Contemporary Mathematics



Table of Contents

Unit 1: Dimensional Analysis and Problem SOIVING...........cisisnssssissssssssssissssssssssissssssssssesas 5
ROUNAING ROVIEW ....eiiicsiasisrssisisssssssssssssiss s sssssssss s ssass s s s s SRR SRR E AR E RS 6
VL)1 123 T 1 00 =1L ) . 8
Introduction to Unit ANALYSiS.....ciimsmsisisismsmsmsmsisismsssssssisisssssssssssssissssssssssssssssssasssssssssasasasssssssasasasasssasasasasasas 12
Rate Conversion and Problem SOIVING .........ssssssssssssssssssssssssssssssssssssssssssssasssans 15
More Problem Solving with Unit ANalySis......ssssssssssssssssss s 17
ATEA AN VOIUINE......oiiciinsisissssmssss st s s AR AR A AR SRR SRR R AR 18
Area and VOlUMeE CONVETISION .. ssss s s sass s ssass s ssans 23
UNIT RATE COMPATTSOM courururrsisssssssssssssssssssssssssssssssssssssssssssssssssss e s s s s e e e e AR A SRR AR ERE SRR ERERERERERERERERERERERERERRRERERERE 25
NON-UNIt RATES . s s A AR AR AR AR 0 28

UNIt 2: PErCENTAGES ....iivisnsessisissssssssmsissssssssisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnnss 32
PerCeNt BaSiCS. s s A AR AR R R 33
Percent APPLICAtIONS ... AR R 36
Percent Change Part 1: Absolute vs. Relative Change.........ccoinsssssssssssssssssssssssasans 40
Percent Change Part 2: Unknown Initial Value ... 42
Percent Change Part 3: Percent of vs. Percent More /Less ... 44
Percent Change Part 4: Percent of a Percent......sssssssssssssssssssssssssssssssss 46

Unit 3: Modeling With FUNCLIONS ......cccouousmsmsessssissssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssessss 48
Functions and Average Rate of Change ... s 49
Slope as Average Rate of Change ... s ssasasasssssasasasasaes 53
050 =z Ul 06 LY o 55
004 0100 1T 0 b LI o0} o 59
125 4000 1 =3 40 b= L D LT o 63

Unit 4: Money and ProDADIIItY..........iismsnsississssssssssissssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssesss 66
Taking Control of YoUT FINANCEeS......cummmsssssssssssssssssssssssssss s ssssssssssssssssssssssssassssssssns 67
Simple vS COMPOUNA INEEIEST ... s s s s 72
Compound Interest CONINUEd ....c.ccouumsmmmmmmsmsmssmsmsmsmssismsssmssissssssssssssssssssss s sssassssssnsasssssssssassssssssass 75
SAVING AN INVESTING ..o AR AR 78
INSTAIIMENT LOANS coutuieitisiissmssmsisssssssssssssss s sssssss s s AR AR AR AR AR R 80
Introduction to Probability......sssssss s 84



Odds aANd PartS 0f @ WROLE .....ccucrieiiierismsemmsssssissssssisssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssnssssssnssssssnssansnsssanssassns 87

Independent, Dependent, and Overlapping eVents..........csssssssssssssasssssssssssasasaes 89
Counting and Probability ... s s 92
More on Counting and Probability .......sssssssssssssssssssssssssssssasasaes 95
UL 5: STAUISTICS 1ouvvsessssesssssessssesssssssssssssssssssssssssssssssussssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssessssessssesss 98
Displaying and Interpreting Data........ccssssssssssssssssssssssssssssssssasasssssssasasasasases 99
Measures of Central Tendency - Mean, Median, MoOde.......c.oummmmmmmmmmssmsmsssssssssssssssssssssssas 109
The Shape of @ DiStriDULION s 111
Measures of Dispersion — 5 NUmMber SUMMATY ... 114
Measures of Dispersion — Standard Deviation.........s— 116
The Normal Distribution and Z-SCOTES ... s 118
The Normal Distribution — Percentiles.......sssssssssssssssssssssssssssss 123
L0 1 &Y [ L= 127
Worksheet 1 — Unit ANalySiS...mmmmssssssssssssssssssss s ssssss s 128
Worksheet 2 — Rate CONVETSION ... sssesssssssssssssssssssssssssssess 129
Worksheet 3 - Problem Solving with Unit ANalysis ... 130
Worksheet 4 — Percent BaSiCS......ummmmmmmssssssssssssss s s sssssssssess 132
Worksheet 5 - Percent Change Part 2. 133
Worksheet 6 - Percent Change Part 3. 134
Worksheet 7 - Percent Change Part 4. s 135
Worksheet 8 - Average Rate of Change........comsmsssssssssssssssssssss s 136
Worksheet 9 - Slope as Average Rate of Change ... 136
Worksheet 10 - Linear MoOdeling.......c.oommmmmmmmmmmsssssssss s s 138
Worksheet 11 - Exponential GrOWEH ... 140
Worksheet 12 - EXponential DeCay .....coummmsmsmsssssssssssssssssmsssssssssssssssssssssssasssssssssssssssssssassssssssassssssssasssssssanss 141
Worksheet 13 - Exponential COmMPariSON ... .o ssssssssssssssssssssssssssss 142
Worksheet 14 - Linear/Exponential COmMPAariSON .....cmmmmsmssssmsmssssmsssssssssssssssssssssssssssssssssssssssas 147
Worksheet 15 -Taking Control of your FINANCES .......cummmmmmmmsmssssssssssssssssssssssses 151
Worksheet 16 - Simple vs Compound INtErest ... 152
Worksheet 17 - Savings and INVESTMENLES ... 153
Worksheet 18 — Mid-Unit 4 REVIEW ... sssssssssssssssssssssess 154
Worksheet 19 - Introduction to Probability ... 158
Worksheet 20 - Independent, Dependent, and Overlapping EVents ... 159

3



Worksheet 21 - Counting and Probability ... 160

Worksheet 22 - Counting and Probability ReVIeW ... 161
Worksheet 23 - Frequency Table and Pie Chart.......cssssssssssss 163
Worksheet 24 - Five-NUMDET SUIMMATY ..o s 164
Worksheet 25 - The EmMPirical Rule.... s 165
Worksheet 26 — Percentiles......sssssssssssssssssssssssssssssss 167
LD 0T L 22 T 169
L0 48 L 2 2 T, 170
UNUE 2 REVIEW woouciuiuinimsesasmsssmssssssssssssssssssssssssssssas s sesssss s e ssass s ses s s seas smsss sessams s e E AR A AR AR AR R RSB E AR R RS R R AR R AR R R AR R SRR R RS 174
L L 0 4T 176
UNUE 4 REVIEW .ouceiiiimsesacssmsissssssssssssssmssssssssss s s sesssss e ssass s s eSS RS EEEA R AR AR AR R R R AR RAEEE R AR R A SRR AR R AR R R AR R AR AR RS 179
L0 T LS 2 2 T, 184



Unit 1: Dimensional Analysis and Problem Solving



Rounding Review
Instructions for rounding often come in two different ways.

Rounding to a certain number of places indicates the number of digits that will remain to the
right of the decimal point.

For instance, rounding 123.4597 to “two places” means that you want to end with two digits to
the right of the decimal point (see underlined digits below).

123.4597 is between 123.45 and 123.46 on the number line. To decide which one it will be
rounded to, look at the digit immediately to the right of the last digit that will remain (see arrow
below; in this case, the arrow is pointing at the digit nine in the thousandths place).

If the arrow digit is 0, 1, 2, 3, or 4 round down to the lesser number. If the arrow
digitis 5, 6, 7, 8, or 9 round up to the greater number.

123.4597

)

To the nearest hundredth, 123.4597 is 123.46

Example 1:
a. Round 6.17285 to three decimal places.

b. Round 34.7128762 to two decimal places.

c¢. Round 0.0695 to three decimal places.

d. Round 2.0448 to two decimal places.



Rounding to a certain place value indicates the place value where the last digit will remain.

Use the following steps to round 86,424.639508 to the nearest hundredths place.
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First, underline the digit in the hundredths place, which is the “3” (See above).
This is the last place where a digit will remain after rounding.

Second, look at the number immediately to the right of the underlined digit, which is the “9” here
(See arrow below; in this case, the arrow is pointing at the digit nine in the thousandths place).

If the arrow digitis 0, 1, 2, 3, or 4 round down.
If the arrow digitis 5, 6, 7, 8, or 9 round up.

86,424.639508

)

86,424.639508 rounded to the nearest hundredth is 86,424.64
Example 2:
a. Round 86,424.639508 to the nearest tens place.

b. Round 86,424.639508 to the nearest hundredths place.

c. Round 86,424.639508 to the nearest hundredths place.

d. Round 86,424.639508 to the nearest thousandths place
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Numerical Notation
Numbers are often expressed in different notations, and understanding the meaning of the
various notations is required to work with the numbers.

Example 1: Large quantities, such as a country’s total debt, the capacity of a memory card in a
digital camera, or astronomical distances, are often written using words such as million, billion,
or trillion. Suppose a country has a debt of 36.2 trillion dollars. How would you write that in
standard notation?

Example 2: A number in scientific notation has the form
a X 10™ where 1 < a < 10 and n is an integer

Write each of the following as a number in ordinary notation. How would you “speak” the number if
you were talking? (This would be its “name.”)

a. The length of the Great Wall of China, in meters, is 21 X 10°

b. The capacity of a memory card in a digital camera in bytes, is 48 x 1011,

c. Time needed for light to travel one meter, in seconds, is 3 X 107°

d. The size of an image sensor in a digital camera, in meters, is 55 X 107>



Example 3: Write each of the following using scientific notation.

a. The number of neurons in the typical human brain is 100 trillion

b. The velocity of the earth around the sun is 64,700 miles per hour

c. The wavelength of some visible light is 0.00000065 meters

Basic units in the Metric System include:

e The meter for length, (abbreviation m)
e The gram for mass or weight (abbreviation g)
e The liter for volume (abbreviation L)

Other units that may use metric prefixes include: second (time), watt (power), joule (energy) and byte
(digital information).

Metric Prefixes

Example 4: Use the chart for metric prefixes on the right to replace the prefix in each of the following
with the appropriate power of 10. Then write the number in standard form (ordinary notation).

Prefix Symbol Power of ten

Pico p 10712
Nano n 107°
micro U 10°°
Milli m 1073
Centi c 1072
Deci d 107t
none none 10°=1
Deca da 10!
hecto h 102
Kilo k 103
mega M 10°
Giga G 10°
Tera T 1012




3 kilowatts (kw) = watt(s) = watt(s)

12 milliliters (mL) = liter(s) = liter(s)

Comparisons: When working with numbers, the words surrounding the numbers indicate what
types of operations we need to use. Compare the following two examples.

B What is the difference in their wording?
B What different operations do the different words tell us to use?

Earth is 149.6 million km from the sun. Pluto is 5.9 billion km from the sun.

Example 5: How much further away from the sun is Pluto than Earth?

Example 6: How many times further away from the sun is Pluto than Earth?

Example 7: Which of the following is larger? How many times larger?

(9%x1077)and (2 x 107%)

Example 8: A kilometer is how many times as large as a centimeter?

10



Calculators are useful, but only to the extent that we input numbers and operations into the
calculator correctly. If you remember using exponent properties (sometimes called “exponent
rules”) in the past, you can sometimes complete calculations more quickly without a calculator
but be extra careful with negative exponents. Use of exponent properties is optional but
acceptable when showing work in this class.

Multiplying Powers of the Same Base

Evaluate each expression. Answer in the form 2", where n is an integer.
210 3 914 _

210 3 p—14 _

2-10 3 914 _

Property: When multiplying powers with the same base, the exponents.

Dividing Powers of the Same Base
Evaluate each expression. Answer in the form 20", where n is an integer.

201% meters
202 meters

20" grams
20714 grams

20710 watts
202 watts

Property: When dividing powers with the same base, the exponents.

Raising a Power to Another Power

Evaluate each expression. Answer in the form 20", where n is an integer.

(58)2 —
(52)8 —

(58)2 —

Property: When raising a power to another power, the exponents.

11



Introduction to Unit Analysis

When changing from one unit of measurement to another, we will use conversion facts to form
unit conversion fractions. This process is commonly referred to as unit analysis or
dimensional analysis.

Example 1: At 12,807 feet above sea level, Granite Peak is the highest point in Montana.

a. The peak of Mount Everest is 8,848 meters above sea level. How many more meters tall is
Mount Everest than Granite Peak?

b. How many times as tall is Mount Everest than Granite Peak?

Example 2: The Summer Olympics feature three long-distance running events: 5,000 meters,
10,000 meters and the marathon. How many miles long is the 10,000 meter race?

Example 3: From end-zone to end-zone on a football field is 100 yards. If you run 15 lengths of a
football field, how many miles have you run?

12



Example 4: Most recipes originating in the United States list the amount of flour and sugar in
terms of cups. Many Swedish chefs use metric weights for measuring cooking ingredients. How
many grams of sugar are needed for a recipe calling for 2 % cups of sugar? (One cup of
granulated sugar weighs 7.1 ounces.)

Example 5: Suppose you are traveling in Europe and want to buy a train priced at 85 euros. What
is the price in U.S. dollars? Use the conversion fact 1 euro = 1.14 USD

Example 6: According to the website Running Levell, an “elite” time in a 5 kilometer race is 20
minutes, 5 seconds. Legs Miserables, an amateur runner, says that this is the same as 20.5
seconds. Is Legs correct? Use unit conversions to explain your answer.

Some conversions can be done using a formula, like with temperatures measured in
degrees Celsius and Fahrenheit. F = 1.8C + 32

Example 7: Convert 50 degrees Celsius to Fahrenheit.

Example 8: Convert 50 degrees Fahrenheit to Celsius.

1 Source: https://runninglevel.com/running-times/5k-times
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Common Conversion Facts

Distances

1 mile = 5280 feet = 1760 yards = 1.6093 kilometers

1 yard = 3 feet = 0.9144 meters

1 foot = 12 inches = 0.3048 meters
1 inch = 2.54 centimeters

1 meter = 100 centimeters

1 kilometer = 1000 meters

1 mile = 8 furlongs

1 furlong = 40 rods

1 rod = 5.5 yards

1 nautical mile = 1.852 kilometers

Weights

1 pound = 16 ounces

1 ton = 2000 pounds

1 kilogram = 2.205 pounds
1 kilogram = 1000 grams

Volume Measurements

8 fluid ounces = 1 cup
2 cups = 1 pint

4 cups =1 quart

4 quarts = 1 gallon

1 ft3=7.48 gallons

Metric Prefixes

Prefix Symbol Power of ten

pico p 10-12
nano n 10~°
micro U 107°
milli m 1073
centi c 1072
deci d 1071
none none 109 =1
deca da 101
hecto h 102
kilo k 103
mega M 10°
giga G 10°
tera T 1012
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Rate Conversion and Problem Solving

A rate is a fraction with units in both the numerator and denominator. When you need to change
units within a rate, use unit analysis to change the units in the numerator and the denominator
separately. The order in which you choose to change the units does not matter.

Example 1: The record time for the Kentucky Derby was set by the horse, Secretariat, in 1973. He
ran the distance of 10 furlongs in 1 minute, 59 % seconds?. Calculate his average speed in miles

per hour.

Example 2: In a moment of extreme foolishness, Roger rode his bike down the frontage road on
Bozeman Pass at a speed of 55 miles per hour. Express Roger’s speed to feet per second.

Example 3: In 2008, Michael Phelps of the United States set the Olympic record for swimming the
200 meter freestyle stroke by completing the event 1 minute and 42.96 seconds.3

a. Calculate his speed in meters per second (His unit rate of speed).

b. Use unit conversion fractions to convert his speed from meters per second to miles per
hour.

2 Source: https://www.kentucky.com/sports/horses/kentucky-derby/article304642976.html
3 Source: https://www.olympics.com/en/news/olympic-record-swim-freestyle-backstroke-breaststroke-butterfly-
relay-medley
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Intro to Problem Solving with Unit Analysis

The word “per” typically indicates a fraction. The quantity to the left of the word “per” is the
numerator of the fraction and the quantity to the right of the word “per” is the denominator of
the fraction. In the context of rates, “per” can be read as a statement of equality that yields a unit
conversion fraction. Use the words in a problem to set up unit conversion fractions to “convert”
from one unit of measurement to another, solving the problem in the process.

Example 4: How long will it take to drive 1500 miles trip at an average speed of 70 miles per
hour?

Example 5: Dan Druff plans to take a 1500-mile trip in his 1977 Ford Pinto with wood paneling.
Suppose Dan’s Pinto gets, on average, 30 miles per gallon. Further suppose the price of gasoline
is expected to be $4.59 per gallon. How much money should Dan expect to spend on gasoline?

Example 6: Distracted driving is dangerous. To quantify how dangerous, suppose a vehicle is
traveling at 25 miles per hour and the driver looks at their phone for 5 seconds. How many feet
will the vehicle travel during those five seconds?

16



More Problem Solving with Unit Analysis

Make a list of the statements of equality from the information given in the problem. Then use
unit analysis to create a product of conversion fractions to answer the questions.

Example 1: If 1 kilobyte of computer memory holds about% of a page of text, and a typical book is
about 400 pages long, how many books can a 9-gigabyte flash drive hold?

Example 2: Katie has a space heater that uses 1,500 watts of power and runs it for an average of
2 hours each day. The utility company charges 11.87 cents per kilowatt-hour of electricity. What
is the average monthly cost for Katie to run her space heater? (Assume 30 days in a month.)

Example 3: Suppose the utility company charges 14 cents per kilowatt-hour of electricity. How
much does it cost if you accidentally leave the lights on in the garage when you leave home for a
week if you have four 75-watt bulbs in the garage?

17



Area and Volume

With the advent of the smartphone, there’s not much reason to memorize formulas - you can easily
look them up! It’s much more difficult to determine which formula is appropriate for a given scenario

and how to apply it correctly.

