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Abstract:

The flux of magnetic helicity through the solar photosphere has implications in diverse areas of current
solar research, including solar dynamo modelling and coronal heating. Other researchers have
considered the flux of magnetic helicity from active regions; here, we do the same for quiet-sun
magnetic fields. We derive a theoretical expression for the helicity flux in terms of the relative motions
of separate flux elements, and the time evolution of the quadrupole moments of individual magnetic
flux elements, summing both “mutual” and “self-helicity” contributions to get the total helicity flux.
Using a tracking algorithm applied to high cadence, high resolution SOHO/MDI magnetograms, we
determine the observed rate of helicity flux in the quiet sun and compare these measurements with our
theoretical predictions.
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ABSTRACT

The flux of magnetic helicity through the solar photosphere has implications
in diverse areas of current solar research, including solar dynamo modelling and
coronal heating. Other researchers have considered the flux of magnetic helicity
from active regions; here, we do the same for quiet-sun magnetic fields. We de-
rive a theoretical expression for the helicity flux in terms of the relative motions
of separate flux elements, and the time evolution of the quadrupole moments of
individual magnetic flux elements, summing both “mutual” and “self-helicity” con-
tributions to get the total helicity flux. Using a tracking algorithm applied to high
cadence, high resolution SOHO/MDI magnetograms, we determine the observed
rate of helicity flux in the quiet sun and compare these measurements with our -
theoretical predictions.




CHAPTER 1

INTRODUCTION

‘If it were not for its variable magnetic ﬁeld, the Sun

would have been a rather uninteresting star.” — E.N. Parkér,'

Manifestations of Magnetic Fields in the Solar Photosphere

Observafions of the Sun’s yisible suff'ace, the photosphere, demonstrate fhe
presence of magnetic fields over a range of spatial scales. ’fhe magnetic ﬁelvds com-
posing this continuous spectrum are usually lumped into two categories: “active
region’; fields, near the.large end of the spectrum, and ;‘quiet sun” fields, near the
small end.

" Both .populations are thought to be composed of sub-resolution magnetic flux
tubes, each With a typical magnetic field strength (or ma:gnetic flux density) |B| on
the order of 10® Gauss (Stenflo 1994), but the densitsr (or “filling fa[ctor”‘) of flux
tubes in quiet-sun fields is much lower than in ac_tivé—region fields. C'onsequéntly,
average ﬁgld strengths in quiet-sun fields at resolutions currently attainable are

much lower than average field strengths in active region fields.
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In addition to differences in average field strengths, comparisons of their typ-
ical sizes, spatial distributions, and temporal evolution flighlight the differences
between the two populations. |

Concentrated acti\}e-region fields typically extend for tens of megameters (Mm)
or more. These features are commonly referred to as sunspot fields, 61" sunspots.
Typical active region ﬁeids often contain more that ~ 10*' maxwells (1 Mx = 1
Gauss -cm?) qf unsigned magnetic flux, with a;/erage magnetic field s‘grengths of the
order of 1 kG. Becéuse the presence of strong magnetic fields over a large area .can
noticeably affect the appearance of the Sun’s visible surface, active-region fields
are the oldest known manifestation of magnetism on the Sun: records of sunspot
observations by Cﬂinesé observers exist as far back as A.D. 301.

Active-region fields are not always present in the photosphere, and they are
not distributed uniformly over the surface at any time. The presence of active
region fields oscillate; with an 11-year period, known as the solar cycle, and ac-
tive regions.are observéd only within about 3'5°’heliocentric latitude of the Sun’s
equator. Bipolar active region fields have been observed “emerginé;’ fhrough the
photosphere, beginning at relatively high lai;itudes near “solar minimum,” when
few active region fields are present, and emerging at proéressively lower latitudes
until, at “solar maximum,” they emerge near the equator. Over an 11-year cycle,

approximately 10%* Mx of active region flux may emerge (Parker 1984).
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The fate of active-region fields after emergence is unclear: observations have
demonstrated that active region flux diffuses over the photosphere, and that mag-
netic features associated with active fegion fields can erupt from the solar surface.
And some researchers believe active region fields can also “submerge” beneath the
photosphel're. Bipolar active region fields are not randbmly orie‘nted:. an imaginary
line joining the centers of the opposite polarities would run roughly in an east-west
direction. The western-most flux in each bipole lies in the direction of the Sun’s4
rotation, and can thus be termed the “leaAing polar{ty” in each bipole. Hale’s law
states that the leadi_ng piolarities within one hemisphere are the same, Whilg the
leading, bolarities in the different hemispheres are opposites, and, further, that the
leading polarities flip Sign every 11 years.

These and other “regular”l properties of active region fields have led to a near
consensus among solar physicists that active region fields are generated by a solar
dynamo operating beneath the photosphere, probably near the base of the con-
vection zone, at ~ .7Rg. The ﬁrecise workings of this dynamo are, I'lOWGVGI‘, not
understood at this time.

We now contrast fhesé properties of active region fields with the properties of
quiet sun fields. Typical quiet sun magnétic elements contain much less flux than
active region fields (g 10'® Mx) and have much weaker average field strengths, on

the order of tens of gauss. Their smaller size prevented observations of these fields
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until the development of spectroscopic techniques over the previous century. In
fact, only recently have high-resolution imaging téchniques allowed solar ‘physicists
to begin characterizing the statistical properties of quiet-sun fields.

