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Abstract:
The subject of this thesis is the development of concepts and techniques of optimal design for linear
deterministic as well as stochastic distributed-parameter systems.

The primary purpose of the thesis project is the development of computationally feasible methods for
optimal design of distributed-parameter systems under a linear or convex performance measure of the
distributed error of the system.

The content of the thesis is summarized as follows: First, a new definition of distributed correlation
function is introduced to facilitate the study of stochastic control of distributed-parameter systems.
Relationships are derived which paralleled well-known relationships in the statistical analysis of
lumped-parameter systems. With this definition of distributed correlation function, an optimal control
problem is shown to be a Wiener-Hopf spectrum-factorization problem.

Second, a computationally feasible method is developed for optimal control of distributed-parameter
systems. By use of the method, the optimization problem is reduced to one of linear programming for
which well-known solution algorithms are available. Performance is optimized with respect to absolute
values of distributed errors weighted both in time and in space. Magnitude constraints on both control
and state-variable functions are incorporated. Both distributed and non-distributed inputs to the system
are treated. Third, the optimal control of distributed-parameter systems is studied from dynamic
programming point of view. A functional equation associated with a convex performance measure is
derived with properties analoguous to those of the lumped-parameter case. A computationally feasible
method is developed for minimizing the spatial-average-integral-square error of a class of
distributed-parameter systems. With this method, feedback control of distributed-parameter systems
can be achieved. Fourth, the theory of deadbeat response with minimal overshoot compromise is
generalized to include systems enfolding time delay in the loop. The optimal trade-off between
deadbeat-response time for a ramp input and step-response overshoot is derived for a single-loop
sampled-data system with time delay.

In addition, sensitivity of the output response is studied as a function of parameter variations in the
optimal controller, and stability limits are derived in terms of a change-in-gain parameter.
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ABSTRACT

The subject of this thesis is the development of concepts and techniques
of optimal design for linear deterministic as well as stochastic distributed-
parameter systems. '

The primary purpose of the thesis project is ‘the development of computa-
tionally feasible methods for optimal design of distributed-parameter -
systems under a linear or convex performance measure of the. dlstrlbuted
error of the system.

The content of the thesis is summarized as follows: First, a new
definition of distributed correlation function is introduced to facili-
tate the study of stochastic control of distributed-parameter systems.
Relationships are derived which paralleled well-known relationships
in the statistical analysis of 1umped—parameter systems. With this
definition of distributed correlation function, an optimal control
problem is shown to be a Wiener-Hopf spectrum—factorization problem,
Second, a computationally feasible method is developed for optimal
control of distributed-parameter systems. By use of the method, the
optimization problem is reduced to one of linear programming for which
well-known solution algorithms are available. Performance is optimized
with respect to absolute values of distributed errors weighted both in
time and in space. Magnitude constraints on.both contrel and state-
variable functions are incorporated. Both distributed and non-
distributed inputs to the system are treated. Third, the optimal--
contro} of distributed-parameter systems is studied from dynamic pro-—
gramming point of view. A functional equation associated with a convex
performance measure is derived with properties analoguous te those of
the lumped-parameter case. A computationally feasible methed is developed’
for minimizing the spatial-average-integral-square error of a class of
distributed-parameter systems. With this method, feedback control of
distributed-parameter systems can be achieved., Fourth, the theory of
deadbeat response with minimal overshoot compromise is generalized to
include systems enfolding time delay in the loop. The optimal trade-off
between deadbeat-response time for a ramp input and step-response over-—
shoot is derived for a single-loop sampled-data system with time delay.
In addition, sensitivity of the output response is studied as a functien
of parameter variations in the optimal controller, and stability limits
are derived in texms of a change-in-gain parameter.




" CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW.




l.1 PURPOSE OF THE THESIS PROJECT

The purpose of the thesis project is fivefold:

1. To review, ebaluate and summarize.the published work on optimiza-
tion of distributed—parémetef control systems.

2. To introduce a new definition of distributed correlation functions
to faciiitate-tﬁe‘ study of distributed-parameter control systems '
with stochastic fo?cing functions.

3. To develop an optimal design theory,.based,on linear programming
techniques, for dis;ributed—baramgter systems with distributed
outputs.

4. To develop-a'computational algorithm for optimal céntrolrfunctions
of distributed-parameter systems based on dynamic programming
techniques.

5. To genéraliZe the theory of deadbeat responses Witﬂ miﬁimai,
overshoot coﬁpromise to apply to sampled-data systems enfolding

.time delay.

1,2 VALUE OF THE THES;S RESEARCH

In many situations, the energy of a system is spatially distributed
throughout a medium. Examples of such systems are transmission lines, heat
exchangers, nuclear reactors, chemical reactors, distributed RC networks,
biological systems, et cetera. Numerous applidationq of distributed-
ﬁarametér—systems theory are given in the 1i;erature.(39, 60). Cenerally,

the characteristics of a ‘distributed-parameter system can be described by

a -set of p§rt;a1 differentialiequations with appropriate boundary conditions.




Récently, Kolb.(39) noted that the development of a general body éf
theory for the analysis and synthesis of sampled-data, class-II-type,*
distributed—paramefer systems similar to that developed by Pierre (60). for
class~I-type systems*vwduld provide a worthy subject of investigation.

Wang and Tung (86) suggest that a control'theory for distributed systems

may beldeveloped in parallel with the existing theory for lumped-parameter
systems. Also Pigrre (60) states'that a topic Worfhy of additional research
is the development of a general body of theory-for effecting the design of
.optimai distributed-parameter control ;ystems, based on minimization of
integral-square or mean—Squére error, subject to stated constraints.

Therefore, as will be evident in Chapters 3 and 4, the primary contri-
butions of this thesis research consist of the development of a body of
theory which satisfigs these néeds to a large extent., In addition, Fhe
theory of deadbeaturesponse-witﬁ‘minimal overshoot compromise (68) is
generalized to sampled-data systems_enfolding time delay. This enables
one-to apﬁly this theory to cases where, for exampie, the speed of an
on-line digital computer is not'sufficiently fast and, thus, resulfs in

P

a pure time delay in the loop.

1.3 SCOPE OF THE THESIS

Chapter 2 enfolds the concept of distributed correlation functioens in

stochastic linear distributed-parameter systems. A new definition of

~ *Pierre and Kolb (67) define class-~I-type distributed-parameter systems
as those which ostensibly contain no space-distributed inputs or outputs and
class~II-type distributed-parametetr systems as those containing space-
distributed inputs or space-distributed outputs or both. :




v R A ‘

distributed correlation functien is introduced and is éhown to‘be.appropriate
for diétributed-parameter systems with distributed outputs; An optimal .
stochdstic control problem is solved with the aid of this distributed correl-
ation function. ' ’

Chapter 3 is devoted to the deyelopment of iinear programming techniques
for use in the optimal desigﬁ of -linear distributed-parameter systems with
distributed outputs. The time-and-space summation .of absolute values of
distributed error, with weighted céefficients, at discrete time;and—spacé
points is minimized subject to lingar.constraints to obtain desirable control
functions., |

In Chapter 4, optimization of linear‘distributed—parametef systems is
treated from a dynamic'programming point of view. Properties of functionals
are derived whiph aré similar to those which apply to lumped—parémeter
systems, Also, a closed-form expressien of the 6ptimal control function
is derived for the casé of a quadratic performance measure of distributed-
error. |

In Chépter 5, the theory of deadbeat response with minimal overshoot
‘compromise is generalized to apply to both minimal énd nonminimal phase
plants enfolding time delay. J |
Finally, the concluding Chapter 6 contains a summary of the essential

values of the thesis research and some aspects of the research which merit

additional study.

1.4 LITERATURE REVIEW

The literature on distributed-parameter systems is extensively reviewed

by Kolb (39) and Pierre (60). In this section, a survey of current literature
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related to the general scope of this dissertation is made. The work directly
related to the material in this dissertation is reviewed.appropriately in

the intreductory sections of the chapters.

1.4.1 Optimization:Techniques Applicable to Distribute@—Parameter‘Sysfems

In 1960, the first major study of optiﬁal control bf distributed-
parameter systems was made by Butkovskii and Lerner (12). They formulated
three general optimal centrel proﬁléms associated with distributeé—parameter
systems. Later, Butkovskii (16) derived a maximumlprinciple for distributed-
'parameter systems anaiogous‘to Pontryagin's maximum principle (69) for -
lumped—paramterlsystems. Solutionslwﬁich satisfy the necessary conditioné
associated with this maximum principle are not obtainable in general without
use of approximation (67). In referencé (15), Butkovskii considered repre-
sentations of distributed-parameter systems by correspending spatially
discretizgd models. By use of this approach, sets of partial differential
equations characterizing sucﬁ systems are reduced to sets of ordinary
differential equations to which Pontryagin's maximum principle can be
applied directly, but the usualldiffichlties of applying this principle to

) .

high-order systems is encountergdo Also for this discretized model,
Butkovskii (19) showed that a.class of the optimal c&ntrol probléms associ-
ated with distributed-parameter systems can be soived by the method of
moments (1). In reference (20), Butkovskii and Péltaﬁskii solved the time-
optimal control problem of thg osciliéting string-with the aid of Krein's
L-problem of mome;ts (1) and variational methods.

