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Abstract:

This paper presents a method of constrained randomization for (Formula not captured by OCR)
factorial experiments in blocked designs when the requirement (imposed by the nature of the process
under investigation) restricts the number of factor levels which may be changed from treatment
combination to adjacent treatment combination.

The method of constrained randomization requires the construction of a sequence of treatment
combinations in which only one level of one factor is changed for each adjacent pair of treatment
combinations and also for the first and last treatment combination, considering them as an adjacent
pair. The existence and construction of such sequences is considered in Chapter II. Chapter III shows
how these sequences are used to generate random sequences having the same properties, This method
of constrained randomization provides a basis for statistical analysis utilizing the randomization model.

In Chapter IV, unbiased estimates for factorial effects are obtained using the method of constrained
randomization. The average variance of an estimated effect or interaction is found and analysis of
variance tables for both the randomization model and the infinite model are given.
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- ABSTRACT

This paper presents a method of constrained randomization

n, n, n
for Py " X Py, " XeesX pp k factorial experiments in blocked designs
when the requirement (imposed by the nature of the process under
1nvest1gat10n) restricts the number of factor levels which may-
be changed from treatment combination to adjacent treatment
comblnatlon.

The method of constrained randomization‘réquires the ‘construc-
tion of a sequence of treatment combinations in which only one
level of one fdactor is changed for each adjacent pair of treatment
combinations and also for the first and last treatment combination,
considering them as an adjacent pair. The existence and construg-
tion of such sequences is considered in Chapter II. Chapter III
shows how these sequences are used to generate random sequences
having the same properties, This method of constrained randomi-
zation provides a basis.for statistical analysis utilizing the
randomization model.

In Chapter IV, unbiased estimates for factorial effects
are.obtained using the method of constrained randomization. The
average ‘variance of an estimated effect or interaction is -found
and analysis of variance- tables for both the randomlzat;on model,
and the lnflnlte model are given.




CHAPTER I

INTRODUCTION

One of the purposes of the theory of the design of experi-
ments is to insure that the experimenter obtains data rele-
vant to his experiment in the most economical way. If the
procedure used by the experimenter results in costly. shut
. down of the'equipment or requires that the experiment be

terminated before cbmplete data-is obtained; the procédure
should be replaced by one which avoids such pit-falls and

has a valid theoretical basis. This thesis presents the

" development of a tﬁéory apd procedure which avoids the above-
mentioned difficulties and provides a basis for étatistical

analysis in experiments involving factorial designs.
Discussion of the Problem

The experimental design considered in this thesis is-
one in which treatments are applied to 'experimental units
(hereafter denoted by eu's) in'é sequential manner, with
results of one treatmenfybeing observed before application
of the foilowing treatment.

This type of -experimental design can be applied to the

improvement of a manufacturing process which is controlled
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by a number of factors. The problem of the statistician is
to design and conduct an experiment which will determine
that combination of the possible levels of the controlling
factors giving optimum outbut of the product.

Suppose that the controlling factors are such that there
are n

1 factors at Py levels, n, factors at Py levels, etc.,

2
to nklfactors at Py levels. A natural method of experimentation
is a factorial arrangement of treatments where each factor

is set at each level with all possible combinations of the

other factQF levels. A combination of,factof-levels is called
a.treatment combination (hereafter denoted by te) if all

factors under consideration are specified. This is known

as a plnl x p2n2 KeooX pknk factorial.

Terminology which will be used in further describing

the problem is now given.

Definition 1-1. A treatment run will be the performance

of an operation under the conditions specified by a
particular tc. An experiment will consist of a sequence
of treatment runs. Usually the number of runs in the

sequence will be specified before the experiment begins.
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In the type of experiment under consideration, the tc's
are run sequentially on the same piece or pieces of equipment.
From each treatment.run, an observétion is taken on the out-
put corresponding to‘the control settings (or tc.) The process
is a continuing one and the tc's are imposed on the process
without shutdown, or with only a pause in the operation of
the equipment.

'One of the problems created by the sequential ordering
of the treatment runs is that of incompatibility of the

adjacent tc's.

Definition 1-2. Two tc's are adjacent if one follows

immediately after the other in the sequential order of

running the experiment.

n n n

The usual statistical analysis for a Py 1 X pé 2 XeooX Py k
' k n,
factorial requires that the II Py 1 different tc's be
i=1

arrénged in a random array which is then taken as the sequence
of treatment runs in the experiment. This allows for the
possiBility of many factor changes occurring between adjacent
tc's and can be the basis of many potential difficulties.
For example, the nature of the equipment may be such that

a large number of factor changes between adjacent tc's will

T=T™=T"
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make it difficult to "line out" the apparatus or it may cause
the manufacturing process to shut down. In such a situation
the number of changes in factor levels between adjacent tc's
would need to be restricted and this would, of course, remove
the property of full randomization from the design and change
the stétistical analysis.

n ‘n

Consider a 12 1 X Py 2 KeooX Py factorial experiment

with tc i.-denoted by
(1) (1) (1) (2) (2) (2)

. X, X, X, P X. P
il, ? > £5q s Xio s > Xin s s

seeos X,

i2 ing 2
(k) (k) :

X > X seees X

(x

i1 (k)) where

k

xij(s) e {0,1,..0,p - 1} for s = 1,2,.. ke

Definition 1-3. Two tc's have order gfvadjacency_é if

the number of factor levels which are different in the

two adjacent tc's is equal to A.

Thus, tc's i and i' have order of adjacency

) - i ) _ .
s=1

=}

]

Ixij - Xi'J

1

J
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Definition 1-4. An operational sequence is any sequence

of the tc's which satisfies the compatibility condition
imposed on the design by the experimenter and/or the
experimental process.

By requiring that the experiment satisfy the condition that

k
A < t where t < II n, (pj ~ 1), one places a compatibility

3=1

condition on the sequence which prevents full randomization
in arranging the sequence of tc's required to conduct the
experiment.

The problem thus becomes one of constructing an experi-
mental design which will provide a method of experimentation
under the restriction of the compatibility condition and
a means of statistically analyzing the data. This thesis
investigates thé problem for arbitrary values of the

1 1
.'s, n,' s, and A .
Pl 5 i 5 L
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Constrained Randomization

k
If A £ T[ nj(pj - 1), one has full randomization

j=1
and the usual statistical analysis can be carried out, see

Kempthorne [3] or Ostle [4] . For A < nj(pj -1, a

incly

J

method of constrained randomizatiqn which does not destroy the
compatibility condition thch is placed on adjacent tc's must
be used.

A discussion of some aspects of constrained randomization
can be found in Kempthorne [3] and Sutter, Zyskind, and
Rempthorne [5] . A method of constrained randomization for 2"
factorials was presented in a paper published by -Tiahrt and
Weeks [6] in August of 1970. Much of the terminology asso-
ciated with constrained randomization, including that used
in this paper, was first introduced in the Tiahrt and Weeks
publication. This recently puBlished method of constrained
randomization for 2" factorials requires that the experi-
menter perform a series of operations at random on a previously
obtained operational sequence. These operations preserve
the compatibility condition placed on a 2" factorial but do

P n
not preserve the compatibility condition for p
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factorials in which p > 2. Hence, to consider constrained
N n o s
randomization for a Py. X P, XeeoX Py ‘factorial, some
other method is needed.

The method of constrained randomization which is presented
in this thesis réqﬁires that one start with an operational
sequence in which adjacent te's and the first and last te's
in the sequence have order of adjacency A = 1. Such a sequence-
is .called a cycle., It ‘is clear that-any- cycle satisfies the
more general condition that A < t where t > 1 so that any
qénstrained randomization procedure which preserves the compati-
bility condition for cycles can be applied to factorials in
which the compatibility condition requires that A < t where
t > 1.

A systematic method of. comnstructing cyclés is presented>
in. Chapter II. A.discussion of the comparative advantages of
-systematic and randomized arrangements may be found iﬁ Yates [8] .

By performing a series of operations at random on a cycle,
other cycles are randomly obtained and provide a random
operationdl ‘sequence which is then used to perform an.experi-
ment. This,method of .constrained randomization is discussed
in Chapter IIL.

The s;atisticgl analysis in.Chaptef IV yields unbiased

. estimates of factorial effects for both the randomization




model -and the infinite model.

8

The usual analysis of wvariance

and unbiased tests for factorial effects are also obtained.