Few patterns are apparent in the spatial distribution and temporal evolution
of quiet-sun magnetic fields. On the scéle of the Sun’s surface, their spatial dis-
tribution appears essentially uniform. At smaller scales, they are more common
near thé edges of supergranules, the large-scale (15—30 Mm) photospheric manifes-
' tation of upwellings in the convection zone. Observational studies demonstrating
variations in quiet sun magnetic fields with the solar cycle are lacking; apparentl-y,.
quiet sun fields come and go independenﬂy of the solar cycle. Using a lower-limit
of 10'® Mx to define a quiet—sﬁn magnetic flux element (Lin & Rimmele [1999}
report lower flux fields, at the smallest spatial scales and fields strgngths currently
observable), rough estimates put N ~ 10* on the Sun’s surface at any time (Hage-
naar et al. 1999). Pub.lished estimates (Schrijver et al. 1997) suggest that all the
flux in the quiet sun might be “cancelled” every ~ 40 hours. If the fields replacing
the cancelled fields are “new,” .and not just re-emerging fields that emerged and
submerged _at a previous time, then ~ 1025 Mx of flux emerges in the quiet sun over

an 11-year solar cycle, comparable to the whole-cycle active-region flux emergence

rate.

The lack of readily discernable patterns in quiet sun fields’ spatial and temporal.
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variability have led some solar physicists to speculate that quiet sun fields are
generated in a “surface dynamo” operating in the upper convection zone (Cattaneo
1999). Another hypothesis is that quiet sun fields are merely the “reprocessed”
remnants of active region fields that underwent diffusion in the turbulent flows of
the upper convection zone.

This work concerns itself with quiet sun fields, and, in particular, the flux of

magnetic helicity in quiet sun fields.

What is Magnetic Helicity?

Magnetic helicity H s is defined as
Has = /Vd?’xA-B , (1.1)

where B is the magnetic field, A is the magnetic vector potential, B =V x A. To
be gauge—invariaﬁt, the volume' of integration V' must be bounded by a “magnetic
surface” S, on which B has no component along 7, the normal to S, i.e., B-Ai|s = 0.
This integral quantifies the linkages among all pairs of field lines; it is a measure
of the topological complexity of a given magnetic field.

To build a mental concept corresponding to this rather abstract mathématical

expression, it is helpful to consider the magnetic helicity in the special case of two
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thin magnetic flux tubes, of flux &, aﬁd ®,, immersed in field-free plasma. The
vanishing divergence of the magnetic field, V - B = 0, implies that each of these
flux tubes forms a clqsed loop. We assumé that field lines within each tube‘are
untwisted, and, further, that flux tﬁbe 1 lies in aiplane. In this idealizéd case, each
flux tube can be envisioned as a closed loop of répe, with a sense of “dire;:tion”
along each strand given by its magnetic field. Then, if the “ropes” are linked once,
the integral in equation (1.1) is simple, and Hy, = +2®,®,. The factor of 2 arises
because the flux tubes are “mutually linked”:. if ®; links &, once, ®; must also
link ®; once.

The sign .is determined by a “right hand rule” sense of linkage. We illustrate
this idea by in£roducing the related concept of crossings: from any observer’s point
of view, two ropes that are linked will necessarily cross each other — one rope beiﬁg
“in front of” the other — at some points. (But ropes that cross each other are not
necessarily linked!) Each crossing can be given a handedness: if the thumb of an
observer’s right hand poiﬁts in the direction of rope 2 where rope 2 crosses rope
1, the crossing will be “right-handed” if the fingers of the right hand point in the
same direction as rope 1, and “left-handed” if the fingers of the right hand‘ point
in the oppoéite direction to rope 1. Equivalently, crossings can b‘e given a sign:

a right-handed crossing is positive, while a left-handed crossing is negative. The

linking number is the sum of all signed crossings the observer sees, divided by two.
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Why Study the Transport of Magnetic Helicity? |

In the magnetohydrodynamic approximation (Choudhuri 1998), the time evo-
lution of a magnetic field is described by the induction equation,
0B

5 = VX (vxB)+7V’B , - (1.2)

where 7 is the magnetic diffusivity ¢?/4mo, and o is the electric conductivity.
In an ideal plésma, the conductivity is assumed infinite, meaning the magnetic
diffusivity vanishes. In plasmas as hot as those in the Sun, this is a very reasonable

3

approximation. Then the simplified induction equation,

7

0B ‘ o
E—Vx(vx]?), : (?1-3)‘

implies that the magnetic field is “frozen in” to the plasma,‘l and the topology
of field lines is invariant. Sin(;e the magnetic helicity quantifies the topologigal
linkages in a given field, the helicit.y is invariant (dH/d¢ = 0) if the topology
is. In fact, in ma,énetized plasmas W’hich are highly conductive, but not perfectly -
so, magnetic helicity is still approximately coﬁserved, ‘even though other ideal
invariants, notably field line fopology, are. not (Taylor i974). Heﬁce, even during

episodes of magnetic reconnection, magnelic helicity is essentially not destroyed,




only redistributed.

Conséquently, models meant to explain the evolution of solar rﬁagnetic fields
must satisfy the constraint imposed by the approxi‘mate_ conservation of magnetic
helicity. This has implications in many areas" of current research in solar physics,
including dynamo modeling, theories of coronal heating, research into flare triggers,
the ultimate fate of active region flux, and in situ measurements of solar wind
properties.