Two-dimensional Figures

2

Circle: Area = itrr Circumference: C =2nr = nd

Rectangle: Area= Ixw Perimeter: P = 21 + 2w

Three-dimensional Figures

Sphere: Surface Area = 4mr? Volume: V= gm‘3

Rectangular Prism:

Surface Area=2(IXw+ I X h+w X h) Volume: V=IXw X h

Right Circular Cylinder:

Surface Area = 2ntr? + 2mrh Volume: V=mnr?h

18



Example 1: A pole for an umbrella stands in the center of a circular pool. If the distance around the
pool is 30 meters, how far is the pole from the edge of the pool?

Example 2: In the 1970s, many houses had wall-to-wall “shag” carpet. Suppose Harry Callahan is
installing shag carpet in a room in his house that is15 feet long and 10 feet wide. Also suppose that
the edges of the carpet are held in place by tack strips.

a. How many feet of tack-strip material does Harry need?

b. How many square feet of carpet does Harry need?

Example 3: A walkway 2 meters wide surrounds a rectangular plot of grass. The grass plot is 25
meters long and 15 meters wide.

a. Calculate the area of the walkway.

b. Suppose that Rocky Mountain Sod charges $0.45 per square foot. How much would it cost to
purchase enough sod to cover the grass plot?

19



Example 4: A home-heating propane tank consists of a cylinder with a hemisphere at each end. The
overall length is 10 feet, and the diameter of the cylinder is 4 feet.

a. Find the volume of the tank in cubic feet.

b. Find the square feet of metal needed to construct the tank.

Example 5: Suppose a box of your favorite breakfast cereal measures 8 inches by 6 inches by 2 inches.

a. Find the surface area and volume of this box of cereal.

b. Multiply each of the dimensions of the box of cereal by ten. Then find the surface area and volume
of this new, larger box.

c. Divide the larger surface area by the smaller area and complete the sentence below:

The surface area of the new, larger box is times as big as the surface area of the original
box.

20



Divide the larger volume by the smaller volume and complete the sentence below:

The volume of the new, larger box is times as big as the volume of the original box.
Without repeating the calculations from parts a and b, make a prediction about what will happen
to the surface area and volume of the cereal box if you multiplied the length, width, and height by
five instead of ten. Fill in the blanks below:

After multiplying the length, width, and height of the cereal box by five, the surface

area of the new cereal box will be times as big as the surface area of the original box.

After multiplying the length, width, and height of the cereal box by five, the volume

of the new cereal box will be times as big as the volume of the original box.

Now suppose you were to multiply the length, width, and height of the cereal box by any number.
Let’s call that number n. Fill in the blanks below:

After multiplying the length, width, and height of the cereal box by n, the surface

area of the new cereal box will be times as big as the surface area of the original box.

After multiplying the length, width, and height of the cereal box by n, the volume of
the new cereal box will be times as big as the volume of the original box.

Now suppose you multiply the radius of a sphere by a different number, say m. Fill in the blanks
below.

After multiplying the radius of a sphere by m, the surface area of the

new sphere willbe ______ times as big as the surface area of the original sphere.
After multiplying the radius of the sphere by m, the volume of the

new sphere willbe ______ times as big as the volume of the original sphere.

Finally, suppose you multiply both the radius and the height of a right circular cylinder by another
number, say k. Fill in the blanks below:

After multiplying the radius and height of a right circular cylinder by k, the surface
area of the new cylinder will be times as big as the surface area of the original cylinder.

After multiplying the radius and height of a right circular cylinder by k, the volume of

21



the new cylinder will be times as big as the volume of the original
cylinder.

Summary: When you multiply the dimensions of a figure by a constant ¢, you are scaling the object by a
factor of c. Lengths, areas, and volume respond differently to scaling. The following statements apply to
lines, rectangles, and rectangular prisms, respectively, but similar statements can be made the other
three-dimensional shapes that we will study in this course.

Scaling the length of a length by ¢ makes the resulting length times as big.
Scaling the length and width of a rectangle by ¢ makes the resulting area times as big.

Scaling the length, width, and height of a rectangular prism by ¢ makes the resulting volume

times as big.

22



Area and Volume Conversion

When converting units of measure, it is important to note whether the units are for distance,
area, or volume.

Example 1: A circular trampoline measures 14 feet across.

a. How many yards of netting are needed to enclose the trampoline?

b. How many square yards of lawn are covered up by the trampoline?

Example 2: According to the United States Census Bureau#, Montana covers 145,550 square
miles and is the fourth largest state by area. According to the United States Department of States,
Norway has a total area of 385,199 square kilometers. Which has more land area?

4 Source: http://data.census.gov/
5 Source: http://state.gov/
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Example 3: A baseball has a circumference of 9 inches.

a. Calculate the surface area of the baseball in square inches.

b. Express the surface area of the baseball in square centimeters.

Example 4: A sidewalk will be 50 feet long and 4 feet wide. The concrete for the sidewalk needs to be
8 inches deep. How many cubic yards of concrete will be needed?

24



Unit Rate Comparison
Example 1: Suppose Dan Druff drove his 1977 Ford Pinto with wood paneling 378 miles and
used 14.3 gallons of gas. Calculate Dan’s unit rate of miles per gallon

Example 2: At a local grocery store a 15.5-ounce jar of peanut butter is $2.34 and an
18-ounce jar of a similar peanut butter is $2.85. If you want to purchase the jar that offers the
better buy, which should you choose?

a. Answer this question by calculating the cost per ounce (unit rate) for each jar.

b. Now answer the same question by calculating the ounces per dollar (unit rate) for each
jar.

25



Example 3: A 2-pack of 12-ounce bottles of dish soap is $2.18, while a 20-ounce bottle costs
$1.89. Which is the better buy?

a. Calculate the cost per ounce for each option.

b. Round your answer to the nearest penny. What do you notice about the answer choices?

c. Now calculate the ounces per dollar for each option.

d. Isthere one option that is better?

e. For each option, multiply the rounded cost per ounce above by the ounces in the bottle.
Do you end up with the actual price for each option?

Now go back and look again at the cost per ounce for each option. What do you need to do when
the two options each round to the “same” amount?

26



Example 4: Jones Soda Company manufactures “novelty” beverages for the holidays. Suppose a
32-fluid ounce bottle of “Turkey and Gravy” soda costs $1.49 and a 1-liter bottle of the same soda
costs $1.39. Which one is the better buy?

Example 5: Which is cheaper, carpet #1 priced at $8.50 per square foot or carpet #2 priced at
$52.90 per square yard?

Example 6: If gas in Seattle is 4.49 USD per gallon, and gas in Vancouver, B.C. (Canada) is 1.69
Canadian dollars per liter (CAD), is it cheaper to fill your gas tank in Seattle or Vancouver? Use
the conversion fact 1 USD = 1.37 CAD

27



Non-Unit Rates

Sometimes making comparisons using unit rates can be awkward, and so rates are given as an
amount out of 1,000 or some other power of 10.

Example 1: In 2021, Montana reported 281,363 cases of Covid while Oregon reported 785,032
cases.

a. To say that Montana had a less severe outbreak of Covid than Oregon is not supported by
these numbers. Explain why not.

b. The population of Montana was 1,104,271 while Oregon’s population was 4,246,155.
Calculate the number of cases per person for each state. Comment on the usefulness of
these figures.

c. The Centers for Disease Control and Prevention reports cases of Covid for each state as
“number of cases per 100,000 people.” Use the actual case counts and total populations

for Oregon and Montana to calculate the number of cases per 100,000 people in each
state.

28



Example 2: The leader in steals in Division I women’s basketball during the 2024-2025 season
was Ny'Ceara Pryor from Sacred Heart University. Pryor played 965 minutes in 29 games and
had 120 steals.®

a) Find the average number of steals Pryor had per game during the 2024-2025 season.

b) During the same season, Montana State University guard Taylee Chirrick played 712
minutes in 34 games and had 113 steals.” How many steals did Chirrick average per
game?

c) Comparing steals per game does not reflect every facet of each player’s production in this
statistical category. What information is not accounted for in the steals per game
statistics?

d) A women’s Division one basketball game consists of four ten-minute quarters, or 40
minutes of game time. Calculate the number of steals per 40 minutes played for each
player and compare.

6 Source: https://sacredheartpioneers.com/sports/womens-basketball /stats
7 Source: https://msubobcats.com/sports/womens-basketball /stats?path=wbball
29



Unit Wrap-Up Problems

On January 15, 1919, a molasses tank at 529 Commercial Street in Boston, MA exploded under
pressure, killing 21 people. A 40-foot wave of molasses buckled the elevated railroad tracks,
crushed buildings, and inundated the neighborhood. Structural defects in the tank combined
with unseasonably warm temperatures contributed to the disaster.8

1. The tank was in the shape of a right circular cylinder with a diameter of 90 feet and a height
of 50 feet. Use the volume of a right circular prism formula to estimate how many gallons of
molasses this tank held. (Use the conversion fact 1 ft3 = 7.48 gallons.) Compare your estimate
to the actual volume of the tank, which was 2.3 million gallons. (Hint: Find how many times
larger the estimate is than the actual volume.)

2. Suppose the width of Commercial Street at this address was 60 feet. If the wave of molasses
covered all 60 feet of the width of Commercial Street and maintained its 40-foot height, how
far down Commercial Street would the molasses reach? (Hint: use the volume of a
rectangular prism formula.)

8 Source: https://en.wikipedia.org/wiki/Great_Molasses_Flood
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3. Boston’s North End covers approximately 229 acres. If the molasses spread out to a depth of
one foot, what percent of Boston’s North End would be covered in molasses? Use the
conversion fact 1 acre = 43,560 square feet.

4. The molasses flow lasted approximately five minutes.® Find the flow rate of the flood in units
of cubic feet per second. Compare this to the median flow rate of the Madison River at the
beginning of June, which is approximately 900 cubic feet per second.10

9 Source: https://www.bpl.org/blogs/post/bostons-great-molasses-flood/
10 Source: https://waterdata.usgs.gov/nwis/uv?site_no=06037500&legacy=1
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Unit 2: Percentages
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Percent Basics
Percentages, Fractions, and Decimals

30 _3_03

Percent means “per 100”; e.g., 30% means 30 per 100, so 30% = To0 — 1o

Any number!! can be written in the form of a decimal, fraction, or percentage. Being able to
convert between the three different formats is important.

To express a percentage as a fraction: Replace the % symbol with division by 100. Take steps
to rewrite the fraction as an equivalent fraction without decimals, if needed.

Write 17% as a fraction.

To express a percentage as a decimal: Write the percentage as a fraction and do the division.
Recall that dividing by 100 is the same as moving the decimal point two places to the left.

Write 17% as a decimal.

To express a decimal as a percentage: Multiply by 100%, which is equivalent to multiplying by
1, which moves the decimal two places to the right.

Write 0.49 as a percentage.

To express a fraction as a percentage: Write the fraction in decimal notation by doing the
indicated division and then express the decimal as a percentage.

. 3
Write  as a percentage.

To express a decimal to a fraction do either of the following:
Express the decimal to a percentage and then express the percentage to a fraction.
Write 1.01 as a fraction.

Use the place value of the right-most digit as the denominator of the fraction. If there are digits to
the left of the decimal, those digits are the whole number in the mixed fraction.

Write 1.01 as a fraction.

11 “Number” in this context refers to a rational number. These are numbers that can be written as ratios of integers.
The details are not important for this course, but if you're interested, ask your instructor or do a web search for
rational number.
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Example 1: Fill in the table to represent each value in the two other possible forms.

Percent Fraction Decimal
80%
8%
.8%
100%
800%
0.5
0.005
3.2
3
4
1
3
1 2
5
1
500

34



Using Ratios (Fractions) to calculate Percentages: The base of the ratio follows the phrase
“percent of” in the problem.

Example 2: John earns $3600 each month, and Anne earns $4000 each month.

Write the ratio of John’s salary to Anne’s.

John’s monthly salary is what percent of Anne’s?

Write the ratio of Anne’s salary to John'’s.

Anne’s monthly salary is what percent of John’s?

Example 3: Suppose you earn $4000 each month and pay $1700 in rent. What percent of your
income goes to rent?
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Percent Applications
Finding a percent of a known number (Find amount for known percent and base):

Example 1: In 2023 the median household income for Montana was $69,922.12

a. What was the income for someone earning 50% of the median?

b. What was the income for someone earning 150% of the median?

Example 2: Seth purchased a “Dirty Sixer” (a bicycle with 36-inch diameter wheels) priced at
$6,299 and needs to pay a 3% sales tax. How much did Seth pay for the bike in total?

Example 3: The enrollment at Krusty’s Clown College school decreased 5% from last year to this
year. If there were 12,460 students last year, how many are enrolled this year?

12 Source: https://www.census.gov/quickfacts/fact/table/MT/PST045223
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Working with a percent of an unknown number (Find base for known amount and percent)

Example 4: The enrollment at Midvale School for the Gifted decreased by 82 students from last
year to this year. If this was a decrease of 5%, how many students were enrolled last year?

Example 5: If you are encouraged to spend only 25% of your monthly income on rent and want
to rent an apartment advertised for $1,800 per month, what does your monthly income need to
be?

Mixed Applications:

Example 6: For a recent art auction, the organizer kept 6% of the proceeds from each piece of art
as a commission. If the organizer earned $255 in commissions, what was the total value of the art
sold during the auction?

Example 7: Fourteen of the 25 art pieces sold during an auction were pottery pieces. What
percent of the pieces sold during the auction were pottery pieces?
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Example 8: Twenty-two percent of the students in one dorm registered for a full meal plan. If
there were 250 students in the dorm, how many registered for a full meal plan?

Example 9: A music teacher works in a public school and also teaches private piano lessons
during the evenings to earn additional money. He earns 8% of his total monthly income from the
private piano lessons. If he earned $325 one month from the private piano lessons, calculate the
amount of his total income for that month.

Example 10: During a 40% off sale, what was the discount for a jacket normally priced at $89.95?

Example 11: A music collector has a bookcase with 80 albums. She says that represents only 20%
of her collection. How many albums does she have in her collection?
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Example 12: In 2023 the median household income for Montana was $69,922.13 Suppose Sean
was earning $85,300 and Kyla was earning $147,500.

a. Sean’s income was what percent of the median income?

b. Kyla’'s income was what percent of the median income?

c. Kyla’s income was what percent of Sean’s income?

d. Sean’s income was what percent of Kyla's income?

13 Source: https://www.census.gov/quickfacts/fact/table/MT/PST045223
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Percent Change Part 1: Absolute vs. Relative Change

absolute change = final value - initial value

final value — initial value

relative change = percent change = —
8 p J initial value

Example 1: Suppose tuition at Mullet McMullerson’s Barber College increases from $6500 to
$8500.

a. Find the absolute change in tuition.

b. Find the relative change in tuition.

c. The final tuition is what percent of the initial tuition?

Example 2: Suppose tuition at Mullet McMullerson’s Barber College decreases from $8500 to
$6500.

a. Find the absolute change in tuition.

b. Find the relative change in tuition.

c. The final tuition is what percent of the initial tuition?
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Change in “percentage points” (absolute change) versus relative change

Example 3: The percentage of childhood vaccinations fell from 86% in 2019 to 83% in 2023.14

a. Find the absolute change in the percentage; i.e. find the change in percentage points.

b. Find the relative change in the percentage.

c. The 2019 percentage is what percent of the 2023 percentage?

Questions to think about:

Give an example where percent change is negative. Hint: There’s one in this lesson!

Explain why the largest percent decrease for positive quantities is 100%.

Explain why percent growth is only limited by the maximum size of the quantities involved.

If a quantity grows by 200%, the final value is how many times the initial value?

14 Source: https://apnews.com/article/measles-outbreak-vaccines-who-840dbec753bef775aa043da3948b1f45
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Percent Change Part 2: Unknown Initial Value

Example 1: You purchase a bike priced at $620 and need to pay a 3% sales tax. What do you end
up paying for the bike?

Example 2: You purchase a bike, and including a 3% sales tax your bill is $772.50. What was the
original price of the bike before tax?

Example 3: The number of students enrolled at a school decrease 5% from last year to this year.
If there were 12,460 students last year, how many are enrolled this year?
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Example 4: If the number of students enrolled at a school decreased 5% from last year to this
year, and there are 7467 students this year, how many were enrolled last year?

Example 5: Between 2015 and 2025, the percent of Bozeman’s Human Resources Development
Council (HRDC) funding that came from the federal government decreased by 30% to 46%.1>
What percent of HRDC'’s funding came from the federal government in 20157

15 Source: https://www.bozemandailychronicle.com/news/hrdc-bozeman-federal-funding/article_a2a759eb-3917-
4830-b876-1e39f36b4679.html
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Percent Change Part 3: Percent of vs. Percent More/Less

To distinguish between “percent of” versus “percent more/less than,” you must read very
carefully!

Example 1: A men’s basketball weighs 22 0z. A women'’s basketball weighs 18 ounces.1¢

The weight of a men’s basketball is % of the weight of a women'’s basketball.

The weight of a men’s basketball is % more than the weight of a women’s basketball.
The weight of a women’s basketball is % of the weight of a men'’s basketball.

The weight of a women'’s basketball % less than the weight of a men’s basketball.

16Source: https://en.wikipedia.org/wiki/Basketball_(ball)
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Given the first statement, fill in the correct words and percentage for the following
statement(s).

Example 2: Hyalite reservoir has 30% more water than Mystic reservoir.

The amount of water in Hyalite reservoir is % of the Mystic reservoir amount.

The amount of water in Hyalite reservoir is times the Mystic reservoir amount.

Example 3: Matt’s bike cost 20% less than Amy’s bike.

The cost of Matt’s bike was % of the cost of Amy’s bike.

The cost of Matt’s bike was times the cost of Amy’s bike.

Example 4: Anna’s salary is 110% of the median Bozeman salary.

Anna’s salary is % more than/less than (circle one) the median Bozeman salary.

Example 5: Allison’s salary is 70% of the median Bozeman salary.

Allison’s salary is % more than/less than (circle one) the median Bozeman salary.
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Percent Change Part 4: Percent of a Percent

Example 1: Zoe earns a salary of $45,000 and receives a 2% raise each year for 3 years. Zelda
earns a salary of $45,000 and receives a 6% raise at the end of three years

a. Calculate Zoe’s salary after three years. Then calculate Zelda’s salary after three years.