The classical Krein's L-problem 6f moments (1) can be stated as follows:

given n linearly independent vectors hq, hy, . . ., hy of -a normed linear




space E and n real numbers cl, cz, . . f, c?, not all zero, and the positive

1 -2

real number L, find the necessary and sufficient conditions en c*, ¢%, . . .,

c, and L for there to egisﬁ a linear functional f(h) which satisfies

IO | : (1.1)

gmd |

HEll = sup _£(h) ;L ‘ | : (1.2)
nf} sl '

In l§57, Krassovskii (43) reduced tﬁe time-optimal control problem in
1umped—parameter-s§stem theory to Krein's'L—problem of moments.. He used-
éome‘properties derived by Krein (1) to obtain the expreésion for an optimal
input‘which is'bounded'in~amplituded Two years- later, Ku%ikowskii’(4s, 46,
47, 48) showed the Krein's results caqlbé dife;tlé appliéd to aé¥ive'time;
optimal control with amplitude, energy, power, and fuel constrainfs. ‘Also,
Kulikowskii (48, 49) used results from fﬁnctional analysis to tfeat'certain
problems associated with nonlinear plants and adaptive systems. 6K The works
by Krassovskii and Kulikewskii. were generalized by Kranc and Sara;hik (42)
to apply to the case éf a time~o§tima1 nthoorder system with r inputs.
‘Recéntly, Chaudhuri (22) further generalized the works by Kranc and Sarachik
(4é) to apply to the optimal design of iinear distribqtéd—parameter systeﬁs.
But the difficulties in determining the optimal time of the‘system-(zz) are
quite.apparepta S&iger (80) showed that the problem of miniﬁumreffort ‘
control of distribuﬁed—parameter syétems can be solved by the Eheory of -
_minimum normed opefators (53). Fo; an egact solution; thislapproach requires
solution of an infinite‘number of linear a}gebraiCuéqﬁatiens with an infinite

‘number of unknowns., But if only a finite number of péipts in the spatial
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demain is used to repreﬁent theAentiré domain, the.problem can be reduced to
Krein's L-problem of moments. For a Mayer problem in distribﬁted—parameter
systems which contain hondistributed outputs, Katz (38) applied functioenal

analysis and variational methods to formulate a general set of necessary

T '

conditioens to be satisfied by an eptimal system. Andreyer and Butkovskii (2)
solved the timé—optimal control problem for heating a massive body in a
furnace by use of a spatial-harmoenic-truncated modei and functienal analysis.
Of systems enfolding time delay, Newton, et al. (57), demonstrated the
use of the Wiener-Hopf spectrum~factorization technique (64, 57) to effect

minimum-integral-square or mean-square-error design. In order te effect
. .

_the factorization, Pade approximations.(Sd) were used to enable the applica-

tion of the Wiener-Hopf technique in the usual manner. Pierre (62, 66)‘
generalized the ap?roach of Newton, ét\al. (57), to apply to 1inéar
distributed-parameter systems which contain no space-distributed inputs or
eutputs. By applying the Wiener-Hopf spectrum—factorization.Eechnique,
Pierre derived necessary and sufficient coﬁditiéns for the desigﬁ of linear
confréllers to obtain a minimumrmean;square error. Kolb (39) and Kelb and
Pierre (40) further generalized the Wiener-Hopf techﬁique for the design of
linear distributed-parameter systems with spatially distxibuted inputs or
outputs or both; To effect the factorizatien, Pierre (62, 66), Kolb. (39)
and Kolb and fierre (40) used rational fraction approximations (21, %l, 61)
for the nonrational terms. Moreover, Kolb (39) discussed general classes

of performance measures applicable in distributed—parameter systems, These

perfermance measures paralleled those for lumped-parameter systems considered

by Schultz and Rideout (75). Also, Kolb (39) ‘clarified Senin's work (77) on

" the statistical .design of distributed-parameter systems. In essense, the




.
concepts of:cprrelation fﬁnction analysis were extended toe include-
distributed-parameter systems.

Goodson and Khatri (30) used. the - -calculus of variations to obtain a
necessary condition for optimaiity of.a distributed system described by
an integral equation. The output of the system islnét spatially distributed.
To ebtain an explicit.fo;m of the optimal.feedback.cpntrol system, trunca-
tion of an infinite series is required. For another approach .(30), the
transcendental Laplace-transform transfér function of the distribu#eé—

parameter plant is approximated by a few terms in the infinite product

‘approximations.used by Oldenburger and Geedson (58); then Pontryagin's

maximum principle'is applied to obtain the optimal feedback control law
for the approximate .model.,

~ Using dynamic programming-techniques, Brogan (11) reduced the optimal
control problems-fér a class of distributed—parameter systems to the -solutien
of a pair of twp—point-boundéry—valuetpartial differential equations.. The
specific form of the boeundary conditioné depénds upon the particular preb-
lem béiné consiéered and must be obtained by considering transversality
conditions. Numerical algorithms_for solving the twe-peint boundary-value
problems are developgdo Alse Brogan (11) showed that requirements for
controllability (37) of lumped-parameter sysfems guarantee only e-
controllability when appiied to distributed;parameter,systems. A system is
said to be e-controllable if the state of thé system can be forced inte an
epsilon neighberhooé of the desired state %ithin a finite amount.ef time,
but it is not necessary for the system ?o be.maiﬁtaiqed in_thié neighbgr—

hood. Miranker (56) alse derived necessary and sufficient cenditiens for
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g-controllability of a certain class.of distributed-parameter systems.

To clarify the meaning~of.controllabiiity of ‘lumped-parameter systems

Lemay (51, 52) defined the term reachability and maintainability. In
essence, a system is said to have the reachable preperty if it can be

driven from its initial state to theldesired final state in finite time,

and a system is said to have the maintainability property if controlling
actlons are capable of maintaining the system at this desired state through-
out the remalnder of thé process. For dlstrlbuted—parameter systems, Kolb
(39) introduced the terms E—reachabilit? and E—meietainability as follows:

A system is said to be e—reachab;e for a set of stetes‘if aemissible cehtroi
signals exist which will take the system from a giVen ieitiel state to-
within ;ﬁ e—neighborhosa‘of any given desired staqe froﬁ the set ofldesired
states in a finite time T(e); and a_s%stem is saidlso-be e—maintainable fo;
a set.of states if it is e-reachable for the set.e% states and if,'in addi-
tion, admissible contrel signals exist Which'will maietain ah§ of the states
in the set within a specified e—nelghborhood for ;11 T greater than T(e)
Also, Wang and Tung (86) 1nvest1gated controllablllty and observablllty (37).
of distributed-parameter systems.

McCausland (54, 55) developed three approximate methods, namely, a
subdivision or finite difference method, a harmoﬁic or Fourier series method;
and a parabolic method, for synthesizing bang~bang cehtrolless to obtain
minimum-time performance for a linear diffusion process in which control
inputs, applied at the spatialﬂﬁéendary,_are subject to absolute-value

constraints. In addition, McCausland (54; 55) investigated conditions for

controllability of linear distributed-parameter systems.
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Sakawa (74) de?ived necessary gna sufficient conditions for optimality
of one—&imensional linear stétionary digtributed—pérameter systems whicﬁ
are controlled by boundary control functioms. The‘performance.measure used
by Sakawa (74) is the spatial integral of tﬁe squared erroer at the terminal
time, augmented by an energy ﬁeasure of the control variables. When the
contrel variables are not required to satisfy additional constraints, the
optimal centrel is in the form of Fredhélm integral equationé of the second.
kind. But if the contrel functions are magnitude-limited, the‘optimal.
control is in the form of nonliﬁear,integral equations. Egorov (25, 265
derived necessary anﬁ sufficient conditibns, in thé form of integral inequal-
ities, for optimgl, linear distributed—parametér systems. These same condi-
-tions are merely nécessary condi;ions if the system is nenlinear.