In the area of dynamo modelling, Boozer has pointed out in numerous papers
(see his 1999 review) that the usual equations of a standard model for dynamos,
called the mean-field dynamo theory, are inconsistent with the apl;roximate con-
servation of magne’pic helicity. He suggests that a correct treatment of the problem

includes a helicity flux term, V - h, where 2h is the flux of magnetic helicity via

the small-scale flow field. He also observes that two dynamos of equal but opposite -

helicity might form one “double dynamo” in the Sun. Presumeably, whatever he-
licity does not cancel in this way must be transported away from the Sun. Hence,
a flux bf helicity through the solar surface would be observed.

The flux of magneti'c helicity might be related to coronal heating processes.
Seehafer (Seehafer 1994) has suggested that coriolis-induced kinetic helz'c?'ty in the
flow field,

Hy = /dVv (V x ), (1.4)
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can impart current heh’cz’ty,
He = /dVB -(V x B), (1.5)

to small-scale magnetic fields which initially contained no cufrents, J=¢(V xB)/4x - ,
0. Sincel fields with currents have more enefgy -thian current—free ﬁelds, 6r “poten-
tial” fields (so calledlbecause V x B = 0 implies B can be written as the gradient
of a scalar potential), the presence of current helicity implies the presence of free
energy in the field. The presence of free energy in the ﬁeld, in turn, has impli-
cations for coronal heating: the well-known “magﬁetic carpet” rriodél of coronal
heating (Schrijver et al. 1998), for instance, relies upon resiétive digsipé,tion of
these currents to heat the corona. While genera-l' relationships between current
and magnetic helicities are not known, 'Berge: ,(1993) has demonstra’ped a corre-
lation betweenb the b"ui«ldup of magnetic helicity anci energy in one study. So the
magnetic helicity flux throﬁgh photosphere might be a proxy for the flux of energy
through‘the photosphere.

In addition, the propagation of helicity (as a proxy for twist) in the solar atmo-
sphere IIIlight have implications for triggering eruptive ﬂares.‘ Canﬁeld & Reardon
(1998) present intriguing observations that suggest reconnection might have been

injecting twist into a magnetic flux system that later erupted from the solar surface




11

in a process that might be termed “helicity pumping.” Canfield and collaborators
have pursued-this line of inquiry by studying both twist propagation (Jibben &
Canfield 2001) and pre-eruptive reéconnection (Colman & Canfield 2001) in He
data.

The presence of structure, or lack of it, in the flux of magnetic helicity at the
photosphere might also bear on the question of the ultimate fate of active region
flux. Observations clearly show active region magnetic fields diffusing spatially
and weakening with time after they emerge (see, e.g., Leighton [1964] ); but this
diffusion and weakening could arise from flux submergence or eruptioﬁ, or from
“eddy diffusivity” in turbulent plasma flows, or from anomalous resistivity at the
molecular level, or from other processes, or from combinations of these mechanisms.
If the flux of magnetic helicity in smaller, ciuiet-sun fields were found to possess
the same well-characterized latitudinal, longitudinal, and temporal dependencies
as active region fields, one plausible interpretation of this result would be that
quiet sun fluxes are the remnants of decayed active region fields.

Finally, the flux of magnetic helicity in the solar Wlind can be compared to
observations of magnetic helicity flux from the Sun. At the largest scale, Bieber
et al.(1987) have characterized the magnetic helicity in the Parker spiral, which
they find to be largely insensitive to the distribution of magnetic fields on the

Sun. On an intermediate scale ‘(N 1 AU), Rust & Kumar (1996) have investigated
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the expected flux of héiicity in ejected‘ﬂux ropes. DeVore used their results to
estimate a whole-cycle solar wind helicity flux of 1é46 Mx?, which he asserts is in
good agreement with in situ obseryai;ions of the magnetic helicity flux neér 1 AU
(DeVore 2000). Regarding smaller scales, Smith’s (1999) review of in situ obser-
vations of magnetic field structure in the solar wind near 1 AU reports minimal
evidence for the presence of magnetic helicity, whether from solar “sources” or via
helicity injection in the interplanetary medium between the Sun and 1 AU Con-
sequently, a méaéured non-zero flux of mz.%gnetic helicity through the Sun’s surface
at small scales might raise interesting questions about helicity transport above the

photosphere.

Current Research in Solar Magnetic Helicity Transport

Various authors have considered the flux of magnetic helicity from active re-
gior.ls‘, using bothy theoretical and observational techniques. DeVore (2000) con-
_structs models of bipolar active regions, and studies the injection of magnetic
helicity through the photosphere into the corona from the shear introduced by a
model differential rotation profile. He then extrapolates from these results to cal- |
cﬁlate a whole-Sun, whole-cycle flux of magnetic helicity from active regiqné. By

combining the flux rope model of Burlaga et al. (1981) with the results of Webb
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& Howard (1994)2 who studied the occurrencé rates of and avérage magnetic flux
in coronal mass ejections (CMEs), DeVore infers a rate of acfive—region helicity
flux in the SOla.I? wind comparable to his theoretical rate of magnetic helicity injec-
tion. Further, he asserts that his rate is consistent with the in situ measurements
reviewed by Smith (1999).

Chae (20015 uses local correlation traddng (LCT) of magnetic features in a
sequence of line-of-sight magnetograms of an active région to measure the helicity
flux through the photosphere into the corona in that active region. He finds that
the temporal evolution 6f the helicity flux rate is highly structured, with occasional
excursions well above the rate predicted by DeVore (2000), and, interlestingly, a
significant oscillatién in the helicity flux, in the range of 10~ Hz.

