmuir	binding	constant	corresponding	to	each	half‐site	ሺidentical	to	Equation	
13ሻ,	߁	is	the	number	of	adsorption	sites	ሺeach	binding	up	to	two	moleculesሻ,	and	߶	is	a	factor	
describing	the	magnitude	of	adsorbate‐adsorbate	interactions	ሺwhen	two	molecules	are	bound	on	a	
single	siteሻ.	For	non‐interacting	molecules,	߶	ൌ	1	and	Equation	27	reduces	to	the	simple	Langmuir	
adsorption	isotherm	ሺEquation	7ሻ	with	a	maximum	adsorption	occupancy	of	2߁.	In	the	non‐trivial	
case,	߶	൐	1	for	attractive	adsorbate‐adsorbate	interactions	and	߶	൏	1	for	repulsive	adsorbate‐
adsorbate	interactions.	In	the	latter	case,	adsorption	of	the	second	molecule	is	less	favored	than	
that	of	the	first,	for	example	due	to	steric	hindrance.	

Statistical	Mechanical	Derivation.	The	potential	energy	of	each	adsorption	site	depends	on	its	
microstate;	each	site	can	accommodate	up	to	two	molecules	and	so	has	three	distinct	microstates	
ሺempty,	singly	occupied,	or	doubly	occupiedሻ.	We	let	݊ଵ, ݊ଶ ∈ ሼ0,1ሽ	determine	the	state	of	each	half	
of	an	adsorption	site,	where	݊௜	ൌ	0	corresponds	to	the	half‐site	݅	as	empty	and	݊௜	ൌ	1	to	the	half‐site	
as	occupied.	The	potential	energy	of	an	individual	adsorption	site,	ܷ,	is	then:	

ܷሺ݊ଵ, ݊ଶሻ ൌ ሺ݊ଵ ൅ ݊ଶሻ ଵܷ ൅ ݊ଵ݊ଶܷ୅୅ Equation	28

where	 ଵܷ	is	the	spatially	uniform	potential	energy	experienced	by	a	single	molecule	adsorbed	on	
either	part	of	the	adsorption	site	due	to	its	interaction	with	the	surface,	and	ܷ୅୅	is	the	potential	
energy	associated	with	the	interaction	between	two	adsorbed	molecules	when	the	site	is	doubly	
occupied.	The	grand	canonical	partition	function	for	the	single	adsorption	site	is	then	found	by	
summing	over	all	of	the	microstates	ሺa	total	of	four	microstates,	with	two	degenerate	singly	
occupied	statesሻ:	

,ߤሺߦ ܸ, ܶሻ ൌ ෍ ෍ ሺି߉ଷ ஻ܸሻ௡భା௡మ݁ିఉ௎
ሺ௡భ,௡మሻ݁ఉఓሺ௡భ,௡మሻ

ଵ

௡మୀ଴

ଵ

௡భୀ଴

ൌ 1 ൅ ଷି߉2 ஻ܸ݁ିఉ௎భ݁ఉఓ ൅ ଺ି߉ ஻ܸ
ଶ݁ିఉሺଶ௎భା௎ఽఽሻ݁ଶఉఓ

Equation 29

The	ି߉ଷ ஻ܸ	term	arises	from	the	configurational	part	of	the	partition	function	where	the	Boltzmann	
factor	is	integrated	over	all	particle	coordinates;	 ஻ܸ	is	the	free	volume	offered	by	each	adsorption	
half‐site	in	the	pair.	The	first,	second,	and	third	terms	in	the	sum	correspond	to	the	three	
distinguishable	microstates	identified	above.	For	߁	independent	adsorption	sites	ሺup	to	߁	pairs	of	
adsorbed	moleculesሻ,	the	total	grand	canonical	partition	function	is	factorizable:	

,ߤሺߌ ܸ, ܶሻ ൌ ௰ߦ Equation	30

The	expected	number	of	adsorbed	molecules	is	then:	

〈 ୟܰ〉 ൌ ൬
߲ log ߌ
߲ሺߤߚሻ

൰
ఉ,௏

ൌ ߁
ଷି߉2 ஻ܸ݁ିఉ௎భ݁ఉఓ ൅ ଺ି߉2 ஻ܸ

ଶ݁ିఉሺଶ௎భା௎ఽఽሻ݁ଶఉఓ

1 ൅ ଷି߉2 ஻ܸ݁ିఉ௎భ݁ఉఓ ൅ ଺ି߉ ஻ܸ
ଶ݁ିఉሺଶ௎భା௎ఽఽሻ݁ଶఉఓ Equation	31
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By	replacing	the	chemical	potential	with	the	pressure	of	the	ideal	gas	via	Equation	12,	the	result	
given	above	ሺEquation	27ሻ	is	achieved	with	ܭ ൌ ߚ ஻ܸ݁ିఉ௎భ	as	in	the	SSL	model	and	߶ ൌ ݁ିఉ௎ఽఽ.	
Thus	if	ܷ୅୅	൏	0	ሺfor	attractive	interactionsሻ,	then	߶	൐	1,	and	if	ܷ୅୅	൐	0	ሺfor	repulsive	interactionsሻ,	
then	߶	൏	1,	as	expected.	

Case	IV*:	Hill	Equation	

When	each	adsorption	site	is	required	to	be	either	empty	or	occupied	by	the	maximum	number	of	
occupants,	the	Hill	equation	ሺEquation	6ሻ	is	obtained.	If	the	maximum	number	of	occupants	per	site	
is	two,	the	formal	derivation	follows	that	of	the	more	general	QA	model	above,	except	with	only	two	
terms	in	the	single‐site	partition	function:	

,ߤሺߦ ܸ, ܶሻ ൌ 1 ൅ ଺ି߉ ஻ܸ
ଶ݁ିఉሺଶ௎భା௎ఽఽሻ݁ଶఉఓ Equation	32

The	total	grand	canonical	partition	function	remains	factorizable:	

,ߤሺߌ ܸ, ܶሻ ൌ ௰ߦ Equation	33

The	Hill	equation	for	݊ ൌ 2	follows	from	the	usual	derivative:	