CHAPTER II

EXISTENCE AND CONSTRUCTION OF OPERATIONAL SEQUENCES

This chaptér deals with the problem of finding operational sequences

which satisfy certain compatibility conditions. The construction of
, P ) %

an operational sequence for any factorial of the form P; X DPy  Ee..E Dy
will be shown for the compatibility condition A = 1 and also for the |
compatibility condition A < t where t >.2,

In many experimental situations, the statistician-will need more"
than-one operational. sequence. for a given factorial. For example, if
the experimenter wishes to conduct a randomization test, the achievable
number of significance levels will depend upon the number of operational
sequences available.

Of more immediate concern is the problem of hawving, for a givén
factorial, several random operational sequences to choose from in.
order to do the.statistical analysis which appears in chapter IV.
A systematic method of constructing several such random operational
sequences from a given operational sequence, called a cycle, is pre-
sented in Chapter III. Most of the theorems in the present chapter

pertain to the existence and construction of cycles.

Prelimirary Considerations

M ) e
In finding an operational sequence for a Py X Py KeeeX Py
k
. . s
factorial with a given compatibility condition, all of the II Py 1

i=1
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te's must be used. Each term in' the sequence can be represented as

k k -
an Z} ni—tuple and thought of as a point in }3 ni—dimensional

space, The problem of finding an bpérational-sequence is that of
finding a patﬁ‘which connects the vertices of the geometric spaée°
The path must be unbroken, connect all of the vertices, and inter—
sect each vertex only once. To satisfy the compatibility cqndition,
the distance. measured'alongithe lattlice lines, between adjacent

k
intersected poirts must be equal to A . If A < II nj(pj - 1),

=1
there '‘is no constraint on the placement of the tc's and the usual

technique of full randomization can be carried out.

Definition 2-1. An operational sequence is said to be a cycle

if each tc appears in the sequence and if the first and last
tc in the sequence, when placed in adjacent positions, have
order of adjacency A . Unless'otherwise stated, a cycle for

n n2 nk k n,
a Py X Py KeeoX Py factorial will contain II P; +

i=1
terms. (e.g., each tc will appear once in the operational

sequence.)

A factorial is said to be cyclic w.r.t. A = k (A k) if

there exists a cycle for the factorial which satisfies the com-

patibility condition A =k (A < k).




1]

Methods of constructing operational seduences will be based".
-oﬁ,the'results of .the next two sections, which invesﬁigate:the
existence or non—existénce”of'alcycle for:a‘given.factorial and -
compatibility .condition. Those theorems which :establish the
existencé of a cycle also reveal'a,méthod of constructing the
_cycle and'hencé,an opérational~sequéncé-forrthe corresponding.

factorial.,

Cycles for a. pn ‘Factorial
Wi;hoqt‘lOQS'ef_generaiity, the first term.in each cycle will
be taken as (0’0‘5’°’0)’ the low level of ‘each factor.:
It will now be shown' that not all p” factorials are cyclic

w.rst. A =1,

Theorem 2-1.- If p is odd, .the pn factorial is not.cyclic

w.t.t. A =1,

Prodf‘qf Theorem 2-1:- Let p = 2k + 1 where .k e IT. If'a cycle.

exists for.thisifactqrial;_it must contain (2k~+'l)n tce's and the

last tc, (cl,.cz,...cn), must satisfy the condition . i Ici —.OI =1
‘ ' i=1

since its -order of adjacgngy with (0,0,...50) must be 1. Moving

pointwise through the cycle 'is équivalent‘to adding #1 te one of..

the n components in.going frpm onefpoint to the next. Since_fhere

are .an odd number of peints in the.cycle, this must:'be done, an even

number of times: However, this would mean thét the last point,
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(cl,cz,...,cn) is such that ¢y is an even number. Since this

i

i
n
contradicts the requirement that 23 Ici - OI = 1, the construction

i=1
of such-a.cycle‘is impossible.
.This completes . the proof but if should be noted for future refer-
ence that the proof was based solely on the fact.that a cycle cannot

contain an odd number of terms if‘A = 1.

The next theorem pertains to factorials of the form pn"where
p is even. Its proof, and the proofs of other subsequent theorems,
will make use of the following notationms.

The symbolism (a;b)s(a,b + k) will denote. the sequence

(a,b),(a,b + 1),(a,b + 2),...(a,b '+ k) and (a,b + k)s(a,b) will denote

the sequence (a,b + k),(a,b + k - 1),(a,b + k = 2),...,(a,b).

(a + k,b)s(a,b) and (a,b)s(a + k,b) are defined in a similar manner.

Small Greek letters will be.used to denote row vectors. If

o = (al,az,...,an) and B = (b bzf""bm)’ (a,B) is defined by

l’
(@,B) = (al’az’""an’bl’bZ""’bm)'

Theorem 2-2. 1If p is even, the pn factorial is cyelic w.r.t.

A E_t where t > 1.

Proof of Theorem 2-2. Let p = 2k where k € I+. It -suffices to show




13
that the theorem holds for A = 1. This will be done by mathematical
induction,
(a) If n = 2, each tc is denoted by (a,b) where a,b € {0,1,...,2k -1},
A cycle for this factorial is the sequence (0,0)s(2k - 1,0),
(2k - 1,1)s(2k - 1,2k - 1),(2k - 2,2k - 1)s(0,2k - 1),

(0,2k - 2)s(2k - 2,2k - 2) , (2k - 2,2k - 3)s(0,2k - 3),

(0,2k - 4)s(2k - 2,2k - 4),...,(0,2)s(2k - 2,2),(2k - 2,1)s(0,1).
Notice for the.last.te to be (0,1), p must.be even as it is here.

The geometrical interpretation of this cycle is as shown below.

(2k-2,2k-1)

(0,2k~1) <« (2k-1,2k-1)
\
(0, 2k-2)—> (2k—2,2k—2)
s —) L
(2k-2,2k-3)
. %-3)
(0,2k-2)]
(0, 2k=4)e——> (2k=2, 2k—4)
Vo
. < <
(0,3) ) <
3“4 ”
(2k;2,1Y
(1 C = A (2e1,1)
Ra © (2k—2,0)ﬁ Y
(0,0) —> (2k-1,0)
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(b) Suppose the theorem is true for n = r. Then each point in the
cycle is represented in r-dimensional space by an r-tuple of the

form (al?a ..,ar) where a; € {0,1,...,2k -~ 1}. This same point has

E
a representation in (r + l)-dimensional space as (ai’aZﬂ"°’ar’0)'
Since A = 1, a pair of adjacent poinﬁs-in the cycle will have a
representation in (r + 1l)~dimensional space.as (al,az,..u,az,,..,ar,O),
(al,az,...,aﬁilé...;ar,O). Sinece there are-an even number of points
in.the cycle, there are (2k)*/2 disjoint pairs of adjacent points
where the first pair.consists.of the first two points in the cycle

and the remaining pairs consist of the remaining points taken two

at a time in consecutive order. To comstruct a cycle .in (r + 1)-
dimensional space, replace.each pai?.(al,azg,..;az,.;.,ar,O),_
(al,az,...,az;l,...,arfO) by the following sequence:
(al,az,t..,aﬁ,...,ar,O),(al,az,...,aﬂ,...,ar,l),...,
(al,aZ{...;az,...,ar,Zk - l),(al,az,...{a il,...,af,Zka— D,
(al,az,...,aztl,...,ar,2k ;'2),...,(al,az,.;.,azil,...,ar,o). Clearly,
this construction yjields a cycle for the (2k)r+l factorial which
satisfies the condition that A = 1-and the proof is complete.

For future reference, notice that the last point in the ¢ycle is

(0,1,0,0,...,0).

Although it was-shown in Theorem 2-1 that a pn factorial is not

cyclic w.r.t. A =-1 if p is odd, a cycle for this factorial can be

~
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constructed if the condition that each tc can appear only once in
the operational sequence is removed. With the freedom to répeat
points wherever cbnvenient, it is easy to see how any number of cycles
could be constructed.

However, due to the time and economic factors involved, the
experimenter may wish to have avaiiable a cycle in which repetitions
are kept to a minimum. This would also be desirable in .using the.
observations to calculate unbiased estimates or in conducting a test
of hypothesis.

The next theorem shows that such a cycle can be constructed by
repeating one tc .once. Information which is cruciai to the proof

of the theorem is-contained in the following lemma.

Lemma.2-1. In a (2k + l)n factorial with A = 1, a non-cyclic
operational sequence can.-be constructed in such a way that the
first point in the sequence is (0,0,...,0), the last point is
(2k,2k,.,.,2k), and each of the other (2k + l)n - 2 points

appears exactly once.

