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of constrained randomization provides a basis for statistical analysis utilizing the randomization model.

In Chapter IV, unbiased estimates for factorial effects are obtained using the method of constrained
randomization. The average variance of an estimated effect or interaction is found and analysis of
variance tables for both the randomization model and the infinite model are given. 
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V
• ABSTRACT

This paper presents a method of constrained randomization 
nI n2 \  ' ■for x P^ x..,x P^ factorial experiments in blocked designs

when the requirement (imposed by the nature of the process under 
investigation) restricts the number of factor levels which m a y ­
be changed from treatment combination to adjacent treatment 
combination.

The method of constrained randomization requires the construc­
tion of a sequence of treatment combinations in which only one 
level of one factor is changed for each adjacent pair of treatment 
combinations ■ and also for the--first and last treatment combination, 
considering them as an adjacent pair. The existence and construc­
tion of such sequences is considered in Chapter II. Chapter III 
shows how these sequences are used to generate random sequences 
having the same properties, This method of constrained randomi­
zation provides a basis for statistical analysis utilizing the 
randomization model.

In Chapter IV, unbiased estimates for factorial effects 
are obtained using the method of constrained randomization. The 
average variance of.an estimated effect or interaction is found 
and analysis of variance - tables for both the randomization model 
and the infinite.model are given.



CHAPTER I

INTRODUCTION

Ones of the purposes of the theory of the design of experi­

ments is to insure that the experimenter obtains data rele^ 

vant to his experiment in the most economical way. If the 

procedure used by the experimenter results in costly, shut 

down of the'equipment or requires that the experiment be 

terminated before complete data is obtained, the procedure 

should be replaced by one which avoids such pit-falls and 

has a valid theoretical basis. This thesis presents the 

development of a theory and procedure which avoids the above- 

mentioned difficulties and provides a basis for statistical 

analysis in experiments involving factorial designs,

Discussion of the Problem

The experimental design considered in this thesis is ■ 

one in which treatments are applied to experimental units 

(hereafter denoted by eu's) in a sequential manner, with 

results of one treatment being observed before application 

of the following treatment.

This type of experimental design can be applied to the 

improvement of a manufacturing process which is controlled
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by a number of factors. The problem of the statistician ig 

to design and conduct an experiment which will determine 

that combination of the possible levels of the controlling 

factors giving optimum output of the product.

Suppose that the controlling factors are such that there 

are n^ factors at p^ levels, n^ factors at p^ levels, etc., 

to n^ factors at p^ levels. A natural method of experimentation 

is a factorial arrangement of treatments where each factor 

is set at each level with all possible combinations of the 

other factor levels. A combination of factor levels is called 

a.treatment combination (hereafter denoted by tc) if all

factors under consideration are specified. This is known
nI n2 nkas a p^ ^ p^ x...x p^ factorial.

Terminology which will be used in further describing

the problem is now given.

Definition 1-1. A treatment run will be the performance 

of an operation under the conditions specified by a 

particular tc. An experiment.will consist of a sequence 

of treatment runs. Usually the number of runs in the 

sequence will be specified before the experiment begins.
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In the type of experiment under consideration, the tc's 

are run sequentially on the same piece or pieces of equipment. 

From each treatment run, an observation is taken on the out­

put corresponding to the control settings (ot tc.) The process 

is a continuing one and the tc's are imposed on the process 

without shutdown, or with only a pause in the operation of 

the equipment.

One of the problems created by the sequential ordering 

of the treatment runs is that of incompatibility of the 

adjacent tc's.

Definition 1-2. Two tc's are adjacent if one follows 

immediately after the other in the sequential order of 

running the experiment.

nI •n2 \The usual statistical analysis for a p x p_ x...x p
k n 1  ̂ k

factorial requires that the p_̂  different tc's be;
1=1

arranged in a random array which is then taken as the sequence 

of treatment runs in the experiment. This allows for the 

possibility of many factor changes occurring between adjacent 

tc's and can be the basis of many potential difficulties.

For example, the nature of the equipment may be such that 

a large number of factor changes between adjacent tc's will
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make it difficult to "line out" the apparatus or it may cause 

the manufacturing process to shut down. In such a situation 

the number of changes in factor levels between adjacent tc's 

would need to be restricted and this would, of course, repiove 

the property of full randomization from the design and change 

the statistical analysis•
nI n2Consider a p^ x p^ x...x p^ factorial experiment\

with tc i denoted by

(x CD x (I) ̂ il ' 12

x (t) % (k)
il ’ 12

(s)

x (I) x (2) x' In1 * il 5 12

(k); ,x. ) where
ink

’ Xin.
(2)

ij
E {0,1,...,ps - 1} for s = 1,2,...,k.

Definition 1-3. Two tc's have order of adjacency A if 

the number of factor levels which are different in the 

two adjacent tc's is equal to A.

Thus, tc's i and i' have order of adjacency

* =  E  If
s=l j=l
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Definition 1^4. Ai% operational sequence is any sequence 

of the tc's which satisfies the compatibility condition 

imposed on the design by the experimenter and/or the 

experimental process.

By requiring that the experiment satisfy the condition that
k

A < t  where t < n n^ (pj - I), one places a compatibility

condition on the sequence which prevents full randomization 

in arranging the sequence of tc's required to conduct the 

experiment.

The problem thus becomes one of constructing an experi­

mental design which will provide a method of experimentation 

under the restriction of the compatibility condition and 

a means of statistically analyzing the data. This thesis 

investigates the problem for arbitrary values of the 

Pj,'s, n^'s, and A .
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Constrained Randomization.

i£is n nJtpJ
j-i

I), one has full randomization

and the usual statistical analysis can be carried out, see
k

Kempthorne [3] or Ostle [4] For A < Z  n j ( p j "  a
M

method of constrained randomization which does not destroy the 

compatibility condition which is placed on adjacent tc’s must 

be used.

A discussion of some aspects of constrained randomization 

can be found in Kempthome [3] and Sutter, Zyskind, and 

Kempthorne [5] . A method of constrained randomization for 2n 

factorials was presented in a paper published by Tiahrt and 

Weeks [6] in August of 1970. Much of the terminology asso­

ciated with constrained randomization, including that used 

in this paper, was first introduced in the Tiahrt and Weeks 

publication. This recently published method of constrained 

randomization for 2n factorials requires that the experi­

menter perform a series of operations at random on a previously 

obtained operational sequence. These operations preserve 

the compatibility condition placed on a 2n factorial but do 

not preserve the compatibility condition for pn
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factorials in which p > 2. Hence, to consider constrained

nI n2 nkrandomization for a x x...x p^ factorial, some

other method is needed.

The method of constrained randomization which is presented 

in this thesis requires that one start with an operational 

sequence in which adjacent tc's and the first and last tc's 

in the sequence have order of adjacency A = I .  Such a sequence 

is.called a cycle. It is clear that any cycle satisfies the 

more general condition that A _< t where t > I so that any 

constrained randomization procedure which preserves the. compati­

bility condition for cycles can be applied to factorials in 

which the compatibility condition requires that A <_ t where 

t > I.

A systematic method o f .constructing cycles is presented 

i n .Chapter II. A discussion of the comparative advantages of 

systematic and randomized arrangements may be found in Yates [8]

By performing a series of operations at random on a pycle, 

other cycles are randomly obtained and provide a random 

operational sequence which is then used to perform an experi­

ment. This,method of constrained randomization is discussed 

in Chapter III.

The statistical analysis in.Chapter IV yields unbiased 

estimates of factorial effects for both the randomization
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model and the infinite model. The usual analysis of variance 

and unbiased tests for factorial effects are also obtained.



CHAPTER II

EXISTENCE AND CONSTRUCTION OF OPERATIONAL SEQUENCES

This chapter deals with the problem of finding operational sequences

which satisfy certain compatibility conditions. The construction of
nI n2an operational sequence for any factorial of the form p^ x p^ x...x p^ 

will be shown for the compatibility condition A = I  and also for the 

compatibility condition A <_ t where t >_. 2,

In many experimental situations, the statistician will need more 

than one operational sequence for a given factorial. For example, if 

the experimenter wishes to conduct a randomization test, the achievable 

number of significance levels will depend upon the number of.operational 

sequences available.