Green (2001) and collabbrators have tracked an active region over several solar
rotations and estimated both the helicity injected by differential rotation and the
helicity ejected by eruptions. No attempt was made to track individual features in

their analysis.

The Present Contribution to the Study of Solar Magnetic Helicity Transport

In this work, we estimate the helicity flux from the photosphere into the corona

arising from the evolution of quiet-sun magnetic fields. We define quiet-sun mag-
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netic fields as those arising from flux elements of approximately the characteristic
flux size 3 x ‘1018Mx, observed by Schrijver et al. (1997). These flux elements are
isolated and can be approximated as point sources or sinks of magnetic flux.

"By tracking individual magnetic flux elements and the temporal evolution of
their structure, we can make an observational estimate of the quiet-sun helicity
flux. The .expre,ssion for the helicity flux can be written as the sum of ‘tvvo terms,
the “mutual” and “self” helicity fluxes. The mutual helicity flux arises from the
rotation of distinct flux elements about each other. The self helicity flux arises
from the rotation of field lines in an individual flux element about each other.

| The bﬁlk of this thesis is devoted to telling the “stories” of these two helicity
.ﬂuxes.

For comparison, we also compﬁte theoretical values of the he\licity flux. We
assume the dominant source of systematic magnetic helicity injection is the differ-
ential rotation of the photosphere, and base our predicted helicity flux solely on
this effect. Detailed calculations are presented below.

One other poséible systematic source of helicity injection, the coriolis-induced
kinetic helicity in the turbulent photospheric flow field discussed above, has not
previously been observed, much less thoroughly characterized. Simple scaling ar-
guments, however, suggest that it plays only a minor. rﬁle'in the dynamics of the

turbulent solar flow field (see Appendix A).
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In Chapter 2, we outline our theoretical approach to measuring the fluxes of
mutual and sélf—helicities. In Chapter 3, we déta,il the procedures used to analyze
data and calculate the hglicity ﬂu;ces. ’In Chapter 4, we make theoretical predictions
for the helicity flux, énd in Chapter b we present the results of our measurements
and compare them to our prfedictioné.. In Chapter 6, we conclude with a diséussion

of possible interpretations our results, and their implications.
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CHAPTER 2

THEORY OF HELICITY TRANSPORT

Relative Helicity, and Its Flux

Magnetic fields above the solar photosphere can extend below the photosphere,
so the normal component of the magnetic field at the surface S defined by the

photosphere does not, in general, vanish:
B.Alg£0. | (21)
For this reasén, the expression given in equation (1.1). for magnetic helicity,
Has = /Vd% A-B, '(2.2)‘

is not gauge-invariant. We ‘expect that real physical systems, however, are gauge-
invariant. Consequently, the physical interpretation of H,, defined this way is
not clear in the solar case, and in other cases where the normal component of the

magnetic field does not .vanish on the boundary surface of the volume of integration.
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In response, Berger and Field (1984) defined a guage-invariant quantity they
termed the relative helicity of a magnetic field B and a vector potential for that
field, A. Their method uses the diﬁ’erence.betvveen the helicity computed using
B and A, and the helicity calculated using the current-free magnetic ﬁeid,- Bp,
that matches (B - 74)|s, the normal component ;)f the magnetic field B on the
boundary surface S, hand‘ A p, a vector potential for Bp. ‘Hence, Bp and Ap are
used as “reference” fields. Finn & Antonsen (1985) showed that this approach is

equivalent to defining the relative heliéity as

o, = | @ (A+Ap)-(B-By) . (2.3)

Essentially, the contribution to the total helicity from fields outside the boundary .

surfa‘ce S cancels in this expression (see also, e.g., Berger 1999).

We digress to comment on the relative helicit.y of non-potential fields. The “po-
tential magnetic field” Bp gets its name from itslack of current, Jp = V x Bp =0,
which means the magnetic field can be represented using a scalar potential X; ﬁgu—
ally as Bp =. —Vx. Then the vanishing divergence of any magnetic field means x

satisfies Liaplace’s equation,

ozv-sz—Wx, S (2.4)
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which has a unique solution for a given boundary condition. Any field B which
ce;rries a current is, therefore, “non-potential.” This fact, with the definition in
equation (2.3j, means that a given field B has a nonzero relative helicity if and
only if it carries a current.
Taking the time derivative of their expression for the relative helicity, and using

" the induction equation, (1.3), Berger and Field (1984) and Berger (1984) have

derived a “Poynting” theorem for the flux of relative helicity through a surface S,

dH
d

12 —2 do(A-B)v - (Ap-v)B) - . (2.5)

In this work, we study the flux of helicity in Cartesian geometry, taking pho-
tosphere to be a plane surface S located at z = 0. In this case, = Z, and we may

rewrite the expression above as

CHZ’Z# :2/Sda,< (A B, —(Ap- V)B{) : (2.6)

“advection”  “braiding”

Flux of Magnetic Helicity via Advection

The “advection” term corresponds to the emergence or submergencé of fields
already containing magnetic helicity across the photosphere. Since the magnetic

vector potential cannot be measured, it is also impossible to measure the rate of
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magnetic helicity emergence directly.