〈 ୟܰ〉 ൌ ൬
߲ log ߌ
߲ሺߤߚሻ

൰
ఉ,௏

ൌ ߁2
଺ି߉ ஻ܸ

ଶ݁ିఉሺଶ௎భା௎ఽఽሻ݁ଶఉఓ

1 ൅ ଺ି߉ ஻ܸ
ଶ݁ିఉሺଶ௎భା௎ఽఽሻ݁ଶఉఓ Equation	34

By	replacing	the	chemical	potential	with	the	pressure	of	the	ideal	gas	phase	via	Equation	12,	the	
following	adsorption	isotherm	ሺequivalent	to	Equation	6ሻ	is	achieved:	

〈 ୟܰ〉 ൌ ߁2
ଶ߶ܲଶܭ

1 ൅ ଶ߶ܲଶܭ Equation	35

The	magnitude	of	the	interaction,	߶,	is	defined	as	above	and	the	Langmuir	constant	is	defined	as	in	
Equation	13.	The	Hill	equation	is	an	over‐simplified	approximation	for	most	adsorption	systems	
ሺwhere	any	number	of	molecules	between	zero	and	the	maximum	number	of	occupants	can	occupy	
a	given	siteሻ,	but	remains	a	commonly	employed	model,	nevertheless.	

Modern	Examples.	Cooperative	adsorption	is	rare	in	the	modern	adsorption	literature,	and	cases	of	
pure	QA	behavior	in	a	gas‐solid	system	are	unknown	to	the	authors.		Some	representative	examples	
of	CA‐like	behavior	are	given	by	CO2	adsorption	on	the	USO‐2‐M	series	of	MOFs	at	298	K,	especially	
in	the	nickel	form	ሺM	ൌ	Niሻ.60‐61	A	second	example	is	that	of	ethane	on	various	MOF‐74‐type	
materials,	especially	Mn‐	and	Co‐MOF‐74,	where	the	maximum	occupancy	corresponds	roughly	to	
two	ethane	molecules	per	formula	unit.62‐63	The	adsorption	of	CO2	on	the	aluminum	form	of	MIL‐91	
also	exhibits	a	CA‐like	inflection.64	Lastly,	the	presence	of	dynamic	moieties	within	a	porous	crystal	
may	lead	to	phenomena	resembling	CA	behavior.65	

Case	V:	Dissociative	Adsorption	ሺDAሻ	

In	the	previous	cases,	it	was	assumed	that	the	adsorbate	does	not	undergo	any	sort	of	chemical	
change	upon	adsorption	or	desorption.	In	Case	V,	Langmuir	considered	the	possibility	of	adsorption	
being	a	two‐fold	process:	residence	at	the	surface	adsorption	site	in	combination	with	molecular	
dissociation	ሺa	result	of	chemical	bondingሻ.	This	type	of	behavior	commonly	occurs	at	the	surface	of	
a	catalyst,	for	example,	where	a	diatomic	molecule	ሺAଶሻ	adsorbs	at	a	binding	site	and	subsequently	
dissociates	into	two	atoms	ሺAሻ,	which	are	then	permitted	to	diffuse	on	the	surface	ሺfreely	exploring	
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the	available	adsorption	sites	as	an	atomic	speciesሻ.	The	reverse	process	requires	two	neighboring	
atoms	on	the	surface	to	reassociate	into	the	diatomic	molecule	ሺA ൅ A → Aଶሻ	and	leave	the	surface	
ሺi.e.,	undergo	desorptionሻ.	In	this	specific	case	of	homonuclear	diatomic/monatomic	dissociative	
adsorption	ሺDAሻ,	the	adsorption	isotherm	of	the	atomic	species,	A,	as	a	function	of	the	pressure	of	
the	bulk	gaseous	molecular	species,	Aଶ,	is:	

ୟܰሺܲሻ ൌ ߁
ܲ√ܭ

1 ൅ ܲ√ܭ
Equation	36

Statistical	Mechanical	Derivation.	At	thermodynamic	equilibrium	of	the	simplest	dissociation	
reaction	given	above	ሺAଶ ↔ A ൅ Aሻ,	the	chemical	potentials	must	satisfy	the	following	relationship:	

୅ߤ2 ൌ ୅మߤ Equation	37

That	is,	the	bulk	gas	phase	of	the	molecular	species,	Aଶ,	imposes	a	chemical	potential	on	the	
adsorbed	atomic	species,	A,	at	thermodynamic	equilibrium.	This	model	does	not	permit	any	
diatomic	Aଶ	to	remain	adsorbed	on	the	surface;	dissociation	and	adsorption	or	reassociation	and	
desorption	are	concomitant	in	stable	equilibrium.	Let	 ଵܷ	be	the	spatially	homogeneous	potential	
energy	experienced	by	an	atomic	species	A	adsorbed	on	the	surface	and	 ஻ܸ	be	the	free	volume	of	
the	binding	site	ሺthat	accommodates	a	single	atomሻ.	Then,	the	single‐site	grand	canonical	partition	
function	is:	

,ߤሺߦ ܸ, ܶሻ ൌ 1 ൅ ୅߉
ିଷ

஻ܸ݁ିఉ௎భ݁ఉఓఽ Equation	38

The	chemical	potential	and	de	Broglie	wavelength	both	correspond	to	the	atomic	species,	A,	since	it	
is	the	relevant	species	in	the	adsorbed	phase.	The	total	grand	canonical	partition	function	for	a	
surface	containing	߁	independent	adsorption	sites	is	then:	

,ߤሺߌ ܸ, ܶሻ ൌ ௰ߦ Equation	39

The	expected	number	of	monatomic	adsorbed	species,	A,	is	then:	

〈 ୟܰ〉 ൌ ൬
߲ log ߌ
߲ሺߤߚሻ

൰
ఉ,௏

ൌ ߁
୅߉
ିଷ

஻ܸ݁ିఉ௎భ݁ఉఓఽ

1 ൅ ୅߉
ିଷ

஻ܸ݁ିఉ௎భ݁ఉఓఽ Equation	40

Using	Equation	37	and	Equation	12	to	relate	the	bulk	gas	pressure	to	the	chemical	potential	of	the	
atomic	adsorbed	species,	A,	the	DA	isotherm	is	obtained	ሺEquation	36ሻ.	The	Langmuir	binding	
constant	is	explicitly	defined	as:	

ܭ ൌ ୅߉
ିଷ

஻ܸ݁ିఉ௎భට߉୅మ
ଷ ߚ Equation	41

with	dimensions	of	pressure	to	the	power	of	½,	where	the	pressure	refers	to	the	diatomic	gas.	