Of more immediate concern is the problem of having, for a given 

factorial, several random operational sequences to choose from in- 

order to do the statistical analysis which appears in chapter IV.

A systematic method of constructing several such random operational 

sequences from a given operational sequence, called a cycle, is pre­

sented in Chapter III. Most of the theorems in the present chapter 

pertain to the existence and construction of cycles.

Preliminary Considerations

nI n2 \
In finding an operational sequence for a p^ x Pg x...x p^

nifactorial with a given compatibility condition, all of the TT p^
i=l
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tc's must be used. Each term in' the sequence can be- represented as 

k k
n^-dimensional

i=l , i-l
an y  n tuple and thought of as a point in

space. The problem of finding an operational sequence is that of 

finding a path which connects the vertices of the geometric space. 

The path must be unbroken, connect all of the vertices, and inter­

sect each vertex only once. To satisfy the compatibility condition,

the distance,, measured along the lattice lines, between adjacent
k

intersected points must be equal to A i f 4 <  n

i-i
there is no constraint on the placement of the tc’s and the usual 

technique of full randomization can be carried out.

Definition 2-1. An operational sequence is said to be a cycle 

if each tc appears in the sequence and if the first and last 

tc in the sequence, when placed in adjacent positions, have

order of adjacency A . Unless otherwise stated, a cycle for
nI n2 nk k ni

a p^ x p2 X * *,x pk factorial will contain p^
i=l

terms. (e.g., each tc will appear once in the operational

sequence.)

A factorial is said to be cyclic w.r.t. A =  k (A £. k) if 

there exists a cycle for. the factorial which satisfies the com­

patibility condition A = k (A _< k) •
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Methods of constructing operational sequences will be based 

on.the results of .the next two sections; which investigate'the 

existence or non-existence of a cycle for a given factorial and 

compatibility.condition. Those theorems which establish the 

existence of a cycle also reveal a method of constructing the 

cycle and hence,an operational sequence for the corresponding 

factorial.■

Cycles for a.pn Factorial

Without’loss of .generality, the first term in each cycfe will 

be taken as (Q,0,., . ,0) , the low level of each factor.'

It will now be shown that not all pn factorials are cyclic 

w.rit. A .= I.

Theorem,2-1. If p is odd, .the pn factorial is, not-cyclic 

w.r.t. A = I.

Proof'of Theorem 2-1; Let p = 2k + I where.k e I+ . If a cycle.

exists for this factorial, if must contain ( 2 k +  l)n tc's and the
k

last tc, (c^,c ,...c^), must satisfy the condition I c i  “ 0 I =  1
i=l

since ifs order of adjacency with (0,0,...,0) must be I. Moving 

pointwise through the cycle is equivalent to adding ±1 to one of ., 

the n components in,going from one, point to the next. Since there 

are an odd number of points in the.cycle, this must be done,an even 

number of times; . However, .this .would, mean that the last point,
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n

(c^yCg,...,c^) is such that ^  is an even number. Since this
i=l

n
contradicts the requirement that | ĉ . - 0 1 = I, the construction

i=l

of such a cycle is impossible.

This completes■the proof but it should be noted for future refer­

ence that the proof was based solely on the fact that a cycle cannot 

contain an odd number of terms if A =  I.

The next theorem pertains to factorials of the form pn where

p is even. Its proof, and the proofs of other subsequent theorems,

will make use of the following notations.

The symbolism (ajb)s(a,b + k) will denote.the sequence

(a,b),(a,b + I),(a,b + 2),...(a,b + k) and (a,b + k)s(a,b) will denote

the sequence (a,b + k),(a,b + k - I),(a,b + k - 2),...,(a,b).

(a + k,b)s(a,b) and (a,b)s(a + ,k,b) are defined in a similar manner;

Small Greek letters will be used .to denote row vectors. If

a = (a ,a ,...,a ) and 6 = ( K ,b ,...,b ), (a,3) is defined by 
JL z  xi x  ' m 1

(a,3) = Ca1Ja ,... ,a ^ 1Jb2,... ,bm ) .

Theorem 2-2. If p is even, the pn factorial is cyclic w.r.t.

A <_ t where t _> I.

+
Proof of Theorem 2-2. Let p = 2k where k B I . It suffices to show
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that the theorem holds for A = I. This will be done by mathematical 

induction,

(a) If n = 2, ench tc is denoted by (a,b) where a,b e {0,1,...,2k -l}. 

A cycle for this factorial is the sequence (0,0)s(2k - 1,0),

(2k - I,I)s (2k - 1,2k - I),(2k - 2,2k - l)s(0,2k -I),

(0,2k - 2)s (2k - 2,2k - 2) , (2k - 2,2k - 3)s(0,2k - 3),

(0,2k - 4)s (2k - 2,2k - 4),...,(0,2)s(2k - 2,2),(2k - 2,l)s(0,l).

Notice for the last tc to be (0,1), p must be even as it is here.

The geometrical interpretation of this cycle is as shown below.

(0,2k-l),

(0,2k-2)

(0,2k-4)i



14
(b) Suppose the theorem is true for n = r. Then each point in the

cycle is represented in r-dimensional space by an r-tuple of the

form (a,,a_,...,a ) where a. e {0,1,...,2k - l). This same point has JL z r x
a representation in (r + I)-dimensional space as .

Since A = I, a pair of adjacent points in the cycle will have a 

representation in (r + I)-dimensional space.as Cal9S ^ , ,a^,,.. ,3^,0) ,

(a^,a^.... a^±l;...,a^,0). Since there are an even number of points

in the cycle, there are (2k)r/2 disjoint pairs of adjacent points 

where the first pair consists.of the first two points in the cycle 

and the remaining pairs consist of the remaining points taken two 

at a time in consecutive order. To construct a cycle in (r + 1)- 

dimensional space, replace each pair.(a^,a2»,..,a^,.:.,a^,0),.

C a ^ a 2,... ,a^il,... ,a^jO) by the following sequence:

(a^, a2,. . ., • • • j »0) > f • ■ * ’^ • • • , 11) »• • • »

(a^,a2,...,a^,...,a^,2k — I), , a2 ,...,a^il,...,a^,2k ■ I),

(a^,a2, • . •, a^±l,.. .,a^, 2k — 2) ,. • ., (a^,3-2 ,.. . ,a^il,. .. ,a^, 0) . Clearly, 

this construction yields a cycle for the (2k) factorial which 

satisfies the condition that A =  I and the proof is complete.

For future reference, notice that the last point in the cycle is 

(0,1,0,0,...,0).

Although it w a s ■shown in Theorem 2-1 that a p factorial is not 

cyclic w.r.t. A = I  if p is odd, a cycle for this factorial can be
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constructed if the condition that each tc can appear only once in 

the operational sequence is removed. With the freedom to repeat 

points wherever convenient, it is easy to see how any number of cycles 

could be constructed.

However, due to the time and economic factors involved, the 

experimenter may wish to have available a cycle in which repetitions 

are kept to a minimum. This would also be desirable in using the 

observations :to calculate unbiased estimates or in conducting a test 

of hypothesis.

The next theorem shows that such a cycle can be constructed by 

repeating one tc .once. Information which is crucial to the proof 

of the theorem is contained in the following lemma.

Lemma.2-1. In a (2k + l)n factorial with A = I, a non-cyclic 

operational sequence can be constructed in such a way that the 

first point in the sequence is (0,0,...,0), the last point is 

(2k,2k,.,.,2k), and each of the other (2k + l)n *- 2 points 

appears exactly once.

Proof of Lemma 2-1. The proof is by mathematical induction,

(a) For n = 2, the desired operational sequence is the . 

sequence (0,0).s(2k,Q) , (2k,l)s(0,l)., (0,2)s(2k,2) ,(2k,3)s (0,3) ,. ..., 

(0,2k)s(2k,2k). Notice that for the last point to be (2k,2k), 

there must be an odd number of levels.for the second factor as.
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there are here. The geometrical interpretation of the sequence is 

as shown.