Leka, et al. -(1996), however, report observations of active-region magnetic
flux, B,, emerging through the photosphere carrying vertical current, J,. These
newly-emerged fields therefore posse’s;s non-zero current helicity (see equation [1.5]).
Other observations also support-the subphotospheric origin of observed current
helicity in active-region fields obser_ved at the photos.phere, e.g., those of Pevstov
et al. (1997). While the general relat;ion between H s, and H¢ is unclear, both are,
in practice, commonly. viewed as proxies for.twist in fields. (In fzict, sometimés the
terms “magnetic helicity” aﬁd “current helicity” are used interchangeably, which is
incorrec.:t.) Hence, these _observations have been taken to imply that ac;tive region
fields containing nonzero magnetic helicity are ‘adv‘ec':tedg into the corona (Chae
2001). |

In this work, we are primarily concerned with quiet-sun maé‘netic fields, as op-
posed to active region magnetic fields. Unlike obéervations of active-regrion fields,
observations of"quiet-sur‘l (Pevtsdv .& Longcopé 2001) fluxés oﬁiy fentatively‘ sup-
port models in which small-scale magnetic fields emerge with a systematic bias in

helicity. Hence, we ignore the contribution to the total heliéity flux arising from

the advection term.

-~
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ﬁguré 2.1, determined by inversion of the Stokes V proﬁle (Rees, 1987; Jenkins &
White, 1957) in a photospheric absorption line measured by the Michelson Doppler
- Imager (MDI) on the Sola'r and Heliospheric Observatory '(‘SoHO_) in its high-
resolution (“hi res”) mode (Scherrer et al. 1995). One can see that the magnetic
field in this patch of quiet-sun is non-zero only in small, isqlated regions. This '
means we can approximate thé normal magnetic field B, at the Sun’s sur-féce as

arising from N “point-like” sources.
We define the normalized, ﬂux—weighted ave.rage position of the i’gh source (its
magnetic “center of flux”) in the usual way, |
% = —1-/ d?z B,x , (2.8)

D, Js _

where S is the area covered by the ith source. Then
BZ(X) = Z @1 AZ(X — }_(z) y (29)

where A;(x — X;) is the distribution of flux in the 4th source, and is strongly peaked
near X; and zero far away.

In Coulomb guage, the vector potential for the current-free magnétic field Bp,
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evaluated on the surface, is

Zx (x—x)

Arl) = 27r/ 4a'B )W' |
- £x (x—x) |
- /d 'Ag(x I(X—X’)P (2.10)

= ZA%’ (x)
i=1

where we have defined the vector potential due to the th flux element, Ag).

Inserting these expressions into equation (2.7), we have

@ ——2/da,(v-Ap)Bz

di
| —2/ da( ZA“’) (ﬁj i(x— % > . (2.11)

K

One can treat the 1 = j term in the double summation separately, resulting in

an expression for the helicity flux with “self” and “mutual” terins,

. = )5 -
- = -2 ; P, /Sda(v AN (x — &) (2.1’2-)
“Self”
< ZZ@ / da(v A() (x X;)

“m-utual”
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Theory of “Mutual Helicity” Transport

We treat the mutual helicity term in equation (2.12) first, since it is most
easily evaluated. Since 7 # j by assumption in the mutual helicity flux term,
' we are dealing with distinct fluxes, and we can approximate the flux distribution

functions A; with é-functions,
B(x) =Y &;6(x~%). (2.13)

Writing out the Agi) term in (2.12) using (2.10), we have

AO(x) = o | Zx (x—x)
Ap(x) = 27r/d Ay(x J—-—K}(c X,),; (2.14)
= z7r/d”“S ST
®; 2% (x— %)

= TP : (2.15)

Thus, the vector potential due to ith source is circumferential in this approxima-
tion, as illustrated in figure 2.2.

Then the full expression for the mutual helicity becomes

- dHMUT) ®,P; (v-2x x—iz)) _
Ta - —Z; / G—m)p  *~%)

- _—ZZ@@QU,‘ | (2.16)

i j#EL
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not considered in our study.

Theory of “Self Helicity” Transport .

We now attack the term in equation (2.12) representing the flux of “self helic-
ity,” which will involve much more effort than analysis of the mutual helicity term
did.

From equation (2.12), the self helicity term is

(SELF) N . _
=1 N

—%Z}@f/gda(v %f;—;f?)&(x_iz) ,  (2.20)

12
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where we have employed the “point-like”- approximation used in equatiori (2.15)
to evaluate' A% but kept the general form of the normal ﬁﬁx distribution, B®) =
P;A;(x' — x;), for evaluation of the integral over S.

Wé now analyze the ith term in thé series, to generalize the result to all terms.
Accordingly, we drop the subscript 4 and refer to the ith flux as simply “the flux.”

To investigate the structure of A(x — X) for x near %, we define a local cylin-

drical polar coordinate system centered on X, viz.,

x = (x—X) | | | (221)
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ot /Sdaw- (M(}‘c) -(5x> } . (2.26)

|6x/2

I

Writing I. in cylindrical coordinates gives

I.= / dr— / A (x)(cos ¢ + sin ¢g) - (V(R) X 2) . (2.27)

One can write the the magnetic flux-distribution function A(x) as an expansion

in (r, $) using functions which are orthogonal in the azimuthal coordinate ¢>,

A(x) = A(r, qS —fo )+ Z Jn(r) cos(n@) + g, (r) sin(ng) , (2.‘28)

where terms with n >0 quantify the,di.stribution;s, departure from axisymmetry.
Incidentally, we note that equation (2.9) implies thét A(x) has units of inverse
area, which means f, and g, also have units of [length] 2.