Recently, several computational‘algoritth'(3; 4, 11, 24 80) were
developed to solve optimal.control froblems associated witﬁ distributed-
parameter systems. Axelband (3, 4) appliéd function—épace methods to effect
the optimal control of distribufed—parameter systems.' In réference'(A},
Axelband suggested a convex programming algorfthm’(33)‘to solve the problem
of hinimizing the norm of the diffefence between desired systém response
‘énd actual system response of linear distributéa—parameter systems with
bounded in‘puj:s_° Denn, et al. (24), devélbped,a computational algorith@
based on the method of sfeppest ascent (33, 64) to solve an optimal contrel
probiem in_conjunbtion with thé necessary conditions for optimaiity which’
are derived by variatioenal methodé. |

Erzberger .and Kim .(27) considered the problem'of designing an optimum

contreller for boundary control of distributed-parameter systems based op a
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qﬁadratic\error criterion. By applying dynamic\prggramming, Erzberger and
Kim derived.a Hamilton-Jacoebi .equation for distributedfparameter systéms,
under -a quadratic error criterion, fhe general solutien of which is .not
optainable by use of exiéting ;étho&s,

Recently Yeh and Tou (88) used Butkovskiiws4maximum principle (16? 18)
to derive an optimal.control function for a class of distributed-paraméter
systems in terms of integral équations. Uzgiris and D'Souza (83) used the
properties develeped by Krein (1) fd obtain a time-optimal control func;ion '
for a plant‘described‘by a linear partial differential equation of ﬁara—
bolic type with nonlinea; boundary conditiens. The model used in reference
(83) is the spatially discretized one. However, Uzgiris and D'Souza did
not justify application of the Krein's ﬁ—problem (15 to a class of nonlinear

functional equations,

1

1.4.2 Modeling

In recent years, much attention has been devoted to modeling distributed-
parameter systems. Pierre (60) and Pierre and Higgins (65) used samﬁied—
data systems (35, 50, 72, 82) to repreéent diétributed—parameter systems.
Distributed-parameter elemenfs can be isolated from’the lumped-parameter
elements by suitably selected sample-and-hold circuits. Selection of the
sampling period is discussed.in the literature (36, 65). Recently, éravey
and D'Souza (32) modified one of Pierre's sampled-data models (60, 65) by
using only one sample-and-held circuit.’ Gaitﬁer, et ai., (28) proposed two
techniques, namely, quantization'and integralltransformation, for modeling

distributed-parameter systems. If the spatial variables are quantized, i.e.,

broken into "lumps'" while the time variable is continuous, partial
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differential equations are reduced to sets of ordinary differential equatienms.
All the lumped-parameter teéhniques of modeling can then be applied. 1In .

.the integral transformation methed, only a finite number of spatial harmoenics
is considered in the model. Gaither,‘et al., found clese agreement between
the results in the frequency demain feor beth methods.

In his Ph.D. dissertation (39), Kolb used four different models for.
linear distributed-parameter systeﬁs. For distributed-parameter systems
with boundary inputs and a distributed output, two medels -- a series-form,
representation .and a paralleljform representation —-- are develoﬁed on the
basis that only values of a distributed state variable at specific spatial
points ére of interest. TIn .the series-~form representation, the value of
distributed state variable at a giveﬁ point in the spatial domain is
expressed in terms of the vélue of the distributed state variable a£ an
a&joining point in the spatial demain. But in the parallel-form representa-
tion, the»value of distributed state variable at each poeint of interest in
the spatial domain is written in tefms of the boundary inputs. The third
mddel, the spatial-harmonic répreseﬁtation, is oﬁe in which a'distributed—
pérameter system is representgd b& a harmenic series in the spatial variable,
Generally, because of the pre%ence of an infinite number of spatiél harmonics,
en infinite number of blocks is required to represent a distributed—péfameter
system exactly with this model. The fourth model developed by Kolb fof:
linear distributed-parameter systems with distributed inputs and outputs
involves .implicit .transfer functions between distribuFed input.variablés

and outputs.




CHAPTER 2

CORRELATION FUNCTIONS .AND OPTIMAL CONTROL

OF DISTRIBUTED-PARAMETER SYSTEMS
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2.1 INTRODUCTION

Metﬁods of statistical analysis and synthesis .are of importahce for the
design of controellers .for systems which contain';andom.parameters, measure-
ment neises, or random forcing functions;‘ A special form of correlation
function for distributed-parameter systems was introduced.by Itgkovich‘(34)
in 1963. - Itskovich used a discrete forﬁﬂof'cdrrelation function to correlate
output .responses at fwo‘particﬁlar points.in the space. Using this concept, -
he.decérMinedlghé optimum location of pickups in a distributed field. In
1964, Senin-(76) extended Itskovich's ideas by defining a centinuous form of
correlation function. With his definition -of cor;elation function, Senin
(76,77) derived relationships between'the-correlapion fupctions éf.the input.
‘and the output.signals in a system characterized.Ey'the heat equation with
several ‘types of boundary conditions. Recently, éolb (3@) clarifiéd-apd
expanded the  theory dévélopéd by Senin in reference (76).

In this chapter, a new- definition ofzcorreléiion function is introduced
for use with distributed-paramter sYstems.that‘aréitime and spatial in vari-
_ant and that-are excited by random signals whicﬁ satisfy the érgodic hypoth-
esis. In.Section 2.2, relationships are.dgrived.%hichﬂégraliél well-known
relétionShiszin§the statistical . analysis of~1umpéd—parémeter systems.,

The optimal comtrol problem<of Section 2.3 is shoﬁn‘to be a Wiener-Hopf-

spectrum~factorization problém, the study of which is facilitated by the

use of the new.defini;;onLbf:&iétribuged“éoxre1atiqn function.

2.2 PROPERTIES OF THE DISTRIBUTEQ“CQRRELATIQN FUNCTION

a.

In oxder to develop a method Qf_sfégfétical analysis in distributed-

parameter systems in parallél to an existing method in lumped-parameter
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systems, the autocorrelation function of a distributed signal yl(x,t) whose
domain of definition is [0O,L] x (-w,») is defined as

e T) élm o f f 1 (E50)yy (xbE, tHT) dedt, (2.1)

Yl
and the cross—correlation function of two distributed signals yl(x,t) and
yz(x,t) is defined as

' T L
R (x,7) & 1im_l._f [ v:(g, )y, (=g, t+r) dedt (2.2)

Y1Y9 Tow 2TL 2p 79 71 2 .

The definitions of the distributed correlation functiens in Equations

2, 1 and 2.2 are somewhat dlfferent from those used by Senin (76, 77). Senin

(76) deflned the autocorrélation function of a distributed 51gnal as

T . . .

Ry g (x,2,7) = lim fg; f yl(x,t)yl(z,t+1) dt (2.3)
1’1 . T 7 =T )

The advantage to the definition .of the distribﬁted autocorrelation function
in Equ;tion 2.1 is that when x = 0 and T = 0, the distributed autoqorrelatioﬁ
fﬁnction reduces_fo the time-and-space mean-square value of yl(x,t). This

is not the case for the distribﬁted aﬁtocorrelatiop function of Equation 2.3,
When x = z = x_ and T = 0, the distributed correlation functipn of Fquation

2,3 yields only the'ti@e mean-square value of-yl(k,t) at tge point x = xl.
Therefore, the definition of the correlation function in Eduation_2.3 is

more appropriate if thé‘outpﬁt.;esponse of a system is nof distribdtea; if

the output is distributed, the definition of the correlation function in

Equation 2.1 is more appropriate.
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In conjunction with the definition of distributed cross-correlation
function in Equation 2.2, the cross—correlation function associated with

y1(x,t) and yz(x,f) can be written as

T L , . '
R,  (x,1) = lm = [ [ y (&t)y, (x+E,thr) dedt . (2.4)
Y2yl Toseo 2TL  Zop 0 2 ; ‘ .

By change of dummy variables of integration, it can be shown.that

yl(—x,—%)\ . - (2.‘5)

Ry

(x,7) = R
V2 y

2
A correlation function between a distriguged signal and a lumped signal

i§ of use in statistical analysis when a boundary input of a distributed-

. parameter system is stochastic in natﬁre. Therefore, the cross—cérrelation

function associated with a distributed signal yq(x,t) and a lumped signal

y3(t) is defined here as
R ( ;.) £ 1im L f'T (x,t)y. (t+1) dt (2.6)
yyy 0 T e 7T TN A - e

17 T

The superscript M of R in Equation 2.6 dénotes the mixture of the distributed

and lumped sigﬁals in the correlation function. It can . be shown that

3

M M ‘

R (x,7) =R (x,-T) 7 - (2.7)
Y1Y3 y3yl : ' . .

where
M . 1 T '

R (x,7) = 1lim —— (t)y. (x,t+1) dt ' (2.8)
V371 ’ Taew 2T IT T3 _ : o .