(0,2k)
/

(0,2k-l>

(2k,2k) 

(2k,2k-l)

(2k,3) 

,2) 

, 1) 

,0)

(b) Suppose the lemma is true for n = r .  Each point in the 

sequence is represented in r-dimensional-space by ...,â )

and in (r + I)-dimensional space by (a^ja^,...,3^,0). The first 

(2k + l)r - I points can be considered as [(2k + l)r - l]/2 disjoint 

pairs of adjacent points where the pairs are formed in the same manner 

as those in theorem 2-2. The replacement of each of these pairs by 

a sequence of points in (r + .I)-dimensional space is identical in 

notation and method to the procedure used in theorem 2-2. The last 

point (2k,2k,...,2k,0) is replaced by the sequence.(2k,2k,...,2k,0),
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(2k,2k,...,2k,I),(2k,2k,...,2k,2),...(2k,2k,...,2k,2k). Clearly, 

this construction yields an operational sequence for a (2k + I) 

factorial which satisfies the conditions of the lemma. Thus, the 

lemma holds for n = r + I and the proof is complete.

A theorem concerning a cycle with one repeated tc now follows.

Theorem 2-3. If p is odd and A = I, a cycle for the pn factorial 

can be constructed by repeating one point once.

Proof of Theorem 2-3. Let p = 2k + I where k e I+ . To illustrate how 

the cycle will be constructed, consider the case where k = I and n = 3. 

The cycle for this factorial, starting at (1,1,0) and ending at 

(0,1,0), is as shown below.
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In this figure, each.tc has a representation as and the

sequences in the■2-dimensional subspaces a^ = 0, a^ = I, and a^ = 2 

can be thought of as cycles in which the (l,l,a^) point has been 

dmitted. The repeated point is (0,1,0),

To prove the theorem in the.general case, first consider a 
2

(2k + I) factorial. If the point (1,1) is omitted, a cycle for this 

factorial is (0,0)s(2k,0),(2k,l)s(2k,2k),(2k - l,2k)s(0,2k),

(0,2k - I)s(2k 1,2k - I),(2k - 1,2k - 2)s(2k - 1,1),

(2k - 2,l)s(2k - 2,2k - 2),...,(2,2)s(0,2),(0,1).

Notice that this sequence has been constructed in such a way 

that any point in the form (0,a) where a is positive and even, is 

followed by the point (0,a - I). Hence the last point is (0,1). If 

the sequence was reversed, the cycle would omit (1,1), 

and start at (0,1).

In completing the proof, the following notation will be used.

If 3 is an (n - 2)-dimensional constant vector, (a,b,3)c(d,f,3) will 

represent a cycle in the 2-dimensional subspace of an n-dimensional 

space which starts at (a,b,3)» ends at (d,f,3), and omits the point 

(1,1,3).

Now let (^,o^,.,. ,Ot̂ , where Z = (2k + l)n \  be a sequence in 

(n - 2)-dimensional space which satisfies Lemma 2-1 for a (2k + l)n ^

factorial.
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The sequence which satisfies the conditions of Theorem 2-3 is

(IjljOi^) , (1,1, ), (1,1; ))»««) (1)1) ) (0)1) Oî ) c (0,0, otg) )

(0)0, c (0,1, ) (0,1 g ) C (0,0, )°"")(0,1, Ot̂  ) c (0,0, Ol̂  ) ,
(0,1,^)

Notice that there are an odd number of a's and that the sequences 

(a,b,at')c(d,t,at) have been constructed in such a way that if t is 

odd, b = I and a = d = f '= 0. This justifies having the sequence 

(0,1,U1)C(O5O 5Q1) in the last 2-dimensional subspace; The repeated 

point, (O5I5Q1)5 is compatible with the first point, (I5I 5Q1)„ This 

completes the proof of Theorem 2-3.

Although a pn factorial is not cyclic w.r.t. "A = I if p is odd 

and no point is repeated, this is not the case for other values of A. 

The following corollary deals with such cases.

Corollary 2-1. If p is odd, the pn factorial is cyclic w.r.t. • 

A < t where t > 2.

Proof of Corollary.2-1. It suffices to show that the corollary holds 

for A 2. If the point (O5I5Q1) is removed as the last point in 

the sequence constructed in Theorem 2-3, the resultant sequence is 

clearly cyclic w.r.t. A 2.

It should be noted that the resultant sequence is a non-cyclic 

operational sequence having order of adjacency A =  I, (1,1,0,0,...,0) 

as its first term, and (0,0,...,0) as its last.term. By reversing



the terms in this sequence, an operational sequence is generated 

which has (0,0,...,0) as its first term and (I,I,0,0,...,0) as its 

last term.

20 .

Although these last remarks were not germain to the proof of the 

corollary, they will be needed in the next section in extending these 

results to a more general case.

nI n2 \Cycles for p^ x p^ x...x p^ Factorials

Thus far, only factorials of the form pn have been considered. 

The problem of constructing cycles for factorials of the form
nI n2 1Vp^ x p2 x...x p^ will now be considered. The first theorem

will show that not every.factorial of this form is cyclic w.r.t,

A = I.

Theorem.2-4. I 2If p_̂  is odd, the p^ x *
i=l

factorial

is not cyclic w.r.t. A = I.

Proof of Theorem 2-4.

p^ is odd. Hence,
i=l

n-f
First note that p . is odd if and only if 
n. 1 k.

p_̂  1 is odd if and only if p_̂  is .odd. Thus,
i=l

if a cycle for this factorial exists, it must contain an odd number- 

of terms. However, it was shown in Theorem 2-1, independent of the 

form of the factorial whose factor levels yield an odd number of
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tc's, that a cycle consisting of an odd number of terms cannot be 

constructed if A = I. This completes the proof of the theorem.

Now consider the following geometrical interpretation of a cycle 
2 2for a 2 x 2 factorial with A = I. This will illustrate the method 

to be employed in the proof of the next theorem.

(0,0,0,0)
(0,0,1,0)

(I,0,1,0)
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The cycle just illustrated was constructed by replacing each point

2of a cycle for a 2 factorial by a cycle corresponding to another 
22 factorial and having A = I.

For convenience, the following notation will be used in the 

proofs of the theorems which follow. If a is a constant vector and 

3^,32»•••>3n is.a sequence having order of adjacency A = I,

(a,3-̂ )C (a, 3n) will denote the sequence (a,3^) , («,32) »• • • > (a »3n) •
The order of adjacency for this sequence is also A = I.

(31,a)C(3 ,a) will denote. the sequence (B^,cc), ̂  )°0 »• • -» (3n ,Ci).

Theorem 2-5. If p . is even for i = 1,2,...,k, the 
n]_ ^2 nkPl x .1P 2  x ...x p^ factorial is cyclic w.r.t. A = I.

Proof of Theorem 2-5. The proof is by mathematical induction.

(a) L e t k  = 2. It was shown in Theorem 2-2 that if p^ and P2
nq n2are even, the factorials.p^ and P2  are each cyclic w.r.t. A =1.

nILet U1, ^ , ... ,a^,. where £ = P1 and a^ = (0,1,0,0.... 0) be a cycle
^l n2for the P1 factorial. Let • • • >3m , where m = p2 be a cycle
n9 nI n

for the p2 z factorial. Then a cycle fpr the P1 x p2 z factorial

is given by the sequence Ca1, B^)GCa1 , Bffl) , (ot2 , Bm )C(a2, B1) »

(o&3»B1) C Ca3 , Bm )» >  Bffi) C (01̂  ,B1),..., (01̂ , Bm ) C (01̂, B1) •
Notice that the sequence was constructed in such a way that if 

a is even in the subsequence (a^,B^)C(a^,B^), b = m and f - I. Hence
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the last point must be (0,1,0,Oi...,0) and is compatible with the

first point (0,0,...,0). Hence the sequence is a cycle, as claimed.

(b) Assume the theorem holds for k.= t. Then the 
nI n2 ntP^ x Pg x...x p^ factorial is cyclic w.r.t. A = I. Now-consider

nI n2 nt nt+lthe P1 x p2 x...x pt x pt+1 factorial. Replacing the
11Icycle for the P1 ■L factorial in part (a) by the cycle, for the

nI n2 nt n2P1 x p2 x...x pt factorial, and the cycle for the p2 facto-
nt+lrial in part (a) by the cycle for the Pt+j factorial.which ends

at (0,1,0,0,...,0), the construction described in part (a) yields 
^l n2 ^t-Ha cycle for the P1 x p2 x...x p x pt factorial. That 

the last point is (0,1,0,0,...,0) again follows from the fact that

there are an even number of terms in the cycle for the
nI n2 ntP1 x p2 x...x pt factorial.