Proof of Lemma 2-1, The proof is by mathematical induction.

(a) For n = 2, the desired operational sequence is the .
sequence (090)5(21{,0) ) (2k,l)S(0,l), (0,2)s(2k,2),(2k,3)s(0;3),...,
(0,2k)s(2k,2k) + Notice that for the last point to be (2k,2k),

there must be an odd number of levels.for the secopd factor as,
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there are hé¢re. 'The geometrical interpretation of the sequence is

as shown.
(0,2k) > .2k, 2k)
N
(0,2k~1) < (2k,2k~-1)
g >
. +
v ’
* <& (2k,3)
(0,2) > (2k,2)
N
(0,1) - <—(2k,1)
n~
>—a " : (21({.,0)

0,0) (1,0)

(b) Suppose the lemma is true for mn =.r. Each'point in the
sequence. is représented in r-dimensional.space by (al’a2’°"’ar)
and-in-(r + 1)-dimensional space.by (a1’32’°"’af’0)' The first
2k + l)r - 1 points-can be considered as [(2k + l)r - 1]/2 disjoint
pairs of adjacent points where the pairs are formed in the same manner
as those in theorem 2-2. The replacement of.each of thesé pairs by
a sequence of points in (r + l)-dimensional space is identical in
notation and method to the procedure used in theorem 2é2; Uihe last.

point (2k,2k,...,2k,0) is replaced by the sequence.(2k,2k,...,2k,0),
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(2k2k. ¢ Ve 2k SN2k, 2le s h 21652 ) sianete (2R 21 3 2R 5 8k) s | Cleatly,
this construction yields an operational sequence for a (2k + 1)r+l

factorial which satisfies the conditions of the lemma. Thus, the

lemma holds for n = r + 1 and the proof is complete.
A theorem concerning a cycle with one repeated tc now follows.

Theorem 2-3. If p is odd and A = 1, a cycle for the pn factorial

can be constructed by repeating one point once.

Proof of Theorem 2-3. Let p = 2k + 1 where k € I+. To illustrate how

the cycle will be constructed, consider the case where k = 1 and n = 3.
The cycle for this factorial, starting at (1,1,0) and ending at

(0,1,0), is as shown below.

(04 27 2% i% 2NN, 2)

(CTTTER WTRTPS

(1,0,2) (2,0,2)

(0,2,0) (1,2,0) »1) (1,0,1) (2,0,1)
23200

(0,1,0) 2,1,0)

(0,0,0) (1,0,0) (2,0,0)
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In this figure, each tc has a representation as (a 2,a3) and the

128
sequences in the. 2~dimensional subspaces a3 =0, a3==l, and ay =-2
can be thought of as cycles in which the (l,l,a3) point has been
omitted. The repeated point is (0,1;0).

To prove the theorem in the general case, first consider a
2k + l)2 factorial. If the point (1,1) is omitted, a cycle for this
factorial is (0,0)s(2k,0),(2k,1)s(2k,2k),(2k - 1,2k)s(0,2k),

(0,2k - 1)s(2k - 1,2k - 1),(2k - 1,2k - 2)s(2k - 1,1), |
2k - 2,1)s(2k - 2,2k - 2),...,(2,2)s8(0,2),(0,1).

Notice that this seﬁuence has been constructed in such a way.
that any point in the form (0,a) where a is positive and even, is
followed by the point (0,a - 1). Hence the last point is (0,1). If
the sequence was reversed, the cycle would omit (1,1),
and start at (0,1).

In completing the proof, the following notation Will‘be used.

If B is an (n - 2)-dimensional constant vector, (a,b,B)c(d,f,B) will

represent a cycle in the 2-dimensional subspace of an n-dimensional
space .which starts at (a,b,B), ends at. (d,f,B), and omits the point
(1,1,R).

Now let Oy 505 e e 500 ps where £ = (2k + l)n—Z; be a sequence in
(n - 2)-dimensional space which satisfies Lemma 2-1 for a (2k + l)n-2

factorial.
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The sequence which satisfies the conditions éf Theorem 2-3 is
(l,l,al),(l,l,uz),(l,l,uB),...,(l,l,qz),(O,l,az)c(o,o,aﬂ),
0,0,0,_,)c(0,1,0, ;3,(0,1,0, ,)c(0,0,0, ,),...,(0,1,0,)c(0,0,0,),
(0,1,0,). ’

Notice that there are an odd number of 0's and that the sequences
(a,b,af)c(d,t,at) have been constructed in such-a way thét if t is
odd, b =1 and a = d = £'= 0. This justifies having the sequence
(O,l,al)c(0,0,al) in the last 2-dimensional subspace: ‘The repeated
point, (O,l,al), is compatible with the first point, (l,l,al). This

éqmpletes the proof of Theorem 2-3.

Although a pp~factorial is not-cyclic w.r.t. A =1 if p is odd
and no point is repeated, this is not the case for other values of A.

The following corollary deals with such cases.

Corollary .2-1l, 1If p is odd, the pn factorial is cyclic w.r.t. -

A < t where t > 2.

Proof of Corollafy.Z—l. It suffices to show-that the corollary holds

for A £ 2. If -the point (O,l,al) is removed as the last.poinF in
the sequence constructed in Theorem 2-3, the resultant sequende is
clearly cyclic w.r.t. A £ 2.

It should be noted that the resultant sequence is a non-cyclic
operational sequence having order of adjacency A-= 1, (1,1,0,0,...,0)

as its first term, and (0,0,...,0) as its last term. By reversing
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the terms in this sequence, an operational sequence is generated
which has (0,0,...,0) as its first term and (1,1,0,0,...,0) as its

last term.

Although these last remarks were not germain to the proof 6f the
corollary, tHey will be needed in the next section in extending these
results to a more general case.

n n n

Cycles for P, L X p, 2 Koo oX Py k Factorials

Thus far, only factorials of the form pn have been considered.
The proBlem of constructing cycles for factorials of the form
pln p:4 p2n x...x-pk will now be considered. The first theorem
will show that not every.factorial of this form is cyclic w.r.t.

A =1,

k n, n, nk
Theorem.2~4, If 'ﬂ{ p; is odd, the Py X Py Eee X P factorial

i=1

is not cyclic w.r.t. A =1,

. n,
Proof of Theorem 2~4., First note that P; * is odd if and only if
k n, k.
. i . i - ;
p, is odd. Hence,II p, 1is odd 1f and only if 1[[ Py is .odd. Thus,
i=1 i=1

if a cycle for this factorial exists, it must comntain an odd number-
of terms. However, it was shown in. Theorem 2-1, independent of -the

form of the factorial whose factor levels yield an odd number of
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te's, that a cycle consisting of an odd number of terms cannot be

constructed if A = 1. This completes the proof of the theorem.

Now consider the following geometrical interpretation of a cycle
for a 22 X 22 factorial with A = 1. This will illustrate the method

to be employed in the proof of the next theorem.

(09150’1) (O’l,]—’l) (1~1’0’1) (l’l’l:l)

Y

|
(O,l,0,0)T———éi\(O\,l,l,O) (1,1,0,0)

e
(0:1) & (LY

P
A cycle for a A

(l’l,l’o)

22 design with A=1
—
/(0,00 (1,0)\

I (0’031)1)
(0,0,0,1)

/
.+__‘t(0’031’0) (190:030)
(0,0,0,0) (1,0,1,0)
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The cycle just illustrated was constructed by replacing each point
of a cyclé for a 22 factorial by a cycle corresponding to another
22 factorial and having A = 1.
For convenience, the following notation will be used in the
proofs of the theorems which follow. If o is a constant  vector and
Bl,Bz,...,Bn is.a sequence having orde? of adjacency A = 1,

(u?Bl)C(a’Bn) will denote the sequénce (u;Bl),(u,Bz),,.f,(u,Bn).

The order of adjacency for this sequence is also A = 1.

(Bl,q)C(Bn,a) will denote.the sequence (Bl,a),(Bz,a),.;,{(Bn,a).

Theorem 2-5. If p, is even for i =1,2,...,k, the
~heorem 2z-—) i

1 %y Pk
Py X Py KeeeX Py factorial is cyclic w.r.t. A = 1.

Proof of Theorem 2-5. The proof is by mathematical induction.

(a) Let-k =-2. It was shown in Theorem 2-2 that if p; and pé
nl n2 . -
are even, the factorials.pl and P, are each cyclic w.r.t. A = 1.