To use correlation functions in the analysis and synthesis of linear

distributed-parameter systems, relationships between correlation functions:

.~
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of distributed output signals and inpﬁt signals of a systém must be estab~- .
lished. For simplicity, consider a distributed-parameter stable linear
system, having a single stochastic input u(t) and a single distributed out-
put y(x,t), which is characterized by
y{(x,t) = f g(x,0)u(t-g) do ‘ . (2.9)
- CO .

where g(x,t) is the Green's funhtion or impulse response. 6f the system.

The autocorrelation function associated with the distributed signal:
v(x,t) is given by the definition in Equation 2.1. After appropriate .substi-
tution of the right-hand member of .Equation 2.9 into Equation 2;1, followed

by an interchange in the order of integration,* it reads

L o - o ' .
1. . iy
Ryy(x,r) = - fd dg Im dclg(ﬁ,cl)v Iw do,g(xtE,0,)
. 1 T .

1lim — - dtu(t-o_)u(t+t-0,)
T 2 -~ =T L 2

1 L .roo ) : - . . ‘ .

- - fo e i do.g(£,0,) L, do, g (x+E,0 )RL‘m(T+o‘1-—02) (2.10)

1 . 1
where Ruu(T) is the autocorrélation function associated with the lumped
signal u(t).
Operatlonally, Equatlon 2,10 can be simplified by use of transform

theory. Following a 51m11ar deflnltlon used for 1umped—parameter SYStems,

*In this chapter, the integrandris'assumed to be integraBle,so that
the interchange of the oyxder of intégration is valid.
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the distributed spectral density Sy (x,8) is defined as the two-sided Laplace
v : :

transform with respect te T of Ryy(x,r). Ryy(x’T) is, of course,- assumed to

be Laplace transformable. Thus,

©
T

Syy(%,8) = f dTR&y(x,r)efs ’ o ' , (2,11)‘

] ‘
When the right-hand member of Equation 2.10 is substituted for Ryy(x;r) in

Equation 2.11,'the result is

L: © © . %
_ 1 . . =8T
Syyﬁx,S) = — fo cllE I;o‘dclg(a,'ol)_ Lo flolzg(x+;,oz) Lrw drRuu(r-i-cl—o.z‘).e
= -3—-fL dg fm dog(Eoq)e 9] f°° o, 8 (e, 0,)e5 02
T/, ’- 181%s01/€ — o 0,8(x+g,0,)e "
) wi -507
£wd03Ruu(q3)e :3
L L . ' : L
= f " dEG(E,s)G(x+E,-8)S (8): , ' . (2.12)
L 75 T uu ]

Another impgrpapt property of the distribﬁ?edzéarrelétion fun@tiég
ﬁerits;considerapiéﬁ: the relationship o£ the a@t@correlétioﬁ funq#ion of
a distribﬁtéd errof.g(x,t)_in férms of_cortelatigns of - an éctuai outéut
v(x,t) and a desiréd'output'yd(x,t); The distfiéuted error e(x,t) is.defined
as the éifferenée betweep the_desiredlfesponse and the actual output.
Mathema;ically,
e (x,t) = y4x,0) - y(x,t) ' ' \ (5.165

!

By definition,

. o T
Ree(x,T) = ;ima_;_ f

L
at- [ dge(&,t)e(x+E,t+1)
T 2IL -T. 0 i '
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11m‘§ff f dt f da[yd(a t) - y(g,t)] [y (x+€ ttr) - y(xtg,t+r)]-
-0 -T 0.

R g 460 - R 4G50 - R G0 + R (x,7) (2.14)
vy , vy vy : ~

I3

The corresponding distributed spectral densit& See(x,s) is

(x;s) = S d d(x,s) -5 d(x,s) -5 (x,8) + 5 (x,s8) (2.15)
vy yy© y oy

The last two relationships to be derived are the relationship between

S d(x,s) and'S _(x,s) and that between S d (x,5) and S’ .d_;(:i,‘s). By»'cl‘éfini—
Yy uy ‘ yvy uy
tion in Equatien 2.1,° . - : - )

< . N R T . L .
R Gx,1) =\ lim 2= [ -at § agy(e,t)yd(ere,t+r)
yy o Ty 2TL- T C] ’ '
1 i
= lim = [ dt f d&yd(x+g t+T) f dou(t—o)g(i o)
= 1 f de f dog(E,0)R (x#E,t40) - - - (2.16)
o uyd '

And by use of Equation 2.5, it can be shown’ that

[o-]

(x, r)———f dg [ dog(wte,0)RY NGRS (2.17)
Ydy ) . = . yu ‘ - .

The cross—spectral .density’S d(x,s), is obtained by La:iilace trans forma-

yy .
tion of both members of Equation 2.16, with the result that

L ' ,

S (x,8) = -—]'—f dEG(E,’,s)‘SM (x+E;8) (2.18).
d L 3 d : . ,
vy 0 uy , . :
" and similarly,
1 . M : .
g (®s8) = f dgc(x+g,—s)s (£;6) (2.19)

YY ‘ yu
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The relationship~between,SM d(x,s) and SMd (x,8) is readily established

uy “yTu
on.the basis.oef  the corresponding correlation functien relationship in

Equatien 2.7; -thus,

st (x,8) = 8 (x,ms) (2.20)
v u uyd' :

With the result of Equatien 2,20, Equation 2.19 becomes

. L .
S, (1,8) =i | aEGGebe,-s)sM ((gs) = | (2.21)
0 . )

YdY uy

2.3 OPTIMAL STOCHASTIC CONTROL.

| For lumped-parameter systeﬁs, a Basic statistical‘deéign critefion
'is the mean-square-error performance-measure. By aﬁa@ogy, statistical design
of distributed-parameter systems with distributed gutﬁﬁts ma; be-ef%eéféd
with respect to tiﬁe—and—spgce-meanésquare~errof§ namely,

' 1 ZL{ 2,
P = 11m.§Ei [T fo [e(x,t)]"} dxdt _ (2.22)

T
An augmented veréién of the meaﬁ—square—errer criterion is
. T L L . ~ :
Py = lm L[ [ {[e(x,t)12 + M?(t)} dxdt N (2.23)
" T 2TL -7 o
where ) is a ''cost factot' associated with the input u(t).
Use of Parseval's theorem gives,ﬁhe frequency-demain -version of Equatioen
2.23:
D1 j'loo . \“ - ‘
B,= T fjw [Seg(O',s) + 28, (8)] ds | | (2.24)

where S_, (x,s) 1s-the distributed spectral-density function of e(x,t), and -

Suu(s) is the lqﬁped spectral-density functier of u(t).
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Figure 2.1 depicts a geneéral -linear stable distributed-parameter system
with a stochastic-boundary.contrel signal. - Itlis'assumedlthét the;externéll
input,y(tj is a stochastig signal.whose spectral.density-svv(s) is -known., "

Alse, the cross=correlation function Rg‘d(x;T)-is assumed te be knewn, where

RM d(xar) is the -cross—correlation function of-the external'input‘v(;) and

V'y}

the desired response yd(i,T).'URM-d
vy

-1f necessary, by application of]wellfestablished.tebhiﬁues (5,79).

(x,1) an‘be.determinea-exﬁerimgntally,_

The -problem now is to determine the transfer function Gc(s) which yields
the minimum eof-the augﬁentgd performance m.easure-PA in Equation 2,23.

Before proceeding with the minimization, the.relationship between

RM' (x;1) and ] (x31) must.be derived. By the convelution -integral, the

uy vy© - -
.characteristic.equationof -the lumped-parameter compensator-in Figure 2.1 is

=]

uft) = [ g (6)vit-0) do., Y ' (2.25).

-0 .

Based.on ‘Equation 2.6, the cross*cofrelation-funptioﬁ RMid(x,T) can ‘be-

uy
written as :
. 1 T ‘ R
R (x,1) = lim e [ deu(t)yd(zx,t+r)
d: 2T
uy.. T | =T
1, P |
=-lim »F* f dty"~ (x,t+1) f dog (o) v(t-o) R
Tre0 -T -0 .

o«

= [ dogc(c)[lim-z—%'—_' f dtyd(x,t+'r:)v(vt-lc)]
— . ‘ T"?°° __T.

= f dog (o)RM'é(i,T+0) . ‘ \ (2;28)
. vy - .