This completes the proof of Theorem 2-5.

It was previously shown that for A = I, the pn factorial is
11I n2not.cyclic if p is odd and the.P1 x p2 factorial is not cyclic

if P1P2 is odd. The next theorem treats the case where p2 is odd
nI n2but P1P2 is even in the P1 x p2 factorial.

nI n2Theorem 2-6. If P1 is even and p2 is odd, the P1 x p2 

factorial is cyclic w.r.t. A = I.
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Proof of Theorem 2-6. It wa s .shown in Theorem 2-3 and Corollary

2-1 that a non-cyclic operational sequence■having order of adjacency
n2

A =.I exists for a factorial. Let this operational sequence
n2

be denoted by g- , @ ,. . .,3 , where m = p and 8 = (1,1,0,0,...,0).J_ ITi ^ TH
niLet a cycle for the p^ factorial again be denoted by the a's in

nI n2Theorem 2-5. Then a.cycle for the p^ x Pg factorial is

(^2’  ̂ ’̂ m̂  ’ ̂a2’  ̂̂ 2 ’ ̂ 1̂  ’ ^3 ’  ̂̂ 3 ’ ’ * " " ’  ̂̂ 1̂̂  *
Here again, as in Theorem 2-5, that the last term in the sequence

nr •
is .(0,1,0,0.... 0) follows from the. fact that p^ is even. Since

the last term is compatible with the first term (0,0,...,0), the 

sequence is a cycle, as claimed, and the proof is complete.

nI n2It wa.s established in Theorem 2-4 that the p^ x p^ factorial 

is not cyclic w.r.t. A = I. However, as in the case for the pn 

factorial where p is odd, it would be desirable to have a cycle for 

this factorial which repeats a minimum number of points. The next 

theorem deals with this problem.

Theorem 2-7. If p_ and Pri are both odd,and A = I, a cycle for 
nI n2the p^ x , f a c t o r i a l  can be constructed by repeating one 

point once.

To illustrate the method which will be used in the proof of
2 2this theorem, consider a factorial of the form 3 x 3 . Starting 

with the sequence (0,0),(1,0), (2,0),(2,1) ,(2,2),(1,2),(0,2),(0,1),
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(1.1) , each point is replaced by a sequence of points in 4-dimensional

space.as follows: if a + b is even, (a,b) is replaced by (a,b,0,0),

(a,b,l,0),(a,b,2,0),(a,b,2,l),(a,b,2,2),(a,b,l,2),(a,b,0,2),(a,b,0,l); 

if a + b is odd, (a,b) is replaced by (a,b,0,l),(a,b,0,2),(a,b,l,2), 

(a,b,2,2),(a,b,2,I),(a,b,2,0),(a,b,1,0),(a,b,0,0). Complete the 

sequence with the points (I,I,I,I),(0,1,I,I),(0,2,I,I),(I,2,I,I),

(2.2.1.1) ,(2,I,I,I),(2,0,1,I),(I,0,1,I),(0,0,I,I),(0,0,0,1). Notice 

that the repeated point is the last point (0,0,0,1).

Proof,of Theorem 2-7. Let 3^,32»•••j3m be the operational sequence 

of 3’s described in Theorem 2-6. The order of adjacency for this 

sequence is A = I and the second from the last term is
nI3 , = (0,1,0,0,... ,0) . Let ol ,0to, ... ,QU, where £ = P1 be am— I X / -L x

nIsimilar operational sequence for the p^ factorial. A cycle for 
n n

the p^ x p2 factorial is (Ot1 , S1)0(0̂ , S ^ 1), (^2» ̂ m-i)c (a2 9̂ i^ ’

(Ot3 , B1) C (Ot3 , Sii1d1) ,...., (ot£, S1) C (ot£, Sii1d1) , (ot£ , Sm ) C (Ot1)Bm ), (Ct1 , Bji1d1) .

The repeated point is the last point t-v

(U1)S 1) = (0,0,...,0;0,1,0,0,...,0) where the semi-colon separatesX m—X
the components of a from the components of S•

This completes the proof but it should be observed that the 

second from the last .term is (0,0,...,0;1,1,0,0,...,0) . This will 

be needed in the next theorem, which is a generalization of Theorem-

2-7.
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Theorem 2-8. If p_̂  is .odd for i = .1,2,. i ,k and A = 1, a cycle 

nI n2 \for x p^ x...x p^ factorial can be constructed by one

repetition of the point (0,0,...,0;0,1,0,0,...,0), where the 

semi-colon separates the last n^ components from the proceeding 

ones. The point proceeding the last (or repeated) point can. 

be taken as (0,0,...,0;1,1,0,0.... 0).

Proof of Theorem 2-8. The proof is by mathematical induction.

(a) Theorem 2-7 establishes the case for k = 2.

(b) Suppose the Theorem holds for k = r. Then there exists
n2 n3 nr nr+la cycle for the p^ x P3 x...x p^ x pr+^ factorial which

repeats one point. Denote this cycle by 3 ,g ,...,B ,8 where 
r+1 n. I 2. t t+i

t = P1 1J 3t+1 = (0,0,...,0;0,1,0,0,...,0) and
1=2

3t = (0,0,...,0;1,1,0,0,..., 0). Let . . . ,a,̂ be the operational
n1

sequence used in Theorem 2-7 for the p^ 1 factorial. Replacing

the points 3 and 3 in, Theorem 2-7 by St. , and St. respectively, m- x m Ti *— x Ti
nI n O nr nr+the construction of a cycle for the P1 x p£ z x...x Pr x pr+1 

factorial is identical to the construction shown in Theorem 2-7.

The repeated point is P 1 - This completes the proof.

To complete.the discussion of the problem of constructing cycles
nI n2 \for factorials of the form P1 x p^ x...x p^ , we need to consider 

k
P1 is even and some of the pu's are odd.

1=1
the case where
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Since the statistical design is essentially unchanged by permuting 

nithe p . 's , we can assume that those p.'s which are even occur firsti . i
nI n2 nkin the notation p^ x x...x

Theorem 2-9. If p . is even for i = l,2,...,r and p . is odd
1 nI n2 n ■for j = r + l,r + 2,...,k, the p^ x p^ x..iX p^ k factorial

is cyclic w.r.t. A = I;

Proof of Theorem 2-9. Let - where q = ^  p^ be a
i=l

nI n2 nrcycle for the p^ x p^ x ...x pr factorial. That such a cycle

exists for A = I  was established in Theorem 2-5. Let 3T,39,...,3„ 
k ni ^

where Z = p^ be the sequence constructed in Theorem 2-8
i=r+l

omitting the last term, so that there is no repeated point. Replacing 

the.a's and B's in Theorem 2-6 with the ct's and g's just described, 

the construction of the desired cycle is identical to the construction 

shown,in Theorem 2-6.

This completes the problem of constructing cycles for 
ni n2 nk-

p^ x ?2 x ...x p̂ . factorials with A = I. The following coi 

treats the case.of constructing cycles for this factorial if no

points are to be repeated and the restriction that A = I is relaxed.

*1 "2 *kCorollary 2-2. Any p^ x p^ x...x p^. factorial is cyclic 

w.r.t. A < t where t > 2.
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Proof of Corollary 2-2. It suffices to show that the.corollary holds 

k
for A = 2. If Tj is even. Theorem 2-9 establishes the desired

r=i
k

result. If TT is odd, the result follows from considering the 
i=l

sequence constructed in Theorem 2-8 with the last term (the repeated 

point) omitted.

This completes the proof of the corollary.

nI n2 ■ nkIn order to construct a cycle for a p- X P9 x...x p.
k :

factorial with A = I  and p^ odd, it was,necessary to repeat at
•i=l

least one point. If the operational sequence is non-cyclic, no 

repetitions are required in,order to construct the sequence.