Example 2: Vern earns a salary of $45,000 and then receives a raise of 10%. Then the company
faces some tough financial situations and needs to cut his salary by 10%.

a. Calculate Vern’s salary after the 10% raise and the 10% cut.

b. What was the overall percent change in Vern’s salary?
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When you are given a series of percent changes, think of them as one change at a time.

e For each percent change, use the relationship between “percent more/less” and “percent

of.”
e Write one sentence that links the ending amount to the very beginning amount.

e Use the relationship of “percent of” and “percent more/less” in the final step to calculate
the overall percent change.

Example 3: If student enrollment increases by 20% and then increases by 10%, find the overall

percent change in enrollment.

Example 4: If student enrollment decreases by 20% and then increases by 10%, find the overall

percent change in enrollment.

47



Unit 3: Modeling with Functions
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Functions and Average Rate of Change

A mathematical model is a way of representing relationships between changing quantities. A powerful
tool for representing these relationships is the concept of a function. In this unit, we will learn how to
represent two kinds of functional relationships - linear and exponential.

A function describes how a dependent variable depends on an independent variable. A common way
to write these related variables is as an ordered pair, with the independent variable first and the
dependent variable second.

For the next examples, fill in the blank with the independent and dependent variables. Also, put the
variables in the correct position in the coordinates of each ordered pair. Finally, indicate which quantity
increases and which quantity increases or decreases by writing them in the blanks and circling the word
increases or decreases.

Example 1: The hours spent practicing the piano and the number of mistakes made during a recital.

independent variable is

dependent variable is

ordered pair is ( , )

As increases, increases/decreases.

The temperature of a pot of water on the stove and the time elapsed since turning on the heat.
independent variable is
dependent variable is

ordered pair is ( , )

As increases, increases/decreases.

The number of hours you work at your job at the dining hall and your monthly pay.

independent variable is

dependent variable is

ordered pair is ( , )

As increases, increases/decreases.
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Example 2: The table below shows typical values you might find for the air pressure at different altitudes,
in units of inches of mercury.1?

In the function relating air pressure and altitude, the independent variable is

and the dependent variable is

When graphing a function, the independent variable is plotted on the horizontal axis, and the dependent
variable is plotted on the vertical axis. Plot each ordered pair from the table on the graph.

Altitude (feet) Pressure 35
(inches of bs
mercury) é 30
-1,362 (altitude 31 =
of the Dead Sea) < 25
0 (altitude of 30 = B 20
New Orleans) $ B
4,946 (altitude 25 o g 15
of Bobcat 5 "
Stadium) B
12,728 (height 19 g 5
of Granite Peak) b
28,655 (height 10 0
of Mt. Everest) -5000 0 5000 10000 15000 20000 25000 30000 35000

Altitude (feet)

Let x be the independent variable and let y be the dependent variable. To say y is a function of x means
that the value of y depends on x and that each value of x is associated with one and only one value of y.

17 Source: https://whatismyelevation.com
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Average Rate of Change

In a situation where changes in the independent variable causes changes in the dependent
variable, we need tools to evaluate the rate at which they are changing within a certain
interval. We don’t necessarily know that the amount of change was constant within the
interval, but we can still calculate an average rate of change for that interval.

Example 1: Over four hours one day, the temperature rose 20 degrees. On average, how
many degrees did the temperature rise each hour? (This is the average rate of change.)

Example 2: The water level in Buster’s turtle tank decreases at an average rate of 2
millimeters per day due to evaporation. How much does the water level change in 8 days?

Example 3: The information in the table below shows the amount of snow on the ground at
two different times one day.

Hour Snow depth
6am 6 inches
3pm 28.5 inches

a. Onaverage, how much did the snow depth change each hour between 6am and
3pm? (This is the average rate of change.)

b. Using the average rate of change, calculate the snow depth at 11am.
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Example 4: The information in the table below shows the amount of snow on the ground at
various times throughout another day.

Hour Snow depth
6am 5 inches
9am 8 inches
1lam 11 inches
6pm 14 inches

a. Does each time interval in the table have the same average rate of change (inches of
snow per hour)?

b. Which time interval had the largest average rate of change?

c. Which time interval had the smallest average rate of change?
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Slope as Average Rate of Change
Example 1: The information in the table below shows the amount of snow on the ground at
various times throughout one day. Plot the pairs from the table in the graph below.

Time Snow depth
6am 6 inches
snow depth over
9am 10.5 inches t
12pm 15 inches me
6pm 24 inches

Show that the amount of snow falling each

hour is the same between 6am and 9am.
Repeat for 9am to 12pm, and for 12pm to

6pm.

Snow depth in inches

Time in hours

The change in snow accumulation each hour is the rate of change of the snow depth
(dependent variable) with respect to time (independent variable). When a function has a
constant average rate of change, it is called a linear function. These kinds of functions
always a straight-line graph. The rate of change is referred to as the slope of the line.
Geometrically, the slope is the ratio of the change in the vertical direction (change in y) to
the change in the horizontal direction (change in x), so it is often referred to as rise over
run.

Alinear function has a constant average rate of change and a graph that is a straight line

change in dependent variable Ay
change in independent variable ~ Ax

rate of change = slope =
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Example 2: The information in the table below shows the amount of snow on the ground at
various times throughout another day. Was the function between the snow depth and the
number of hours passed since 6am a linear

function?

Time Snow depth snow depth over
6am 5 inches time

9am 8 inches

12pm 10 inches

6pm 18 inches

Snow depth in inches

Time in hours

Example 3: Most assets depreciate, or lose value, over time. The graph shows the value of a
new Toyota Tacoma experiencing straight-line depreciation, in which the car’s value
decreases by the same dollar amount each year.

Value of Toyota Tacoma over time

Find the slope of the line and 25,000
explain what it means in terms of
the value of the car over time. — 20,000 1
4
E mm
°
S, 15,000 )
[}]
2 L N
g
& 10,000 \
3 .
=
St
= 5,000
0 s

0 2 4 6 8 10 12 14 16 18
Time since purchase (years)

When given a table of values or the graph of a linear function, there is a general sequence of
steps one must complete to determine the function’s rate of change.
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Linear Modeling
Example 1: The information in the table below shows the amount of snow on the ground at
various times throughout one day. Plot the pairs from the table in the graph below.

Time Snow depth
6am 3 inches Snow dEpth over
9am 9 inches i
time
12pm 15 inches
3pm 21 inches
6pm 27 inches

Snow depth in inches

Time in hours

a. Show that the function between the snow depth and the number of hours since 6am is
a linear function by calculating the average rate of change for each interval.

b. Calculate the total amount of snow on the ground at 8am.

c. Letx represent the number of hours since 6am and y represent the depth of the snow,
in inches. Write an equation for the snow depth as a function of the number of hours
that have passed since 6am.
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Example 2: Most assets depreciate (i.e., lose value) over time. The graph shows the value of
a new Toyota Tacoma experiencing straight-line depreciation, in which the car’s value

decreases by the same dollar amount each year.

a.

Find the slope of the line and
explain what it means in terms
of the value of the car over time.

What was the initial value of the
car? The initial value is also the
y-coordinate of the y-intercept.

After how many years will the car’s value be zero?

Truck's value (dollars)

25,000

20,000 -

15,000

10,000

5,000

Value of Toyota Tacoma

0

2

4

6

8

10 12 14 16 18

Time since purchase (years)

The time at which the value is zero is the x-coordinate of the x-intercept.

Let x represent the number of years since the truck was purchased and y represent the
current value of the truck, in dollars. Write an equation showing how the truck’s value
depends on the number of years that have passed since it was purchased.

Sometimes estimating answers from a graph can be challenging. Use the equation above to
answer the following questions.

€.

f.

What will the value of the truck be six years after it was purchased?

After how many years will the value of the truck be $5000?

g. After how many years will the truck be worth zero?
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A linear function has a constant average rate of change and a graph that is a straight line

change in dependent variable Ay

rate of change = slope = change in independent variable ~ Ax

dependent variable = initial value + rate of change X independent variable

y=b+mx

Example 3: The cost of leasing a car is $800 for a down payment and document fees plus
$250 per month.

a. What is the initial value for the cost of the lease? Include appropriate units.

b. What is the rate of change for the cost of the lease? Again, include appropriate units.

c. Letx represent the number of months since the car was leased and y represent the
current cost of the lease, in dollars. Write an equation for the cost of the lease as a linear
function of the number of months that have passed since it was leased.

d. What will the total cost be to lease the car for 6 months?

e. For how many months can you lease a car with $4000?
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Example 4: An airplane’s height as it begins its descent is given by y = 20,000 — 500x
where x is the number of minutes since the descent began and y is the current altitude of
the airplane in feet.

a. ldentify the initial value and rate of change. Include appropriate units.

b. Write a sentence that interprets the initial value in the context of the problem.
(Hint: your sentence should not use the phrase “initial value.”)

c. Write a sentence that interprets the rate of change in the context of the problem.
(Hint: your sentence should not use the phrase “rate of change” or the word
“slope.”)
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Exponential Growth
Example 1: The table below shows the value of an investment over time.

Value ofan Average Rate Relative
Year

investment of Change Change

2020  $1000.00

2021 $1250.00

2022 $1562.50

2023 $1953.13

2024 $2441.41

2025 $3051.76

Calculate the rate of change in the value of the investment for the first two intervals.
Comment on your calculations.

Calculate the relative change (percent change) in the value of the investment each year.

Each year’s investment value is how many times greater than the previous year’s
investment value? The value of this ratio is called the growth factor.

Each year’s investment value is what percent of the previous year’s investment value?

If you start with the initial value of the investment, how many times would you multiply by
the growth factor to find the value of the investment after 10 years?
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Use the initial value of the investment and the growth factor to write the equation that
shows the investment value, y, compared to the number of years since 2000, x.

A function that has constant relative change is exponential.

Relative change = percent change = percent growth rate = fractional growth rate.
Multiplying the previous value by the growth factor gives the next value.

The equation for exponential growth can be writtenas y = Qy(1 + r)*

Wherey = Key Notes:
Units of time for x and r must
Qo = be the same
The relative growth rate, r, is
r = constant but the absolute

growth rate is increasing
X =

Example 2: Your boss promises to give you a 3% raise each year.

a. Ifyou make $62,000 right now, how much will you be making in 5 years?

b. Your friend’s boss offers her a 15% raise given 5 years after she began working. Who
got the better deal? How do you know?

c. How many years would it take until your salary is $100,000 if you continue to receive a
3% raise each year?
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Example 3: After reaching 100 users per day, the “Dog Vibing to Epic Sax Guy Song” video
went viral, and the number of views triples each day.

a. Find the relative change in the number of views each day

b. Write an equation that models the numbers of views each day since the number of vies
of the video began tripling.

c. Find the number of views per day after 4 days.

d. How many days until there are 1,000,000 views per day?
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Example 4: Suppose the median home price in a town increases 2% each year for a decade.
Calculate the year-over-year percent increase in the median home price over the decade.
(Hint: it is NOT 20%.)
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Exponential Decay
Example 1: The table below shows the amount of interest paid each year on a home loan
over time.

Value ofan Average Rate Relative
Year

investment of Change Change

2020 $1000.00

2021 $7500.00

2022 $5625.00

2023  $4218.25

2024 $3164.06

2025 $2373.05

a. Calculate the relative change in the amount of interest paid.

b. Each year’s interest amount is what percent of the previous year’s interest amount?

c¢. What number do you multiply the previous value by to get the next value? This ratio is
called the decay factor.

d. Use the initial amount of interest paid and the decay factor to write the equation that
shows the amount of interest paid, y, compared to the number of years since 2000, x.

When r is negative (r < 0), the relative change is negative and the model represents
exponential decay.

Multiplying the previous value by the decay factor gives the next value

When r is positive (r > 0), the relative change is positive and the model represents
exponential growth.

Multiplying the previous value by the growth factor gives the next value

Whether we want to model exponential growth or exponential decay, we use the same
model

y=0Qo(1+1r)*
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Note: When r is a negative number, the value 1 + r is a number between 0 and 1. When ris a
positive number, the value 1 + ris a number greater than 1. The value 1 + r is always a
positive number, even if r is a negative number.

Example 2: A car with a value of $32,000 loses 8% of its value each year. Find the value of
the car after 5 years.

When will the car have a value less than $5,0007?

Example 3: The amount of a certain medication in the bloodstream is represented by y =
10(0.93)*, where x is the number of hours since the medication was administered and y is
the current amount of medication in the bloodstream. What is the percent decrease in the
amount of medication each hour?

After how many hours will the amount of medication be half of the original value? Round to
the nearest tenth of an hour.

Example 4: A typical way of cleaning a tank of contaminated water is to run in clean water
at a constant rate, stir, and let the mixture run out at the same rate. Suppose there are
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initially 100 pounds of a contaminant in a large tank of water. Assume that the cleaning
method described here removes 10% of the remaining contaminant each hour.

Find an exponential formula that gives the number of pounds of contaminant remaining in
the tank after ¢ hours.

How much contaminant is removed during the first three hours?

How long will it take to reduce the amount of contaminant to 5 pounds?
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Unit 4: Money and Probability
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Taking Control of your Finances
Read the article, “Making a budget.” (Direct link: https://consumer.gov/your-
money/making-budget.) Answer the following questions.

a. What is a budget?

b. A budget shows two things. What are they?

c. Listthe three steps in making a budget, as stated in the article.

Creating a budget is complicated by the different time periods used for
different items.

Example 1: Credit card companies sometimes determine the monthly interest
payment by assuming that the monthly interest rate is 1/12 of the annual interest
rate. Suppose you maintain an average monthly balance of $600 on your credit card,
which carries a 22% annual interest rate. Calculate your monthly interest payment.

Percentages are often used to make comparisons of budget items to each
other.

Example 2: Compute the total cost per year of the following pair of expenses. On an
annual basis, the first item is what % of the second item?

Tomas spends $125 per week on groceries and $1800 per month on rent.
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Example 3: The bar chart below shows income and expenditures by age group.

Assume salary/wage is after taxes.

a. Which age group’s expenditures exceed their income by the greatest amount?
By how much?

b. Complete the sentence: Adults age 45 - 54 spend % more/less (circle
one) than they earn.

Example 4: The following table shows expenses and income for a college student one year.

a. The net monthly cash flow is determined by subtracting monthly expenses
from monthly income.

net monthly cash flow = monthly income - monthly expenses

b. What assumptions need to be clarified before calculating the net monthly cash
flow?
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Income Expenses

Job: $800/month Rent: $750/month
Student Loan: $3000/semester Groceries: $85/week
Savings: $5000 Utilities: $90/month

Car insurance: $450 semiannually
Gasoline: $25/week

Phone: $50/month

Tuition: $4000/semester

Books: $500/semester

c. Find this person’s net monthly cash flow by following these steps:

1) Determine the monthly amount spent in each category

2) Determine the total monthly income

3) Determine the total monthly expenses

4) Determine the monthly cash flow, remembering that cash flow can be
positive or negative.
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Understanding accumulated costs over time

Example 5: Imagine that you are trying to decide whether to go without health insurance one
year, so you study your expenses from the previous year, shown below.

A premium is a fee you pay to have access to insurance coverage. Assume premiums are paid
monthly unless otherwise stated. A co-payment is the amount you pay as an insured person
for a service. Note that this is less than the cost of the service. A deductible is the amount an
insurance holder must pay “out of pocket” before the insurance company will pay.

Suppose your specific health insurance plan has a monthly premium of $350, a $35 co-pay for
regular office visits and physical therapy, a $75 co-pay for emergency room visits, and a
$2000 deductible for surgical procedures.

Expense Cost without insurance | Cost with insurance
Jan 25: Emergency room visit | $835
Feb 2: Office visit $130
March 15: Surgery $8700
Apr 25: Office visit $130
Apr 30: physical therapy $90
May 14: Physical therapy $90
May 21: Physical therapy $90
May 28: Physical therapy $90
June 6: Physical therapy $90
Oct 18: Office visit $130

Calculate the cost for the year if you had no insurance.

Calculate the cost for the year if you did have insurance.

Would you choose to go without insurance for the following year? Explain your reasoning.
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Simple vs Compound Interest
In any situation where interest accrues, the relationship is given by

where A is the accumulated balance in the account, P is the principal (the initial
amount invested), and [ is the interest earned. We will consider two types of
interest. The first is called simple interest and is calculated using the formula

where A and P represent the same quantities as above, r represents the annual
interest rate, and t represents the length of time, in years, the money earns interest.

Example 1: Suppose you invest $1000 in an account that pays simple interest of 6%
each year.

a. Find the balance in your account after 5 years

b. How much interest was earned?

Example 2: A payday loan company charges a $40 fee for a $200 payday loan that
will be repaid in 18 days. Use the simple interest formula to calculate the equivalent
annual interest rate.

We can use the idea of simple interest to introduce another type of interest,
compound interest.

Example 2: Suppose you invest $1000 in an account that pays 6% interest,
compounded annually.

End of year Interest Paid Old Balance + Interest = New Balance
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1 $1,000 x 6% = $60 $1000 + $60 = $1,060

2 $1,060 x 6% = $63.60 $1060 + $63.60 = $1,123.60

a. Complete the table determine the amount of interest earned after five years.
b. How much more interest was earned in this scenario (compounded
annually) than under the simple interest scenario?

Compound interest for interest paid n times per year

APR\™
A=P(1+—)
n

A = amount in account after y years
P = principal or initial amount in the account
APR = annual percentage rate (expressed in decimal form)
n = number of compounding periods per year
y = number of years

Note: y does not have to be an integer; e.g., 6 months = 0.5 year.

Example 3: Use the compound interest formula to find the balance in an account

after 5 years if you invest $1000 in an account that pays 6% interest, compounded:
Annually (verify result from the previous page): n =

Quarterly: n =

Monthly: n =

Daily: n =

Example 4: Dan Druff deposits $8,000 in an account with an annual interest rate of
7%.
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a. How much will be in the account after 5 years if he earns simple interest?

b. How much interest did Dan earn over the 5 years?

Example 5: Anita Bath decides to invest $8,000 in an account with an APR of 7%,
compounded daily.

a. How much will be in this account after 5 years?

b. How much interest did Anita earn in 5 years?

c. Anita’s balance after 5 years was what percent of Dan’s balance after 5 years?
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Compound Interest Continued
Future and present value

The present value of an investment is the amount we initially invest. The future value is
the value of that investment at some specified time in the future.