-—CO
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The cqrresPonding spectral density sM d(x,s) is
uy

st 4(x,8) = GC(S)SM REXD o (2.27)
uy vy :

From statistical:analysis metheds of lumped-parameter theory, the rela-

tionship between Suu(s) and\va(s) can be written as

Suu(s) = Gc(s)Gc(—s)va(s) - | ‘ (2.28)
With the results in Equatiens 2,12, 2.15, 2.18, 2.21, 2.2?, and 2.28, the

expression for See(o,s) can be written as

M

, L . .
See(0s8) =8 . ,(0,8) - T{_ fo dE;G(.‘g,s)S NGIONOR,

vy

M

L .
1 : o ‘
- —I-._ fo dEG(E’—S)S d(g’_S)GQ(_S) +

vy

v

+——]:!:— ,fo dEG(E:S)G(g ’_S)SV%T(‘S)GC(S)GCC_:‘?)‘ ' | , (2029)

With the. results in Eguatioﬁs 2.28 and 2.29, Equatien 2.24 tan be

arranged as-

1 Joo o o
P, = 7 ijl[Aé(s) +Aq(s)G (z8) + Ay(s)G (s) + Algs)GC(s)Gc(—s)] ds
| : ' ‘ C(2.30)
where )
. 1 L - s o ) ‘
A () = DA == fo- dEG(E,8)G(E,-8) 18 (s) (2.31)
A (S)- = - —-1-— fL deG(g S)SM (E,8) ’ ©(2.32)
2 L 7y =7 Vyd‘-f ‘
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Ay(s)

L
—-—%— [~ dgc(e,-s)s™ gL&s) _ _ (2.33)
0 ‘ vy~

Ay(s) =8 4 J(0)s) | . (2.34)

It is shown by Pierre (64), with calculus of variatioens ‘and the Wiener-
Hopf spectrum-factorizatien technique, that if,gc(t) is te be zero for t less
. than zero and net both of Az(s) and A3(s)-are zero, the optimal expression

Gi(s) of Gc(s) is given by

[Ay(=s) + As(s)]

[A(8) + Ay (=8)]"

Gi<s)_ ++
[A;(s) .+ 49 (=8) 1" (2.35)
where, in this'case,
Ay(=8) + Ay(s) = - [ ae(e,-9)sM (£,-9) (2.36)
X o d
X 0 VY ‘

and ‘ '

’ ' 1 L~ . : S , R )
Ap(s) + A (-8) =20h + — fo dEC(E;8)6(8,-) 1S (s) (2.37)

The interpretation of the + and - superscripts and subscripts is as follows:

A(s) = A()PAG)™ o | 7 (2.38)
and | . |
Als) = A(s), + AGs) - o S (2.39)

where the inverse Laplane traneferms L+1[A(s)+] and Lvl[A(s)+] equal zeré
for t.less than zera, and where L” 1[A(s) ] and T~ L[A(s)_] equal zero for t
greater than zero. In addltlon for G*Gs) to be phy31ca11y reallzable,

1/A(s)+ must be analytlc in the right half—plane of the s d@maln°

1
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When all Ai's are rational fraction functioﬁs, this process of speétfum
factorization ié strgightfofwafd (57, 64), When nonrational:fractioﬁ terms
appeér in the Ai's, rational fraction éppréximations may be used to replace
the nonrational terms (21, 41,'58, 61 and 84), ‘and then the proge;s of
)
spectfum factorization can be effected to obtain an approximate selution.

Examples of such approximate solutions can be found in the literature (38,

62).

2.4  CONCLUSION

A correlation-function cenéépt for use with distributed;paréméter‘systems
is intreduced te parallel the existing concept which applies to lumped-
parameter systems, Relationships betweeh correlation functions of distri-
'buted output.signals and\inpﬁt signals of a system are'establishédo With
the ﬁse of the new definition of'distributed-cdrrelatiqn funqtions,.an
eptimal contrel proeblem associated‘wifh‘distributed—parameter systeﬁs with
randoﬁ signals is shewn te be.selvable by the.Wiener—Hopf.spectrumr
.facterizatién techx;ique° Though the spatial domain of the system considered
in this chapter is of one'dimensioen, the general approach islapplidable to

; {
systems of higher dimensiens, in which case the autocerrelation function. is

’

defined as

T ‘ .
lim-zl— f fy(E;t)y(X+£,t+T) d&dt
T -t v ' '

T>0
R (X,T) = - - [

yy
[ a -

v
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where v is a bounded domain of interest in an n-dimensional Euclidean space
with spatial coordinate vector X = [x1 Xy o oa s xn]land £ is a spatial
dummy vector of integration. As in lumped-parameter networks, the concept
of distributed correlation function is applicable to the prediction and
filtering problems in distributed-parameter networks. Details of the predic-

tion and filtering problems in distributed-parameter networks, however,

require additional study.

X
e
Compensator Distributed
L u(t) Plant
; > >
g ()
(=X
g(x,t)
| > A
yixye)
yd(x,t) » e(x,t)
et -

Figure 2.1. A representation of stochastic boundary control of
distributed-parameter systems.




CHAPTER 3

OPTIMAL DESIGN OF DISTRIBUTED-PARAMETER

SYSTEMS THROUGH LINEAR PROGRAMMING
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3.1 INTRODUCTION

Considerable attention-haS‘béen giﬁen in ;eéeﬁt years to the optimal
design of control systems by applying linear programming techniques. The
advantage -of thé linear prograﬁming'approach’ié that 1arge75pa1e problemg
can be treated with relative ease. Eor linear, discrete, luméed—paramefer
systems, linear programming Has pfoved to be a very efficient toel for system
optimization (70, 71, 81, 89). - For iinear disfriButed—ﬁa;ameter systems,
Sakawa :(73) uséa line?r P%ogramminé ﬁechniques to obtain a control pélicy
which‘minimizes‘fhe iﬁtegral,of the absolute value ofia disfributed.error‘
at a specified‘fime; Sakawa considered a particular system cﬁafacterized by
a one-dimensional diffusien equétion. Such techniques have not been developed
for the desigﬁ.of sampléd—data distributed-parameter systems. This chapter
is therefore devoted to the development of linear programming techniques f&r
use in the design of‘Sampled—data distributed-parameter systems.

In Section 3.2, a géneral performance measure is developed for use as
,é.design criterion for controlling a‘class of linear distributed-parameter
systems. In Section 3.2.1, the~multiple controlling action case is stuéiéd.
In Section ‘3.3, the performance measure developed in Section 3.2 is exfended
to take intersampled-~ripple effects into accoﬁht; And in Section 3.5, an

examp le is presented to illustrate the theories developed in the preceding

N

sections.

3.2 DEVELOPMENT OF THE METHOD

In this section a class of performance measures is developed for linear

distributed-parameter systems. The performance measures are of ia.form to

which linear progfamming teclniques cén be~app1i§d.
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Initially, consider the sampled-data model shewn in Figure 3.1; tﬁerein,
Ho(s) is- the transfer.fuhction of a zero-order hold*, y(x,t) is. representa-
tive of the output of the system, yd(x,t) is the desired distributed output,
e(x,t) is the aistributed error‘of’the system, m(t) is the controlling action,
and u(t) is the boundary input to thé distributed-parameter system.
It is assumea that the ‘linear distributed;paraﬁeter plant.of the sysfem

l

in Figure 3.1 is characterized by an equation of the form -

t R
y(x,t) = ko(x,t) + f g(x,t,T)u(r) dr (3.1)
, 0 .

‘

where g(x,t,T) is the Green'é function or impulse response of the system énd
where ko(x,t) is the contribution of the initial conditien y(x,0) to the
responée of the gysfem. Values of y(x,t) of inhterest are assumed to be
defined over the following domain: 0 & x gL and 0 < tlf n,T where L is a
constant, n1 is a specified integer and T is the fixed sampliné period.
ﬁecause of the sampler and the zero-order hoeld, the relation between

the -controlling action and the input to the system is

u(t) = m(kT) & m_  for KT & t < (kHD)T | - (3.2)
where k = 0, 1,2, ... . The term m in Equation 3.2 dénotes the valle of
‘the-coptrolling action m(t) at thé kth sampling instant.