Theorem 2-10. An operational sequence having no repeated terms 
nI n2 nkexists for any p^ x p^ x...x p^ factorial having compati­

bility condition A = :1.

k
Proof of Theorem 2-10. If TT P_. is even, Theorem 2-9 establishes ■

I k  1
k

the desired result. If p^ is odd, the operational sequence
i=l

constructed in Theorem 2-8 with the last (or repeated) term omitted 

is a n ,operational sequence having A = I  and no repeated points.



CHAPTER III
n n iv

CONSTRAINED RANDOMIZATION FOR A x P2 x . ..x pfc
FACTORIAL IN A RANDOMIZED NON-CONSECUTIVE BLOCK DESIGN

This chapter presents methods of constrained randomization for 
nI n2 nkP^ x p^ x...x P^ factorials i n .randomized complete block designs 

where.each block is independent of the others.

An example illustrating the randomization procedure is presented 

and some results are obtained which will be basic to the statistical 

analysis developed in subsequent chapters.

Cycles and Constrained Randomization

As previously defined, an operational sequence satisfying the

compatibility condition and in which the first and last tc's in the

sequence are compatible is called a cycle. It is necessary to have

a cycle for the factorial under consideration in order to generate

other operational sequences in the randomization procedure described

in this section. If k is large, the construction of a ,cycle for the 
nI n2 nVfactorial p^ x p^ x...x p^ would be a formidable task if some 

systematic method of construction was-not available. The theorems . 

in Chapter 2 of this thesis insure the existence and describe a method 

of constructing a cycle for the factorial under consideration.. It 

should be noted however, that any cycle for the factorial could be 

used and might even be preferred if it appears to contain.a less 

systematic arrangement of the tc's.



n.kConstrained randomization for a x x...x factorial

in non-consecutive replicates is performed by the following procedure.

(1) A cycle for the factorial under consideration is constructed.

This can be done directly by using the methods of construction 

developed in Chapter 2 of this thesis. •■

(2) For each replication , randomly assign n^ factor names to the 

first n^ components x^^Xg,...,^^ of each tc in.the cycle, 

randomly assign n^ factor names to the next n^ components

x ,x x . of each tc in the cycle, etc. Since this
ni+1 “i+2 nIhi2
is done once in each replication, each tc in a given replicate 

has the same assignment of factor names.

(3) For each replication, pick an integer at random from the set 

{1,2,...,P} where P is the number of tc's in the cycle obtained 

in step (I).

Let K be the integer so chosen. . From the sequence 

al,0t2’" * * ,0lP obtained in step (2), construct the sequence

* * 9 06-n 9 06-1 9 06, Up > U-2 > • • • 9 *'P* I* 2
The resulting cycle is the random sequence of tc's which

was desired.
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Example

Example 3-1. As an example of this method, consider the following
2 2randomization for the replication of a 2 x 3 factorial with A = I.

(I) Since 2 • 3 = 6  is even, a cycle containing 36 tc's, none of which

are repeated, is needed. Such a cycle can.be constructed using

the method discussed in the proof of Theorem 2-6. This requires 
2 •a cycle for a.2 factorial in the form shown in Theorem 2-2

2 •and an operational sequence for a 3 factorial in the form dis­

cussed in Theorem 2-3 ahd Corollary 2-1. The cycle thus con­

structed for the 2^ factorial is (0,0),(1,0),(I,I),(0,1). The
2

operational sequence obtained for the 3 factorial is (0,0),

(1,0),(2,0),(2,I),(2,2),(I,2),(0,2),(0,1),(I,I). Using the
2 2method shown in Theorem 2-6, a cycle for the 2 x 3 factorial is

0000

0010

0020
0021
0022
0012
0002
0001

■ 1001

1021
1020
1010

1100

1110

1120
1121
1122
1112
1102
1101

0111

0101 

0102 

■ 0112 
0122 

0121 

0120 
0110

0011 1111 0100



32

/

(2) Randomly assign the factor names A,B to the first two components 

and randomly assign the factor names C,D to the next 

two components Suppose this random assignment yields

A = X^5 B = x^, C = x^, D = x^. This replaces each tc (x^jX^,x^,x^) 

by the tc ,x ^ jX^ jX^) . The resultant sequence of tc's is

-> 0111t5> 11000000

10100001

01201020
012120210012

1022
11210021
11200020

010111100010

1000

(3) Randomly choose one of the elements of the set {1,2,...,36}. 

Suppose the number chosen is 31. Then a new sequence of tc's 

is formed by writing the terms of .that cyclic permutation of 

the sequence in step (2) which moves the 31st term into the 

first position and the 32nd term into the second position of 

the new sequence. This new sequence is
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- 0122
0112
0102
0101

0000

->1021

0022
0021

0010 1001

0011 1000

1011 1100

1112
1122
1121
1120
1110

1111

0111

0110

0120

Properties Induced by the Constrained Randomization Procedure

Note that the last sequence in the example is again a cycle 

with A = I. The theorem which follows will show that the random!^ 

zation procedure will always preserve this property.

Theorem-3-1. The sequence of tc's resulting from constrained 

randomization of a .cycle having order of adjacency A = k (<k) 

is a cycle having the same order of adjacency.

Proof of Theorem 3-1. Let the cycle constructed in step (I) be 

denoted by a^,a^,...,otp. Step (2) is a rearrangement of the com­

ponents of each tc and therefore leaves invariant - the order of

adjacency of any adjacent pair of tc's, a., and a say, where
1 i

i+ = i mod(P) + I.. This is a consequence of the fact that every
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tc in the.sequence•receives.identically the same assignment of factor

names. Thus, x ^  and xj+r > the r components of and a^+, become 

the r 1 components x ^ ,  and x^+r t of ot̂  and a_̂ + after step (2).

Hence lx. Xi+rl • 'Ir' i+r' and so

Y  Ixi r - x^ r I = g  |xir. - xi+r .|.' This holds for every 
r r '

pair of adjacent,tc's ,in the sequence and thus the sequence obtained 

from step (2) is a cycle having the same order,of adjacency as the 

cycle in step (I).

Step (3), as a cyclic permutation of the sequence obtained-from 

step (2), preserves the relative position of the tc's in the cycle. 

Hence a pair of adjacent tc's.are again-adjapeht,.after step (3) and 

so their order of adjacency is.unchanged. Thus, the sequence of tc's. 

resulting from the randomization procedure of,a cycle having order 

of adjacency.A = k-(<k) is a cycle having the same order,of adjacency. 

This completes the proof.

A result which is basic to the development of the theory.to be. 

presented in the next chapter follows.

nI n2 - nkTheorem 3-2. For a factorial of the form Pi x p^ x...x p^ , 
k

let R= ni!. Then, over all distinct cycles obtained by 
i=l

the constrained randomization procedure, each tc appears R
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times in. each position of the sequence if there are no repeated 
k n^

points. If ;TT p^ is odd.and A =  I, the repeated tc will occur 
i=l

2R times in each position of,the sequence.

Proof of Theorem 3-2. Let g and Y be two tc's in the cycle constructed 

in step (I) of the randomization process. Let 3' and Y ' be the tc's 

which result from applying step (2) to 3 and Y- Since step (2) 

assigns the same factor names to every tc in the cycle, 3' = Y ' if 

and only if 3 = Y- Thus, if 3 and y are distinct points, 3' and 

Y ' are also distinct and the number of distinct points is unchanged - 

after applying step (2) of the randomization procedure.

Assuming each tc appears only once in the sequence, then over all' 

cycles generated by applying step (3) to one of the R cycles obtained 

from step (2), each tc will appear once in each position. ■ Heiice in 

applying step (3) to all of the R cycles resulting from step (2), each 

tc will appear R times ip, each position of the cycle.

In the case where.the cycle,contains a repeated tc, over.all cycles 

generated in applying step (3) to one,of the. R cycles obtained from 

step (2) the repeated tc will appear twice in each position. • Applying 

this to all of the.R cycles resulting from step (2), the repeated tc 

will appear 2R times in.each .position of the cycle.

This completes the proof.of Theorem 3-2.

I



nI n2 nkMODELS FOR P1 x P2 x -•-x Pjc FACTORIALS 

IN A NON-CONSECUTIVE BLOCK DESIGN

CHAPTER IV

In this chapter the randomization model corresponding to the
nI n2constrained randomization method is developed for p^ x x. . .x

factorials in randomized complete block designs, where each block, 

is independent of the others.
k

The randomization model for the case where p^ is odd.and
i=l

A = I is considered separately from the other cases where the cycles 

employed do not contain any repeated points.