.,aﬂ,.where £==pl 1 and az = (0,1,0,0,...,0) be a cycle

n
for the Py 1 factorial. Let 81,82,...,Bm, where m = P, 2 bea cycle
n

Let al,az,..
n

n n

for the-p2 2 factorial. Then a cycle for the Py L X P, 2 factorial
is given by the sequence (@l,Bl)C(al,Bm),(dz,Bm)C(az,Bl),
(ag,8,)C(aq,B ), (0,8 )C(0,5B8,) 5.5 (ap,B IC(ap,B,).

Notice that the sequence was constructed in such a way that if

a is even in the subsequence (aa,Bb)C(qd,Bf), b=mand £f = 1. Hence.
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the last point must be (0,1,0,0;...,0) and is compatible with the
first point (0,0,...,0). Hence the sequence is a cycle, as claimed.

(b) Assume the theorem holds for k.= t. Then the
n n, n
Py~ X P,  Xe.oX P factorial is cyclic w.xr.t. A = 1. Now-consider

"1 ) " Tl
the P; X P, XeeoX D X Py factorial. Replacing the

n
cycle for the.p1 1 factorial in part (a) by the cycle.for the

nl 1'12 I‘lt n2
P T X Py Xee.X Py factorial, and the cycle for the Py facto-
n

rial in part (a) by the .cycle for the Piiy e+l factorial which ends

at (0,1,0,0,...,0), the construction described in part (a) yields
n n n n,
~a cycle for the p, Ty P, 2 xex P, Ex P, &1 factorial. That

the last point is (O,l,O;O,...,O) again follows from the féct that

there are an even number of terms in the cycle for the
n n n

1 2 t .
P T X Py, Xe..X P factorial.

This completes the proof of Theorem 2-5.

It ‘was previously shown that for A = 1, the pn factorial is
il 2
not. cyclic if p is odd and the,pl X Py factorial is not cyclic

if P1P, is odd. The next theorem treats-the case where P, is odd
n n

but P1P, is even in the Py 1 X p, 2 factorial.

n n
Theorem 2-6. If Py is even and P, is odd, the_pl l"x Py

factorial is cyclic w.r.t. A = 1.
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Proof of Theorem 2-6. It was.shown in Theorem 2-3 and Corollary

2-1 that a non-cyclic operational .sequence having order of adjacency
n
A =.1 exists for a P, 2 factorial. Let this operational sequence
n
be denoted by Bi ,62,...,Bm, where m = P, 2 and Bm = (;,1,0,0,...,0).

Let a cycle for.the Py 1 factorial again be denoted by the o's in.

n n
Theorem 2-5. Then a.cycle for the Py L X P, 2 factorial is

Here again, as in Theorem 2-5, that the last term in the 'sequence
: n..
is (0,;1,0,0,...,0) follows from the fact that Py 1 is even. Since ’
the last term is compatible with the.first term (0,0,...,0), the

sequence. is a cycle, as claimed, and the proof is complete.

n n
It was established in Theorem 2-4 that the Py 1 X P, 2 factorial

is not cyelic w.r.t. A = 1. However, as in the case'fo¥ the_pn
factorial where p is odd, it would be desirable to have a cycle for
this factorial which repeats a minimum number of points. The next
theorem deals with this problem.

Theorem 2-7. If Py and,p2~are both odd.and A = 1, a cycle for
n n

the Py L X. P, 2 factorial can be constructed by repeating one

point once.

To illustrate the method which will be used in the proof of
this theorem, consider a factorial of the form 32 X 32.- Starting

with the sequence ('0,0)9(130)9(290)3(291‘)9(232)'9(132),(0’2)9(O’l)s
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(1,1), each point is replaced by a sequence of points in 4-dimensional
space.as follows: if a + b is even, (a,b) is replaced by (a,b,0,0),
(a,b,l,O),(a,b,2,0),(a,b,2,l),(a,b,2,2),(a,b,l,Z),(a,b,O,Z),(a,b,O,l);
if a + b is odd, (a,b) is replaced by (a,b,0,1),(a,b,0,2),(a,b,1,2),
(a,b,2,2),(a,b,2,1),(a,b,2,0),(a,b,1,0),(a,b,0,0). Complete the
sequence with the points (1,1,1,1),(0,1,1,1),(0,2,1,1),(1,2,1,1),
2,2,1,1),(2,1,1,1,(2,0,1,1),(,0,1,1),(0,0,1,1),(0,0,0,1). Notice

that the repeated point is the last.point (0,0,0,1).

Proof .of Theorem 2-7. Let B

-1’82""’Bm be the operational sequence

of B's described in Theorem 2-~6. The order of adjacency for -this

sequence is A = 1 and the second from the last term is

kst

B ,zz, where £ = p; ~ be a

1 s (0,1,0,0,...,0). Let a0

grree

similar operational sequence for -the Py 1 factorial. A cycle for
the plnl x p2n2 factorial is (0y,81)C(0p,B, 1), 0y, 6, 1)C(0y,8)),
(Og5B)C 05 B 1) 5w ees (O s By YTl BL 1) 5 (0 5B C(0 LB, (0 uB) o)
The repeated point is the last point ¢-..
(al,Bm_l) = (0,0,...,030,1,0,0,...,0) where the semi-colon separates
the components of o from the components of S.

This completes the proof but it should be observed that the
second from the last .term is (0,0,...,0;1,1,0,0,...,0). This will

be needed in the next theorem, which is a generalization of Theorem.

2-7.
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Theorem 2-8. If 12 is odd for i = 1,2,.:.,k and-A =-1; a cycle
™ By
for Py " X Py XeeuX Py factorial can be constructed by one
repetition of the point (0,0,...,0;0,1,0,0,...,0), where the
semi-colon separates the last n components from the preceeding

ones. The point preceeding the last.(or repeated) point can.

be taken as (0,0,...,0;1,1,0,0,...,0).

Proof of Theorem 2-8. The: proof is by mathematical induction.

(a) Theorem 2-7 establishes the case for k = 2.

(b) Suppose the Theorem holds for k' = r. Then there exists
n n n :

2 3 r nr+l

a cycle for the Py XDP3 XX P, X P oo factorial Which

repeats one point. Denote this cycle by 61,82,...,Bt,8 where
r+1 n, ’

t= -_ﬂ_ Pi l’ 'Bt+l = (O:O:"-'sO;Os:L,O’O,'"’0) and
i=2

t+1

Bt = (0,0,...,0;1,1,0,0,...,0). Let o o, be the operational

ELTRREEL))

n
sequence used.in Theorem 2-7 for the Py 1 factorial. Replacing

the points Bm—l and Bm'lnkTheorem 2=7 by_Bt_l and Bt respectively,

: 1 n Py P+l
the construction of a cycle for the Py X Py 2 %...% P. X P

factorial is identical to the construction shown in Theorem 2-7.

The-repeated point is Bt This completes the proof.

+1°

To complete.the discussion of the problem of constructing cycles
n n .
for factorials of .the form Py X Py, XeeeXPpos we need to -consider
k
the case where I[ pi_is even and some of the pi's are odd.

i=1
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Since the statistical design is essentially unchanged.by -permuting
n,
i
the Py 's, we can assume.that those pi's which are even occur first
' n n n

in the notation Py 1 xp, 2 XeodX Py

Theorem 2-9. If pi is even for i = 1,2,...,r and pj is odd
n n
for j =r+ 1,r + 2,...,k, the Py I P, 2 .. .x pknk factorial

is cyclic w.r.t. A = 1:

i ,
be a

r n
Proof of Theorem 2-9. Let ul,uz,..;,aq where q = II P;
i=1

n n n
cycle for the Py 1 X p, 2 Xee X P ¥ factorial. That such a cycle

exists for A = 1 was established in Theorem 2-5. Let 61,62,...,6£

k n, .
where £ = I[ 1 " be the sequence constructed in Theorem 2-8

i=r+l
omitting the last term, so that there is no repeated point. Replacing
the o's and B's in Theorem 2-6 with the o's and B's just described,
the construction of the desired cycle is identical to the construction
shown,in Theorem 2-6.
This'completes the problem of constructing cycles for

" ) P .
Pp ~ X Py EeeoX Py factorials with A = 1. The following corollary
treats the case of constructing cycles for this factorial if no

points are to be repeated and the restriction that A =.1 is relaxed.