Sﬁppoée that the values of y(x,t) is to be found in the féllﬁhing range

of t:

(§ - )T < £ < §T § (3.3)

*The zero-order hold in Figure 3.1 is characterized b§ the following
equation: wu(t) = m(kT) for kT & t < (k+1)T where k assumes integer values
and T is the fixed sampling period. '
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~Ihe effect of Equation 3.2 on Equation 3.1 is as follows:

kT t .
g(x,t,t) dtr + ms_q f g(x,t,t) dr

j-Z'l " f
Y(Xst) =k (X:t) + -
0 k=1 el (G-1)T

(k-1)T
(3.4)

which applies for t in the interval defined by Equation 3.3. At the end of

the jth sampling period, that is at t' = jT° = 1lim jJT - e, Equation 3.4 -
- -0+

reduces to
y(x,3T7) = ko(x,3iT7) + i 'mk_lhj(x,kT_) ‘ , (3.5)
. k=1 _ .
where

T , ,
b, (x,kT7) = [ glx,3T7, (k=-1)T+1] dt (3.6)

0

v

It is conventent to write the first n, values 6f the output distribution

at-the end of each sampling period in matrix forh as follo@s; 

¥(x) = Ky(x) + B()M ) : ' | S ; (3.7)

Where Y(x) is an nl‘x'l output matrix with jth elemént y(x,ij), M an n; x°1

control matrix with jth'élement'nﬁ_l,'Kd(%) is an nlix 1 matfix with jth

element ko(x,jT_),.and H(x) an ﬁl'x-nl matiix; néme}y,
\

; (a1 © 0 Co .0 )
By (x,T)  hy(x,2T7) . . .. O
Hx) = | . . Ce . (3.8)

hnl(x,T_) hnl(x,ZTT) . . . hni(x,an“)

N - ”
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In the clasé of performance measures which are to be developed,/only
n, discretg values in the épatial doﬁain of thé dist?ibuted output’ are
considered at each particular time. If hz is large and if intersampling
ripple in the distributed qutpuﬁ is essentially eliminated by the nature qf’
the system, these n, spatially discrete peints can be‘;onsidered as repre-
sentative of the entire spatial domain._ Intersampling ripple may'be'salient
in some cases, howaver,/and metﬁods of reducing this ripple ére considéred
in Section 3.3. |
In practice, the controlling action is usually bounded above éné below
by some functions of time. Such functions depend, of éoursé, onwtﬁe given =
system and the available sdﬁrce‘of input. Thus at eachlsampliné instant,

s

say at kth sampling instant, the controlling action is bounded by

)
‘(mk)minf m < (m) oo ) _ . ' , (3.9)
where (mk)max and (mk)min are thq.ubper bound_and the lower bound of the
controlling action at t = kT. For the sake of notational simplicity, the

lower bound on the contrelling actien is assumed to be Zero, i.e.,

0< me S (mk)max . ' (3.10)
If the lower bound (mk) is negative- however, the following approach
-+

can be. readlly applled by 1ntroduc1ng two more nonnegatlve varlables mk and

as follows:

m a
m = - . | (3.11)
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and

m =0, if . m 20

Based on Equation 3.9, the bounds on m: and my are
Py | |
$mo & Moy o (3.12)
and
O m < -(m) . - - N EREN
Consider the performance measure P: °
n, 1 . _ ' i :
P = min ) ) ai,|e(x,,jT )| - ' o (3.14)
. . k| i ‘ .
i=1 j=1 . ' .

My
0<k<n1—1
The term e(xi,jT_) is the error betweeﬁ the desiréd-distriﬁuféd output and

the actual output distributioni at x = xi and t = jT°, natiely,

e(x;,3T7) = y4(x;,3T7) - y(%,iT) - L . (3.15)
The error at the end of eéch sampling period is conéidgred_becaﬁse it is the
error that exists just prior to the apylication:oﬁ,a n;w controliing actién;
The constraint en the controlling éctien is.given %y Eéu#tion 3.1@.I1The
term aj 5 appearing in tﬁe performaﬁcglmeasuré is.an,ap;roériaté weightiné

d

- factor; the -designer may choose the a;:'s to reflect the seriousness of
, : - '/‘ “ ;
certain errors in space and time in a given system. For example, if all
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aij's eicept for j = n; are set equal to zero, the preblem reduces to é
terminal-time problem for which the errors at the terminal time are the only
errors of interest, ‘
In ordér to arrange the performandeﬂmgasure in Equation 3.14 into a

standard form (29, 64) for linear programﬁing, additional variables vij's

and zij's are introduced as follows:.

vig = zgy = e(x,3T) 0 0gdigmg, 1gign - (3.16)
where

vij =.0, if e(xi,jT“) <0 . . _ (3.17)
and

gij =0, if e(x;,iT7) >0 - ' © o (3.18)

It can'be seen from the relations in Equations 3.17 and 3.18 that in-
the final selution, at least one of vij'and Z4 3 will be équal to zero for

each ij combination, depending on Wﬁefher the optihal e(ki,jTT) is poesitive -

or negative. With Equation 3.16, the performance measure in Equétion 3.14

becomes
P=. min .z .z aij(vij + Zij) _ (3.19)
my i=1 j=1 ' )
Ogksgn,-1

3

"which is in the form te which the linear programming techniquéé can be
readily applied. The .linear constraint equations associated with the

berformance measure 3.19 are given in Equatiens 3.7, 3.10, 3.i5, 3.16, 3,17

and .3.18. - ‘ ‘ .
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3.2.,1 Multiple Controlling Actions

\

The method of the preceding section is extended in this section to. the

“case that r controlling actions are applied. In this case the characteristic

equation of the system is

.-
y(x,t) = ky(x,t) + [ 6(x,t,0)U(r) dr- - (3.20)
0 - .

kth element is uk(t)*, and

where U(t) is a r x 1 input mattrix - whose
G(x,t,7) is a 1 x r matrix relating the controlling actions to the output

distribution y(x,t). Following the same approach as in the one controlling

action case, the output distribution at the end of the’-jth sampling period
is
J
y(x,3T7) = k (x,3T7) + - ] H_(x,kI7)M (3.21)
0 ;= j k-1 .
k=1
where the 1 x r vector Hj(x,kT_) is
_ T . " ‘ . ! "
Hj(x,kT’) = [ e[x,jT7,(k-1)T+t] dr (3.22)
: 0
and where
1 A}
M1 ,
2
M1

o= | - | “ ‘ (3.23}

f mf
k-1 J

~

*This is the same notation that one would use to denote u(t) raised to
the kth power.  Since the-latter meaning is not used in this chapter, no
ambiguity is. encountered. oo
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1 values of the output distribu-

tion at the end of each sampling period is conveniently written in matrix

As in the preceding section, the first n

form:

Y(x) = Ko(x) + H(x)M" (3.24)
. Y(x) and Kb(x) are the same as in oné controlling actien case and H(x) and

M are the ny X ot matrix and nq¥ ¥ 1 matrix, respectively, which follow:

[ Hy (x,T7) 0 [} )
Hz(x,T_)_ Hz(xBZT_) 0
E(x) _ . . . . . . | (3.25)

H .(‘x,T") By (x,2T) . . . . Hnlgx,an")

oy 1 1 #
and
/ \
L
My
M= ' (3:26)
M
[ Pt

The terms denoted by 0 in Equatien 3.25 are 1 X r matrices dll of whose ele-

ments are zero.
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The performance measure in Equation 3.14 becomes

hz nl

P =. min z Z_ a;,. e(x,,jT7) (3.27)
o 43 g=1 0
lsogr
subject to
0<% mﬁ < (mg)max (3.28)

By introducing additignal variables vij's and zij's as before, the

performance measure in Eguation 3.27 is

) lel ' : | :
P = min a. . (v,, + 2,.) : (3.29)
B = B = N N I -
Ogkgn~1
lgagr™

The characteristié:equation, Equation 3.20; may be viewed as én approxi-
mate model fo; the,distriguted input case; In such case, each élement in
G(x,t)lwill bé the Green's function‘associafed with the.cotresponding input
m® along fﬁe épatial-dpmdin. If the spatial dime?siqn is N ratﬁer than
' 2 .. 2,

unity, théutgrm x is simply replaced by the vector X = fxl . X

3.3 RIPPLE CONSIDERATION . !

As sgen in the pérfprmancé measure of Equatgqn 3014; fiﬁéfand—space
intersampiiﬁg error is excluded from'cbnsideratibé in tHe bﬁtimization
process, Under certain cirqumstances,'deleterioué ripple may agpear in the
”optimal? ciistrib‘hfion° ?o restrain,tﬁe intersambliné ripﬁle;_ﬁoth in time
and spacg,‘the absolﬁte values of the first aq time—deriVatives and the first

ay space-derivatives o? the error distributien at the specified spatial

points and at the sampling instants can.be constrainted to be less than or
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equal to some preagéigned values. By proper selection of the bounds on the
derivatives of the error, the ripple can be restrained to any ordef desired.,
Partial differentiating with respect to time on both sideé of Equatioﬁ