Use the compound interest formula, where
A = accumulated balance after y years OR the future value desired (given in question)

P = starting principal OR the present value we need to find

Finding Present Value

Example 1: Ashlin hopes to launch a small non-profit organization in five years and
estimates that the start-up costs will be $12,000. Ashlin can get a 5-year CD that
pays 3.25% interest, compounded quarterly. How much would Ashlin need to
deposit into that CD today so that it would be worth $12,000 in 5 years?

The annual percentage yield, or APY, of an account is the percent increase in the
value of an investment over one year. A surprising fact about APY is that it is
independent of the amount you invest.
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Annual Percentage Yield

The annual percentage yield, or APY, is the relative increase in the value of an
investment over one year.

APR\"

Example 2: Suppose you invest in an account that earns 4.5% interest. Calculate the
APY in each of the following scenarios:

a. Compounded annually

b. Compounded quarterly

c. Compounded monthly

d. Compounded daily

What conclusions can you make from these calculations?
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Note: When interest is compounded annually, APY = APR.

Example 3: Find the balance in your account after 5 years if you invest $1000 in an
account that pays 6% APY.

Example 4: Find the APY for each of the following to compare the following
investment scenarios. Which is better, and why?

Option #1: 4.55% APR compounded quarterly

Option #2: 4.54% APR compounded daily?
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Saving and Investing

Regular deposits (pavments

(1 +¥)ny -1

APR
n

A = PMT X

A = amount in account after y years
P = principal or initial amount in the account
APR = annual percentage rate
PMT = regular deposit amount
n = number of compounding periods per year
y = number of years

Example 1: Suppose we have a savings account earning 6% APR. We deposit $250 to
the account at the end of each month for 10 years.

a. What is the account balance after 10 years?

b. How much was deposited over the 10 years?

c. How much interest was earned over the 10 years?

Deposit needed

Example 2: Luke A. Boyd is starting his four-year degree in ornithology. He wants to
attend graduate school after finishing his degree and wants to have $20,000 set
aside by then. Luke opens a savings account earning 2.5% APR, compounded
monthly, and plans to make regular monthly deposits. How much should Luke
deposit each month?
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Total and Annual Return

Sometimes an investment grows from an original principal P to a later balance 4, but
not necessarily at a constant APR.

Total return is the percent increase in an investment. Use the relative increase
formula to calculate percent change.

final value of investment—initial value of investment A-P
Total return = — _ =
initial value of investment 4

Annual return gives the “average” percentage by which an investment grew over
one year.

Annual return = (é); -1

Companies sell stock to raise capital (money) for their company. Stock traders buy
stock in a company at one price and try to sell it later at a higher price.

Example 3: Three years after buying 200 shares of stock in a company for $25 per
share, you sell the stock for $8500.

a. Compute the total return on your investment.

b. Compute the annual return on your investment.

c. How can you check to see if your calculation for the annual return was correct?

79



Installment Loans

An installment loan is a loan that you are required to pay off in equal, monthly amounts
over a set period of time called the term of the loan. A credit card is also basically a loan, but
you are not required to pay it off in equal, monthly payments over a set period of time.
When you borrow money, we assume that you will pay off the loan plus interest in equal,
monthly payments over a set period of time called the term of the loan.

The amount of your payment depends on three things:

1.
2.
3.
APR
The monthly payment of an installment loan is given by PMT = P X W
1-(1+=—

PMT = regular payment amount
P = amount borrowed

APR = annual percentage rate (expressed in decimal form)
n = number of payment periods per year

y = number of years

Example 1: To buy a car, you borrow $15,000 with a term of five years at an APR of 6%.

a. Whatis your monthly payment?

b. What is the total of the payments?

c. How much total interest will you pay?

Compare the previous scenario with the one below. Which do you prefer, and why?
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Option #2: APR of 7% for six years

Monthly Payment

Total of Payments

Total interest

Equity is the amount of something that you truly “own” when purchasing it with a loan. It
represents the amount of principal you have paid off at that point in time.

Example 2: Say you take out a loan for $12,000 to buy a partial ownership stake in a small
rental property. The term is 4 years at 5.7% APR. Use the following table to find out how
much equity you will have after 6 months of making payments.

a. Calculate the monthly payment

Payment
Number

Applied to Outstanding

Payment  Applied to interest balance owed balance
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b. Calculate the equity you have after 6 months.

c. 6 months represents 6/48 or 1/8 of the total life of the loan. Do you “own” 1/8 of your
stake in the rental property? (Have you paid off 1/8 of the loan?)

Roughly speaking, when you are halfway through the life of a loan, you have not paid off half
of the loan. In fact, for loans with longer terms (such as home mortgages) and higher interest
rates, in the early part of the loan’s term most of your payment is going towards interest. It
isn’t until later in the loan’s term that you significantly reduce the amount of the loan
principal.

Example 3: You know you can only afford a monthly payment of $300 for a car. You can get
a six-year loan with an APR of 6.5%. How much loan can you afford to take out to purchase a
car?

Example 4: Consider the following two options for a $200,000 mortgage. For each option,
calculate the monthly payment, the total amount paid over the life of the loan, and the total
amount of interest paid.

Option 1: 30-year fixed rate loan at 5% Option 2: 15-year fixed rate loan at 5%
Monthly payment: Monthly payment:
Total amount paid: Total amount paid:
Total interest paid: Total interest paid:
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Note that the term of the loan (time) was cut in half in going from Option 1 to Option 2.
Paying the loan in half the time basically means we paid it off twice as fast. Did paying it off
twice as fast require the monthly payment to be twice as large?

Note: we compared loans with the same APR, so that only the term varied. However, often a
loan with a shorter term (15 years as opposed to 30 years) is often available at a lower
interest rate, which further improves the situation.
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Introduction to Probability

People use the term probability in various ways. Here are three different examples:
1. Tam 100% sure that my math teacher will tell a corny joke today.
2. IfItoss a coin, the probability of getting a “head” is 1/2.

3. Arecent poll tells us that if you bump into an American at random, there is a
70% chance you will be meeting someone with brown eyes.

Each of these statements assign a numerical value to the likelihood of a certain
event, but they are quite different in nature. The first statement is based on an
opinion and is thus called subjective. The second assumes that all outcomes are
equally likely and is called theoretical probability. The third is based on observing
the result of an experiment (e.g., rolling a fair die or drawing a card from a deck of
cards) and is called empirical probability. Probabilities can be expressed in
fraction, decimal, or percent notation.

Example 1: You roll a standard 6-sided die once. How likely are you to roll a:
Four Even number

Example 2: You draw a card from a standard deck of cards. How likely are you to
draw a:

Queen Ace or King
Heart Ace of Hearts
Example 3: You have a bag of candy with 3 yellow, 5 purple, 8 green. If you choose

one without looking, how likely are you to get a purple? (Is the probability of purple
1/37)

Example 4: Suppose the city posted workers at the intersection, and over a five-
week period it counted 16,652 vehicles passing through the intersection, of which
1432 ran ared light. Use these numbers to calculate an experimental probability
that cars passing through the intersection will run a red light.
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Let E be an event. Then the probability of that event is calculated using the
formula below:

Number of favorable outcomes
P(E) =

Total number of possible equally likely outcomes

e A probability must be between the values of

e The probability of an event is 0 if the event

e The probability of an event is 1 if the event

Example 5: The surface area of Earth is approximately 197 million square miles.

North America covers approximately 9.37 million square miles, and South America

covers approximately 6.88 million square miles. A meteor falls from the sky and
strikes Earth. What is the probability that it strikes North or South America?

Example 6: A fair coin is flipped three times.

a. Draw a tree diagram that shows all possible outcomes of the three coin flips.
Label each branch with H (heads) or T (tails). Write the outcome at the end of
each branch as a sequence (e.g., HHT or THT).

b. Use the list of outcomes to find the probability of getting THT.

c. Use your list of outcomes to find the probability of getting exactly two heads.
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Note: In part (b), the order matters because THT is a specific outcome. In part (c),
the order does not matter because we only care about how many heads occur.

An outcome is the result of an experiment.

HHT, HTH, and THH are three different possible outcomes of the experiment,
“Flip three fair coins.”

An event is an outcome or a collection of outcomes.

Zero heads, one Head, two Heads, and three heads are all different events
that could result from flipping three fair coins.

The outcomes HHT, HTH, and THH are all included in the event “two heads”

Before calculating a probability, carefully consider the event in question. Does this
event consist of multiple outcomes, or is it a single outcome?

Event Outcomes Probability of Event

0 heads

1 head

2 heads

3 heads

Fill in the table below using the tree diagram above.

Example 7: You roll a standard 6-sided die once. Find the probability you do not get a six.

Example 8: You have a bag of candy with 3 yellow, 5 purple, 8 green. If you reach in the bag
and draw out one candy, what is the probability that you get a yellow or a green?

Example 9: Suppose that there is a 30% chance of snow today. What is the probability that
it does not snow today?

Probability of event not occurring = 1 — Probablity of event occurring
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Odds and Parts of a Whole

Probability and odds are related to each other but are not the same.

Odds in favor of an outcome = # of favorable outcomes to # of unfavorable outcomes

Odds against an outcome = # of unfavorable outcomes to # of favorable outcomes

Example 1: Suppose you roll a single die one time. Find the following:
a. Probability of rolling a 4

b. Probability of NOT rolling a 4

c. 0dds in favor of (odds of) rolling a 4

d. Odds against rolling a 4

e. Probability of rollinga4 orab5

f. Probability of NOT rollinga 4 ora5

g. 0dds in favor of (odds for) rollinga4 ora 5
h. Odds againstrollinga4orab5

Given probability, you can find odds.

Example 2: In the example of tossing three coins in the previous lesson, we found that the

probability of getting two Heads was Z .

a. Find the odds of getting two Heads when tossing three coins.
b. Find the odds against getting two Heads when tossing three coins.

Given odds, you can find probability.

Example 3: Suppose your orientation leader told you that that the odds of getting a dorm
roommate from Montana are 2 to 3. What is the probability of getting a dorm roommate
from Montana?
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“Odds on” means “Odds against” and usually refers to betting situations.

(For your curiosity but not needed for this class: The language of “odds on” or “odds
against” when gambling is a way of representing how much you stand to gain on a bet. For
example, if a horse has odds of 4 to 1, then for every $1 you bet you would win $4 plus your
original $1.)

Example 4: The odds on (odds against) a horse winning a race are 4 to 1. What is the
probability that the horse wins the race?

The concept of odds is related to the concept of “parts” and “whole”

Example 5: The Big Sky Documentary Film Festival in Missoula showcases many different
types of documentary films. Suppose that, during one evening block of showings, the
festival schedule includes three environmental documentaries for every five cultural
documentaries.

a. How many total parts are represented in this ratio?

b. If a viewer attends one film at random from this block, what fraction of the films are
environmental documentaries? What percent of the films are documentaries?

c. What fraction of the films are cultural documentaries? What percent of the films are
cultural documentaries?

d. What are the odds of a viewer choosing a cultural documentary? Of choosing an
environmental documentary?

e. What is the probability of a viewer choosing a cultural documentary? Of choosing an
environmental documentary?
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Independent, Dependent, and Overlapping events

Example 1: Consider the event, “Roll a fair six-sided die and flip a fair coin.”

a. Draw atree diagram that illustrates rolling a six-sided die and flipping a coin.

b. Find the probability of an even number on the die and a tail on the coin.

c. How might we answer the previous question without drawing a tree diagram?

Probability of independent events

Two events are independent if knowing that one event occurs does not affect the
probability of the other event happening.

If A and B are independent events, then P(4 and B) = P(A) X P(B)

Example 2: Find the probability of getting all 4s if you:

a. Roll 2 six-sided dice

b. Roll 5 six-sided dice

Example 3: Suppose that 1 in 500 digital cameras is defective and 3 in 1000 printers are defective.
On a shopping trip, | purchase a digital camera and a printer. What is the probability that both the
camera and the printer are defective?

Example 4: Suppose you are randomly selecting three people from a group of 12 British people
and 18 Americans. What is the probability you end up with a group of three Americans?
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Example 5: Suppose you draw a card, put it back, and then draw another. What is the probability
that the first card is a queen and the second card is a king?

Example 6: Suppose you draw a card and, without putting it back, draw another. What is the
probability that the first card is a queen and the second card is a king?

Product formula for Dependent Events

Two events are dependent if knowing the outcome of one event affects the probability of
the other event.

If A and B are dependent events, then P(4 and B) = P(A) X P(B given A)

where probability of B given A means “the probability of event B happening, given that
event A has occurred.

Example 7: Suppose you have a bag of candies with 4 yellow, 3 orange, 8 brown, and 2 green
candies. If you randomly pick two candies:

a. Find the probability of choosing two brown candies in a row if you choose with
replacement.

b. Find probability of choosing two brown candies in a row if you choose without
replacement.

c. Find the probability of choosing a brown candy and then an orange candy if you choose
with replacement.

d. Find the probability of choosing a brown candy and then an orange candy if you choose
without replacement.
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Example 8: Suppose you draw a card from a standard deck of cards. Find the probability of each of
the following:

a. kingor queen

b. king or club

A disjunction is an event that either A or B occurs. To find the probability of such a
statement, we use addition and subtraction.

P(AorB) = P(A)+ P(B)— P(Aand B)

Use this formula to rewrite the probability of drawing a king or a queen.

Example 9: You have a bag with 5 blue, 3 green, 8 brown, and 2 yellow candies. If you pick out one
without looking, find the probability you get a yellow or brown.

Example 10: Find the probability of drawing either a face card or a heart when choosing one card
from a standard deck of cards.
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Counting and Probability

Example 1: Draw a tree diagram for the outcomes for rolling two dice.

a. How many total possible outcomes are there?

b. How many total possible outcomes are there if we roll three dice?

c. How many total possible outcomes are there if you flip a coin and then roll a single die?

The multiplication principle tells us how to calculate the results (number of outcomes) of
two experiments performed in succession.

Suppose there are N outcomes for the first experiment. If for each outcome of the first
experiment, there are M outcomes of the second experiment, then the number of possible

outcomes for the two experiments is

This principle extends to any number of such experiments.

These experiments are independent since we are free to repeat one or more choices

Example 2: My combination bicycle lock has four wheels, each of which has the numbers 0
through 9. Exactly one combination of numbers (in order) on the wheels, e.g., 2-7-0-3, will open
the lock.

a. How many possible combinations of numbers are there on my bicycle lock?

b. Suppose thatI have forgotten my combination. At random I try 1-2-3-4. What is the probability
that the lock will open with this combination?
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Why use letters? Auto license plates often use a mix of numerals and letters of the alphabet. Why
not only use numerals?

Example 3: Suppose you are making a code for access to your secret nerd club. The code must

have four characters, the first two being letters from the alphabet and the last two being numerals

(i.e., 0 - 9). One such code is AB12

a. How many codes can we make if the first two characters are letters of the alphabet and the last
two characters are numerals?

b. Find the probability of getting AA11 for a code.

Example 4: A common misnomer is to call a bike with 3 gear rings on the front and 7 gear rings on
the back a “10-speed.” How many speeds (gears) are there actually on a bike with this
configuration of gear rings? Ignore the fact that some of these gears are actually unusable.

Example 5: A restaurant menu offers two choices for an appetizer, five choices for a main course,
and three choices for dessert. How many different three-course (appetizer, main course, dessert)
meals are possible?

Example 6: If you roll 5 six-sided dice, how many possible outcomes are there?

Example 7: In a race with 5 runners (Anna, Becca, Charles, Dan, Emily), how many different ways
could the 5 people cross the finish line, assuming there are no ties?
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Note: In this example you are choosing from the 5 runners for each “place” in the finish order. You
are choosing in this case (with or without?) replacement. Compare this with the
previous examples in which each choice was independent of the others.

What would happen in Example 3 if we were not allowed to reuse the letters or numbers?
Example 8: You go to the ice cream shop with six of your friends. How many different ways can the

seven of you choose a flavor among the 10 flavors of ice cream if:
a. Any of you can choose any of the flavors?

b. You all decide that each of you will choose a different flavor?

Example 9: Let’s talk about factorials...evaluate the following:

a. b!
15!
b. —
13!
16!
c. —
124!
14!
d.
31(14-3)!
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More on Counting and Probability

A permutation of items is an arrangement of the items in a certain order. No item can be
used more than once in a permutation.

Permutation of nitems =n!=nm)(n—-1)(n-2)...(3)(2)(1)

The number of permutations of n items taken k at a time: The number of ways to select k
items from n distinct items and arrange them in order.

n!
Permutations of n items taken k at a time = W

Example 1: In how many ways can we select three people from a group of 8 and award
them first, second, and third prizes?

Example 2: The producer of a talent show has fourteen slots to fill. Twenty acts have
requested a slot. Find the number of ways to select fourteen acts and arrange them in a
sequence.

Example 3: Five people are running for a 3-member council where one will be president,
one will be secretary, and one will be treasurer. How many possible ways are there for the
council to be formed?

Example 4: Five people are running for a 3-member council where each person has the
same basic duties. How many possible ways are there for the council to be formed?
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A combination is a selection of items from a group in which order does not matter. No
item can be used more than once in a combination.

The number of combinations of n items taken k at a time: The number of ways to select k
items from n distinct items where order does not matter.
n!

Combination of n items taken k ata time = ———
k!(n—k)!

[f order does matter it is a permutation.

If order does not matter it is a combination.

Example 5: Classify each of the following as a Permutation (P) or Combination (C)

a. Voting in 10 members for a club from 20 applicants. _____
b. Voting in 2 people for President and Vice-President from 20 candidates.
c. Choosing the first 4 people at bat from 14 members of a baseball team. ______

d. Choosing 4 toppings for pizza from 14 choices. _

Example 6: How many outcomes are possible if you choose 4 toppings for pizza from 14
choices, assuming you don’t mind which topping goes on first?

Example 7: How many outcomes are possible if you choose the first 4 people at bat from
14 members of a baseball team?