Unbiased estimates of factorial effects are obtained in both 

models. For the model in which no repeated points occur, variance 

estimates are also obtained and an,analysis .of variance table is 

given, both for infinite model and randomization model assumptions; 

The model which an experimenter may use will be determined by the 

process under investigation and the underlying population.

The Randomization Model for Cycles with no Repeated Points

iL k
factorial where

i=l

nI n2 \Consider a p^ x P2 x...x p^ factorial where p^ is

even or A > I, or both. The population of inference under the ran­

domization model is the set of eu's (process runs) actually used, 

or a larger population from which eu's are randomly chosen. .
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Conceptually, each tc appears in.one eu in each replication since 

there are no repeated points for this factorial under the method 

of constrained randomization.

Let y. denote the population response (conceptual yield) to 
1Jk k' n±

tc k on eu j in replication i. Letting N = p^ , there are
i=l

N tc's and k =.1,2,...,N. Since there are N eu's in each replication 

j = 1,2,...,N and, supposing r replications, i = 1,2,...,r.

Consider the identity

?ijk - 7 —  +  (7i.. -7...) +.'Cyo k - X 1J.) +.<yu . . - X i . >
Assuming the treatment effects are additive, the identity may 

be written as

yIjk ' ^ + bI + ‘k + <7«. - X1 ..) “here

. h . yI.. - y . ‘k ' yijk ' yIj,
Note that Z  ‘k ' 0

i k

Now, in fact, one does not observe the yield of tc k on eu j 

but merely the yield of tc k on a.randomly chosen eu in each repli­

cation. To relate the conceptual population of responses to the 

observed responses, consider the random variable 6̂ . which is defined 

as follows:

ij

I if tc k is on eu j of rep i

0 otherwise
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Since tc k is on only one eu in each replication, it follows that

,k E  ’k
i k

^ij = 2j ^ij = Denoting the observed response of tc k

in the replicate i by y one may write

k /—
ik + bi + tk + Z

* « + b i + \  + eik

where e ^  - .g S y  (jy. that g  - 0. The
i k

kproperties of the random variables 6 and y ^  will be investigated 

in the following lemmas and theorems.

Lemma 4-1. Under.constrained randomization for a
ni n2 nv

P^ x p^ x...x p^ factorial in a randomized complete block 

design, the random variable 6̂ _. has the following properties:

(1) E[6̂ .].= E[(6̂ ) 2 ]

(2) E [ 6 ^ f i ^ ]  = O j ^ j 1 

W  E[6k 6̂ ! ,] = i f i'

(4) E[6kj6kj] = O k ^ k '

(5) 0 < StdkjS^-,] < I  k f k?, j f j'

(6) Average E [6k .6k .,}ij ij,J N ( N - I ) k ^ k', j f j '
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Proof of Lemma 4-1. All probabilities are determined by the conditions 

of the constrained randomization procedure with A < k. Each tc 

appears only once in each replication and each eu contains only 

one tc, all subject to the constraint that no more than k factors 

be.allowed to change from tc to adjacent tc.

Proof of (I). By Theorem 3-2, each tc k appears on each eu j with 

equal frequency and therefore P [tc k is on eu j ] = P [6̂ _. = 1 ]

Using the definition of expectation and the fact that <Ŝ  = (5^)^,

one has

E [ & ]  = E[(6̂ ) 2] = PCfiJj D  = I

Proof of (-2) . If j . f j', tc k cannot be on eu j ' if it is on eu j . 

Hence, for j ^ j ',

= 1 > - ' 1 I5Ij ' »  ' p(5y

’ 0 ' N " °

I)

Proof.of (3). If i f i', randomization in replication i is inde­

pendent of randomization in replication i 1. Thus, if i f i',

D-J iJ i J
,kP(S
ij UPCaJIj , «  - w ' i - 7
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Proof of (4). In each replication i, tc k and tc k' are not both 

on eu j if k ^ k'. Hence for k f k',

" P(SM  ' l- I) - P ( S y  - l|6y -.1) ' P ( 6 y I)

0 ■ M " 0

Proof of (5). For k ^ k', j

, o <  PCfiJjf = IlfiJj = D  < i

and PCfiJj = 1 )  = Hence

0 I  ELsJjCjj,] I i  .

If eu j is adjacent to eu j' and tc k is not compatible with 

tc k', P CfiJj , = 11 6Jj = 1) = 0 and E [S^j Sjj ,] actually assumes the 

value 0. Appropriate choices , for j , j ,k , and k' in a given design 

will yield PCfiJj , = IjfiJj = I) = I and, consequently,

ECfiJj JfiJj ] = --jj. As a consequence of this dependence of 

k* kECfiijtSij J on the layout of the block, the usual factorial effects, 

estimates are not minimum variance estimates and an exact expression 

for the variance is not found.

k'Proof of (6). Assign weight w to PCfi..,ij . l| 5.. = I) where k f k'

and j f j' and ^  ^

j k
jfj' W k '

w = I. It follows that
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w = -------. For j , and ' k - given,
(N - I)

Average P (6̂ ,  = l|6̂  - I) = %  Yii P ^6ij,= 1^ i j  = D / N  “
j ' f j k V k

= Yi (I) /N - I) ̂  = — --- -— j = — -—  • Hence
j' ( N - I )  N - I -

j'fi

Aver age E [6̂  6̂ ,  ] = Average P(6̂ ,  = l|6̂ .= l) " P(6̂  = I) ' 

This completes the proof of Lemma'4-1.

The following lemma relates the properties of the random 
k.variable to the randomization model,

Lemma
2 vi T-. —  2

4-2. . Let S . = ■ /j (Xi - - 7± ) /N and assume homo-

of.S over blocks.- Then

(1) Etelfe] - 0

(2) Ejeife2 ] = S2

(3) Etei^efeIfe,] - 0 i ^ i'

(4) Average E[eifeeife,] = -S2/(N - ,1) .

Proof of Lemma 4-2.

Proof, of (I). Using (y _  - ) = 0, and Lemma 4-1, (I),

j
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E teIk1 ■ E[ I  8Jjtyy . - yI..11 ■ H 2  tyIj. - yi..)

Proof of (2). Using Lemma 4-1, (I) and (2),

Eteik21 Et 2  tsy )2<yy . - y^ I 2 +

2 2
jfj'
I 
N

J

sy sy 'tyy . “ yi..ltyI f - yi..)]

-  s 2
I  tyy . - yI..1 + 0 - s

Proof of (3). Using Lemma 4-1, (3) and the fact that

E  ^ i ' j ' . _ = 0s for 1 +

k .k'
Eleikei'k'1'El 2 2 sy si'j'tyy . - yi..)tyi'j " yi'..)i

h  2  (yy . - yi „ > 2  tyVj'. - yV . . 1 - 0

Proof of (4). From Lemma 4-1, (4) and (6) and using the fact

that E  K j (y,. r - y. ) = -(y^ - y, )» for k f k'. IJ » I* • IJ • lee

Averaga E [ e . ^ J  - g  st5Jj6y  ltyy . " yJ . . +
j

Y j ,£ Average E{ 6̂  6̂  , ](y - y  Hy.., - y, )

-  x2

3 4 '  
ifi'

ij ij ij, ij i.
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O + I ,2 ' „2
N (N - I) 2  (y±j • yi. ? I ~ S /(N ' D  

j

This completes the.proof of Lemma 4-2.

The distributional:- properties-of _ the. random variable 

are given in the.following theorem.

Theorem 4-1. If i J4 i', k ^ k', then

U) E(ylk> " v + K  + tk

(2) Var(yik) = S2

(3) Cov(y.k ,y.,k) = Co,(y.k ,y.,k ,) - 0

2
(4) Average Cov(y^,y^,) = -S /(N - I)

Proof of Theorem 4-1.

Proof of (I). Using-Lemma 4-2, (I),

E[y.k ] - E[p;+ b. + tk + e ^ l  " P +  \

Proof of (2). Using=Lemma 4-2, (2),

varCyik) = Ceik)2 ] = s2

Proof of (3).