Fr;)m equation (2.9) we also know that the radial integral of the “zeroth-order”"

7

term in the series must be normalized. This follows from

o = / da B,(x) | (2.25)
= [dean) S (2.30)

— @/zwd&/wd?«m(r,qs) (231)
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1 o '
= So(n) /0 drr fo(r) | (2.32)
=1 = 7r/0 drrfo(r) , . (2.33)
EFél)
where we have defined
FE™ =x [ dromfa(r) . | 2.34
n 7r/a T fu(r) , (3)_

We define G{™ analogously.
To find f,(r) for n > 0, we multiply equation (2.28) by cos(.ngb); and use

equation (2.9) to integrate B, over ¢ € [0,2n], which gives, via the functions’

orthogonality,
25(r) | " dbcost(ng) = | " 44B,(r,¢) cos(n)  (2.35)
(1®) fulr) = /02’r d4B,(r, $) cos(ng) (2:36)
— f(r) = _(73—@» | " dbB.(r, ¢) cos(nd) . (2.37)

Equation (2.37) also yields the correct result for fo(r). Substitution of f,(r) —
gn(r) and cos(ng) — sin(ng) in the equations above yields an analogous result for

gn(r). Using equation (2.34), we have

[ore] ' 1 2 |
B = m /0 s /0 d¢B,(r, $) cos(ne) | (2.38)
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= é‘/ooo dr r™ /027r d(sz(T', 925) COS(n{ZS) , ' ‘ (239)

and similarly for G{™. The units of F{™ and G{™ are [length]™ V.
- We digress‘ to consider the first few “higher order” coefficients in this series:

Both f1 and g; are zero, as may be seen by writing

.1 reo 2m
0= /0 dr 1 /0 d¢ B,ox | (2.40)

- /Ooodr r? /Ozw d¢ A(x)(cos(¢)2 + sin(¢)9)

= [Tar® [ 46 (oo + frcos(d) + g1 5in(9) (cos(#)2 +sin(9)9)
= [T [7 g i) eos@)e + sin(@)g) -
+ /0 dr 2 /O 2” d@ frcos(4)(cos(4)Z + sin(¢)7) |

+ [Tare [ b gisin(s)(cos(s)s + sin(@)9)

~ /0 Tdr (g + 1) . |  (241)

Returning now to equation (2.26) to evaluate I., we see that the “zeroth order”

contribution vanishes,
o 1 roo 27 . .
10 =2 / dr fo(r) / d(v,(R) cos ¢ — v, (%) sin ) = 0 . (2.42)
0o+ " 0 -

Hence, motion of the magnetic “center of flux” causes no flux of helicity.

3
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w(Ov, Ovg\ [ rd -
- 5(—5;?/— 8y) [ar S h) e
1/0v OV '
- 5(55—_ 8y> | | - @4
= wz(’}_c)v, ‘ (2.48)

which is just the flux of self helicity due to the magnetic source’s rotation about

its own axis. In the last line, we have used the definition
1

As with with 1. the angular integrations in the “first order” contribution
here, I1.(, are triple products of sines and cosines, and therefore vanish.

The “second order” contribution is

1.0 / / [fz c0s(24) + g2 510(26) | bt (6) (¢)(;k13Mzm)-
= [Tarr ["ab focos(@)he(@) @) cusMim)

- /0 / dg fosin®(¢) hu(#)hm($) (eris Mim)
+ [ /

d 2go sin(¢ cos(;;ﬁ))hk(d))hm(qﬁ) (exisMim) (2.50)

where hy(¢) = cos(¢), and he(P) = sin(g).
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Evaluating the angular integrals and their coefficients gives:

Integral Result’ ~ Coefficients

0'd¢ cos®(¢)sin(¢) = 0 -

2 sint (B cosd) = 0 o

J37dg cost(9) — 3n/4 +focros My

Jidg sin'(9) = /4 —fhenMy
Jo"dd cos*(¢)sin’(@) = /4 +faensMip — freras Mo

+2ga€123Mpg + 2926913 M3

Combining like terms yields

1. = / drr (3 Fo(Mys + M)
+ < (Myg + Moy) + 292(]\/-f11 — Mm))) . | (2.51)
= / drr (fz M12 -+ M21)/2 gg(Mll — MQQ)/2> (252)

The Jacobian matrix of the flow field M can be rewritten as

A

My My {10 1 0

Ma My 01 0 -1
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field relative to the gas pressure. If the magnetic diffusivity is sufficiently high,
then magnetic field lines are not “frozen in,” and magnetic field can ignore the
presence of a given flow pattern in the photospheric gas. And if the magnetic
pressure pp; = B%/87 is much stronger than the gas pressure pg = nkT', then
any flow of photospheric gas will not exert sufficient force to affect the magnetic
field. But Wé do not observe rapid diffusion of magnetic fields at the photosphere,
and infer that the magnetic diffusivity at the photosphere is low. Further, the
ratio pf fhe pressures, S = pg/pur, is of order qnity at the phptosphere, meaning
magnetic flux concer;trations should feel some effects from fluid motions in their
vicinity. Finally, observations of the advection of magnetic flux concentrations
by photospheric flows support the idea that photospheric magnetic features are
strongly influenced by flows in the plasma in which they afe immersed.