Example 8: How many outcomes are possible if you are choosing 2 people for President
and Vice-President from 20 candidates?
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Example 9: How many outcomes are possible if you are choosing 10 people for a club from
20 applicants?

Example 10: True or false: the number of ways of choosing 200 items (not considering
order) from 500 items is the same as the number of ways of choosing 300 items from 500
items.
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Unit 5: Statistics
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Displaying and Interpreting Data

Qualitative data usually take the form of words or images

Quantitative data are typically numerical values

Example 1: Classify each of the following types of data as either qualitative or quantitative.

a. Brand names of computers

b. Age of students

c. “Rate My Professor” ratings (scale of 1 to 5)

Example 2: The table at the right shows the total number of
touchdowns scored by each NFL team in the 2024 season.18 Fill in
the table below.

Cumulative
frequency

Relative

Bin Tally frequency

Frequency

25-29

30-34

35-39

40 - 44

45-49

50 -54

55-59

60 - 64

65-69

70 -75

Bins must be equal in size, have no overlap, and leave no gaps.

Team

Arizona
Atlanta
Baltimore
Buffalo
Carolina
Chicago
Cincinnati
Cleveland
Dallas
Denver
Detroit
Green Bay
Houston
Indianapolis
Jacksonville
Kansas City
Miami
Minnesota
New England
New Orleans
NY Giants
NY Jets
Las Vegas
Philadelphia
Pittsburgh
L.A. Chargers
San Francisco
Seattle
L.A. Rams
Tampa Bay
Tennessee
Washington

18 Source: https://www.sportskeeda.com/nfl/team-stat/overall-total-touchdowns-leaders
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Number of
touchdowns
scored in
2024
42
43
65
65
40
36
57
29
33
47
70
52
38
41
34
42
34
47
30
37
30
40
30
54
37
41
42
43
41
59
33
55



Bar Graphs and Pie Charts STUDENT ENROLLMENT BY
COLLEGE

Example 3: For a pie chart (like at the right)

The relative frequencies must add to

To find the wedge angle, multiply the relative

frequency by

Calculate the wedge angle for EHHD.

The wedge angles should add to what?

Example 4: Determine the wedge angle for each of the following categories and then sketch a pie
chart. Round the relative frequency to the nearest whole percent. Use the fraction to calculate
the wedge angle, then round the wedge angle to the nearest whole degree.

Visitors

Country (millions) Relative Frequency Wedge Angle
France 76.8
u.s. 59.7
China 55.7
Spain 52.7
[taly 43.6
Total

100



Example 5: Consider the graph to the right. 50

a. This is called a bar graph. What do you think is its
purpose?

40 A

30 A

10

1

Alpine Cycling Hockey Lacrosse Ultimate
skiing frisbee

b. Why are the following labels important for graphs? 0
Title

Vertical axis label and scale
Horizontal axis label and scale

Legend

Histograms and Line Charts - for quantitative data

Example 6: The histogram at the right shows the results of
a survey in which first-year college students were asked
how much they took out in student loans during their first
year of college.

a. How many students were surveyed?

Number of Students
O R N W U1 OV O O

b. Why do the bars need to touch each other in a histogram N %QQQ'
S

)
but not in a bar graph? N
Amount borrowed ($)

Bozeman Daily High Temperatures - March 2014
Example 7: Why does a line chart

make sense for this data set? &
[
B
2
3]
St
%
£
ﬁ 0 T T T T T T T T T T T T T T T T T T T T T T T T T T T T T 1
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31
Day of the month
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More Graphics - Complexities & Cautions

Multiple Bar and Line Graphs

Example 1: The following bar graph shows the number of monthly downloads of three different
social media apps in the year 2020.1°

a. How many more downloads did TikTok have during May of 2020 compared to Facebook?

b. Complete the sentence by filling in the blank: The number of TikTok downloads was

percent of the number of Instagram downloads in August of 2020.

Global Monthly Downloads of Selected Social Apps (2020)

75 m TikTok
72.8 2 Instagram

70 1 =21 Facebook

60

50

40 1

Downloads (millions)

30

20

10 1

19 Source: https://www.smartinsights.com/digital-marketing-strategy/social-media-trends-2021/
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Example 2: The following graph shows the percentage of people by generational group who
subscribe to at least one streaming service.

a. What generational group had the largest percent of its members subscribing to at least
one streaming service in 2018? What percent of this generational group subscribed to
at least one streaming service?

b. In 2024, Millennials subscribed to at least one streaming service at a higher percentage
than did Boomers. Find the absolute difference in these percentages.

c. Find the relative difference in these percentages.

PERCENTAGE OF PEOPLE WHO SUBSCRIBE TO AT LEAST
ONE STREAMING SERVICE BY AGE GROUP

—&—Gen Z (16-24) —@—Millennials (25-40) Gen X (41-56) ==¢=Boomers (57-75)

100
90

80 -
70 =

L J

L 4
L 4

60
50
40
30 e
20
10

2018 2019 2020 2021 2022 2023 2024
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Example 3: Use the bar graph below to answer the following questions.20

How College Costs Are Divided

100 +
D B0 A
o
3
=
L
!
@
= 60 -
2
[T
g
8
‘s 40 -
e
=
i)
5 Tuition & fees
o 50 4 Room & board
Books & supplies
Transportation
Other
D pu
Public 2-year Public 4-year Public 4-year Private nonprofit
{in-district) {(in-state) (out-of-state) 4-year

a. At which type of institution do students spend the largest percent of their budget
on tuition and fees?

b. At which type of institution does room and board account for the largest percentage
of total student budget?

c. ldentify a general trend in the percentage of students’ budget that goes to tuition
and fees across all four types of institutions.

20 Source: https://www.statista.com/statistics/236015/undergraduate-budgets-in-the-us-2011-12-by-
expense-and-institution-type
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d. Which of the following statements is best supported by the graph?

Books and supplies make up the largest portion of student budgets at all institutions.
Transportation costs are the same for all types of institutions.

Tuition and fees take up a larger share of the budget at private schools than public schools.
Room and board costs less at two-year schools than at 4-year schools.

oo we

Example 4: The stack plot below uses the thickness of a wedge at a particular time to represent
the number of minutes women spend on childcare and housework by age group over time.21

a. Atwhatagedo
women spend the

. Women’s Time and Income over the Life Cycle
least amount of time

providing childcare? ! Lao
240+ !
> : : Income 2
a l l 8
8 | s @
2 160- | Childcare ! <
[ I 1
b. At what age do 2 i i 8
> . . £
women spend the ~ ; ; o @
. o F o
most amount of time a0 ! i } g
T . | |
providing childcare? 2 ! ! 2
Eral: | Era 2: | Era 3:
0- “Time But No Money” : “The Squeeze” : “The Ironic Relief” [ 8
2T0 2I3 2|6 ng 3K2 3I5 3Y8 4I1 4I4 4Y7 5r0
c. Ataboutwhat age Age

does women'’s time
spent on housework
peak?

Source: American Time Use Survey (2018-2022, excluding 2020)

d. Describe the trend in income between ages 20 and 50.

e. Atapproximately what age does time spent providing childcare peak? Income?
What factors may explain why these peak at these times?

21 Source: https://annehelen.substack.com/p/i-promise-this-will-change-the-way
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Cautions About Graphics

Perceptual Distortion
Example 5: Use the graph to the right to answer 1958 - $1.00

the following questions.22

Purchasing
a. How many times larger was the value of the Power
dollar in 1958 than in 19787 of the
Diminishing &%
Dollar

1963 - 94¢

Source: Labor Department [ AT A TR 3 ey
.«’l'\\\» THE UNITED 'f’”ﬂ;;

b. How many times larger is the length of the
dollar bill in the graphic for 1958 than for the N \ Doty
graphic for 19787 L osioica L)

B03565754F  gf ,“ s i

2 ciwce

c. How many times larger is the area of the
dollar bill in the graphic for 1958 than for the
graphic for 19787

d. In what way is the image distorted?

22 Source: https://mindmatters.ai/2024/01/lets-dispose-of-exploding-pie-charts/
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Axes that Exaggerate

Example 6: Use the Books circulated in a month

graph to answer the

following

questions.23

a. Which graph
would you use if
you wanted to
show that
Library A was
circulating the
most books each
month?

y-axis

Library A Library B Library C

b. What is different about the two graphs?

Books circulated this month

3600

y-axis

Library A Library B Library C

23 Source: https://www.Irs.org/2020/06/10/visualizing-data-manipulating-the-y-axis/
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Nonlinear Scales

Example 7: The following graphs both show the value of an initial investment of $10,000 for
25 years. What makes the graphs look different?

What happens if you invest
$10,000 for 25 years at 6%,
compounded annually?

$500
$400
$300
$200
$100
$0
w§§z§g%§§;§§;§§2§$z§0%§3%§$k$3ﬁ9Sﬁg}

Percent Change instead of Absolute Change

Example 8: The graph to the right
shows the percent change in
enrollment between 2014 and 2024 at
Montana State University.24

a. Did enrollment increase or
decrease from 2015 to 2016? By
how many percentage points?

b. Did enrollment increase or
decrease from 2020 to 20217 By
how many percentage points?

6.0%

4.0%

2.0%

0.0%

-2.0%

-4.0%

Percent Change in enrollment

What happens if you invest
$10,000 for 25 years at 6%,
compounded annually?

$1,000

$100 o=
$10

$1

(=
o
o
(9]

Enrollment at Montana State
University

2002
2004
2006
2008
2010

2014 2015 2016 2017 2

24 Source: https://www.montana.edu/data/students/enrollment/headhist.html
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Measures of Central Tendency - Mean, Median, Mode

Complete the following three sentences by filling in the blank with the correct word.

The of a list of numbers is the sum of the numbers divided by the number
of entries in the list

The of a list of numbers is the value that marks the exact center of the
data set.
The is the most frequently occurring data point in a data set.

Example 1: Suppose we gathered the following list of home prices within walking distance
of the campus of Montana State University:

$625,000 $710,000 $815,000 $685,000 $760,000

a. Find the mean of the home prices

b. Find the median of the home prices
c. Find the mode of the home prices
d. Say the highest price had been $1.8 million instead of $815,000. Calculate the new mean

and median for the set of home prices. What do you notice?

e. An is a data value that “doesn’t fit in” with the other data values. It is
noticeably larger or smaller than the other values in the data set. (Fill in the blank with
the correct word to make a true statement.)

An outlier can influence the of a data set but has little to no effect on

the of a data set. (Fill in each blank with the correct word to make a
true statement.)

*** How would you find the median if you had 27 values instead of just 5 values?
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f. Calculate the mean, median, and mode if we include an additional home value of $1.2
million to the list from part d. Round to the nearest whole number as necessary.

$625,000 $710,000 $815,000 $685,000 $760,000 $1,800,000

*** How would you find the median if you had 26 values instead of just 6 values?

Weighted Means (Grade Point Average)

Example 2: The following are the courses and grades for three different students. Do you
expect all three students to have the same grade point average? If not, which do you expect
to have the highest gpa?

Student #1: a 4-credit A and a 4-credit B
Student #2: a 4-credit A and a 1-credit B
Student #3: a 1-credit A and a 4-credit B

Example 3: The following are a student’s grades for their fall semester classes. Grades are
weighted as A = 4.0, B= 3.0, C= 2.0, D = 1.0. Calculate the student’s grade point average for
that semester. (This is a weighted mean.)

Course Credits Grade

Writ 201
Psychology 100
Psychology 100 lab
Chemistry 121
Chemistry 121 lab
Math 151

Bk, Wk Www
> OOW W >
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The Shape of a Distribution
Number of modes

Unimodal Bimodal Uniform

One clear peak Two peaks All values equally likely

A unimodal distribution has (how many) peak(s). (Fill in the blank with the number
that makes the statement true.)

Give an example of a unimodal distribution.

A bimodal distribution has peaks. (Fill in the blank with the number that makes the
statement true.) Note: the peaks need not be the same height.

Give an example of a bimodal distribution.

e A uniform distribution has (how many) peaks or more than two peaks. (Fill in the
blank with the number that makes the statement true.)

Give an example of a uniform distribution.
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Symmetric versus Skewed

Example 1: Look back at Example 1f from Measures of Central Tendency - Mean, Median,
Mode in your workbook. Recall that we replaced the greatest home price with $1.8 million.

a) The presence of the outlier did what to the mean home price?

b) Give some synonyms for the word “skewed.”

c) Which of the images below represents the set of home prices when you replaced the
highest home price with $1.8 million?

Symmetric Right — Skewed Left — Skewed
i i

|

Mdan Maan 3o
1 1

Megdian Megian : ' Medgian
'

Mean = Median Mean > Median Mean < Median

Example 2: Compare the mean to the median for each of the following sets to decide
whether the sets are symmetric, left-skewed, or right-skewed.

Set A: 50, 60, 40, 75, 60, 65, 105

SetB: 51, 43, 41, 29, 46, 45, 30, 47, 40, 48

SetC:4,6,1,7,5,9,3,5
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Variation - How widely data values are spread out

Example 3: Match each of the following sets of quiz scores with the appropriate graph
below.

Class #1:1,3,4,4,5,5,6,6,6,7,7,8,8,9,10

Class #2:6,6,6,6,7,7,7,7,7,7,7,7,8,8,8

Class #3:5,6,6,6,7,7,7,7,7,8,8,8,9,9, 10

LowVariation ModerateVariation HighVariation

Narrow and tall curve Standard bell shape Wide and flat curve

Which class would you say has the most consistent quiz scores? Which class had the most
inconsistent quiz scores?

Most consistent:

Least consistent:

Suppose you wanted a single number to describe how spread out the scores are for each
group. What two values from each data set might you use? What calculation might you
perform with those values?
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Measures of Dispersion - 5 Number Summary

Example 1: Which of the following sets of quiz scores do you think are better? (Calculate
the mean and median for each group.)
Group #1: 1,5, 6,10 Group #2:4,5,6,7

In addition to looking at central tendency for a set of data, it can be important to look at
variation for a set of data.

Range (max - min) is one way of describing variation for a set.

Example 2: Find the range for each group below.

Group #1: 4,8, 8,8 Group #2:4,5,6,8

Instead of using just the range to describe the variation of a data set, a Five-Number
Summary gives more description of how dispersed the data values are between the min
and the max. The five-number summary of a list of numbers consists of the minimum, the

lower (first) quartile, the middle (second) quartile, the upper (third) quartile, and the
maximum.

The of a list of numbers is the median of the lower half of the numbers
in the list. % of the values in the data set must be at or below this value.
The is the same as the median of the list. 9 of the values in the

data set must be at or below this value

The is the median of the upper half of the numbers in the list. %

of the values in the data set must be at or below this value.

Example 3: Find the five-number summary of each of the following sets.

a. 556,7,8,8,10,10
b. 55,6,7,8,8,9,10,10
c. 4556,7,88,9,10,10

d. 4,45,56,78,8,910,10
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A box plot (sometimes called box-whisker plot) gives a visual picture of the five-number
summary for a set of data.

Example 4: Find the five-number summary and draw the boxplot for the set of Nobel Peace
Prize recipients below.

Name Age
Kenneth Joseph Arrow 51
Richard Axel 58
Stanley Cohen 64
Joseph Goldstein 45
Richard Heck 79
Wolfgang Ketterle 44
Peter Mansfield 70
Barry James Marshall 54
James Alexander Mirrlees 60
Rudolf Mossbauer 32
Stanley Pruisiner 55
Robert Coleman Richards 59
Vernon Lomax Smith 75
Robert Merton Solow 63
Aung San Suii Kyi 46
Torsten Nils Wiesel 57
Malala Yousafzai 17
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Measures of Dispersion - Standard Deviation

Sometimes the five-number summary can be cumbersome. Fortunately, we have other
ways to describe or measure the dispersion for a set of data. One such measure is standard
deviation which is a measure of how much the data are spread out from the mean. The
smaller the standard deviation, the more closely the data are clustered about the mean.

Steps for calculating the standard deviation of a data set in words

Find the mean of the data set.

Subtract the mean from each value of the data set.

Square each of the numbers from step 2.

Add the numbers from step 3 together.

Divide the sum from step 4 by the total number of data values minus one

Find the square root of the result from step 5

Steps for calculating the standard deviation of a data set in symbols

In a data set with mean X and n values, x4, X3, X3 --- X,,, the standard deviation is given by
the formula

J(x1 C®)2 4 (y — D) + e+ (2, — F)?
s =
n—1

Why do we divide by n — 1? Why not n?
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Example 1: Five students tracked how many hours they spent studying at the SUB last
week. Calculate the standard deviation of this data set. Interpret the standard deviation in

context of the problem.
4,6,7,9,4

Example 2: Let s4, Sg, and s be the standard deviations of data sets 4, B, and C.
A={1,100,100,100, 199}

B={99,100, 100,100, 101}

C={100, 100, 100, 100, 100}

a. Which standard deviation do you expect to be the largest? Why?

b. Which standard deviation do you expect to be the smallest? Why?

c. Itis possible to find the standard deviation of one of these data sets without doing
any calculations. Which one is it, and how do you know?

d. Use the standard deviation formula to calculate s,, sg, and s.. Were your predictions
in parts a, b, and c, correct?
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The Normal Distribution and z-scores
What is normal?

Normal Distribution: Exam Scores Non-Normal Distribution: Customer Service Wait Times

The data set graphed - 1
on the leftis 00 B
considered normal,
while the one on the
right is not.

Number of Students
Number of People
v ~ o N 9 3
& & 8 » & o
|

~
&

|
|

0 - —_—

What kinds of data sets ©RR e W S kTme(miowes
are normally distributed?
Heights of college students
Exam scores in large intro courses
Reaction time in cognitive psychology experiments
Daily calorie intake of college students
Typing speed in words per minute
Length of songs in a specific genre
o In general, think of quantities that are influenced by many small,
independent factors
A data set that follows a normal distribution has the following characteristics:

1. The graph of the data set is

2. The mean and median are

3. Most of the data are clustered relatively near

4. The graphis , with the axis of symmetry at the

The Empirical Rule: If a set of data is normally distributed:
* About 68% of the data lie within one standard deviation of the mean (34% within
one standard deviation above the mean and 34% within one standard deviation

below the mean).