C°v(yik,y 
CovCyik,y

Using.Lemma 4-2,

i ' V  E(eikei'k^

i'k'> =

C3),
= O and 

t) = O .
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Proof of (4). Using-Lemma 4-2, (4),

Average Cov(y^,y^,) = Average E ( e ^ e ^ , ) . = -S /(N - I). 

This completes the .proof ...of.. the theorem.

. Corollary - 4-1. . Some:, distributional .proper ties of y.- ' I1
and y , are,k

a )  ei7  k ] - p + tk

(2) E [yio] = .y.+ bi

(3) Var(y = S2/r

(4) Average Gov(y ^ , y . ) = - S 2/r(N:- I) k 4 k' 

Proof .of_. Corollary 4-1.

2

Proof.of (I). Since L  \  - o,
i

= U kJ - e^  E yIk1- ■ r E  ^  + bI + Y
i. i

- p + tk

Proof of (2).. Since X  \  = 0,
k

Eiy1J  - E[i 2  ylk) - i  E  + h  + y
k k

= P + bi
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Proof of (3). Consider

Var(y.k} ^  ™ i  [  Z  v a r ^ i k )  +
r i

= - T  [ T  S2 + 0] = S2/r 
r i

Proof of (4). For i f i', k f k',

C o v ( 7 k , 7 k ,) = - ^  [ 2  AveraSe Cov(y.k ,y.k ,)
r iZ  Z  Average Cov(y^,y^,k ,)] 

i i'
2

= -J • r C^zT T )  + 0 = -S2ZrCN - I) . 
r

This completes the proof of the corollary.

A. theorem regarding unbiased estimates of the treatment 

effects is now stated.

Theorem.4-2. An unbiased estimate for the effect of any 

• tc k is y 'k - y  ̂ . .

Proof of Theorem 4-2. Consider

E [y.k " y <#] = EEy^] -.E[y^]= 11 + h -1 z ê kl ■ ̂ + h - nc z 11 + z y
k k . k"

- U + tk - P - tk .

Z Z covtyI k - W 1
i i' 
ifi'

This completes the proof of Theorem 4-2.



Now consider the problem of estimating factorial effects 
nI n2 nkfor the x ?2 x...x p^ factorial design. A factorial

effect estimate is given by a linear contrast of the t^. 

Denoting a factorial effect by X2"* *Xn ’

46

xA - Z
where ^  = 0 .

k

Unbiased estimates and average variances for factorial

effects are given in the following theorem.
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Theorem 4-3. An unbiased estimate for X.Xn...X is ------ ;----—  I 2 n
given by ^  ir̂ y ^ . The average variance for 

k

X1X0.. .X is I 2 n

i s2[ E \2 -FVT E E Vk'.] •
k k k'

k^k'

Proof of Theorem 4-3. With X0X0...X = V  Tf1 t, ,----------------------  12  n Li k k
k

e[E V.k1 "■ 2 V [7.k] - 1 .
k k k

■ E V [7,k " 7..] - E W  •
k k

Average Var ( ^  Tr̂ y )

Average J  ^ ^  Var(y_v) + Average 2  Z  0ov^ .k.y .k'^

k

2  2  2  V k t (r(.--s---_)
k k k'

kfk'

T [ u  \  " ? T T  zj^ 1V k ' 3
k kfkk

k k' 
kfk'

. k / . k "

This completes the proof.of Theoreti 4-3,
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The usual analysis of variance for a blocked experimental
2design can now be employed to obtain an unbiased estimate of S 

and conduct unbiased tests for factor effects and interactions. 

Consider the analysis of variance table

Source ' df Sum of Squares | E(Sum of Squares)

Total rN-1 Z  Z
. i k

8 Z 82 '
i

+r Yj t^+NrS^ 
k

Blocks r-1 8 Z (7i.~y..)2
i
vn —  —  .2

s I bI
i
r-\ 2 2Trtts N-I r Z

■ k '
r Z  V tis

k
2

Error (r-D (N-I) Z  Z  (yik-yi.-y .k+y..)
i k

(r-l)NS

The expected sums of squares in the analysis of variance 

table are found using Lemma 4-2, Theorem 4-1, and Corollary 

4-1. For the total sum of squares,

%  %  (?ik - Z  Z  \  + =Ik)']
i k i k

= E[N %  b /  + r %  t j +  % %  e ^  + 2 % %
i k i k i k

Z Z bieik + Z Z V 2Ik]
i . k i k

+ 2
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= N E
i

bi2 + r 2  <=k2 + ® s 2
k

For the block sum of squares,

E [N -2 Cy1 e - y ^ ) 2 ] = n . .EL-T b.2] - N  2  b .2
i i i

For the treatment sum of squares

E [r 2 (y.k " E / 1 ■ r e[2 <bk + 7  E e 1/ ]
k k i

= r 2 ‘k2 + 2 2  hk 7  E[ 2 eik] + i 2 2  =[< 2
_ k k i r k i

= r 2 \ 2 + f E t 2  V  + E  E  eikei'k^
k i

2 „2
i . i'

= r 2
k

t. + NS k

The error sum of squares is found, as usual, by subtraction.

From the error sum of squares, it is seen that an unbiased 
2estimate of S is

r w  - 1) £  £  - ?.k +
i k

If all treatment effects, t̂ ,. are zero, the design 

gives an unbiased test of treatment effects in the analysis 

of variance.
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The Infinite Model for Cycles with no Repeated Points

The results of this section again apply to those fac­
ie

torials for which jj p^ is even or A > I, or both. 
i=l

If an experimenter can assume that the errors are nor­

mally and independently distributed rather than being cor­

related as in the randomization model, then the results 

in the following pages may be uped.

For this analysis one assumes the model is

yi k " 11 + bi + V  eik
where i = 1,2,...,r, k = 1,2,..•,N, y ^ is the observed 

response to tc k in block i, y is the overall mean, b^ is 

the effect of block, i, t^ is the effect of fc k, and e ^  

is the failure of observed response y to be explained by ' 

y , b^, and t^. The errors e ^  are assumed to be indepen­

dently and normally distributed with mean 0 and variance 
2O .

The following theorem gives estimates for factorial

effects in this model.
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Theorem 4-6. An unbiased estimate of any main effect

or interaction X1X0... X where .X1X0 ... X = V  TLt1 is 1.2 n 1 2  n Li k k
k

given by ^  W k  * 
k

Proof of Theorem 4-6.

Since ^  ir̂  = 0, 
k

Et E v.k1 ■ E V h + tU + k + 7 E eIk1
k k i

■ E V v + ̂ k + 1.) - (i-+ E.) E \ + E w  ■ E w
k k k k

This completes the proof of the theorem.

The next .theorem considers the variance of a factorial 

effect.

Theorem 4-7. 

or interaction

Var(X1X2^ fXn)

The variance of an estimated main effect 

X1X2 -.„X is given by

k

Proof of Theorem 4-7. 

VarCy k> = E [y - E(y

First consider

k>]2 - E“7 E eik>2 ]
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* 7  Z B[=ik'] + 4  E  E  ^=Ik=I ■k]
r i r i i'

ifi'
I VA 2 2,o = c /r .= —  E
r T

Also consider

cov(7 ^,; _k'> ■  E[Z k  - E(Z k ) 1[y.k'
MI

= E [~2 ( Z  eIk1 < Z  ei'k')] - 4 Z  Z  B(Slkal'k')r i i’ i i'
i V i

Using the two expressions just obtained, one has

Var( Z  v . V  ■ Z  V  vart^ k 1 + Z  Z  V k ' Cov(y.k-y.k'
k k k k'

TT 2
k -

This completes the proof pf Theorem 4-7.
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The usual analysis of variance for a replicated experimental
2design can be employed to obtain an estimate of o . The analysis 

of variance table for this design is as follows:

Source df Sums of Squares E [Sums of Squares]

Total rN-1 Z  Z  < ? i k - F /
i k

Reps r-1 Z  Z ^ i . - F ..)2
i k

(r-1) ( / + N ^
i

Trtts N-I Z  Z  fF k- F .)2
i k

(N-I) a2+r Y  
k

Error (r-1)(N-I) Z  Z  <yik"Fi.-F.kv ..)2
i k

Ct2(r-1)(N-I)

From the error sums of squares it is seen that an unbiased

estimate of O2 is (r . ^  £  ■£ (Jlk - F1. ' F fc + F / -
i k

The Randomization Model for Cycles with One Repeated Point 

k
When Yj P1 is odd and A = I, the cycle which is obtained 

i=l s

by the randomization process contains one repeated point.