Modern	Examples.	Typical	examples	of	dissociative	adsorption	ሺDAሻ	are	for	simple	diatomic	
molecules	like	H2	on	specific	surfaces	such	as	palladium,	platinum,	tungsten,	and	silicon	ሺe.g.,	H	on	
silicon	ሺ111ሻ	7ൈ7	at	950	K66ሻ.	A	thorough	review	of	hydrogen	on	silicon	is	given	elsewhere.67	The	
authors	are	not	aware	of	any	strict	examples	of	dissociative	adsorption	directly	on	MOF	surfaces	
ሺwithout	the	presence	of	metal	nanoparticles,	as	in	hydrogen	spillover68ሻ,	which	has	been	
attributed	to	the	high	activation	barrier	to	dissociation.69	

	



21	
	

Case	VI:	Multilayer	Adsorption	ሺMLAሻ	

Lastly,	Langmuir	addressed	the	case	of	multilayer	adsorption	upon	a	finite	set	of	underlying	
adsorption	sites	on	a	surface.	In	the	simplest	such	case,	each	adsorption	site	is	taken	to	be	identical	
and	independent;	after	the	first	molecule	is	adsorbed	on	a	given	site,	an	additional	molecule	is	
permitted	to	adsorb	above	it.	In	this	way,	despite	that	the	number	of	adsorption	sites	is	limited,	the	
number	of	adsorbed	molecules	is	unlimited	ሺassuming	a	large	chemical	reservoir	is	held	in	contact	
with	the	surface	at	constant	chemical	potentialሻ	and	diverges	to	infinity	at	the	saturation	pressure	
ሺin	the	case	of	subcritical	adsorptionሻ.	Langmuir	did	not	explicitly	write	a	closed‐form	adsorption	
isotherm	for	Case	VI,	but	did	remark	that	such	an	isotherm	would	be	greatly	simplified	if	the	second	
layer	and	all	above	were	considered	under	identical	conditions	ሺor	even,	slightly	more	complexly,	
the	third	layer	and	all	aboveሻ.3	

Case	VI*:	Brunauer‐Emmett‐Teller	ሺBETሻ	Multilayer	Adsorption	

The	most	well‐known	multilayer	adsorption	isotherm	is	the	Brunauer‐Emmett‐Teller	ሺBETሻ	model;	
it	stipulates	that	adsorption	in	the	first	layer	occurs	with	a	constant	binding	energy	and	that	
adsorption	in	the	second,	third,	and	all	higher	layers	occurs	with	a	binding	energy	equivalent	to	the	
energy	of	condensation	ሺliquefactionሻ	of	the	bulk	gas	phase.36	Langmuir’s	more	general	Case	VI	
predates	BET	theory	by	two	decades	but	is	in	fact	inclusive	of	the	BET	stipulation.	Hence,	in	this	
review	we	highlight	the	BET	equation	as	a	specific	example	of	Case	VI	since	it	is	the	most	widely	
used	adsorption	isotherm	equation,	often	employed	to	calculate	the	specific	surface	area	of	porous	
and	nonporous	materials.	In	the	BET	model,	each	binding	site	can	accommodate	an	“adsorption	
column”	consisting	of	a	single	adsorbed	molecule	at	the	base	and	up	to	an	infinite	number	of	
adsorbed	molecules	above	it.	Adsorbate‐adsorbate	interactions	within	each	column	are	ignored,	as	
well	as	interactions	between	adsorption	sites.	For	a	surface	containing	߁	adsorption	sites,	the	BET	
multilayer	adsorption	isotherm	is:	

ୟܰሺܲሻ ൌ ߁
ܲܭ

ሺ1 െ ௟ܲሻሺ1ܭ ൅ ሺܭ െ ௟ሻܲሻܭ Equation	42

As	usual,	ܭ	is	the	Langmuir	binding	constant	describing	the	interaction	between	the	adsorbate	in	
the	first	monolayer	and	the	solid	surface;	ܭ௟	is	an	analogous	binding	constant	describing	the	affinity	
of	an	adsorbate	in	one	of	the	higher	layers	toward	the	adsorbate	molecule	below	it	ሺtaken	to	be	
equivalent	to	that	of	bulk	liquefactionሻ.	

Statistical	Mechanical	Derivation.	As	for	the	QA	model,	the	potential	energy	of	adsorption	must	first	
be	expressed	as	a	function	of	each	microstate	of	a	given	adsorption	site.	As	before,	let	 ଵܷ	be	the	
potential	energy	of	a	molecule	adsorbed	in	the	first	layer,	directly	interacting	with	the	adsorbent	
surface.	In	all	subsequent	layers,	the	potential	energy	associated	with	adsorption	is	 ௟ܷ ,	a	
consequence	of	interacting	with	the	gas	molecule	in	the	layer	below.	There	is	an	infinite	set	of	
microstates	for	each	adsorption	site:	empty,	singly	occupied,	doubly	occupied,	and	so	on,	up	to	
infinitely	occupied.	With	݊	as	the	number	of	molecules	adsorbed	on	an	adsorption	site,	the	potential	
energy	of	a	single	column	of	molecules	as	a	function	of	its	microstate	is:	

ܷሺ݊ሻ ൌ ൝
0																		 if ݊ ൌ 0

		 ଵܷ ൅ ሺ݊ െ 1ሻ ௟ܷ if ݊ ∈ ሼ1, 2, … ሽ
Equation	43
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The	grand	canonical	partition	function	of	a	single	adsorption	site	ሺcolumnሻ	is	then	a	sum	over	all	
possible	microstates	including	the	empty	state	ሺ݊ ∈ ሼ0,1, 2, … ሽሻ:	

,ߤሺߦ ܸ, ܶሻ ൌ 1 ൅ ଵ݁ఉఓݍ ൅ ௟݁ଶఉఓݍଵݍ ൅ ௟ݍଵݍ
ଶ݁ଷఉఓ ൅ ⋯ Equation	44

The	canonical	partition	functions	of	a	single	molecule	adsorbed	on	the	first	layer	and	in	subsequent	
layers	are,	respectively:	