] ) "t
Corollary 2-2. Any Py X Py  FeuoX P factorial is cyclic

w.r.t. A < t where t > 2.
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Proof of Corollary 2-2. It suffices to show that the.corollary holds
k .

for A = 2. 1If II Py is even, Theorem 2-9 establishes the desired
i=1

k
result. If II P; is odd, the result follows from considering the

i=1
sequence constructed in Theorem 2-8 with the last term (the repeated
point) omitted.
This completes the proof of the corollary.

n, o, n,
In order to construct a cycle for a P; X Py X.e:X Dy

k
factorial with A = 1 and I[ P; odd, it was,necessary to repeat at
i=1

least .one point. If the operational sequence is non-cyclic, no

repetitions are required in.order to construct.the sequence.

Theorem 2-10. An operational sequence having no repeated terms

1 % "
exists for any Py X Py " EeeoX Py factorial having compati-

bility condition A =.1.

k
Proof of Theorem 2-10. If . 129 is even, Theorem 2-9 establishes- ,
121
k
the desired result. If I[ P, is odd, the operational sequence
i=1

constructed in Theorem 2-8 with the last (or repeated) term omitted

is an.operational sequence having A = 1 and no repeated points.




CHAPTER III

1 ) %
CONSTRAINED RANDOMIZATION FOR A P; T X Py XeeeX P
FACTORIAL IN A RANDOMIZED NON-CONSECUTIVE BLOCK DESIGN

This chapter presents methods of constrained randomization for
Py X pzn‘ XeooX pknk factorials in.randomized complete block designs
where . each block is independent of the others.

An example illustrating the randomization‘procedure.isg;resented

and some results are.obtained which will be basic to the statistical -

analysis .developed in subsequent qhaptefs.
Cycles and Constrained Randomization

As previously defined, an operational sequence satisfying the
compatibility condition and iﬁ which the first and last tc's in the
sequence are compatible is called a cycle. It is necessary to have
a cycle for the factorial under comsideration in order to generate
other operational sequences in the raﬁdomization procedure described

in this section. If k is-large, the construction of a.cycle for the

L TS . iy
actorial Py T X Py Xe..X Py would be a formidable task some

systematic method of construction was.not available. The theorems .

in Chapter 2 of this-thesis insure the existence and describe a method
of constructing a cycle for the factorial under consideration.. It
should be noted however, that any cyele for the factorial could be
used and might even be preferred if ‘it appears to contain . a less

systematic arrangement of the tc's.
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n, n, o,
Constrained randomization for a P, X p2' XeooX P factorial

in nonjconsecutive replicates is performed by the following procedure.

(1) A cycle for the factorial ﬁnder consideration’is constructed.
This can be done directly by using the methods of construction
developed in Chapter 2 of this thesis.

(2) For each replication, randomly assign n, factor names to-the-

1

first nl components XysKgseeesX of each tc in.the cycle,
‘ ' 1

randomly assignh n, factor names to the next n, components

2 2

xnl+l’xnl+2""’xnl+n2 of each tc in the cycle, etc. Since this

is done once in each replication, each tc in a given replicate
has the same assignment of factor names.
(3) For each replication, pick an integer at random from the set
{1,2,...,P} where P is the number of tc's in the cycle obtained
in step (1).
Let K be the. integer so chosen. . From the sequence
G s0nseeesOp obtained in step (2), comstruct the sequence

O sOpiqaesesOpslyalinseeesOp oo
The resulting cycle is the random sequence of tc's which

was desired.
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Example

Example 3-1. As an example of this method; consider the following

randomizatiqn for the replication of a 22'x 32 factorial with A = 1.

(1

Since 2 * 3 = 6 is even, a cycle containing 36 ;c’s, none of which
are repeated, is needed. B8uch a, cycle can be conétructed_using
the method discussed in the proof of Theorem 2-6. This requires

a cycle for a,22'factorial in the.form shown in Theorem 2-2

and an operational sequence for a 32'factorial in the form dis-
cussed in Theorem 2-3 ahd Corollary 2-1. The cycle thus con-
structed for the 22factorialis (0,0),(1,0),(1,1),(0,1). The
operational sequence obtained for the 32 factorial is (0,0),
(1,0),(2,0),(2,1),(2,2),(1,2),(0,2),(0,1),(1,1). Using the
method shown in Theorem 2-6, a cycle for the 2? X 32 factorial is

0000 1011 1100 0111

0010 - 1001 1110 0101
0020 1002 1120 | 0102
0021 1012 1121 - 0112
0022 1022 1122 | 0122
0012 1021 1112 0121
0002 1020 1102 0120
0001 1010 1101 0110

0011 , 1000 1111 0100
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(2) Randomly assign the factor names A,B to the first two components

(3)

X%, and randomly assign the factor names C,D to the next

two components x X, . Suppose this random assignment yields

3’
A= X5 B = Xys C = x4, D = Xqe This replaces each tc (Xl’XZ’XB

by the tc (xl,xz,x4,x3). The resultant sequence of tc's is

0000 >1011 > 1100 > 0111
0001 1010 1101 0110
0002 1020 1102 0120
0012 2021 1112 0121
0022 1022 1122 0122
0021 | 1012 1121 0112
0020 1002 1120 0102
0010 1001 © 1110 0101
0011 1000 1111 0100

Randomly cﬁoose one of the elements of the set {1,2,...,36}.
Suppose the number chosen is 31. Then a new sequence of te's
is formed by writing the terms of .that cyclic pgrmutation of
the sequence in step (2) which moves the 3lst term‘into the
first.position and the 32nd term into the second position of

the new sequence. This new sequence is

sx4)
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0121 0012 }1021 1112
. 0122 0022 1022 1122
0112 0021 1012 1121
0102 0020 . 1002 1120
0101 0010 | - 1001 . 1110
0100 0011 1000 1111
0000 1011 1100 0111
0001 1010 1101 u 0110
0002 1020 ' 1102 0120

Properties Induced by -the Constrained Randomization Procedure

Note that the last sequence in the example is again a cycle
with A = 1. The theorem which follows will show that the randomi-

zation procedure will always preserve this property.

Theorem.3-1. The sequence of tc's resulting from constrained
randomization of a.cycle having order of adjacency A = k (<k)

is a cycle having the same order of adjacency.

Proof of Theorem 3-1. Let the cycle.constructed in step (1) be

denoted by G50y eessOpe Step (2) is a rearrangement of the com-

ponents of each tc and therefore leaves invariant: the order of-

adjacency of any adjacent pair of tcis, Oy and o 4, say, where
' i

i+ = 1 mod(P) + 1.. This-is a consequence of the fact that every
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tc in the.sequence. receives. identically the same assignment of factor
th '
names. Thus, x ., and x.4 , the r ~ components of o, and a,;, become
ir iTr i i
th

the r' .

e components X, . and Kyt of oy and Oy after step (2)

Hence [xir‘— X+ | = Ixir' = Xi+r'}'and so

itel.

Z} | %50 — xi+r| = 23 |Xirf - Xi+r'L' This holds for every

T T

pair of.adjacent .te's, in the sequence and thus the sequence-obtained
from step (2) is a cycle having the same order.of adjacency as the.
cycle in step (1).

Step (3), as a cyclic permutation of the sequence obtained- from.
step (2), preserves the.relative position of'the te's in the cyecle.
Hence a pair of.adjacent tc's are again.adjacent after step (3) and
so their order of adjacency is.unchanged. Thus, the sequence of tc's.
rgéulting from the randomization procedure of .a cycle having order
of adjacency. A = k- (<k) is a cycle having the same order, of adjacency.

This completes the proof.

A result which is basic to the development of the theory toe be.

presented in the next chapter follows.

n. n n

Theorem 3-2. For a factorial of the form pl_l X Py zﬂx...x Py k,
k .

let R='[I ni!. Then, over all distinct cycles obtained by
1=1

the constrained randomization procedure, each tc appears R
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times in each position of the sequence if there are no repeated
k n,

points. If ;I[ P * is odd.and A =1, the repeated tc.will occur
i=1

2R times in each'position of.the sequence.

Proof of Theorem 3-2. Let B and Y be two tc's in the cycle constructed

in step (1) of the randomization process. Let B' and Y' be the tc's
‘which result from applying step (2) to B and Y. Since step (2)
assigns the same factor names to every tc in the cycle, B' = y' if.
and only if B = y. Thus, if B8 and y are.distinct points, B' and

' are also distinct and the number of distinct points is unchanged.

Y
after applying step (2) of the randomization procedure.

Assuming each tc appears only once in the sequence, then over all:
cycles -generated by applying step (3) to one of the R cycles obtained
from step (2), each tc will appear once in each position. Herice in
applying step (3) to all of thé R cycles resulfing from step (2), each
tc will appear R times ip each position of the cycle.