Differential rotation, or a non-vanishing latitudinal gradient in the ;otation
rate, |

)
5570 . (2.57)

where 6 is the colatitude, is equivalent to a shear flow about any point on the
surface. In the plane tangent to an arbitrary point on the Sun’s surface, adopting

a right-hand coordinate system with Z normal to the plane and Z in the direction

of the Sun’s rotation (west in the plane of the Earth’s sky, on the visible disk), the
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differential rotation is equivalent to

0#%’5:(,\{—0) ,. (2.58)

in terms of the elemental flow patterns derived above. Hence, from equation (2.56),
the flux of self helicity should not, for a general flux element, vanish.

Any handedness, or kinetic.: helicity, present in the‘turbulent flows at the pho-
tosphere might also systematically inject “self” magnetic helicity. The dominant
source‘of handedness would presumeably be the coriolis force, which most strongly
affects the largest,' most slow-moving convective cells. A study of photospheric flow
patterns (Hathaway et al. 2000) reveals that supergranules, surface manifestations
of large-scale upflows in the S}lbsurface convection, dominate the power specti"um.
The supergranular flow pattern is ciearly present in the MDI data in figure 2.9,
an imaée of the Sun’s magnetic fleld: the supergranules ére the large, circular,

field-free areas between concentrations of magnetic flux.

Super,grahules" spatial scales are near 20 Mm, and their lifetimes are of the order
of a day (Leighton et al., 1962; and see Simon et al., 1988 and references therein).
Since the solar rotation pgriod, ~ 24 days, is much longer than the supergranular

lifetime, one would not expect the coriolis force to induce much handedness in

supergranﬁlar flows directly. It is possible that kinetic helicity cascading from very
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Ignge scales, Whgre the coriolis force is relevant, to smaller scales might impart a
handedness to smaller scale flows. Crude estimates for the sfrength of this effect,
however, (see Appendix A) imply that such a cascade, even if present, would not
have observational consequences.

Whether the coriolis force induces kinetic helicity or not, it is likely that What;
ever kinetic helicity is present in supergranular flows would be concentrated in the
observed small-scale downflows at supergranular boundaries, in a manner similar
to the concentration of random angular momentum present in bathwater leading
to a vortex as a bathtub is drained. Indeed, observations have shown that vortic-
ity in the phofospheric ﬂovv' tends to be qoncentrated at supergranule bound‘aries,’
in regions of converging flow, or downflow (Wang et al. 1995). Since magnetic
flux elements tend to cluster in downflow lanes (Simon et al. 1988), this “bathtub
effect” might cause winding of individual flux elements, leading to é flux of “self”
magnetic helicity from each element.

Since just as much kinetic helicity would be present in the upflows as in the
downflows, one might argue against any netz effect. But the length scales of the

supergranules are greater than the length scales of the downflow lanes, so

wsa ~ vse/Rsa < wpr ~ vpL/Rpr , (2.59)
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w, would lead to a bias in the flux of self helicity. Accordingly, if the coriolis force
does impart kinetic helicity of differing signs to the convective turbulence in the
northern and southern hemispheres, this might lead to a hemispheric asymmetry

in the flux of “self” helicity.

Example: A Rotating Bipole

To illustrate the concepts presented in the previous sections, we use the ex-
pressions derived above to quantify the helicity flux in a simple example. For con-
creteness, we consider two isolated, oppositely-signed fluxes &, > 0 and ®_ < 0,
separated by a ciistaﬁce 2R, whose ceﬁters of flux are rotating with angular veloc-
ity €, in a right-hand sense about an axis in the direction of increasing z through
the midpoint O of the line joining theiry centers of flux. We assurrfe the fluxes’
separation, 2R , is much greater than the diameter a. of either. The geometry of
the system is illustrated in figure 2.11.

For purposes of calculating the helicity flux through the photosphere due to
the motion of the flux elements, th'e initial topology of their field lines is irrelevant:
they may share flux only with each other, or they may share ﬂuk with “infinity”
(i-e., other fluxes far from O) or some combination of the two; and the initial fields

may or may not have non-zero relative helicity. Accordingly, we leave the topology
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Then the mutual helicity flux is easily calculated to be

dH MUT) 2 '

To compute the self helicity flux from equation (2.56)

dH(SELF) P2 . .
b <C + <XF2(1) - TG&”)) ,. (2.63)

requires specification of the compoﬁents C,X, and T of the local Vélocity ﬁeid in
the comoving frame, at each flux’s center of flux, and diﬁergnt assumptions about
local velocities é‘an lead to.different self helicity fluxes.

We can makg the assumption that the entire surface rotates rigidly' at the
angular véloéity Q Consiétent with the center-of-flux motion.' Then the v'elocit.y at

any point on the.surface can be found from

~

v(r,¢) =Qr(Z x ) =Qr¢ , (2.64)

where (r, ¢, 2z) are the usual cylindrical coordinates, centered at O. In this case,

the X and T components of the flow vanish, and we only need to consider the
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contribution from the C term, which we compute to be

C = w, (2.65)
= SVxV. ' (260)
1 i@(rv) 1 Ov, '

- E(F af “Faqs) (267)
= 0. S (2.68)

(This is analogous to the rotation of the Moon about its axis once — with respect
to the Earth — for every orbit it completes around the Earth.) We then find the

self helicity flux to be

d H (SELF) 1

1
— —;@EQ —~ ;@19 . (2.69)

Computing the total helicity flux, we have

dH (ITOT) dHMUT) 4 f(SELF)
| +

it dt T @ | (2.70)
_ 2 ) oo L1a2
= —22.0,0--920- —2%0 (2.71)‘
) .
= _—;;Q((I)_ + @)% . - (2.72)

If |®_| # @, then there is a net helicity flux: the flux imbalance implies that a

monopole moment exists, and rotating the footpoints of field lines which extend
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to infinity must legd to a net vvindiné of field lines and, hence, a helicity flux.