ଵݍ ൌ ଷି߉ ஻ܸ݁ିఉ௎భ

௟ݍ ൌ ଷି߉ ஻ܸ,௟݁ିఉ௎೗
Equation	45

Equation	46

By	factoring	out	the	contribution	in	each	term	in	Equation	43	from	the	molecule	in	the	first	layer,	
we	recognize	the	geometric	series:	

,ߤሺߦ ܸ, ܶሻ ൌ 1 ൅ ଵ݁ఉఓݍ ቀ1 ൅ ௟݁ఉఓݍ ൅ ൫ݍ௟݁ఉఓ൯
ଶ
൅ ⋯ቁ ൌ 1 ൅

ଵ݁ఉఓݍ

1 െ ௟݁ఉఓݍ
Equation	47

The	total	grand	canonical	partition	function	for	a	surface	containing	߁	independent	adsorption	sites	
is	factorizable:	

,ߤሺߌ ܸ, ܶሻ ൌ ௰ߦ Equation	48

The	total	expected	number	of	adsorbed	molecules	is	then:	

〈 ୟܰ〉 ൌ ൬
߲ log ߌ
߲ሺߤߚሻ

൰
ఉ,௏

ൌ ߁
ଵ݁ఉఓݍ

ሺ1 െ ௟݁ఉఓሻሺ1ݍ ൅ ሺݍଵ െ ௟ሻ݁ఉఓሻݍ Equation	49

Replacing	chemical	potential	in	Equation	49	with	the	pressure	of	the	bulk	gas	phase	via	Equation	
12,	we	arrive	at	the	BET	adsorption	isotherm	ሺEquation	42ሻ	with	ܭ	defined	as	in	Equation	13	and:	

௟ܭ ൌ ߚ ஻ܸ,௟݁ିఉ௎೗ Equation	50

Modern	Example:	N2	Adsorption	on	IRMOF‐16.	A	representative	example	of	BET	adsorption	within	a	
porous	material	is	N2	adsorption	on	the	surface	of	large‐pore	MOFs	such	as	IRMOF‐12,	‐14,	and	‐16,	
where	the	latter	is	shown	in	Figure	6b.59,	70	The	~2	nm	wide	pores	of	IRMOF‐16	can	accommodate	
multilayer	adsorption	over	a	limited	pressure	range	up	to	~20	kPa	when	cross‐pore	interactions	
become	significant.	This	effect	is	obvious	at	higher	pressures	where	the	measured	adsorption	
uptake	departs	dramatically	from	the	expected	uptake,	first	toward	higher	uptake	as	pore	filling	
completes	ሺexhibiting	strong	intermolecular	interactions	between	multilayers	on	both	sides	of	the	
poreሻ	and	then	showing	abrupt	filling	and	no	further	adsorption.	Similar	MLA	isotherms	have	been	
measured	for	N2	adsorption	on	other	large‐pore	MOFs	such	as	NU‐100,71	NU‐1300,72	and	NU‐109	
and	NU‐11073.	

Below	the	“roughening	temperature,”	layer‐by‐layer	adsorption	on	crystalline	surfaces	is	distinctly	
observed	to	occur,	resulting	from	significantly	different	binding	interactions	characteristic	of	each	
layer	ሺe.g.,	Xe	adsorption	on	palladium	ሺ100ሻ	between	60‐70	K74ሻ.	Such	an	adsorption	system	is	
accurately	described	by	a	more	complex	MLA	equation	than	that	of	the	BET	model,	with	individual	
Langmuir	constants	assigned	to	each	layer.	
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Applications	and	Extensions	of	Langmuir’s	Theory	

The	Langmuir	theory	of	adsorption	is	useful	for	modeling	and	designing	engineering	processes,	
both	qualitatively	and	quantitatively.	Since	each	Langmuir	model	is	founded	on	reasonable	physical	
assumptions,	thermodynamic	consistency	is	also	inherent	to	each	adsorption	isotherm,	and	the	
calculation	of	thermodynamic	quantities	such	as	the	enthalpy	of	adsorption	is	direct	and	analytical.	
The	most	common	material	properties	calculated	via	Langmuir’s	theory	are	the	specific	surface	
area	and	the	isosteric	enthalpy	of	adsorption.	Two	common	engineering	processes	of	interest	to	
gas‐solid	adsorption	systems	are	storage	and	separation.	

Surface	Area	Measurements.	Specific	surface	area	is	an	important	characteristic	of	porous	materials,	
especially	for	determining	the	applicability	of	a	material	for	engineering	applications	such	as	
storage	or	separation.	The	two	most	widely	used	equations	are	the	BET	and	SSL	models,	the	latter	
of	which	was	first	used	by	Langmuir	himself	in	19183.	While	neither	model	is	strictly	appropriate	
for	the	description	of	gas	adsorption	within	narrow	micropores,	it	has	been	shown	that	the	BET	
model	is	often	suitable	for	the	estimation	of	the	true	surface	area	of	microporous	and	mesoporous	
materials	including	MOFs	and	zeolites	ሺdespite	that	the	number	of	multilayers	is	constrainedሻ	when	
proper	consistency	criteria75	are	employed	in	determining	the	range	of	partial	pressure	over	which	
to	fit	the	data.59,	76‐77	

The	BET	formalism	prevalent	in	the	literature	is	written	as	follows:	

ୟܰሺܲሻ ൌ ߁
ܿሺܲ/ ଴ܲሻ

ሺ1 െ ܲ/ ଴ܲሻሺ1 ൅ ሺܿ െ 1ሻܲ/ ଴ܲሻ Equation	51

where	 ଴ܲ	is	the	saturation	pressure	of	the	adsorbate,	defined	as:	

଴ܲ ൌ
ܲ

௟݁ఉఓݍ
ൌ ௟ܭ

ିଵ
Equation	52

and	ܿ	is	the	BET	constant,	defined	as:	

ܿ ൌ
ଵݍ
௟ݍ Equation	53

A	common	linearized	rearrangement,	where	B	is	simply	the	“BET	variable”,	is:	