3.1 yields

oy (x,t) kg (x,t)  Foaglx,tyr) '
S =0T f 22 L u(r) dr o+ glx,t,t)ult) (3.30)
ot ot 0 ot . .
in which ‘the differentiation and integrétion operations have been interchanged
under the assumption that the partial derivative of the impulse respomse with
respect to t is beunded. Inrgeneral, ifithe initial condition response and

h

the impulse response are coﬁtinuoﬁsly differentiable, the jt partial deriva-

tive with respect te t of the output distribution can be written as

Iy (x.1 i t se(x,t,t y
3y (x,t) ok, (x,t) g(x,t, 1)
- = 0" -———wrl—i—— u(t) de +

S I , ot
j j_k- -1 t
T S [u(t)ak ggxf ™) ] (3.31)
k=1 otd-k atk-1 T=t

1

Since-u(t) is discontinuous at t = kT, k=1, 2, . . ., but not at
t = kT™, and is equal to .a constant during each sampling, all the derivatives

of u(t) at t = kT~ are ‘zere. Thus,

Py Gk allg Gkt ;rkT g (x, kT, 1)

- u(r) 4t +
otd atJ 0 - otd
(3.32)
5,
-k k-1
Fofue) § 2 o et D) gy

k=1 peik aek-1 =t | t&kT~
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Similarly, the jth partial dérivativé-with:féspect to x -of .the output distri- .

butien is

,

QJY(X',t) _ ajko (X9't)- + f ,Sj‘g(xgt_’r)
o - o ! ’ O e Py . -

u(t) dt (3.33)
oxJ xd axd - ' '

The jth‘partial derivatives with . respect to t-.and x:of :the error'respoﬁsez'

evaluated af.xs= X and t = kT~ are -defined as follows:

V. Iyd(x, kT Jvls: KT , S ‘
edx, ermy = 2V (RKT) | By Oy LkT) - (3.34).

ot ’ 5t

oIy (xy kTT) - 8y (xg KT)
9xJ. 1 oxd

3 - )
e k1) (3.35)

¢

To restrain the intersampling‘ripple; the absolute values of -both time
and spatial derivatives of the.error response.are bounded by some Eoﬁstantso'
These eonsténts:are'te be determined-by.the designer on the:basis of the
feasibility of the solution.and the-degree éfuripple:that;can be tolerated

in ;the optimal ‘system. Thus,

] - j : ‘
|et(xiakT )| < Eiik | (3.36) .
|eg{§xi,kT7) | < Eiik' | B (3.37)

To arrange-the constfaint equations into a standard form for linear

programming, mere variables are introduced:

Viik_— Ziik = e%(xi,kTT) lekg n; 1t < Dys ls.jg al (3.38) -
Vjik-— zJik = ei(xi,kTT)' lekgms lgigm; 18350, (3.39)




wherq
vjn = 0

gik

J =o0
# ik

i =
v ik 0
x

j = (
275K

X

if

if.

if

if

e =
et(xi,kT,)
3 _
et(xi,kT )
ej(xi,kT_)
% .

L P—
ex(xi,kT )
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<0 , - (3.40)

> 0 (3.41)
<0 (3.42)
> 0 (3.43)

The performance measure in Equation 3.19 is now squect to n1n2(2a1+-2a2)

additional linear constraint equations, namely,

3 j
véik < ®ik

j |
z9,, L e,
tlk tlk

/A

ik
x .

i j
ik S Fik
X X

(3.44)

(3.45)

(3.46)

(3.47)

Clearly, from the definitioems of Viik and Ziik inlﬁduatiéns 3;40 and

3.41, at least one of them must assume the value of zéro in the optimal solu-

’

tion for each combination of i, j and k. Similarly, at least one of Viik and

2

ziik is zero in the optimal solution.
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The same discussions are still valid in the multiple controlling action
case except that the partial derivatives of the output.distribution are given
by

BJY(kaT—) _ afiko(xit) + fkT BjG(ng']}—,T)
| ' o

U(t) dr +

atd atJ otJ

j j-k '-1‘ .
+ {U(t) % BJA. [§§ G(x;t,1) 1} _ (3.48)
k=1 oti-k aek-1 1=t | t=kT
forl < j < aq and |
gj}’(x,t) leéo(xat) t 3jG(X:taT)
i = o 2 -|-f i - U(T) dt - (3.49)

oxJ oxJ 0 9xJ

for 1 &3 & oy

3.4 TLLUSTRATIVE EXAMPLE

" To illustrate the method described above, the system characterized. by

ﬁy(xst) = E%Y(X,t) t > O; 0 < x <1 . (3,50)
3t 9x2 | :

with the boundary conditions

7(0,8) = y(1,6) = u(e) | | (3.51)
“and-
y(x,0) =0 (3.52)

is used. The beundary input u(t) is te be so détermined that the -performance

measure, with all aik's equal to unity, in Equafion 3.14 is:; minimized. The
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desired distribution yd(x,t) equals 1, and the constraint on the controlling

action is

Initial steps in the solutien are as follows: First, the finite sine
transform and the Laplace transform with respect to x and t,.respectively,
are taken of both-sides of Equation 3.50; second, appropriate'substitution
of the boundary conditions is made on the basis of'Equations 3.51 and 3.52;
and third, inversion of the finite sine transform on both sides yields

[o<]

y(x,8) = 4U(s) nzl [wy qsinGey 1) /(s + w5 D] (3.54)
where
Won 1 = (2n-1)7 : _ (3.55)

and where s is the Laplace transform variable.

Next, the characteristic equation in the fo?mnﬁf qugtion,B.l is
obtained by taking the -inversed Laplace transforﬁ_éf boﬁh‘sides of
Equation 3.54:

t

Z‘ Wzn—lsin(wzn—lx)exP[‘W%n_l(t*T)Iﬁ(T) dt (3.56)
0 n=1 _— o .

Y(X;t) =4 ,f

From the theory of Fourier's series, it is known that at-x"='0 and x'= 1,
the infinite series in the right-hand side of‘Equatibp'3;56 does not converge
to y(x,t). However, from the bounddr§ conditions in Equation 3:51), the

values of the output distribution at the boundaries atre known to equal the

input u(t).
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. After comparing Equafion 3.56 with Equation 3.1, the impulse response

g(x,t,T) initiated at t = T is

. glx, t s T) = 4 21 Wzn_1s1n(w2n_1x)exp[~w ‘l(f—T)]l (3.57)
- pe ‘

" Then, on the basis of Equation 3.6, each nonzero element of H(x) is

‘ a = . 2 “ \°.—
hj(x,kT ) = 4]5 ng W, 81n(w e 1x)exp{ —Wzn_l[(J k+1)T —jl} dt
®  sin(w x) .
_ 4 2n-1% L2 e 2 -
= 4 n=21 — ey (DTl e Gy D 1] (3.58)

‘The 1ntegrat10n and summatlon operatlons are 1nterchangeab1e in Equatlon 3 58

because the series Z O 1exp{ W {(J -k+1)T -t]}is uniformly convergent°
. . =]
From Equation 3.5, the -distributed output is

y(x,iT ) = i _7h, (x,kT7) ) | o (3.59)
t k=l M1 , S

1

The general term in the error sequence is ‘then, from Equation\3.15,

?(xi’jT_) =1 - kz h. (xl,kT )mk 1 : . . i (3.60)

For éach pair of values x, and kT , the numerical value of hj(xi,ka)
i I g T
is evaluated by summing terms in the series of Equatioh‘3.58 on a digital
computer. The series is truncated on fhe basis that exp[—wgn_l(j—k+1)T]

2 _ i :
[exp(wzn_lT) - 1]/w2n_l is less than 1077 for j # k. TFor j = k, Equation
3.58 reduces to i RN ‘

% sin(w X)
e ! 2n-1 :
hj(X,JT ) =4 E“ ———az—ﬂz—_.[l - exp(—w%n_lT)].
n— .
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o 51n(w2n_lx)

. 2
exp(—wzn_lT) (3.61),
n=1 W2n-1

The infinite series in the right-hand member of Equotion 3.61 is evaluated
on the same basis as meotioned above.

From the boundary coenditions given in Equations 3.51 and 3.52, the
output distributioen of the system is known to be symmefric; thus, character-
istic values of x need Ee specified either in the interval defined by
0 &£ xg£ 0.5 0r in the inter§a1 defined by 0.5 & x"< 1, out not in‘éo;h, In
this example, n, is set at 3 with X = 0.1, x ‘
the sampling period T is assumed to be 0,0l-éecond; and the total number of .

= 0.3, and x = 0.5. Finally,

samples of interest is 30. . ‘

The values of hj(x,kf_) for x = 0.1, x = 0.3 and X = O.S,ETj= 0.01 -and .
1 £ j & 30 are tabulated in Table 3.1. "The optimal 1nput§ computed by use
of the IBM 1620-1311 Linear Programming System, is shown in Flgure 3.2 and
listed in Table 3.2, The‘optimal\output is computed by‘use;of EQoation 3.59,
is plotted in Figure 303? and tgbuiated in Téble-3.3, 'The oeéired distribu-
tion, as seen from Figure 3.3, can be obtained in less thah 0,15 secend fotr
all practical purpoeses. As compared with the output dlstrlbutlon of the
system with the input u(t) equal unity -for all t (Flgure 3.5), there is a
81gn1f1cant improvement in the output dlstrlbutlon of the opt1mal system.'
Though constraints on the derivatives of the dls;rloutlon are not included
in this example, the ripple in the optimal_distribotiohtis insignificant.