* About 95% of the data lie within two standard deviations of the mean (47.5% within
two standard deviations above the mean and 47.5%

* About 99.7% of the data lie within three standard deviations of the mean (49.85%
within three standard deviations above the mean and 49.85% within three standard
deviations below the mean).

[ within 3 standard deviations of the mean: 99.7% of data
[ within 2 standard deviations of the mean: 95% of data
I Within 1 standard deviation of the mean: 68% of data




Example 1: An IT support team monitors latency (ping time) for a university’s campus Wi-
Fi network. They find that under normal conditions, latency times are approximately
normally distributed with a mean of 50 milliseconds (ms) and a standard deviation of 10
ms. Use the normal distribution templates to solve the following problems.

a. About what percentage of ping times would you expect to occur between 40 and 60 ms?

b. About what percentage of ping times would you expect to be within 30 and 70 ms?

c. About what percentage of ping times would you expect to be between 20 and 80 ms?




Example 2: A flight school monitors the fuel consumption of its Cessna 172 training aircraft
during cruise conditions. Over many logged flights, they determine that the fuel burn rate is
normally distributed, with a mean of 8.5 gallons per hour and a standard deviation of 0.5
gallons per hour. Use the empirical rule and the accompanying diagrams to answer the
following questions.

a. What percentage of flights consume between 7.5 and 8 gallons per hour?

b. What percentage of flights consume between 9.5 and 10 gallons per hour?

c. A flightthat consumes 7.5 gallons per hour is how many standard deviations below
the mean?



d. A flight that consumes 7.2 gallons per hour is how many standard deviations below
the mean?

e. A flight that consumes 9.4 gallons per hour is how many standard deviations above
the mean?
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data point — mean

standard score = z-score = —
standard deviation

f.  What is the standard score (z-score) for a flight that consumes 8.1 gallons per hour?

g. What is the standard score (z-score) for a flight that consumes 9.6 gallons per hour?

h. Is it possible for a flight to have a standard score (z-score) of zero? Explain in the
context of this problem.
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The Normal Distribution - Percentiles

The percentile for a number relative to a list of data is the percentage of data points that
are less than or equal to that number.

Example 1: SAT scores are normally distributed. Use the percentile chart on the following
page.

a. Suppose you have a score that puts you 1.5 standard deviations below the mean.
What is your percentile score?

b. Suppose you have a score that puts you 1.5 standard deviations above the mean.
What is your percentile score?

b. Suppose you have a score that puts you in the 50t percentile. What is your z-score?



d. Suppose you have a score that puts you in the 60t percentile. What is your z-score?
(You will need to estimate to decide which z-score you are closest to in the table.)

Z - score Percentile
-3.5 0.02
-3.0 0.13
-2.9 0.19
-2.8 0.26
-2.7 0.35
-2.6 0.47
-2.5 0.62
-2.4 0.82
-2.3 1.07
-2.2 1.39
-2.1 1.79
-2.0 2.28
-1.9 2.87
-1.8 3.59
-1.7 4.46
-1.6 5.48
-1.5 6.68
-1.4 8.08
-1.3 9.68
-1.2 1151
-1.1 13.57
-1.0 15.87
-0.95 17.11
-0.85 19.77
-0.75 22.66
-0.65 25.78
-0.55 29.12
-0.45 32.64
-0.35 36.32
-0.25 40.13
-0.15 44.04
-0.05 48.01
0 50
0.05 51.99
0.15 55.96
0.25 59.87
0.35 63.68
0.45 67.36
0.55 70.88
0.65 74.22
0.75 77.34
0.85 80.23
0.95 82.89
1 84.13
1.1 86.49
1.2 88.49
1.3 90.32
1.4 91.92
1.5 93.32
1.6 94.52
1.7 95.54
1.8 96.41
1.9 97.13
2 97.72
2.1 98.21
2.2 98.61
2.3 98.93
2.4 99.18
2.5 99.38
2.6 99.53
2.7 99.65
2.8 99.74
2.9 99.81
3 99.87
3.5 99.98
4 99.9968
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Example 2: At a culinary school, students bake artisanal sourdough loaves in a commercial
oven. The loaf is done baking when it reaches the ideal internal temperature of 205°F.
These times are normally distributed with a mean of 42 minutes and a standard deviation
of 4 minutes.

a. One student’s loaf took 48 minutes to finish baking. What percentile does this baking
time correspond to?

b. What percent of loaves would take 48 minutes or less to finish baking?

c. What percent of loaves would take more than 48 minutes to finish baking?
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d. What percent loaves would finish baking in 35 minutes or less?

e. What percent loaves would finish baking in more than 35 minutes?

f.  What baking time corresponds to the 50th percentile?

g. The fastest 10% of bakes are considered “quick-finishers.” What is the maximum time a
loaf can take to bake and still be in this group?
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Worksheets
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Worksheet 1 - Unit Analysis Name

Use unit analysis (dimensional analysis) to write a string of unit conversion fractions
for each problem, like seen in the class notes. Use the conversion facts from your
class notes. DO NOT look up facts online.

1. The Hope Diamond is a blue diamond first found in the Kollur Mine in Guntur, India.
This diamond has a weight of 45.52 carats.?> Determine the weight of the Hope
Diamond in ounces.

2. Roger made tuna noodle casserole in a 3-quart baking dish. How many liters of tuna
noodle casserole did he make?

25 Source: https://en.wikipedia.org/wiki/Hope_Diamond
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Worksheet 2 - Rate Conversion Name

Use unit conversion fractions and the conversion facts from your class notes for the
following problem.

1. As of August 4, 2016, Florence Griffith-Joyner held the women'’s world record for the
100-meter dash. She set the record with a time of 10.49 seconds in 1988. Find her
speed in miles per hour.

2. In 2026, Sabastian Sawe of Kenya won the London Marathon (26.2 miles) by finishing
the race in 1 hour, 59 minutes, and 30 seconds.26

a. Calculate Sawe’s pace in minutes per mile. Round to the nearest hundredth.

b. Find Sawe’s speed in miles per hour.

26Source: https://apnews.com/article/marathon-record-sawe-london-under-two-hours-
8481a99809f19e0dd2cafca36bd3676a
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Worksheet 3 - Problem Solving with Unit Analysis Name

From the information in each problem, make a list of the statements of equality.
Then use unit analysis to create a string of unit conversion fractions to answer the
question being asked.

There is a second problem on the back of this worksheet.

1. A conventional shower head uses about 3.5 gallons of water per minute, while a low-
flow shower head only uses about 2 gallons per minute. The average person spends
about 10 minutes in the shower each day. The city of Bozeman charges an apartment
resident $1.88 for every 100 cubic feet of water used. There are about 7.5 gallons in 1
cubic foot.

a. How many gallons are saved each minute if you switch from a conventional
shower head to a low-flow shower head?

b. How much money would an apartment resident save in one year by switching
from a conventional to a low-flow shower head?
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2. Suppose you leave a light on when you leave for winter break for 23 days. How much
money will it cost you if there are two 60 watt lightbulbs in the light fixture and the
utility company charges 10.75 cents (as in ten and three-quarters cents) per
kilowatt-hour in Bozeman?
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Worksheet 4 - Percent Basics Name

Show work that leads to your answer. The actual calculations can be done on your
calculator.

1. As of Fall 2024, there were 1,070 undergraduate students and 116 graduate students
enrolled in the College of Arts & Architecture at Montana State University.2” What
percent of the students enrolled in the College of Arts & Architecture were
undergraduates?

2. During the first hour of Catapalooza, 150 students joined the Students Who Clap When
the Plane Lands club and 225 students joined the Students Against Smooth Peanut
Butter club. What percent of these students signed up for the Students Who Clap When
the Plane Lands club?

27 Source: https://www.montana.edu/data/facts/current-year.html
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Worksheet 5 - Percent Change Part 2 Name

1. The final cost of your Velcro tap-dancing boots, including a 6.2% sales tax, is $107.69.
What was the retail price (before the tax was added) of your shoes?

2. The sale price of your self-polishing dress shoes, after a 20% discount, was $71.20.
Calculate the price of the shoes before the discount.
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Worksheet 6 - Percent Change Part 3 Name

1. A Trek Top Fuel mountain bike is priced at 45% more than a Trek Procaliber, so the
Top Fuel price is % of the Procaliber price. (Fill in the blank with the correct
percentage. No work required.)

2. A Specialized Epic mountain bike is priced at 10% less than a Specialized Rhyme
mountain bike, so the Epic price is % of the Rhyme price. (Fill in the blank with
the correct percentage. No work required.)

3. China produced 115,000,000 metric tons of wheat in 2009. India produced 81,000,000
metric tons of wheat in the same year.

China’s production was percent greater than India’s production. (Fill in the
blank, showing work below.)

4. In 2025 the world average life expectancy was 73.7 years. In the same year Japan’s
average life expectancy was 85 years.28

The world’s average life expectancy was percent less than Japan’s average life
expectancy. (Fill in the blank, showing work below.)

28Source: https://www.worldeconomics.com/Demographics/Life-
Expectancy/Japan.aspx#:~:text=Japan's%20life%20expectancy%20is%2085.0%20years%20against%20a%
20global%20average%20is%2073.7%20years.
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Worksheet 7 - Percent Change Part 4 Name

1. Projections from the Montana Department of Revenue indicate that a typical
commercial property will see an 11% property tax increase in 2025, followed by a 7%
decrease the following year.2? After reading this, Monte concludes that property taxes
on commercial property will increase by 4% over the two years. Calculate the overall
percent change in commercial property taxes over the two-year period to show that
Monte is incorrect.

29Source: https://www.bozemandailychronicle.com/news/how-montana-s-new-second-home-tax-could-
shift-your-property-tax-bill/article_17952c42-ce46-4662-853e-68c2cd75d4f4.html
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Worksheet 8 - Average Rate of Change Name

1. The following data table shows the water level measured at one point in a reservoir at
three unconventional times one day.

Depth of
Hour water, in feet
8am 12 feet

a. Onaverage, how many feet did the
12pm 15 feet water level rise each hour during the 8am to
12pm time interval?

5pm 21 feet

b. On average, how many feet did the water level rise each hour during the 12pm to 5pm time
interval?

Worksheet 9 - Slope as Average Rate of Change Name

1. The following data table represents a function of the elevation at various points
between base camp and the summit of Mount Everest and the temperature at those
points on the mountain.

Elevation, in Average July
kilometers temperature,
above sea in degrees
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level Fahrenheit

6.1 27

6.5 23 a. ldentify the independent variable.
7.3 15

7.6 12 b. Identify the dependent variable.
8.1 7

8.8 0 c. Isthe function linear? Yes/No

Provide work above next to
the table that shows whether the rate of change is constant, or not, to support your
answer.

d. If the function is linear, explain what the slope means in the context of the problem,
including units and words or symbols that indicate whether the slope is positive or
negative.

2. The following data table represents a function of the temperatures on a specific day in
July in Bozeman.

Temperature
Time in degrees
Fahrenheit
6am 54
8am 58
1lam 70 _ . :
a. Identify the independent variable.
3pm 94
6pm 97 b. Identify the dependent variable.
c. Isthe function linear? Yes/No Provide work above next to the table that

shows whether the rate of change is constant, or not, to support your answer.
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d. If the function is linear, explain what the slope means in the context of the problem,
including units and words or symbols that indicate whether the slope is positive or
negative.

Worksheet 10 - Linear Modeling  Name

1. In 2012, Dana Vollmer set the women’s world record in the 100-meter butterfly
(swimming) with a time of 55.98 seconds. Assume that the record falls at a constant
rate of 0.05 second per year.

a. Write an equation that models the function between the number of years since
2012 and the record time for the 100-meter butterfly.
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b. What does the model predict for the record in 20207

2. AtCrazy Eddie’s Used Cars, you can lease a car for a $1200 down payment and
document fees plus $349 per month.

a. Write an equation for the function between the number of months since the car
was leased and the total amount paid.

b. For how many months can you lease a car with $38807?

3. Maggie sells 50/50 raffle tickets at a football game at a constant rate. By 1pm, Maggie
has sold 1,500 raffle tickets, and by 3pm she has sold 4,500 tickets. Write an equation
that models the function between the numbers of hours since 12pm and the number of

raffle tickets Maggie has sold.
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Worksheet 11 - Exponential Growth Name

1.

Student enrollment has been rising 2% each year at the Northern Institute of
Overthinking. The college currently has 11,984 students.

a. Write the exponential function that models the number of students over time, where
x represents the number of years that have passed and y represents the number of
students enrolled.

b. Using the formula above, find the number of students enrolled after 5 years.

How many years will pass before enrollment reaches 15,000 students? Give your
answer to the nearest whole year.
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Worksheet 12 - Exponential Decay Name

1. Student enrollment has been decreasing 2% each year at the Northern Institute of
Overthinking. The college currently has 11,984 students.

a.

Write the exponential function that models the number of students over time, where
x represents the number of years that have passed and y represents the number of
students enrolled.

Using the formula above, find the number of students enrolled after 5 years.

How many years will pass before enrollment reaches 10,000 students? Give your
answer to the nearest whole year.
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Worksheet 13 - Exponential Comparison Name

1. The table shows a relationship between the miles of beach occupied by an invasive
plant species, y, after x years of eradication efforts.

Years since 0 1 2 3 4
eradication efforts
began
Miles of beach 864 691 553 442 354
occupied

a. Show that the relationship is exponential by showing that the relative change is
constant for each interval.

b. The percent growth/decay (circle one) rate is %. Round to the nearest whole
percent.

c. The growth/decay (circle one) factor is
d. Write the equation for the relationship between the miles of beach occupied and the

number of years since the eradication efforts began.

e. Suppose the miles of beach occupied continues to decline at this rate. Use your
equation to calculate the miles of beach expected to be occupied by the invasive
species 10 years after the eradication efforts began.
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2. The table shows the growth in the daily number of customers served at a coffee shop
since remodeling to expand their space.

Months since expansion 0 1 2 3 4

Customers served daily 320 333 346 360 374

a. Isthe relationship exponential? How do you know?

b. The percent growth/decay (circle one) rate is %. Round to the nearest whole
percent.

c. The growth/decay (circle one) factor is

d. Write an equation that represents the relationship between the number of months
since expanding, x, and the number of customers served daily, y.

e. How many daily customers can be expected 6 months after the remodel? Round to
the nearest whole number.

f. After how many months will the daily number of customers reach 5007 Round to
the nearest tenth of a month.
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3. After reading a report that stated the average college student wastes about 142 pounds
of food each year, a group of students create a program to reduce the amount of food
wasted on their campus by 12% each year. Consider the relationship between the
number of years, x, that pass since setting up their program and y, the pounds of food
wasted per student.

a. The percent growth/decay (circle one) rate is %.

b. The growth/decay (circle one) factor is

c. Write the equation that models the exponential decay in the amount of food wasted.

d. How many pounds of food will be wasted per student 5 years after setting up the
program?

e. In how many years will the pounds of waste per student be reduced to 20 pounds?
Round to the nearest tenth of a year.
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4. A clinic diagnosed five people with flu one day, the day the flu season began. Then the
number of new cases spread quickly, tripling the number of people diagnosed each day.

a. Write an equation that represents the number of people diagnosed, y, after x days
since the flu season began.

b. How many new cases does the model predict 3 days after the flu season began?

c. How many days into the flu season will there be more than 1000 new cases
appearing in a single day?
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5. A group of people committed to reducing the cost of attending college decide to work to
set up efficiencies in the campus housing program that will allow the cost of living in the
dorms to decrease. They are confident their plan will allow for the following cost
equation where y is the semester charge for a dorm room x years after enacting the
cost-saving plan: y = 5,500(0.98)"*.

a. The growth/decay (circle one) factor in this relationship is
b. The percent growth/decay (circle one) rate of the cost is %.

c. The cost before beginning the cost-saving plan was

d. What will the cost be 2 years after the plan is enacted?

e. How many years after enacting the plan will the cost reach $5,000? Round to the
nearest tenth of a year.
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Worksheet 14 - Linear/Exponential Comparison Name

In each of the following, the value of y is dependent on x.

1.
x 0 1 2 3 4
y 86 73 60 47 34
a. Isthe relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.
b. Ifthe relationship is linear or exponential, write an equation that models the
relationship.
2.
X 0 1 2 3 4
y 100 90 72 36 20

a. Isthe relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.

b. Ifthe relationship is linear or exponential, write an equation that models the
relationship.
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y 120 110 95 90 70

[s the relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.

If the relationship is linear or exponential, write an equation that models the
relationship.

y 100 108 117 126 136

Is the relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.

If the relationship is linear or exponential, write an equation that models the
relationship.
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Is the relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.

If the relationship is linear or exponential, write an equation that models the
relationship.

[s the relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.

If the relationship is linear or exponential, write an equation that models the
relationship.
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Is the relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.

If the relationship is linear or exponential, write an equation that models the
relationship.

y 100 80 64 51 41

Is the relationship linear, exponential, or neither? (Circle one)
Show work above to support your answer.

If the relationship is linear or exponential, write an equation that models the
relationship.

150



Worksheet 15 -Taking Control of your Finances Name

The table below shows the expenses and income of a student for one academic year. Make

the following assumptions:

o All wages are after taxes

e The student is in school for two semesters that year

e 1 month = 4 weeks

e The student can use all the savings from summer employment, the grant, and the
scholarship for the 9 months they are in school

Calculate the monthly cashflow for the 9 months the student is in school.

Income

Expenses

Income from job during school year: $200 per week
Savings from summer job: $3800

Financial Aid: $1,200 per semester

Pell Grant: $2,000 per academic year

Academic Scholarship: $500 per semester
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Rent: $550 per month

Utilities: $90 per month

Groceries: $80 per week

Phone: $65 per month

Gasoline: $20 per week

Tuition and fees: $4000 per semester

Books: $450 per semester



Worksheet 16 - Simple vs Compound Interest Name

1. Suppose you invest $30,000 in an account for 15 years. Calculate the amount of
interest earned if:
a. the account pays 4.5% simple interest.

b. the account pays 4.5% interest, compounded quarterly.
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Worksheet 17 - Savings and Investments Name

2. Suppose you have a savings account earning 6% APR for your child’s college education.
You deposit $100 per month beginning at the birth of your child.

a. What is the account balance after 18 years?

b. How much interest was earned over the 18 years?
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Worksheet 18 - Mid-Unit 4 Review Name

1. Information for the income and expenses for the 9 months that a student attends
college is shown below. Assume the student can spend the savings account balance
throughout the 9 months that they are in school, and the school has two semesters over
the course of the 9 months. Also assume that one month is four weeks long.