ܤ ൌ
ܲ/ ଴ܲ

ୟܰሺ1 െ ܲ/ ଴ܲሻ
ൌ

1
ܿ߁

൅
ܿ െ 1
ܿ߁

ሺܲ/ ଴ܲሻ Equation	54

Brunauer,	Emmett,	and	Teller	described	three	regions	along	the	BET	isotherm	in	Equation	54:	a	
concave	region	at	low	pressure,	a	convex	region	at	high	pressure,	and	a	linear	region	at	
intermediate	pressure.	They	originally	specified	the	relative	pressure	ሺܲ/ ଴ܲሻ	range	of	0.05‐0.3	as	
the	linear	region	from	which	the	number	of	surface	sites,	߁,	can	be	dependably	extracted.	In	the	
case	of	high	surface	area,	microporous	materials	such	as	zeolites	and	MOFs,	however,	this	range	has	
proven	to	be	inadequate	as	a	universal	standard	and	a	now	widely	accepted	set	of	self‐consistency	
criteria	have	been	proposed.75	Once	the	linear	range	is	determined	and	߁	is	extracted,	the	BET	
surface	area,	ܵܣ஻ா்,	is	calculated	as:	

஻ா்ܣܵ ൌ ߁ ∙ ஻ܣܵ Equation	55
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where	ܵܣ஻	is	the	surface	area	of	a	single	binding	site.	The	conventional	cross‐sectional	area	of	a	N2	
molecule	for	BET	surface	area	calculation	is	0.162	nm2,	which	allows	researchers	across	different	
laboratories	to	have	a	standard	for	materials	comparison.	For	example,	in	the	case	of	IRMOF‐16,	the	
BET	surface	area	ሺmonolayer	capacity,	shown	as	a	dashed	black	line	in	Figure	6bሻ	determined	
herein	corresponds	to	61.8	mmol	gିଵ	or	6030	mଶ	gିଵ.	This	is	consistent	with	the	geometrical	
surface	area	of	the	crystal	ሺ~6000	mଶ	gିଵ	as	determined	by	a	Monte	Carlo	integration	technique59ሻ.	
It	should	be	noted	that	challenges	still	persist	in	using	the	BET	model	to	accurately	estimate	the	
monolayer	capacity	of	porous	materials,	especially	those	with	a	diversity	of	pore	sizes.77	

Enthalpy	of	Adsorption.	Another	important	characteristic	for	determining	the	applicability	of	a	
porous	material	to	storage	and	separation	processes	is	the	adsorption	binding	strength.	While	the	
binding	energy	ሺor	energies,	in	the	case	of	a	multi‐site	adsorption	modelሻ	could	in	principle	be	
directly	extracted	from	any	of	Langmuir’s	simple	models	via	the	relationship	in	Equation	13,	a	more	
general	ሺless	model‐dependentሻ	approach	is	to	calculate	the	difference	in	enthalpy	between	the	
adsorbed	phase	and	the	bulk	gas	phase,	∆ܪ௔ௗ௦,	via	the	Clapeyron	equation	or	a	variant	thereof.78‐79	
When	the	bulk	gas	phase	is	ideal,	the	rearranged	Clausius‐Clapeyron	equation	is	employed:	

௔ௗ௦ܪ∆ ൌ ୟܪ െ ୥ܪ ൌ ܶ∆ܵ௔ௗ௦ ൌ െ
ܴܶଶ

ܲ
൬
݀ܲ
݀ܶ
൰
ே౗

Equation	56

This	requires	the	measurement	of	multiple	isotherms	at	different	temperatures,	and	investigation	
of	the	temperature‐pressure	relationship	along	a	line	of	constant	adsorbed	amount	ሺan	isostereሻ.	
The	resulting	thermodynamic	quantity	is	referred	to	as	the	isosteric	enthalpy	ሺor	often	“isosteric	
heat”ሻ	of	adsorption;	for	SSL	adsorption	under	a	bulk	gas	phase	that	is	ideal,	it	is	equal	to	the	
negative	of	the	binding	energy	ሺi.e.,	∆ܪ௔ௗ௦ ൌ െ ଵܷሻ.	The	SSL,	DSL,	and	UL	models	are	routinely	
employed	to	interpolate	measured	data,	an	important	step	in	the	calculation	of	the	isosteric	
enthalpy	of	adsorption.58,	80	When	a	sufficient	quantity	of	data	are	measured,	the	enthalpy	of	
adsorption	measured	by	the	sorption	isosteric	method	compares	reasonably	accurately	to	
calorimetric	measurements.81	It	should	be	noted	that	there	remains	debate	as	to	the	validity	of	the	
isosteric	method	in	the	high	pressure	ሺnon‐ideal	gasሻ	regime	where	the	measured	quantity	of	
adsorption	ሺthe	“Gibbs	surface	excess”ሻ	departs	from	the	actual	quantity;	under	such	conditions,	a	
so‐called	“isoexcess”	method	has	been	proposed	which	does	not	rely	on	the	use	of	any	adsorption	
model.82‐83	

Deliverable	Gas	Storage.	The	key	material	design	metric	for	adsorptive	storage	is	the	deliverable	
capacity:	the	amount	adsorbed	at	the	storage	pressure,	 ுܲ,	minus	that	remaining	in	the	adsorbed	
phase	when	the	pressure	is	below	the	useful	threshold,	 ௅ܲ	ሺe.g.,	when	the	storage	vessel	can	no	
longer	supply	a	fuel	cell	or	combustion	engineሻ.	For	example,	the	US	Department	of	Energy	ሺDOEሻ	
target	for	natural	gas	storage	on‐board	mobile	vehicles	sets	 ுܲ ൌ 6.5	MPa	and	 ௅ܲ ൌ 0.5	MPa	for	
delivery	at	room	temperature.	In	an	adsorption	system	characterized	by	SSL	theory	ሺEquation	7ሻ,	
the	deliverable	capacity,	 ୢܰୣ୪,	for	an	isothermal	pressure	swing	between	 ுܲ	and	 ௅ܲ	is:	

ୢܰୣ୪ ൌ ߁ ൬
ܭ ுܲ

1 ൅ ܭ ுܲ
െ

ܭ ௅ܲ

1 ൅ ܭ ௅ܲ
൰ Equation	57

For	a	given	storage	and	delivery	pressure,	the	deliverable	capacity	depends	importantly	on	the	
material	properties,	ܭ	and	߁.	When	the	number	of	adsorption	sites,	߁,	is	fixed	ሺi.e.,	maximizedሻ,	the	
optimal	Langmuir	constant	to	maximize	 ୢܰୣ୪	is:	
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௢௣௧ܭ ൌ
1