In the case Wheregthe cycle.contains a rgpeated tc, over.all cycles
generated in applying step (3) to one,of the R cycles obtaine&.froma
step (2) the repeated tc will appear twice in each positioﬁ."Applying
this to all of the.R cycles resulting from step (2), the repeated tc

will appear 2R times in.each .position of the cycle.

This completes the proof.of Theorem 3-2.




CHAPTER IV
n n n

MODELS FOR p, 1x p, 2 . .x P k

IN A NON-CONSECUTIVE BLOCK DESIGN

FACTORIALS

In this chapter the randomization model corresponding to the
" ) @"
constrained randomization method is developed for P; T X P, Ko oX Py
factorials in randomized complete block designs, where each block.
is independent of the others.

k
The - randomization model for the case where II 19 is odd.and

1=1
A = 1 is considered separately from the other cases where the cycles
employed do not.contain any repeated points.

Unbiased estimates of factorial effects are obtained in both
models. Fpr the model iﬁ which no repeated points occur, variance
estimates are also obtained and an.analysis of variance-table is
given, both for infinite modél and randomization model assumptions.
The model which an experimenter may use will be determined by the

process under investigation and the underlying population.

The Randomization Model for Cycles with no Repeated Points

n, n, o . k
Consider a Py T E P, XK. X Py factorial where ]I p; is
i=1
even or A > 1, or both. The population of inference under the ran-
domization model is the set of eu's (process runs) actually used,

or a larger population from which eu's are randomly chosen. .
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Conceptually, each tc appears in.one eu in each replication since
there are no repeated points for this factorial under the method
of constrained randomization.

Let yijk denote the population response (conceptual yield) to

) k- n,
tc k on eu j in replication i. Letting N = II p; 1, there are
=1
N te's and k =.1,2,...,N. Since there are N eu's in each replication

j=1,2,...,N and, supposing r replications, i = 1,2,...,r.

Consider the identity

=Yoo Gy 7, D) Gyt 50 YOy 7y

Assuming the treatment effects are additive, the identity may

Tiik ).

be written as

yijk =y + bi + tk + (yij. - Yi..) where
W=y e By T T B T Y T Yy
Note that Z b, = Z t, =0 -

i k

Now, in fact, one does not observe the.yield of tc k on eu j
but merely the yield of -tc k on a.randomly chosen eu.in each repli-
cation. To ¥ela;e the conceptual population of responses to the
observed responses, consider the random variable ng which is defined
as follows:

K 1 if tc k.is on eu-j of rep i
55, =
+J 0 otherwise




38

Since tc k is on only-one eu in each replication, it follows that

.23 5%. = Z} 6%. = 1. Denoting the observed response of tc k
1] 1]
-5 :

k

in the replicate i.by Yii® one may write

- k —  _7
Ve SR P Y 80y, Ty )
|
=utbytr tey
where e =, . sk'(§ '—'§ ). Note that e;, = 0. The
ik =), %1304, i.. Y, Gik ‘
i k-

properties of the random variables Gij and Yik will be investigated
in the following lemmas and theorems.
Lemma 4-1. Under constrained randomization for a
n n n

P; T X Py XeeeX Py k factorial in a randomized complete block

design, the random variable 6?j has the following properties:

@ Bl ] = sk % = 2

(@) El6565 J=0 343

@) E[ali‘jali‘fj,] - -I%T-z— 141

(4) EIS5651=0 k#K

(5) oimﬁfzﬂgé kAR, A

k k' _ 1l ' . s 1
(6) Average E[Gijdij,] “FE - D k#k', 343
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Proof of Lemma 4~1. All probabiiities are determined by the conditions

of the constrained randomization procedure with A < k. Each tc
appears only once in each replication and each eu contains only
one.tc, all subject to the constraint that no more than k factors

be.allowed to change from tc to adjacent tc.

Proof of (l1). By Theorem 3-2, each tc k appears on each eu j with

equal frequency and therefore Pl(tc k is on eu j] = P[G?j = 1] =-%.

Using the definition of expectation and the fact that dij = (6§j)2’
one has

k.q _ k (27 _ k _
E[sij] = E[(6ij) ] = P(aij =1) =

Z=

Proof of (2). If j.#.i', tc k cannot be on eu j' if it is on eu j.

Hence, for j # j',

k k. k N Y SO S
E[aijaij,] = P(Gij, = 1,aij =.1) = P(dij, = 1|<s:.Lj 1) P(éij = 1)
_ 1_ '

_O.NO

Proof of (3). If i # i', randomization in replication i is inde-

pendent of ‘randomization in replication i'. Thus, if i # i',
k k' k k'
E[Gijsi'j‘] = P65 =1, 85440 = 1)

1

- psk = k! i 11
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Proof of (4). In each replication i, tc k and tc k' are not both

on eu j if k # k'. Hence for k # k',

k k' k k' k' k k
6,,6,. 1 =P(s;, =1, 8, , =1) = o= 1]8;. = L. =
El py iJ] P(S;5 =1, 8;, =1) = P(8,, 1]5lJ 1 s PG =D
3 . }_ =
=0 5=0

Proof of (5). For k # k', j # 3',

k' k _
0 < P(8;,0 = lIcSij =1) <1
k _ _ 1 :
and P(Gij =1) = N Hence
k k' 1

If eu j is adjacent to eu j' and tc k is not compatible with
1 . '
te k', P(G%., = 1]6%. = 1) =0 and E[6%:6%.,] actually assumes the
1] 1] ij 1] ‘
value 0. Appropriate choices.for j,j',k, and k' in a given design

]
will yield P(Gij' = lIG?j = 1) = 1 and, consequently,

1
6%.,6%.] ==l. As a consequence of this dependence.of
ij’ ij N
\
?j'aij] on the layout of the block, the usual factorial effects.

estimates are not minimum variance-estimates and an, exact expression

E[

E[S

for the variance is not found.

]
Proof of (6). Assign weight w to P(GEjY = l]G?j = 1) where k # k'
and j # j' and 23 23 w=1. It follows that
j k

NENRN =2




41

w o= ———l——*z . For j and k. given,

-1

' k! k' : k! k 2
Avera P(S,., = 1|6,. = 1) = = = -

ge P(8; .|.1J ) Z' %"P(aij, 1jss_i.j 1)/N - 1)

. ji#j k'#k
= 23 (/N —.l)2 =-E—:—l——§ = 1 . Hence
it -~ 1) N-1
343
k k' ' k' k k 1

Average ' E[S. .68, = A P(§.,, =-116" .= +.P =1)" —=—

& [ ij 1J'] verage ( ij’ 1 1J0"l) P(§ija ;)--N-l

This completes the proof of_Lémma'4—l.

The following lemma relates the properties of. the, random

variable Gij to the randomizatien model,

Lemma 4-2. . Let S% =" Z:(Eij —'§i )Z/N‘and assume homo-=.
. j . *

of.S2 over blocks.  Then

2. L2
2) E[eik’] —'S
) Bleyey el =0 L #

S . 2
(4) Average E[eikeik,] = -87/(N-- 1)

Proof of Lemma 4-2.

Proof.of (1). Using E:.(yij _-'§i ) =05 and Lemma 4-1,.(1),
i

L
S
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=
| e |
O
|_I
{27
Py
,_l
(47
i
]
2=

2 ; i..) B
i

Proof of (2). Using Lemma 4-1, (1) and (2),

2 k (2, — g 2
3
. k k - - - -
J'Z T 1361:1 'Oy ij. = yi»;)(yij'- B yin)]
i#3!
1 2 - 2
=< @, )* + 0 =38".

32 ‘i..

Proof of (3). Usinguiemma 4-1, (3) and the fact that

Z (§i'j'. - -}71,1“) = 0, for i # i',

-_— \-\ ‘k k' o o v
E[eikeilk'] - E[ L Z Gijéi'j'(yijo Yi“)(yivjv.
J 3
- L G -9, ) NG - ¥4 ) =0
2 lJ i le' 1'
N 3 . 3!

Proof of (4). From Lemma 4-1, (4) and (6) and using the fact:

that E Z ygr, =930 =Gy, — vy, ) for k4K
Av J%JE[ e ] = 5 515, -3, )2+
erage Elejen ] = ) 13°137 Y. T il
|
5k - — —
Z Z Average E[ 13 13.](}7 - yi“)(yij'e - yi_a)

J#j
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=O+Nmfl)k Z<ﬁ$—§igf¥4%m-l)
]

This completes the. proof of Lemma 4-2.

The distributional:properties. of.the. random variable

Vi 2re given in the.following theorem.