If, however, we assume [®_| = &, = Py, then the total helicity lux vanishes. If
®_ and @, only share flux with each other, then, viewed qualitatively, this result
makes sense: the entire corona rotates rigialy, and no field lines wind around each
other; hence there is no flux of helicity. (If field lines run from ®_ and ®, to other
fluxes, then there is Winding of field lines, but no net winding.)

If we alter our “rigid rotation” assumption for the velocity on the surface, and

assume instead that, as each flux orbits O, it keeps a constant orientation with .

respect to a fixed frame of reference, then the self helicity flux vanishes. So the

total helicity is just the mutual helicity flux,

d H(TOT) d H(MUT)

= = T——+0 (2.73)
- 25 9.0 (27
T

£ 0. (2.75)

Figure 2.12 illustrates the difference in the fluxes’ orientations between the “rigid
rotation” and “constant orientation” cases: the fluxes also rotate about their own
centers of flux in the former\(léft), while they do not in the latter (right).

We also note that, in the “constant- orientation” case, if &_ = —&,, and the

fluxes are only linked to each other, then this “mutual helicity flux” arises from
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‘the winding of field lines entirely within the topological doméin linking ®_ and
®,. The resultant state, therefore, would possess a non-zero “self” ‘helicity. In
this case, the division of the total helicity fluz into mutual/self components does
not correspond to the division of the total helicity into mutual/self helicities. I
we were to calculafe the helicity flux in the corotating frame, however, then thé
mutual helicity flux would vanish, the self helicity flux would be non-zero (since
each flux would appear to be ‘rotatiné about its axis)? and the division of helicity
flux Wo‘uld match the division of the helicity itself.

Evidently, ‘the division of the helicity flux into mutual/self contributions is not
unambiguous. In fact‘, the ambiguity is more than an. artifact of the frame of
reference used in’ the calculation: the mutual/self division of the helicity depends '
.upon the field’s topology, which is not determined by the distribution of fluxes
on the boundary surface, while the mutual/self division of .'the helicity flux only

depends on the distribution of fluxes on the boundary.
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CHAPTER 3

METHODS

Data -

To determine the rate of hélicity flux using the methods outlined in the previous .
chapter, Wé have to track both the positions of magnetic flux elements and their
structural attributes.

We have analyzed line-of-sight magnetograms taken with the Michelson Doppler :
Imager (MDI) onboard the Solar and Heliospheric Observatory (SoHO) for the pho-
tospheric magnetic field B, uéed in our study. This instrument finds thg magne;cic
field by inverting the Stokes V pfoﬁle in the NiT (6768 A) line, which is formed at
. the photosphere. There is some indication that the inversion. éi)proach is subject
to systematic errors at very high or very low field strengths: apparently, both are
underestimated (Dr Alex Pevtsov, private communication). An anélysis of this
issue is b‘eyond the scope of this work; we simply take the magnetic field strengths
returned by the instrument team without analyzing possible systematic errors in

their results.
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The data analyzed were all taken in the instrument’s “high resolution” mode,
with .61” pixels. At SoHO’s position at the L1 f)oint be’bweén ‘the Earth and
"the Sun, this corresponds to about 442 km on the Sun. A ‘full image contains
1024 x 1024 pixels; the “hi-res” field of view (FOV) is‘illustrated in figure 3.1.
Roughly, it is centered at 10° (in heliocentric degrees) north of the Sun’s equator,
at the central meridian of the disk, and is about 37° (in heliocentric degrees) on a
side. Precise pointing information is returned with each image.

We tracked fluxes in five sequences for 7.5 hours or longer, in regions of pre-
dominantly -quiet sun near solar minimum. Three trackiné sequences were frofn
the same observing campaign; we label each sequence as a subset of data set #2.

+ Data sets #1 and #3 were tracked by Hagenaar et al. (1999), which allows com-
parison between some of our results and theirs. The observing times, durations,
and p.ointings,of the tracking runs are listed in table 3.1.

To improve the signal-to-noise ratio in our data, we average five “good” magne-
tograms, usually with 1 minute cadence. Occasional'ly, however, missing or “bad”
magnetograms increase the time between averaged images. We define a “bad”
magnetogram as one in which more than 1000 pixels are either labelled blank,
or exceed 800 G in absolute value; these are simply skipped over in ﬁnciing’ five
’magnetograms to average. To give som.e idea of the frequency with Wﬂich bad

magnetograms are found, we note that only 8 occurred in the 15+ hours of data




P4 Y, *1%*

IMUM  )4&/
2*IC5F) , :12-51 % 1"€% 1 ? 11@ ("$ (8!>62-7
(%!, %&!% #%IS &% FA 6 " #% # $HF17 % (

%! &TN&% 1 ! %! #%" !'$ (%!$=1 $ &% CO| 6
" # % # ST $I5



G44
P44
D44
C44

344

F4

4
7 4 F44 344  C44 D44 P44 Ga4 7

2*&1C53] * ( ,% 1% V  $35 ! ( %#% %! #$1

& %I$L (8l *1%* 8I* * ( $% 1% V 6"%7 $ 3

6 *%75 ™ #9%8! * % %! "% 6! %7 (%!2- $% 1%V >
#M$( %! @& *I5





































































































































































































































































































































































































































