ඥ ுܲ ௅ܲ
Equation	58

If	the	binding	energy	is	too	weak,	corresponding	to	ܭ ൏ 	the	at	capacity	storage	low	the	௢௣௧,ܭ
storage	pressure,	 ுܲ,	limits	the	deliverable	amount	of	adsorbed	gas.	On	the	other	hand,	if	the	
binding	energy	is	too	strong,	corresponding	to	ܭ ൐ 	remains	adsorbate	of	quantity	significant	a	௢௣௧,ܭ
bound	at	the	minimum	discharge	pressure,	 ௅ܲ ,	limiting	the	deliverable	capacity	as	well.	These	
effects	are	optimally	balanced	for	a	material	that	exhibits	a	Langmuir	constant	given	by	ܭ ൌ 	.௢௣௧ܭ
Then,	by	assuming	a	typical	entropy	of	adsorption	based	on	the	difference	in	entropy	between	the	
bulk	gas	and	the	adsorbed	phases,	this	analysis	can	be	used	to	estimate	the	optimal	enthalpy	of	
adsorption	to	maximize	the	deliverable	storage	capacity.84	Several	MOFs	have	been	identified	by	a	
similar	method	as	record‐holding	materials	for	both	methane85	and	hydrogen86	storage	at	ambient	
conditions,	and	the	search	continues	for	higher	capacity	materials	using	a	design‐driven	approach.	

Mixed	ሺCompetitiveሻ	Adsorption.	Another	chief	application	of	porous	materials	is	to	separate	
gaseous	mixtures	through	selective	adsorption.	Hence,	it	is	useful	to	consider	the	case	of	mixed	gas	
adsorption	where	two	different	adsorbate	species	compete	for	the	same	set	of	adsorption	sites.	
Consider	a	surface	comprising	߁	adsorption	sites	exposed	to	an	ideal	gas	mixture	ሺA ൅ Bሻ.	If	the	A	
and	B	molecules	are	comparable	in	size	so	that	each	adsorption	site	accommodates	only	a	single	A	
or	B	molecule,	the	adsorption	isotherm	ሺwhere	 ୟܰ	is	the	total	number	of	A	and	B	moleculesሻ	is:	

ୟܰሺܲሻ ൌ ߁
୅ܭ ୅ܲ ൅ ୆ܭ ୆ܲ

1 ൅ ୅ܭ ୅ܲ ൅ ୆ܭ ୆ܲ
Equation	59

where	ܭ୅	and	ܭ୆	are	the	Langmuir	constants	corresponding	to	the	binding	of	species	A	and	B,	and	

୅ܲ	and	 ୆ܲ	are	the	partial	pressures	of	species	in	the	mixed	gas	phase	ሺof	total	pressure	ܲሻ.87	The	
statistical	mechanical	derivation	uncovers	the	dependence	of	the	Langmuir	constant	on	the	volume	
of	the	binding	site,	 ஻ܸ,௞,	and	binding	energy,	ܷ௞,	where	both	characteristics	vary	depending	on	the	
species	ሺ݇ሻ	occupying	the	adsorption	site,	as	well	as	the	temperature.	Thereby,	the	ratio	of	the	
number	of	adsorption	sites	occupied	by	species	A	to	species	B	at	dilute	conditions	is:	

ୟܰ,୅

ୟܰ,୆
ൌ
୅ܭ ୅ܲ

୆ܭ ୆ܲ
ൌ ୅ܲ

୆ܲ

஻ܸ,୅

஻ܸ,୆
݁ିఉሺ௎ఽି௎ాሻ Equation	60

which	depends	on	the	ratio	of	partial	pressures,	on	the	ratio	of	free	volume	available	to	each	
adsorbate	ሺan	entropic	effectሻ,	and	exponentially	on	the	difference	in	binding	energies.	As	in	the	
DSL	model,	lower	temperature	serves	to	amplify	the	occupancy	ratio	dependence	on	the	difference	
in	potential	energies	of	adsorption	of	the	two	species.	A	representative	example	of	the	direct	
application	of	Equation	59	to	measurements	of	mixed‐adsorption	equilibria	is	found	in	the	
adsorption	of	binary	mixtures	of	CO2,	H2,	and	N2	on	activated	carbon.88	

The	measurement	of	mixed‐adsorption	equilibria	requires	an	additional	step	over	pure	adsorption	
measurements:	varying	the	composition	of	the	bulk	ሺgaseous	or	supercriticalሻ	fluid	and	then	
obtaining	the	corresponding	composition	of	the	adsorbed	phase,	which	is	time‐intensive	and	
technically	complicated.89	To	circumvent	these	limitations,	adsorption	selectivity	is	very	often	
estimated	by	comparing	the	pure	gas	adsorption	equilibria	of	each	of	the	components	of	the	desired	
mixture	and	applying	a	simple	model.	Ideal	adsorbed	solution	theory	ሺIASTሻ90	is	a	simple	model	for	
describing	the	mixed	adsorption	state	based	on	the	pure	component	adsorption	equilibria,	
analogous	to	Raoult’s	law	for	ideal	vapor/liquid	solutions.	The	main	principle	lies	in	the	concept	of	
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a	constant	spreading	pressure	of	the	adsorbed	phase	at	equilibrium,	wherein	all	adsorbate	species	
are	assumed	to	be	non‐interacting.	From	the	pure‐state	adsorption	isotherms,	݊௞

○ሺ ௞ܲ
○, ܶሻ,	the	

spreading	pressure,	ߨ௞,	is	estimated	for	each	component	as	a	function	of	the	pressure	of	the	pure	
bulk	phase	above	it,	 ௞ܲ

○;	in	turn,	this	relationship	is	extended	to	the	co‐adsorption	state	by	assuming	
that	the	ሺindividualሻ	adsorbed	phase	of	each	component	will	behave	the	same	as	a	function	of	the	
partial	pressure	of	that	component	in	the	mixed	state.	The	binary	mixed‐state	total	adsorption	
isotherm,	݊ୟሺሼ ୅ܲ, ୆ܲሽ, ܶሻ,	for	a	given	gas	phase	composition	defined	by	ሼ ୅ܲ, ୆ܲሽ	can	therefore	be	
estimated	in	addition	to	the	individual	ሺmixed‐stateሻ	adsorption	isotherms	of	each	component,	
݊௞ሺሼ ୅ܲ, ୆ܲሽ, ܶሻ.	