Theorem 4-1. If i # i', k # k', then

(1) E(yy,) =w+b, ¥t

(2) var(y.,,) = 52
ik

(3) COV(jik,Yi'k) = Cov(y ys¥yrr) =0

(4) Average Cov(yik,yik|) = —Sz/(N:— 1

Proof of Theorem 4-1.

Proof of (1). Using.Lemma 4-2, (1),

Ely, ] = Elu+b, +t, +e, ]l =wu+d +t,

Proof of (2). Using:Lemma 4-2, (2),

Var(y,,) = El(e,0)°] = §°

Proof of (3). .Using.Lemma 4-2, (3),

COV(yiksYivk) = E(eikei'k) = 0 and

Cov(yik’yilkl) = E(eikei'kl) = 0'
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Proof of (4). Using:Lemma 4-2, (4),

Average Cov(yik,y Average E(e, Sz/(N - 1.

ik') ik© k')
This completes fhe.proofmof“the theorem.

. Corollary._4-1... Some.distributional.properties of ;;

and'§ x are

(D Ely J=w+t
(2) Ely; 1 =w+b;
(3) var(y ) = %/

. (4) Average- Cov(y k,y Szkr(Nf— D k# k'

k')

Proof.of_-Corollary 4-1.

_Proof.of (1). Since: Z b, =0,

1
B J =B Yoyl = F L Gk e
1. 1

=1 + tk

Proof of (2).. Since Z; tk = 0,
k

E[y, £ ) Yyl =% L by )
k k

ZIH
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Proof of (3). Consider

- 1
Var(y.k) = —r2 [ Z Var(yik) + Z Z Cov(yik,yi,k)]
i R

i il .
- i#di!
=—%[Z s? + 0] = s%/z
r X
i
Proof of (4). For i # i', k # k',
Cov'(;r-v v .. = L [ Z Average Cov(y.. 7., 1)
¥ T2 ! kY ik
1 .
23 23 Average Cov(yik’yi'k')J
14
1 —g? 2
= ;E-' r(N — l) +0=-5"/r(N - 1).

This completes the proof of the corollary.

A theorem regarding unbiased estimates of -the treatment

effects is now stated.

Theorem.4-2. An unbiased estimate-for the effect of any

- te k is ;”k -y

Proof of Theoréﬁ 4-2. Consider

E[§.k -y 1= Ely .1 —~E[3’—”]

=utt - F ) E£§.k1=u+tk—_§1—( Lt )y
k k . k

= u + tk.f U =-tk .

This completes the proof of Theorem 4-2.
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Now consider the problem of estimating factorial effects
nl n2 nk .
for the Py~ X P, Xee X Py factorial design. A factorial

effect estimate is given by a linear contrast of the tk'

Denoting a factorial effect by X1X2...Xn s

XlXZ"'Xn = 23 ﬂktk
k

= O L]
where Z 'ﬂ'k (
k

Unbiased estimates and average variances for factorial

effects are given in the.following theorem.
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Theorem 4-3. An unbiased estimate for X]_X2 X is

given by E ﬂk_};.k . The average .variance for

k k'
k#k'

in)
1 2 2 1
Sy m -§o 2 MM d
k .

Proof of Theorem 4-3. Wlth XX, Z i t
k

E[ Z ﬂk_};.k] = Z wkE[;r—'k'] ) 'rrkE[§° .j s g
k k k -

= ) mEY i =y 1= 0 M
K K

Average Var( Z ﬂk§ k) =
k

Average. Z M Var(y.k) + Average Z Z e Cov(y'k?y.k..)

k i k k'
k#k
2
=Z —+ Zzﬂﬂk,((N ))
k k. k'
kitk !
52 2 1
=l Z W TN-1 ZZ kk'
k .
k%k'

This completes the proof of Théorem 4-3.




48
The usual analysis of variance for a blocked experimental
design can now be employed to obtain an unbiased estimate of 82

and conduct- unbiased tests for factor effects and interactions.

Consider the analysis of wvariance table

Source " df Sum of Squares E(Sum of -Squares)

Total | rN-1 Z Z (yik—;;“)2 N Z bi

| +r z t12<+NrSZ

: L= = 2 ko
Blocks | r-1 N Z (yi'-y. .) NZ bi
i
. . , - = 2 2, .2
Trtts | N-1 | © Z (y.k—y. .) r Z £, FNS
, 2
Error | (r-1)(N-1) Z Z (Y45 Y +y ) (r-1)Ns

3

The expected sums of squares in the analysis of variance
table are found using Lemma 4-2, Theorem 4-1, and Corollary

4-1. For the total sum of squares,

S Y Gy Y=L T Y G+ g+ ey

i k i k v
=E[NZbiz+thk2+ ZE eik2+2 ZZ
! k ik ik

+ 2 Zzb:i.eik+ %) e
ik ik
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=N Zbi2+r z tk2+Nr52
i k

For the block sum of squares,

.Z(?i —y') NE[Zb =N Zbiz
i i

For the treatment sum of squares,

Elr ¥ (4, -'37”)21 = rE[), (t ) eik)z]
K k :

The error sum of squares is found, as usual, by subtraction.
From the error sum of squares, it is seen that an unbiased

estimate of S2 is
L T Y Gy m Ty m Tt
r(N - 1) ik i. Lk 7.
i k

If all treatment effects,.tk,,are zero, the design
gives an unbiased test of treatment effects in the analysis

of wvariance.
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The Infinite Model for Cycles with no Repeated Points

The results of this section again apply to those fac-
k
torials for which II P; is even or A » 1, or both.

i=1
If an experimenter can assume_that the errors are nor-
mally and independentlf distributed rather than being cor-
related as in the randomization model, then the results
in the following pages may be used. |
For this analysis one assumes the model is

Vig - M TPy o T egy

where i = 1,2,...,r, k = 1,2,...,N, Vi is the observed
response to tc k in block i, p is the overall mean, bi is

is the effect of tec k, and e,

ik

the effect of block. i, tk

is the failure of observed response Vi to be explained hy’

K" The errors €
dently and normally distributed with mean 0 and variance

2
g .

M, bi’ and t are assumed to be indepen-

The following theorem gives estimates for factorial

effects in this model.
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Theorem 4-6. An unbiased estimate of any main effect

or interaction X.X,...X where X . X ...Xn = Z) m, t, is

172 n 172 kk
k
given by 23 ka.k‘.
k

Proof of Theorem 4-6.

Since 23 ﬂk = 0,

k
E[ Y my ]= > mE 6 +D 43 Yoyl
k k i
= Z ﬂk(u-l_tk_'-b.‘) = (u+b.) Z Trk+ z m .t = Zﬂktk .
k k k k

This completes the proof of the theorem.

The next theorem considers the variance of a factorial

effect.

Theorem 4-7. The variance of an estimated main effect

or interaction X, X

1 X is -given by

%

Q
NN

Var (X, X

. l

1%2°

Proof of Theorem 4-7. First consider

var(y ) = Ely , - BG D1 = 5@ Y e )%

i




1 2 2
= — o =07 /r .
r2 Z
i

Also consider

COV(—};.k’;.kI) = E[;.k - E(;.k)l[;.k' - E(y.k')]

= E[LZ— ( Z e-”ik>( E ei'k')] - % Z Z -E(eik'ei'k') =0
t i i' T g
iv#i

Using the two expressions just obtained, one has

— - 2 — _ - )
Var( Z ﬁky.k) = Z ﬂk Var(y.k) + Z Z ﬂkﬂk'COV(y.k’y.k")
k k k k'

1

02
——?an
k

This completes the proof of Theorem 4~7..
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The usual analysis of variance for a replicated experimental
design can be employed to obtain an estimate of 02. The analysis

of variance table for this design is as follows:

Source df Sums of Squares E[Sums of Squares]
Total |rN-1 > (}7:.Lk-§”)2
ik
Reps r-1 Z Z Gi.—;. . ) 2 (r—l)02+N Z\PJZ_
i k ‘ i
Trtts |N- = T N2 2 2
N-1 Z Z(yky“) (N-1)0 +rz t
i k k
) ~ — = 2|2
Error | (r=1)(N-1) |3 3 (y;,7y; =¥ vy )7 [ o7 (r-1) (8-1)
i k

From the error sums of squares it is seen that an unbiased

. 2, L - =
estimate of ¢° is G-Dm =D Z}.E} (yik Vi TV +‘Y'.) .
i k

The Randomization Model for Cycles with One Repeated Point

k
When 23 Ry is odd and A = 1, the cycle which is obtained

i=1 - 5
by the randomization process contains one repeated point.
The repeated point is not randomly chosen from all the te's
available but is determined by the methods for construction

of cycles as developed in Chapter 2. Moreover, after the
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repeated point has been determined, the relative positions
of the two eu's Eo which the repeated tc is applied remain
unchanged after step (2) in the randomization process.