Income Expenses
Rent: $500 per month
Job: $340 per month Groceries: $50 per week
Savings Account Balance: $3400 Utilities: $80 per month
Scholarship: $5000 per year Phone: $25 per month
Financial Aid: $2000 per semester Tuition, fees, books: $4500 per semester

Discretionary spending: $25 per week

a. What is this student’s monthly net cash flow over the nine months of the school
year?

b. During those nine months, the total amount spent on rent is what percent of the
total expenses?

2. Credit card companies sometimes determine the monthly interest payment by
assuming that the monthly interest rate is % of the annual interest rate. Suppose you
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maintain an average monthly balance of $400 on your credit card, which carries a 21%
annual interest rate. Calculate your monthly interest payment.

3. You decide to invest $2750 into an account that pays simple interest of 6.5% each year.
a. Find the balance in the account after 15 years.

b. Find the total interest earned after 15 years.

4. Suppose Clark has the option to invest $35,000 in a three-year CD (a savings account
that lasts for 3 years) that pays 5.8% APR.

a. What is the value of the mature CD (the balance of the account after 3 years) if
interest is compounded quarterly?

b. Find the total interest earned after three years.

5. You want to have $10,000 for a car 4 years from now when you graduate. How much
will you need to deposit into a savings account right now if the account has an APR of
2.5% and is compounded monthly so that you end up with $10,000 four years from
now? Assume you would make no further deposits to the account.
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6. You want to have $10,000 for a car 4 years from now when you graduate.
a. How much would you need to deposit each month into a savings account if the
account has an APR of 2.5% so that you end up with $10,000 four years from
now?

b. Determine the total amount of money you deposited over the four years to reach

your goal of $10,000.

7. Abank offers an APR of 2.5% compounded daily. Find the annual percentage yield
(APY). Round to the nearest hundredth of a percent.

8. Mo needs to borrow $4200 to attend college next fall. He takes out a loan at 4.3% to be
paid off in monthly installments over five years.
a. Calculate Mo’s monthly payment.

b. What is the total amount paid over the term of the loan?

c. What is the total interest paid over the term of the loan?
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d. The total interest paid is what percent of the total amount paid over the term of
the loan?

9. Sameer can get a car loan with a term of four years at an APR of 4.5%. If she can afford a
monthly payment of $300, how much can Sameer borrow?

10. Assume you start working in your career at the age of 35. Your employer deposits $125
each month into a retirement account that pays 5.75% APR, compounded monthly.
a. What is your account balance if you retire at the age of 67?

b. How much was deposited over that time period?

c. How much interest was earned over that time period?

11. Five years after you purchase 10 shares of stock in a company for $52 per share, you
sell the shares for a total of $670.
a. Calculate the total return.

b. Calculate the annual return.
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Worksheet 19 - Introduction to Probability Name

1. A box contains three hats: one blue, one red, one green. A bag contains three scarves:
one blue, one red, one green.

a. Draw atree diagram that illustrates drawing out one hat from the box without
looking and then drawing out one scarf from the bag without looking. List the color
outcomes on the right for the possible pairings of colors for the hat with a scarf.

Tree Diagram Outcomes

b. What is the probability of drawing out a blue hat and a blue scarf?

c. What is the probability of drawing a green and a blue pairing, in either order?
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Worksheet 20 - Independent, Dependent, and Overlapping Events

Name

1. Ajar contains 2 red, 3 green, and 5 blue marbles.
a. Suppose you pick a marble and, put it back, and pick another (without looking).
What is the probability that the first marble is blue and the second is green?

b. Suppose you pick a marble and, without putting it back, pick another. What is the
probability that the first marble is blue and the second is green?

c. Ifyou pick one marble, what is the probability that it is blue or green?

2. Find the probability of drawing a King or a heart when drawing one card from a
standard deck of cards.
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Worksheet 21 - Counting and Probability Name

1. The dining hall offers a “build your own” overnight oats bar. You have three choices for
milk, four choices for nuts, two choices for dried fruit, and two choices for sweetener.
How many possible overnight oats are possible?

2. How many ways can Roger arrange five different photos of his mountain bike in a
horizontal line above his bed?

3. Until 1996, all toll-free numbers started with the area code 800. The first of the
remaining seven digits could not be a 0 or a 1. Assuming that all digits for the rest of the
numbers were possible, determine how many toll-free numbers there were before
1996.
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Worksheet 22 - Counting and Probability Review Name

1. The prizes for a contest are gift cards for various restaurants. There are two for Lenny’s
Liver Shack, one for Gas Station Sushi, three for Dipstick Kebabs, and one for Hockey
Puck Burgers. The gift cards are all in a bowl, and will be drawn out randomly without
looking in the bowl.

a.

If one gift card is selected, what is the probability it is for Dipstick Kebabs? Give
your answer as a fraction.

If one gift card is selected, what are the odds it is for Dipstick Kebabs?

If one gift card is selected, what is the probability it is for Dipstick
Kebabs or Hockey Puck Burgers? Give your answer as a fraction.

If two gift cards are selected, what is the probability that the first
one is for Dipstick Kebabs and the second one is for Hockey Puck
Burgers? Do your work using fractions, but give your final answer
as a percentage.

If two gift cards are selected, what is the probability they are both
for Dipstick Kebabs? Do your work using fractions, but give your
final answer as a percentage.

If one gift card is selected, put back, and a second one is selected,
what is the probability they were both for Dipstick Kebabs? Do
your work using fractions, but give your final answer as a
percentage.

2. You want to select a committee of six members from a group of six interior design
majors and seven culinary arts majors. How many committees are possible?
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A company wants to market different types of shampoo using color-coded bottles, lids,
and label print. It has four different colors of lids, five different colors of bottles, and
two different colors of print for the label available. How many different types of
shampoo can the company package?

You are going to have a movie marathon and watch your 6 favorite movies. How many
ways can you arrange the order in which you watch the movies?

You are going to have a movie marathon and watch 4 of your 6 favorite movies. How
many ways can you arrange the order in which you watch the movies?

Each student at Montana State University is assigned a netID. This unique identifier
consists of a letter, two numerals, a letter, then three numerals. How many possible
netlDs are there?

Suppose you are voting in a state election. There are three candidates for governor, four
candidates for lieutenant governor, three candidates for the state house of
representatives, and two candidates for the senate. In how many different ways can I fill
out a ballot if I vote once for each office?

From a team of seven runners, Coach Weese needs to choose four runners to compete
in the 400 meter race. How many ways can Coach Weese choose the 4 runners?

From a team of seven runners, Coach Weese needs to choose four runners to compete
in the 4 x 100 relay race. How many ways can Coach Weese choose the 4 runners?
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Worksheet 23 - Frequency Table and Pie Chart Name

1. The following table presents data about intramural sports.

a. Determine the relative frequency and the wedge angle for each of the following
categories. Round to the nearest whole number for each column.

Intramural Number of Students Relative Frequency Wedge Angle for Pie Chart

Club in Club
Basketball 125
Lacrosse 48
Rugby 23
Soccer 112
Volleyball 69

b. Make a rough sketch of a pie chart for the intramural clubs from part a. It does not
need to be exactly to scale but do your best.

163



Worksheet 24 - Five-Number Summary Name
1. Find the Five-Number Summary
for the following set of data. . .
Location Snow, in
inches
. Cut Bank 4

Min: Glendive 4

Q1: Helena 6
Sula 6

Median: Miles City 6
Gibson Reservoir Dam 6

Q3: Havre 7
Polson 8

Max: Missoula 8
Butte 8
Billings 8
Glasgow 8
Great Falls 9
Libby 10
Lewistown 10
Virginia City 11
Rogers Pass 12
Kalispell 13
Bozeman 13
Whitefish 16
Mystic Lake 17
Red Lodge 17
Seeley Lake 22
West Glacier 30
Cooke City 36
Hebgen Lake Dam 42

2. Draw a box plot for the data set above.

0 5 10 15 20 25 35 40 45 50 55 60
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Worksheet 25 - The Empirical Rule Name

In a photography class, students are analyzing the brightness levels of pixels in a grayscale
photo. Brightness values range from 0 (black) to 255 (white). For one particular photo, the
distribution of pixel brightness is normal, with a mean of 128 and a standard deviation of
15. Use the normal distribution graphs for each problem.

1. What percentage of pixels in the photo would you expect to have brightness values
between 98 and 1587

2. What percentage of pixels in the photo would you expect to have brightness values less
than 143?
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3. What percentage of pixels in the photo would you expect to have brightness values
greater than 1737

4. What percentage of pixels would you expect to have brightness values between 113 and
1587
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Worksheet 26 - Percentiles Name

For each problem, shade the area under the curve representing the percentile given.

1. A group of interior design students is studying how layout and furniture choices affect
how long visitors stay in a showroom. They collect data on dwell time, measured in
minutes, and find that the distribution of times is normal, with a mean of 24 minutes
and a standard deviation of 3.5 minutes.

a. What percentage of visitors stay twenty minutes or less?

b. What percentage of visitors stay more than thirty minutes?
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c. A client wants to target the top 10% of customers who spend the most time in
the space. What is the minimum dwell time of someone in the 90th percentile?
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Unit Reviews
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Unit 1 Review
Information that will be provided on the test:

B Common Conversion Facts like those found in your class notes
B The formulas as shown below.
Circle: Area = mr? and Circumference = 2nr = nd

Rectangle: Area = [ X w and Perimeter = 2[ + 2w

Sphere: Surface Area = 4nr? and Volume = grrr3

Rectangular Prism (box): Surface Area=2(l X w + [ X h + w X h) and
Volume=IlXw X h

Right Circular Cylinder: Surface Area = 2rr? + 27rh and Volume = wr2h

1. Write 25,000,000 in Scientific Notation.
2. Write 0.00045 in Scientific Notation.
3. The diameter of Jupiter is 1.4 X 10° kilometers. In a classroom model, Jupiter’s

diameter is 2.5 centimeters. How many times larger is the actual size of Jupiter
compared to the model?

4. Roger’s monthly water report recommends that he use 2,418 gallons during the month
of March. The report shows that Roger used 2,017 gallons. Compare the quantities: The

recommended water usage is times as large as Roger’s actual usage.
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. Which is a better buy: A 6-ounce bottle of dish soap for $3.99 or a 14-ounce bottle for
$9.49. Include units with your answer.

. Montana had 9,430 high school graduates in 2019. If 5,281 of those graduates enrolled
in trade school, express the number of graduates that year enrolling in trade school as
an amount per 10,000 high school graduates.

. Dan Druff runs a boutique shampoo company and ships his product in a box that is two
feet wide, three feet long, and four feet tall. Due to expanding customer demand, Dan
needs to scale up the size of the boxes. He makes the length, the width, and the height of
the box four times as big.

a. How many times larger will the surface area of the new box be?

b. How many times larger will the volume of the new box be?

. You need to paint the outside of a rectangular, wooden box that has no top. The box
measures 3 feet wide by 8 feet long and is 2 feet deep. Calculate the total square feet
that need paint.

. A cylindrical hot water heater tank is 3 feet across and 5 feet tall. (Note: the tank stands
on its circular end like a can.)
a. How much metal is needed to make the tank?

b. How many gallons of water does the tank hold? (1 cubic foot = 7.48 gallons)
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Use unit conversion fractions (unit analysis, dimensional analysis) in the remaining
problems.

10. You want to convert 30 U.S. dollars to pesos. Use the conversion rate 19.91 pesos = 1 US
dollar to convert 30 U.S. dollars to pesos. Round to the nearest hundredth.

11.Say you have a pool that holds 12 cubic yards of water. One cubic foot is equivalent to
7.48 gallons.

a. How many hours will it take to fill the pool if your hose can put out 5 gallons per
minute?

b. If one gallon of water weighs 8.33 pounds and one ton equals 2000 pounds, calculate
the weight of the water in tons when the pool is filled entirely.

12. Suppose the utility company charges 10 cents per kilowatt-hour of electricity. How
much money will you save in one year if you change the 5 bulbs in a light fixture from
75 watts to 60 watts if this lightis on 6 hours per day?

13. Which is less expensive: Carpet A priced at $49.40 per square yard or Carpet B priced at
$5.75 per square foot?
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14. Suppose Allison is riding her bike at 25 miles per hour. How fast is she riding in feet per

second?

15.You are traveling in Europe, where gas is priced at 1.5 euros per liter. Use a series of
unit conversion fractions to convert the price to U.S. dollars per gallon. (Use the
exchange rate that 1.00 U.S. dollar = 0.8 euro and the conversion fact, 1 gallon = 3.785

liters.)

16. The busiest airport in 2024, as measured by total passengers, was the Hartsfield-
Jackson Atlanta International Airport with 108,067,766 passengers.3? Express this

quantity in passengers per hour.

17.]Josh took his family on a 7000-mile road trip in a 1991 Oldsmobile Custom Cruiser. Use

unit conversion fractions to answer the following questions.
a. What is the total driving time if you plan on driving an average of 60 miles per hour?

b. Suppose the price of gasoline is expected to be about $3.59 per gallon and that Josh’s
Oldsmobile averages 23 miles per gallon. What will his total fuel cost be for the trip?

18. A circular garden measures 10 feet across. How many cubic yards of soil are needed to
cover the garden with soil to a depth of 4 inches?

30Source: https://en.wikipedia.org/wiki/List_of _busiest_airports_by_passenger_traffic

173



Unit 2 Review
1. During a fish netting survey on a mountain lake, 23 cutthroat trout and 34 rainbow
trout were caught. What percent of the trout were cutthroat?

2. Sam buys an “About Sam Time” hat for $25 hat and needs to pay a 3.5% sales tax.
Calculate the amount she ends up paying for the hat after tax.

3. Seth bought an Ozark Trail Ultra Pro Max mountain bike for $1281.25, which included a
2.5% sales tax. How much did the bike cost without the tax?

4. After a 30% discount, a sick pair of skis cost $588. What was the original price of the
skis before the discount?

5. The price of a penny farthing bicycle decreased from $780 to $600 during a sale. What
was the relative change in the price?

6. The interest rate on a bank account changes from 2% to 2.5%
a. By how many percentage points did the interest rate change?

b. Calculate the relative change in the interest rate.
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7. The price of a ski pass in 2024 was $1,075. In 2019, the same pass cost $900
a. Find the absolute change in the cost of the ski pass.
b. Find the relative change in the cost of the ski pass.
c. The costin 2024 was what percent of the cost in 2019?

8. The price of a bike during a sale was $890. The original price of the bike was $950.
a. Find the absolute change in the cost of the bike.
b. Find the relative change in the cost of the bike.
c. The sale price of the bike is what percent of the original price?

9. Montana’s population in 2024 was 1,137,233. North Dakota’s population was
796,568.31
a. Montana’s population was % more than North Dakota’s population.

b. North Dakota’s population was % less than Montana’s population.

10. Three 10% enrollment increases lead to what overall percent change in enrollment?

11. A 10% increase followed by a 10% decrease in enrollment creates what overall
percent change in enrollment?

31Source: https://www.census.gov/quickfacts
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Unit 3 Review

Information that will be provided on the test:

change in y (dependent variable) Ay

Linear Functions: y = b + mx m = slope = =
y + p change in x (independent variable) Ax

Exponential Functions: y = Q,(1 + r)* where r > 0 for growth and r < 0 for decay

1. Over five years, the enrollment at a college decreased by 1537 students. On average,
how much did the enrollment decrease per year?

2. Membership in the Gallatin Valley Bicycle Club is growing at an average rate of 23
members per year. How many members does the club gain over 5 years?

3. The following table shows the number of concert tickets sold throughout one day at a
box office.

a. Which time interval had the largest average rate of Hour Number of
change for tickets sold per hour? Support your tickets sold
answer with calculations.

10am 42
12pm 204
S5pm 544

b. Using the average rate of change for tickets sold per
hour during the time from 12pm to 5pm, how many
tickets had been sold by 2pm?
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4. When Casey got to work, she found that there was 70 pounds of flour in the flour bin.
Suppose that Casey uses 3% of this flour each day. Which of the following exponential

models best describes this situation? (Choose one).
a. y=170(-0.03)*
b. y =70(1.03)*
c. y=1700097)*
d. y=70-0.03"

5. The data in the table represents the boiling point of water, in degrees Fahrenheit, at

various altitudes, in feet.

Identify the independent variable:

Altitude Boiling Point of Water
in ft in degrees F
Identify the dependent variable: 0 212.0
1000 210.2
3000 206.6
Show that the data in the table represent a
linear function by showing that the average 5000 203.0

rate of change is constant on each interval.

If the function is linear, find the slope and
explain what it means in the context of the
problem, including units and words or
symbols that indicate whether the slope is
positive or negative. Do not include the
word “slope” in your sentence.
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6. A new violin costs $3329 today and increases in value at a constant rate of $50 per year.
a. Write an equation for the linear function that describes the value of the violin and
the number of years that have passed since the violin was purchased.

b. Use the equation above to determine the value of the violin after 15 years. Clearly
state your final answer.

c. Use the equation above to determine how many years will pass before the violin is

worth $5000. Clearly state your final answer.

7. Restaurant equipment initially worth $22,000 has depreciated to $16,200 eight years
later.

a. In the function relating the value of the equipment and time, the independent

variable is and the dependent variable is

b. Write the linear function that relates the value of the equipment and time.

8. In the following equation, y represents the value of a bank account and x represents
the number of years since the account was established. y = 8,000(1.045)*

a. What was the initial value of the account?
b. By what percentage is the account growing each year?
c. Using the formula above, find the value of the account after 5 years.
d. How many years will pass before the value of the account has doubled? Give your
answer to the nearest whole year.

9. The population of a certain city is 45,000 right now but is expected to grow at a rate of

3% per year.

a. Write the equation that models the relationship between the population and years
that pass.

b. Use your equation to determine the population 5 years from now. Clearly state your
answer.

c. How many years will pass before the city’s population has grown to 70,0007 Give
your answer to the nearest tenth of a year.