The	results	of	IAST	analysis	are	remarkably	accurate	when	compared	to	experimental	mixed‐
adsorption	equilibria91‐92	and	also	when	IAST	is	applied	to	Grand	Canonical	Monte	Carlo	ሺGCMCሻ	
pure‐adsorption	simulations	and	compared	to	mixed‐adsorption	GCMC	simulations93‐94.	However,	
the	overall	accuracy	of	the	method	is	dependent	on	the	similarity	of	the	components	of	the	
adsorbed	phase	as	well	as	the	binding	strength	toward	and	homogeneity	of	the	adsorbent	surface;	
corrections	can	be	applied	for	systems	where	the	co‐adsorbed	phase	is	significantly	non‐ideal,	
referred	to	as	RAST.95‐96	The	analysis	of	numerous	adsorption	pairs	and	mixtures	have	been	carried	
out	using	IAST,	demonstrating	extraordinary	prospects	for	using	MOFs,97	zeolites,	and	other	
designable	porous	materials	as	solid‐phase	separation	media:	e.g.,	as	in	carbon	capture,98‐99	
hydrogen	recycling,100	hydrocarbon	separations,62,	101	and	harmful	gas	separations	from	air,102	
among	many	other	applications.	

Flexible,	Gas‐Responsive	Materials.	It	is	usually	assumed	that	the	adsorption	of	gas	molecules	does	
not	change	the	thermodynamic	properties	or	structure	of	the	adsorbent	itself.	Such	a	guest‐host	
perspective	is	a	simplification	that	is	not	applicable	in	porous	materials	that	undergo	structural	
changes	induced	by	the	adsorption	of	gas	molecules:	so‐called	“flexible,”	“soft,”	or	“breathing”	
materials.103‐105	The	structural	changes	in	flexible	MOFs	often	have	a	profound	influence	on	
adsorption	and	can	lead	to	counterintuitive	properties	such	as	negative	gas	adsorption	steps.106‐107	
The	Langmuir	model	serves	as	a	platform	onto	which	further	complexity,	such	as	flexibility,	can	be	
integrated.	

Gate‐opening	materials	exist	in	a	collapsed,	nonporous	state	in	vacuum	that	persists	even	when	
they	are	exposed	to	low	pressures	ሺlow	chemical	potentialሻ	of	the	gaseous	adsorbate.108	As	the	
chemical	potential	of	the	gaseous	reservoir	is	increased,	at	some	condition	the	material	abruptly	
expands	to	a	porous	state	and	an	adsorption	step	occurs.	A	flagship	example	of	gate‐opening	
behavior	is	in	the	adsorption	of	CH4	on	Coሺbdpሻ	ሺwhere	bdp2‐ ൌ 1,4‐benzenedipyrazolateሻ.109	At	
room	temperature,	gate	opening	occurs	concomitant	with	an	abrupt	step	at	1.6	MPa	on	the	
adsorption	branch	of	the	CH4	uptake	isotherm;	the	reverse	transition	is	detected	at	0.7	MPa	on	the	
desorption	branch.	Importantly,	this	step	occurs	between	the	desired	pressure	swing	range	
involved	in	vehicular	adsorbed	natural	gas	storage,	thereby	imparting	Coሺbdpሻ	with	an	extremely	
high	deliverable	capacity	of	CH4:	 ୢܰୣ୪ ൌ 197	LSTP	L‐1	ሺ~10	mmol	g‐1ሻ.	Moreover,	the	structural	
transition	in	Coሺbdpሻ	is	endothermic,	offsetting	a	portion	of	the	heat	of	adsorption	and	mitigating	
storage	inefficiencies	upon	refilling.	

Breathing	materials,	like	gate‐opening	materials,	exhibit	two	structural	forms	that	are	stable	under	
different	conditions:	a	narrow‐pore	and	large‐pore	state.	The	large‐pore	state	of	a	breathing	
material	is	stable	in	vacuum	and	up	to	low	pressures	ሺlow	chemical	potentialሻ	of	the	gaseous	
reservoirሻ.	At	an	intermediate	transition	pressure,	the	large‐pore	state	collapses	to	the	narrow‐
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pore	state,	affording	a	stronger	adsorption	interaction.	At	a	higher	transition	pressure,	the	
framework	expands	again	to	the	large‐pore	state,	accommodating	more	adsorbed	molecules	with	a	
weaker	characteristic	binding	energy.	A	flagship	example	of	breathing	behavior	is	in	CO2	adsorption	
on	M‐MIL‐53	ሺM	ൌ	Cr,	Alሻ.110‐111	At	room	temperature	on	Al‐MIL‐53,	the	first	abrupt	step	is	centered	
at	24	േ	15	kPa	and	the	second	at	425	േ	75	kPa	where	the	pressure	range	corresponds	to	the	width	
of	the	hysteresis	loop.111	

A	general	statistical	mechanical	treatment	of	gate‐opening	and	breathing	in	gas‐solid	adsorption	
systems	has	been	developed.112	Instead	of	employing	the	grand	canonical	ensemble	as	in	the	above	
six	derivations	ሺwhere	the	adsorbed	phase	is	held	at	constant	ߤ,	ܸ,	and	ܶሻ,	the	osmotic	ensemble	is	
preferred	ሺat	constant	ߤ,	ܲ,	and	ܶሻ.	In	this	treatment,	the	chemical	potential	imposed	by	the	bulk	
gas	phase	can	be	decoupled	from	the	mechanical	pressure	so	that	the	effects	of	applying	mechanical	
force	on	the	solid	adsorbent	can	be	studied.	Such	experiments	have	been	performed	with	Coሺbdpሻ,	
illustrating	that	the	application	of	mechanical	force	can	serve	to	collapse	the	porous	state	of	a	gate‐
opening	material	and	expel	the	adsorbed	gas.	The	two	“rigid	host”	adsorption	systems	for	the	two	
distinct	states	of	the	gate‐opening	adsorbent	could	be	accurately	modeled	by	SSL	equations.109	