This lack of randomness in the selection of tec's and eu's
deprives the corresponding model of many of the properties
obtaiﬁed in the previous sectiqns where none . of the tc¢'s were
repeated. However, it will be shown in this section that
unbiased estimates for factorial effects can be qbtained ﬁsing
a randomization model forthe case where one of the tc's is
repeated.

Since after step (2) in the randomization process the
repeated tc is known, the_expectations which yield the unbiased
estimates are conditional expectations, the conditional event
being that the repeated tc is the one observed.

Using the notations and definitions presented in the first
section for the randomization model with no repeated points,

)

i
where i = 1,2,.v.,r, j =1,2,..., N+ 1, k=1,2,...,N.

As before, Y b, = ) t = 0.
K

one may write Vi = M + bi et (gij

-~

i
The random variable Gij is again defined by

K 1 4if tc k is on eu j of rep i
., =
+J 0 otherwise
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Denoting the repeated tc by k¥,

N 5k N+1 Kk 2 if k = k*
z ij = l’ E (Sij =

i X
k=1 j=l 1 if k ?é k?

With yik the observed response of tc k in replication i, omne

has
k- —
uk 2by 2t 4 N 853 0yg, 7Yy
' J
k
s = 8, . V.., =
Vik Z} :ijyljk if k = k¥
k|
. . k _. —
I DIACTIE T
7. ,
if k # k*
; = i = *
) 2u + 2bi + Ztk + eik . if k ‘ k |
i *
Wb+t e if k #k

k
where e, = 5k <§' -y, )
i = ) S5y, TV

J

Note that Z} eik = Q.
k

Distributional properties of S?j and Yik will now be

investigated.
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Lemma 4-~3. Under the constrained randomization procedure
n n n k

1 k . . '
for 2P " K Py | Xe. X Py factorial Wlth.-zg P odd
i=1
and A = 1,
2
i = k%
. v ) if k = k
(1) E[G%.Ik* is the repeated point (rp)]= 1
11 , TrI if k # k¥

(2) E[eik|k* is the rp]l = 0

Proof of Lemma 4-3. All probabilities are conditional.proba-

bilities determined by -the constrained randomization procedure

after step (2), in which the repeated tc; k%, is observed.

Proof of (1). By Theorem 3-2, each non-repeated tc appears on

each eu j with equal frequency and therefore-

-1
N+1

Plte k is on eu jlk # k*] = . That the repeated tc appears

twice as frequently as each non-repeated tc was also established

"in Theorem 3-2. Hence P[tc k is on eu jlk = k%] = R i T -
E[cSk |k* is the rp] =1 . P[Gk = 1]k* is the rp]
1] ER I } the T
2 .
= Lk
N+ 1 if k k
L if K # k*

N+ 1
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Proof of (2).: Consider

% 1
[elklk is the rp]

k — —
= -_ % 4
E[ z: 6ij(yij. yi..)]k is the rp]
j N .
= z E[6F, |k* is the tp)(7,. - 7. )
ij ij. i
J
— yi..)* .lf k = k+%
L VG -3, ) itk A
N + 1 ij. [
j .
= 0 for all k.

This completes the proof of the lemma.
The following theorem presents estimates for tec's.

Theorem 4-8.. Unbiased estimates for tc's -under the

conditional -event that k% is the repeated tc are given.by

N+1-—
- % 1 =
.(l) E[—= N Yk y lk is the rp] tx

@ Ely , + ?1%1-~"370k* -7 |k* is the rp] = £, if k # ki

Proof of Theorem 4-8.° First\consider.§ A

Z if k = k¥

— -1
Ve SFFT ) Tik - Zl

2u + 2t +

u+t+ if k # k* .

i
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Since, by Lemma 4-3 - E(eikfk* is the rp) =.0,.

2u + 2tk if k = k*

Ef?ik]k* is the rp] =-
' ‘ if k # k* .,

o
M tk

Now consider 'y

= _lw T _lra | 1 |
Y. =3 Z.ygk_—N[(N+l)u+.z tk+tk*+1\]+'lz Zeik]
k k k i
_N+1 1
= - N u + N t o

k#*

Proof of (1).

N+1— - .
EE—jﬁi— Y ek " y..|k* is the rp]
N+ 1 — N+ 1 1
=2 L % 4 S B S
T E[y.k*’k is the rp] T MR tk*
_N+1 _N+1 1 = N+ 1 1 -
=Ty (B F2t,) NV T F b T O N Fiex = Eien

Proof of (2). If k # k¥,

—_— l — —
; —_ - % 4 A
ELY 4 ¥ 35 Y — 7, |k* is.the rp]

By [k is the xp] + 5 B[y |i* is the rp]

N+1 oL,
N " TN ks

) . 1 N+ 1 1 _
(u + tk) + N (2u + tk*) TN H - N tk* = tk .

This completes the proof of Theorem 4-8,

The following theorem.gives estimates for factorial effects.
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Theorem 4-9. Given that k* is the repeated tc, an
unbiased estimate of any main effect or interaction

XlXZ"'X where XlX . 23 'n t is

_ 1
Y, Yk T T MY e
k

Proof of Theorem 4-9. Denote the estimates for tk found in

B

Theorem 4-8 by'ﬁku Then

Z} ]k is the rp] = 23 ﬂkEf€£| k#* is the rg]‘
k
Ve -xn,
k

To complete the proof it must only be shown that the con-

o S S
trast of the tk s }s }: Ty kT 2 TRwY wx o

.
Thus, consider
~ N+1= _— - 1= =
; Mebe = TeeCayw Yogx =9, ) ) M e TER Ykx ~ Y,
l k;k*
=7on (Mewe T Z )Y ek to(mey F L MY
Kk ®

A
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1 - - 1 =
C) MG T T Y. ) T My e ¥ ) MY
X K

l —
Y Tk T 7 Tk g
K

Due, to the randomization constraints imposed on the design,

variance estimates for this case have not been obtained.




CHAPTER V
SUMMARY

The statistical analysis which is carried out in conducting

"1 "2 "
ap;  XP, Xe..Xpp factorial experiment in blocked

designs requires that the tc's be randomly-arranged for each
treatment run. When the nature of the process under. investi-
gation restricts the qumber-of factor levels which can be.
changed from tc toutq, the usual technique of full randomization
cannot be carried out.

This thesis presents methods of constraimed randomization
n n

for Py L X pz_z'x...x Py factorial experiments in blocked
designs when the requirement.on adjacent tc's is that the
number, A, of factor levels which can be changed is less

k .
than or equal to t, where t < TT ni(Pi - 1.

i=1

The method of constrained randomization requires the .
construction of an operational sequence in which A = 1 for
the first and last tc's in the sequence as well as for all
adjacent tec's. The existence and construction of such opera~
tional sequences, called cycles, present interesting graph
theory problems whose formulations and solutions are found
in this paper. Various geometrical exampiEs which illustrate

methods for comstructing cycles are presented.
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k
It is shown that if ]T P is odd, the construction

i=1

of a cycle requires one of the tc's in the operational sequeﬁce
to be repeated. . The stafistical aﬁalysis which results in
this case is not as complete as in the case where tc's are
‘not repeatéd since the underlying probability distributions-
are conditioned by the relative positions of fhe repeated
tc in the sequence.

The constrained randomization procedure using cycles
also applies to the case where A < t and t > 1. By permuting
some of the tc's in the cycle, other operational sequences.
in which "l < A < t can be constructed in which A can achieve
any one of its allowable values for some pair of adjacent
te's.

Unbiased estimates of factorial‘effects are obtaiﬁed
using the methods of constrained randomization which are
containéd in this thesis, The average variance of an estimated
effect or interaction is found and analysis of variance tables
for both the randomization model and the infinite model are

k
given for factorials in which TT p; is even and/or A > 1.

i=1
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Preliminary investigations indicate that the constrained

randomization brocedures contained in this paper can be used
. . . n s

to design confounding schemes for simple p  factorials (for
instance, a 33 factorial) under the restriction that A < t
for some values of t.

The possibility of extending these results to confounding

! ) By

schemes for a"pi X P, XeooX Py factorial which is

restricted by the condition A < t is open to further study.
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