In cases where spatial ripple is not likely to appear in the output

distribution, a different performance measure may be of use} namely,. a
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perfermahce-measure based on the absolute value of the error between a
R : )
desired uniform distribution and the spatial average of the actual distri-

bution, as: follews:

Ve |

. .62
Osksgl—l

where

—_— 1 L -

ea(&3T) = yd = £ [ y(x,3T7) dx (3.63)

0
Constraint Equation 3.10 applies here also.
Following the same approach as in Sectioen 3.2, the performance measure
of ‘Equation 3.62 becomes

P = min Zl (v, + 2z,) . (3.64)
3=1 J J , .

0§k5n1-1
The optimal control sequence for the system described by Equations 3.50,
3.51 and 3.52, with reference to the performance measure of Equatibn 3.62,

~is computed by the same standard program. The results are shown in Figures
\ \ [

3.4 and 3,5-and'ijsted in Tables 3.4 and 3.5.

' 3.5 REMARKS

This chapter contains a detailed pfeéentatioﬁ of the optimal design of
sampled-data distributed-parameter systems by application of linear program-

ming techniques.' The impulse-response concept is developed.in the design
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of digital coﬁtrol for linear time-invariant or time-variant distributed-
parameter systems. With this approach, the design préblem is reducéd‘to
the defermination of -a set.of discrete values of the controlling acfions.
The multiple controelling actioné in Section 3.2.1 may be viewed. as
an .approximation to distributed controlling actions in cerpain cases. In
Section 3.3, a detailed discussien of both time and space ripple is given.
For systems of spatial dimensien greatér than one, the discussions
are still valid provided the SCélar X is replaced by'the vector Xg. This
sampled-data model c;n also be viewea as an approximate model for continuous.
systéns provided the sampling period is made sufficiently small. The
sampling frequency may be selected such thét the amplitude agsﬁciated with
frequencies higher than onefhalf-of the.sampling frequency is belew =30 db
(36). Other details cqncerniﬁg the choice of the sampling period for
discfete.approximations are given in references (36, 65). For céntinuous
systems, the performance measure-in,Equatjén,3.14 is an approximate .form of
L T .
P= min | jlacx,t) le(x,t)| dt dx- _ (3.65)
0 .

.m(t) -0
0StST,
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m(t)

.____./;——’- HO(S)

%
—
u(t) Distributed-
. »-| Parameter System

Figure 3.1. Sampled-data representation for distributed-parameter systems.
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>Figure 3.2. Optimal input which results in the minimization of the performance measure
' in Equation 3.4 with all aik's =1, (mk)max = 2.0 and T = 0.01 second.
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Table 3.1. Values of h (x,kT ), Equation 3.58.
J

hl(x,kT_)
k

‘x = 0.1 x=0,2 x.= 0.3 x = 0.4 x = 0.5

0.01 - .479500 © 2157299 - ,033895 | - .004700 -.000814
0,02 .137582 - .160075 -,100184 .043500 -.024025
0.03 .066241 '.097932 - .090858 .068576 - .057615
0,04 -.041713 }.- .068850 - ,077230 } - 074417 -.071746
“0.05 -,030716 - .054198 -,067430 | --.072479 +.073489
0.06 | .024957 | .045738 | .060009 |- .067748 |’ .070111
-0.07 .021432 - .040055 - .,053921 © .062236 [~ .064977
0,08 -,018934 - .035721 ©,048668 .056739 .059469
0,09 016955 - .,032130 044018 | - 051552 054126
0,10 . .015279 .029014 - .039850 046766 049141
.0.11 ~.013810 - .026247 036092 -.042396 044564
0.12 ;012498 - .023764 . :032695 < ,038421 040393
"0.13 | ../011318 021524 - ;029620 | .034814 | .036604
(0,14 -.010252 - ,019499 -+ ;026835 031544 .033167
‘0,15 © 009287 ,017665 © 024313 {--.028580 .030051
:0.16 - -008414 .016004 |- ;022028 | - ..025895 .027227
0,17 007623 - ,014500 -019957 | - .023461 024668
'0.18 - 006907 .013137 - .018082 - .021256 ©.,022350
‘0.19 1 .006257 ~.011902 - 016382 - .019258 +i020250
'0.20 | 005669 | .010784 | 014843 |- .017449 | & .018346
-0.21 - 005136 . .009770 “{ :-i013448 | - 015809 1 :i016622
10.22 - 004634 - ,008852 .+012184 -{ - ,014323 - .015060
10,23 T 004216 .008020 011039 | : .012977 - | : 013645
"0.24 003820 11007266 ;010001 -y 011757 ~.012362
0.25 1003461 ~,006583 .009061 010652 - .011201
10,26 ©+003136 - ,005965 © 4008210 . .009651. | - ,010148
10,27 _.002841 . | - ,005404 J007438 | - 008744 - :009194
0.28 - ,002574 - ,004896 . .006740 007922 |1 .008330
0.29 1002332 ©.004436 7J006160 © L,007178 ‘4007547
0.30 - 7002113 004019 005532 . L006503 |  .006838

Note: h, (x,kT) =-hj l(k,(krl)i') for all i's and k's.
o J ) L
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Table 3.2. Optimal contrel sequence which results in the minimization
of the performance measure, Equatien . 3:14, with all aik's =
1, (mk)max = 2.0 and-T = 0.01 second.

Time in seconds ' Control sequence

‘QGOO . 2.000
0.01 . 2.000
.0.02 : - 2.000
0.03 . 2.000
0.04 2.000
0.05 ) 1 ' 2,000
0.06 . 1,665
0.07 - ‘ 1.091
0.08 ' ' 1.089
0.09 1.045
0.10 . 1.025
0.11 1.013
0.12 1.007
0.13 1.004
0.14 ' | 1.002
0.15 | 1.001
0.16 1.001
0.17 , 0.999
0.18 .  1.000
0.19 ' 1.000
.0.20 ‘ 1.000
0.21 1.000
0.22 1.000
0.23 1.000
0.24 : 1,000
0.25 1,000
0.26 1.000
0.27 1.000
0.28 ' 1.000
0.29 . 1.000
. " ._I . ’ 1
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Table 3.3 Output.résponse of the system associated with the
optimal input. iz Table 3.2.

Distributed output y(x,t)

x=0 x.= 0.2 x = 0.3 x = 0.4 = 0,5
0.01 .9590 .3146 .0678 .0094 .0016
0.02 | 1.2342 L6347 .2682 L0964 .0497
0.03.1 1.3666 .8306 L4499 .2335 .1649
0.04 1.4501 .9683 .6043 .3824 .3084
0.05 1.5115 1.0767 .7392 ©.5273 L4554
0.06 { 1.5614 1.1682 - .8592 .6628 .5956
0.07 1.4436 1.1956 .9557 .7857 .7253
0.08 | 1.1602 1.1231- 1.0000 .8819 .8357
0.09 1.0920 1.0624 1.0000 .9371 .9109
0.10 1.0492 1.0339 1.0000 .9660 .9519
0.11 1.0268 1.0183 1.0000 .9817 L9741
0.12 1.0143 1.,0099 1.0000 .9901 .9860
0.13 1.0077 1.0053 1.0000 .9947 .9925
0.14 1.0042 1.0029 1.0000 .9971 .9959
0.15 1.0022 1.0016 1.0000 .9985 - .9978
0.16 1.0011 1,0008 1.0000 .9992 .9988
0.17 1.0008 1.0005 1,0000 .9995 .9993
0.18 .9998 1.0001 1.0000 .9998 .9997
0.19 .9999 .9999 .9999 .9998 .9998
0.20 .9999 .9999 .9999 .9998 .9998
0.21 .9999 .9999 .9999 .9999 .9999
0.22 .9999 .9999 .9999 .9999 . .9999
0.23 .9999 .9999 .9999 .9999 .9999
0.24 .9999 .9999 .9999 .9999 .9999
0.25 .9999 .9999 .9999 .9999 .9999
0.26 .9999 .9999 .9999 .9999 .9999
0.27 .9999 .9999 .9999 .9999 .9999
0.28 .9999 .9999 .9999 .9999 .9999
0.29 .9999 .9999 1.0000 .9999 .9999 -
0.30 .9999 .9999 1.0000 .9999 .9999 -






















































































































































































































































































