Structural	transitions	of	adsorbent	materials	in	the	presence	of	gaseous	adsorbate	may	also	occur	
without	any	expansion	or	contraction	of	the	unit	cell.	A	representative	example	of	such	behavior	is	
that	of	Xe	adsorption	on	NiሺSiF6ሻሺpyzሻ2	ሺpyz	ൌ	pyrazineሻ,	a	pillared	square	grid	MOF	with	rotatable	
pyrazine	struts.113	The	Xe	adsorption	isotherm	at	room	temperature	exhibits	a	pronounced	
inflection	at	~50	kPa;	in	situ	X‐ray	diffraction	measurements,	density	functional	theory	calculations,	
and	classical	Monte	Carlo	molecular	simulations	indicate	that	the	inflection	is	a	result	of	the	
rotational	states	of	the	pyrazine	ligands	organizing	to	achieve	a	more	favorable	gas‐host	
interaction.	A	simple	statistical	mechanical	model	of	porous	MOFs	with	rotating	ligands	was	
subsequently	developed	which	could	accurately	reproduce	the	adsorption	inflection	observed	in	
experiment.65	The	model	is	an	extension	of	the	SSL	model	with	additional	complexity	to	account	for	
the	two	states	of	the	rotating	ligands,	which	modifies	the	adsorption	binding	interaction.	Studies	of	
gate‐opening,	breathing,	and	rotating	ligand	behavior	are	leading	to	important	adsorbent	material	
design	principles	aimed	at	exploiting	the	sigmoidal	ሺS‐shapedሻ	isotherm	to	maximize	deliverable	
adsorption	capacity	and	separation	selectivity.	

Conclusions	

The	legacy	of	Irving	Langmuir	is	widespread,	from	biology	to	atmospheric	science,	but	no	field	is	
more	closely	associated	with	his	name	than	adsorption:	the	science	of	interfaces.	In	the	century	
since	the	publication	of	his	simple	theory	of	gas‐solid	adsorption,	there	has	never	been	a	time	when	
his	work	was	more	hungrily	consumed	ሺi.e.,	referenced	in	the	scientific	literatureሻ	than	it	is	now.	
Despite	that	Langmuir’s	six	adsorption	classifications	were	initially	developed	to	treat	gas	
adsorption	on	planar,	external	surfaces	ሺwith	the	exception	of	Case	III	where	Langmuir	remarks	
about	applicability	to	porous	materialsሻ,	recently	discovered	classes	of	nanostructured	and	porous	
materials	now	dominate	the	landscape	of	gas‐solid	adsorption	studies.	Most	notably,	metal‐organic	
frameworks	ሺMOFsሻ	exhibit	widely	tunable	crystalline	environments	for	binding	adsorbates	ሺe.g.,	
strongly	binding	open‐metal	sites	and	weakly	binding	organic	linker	and	pocket	sitesሻ,	in	addition	
to	internal	porosities	with	unprecedented	surface	areas	for	adsorption	ሺe.g.,	൐6000	m2	g‐1ሻ.	Porous	
framework	carbon‐based	materials	such	as	zeolite‐templated	carbon	ሺZTCሻ55	and	microporous	
silicates	ሺzeolitesሻ114	also	present	unusual	and	highly	interesting	environments	for	gas,	liquid,	and	
ion	adsorption.	This	type	of	adsorption	in	confined	“nanospaces”,	where	a	potential	energy	field	for	
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adsorption	is	created	in	a	three‐dimensional	space,	brings	a	new	level	of	complexity	and	richness	to	
studies	of	adsorption.	The	limitations	of	Langmuir’s	theory	in	treating	complex	adsorbents	have,	of	
course,	long	been	noted.115	It	is	often	appropriate	to	employ	a	potential	theory	of	adsorption	in	such	
systems,116‐118	or	a	more	complex	model	such	as	one	based	on	density	functional	theory119‐120	or	
molecular	simulations121;	nevertheless,	the	Langmuir	model	still	serves	as	a	robust,	simple	platform	
onto	which	further	complexity	can	easily	be	integrated	to	meet	the	needs	of	both	routine	and	
unusual	problems	in	adsorption	science.	The	fundamental	theories	of	monolayer	and	multilayer	
adsorption,	both	attributed	to	Langmuir’s	pivotal	1916‐1918	works,	remain	widely	used	today.	
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Associated	Content	

Nomenclature	

The	nomenclature	used	in	Langmuir	1918	has	not	been	adopted	in	this	review	in	favor	of	more	
modern	nomenclature	and	statistical	mechanical	conventions,	as	shown	below.	The	phase	of	the	
adsorptive	molecule	“A”	is	indicated	by	either	“g”	for	gas	or	“a”	for	adsorbed.	The	use	of	the	term	
“gas”	or	phase	“g”	is	inclusive	of	supercritical	fluids.	

Symbol	 Quantity Typical	Units Langmuir’s	Symbol3
	 	 	

	ݎ surface	rate mିଶ sିଵ ,ߥ ߤ

	݌ probability ሺdimensionlessሻ 	ߙ

	ߠ fractional	site	occupancy ሺdimensionlessሻ 	௜ߠ

‐‐	 relative	adsorption	lifetime mଶ s 	ߪ

ܰ	 number ሺdimensionlessሻ ܰ	

݊	 mole	number mol 	ߟ

ܶ	 temperature K ܶ	

ܲ	 pressure Pa 	݌

ܸ	 volume mଷ ܸ	

݉	 molecular	mass kg 	ܯ

ܴ	 gas	constant J Kିଵ molିଵ ܴ	

	ܭ Langmuir	binding	constant Paିଵ ܽ௜	

	߁ Langmuir	scaling	constant mmol gିଵ ܾ௜	

	ܣ exponential	prefactor varies ‐‐	

	ߙ weighting	constant ሺdimensionlessሻ 	௜ߚ

݊	 Hill	interaction	constant ሺdimensionlessሻ ‐‐	

	ܤ BET	variable g mmolିଵ ‐‐	

ܿ	 BET	constant ሺdimensionlessሻ ‐‐	

	 	 	

ୟܰ	 number	adsorbed ሺdimensionlessሻ 	

	߁ Langmuir	scaling	constant gିଵ 	

ܷ	 adsorption	site	binding	energy J 	

	ߤ chemical	potential J 	

,ݍ 	ߦ single‐site	partition	function ሺdimensionlessሻ 	

ܳ, 	ߌ total	partition	function ሺdimensionlessሻ 	

	߉ thermal	de	Broglie	wavelength m 	

 ߨ spreading	pressure N mିଵ 	
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