10. Suppose that the temperature of Kim’'s morning cup of coffee decreases by 3% each
minute. Further suppose that, once Kim's coffee reaches a temperature of 80 degrees
Fahrenheit, he pours it out and makes a fresh cup. If Kim’s cup of coffee is currently 190
degrees Fahrenheit, find how many minutes will pass before Kim pours out his coffee
and make a fresh cup. Round to the nearest tenth of a minute.
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Unit 4 Review

Formulas provided on test
Definition of variables:
A = accumulated balance after y years
P = principal
PMT = regular payment amount
APR = annual percentage rate (as a decimal)
n = number of compounding/payment periods per year
y = number of years
Simple interest: A = P + Prt (principal + interest)

. . . . APR\™Y
Compound interest for interest paid n times a year: A = P (1 + T)

n
Annual Percentage Yield: APY = (1 + Anﬂ) -1

APR\WY
0
n

Savings plan/regular deposits: A = PMT X (T

n

APR

Loan payment: PMT = P X 1t

—
1—(1+ﬁ)
n

final value of investment - initial value of investment A-P
Total return = — . =47
initial value of investment P

1

Annual return = (%)y -1

Product formula for Independent Events:
P(Aand B) = P(A) X P(B)
Product formula for Dependent Events:

P(Aand B) = P(A) X P(B given A)

n!

(n-r)!

Permutations: nPr =

n!

Combinations: nCr =
ri(n-n)!
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. Marnie invests $12,000 with an APR of 4.25% compounded quarterly.
a. What is the balance in the account after 8 years?

b. How much total interest will she earn after 8 years?

. Mason invests $3500 in in an account that pays simple interest with an annual interest
rate of 3.75%. How much money will be in the account at the end of 7 years?

. Find the monthly interest payment if you maintain an average balance of $540 on your
credit card, which carries a 29% annual interest rate. Assume that the monthly interest

.1 .
rate is 5 of the annual interest rate.

. A bank is offering an APR of 4.2% compounded monthly for a certificate of savings
(similar to a savings account). What is the APY for the account? Round to the nearest
hundredth of a percent.

. Maddie has 33 years to save for retirement.
a. If she makes monthly deposits of $300 in an account that pays an APR of 4.75%,
how much will she have after 33 years?

b. How much interest will she earn?
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. Consider a vehicle loan of $18,000 at a fixed APR of 5.6% for 5 years.
a. Calculate the monthly payment.

b. Determine the total amount paid over the term of the loan.

c. Fill in the blank: the total interest paid is % of the total amount paid
over the term of the loan. (Show work for your calculations.)

. Monte can afford monthly payments of $1100 for a townhouse. If current mortgage
rates are 4.35% for a 15-year fixed rate loan, how much can he afford to borrow?

. Suppose you begin saving for your child’s college education at their birth. If your
investment account pays an APR of 5.2% and you want to have $30,000 when you child
begins college 18 year later, how much should you deposit monthly?

. You have an investment that grew from $800 to $1400 over 6 years.
a. Calculate the total return.

b. Calculate the annual return.

181



10. Suppose a jar contains 10 red, 8 green, and 7 yellow jellybeans. Give each of the
following answers as a fraction unless stated otherwise.
a. Ifone jellybean is selected, what is the probability that it is green or yellow?

b. If one jellybean is selected, what are the odds it is green or yellow? Answer using
odds notation.

c. Ifonejellybean is chosen, put back, and then a second one is chosen, what is the
probability of getting a green followed by a yellow?

d. Ifone jellybean is chosen and eaten, and then a second one is chosen, what is the
probability of getting a green followed by a yellow?

11. A box of chocolates includes 12 nut-filled chocolates, 7 cream-filled chocolates, and 5
caramel-filled chocolates. If you select 2 (without looking), what is the probability that
the first is nut-filled and the second is caramel-filled? Express your answer in fraction
notation.
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12. Suppose there is a 40% chance of rain today. Find the probability that it will NOT rain
today.

13. A group of 5 astronauts have been trained for the role of crew chief. A group of 3
astronauts have been trained as medical officers. A group of 6 astronauts have been
trained as science officers. If one crew chief, one medical officer, and one science officer
will be selected for an upcoming launch, how many possible crews could be created for
the launch?

14. How many ways can judges select a blue ribbon winner, a red ribbon winner, and a
white ribbon winner from 35 people who have entered a contest?

15. Your history professor gives you ten essay prompts before the final exam. The final
exam will consist of five of these. How many different final exams can your history
professor make?

16. Suppose there are 14 players on Finn's tee ball team. How many different batting
orders of 11 tee ball players are there?

17.From 1968 to 1982, license plates issued in the state of Washington consisted of three
letters followed by three numerals.32 With this format, how many possible different
license plates were possible?

18. Coach Weese has seven upper-class athletes (junior year or above) on his cross-country
team. From these seven, he must choose three to represent the team at the conference
championship. How many ways can these three members be selected?

32 Source: https://en.wikipedia.org/wiki/Vehicle_registration_plates_of Washington_(state)
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Unit 5 Review

1. The following are a student’s grades for one semester. Grades are weighted as
A=4.0,B=3.0,C=2.0,D = 1.0. Calculate the student’s grade point average for that

semester.

Course

Credits Grade

Writ 201

3

C

Psychology 100

Psychology 100 lab

Chemistry 121

Chemistry 121 lab

Math 151

DR Wkl w

ol

2. The table below shows the test scores for a class. Fill in the columns for the second table
using the test scores.

82 78 65 91 84 91
85 80 73 65 77 82
95 77 83 74 54 70
72 69 98 92 76 83
Bin Tally Frequency Relative frequency = Wedge Angle for Pie Chart
Less than
59
60 - 69
70-79
80 -89
90 - 100
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3. The following are prices of cars for sale at Crazy Eddie’s Used Cars:
$27,000, $19,500, $24,500, $25,600, $17,000, $32,700, $18,000, $27,800, $29,000,
$30,200
a. Give the 5-number summary for the auto prices.

b. Calculate the mean of the auto prices.

c. Based on a comparison of the mean and the
median, would you say this set of prices is
normal (symmetric), skewed left, or skewed
right?

4. The following shows the credit loads one semester for the students working in a
bookstore. 14, 12,18, 16

a. Calculate the mean for the credit loads of the students.

b. Calculate the standard deviation. Show your work, including the use of the standard
deviation formula.

5. A university reports that the data consisting of the average credit load carried by the
students at that university is normally distributed with a mean credit load of 14 credits
and a standard deviation of 2 credits.

a. Label the image of a normal
distribution using the 68-95-99.7 Rule:
In the seven slots along the x-axis, label
the number of credits for each of the
cutoff values for each interval.
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b. Complete the sentence: The 95% in the 68-95-99.7% Rule tells you that 95% of

the students are taking between and credits. (Fill in the blanks to
make a true statement.)

c. What percent of the students are taking 12 to 18 credits?

d. What is the z-score (standard score) for a student taking 17 credits?

e. What percent of the students are taking more than 17 credits?

. SAT Verbal scores are normally distributed, with a mean of 507 and a standard
deviation of 111.

a. Label the image of a normal distribution using the 68-95-99.7 Rule: In the seven
slots along the x-axis, label the number of credits for each of the cutoff values for
each interval.

b. What is your percentile if you score a 420 on the SAT Verbal?

c. What is your percentile if you
score a 700 on the SAT Verbal?

d. What minimum SAT Verbal
score would you need if you wanted to be at the 90th percentile?
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  a   ×  10  n   where   1 ≤ a < 10   and   n   is   an   integer


  21 ×  10 6


  ×  10 11


  3   ×  10  − 9


  55 ×  10  − 5


   10  − 12


   10  − 9


  𝜇


   10  − 6


   10  − 3


   10  − 2


   10  − 1


   10 0 = 1


   10 1


   10 2


   10 3


   10 6


   10 9


   10 12


   ( 9 ×  10  − 7 )   and    ( 2 ×  10  − 4 )


   2  n


   2 10 ×  2 14 =


   20  n


     20 10  meters   20 2  meters =


   20  n


     (  5 8 ) 2 =


   10  − 12


   10  − 9


  𝜇


   10  − 6


   10  − 3


   10  − 2


   10  − 1


   10 0 = 1


   10 1


   10 2


   10 3


   10 6


   10 9


   10 12


   2 5


   2 3


  𝐀 𝐫 𝐞 𝐚 = 𝝅   𝒓  𝟐  


  𝟐 𝝅 𝒓 =   𝝅 𝒅


  𝐀 𝐫 𝐞 𝐚 =   𝒍 × 𝒘  


  𝐏 𝐞 𝐫 𝐢 𝐦 𝐞 𝐭 𝐞 𝐫 : 𝑷 =   𝟐 𝒍 + 𝟐 𝒘


  𝟒 𝝅   𝒓  𝟐


    𝟒  𝟑 𝝅   𝒓  𝟑


  𝟐  ( 𝒍 × 𝒘 + 𝒍 × 𝒉 + 𝒘 × 𝒉 )


  𝒍 × 𝒘 × 𝒉


  𝟐 𝝅   𝒓  𝟐 + 𝟐 𝝅 𝒓 𝒉


  𝝅   𝒓  𝟐 𝒉


  30 %


  30 % =  30 100 =  3 10 = 0 . 3


   3 4


  𝟖 𝟎 %


  𝟖 %


  . 𝟖 %


  𝟏 𝟎 𝟎 %


  𝟖 𝟎 𝟎 %


  0 . 5


  0 . 005


  3 . 2


   3 4


   1 3


  1  2 5


   1 500


  absolute change =  final value - initial value


  relative change = percent change =   final value − initial value  initial value


  y


  x


  rate of change =   slope =   change in dependent variable  change in independent variable =   𝚫 𝒚  𝚫 𝒙


  x


  y


  𝒚


  x


  y


  rate of change =   slope =   change in dependent variable  change in independent variable =   𝚫 𝒚  𝚫 𝒙


  dependent variable = initial value + rate of change × independent variable


  𝒚 = 𝒃 + 𝒎 𝒙


  x


  y


  y = 20 , 000 − 500 x


  x


  y


  y =  Q 0    ( 1 + r )  x


  y


   Q 0


  r


  x


  y =   Q 0    ( 1 + r )  x


  y = 10   ( 0 . 93 )  x ,


  x  


    y


  $ 1 , 000 × 6 % = $ 60


  $ 1 , 060 × 6 % = $ 63 . 60


  𝑨 = 𝑷    ( 𝟏 +   APR  𝒏 )  𝒏 𝒚


  𝑨 = amount in account after  𝒚   years


  APY =    ( 𝟏 +   APR  𝒏 )  𝒏 − 𝟏


  𝑨   =   PMT   ×      ( 𝟏 +   APR  𝒏 )  𝒏 𝒚 − 𝟏    APR  𝒏


  𝑨 = amount in account after  𝒚   years


   


    final value of investment − initial value of investment  initial value of investment =   𝑨 − 𝑷  𝑷


     (   𝐀  𝐏 )    𝟏  𝒚 − 𝟏


  𝐏 𝐌 𝐓 = 𝑷 ×     𝐀 𝐏 𝐑  𝒏  𝟏 −    ( 𝟏 +   𝐀 𝐏 𝐑  𝒏 )  − 𝒏 𝒚


  𝐏 𝐌 𝐓 = regular payment amount


  𝐋 𝐞 𝐭   𝑬   𝐛 𝐞   𝐚 𝐧   𝐞 𝐯 𝐞 𝐧 𝐭 .   𝐓 𝐡 𝐞 𝐧   𝐭 𝐡 𝐞   𝐩 𝐫 𝐨 𝐛 𝐚 𝐛 𝐢 𝐥 𝐢 𝐭 𝐲   𝐨 𝐟   𝐭 𝐡 𝐚 𝐭   𝐞 𝐯 𝐞 𝐧 𝐭


  𝑷  ( 𝑬 ) =   𝐍 𝐮 𝐦 𝐛 𝐞 𝐫   𝐨 𝐟   𝐟 𝐚 𝐯 𝐨 𝐫 𝐚 𝐛 𝐥 𝐞   𝐨 𝐮 𝐭 𝐜 𝐨 𝐦 𝐞 𝐬  𝐓 𝐨 𝐭 𝐚 𝐥   𝐧 𝐮 𝐦 𝐛 𝐞 𝐫   𝐨 𝐟   𝐩 𝐨 𝐬 𝐬 𝐢 𝐛 𝐥 𝐞   𝐞 𝐪 𝐮 𝐚 𝐥 𝐥 𝐲   𝐥 𝐢 𝐤 𝐞 𝐥 𝐲   𝐨 𝐮 𝐭 𝐜 𝐨 𝐦 𝐞 𝐬


  𝐏 𝐫 𝐨 𝐛 𝐚 𝐛 𝐢 𝐥 𝐢 𝐭 𝐲   𝐨 𝐟   𝐞 𝐯 𝐞 𝐧 𝐭   𝐧 𝐨 𝐭   𝐨 𝐜 𝐜 𝐮 𝐫 𝐫 𝐢 𝐧 𝐠   = 𝟏 − 𝐏 𝐫 𝐨 𝐛 𝐚 𝐛 𝐥 𝐢 𝐭 𝐲   𝐨 𝐟   𝐞 𝐯 𝐞 𝐧 𝐭   𝐨 𝐜 𝐜 𝐮 𝐫 𝐫 𝐢 𝐧 𝐠


   3 8


  𝑷 ( 𝑨   𝐚 𝐧 𝐝   𝑩 )   =   𝑷 ( 𝑨 ) × 𝑷 ( 𝑩 )


  𝑷 ( 𝑨   𝐚 𝐧 𝐝   𝑩 )   =   𝑷 ( 𝑨 ) × 𝑷 ( 𝑩   𝐠 𝐢 𝐯 𝐞 𝐧   𝑨 )


  𝑷  ( 𝑨   𝐨 𝐫   𝑩 ) =   𝑷  ( 𝑨 ) + 𝑷  ( 𝑩 ) − 𝑷 ( 𝑨   𝐚 𝐧 𝐝   𝑩 )


    15 !  13 !


    16 !  12 ! 4 !


    14 !  3 !  ( 14 − 3 ) !


  𝐏 𝐞 𝐫 𝐦 𝐮 𝐭 𝐚 𝐭 𝐢 𝐨 𝐧   𝐨 𝐟   𝒏   𝐢 𝐭 𝐞 𝐦 𝐬   = 𝒏 ! =  ( 𝒏 )  ( 𝒏 − 𝟏 )  ( 𝒏 − 𝟐 ) …  ( 𝟑 )  ( 𝟐 )  ( 𝟏 ) 


  


  𝐏 𝐞 𝐫 𝐦 𝐮 𝐭 𝐚 𝐭 𝐢 𝐨 𝐧 𝐬   𝐨 𝐟   𝒏   𝐢 𝐭 𝐞 𝐦 𝐬   𝐭 𝐚 𝐤 𝐞 𝐧   𝒌   𝐚 𝐭   𝐚   𝐭 𝐢 𝐦 𝐞 =   𝒏 !   ( 𝒏 − 𝒌 ) ! 


 


  


  


    𝒙 -


    𝒙  𝟏 ,   𝒙  𝟐 ,   𝒙  𝟑 ⋯   𝒙  𝒏


  𝒔 =       (   𝒙  𝟏 −   𝒙 - )  𝟐 +    (   𝒙  𝟐 −   𝒙 - )  𝟐 + … +    (   𝒙  𝒏 −   𝒙 - )  𝟐  𝒏 − 𝟏


  n − 1


    s  A ,   s  B , and    s  C


    s  A ,   s  B , and    s  C


    𝐝 𝐚 𝐭 𝐚   𝐩 𝐨 𝐢 𝐧 𝐭   −   𝐦 𝐞 𝐚 𝐧  𝐬 𝐭 𝐚 𝐧 𝐝 𝐚 𝐫 𝐝   𝐝 𝐞 𝐯 𝐢 𝐚 𝐭 𝐢 𝐨 𝐧


  x


  y


  x


  y


  y


  x


  x


  y


  x


  y


    y


  x


  y


  x


  y = 5 , 500    ( 0 . 98 )  x


  𝒙


  𝒚


  𝒙


  𝒚


  𝒙


  𝒚


  𝒙


  𝒚


  𝒙


  𝒚


  𝒙


  𝒚


  𝒙


  𝒚


  𝒙


  𝒚
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  Area = 𝜋   r 2   and   Circumference = 2 𝜋 r =   𝜋 d


  Area =   l × w   and   Perimeter =   2 l + 2 w      


  


  4 𝜋   r 2


   4 3 𝜋   r 3


  2 ( l × w + l × h + w × h )


  l × w × h


  2 𝜋   r 2 + 2 𝜋 r h


  𝜋   r 2 h


  25 , 000 , 000


  1 . 4 ×  10 5


  y = b + m x


  m = slope =   change   in   y   ( dependent   variable )  change   in   x   ( independent   variable ) =   Δ y  Δ x


  y =   Q 0    ( 1 + r )  x   where   r > 0   for   growth   and   r < 0   for   decay


  y = 70   ( − 0 . 03 )  x


  y = 70   ( 1 . 03 )  x


  y = 70   ( 1 . 03 )  x


  y = 70   ( 0 . 97 )  x


  y = 70   ( 0 . 97 )  x


  y = 70   − 0 . 03  x


  y = 70   − 0 . 03  x


  y


  x


  y = 8 , 000    ( 1 . 045 )  x


  A = P + P r t


  A = P    ( 1 +   APR  n )  n y


  APY =    ( 1 +   APR  n )  n − 1


  A   =   PMT   ×        ( 1 +   APR  n )  n y − 1    APR  n


  PMT = P ×     APR  n  1 −    ( 1 +  APR  n )  − n y


    final value of investment - initial value of investment  initial value of investment =   A - P P  


     (  A P )   1  y − 1


  P ( A   and   B )   =   P ( A ) × P ( B )


  P ( A   and   B )   =   P ( A ) × P ( B   given  A )


  n P r =     n !  ( n − r ) !


  n C r =     n !  r ! ( n − r ) !
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