The repeated point is not randomly chosen from all the tc's

available but is determined by the methods for construction

of cycles as developed in Chapter 2. Moreover, after the
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repeated point has been determined, the relative positions 

of the two eu's to which the repeated tc is applied remain 

unchanged after step (2) in the randomization process.

This lack of randomness in the selection of tc's and eu's 

deprives the corresponding model of many of the properties 

obtained in the previous sections where none,of the tc's were 

repeated. However, it will be shown in this section that 

unbiased estimates for factorial effects can be obtained using 

a randomization model for the case where one of the tc's is 

repeated.

Since after step (2) in the randomization process the 

repeated tc is known, the expectations which yield the unbiased 

estimates are conditional expectations, the conditional event 

being that the repeated tc is the one observed.

Using the notations and definitions presented in the first 

section for the randomization model with no repeated points, 

one may write y = u + b^ + t^ + (y_ ̂ - Y ± ^ )  
where i = 1,2,...,r, j = 1,2,...,N + I, k = 1,2....N.

As before, Y j h I  ~  Ti =  0 '

The random variable 6 „  is again defined by

'I if tc k is on eu j of rep i
ij 0 otherwise
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Denoting the repeated tc by k*,

„k6k - = I, l J  j  I if k T4 k*

With the observed response of tc k in replication i , one

has
2p .+ 2b. + 2tk +  g  SijCyij. - Y1..)

yIk * Z  h f i j k if k = k*
k _

+ h  + + Z 5±j(yij. 'i..‘ yi..> 

if k ^ k*

2p + 2b. + 2tk + e.k - 
p + b . + tk + e.k

where eik - Z  4j(yij. - yi..>

if k = k* 

if k f k*

Note that ^  e ^  = 0.

Distributional properties of 6^  and y ^  will now be

investigated.
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Lemma 4-3. Under the constrained randomization procedure

(2) ^[e^jjk* is the rp] = 0

Proof of Lemma 4-3. All probabilities are conditional proba­

bilities determined by the constrained randomization procedure 

after step (2), in which the repeated tc, k*, is observed.

Proof of (I). By Theorem 3-2, each non-repeated tc appears on 

each eu j with equal frequency and therefore

P [tc k is on eu j|k f k*] = ■ ^ . That the repeated tc appears

twice as frequently as each non-repeated tc was also established 

in Theorem 3-2, Hence P [tc k is on eu j|k = k*] = ^  ̂ .

nk k
factorial with V  p^ odd

L
i=l

and A = I,

E [6̂ _. Ik* is the rp] = ,1 • P [ S ^  = ijk* is the rp]

WTT lf k = k *

i'
N + 'I if k # k*



Proof of (2). Consider

56 a

E[eik|k* is the.rp]

= E[ 2  6ij (yij. " is the rP ]
j

= Jj E ^5ij Ik* is the rP ^ yIj. “ yi..)
j

if k = k‘;-

if k ^ k*

I i
= 0 for all k.

This completes the proof of the lemma.

The following theorem presents■estimates for tc’s. 

Theorem 4-8.. Unbiased estimates for tc's under the

conditional■event that' k* is the repeated tc are given by

(1) E[~ i r  y . k * "  y . . l k * i s  t h e  r p ]  =  fck*

( 2)  E [ y i k  +  2N  7 . k *  ™  y . . i k *  l s  t h e  r P ]  =  t J c  i f  k  k *

Proof of Theorem 4-8. First -consider y , ----------------------  J .k



Since, by Lemma 4-3 • E(e^|k* is the rp) = 0, 

E [y k* is the rp]
A 2p + 2tk if k = k*

P + t^ if k ^ k*

Now consider y

y.. " i  E . y.k"i[™  + 1)l, + 'E h + ‘k*+ E r r E E eIk1
k k k i

■ ̂ t t a  " + 1  ‘k* •

Proof of (I). 

N + I
• k* - y |k* is the rp]

2N E[y.k*lk* 13 the rp] - l̂ F 1  y - I  V

+ 2tk*) - p - i t k * ' i )tN; k*

Proof of (2). If k ^ k*,

E[y. k + 2N y .kA - y J k* is the rp]

E [y J k *  is the rp] + E[y k*|k* is the rp]2N "'.k*'

- I tN y N k*

(y + V + W  (2y + " ^ T 1  y " N 1Tc* “ ^ k  '

This completes the proof of Theorem 4-8.

The following theorem.gives estimates for factorial effects.



58

Theorem 4-9. Given that k* is■the repeated tc, an

unbiased estimate of any main effect or interaction

X1 Xn... X where X1X0... X = V  ir t is 1 2  n 12  n Zj k k ,

I V . k ' l W . k *

Proof of Theorem 4-9. Denote the estimates for t^ found in 

Theorem 4-8 by t^. Then

■"Tv
E [ Yj ttie rp] 7 ^  TT̂ E [ t^| k* is the rp]

• k k

= ^  = XlX2’-,Xn ’
k

To complete the proof it must only be shown that the con-
I

ktrast of the t^'s is Yt 7r̂ X ^  ~  ~  77V,^_1 —
k/.k " 2 *k*y.k*

Thus, consider

" + 1 1 - ;  ) + 2  k + - ? >E  w  ■ v c
k

2N J .k* ' U  "k^.k 2N '.k* .
_  kjk*_a *  ( \ *  +  Z  "k>y.k* +  ( \ *  +  Z  V ?k

+ 1  \ * y . k » + E  v . k
k

kfk*

kfk*
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< E ,,kH2ly.k* + y..) "i v y.k*+ E v.k
k k

Ti V . k  " I  \ * y .k*
k

Due, to the randomization constraints imposed on the design,

variance estimates for this case have not been obtained.



CHAPTER V

SUMMARY

The statistical analysis which is carried out in conducting 
nI n2 nka x ?2 x...x factorial experiment in blocked

designs requires that the tc's be randomly•arranged for each 

treatment run. When the nature of the process under investi­

gation restricts the number-of factor levels which can be - 

changed from tc to tc, the usual technique of full randomization 

cannot be carried out.

This thesis presents methods o f .constrained randomization 
nI ■ no . nVfor p^ x p£ x...x p^ factorial experiments in blocked

designs when the requirement.on adjacent tc's is that the

number. A, of factor levels which can be changed is less
k

than or equal to t, where t < jj n^(p^ - I).
i=l

The method of constrained randomization requires the . 

construction of an operational sequence in which A = I  for 

the first and last tc's in the sequence as well as for all 

adjacent tc's. The existence and construction of such operas 

tional sequences, called cycles, present interesting graph 

theory problems whose formulations and solutions are found 

in this paper. Various geometrical examples which illustrate 

methods for constructing cycles are presented.
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k
It is shown that if j"|" is odd, the construction

i=l

of a cycle requires one of the tc's in the operational sequence 

to be repeated. . The statistical analysis which results in 

this case is not as complete as in the case where tc's are 

pot repeated since the underlying probability distributions■ 

are conditioned by the relative positions of the repeated 

tc in the sequence.

The constrained randomization procedure using cycles 

also applies to the case where A _< t and t > I. By permuting 

some of the tc's in the cycle, other operational sequences, 

in which T _< A <_ t can be constructed in which A can achieve 

any one of its allowable values for some pair of adjacent 

tc's.

Unbiased estimates of factorial effects are obtained

using the methods of constrained randomization which are

contained in this thesis, The average variance of an estimated

effect or interaction is found and analysis of variance tables

for both the'randomization model and the infinite model are
k

given for factorials in which yj p^ is even and/or A > 1 .
i=l
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Preliminary investigations indicate that the constrained

randomization procedures contained in this paper can be used

to design confounding schemes for simple pn factorials (for 
3

instance, a 3 factorial) under the restriction that A j< t 

for some values of t.

The possibility of extending these results to confounding 
nI n2 nkschemes for a P1- x p„ x. ..x p, factorial which is I 2 k

restricted by the condition A <_ t is open to further study.
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